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Multiple Recurrence and Finding Patterns in
Dense Sets

Tim Austin (Courant Institute, NYU)
251 Mercer St, New York, NY 10012, U.S.A.

Email: tim@cims.nyu.edu, URL: cims.nyu.edu/∼tim

Abstract Szemerédi’s Theorem asserts that any positive-density subset of
the integers must contain arbitrarily long arithmetic progressions. It is one of
the central results of additive combinatorics. After Szemeredi’s original com-
binatorial proof, Furstenberg noticed the equivalence of this result to a new
phenomenon in ergodic theory that he called ‘multiple recurrence’. Fursten-
berg then developed some quite general structural results about probability-
preserving systems to prove the Multiple Recurrence Theorem directly. Fursten-
berg’s ideas have since given rise to a large body of work around multiple re-
currence and the associated ‘non-conventional’ ergodic averages, and to further
connections with additive combinatorics.

This course is an introduction to multiple recurrence and some of the er-
godic theoretic structure that lies behind it. We begin by explaining the cor-
respondence observed by Furstenberg, and then give an introduction to the
necessary background from ergodic theory. We emphasize the formulation of
multiple recurrence in terms of joinings of probability-preserving systems. The
next step is a proof of Roth’s Theorem (the first nontrivial case of Szemeredi’s
Theorem), which illustrates the general approach. We finish with a proof of
a more recent convergence theorem for some non-conventional ergodic aver-
ages, showing some of the newer ideas in use in this area.

The classic introduction to this area of combinatorics and ergodic theory is
Furstenberg’s book [Fur81], but the treatment below has a more modern point
of view.

1.1 Szemerédi’s Theorem and its relatives

In 1927, van der Waerden gave a clever combinatorial proof of the following
surprising fact:
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Theorem 1.1 (Van der Waerden’s Theorem [vdW27]) For any fixed integers
c,k ≥ 1, if the elements of Z are coloured using c colours, then there is a
nontrivial k-term arithmetic progression which is monochromatic: that is, there
are some a ∈ Z and n≥ 1 such that

a,a+n, . . . ,a+(k−1)n.

all have the same colour.

This result now fits into a whole area of combinatorics called Ramsey The-
ory. The classic account of this theory is the book [GRS90].

It is crucial to allow both the start point a and the common difference n≥ 1
to be chosen freely. This theorem has some more difficult relatives which allow
certain restrictions on the choice of n, but if one tries to fix a single value of n
a priori then the conclusion is certainly false.

In 1936, Erdős and Turán realized that a deeper phenomenon might lie be-
neath van der Waerden’s Theorem. Observe that for any c-colouring of Z and
for any finite subinterval of Z, at least one of the colour-classes must occupy
at least a fraction 1/c of the points in that subinterval. In [ET36] they asked
whether any subset of Z which has ‘positive density’ in arbitrarily long subin-
tervals must contain arithmetic progressions of any finite length.

This turns out to be true. The formal statement requires the following defi-
nition. We give it for subsets of Zd , d ≥ 1, for the sake of a coming generaliza-
tion. Let [N] := {1,2, . . . ,N}.

Definition 1.2 (Upper Banach density) For E ⊆ Zd , its upper Banach den-
sity is the quantity

d̄(E) := limsup
N−→∞

sup
v∈Zd

|E ∩ (v+[N]d)|
Nd .

That is, d̄(E) is the supremum of those δ > 0 such that one can find cubical
boxes in Zd with arbitrarily long sides such that E contains at least a proportion
δ of the lattice points in those boxes.

Exercise Prove that Definition 1.2 is equivalent to

d̄(E) = limsup
L−→∞

sup
{∣∣E ∩∏

d
i=1[Mi,Ni]

∣∣
∏

d
i=1(Ni−Mi)

: Ni ≥Mi +L ∀i = 1,2, . . . ,d
}

.

C

Theorem 1.3 (Szemerédi’s Theorem) If E ⊆ Z has d̄(E) > 0, then for any
k ≥ 1 there are a ∈ Z and n≥ 1 such that

{a,a+n, . . . ,a+(k−1)n} ⊆ E.
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The special case k = 3 of this theorem was proved by Roth in [Rot53], so it
is called Roth’s Theorem. The full theorem was finally proved by Szemerédi
in [Sze75].

As already remarked, Szemerédi’s Theorem implies van der Waerden’s The-
orem, because if Z is coloured using c colours then at least one of the colour-
classes must have upper Banach density at least 1/c.

Szemerédi’s proof of Theorem 1.3 is one of the virtuoso feats of modern
combinatorics. It is also the earliest major application of several tools that
have since become workhorses of that area, particularly the Szemerédi Reg-
ularity Lemma in graph theory. However, shortly after Szemerédi’s proof ap-
peared, Furstenberg gave a new and very different proof using ergodic the-
ory. In [Fur77], he showed the equivalence of Szemerédi’s Theorem to an
ergodic-theoretic phenomenon called ‘multiple recurrence’, and proved some
new structural results in ergodic theory which imply that multiple recurrence
always occurs.

Multiple recurrence is introduced in the next subsection. First we bring the
combinatorial side of the story closer to the present. Furstenberg and Katznel-
son quickly realized that Furstenberg’s ergodic-theoretic proof could be con-
siderably generalized, and in [FK78] they obtained a multidimensional version
of Szemerédi’s Theorem as a consequence:

Theorem 1.4 (Furstenberg-Katznelson Theorem) If E ⊆ Zd has d̄(E) > 0,
and if e1, . . . , ed , is the standard basis in Zd , then there are some a ∈ Zd and
n≥ 1 such that

{a+ne1, . . . ,a+ned} ⊆ E

(so ‘dense subsets contain the set of outer vertices of an upright right-angled
isosceles simplex’).

This easily implies Szemerédi’s Theorem, because if k ≥ 1, E ⊆ Z has
d̄(E) > 0, and we define

Π : Zk−1 −→ Z : (a1,a2, . . . ,ak−1) 7→ a1 +2a2 + · · ·+(k−1)ak−1,

then the pre-image Π−1(E) has d̄(Π−1(E)) > 0, and an upright isosceles sim-
plex found in Π−1(E) projects under Π to a k-term progression in E. Similarly,
by projecting from higher-dimensions to lower, one can prove that Theorem 1.4
actually implies the following:

Corollary 1.5 If F ⊂ Zd is finite and E ⊆ Zd has d̄(E) > 0, then there are
some a ∈ Zd and n≥ 1 such that {a+nb : b ∈ F} ⊆ E.
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For about twenty years, the ergodic-theoretic proof of Furstenberg and Katznel-
son was the only known proof of Theorem 1.4. That changed when a new ap-
proach using hypergraph theory was developed roughly in parallel by Gow-
ers [Gow06], Nagle, Rödl and Schacht [NRS06] and Tao [Tao06b]. These
works gave the first ‘finitary’ proofs of this theorem, implying somewhat effec-
tive bounds: unlike the ergodic-theoretic approach, the hypergraph approach
gives an explicit value N = N(δ ) such that any subset of [N]d containing at
least δNd points must contain a whole simplex. (In principle, one could ex-
tract such a bound from the Furstenberg-Katznelson proof, but it would be
extremely poor: see Tao [Tao06a] for the one-dimensional case.)

The success of Furstenberg and Katznelson’s approach gave rise to a new
sub-field of ergodic theory sometimes called ‘ergodic Ramsey theory’. It now
contains several other results asserting that positive-density subsets of some
kind of combinatorial structure must contain a copy of some special pattern.
Some of these have been re-proven by purely combinatorial means only very
recently. We will not state these in detail here, but only mention by name the IP
Szemerédi Theorem of [FK85], the Density Hales-Jewett Theorem of [FK91]
(finally given a purely combinatorial proof by the members of the ‘Polymath
1’ project in [Pol09]), the Polynomial Szemerédi Theorem of Bergelson and
Leibman [BL96] and the Nilpotent Szemerédi Theorem of Leibman [Lei98].

1.2 Multiple recurrence

1.2.1 The setting of ergodic theory

Ergodic theory studies the ‘statistical’ properties of dynamical systems. The
following treatment is fairly self-contained, but does assume some standard
facts from functional analysis and probability, at the level of advanced text-
books such as Folland [Fol99] or Royden [Roy88] and Billingsley [Bil95].

Let G be a countable group; later we will focus on Z or Zd . A G-space
is a pair (X ,T ) in which X is a compact metrizable topological space, and
T = (T g)g∈G is an action of G on X by Borel measurable transformations:
thus,

T e = idX and T g ◦T h = T gh ∀g,h ∈ G,

where e is the identity of G. A Z-action T is specified by the single transforma-
tion T 1 which generates it. Similarly, a Zd-action T may be identified with the
commuting d-tuple of transformations T ei , where e1, . . . , ed are the standard
basis vectors of Zd .

The set of Borel probability measures on a compact metrizable space X is
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denoted by Pr(X). This set is compact in the weak? topology: for instance, this
can be seen by the Riesz Representation Theorem ([Fol99, Theorem 7.17]),
which identifies Pr(X) with a closed, bounded, convex subset of the Banach-
space dual C(X)?, followed by an application of Alaoglu’s Theorem ([Fol99,
Theorem 5.18]).

Next, let (X ,S ) and (Y,T ) be any two measurable spaces, let µ be a prob-
ability measure on S , and let π : X −→ Y be measurable. Then the image
measure of µ under π is the measure π∗µ on T defined by setting

(π∗µ)(B) := µ(π−1(B)) ∀B ∈T .

If X and Y are compact metrizable spaces, then π∗ defines a map Pr(X) −→
Pr(Y ). If, in addition, π is continuous, then π∗ is continuous for the weak?

topologies.
Finally, a G-system is a triple (X ,µ,T ) in which (X ,T ) is a G-space and

µ is a T -invariant member of Pr(X), meaning that T g
∗ µ = µ for every g ∈ G.

When needed, the Borel σ -algebra of X will be denoted by BX . We often
denote a G-system (X ,µ,T ) by a single boldface letter such as X. A Z-system
will sometimes be called just a system.

The definitions above ignore a host of other possibilities, such as dynam-
ics with an infinite invariant measure, or with a non-invertible transformation.
Ergodic theory has branches for these too, but they do not appear in this course.

Examples

1. Let X = T = R/Z with its usual topology, let µ be Lebesgue measure, and
let T be the rotation by a fixed element α ∈ X :

T x := x+α.

This is called a circle rotation.
2. Let p = (p1, . . . , pm) be a stochastic vector: that is, a probability distribution

on the set {1,2, . . . ,m}. Let X := {1,2, . . . ,m}Z with the product topology,
let µ := p⊗Z (the law of an i.i.d. random sequence of numbers each chosen
according to p), and let T be the leftward coordinate-shift:

T ((xn)n) := (xn+1)n.

This is called the Bernoulli shift over p. C

An important subtlety concerns the topology on X . In most of ergodic the-
ory, no particular compact topology on X is very important, except through
the resulting Borel σ -algebra: it is this measurable structure that underlies the
theory. This is why we allow arbitrary Borel measurable transformations T g,
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rather than just homeomorphisms. However, general measurable spaces can ex-
hibit certain pathologies which Borel σ -algebras of compact metrizable spaces
cannot. The real assumption we need here is that our measurable spaces be
‘standard Borel’, but the assumption of a compact metric is a convenient way
to guarantee this.

Having explained this, beware that many authors restrict the convenient term
‘G-space’ to actions by homeomorphisms.

1.2.2 The phenomenon of multiple recurrence

In order to introduce multiple recurrence, it is helpful to start with the probability-
preserving version of Poincaré’s classical Recurrence Theorem.

Theorem 1.6 (Poincaré Recurrence) If (X ,µ,T ) is a system and A ∈BX has
µ(A) > 0, then there is some n 6= 0 such that µ(A∩T−nA) > 0.

Proof The pre-images T−nA are all subsets of the probability space X of
equal positive measure, so some two of them must overlap in positive measure.
Once we have µ(T−nA∩T−mA) > 0 for some n 6= m, the invariance of µ under
T n implies that also µ(A∩T n−mA) > 0.

Furstenberg’s main result from [Fur77] strengthens this conclusion. He shows
that in fact one may find several of the sets T−nA, n ∈ Z, that simultaneously
overlap in a positive-measure set, where the relevant times n form an arithmetic
progression.

Theorem 1.7 (Multiple Recurrence Theorem) If (X ,µ,T ) is a system and
A ∈BX has µ(A) > 0, then for any k ≥ 1 there is some n≥ 1 such that

µ(T−nA∩·· ·∩T−knA) > 0.

The Multidimensional Multiple Recurrence Theorem from [FK78] provides
an analog of this for several commuting transformations.

Theorem 1.8 (Multidimensional Multiple Recurrence Theorem) If (X ,µ,T )
is a Zd-system and A ∈BX has µ(A) > 0, then there is some n≥ 1 such that

µ(T−ne1A∩·· ·∩T−ned A) > 0.

Note that for d = 2, simply applying the Poincaré Recurrence Theorem for
the transformation T e1−e2 gives the conclusion of Theorem 1.8.

This course will include a proof of Theorem 1.7 in the first case beyond
Poincaré Recurrence: k = 3. Two different ergodic-theoretic proofs of the full
Theorem 1.8 can be found in [Fur81] and [Aus10c]. These are too long to be
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included in this course, but we will formulate and prove a related convergence
result which gives an introduction to some of the ideas.

First, let us prove the equivalence of Theorem 1.8 and Theorem 1.4. This
equivalence is often called the ‘Furstenberg correspondence principle’. Al-
though easy to prove, it has turned out to be a hugely fruitful insight into the
relation between ergodic theory and combinatorics. The version we give here
essentially follows [Ber87].

Proposition 1.9 (Furstenberg correspondence principle) If E ⊆Zd , then there
are a Zd-system (X ,µ,T ) and a set A ∈BX such that µ(A) = d̄(E), and such
that for any v1, v2, . . . , vk ∈ Zd one has

d̄((E−v1)∩ (E−v2)∩·· ·∩ (E−vk))≥ µ(T−v1A∩·· ·∩T−vk A).

In order to visualize this, observe that

(E−v1)∩ (E−v2)∩·· ·∩ (E−vk)

is the set of those a ∈ Zd such that a+vi ∈ E for each i≤ k. Its density may be
seen as the ‘density of the set of translates of the pattern {v1,v2, . . . ,vk} that
lie entirely inside E’. In these terms, the above propositions asserts that one
can synthesize a Zd-system which provides a lower bound on this density for
any given pattern in terms of the intersection of the corresponding shifts of the
subset A.

Proof Choose a sequence of boxes R j := ∏
d
i=1[M j,i,N j,i] such that

min
i∈{1,2,...,d}

(N j,i−M j,i)−→ ∞ as j −→ ∞

and
|E ∩R j|
|R j|

−→ d̄(E) as j −→ ∞.

We can regard the set E as a point in the space X := P(Zd) of subsets of
Zd , on which Zd naturally acts by translation: T nB := B− n. This X can be
identified with the Cartesian product {0,1}Zd

by associating to each subset its
indicator function. It therefore carries a compact metrizable product topology
which makes (X ,T ) a Zd-space.

Let

ν j :=
1
|R j| ∑

n∈R j

δT n(E) for each j,

the uniform measure on the piece of the T -orbit of E indexed by the large box
R j. Because the side-lengths of these boxes all tend to ∞, these measures are
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approximately invariant: that is, ‖T−m
∗ ν j − ν j‖TV −→ 0 as j −→ ∞ for any

fixed m ∈ Zd , where ‖ · ‖TV is the total variation norm (see [Fol99, Section
7.3]).

Since Pr(X) is weak? compact, we may let µ ∈ Pr(X) be a subsequential
weak? limit of the measures ν j. By passing to a subsequence, we may assume
that in fact ν j −→ µ (weak?). Since the measures ν j are approximately T -
invariant, and each T−m

∗ acts continuously for the weak? topology on Pr(X), µ

itself is strictly T -invariant.
Finally, let A := {H ∈ X : H 3 0}. This corresponds to the cylinder set

{(ωn)n : ω0 = 1} ⊆ {0,1}Zd
. We will show that (X ,µ,T ) and A have the

desired properties. By our initial choice of the sequence of boxes R j, we have

µ(A) = lim
j−→∞

ν j(A) = lim
j−→∞

1
|R j| ∑

n∈R j

1T n(E)(0) = lim
j−→∞

|E ∩R j|
|R j|

= d̄(E).

The first convergence here holds because 1A is a continuous function for the
product topology on X , and so weak? convergence applies to it.

On the other hand, for any v1, v2, . . . , vk ∈Zd , the indicator function 1T−v1 A∩···∩T−vk A
is also continuous on X , and so

µ(T−v1A∩·· ·∩T−vk A) = lim
j−→∞

ν j(T−v1A∩·· ·∩T−vk A)

= lim
j−→∞

1
|R j| ∑

n∈R j

1T n+v1 E∩···∩T n+vk E(0)

= lim
j−→∞

1
|R j| ∑

n∈R j

1T v1 E∩···∩T vk E(n)

≤ d̄(T v1E ∩·· ·∩T vk E),

since the upper Banach density is defined by a limsup over all box-sequences
with increasing side-lengths.

Corollary 1.10 Theorems 1.4 and 1.8 are equivalent.

Proof (=⇒) Let (X ,µ,T ) be a Zd-system and A ∈BX with µ(A) > 0. For
each x ∈ X let Ex := {n ∈ Zd : T nx ∈ A}, and for each N ∈ N let

YN := {x ∈ X : |Ex∩ [N]d | ≥ µ(A)Nd/2}.

A simple calculation gives

µ(YN)Nd + µ(X \YN)µ(A)Nd/2≥
∫

X
|Ex∩ [N]d |µ(dx)

= ∑
n∈[N]d

∫
X
|Ex∩{n}|µ(dx) = ∑

n∈[N]d

∫
X

1T−n(A) dµ = µ(A)Nd ,
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and therefore µ(YN) ≥ µ(A)/2 for every N. Therefore, by the Borel-Cantelli
Lemma, the set

Y :=
{

x ∈ X : limsup
N−→∞

|Ex∩ [N]d |/Nd ≥ µ(A)/2
}

has positive measure.
By Theorem 1.4, if x ∈ Y then Ex contains some pattern of the form {a +

ne1, . . . ,a+ned}. Since there are only countably many such patterns, it follows
that for some choice of a and n, one has

µ
{

x ∈ X : {a+ne1,a+ne2, . . . ,a+ned} ⊆ Ex
}

> 0.

By the definition of Ex, this measure is equal to

µ
(
T−a(T−ne1A∩·· ·∩T−ned A)

)
= µ(T−ne1A∩·· ·∩T−ned A),

so this completes the proof.

(⇐=) Given E with d̄(E)> 0, Proposition 1.9 produces a Zd-system (X ,µ,T )
and positive-measure set A such that the positivity of µ(T−ne1A∩·· ·∩T−ned A)
for some n≥ 1 implies that

(E−ne1)∩ (E−ne2)∩·· ·∩ (E−ned)

has positive upper density, and so is certainly nonempty.

1.3 Background from ergodic theory

This section covers most of the general theory that will be used later. Much of
it overlaps with [Fur81, Chapter 5], which is also very accessible.

1.3.1 Factors

‘Factors’ are the ‘morphisms’ of ergodic theory: maps from one system to an-
other which preserve the basic structure. They can be introduced in two distinct
ways.

First, a factor of the G-system (X ,µ,T ) is a σ -subalgebra S ≤BX which
is globally T -invariant, meaning that, for each g ∈ G,

A ∈S ⇐⇒ T g(A) ∈S .

Secondly, given two G-systems X = (X ,µ,T ) and Y = (Y,ν ,S), a factor
map from X to Y is a Borel map π : X −→ Y such that:

• (map is measure-respecting) π∗µ = ν ;
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• (map is equivariant a.e.) π ◦T g(x) = Sg ◦π(x) for µ-a.e. x∈ X , for all g∈G.

This will be the meaning of the notation π : X−→ Y.
A factor map π is an isomorphism if there is another factor map φ : Y−→X

such that

φ ◦π = idX a.s. and π ◦φ = idY a.s..

As for real-valued functions, we generally identify two factor maps that agree
a.e., and may be sloppy about distinguishing individual maps and a.e.-equivalence
classes of maps. Given two factors S and T , we write that S ⊆ T modulo
µ if for every A ∈S there is some B ∈ T such that µ(A4B) = 0. Equality
modulo µ is defined from this in the obvious way.

In the definition above, it is important that the equivariance of π be allowed
to fail on a µ-negligible set. Otherwise the theory is too rigid for many appli-
cations. It can be helpful to throw away some negligible part of one system in
order to pass to another, and our intuition is that this does not alter the ‘statis-
tical’ properties of the domain system. For instance, let (Y,ν ,S) be any system
with no fixed points (such as a circle rotation), and define (X ,µ,T ) so that
X = Y t{x0} for some T -fixed point x0 which carries zero measure, and with
T |Y = S. ‘Statistically’ we should like to consider these two systems isomor-
phic, but no map X −→ Y can be equivariant at x0.

If a factor map exists as above, one sometimes also refers to Y as a factor
of X, or to X as an extension of Y.

Beware that factor maps are not assumed to be continuous. This is in keeping
with our remark that it is BX , rather than the topology on X , that really matters.
Insisting on homeomorphism-actions and continuous factor maps would lead
to the area of topological dynamics, a rich but very different theory.

Given a factor map as above, the σ -subalgebra π−1(BY ) is a factor: this is
the relation between these notions. The map π is said to generate this factor.
Since we work among compact metric spaces, some routine measure theory
shows that for any G-system (X ,µ,T ) and factor S ≤BX , there are another
G-system (Y,ν ,S) and a factor map π : (X ,µ,T )−→ (Y,ν ,S) such that

S = π
−1(BY ) modulo µ.

Example If (X ,µ,T ) is a G-system and H E G, then the σ -algebra of H-
invariant sets,

BT H

X := {A ∈BX : T hA = A ∀h ∈ H},

is a factor. It is called the H-partially-invariant factor of (X ,µ,T ). An easy
exercise characterizes it as follows: BT H

X is the largest factor of (X ,µ,T ), mod-
ulo µ , which can be generated modulo µ by a factor map π : (X ,µ,T ) −→
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(Y,ν ,S) to a system in which Sh = idY for all h ∈ H. We usually abbreviate
BT G

X to BT
X . C

1.3.2 Ergodicity and disintegration

Suppose that X = (X ,µ,T ) is a G-system, and that A ∈BX is T -invariant and
has 0 < µ(A) < 1. Then its complement X \A has the same properties, and
now the partition

X = At (X \A)

gives a decomposition of (X ,µ,T ) into two disjoint subsystems, each with its
own dynamics under T , re-weighted so that their measures have total mass
µ(A) and 1−µ(A).

Definition 1.11 (Ergodic system) A system X is ergodic if it is not decom-
posable in this way: that is, if any T -invariant A ∈BX has µ(A) ∈ {0,1}.

Equivalently, X is ergodic if and only if

BT
X = { /0,X} modulo µ.

In case X is not ergodic, BT
X may be generated modulo µ by a nontrivial factor

map

π : (X ,µ,T )−→ (Y,ν , idY ). (1.1)

For many purposes, this enables a reduction from arbitrary to ergodic systems,
by virtue of the following classical result from measure theory.

Theorem 1.12 (Measure disintegration) Let π : X −→ Y be a Borel map
between compact metric spaces, let µ ∈ Pr(X), and let ν := π∗µ ∈ Pr(Y ). Then
there is a map

Y −→ Pr(X) : y 7→ µy

with the following properties:

• for every A ∈BX , the real-valued map y 7→ µy(A) is Borel measurable;
• µy(π−1{y}) = 1 for ν-a.e. y;
• µ =

∫
Y µy ν(dy), in the sense that µ(A) =

∫
Y µy(A)ν(dy) for every A ∈BX .

Moreover, this map y 7→ µy is essentially unique: if y 7→ µ ′y is another such,
then µy = µ ′y for ν-a.e. y.
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A map y 7→ µy as above is referred to as a disintegration of µ over π .
Many textbooks stop short of measure disintegration in this generality, but

it can be found, for instance, in [Bre68, Section 4.3] or [Fur81, Theorem 5.8].
If (X ,µ) is as above and S ≤BX is a σ -subalgebra, then for any f ∈ L2(µ)

there is an S -measurable function f ′ ∈ L2(µ) with the property that∫
X

f hdµ =
∫

X
f ′hdµ ∀S -measurable h ∈ L2(µ).

This f ′ may be obtained as the orthogonal projection of f onto the subspace
of S -measurable functions in L2(µ). It follows that it is unique up to µ-a.e.
equality. It is called the conditional expectation of f on S , and denoted by
Eµ( f |S ). See, for instance, [Bil95, Section 34] for more on this important
construction in probability.

In the setting above, if S := π−1(BY ), then a disintegration gives a ‘for-
mula’ for the conditional expectation:

Eµ( f |S )(x) =
∫

X
f dµπ(x) ∀ f ∈ L2(µ). (1.2)

Exercise Prove (1.2) from the properties in Theorem 1.12. C

Now consider a G-system X, and let us apply this machinery to the factor
BT

X . Let π : X −→ Y generate BT
X modulo µ , where Y = (Y,ν , idY ). Theo-

rem 1.12 gives a disintegration

µ =
∫

Y
µy ν(dy).

For any g ∈ G, applying the transformation T g and recalling that µ is T g-
invariant gives

µ = T g
∗ µ =

∫
Y

T g
∗ µy ν(dy).

Using this, one can now check that the map y 7→ T g
∗ µy is also a disintegration

of µ over π . By the essential uniqueness of disintegration, this implies that
µy = T g

∗ µy for ν-a.e. y. Since G is countable, this holds simultaneously for
all g for ν-a.e. y, and so µ has been represented as an integral of T -invariant
measures.

The crucial property that one gains from this construction is the following.

Proposition 1.13 In the disintegration above, the system (X ,µy,T ) is ergodic
for ν-a.e. y.

There are many approaches to this proposition. We base ours on the fol-
lowing lemma. It gives a quantitative relation between the failure of some
f ∈ L2(µ) to be G-invariant and the distance from f to E( f |BT

X ).
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Lemma 1.14 If (X ,µ,T ) is any G-system and f ∈ L2(µ), then

sup
g∈G
‖ f − f ◦T g‖2 ≥ ‖ f −E( f |BT

X )‖2.

Proof On L2(µ), the function

ψ(h) := sup
g∈G
‖h− f ◦T g‖2

2

is continuous, non-negative, and T -invariant. It is also strictly convex, since
this is true of the squared norm ‖ · ‖2

2. Therefore ψ has a unique minimizer h,
which is also T -invariant owing to its uniqueness. On the other hand, for any
T -invariant function h′ one has

ψ(h′) = sup
g∈G
‖h′ ◦T g−1 − f‖2

2 = ‖h′− f‖2
2 ∀g ∈ G,

and on the subspace of T -invariant functions this is minimized by the orthog-
onal projection h′ = E( f |BT

X ). Therefore h must equal E( f |BT
X ), and so

ψ( f )≥ ψ(E( f |BT
X )) = ‖ f −E( f |BT

X )‖2
2.

Proof of Proposition 1.13 We will show that if some positive-ν-measure sub-
set of the measures µy failed to be ergodic, then we could synthesize a single
function which contradicts Lemma 1.14 for the measure µ . The key facts to
use are that C(X) is both (i) separable for the uniform topology and (ii) dense
in L2(θ) for any θ ∈ Pr(X).

Let h1, h2, . . . be a uniformly dense sequence in C(X). Now consider some
θ ∈ Pr(X) which is T -invariant but not ergodic. Then L2(θ) contains an invari-
ant function which is not a.s. constant. Approximating this function sufficiently
well in ‖ · ‖L2(θ) by some hi, it follows that for any such θ there is some i≥ 1
for which

sup
g∈G
‖hi−hi ◦T g‖L2(θ) <

∥∥∥hi−
∫

X
hi dθ

∥∥∥
L2(θ)

.

In the setting of our disintegration, it therefore suffices to prove that each of
the sets

Ai :=
{

y ∈ Y : sup
g∈G
‖hi−hi ◦T g‖L2(µy) <

∥∥∥hi−
∫

X
hi dµy

∥∥∥
L2(µy)

}
has ν(Ai) = 0, since it follows that µy is ergodic for every y outside the negli-
gible set

⋃
i≥1 Ai.

The proof is completed by contradiction: suppose that ν(Ai) > 0 for some
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i. On X , consider the function h(x) := 1Ai(π(x))hi(x). Using the properties of
disintegration and (1.2), this function satisfies

sup
g∈G
‖h−h◦T g‖L2(µ) = sup

g∈G

(∫
Y
‖h−h◦T g‖2

L2(µy)
ν(dy)

)1/2

≤
(∫

Ai

sup
g∈G
‖hi−hi ◦T g‖2

L2(µy)
ν(dy)

)1/2

<
(∫

Ai

∥∥∥hi−
∫

hi dµy

∥∥∥2

L2(µy)
ν(dy)

)1/2

=
(∫

Y

∥∥∥h−
∫

hdµy

∥∥∥2

L2(µy)
ν(dy)

)1/2

= ‖h−E(h |BT
X )‖L2(µ).

This contradicts Lemma 1.14.

Definition 1.15 (Ergodic decomposition) A disintegration of µ into ergodic
T -invariant measures as above is called an ergodic decomposition of µ .

For many purposes in ergodic theory, an ergodic decomposition quickly per-
mits one to restrict attention to ergodic systems, by arguing about the disinte-
grands µy individually.

1.3.3 Joinings

Factors give us a notion of the ‘parts’ of a probability-preserving system. It can
also be important to study the ways in which some ‘ingredient’ systems can be
combined into a new, ‘larger’ system.

First, let us recall some useful nomenclature from probability. Suppose that
(Xi,Si), i ∈ I, is a countable collection of measurable spaces and that µ is a
probability measure on the product space ∏i∈I Xi with the product σ -algebra⊗

i∈I Si (see, for instance, [Fol99, Section 1.2]). If J ⊆ I and π : ∏i∈I Xi −→
∏ j∈J X j is the corresponding coordinate projection, then the image measure
π∗µ is the marginal of µ on the coordinates indexed by J. In particular, if π is
the projection onto the coordinate-copy of Xi, then π∗µ is the marginal of µ

on the ith coordinate.

Definition 1.16 Suppose that (Xi,Si,µi), i ∈ I, is a countable collection of
probability spaces. A coupling of them is a probability measure λ on ∏i∈I Xi

with the product σ -algebra such that the marginal of λ on the ith coordinate is
µi for each i ∈ I: that is,

λ{(xi)i∈I : xi ∈ A}= µ j(A) ∀ j ∈ I, A ∈S j.
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The set of such couplings is denoted Cpl((µi)i∈I).
Now suppose that Xi = (Xi,µi,Ti), i ∈ I, is a countable collection of G-

systems. A joining of them is a coupling λ ∈ Cpl((µi)i∈I) which is invariant
under the diagonal G-action defined by

∏
i∈I

T g
i for g ∈ G.

The set of such joinings is denoted J((Xi)i∈I).
A joining of d copies of the same system X is called a d-fold self-joining,

and the set of these is denoted J(d)(X).

Joinings were introduced into ergodic theory in Furstenberg’s classic pa-
per [Fur67], which still makes delightful reading.

A joining of some systems (Xi,µi,Ti), i = 1,2, . . ., arises when those systems
appear together as factors of some other system X̃ = (X̃ , µ̃, T̃ ): that is, when
one has a diagram

X̃
π1

~~}}
}}

}}
}}
π2

��
π3   A

AA
AA

AA
A

''P
PPPPPPP

X1 X2 X3 · · ·

In this case, the corresponding joining is the pushforward measure

(π1,π2, . . .)∗µ̃.

This is called the joint distribution of π1,π2, . . . in X̃.

Examples

1. Any collection of systems (Xi,µi,Ti)i∈I always has at least one joining: the
product measure

⊗
i∈I µi.

2. For any system (X ,µ,T ) and d ∈N, another d-fold self-joining of (X ,µ,T )
is given by the diagonal measure

µ
∆(d) :=

∫
X

δ(x,x,...,x) µ(dx),

which may be viewed as a copy of µ living on the diagonal in Xd . C

The following is obvious given example (1) above.

Lemma 1.17 For any G and countable family (Xi)i∈I of G-systems, the space
J((Xi)i∈I) is nonempty and convex.



DRAFT

18 T. Austin

We will henceforth focus on couplings and joinings of finitely many spaces
or systems, for simplicity.

Given any spaces Xi for i ≤ m and functions fi : Xi −→ R, we will often
write f1⊗·· ·⊗ fm for the function

X1×·· ·×Xm −→ R : (x1, . . . ,xm) 7→ f1(x1) · · · fm(xm).

Using such functions, coupling-spaces and joining-spaces can be endowed
with a natural topology. This extra structure will play a crucial rôle later.

Definition 1.18 Given a tuple (Xi,Si,µi), i ≤ m, of probability spaces, the
coupling topology on Cpl(µ1, . . . ,µm) is the weakest topology for which the
evaluation functionals

ev f1,..., fm : Cpl(µ1, . . . ,µm)−→ R : λ 7→
∫

f1⊗·· ·⊗ fm dλ

are continuous for all tuples fi ∈ L∞(µi).
Given G-systems Xi = (Xi,µi,Ti) for i≤ m, the restriction to J(X1, . . . ,Xm)

of the coupling topology on Cpl(µ1, . . . ,µm) is called the joining topology.

It is worth recording the following easy consequence immediately.

Lemma 1.19 Let (Xi,Si,µi) and (Yi,Ti,νi) for i≤ m be two tuples of prob-
ability spaces, and let πi : Xi −→ Yi be measurable maps satisfying πi∗µi = νi

for each i. Then the map

Cpl(µ1, . . . ,µm)−→ Cpl(ν1, . . . ,νm) : λ 7→ (π1×·· ·×πm)∗λ

is continuous for the coupling topologies on domain and target.

It is obvious from Definition 1.18 that the joining topology depends only on
the Borel σ -algebras of the spaces Xi, not on their specific topologies. Never-
theless, it turns out that the joining topology can also be characterized using
only continuous functions for those topologies.

Lemma 1.20 If each (Xi,µi) for i≤m is a compact metric space with a Borel
probability measure, then the coupling topology agrees with the restriction to
Cpl(µ1, . . . ,µm) of the weak? topology on Pr(X1×·· ·×Xm).

Proof Step 1. The weak? topology is the weakest for which the functionals

evF : θ 7→
∫

F dθ

are continuous for all F ∈ C(X1 × ·· · × Xm). If F = f1 ⊗ ·· · ⊗ fm for some
tuple fi ∈C(Xi), then evF is clearly also continuous for the coupling topology,
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since C(Xi) ⊆ L∞(µi). It follows that evF is continuous in case F is a linear
combination of such product-functions.

By the Stone-Weierstrass Theorem, the algebra of these linear combinations
is dense in C(X1×·· ·×Xm). Therefore, for any continuous F and ε > 0, there
is some such linear combination G for which ‖F−G‖∞ < ε , and this implies

|evF(θ)− evG(θ)|=
∣∣∣∫ (F−G)dθ

∣∣∣< ε ∀θ ∈ Cpl(µ1, . . . ,µm).

Therefore evF is a uniform limit of functionals that are continuous for the
coupling topology, so is itself continuous for the coupling topology.

Step 2. To prove the reverse, fix fi ∈ L∞(µi) for i ≤ m. We will prove
that ev f1,..., fm is continuous on Cpl(µ1, . . . ,µm) for the restriction of the weak?

topology.
By rescaling, we may clearly assume ‖ fi‖∞ ≤ 1 for each i. Let ε > 0. For

each i ≤ m, choose gi ∈C(Xi) such that ‖gi‖∞ ≤ 1 and ‖ fi−gi‖L1(µi) < ε/m.
Then for any θ ∈ Cpl(µ1, . . . ,µm), one has

|ev f1,..., fm(θ)− evg1,...,gm(θ)|

=
∣∣∣∫ ( f1⊗·· ·⊗ fm−g1⊗·· ·⊗gm)dθ

∣∣∣
=
∣∣∣ m

∑
i=1

∫
g1⊗·· ·⊗gi−1⊗ ( fi−gi)⊗ fi+1⊗·· ·⊗ fm dθ

∣∣∣
≤

m

∑
i=1
‖g1‖∞ · · ·‖gi−1‖∞ · ‖ fi−gi‖L1(µi) · ‖ fi+1‖∞ · · ·‖ fm‖∞

< m(ε/m) = ε,

because the marginal of θ on Xi is assumed to equal µi.
Thus, ev f1,..., fm may be uniformly approximated by functionals evg1,...,gm

with gi ∈ C(Xi) for each i. Since the latter are all continuous for the weak?

topology by definition, and a uniform limit of continuous functions is continu-
ous, this completes the proof.

Corollary 1.21 Given G-systems Xi for i≤m, the joining topology on J(X1, . . . ,Xm)
is compact.

Proof By the preceding lemma, the coupling topology on Cpl(µ1, . . . ,µm) is
the restriction of the weak? topology to the further subset⋂

i≤m

⋂
fi∈C(Xi)

{
θ ∈ Pr(X1×·· ·×Xm) :

∫
fi(xi)θ(dx1, . . . ,dxm) =

∫
fi dµi

}
,

because the ith marginal of any θ ∈ Pr(X1×·· ·×Xm) is uniquely determined by
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the integrals of all continuous functions. This is therefore a weak?-closed sub-
set of the weak?-compact space Pr(X1×·· ·×Xm), hence also weak?-compact.

Finally, the joining topology on J(X1, . . . ,Xm) is the further restriction of
the weak? topology to the subset⋂

g∈G

⋂
f1∈L∞(µ1),..., fm∈L∞(µm)

{
θ ∈ Cpl(µ1, . . . ,µm) :

ev f1,..., fm(θ) = ev f1◦T
g
1 ,..., fm◦T g

m
(θ)
}
.

Since each of the functionals ev f1,..., fm and ev f1◦T
g
1 ,..., fm◦T g

m
has been shown to

be continuous for the restriction of the weak? topology to J(X1, . . . ,Xm), this
is a further weak?-closed subset, hence weak?-compact.

Exercise Generalize Definition 1.18, Lemma 1.20 and Corollary 1.21 to cou-
plings or joinings of countable collections of spaces or systems. [Hint: work
with functions of only finitely many coordinates.] C

1.3.4 Relative products

With the use of factor maps and disintegrations, we can introduce a consid-
erable generalization of product joinings. Suppose that Xi are systems for
i ≤ m, that πi : Xi −→ Yi are factor maps, that Si := π

−1
i (BYi), and that

θ ∈ J(Y1, . . . ,Ym). For each i ≤ m, let y 7→ µi,y be a disintegration of µi over
πi. Then the relative product of the systems Xi over the maps πi and joining
θ is the measure

λ :=
∫

∏i Yi

µ1,y1 ⊗·· ·⊗µm,ym θ(dy1, . . . ,dym).

One checks easily that λ ∈ J(X1, . . . ,Xm).
If λ ∈ J(X1, . . . ,Xm) is given, then it is relatively independent over (π1, . . . ,πm)

or over (S1, . . . ,Sm) if it is of the above form for some θ . In that case, of
course, one must have

θ = (π1×·· ·×πm)∗λ .

Using (1.2), this conclusion is equivalent to∫ ⊗
i≤m

fi dλ =
∫ ⊗

i≤m

Eµi( fi |Si)dλ (1.3)

for all ‘test functions’ f1 ∈ L∞(µ1), . . . , fm ∈ L∞(µm).
As an important special case of the above, consider a single factor map π :

X−→Y. Let θ be the diagonal self-joining of two copies of Y, and let µ⊗π µ
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denote the relative product of two copies of X over π and θ . For this joining
one obtains

(µ⊗π µ)(A) =
∫

Y
(µy⊗µy)(A)ν(dy) for A ∈BX2 .

This is supported on the Borel subset {(x,x′)∈ X2 : π(x) = π(x′)}. As a result,
the two coordinate projections π1,π2 : X2 −→ X satisfy

π ◦π1 = π ◦π2 (µ⊗π µ)-a.s.,

and so there is a commutative diagram of factor maps

(X2,µ⊗π µ,T ×T )
π1

wwpppppppppppp
π2

''NNNNNNNNNNNN

X

π

''OOOOOOOOOOOOOO X

π

wwoooooooooooooo

Y.

An equivalent description of µ ⊗π µ is that for any bounded measurable
functions f ,g : X −→ R, one has∫

X2
f ⊗g d(µ⊗π µ) =

∫
X

E( f |π−1(BY ))E(g |π−1(BY ))dµ.

From this, it follows at once that µ⊗π µ = µ⊗π ′ µ whenever the factor maps
π and π ′ generate the same factor of X modulo µ .

1.3.5 Inverse limits

The last general construction we need can be viewed as giving ‘limits’ of ‘in-
creasing’ sequences of systems.

To be precise, suppose that we have a sequence of G-systems Xn :=(Xn,µn,Tn)
for n≥ 0, together with connecting factor maps πn:

· · · π3−→ X3
π2−→ X2

π1−→ X1
π0−→ X0.

Proposition 1.22 In this situation, there is a G-system X = (X ,µ,T ) together
with a sequence of factor maps φn : X−→ Xn such that

• (the factor maps are consistent) πn ◦φn+1 = φn µ-a.e. for all n≥ 0,
• (the factor maps generate everything) BX is generated modulo µ by the

union of the factors φ−1
n (BXn) over n≥ 0, and
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• (universality) given any other system Y = (Y,ν ,S) and factor maps ψn :
Y −→ Xn such that πn ◦ψn+1 = ψn for all n, there is an essentially unique
factor map α : Y−→ X with ψn = φn ◦α for all n.

Proof Let X := ∏n≥0 Xn with its product topology, and let T g := ∏n≥0 T g
n for

each g ∈ G.
For m > n≥ 0, let

π
m
n := πn ◦πn+1 ◦ · · · ◦πm−1 : Xm −→ Xn,

so πn+1
n = πn for each n. These are all still factor maps.

Now, for each m≥ 1, consider the measure µ ′m on ∏
m
n=0 Xn given by

µ
′
m =

∫
Xm

δ(πm
0 (x), πm

1 (x), ..., πm
m−1(x), x) µm(dx).

These measures are consistent, in the sense that µ ′m1
is the image of µ ′m2

un-
der coordinate projection whenever m2 ≥ m1. Therefore, by the Kolmogorov
Extension Theorem, they are the finite-dimensional marginals of a unique mea-
sure µ ∈ Pr(X) (see [Fol99, Theorem 10.18] or [Bil95, Section 36] — both of
those sources treat the case of measures on R×R× ·· · , but the same proofs
work in general). This µ is supported on the Borel subset

X̃ := {(xn)n≥0 ∈ X : πn(xn+1) = xn ∀n≥ 0}.

Since each µ ′m is invariant under the diagonal G-action, and they specify µ

uniquely, µ is also invariant under the diagonal G-action.
This defines the system X = (X ,µ,T ). For each n, let φn : X −→ Xn be the

projection onto the nth coordinate. An easy check gives that φn defines a factor
map X−→Xn, and the µ-a.s. relation φn = πn ◦φn+1 follows from the fact that
µ is supported on X̃ . Clearly the union of the σ -algebras φ−1

n (BXn) contains
all finite-dimensional Borel subsets of X , and so generates the whole of BX .

Finally, suppose that Y and ψn : Y −→ Xn are as posited, and define α :
Y−→ X by

α(y) := (ψ0(y),ψ1(y), . . .).

The assumption that πn ◦ψn+1 = ψn implies that α(y) ∈ X̃ for almost all y,
and moreover it is clear by definition that α intertwines S with T (since this
holds coordinate-wise in X). Finally, α∗ν has the same marginal as µ on any
finite-dimensional projection of X , so in fact α∗ν = µ .

Definition 1.23 (Inverse limit) A choice of system X together with the factor
maps (φn)n≥0 as constructed above is an inverse limit of the tower of systems
(Xn)n≥0, (πn)n≥0.
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1.3.6 Idempotent classes

This subsection represents a further level of abstraction, since it concerns whole
classes of systems. However, the following definition will be of great value in
organizing several later results.

Definition 1.24 (Idempotent class) Let G be a countable group, and let C

be a class of G-systems. Then C is idempotent if it has the following closure
properties:

1. (Isomorphism) If X ∈ C and Y is isomorphic to X then Y ∈ C.
2. (Finite joinings) If X = (X ,µ,T ) and Y = (Y,ν ,S) are both in C, and λ ∈

J(X,Y), then

(X×Y,λ ,T ×S) ∈ C.

3. (Inverse limits) If

· · · −→ X3 −→ X2 −→ X1

is an inverse sequence consisting of members of C, then some choice of
inverse limit is a member of C (and hence so are all such choices).

Example For a subset S⊆G, let CS be the class of those G-systems (X ,µ,T )
in which T s = idX µ-a.e. for all s ∈ S. This class is easily checked to be idem-
potent. It is called the S-partially-invariant class. A simple argument shows
that CS = CH , where H is the normal subgroup of G generated by S. C

Lemma 1.25 Let C and D be idempotent classes, and let C∨D denote the
class of G-systems that are joinings of a member of C and a member of D, up
to isomorphism. Then C∨D is idempotent.

Exercise Prove this lemma. [Hint: prove that an inverse limit of joinings is a
joining of inverse limits, etc.] C

The class C∨D constructed above is called the join of C and D.

Example If G = Zd , then the idempotent class

Ce1−e2 ∨·· ·∨Ce1−ed

consists of all systems of the form

(X2× . . .×Xd ,λ ,T2×·· ·×Td),

where

• for each i ∈ {2,3, . . . ,d}, Xi = (Xi,µi,Ti) is a Zd-system with the property
that T e1

i = T ei
i a.e..
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• λ ∈ J(X2, . . . ,Xd).

This example will play a key rôle later. C

Definition 1.26 For any G-system (X ,µ,T ), a factor S ≤BX is a C-factor
if it is generated modulo µ by a factor map whose target system is a member
of C.

Lemma 1.27 Any G-system X has an essentially unique C-factor S which
contains every other C-factor modulo µ .

Proof Let C be the subset of L1(ν) containing all functions that are measur-
able with respect to some C-factor of X. Since L1(ν) is separable, we may
choose a dense sequence ( fn)n≥1 in C. For each fn, there are a factor map

πn : (X ,µ,T )−→ (Yn,νn,Sn) = Yn ∈ C

and a function gn ∈ L1(νn) such that fn = gn ◦πn a.s.
From these, assemble the maps

ψn : X −→
n

∏
m=1

Ym : x 7→ (π1(x), . . . ,πn(x)).

Each ψn is a factor map from X to the system

Wn := (Y1×·· ·×Yn,ψn∗µ,S1×·· ·×Sn),

which is a joining of Y1, . . . , Yn and hence still a member of C.
Next, projecting out the last coordinate defines factor maps

αn : Wn+1 −→Wn

for each n ≥ 1, so these systems Wn form an infinite tower of factors of X.
Letting W = (W,θ ,R) be an inverse limit, one still has a factor map ψ : X−→
W, owing to the universality of inverse limits. Also, W ∈ C, since C is closed
under inverse limits. Finally, each fn is measurable with respect to this factor
map ψ . By the density of { fn : n≥ 1} among all C-factor-measurable members
of L1(ν), it follows that any function which is measurable with respect to a C-
factor can be lifted through ψ , up to a negligible set. Now let S := ψ−1(BW ).

Essential uniqueness follows at once from maximality.

Definition 1.28 A choice modulo µ of the factor constructed in the previous
lemma is called a maximal C-factor of X, and denoted CX. In view of its
uniqueness modulo µ , we sometimes abusively refer to the maximal C-factor.
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1.4 Multiple recurrence in terms of self-joinings

1.4.1 Reformulation

A key aspect of Furstenberg and Katznelson’s approach to Theorems 1.7 and 1.8
is that it gives more than just the existence of one suitable time n ≥ 1. In the
multidimensional case, it actually proves the following.

Theorem 1.29 (Multidimensional Multiple Recurrence Theorem) If (X ,µ,T )
is a Zd-system, and A ∈BX has µ(A) > 0, then

liminf
N−→∞

1
N

N

∑
n=1

µ(T−ne1A∩·· ·∩T−ned A) > 0.

An analogous assertion for a single transformation lies behind Theorem 1.7.
Similarly to many other applications of ergodic theory, one finds that these av-
erages behave more regularly than the summand that appears for any particular
value of n, and so are more amenable to analysis.

In these notes, we will prove only one simple special case of Theorem 1.29.
However, we will answer a related and slightly easier question in general:
whether the averages appearing in Theorem 1.29 actually converge, so that
‘liminf’ may be replaced with ‘lim’.

Furstenberg and Katznelson’s original proof in [FK78] shows that these non-
negative sequences stay bounded away from zero, but does not show their con-
vergence. Naturally, ergodic theorists quickly went in pursuit of this question
in its own right. It was fully resolved only recently, by Host and Kra [HK05b]
for the averages associated to a single transformation and then by Tao [Tao08]
for those appearing in Theorem 1.29. Both are challenging proofs, and they are
quite different from one another.

Host and Kra’s argument builds on a long sequence of earlier works, includ-
ing [CL84, CL88a, CL88b, Rud95, Zha96, FW96, HK01] and several others
referenced there. An alternative approach to the main results of Host and Kra
has been given by Ziegler in [Zie07], also resting on much of that earlier work.
In addition to proving convergence, these efforts have led to a very detailed de-
scription of the limiting behaviour of these averages, in terms of certain very
special factors of an arbitrary Z-system.

Tao’s proof of convergence for the multidimensional averages in Theorem 1.29
departs significantly from those earlier works. He proceeds by first formulat-
ing a finitary, quantitative analog of the desired convergence, and then making
contact with the hypergraph-regularity theory developed for the new combina-
torial proofs of Szemerédi’s Theorem in [NRS06, Gow06, Tao06b] (as well as
using several new insights in that finitary world).
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In these notes, we will recount a more recent ergodic-theoretic proof of con-
vergence in the general case. It avoids the transfer to a finitary setting that
underlies Tao’s proof, but also avoids the need for a very detailed description
of the averages that is part of the earlier approaches. Although such a descrip-
tion would be of great interest in its own right, it is still mostly incomplete for
the multidimensional averages.

Our next step will be to reformulate these questions in terms of a certain
sequence of d-fold self-joinings of (X ,µ,T ). First, recall the diagonal self-
joining:

µ
∆(d) :=

∫
X

δ(x,x,...,x) µ(dx).

Let ~T := T e1 ×·· ·×T ed be the off-diagonal transformation associated to the
Zd-action T . Since different group elements act on different coordinates under
~T , a self-joining of (X ,µ,T ) need not be ~T -invariant.

Now, for each N ≥ 1, let

λN :=
1
N

N

∑
n=1

~T n
∗ µ

∆(d), (1.4)

the averages of µ∆(d) under the off-diagonal transformation. A simple re-arrangement
gives

1
N

N

∑
n=1

∫
X
( f1 ◦T ne1) · · · · · ( fd ◦T ned )dµ =

∫
Xd

f1⊗·· ·⊗ fd dλN

for any functions fi ∈ L∞(µ). In particular,

1
N

N

∑
n=1

µ(T−ne1A∩·· ·∩T−ned A) = λN(Ad).

Thus, our questions of interest may be re-formulated as follows:

• (Convergence) Do the self-joinings λN converge to some limit λ∞ in the
joining topology?

• (Multiple Recurrence) If such a limit λ∞ exists, does it have the property
that

µ(A) > 0 =⇒ λ∞(Ad) > 0 ?

The main results are that both answers are Yes. These notes will prove the
first of these, and a special case of the second.

Theorem 1.30 In the setting above, the joinings λN converge to some limit
in the joining topology.
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A complete description of the limit joining is still lacking in general, al-
though we will mention a few special cases where it is known precisely.

Before beginning the rest of our work on Theorems 1.30 and 1.29, it is worth
mentioning another convergence theorem. Theorem 1.30 is central to the ap-
proach taken in these notes, but it is weaker than the usual formulation of
‘non-conventional average convergence’, which concerns the functional aver-
ages

AN( f1, f2, . . . , fd) :=
1
N

N

∑
n=1

( f1 ◦T ne1) · ( f2 ◦T ne2) · · · · · ( fd ◦T ned )

for f1, f2, . . . , fd ∈ L∞(µ).

Theorem 1.31 (Convergence of non-conventional ergodic averages) If (X ,µ,T )
is a Zd-system and f1, f2, . . . , fd ∈ L∞(µ), then the averages AN( f1, f2, . . . , fd)
converge in ‖ · ‖2 as N −→ ∞.

This is the result that was actually proved in [Tao08], rather than its join-
ing analog. The earlier works [CL84, CL88a, CL88b, FW96, HK01, HK05b,
Zie07] on special cases also proved convergence for functional averages. This
functional-average convergence is stronger than Theorem 1.30, because∫

Xd
f1⊗·· ·⊗ fd dλN =

∫
X

AN( f1, f2, . . . , f2)dµ.

On the other hand, the approach to Theorem 1.30 given in this course can be
turned into a proof of Theorem 1.31 with just a little extra work: the exercise
at the end of Section 1.8 sketches something close to the alternative proof of
Theorem 1.31 from [Aus09].

It is also interesting to ask whether the above functional averages converge
pointwise a.e. as N −→∞. This question is still open in almost all cases. Aside
from when d = 1, which reduces to the classical Pointwise Ergodic Theorem,
pointwise convergence is known only for the averages

1
N

N

∑
n=1

( f1 ◦T n)( f2 ◦T 2n).

This is a very tricky result of Bourgain [Bou90].

1.4.2 Brief sketch of the remaining sections

The above questions about the joinings λN concern how the orbit ~T n
∗ µ∆(d),

n = 1,2, . . ., of the diagonal measure ‘moves around’ in Xd .
One basic intuition about this question is that if the system (X ,µ,T ) be-

haves very ‘randomly’, then these off-diagonal image measures will appear
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to ‘spread out’ over the whole of Xd , and in the limit will simply converge
to the product measure µ⊗d . The prototypical example of this situation is the
following.

Example One-dimensional Bernoulli shifts were among the examples in Sub-
section 1.2.1. To obtain a d-dimensional version, let p = (p1, . . . , pm) be a
stochastic vector, let X = {1,2, . . . ,m}Zd

, let µ := p⊗Zd
, and let T be the ac-

tion of Zd by coordinate-translation: that is,

T n((xk)k
)

= (xk+n)k.

The product Xd may be identified with ({1,2, . . . ,m}× ·· ·×{1,2, . . . ,m})Zd
.

To obtain a random element of Xd with law ~T n
∗ µ∆(d), let (xk)k be a random

element of X with law µ , and form the tuple

(xk+ne1 , . . . ,xk+ned)k∈Zd . (1.5)

Now consider a large finite ‘window’ W ⊆ Zd , such as a large box around the
origin. If n is sufficiently large compared with W , then one has (W + nei)∩
(W + ne j) = /0 whenever i 6= j. It follows that, for sufficiently large n, if one
views the tuple (1.5) only in the finite window W , then its components

(xk+ne1)k∈W , (xk+ne2)k∈W , . . . , (xk+ned )k∈W

have the same joint distribution as d independent draws from the probability
measure p⊗W . Thus, when n is large, the measure ~T n

∗ µ∆(d) ‘resembles’ the
product measure µ⊗d : more formally, one can prove that ~T n

∗ µ∆(d) −→ µ⊗d

weakly? as n−→∞. This, of course, is even stronger than asserting that λN −→
µ⊗d weakly?. C

Exercise Let p = (1− p, p) be a stochastic vector on {0,1}. Consider again
the proof of Proposition 1.9 (the Furstenberg correspondence principle). Fix
a sequence of boxes R j with all side-lengths tending to ∞. Let (xk)k∈Zd ∈
{0,1}Zd

be drawn at random from the measure p⊗Zd
, and now let E = {k∈Zd :

xk = 1}. Show that with probability one in the choice of (xk)k∈Zd ∈ {0,1}Zd
,

if one implements the proof of Proposition 1.9 with this choice of E then the
resulting measure µ is equal to p⊗Zd

. (This requires either the Law of Large
Numbers or the Pointwise Ergodic Theorem, both of which lie outside these
notes.) C

Of course, we cannot expect the simple behaviour of the Bernoulli exam-
ple to hold for all systems. In the first place, if one happens to have a Zd-
system (X ,µ,T ) in which T ei = T e j for some i 6= j, then all the image mea-
sures ~T n

∗ µ∆(d) will be supported on the subset

{(x1, . . . ,xd) ∈ Xd : xi = x j},
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and hence so will any limit of the joinings λN . However, it turns out that the
ways in which the ‘random’ intuition can fail are somewhat limited. More
specifically, if (λN)N fails to converge to µ⊗d in the joining topology, then the
system (X ,µ,T ) must exhibit some special extra ‘structure’, which can itself
be exploited to show that (λN)N converges to some other limit λ∞ instead, and
to deduce something about the structure of that λ∞

1.
One of the main discoveries in this area is the right way to describe that

‘structure’. If λN 6−→ µ⊗d in the joining topology, then one finds that there
must be a particular ‘part’ of (X ,µ,T ) which is responsible for this non-
convergence. Specifically, the template for the results we will prove is the
following: if λN 6−→ µ⊗d , then there are d factor maps πi : X −→ Yi, i =
1,2, . . . ,d, such that

• each Yi is a system of a special kind, indicated by its membership of some
relevant idempotent class Ci, and

• the ‘random’ intuition does hold relative to these factors, in the sense that
λN converges to some limit joining λ∞ which is relatively independent over
the maps πi (see Subsection 1.3.4).

These factor maps πi are called characteristic factors for the limit joining
λ∞. This terminology originates with the ‘partially characteristic’ factors in-
troduced in [FW96], and used in various ways since. The correct choice of the
idempotent classes Ci depends on the case of convergence that one is study-
ing: that is, on the value of d, and whether one is interested in powers of a
single transformation or in arbitrary Zd-systems. The goal is to obtain classes
Ci whose members are so highly structured that the limiting behaviour of the
image joinings (π1×·· ·×πd)∗λN can be analyzed fairly explicitly.

In the case of powers of a single transformation, the actual results can be
made to match the above template exactly, with the added simplification that
Yi and Ci are the same for every i. This will be the subject of Section 1.6, after
some more necessary machinery has been developed in Section 1.5.

For general Zd-systems, one can prove results which fit into the template
above, but it is easier to modify the template slightly. It turns out that a certain
subclass of Zd-systems admits a considerably simpler analysis of the possible
limit joinings λ∞, for which the relevant idempotent classes Ci in our template
are easily described. A general Zd-system X may not have characteristic fac-
tors lying in those classes Ci, but one finds that X always admits an extension
for which that simpler analysis can be carried out. Thus, in the general case we
first extend X to a system whose analysis is easier, and then look for suitable
1 In fact, the non-averaged sequence ~T n

∗ µ∆(d) can fail to converge much more easily, and there
seems to be no good structure theory for this failure.
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characteristic factors of that extended system. This will be done in Sections 1.7
and 1.8, again in tandem with developing some necessary general tools.

Once this structural information about the limit joining λ∞ has been ob-
tained, it can also be used to prove Theorem 1.8. That deduction requires
several extra steps, so it will not be completed in this course: see [Aus10a]
or [Aus10c]. The original proofs of multiple recurrence in [Fur77, FK78] were
different, but the proof in [Fur77] also involved some structural analysis of
these limit joinings.

A key feature of the proofs below is that we need to work with ‘candidate’
limit joinings λ∞ before showing that the sequence (λN)N actually converges.
This is where we make crucial use of the compactness of the joining topology
(Corollary 1.21). Given that compactness, we may start our proofs by taking
a subsequential limit λ∞ of the sequence (λN)N . This subsequential limit must
have the following extra property which distinguishes it among arbitrary join-
ings.

Lemma 1.32 (Off-diagonal invariance) Any subsequential limit of the se-
quence (λN)N in the joining topology is invariant under ~T , as well as under
T×d .

Proof Substituting from Definition (1.4) and observing that most terms can-
cel, one obtains

~T∗λN−λN =
1
N

(~T N+1
∗ µ

∆(d)−~T∗µ∆(d)).

These measures have total variation tending to 0 as N−→∞, so if λNi −→ λ is a
subsequential limit in the joining topology, then also ~T∗λNi −→ λ . Since ~T∗ acts
continuously on the joining topology (Lemma 1.19), this implies λ =~T∗λ .

It turns out that this extra invariance is already enough to force λ∞ to be a
relative product over some special factors of X: that is, we can prove a result
that matches the above template for any joining having this extra invariance.
Having done so, one can deduce that the sequence (λN)N has only one pos-
sible subsequential limit, and hence that the sequence actually converges. We
refer to this as the ‘joining rigidity’ approach to Theorem 1.30. It is much
like the strategy for studying equidistribution under unipotent flows enabled
by Ratner’s Theorems: see, for instance, [Sta00], or Manfred Einsiedler’s con-
tribution to the present volume.

In the remainder of this section we take some first steps towards the above
analysis: reducing our work to the case of ergodic systems, and handling the
‘trivial’ case d = 2.
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1.4.3 Reduction to ergodic systems

Next we show that Theorems 1.29 and 1.30 both follow for general systems if
they are known for ergodic systems.

Indeed, if X = (X ,µ,T ) is an arbitrary Zd-system with ergodic decomposi-
tion

µ =
∫

Y
µy ν(dy),

then for each d and N one has

µ
∆(d) =

∫
Y

µ
∆(d)
y ν(dy) and λN =

∫
Y

λN,y ν(dy),

where λN is as in (1.4) and λN,y is its analog for the system (X ,µy,T ).
If convergence as in Theorem 1.30 is known for any ergodic system, this

fact may be applied to the systems (X ,µy,T ) to give joining-topology limits
λN,y −→ λ∞,y for each y. Now the Dominated Convergence Theorem implies
that∫

Xd
f1⊗·· ·⊗ fd dλN =

∫
Y

∫
Xd

f1⊗·· ·⊗ fd dλN,y ν(dy)

−→
∫

Y

∫
Xd

f1⊗·· ·⊗ fd dλ∞,y ν(dy)

for any functions fi ∈ L∞(µi), and hence

λN
join−→ λ∞ :=

∫
Y

λ∞,y ν(dy).

Having shown this, Theorem 1.29 also follows easily from the ergodic case.
If A ∈BX has µ(A) > 0, then the set

B := {y ∈ Y : µy(A) > 0}

must have ν(B) > 0. For each y ∈ B, the ergodic case of Theorem 1.29 gives
λ∞,y(Ad) > 0, so integrating in y gives

λ∞(Ad)≥
∫

B
λ∞,y(Ad)ν(dy) > 0.

We will henceforth freely assume that X is ergodic.

1.4.4 The ‘trivial’ case

In our theorems of interest, the ‘trivial’ case means k = 2 or d = 2. In that case
‘multiple’ recurrence is just Poincaré recurrence, as in Theorem 1.6. Never-
theless, it is worth describing the joining rigidity approach in this simple case,
both to introduce some of the ideas and because some of the auxiliary results
will be re-used later.
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Proposition 1.33 Let G be any countable group, let (X ,µ,T ) and (Y,ν ,S)
be G-systems, and suppose that λ ∈ Pr(X ×Y ) is invariant under both T × S
and id×S. Then λ is relatively independent over (BT

X ,BS
Y ).

Proof The assumptions imply that µ is also invariant under

(T ×S)g ◦ (id×S)g−1
= T g× id

for any g, so the assumptions are actually symmetric in X and Y .
We will prove the ‘test-function’ formula∫

f ⊗ f ′ dλ =
∫

Eµ( f |BT
X )⊗Eν( f ′ |BS

Y )dλ ∀ f ∈ L∞(µ), f ′ ∈ L∞(ν) :

see (1.3). By symmetry, it actually suffices to prove that∫
f ⊗ f ′ dλ =

∫
Eµ( f |BT

X )⊗ f ′ dλ ∀ f ∈ L∞(µ), f ′ ∈ L∞(ν)

and then repeat the argument with the coordinates swapped.
Let πX : X ×Y −→ X denote the first coordinate projection, and πY the sec-

ond. Fix f ′ ∈L∞(ν), and consider the conditional expectation Eλ (1X ⊗ f ′ |π−1
X (BX )):

that is, we lift f ′ to X ×Y through the second coordinate, and then condition
onto the first coordinate. Since it is π

−1
X (BX )-measurable, this conditional ex-

pectation is a.e. equal to h⊗1Y for some essentially unique h ∈ L∞(µ).
By the definition of conditional expectation, for any f ∈ L∞(µ) one has∫
f⊗ f ′ dλ =

∫
( f⊗1Y )·Eλ (1X⊗ f ′ |π−1

X (BX ))dλ =
∫

f h⊗1Y dλ =
∫

f hdµ.

Now let g ∈ G, and observe from the above that∫
f · (h◦T g)dµ =

∫
( f ◦T g−1

) ·hdµ =
∫

( f ⊗ f ′)◦ (T g−1 × id)dλ

=
∫

f ⊗ f ′ dλ =
∫

f hdµ,

by the invariance of λ . Since this holds for every f ∈ L∞(µ), h must be es-
sentially T g-invariant for every g, and so h agrees a.e. with a BT

X -measurable
function. Now the definition of conditional expectation gives∫

f ⊗ f ′ dλ =
∫

f hdµ =
∫

Eµ( f |BT
X )hdµ =

∫
Eµ( f |BT

X )⊗ f ′ dλ ,

as required.

Let us see how this quickly handles the trivial case of Theorem 1.8.

Corollary 1.34 Let (X ,µ,T ) be a Zd-system, let µ∆ ∈ J(X,X) be the 2-fold
diagonal joining, and let π : X −→ Y be a factor map to some other system
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which generates the invariant factor BT
X modulo µ . Let Ri be a sequence of

boxes in Zd with all side-lengths tending to ∞. Then

λi :=
1
|Ri| ∑

n∈Ri

(id×T n)∗µ∆ join−→ µ⊗π µ

and also
1
|Ri|2 ∑

n,m∈Ri

(T n×T m)∗µ∆ join−→ µ⊗π µ.

Proof We prove the first result and leave the second as an exercise.
By compactness of J(X,X), we may pass to a subsequence and assume that

λ = limi−→∞ λi exists. It remains to show that λ = µ⊗π µ for any such subse-
quence.

For any m ∈ Zd , we obtain

λ − (id×T m)∗λ = lim
i−→∞

1
|Ri| ∑

n∈Ri

(
(id×T n)∗µ∆− (id×T m+n)∗µ∆

)
in the joining topology. Some terms on the right-hand side here cancel, leaving∥∥∥ 1

|Ri| ∑
n∈Ri

(
(id×T n)∗µ∆− (id×T m+n)∗µ∆

)∥∥∥
TV
≤ |Ri4(Ri +m)|

|Ri|
.

Since all side lengths of Ri are tending to ∞, this last estimate tends to 0 for
any fixed m. Hence the above joining limit must also be 0, and so, since m was
arbitrary, λ is (id×T )-invariant. Therefore, by Proposition 1.33, λ is relatively
independent over (BT

X ,BT
X ).

Finally, suppose that f , f ′ ∈L2(µ), and let h :=E( f |BT
X ) and h′ :=E( f ′ |BT

X ).
Using the relative independence proved above and the T -invariance of h′, we
obtain∫

f ⊗ f ′ dλ =
∫

h⊗h′ dλ
def= lim

i−→∞

1
|Ri| ∑

n∈Ri

∫
h(x)h′(T nx)µ(dx)

=
∫

hh′ dµ =
∫

f ⊗ f ′ d(µ⊗π µ).

Hence λ = µ⊗π µ .

As a digression, we can now derive from the preceding result a slightly
unconventional proof of the Norm Ergodic Theorem, which has not been used
in these notes so far.

Theorem 1.35 (Norm Ergodic Theorem) If (X ,µ,T ) is a Zd-system, the
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boxes Ri are as above, and f ∈ L2(µ), then∥∥∥ 1
|Ri| ∑

n∈Ri

f ◦T n−E( f |BT
X )
∥∥∥

2
−→ 0 as N −→ ∞,

Proof Replacing f by f−E( f |BT
X ), we may instead assume that E( f |BT

X )=
0 and show that

Ai :=
1
|Ri| ∑

n∈Ri

f ◦T n −→ 0

in ‖ · ‖2.
Squaring and expanding this norm gives

‖Ai‖2
2 =

1
|Ri|2 ∑

n,m∈Ri

〈 f ◦T n, f ◦T m〉=
∫

f ⊗ f dλi

with

λi :=
1
|Ri|2 ∑

n,m∈Ri

(T n×T m)∗µ∆.

By the second part of Corollary 1.34, these joinings converge to µ ⊗π µ for
any factor map π generating BT

X , and hence

‖Ai‖2
2 −→

∫
f ⊗ f d(µ⊗π µ) =

∫
E( f |BT

X )⊗E( f |BT
X )d(µ⊗π µ) = 0.

Remark The above connection notwithstanding, we do not need the Ergodic
Theorem at any point in this course. C

1.5 Weak mixing

Our next milestone will be Roth’s Theorem, but before reaching it we must
introduce some more general machinery.

Definition 1.36 (Weak mixing) For a countable group G, a G-system (X ,µ,T )
is weakly mixing if the Cartesian product system (X ×Y,µ ⊗ν ,T × S) is er-
godic for any ergodic G-system (Y,ν ,S).

This property was studied long before Furstenberg introduced multiple re-
currence. Clearly it requires that (X ,µ,T ) itself be ergodic, but not all ergodic
systems are weakly mixing.
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Example Let (T,m,Rα) be an ergodic circle rotation (using Corollary 1.47
below, this ergodicity holds if and only if α is irrational). Its Cartesian square
is (T2,m⊗2,R(α,α)), in which any set of the form

{(u,v) : u− v ∈ A}, A ∈BT

is invariant. C

However, it turns out that examples similar to the above are the only way in
which a product of ergodic systems can fail to be ergodic. To explain this, we
must first formalize that class of examples.

1.5.1 Isometric systems and the Kronecker factor

Definition 1.37 For any countable group G, a G-system (X ,µ,T ) is con-
cretely isometric if the topology of X can be generated by a T -invariant com-
pact metric d. A G-system is simply isometric if it is isomorphic to a con-
cretely isometric G-system.

Given a general G-system (X ,µ,T ), a factor S ≤BX is isometric if it is
generated modulo µ by a factor map from X to an isometric G-system.

Lemma 1.38 The class of all isometric G-systems is idempotent.

Proof Closure under isomorphisms is written into the definition. Given this,
it suffices to check that the concretely isometric G-systems are closed under
joinings and inverse limits, up to isomorphism.

Suppose that X = (X ,µ,T ) and Y = (Y,ν ,S) are concretely isometric G-
systems with invariant compact metrics dX and dY . Then any λ ∈ J(X,Y) is a
(T ×S)-invariant measure on the space X ×Y . On this space, any of the usual
compact product-space metrics is (T ×S)-invariant, such as

d((x,y),(x′,y′)) := dX (x,x′)+dY (y,y′).

Similarly, given an inverse sequence

. . .−→ X3 −→ X2 −→ X1

of concretely isometric systems, it is easily checked that the inverse limit con-
structed in the proof of Proposition 1.22 is concretely isometric, where again
∏n≥1 Xn is given any standard compact product-space metric.

Definition 1.39 The idempotent class defined above is called the Kronecker
class2 of G-systems, and denoted KG, or just K if G is understood.

2 This is not standard terminology
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Having defined the Kronecker class, Lemma 1.27 immediately gives the fol-
lowing.

Proposition 1.40 Every G-system (X ,µ,T ) has an essentially unique isomet-
ric factor S with the property that any other isometric factor is contained in
S modulo µ .

Definition 1.41 The factor given by Proposition 1.40 is called the Kronecker
factor of (X ,µ,T ).

1.5.2 Describing the failure of weak mixing

Theorem 1.42 Let (X ,µ,T ) be an ergodic G-system with Kronecker factor
S , and let (Y,ν ,S) be another G-system. Suppose that F : X ×Y −→ R is
measurable and (T × S)-invariant. Then F is (µ ⊗ν)-essentially measurable
with respect to S ⊗BY .

In particular, X is weakly mixing if and only if its Kronecker factor is trivial.

The proof of this will require the following lemma.

Lemma 1.43 Let (X ,µ,T ) be an ergodic G-system, let (Y,d) be a Polish (that
is, complete and separable) metric space, and let S = (Sg)g∈G be an action of G
on Y by isometries for the metric d. Suppose that F : X −→Y is an equivariant
Borel map: thus,

F ◦T g = Sg ◦F µ-a.s. ∀g ∈ G.

Then there is an S-invariant compact subset K ⊆ Y such that µ(F−1(K)) = 1.

Proof Let ν := F∗µ , an S-invariant Borel measure on Y . For each r > 0, con-
sider the non-negative function

fr(x) := ν
(
Br/2(F(x))

)
.

One checks easily that fr is a measurable function on X (exercise!). It is also T -
invariant, because F intertwines T with S, and S preserves both the metric d and
the measure ν . Therefore, by ergodicity, fr(x) is a.s. equal to some constant,
say cr.

We next show that cr > 0. Consider the set

Ur := {y ∈ Y : ν(Br/2(y)) = 0}.

Since Y is separable, so is Ur. Letting y1, y2, . . . be a dense sequence in Ur, it
follows that

ν(Ur)≤ ∑
n≥1

ν(Br/2(yn)) = 0.
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Hence

µ{ fr = 0}= ν(Ur) = 0,

and so cr > 0 for every r > 0.
It follows that F a.s. takes values in the set

K :=
⋂

m≥1

{y ∈ Y : ν(B1/2m(y))≥ cm}.

This is an intersection of closed sets (exercise!), and each of them is S-invariant,
since S preserves both d and ν . The proof is completed by showing that K is
totally bounded: more specifically, that each of the ‘packing numbers’

max{|F | : F ⊆ K, F is r-separated}

is finite for any r > 0, where we recall that F is ‘r-separated’ if

d(x,y)≥ r whenever x,y ∈ F are distinct.

To see this, suppose F ⊆ K is r-separated, and let m ≥ 1/r. Then the balls
B1/2m(y) for y ∈ F are pairwise disjoint and all have ν-measure at least cm, so
|F | must be at most 1/cm.

Proof of Theorem 1.42 By considering a sequence of truncations, it suffices
to prove this for F ∈ L∞(µ⊗ν). For such F , its slices F(x, ·) are also bounded,
hence all lie in L1(ν). Now some routine measure theory shows that the result-
ing map

π : X −→ L1(ν) : x 7→ F(x, ·)

is measurable. Let Ŝ be the isometric action of G on L1(ν) given by

Ŝg f := f ◦Sg−1
.

Then the (T ×S)-invariance of F translates into

π(T gx)(y) = F(T gx,y) = F(x,Sg−1
y) = Ŝg(π(x))(y).

We may therefore apply Lemma 1.43 to find a compact, Ŝ-invariant subset
K ⊆ L1(ν) such that π(x) ∈ K for a.e. x. Now π defines a factor map

(X ,µ,T )−→ (K, π∗µ, Ŝ)

with target a concretely isometric system.
Let S1 := π−1(BK), so by definition we have S1 ≤S . The map π is µ-

essentially S1-measurable and takes values in the compact metric space K, so
we may find a sequence of S1-measurable maps πn : X −→ K which take only



DRAFT

38 T. Austin

finitely many values and such that ‖πn(x)−π(x)‖1 −→ 0 for µ-a.e. x. Since
the level-sets of πn form a finite, S1-measurable partition of X , the functions

Fn(x,y) := πn(x)(y)

are all (S1⊗BY )-measurable. On the other hand, Fubini’s Theorem and the
Dominated Convergence Theorem give

‖F−Fn‖L1(µ⊗ν) =
∫

X
‖π(x)−πn(x)‖L1(ν) µ(dx)−→ 0.

Therefore F is essentially (S1⊗BY )-meausurable, hence also essentially (S ⊗
BY )-measurable.

Exercise After seeing the structural results of the next subsection, general-
ize the example at the beginning of this section to prove the ‘only if’ part of
Theorem 1.42. C

Later we will need the following slight generalization of Theorem 1.42 in
the case G = Z.

Corollary 1.44 Let (X ,µ,T ) be an ergodic system with Kronecker factor S ,
and let (Y,ν ,S) be another system. Suppose that F : X×Y −→R is measurable
and (T 2×S)-invariant. Then F is (µ⊗ν)-essentially measurable with respect
to S ⊗BY .

Proof Define a new system (Ỹ , ν̃ , S̃) by setting

Ỹ := Y ×{0,1} and ν̃ := ν⊗ δ0 +δ1

2
.

Consider the transformation S̃ on (Ỹ , ν̃) defined by

S̃(y,0) := (y,1) and S̃(y,1) := (Sy,0) ∀y ∈ Y.

Observe that S̃2 = S× id. The intuition here is there we have enlarged Y in
order to create a ‘square root’ for the transformation S.

Now consider the product system (X × Ỹ ,µ⊗ ν̃ ,T × S̃), and on it the func-
tion defined by

F̃(x,y,0) := F(x,y) and F̃(x,y,1) := F(T−1x,y).

On the one hand,

(F̃ ◦ (T × S̃))(x,y,0) = F̃(T x,y,1) = F(T−1T x,y) = F̃(x,y,0),

and on the other, the invariance of F under (T 2×S) gives

(F̃ ◦ (T × S̃))(x,y,1) = F̃(T x,Sy,0) = F(T x,Sy) = F(T−1x,y) = F̃(x,y,1).
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So F̃ is (T × S̃)-invariant, and thus by Theorem 1.42 it is measurable with
respect to S ⊗BỸ . Since F is just the restriction of F̃ to X × (Y ×{0}), it is
measurable with respect to S ⊗BY .

Exercise Generalize Corollary 1.44 by showing that any (T n× S)-invariant
function for any n≥ 1 is essentially (S ⊗BY )-measurable. C

1.5.3 The structure of isometric Zd-systems

Theorem 1.42 explains the importance of isometric systems. We next give a
much more precise description of their structure.

Recall that a compact metric group is a group G endowed with a compact
metric D such that

• multiplication and inversion are both continuous for the topology defined by
D, and

• D is invariant under left- and right-translation and under inversion:

D(g,h) = D(kg,kh) = D(gk,hk) = D(g−1,h−1) ∀g,h,k ∈ G.

Examples The following are all easily equipped with compact group metrics:

1. finite groups;
2. tori;
3. other compact Lie groups, such as closed subgroups of O(d);
4. countable Cartesian products of other compact metric groups. C

We will soon need the following important fact: If G is a compact metric
group, then there is a unique Borel probability meusure on G (as a compact
metric space) which is invariant under both left- and right-translation. It is
called the Haar probability measure, and is denoted by mG. This classical
fact can be found, for instance, in [Fol99, Section 11.1]. From translation-
invariance and the compactness of G, it follows that mG(U)> 0 for any nonempty
open U ⊆ G (since finitely many translates of U cover G, and mG(G) = 1).

Lemma 1.45 Let (X ,d) be a compact metric space, let Isom(X ,d) be the
group of its isometries, and endow this group with the metric

D(S,T ) := sup
x∈X

d(Sx,T x).

Then this is a compact metric group.
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Proof Exercise. [Hint: on route to compactness, let {xk : k ≥ 1} be a count-
able dense subset of X , and prove that if (Sn)n≥1 is a sequence in Isom(X ,d)
such that (Snxk)n≥1 tends to some limit yk ∈ X for each k, then the map xk 7→ yk

is the restriction to {xk : k ≥ 1} of some limiting isometry T : X −→ X .]

Proposition 1.46 Let (X ,µ,T ) be an ergodic and concretely isometric Zd-
system with invariant metric d.

1. Let

Z := {T n : n ∈ Zd} ≤ Isom(X ,d),

where the closure is in the metric D. Then (Z,D) is a compact metric
Abelian group, and there is some x ∈ X such that

µ =
∫

Z
δR(x) mZ(dR), (1.6)

where mZ is the Haar probability measure on Z.
2. There are a compact metric Abelian group Z and an action S of Zd by

rotations on Z such that (X ,µ,T ) is isomorphic to (Z,mZ ,S).

Proof Part 1. The subgroup Z is closed, hence compact since Isom(X ,d) is
compact. It is Abelian because it contains the dense Abelian subgroup {T n : n ∈ Zd}.

For any R ∈ Z, the definition of Z gives a sequence (ni)i≥1 in Zd such that
T ni −→ R in the metric D. This implies that

R∗µ = lim
i−→∞

T ni
∗ µ = µ

in the weak? topology (exercise!), and hence that µ is Z-invariant.
For any f ∈ C(X), we may average over the action of Z to define the new

function

Φ( f )(x) :=
∫

Z
f (R(x))mZ(dR).

One checks easily that Φ( f ) is still a continuous functions on Z. It is Z-
invariant as an average over the action of Z, hence also invariant under T n for
every n∈Zd . Therefore, by ergodicity, for every f ∈C(X) there is a Borel sub-
set X f ⊆ X with µ(X f ) = 1 on which Φ( f ) is equal to the constant

∫
Φ( f )dµ .

Since µ is Z-invariant, this constant may be evaluated as follows:∫
X

(∫
Z

f (R(x′))mZ(dR)
)

µ(dx′)

Fubini=
∫

Z

(∫
X

f (x′)(R∗µ)(dx′)
)

mZ(dR) =
∫

f dµ.

Now let f1, f2, . . . be a countable and uniformly dense sequence in C(X).
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The resulting intersection
⋂

n X fn still has µ-measure 1, hence is nonempty; let
x be an element of this intersection. Having done so, the definition of the sets
X fn gives ∫

fn dµ = Φ( fn)(x) =
∫

X
fn(R(x))mZ(dR) ∀n≥ 1.

Since { fn : n≥ 1} is dense in C(X), this must actually hold for every f ∈C(X),
and this now implies that

µ =
∫

Z
δR(x) mZ(dR).

Part 2. Now reconsider the situation of Part 1, but replace X with the com-
pact orbit Zx for some fixed x satisfying (1.6). This is T -invariant and has
full µ-measure, so it gives the same isometric Zd-system up to isomorphism.
We may therefore simply assume X = Zx. We now treat Z as a subgroup of
Isom(X ,d) with this extra assumption.

However, if X is itself equal to the single orbit Zx, then the action of Z on
X must be free. Indeed, if R(x′) = x′ for some R ∈ Z and x′ ∈ X , then also
R(R′(x′)) = R′(R(x′)) = R′(x′) for any R′ ∈ Z, because Z is Abelian; since the
Z-orbit of any point x′ ∈ X equals the whole of X , this implies that R = idX .
Therefore the orbit map

π : Z −→ X : R 7→ R(x)

is continuous and injective, and hence is a homeorphism. Equation (1.6) asserts
precisely that µ is equal to π∗mZ . Finally, letting Sn be the rotation of the group
Z by its element T n for each n ∈ Zd , it follows that π defines an isomorphism

(Z,mZ ,S)−→ (X ,µ,T ).

Corollary 1.47 (Abstract Weyl Equidistribution) If (X ,d) is a compact met-
ric space, T : Zd −→ Isom(X ,d) is an action by isometries, and x ∈ X, then

1
Nd ∑

n∈[N]d
δT nx

weak?

−→
∫

Z
δR(x) mZ(dR),

where Z = {T n : n ∈ Zd} ≤ Zd .

Exercise Prove Corollary 1.47 from Proposition 1.46. C
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1.6 Roth’s Theorem

This section proves the special case of Theorem 1.7 with k = 3. This is rather
easier to handle than the general case, but it already exhibits some nontriv-
ial structure. By the Furstenberg correspondence principle, it implies Roth’s
Theorem (the case k = 3 of Theorem 1.3).

Example Suppose that (T,mT,Rα) is an ergodic circle rotation. Let f1 : t 7→
e4πit ∈ C and f2 : t 7→ e−2πit . Then for any n we have

f1(t +nα) f2(t +2nα) = e4πit+4nπiα e−2πit−4nπiα = e2πit ,

and so, even though T is ergodic, the averages

1
N

N

∑
n=1

( f1 ◦T n)( f2 ◦T 2n)

are all equal to the non-constant function e2πit . By letting A be a set such that
1A has nonzero Fourier coefficients corresponding to both of the characters f1

and f2, and using a little care, one can produce a set A such that

1
N

N

∑
n=1

mT(A∩T−nA∩T−2nA)

tends to some limit other than mT(A)3. C

By analogy with Theorem 1.42, we might hope that the above examples
represent essentially the only way in which the limit joining can fail to be the
product measure. This turns out to be true for the case k = 3 of Theorem 1.7.
The story is more complicated for k ≥ 4 or in higher dimensions.

Proposition 1.48 Let (X ,µ,T ) be an ergodic Z-system and let S ≤BX be
its Kronecker factor. Let λ be any 3-fold self-joining of X which is also invari-
ant under ~T = T×T 2×T 3. Then λ is relatively independent over (S ,S ,S ).

Proof Suppose that fi ∈ L∞(µ) for i = 1,2,3.
Consider the projection π23 : X3 −→ X2 onto the second and third coordi-

nates. The measure π23∗λ has both marginals equal to µ and is invariant under
both T ×T and T 2×T 3. It is therefore also invariant under id×T . Since X is
ergodic, this implies that π23∗λ = µ⊗2, by the ergodic case of Proposition 1.33.

By writing X3 = X ×X2, we may now regard λ as a joining of X and X2

which is invariant under both T × (T × T ) and under T × (T 2× T 3), hence
also under id× (T × T 2). By another appeal to Proposition 1.33, with this
interpretation λ is relatively independent over (BX ,BT×T 2

X2 ).
However, now Theorem 1.42 (for T ) and Corollary 1.44 (for T 2) give that



DRAFT

Multiple Recurrence and Finding Patterns in Dense Sets 43

BT×T 2

X2 ⊆ S ⊗S . Suppose that f1, f2, f3 ∈ L∞(µ). A simple exercise (for
instance, based on the formula (1.2)) shows that

Eµ⊗µ( f2⊗ f3 |S ⊗S ) = Eµ( f2 |S )⊗Eµ( f3 |S ).

Using this, the law of iterated conditional expectation ([Bil95, Theorem 34.4])
gives

Eµ⊗µ( f2⊗ f3 |BT×T 2

X2 ) = Eµ⊗µ

(
Eµ⊗µ( f2⊗ f3 |S ⊗S )

∣∣BT×T 2

X2

)
= Eµ⊗µ

(
Eµ( f2 |S )⊗Eµ( f3 |S )

∣∣BT×T 2

X2

)
,

and so we obtain∫
f1⊗ f2⊗ f3 dλ =

∫
f1⊗Eµ⊗µ( f2⊗ f3 |BT×T 2

X2 )dλ

=
∫

f1⊗Eµ⊗µ

(
Eµ( f2 |S )⊗Eµ( f3 |S )

∣∣BT×T 2

X2

)
dλ

=
∫

f1⊗Eµ( f2 |S )⊗Eµ( f3 |S )dλ .

Alternatively, we may regard λ as a joining of X2 and X via the first two
coordinates and the last coordinate, giving the analog of the above with S in
the first and second positions. Combining these equalities, we obtain∫

f1⊗ f2⊗ f3 dλ =
∫

Eµ( f1 |S )⊗Eµ( f2 |S )⊗Eµ( f3 |S )dλ .

Since the fis were arbitrary, this is the desired relative independence.

Given A ∈BX , the above proposition and Lemma 1.32 imply that

λ (A3) =
∫

Eµ(1A |S )⊗3 dλ

for any limit λ of the joinings λN . If µ(A) > 0 and we let f := Eµ(1A |S ), then
this is a [0,1]-valued function with

∫
f dµ > 0. Therefore the set B := { f > 0}

also has positive measure, and the case k = 3 of Theorem 1.7 will be proved if
we show that λ (B3) > 0. However, B is S -measurable, so is lifted through a
factor map from some isometric system. Therefore the desired conclusion will
follow from a final description of λ in the case of an isometric system.

Lemma 1.49 Let Z be a compact Abelian group, m its Haar probability mea-
sure, and Rα an ergodic rotation. Consider the off-diagonal-averaged joinings
λN in the case k = 3. These converge to the Haar probability measure of the
subgroup

W := {(z,z+w,z+2w) : z,w ∈ Z} ≤ Z3.
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Proof For any f ∈C(Z3) and fixed z ∈ Z, Corollary 1.47 gives

1
N

N

∑
n=1

f (z,z+nα,z+2nα)−→
∫

Z
f (z,z+w,z+2w)m(dw).

Integrating with respect to m(dz) gives

1
N

N

∑
n=1

∫
Z

δ(z,z+nα,n+2α) m(dz) weak?

−→ mW .

This is the desired joining convergence, by Lemma 1.20.

Lemma 1.50 If (Z,m) are as above, then the rotation-action R of Z on L1(m)
is continuous.

Proof Exercise.

Proof of Theorem 1.7 for k = 3 As argued above, Proposition 1.48 reduces
our task to the proof for a concretely isometric system, whose structure may be
described using the second part of Proposition 1.46. So let (Z,m) be a compact
Abelian group with its Haar probability measure. Let R be the rotation action
of Z on itself, and let T = Rα be some particular ergodic rotation. Let A ∈BX

with δ := m(A) > 0, and let f := 1A. Let λ be the limit joining described in
Lemma 1.49.

Applying Lemma 1.50 to f , let U be a neighbourhood of 0 in Z such that

‖ f − f ◦R−u‖1, ‖ f − f ◦R−2u‖1 < δ/3 ∀u ∈U.

Now we have

λ (A3) =
∫

f ⊗ f ⊗ f dλ =
∫

Z

∫
Z

f (z) f (z+u) f (z+2u)m(dz)m(du)

≥
∫

U

(∫
Z

f · ( f ◦R−u) · ( f ◦R−2u)dm
)

m(du)

≥
∫

U

(∫
Z

f 3 dmZ−δ/3−δ/3
)

m(du)

= δm(U)/3 > 0.

1.6.1 Generalization: the Furstenberg tower and Host-Kra-Ziegler
factors

Furstenberg’s original proof of Theorem 1.7 in [Fur77] relies on a generaliza-
tion of Proposition 1.48 for larger values of k. Formulating this requires a few
definitions.
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Definition 1.51 (Isometric extension) Let (Y,S) be a Z-space, let (Z,d) be
a compact metric space, and let σ : Y −→ Isom(Z,d) be a measurable func-
tion, where the isometry group is given the same compact group metric as pre-
viously. Then the concretely isometric extension of (Y,S) with fibre Z and
cocycle σ is the Z-space (Y ×Z,Sσ ) with transformation defined by

Sσ (y,z) = (Sy,σ(y)(z)).

Now let Y = (Y,ν ,S) be a Z-system. Then a concretely isometric exten-
sion of Y is a Z-system extension π : (X ,µ,T ) −→ Y such that (X ,T ) is a
concretely isometric extension of (Y,S), π is the obvious coordinate projec-
tion, and µ is any T -invariant lift of ν .

In general, an extension π : X−→Y is isometric if it is isomorphic to some
concretely isometric extension of Y. To be precise, this means that there are a
concretely isometric extension π ′ : X′ −→ Y and a commutative diagram

X
isomorphism //

π
��?

??
??

??
X′

π ′~~~~
~~

~~
~

Y

In this definition, rather than think of Y ×Z as a product, one should visu-
alize it as a ‘measurable bundle’ of copies of Z indexed by the base space Y .
The transformation Sσ acts on the fibre {y}×Z by (i) moving the base-point
y to Sy and (ii) acting on the fibre above that base-point by the transforma-
tion σ(y). Clearly one can extend this definition to allow other kinds of fibre-
transformation than isometries, but the definition above meets the needs of this
subsection.

An isometric system is an isometric extension of the trivial one-point sys-
tem. Much of our work from Section 1.5 has a generalization to extensions of
systems, rather than single systems, and isometric extensions play the rôle of
isometric systems in that generalization.

In the first place, an extension π : X −→ Y of ergodic G-systems is called
relatively weakly mixing if it has the following property: for any other ex-
tension ξ : Z = (Z,θ ,R)−→ Y with Z ergodic, the relative product (see Sub-
section 1.3.4) of X and Z over the diagonal joining of two copies of Y is still
ergodic. An important generalization of Theorem 1.42 asserts that an extension
π fails to have this property if and only if it has a factorization
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X

α &&MMMMMMMMMMM
π // Y

X′ = (X ′,µ ′,T ′)
β

88rrrrrrrrrrr

in which β is a nontrivial isometric extension. Moreover, in this case any
(T ×R)-invariant measurable function on X × Z agrees a.e. (for the relative
product measure) with a function lifted from X ′× Z. This result is a part of
‘Furstenberg-Zimmer Theory’, which first appeared independently in [Fur77]
and [Zim76b, Zim76a]; see also [Gla03, Chapter 9] for a textbook treatment.

Secondly, there is a description of the invariant measures on an isometric ex-
tension which generalizes Proposition 1.46. It is essentially due to Mackey [Mac66];
see also [Fur77, Theorem 8.1] or [Gla03, Theorem 3.25].

Using this theory, Furstenberg gave a generalization of Proposition 1.48 to
larger values of k in terms of a generalization of Kronecker systems.

Definition 1.52 (Distal class; distal systems) The k-step distal class, Dk, is
the class of Z-systems X which admit height-k towers of factor maps

X = Xk
πk−1−→ Xk−1

πk−2−→ ·· · π1−→ X1

in which X1 is an isometric system and each extension Xi+1
πi−→ Xi is isomet-

ric.
A member of Dk is called a k-step distal system.

Exercise Prove that Dk is idempotent. (This is similar to the proof of Lemma 1.38,
with a few extra technicalities.) C

The following is the technical heart of Furstenberg’s original paper [Fur77],
although he does not use the language of idempotent classes.

Theorem 1.53 If X = (X ,µ,T ) is a system,

λN :=
1
N

N

∑
n=1

(T ×·· ·×T k)n
∗µ

∆(k) for each N,

and λ∞ ∈ J(k)(X) is any subsequential limit of this sequence of joinings, then
λ∞ is relatively independent over (Dk−2

X , . . . ,Dk−2
X ).

This neatly extends the structure given by Proposition 1.48 in case k = 3,
since D1 is the Kronecker class.

Theorem 1.53 tells one a great deal about a subsequential limit joining λ∞,
but it does not obviously imply its uniqueness, and Furstenberg does not prove
that in his paper. However, Theorem 1.53 does imply that, for proving The-
orem 1.7, it suffices to study the special case of (k− 2)-step distal systems.
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For these, a more hands-on analysis shows multiple recurrence, even without
knowing convergence of the joinings λN .

Following Furstenberg’s work in [Fur77], he and Katznelson proved the
generalization Theorem 1.8 in [FK78]. That paper adopts the same ergodic-
theoretic point of view, but its use of the structure theory is different. First,
they say that an extension π : X −→ Y of Zd-systems is primitive if there
is a group-theoretic splitting Zd ∼= Γ⊕ Γ′, for some subgroups Γ,Γ′ ≤ Zd ,
such that π is isometric when regarded as an extension of Γ-systems, and rel-
atively weakly mixing as an extension of Γ′-systems. By repeatedly apply-
ing Furstenberg-Zimmer Theory to different subgroups of Zd , Furstenberg and
Katznelson show that any Zd-system admits a tower of factors in which each
single step is a primitive extension, possibly with different splittings of Zd at
every step. Importantly, one must allow this tower of factors to be ‘transfinite’,
in that it includes taking several inverse limits during the ascent. Having shown
this, they carry out a proof of Theorem 1.8 by ‘transfinite induction’, starting at
the base of that tower and then obtaining the conclusion of multiple recurrence
for every system appearing in the tower.

The success of this approach in the multidimensional setting made it popular
in later accounts: it reappeared in [Fur81] and [FKO82]. However, it gives little
information about the limit joinings, and so lies further from the present notes.

Much more recently than Furstenberg’s work, the case of Theorem 1.31 for
powers of a single transformation was proved by Host and Kra in [HK05b] and
by Ziegler in [Zie07]. Although their arguments are different, both of those
works refine Furstenberg’s by narrowing the class of factors needed to under-
stand the behaviour of these limits. Once again, we sketch the story as it applies
to limiting joinings. It requires some familiarity with nilpotent Lie groups, but
these will not reappear later in this course.

Definition 1.54 A k-step nilspace is a Z-space of the form

(G/Γ,Rg),

where

• G is a k-step nilpotent Lie group,
• Γ < G is a co-compact lattice, and
• Rg is the left-rotation action on G/Γ of an element g ∈ G.

A k-step nilsystem is a k-step nilspace equipped with an invariant Borel
probability measure.

Old results of Parry [Par69, Par70] show that any ergodic invariant probabil-
ity measure on a nilspace (G/Γ,Rg) must be the Haar measure corresponding
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to some closed subgroup H ≤ G which contains g. By restricting to the sub-
nilmanifold H/(H∩Γ), one may then assume that the invariant measure is sim-
ply the full Haar measure and that Rg is acting ergodically. Often one restricts
attention to ergodic nilsystems, and includes this choice of invariant measure
in the definition. We do not because it is less convenient for the formalism of
idempotent classes.

Using the basic structure theory of nilpotent Lie groups, one can show that
a k-step nilsystem is always k-step distal. More specifically, it has a tower
of k factor maps which starts with a rotation of a finite-dimensional com-
pact Abelian Lie group, and then extends by an action on a bundle of tori
at each higher step. See, for instance, those papers of Parry, the classic mono-
graph [AGH63], or the introduction to [GT07]

As previously, we will also need to allow for inverse limits in our applica-
tions.

Definition 1.55 (Pro-nil classes; pro-nil systems) Given k ≥ 1, the k-step
pro-nil class of Z-systems is the smallest class that contains all k-step nilsys-
tems and is closed under isomorphisms and inverse limits. It is denoted Zk.

A member of Zk is called a k-step pro-nil system.

More concretely, Z is a k-step pro-nilsystem if it is an inverse limit of some
tower of k-step nilsystems

Z−→ ·· · −→ (G2/Γ2,ν2,Rg2)−→ (G1/Γ1,ν1,Rg1).

One can now prove that each class Zk is idempotent. The proof of this is
mostly an application of the classical theory of dynamics on nilspaces, and
we do not give it here. Note, however, that it is necessary to introduce inverse
limits explicitly, as we have above. For instance, an ergodic rotation on the
infinite-dimensional torus TN with its Haar measure is not a 1-step nilsystem,
since the underlying space is not a finite-dimensional manifold; but it is a 1-
step pro-nilsystem, because it is an inverse limit for the tower of coordinate-
projection factor maps TN −→ Tn.

Since a k-step nilsystem is k-step distal, it follows that Zk ⊆ Dk. In case
k = 1 this is an equality.

Exercise Prove that Z1 is the Kronecker class, using Proposition 1.46 and the
fact that characters separate points on any compact metric Abelian group. C

The main structural result of [HK05b] and [Zie07] can be translated to apply
to joining averages (as in Theorem 1.30) rather than functional averages (as in
Theorem 1.31). It becomes the following.



DRAFT

Multiple Recurrence and Finding Patterns in Dense Sets 49

Theorem 1.56 (Derived from [HK05b], [Zie07]) Let (X ,µ,T ) be an ergodic
system, and let

λN :=
1
N

N

∑
n=1

(T ×·· ·×T k)n
∗µ

∆(k) for each N.

Then:

i) These joinings λN tend to a limit λ∞ ∈ J(k)(X) as N −→ ∞.
ii) This λ∞ is relatively independent over (Zk−2

X ,Zk−2
X , . . . ,Zk−2

X ).
iii) For each of the nilsystem-factors

X−→ (G/Γ,ν ,Rg)

which generate Zk−2
X , the joining limit of the off-diagonal averages

1
N

N

∑
n=1

(Rg×·· ·×Rgk)n
∗ν

∆(k)

is the Haar probability measure on the nilmanifold H/(H ∩Γk) for some
intermediate nilpotent Lie group

{(g,g, . . . ,g) ∈ Gk : g ∈ G} ≤ H ≤ Gk.

Moreover, the factor Zk−2
X is the smallest for which (ii) holds.

Since Zk ⊆ Dk, Theorem 1.56 refines Theorem 1.53. Actually, nilsystems
are a much more constrained class than general distal systems, and so this is a
very great refinement. This is what makes the precise ‘algebraic’ description
of the limit joining in part (iii) possible, and it is why this structure, unlike
Theorem 1.53, is also enough to prove converence. Part (iii) follows from those
older works of Parry; see also Leibman [Lei05]. In the proof of the above, the
structure that appears in part (iii) is actually used in the deduction of part (i).

1.7 Towards convergence in general

The last ambition for this course is a proof of Theorem 1.30. The general mul-
tidimensional case requires some new ideas. Perhaps surprisingly, the current
proofs of convergence still leave the actual structure of the limit joining rather
mysterious, in contrast with the explicit picture sketched in Section 1.6.

As before, we should like to follow the strategy outlined in Section 1.4:
using the fact that any subsequential limit joining λ∞ has the off-diagonal in-
variance given by Lemma 1.32, deduce enough about the structure of λ∞ to
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conclude that it is unique. The extra structure that we will seek for λ∞ is a tu-
ple of ‘special’ factors Si ≤BX , i = 1,2, . . . ,d, such that λ∞ must be relatively
independent over (S1, . . . ,Sd).

However, in the multidimensional setting one cannot expect these factors Si

to be too simple.

Example Let (X ,µ,T ) be a Zd-system, and suppose A∈BX is T e1−e2 -invariant.
Then

λN(A×A×Xd−2) =
1
N

N

∑
n=1

µ(T−ne1A∩T−ne2A) = µ(A),

so any subsequential limit also gives λ∞(A×A×Xd−2) = µ(A). Therefore, if
λ∞ is relatively independent over (S1, . . . ,Sd), then the Cauchy-Bunyakowski-
Schwartz inequality gives

‖1A‖2
2 = µ(A) =

∫
E(1A |S1)⊗E(1A |S2)⊗1X ⊗·· ·⊗1X dλ∞

≤ ‖E(1A |S1)‖2‖E(1A |S2)‖2.

This is possible only if 1A = E(1A |S1) = E(1A |S2), and hence if A actually
lies in both S1 and S2 modulo µ .

Generalizing this argument, one finds that any such tuple of factors (S1, . . . ,Sd)
must satisfy

Si ⊇
∨

j∈{1,...,d}\{i}
BT ei−e j

X . (1.7)

C

This example seems intimidating: each of the factors BT ei−e j
X appearing in

this lower bound for Si could still involve a completely arbitrary action of the
other transformations T ek , k 6= i, j. Note that one cannot use an ergodic de-
composition to assume that the individual transformations T ei−e j are ergodic,
since the disintegrands µy in the ergodic decomposition for this transformation
need not be invariant under the other T ek s. Ergodic decomposition allows one
to assume only that the Zd-action T is ergodic as a whole.

However, with a little more thought, one sees that the factors on the right-
hand side of (1.7) do not pose a great problem for proving convergence by
themselves. This will be explained shortly, but first let us give a name to sys-
tems with the property that we may take Si equal to the corresponding right-
hand side in (1.7).

Definition 1.57 (Pleasant system) Let

C = Ce1−e2 ∨·· ·∨Ce1−ed ,
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the example idempotent class considered following Lemma 1.25.
A Zd-system is pleasant if every self-joining λ ∈ J(d)(X) which is off-

diagonal-invariant is relatively independent over (CX,BX , . . . ,BX ).

Not all systems are pleasant.

Example Let d ≥ 3, and let (G/Γ,ν ,Rg) be a nontrivial (d− 2)-step nilsys-
tem for which Rg j is ergodic for all j 6= 0 (such examples are plentiful among
nilsystems). Define a Zd-system on (X ,µ) := (G/Γ,ν) by setting T e j := Rg j

for j = 1,2, . . . ,d. Then each of the factors BT ei−e j
X for i 6= j is trivial, be-

cause T ei−e j = Rgi− j is ergodic. However, the last part of Theorem 1.56 shows
that the relevant limit joinings for these systems are not product measures, and
a slightly more careful argument shows that the first coordinate alone is not
independent from the others under this limit joining. Therefore this system
(X ,µ,T ) is not pleasant. C

The previous example is obtained by using different powers of the single
transformation Rg as the generators of a Zd-action. This feels a bit like a pre-
tence, but less artificial examples are also available. In fact, characteristic fac-
tors for general Zd-systems can be described in detail when d = 3, and that de-
scription includes other examples for which one cannot have equality in (1.7):
see [Aus10b, Subsection 7.4]. For Zd-actions with d ≥ 4 no corresponding
general analysis is known.

Nevertheless, pleasant systems are plentiful enough that they can be used to
prove convergence in general. This is a consequence of the following.

Theorem 1.58 (Pleasant Extensions Theorem) Every Zd-system has an ex-
tension which is pleasant.

Proof of Theorem 1.30 given Pleasant Extensions Let λN ∈ J(d)(X) be the off-
diagonal averages of the diagonal joining. We will prove that (λN)N converges
to some limit joining by induction on d.

When d = 1, λN = µ for all N, so the result is trivial.
Now suppose it is known for Zd−1-systems, and let X be a Zd-system. Let

π : X̃−→ X be a pleasant extension, as provided by Theorem 1.58, and let λ̃N

be the corresponding sequence of self-joinings for X̃. Then a simple calcula-
tion gives λN = (π ×·· ·×π)∗λ̃N , and the pushforward map (π ×·· ·×π)∗ is
continuous for the joining topology (Lemma 1.19), so it suffices to prove that
λ̃N converges. Equivalently, replacing X with X̃, we may simply assume that
X itself is pleasant.

By compactness of the joining topology, the sequence (λN)N has subsequen-
tial limits, and convergence will follow if we prove that they are all equal. By
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the pleasantness of X, any subsequential limit joining is relatively independent
over (CX,BX , . . . ,BX ). It therefore suffices to prove that the sequence∫

f1⊗·· ·⊗ fd dλN =
1
N

N

∑
n=1

∫
( f1 ◦T ne1) · · ·( fd ◦T ned )dµ

converges to a single limit whenever f1, f2, . . . , fd ∈ L∞(µ) and f1 is CX-
measurable. Fix f2, . . . , fd . By multilinearity and a simple approximation ar-
gument, it suffices to prove this convergence for all f1 drawn from a subset of
such CX-measurable functions whose linear span is dense in the norm ‖ · ‖2.

By the definition of C and some routine measure theory (exercise!), such a
subset is provided by the product functions of the form g2 ·g3 · · ·gd , where each
g j ∈ L∞(µ) is T e1−e j -invariant. Substituting such a product into our averages
now gives the sequence

1
N

N

∑
n=1

∫
((g2 . . .gd)◦T ne1)( f2 ◦T ne2) · · ·( fd ◦T ned )dµ.

Using the fact that g j ◦T ne1 = g j ◦T ne j for each j and n, this can be re-arranged
to

1
N

N

∑
n=1

∫
((g2 · f2)◦T ne2) · · ·((gd · fd)◦T ned )dµ.

Finally, this an analogous sequence of joining averages for the Zd−1-system
generated by T e2 , . . . , T ed . Our inductive hypothesis therefore gives conver-
gence for all choices of f j and g j, 2≤ j ≤ d, so the proof is complete.

Exercise

1. With C the class in Definition 1.57, prove the following: for any Zd-system
(X ,µ,T ) with ergodic decomposition

µ =
∫

Y
µy ν(dy),

if S is a choice of maximal C-factor for (X ,µ,T ), then it is also a choice
of maximal C-factor for (X ,µy,T ) for ν-a.e. y. [Hints: first prove this for
each class Ce1−e j separately; adapt the proof of Proposition 1.13.]

2. Prove that a general Zd-system is pleasant if and only if almost all the mea-
sures in its ergodic decomposition define pleasant systems.

3. Starting from Theorem 1.58, prove that every ergodic Zd-system has an
extension which is pleasant and ergodic.

4. Now let (X ,µ,T ) be a Z-system with the property that T n is ergodic for
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every n 6= 0 (such as system is called totally ergodic), and define a Zd-
system X̃ := (X ,µ, T̃ ) on the same probability space by setting T̃ e j := T j

for j = 1,2, . . . ,d. Show that in this case

CX̃ = BT
X ,

so this is trivial if T is ergodic. In light of this, why is there no contra-
diction between part 3. of this exercise and the example preceding Theo-
rem 1.58? C

Most of the remaining work will go into proving the Pleasant Extensions
Theorem. One can also give a proof of Theorem 1.8 using that theorem, but
this is rather more work, and we leave it aside: see [Aus10a] or [Aus10c].

1.8 Sated systems and pleasant extensions

1.8.1 Satedness

We now make a brief return to the abstract study of idempotent classes. Let C

be an idempotent class of G-systems for some countable group G.

Definition 1.59 (Adjoining) A C-adjoining of X = (X ,µ,T ) is an extension
of X of the form

(X×Y,λ ,T ×S) π−→ X,

where

• Y = (Y,ν ,S) ∈ C,
• λ ∈ J(X,Y),
• and π is the first coordinate projection,

or any extension isomorphic to such a π .

Lemma 1.60 A C-adjoining of a C-adjoining is a C-adjoining.

Proof Given X, any C-adjoining of a C-adjoining of X may be written in the
form

(X×Y1×Y2,λ ,T ×S1×S2)
π−→ X,

where Yi = (Yi,νi,Si) ∈ C for i = 1,2, λ ∈ J(X,Y1,Y2), and π is the first
coordinate projection.

Letting λ12 be the projection of λ onto the coordinates in Y1×Y2, it follows
that Y := (Y1×Y2,λ12,S1×S2) ∈ C, because C is closed under joinings. Since
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the above triple-joining may be written as a joining of X and this Y, it is a
C-adjoining of X.

Lemma 1.61 Let

· · · π2−→ X2
π1−→ X1

π0−→ X0 = X

be a tower in which each πi is a C-adjoining of Xi. Then its inverse limit is a
C-adjoining of X.

Proof By a simple induction on i, there are systems Yi = (Yi,νi,Si) ∈ C and
joinings λi ∈ J(X,Y1, . . . , ,Yi) for i≥ 1 such that

Xi = (X×Y1×·· ·×Yi,λi,T ×S1×·· ·×Si)

for each i, and πi−1 is the coordinate projection that omits the factor Yi.
Given this, the proof of Proposition 1.22 constructs an inverse limit for the

original sequence of the form(
X×∏

i≥1
Yi,λ ,T ×∏

i≥1
Si

)
,

where λ ∈ J(X,Y1,Y2, . . .). Projecting out the coordinate-copy of X gives
some λ ′ ∈ J(Y1,Y2, . . .), and the corresponding system

Y :=
(
∏
i≥1

Yi,λ
′,∏

i≥1
Si

)
.

This is an inverse limit of finite joinings among the systems Yi, so it defines an
inverse limit of joinings of members of C, hence is itself a member of C.

Therefore our original inverse limit is a joining of X and Y ∈ C, so is a
C-adjoining of X.

With the above preliminaries in hand, the key new definition is the following.

Definition 1.62 (Sated system) A G-system X is C-sated if the following
holds: if Y ∈ C, then any λ ∈ J(X,Y) is relatively independent over (CX,BY ):
that is, ∫

X×Y
f ⊗gdλ =

∫
X×Y

E( f |CX)⊗gdλ (1.8)

for all f ∈ L∞(µ) and g ∈ L∞(ν).

The intuition here is that a C-sated system admits only very restricted join-
ings with members of the class C: they must be relatively independent over
some member of C that is already a factor of X. The following alternative
characterization will be useful shortly.
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Proposition 1.63 For a G-system X, the following are equivalent:

i) X is C-sated;
ii) for every extension π : X̃−→ X and every f ∈ L∞(µ), one has

Eµ̃( f ◦π |CX̃) = Eµ( f |CX)◦π; (1.9)

Proof (i) =⇒ (ii). Let π : X̃ −→ X be an extension, and let ξ : X̃ −→ Y
be another factor map which generates the factor CX̃ modulo µ̃ . Let λ :=
(π,ξ )∗µ̃ ∈ J(X,Y) be their joint distribution in X̃ (see Subsection 1.3.3). Ap-
plying Definition 1.62 to this joining gives∫

( f ◦π)(g◦ξ )dµ̃ =
∫

f ⊗gdλ (by the definition of λ )

=
∫

E( f |CX)⊗gdλ =
∫

(E( f |CX)◦π)(g◦ξ )dµ̃

for all f ∈ L∞(µ) and g ∈ L∞(ν). Since the functions of the form g ◦ ξ for
g ∈ L∞(ν) are precisely the CX̃-measurable members of L∞(µ̃), this equality
and the definition of conditional expectation prove (1.9).

(ii) =⇒ (i). Suppose that Y = (Y,ν ,S) ∈ C and λ ∈ J(X,Y), and let π :
X̃ −→ X be the corresponding C-adjoining. Let f ∈ L∞(µ) and g ∈ L∞(ν),
and let ξ : X̃ = X ×Y −→ Y be the second coordinate projection. Then CX̃ ⊇
ξ−1(CY) modulo µ̃ , by the maximality of CX̃ among C-factors of X̃. Therefore
g◦ξ is CX̃-measurable, and so applying (1.9) gives∫

f ⊗gdλ =
∫

( f ◦π)(g◦ξ )dµ̃ =
∫

Eµ̃( f ◦π |CX̃)(g◦ξ )dµ̃

=
∫

(Eµ( f |CX)◦π)(g◦ξ )dµ̃ =
∫

Eµ( f |CX)⊗gdλ .

Sometimes condition (ii) of the preceding proposition is easier to verify than
condition (i), often because of the following useful equivalence.

Lemma 1.64 If π : X = (X ,µ,T ) −→ Y = (Y,ν ,S) is an extension of G-
systems and f ∈ L2(ν), then the following are equivalent:

i) Eµ( f ◦π |CX) = Eν( f |CY)◦π;
ii) ‖Eµ( f ◦π |CX)‖L2(µ) = ‖Eν( f |CY)‖L2(ν);

iii) ‖Eµ( f ◦π |CX)‖L2(µ) ≤ ‖Eν( f |CY)‖L2(ν).
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Proof (i) =⇒ (ii) This is immediate, since ‖F ◦π‖L2(µ) = ‖F‖L2(ν) for any
F ∈ L2(ν).

(ii) =⇒ (iii) Trivial.

(iii) =⇒ (i) The definition of conditional expectation gives

Eν( f |CY)◦π = Eµ( f ◦π |π−1(CY)),

so condition (iii) is equivalent to

‖Eµ( f ◦π |CX)‖L2(µ) ≤ ‖Eµ( f ◦π |π−1(CY))‖L2(µ). (1.10)

Clearly π−1(CY) is a C-factor of X; since CX is the maximal C-factor, it
follows that CX⊇ π−1(CY) modulo µ . Therefore the law of iterated conditional
expectation gives

Eµ( f ◦π |π−1(CY)) = Eµ

(
Eµ( f ◦π |CX)

∣∣ π
−1(CY)

)
. (1.11)

Now, the conditional expectation operator E( · |π−1(CY)) is an orthogonal
projection on L2(µ) (recall the discussion following Theorem 1.12). Combin-
ing (1.11) and (1.10), we see that this orthogonal projection does not reduce
the norm of Eµ( f ◦ π |CX), and this is possible only if it actually leaves that
function fixed: that is, only if

Eµ( f ◦π |π−1(CY)) = Eµ( f ◦π |CX).

Theorem 1.65 (Sated Extensions Theorem) Let C be an idempotent class of
G-systems. Every G-system X has a C-sated extension.

Proof Step 1. Let S be a countable subset of the unit ball of L∞(µ) which is
dense for the norm ‖·‖2: this is possible because this ball is contained in L2(µ),
which is separable. Now let ( fr)r≥1 be a sequence in S with the property that
every f ∈ S is equal to fr for infinitely many values of r.

Having chosen these, we construct a tower

· · · π2−→ X2
π1−→ X1

π0−→ X0 = X

of C-adjoinings by the following recursion. Assuming Xi has already been
constructed for some i≥ 0, let π i

0 := π0 ◦· · ·◦πi−1 : Xi −→X, and consider the
real number

αi := sup
{
‖Eν( fi ◦π

i
0 ◦ξ |CY)‖L2(ν) :

Y = (Y,ν ,S)
ξ−→ Xi is a C-adjoining of Xi

}
.
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Let πi : Xi+1 −→ Xi be some choice of C-adjoining with the property that

‖Eµi+1( fi ◦π
i
0 ◦πi |CXi+1)‖L2(µi+1) ≥ αi−2−i.

This continues the recusion.
Let X̃ be an inverse limit of this tower, and let π̃ : X̃ −→ X be the resulting

factor map. By Lemma 1.61, this is still a C-adjoining of X, so we may identify
it with

(X×Y,λ ,T ×S)
coord. proj.−→ X

for some Y ∈ C and some λ ∈ J(X,Y).

Step 2. We will prove that X̃ satisfies condition (ii) in Proposition 1.63.
Thus, suppose that ψ : Z = (Z,ρ,R) −→ X̃ is a further extension. We must
show that

Eρ(F ◦ψ |CZ) = Eµ̃(F |CX̃)◦ψ

for all F ∈ L∞(µ̃).
Both sides of the desired equation are linear in F and also continuous in F

for the norm ‖ · ‖L1(µ̃). It therefore suffices to prove the equation for F drawn
from a subset of L∞(µ̃) whose linear span is dense in that space for the norm
‖ · ‖L1(µ̃). In particular, it suffices to do so for functions of the form f ⊗ h for
some f ∈ S and h ∈ L∞(ν).

However, if

F = f ⊗h = ( f ⊗1Y ) · (1X ⊗h)

for some f ∈ S and g ∈ L∞(ν), then the second factor here is lifted from the
system Y ∈ C, hence must be CX̃-measurable. Therefore (1X ⊗ h) ◦ψ is CZ-
measurable. Using this, the desired equality becomes

Eρ(( f ⊗1Y )◦ψ |CZ) · ((1X ⊗h)◦ψ) = (Eµ̃( f ⊗1Y |CX̃)◦ψ) · ((1X ⊗h)◦ψ).

This will now follow if we prove it without the presence of h.
To do this, observe that for any i, the definition of αi and the way we chose

Xi+1 give that

‖Eµ̃( fi⊗1Y |CX̃)‖L2(µ̃) ≥ ‖Eµi+1( fi ◦π
i+1
0 |CXi+1)‖L2(µi+1)

≥ αi−2−i ≥ ‖Eρ(( fi⊗1Y )◦ψ |CZ)‖L2(ρ)−2−i.

The last inequality here holds because Z is a C-adjoining of each Xi, by Lem-
mas 1.60 and 1.61, and hence falls within the scope of the supremum that
defined αi. Since fi = f for infinitely many i, it follows that

‖Eµ̃( f ⊗1Y |CX̃)‖L2(µ̃) ≥ ‖Eρ(( f ⊗1Y )◦ψ |CZ)‖L2(ρ).
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This verifies condition (iii) of Lemma 1.64, and hence proves the desired equal-
ity.

1.8.2 Pleasant extensions from satedness

Theorem 1.66 If C is as in Theorem 1.58, then a C-sated system is pleasant.

Proof Suppose X is C-sated, and let λ ∈ J(d)(X) be an off-diagonal-invariant
self-joining. Let Y := Xd−1, and let ν ∈ Pr Y be the marginal of λ on the coor-
dinates indexed by 2,3, . . . ,d. We may consider λ as a coupling of µ and ν on
X×Xd−1.

Now define a Zd-action S on (Y,ν) as follows:

Sei :=
{

T e2 ×·· ·×T ed if i = 1
T ei ×·· ·×T ei if i = 2,3, . . . ,d

Crucially, this is not the diagonal action: the first generator, Se1 , is part of the
off -diagonal transformation.

This gives a well-defined Zd-system Y = (Y,ν ,S) owing to the off-diagonal-
invariance of λ , which implies that ν is Se1 -invariant. Moreover, λ is invariant
under both

T ei ×Sei for each i = 2,3, . . . ,d

and

T e1 ×Se1 = T e1 ×T e2 ×·· ·×T ed ,

so λ ∈ J(X,Y).
Finally, observe that Y is itself a joining of the Zd-systems Y j := (X ,µ,S j),

j = 2,3, . . . ,d, where

Se1
j := T e j and Sei

j := T ei for i = 2,3, . . . ,d.

These systems satisfy Y j ∈ Ce1−e j , and so Y ∈ C. Therefore λ defines a C-
adjoining of X, and so for any functions f1, f2, . . . , fd ∈ L∞(µ) the C-satedness
of X gives∫

Xd
f1⊗ ( f2⊗·· ·⊗ fd)dλ =

∫
Xd

Eµ( f1 |CX)⊗ ( f2⊗·· ·⊗ fd)dλ .

This is equivalent to pleasantness.

Proof of Theorem 1.58 This follows immediately from the conjunction of The-
orems 1.65 and 1.66.
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Exercise This exercise will deduce Theorem 1.31 from an analysis of self-
joinings, much as Theorem 1.35 was deduced from Corollary 1.34. Let X =
(X ,µ,T ) be a Zd-system, let f1, . . . , fd ∈ L∞(µ), and let

AN( f1, . . . , fd) :=
1
N

N

∑
n=1

( f1 ◦T ne1) · · ·( fd ◦T ned ) for N ≥ 1.

1. For each N ≥ 1, let

θN :=
1

N2

N

∑
m,n=1

(T me1 ×·· ·×T med ×T ne1 ×·· ·×T ned )∗µ∆,

where µ∆ is the diagonal (2d)-fold self-joining of X on Xd×Xd . Prove that
each θN is a self-joining of X, and that

‖AN( f1, . . . , fd)‖2
2 =

∫
Xd×Xd

f1⊗·· ·⊗ fd⊗ f1⊗·· ·⊗ fd dθN .

2. Let θ be a subsequential joining-topology limit of (θN)N≥1. Show that θ is
also invariant under

~T1 := T e1 ×·· ·×T ed × id×·· ·× id

and

~T2 := id×·· ·× id×T e1 ×·· ·×T ed .

3. Let C be the idempotent class

Ce1−e2 ∨·· ·∨Ce1−ed ∨Ce1 .

Prove that if X is C-sated, then θ is relatively independent over (CX,BX ,BX , . . . ,BX ).
[This is the tricky part: as in the proof of Theorem 1.66, the key is to choose
a Zd-action on (Xd×Xd ,θ), using some combination of diagonal transfor-
mations and ~T1 and ~T2, so that it may be interpreted as a C-adjoining of
X.]

4. Deduce that if X is C-sated, then

‖AN( f1, . . . , fd)−AN(Eµ( f1 |CX), f2, . . . , fd)‖2 −→ 0 as N −→ ∞.

Use this, together with an approximation of CX-measurable functions sim-
ilar to that in the proof of Theorem 1.30, to complete the proof of Theo-
rem 1.31 by induction on d. C
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1.9 Further reading

I have been quite sparing with references in this course. But it gives only a very
narrow view of quite a large area of ergodic theory. The following references,
though still incomplete, offer several directions for further study.

General ergodic theory
There are many good ergodic theory textbooks. Among them, [Pet83] and [Gla03]
include factors, joinings, and their rôles in other parts of ergodic theory; [Gla03]
is thorough, but [Pet83] is somewhat gentler. The recent book [EW11] also
covers this machinery, as well as giving its own treatment of ergodic Ram-
sey theory. That presentation is close to [Fur81] and omits some of the more
modern ideas presented in this course.

Idempotent classes are a more recent definition than the others, having ap-
peared first in preprint versions of [Aus15]. They have not yet been used out-
side the study of multiple recurrence, so do not appear in other accounts of
general ergodic theory.

Finer analysis in the one-dimensional setting
For Z-systems, Theorem 1.56 has enabled several much finer results on non-
conventional averages and multiple recurrence, both in ergodic theory and in
the neighbouring field of topological dynamics. For some examples, see [BHK05,
HKM10, HKM14, SY12, DDM+13].

The first proof of Theorem 1.56 is due to Host and Kra [HK05b]. Their
approach introduces a very useful family of seminorms on L∞(µ) for a general
system (X ,µ,T ), defined in terms of certain self-joinings and which turn out to
detect the presence of nilsystem-factors. These ‘Host-Kra’ seminorms appear
again in several of the other papers listed above, and have been subjected to a
more detailed analysis of their own in [HK08, HK09]. They are related to the
‘Gowers uniformity’ norms in additive combinatorics, mentioned again below.

The paper [FK05] shows that Theorem 1.56 can also be brought to bear
on nonconventional averages of Zd-systems under the assumption of total er-
godicity. That assumption makes all the factors on the right-hand side of (1.7)
trivial, and prevents one from needing to construct any extensions.

Another intriguing relation between one and higher dimensions is Frantzik-
inakis’ recent result from [Fra]. It characterizes the sequences∫

( f1 ◦T ne1) · · · · · ( fd ◦T ned )dµ, n ∈ N,

that one can obtain from an arbitrary Zd-system (X ,µ,T ) and functions f1, . . . , fd ∈
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L∞(µ). He shows that such a sequence can always be decomposed into a nilse-
quence (roughly, this is a sequence generated by sampling some function along
the orbit of a nilsystem) and a sequence that tends to zero in uniform density.
Thus, these sequences of integrals for Zd-systems can be described in terms of
nilsystems, a class of ‘one-dimensional’ objects. It would be very interesting to
know whether this characterization can be turned into any further information
about limit joinings.

Polynomial sequences, nilpotent groups, and prime numbers
Several generalizations of Theorem 1.7 or 1.8 are obtained by restricting the
possible values of n. One usually obtains a counterpart generalization of The-
orem 1.3 or 1.4.

One class of these generalizations is obtained by demanding that n be a value
taken by a certain polynomial. More generally, one can consider tuples in Zd

produced by several different polynomials. One of the main results of [BL96]
is a sufficient condition on a tuple p1, . . . , pk of polynomials Z−→ Zd for the
following to hold: if E ⊆ Zd has d(E) > 0, then there is some n ∈ Z such that

{p1(n), . . . ,pk(n)} ⊆ E.

Leibman has given a further generalization to subsets and polynomial map-
pings of discrete nilpotent groups in [Lei98]. Other more recent developments
involving polynomials or nilpotent groups, some based on Theorem 1.56, can
be found in [HK05a, FK06, BLL08, Fra08, Ausd, CFH11]. If one studies poly-
nomials that are ‘different enough’ from one another, then there are also results
for tuples of transformations that do not commute, and hence do not define a
Zd-action: see [CF12, FZK15].

In this polynomial setting, the problem of norm convergence for the associ-
ated functional nonconventional ergodic averages was open for a long time. It
was recently solved by Walsh [Wal12], using an approach similar to [Tao08]
together with some clever new ideas. Zorin-Kranich has generalized Walsh’s
argument further in [ZK].

A more recent trend is to study multiple recurrence along the sequence of
prime numbers or other sequences related to them. Results in this direction
are proved by adapting the ergodic-theoretic machinery and combining it with
estimates from analytic number theory on the distribution of the primes. For
examples, see [BLZ11, FHK13, WZ12].

Pointwise convergence
Among ergodic theorists, perhaps the best-known open problem in this area
is whether the functional averages of Theorem 1.31 converge pointwise a.e.,
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as well as in norm. For general Z-systems, one such sequence of averages
was shown to converge pointwise in [Bou90]. Aside from this, results have
been obtained for some related but ‘smoother’ sequences of averages, such as
‘cubical averages’, or under some extra assumptions on the system: see [Les87,
Ass05, Ass07, Ass10, HSY, DS]. The general case still seems far out of reach.

Extensions and satedness
Theorem 1.58 was first proved in [Aus09]. Shortly after that paper appeared,
Host gave an alternative construction in [Hos09] which he called ‘magic’ ex-
tensions. The rather more abstract approach via satedness originated in [Aus15],
which seeks to construct extensions that retain some extra algebraic structure
in the original group action. See also [Aus10c] for an overview of this story.

Host’s construction in [Hos09] introduces the analogs of the Host-Kra semi-
norms for a general Zd-system. These offer a good way to organize the discus-
sion of extensions and characteristic factors for any of the different extension-
methods, although I have not followed that route in the present course.

Machinery for constructing extensions with improved behaviour has now
found other uses in this area, and has been adapted to other settings, such as
systems defined by several commuting actions of a general amenable group.
See [Aus13, Chu11, CZK, Ausa, DS].

Even after one has ascended to a pleasant extension, the limit joining of
Theorem 1.30 for a Zd-system has not been described completely. As far as I
know, the most detailed results are still those in [Aus10a].

Finitary approaches to additive combinatorics
In addition to the ergodic-theoretic and hypergraph approaches to Szemerédi’s
Theorem, Gowers introduced an approach based on Fourier analysis in [Gow98,
Gow01]. This major breakthrough gives by far the best-known bounds for
quantitative versions of Szemerédi’s Theorem. It builds on Roth’s proof of
his Theorem in [Rot53], which is Fourier-theoretic; but to extend Roth’s ideas
it is necessary to replace traditional Fourier analysis with a new theory, now
sometimes referred to as ‘higher-order Fourier analysis’.

An important part of this new theory is a family of norms on functions on
cyclic groups, now often called ‘Gowers uniformity norms’. These are closely
analogous to the Host-Kra seminorms in ergodic theory.

Gowers uniformity norms and higher-order Fourier analysis have since been
the subject of intense development, at least in the one-dimensional setting of
Szemerédi’s Theorem. Most famously, Green and Tao proved in [GT08] that
the set of prime numbers contain arithmetic progressions. This fact is not cov-
ered by Szemerédi’s Theorem since the primes have upper Banach density
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equal to zero, but a proof can be given by building on some of Gowers’ ideas
and incorporating results about the distribution of the primes. More recently,
Green, Tao and Ziegler have proved an important structural result for the uni-
formity norms which can be viewed as a finitary analog of Theorem 1.56:
see the papers [GTZ11, GTZ12] and their predecessors listed there, and also
Szegedy’s alternative approach to this result in [Szea, Szeb]. This result can
be turned into precise asymptotics for the density of arithmetic progressions
appearing in the prime numbers [GT10]. The body of works in additive combi-
natorics that derive other consequences from this kind of machinery is growing
fast, but I will not try to list it further.

Once again, the story in higher dimensions is far less complete. Some im-
portant first steps were taken by Shkredov in [Shk05, Shk06]. Also, the pa-
pers [Ausb, Ausc] study an essentially algebraic problem which arises from
certain questions about Gowers-like uniformity norms in higher dimensions.
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tidimensional Szemerédi theorem along shifted primes. Israel J. Math.,
194(1):331–348, 2013.

[FK78] Hillel Furstenberg and Yitzhak Katznelson. An ergodic Szemerédi The-
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11(3):465–588, 2001.

[Gow06] W. T. Gowers. Quasirandomness, counting and regularity for 3-uniform
hypergraphs. Combin. Probab. Comput., 15(1-2):143–184, 2006.

[GRS90] Robert L. Graham, Bruce L. Rothschild, and Joel H. Spencer. Ramsey
Theory. John Wiley & Sons, New York, 1990.

[GT07] Ben J. Green and Terence Tao. The quantitative behaviour of polyno-
mial orbits on nilmanifolds. preprint, available online at arXiv.org:
0709.3562, 2007.

[GT08] Ben J. Green and Terence Tao. The primes contains arbitrarily long arith-
metic progressions. Ann. Math., 167:481–547, 2008.

[GT10] Benjamin Green and Terence Tao. Linear equations in primes. Ann. of
Math. (2), 171(3):1753–1850, 2010.

[GTZ11] Ben Green, Terence Tao, and Tamar Ziegler. An inverse theorem for the
Gowers U4-norm. Glasg. Math. J., 53(1):1–50, 2011.

[GTZ12] Ben Green, Terence Tao, and Tamar Ziegler. An inverse theorem for the
Gowers U s+1[N]-norm. Ann. of Math. (2), 176(2):1231–1372, 2012.

[HK01] Bernard Host and Bryna Kra. Convergence of Conze-Lesigne averages.
Ergodic Theory Dynam. Systems, 21(2):493–509, 2001.

[HK05a] Bernard Host and Bryna Kra. Convergence of polynomial ergodic aver-
ages. Israel J. Math., 149:1–19, 2005. Probability in mathematics.

[HK05b] Bernard Host and Bryna Kra. Nonconventional ergodic averages and nil-
manifolds. Ann. Math., 161(1):397–488, 2005.

[HK08] Bernard Host and Bryna Kra. Parallelepipeds, nilpotent groups and Gow-
ers norms. Bull. Soc. Math. France, 136(3):405–437, 2008.

[HK09] Bernard Host and Bryna Kra. Uniformity seminorms on `∞ and applica-
tions. J. Anal. Math., 108:219–276, 2009.

[HKM10] Bernard Host, Bryna Kra, and Alejandro Maass. Nilsequences and a struc-
ture theorem for topological dynamical systems. Adv. Math., 224(1):103–
129, 2010.

[HKM14] Bernard Host, Bryna Kra, and Alejandro Maass. Complexity of nilsystems
and systems lacking nilfactors. J. Anal. Math., 124:261–295, 2014.



DRAFT

Multiple Recurrence and Finding Patterns in Dense Sets 67

[Hos09] Bernard Host. Ergodic seminorms for commuting transformations and
applications. Studia Math., 195(1):31–49, 2009.

[HSY] Wen Huang, Song Shao, and Xiangdong Ye. Pointwise convergence of
multiple ergodic averages and strictly ergodic models. Preprint, available
online at arXiv.org: 1406.5930.

[Lei98] A. Leibman. Multiple recurrence theorem for measure preserving actions
of a nilpotent group. Geom. Funct. Anal., 8(5):853–931, 1998.

[Lei05] A. Leibman. Pointwise convergence of ergodic averages for polynomial
sequences of translations on a nilmanifold. Ergodic Theory Dynam. Sys-
tems, 25(1):201–213, 2005.
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