Mathematics 115A/3
Terence Tao
Final Examination, Dec 10, 2002

Put down a nickname if you want your score posted.

The test consists of eight problems of varying difficulty and value, adding up to 100
points.

Good luck!
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Problem 1. (15 points) Let W be a finite-dimensional real vector space, and let U and
V be two subspaces of W. Let U 4+ V be the space

U+V:={ut+v:ueUandveV}.

You may use without proof the fact that U + V is a subspace of W.
(a) (5 points) Show that dim(U 4+ V) < dim(U) + dim(V).

Proof. Since W is finite-dimensional, the subspaces U and V are also finite-dimensional.
Suppose that dim(U) = n and dim(V) = m. Then U has a basis {ui,...,up} and V
has a basis {v1,...,vn}. Since every u € U can be written as a linear combination of
U1, ..., Uy, and every v € V can be written as a linear combination of vy, ..., vy, we see
that every u+v € U+ V can be written as a linear combination of w1, ..., Up,v1,...,Up.
Thus U + V is spanned by the set {u1,...,un,v1,...,0n}, which has at most n + m
elements. Thus dim(U + V) < n +m = dim(U) + dim(V').

(b) (5 points) Suppose we make the additional assumption that UNV = {0}. Now prove
that dim(U + V) = dim(U) + dim(V).

Proof. We use the notation from (a). We need to show that dim(U + V) = n + m;
this will happen if we show that {u,...,up,v1,...,v,} not only spans U + V (which
we have already shown) but is also linearly independent. Suppose for contradiction that
this set was not linearly independent. Then we could find scalars a1,...,a,,b01,..., by,
not all zero, such that

a1ul + ...+ apuy +bvy + ... + by, =0,
which we rewrite as
aiul + ...+ apuy = —bjvy — ... — by,

The left-hand side clearly lies in U (since U is closed under linear combinations), while
the right-hand side lies in V. But U NV = {0}, thus both sides are equal to 0. Since

U1, ...,U, are linearly independent, this forces a; = ... = a, = 0. Since v1,...,v,, are
linearly independent, this forces by = ... = b, = 0. But this contradicts the assumption
that a1,...,an,b1,...,b,, were not all zero. Thus {uy,...,up,v1,...,0,} are linearly

independent and dim(U 4+ V) = n + m = dim(U) + dim(V).

Problem 1 continues on the next page.
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Problem 1 continued.

(c) (5 points) Let U and V be two three-dimensional subspaces of R. Show that there
exists a non-zero vector v € R® which lies in both U and V. (Hint: Use (b) and argue
by contradiction).

Suppose for contradiction that there wasn’t any non-zero vector v which lay in both U
and V. Then U NV only contains the zero vector, so by (b) dim(U + V) = dim(U) +
dim(V). But dim(U) = 3 and dim(V) = 3 by hypothesis, so dim(U + V) = 6. On the
other hand, U + V is a subspace of R® which has dimension at most 5. Thus 6 < 5, a
contradiction. Thus U NV must contain at least one non-zero vector.
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Problem 2. (10 points) Let P(R) be the space of polynomials of degree at most 2,
with real coefficients. We give P,(R) the inner product

(f,9) = /01 f(z)g(z) dz.

You may use without proof the fact that this is indeed an inner product for P»(R).

(a) (5 points) Find an orthonormal basis for P»(R).

Applying the Gram-Schmidt orthogonalization process to v; = 1,v9 = z,v3 = x? yields

2, 1/2
= — — PR = —
w2 v2 <’LU1,’w1> 1
W = v3 — (vg, w1) Wi — (v3, wo) w
(w1, w1) (wa, wa)
/3. 1/12
2 2
x I 1/12(:15 [2) =z —z+1/
Normalizing this yields
wi = wy/|lwi]| =1

wy = wy/||we| = V12(z — 1/2)
wh = ws/||ws|| = V180(z* — x + 1/6).

(b) (5 points) Find a basis for span(1,z)*.

Since span(1, ) is spanned by w/ and w}, and w}, wh, w} is orthonormal, then span(1,z)*
is spanned by w} = /180(z% — z + 1/6). (It is also an acceptable answer to say that
span(1,z)" is spanned by w3 = 22 — z + 1/6).
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Problem 3. (15 points) Let P3(R) be the space of polynomials of degree at most 3,
with real coefficients. Let 7" : P3(R) — P3(R) be the linear transformation

df

Tf .= —
f d./E’

thus for instance T'(z® + 2z) = 322 + 2. You may use without proof the fact that T is
indeed a linear transformation. Let 8 := (1,z, 2, z®) be the standard basis for P3(R).

(a) (5 points) Compute the matrix [T75.

™

Answer:

oo o O
jenilen e R
S O N O
O W oo

(b) (3 points) Compute the characteristic polynomial of [T]g

Answer:
)\4

(c) (5 points) What are the eigenvalues and eigenvectors of 7?7 (Warning: the eigenvec-
tors of T" are related to, but not quite the same as, the eigenvectors of [T]g

0 is the only eigenvalue (this is the only root of the characteristic polynomial). The
eigenvectors are those elements f € P3(R) such that Tf = 0f, i.e. % =0, ie f=cfor

some constant scalar c¢. (The eigenvectors of [T]g are , which of course are the

S OO0

co-ordinate vectors of ¢ in the basis 3.)

Problem 3 continues on the next page.
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Problem 3 continued.
(d) (2 points) Is T' diagonalizable? Explain your reasoning.

Answer: The eigenvectors do not span P3(R), so T is not diagonalizable. (The fact that
T splits is not enough to justify diagonalizability; the fact that 7" has repeated roots is
not enough to prohibit diagonalizability).
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Problem 4. (15 points) This question is concerned with the linear transformation
T :R* = R3 defined by
T(z,y,z,w) :=(x+y+2,y+ 22+ 3w,z — z — 2w).

You may use without proof the fact that T is a linear transformation.

(a) (5 points) What is the nullity of 7'7

Answer: 1. See (b).

(b) (5 points) Find a basis for the null space. (This basis does not need to be orthogonal
or orthonormal).

Answer: The null space consists of all those vectors (z,y, z,w) such that z +y + z = 0,
y+2z+3w =0, and z — z — 2w = 0. After some Gaussian elimination we see that this
reduces to w = 0, y = —2z, and = = z, thus (z,y,z,w) = (2, —22,2,0) = 2(1,—-2,1,0).
Thus (1,—2,1,0) is a basis for the null space.

(c) (5 points) Find a basis for the range. (This basis does not need to be orthogonal or
orthonormal).

Since the nullity is 1, the rank is 3. Since T' maps into R?, the range of T' must therefore
be all of R3. Thus any basis of R? will work for this question, e.g. (1,0,0), (0,1,0), (0,0, 1).
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Problem 5. (10 points) Let V' be a real vector space, and let T : V' — V be a linear
transformation such that 72 = T'. Let R(T') be the range of T and let N(T") be the null
space of T'.

(a) (b points) Prove that R(T') N N(T) = {0}.

Proof. Clearly 0 lies in both R(T') and N(T'), since they are subspaces of V. Now we
have to show that 0 is the only element of R(T") N N(T'). Suppose for contradiction that
there was a non-zero element v € R(T) N N(T'). Since v € N(T'), we see that Tv = 0.
Since v € R(T), we see that v = Tw for some w € V. Putting the two equations
together, we see that 72w = 0. But 72 = T, so Tw = 0. But Tw = v, hence v = 0,
contradicting our assumption that v was non-zero. Thus R(7T) N N(T') contains the 0
vector but nothing else.

(b) (5 points) Let R(T') + N(T') denote the space
RT)+ N(T):={z+y:z€ R(T)and y € N(T)}.

Show that R(T) + N(T) = V. (Hint: First show that for any vector v € V', the vector
v — T'v lies in the null space N(T)).

Proof. Clearly R(T) + N(T) is contained in V since V is closed under addition. Now
conversely we need to show that V' is contained in R(T) + N(T'). So let v be any vector
in V. Since T(v — Tv) = Tv — T?v = Tv — Tv = 0, we see that v — T lies in the null
space of T. Also, T'v lies in the range of T' by definition. Thus v = Tv + (v — T'v) lies
in R(T) + N(T) as desired.
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Problem 6. (15 points) Let A be the matrix

0 10
A= -1 0 0
0 0 -1

(a) (5 points) Find a complex invertible matrix ) and a complex diagonal matrix D
such that A = QDQ . (Hint: A has —1 as one of its eigenvalues).

1 1 0
Answer: The eigenvalues of A are +i, —%, —1 with eigenvectors | ¢ |,| —i |,| 0 |,
0 1
thus one possible choice of D and @) are
1 0 0
D=0 — 0
0 0 -1
and
11 0

Q=i —i 0
0

Other answers are also possible (e.g. by swapping some of the rows, or by multiplying
some of the eigenvectors by a scalar).

Problem 6 continues on the next page.
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Problem 6 continued.

(b) (5 points) Find three elementary matrices Ey, Es, E3 such that A = F1 EyF3. (Note:
this problem is not directly related to (a)).

Answer: The idea is to convert A to the identity matrix using three elementary row or
column operations, and then work out what you did in terms of matrices. One sample
factorization is

010 10 0 100
A=11 00 0 -1 0 010
0 01 00 1 00 -1

(c) (5 points) Compute A~!, by any means you wish.
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Problem 7. (10 points) Let f,g be continuous, complex-valued functions on [—1,1]
such that [1 |f(z)|?> dz =9 and [, |g(z)|* dz = 16.

(a) (5 points) What possible values can [*, f(z)g(z) dz take? Explain your reasoning.

Answer: We use the inner product (f,g) f f(z)g(z) dz on C([-1,1];C). By hy-

pothesis, [|f]| = /{f, f) = 3 and ||g|| = V/{g,9) = 4, 80 by Canchy-Schwar I(f:9)| <
Ifllgll = 12. Thus (f, g) can take any complex number with magnitude at most 12.

(b) (5 points) What possible values can fil |f(z) + g(z)|? dz take? Explain your rea-
soning.

Answer: By the triangle inequality we have ||f +g|| < [|f]| + |lg]l =4+ 3 =7, and so
L2101 (@) + g(@)? = ||If +g]|* < 49. But also ||f +ll 2 llgll = llfl =4-3=1,s0

f_ll |f(z) +g(@)|> = ||f +g|I* > 1. In fact f |f(z) + g(x)|? can equal any real number
between 1 and 49 inclusive.
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Problem 8. (10 points) Find a 2 x 2 matrix A with real entries which has trace 5,

determinant 6, and has as one of its eigenvectors. (Hint: First work out what

1
1
the characteristic polynomial of A must be. There are several possible answers to this
question; you only have to supply one of them.)

Answer: The characteristic polynomial is A> —5\+6, so the eigenvalues are 2 and 3. One
can either assign the eigenvalue 2 to the first eigenvector or to the second eigenvector.
In the first case one gets the matrix

3 -1

0 2

and in the second case one gets the matrix

(33)
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