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Abstract

We consider an infinite interacting particle system in which individuals choose
neighbors according to evolving sets of probabilities. If x chooses y at some time, the
effect is to increase the probability that y chooses z at later times. We characterize
the extremal invariant measures for this process. In an extremal equilibrium, the
set of individuals is partitioned into finite sets called stars, each of which includes
a “center” that is always chosen by the other individuals in that set.

1 Introduction

A number of recent papers have provided a rigorous analysis of stochastic models of social
networks based on some form of behavior reinforcement. Examples are [BL03], [SP00],
[PS03a], and [PS03b]. In the first of these, the model involves exchanges of gifts or
rewards among finitely many individuals. When individual ¢ rewards individual j, that
action makes it more likely that j will reward 7 at some later time. The main result is
that the system converges into an equilibrium that consists of randomly chosen collections
of stars. A star has a center who rewards the other individuals in its star, while these
other individuals reward only their center. The model in [SP00] is quite different, yet the
conclusions are virtually the same.

To be more specific, the model analyzed in [BLO3] is a discrete time Markov chain
whose (uncountable) state space is the set of all N x N stochastic matrices p = (p(i, j))
with zero diagonal entries. The rows and columns correspond to N individuals and p(i, )
represents the current probability that individual ¢ decides to give a gift to individual j.
If such a gift is made, then p(7,4) is increased, and the other entries of the jth row of the
matrix are decreased by a factor to retain the stochasticity of the matrix. At each time,
i is chosen randomly and uniformly from {1,..., N}, and then the gift is made by ¢ to a
recipient chosen with probabilities given by the ¢th row of the matrix. Then the matrix
is updated.

Initially, this model was studied by Sociologist P. Bonacich via computer simulations.
He observed that there were typically many different limiting states for the chain, and
asked what all possible limiting states are. The rigorous answer was provided in [BL03].
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We will give precise statements of the main results from that paper in Section 2 of the
current paper in a form that facilitates their application here. As discussed in [BL03],
this model is closely related to stochastic learning models, processes of randomly chosen
maps, and random systems with complete connections.

In the present paper, we formulate a version of the [BL03] model with infinitely many
individuals. Its form puts it in the general class of models studied in the area of interacting
particle systems ([Lig85]). As is common in this subject, the uniform choice of individuals
in discrete time is replaced by choices of individuals in continuous time at event times
of independent Poisson processes. We determine the structure of the set of extremal
invariant measures for the system. As in the finite case considered in [BLO3], such a
measure consists of a collection of finite stars. We borrow some tools from the finite case,
but a number of aspects of the proof require modifications due to the presence of infinitely
many individuals. We describe the model in the next section, and carry out its analysis
in Sections 3 and 4.

2 Description of the model and result

2.1 Infinitely many individuals

Let G = (V, E) be a simple graph with vertex set V' and edge set F, i.e. we assume that
there are no parallel edges with the same orientation and that every edge has two distinct
endpoints. The graph G can be finite or infinite. All edges are directed. We assume that
the vertices have uniformly bounded degree. If (u,v) € E, we require that the reversed
edge (v,u) € E as well. For a vertex v € V, let E, denote the set of edges with tail v,
and let N, be the set of neighbors of v:

E, = {(v,u) € E},
N, = {ueV:(v,u) € E}.

For v € V', we define the simplex

A, = {(:r(e))eeEv € [0, 1] : Z z(e) = 1} .

eckE,

The state space of our process (7;);>0 is X = [,y A, which is compact in the product
topology. We have 1, = (m:(v))vev and n:(v) = (n:(€))ecr, With 3 5 m(e) = 1.

For e = (u,v) € E and n € X, we define 7, € X as follows:
( 1+ n(e)

5 if ¢ = (v, u),

(2.1)

Me(e') = 4 77(26') it e € B, \ {(v,u)},

L 7€) otherwise.



Our process makes the transition n — 7, at rate n(e). We can think of the process as
follows: Attached to all sites are independent exponential clocks with rate 1. If the clock
at site u rings, the individual at u randomly picks a neighbor v € N, with probability
n(u,v) and the current configuration 7 is changed to 7, with e = (u,v). We denote
the distribution of the process started in the deterministic configuration n by P7. The
infinitesimal generator of the process is given by

Qf(m) =Y _n(e)[f(ne) — £(n)] (2.2)

ecE

for continuous functions f depending on only finitely many coordinates 7(e). The fact
that the Markov process with this generator is well defined is a consequence of Theorem
3.9 of Chapter I of [Lig85].

The extremal invariant measures for this process will be described in terms of “stars”
and “constellations”. This leads us to the following definitions.

Definition 2.1 We call a finite subset A C'V a star with center a if A = {a} UOA for
some non-empty set 0A C N,. Sometimes we denote the star A by (A;a). A constellation
(Ag; ag)ker 1S a partition of the vertex set V' into stars Ay with center ay.

Definition 2.2 Let A be a star with center a, and let n € X. We write n = A if the
following hold:

> nlab) =1, (2.3)

bedA
n(b,a) =1 for allb € 0A, )
n(v,b) =0 for allbe 0A,v € Ny \ {a}, and (2.5)

n(v,a) =0  for allv € N, \ 0A.

We write iy — A if (2.3)-(2.6) hold as t — oo with n replaced by n, and “=" replaced by
({_) 7).

Let (Ag; ax)rer be a constellation. We write n = (Ag; ag)kex if 1 = (Ag;ag) for all
k € K. Similarly, we write ny — (Ax; ax)rerc if ne — (Ag; ag) for all k € K.

2.2 Finitely many individuals

Before we state our main result, we describe results for a similar model which was studied
in [BLO3].

In this subsection, let G = (V, E) be the complete graph without loops on N points,
ie. V. ={1,2,... , N} and E = {(3,j) € V? : i # j}. Let Ny := {0,1,2,...} de-
note the set of non-negative integers. The model considered in [BLO03] is a discrete time
Markov chain (p,)nen, Whose state space is [], . A,. We have p, = (pn(7,5))1<ij<y With
Z;V:lpn(i,j) =1 for all 7. In other words, p, is a stochastic N x N-matrix. Given the
state p, = p of the chain at time n, p,,; is obtained as follows: Choose i € {1,2,..., N}
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with probability 1/N and then choose j € {1,2,..., N} with probability p, (i, 7). Then,
using the notation (2.1), pny1 = pi,j)-

Bonacich and Liggett studied a more general model. We describe only the case where
their parameters c¢;; are all equal to 1/2. Below, we will need some of their results for
this special case.

Let PP denote the distribution of the Markov chain (p,)nen, with initial state p. The
following convergence results were proved in [BLO03]:

Theorem 2.3 (Theorem 1.1 [BL03]) (a) We have

PP (pr, — (Ak; ak)k=1,.., for some constellation (Ax; ak)k=1,. ;) = 1.

(b) A.s. on the event {p, — (Ak; @k )k=1,...1}, Pn converges in distribution to a limit pe
where

: 1 :
Epoo(ak,z) = m, 1€ 8Ak

(¢) For each constellation (Ag; ak)k=1,... .5

PP (pn — (Ak; ar)i—1,..,

0 >0
if and only if p(i, ax) + p(ak, i) > 0 for alli € 0A;, k=1,... 1L

For an edge (b, a), we denote by () the probability measure on A, which gives mass
1 to the point n(b,a) = 1, n(b,v) =0 for all v € N} \ {a}.

Let (Ag;ak)k=1,.., be a constellation, and consider the process (p,)nen, restricted to
the set of configurations 7 satisfying n = (Ag; ax)k=1,..;- Bonacich and Liggett proved the
following about the stationary distribution of this restricted process:

Proposition 2.4 (Proposition 2.1 [BLO3]) Let (Ag; ax)i=1,. 1 be a constellation. The
Markov chain (pn)nen, Testricted to {p, = (Ak; ax)k=1,..; for all n} has a unique station-
ary distribution, and p, converges weakly to it for any initial state p satisfying p =
(Ag; ak)k=1,... ;- For the limiting distribution pe,

1

Epoo(ak,i) = m, 1€ (9Ak

For a star (A;a), let

Ma(dn(a)) ® ® S(v,a)(dn (D))

beoA

be the stationary distribution for the Markov chain (p,)nen, in the case where the under-
lying graph has the verter set A and the edge set {(a,v) : v € OA}U{(v,a) : v € 0A}.



For my € Ny, let M(my,b € 0A) := [ [lycoa 1(a,0)™ Aaa(dn(a)). Let My, ;(mp,b €
0A) := M(my,b € 0A) where my, := j and mj, := my for all b # by. Then, the moments
of Aa;q satisfy the following equations:

1 L my
AlM 4) =Y — My i(my, b € 0A 2.
|0A|M (my, b € DA) b;%?m;(l) bi (M, b € DA) (2.7)

for all my € No; here m :=3 5, my.

In case |0A| = 2, A, is the uniform distribution on A, as observed in [BL03]. For
larger OA there appears to be no similar description of A4.,.

2.3 Result

In this subsection, we state our main result for the process (7;):>o with infinitely many
individuals.

Definition 2.5 For a constellation C = (Ay; an)n>1, we define

ve(dn) = (X) (AAn;an(dn(an)) ® ( 0 5(b,an)> (dn(b))> :

Under v¢, the coordinates n(v), v € V, are independent. Our main result is the
following:

Theorem 2.6 The set Z, of extremal invariant measures for the process (m;)i>0 is given
by

Z. = {vc : C is a constellation} .

It would be interesting to study the convergence of the process (7;)¢o-

3 Convergence to a star with positive probability

Throughout this section, we fix a star A = {a} U 0A with center a. In the following,
usually b denotes a point of the boundary dA. The aim of this section is to prove the
following proposition which states that P"(n; — A) > 0 under appropriate conditions on

n.

Proposition 3.1 Ifn € X satisfies

n(b,a) >0 forallbe 0A and (3.1)
Zn(v,b) <1 foralvégA, (3.2)
beA



then P"(n, — A) > 0. Hence, for all n € X, there exists c¢(n) > 0 such that the following
inequality holds:

P(my — A) = c(n) [H n(b, a)] 11 [1 - o, b)] : (3-3)
bedA veEV\A beA

In order to prove Proposition 3.1, we compare the Markov process (1;):>o with a Markov
process ((t)i>0 with slightly different rates.

Definition 3.2 The Markov process ((;)i>0 makes the following transitions:

¢ = Cup) ot rate 0 instead of rate ((v,b) for allb € 0A,v € Ny\ {a},
¢ = (e at rate 0 instead of rate (v, a) for all v € N, \ 0A;

all other transitions occur at the same rates as for the process (m:)i>o. We denote the
distribution of ((;)i>o started in the deterministic configuration ¢ by Q°.

The effect of this choice is described by the following lemma:

Lemma 3.3 The process ((;(v);v € A) is Markovian. Also, some of the coordinates are
monotone in time:

C(b,v)d  forbe 0A,v € Ny\{a}, )
Cila,v) L forv e N,\OA, (3.5)
Ci(b,a) T forb e 0A.

Proof. We note that by the definition of the process ((;)s>0, the following hold:

¢(a,b) — €(a,b) atrate Y ((If,a) for all b € DA,

2 v €dA\{b}
C(a,v) = @ at rate beza:AC(b, a) for all v € N, \ 0A, and

¢(b,v) — C([; v) at rate ((a,b) for all b € 0A and all v € N, \ {a}.

Hence, ((;(v);v € A) Markovian.
The statements (3.4) and (3.5) follow immediately from the definition of the process
(¢t)1>0- The monotonicity (3.6) follows from (3.4). m

Lemmas 3.4-3.6 below will show that Q"((; — A) = 1 if n satisfies (3.1) and (3.2).
Later we will use an absolute continuity argument to deduce Proposition 3.1 from this
fact.

Lemma 3.4 If (3.1) holds, then Q"-a.s.

tli)Igj bEXa:A Ci(a,b) =1  exponentially rapidly.



Proof. The sum S(t) = 3, n.\04 Ct(a; v) can only decrease. It decreases by an amount
55(t) at rate >, 54 Gi(b, a). Therefore

%E”S(t) = —%E" {S(t) Z Gi(b, a)] ;

beoA

here E" denotes the expectation with respect to Q7. On the other hand, (;(b,a) can only
increase for b € 0A, so that

d
Bl 50 < —
dt S(t) =

[ > n(, a)] EnS(t).

beoA

(NN

Solving this differential inequality yields

ps@<| 3 aan]ew (-5 o)),

VEN,\OA bedA

Therefore, since S(t) is monotone, S(¢) — 0 exponentially rapidly Q"-a.s., so
> CGlab)=1-5() > 1
bedA

exponentially rapidly Q7-a.s. m
Lemma 3.5 If (8.1) holds, then Q"-a.s.

tlim Ci(bya) =1  exponentially rapidly for all b € OA.
—00

Proof. Fix a b € 0A. Then

1+ ¢i(b, a)

Ct(b, 0,) — 9

at rate (y(a, b),

and
%Ct(a, b) at rate Y. GV, a)
Ct (a’ b) — b’EaA\{b}

%«“’b) at rate (y(b, a).

Therefore, we may couple ((;(b, a),(i(a, b)) with a process (X;,Y;) so that Xy = 7(b, a),
Yo =n(a,b),

G(b,a) > X, Gi(a,b) > Y,
and

14+ X

X —

0 t rate |0A| — 1
at rate Y}, Y}—){l at rate [0A]
2

at rate n(b, a).
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The fact that this is possible follows from

> G,a)<[0A[—1 and ((b,a) > n(b,a).
b A\ {b}

Note that Y; is a two state Markov chain. Also, since (1 — X;) — (1 — X;)/2 at rate
Y;, the conditional distribution of 1 — X, given the process (Y;)s>o is that of (1 — Xj)/2%,
where N is Poisson with parameter \ = fot Y,ds. Therefore,

E(l—-X;)=(1— Xo)Eexp [— %/Otsts}.

The right side above tends to 0 exponentially rapidly, so since X; is monotone, X; — 1
exponentially rapidly a.s. The same is true for (;(b,a), since it is bounded below by X;.
[

Lemma 3.6 If (8.1) and (3.2) hold, then Q"-a.s.
/ Gv,b)dt < oo forallbe 0A,v € Ny \ {a} and (3.7)
0

/ G(v,a)dt < oo for allv € N, \ 0A.
0

Proof. If v € 04, (3.7) is immediate from Lemma 3.5 and the fact that )", ((v,w) = 1.
So, we may assume that v ¢ A. Fix such a v. Let by, ..., by be the members of A such
that (v,b;) € E. We need to show that

/0" (v, by)dt < oo Q" — a.s.
0

foralli € {1,2,...,k}. Recall that ((;(u); u € A) is Markov by Lemma 3.3, so we can and
will consider the process obtained by conditioning on ((;(u);u € A)i>g. For 1 < i <k,
let M} be (conditionally) independent temporally inhomogeneous Poisson processes with
rates (;(b;,v) at time ¢. By Lemmas 3.4 and 3.5, M = Zle M! < oo as. In what
follows, we will also condition on the processes M} for 1 <i < k.

Now we proceed somewhat like we did in the proof of Lemma 3.5. There are a few
extra complications resulting from the fact that all processes corresponding to X; and Y;
can increase and decrease. Let

K = Z ‘Nv’|-

v'ENL\A
Now let (X}, ..., XF,Y;) be coupled to the process (;(u),u ¢ A) so that X& = n(v,b;), Yy =
0,
Ct(v7 bz) S X;a z Ct(’Ul,’U) 2 }/:‘,a

v ENL\A



. 1._..
X — EX; together at rate Y7,

and
0 at rate K

at rate <1 — 3 0w, b,-))Q‘M

In addition, X; — (1 + X})/2 at the event times of the process M;. The fact that this
coupling is possible comes from the following considerations:
(a) the rate at which the (;(v, b;)’s decrease (together) is

Y Gv) >y,

v ENL,\A

Y, —

N =

(b) the rate at which Y7,y \ 4 G:(v',v) decreases is at most K, and
c¢) the rate at which ) _ , ¢;(v',v) increases is
v ENL\A

Y Glo)=1- Zg v, b;) (1 - gn(v,bi))Q_M, (3.8)

v/ ENy\A

and if it does increase, its new value is at least %
Let us explain why the inequality (3.8) holds: Clearly, Q"-a.s., 1 — Zle Co(v,b;) =

1-— Zle n(v,b;). The quantity
k

1= Gl by)
i=1

decreases by a factor of % each time there is an event time for one of the processes M®.
All other transitions only decrease the values of the (;(v, b;)’s

The proof that X} — 0 exponentially rapidly is essentially the same as in the proof of
Lemma 3.5. The main point is that the transition X; — (1 + X7})/2 occurs only finitely
many times a.s. since M’ < oo a.s., while the transition X} — X?/2 occurs at rate 1/2
a positive fraction of the time. The finitely many increases in X} does not change its
exponential decay to 0. Since (;(v,b;) < X}, it follows that (;(v,b;) — 0 exponentially
rapidly as well. m

The main property of Q¢ that we will need is its absolute continuity with respect to
the distribution PS¢ of the process (7;);>0 starting at (. This issue has been studied in
various contexts — primarily diffusion processes in Euclidean spaces. (See Chapter 4 of
[Sko65], for example.) Since none of them quite fit our situation, we provide a proof of
the result we need. Let Qg and Pf be the distributions of the two processes up to time .

Lemma 3.7 For anyt >0, Q¢ < P and

log <2gz ) / Z Z Cs(v,b) + Z G(v,a)|ds Q¢ —as.  (3.9)

0 | bEBAVEN,\{a} VENL\OA



Proof. Note that the right side of (3.9) is a continuous function of the path (,, and
depends on the values of (;(e) for only finitely many edges e. Therefore, as we will see,
it is enough to prove the lemma for the processes obtained by suppressing all transitions
outside of a large finite subgraph of G.

To see this, we will abstract the situation a bit. Suppose that u, and v,, are probability
measures such that v, < p,, C is a closed set that supports v, for each n, h is a
nonnegative continuous function so that dv,/du, = h on C for each n, yu, — p and
v, — v weakly, and p,(C) — p(C). Then for any continuous function f taking values in

0,1],
[t - /C fhdpin,

We may pass to the limit as n — oo on the left side with no difficulty. For the right side,
note that fhlg is an upper semicontinuous function, so

fhdu > lim sup/ fhdu,. (3.10)

n—0Q

Inequality (3.10) also holds with & replaced by 1 and/or with f replaced by 1—f. Therefore

/fd,u > hmsup/ fdu, and /(1 — fdu > limsup/(l — f)duy,. (3.11)
c c c

n—oo n—oo

The sum of the left sides of (3.11) is u(C), while the sum of the integrals that appear
on the right of (3.11) is pu,(C). Since u,(C) — p(C), (3.11) holds with equality in both
cases, and with each limsup replaced by lim. Therefore, [, fdy = lim, o [, fdp, for
any bounded continuous function f. Applying this to f = min(h, k) and letting £ — oo

gives
/hd,u < liminf/ hdiy,.
C n—oo C

Combining this with (3.10) with f = 1, we see that

/ hdy = lim hdun = lim 1,(C) = 1.
c

n—oo n—oo

A similar argument using this fact and (3.10) for both f and 1 — f gives

/ Fhdp = lim / fhdp,
[ tiv - /C fhp,

and hence v < p and dv/dp = h on C. In our application, C is the set of paths ({)o<s<t
so that (s(b,v) is nonincreasing for b € dA,v € N,\{a}, and (s(a,v) is nonincreasing
for v € N,\OA. The fact that distributions of the processes with transitions suppressed

so that
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outside subgraphs G, with GG,, T G' converge to the original processes is a consequence of
Theorem 2.12 of Chapter I of [Lig85].

When transitions are restricted to a large finite subgraph of G, both processes are
countable state continuous time Markov chains. (While A, is not countable, the set of
states that can be reached from a given initial configuration is.) For a path (Cs)0<s<t in
the support of Qt, the rates of the transitions that occur in that path are the same for
both processes. One process is obtained from the other by setting some of the rates to
Z€ero.

So, consider this situation. Suppose X; is a Markov chain with transition rates ¢(z,y),

and let
c(z) = q(z,y)

YY£T
be the total rate for transitions out of x. Consider another Markov chain X; whose
transition rates are ¢*(x,y), where for each z,y, ¢*(z,y) is either ¢(z,y) or zero, and
let ¢*(z) be the corresponding total rate out of z for this process. Consider a path
v(5),0 < s < t that X} can follow: y(s) = z; for t; < s < t;41, where 0 =5 < t; < --- <
tn < tp+1 =t. (the fact that X can follow this path means that ¢*(x;, ;1) > 0 for each
i.) The density of this path for the process Xj is

n—1
|:H 6_0($i)(ti+l_ti)Q(xia l‘i+1):| e—C(-’L'n)(tn+1—tn),

1=0

while its density for X is

|:H e —c* (i) (tit1— tZ)C](-Ti, xi+1):| e_c*(q;n)(tn+1—tn)‘

The ratio of the second of these to the first (which is the appropriate Radon-Nikodym
derivative of the distributions of the two processes on path space) is

e | [ et = oo

Returning to our models, note that in configuration (, the difference between the total
transition rates for the two processes is

Z Z C(v,b) + Z ¢(v,a).

bedA veNp\{a} vENG\0A

This gives (3.9) in this case, and thus completes the proof of the lemma. =

Proof of Proposition 3.1. Suppose n € X satisfies (3.1) and (3.2). Lemmas 3.4- 3.6
show that Q"(¢; - A) = 1. By Lemma 3.7, as t — oo,

1og[dp,7 ]T/ Y Gwn+ > Csva}

0 beaA vEN\{a} VEN,\OA
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which is finite Q"-a.s. by Lemma 3.6. Hence, by Theorem (3.3) on page 242 of [Dur96|
it follows that Q7 < P". Consequently, P"(n, — A) > 0. If n € X does not satisfy
(3.1)—(3.2), then the right-hand side of (3.3) equals 0. This completes the proof of the
proposition. m

4 The extremal invariant measures

In this section, we prove Theorem 2.6.
We denote by Z the set of invariant probability measures for the process (1:)¢>o-

Lemma 4.1 If u € Z, and p(n(u,v) = 0) > 0, then u(n(u,v) =0,n(v,u) =0) = 1.

Proof. Let u € Z, with u(n(u,v) = 0) > 0. Note that n;(u,v) = 0 only if n,(u,v) = 0 for
all s € [0,¢]. Since n(u,v) — H’gﬂ at rate n(v, u), we must have u(n(u,v) = 0,n(v,u) >
0) = 0.

Let B := {n(u,v) = 0,n(v,u) = 0}. We have just shown that u(B) > 0. Since n; € B
iff ng € B we have for all measurable sets C'

PHIB)(n, e O) = PH(np € Clny € B) = P*(n, € C|n, € B)
= Pt(no € Clny € B) = PP (g € C).

Consequently, u(-|B) € Z. Analogously, if u(B) < 1, u(-|B¢) € Z. Hence, we can write
as a linear combination of two invariant measures:

p() = u(B)u(-|B) + u(B°)p(-| B).

Since we assumed p to be an extremal invariant measure, it follows that u(B) € {0,1}
and we conclude pu(B) =1. m

Lemma 4.2 If yu € Z., then pu(n(u,v) =0) € {0,1} and p(n(u,v) =1) € {0,1}.

Proof. The statement p(n(u,v) = 0) € {0,1} is an immediate consequence of Lemma
4.1.

Suppose p(n(u,v) = 1) > 0. Since Y,y 7(u,v') =1 we have p(n(u,v') = 0) > 0 and
thus p(n(u,v') = 0) =1 for all o' € N, \ {v}. It follows from » .y n(u,v) =1 that
uln(u,v)=1)=1. m

Lemma 4.3 If u € Z, and A is a star, then u(n = A) € {0,1}.

Proof. Recall the definition of = A from Definition 2.2. Suppose that u(n = A) >
0. Then, by Lemma 4.2, (2.4)-(2.6) hold p-a.s. Lemma 4.1 implies that u(n(v,a) =
0,n(a,v) = 0) =1 for all v € N, \ 0A. Hence, (2.3) holds p-a.s. as well, and we have
shown that u(n=A4)=1. =
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Proof of Theorem 2.6. Let A be a star with center a. By Proposition 2.4,

Aia(dn(a (®6M)

bcoA

is an invariant measure for the process (1;):>o restricted to the graph with vertex set A and
edge set {(a,v) : v € 0A} U {(v,a) : v € 0A}. Hence, ve € Z whenever C = (Ap; ap)pn>1 i8
a constellation.

Suppose that ve = avy + (1 — a)v, for some « € [0,1] and vq, v, € Z. By the definition
of vc, we have

ve(n=A4,) =1 for all n > 1.

Consequently, v;(n = A,) = 1 must hold for ¢ = 1,2 and all n > 1. Hence, for all i and n,
v; is an invariant measure for the process (7;);>o restricted to the set A,. By Proposition
2.4, the restriction of v; to the set [],., Ay equals

/\A jan d’l] an ( ® 5ban)> ))

bedA,

Consequently, v; = v for ¢+ = 1,2, and we have shown that v is an extremal invariant
measure.
It remains to show that all extremal invariant measures are of the form v, with a
constellation C = (A,; ay)n>1. Let p € Z,, and let a € V.
Claim: There exists a star A with u(n = A) = 1 having either a as its center or a € JA.
Let us explain why the claim implies the theorem: Suppose pu(n = A) =1 for a star A
with center ag. Then p-a.s. (b, ap) =1 for all b € 9A. Since Y,y 1(b,v) =1 it follows
that 7(b,v) = 0 p-a.s. for all v € N \ {ap}. Consequently, the distribution of 7(b) under
p equals 6y q0) for all b € OA. Furthermore, p(n = A) = 1 implies that n(v,b) = 0 p-a.s.
for all v € Ny \ {ao}, n(v,a0) = 0 =n(ag,v) p-a.s. for all v € Ny, \ 0A. This shows that
p-a.s. the sites in A interact only with sites in A. The dynamics for n;(ag, b) with b € 0A
is as follows:

1 b
% at rate ny(b, ag) = 1,
m(ao, b) — (a0.b)
a
%o, ) at rate Y. m(v,a0) = [0A] — 1.
2 vENag \{b}

Hence, by Proposition 2.4, the moments of (n:(ag,b))scsa under u satisfy the equation
(2.7). Hence n(ag)it = M- Since every site is contained in a star A such that u(n =
A) =1, the statement of the theorem follows.

We turn to the proof of the claim.
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If there exists a star A with center a such that u(n = A) = 1, we are done. Otherwise,
by Lemma 4.3, we know that u(n = A) = 0 for all stars A with center a. Since p is
invariant, P#(n, — A) = pu(n = A) = 0. Integrating (3.3) with respect to u, yields

0=Prn > 4) > [ ety [Hnba] 1T ll—znw,b)]u(dn)

bedA veEV\A beA

Consequently, for all stars A with center a and p-almost all n € X, the following holds:

n(b,a) =0 for some b € 0A or (4.1)
Zn(v, b) =1 for some v ¢ A. (4.2)
beA

Using Lemma 4.2, we see that u(n(b,a) = 0) € {0,1}. Furthermore,

1 (Zn(v,b) = 1) = p(n(v,b) =0forallbe V\ A) € {0,1}

beA

by Lemma 4.2. We enumerate the elements of
{b€ N, :n(b,a) >0} :

b1, bo, ..., bg. (The set is p-a.s. defined.) Let A; := {a,b;} denote the star with center a
and boundary {b;}. Since n(b;,a) > 0 p-a.s., an application of (4.1) and (4.2) for the star
A; yields

n(vi,a) + n(vi, b;) =1 for some v; & {a,b;}. (4.3)

Case 1: (v, b;) =1 for some 1 € {1,2,...,k}.
Fix such a b;. We define

B:={b}U0B with 0B:={be N, :n(b,b;) =1}

to be the star with center b;. By assumption, 9B # (). Suppose u(n = B) = 0. Then,
by (4.1) and (4.2) for the star B, there exists v ¢ B such that ), 5 7(v,b) = 1. Since
n(b,b;) = 1 p-a.s. for b € OB, we have n(b,v) = 0 p-a.s. and Lemma 4.1 implies n(v, b) = 0
p-a.s. Hence, n(v,b;) = 1 which means v € 0B. But this contradicts v ¢ B. Hence
u(n = B) > 0 and by Lemma 4.3, u(n = B) = 1. Since n(b;, a) > 0, the site ¢ must be in
0B and we found a star B containing ¢ in its boundary with p(n = B) = 1.
Case 2: n(v;,b;) < 1foralli e {1,2,... k}.
Then by (4.3), n(v;,a) > 0 for all . Slnce {b;: 1
v; = bj, for some j; € {1,2,... ,k}\ {i} and (4.3)
bi) =

n(bj;, a) +n(bj,,

i <k} ={v:n(v,a) > 0}, we have

<
becomes

(4.4)
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Suppose that
there exists 7 # ' with j; = jy. (4.5)
Then, (4.4) applied for i’ gives
1(bj;, a) +n(bj;, bi) = n(bj,, a) +n(bj,, br) = 1. (4.6)
Using the identity >, .\ 1(b;;,v) = 1 and adding up (4.4) and (4.6) yields
1 > n(bj;, @) + n(bj;, bs) +n(bji, bir) = 2 — n(bj;, a).
Thus, n(b;;,a) > 1, and we conclude that
n(b;,,a) = 1. (4.7)

Consider the star C := {a} U {b; € {b1,bo,... ,bx} : n(b;,a) = 1} with center a. By (4.7),
dC # (. An application of (4.1/4.2) shows that there exists v ¢ C such that

nw,a)+ Y v, b) =1, (4.8)
{in(b;,a)=1}

Consider b; with 7n(b;,a) = 1. Then n(b;,v) = 0 and thus, by Lemma 4.1, n(v,b;) = 0
follows. Consequently, (4.8) implies that

n(v,a) = 1.

Since {b; : 1 < i < k} = {v : n(v,a) > 0}, we have v = b; for some i. Hence, v € C,
which contradicts v € C. This shows that our assumption (4.5) was wrong. Consequently,
Ji # j# whenever i # 7', i.e. the map {1,... ,k} — {1,... ,k},7 — j; is one-to-one and
thus bijective.

We define D := {a,by,bs,...,b}. Equation (4.4) implies that n(b;,v) = 0 for all
v & D. Thus, by Lemma 4.1,

n(v,b;) =0 forallv ¢ D.
By the definition of the b;’s,
n(v,a) =0 forallv ¢ D,

and by Lemma 4.1, n(a,v) = 0 for all v ¢ D. This means that the sites in D do not
interact with sites outside of D and vice versa. By Theorem 2.3a), we know that there
exists a star A containing a such that n, — A with positive P#-probability. Hence for
this star, u(n = A) > 0, and consequently, by Lemma 4.3, u(n = A) = 1. This completes
the proof of the claim. m

Acknowledgement: We would like to thank the referee for carefully reading the article.
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