(1) Prove that the map between the two Mayer-Vietoris sequences in the proof of Poincaré duality commutes
up to sign.
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In particular, specify what the signs are for each of the three squares. (You may convince yourself that
the Five Lemma works even if the diagram commutes up to sign.)
(2) Let M be a countable disjoint union of oriented manifolds My, Mo, .. ..
(a) Prove HE(M) is the direct sum @®; HF(M;).
(b) Prove H*(M) is the direct product [], H*(M;).
(c) Prove that if the Poincaré duality map H* — (H?~*)* is an isomorphism for each M;, then it is
an isomorphism for M.
(d) Prove that the map in the other direction, H* — (H"~¥)* is not an isomorphism in general.
(3) Compute the following using various long exact sequences.
(a) H*(M \ {p}) in terms of H¥(M) for a connected manifold M.
(b) H¥(Mébius strip).
(c) H*(S' x M) in terms of H*(M).
(d) HE(S™ x R™) and H¥(S™ x S™)
(4) If a vector field X on an n-dimensional manifold M has an isolated zero at p, show that the index of
—X at pis (—1)" times the index of X at p. Conclude that x(M) = 0 if n is odd.
(5) Prove that a closed 2-form w on S? x S? is exact if and only if fSQX{p}w = f{p}X52 w = 0 (for any
p € S?).
(6) Let w = (—ydz + zdy)/(z* + y?) € QY (R3 \ z-axis). For fixed p, ¢ relatively prime positive integers, let
v: St — R3\ z-axis be the (p, ¢)-torus knot

e ((cos(g8) + 2) cos(pf), (cos(qf) + 2) sin(ph), — sin(gb)).
Compute f,y w= [o1 T*w.



