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Irreducible representations and characters of U(N)

U(N) — group of all N x N unitary matrices. T — representation
of U(N), i.e. homomorphism

T : U(N) = GL(V).

T is irreducible if V has no nontrivial U(N)-invariant subspaces.



Irreducible representations and characters of U(N)

Theorem. (E. Cartan, H. Weyl, 1920s) Irreducible representations
of U(N) are parameterized by N—tuples of integers
A=A1 22> > Apn.

— (signatures)
+—>

—\ A2
= A =(5,3,0,-3)

0

The character of representation T is given by

Xa(U) = Trace T\(U) = sx(v1, ..., un) = =

where u; are eigenvalues of unitary matrix U.



Irreducible representations and characters of U(N)

Theorem. (E. Cartan, H. Weyl, 1920s) Irreducible representations
of U(N) are parameterized by N—tuples of integers
A=A1 22> > Apn.

— (signatures)
+—>

—\ A2
= A =(5,3,0,-3)

0
The character of representation T is given by
NN
det <u.>‘J+N J)

xA(U) = Trace Ty (U) = sy(u1, ..., uy) = (o = ui_*)’.zl,
i<jlli = U

where u; are eigenvalues of unitary matrix U.
Remark. Very similar formulas exist for groups Sp(2/) and
SO(N). All later results are also proved for these groups as well.



Different ways to grow A(N)

We want signature A = A\(N) to somehow grow as N — oo.
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Different ways to grow A(N)

1. (“finite” signatures) L]
Degeneration into the symmetric —
group. (Schur-Weyl duality)

2. (“thin" signatures)

Representation theory of U(c0).
(Voiculescu, Vershik—Kerov, etc)

3. All rows grow linearly in N.
(“thick” signatures)
Our topic today

4. (“very thick” signatures)
“Semiclassical limit” to RMT.
(Biane, Collins=Sniady)




Our limit regime for today

All rows grow linearly in N.

Rescaled profile approximates a
limit shape.

e Preserves natural symmetry between rows and columns
¢ No degeneration to S(n), random matrices or U(0).

e Connections to statistical mechanics models: lozenge tilings,
six—vertex model, percolation in a strip.
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Law of Large Numbers for tensor products

All rows grow linearly in N.

Rescaled profile approximates a
limit shape.

T A(N) ® T)\’(N) @ C N).N (V) T
How does signature of typical irreducible component look like?

n ™M™ dim(p)
dim(A(N)) dim(N'(N))

Prob(p) =



Law of Large Numbers for tensor products
T ® T)\’(N) @ C N).N(N) T

CA(N))\( )dim(u)
Prob(u) = G (X)) dm(Y (W)

Assumption. Suppose that for bounded piecewise continuous f, g
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N(N) + N — | i N(N)
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Theorem. (Bufetov—Gorin—2013) Then (scaled by N) random
profile of 11 converges to the deterministic function h.



Law of Large Numbers for tensor products
T A(N) ® T)\’(N) @ C X(N)T

C)\(N),)\( )dim(u)
Prob(u) = G (X)) dm(Y (W)

Assumption. Suppose that for bounded piecewise continuous f, g

1 AN(NY+ N —i i| Ai(N)
o 2 N_f<N>‘_O’ by I
N(N) 4+ N — i i XL(N)
NWNZ—g(N)!—O’ sup | = | < oo

Theorem. (Bufetov—Gorin—2013) Then (scaled by N) random
profile of 11 converges to the deterministic function h.

The convergence and the operation (f, g) — h will_be explained.



Law of Large Numbers for Restrictions
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Assumption. Suppose that for bounded piecewise continuous f
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Theorem. (Gorin—Panova—-2013, Bufetov—Gorin—2013) Then
(scaled by N) random profile of i converges to the deterministic
1. Constant —3 + fol f(t)dt if k is fixed.
2. Limit profile £, if k = aN.
The convergence and the operation f — f, will be explained.



Law of Large Numbers for Restrictions

Assumption. Suppose that for bounded piecewise continuous f

M N ()]
N PN

Ai(N

N

‘ < oo
i=1
Theorem. (Gorin—Panova—-2013, Bufetov—Gorin—2013) Then
(scaled by N) random profile of i converges to the deterministic
1. Constant —3 + fol f(t)dt if k is fixed.
2. Limit profile f, if k = aN.

The convergence and the operation f > f, will be explained.

Remark. For restrictions (but not for tensor products!)
concentration of measure can be also deduced from the variational
principle of Cohn—Kenyon—Propp and Kenyon—Okounkov—Sheffield
for random lozenge tilings.



Law of Large Numbers: formulas
Our aim is to explain the operations (f,g) — h and f — f, on the
limit profiles, arising from tensor products and restrictions,
respectively.



Law of Large Numbers: formulas

Profile of a signature — counting measure:

N )
A — (prob. measure on R) m[\] = %Zé <)\I+/VN_I>
i=1
‘A =3,
|
[TTT] i J:' I] IZU‘}”
=T 3 s

The convergence of A(N) to f implies weak convergence of
m[A(N)] to the limit measure m[f].

Remark. This definition depends on the group. We present the
case of the unitary group U(N) here.



Law of Large Numbers: formulas

The convergence of A(N) to f implies weak convergence of
m[A(N)] to the limit measure mf].

mk(m):/kam(dx).

Sm(u) =z+ ml(m)22 + m2(m)z3 + ...,
1 1

Rr%uant(u) = (Sm(u))_l — 1_e-u




Law of Large Numbers: formulas

The convergence of A(N) to f implies weak convergence of
m[A(N)] to the limit measure mf].

mk(m):/kam(dx).

Sm(u) =z+ ml(m)z2 + m2(m)z3 + ...,
1 1

unant — _
L N0 R
Remark. R3""™(u) = Rm(u) + % - l—le*”’

where Rm(u) is Voiculescu R—function (a free probability
analogue of characteristic function) and l_t,u — % is R—function
for the uniform measure on [0, 1].
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Law of Large Numbers for Tensor products

T A(N) ® T)\’(N) @C /\(N)T —

AMNN) gy
Prob(u) = d|ml2)\(N))dim()\’(N))'

Theorem. (Bufetov—-Gorin—2013) Suppose that A(N), X'(N)
converge to the limit profiles encoded by the measures m, m’. Then
the random probability measure corresponding to i converges to
the deterministic measure m ® m’, such that

Rtont (u) = RE"(u) + RIS (u).

mm’



Law of Large Numbers for Restrictions

T, = @C)\(N)T —  Prob(u) = c,i‘(N)dim(,u)
A(N) W dim(A(N))

N — oo, k = al.

Theorem. Suppose that A(/N) converges to the limit profile
encoded by the measure m. Then the random probability
measure corresponding to u (scaled by a/N) converges to the
deterministic measure m,, such that

thz‘L;ant(u) _ l chr/luant(u)'
«
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Law of Large Numbers for Restrictions: example.
Restrictions of rep. with signature A(N) = ((N/2)N/2,0M/2).

Plot of support of pushforward
of am,, under x — ax, i.e. limit
for the random measure

m[y]
1 wi+ Nao—i

6" dim(p)

p - .
rob(K) = =G A(W))
TAw) =DM,
U(No) o




Law of Large Numbers for Restrictions: example.
Restrictions of rep. with signature A(N) = ((N/2)N/2,0N/2).

m; has density 1 on [0,1/2] and [1,3/2].

For 0 < o < 1, density of my, is

1
O, x>1+ a7
1 L
1, x<1l+4+s-,x>=2
1, x>0,x<1-— 2(1,
0, x < 0,
L arccos(¢), otherwise.

3/4—(1— ax)((% + ) — ax) — ax(ax + (§ — oz)).
2\/ax 1—ax)((3 + )l — ax)(ax + (3 — )

(¢ is set to 0 or 7 if argument is out of [—1,1])

¢ =



Tensor products and restrictions

Summary. (Bufetov—Gorin—2013) As N — oo the random
probability measures corresponding to tensor products and

restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m, such that

m mgy m

1
REtors (u) = RE™(u) + R (u), R (u) = — RIS ()



Tensor products and restrictions

Summary. (Bufetov—-Gorin-2013) As N — oo the random
probability measures corresponding to tensor products and

restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m,, such that

1
Rauont (u) = RE"(u) + RIS (u), R (u) = —RE2"™ (1)

Remark 1. Tensor powers are related to restrictions through

Rk __
m —ml/k.



Tensor products and restrictions

Summary. (Bufetov—-Gorin—-2013) As N — oo the random
probability measures corresponding to tensor products and
restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m,, such that

1

Rauont (u) = RE"(u) + RIS (u), R (u) = —RE2"™ (1)

Remark 2. The linearization function R9“2" is not unique. One of
its forms can be guessed as a limit

fim Lo [ 20061V
N—oo N & S)\(N)(].N)

computed in (Guionnet-Maida—2005), (Gorin—Panova—-2013).



Tensor products and restrictions

Summary. (Bufetov-Gorin-2013) As N — oo the random
probability measures corresponding to tensor products and
restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m,, such that

1
unant (U) _ chzluant(u) + Rr?‘l/Jant(U), Rr‘yfnt(u) — ach!]uant(u)‘

mm’
Remark 3. (Borodin—Bufetov—Olshanski—2013) In the context of
the limit shape theorem for the restrictions of characters of the
infinite—dimensional unitary group U(cc) the same operation on
the measures corresponds to the unions of the Voiculescu
parameters for extreme characters.



Tensor products and restrictions

Summary. (Bufetov—Gorin—2013) As N — oo the random
probability measures corresponding to tensor products and
restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m,, such that

1
Reomy (1) = R (u) + REP™(w), REZ™(u) = —RE=" (u).

Remark 4. We call the operation (m, m’) — m ® m’ quantized
free convolution. Why?



Free Convolution

Let A[N] and B[N] be independent uniformly random Hermitian
matrices with fixed eigenvalues {a;[N]}, {bi[N]}.



Free Convolution

Let A[N] and B[N] be independent uniformly random Hermitian
matrices with fixed eigenvalues {a;[N]}, {bi[N]}.
Theorem—Definition. (Following Voiculescu and others) Suppose

N N
.1 .1

Jim Z} 0(ailN]) = ma,  lim ; 5(bi[N]) — mg,

Let C[N] = A[N] + B[N] and D,[N] ="top left aN corner of A[N],

then their spectral measures converge to deterministic free

convolution my4 H mg and free projection m,,. Moreover,

R (8) = Rona (1) + Rimg (), R () = Rin ().



Tensor products and restrictions

Summary. (Bufetov—Gorin—2013) As N — oo the random
probability measures corresponding to tensor products and
restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m, such that

1
RQuant(u) — Rﬁuant(u) + F\,.:J:/J:ant(u)7 R:#;ant(u) — &Rﬁ‘luant(u)‘

mem’
Remark 3. We call the operation (m, m’) — m ® m’ quantized
free convolution.

It replaces the free convolution when one replaces random matrices
with representations of classical Lie groups.



Tensor products and restrictions

Summary. (Bufetov—Gorin—2013) As N — oo the random
probability measures corresponding to tensor products and
restrictions to smaller subgroups of irreducible representations of
U(N) converges to deterministic measures m ® m’, m, such that

1
RQuant(u) — Rﬁuant(u) + F\,.:J:/J:ant(u)7 R:#;ant(u) — &Rﬁ‘luant(u)‘

mem’
Remark 3. We call the operation (m, m’) — m ® m’ quantized
free convolution.

It replaces the free convolution when one replaces random matrices
with representations of classical Lie groups.

There is a way to degenerate quantized free convolution into
(conventional) free convolution.



q.FC — Free Convolution
Quantized free convolution can be degenerated into free
convolution.
1. “Semiclassical limit": Large representations of a (fixed) Lie
group behave as group-invariant measures on (dual to) the Lie
algebra. (N is kept finite)
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convolution.

1. “Semiclassical limit": Large representations of a (fixed) Lie
group behave as group-invariant measures on (dual to) the Lie
algebra. (N is kept finite)

2. Limit transition between quantized free convolution and free
convolution by measure scaling:

unant

H m-L (%) _
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(m-L)(A) =m(A/L), ACR, L>0.



q.FC — Free Convolution

Quantized free convolution can be degenerated into free
convolution.

1. “Semiclassical limit": Large representations of a (fixed) Lie
group behave as group-invariant measures on (dual to) the Lie
algebra. (N is kept finite)

2. Limit transition between quantized free convolution and free
convolution by measure scaling:

unant (g

lim —mL f) = Rm(2),

L—+o00 L
(m-L)(A) =m(A/L), ACR, L>0.

3. Law of Large Numbers for tensor products of representations
with superlinearly growing (“very thick”) signatures

(Biane-1996, Collins—Sniady—-2009).




Quantized Free Convolution
R (2) = Rm(2) — Rupo,1)(2)

RQuantz(Z) _ chzﬁant(z) + R:;Léant(z)

ml®@m
Can we guess the appearance of [0, 1]?

The following heuristics is due to Biane.



Quantized Free Convolution
RY*"(2) = Rm(2) — Rujo.11(2)
RQuantz(Z) _ chzﬁant(z) + R:;Léant(z)

ml@m

Rent (z) + Rm2 (Z) = Rm1®m2(z) + Ru[O,l](z)
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Quantized Free Convolution
R (2) = Rm(2) — Rup,(2)
Rent (Z) + Rm2 (Z) = Rm1®m2(z) + Ru[O,l](z)
A+N—\N
det (ui )i,j:l

Hi<j(ui —u)

sy(ur, ..., un) - Se(ur, ..., uy) = su(u, ..., uy).

AfN—j N2 N—j +N—j —j
det <u,-’ J) - det <uif J> ~ det (u,H’Jr J) - det (ulN J)

A2 N—j +N—j j
{ s f}%mm, [BNTY it m?, {20 uf0.1]

This is only heuristics.

XA(U) = Trace Ty (U) = sy(u1,...,un) =




Quantized Free Convolution and asymptotic freeness

The direct connection to free probability is restored if we slightly
change a point of view.
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e .. can be extended to representation of GL(N,C) ..

e .. defines the representation of Lie algebra gl(N) ..

e Reminder: Lie algebra gl(N) is spanned by matrix units Ej;,
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E.g. for N =4 E23 = 8 8 é 8
0 00O
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o Representation of the group U(N) of unitary matrices..

e .. can be extended to representation of GL(N,C) ..

1<ij< N

E.g. 'FOF N=4 E23 =

o O O

0
0
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.. defines the representation of Lie algebra gl(N) ..
Reminder: Lie algebra gl(N) is spanned by matrix units Ej;,

o O O
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e .. representation of gl(/V) extends to the representation of the
associative universal envelopping algebra U(gl(N)).



Quantized Free Convolution and asymptotic freeness

Representation of the group U(N) of unitary matrices..
e .. can be extended to representation of GL(N,C) ..

.. defines the representation of Lie algebra gl(N) ..

Reminder: Lie algebra gl(N) is spanned by matrix units Ej;,
1<ij< N

E.g. 'FOF N=4 E23 =

o O O

0
0
0

o = O
o O O

0 00O

e .. representation of gl(/V) extends to the representation of the
associative universal envelopping algebra U(gl(N)).

Reminder: Associative algebra U(gl(N)) is spanned by formal
generators Ej; subject to

EjiEw — ExEj = 67 Ey — 6] Eyj.
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Definition. £(N) — N x N matrix over U(gl(N)).
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Definition. £(N) — N x N matrix over U(gl(N)).

E]_]_ E]_2 PP E]_N
ey = | P B e ugi(v) © Matwn
EN]_ EN2 PR ENN

Lemma. (Perelomov—Popov—68) Center of U(gl(N)) is spanned by

N
X, = Trace (E(N)P) = Z EiiEiiy - E;

pil
i1,..ip=1



Quantized Free Convolution and asymptotic freeness

Definition. £(N) — N x N matrix over U(gl(N)).

Ei1 Ep ... En
ey = | P B e ugi(v) © Matwn
EN]_ EN2 PR ENN

Lemma. (Perelomov—Popov—68) Center of U(gl(N)) is spanned by

N
X, = Trace (E(N)P) = Z EiiEiiy - E;

pil
i1,..ip=1

Later £(N) played an important role in representation theory.
It appears in our problem as well.



Quantized Free Convolution and asymptotic freeness
Assumption. Suppose that for bounded piecewise continuous f, g
N

TN NN N = i Ai(N)

I\Ilinooﬁ :1N_f<N>’_O’ s,-,u,\li,)7<OO
)\’(N)+N—/ i N(N)

N—>ooNZ _g<N>’_O’ AR ‘<°°'

Conjecture. Suppose £(A; N) is E(N) acting in the first
component of Tyyy @ Ty (n) and similarly for £(A’; N). Then the
elements £E(AM(N)) and £E(N(N)) are asymptotically free.

(As elements of Endc(Tyvy) ® Ende( Ty (nvy) ® Matysxn.)



Quantized Free Convolution and asymptotic freeness
Assumption. Suppose that for bounded piecewise continuous f, g
N

LK NN+ N i Ai(N)

Y :1N_f<N>‘_O’ S,-,”,\'E,)i<C>o
Ni(N)+ N — i i Xi(N)

N—>ooNZ_g(N>’_O’ Py TR B

Conjecture. Suppose £(A; N) is E(N) acting in the first
component of Tyyy @ Ty (n) and similarly for £(A’; N). Then the
elements £E(AM(N)) and £E(N(N)) are asymptotically free.

Theorem. (Bufetov—Gorin—2013) Asymptotically the measure
describing the spectrum of the sum $E(A(N)) + HE(N(N)) is
given by the free convolution of those of £E(A(N)) and
FEWN(N)).



Quantized Free Convolution and asymptotic freeness

Conjecture. Suppose E(A; N) is E(N) acting in the first
component of Tyny ® Ty (ny and similarly for £(A’; N). Then the
elements LE(A(N)) and E(N(N)) are asymptotically free.

Theorem. (Bufetov—Gorin—2013) Asymptotically the measure
describing the spectrum of the sum %E(A(N)) + %E(A’(N)) is
given by the free convolution of those of £E(A(N)) and
NEN(N)).

Remark. Related results appeared
e (Biane—1998) For representations of symmetric groups.
e (Biane-1996, Collins—Sniady-2009) For reps of U(N) with
“very thick” signatures, which are well-approximated by the
random matrix objects.
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Quantized Free Convolution and asymptotic freeness
Theorem. (Perelomov—Popov—1968) Description of the spectrum
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Theorem. (Bufetov—Gorin) Q intertwines FC and qFC
Qp1) B Q(p2) = Q(p1 ® p2).

In addition to being highly non-linear/non-trivial, p — Q(p) is
injective, but not surjective. Thus q.FC and FC are not reduced
one to another.



Quantized Free Convolution and asymptotic freeness
Theorem. (Perelomov—Popov—1968) Description of the spectrum
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Recall that m[\] = % Z’N:l 5 (%)
Definition. p — Q(p) is N — oo limit of m[A] — mpp[]A].

Theorem. (Bufetov—Gorin) Q intertwines FC and qFC
Qp1) B Q(p2) = Q(p1 ® p2).

Q is a relative of the map between Markov moment problem and
Hausdorff moment problem.



Further directions.

. Characters of the infinite-dimensional unitary group U(0)
and (quantized free convolution—) infinitely—divisible measures.

. Perelomov—Popov operators and measures <— results of
Biane on operations on reps of S(n) and Kerov transition
measure.

. Results for SO(2N + 1), Sp(2N), SO(2N): one needs to
double the signatures by reflection. (Mysterious identities.)
. Restrictions of representations can be linked to random
lozenge tilings of planar domains.

. Our methods: asymptotics of characters via integral
representations and steepest descent; use of differential
operators diagonalizable by characters.
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Our method
Can be encoded via

N)(Xla--~7XN)5)\/(N)(X1,---7 X1,...,XN)
= E Prob(u) ———+—=
sy (IV) sy (LN su(1V)

Apply the differential operator (Dy)™ and evaluate at x; = 1.

using

det( UJ""N J)N
ij=1

—%)
(These are radial parts of certain elements of the center of
U(gl(N)).)

SM(X17---7XN) = H (X‘
1<\



Our method

1 L/ a)\k
Dx = g e ; <Xi0Xi> E(Xi = %),
Cli\(N)aX(’V) dim(u)
Prob(p) = G (xN)) dim(V (V)
We obtain:
(Dk)mSA(N)(Xl, c. ,XN)S)\/(N)(X:[, C. ,XN)
s\ vy (IN) sy (1Y) )

N

=Y (Z(u; +N-— i)k> Prob(u).
I

i=1



Our method

1 o \*
Dy = HX’. s ; <Xi0><;> E(Xi - Xj),

Cli\(N)W(N) dim(u)

~ dim(A(N)) dim(N(N))’

We obtain:

(Dk)mSA(N)(Xl, c. ,XN)S)\/(N)(X:[, C. ,XN)
sx vy (IV) sy wy (1Y)

x;=1
N m
= (Z(u; +N - i)k> Prob(u).
w i=1
Remark. An approach to study of measures through difference
operators was used in (Borodin—Corwin—-2011+),
(Borodin—Corwin—Gorin—Shakirov—2013) in the framework of
Macdonald processes.



Our method
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sxn) (IV) sy wy (1Y)

x;=1
N

=Y (Z(u; + N — i)k> Prob(p).
I

i=1



Our method

)mSA(N)(Xla e :XN)S)\’(N)(Xla ey XN)

D
(D sa(v) (1Y) sw(y (1Y)

X,':].

N

=Y (Z(u; +N— i)k> Prob(u).

i=1

Now the right side divided by N*™ approximates expectations of
the moments of (a priori random) limit measure.

E (/ ka(dx))m



Our method

)mSA(N)(Xla ce ,XN)S)\/(N)(Xl, ce ,XN)

D
(D s\ (1M s vy (1Y)

X,':].

— Z (Z wi+ N — i)k> Prob(p).
i=1

Asymptotic analysis of normallzed polynomials in the left side is
based on integral representation (Gorin—Panova—2013).

s\(x, 1N (N =1)! x? &
s(1V) o (x - Nl?m Lz +N=0)

And classical steepest descent method for the analysis of

?{F(z) exp(NG(z))dz, N — o0



Our method

)mS,\(N)(XL ‘e ,XN)S,\/(N)(XL oy XN)

D
(D sy (1Y) sy (1Y)

xi=1
N m
= (Z(u; +N - i)k> Prob(u).
w i=1
Asymptotic analysis of normalized polynomials in the left side is
based on determinantal formulas of (Gorin—Panova—2013).

k .
sn(x1y -+ Xk, LV7K) 1 1T (N — i)

s\(1V) i = %) Pl G L

N I B TRt Vs
Xdet[(*"ax,-) ],.J_I (jr[lAsA(lN) (V-1 |
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