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Note 12
I

3. I
.
RV of the continuous type

ID . Let X = pos . of a point chosen
" uniformly " at

random from [a , b]
.

⇒ For a Ea Eb
,
the CDF

FG) = P CX Ex)

Is proportional to the length of Cain,
so

For =5I€rIIIf"3%5 .
toe

.

⇒ For general x ER ,

FA) = {¥
" sa

,

b -a ,

a Ex < b ,

I
,

b Ea .

O

oOab
• We may write :

Fca) =L! fcy> dy exact value off
at a d b TS

for ft not important,

fan = {
¥

'

a ⇐ " ⇐ b
' b. c

.
F Ts

O ,
elsewhere hot diet-ble

at a d b .
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Alternatively , FEA) = -5cal .

• This fan is called the probability density
function (PDF) of X. This Is an example :

of :

(a.k.a . continuous RV)

DIE The PDF of a RV X of the continuous

type , with space = (union of) interval es) ,
Ts an Integrable fth sit .

✓ for all

(a) Fox ) Z O
,

H x ES
.

(b) Is fab da =L .

as pcacxcb) = fabfca, doc , V ca - b) ES .

#¥µy=fc⇒
-

a b

¥1 Can always extend f to IR by setting
"

new fan" = {
AM ,

KES

o ,
elsewhere

.

Then Ca) - cc) becomes :
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Cal ) fol) > O ,
TX EIR

(b' ) II f doc =L
.

(c) PCACXLB) = fab fax, doc , ht Caib) E IR
.

Rmk# PMF fan Is NOT a probability . In particular,
a PMF can exceed 1 .

Rmk# If X is a Conti . RV with PMF f, then
pCX=x) = I? Icy> dy = o .

So
, Plas XS b) = PcaLXE b) = PcaEX - b) =P (acxcb?

⇐ ( Uniform distribution) Both descriptions

[fats ,
acxcb] and ( fan -- { ÷

,

' II}
refer to the PDF of the same dist .

,
called the

Uniform distribution (or rectangular dist. ) , which

Is denoted by Ucaib)
.
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Ex Let X has CDF

Fan = { %,

" so
,

O Ea Ll ,

I
,

Is a . D
Then its PDF Is

f. Go = Fka, = {
2x , o<xd

,

O
,

elsewhere
.

PDF :

.

Now ,

PC 's <XCE) = FED - FC's) = ET- CET = 's
,

and

PCILXL 2) = FG) - FCI) = I - CI)
'

= ¥
.

Alternatively ,

PC 's < XL 2) = fee) da = !
"

2x da tf
,

da

=¥ .

I 1
Often

,
PDF is It

piecewise-defined .
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II Expectation

DEI If X : Conti
. RV with PDF fan, then Its

expected value Cor meant Ts
µ = E CX) : = £

,

a fan doc .

m*um
. .

.

-
p d l

- -
' Key XI X I - - -

graph of Fca )
prob . histogram of

p GE) =P(xiEXLx⇐D .

= fate) Ox

with bin size ox .

⇒ fabucxsfcx) doc = EIUCXD =
, ⇒

UGH Saiki .

( For Instance Th software
, pseudo - random number gen .

uses this Idea to approx the uniform dist. U coil )

by a discrete uniform dist : )
-
-

÷:=HH
° ¥32 - - - -

- 2%1
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DEI • Variance : £= Var CX) =E[ (X-MD
=L? Cx-Mff doc

,

• Std . Dev . : r= VVARCXT
,

• MGF : Mt) =E[etXT-J.ge#fGDdx .

Exe Let X has PDF fcx) = KI , -1 excl .
- I

Then

ECX) =L! x. lxldx =L ,

xD dxtftxdx
= E-¥1 : + LET ! = - Ex 's - o .

Vara?.¥n⇒EC*) = fixlxldx
= f! dxtfolxdx = It # =L . I

⇐ Let X has PDF f = IT , x > I
.

t
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Then

ECX) =/
,

I . # da = LIES
,

b

# doc

= IIE I - Ed ! - Ism. ( z -E)
= 2

.

D

DEI The ( loop) quantile is a number Xp sit.
Ftp) =p

Qin
→

Tlp
• Special cases :

p name of Tlp
0.25 first quartile
0.5 median ⇐ second quartile)
0.75 third quartile

Rm# Median need not equal the mean .


