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Section 3.2
.
The Exponential , Gamma, and Chi - square
Distributions

① Exponential distribution .

• Recall the approx . Poisson process, where

#×]×⇒×> time or space

\ I
① # of occurrences in ②

/
# of occurrences

disjoint Intervals are Th a small interval
of length h

Inder ,
Ts almost Bernoulli
w/ param Xh .

Under this assumption ,
Poisson random variable = ( # of occurrences on a]given Interval .

• Now ,
we ask :

E How long do we have to wait until the first
occurrence ?

c-

time

Let Tht = (waiting time until the first occurrence]
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• Then Tht is a non-negative ,
continuous RV. To

find the distribution
,
we investigate CDF :

For w > o , Fcw) = Pth Ew)
-

= I- part >w)

= I - P (no occurrence In Co, WI)
= I - e-nw.TT

can be computed using
Poisson distribution !

• PDF Ts the derivative of CDF :

few) = Ftw) = XEXW ,
W > 0

.

DEI A RV X has an exponential distribution with mean
A = 117 If It has PDF :

fox) = # e-HI ,
x > O

.

PRI If X has exp .
dist

.
w/ mean f

,
then

ECX) = f , Var CX) = F-
, Mx H) = 1¥

.

RI Mxct) =[etfcxsdx =L
-

eta . If e-''# de

= Lot ._ e
't - """ ]

-

2=0

If ts Ya
,
then

= o - ft ._¥ -
e° = ¥

.
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Then

Mke) = cutest ,
M
" =c¥o#, ,

and so
,

E (X) = F
,

Var CX ) = (ZE) - f
-
= f?

y

Es Suppose a certain type of light bulb has an exp . dist
.

W/ mean life of 500 hours .

Let X : life time of a light bulb . Then find :

Ca) PC X L 750)
,

Cb) PC X >9001 X> 300)
.

Sold ca) PCXL 750) = f slog e-
"Hooda

= [ e-4500 ] 0750 = I - e-
"5

,

or simply use the fact PCXC750) = FC750)
.

(b) We have

PCX >9001 X >zoo) = PCEX79003.AE/hS3oo3#
PC X>300)

.

Since X > 900 always Implies X 7300 ,
=
PCX7
P (X > 300)

=
e
- 900/500

¥500 = e

-95
.

Note This coincides with PCX > Goo) e- e-
"4500

.
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In general , Tf X has exp . dist. and a.y > o ,

PCX > sexy ) X>x) = PCX>y) .

I.e. given that X>x , the
" extra waiting time

X-x " behaves the same as exp .

dist
.
of

the same mean . This is called
"
no-memory

"

property .

② Gamma distribution
, special case .

I How long does it takes until the 4th occurrence?

Ex
→⇒→

- Xxxx
-

waiting time for 4th occurrence

• Write TT = [ waiting time until 4th occurrence] .

Then for w > o , Tts PDF Is

far) x PCwEWEw-

h small#
h

= th P ( 4th occurrence Is in [w,
wth])

- in PK 'E'III: 3ns I:3)

⇐

{ 5th occurrence
is a n

Tn [w ,
wth] } = {××wl}
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= ht . fIYY e-Aw . 44.1 e-ah
- YI e-'w
= ←Tj e-WH .

to =L)

As h→ Ot
, this becomes an identity . We say Tt

has a gamma distribution .

③ Gamma distribution , general case

• The above formula allows a generalization .

DEI The gamma function Is defined by
Tce) = Jo

-

y
#e-Tdy , t > o .

PRI ca) Tcl ) =L ,

(b) TCH = Ct-1)Tct -1 ) ,
for t > I

.

Cc) T Cn) = (n-t) !
,
for h =L , 2,3 ,

- - -

.

I.e.

,
T' generalizes factorial .

• Using this ,
we define :

DEI X has a gamma distribution If Tts PDF Ts

FGC) =pµ# a" e-"to .

I 30 ,
2 > 0

,

f- 70
.
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Rmk)_ Of course
,
2=1 case reduces to exp. dist.

Ee Suppose [# of 8's / hour arriving at a shop] follows
Poisson process w/ mean 20 . I.e.

,
f =3 mins 18

.

What Is Zeid customer
y = ?PC 11-0

° =shop 5 min :

: Open :
i '

'

. X Tn minutes
sold Let X as

.

-
-
-→

Then X has a gamma
dist. w/ 2=2 , F =3 .

So

PC-7 = PCX >5) = If-.zz of- '
e-343 doc

= f.
-

xej doc
= £ ( C -33×5043 - g e-043 ]?
= G- e-513

.

Alternatively ,

PC- ) =P( either 0 or I 05 up to 5 mins){ = C5fp e-513=38-5513 .
I#
If 8's up to 5 mins) has Poisson dist. w/

converting to
rate 5/3

Poisson process Is often easier.
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PRI If X has gamma dist . , then

ECX) = 20
,
VarCX) = 20-2

,
MH)=L

( t- f-49 .

④ Chi - square Distribution

I What is the use of gamma dist w/ non- integer a ?

A- Some other distributions , arising in different
contexts

,
reduce to gamma dist.

DEI X has Chi- square distribution w/ r degree of
freedom Tf Tt has a gamma dish w/ 0=2 and D= E .
Ice .

,

fox) = p¥zI OF -' e-"K , x >o
.

This is often abbreviated by saying :
X - x.cn .

← Greek letter x Ichi)

• So
,

ECX) = 2 . I = r
,

Var CX) = 2?I = 2h.

• Xf Cr) : = [ 1004- a)
th

percentile] .

PDF of X'(5)

Xo?gC5) XI , e5)


