(1) Let w € Q' (M) be such that [ w = 0 for every closed curve ¢ in M. Prove w is exact (that is, w = df
for some f).

(2) Let M be a connected manifold where every closed curve is smoothly contractible to a point (that is, for
any curve c: S — M, there is a smooth homotopy h: St x [0,1] — M with hlioyxst = c and hlgyxg
constant.) Prove that H(M) = 0.

(3) Define the cup product U: H*(M) @ H{(M) — H*(M) by

WU [n] = [w A
(a) Prove it is a well-defined map (that is, it is exact if both are exact, closed if one is closed, and
bilinear).
(b) Prove aUB = (—1)*BU .
(©) It f: M = N, f*(@UB) = f*(a) U F*(8).
(d) Define the cross product x: H¥(M) x H(N) — H**'(M x N) by
@ x = miy(@) Umh(8),
(where 7y, mn are the two projections). If A: M — M x M is the diagonal inclusion, prove
aUp=A"(axp).

(e) If M, N are compact oriented, orient M x N by declaring vy, ..., vy, w1, ..., w, to be positive basis
for T(p.q) (M x N) if vy,... vy, is a positive basis for T, M and w1, ..., w, is a positive basis for
T,N (this is called the product orientation). Each of the groups H™ (M), H"(N), H™*"(M x N)
are canonically isomorphic to R by integrating forms. Prove the following commutes.

H™(M) @ H"(N) — > H™n (M x N)
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(4) If p,q € R™ are distinct points, compute the cohomology groups of R™ \ {p, q}.
(5) Suppose M is a compact oriented manifold whose boundary has two components 9y M and 0 M, and let
10, t1 be the two inclusions. Let o be a (p — 1)-form with (fo = 0 and 8 be a (n — p)-form with ;8 = 0.

Prove
/ da/\ﬁ:(—l)p/ aNdp.
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(6) Let dA denote the standard area form on S? = {(z,y,2) € R3 | 22 + y* + 2% = 1}. For which values of
n is the form 2"dA exact?



