
Note l l l

Section 17
.

I Vector Fields

ID Intro .

• A vector field is an assignment of a vector
to each point . Mathematically , it is a vector-
valued function on a domain

.

• A vector field Tn 1123 Is often denoted by
F- Lacy , 2) = L F Guy ,2) , ECx.y.tn) , Es GuyR))

,

or alternatively ,

= F, I t Fa j tf k,
where % = L l c O , 07 , JT = Lo , I . O> , 1k = (o , or I>

.

• Similarly ,
a vector field Tn 1122 Is often denoted by

IFGuy) = L F, Guy) , E ca ,y )>

= F, I t Eg ,

where I =L 1,0 ) , I = Lo , I > .

Ex F- Gay ) = L- y , x> looks like

← a¥÷÷÷i¥+
→→
T

↳→



2

• Special kind of vector fields : we say that a
vector field Tt Ts

Dna vector field if Htt It = I for any P.

A radial vector field if
FCP) Ts parallel to Fp ,

and

H FCB Il depends only on 110711
.

II • IF Guy ) = ( 3x . 3g > Ts radial .

T
← →

← t t

• ler Guy) = ( F . I> = ( Varig . ✓¥T>
Ts unit radial .

T
← →←£e⇒← f ↳

→← d

-
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③ Operations on Vector Field

• We define two Tmportant operations on VFS .

• Recall : del operator

D = { (
IT

. Ey ) Th 2b

(Ix
, day ,

Ia) Tn 3D .

① Gradient of a scalar function f :

Dm In 3D
, DJ = LIT f

, Ey f)
im In 3D, If = ↳ f , Igf , Iaf)

.

② Divergence of a VF IF Tn 3D :

div CF) = t.FI = IF + EYE + Fats .

③ Curl of a VF Tt Tn 3D :

curl # ⇒ x # =/ III Ekg ¥31
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= (Itsy - Ek ) out (EE - 3¥ 's + LEE -2¥) K
= (Etsy - Eh Eh

- ZE EE -2¥>
.> 22 ,

• Will study the meanings of dir & curl later.

- Note Both dir & curl satisfy linearity :

If It
, G : VF Tn 1123

,
C : constant

,
then

dir Cft IG) = dir CF) t da

dtv Cott) = cdiv CF)
and

curl (Ft = Carl CF) t curl CED
Carl Cott) = c. curl CF)

.

IET div ( e''y , a-x , xzz)
= face's) + Ig ( a-x) + Fake)
= ekg to + 2×2
= e'ly t 2×2 .

LEXI Carl ( F.Guys , Fa Guy) , o )

= 4¥- IIE ,
Ift -¥ ,

ITE -EF)
= ( o , o ,

3¥ - 2¥ )
.
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Futon Although we borrowed doll cross product
notations to conveniently write dirt curl , they
are NOT the actual dot ( cross product . In particular,

D. F f Tt . D DX IF # FXD
.

-
'
-

[what this even mean?I

13J Conservative VFS

• Gradient makes a scalar th f into the vector
field Pf

.

I Can we do this backward ?

• A vector field Tt Ts called conservative Tf
we can find a scalar function f set .

IF = DJ
.

In this context
, f is called the potential

function of F
.

I Are all Vfs conservative? A- No
.
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ITAMI (curl of a conservative VF)
Dm In 3D

,

(Eon ⇒ ¥, -3¥

Dm In 3D,

F- (Fi, E.Fs)( Conservative ) ⇒ Carl CIF) = o
.

3¥ = Ey
⇐ I :¥⇐÷¥¥

Rink 3D case can be regarded as a special
case of 3D , by considering ( Fi Cay) , Fa Guy) , O> .

IEI If f = e
" -12yd and F- =Df

,
then

⇒ IF = ( e" , 25, Kya)

⇒ Carl CF) = (42- 42, o - o
,
o - o>

= 0
. D
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In general ,
q g k

ana⇒=¥÷¥¥d
-43¥ - Ifs ,

3¥
.
- 3¥

,

- -y
- - D
= o =O

Rink What we have just prove may be put
Into a diagram :

ID 3D 3D

-
curl of grad = O

FI IF = (ay , ZI , ay> Ts not conservative
,

because

3¥ =# (E) =ofz=¥czyI=2 .
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IED Let F- =L 35+2, Gay , I> .

This is a

conservative VF
.
Then find a potential

of Tt .

Sold Let f be a potential of Tt . Then

2¥ = 35+2
I⇒ f = fC3y4a) da + / something Tndep .

ctx


