Math 170E
Lecture Notes Section 5.1 *1

Functions of a random variable

Instructor: Swee Hong Chan

NOTE: Materials that appear in the textbook but do
not appear in the lecture notes might still be tested.

Please send me an email if you find typos.

*Version date: Thursday 25" February, 2021, 18:05.

fThis notes is based on March Boedihardjo’s and Jamie Haddock’s notes
from the past quarters, and I would like to thank them for their generos-
ity. “Nanos gigantum humeris insidentes (I am but a dwarf standing on the
shoulders of giants)”.



1 Functions of a random vari-
able
We want to solve the following problem:
e Input: A random variable X and a function wu.

e Output: A new random variable Y = u(X). (i.e.

)

derive the pmf, pdf, or cdf of Y).



2 Functions of an RV: Example

Let X be a discrete uniform distribution on {—2, —1,0, 1, 2}.

Let Y = X?2. Find the probability mass function of Y.

Answer: The pmf f of x is given by

flx)=P(X =2x) = % for x € {—2,—1,1,0,2}.

Since Y = X? the support of Y is {0, 1,4}, and the pmf

g(y) of Y is
g(0)=P(Y =0)=P(X*=0)=P(X =0) = %;
g1)=PY =1)=P(X*=1)=P(X=-1)+P(X=1)=Z;



3 Inverse function: Definition

Let u : Sx — Sy be a function.

The inverse function v : Sy — Sx is the function such

that

v(u(xz)) =x for all z € Sx; and

u(v(y)) =y forally € Sy.



4 Inverse function: Example 1

Let that Sx and Sy be the set of integers,
Sx =5 ={...,—-1,0,1,...}.
Let v : Sx — Sy be the function
ux)=14z, ze{...,—1,01,...}
Then the inverse function v : Sy — Sx is given by
viy)=y—1, ye{...,—1,01, ...}
To see this, note that

v(u(z)) =v(l+z)=(1+2x)—1=uz;

u(vy)) =uly—1) =1+ —-1)=y.



5 Inverse function: Example 2

Let Sx and Sy be the set of positive real numbers,
SX:Syz{QZER‘LIZZO}.

Let w : Sx — Sy be the function



6 Inverse function: Non-example

Let Sx and Sy be given by
Sx =R; Sy={rxeR|x >0}

Let u : Sy — Sy be the function from before

[t might be tempting to say that the v : Sy — Sx is the

inverse function for wu:

However, this is not the case, since, for all negative x,

v(u(z)) =v(z®) = V/(2?) = || = —z.



7 COYV, discrete invertible: The-

orein

The input is

e A discrete RV X with support Sx = {c1,¢9,...}

and pmf f: and

e An invertible function v : Sx — Sy.

Then the output Y = wu(X) can be computed by the

three-steps method:
1. The support Sy is {u(cy), u(cs), ...}
2. Compute the inverse function v : Sy — S(x).

3. The pmf g(y) of Y is given by

g9(y) =f(v(y)) forally € Sy.



8 Change-of-variable, discrete in-

vertible: Example

Let X be the Poisson random variable with A = 4,

fre—4

!

Sx ={0,1,2,...}; f(z) : r e {0,1,2,...}.

Let w : Sx — Sy be the function

u(z) = v/, re{0,1,2,...}.

Compute the support and pmf of ¥ = u(X).



9 COYV, discrete invertible: An-

SWeEr

The support Sy of Y = v/ X is equal to
Sy = {0,1,v2,v3,...}.
The inverse function v : Sy — Sy 1S

v(y) = 37, y e {0,1,v2,V3,...}.

gy) = PY =y) = PuX)=y)
= PX =0oy) = [fluy)
= ) = e y€{0,1,v2,v3,.. .},
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10 COYV, continuous invertible:

Theorem

Let X be a continuous RV with Sy ={z | ¢ < z <
co} and pdf f.
Let uw: Sy — Sy be a continuous invertible function.

Then Y = u(X) can be computed by:

1. The support Sy is the interval of R bounded by

u(cy) and u(cs).
2. Compute the inverse function v : Sy — Sx of u.

3. Compute the derivative v’ of v.

4. The pdf g(y) of Y is given by
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11 COV, continuous invertible:

Example 1

Let X be the exponential random variable with 8 = 1, so

Sy =R.o={reR|0<z < o0}

flx) =" 0 << o0.
Let u : Ryy — R+ be the function
u(z)=e¢" 0<x<oo.

Compute the support and the pdf of Y = u(X).
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12 COV, continuous invertible:

Answer 1

The support of Y is

Sy = H{ulx)|zeSx} = {e'|0<z<o0}

= {yeR|1<y<oo}.
The inverse function v : Sy — Sy 18
v(y) = Iny, y € (1,00).
The cdf of Y is then equal to

G(y) =P(Y <y)=Pu(X) <y)=PX <ov(y))

Iny
=P(X <Iny) :/ e "dz.
0
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Since the pdf is the derivative of the cdf, we have

Iny
9(y) = G'(y) = d% (/O e " da:)

= (Iny)'e v (Fundamental Theorem of Calculus)

B
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13 COV, continuous invertible:

Example 2

Let X be be the uniform random variable on (—m /2, 7 /2):

Sy =(—7/2,7/2) = {z | —g <z< g};
1

7 7
=—— ——<z<-—

Let u : (—m/2,7/2) — R be the (continuous invertible)

function

Compute the support and the pdf of Y = u(X).
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14 COV, continuous invertible:

Example 2

We have
u(cy) = —tan(—m/2) = o0; u(cy) = —tan(mw/2) = —o0,

so the support of Y is Sy = (—o0, 00) = R.

The inverse function v : R — (=7 /2, 7/2) is given by
v(y) = —arctany.

The derivative v’ is then given by

—1
1+

v'(y) =
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The pdf of Y is then given by

—1
1+ y?

|
m(1+y?)

1
-

gly) = [floly)|v'(v)| =

As exercises, read the lognormal RV and Cauchy RV ex-

ample in the textbook.
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15 COV, two-to-one: Example

Let X be the random variable

Sy ={z | -1 <x <2}

f(x) =3 —1l<x<2.

Let u : Sx — Sy i1s the function
2

u(x) = x°, —-l<z <2

Compute the support and the pdf of Y = u(X).
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16 COV, two-to-one: Answer

Since u is not invertible, we cannot compute the inverse

function directly.

To fix this issue, we split Sx into Sx, U Sx,, where
Sx, ={z | -1 <z < 0}; Sx, ={r |0 <x <2}
Applying u to these two supports, we have

Sy = ulSx) = {yl0<y<l1j

Sy, = u(Sx,) = {y|0<y<4}
So the support of Y is equal to

Sy = SY1USy2 = {y|0<y<4}.
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Note that u is invertible on Sx,, with the inverse v; :

Sy, — Sx, given by

Ul(y> — _\/§; 0< y < L.

Also note that w is invertible on Sy,, with the inverse

vy 1 Sy, — Sx, given by

VoY) = /Y, 0<y<4.

The derivatives of vy and vy are

vi(y) = — vy(y) = L

v 2\VY

20



We can now apply COV to each case separately,

g(y) = f(’l)l(y)> M@)‘ _ <—\3/§) 27@
= g with support 0 < y < 1.
aly) = flua@) [ww)| = <\/3§> 2\1@‘

with support 0 < y < 4.

=[S

[t then follows that the pdf g of Y is given by

VY VY VY .
= T 6 7, 0<y<l

vy l <y <4
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17 COV, two-to-one: Theorem

Let X be a continuous random variable, and let u :
Sy — Sy be a non-invertible continuous function.

Then Y = u(X) can (possibly) be computed by

1. Split the support Sx into Sx, U Sy, so that u; :

Sx, — Sy, and uy : Sy, — Sy, are invertible.

2. Compute the inverse function v, : Sy; — Sy, and

Uy Sy2 — SXQ.

3. Compute g1(y) and ga(y) by

gi(y) = f(ui(y)) |vi(y)| with support y € Sy;;

@(y) = [f(va(y)) |v5(y)|  with support y € Sy,
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4. The random variable Y is given by

Sy = Syl U SY2;

gy) = aly)+ely) yes,

Remark: Sometimes the function u cannot be split into
two invertible functions. In that case, modify Step 1 so
that w is instead split into k£ invertible functions, for large

enough £ > 3.

23



