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1 Introduction and Definitions
In the following paper, we examine three forms of the central limit theorem: the classical
version, the generalized version with the finite variance assumption weakened, and the discrete
localized version. We also apply the localized version to random walks to prove recurrence in
dimensions of 2 or less and transience in dimensions of 3 or more.

Definition 1.1 We define (Ω,F , P ) to be a probability space, where Ω is a sample space, P
is a probability measure (i.e. P (Ω) = 1), and F is the event space (defined to be the σ-algebra
of some P -measurable sets of Ω). In the following section, we will take Ω to be the open
interval (0, 1), F to be the Borel sets (smallest σ-algebra containing the open intervals of
(0, 1)), and P to be the Lebesgue measure.

Definition 1.2 A real valued function X defined on Ω is said to be a random variable if for
every Borel set B ⊆ R we have

X−1(B) = {ω ∈ Ω : X(ω) ∈ B} ∈ F

Definition 1.3. If X is a random variable, then X induces a probability measure on R
called its distribution by setting

µ(B) := P (X−1(B))

The distribution of a X is usually described by giving its (cumulative) distribution function,

F (x) := P
(
X−1((−∞, x])

)
= P ({ω ∈ Ω : X(ω) ≤ x})

We donote µ(B) = P (X ∈ B) for convenience. For example, we denote F (x) = P (X ≤ x)
for convenience.
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Definition 1.4 If X ≥ 0 is a random variable on (Ω,F , P ), then we define its expected value
to be the the Lebesgue-Stieltjes integral

E[X] :=
∫

Ω
X dP (ω)

which always makes sense, but may be ∞. If E[X2] <∞ then the variance of X is defined to
be

var(X) := E[(X − E[X])2]

Definition 1.5. If X is a random variable, then we define its characteristic function by

ϕ(t) := E[exp(itX)]

The characteristic function can thus be seen as the Fourier transform of the probability
density function, if X admits one.

Definition 1.6. A sequence of distribution functions {Fn} is said to converge weakly to a
limit F (written Fn =⇒ F )) if Fn(y)→ F (y) for all y that are continuity points of F . A
sequence of random variables {Xn} is said to converge weakly or converge in distribution to a
limit X∞ (written Xn =⇒ X∞) if their distribution functions converge weakly.

Definition 1.7 Two events A and B are independent if

P (A \B) = P (A)P (B)

Two random variables X and Y are independent if for all Borel sets C,D,

P (X ∈ C, Y ∈ D) = P (X ∈ C)P (Y ∈ D)

i.e., the events A = {X ∈ C} and B = {Y ∈ D} are independent.

2 The Central Limit Theorem
Theorem 1. If F is non-decreasing, cadlag (right-continuous), and satisfies both lim

x→∞
F (x) =

1 and limx→−∞ F (x) = 0, then it is the distribution function of some random variable.

Proof. (Adapted from p. 11 of Durrett [1]) For ω ∈ Ω, let

X(ω) = sup{y : F (y) < ω}

Once we show that
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{ω : X(ω) ≤ x} = {ω : ω ≤ F (x)}

the desired result follows immediately since P (ω : ω ≤ F (x)) = F (x). We observe that if
ω ≤ F (x) then X(ω) ≤ x, since x 6∈ {y : F (y) < ω}. On the other hand if ω > F (x), then
since F is right continuous, there is an ε > 0 such that F (x+ ε) < ω and X(ω) ≥ x+ ε > x.

Theorem 2 (Skorokhod’s Representation Theorem). If Fn =⇒ F then there are
random variables Yn and Y with distributions Fn and F so that Yn → Y a.s.

Proof. (Adapted from p. 118 of Durrett [1]) Let Yn(x) = F→n (x) := sup{y : Fn(y) < x}
(n =∞ corresponds to F and Y ), where F→n is called the “right inverse”. By Theorem 1, Yn
has distribution Fn.

We begin by identifying the exceptional set. Let ax = sup{y : F (y) < x}, bx = inf{y :
F (y) > x}, and Ω0 = {x : (ax, bx) = ∅} where (ax, bx) is the open interval with the indicated
endpoints. Then Ω\Ω0 is countable since the (ax, bx) are disjoint and each non-empty interval
contains a different rational number.

If x ∈ Ω0 then F (y) < x for y < F→(x) and F (z) > x for z > F→(x). Let y < F→(x)
be such that F is continuous at y. Since x ∈ Ω0, F (y) < x and if n is sufficiently large
Fn(y) < x, i.e., F→n (x) ≥ y. Since this holds for all y satisfying the indicated restrictions,
we have lim inf

n→∞
F→n (x) ≥ F→(x). Similarly, lim sup

n→∞
F→n (x) ≤ F→(x), and we have that

F→n (x)→ F→(x) for x ∈ Ω0.

Theorem 3 Xn =⇒ X∞ iff, for every continuous function g of compact support, we have
E[g(Xn)]→ E[g(X∞)].

Proof of =⇒ . (Adapted from p. 119 of Durrett [1]) Consider the Skorokhod representations
Yn (from Skorokhod’s Representation Theorem) of the distributions of Xn. That is to say,
let Yn have the same distribution as Xn and converge a.s. Since g is continuous on compact
support, g is bounded (by the Extreme Value Theorem) and g(Yn)→ g(Y ) a.s. The bounded
convergence theorem then implies

E[g(Xn)] = E[g(Yn)]→ E[g(Y )] = E[g(X)]

Proof of ⇐= . (Adapted from p. 63 of Bhattacharya and Waymire [2]) Let f be an arbitrary
bounded continuous function, |f(x)| ≤ c for all x. Given ε > 0 there exists N such that
P (|X| ≥ N) < ε

4c . Let

gN(x) =


1 x ≤ N

0 x ≥ N + 1
linear N ≤ x ≤ N + 1

Then, because gN(x) = 1 for x ≤ N , gN is continuous, and gN(x) = 0 for x > N + 1,

lim inf
n→∞

P (|Xn| ≤ N + 1) ≥ lim inf
n→∞

E[gN(Xn)] = E[gN(X)] ≥ P (|X| ≤ N) > 1− ε

4c
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so that

lim sup
n→∞

P (|Xn| > N + 1) = 1− lim inf
n→∞

P (|Xn| ≤ N + 1) < ε

4c

Now define fN := f · gN+1. Note that f = fN on {x ≤ N + 1} and that on {x > N + 1} one
has |f(x)| ≤ c. Since

f = f ·1{x≤N+1}+f ·1{x>N+1} and E
[
fN · 1{x≤N+1}

]
= E[fN ]−E

[
fN · 1{N+1<x≤N+2}

]

(and similarly for the integral with respect to P), one has

lim sup
n→∞

|E[f(Xn)]− E[f(X)]| ≤ lim sup
n→∞

|E[fN(Xn)]− E[fN(X)]|

+ lim sup
n→∞

2c · P (|Xn| > N + 1) + 2c · P (|x| > N + 1)

< 2c ε4c + 2c ε4c
= ε

By an ε of room, E[f(Xn)]→ E[f(X)].

Theorem 4 (Levy’s Continuity Theorem). Let {Xn} be a sequence of random variables
and X be an additional random variable. Then ϕXn converges pointwise to ϕX iff Xn converges
in distribution to X.

Proof. (Adapted from p. 99 of Tao [3]) The reverse implication is immediate from the
definitions of the characteristic function and convergence in distribution, since the function
x 7→ exp(sit · x) is bounded and continuous.

Now suppose that ϕXn(t) → ϕX(t) pointwise. We wish to show that Xn =⇒ X. By
Theorem 3, it suffices to show that

E[g(Xn)]→ E[g(Xn)]

for continuous, compactly supported functions g : R → R. Using techniques similar to
those of homework 3 (by convolving g with a Gaussian family of good kernels and then
approximating the convolution with Riemann sums), we can estimate g uniformly by a linear
combination of Gaussians f . Hence, it suffices to show the result for f (by the three-term
estimate). From homework 3, we have (for linear combinations of Gaussians) the Fourier
inversion formula

f(Xn) =
∫
R
f̂(t) exp(sit ·Xn) dt
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where f̂ is a Schwartz function, and is in particular absolutely integrable. From the Fubini-
Tonelli theorem, we thus have

Ef(Xn) =
∫
R
ϕ̂(t)FXn(t) dt

and similarly for X. The claim now follows from the Lebesgue dominated convergence
theorem.

Lemma 5. We have the following, more potent estimate for the Lagrange remainder:

∣∣∣∣∣exp(ix)−
n∑

m=0

(ix)m
m!

∣∣∣∣∣ ≤ min
(
|x|n+1

(n+ 1)! ,
2|x|n
n!

)

The first term on the right is the usual order of magnitude we expect in the correction term.
The second is better for large |x| and will help us prove the central limit theorem without
assuming finite third moments.

Proof. (Adapted from p. 134 of Durrett [1]) Integrating by parts gives

∫ x

0
(x− s)n exp(is) ds = xn+1

n+ 1 + i

n+ 1

∫ x

0
(x− s)n+1 exp(is) ds

When n = 0, this says

∫ x

0
exp(is) ds = x+ i

∫ x

0
(x− s) exp(is) ds

The left-hand side evaluates to (exp(ix)−1)
i

, so rearranging gives

exp(ix) = 1 + ix+ i2
∫ x

0
(x− s) exp(is) ds

Using the result for n = 1 now gives

exp(ix) = 1 + ix+ i2x2

2 + i3

2

∫ x

0
(x− s)2 exp(is) ds

and iterating we arrive at (a):

exp(ix)−
n∑

m=0

(ix)m
m! = in+1

n!

∫ x

0
(x− s)n exp(is) ds

Since | exp(is)| ≤ 1 for all s, we have (b):

5



∣∣∣∣∣in+1

n!

∫ x

0
(x− s)n exp(is) ds

∣∣∣∣∣ ≤ |x|n+1

(n+ 1)!

The last estimate is good when x is small. The next is designed for large x. Integrating by
parts

i

n

∫ x

0
(x− s)n exp(is) ds = −x

n

n
+
∫ x

0
(x− s)n−1 exp(is) ds

Noticing xn

n
=
∫ x

0 (x− s)n−1 ds now gives

in+1

n!

∫ x

0
(x− s)n exp(is) ds = in

(n− 1)!

∫ x

0
(x− s)n−1(exp(is)− 1) ds

and since | exp(ix)− 1| ≤ 2, it follows that (c):

∣∣∣∣∣in+1

n!

∫ x

0
(x− s)n exp(is) ds

∣∣∣∣∣ ≤
∣∣∣∣∣ 2
(n− 1)!

∫ x

0
(x− s)n−1 ds

∣∣∣∣∣ ≤ 2|x|n
n!

Combining (a), (b), and (c), we have the desired result.

Theorem 6. If E[|X|2] <∞ then

ϕ(t) = 1 + itE[X]− t2

2 E[X2] + o(t2)

Proof. (Adapted from p. 136 of Durrett [1]) Taking expected values, using Jensen’s inequality,
and applying Lemma 4 to x = tX, gives

∣∣∣∣∣E[exp(itX)]−
2∑

m=0
E
[

(itX)m
m!

]∣∣∣∣∣ ≤ E
[∣∣∣∣∣exp(itX)−

2∑
m=0

(itX)m
m!

∣∣∣∣∣
]
≤ E[min(|tX|3, 2|tX|2)]

where in the second step we have dropped the denominators to make the bound simpler. The
error term is thus ≤ t2E[min(|t| · |X|3, 2|X|2)]. The variable in parentheses is smaller than
2|X|2 and converges to 0 as t → 0, so the desired conclusion follows from the dominated
convergence theorem.

Lemma 7. Let z1, . . . , zn and w1, . . . , wn be complex numbers of modulus ≤ θ. Then

∣∣∣∣∣
n∏

m=1
zm −

n∏
m=1

wm

∣∣∣∣∣ ≤ θn−1
n∑

m=1
|zm − wm|
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Proof. (Adapted from p. 144 of Durrett [1]) The result is true for n = 1. To prove it for n > 1
observe that

∣∣∣∣∣
n∏

m=1
zm −

n∏
m=1

wm

∣∣∣∣∣ ≤
∣∣∣∣∣z1

n∏
m=2

zm − z1

n∏
m=2

wm

∣∣∣∣∣+
∣∣∣∣∣z1

n∏
m=2

wm − w1

n∏
m=2

wm

∣∣∣∣∣
≤ θ

∣∣∣∣∣
n∏

m=2
zm −

n∏
m=2

wm

∣∣∣∣∣+ θn−1|z1 − w1|

and use induction.

Lemma 8. If b is a complex number with |b| ≤ 1 then | exp(b)− (1 + b)| ≤ |b|2.

Proof. (Adapted from p. 145 of Durrett [1])

exp(b)− (1 + b) = b2

2! + b3

3! + b4

4! + . . .

so if |b| ≤ 1 then

| exp(b)− (1 + b)| ≤ |b|
2

2

(
1 + 1

2 + 1
22 + · · ·

)
= |b|2

Theorem 9. If cn → c ∈ C then (1 + cn
n

)n → ec.

Proof. (Adapted from p. 145 of Durrett [1]) Let zm = (1 + cn
n

), wm = exp( cn
n

), and γ > |c|.
For large n, |cn| < γ. Since 1 + γ

n
≤ exp( γ

n
), it follows from Lemmas 7 and 8 that

∣∣∣∣(1 + cn
n

)n
− exp(cn)

∣∣∣∣ ≤ exp
(
γ

n

)n−1
n
∣∣∣∣cnn

∣∣∣∣2 ≤ exp(γ)γ
2

n
→ 0

as n→∞.

Theorem 10. If X1 and X2 are independent and have characteristic function’s ϕ1 and ϕ2
then X1 +X2 has characteristic function ϕ1(t)ϕ2(t).

Proof. (Adapted from p. 126 of Durrett [1])

E[exp(it(X1 +X2))] = E[exp(itX1) exp(itX2))] = E[exp(itX1)]E[exp(itX2)]

since exp(itX1) and exp(itX2) are independent.

Theorem 11 (Central Limit Theorem). Let X1, X2, . . . be independent and identically
distributed with E[Xi] = µ, var(Xi) = σ2 ∈ (0,∞). If Sn = X1 + · · ·+Xn then

(Sn − nµ)
σ
√
n

=⇒ N(0, 1)
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where N(0, 1) denotes the standard Gaussian distribution with mean 0 and variance 1.

Proof. (Adapted from p. 134 of Durrett [1]) By considering X ′i = Xi − µ, it suffices to prove
the result when µ = 0. From Theorem 6

ϕ(t) = E[exp(itX1)] = 1− σ2t2

2 + o(t2)

so, by Theorem 10,

E
[

exp(itSn)
σn1/2

]
=
(

1− t2

2n + o
( 1
n

))n

From Lemma 8 it should be clear that the last quantity → exp(− t2

2 ) as n→∞, which, with
Levy’s Continuity Theorem, completes the proof.

3 A Generalization
The classical central limit theorem imposes three assumptions on the random variables to
be aggregated: identical distribution, independence, and finite variance. The first can be
relaxed under the Lyapunov and Lindeberg-Feller central limit theorems. We will not cover
these theorems in this paper; treatments can be found on p. 148 in Durrett [1] and p. 99 in
Bhattacharya and Waymire [2]. As of the time of writing, the second is a delicate condition
that’s spawned an active field of research with a long history. There are many contextual
results, some of which are treated on p. 328 in Chow and Teicher [4] as well as on p. 334 in
Ibragimov and Linnik [5].

We will be focusing on what happens when the third condition is relaxed. We will not prove
the actual generalized central limit theorem, as it does not rely on techniques taught in this
course and thus does not allow us to behold the power of Fourier methods. Instead, we will
illuminate the form that the characteristic function of the weak limit of (properly shifted
and scaled) sums of random variables with possibly infinite variance takes on under different
circumstances.

Definition 3.1 A random variable X has a stable distribution (function) if, for all a1, a2 > 0,
there exist constants a > 0 and b such that its characteristic function satisfies

ϕ
(
t

a1

)
· ϕ
(
t

a2

)
= ϕ

(
t

a

)
exp(−ibt)

Theorem 12 (Generalized Central Limit Theorem). Let X1, X2, . . . be independent
and identically distributed random variables and {Cn}, {Dn} be two families of constants.
Then the random variable χ has a stable distribution iff

X1 +X2 + · · ·+Xn

Dn

− Cn =⇒ χ
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Futhermore, unless F is degenerate, Dn = n1/αh(n), where 0 < α ≤ 2 and h(n) is a slowly
varying funciton in the sense of Karamata.

Proof. A treatment can be found on p. 38 of Ibragimov and Linnik [5].

Theorem 13. If ϕ is a characteristic function, then ϕ(−z) = ϕ(z).

Proof. (Adapted from p. 126 of Durrett [1]). Simply note that

ϕ(−t) = E[cos(−tX) + i sin(−tX)] = E[cos(tX)− i sin(tX)] = ϕ(z)

Theorem 14 (Characteristic Functions of Stable Distributions). χ (as in the previous
theorem) has a stable distribution iff the characteristic function of χ has the form

ϕ(t) = exp (−a|t|α [1− iβsgn(t)φ(t)])

where a, α, and β are (to be determined) constants and

φ(t) =
tan

(
π
2α
)

α 6= 1
−2
π

log |t| α = 1

Proof. A rigorous proof can be found on p. 43 of Ibragimov and Linnik [5].

Discussion. (Adapted from p. 6 of Amir [6]) We take a break from the standard ask-and-
answer style to proceed with an exploration via “renormalization group” (popularized by the
physicists). Denoting the partial sums sn := X1 +X2 + · · ·+Xn (with Xn as in the previous
theorem), the general scaling one may consider is

ξn := sn − bn
an

Let us denote the characteristic function of each ξn by ϕ(t) (assumed to be approximately
independent of n for large n). Consider the variable yn = ξnan. Its characteristic function is

ϕy(t) := ϕ(ant)

Consider next the distribution of the sum sn. We have that sn = yn+ bn. It is straightforward
to see that shifting a distribution by bn implies multiplying the characteristic function by
exp(itbn). Therefore the characteristic function of the sum is

ΦN(t) := exp(ibN t) · ϕy(t) = exp(ibN t) · ϕ(aN t)

This form will be the basis for the rest of the derivation, where we emphasize that the
characteristic function ϕ is N -independent.
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Consider N = n ·m, where n,m are two large numbers (sorry for the abrubt change in index).
The important, “renormalization” insight is to realize that one may compute sN in two ways:
as the sum of N of the original variables, or as the sum of m variables, each one being the
sum of n of the original variables. The sum of n variables drawn from the original distribution
is given by

Φn(t) = exp(ibnt) · ϕ(ant)

If we take a sum of m variables drawn from that distribution (i.e., the one corresponding to
the sum of n’s), then, by Theorem 10, its characteristic function will be

f(t) = exp(imbnt) · (ϕ(ant))m = exp(imbnt) exp(m log[ϕ(ant)])

with a distribution corresponding to the sum of n ·m = N variables drawn from the original
distribution. Hence, this total sum does not depend on n or m separately but only on their
product N . Assuming that n is suffciently large such that we may treat it as a “continuous”
variable, we have that

∂

∂n
exp

(
i
N

n
bnt+ N

n
log[ϕ(ant)]

)
= 0

Defining dn := bn
n
, we find, by the chain and product rule,

=⇒ iNt
∂dn
∂n
−N
n2 log(ϕ)+N

n

ϕ′

ϕ

∂an
∂n

t = 0 =⇒ ϕ′(ant)t
ϕ(ant)

= log(ϕ(ant))
n∂an
∂n

−it∂dn
∂n

n
∂an
∂n

Multiplying both sides by an and defining z := ant, we find that

ϕ′(z)z
ϕ(z) − log(ϕ(z)) an

n∂an
∂n

+ iz
∂dn
∂n

n
∂an
∂n

= 0

Since this equation should hold (with the same function ϕ(z)) as we vary n, we expect that
an

n ∂an
∂n

and ∂dn
∂n

n
∂an
∂n

should be nearly independent of n for large values of n. This differential
equation for ϕ(z) has the mathematical structure

ϕ′

ϕ
− C1 log(ϕ(z))

z
= iC2

with constants C1, C2.

If C2 = 0, we can write the diff. eq. in the form
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C1

z
= ϕ′

ϕ log(ϕ) = (log(ϕ))′
log(ϕ) = [log(log(ϕ))]′ =⇒ log(log(ϕ)) = C1 log |z|+ const

=⇒ ϕ(z) = exp(A · |z|C1)

This is the general solution to the homogeneous equation. Guessing a particular solution to
the inhomogeneous equation in the form ϕ(z) = exp(Dz) ⇐⇒ log(ϕ) = Dz leads to

D − C1D = iC2 −→ D = iC2

1− C1

As long as C1 6= 1, we have found a solution. Combining the solutions to the homogeneous
and inhomogeneous equations, we obtain the general solution to the diff. eq. when C1 6= 1,

ϕ(z) = exp(A|z|C1 +Dz)

The D term is associated with a trivial shift of the distribution (related to the linear scaling
of bn) and can be eliminated. We will therefore not consider it in the following analysis. By
Theorem 12, the characteristic function must take the form

ϕ(z) =
exp(AzC1) t > 0

exp(A∗|z|C1) t < 0

Letting α := C1 6= 1, this may be rewritten as

ϕ(z) = exp
(
−a|z|α

[
1− iβsgn(z) tan

(
πα

2

)])

When C1 = 1, we can guess a solution of the form ϕ(z) = exp(Dz log(z)) ⇐⇒ log(ϕ) =
Dz log(z) to the inhomogeneous equation and find:

D log(z) +D −D log(z) = iC2

Hence, we have a solution when D = iC2. Again combining the solutions to the homogeneous
and inhomogeneous equations, we obtain the general solution to the diff. eq. when C1 = 1:

ϕ(z) = exp(A|z|+ iC2z log(z))

Repeating the logic we used before to establish the coefficients A,D,C2 for z > 0 and z < 0
leads to:
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ϕ(z) = exp
(
−a|z|

[
1− iβsgn(z)

(
− 2
π

log |z|
)])

Heuristic Remark We are about to introduce the notion of Tauberian relations, the idea
that the asymptotic nature of a function can be determined by examining the behavior of the
transform close to the origin. Before proceeding, we note that Tauberian-theoretic methods
are legitimized by the Heisenberg uncertainty principle discussed in class: as we zoom into
smaller regions of the frequency domain, we will glean the asymptotic behavior of the original
function in the time domain, as we are forced by the lower bound. Unfortunately, I have
decided to denote inputs from the frequency space with t.

Theorem 15 (Karamata’s Tauberian Theorem). The constants from the previous
theorem satisfy a ≥ 0, 0 < α ≤ 2, and |β| ≤ 1. Furthermore, the probability density function
f corresponding to χ (as in the last theorem) has the following asymptotic behavior:

f(x) ∼ A

x1+α

for some constant A.

Proof. Again, a rigorous proof may be found on p. 115 of Bhattacharya and Waymmire [2].

Discussion. (Adapted from p. 10 in Amir [6]) Consider a probability density function, f(x),
which decays, for |x| ≥ x0 > 0 bounded away from 0, as

f(x) ∼ A

x1+α

with α > 0. This is what it means for f to be of moderate decrease; from class, we know that
we can apply the Fourier transform to f . In doing so, we shall derive a Tauberian relation:
we will see that the Fourier transform of f(x) takes on a form similar to that of solutions to
the differential equation derived from the “renormalization group” near the origin. This, in
turn, allows us to “characterize” the asymptotic behavior of all solutions to the differential
equation. For small, positive t we find

Φ(t) :=
∫ ∞
−∞

A

x1+α exp(itx) dx = A+

∫ ∞
tx0

exp(itx)
x1+α dx+ A−

∫ −tx0

−∞

exp(itx)
x1+α dx

where we substituted m = tx and split the integral over right-tail-dominant and left-tail-
dominant power-law distributions. Focusing in on one of the integrals (the one with the left
tail decaying much faster than the right),

I+(t) :=
∫ ∞
tx0

exp(itx)
x1+α dx =

∫ ∞
tx0

exp(im) t
1+α

m1+α ·
1
t
dm
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we integrate by parts to obtain

I+(t) =
[
−tαm

−α

α
exp(im)

]∞
m=tx0

+ tα
∫ ∞
tx0

im−α

α
exp(im) dm

For α < 1, we may approximate the integral by replacing the lower limit of integration by 0,
to find

I+(t) ≈ x−α0
α

exp(ix0t) + tα

α
i
∫ ∞

0

exp(im)
mα

dm

and
∫∞

0
exp(im)
mα

dm = iΓ(1 − α) exp(−iπ2α) (this can easily be evaluated using contour
integration). Thus, for small t we have

I+(t) ≈ (const.)− C+t
α

with C+ := Γ(1−α) exp(−iπ2 α)
α

. If we look at the integral corresponding to the distribution with
a rapidly decaying right tail, similar analysis leads to

I−(t) ≈ (const.)− C−(−t)α with C− :=
Γ(1− α) exp(iπ2α)

α

where a is real. Φ(t) is technically not the characteristic function, since the near-zero bounds
of the integrals were actually tx0. However, since the integrals correspond to tails that decay
fast, we can bound the rest of the integral to be at most linear in t for small t (up to a
constant). Therefore the characteristic function near the origin is approximated by

ϕ(t) ≈ 1− C|t|α ≈ exp (−C|t|α)

where the second approximation comes from Taylor series and

C := Γ(1− α)
α

(
A+ exp

(
iα
π

2

)
+ A− exp

(
−iαπ2

))
=⇒ =(C)

<(C) = −
sin(π2α)
cos(π2α)

(
A+ − A−
A+ + A−

)
= − tan

(
π

2α
)
β

with

β := A+ − A−
A+ + A−

Thus, the characteristic function is approximate near the origin by
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ϕ(t) ≈ exp
(
−c|t|α

[
1− tan

(
π

2α
)
β
])

with c a real constant. In the case that α = 1, note that the logic following up to the
integration-by-parts step is still intact for the case α = 1. However, we can no longer replace
the lower limit of integration by 0. Instead, note that the real part of the integral can be
evaluated by parts, and diverges as − log |t|, while the imaginary part of the integral does
not suffer from such a divergence and we can well approximate it by replacing the lower limit
of integration with 0.

Therefore we find:

I

|t|
≈ − log |t|+ i

∫ ∞
0

sin |x|
|x|

dx = − log |t|+ i
π

2

This leads to a characteristic function that is approximated near the origin by

ϕ(t) ≈ exp
(
−c|t|

[
1 + i

2
π

log |t|
])

for some real constant c.

Notice that the assumption α < 1 was needed in order to approximate the near-zero bounds
of the integral. Along with the α = 1 case, we can extend our analysis to 1 < α ≤ 2 but no
further.

Let f(x) := g′(x), where g is a probability density function that has tails that decay according
to a power-law with an index 0 < α̃ < 1, as derived in the last few paragraphs. Note that g
could decay to a finite constant that may be non-zero, as g′(x) = (g(x) + a1)′. Its Fourier
transform will thus, with similar steps taken, be approximated by the following form for
small t:

ĝ(t) ≈ a1

t
+ a2 − |t|α̃

where the 1
t
divergence comes from the constant value a1 of g at infinity. From class, we

know that the Fourier transform sends the derivative to a multiplication by a linear factor,
like so: f̂(t) = −itĝ(t). Therefore, for small t, we have

f̂(t) ≈ 1− (−it)C+|t|α̃ + iBt

where the constant B must be equal to the expectation value of x (by the definition of the
characteristic function), and C+ is as before.

For the characteristic function approximation, first note that the linear term will drop out
due to the shift in the scaling ξn. Then let α := α̃ (this will be the index of f). We can
simplify the rest using the trigonometric identities tan(π2α) = tan(π2 α̃ + π

2 ) = − cot(π2 α̃):
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−iC+ ∝ −i
[
1− i tan

(
π

2 α̃
)]

= − tan
(
π

2 α̃
)
− i = c

[
1 + i cot

(
π

2 α̃
)]

= c
[
1− i tan

(
π

2α
)]

for some real constant c. Thus the form of ϕ(t) for f = g′ is.

ϕ(t) ≈ 1− iC+|t|α̃+1 ≈ exp
(
−c|t|α

[
1− tan

(
π

2α
)])

where the second approximation is due to Taylor series. We’ve just shown that, for 0 < α < 2,
the characteristic function of a function of moderate decrease take on the canonical stable
form near the origin. Thus, by our Tauberian theorem, we have that probability density
functions of stable distributions with index 0 < α < 2 decrease moderately as |x| → ∞.

Finally, as α→ 2, tan(π2α)→ tan(π) = 0, making

ϕ(t) ≈ exp
(
−c|t|2

)
The corresponding probability density function has asymptotic behavior like

f(x) ∼ exp
(
−c|t|2

)
The Fourier inversion of a Gaussian is still a Gaussian. As Gaussians are functions of moderate
decrease, our claim follows.

4 A Local Limit Theorem
Let d be a natural number and V = {x1, . . . , xl} ⊆ Zd \ {0} be a generating set of Zd for the
rest of this paper.

Definition 4.1. A probability measure P (or its associated distribution function) is said to
be discrete if there is a countable set S with P (Sc) = 0. A discrete random variable is simply
a random variable whose domain probability space has a discrete measure. For the rest of
this paper, we will take the probability measure P to be the (discrete) counting measure with
P (X = y) = 0 for all Rd 3 y 6∈ Zd and ∑

y∈Zd
P (X = y) = 1.

Definition 4.2. A random walk p is the sum of discrete, identically distributed random
variables X. This sum is written as

Sn := S0 +X1 +X2 + · · ·+Xn

Where S0 is given the trivial distribution P (S0 = 0) = 1 (the random walk starts at the
origin). For the rest of this paper we will use the following notation for convenience:
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p(x) := P (X = x) and pn(x) := P (Sn = x)

Note that the random walk can also be defined as a Markov chain with

P (Sn+1 = z|Sn = y) = P (X = (z − y))

The simple random walk has the distribution

P (Xj = ek) = P (Xj = −ek) = 1
2d

for k = 1, . . . , d and ek the unit vectors in Zd. We define a few conditions on the random
walk:

• A random walk is aperiodic if P (Sn = 0) > 0 for all n.
• A random walk is rreducible if, for all y ∈ Zd, there exists N such that if n ≥ N then
P (Sn = y) > 0.

• A random walk is symmetric if, P (X = y) = P (X = −y) for all y ∈ Zd.

Let there be function K : V → (0, 1). An aperiodic, irreducible, symmetric random walk can
be characterized by the vector set V and function K like so:

K(X1) + · · ·+K(Xl) < 1 K(0) = 1−
l∑

j=1
K(xj) P (X = xj) = P (X = −xj) = 1

2K(xj)

We let P denote the set of all random walks of this form.

Definition 4.3. We define the (j1, . . . , jd) moment of X as:

E
[
(X1)j1 . . . (Xd)jd

]
:=

∑
x∈Zd

(x1)j1 . . . (xd)jdp(x)

The covariance matrix of X, called Γ, is a d× d matrix where the (k, l)th entry of the matrix
is given by:

Γkl = E[(Xk)(X l)] =
∑
x∈Zd

(xk)(xl)p(x)

This corresponds to the moment that has jk = jl = 1 and all other moment values equal to 0.

Lemma 16. For all p ∈ P with covariance matrix Γ, and for all v ∈ Z \ {0}, the following
are true:

(1) E[(X · v)m] = 0 if m is odd
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(2) E[(X · v)2] = v · Γv > 0

Proof. (Adapted from p. 3 of Hill [7]). To prove (1), note that for

E[(X · v)m] =
∑
x∈Zd

(x · v)mp(x)

we only need to examine x ∈ Zd where both p(x) 6= 0 and x · v 6= 0, because otherwise
(x · v)mp(x) = 0. Since p(−x) = p(x) (by the definition of P ), we have that

(x · v)mp(x) + ((−x) · v)mp(−x) = 0

for each x ∈ Zd if m is odd.

For (2), E[(X · v)2] > 0 is clear from the fact that 0 6∈ Zd \ {0}, which implies there must be
some xj ∈ Zd with xj · v 6= 0. For the equivalence,

E[(X · v)2] =
∑
x∈Zd

(x · v)2p(x) =
∑
x∈Zd

(x1v1 + · · ·+ xdvd)2p(x) =
∑
x∈Zd

 d∑
j=1

d∑
k=1

xjvjxkvk

 p(x)

Thus,

v · Γv =
d∑
j=1

vj(Γv)j =
d∑
j=1

vj
d∑

k=1
vkE[XjXk] =

d∑
j=1

vj
d∑

k=1
vk

∑
x∈Zd

xjxkp(x) = E[(X · v)2]

where rearrangement is allowed due to the finiteness of all but one sum.

Lemma 17. The following are useful properties of the characteristic function.

Proof. (Adapted from p. 4 of Hill [7])

ϕ(0) = E[exp(ix · 0)] = E[1] = 1

|ϕ(θ)| =
∣∣∣∣∣∣
∑
x∈Zd

p(x) exp(ix · θ)
∣∣∣∣∣∣ ≤

∑
x∈Zd
|p(x) exp(ix · θ)| ≤

∑
x∈Zd
|p(x)| = 1

For continuity, notice that
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|ϕ(θ + θ1)− ϕ(θ)| =
∣∣∣∣∣∣
∑
x∈Zd

exp(i(θ + θ1) · x)p(x)−
∑
x∈Zd

exp(iθ · x)p(x)
∣∣∣∣∣∣

=
∣∣∣∣∣∣
∑
x∈Zd

exp(ix · θ)(exp(ix · θ1 − 1))p(x)
∣∣∣∣∣∣

≤
∑
x∈Zd
|(exp(ix · θ1 − 1)p(x)|

Since lim
θ1→0
| exp(ixθ1 − 1)| = 0 and |p(x)| > 0 for only a finite number of x,

lim
θ1→0
|ϕ(θ + θ1)− ϕ(θ)| = 0 ∀θ

Let ϕu(s) be the one-dimensional characteristic function of the random variable X · u, with
|u| = 1 and θ = su. Then its mth derivative is

ϕ(m)
u (s) = imE[(X · u)m exp(i(X · u)s)]

by the chain rule. Taylor expanding around the origin, we get the estimate

∣∣∣∣∣∣ϕu(s)−
m∑
j=0

ijE[(X · u)j]
j! sj

∣∣∣∣∣∣ ≤
∣∣∣∣∣E[(X · u)m+1]sm+1

(m+ 1)!

∣∣∣∣∣
Redefining ϕu(s) with ϕ(θ), we expand ϕ(θ) about the origin as follows, making use of Lemma
16:

ϕ(0) = 1
ϕ′(0) = iE[X · u] = 0
ϕ′′(0) = −E[(X · u)2]
ϕ′′′(0) = −iE[(X · u)3] = 0

These give us the second order Taylor polynomial:

ϕ(θ) = 1− E[(X · u)2]
2 s2 + h(θ)

h(θ) is bounded by the Lagrange remainder with m = 3. Again, by Lemma 16,

E[(X · u)2]s2 = E[(X · θ)2] = θ · Γθ

and so
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ϕ(θ) = 1− θ · Γθ
2 + h(θ)

Theorem 18. If X = (X1, . . . , Xd) is a Zd-valued random variable with characteristic
function ϕ(θ), then the following holds:

p(x) = 1
(2π)d

∫
[−π,π]d

ϕ(θ) exp(−ix · θ) dθ

Proof. (Adapted from p. 6 of Hill [7]) Since

ϕ(θ) =
∑
y∈Zd

exp(iy · θ)p(y)

is clearly periodic (as exp(it) is period) we have that

∫
Rd
ϕ(θ) exp(−ix · θ) dθ =

∫
[−π,π]d

∑
y∈Zd

exp(iy · θ)p(y)
 exp(−ix · θ) dθ

=
∑
y∈Zd

p(y)
∫

[−π,π]d
exp i(y − x) · θ) dθ

When y 6= x, we have that y − x 6= 2πk for k ∈ Zd \ {0}, since π is not an integer. Thus,

∫
[−π,π]d

exp(i(y − x) · θ) dθ = 0

Thus,

∫
[−π,π]d

ϕ(θ) exp(−ix · θ) dθ = p(x)
∫

[−π,π]d
dθ = p(x)(2π)d

which, when rearranged, gives the theorem.

Lemma 19. For all θ in [−π, π]d and n > 0, there exists b > 0 such that

|ϕ(θ)|r < exp
(
−br|θ|2

)
Proof. (Adapted from p. 7 of Hill [7]) By Lemma 17, |ϕ(θ)| ≤ 1. Consider the set of all θ
such that |ϕ(θ)| = 1, Then |ϕ(θ)n| = 1 for all n, making

∣∣∣∣∣∣
∑
x∈Zd

pn(x) exp(ix · θ)
∣∣∣∣∣∣ =

∑
x∈Zd
|pn(x) exp(ix · θ)| = 1
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Recall that, for complex numbers w1, . . . , wk, if |w1 + · · ·+ wk| = |w1|+ · · ·+ |wk| = 1, then
there exists γ ∈ R such that wj = rj exp(iγ) with each rj ≥ 0. Thus, each

pn(x) exp(ix · θ) = rj exp(iγ)

for some γ that depends on n. By the way a random walk p ∈ P was defined, for all x, there
is an N such that pn(x) > 0. From this we know that, for all x ∈ Zd, there exists γ and N
with

pN(x) exp(ix · θ) = r · exp(iγ)

pN(x) must equal r, so we end up with

2kπ + x · θ = γ

The only θ ∈ [−π, π]d that satisfies this equation for all x ∈ Zd is 0, so |ϕ(θ)| < 1 for
θ ∈ [−π, π]d \ {0}.

By the previous statement and the Taylor expansion of the characteristic function, we know we
can find a b > 0 with |ϕ(θ)| < |1− b|θ|2|, since θ is restricted to a bounded set. By the same
reasoning, we know from the Taylor expansion of exp (−b|θ|2) that |1− b|θ|2| < exp (−b|θ|2).
Combining these inequalities and raising to the r > 0 power, we get

|ϕ(θ)|r < exp
(
−b|θ|2

)r
which proves the lemma.

Lemma 20. Suppose that we have p ∈ P with covariance matrix Γ and characteristic
function ϕ. Then there exists ε > 0 such that if |θ| < ε

√
n then

ϕ

(
θ√
n

)n
= exp

(
−θ · Γθ2

)
(1 + Fn(θ))

and

|Fn(θ)| < exp
(
θ · Γθ

4

)
+ 1

Proof. (Adapted from p. 9 of Hill [7]) We find 0 < δ < 1 such that if |θ| < δ then |1−ϕ(θ)| < 1.
From the Taylor expansion of the characteristic function, we know that 1−ϕ(θ) = θ·Γθ

2 −h(θ),
and using the Taylor expansion of the complex logarithm, we can write
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log(ϕ(θ)) = log(1− (1− ϕ(θ))) = −θ · Γθ2 + h(θ)− (θ · Γθ)2

8 + θ · Γθ
2 h(θ)− 1

2h(θ)2 + q(θ)

and by Taylor’s Theorem, there exists a c > 0 with

|q(θ)| < c|1− ϕ(θ)|3 = c

∣∣∣∣∣θ · Γθ2 − h(θ)
∣∣∣∣∣
3

Similarly,

n log
(
ϕ

(
θ√
n

))
= −θ · Γθ2 +n·h

(
θ√
n

)
− (θ · Γθ)2

8n + θ · Γθ
2 h

(
θ√
n

)
− 1

2h
(
θ√
n

)2

+q
(
θ√
n

)

with q bounded as above. Define g(θ, n) as follows:

g(θ, n) = n log
(
ϕ

(
θ√
n

))
+ θ · Γθ

2

so that

ϕ

(
θ√
n

)n
= exp

(
−θ · Γθ2

)
exp(g(θ, n))

Being the Lagrange remainder, we know that |h(θ)| is bounded by c1|θ|4 for some finite c1.
Because of this and the fact that |θ| < δ < 1, 1

n
(θ·Γθ)2

8 becomes the dominant error term for
g(θ, n), so there exists c2 such that

|g(θ, n)| < n · h
(
θ√
n

)
+ c2|θ|4

n

Both of these terms can be made arbitrarily small by choosing a small enough θ, so there
exists ε where 0 < ε < δ such that if |θ| < ε

√
n, then

|g(θ, n)| < θ · Γθ
4

Let Fn(θ) = exp(g(θ, n)) − 1. It is clear that |Fn(θ)| = | exp(g(θ, n)) − 1| < exp( θ·Γθ4 ) + 1,
which proves the lemma.

Lemma 21 The following estimate holds for r ∈ Rd, with c > 0 and β > 0.
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∣∣∣∣∣
∫
|x|>r

exp(−t2) dt
∣∣∣∣∣ < c · exp

(
−β|r|2

)
Proof. We proceed with formal techniques. By iterated integration by parts, we see that

∫ ∞
x

exp(−t2) dt =
∫ ∞
x

(−1
2t

)
(−2t · exp(−t2)) dt

= −1
2

[
(exp(−t2)

t

]∞
x

− 1
2

∫ ∞
x

exp(−t2)
t2

dt

=
(

exp(−x2)
2x

)
+ 1

4

∫ ∞
x

( 1
t3

)
(−2t · exp(−t2)) dt

= exp(−x2)
2x − exp(−x2)

4x3 − . . .

= exp(−x2)
2x −

∞∑
j=1

exp(−x2)
2(j + 1)X2j+1

As the real exponential function is always positive, we are subtracting something positive.
The estimate thus holds for formal integration. Translation of the estimate to multiple
variables should also hold.

Theorem 22. Let

pn(x) := 1
(2πn)d/2

√
det Γ

exp
(
−(x · Γ−1x)2

2n

)
= 1

(2πn)d/2
∫
Rd

exp
(
ips · x√

n

)
exp

(
−s · Γs2

)
ds

Then for 0 ≤ r ≤ ε
√
n, there exists a c > 0 and a β > 0 such that:

∣∣∣∣∣pn(x)−
(
pn(x) + 1

(2π)dnd/2
∫
|θ|≤r

exp(−ipx · θ)n exp
(
θ · Γθ

2

)
Fn(θ) dθ

)∣∣∣∣∣ < c·n−d/2 exp
(
−βr2

)

Proof. (Adapted from p. 10 of Hill [7]) Recalling the inversion formula from Theorem 18, we
use the substitution θ = s√

n
to write pn(x) as:

pn(x) = 1
(2π)d

∫
[−π,π]d

ϕ(θ)n exp(−ix ·θ) dθ = 1
(2π)dnd/2

∫
[−√nπ,√nπ]d

ϕ

(
s√
n

)n
exp(−iz ·s) ds

with z = x√
n
. Using Lemma 19, we know that there exists a b > 0 such that

∣∣∣∣∣ϕ
(
s√
n

)∣∣∣∣∣
n

< exp
(
−b|s|2

)
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Combining this with Lemma 21, we get:

∣∣∣∣∣pn(x)− 1
(2π)dnd/2

∫
|s|<ε

√
n
ϕ

(
s√
n

)n
exp(−iz · s) ds

∣∣∣∣∣ < 1
(2π)dnd/2

∫
|s|>ε

√
n

exp
(
−b|s|2

)
ds

< c1n
−d/2 exp (−β1n)

Lemma 21 and the definition of pn(x) gives us:

∣∣∣∣∣pn(x)− 1
(2π)dnd/2

∫
|s|<ε

√
n

exp
(
−s · Γs8

)
exp(−iz · s)ds

∣∣∣∣∣ < 1
(2π)dnd/2

∫
|s|>ε

√
n

exp
(
−b|s|2

)
ds

< c2n
−d/2 exp (−β2n)

By Lemma 20, we know that, for |s| < ε
√
n, we can write

ϕ

(
s√
n

)n
= exp (−s · Γs) (1 + Fn(s))

Thus, combining the inequalities gives us

∣∣∣∣∣pn(x)−
(
pn(x) + 1

(2π)dnd/2
∫
|θ|<ε

√
n

exp(−iz · s) exp
(
−θ · Γθ2

)
Fn(θ)dθ

)∣∣∣∣∣
< c1n

−d/2 exp (−β1n) + c2n
−d/2 exp (−β2n)

This equation shows the result holds for r = ε
√
n. For smaller values of r, we use the fact

that |Fn(s)| < exp(− s·Γs
4 ) + 1 to show

∣∣∣∣∣
∫
r<|s|<ε

√
n

exp(−iz · s) exp
(
−s · Γs2

)
Fn(s)ds

∣∣∣∣∣ < 2
∫
|s|>r

exp
(
−s · γs8

)
ds < c3 exp

(
−β3r

2
)

Since in this case r < ε
√
n, this becomes the dominant error term, proving the theorem.

Lemma 23. There exists a c > 0 such that if |θ| < n1/8, then

|Fn(s)| < c
|θ|4

n

Proof. (Adapted from p. 10 of Hill [7]) Recall, from Lemma 20, that we have, for some c > 0,
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|g(θ, n)| < n · h(θ
√
n) + c

|θ|4

n

and that |h(θ)| < c|θ|4 by Taylor’s theorem. Therefore, for a different c > 0, we have

|g(θ, n)| < c
|θ|4

n

If |θ| < n1/8, then |g(θ, n)| < c√
n
≤ c for all n. By the Taylor expansion of the complex

exponential, we know that if z is restricted to a bounded set, | exp(z)− 1| < cz, and since
g(θ, n) is restricted to a bounded set for |θ| < n1/8, we can write

|Fn(θ)| = | exp(g(θ, n))− 1| < c1|g(θ, n)| < c1

∣∣∣∣∣n · h
(
θ√
n

)
+ c2
|θ|4

n

∣∣∣∣∣ < c3
|θ|4

n

Theorem 24 (Local Central Limit Theorem). For all p ∈ P , there exists a c > 0 with

|pn(x)− pn(x)| < c

n(d+2)/2

Proof. (Adapted from p. 11 of Hill [7]) Let r = min(ε
√
n, n1/8). By the previous lemma, we

know that for such an r,

∣∣∣∣∣
∫
|θ|≤r

exp
(
−ipx · θ√

n

)
exp

(
−θ · Γθ2

)
Fn(θ) dθ

∣∣∣∣∣ < c1

n

∫
Rd
|θ|4 exp

(
−θ · Γθ2

)
dθ <

c2

n

Letting

c

n(d+2)/2 = c2

n

1
(2π)dnd/2

and using Theorem 22, we can now write

|pn(x)− pn(x)| < c

n(d+2)/2 + c3 exp
(
−βn1/4

)
Since exp(−βn1/4) is a reciprocal exponential, it decays faster than any polynomial. Thus,
the theorem holds.
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5 Application to Random Walks
Definition 5.1. A random walk is called recurrent if it visits every point in the lattice
infinitely often. In other words,

n∑
j=1

pj(x) increases without bound as n goes towards ∞ for

all x ∈ Zd. A random walk is called transient if
n∑

j=N
pj(x) is finite for all x.

Theorem 25. For any Markov chain, if

P (Sn+j = z|Sn = y]) > 0 and P (Sn+k = y|Sn = z) > 0

for all n and for some j, k ≥ 0, then if one of those states is recurrent, the other is as well.
The same applies for transience.

Proof. This paper is on the central limit theorem. A proof of this theorem is on p. 282 of
Durrett [1].

Corollary 26. Since we defined random walks p ∈ P so that the previous theorem is true
for all y, z ∈ Zd, any random walk must be either recurrent or transient.

Theorem 27. Consider random walk p ∈ P. Then for d = 1, 2, p is recurrent. For d ≥ 3, p
is transient.

Proof. (Adapted from p. 12 of Hill [7]) Note that it suffices to prove the theorem only for
x = 0 (since we can always shift the starting point back to origin). Recalling the definition of
pn, we note that pn(0) = 1

(2πn)d/2
√
detΓ . By the local central limit theorem, we also know that

lim
n→∞

pn(0)
pn(0) = 1. This implies that there exists 0 < c1 < c2 and a sufficiently large N such that

if n > N , then c1n
d/2 < pn(0) < c2n

d/2. Therefore,

n∑
j=N

c1j
d/2 <

n∑
j=N

pj(0) <
n∑

j=N
c2j

d/2

If d = 1, 2, lim
n→∞

n∑
j=N

pj(0) > lim
n→∞

n∑
j=N

c1j
d/2, which diverges, proving that p is recurrent. If

d ≥ 3,

lim
n→∞

n∑
j=N

pj(0) < lim
n→∞

n∑
j=N

c2j
d/2

which converges, proving that p is transient.
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