CARTAN SUBALGEBRAS AND BIMODULE DECOMPOSITIONS OF Il ; FACTORS.
SORIN POPA AND DIMITRI SHLYAKHTENKO

ABSTRACT. LetAC M be a MASA in a I} factorM. We describe the von Neumann subalgebra
of M generated byA and its normalize\[(A) as the sely'(A) consisting of those elementse M

for which the bimoduleAmAis discrete. We prove that two MASA& and B are conjugate by a
unitaryu € Ny'(A) iff Ais discrete oveB andB is discrete oveA in the sense defined by Feldman
and Moore [5]. As a consequence, we show thé a Cartan subalgebra bf iff for any MASA

B C M, B=uAu" for someu € M exactly wherA is discrete oveB andB is discrete oveA.

1. INTRODUCTION.

Let M be a type I von Neumann algebra with a tratelf A C M is a maximal abelian subal-
gebra (MASA), therA is called a Cartan subalgebra (see [2], [6]), if its normalixg) = {u €
U (M) : uAu* = A} together withA generate. Feldman and Moore [5] characterized pdirs M,
whereA is a Cartan subalgebra, as those coming fredirscrete transitive measure groupoids with
a finite measure spacéas base. Given such a groupoid, the alggbigL”(X), and the group of
bisections of the groupoid embeds into the unitary grougd @fs the normalizer oA. In this paper
we make use of an alternate characterization of a Cartan subalgadranamely,A is a Cartan
subalgebra if the Hilbert spa¢g(M), viewed as am\, A-bimodule, is in a certain way discrete.

Recall that ifA = L*(X,vx), B = L?(Y,vy) are diffuse commutative von Neumann algebras,
andpis a measure oK x Y, so that its push-forwards by the coordinate projections ¥réodY
are absolutely continuous with respecvpandvy, thenL?(X x Y, W) carries a pair of commuting
normal representations éfgiven by

(a-f)(s,t) =a(s)f(st), (f-b)(s,t) =Db(t)f(st).

for f € L2(X x Y, ) andae A,b € B. In this way,L (X x Y, W) is anA, B-bimodule. It can be shown
that any (abstracth B-bimodule containing a vectdy for which A¢B is dense, is isomorphic to
L?(X x Y, ) for some measurg.

Denote byC(A,B) the set of allA, B-bimodules. Then the operation of relative tensor product
of bimodules gives a multiplicatiosg : C(A,B) x C(B,C) — C(A,C). InsideC(A,B), there is a
remarkable subs€y (A, B) consisting ofdiscretemodules, i.e., modules which are direct sums of
L2(X x Y, ) for whichu can be disintegrated @s,t) = 1k (S)vx (t) with k(s) atomic for almost all
t. One haCy(A,B) ®8Cy(B,C) C C4(A,C). An example of a module i64(A, B) is the bimodule
L2(X x Y, ) for which pis supported on the graph of an automorphésoX — Y. In this case the
bimodule contains a vect@rfor whicha- § = &a(a) andA&B is dense.

If H is anyA, B bimodule, one can construct a submoddleC H consisting of those elements
& € H for whichA- & - B € Cy(A,B). Hy is the maximal subbimodule &f which lies inCy(A, B).
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Denote byCqy(A) C Cq(A,A) C C(A,A) the set of such bimoduldd € Cy4(A, A) for whichH €
Ca(AA) as well (heréH is H with the opposite Hilbert space structure and the right and left actions
of Aswitched). EquivalentlyC4(A) is the maximal subs€ in C(A, A) satisfyingCq (B, A) ®AC®a
Cd(A,C) C Cy(B,C).

Returning now to the situation th& c M is a MASA, L2(M) is a bimodule over, since
elements ofA act onL?(M) by right and left multiplication. Every elemertc M defines a sub-
bimoduleAxAC L(M). Denoting byNg/(A) the set of all elementsfor which AxA e Cq(A) we
obtain a certain subset M. Becaus&q(A) is closed under tensor produdigy/(A) is a subalgebra
(in fact, a von Neumann subalgebra)\f Every element in the normalizer éfis in Ny’ (in fact,
its associated bimodule is the bimodule constructed out of an automorphafm above). We
show thatNg'(A) is exactly the von Neumann subalgebravwfjienerated byA and its normalizer.

HenceA is a Cartan subalgebra ifj'(A) = M, i.e., L?(M,T) € C4(A).
One can similarly consider two MASAs i and the subselly'(A,B) of x € M for which

AxBe Cy4(A,B) andBx*A € C4(B,A). It turns out that the condition thatdlNj'(A, B) is equivalent
to the condition thaA is discrete oveB in the sense of Feldman and Moore [5].

Feldman and Moore proved that two Cartan subagebeasiB are conjugate by a unitatye M
iff Bis discrete oveA andA is discrete oveB. We show that this characterization of conjugacy
characterizes Cartan subalgebrAss a Cartan subalgebra bf iff uAuU* is discrete oveA for all
unitariesu € M (i.e., Cartan subalgebras are precisely the subalgebMd$afwhich the Feldman-
Moor criterion of inner conjugacy applies). More generally, we proveAhatdiscrete oveB and
B is discrete oveAiff AandB are conjugate by a unitary frody'(A).

2. QUASI-NORMALIZER OF A MASA.

Let X be a measure space. By a local Borel map fdmo X we mean a triplé@, D, R), where
D,R C X are Borel subsets, ang: D — R is a Borel map. We further say thé&p, D,R) is a
local isomorphism, ifp is a measure-preserving Borel isomorphisnDofvith R. For a function
f € L*(X), we write( ) for the functionxr- @(f - Xp).

WheneverA B are commutative finit¥V/*-algebras with fixed finite traces amd: A — B is a
completely-positive map, we can identify= L* (X, 1) andB = L(Y,v). With this identification,
there exists a measufeon X x Y, so that:

1. The push-forwards af onto X andY via projections maps are absolutely-continuous with

respect tqu andv, respectively;

2. Forallf € Aandg € B,

Joon(wiave) = [ 1agm)ditxy).

The measurg can be disintegrated along théirection: there is a measurable family of measures

Ay on X, for which
J[ tomonn) = [ ([ 10w )ay

Definition 2.1. (cf. [5]) A completely-positive map, : A — B is calleddiscrete if the measures
ny are atomic for almost ajf € Y.
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Notice that if@: C — B is an isomorphism, themo @is discrete if and only ifj is discrete.

Let M be a type || factor andA C M be a MASA. Letx € M be an element. Thexdefines a
completely positive mapy : A — Aby:
Nx(a) = Ea(X*ax).
Identifying A with L®[0, 1], nx determines a finite positive measwe= Ry on [0, 1]2, by:

// (9)diX(t,s) = T(anx(b)) = T(ax’bx), Vabe A=L>[0,1].

If x is self-adjoint, the measug€ is symmetric; more precisely, ¥ : [0,1]% — [0,1]? is given by
T(t,s) = (s,t), thenT, X = p*. The push-forwards g by the coordinate projections frof@, 1]
onto the first copy and second copieg@fl| are absolutely continuous with respect to Lebesgue
measure. For eadhe [0,1], ¥ can be disintegrated along thexis: there exists a family of

measuresgy, so that
//f(s,t)du?((s,t):/ f(st)di(s)dt

Lemma 2.2. The Hilbert space ki) = {a;xa : a;,a € A} C L2(M) can be isometrically identi-
fied with L2([0, 1], ), in such a way that x is identified with the constant funcfiam [0, 1], and
the element &xap is identified with the functionds)ay (t) € L2([0, 1)2, ). In the case that x is self-
adjoint, the restriction of the Tomita conjugation operator J todHis given by Jf (x,y)) = f(y,X).

Notation2.3. We consider the following sets of elementdvin

1. AL(A) = {u e M unitary :uAu* = A}, the normalizer of;
2. gﬁ\[( A) = {v e M partial isometry vAV' C A,v*Av C A}, the full group of the normalizer of

3. Nl( A) = {x € M : there is a local isomorphismp: A — A, st. ¢(a)x=xa Va € A};

4. Ng(A) = {x e M : &, & are both atomic with a finite number of atoms for all most hlthe
quasi-normalizer oA,

5 Ng'(A)={xeM: WX, ¢ are both discrefg the weak quasi-normalizer @

Note thatNg(A) andNy'(A) arex-subalgebras d¥l.

Lemma 2.4. Let x=x* € M, and let f g be bounded’ameasurable functions df, 1]2, such that
supd f),supfg) C I', where

N
M= U{(s@i();xe 0,1} U{(¢i(s),9) :s€ [0,1]}
j=1

and @ are local isomorphisms. Identi#xA with 12([0,1]2, 1) as in Lemma 2.2. Let i be the
element inAxA, corresponding via this identification tocfL?([0, 1], ).

Then:

1. f-xe M.

2. p.f X |f’2
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3.9-(f-x)=(gf)-x(Chain rule).

4. If f is symmetric (i.e., fs,t) = f(t,s)), then f-x is self-adjoint.

Proof. Let a;,bj € A, i = 1,...,n be functions inA. Then ify = S aixb;, we have thap¥ =
(3 ai(s)bi(t))|?w. Note that

X - 0 bl
Iy axt] = (& - an)(s )( : )
0O .-+ X bn

< WIS & a2 S b2

Choose novxai(k),bi(k) in such a way that s a*ai||, || s bbi|| < 4N2?||f|?, and|y ai(s)bi(t)] — f
in L2([0,1]%, ). This is possible because of the assumptions :ofor sufficiently fine partitions

A(lk),...,Afok), k=1,...,Nandi=pj+r, 0<r <N, one can takeag‘) to be the characteristic

function ofAEr_l) andbg‘) be a constant times the characteristic functiomq@Agr)).
Thenyx =3 ai(k)xbi(k) converges irL?(M) to some vectoy € L2(M). Since||yk| is bounded,
we get thaly € M. Definef - x to be equal tyy. The claimed properties offollow easily. To show

that f - x is self-adjoint if f is symmetric, notice that in this caag) andbi(k) can be chosen so that

i ai(k)(s)bi(k) (t) is symmetric. But then it follows thakyk = yi, so thatly=y, so thatf -x=y s
self-adjoint. O

Lemma 2.5. Assume that x X" € Ng/(M) ande > 0. Then there exists ¢ Nq(M), so that||x —
yllz<e.

Proof. By [5, Theorem 1] (see also [1, Lemma 3 (a)]), there exists local isomorplosms —
Bi, Ai,Bi C X, so that the support of the measyreis contained in the union of graphg;, =
{(x,0j(x)) : x € Aj}, and the graphs are disjoint. By Lemma 2.4, denotingtthe characteristic
function of g, we find elements; = f;-x € M, so thati = f;- . It follows thatx; € L?(M)
are perpendincular, and= ¥ ; x;. Moreover, eaclx; € Nq(M). Now, givene > 0O, there existd
so that if we sey = ZE-\I::LXJ', then|x—y||2 < €. SinceNg is an algebray € Ng. O

Proposition 2.6. Ny/(A) is a von Neumann subalgebra of M.

Proof. Let x, € Né"(A) be a sequence of elements, convergirgtrongly to an element e M
and such thaf|xj|| < ||x|. By Lemma 2.5 we may assume thatc Ng. We must show that
x € Ng'(M). If not, then letX C [0, 1)? be the set of atoms g, t € [0,1], and we have that
H(X) = ||x||2 — & for somed > 0. Hence we have that for anfy satisfying the hypothesis of
Lemma 2.4 and valued i{0,1}, ||x— f -x||3 > &. On the other hand, we clearly have for all such
f that||f-x,— f-X||3 = ||f- (X —X)||3 < [[%a — X||3, sincef is valued in{0, 1}. Now choosex, so
that||x, — X||3 < &%/4; then there is arf for which f - x, = . Hencel| f - x, — - x||3 < 8?/4, and
it follows that

= f-Xl2 < [IX=Xnl[2+[[f-xn = f-X][2 <8,
which is a contradiction. O
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Theorem 2.7. Let AC M be a MASA. Then the sef¢(A), GAL(A), Ni(A), Ng(A) and Ny(A)
generate the same von Neumann subalgebras in M.

Proof. Note thatA is contained in all of the sets listed in the statement. Cle&flp) C GA(A);
also,Ng(A) C Ny'(A). If x € Ny(A), then for a certain local isomorphisg: [0,1] — [0,1], 1§
and | are supported od@(t),@ 1(t)} if t is in the domain ofp, and zero otherwise. Hence
W*(N1(A)) € W*(Ng(A)).

By Lemma 2.5 and Proposition 2.6, we have Wat(Ng(A)) = Nj'(A).

By a result of H. Dye (cf. [3],[4]), we have thafA[(A) = A(A)A, so thatW*(GA(A)) =
W*(AL(A)).

Summarizing, we have:
WH(AL(A)) =W (GA(A)) € W*(N1(A)) € W*(Ng(A)) = Ng'(A).

Next, we prove thalNg(A) C W*(Ny(A)). Assume thak = x* € Ng(A). As in Lemma 2.4, by
finding suitable functiond;, we can writex =3 fi-x, X = fi - x € Ng(A), so thaty is supported
on the sef{(s,¢(s)} U{(¢(s),s)} for some local isomorphismp (depending on). It is therefore
sufficient to consider those for which X is supported on such a set. Lettigpfe the characteristic
function of { (s, @(s) : s€ [0,1]} andh be the characteristic function ¢f@(s),s) : s€ [0,1]}, we get
thatx = g-x+h-x—hg-x. Now,y; = g-x satisfiesy;a = @(a)ys for all a € A, hencey; € Ni(A).
Similarly, y» = h-xis in N1 (A). Lastly,ys = hg- x satisfiesyza = xxays for all a € A, whereX is
the projection of the support dfg onto thet axis; it follows thatys € Ni(A). ThusW*(Ng(A)) C
W (N (A)).

Lastly, we prove thalN;(A) C W*(GAL(A)). Assume thak € N1(A). There exists a local iso-
morphismg: A— A, so thatka= @(a)x, for allac A. Letx = v(x*x)%/2 be the polar decomposition
of x; let D andR be the domain and range @f Then(x*x)/2xp = (x*x)%/2. Moreover, fora € A,
we havex*xa= x*@ 1(a)x = ax‘x, so thatfa, (x'x)/?] = 0. SinceA is a MASA, this implies that
(x*x)¥2 € A. SinceA c W*(GAL(A)) andv € GAL(A), x e W*(GA(A)). O

The same proof works to show the following:
Theorem 2.8. For an arbitrary diffuse unital subalgebra A M, we have W(Ni(A)) =
W*(Ng(A)) = Ng'(A).

3. CONJUGACY OFMASAS.

Let A/B C M be diffuse commutative subalgebras. hetB — A be the restriction t® of the
conditional expectation frorivl onto A. As a completely positive majg, defines a measurgon
[0,1]? by

//f (t)dA(st) = T(fE(g)) = 1(fg), feAgeB.

Recall [5, Part Il, Definition 5.3] thaB is called discrete oveA if E : A — B is discrete as a
completely positive map. That is to say, in the disintegrafjost) = f)(s)dt the measureg; are
atomic for almost alt.



6 SORIN POPA AND DIMITRI SHLYAKHTENKO

Letx € M. Define the completely-positive mapg: A— B andpx: B— Aby
Ax(a) = Eg(xax’), px(b) =Ea(X"bx), acAbeB.

Definition 3.1. The relative quasi-normalizedy'(A,B) is defined to be the set of atle M, for
which bothAyx andpy are discrete.

Note thatNy'(A, B) = Ng'(B,A)".

Theorem 3.2. (compare]5]) Let AB C M be two MASAs in M. The following are equivalent:
1. Alis discrete over B and B is discrete over A,
2. A= uBu for some us Nj'(A);
3. Ng'(A,B) = Ny/(A);
4. ACNy'(AB);
5. 1e Nj'(A,B).

Proof. We prove(1l) & (2), (3) = (4) = (5) = (1) and(2) = (3).
We first prove that (1) implies (2); the proof is based on [5].

ConsidemN = Ma,2(N). LetD = g g

01 ao
u:(1 O)eN.Letd:(O b)eD.Then

Nu(d) = Ep(udu’) = ED( 0 g) B ( ik EB?a) )

SinceEa andEg are both discrete, it follows that, = ny- is discrete. Henca € Né"(D). Identify

A= L*(X,u) andB= L?(Y,v), D = L®(XUY,uUv). Theny! is supported inside the sgts,t) €
(XLY)?:se X,yeYorxeY,yec X}. Sinceuis a unitary, for a. ex € X, there is ay € Y, so that

K ({y}) # 0. Sinceyy is symmetric, it follows that there exists an measure-preserving isomorphism
@: X — Y, so that for eaclx € X, Ix({®(X)}) = Hgpx ({X}) # 0. Let f € LZ((XLY)2, ) be the
function given by

C N be a commutative subalgebra, anduét=

0 if s @t)and # @(s),
tan={ 9 feZ oA

Lety = f-u, andv be the polar part in the polar decompositionyof Thenv has the form

ve* \g ) for somew € M, and [wAw",B] = {0}. SinceA andB are MASAs, this implies

thatwAW" = B. Sincenw(a) = Ea(waw’) = (Ea|g)(waw"), it follows thatn,y is discrete; since
Nw(a) = Ea(w"aw) = w(Eg|a)(a)w*, alsony is discrete. Hencer € Ny'(A).

Next, we prove that (2) implies (1). Indeedwifc Ng'(A), nw andny- are discrete. IB = wAw',
it follows thatEa|g(b) = nw(w*bw) andEg|a(a) = wnw(a)w* are both discrete.

Clearly, (3) implies (4), sinc& C Ny'(A).

Clearly, (4) implies (5), since & A.

We now prove that (5) implies (1). If (5) holds, there]A C Nqg(A, B), and henc® > b — Ea(b)
andA > a— Eg(a) are both discrete, hence (1).
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We next prove that (2) implies (3). If (2) holds, then foe Ng'(A) we have fora € A,
A (@) = Eg(xax’) = UEa(U*xaxX'u)u* = unyx(a)u*,
which is discrete, since” € Nj'(A), x € Ny/(A) and hencerx € Ny'(A). Similarly, forb € B,
px(b) = Ea(X"bX) = Ea(X uu*buux) = nyy (U*bu),
which is discrete sinca*x € Ny'(A). O

Corollary 3.3. If Ais discrete over B and B is discrete over A, thef{B) = Ny'(A); in particular,
A C Ny'(B) and BC Ny'(A).

Proof. By Theorem 3.2B = uAu" for someu € Ny/(A). HenceNy'(B) = uNy/(A)u* = Ny'(A), since
Ng'(A) is an algebra. O

Corollary 3.4. If 1 € N§/(A,B), then AC Nj'(A,B) and also N'(A,B) = N'(B,A) = Ny'(A) =
Ng'(B).
g

Proof. If 1 € Ny'(A,B), thenA C Nj'(A,B) by Theorem 3.2. 1A C Ny'(A,B), thenA is discrete
overB andB is discrete oveA, by Theorem 3.2. Hends;'(B,A) = Ny'(B) by the same theorem.
Lastly, by Corollary 3.3Ng'(A) = Ng'(B). O

4. CARTAN SUBALGEBRAS.

Theorem 4.1. Let AC M be a MASA. Then the following conditions are equivalent:
1. Ais a Cartan subalgebra of M.
2. The weak quasi-normalizeréNA) Is equal to all of M.
3. The quasi-normalizer §{A) is dense in M.
4. For a set of unitaries gin M, which are strongly dense in the unitary grougM\) of M, the
algebras AL are discrete over A.
5. For any unitary ue M, uAu' is discrete over A and A is discrete over JAu

Proof. Statement (1) is equivalent to saying thét(A’(A),A) = M. Hence (1), (2) and (3) are
equivalent, by Theorem 2.7. The condition thal" is discrete oveA andA is discrete oveuAu*

is equivalent to the condition thate Ny'(A), by Theorem 3.2. Hence (2) and (5) are equivalent.
Lastly, (5) implies (4), while (4) implies thdtu} C NéV(A), which because are strongly dense,
implies (2). O

Corollary 4.2. Let A and B be two MASAs in M. Then the following conditions are equivalent:

1. A and B are both Cartan subalgebras of M and are conjugate by a unitary in M;
2. M =N¥(A,B).

Proof. If (1) holds, then by Theorem 4.Ng'(A) = M = Ny/(B). If AandB are conjugate, then by
Theorem 3.2Ny'(A,B) = Ny'(A), so that (1) implies (2).

If (2) holds, themA C Ng'(A, B) = M, so thatA andB are conjugate by Theorem 3.2. Furthermore,
since by Corollary 3.4M = Ny'(A,B) = Nj'(A) = Ng/(B), so thatA and B are both Cartan by
Theorem 4.1. Thus (2) implies (1). O]
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