
1. Lecture 3

We will disucss how to extend basic strong or weak type estimates
in L2 th at we have obtained previously to strong estimates in Lp for
1 < p < ∞. We will see two different techniques, one for lowering
the exponent (yielding 1 < p < 2) and one for raising the exponent
(yielding 2 < p < ∞). In some sense the two techniques are dual
to each other. As discussed in the second lecture, having weak type
estimates in an open range of exponents allows to pass to strong type
estimates by Marcinkiewicz interpolation.

Our basic examples will be Haar multipliers, whose boundedness in
L2 is so trivial we have not much elaborated on yet.

Proposition 1.1. Let αI ∈ IR be a coefficient associated to the dyadic

interval I, and assume that for all dyadic intervals I we have

|aI | ≤ 1 .

Define the associated Haar multiplier operator by

Tf =
∑

I

αI 〈f, hI〉hI ,

where the sum runs over all dyadic intervals. Then we have the esti-

mate

‖Tf‖2 ≤ ‖f‖2 .

Proof: This is immediate from orthonormal basis expansion

‖Tf‖2
2 =

∑
I

α2
I | 〈f, hI〉 |

2 ≤
∑

I

| 〈f, hI〉 |
2 = ‖f‖2

2 .

�

A particular Haar multiplier we have encountered before is the av-
eraging operator at scale 2k:

Ekf =
∑
|I|>2k

〈f, hI〉 hI .

Note that here the coefficients αI are either 0 or 1, depending on the
length of I.

Recall that we have studied variation norms in the parameter k of
the sequence of averages Ekf(x). This lead to

Proposition 1.2 (weak Lépingle’s estimate). We have weak type 2
estimate for every r > 2

|{x : ‖Ekf(x)‖V r(k) > λ}|
<
∼ λ−2‖f‖2

2 .
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An immediate corollary of the above follows from restricting the
supremum in the variation norm to sequences consisting of a single
jump:

Corollary 1.1. We have weak type 2 estimate

|{x : sup
k

|Ekf(x)| > λ}|
<
∼ λ−2‖f‖2

2 .

Closely related to the maximal average in the last proposition is the
(dyadic) Hardy Littlewood maximal operator. Define

Mf(x) := sup
x∈I

1

|I|

∫
I

|f(y)| dy

where the supremum is taken over all dyadic intervals containing x.
The difference to the maximal average in the previous corollary lies in
the placement of the absolute value signs.

sup
k

|Ekf(x)| = sup
x∈I

1

|I|
|

∫
I

f(y) dy|

For the purpose of proving weak L2 bounds this difference is negli-
gible, because it trivially suffices to prove the bound for positive func-
tions.

Corollary 1.2 (weak Hardy Littlewood maximal inequality). Then we

have for all λ > 0

|{x : Mf(x) > λ}|
<
∼ λ−2‖f‖2

2

The Hardy Littlewood maximal theorem is easiest to extend to other
Lp spaces. Indeed, the L2 estimate plays no special role in proving
bounds in other Lp spaces. Therefore, and because we use bounds
for the Hardy Littlewood maximal operator later, we shall prove these
bounds first.

Theorem 1.3. For 1 < p ≤ ∞ we have

‖Mf‖p ≤ Cp‖f‖p

Proof: Note that for each x

Mf(x) ≤ sup
I

1

|I|
|

∫
I

f(x) dx| ≤ ‖f‖∞ sup
I

1

|I|
|

∫
I

1 dx| ≤ ‖f‖∞

Hence M is bounded in L∞ and by interpolation also in Lp for 2 < p <
∞. To obtain the remaining estimates, we prove a weak type estimate
at p = 1. Consider the set

E = {x : Mf(x) > λ}
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It is the union of the set I of all dyadic intervals I such that

|
1

|I|
|

∫
I

f(x) dx| > λ .

Consider the set Imax of maximal elements in this set of dyadic intervals.
They form a partition of the set E. Hence

|E| ≤
∑

I∈Imax

λ−1|

∫
I

f(x) dx|

|E| ≤ λ−1

∫
|f(x)| dx = λ−1‖f‖1 .

This is a weak type 1 estimate. By interpolation we obtain strong type
for all 1 < p < ∞. �

Covering the set E by disjoint intervals in Imax is called a cover-
ing argument. In the current setting of the dyadic Hardy Littewood
maximal operator this covering argument is utterly trivial from dyadic
properties. One can form other maximal operators by taken he supre-
mum over other collections of set than dyadic intervals: on the real
line for example arbitrary intervals, and in higher dimensions rectan-
gles of various orientations, ellipses, balls, etc. In these more general
situations, covering arguments can become more subtle or even false.

1.1. The Calderon Zygmund decomposition. To demonstrate the
functioning of Calderon Zygmund decompositions by proving

Proposition 1.3. Haar multipliers are bounded in Lp for 1 < p < 2.

Proof: We aim to prove the weak type 1 bound.

|{x : Tf(x) > λ}|
<
∼ λ−1‖f‖1 .

The proposition will then follow from interpolation with the L2 bound.
For simplicity we assume that f is a finite dyadic step function (finite

linear combination of Haar functions and 1[0,1), the general case being
only slightly harder.

Pick λ > 0. Consider the set

E = {x : Mf(x) > λ}

and let Imax as above be the maximal dyadic intervals contained in E.
We decompose f into what is classically called the good and the bad

part

f = g + b = g +
∑

I∈Imax

bI .

This decomposition is uniquely described by the following properties:

(1) Each bI is supported on I.
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(2) Each bI has integral zero.
(3) The function g is constant on each interval I ∈ Imax.

Basically we calculate the average of f on each interval I, and set g
on that interval equal to the average on that interval. Then b = f − g
and we split b into the pieces bI supported on I.

The average of f on I is bounded by 2λ, because the average on the
dyadic parent Ĩ of I is bounded above by λ by maximality of I in E.

1

|I|
|

∫
I

f(x) dx| ≤ 2
1

|Ĩ|
|

∫
Ĩ

f(x) dx| ≤ 2λ .

Hence g is bounded by 2λ. (It is bounded by λ outside the set
E by taking averages over sufficiently small intervals on which f is
constant).Hence g satisfies the bound

‖g‖2
2 ≤ 2λ

∫
|g(x)| dx = 2λ(

∫ c

E

f(x) dx +
∑

I

∫
I

g(x) dx)

≤ 2λ(

∫ c

E

f(x) dx +
∑

I

∫
I

f(x) dx) ≤ 2λ‖f‖1

Applying the known weak type estimate for Haar multipliers at L2

we obtain

|{x : |Tg(x)| > λ}| ≤ λ−2‖g‖2
2 ≤ 2λ−1‖f‖1

The proof now will be finishes by the observation that Tb vanishes
outside the set E. This will show

|{x : |Tf(x)| > λ}| ≤ E + |{x : |Tg(x)| > λ}|

and this will complete the proof by the Hardy Littlewood maximal
theorem applied to estimate |E|.

To see that Tb vanishes outside E, consider x /∈ E and any interval
J containing x. It suffices to show

〈bI , hJ〉 = 0

for all I ∈ Imax. But if J ∩ I 6= ∅, then I is strictly contained in J and
thus J is constant on I. Hence the inner product with bI is zero. �

Lépingle’s estimate is extended to Lp with 1 < p < 2 in the same
way: the function b does not impact the variational operator outside
the set E.

Note: Compare this with Marcinkiewicz interpolation. The decom-
position f = g+b is almost like the decomposition in that theorem into
small and large values of f . However, in this case we do not have an
a priori estimate with low exponent for the function representing large
value. Instead, we arrange for a cancellation condition which produces
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the estimate for the bad function. This cancellation condition is spe-
cially adapted to our specific operators. Looking ahead to continuous
operators later, this cancellation condition will be related to Calderon
Zygmund estimates on the kernel of the operator.

Sharp function. The sharp function or sharp maximal function is
closely related to the Hardy Littlewood maximal function, however it
is a little smaller because we first subtract an average of f over I before
calculating the L1 norm on I.

f ♯(x) = sup
x∈I

1

|I|

∫
I

|f(x) − [f ]I | dx

where [f ]I denotes the average of f on I. We have the obvious estimate
by the triangle inequality

f ♯(x) ≤ sup
x∈I

1

|I|

∫
I

|f(x)| dx + sup
x∈I

1

|I|

∫
I

|[f ]I | dx ≤ 2Mf(x)

An important feature of the sharp function is that the converse holds
in an Lp sense

Proposition 1.4. Fort 1 < p < ∞,

‖Mf‖p ≤ Cp‖f
♯‖p

Proof: Note that by Fubini’s theorem

‖f‖p
p =

∫
IR

|f(x)|p dx =

∫
IR

∫
0<λ<|f(x)|

pλp−1 dλ dx

=

∫
0<λ

∫
x:λ<|f(x)|

pλp−1 dx dλ = p

∫
0<λ

λp|{x : |f(x|) > λ}| dλ/λ

Therefore it suffices to prove

|{x : Mf(x) > λ}| ≤ C|{x : f ♯(x) > cλ}|

for some small c (c may depend on p) and all λ > 0. Here we have used
liberty to change the integration parameter on the right hand side to
cλ at the expense of an additional factor cp, which gets swallowed by
the constant C.

If instead of proving the inequality A ≤ CB we aim to prove the
equivalent (up to constant) inequality A ≤ CB+A/2, we arrive instead
at

|{x : Mf(x) > λ}| ≤ |{x : f ♯(x) > cλ}| +
γp

4
|{x : Mf(x) > γλ}| .

where we have once more changed the integration parameter, but this
time have carefully kept track of the constant.
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Let I be the collection of maximal dyadic intervals contained in the
set {x : Mf(x) > γλ}. It suffices to prove for each I ∈ I which is not
entirely contained inside the set {x : f ♯(x) > cλ}:

|{x ∈ I : Mf(x) ≥ λ}| ≤
γp

4
|I| .

Hence we may assume

1

|I|

∫
I

|f(y) − [f ]I | dy ≤ cλ .

Now using dyadic structure and choice of I:

|{x ∈ I : Mf(x) > λ}|

≤ |{x ∈ I : M(f1I)(x) > λ}|

≤ |{x ∈ I : M(f1I − [f ]I)(x) > λ(1 − 2γ)}|

≤ Cλ−1‖f − [f ]I‖L1(I)

≤ C|I|2c

Now choosing c small enough so that the second term is less than
|I|γp/4 proves the proposition. �

Proposition 1.5. Haar multipliers are bounded in Lp for 2 < p < ∞

Proof: This will follow from the inequality

(Tf)♯(x) ≤ M2f(x)

where the M2 maximal function is defined by

M2f(x) = sup
x∈I

(
1

|I|

∫
I

|f(y)|2 dy)1/2

Namely, the M2 maximal function is bounded in Lp for p > 2 as one
can easily deduce form the identity

M2f = (M(f 2))1/2

To estimate (Tf)♯ fix an interval I and note that for x ∈ I∑
J

aJ 〈f, hJ〉 hJ(x) − [
∑

J

aJ 〈f, hJ〉hJ ]I =
∑
J⊂I

aJ 〈f, hJ〉hJ(x)

=
∑
J⊂I

aJ 〈f1I , hJ〉hJ(x)

Applying the known L2 estimate for the modified Haar multiplier es-
timates the L2 norm of the latter by ‖f1I‖2 which proves the desired
estimate. �
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1.2. Endpoints. Both CZ decomposition and sharp function tech-
nique as above can be understood as interpolation with endpoint esti-
mates for certain spaces replacing L1 and L∞.

An atom aI on a dyadic interval I is a function supported on I with
integral zero and

‖aI‖2 ≤ |I|−1/2

The Hardy space H1 consists of all linear combinations

f =
∑

I

λIaI

where the sum runs over all dyadic intervals I, each aI is an atom, and∑
I |λI | is finite. We call

‖f‖H1 =
∑

I

|λI |

the Hardy space norm of f .

Proposition 1.6. Haar multipliers are bounded from H1 to L1

Proof: As for any atomic space, by triangle inequality it suffices to
prove this for individual atoms. Observe that TaI is supported on I
(because of mean zero condition) and

‖TaI‖2 ≤ ‖aI‖2 ≤ |I|−1/2

Hence

‖TaI‖1 ≤ |I|1/2‖TaI‖2 ≤ 1

This completes the proof. �

The Calderon Zygmund decomposition technique proves the follow-
ing

Proposition 1.7. Suppose a sublinear operator is bounded L2 → L2

and H1 → L1. Then it is bounded Lp → Lp for all 1 < p < 2.

Proof: Assume ‖f‖p = 1. Do a Calderon Zygmund decomposition at
level 1 and estimate the part the good function by L2 estimate. For each
bI do a Calderon Zygmund decomposition at level 2 and estimate the
good part (which is a multiple of an atom) by the Hardy space estimate.
Iterate the decompositions with the bad functions, each time doubling
the level of the Calderon Zygmund decomposition. The contributions of
the atoms are summable, indeed the sum of the iterated bad functions
is an element in the Hardy space (Thsi requiers a little calculation.
Exercise!)

�
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The endpoint at L∞ is the space BMO, the space of all functions for
which the sharp function is in L∞. One could define the BMO norm
as ‖f ♯‖∞. Often one uses however an equivalent (up to constants)
definition. Define

f ♯♯(x) = (sup
I

1

|I|

∫
I

|f(x) − [f ]I |
2 dx)1/2

We will establish that it is equivalent for f ♯ and f ♯♯ to be in L∞.
Certainly f ♯ is point-wise bounded by f ♯♯ by Hölder’s inequality. Con-
versely if f ♯ is in L∞ then for every interval I

‖f − [fI ]‖L2(I) ≤ ‖(f1I − [fI ]1I)
♯‖

L2(IR)

≤ ‖f ♯‖L2(I) ≤ |I|1/2‖f ♯‖L∞(I)

which proves the desired point-wise bound for f ♯♯.
The BMO norm is typically defined as ‖f ♯♯‖∞.

Proposition 1.8. If a sublinear operator is bounded L2 → L2 and

L∞ → BMO then it is bounded on Lp for 2 < p < ∞.

Proof: The operator composed with the sharp function is bounded
on L2 and L∞. Apply standard interpolation. �

Note: Global constants have zero BMO norm. BMO functions are
defined modulo the one dimensional space of constant functions.

Proposition 1.9. BMO is the dual space to H1.

Proof: A BMO function defines a linear functional on atoms:

〈f, aI〉 =

∫
(f − [f ]I)(x)aI(x) dx ≤ ‖f‖BMO

and this functional is unchanged if f is replaced by another element in
the equivalence class.

Conversely, given any linear functional on H1, It defines a linear func-
tional on the co-one dimensional subspace of mean zero functions on
L2(I) for each I by simply evaluating the functional on these mutliples
of atoms. By teh Riesz representation theorem in L2, this identifies L2

functions (up to additive constants) on each interval I. Clearly if I ⊂ J
then these functions coincide on I up to an additive constant. Begin-
ning with the functions on the intervals [−1, 0) and [0, 1) we can adjust
the functions on [−2, 0) and [0, 2) by constants to coincide with those
on the smaller intervals. Iterating this procedure on larger and larger
intervals, we in the limit identify the BMO function which represents
the given linear functional. �
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1.3. Further topics for additional study. Elaborate on sharp func-
tion technique for Lepingle’s estimate.

Littlewood Plaey square functions.
Khintchine’s inequality.


