
Note 23
I

② Independent sum

• Linear combination a. X, t
- - - tank of Tndep .

RVs X.
,

- - -

, Xn are particularly important.

Ttm (Properties of Independent sum) Let
D Xi

,

- - -

,
Xn be Tndep .

RVs ,

D ai,
- - -

, an be constants .

Then the linear combination
, Ee

,
a,X,

satisfies

(1) ELY) = IZA ECK)
G) Var CY) = IZ

,
ai Varcxi)

(3) My Ct) = Mx, Cait) - - - Mxn cant) .

PTI CD is nothing but the linearity of EC) .
(2) follows from the linearity of Corl . . . ) in both arguments t independence :

Var(Y) = Cov (Y, Y) = Cov ( II
,
axe

, ¥
,

a;X; )
(linearity) Fz

,
IZ

,

a.ca; Cov CX-e. X;)

Var (X-D
, j =L"it" ¥

,

a.ivarcx.cl c- : X..

- -

; Xn indef ⇒ covcxiix;) - {
o
, j #

.

(3) follows from '

.

Myth = El etY] = El ettalk
t - - - + an Xn) ] = E [ eatXi . . . eantxh ]

"Iden Efeaitx , ] . . . E[eantxn ] = Mx, Cait) - - - Mxn cant) . D

Cope If Xi , - -

; Xn are I.Id .

,
then Y = X ,

t - - - + Xn satisfies

ECY) = n ECX ,) ,
Var( Y) = n Var(XD

, Myth = Mx, HT .
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(1) Binomial Distribution Revisited

1B Let Xi
,
- -

; Xn i ii.d
.

~ Bernoulli Cp) . Then

Y = X , t - - - t Xn

counts the # of successes out of n Tndep. trials, and so
,

Y - Binomial ( n . p) .

It is straightforward to compute :

ECX,) = E (Xf) =p ,
Var (X,) = PCI - e) , Mx,HI = Cl - p) t pet .

So
,
we get :

D E (Y) = n E (Xi) = hp

D Var(Y) = nVar(X,) = hp ( I - p) ,

I> Myth = Mx,
ft)
"
= ( I - p + pet)

"

.

Pitt X , ,
- - r

, Xk are Tndep .

and Xi - Binomial (hi
, p) for each 2=1

,
- -

; k , then

Y = X,
t - - - + Xk satisfies

My Ct) = Mx,Ct) - - - Mxkct) = ( t - p + pet)
hit - - - +nk

⇒ Y - Binomial Chit - - - this , P) .

(2) Negative Binomial Distribution Revisited

1B Let Xi, - - -

,
Xn : II.d .

~ Geometric Cp) . Then we know :

ECW = of , Varda) = 15,7 . Mxfh = ,IE÷ .

So
,
Ff Y = X ,

t - - - t Xn
,
then

ECY) = F .
VarCY) = n .

, Myth = (147¥
"

.

The MGF of Y shows that Y - Negative Binomial Chip) .
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(3) Chi- Square Distribution Revisited

D If Z ~ Nco, I ) , then X = 22 satisfies :

Fx = plz ⇐ x) = { PC
-A S2 Era) = Iocrx) -EL-ra)

.
If × > o

,

O
, Tf x s O .

⇒ I, = { bestie
- ⇐

,
a > o

O
,

X E O
.

⇒ X - Gamma( a = 's
,
0=2) = 21417

.

I> It can be proved that X - Gamma Cafl ⇐ Myth = ( I- 0--4-4 .

D So
, Tf Zi,

- - -

, Zn
'

. I.Id
.

~ Nco . I )
,
then X = 2ft - - - + 25 satisfies :

MxCt) = Mzp Ct)
"

= [ ( I -2-4-42]
"

= ( i- ztjhk
⇒ X - Gamma (a - E

,
2) = XIN

.

(4) Sample Mean

EI If Xi , - - -

, Xn : i.Id . with mean µ d variance 62
,
then

I = Xitjjtxh (sample mean)

Then EE
Mz = Efx) = a' (Mt -- - tu) = µ

and enters
off = VarCI) = ht (ok - - - +02) = tho?

Note that of → o as n →o
,
and so

,
I concentrates near µ as n grows . I

T

PDF of X : → ←

as n growsthe
..



Appendix
⑦ Common Distribution Revisited

① Distributions arising as an i.Id . sum

EI ( Bernoulli / Binomial )

D If Xi , - - ; Xn : i.Id
.

- Bernoulli (p) , then X ,
t - - - + Xn ~ Binomial Chip) .

" If Xi
,
- -

; Xk : Tndep, Xi - Binomial (nap) ,
then Xi t - - - + Xk - Binomial Chit - - - this , p)

EI (Geometric / Negative Binomial )

D If X , ,
- . .

. Xn : Tid .

- Geometric G) ,
then X,

t - - - +Xn - NegativeBinomial Chp) .
D If Xi

,

- - i

, Xk
: Tndep , Xi - NegativeBinomial Ck , p) , then X,

t - - - t Xk ~ NegativeBinomial (ht . - - + rk , P).

EI ( Exponential / Gamma)

D If Xi
,
- . -

,
Xu : ii.d

.

- Exponential Cf) , then X , t
- - - + Xu - Gamma Cdf)

.

D If Xi, - - -

, Xk : Tndep , Xi - Gamma(Li , f) , then X ,
t - - - + Xk - Gamma (dit - - - + Ok , F)

EI (Normal't Chi- Square)
D If Zi, - - ; Zn : Tid

.

- Nco , i ) , then 2ft - - - +2in ~ X'( n) .
I> If Xi

,
- .

; Xk : indep, Xi - X'The) , then X, t - - - + Xk n X
-

chit - - - this)
.

②
"

Infinitely Divisible
"

distributions

EI (Poisson) If Xi, " ; Xn : Tndep. , Xi - Poisson (Xi) ,
⇒ X, t

- - - + Xu - Poisson ( Ait - - - + Xn)

EI (Normal) If Xi, - - -

,
Xn : Inder. , Xi -Ngai ,

⇒ X , t
. - - +Xn - N (Mit - - - tmn , 0ft - - - ton) .


