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Solutions to Exercise Set 2.

2.7. P(N = n) = P(Xn = 1,Xn+1 = 0,Xn+2 = 0, . . .)
= P(Xn = 1)P(Xn+1 = 0)P(Xn+2 = 0) · · ·

=
1
n2

· n(n + 2)
(n + 1)2

· (n + 1)(n + 3)
(n + 2)2

· · · =
1

n(n + 1)

So E(N) =
∑∞

1 n/(n(n + 1)) =
∑∞

1 1/(n + 1) = ∞.

3.5. (a) The characteristic function is

1
Γ(α)βα

∫ ∞

0

xα−1eitx−(x/β) dx =
1

Γ(α)βα

∫ ∞

0

xα−1e−((1−itβ)/β))x dx

=
1

Γ(α)βα
Γ(α)

(
β

1 − itβ

)α

=
1

(1 − itβ)α

(b) The characteristic function of Xn − n is

ϕXn−n(t) = e−itn(1 − (it/n))−n2
.

It is sufficient to show that log ϕXn−n(t) → −t2/2.

logϕXn−n(t) = −itn − n2 log(1 − (it/n))

= −itn + n2[(it/n) + (1/2)(it/n)2 + O(n−3)]

= −t2/2 + O(n−1) → −t2/2

4.1. (a) The least squares estimate of λ is that value of λ that minimizes
∑n

1 (Xi−λzi)2.
Taking a derivative of this sum with respect to λ, setting to zero and solving gives λ̂LS =∑n

1 Xizi/
∑n

1 z2
i . The weighted least squares estimate of λ is that value of λ that minimizes∑n

1 (Xi − λzi)2/zi. Similarly, we find λ̂W =
∑n

1 Xi/
∑n

1 zi.
(b) Since Eλ̂LS = λ, it is sufficient to find for what values of the zi we have Var(λ̂LS) →

0 as n → ∞ (see Exercise 1.5). But

Varλ̂LS = Var
∑n

1 Xizi∑n
1 z2

i

=
Var

∑n
1 Xizi

(
∑n

1 z2
i )2

=
∑n

1 z2
i VarXi

(
∑n

1 z2
i )2

=
λ

∑n
1 z3

i

(
∑n

1 z2
i )2

Therefore, λLS is consistent in quadratic mean if and only if
∑n

1 z3
i /(

∑n
1 z2

i )2 → 0 as
n → ∞.

(c) λ̂W is also unbiased, and Var(λ̂W ) = λ
∑n

1 zi/(
∑n

1 zi)2 = λ/
∑n

1 zi. So λ̂W is
consistent in quadratic mean if and only if

∑n
1 zi → ∞ as n → ∞.

(d) If λ̂W is not consistent in quadratic mean, i.e. if
∑∞

1 zi < ∞, then both
∑∞

1 z2
i <

∞ and
∑∞

1 z3
i < ∞, so λ̂LS is not consistent either. However if zi = 1/i, then

∑∞
1 zi = ∞

so that λ̂W is consistent in quadratic mean, but
∑∞

1 z2
i < ∞ and

∑∞
1 z3

i < ∞ so that λ̂LS

is not consistent.


