
Note 22
1

Section 5.3-4. Several Independent Random Variables
II Independence of Several RVs

° Joint PMFIPDF and expectation all extends to n - variables case .

D Joint PMF : Px. . . . . ,×n (x . . - - ; xn) = PCX, = oh , - - n

,
Xu = xD ,

PCCXi
,

- -

; Xn) EA) = *.. . . . sea Px.. . . . . xn (x.. - - -Mn) .

I> Joint PDF : PC (Xi, - - ; Xn) EA) = f - JA Tx,, . . .. xn (oh, - - ; an) da - - - dah
,

I> Expectation : ECU(Xi, - . .. Xn)] = { ¥7an Uk"
- "

' xn) Px, , - . . . Xn (oh,
- - -an)

f--I UGG - - ian) Tx
,,
. . .

, xn
(Xi , - - -Mn) dx, - - - doch

Ttm CD If all Xi's are discrete, then

Xi's Tndep .

⇒ Px, , . . . . xn Cai, - - - , xn) = PxGen - - - Pxncxn) .

(2) If all Xc's are continuous
,
then

Xi's Tndep. ⇐ fx
. .
. . ;×n Can

- - ian) = f×
,
Gul - - - Incan)

• Independence allows to
"

factor" more general form of probabilities and expectations :

THX If Xi, - . ; Xn are Independent, then

(1) PCX, EA. .

- - -

,
Xu C- An) = PCX, EAD - - - PC Xu C- An) for any ranges Ai, - - ; An E R .

(2) E [u, (Xi) - - - Un (Xn)] = ECU, CXD] - - - Ellen (Xn)] for any functions Ui ,
- - -

,
Un

.

DEI A sequence of RVs Xi
,

- -

; Xn Is called a random sample of size n from a common

distribution if they are Tndependandidenticallydistributedottenabbreviated as T.T.de .



2

✓
"
has the distribution

"

⇐ Let X ,
- Poisson ( X, -2) and Xa- Poisson (72=3) be independent. Then

(1) PCX, =3 , 112=5) = PCX, =3)PCXz=5)

= ( II. exit e
's)

= # e'll,¥e→) = . . .

.

(2) PCX, -1×2=1 ) = PCX, -0 ,
X, =L ) t PCX ,

=L
,
112=0)

= (e-A)( X.e- XD + ( X.e-1)(e-k)
= ( X. + Xz) e-N'th)

.

I

Ee It X. Y : Tndep. and

-5×60 = { ¥ .

' " 'Q
E
, ={ 37 ,

lasso,

O
,

else 0
,

else
,

Note These types ofThem dist. are called Pareto

PC×< Y ) = ! Lay Gay> dady
"Ide" !§y× f. y, ↳dy

distributions .

= 1417¥ .# dy) doe =/?# . # doc = E
. a

Ex Let Xi
,
Xs

. Xs be Tndep .
and Xi - Exponential ( rate Xi) for 1=1 , 2,3 , i.e

.

,

Tx
,
Cx) = Xie

- A"
,
x > o

.

If Y=mTn{ Xi , Xz , 1133, then for a > o ,

PCY > x ) = PCX , > x , Xz > x , X, > x )
= PCX, >a) PCX, > a) Pals > x)

= e-XM . e- 124 . e- 73K

= e-
(XitX2tX3) x

.

⇒ Y - Exponential ( X, -112+13) .
D
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⇐ If X
,
Y : i. i. d . with the common PDF f

,
then

(1) PC X s Y ) = If fcxlfcy) dady C : independence)
x ay

=! fcyIfcx) dady C : renaming dummy variables)

= PC Y L X)
.

(2) PCX = Y ) = ¥y fcxifcy) dxdy = o C ': line has zero area . )

(3) So
, PCXLY ) I ( PCXCY) t PCYCX)) = I ( t - PC x - Y)) El z

.

A

Exe (Beta Distribution) If X - GammaCal ) and Y - Gamma(Bil ) are Inder. , then

U = XXt Y
Ts a RV taking values between 0 and I

. Given X = x , the conditional PDF of U is

fun, Cala) = IT P(¥y Eu Ix - x) = Tap ( Y > 17×1 x -x)
= at -4×1 la)

"¥' # fu,#a)

= z - pipelinea)
"
e

- "
.

So
= fu.xcu.se)

•-

-1cal =L funicular -4 da =fTii
'

paiiiijj e - Eda
=
Tht

gyp,
ut'll-ult'

.

D
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② Independent sum

• Linear combination a. X, t
- - - tank of Tndep .

RVs X.
,

- - -

, Xn are particularly important.

Ttm (Properties of Independent sum) Let
D Xi

,

- - -

,
Xn be Tndep .

RVs ,

D ai,
- - -

, an be constants .

Then the linear combination
, Ee

,
a.Xi

satisfies

(1) ELY) = IZA ECK)
G) Var CY) = IZ

,
ai Varcxi)

(3) My Ct) = Mx, Cait) - - - Mxn cant) .

PTI CD is nothing but the linearity of EC) .
(2) follows from the linearity of Corl . . . ) in both arguments t independence :

Var(Y) = Cov (Y, Y) = Cov ( II
,
axe

, ¥
,

a;X; )
(linearity) IZ

,

a.ca; Cov CX-e. X;)

Var (X-D
, j =L"it" ¥

,

a.ivarcx.cl c- : X..

- -

; Xn indef ⇒ covcxiix;) - {
o
, * i

.

(3) follows from '

.

Myth = El etY] = El ettalk
t - - - + an Xn) ] = E [ eatXi . . . eantxh ]

"Iden Efeaitx , ] . . . E[eantxn ] = Mx, Cait) - - - Mxn cant) . D

Cole If Xi , - -

; Xn are I.Id .

,
then Y = X ,

t - - - + Xn satisfies

ECY) = n ECX ,) ,
Var( Y) = n Var(XD

, Myth = Mx, HT .
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Exe Let Xi
,
- . .

.
Xn i ii.d. n Bernoulli G) . Then

Y = X , t - - - t Xn

counts the # of successes out of n Tndep. trials, and so
,
Y - Binomial ( n . p) .

D E (Y) = n E- (Xi) = hp

D Var(Y) = nVar(X,) = hp ( I - p) ,

D Myth = Mx,
HI
"
= ( I - p + pet)? D

EI If X , ,
- - -

, Xk are Tndep .

and Xi - Binomial (hi
, p) for each 2=1

,
- -

; k , then

Y = X,
t - - - + Xk satisfies

My Ct) = MX.CH - - - Myth = ( I - p + pet)
n 't - - - +nk B

⇒ Y - Binomial Chit - - - this , P) .

EI D It 2 ~ Nco, l ) , then X = 22 satisfies :

Fx = pczz ⇐ x) = { PC
-A S2 Era) = ECE) -EL-ra)

,
if × > o

,

O
, Tf x so .

⇒ I, = { k¥e
- ±

,
a > o

O
,

X E O
.

⇒ X - Gamma( a - I
,
0=2) = 21417

.

I> It can be proved that X - Gamma Cafl ⇐ Myth = ( I- ft)
-d

.

D So
, Ff Zi,

- - -

, Zn
'

. I.Id
.

~ Nco . I )
,
then X = 2ft - - - + 25 satisfies :

Mxct) = Mzpctlh = [ ( I -2-4-42] " = ( i- ztjhk
⇒ X - Gamma (2=3

,
2) = X'Cn)

.
D
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Exe If Xi , - - -

, Xn : i.Id . with mean µ & variance 62
,
then

I = Xitjjtxh (sample mean)

Then EE
Mz = Efx) = ht (Mt -- - tu) = µ

and enters
off = VarCI) = ht (ok - - - +02) = tho?

Note that of → o as n →o
,
and so

,
I concentrates near µ as n grows . I

T

PDF of X : → ←

as n growsthe
..



Appendix
⑦ Common Distribution Revisited

① Distributions arising as an i.Id . sum

EI ( Bernoulli / Binomial )

D If Xi , - - ; Xn : i.Id
.

- Bernoulli (p) , then X ,
t - - - + Xn ~ Binomial Chip) .

" If Xi
,
- -

; Xk : Tndep, Xi - Binomial (nap) ,
then Xi t - - - + Xk - Binomial Chit - - - this , p)

EI (Geometric / Negative Binomial )

D If X , ,
- . .

. Xn : Tid .

- Geometric G) ,
then X,

t - - - +Xn - NegativeBinomial Chp) .
D If Xi

,

- - i

, Xk
: Tndep , Xi - NegativeBinomial Ck , p) , then X,

t - - - t Xk ~ NegativeBinomial (ht . - - + rk , P).

EI ( Exponential / Gamma)

D If Xi
,
- . -

,
Xu : ii.d

.

- Exponential Cf) , then X , t
- - - + Xu - Gamma Cdf)

.

D If Xi, - - -

, Xk : Tndep , Xi - Gamma(Li , f) , then X ,
t - - - + Xk - Gamma (dit - - - + Ok , F)

EI (Normal't Chi- Square)
D If Zi, - - ; Zn : Tid

.

- Nco , i ) , then 2ft - - - +2in ~ X'( n) .
I> If Xi

,
- .

; Xk : indep, Xi - X'The) , then X, t - - - + Xk n X
-

chit - - - this)
.

②
"

Infinitely Divisible
"

distributions

EI (Poisson) If Xi, " ; Xn : Tndep. , Xi - Poisson (Xi) ,
⇒ X, t

- - - + Xu - Poisson ( Ait - - - + Xn)

EI (Normal) If Xi, - - -

,
Xn : Inder. , Xi -Ngai ,

⇒ X , t
. - - +Xn - N (Mit - - - tmn , 0ft - - - ton) .


