
Note 23
I

131 Vector Potentials

DEI IA is called a vector potential of F Ff : IF = curl CA)
.

Remarked By a direct computation , we get divCourt CA)) = o .

So
,
a necessary condition

for a vector field F to have a vector potential Is div CF) = O
.

Exe (Computing flux using circulation ) Let It have a vector potential
A = ( Z- y , X cos 2, e

"'d + 22 >
.

Let S : x't y
'
t 22=1, 230, oriented outward.

(1) Compute Tt
.

(2) Compute Dg F- dB
.

Sod I I 1k

( t ) : IF = curl (A) = / %, Hay Haz / = ( x e"' - x sina , I - ye
'd

,
cos a ti )

.

Z-y xcosz e''9+22

(2)
'

. 25 : x't y
'
= I
,
2=0, oriented CCW viewed from above

.
So by Stokes

'

Thin
,

ffg FdSS =# curl CA) . D8 = fog A - dir = fog -ydxtxdy + e
'd da

-2=0over 25

21T

=/ do =
o D

EI (Vector Potential of a constant vector field ) Let E = La , b. c) be a constant vector field .

(1) Show that A = I Cl X Ir is a vector potential of E ,
where Ir = la, y ,

a > .

(2) If S Ts a bounded region In the plane ax + by t ca =D , then show that

1
area CS) =/- fag(Ex Ir) . dir I2111C It
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Sold (1) We have

A = I (Ga- Gy, ↳ x - Cie , ay - Gx) .

Then

am. ÷÷.÷÷
.
.¥
.!

= I ( a- C-a) , b - C- b)
,
C - C-c) ) = E .

(2) The unit normal in of S must be In = I ¥, .

So

I fast Xlr) - dir
⇒
Dg K - in ) DS = # ft Hall ) DS = Illicit area (s) .

Taking absolute value proves the formula. D

Ee ( surface - Independence )
Let F = ( xy sin (ya) , Kee - I , cosCyz) ) .{ S : (E)

'

+ (F)
'

t a
'
= I

,
a > o

,
outward - pointing normal .

Suppose we know that F has a vector potential . Compute Is F. D8 .

Sold A direct computation seems too complicated ,
but we may take advantage of

the fact that F has a vector potential :

Let T : (I)'t (F)
'

s l
,
2=0 , upward - pointing normal . Then 25=27, and so

,

by the Stokes' Theorem (or
"

surface - Independence" ) ,

Is F. D8 = Ig F. D8 = ffgft.lk) DS =D, Ids = GIT
.

D
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Exe ( Example 4 in Textbook ) In electromagnetics, a magnetic field B is a primary
example of a vector field having a vector potential ht .

If an electric current flows through a solenoid
,

t.EE
solenoid : tightly wound spiral of wire

It creates a magnetic field B
.
If the solenoid is infinitely long cylinder

x't y
'
= R2

,
then B takes the form

B = {
°
' r > R

Blk
,

r < R ,

t = Vx2-yT
.

One can compute a vector potential ht of B as

a = { I Bl- Y . x , o)
,

Tf r > R

I B L-y .
x

,
o >

, Ff r L R

(1) If 5 is any closet surface, then the magnetic flux through 5 is

Jg B. dss (Stokes) § A - dir = o
25

Because 25 = 0
.

(2) If 5 is any surface sit. 25 : circle of radius r > R in the xy
- plane at ①

,

oriented CCW when viewed from above
,

Dg B - DSS = §g A - dir

q f
"

I(E)
'

B . Pdt = FR
'

B
.

25 : Intl =L roost , r Sint , O >
,
O Et E 2X


