Math 170E
Lecture Notes Section 5.4 *1

Moment generating functions

Instructor: Swee Hong Chan

NOTE: Materials that appear in the textbook but do
not appear in the lecture notes might still be tested.

Please send me an email if you find typos.

*Version date: Tuesday 2" March, 2021, 19:52.

fThis notes is based on March Boedihardjo’s and Jamie Haddock’s notes
from the past quarters, and I would like to thank them for their generos-
ity. “Nanos gigantum humeris insidentes (I am but a dwarf standing on the
shoulders of giants)”.



1 Moment generating functions:

Recap

Recall that the moment generating function (mgf) of a

random variable X i1s

where t 1s the variable of the function.

Theorem 1. The moment generating function Mx of

a random variable determaines the random variable X .



2 Product formula for mgt: The-

orein

Theorem 2. Let X4,...,X, be independent random

variables, let aq, ..., a, be real numbers, and let
Y = aXi+aXo+...4+a,X,.
Then the moment generating function of Y s

My(t) — MXl (CLﬂf) MX2<CL2t> ce MXn(ant).

Proof: Indeed, this is because

My(t> _ E[etY] _ E[et(a1X1+...+aan)]

= E[ealtXl] . E[ea”tX”]



3 Product formula for mgf: Ex-

ample

Let X; and X5 be independent random variables, uniform
on {1,2}, and let Y = X7 + 2X5.

Compute the probability mass function of Y.

Answer: We can compute the pmf of Y directly, but

let’s try to do this through mgf:

My(t) = Mx,(t) Mx,(2t) = (%t+%2t> (67%+%4t)




4 Special case of product for-

mula: Theorem

Theorem 3. Let X1, X9, ..., X, be independent ran-
dom variables with mgf Mx(t).
Let Y and X be the random variable

X+ X4+ X,
Y = X4 Xp+.. +X, X o Sotfferwaa

n

Then the mgf of Y and X are given by

Wi = pre). e - i (2)]



5 Special case of product for-
mula: Exponential to Gamma

RVs

Let X1, Xo, ..., X, be independent exponential random
variables with mean @, and let Y = X5 + ...+ X,,.

We already know from Section 3 that Y is a gamma RV
with parameters @ = n and 6. Let’s see if we can derive

that using mgf method.



The mgf of exponential RV with mean 6 is

Then the mgf for Y is

1

M) = (M) = |

r —(1—6t)™

This is the mgtf of gamma RV with parameter o = n and

6, so Y is gamma RV with parameter &« = n and 6.

The mgf for X is

M) = |3 —1e<%>r ~(1-7)

This is the mgf of gamma RV with parameter a = n and

%, so X is gamma RV with parameter o = n and %.



6 Special case of product for-

mula: Normal RVs

Let X1, Xo, ..., X, beindependent normal RVs with mean

{41, fo, - - - , [y and variances o3, 03, ...,02. The mgf of
X is
4o 212 2t2
MXZ (t) — e,uz +Uz‘ o = eXp (qut ‘|_ O-i 5) .

Themgfof Y = X, 4+ ...+ X, is

My(t) = Mx,(t) Mx,(t) ... Mx,(t)
t° t>
= exp (,ult + 0%5) ... eXD (,unt + 0%5)

t2
:exp((,ul+...+,un)t+(0%+...+afb)§).

Thus Y is the normal RV with mean g + ... + u, and

variances 0% + ... + o=



The mgfofizw&

My(t) = Mxl(%) ...Mxl(%)

A A
= exp ,u1—+012n2 ..o eXp | Up— —|—O'n%

(u1+...+,un a%—l—...—l—antQ)
- .

t+ -
n? 2

= exp

Thus X is the normal RV with mean w and vari-

a%—i—...—l—a%

Note: In the textbook, this example is instead covered

in Section 5.5.



7 Special case of product for-

mula: Chi-square RVs

Let X4,..., X, be independent chi-square random vari-
ables with rq, ..., r, degrees of freedom, respectively.

The mgfoft Y = X7 +...+ X, is

MY<t> = MXl(t> R MXn(t>
=(1—26)"2 (1= 26)7"2 L (1 —2t) /2

:<1 . 2t>—(?“1-|—7“2—|—...—|—7”n)/2.

This is the mgf of of chi-square random variable x*(rq +
.4 1rp) with 7y + 79 + ... + 1, degrees of freedom.

So Y is the random variable x*(ry + ... +7,).
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8 Normal to chi-square RVs

Let Z1, ..., Z, be independent standard normal random

variables N (0, 1), and let W be
W=2Z{+Zs+...+ 72

Recall that Z? is the chi-square x*(1) random variable
with 1 degree of freedom. Hence W is the chi-square

x*(n) random variable with n degrees of freedom.

See the textbook for a stronger version that involves nor-

mal random variables with general mean and variance.
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