
(1) Prove that the map between the two Mayer-Vietoris sequences in the proof of Poincaré duality commutes
up to sign.

Hk(U ∩ V )Hk(U)⊕Hk(V )Hk(U ∪ V ) Hk+1(U ∪ V )

(Hn−k
c (U ∩ V ))∗(Hn−k

c (U))∗ ⊕ (Hn−k
c (V ))∗(Hn−k

c (U ∪ V ))∗ (Hn−k−1
c (U ∪ V ))∗

In particular, specify what the signs are for each of the three squares. (You may convince yourself that
the Five Lemma works even if the diagram commutes up to sign.)

(2) Let M be a countable disjoint union of oriented manifolds M1,M2, . . . .
(a) Prove Hk

c (M) is the direct sum ⊕iHk
c (Mi).

(b) Prove Hk(M) is the direct product
∏
iH

k(Mi).
(c) Prove that if the Poincaré duality map Hk → (Hn−k

c )∗ is an isomorphism for each Mi, then it is
an isomorphism for M .

(d) Prove that the map in the other direction, Hk
c → (Hn−k)∗ is not an isomorphism in general.

(3) Compute the following using various long exact sequences.
(a) Hk(M \ {p}) in terms of Hk(M) for a connected manifold M .
(b) Hk(Möbius strip).
(c) Hk(S1 ×M) in terms of Hk(M).
(d) Hk

c (Sn × Rm) and Hk(Sn × Sm)
(4) If a vector field X on an n-dimensional manifold M has an isolated zero at p, show that the index of
−X at p is (−1)n times the index of X at p. Conclude that χ(M) = 0 if n is odd.

(5) Prove that a closed 2-form ω on S2 × S2 is exact if and only if
∫
S2×{p} ω =

∫
{p}×S2 ω = 0 (for any

p ∈ S2).
(6) Let ω = (−ydx + xdy)/(x2 + y2) ∈ Ω1(R3 \ z-axis). For fixed p, q relatively prime positive integers, let

γ : S1 → R3 \ z-axis be the (p, q)-torus knot

eiθ 7→
(
(cos(qθ) + 2) cos(pθ), (cos(qθ) + 2) sin(pθ),− sin(qθ)

)
.

Compute
∫
γ
ω =

∫
S1 γ

∗ω.
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