
CARTAN SUBALGEBRAS AND BIMODULE DECOMPOSITIONS OF II 1 FACTORS.

SORIN POPA AND DIMITRI SHLYAKHTENKO

ABSTRACT. Let A⊂M be a MASA in a II1 factorM. We describe the von Neumann subalgebra
of M generated byA and its normalizerN (A) as the setNw

q (A) consisting of those elementsm∈M
for which the bimoduleAmA is discrete. We prove that two MASAsA andB are conjugate by a
unitaryu∈ Nw

q (A) iff A is discrete overB andB is discrete overA in the sense defined by Feldman
and Moore [5]. As a consequence, we show thatA is a Cartan subalgebra ofM iff for any MASA
B⊂M, B = uAu∗ for someu∈M exactly whenA is discrete overB andB is discrete overA.

1. INTRODUCTION.

Let M be a type II1 von Neumann algebra with a traceτ. If A⊂M is a maximal abelian subal-
gebra (MASA), thenA is called a Cartan subalgebra (see [2], [6]), if its normalizerN (A) = {u∈
U(M) : uAu∗= A} together withAgeneratesM. Feldman and Moore [5] characterized pairsA⊂M,
whereA is a Cartan subalgebra, as those coming fromr-discrete transitive measure groupoids with
a finite measure spaceX as base. Given such a groupoid, the algebraA is L∞(X), and the group of
bisections of the groupoid embeds into the unitary group ofM as the normalizer ofA. In this paper
we make use of an alternate characterization of a Cartan subalgebra inM: namely,A is a Cartan
subalgebra if the Hilbert spaceL2(M), viewed as anA,A-bimodule, is in a certain way discrete.

Recall that ifA = L∞(X,νX), B = L2(Y,νY) are diffuse commutative von Neumann algebras,
andµ is a measure onX×Y, so that its push-forwards by the coordinate projections ontoX andY
are absolutely continuous with respect toνX andνY, thenL2(X×Y,µ) carries a pair of commuting
normal representations ofA given by

(a· f )(s, t) = a(s) f (s, t), ( f ·b)(s, t) = b(t) f (s, t).

for f ∈ L2(X×Y,µ) anda∈A,b∈B. In this way,L2(X×Y,µ) is anA,B-bimodule. It can be shown
that any (abstract)A,B-bimodule containing a vectorξ for which AξB is dense, is isomorphic to
L2(X×Y,µ) for some measureµ.

Denote byC(A,B) the set of allA,B-bimodules. Then the operation of relative tensor product
of bimodules gives a multiplication⊗B : C(A,B)×C(B,C)→C(A,C). InsideC(A,B), there is a
remarkable subsetCd(A,B) consisting ofdiscretemodules, i.e., modules which are direct sums of
L2(X×Y,µ) for whichµcan be disintegrated asµ(s, t) = µt(s)νX(t) with µt(s) atomic for almost all
t. One hasCd(A,B)⊗BCd(B,C)⊂Cd(A,C). An example of a module inCd(A,B) is the bimodule
L2(X×Y,µ) for whichµ is supported on the graph of an automorphismα : X→Y. In this case the
bimodule contains a vectorξ for whicha·ξ = ξα(a) andAξB is dense.

If H is anyA,B bimodule, one can construct a submoduleHd ⊂ H consisting of those elements
ξ ∈ H for whichA·ξ ·B∈Cd(A,B). Hd is the maximal subbimodule ofH which lies inCd(A,B).
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Denote byCd(A) ⊂Cd(A,A) ⊂C(A,A) the set of such bimodulesH ∈Cd(A,A) for which H̄ ∈
Cd(A,A) as well (hereH̄ is H with the opposite Hilbert space structure and the right and left actions
of A switched). Equivalently,Cd(A) is the maximal subsetC in C(A,A) satisfyingCd(B,A)⊗AC⊗A
Cd(A,C)⊂Cd(B,C).

Returning now to the situation thatA ⊂ M is a MASA, L2(M) is a bimodule overA, since
elements ofA act onL2(M) by right and left multiplication. Every elementx∈M defines a sub-
bimoduleAxA⊂ L2(M). Denoting byNw

q (A) the set of all elementsx for which AxA∈Cd(A) we
obtain a certain subset ofM. BecauseCd(A) is closed under tensor products,Nw

q (A) is a subalgebra
(in fact, a von Neumann subalgebra) ofM. Every element in the normalizer ofA is in Nw

q (in fact,
its associated bimodule is the bimodule constructed out of an automorphismα of A above). We
show thatNw

q (A) is exactly the von Neumann subalgebra ofM generated byA and its normalizer.
HenceA is a Cartan subalgebra iffNw

q (A) = M, i.e.,L2(M,τ) ∈Cd(A).
One can similarly consider two MASAs inM and the subsetNw

q (A,B) of x ∈ M for which
AxB∈Cd(A,B) andBx∗A∈Cd(B,A). It turns out that the condition that 1∈Nw

q (A,B) is equivalent
to the condition thatA is discrete overB in the sense of Feldman and Moore [5].

Feldman and Moore proved that two Cartan subagebrasA andB are conjugate by a unitaryu∈M
iff B is discrete overA andA is discrete overB. We show that this characterization of conjugacy
characterizes Cartan subalgebras:A is a Cartan subalgebra ofM iff uAu∗ is discrete overA for all
unitariesu∈M (i.e., Cartan subalgebras are precisely the subalgebras ofM for which the Feldman-
Moor criterion of inner conjugacy applies). More generally, we prove thatA is discrete overB and
B is discrete overA iff A andB are conjugate by a unitary fromNw

q (A).

2. QUASI-NORMALIZER OF A MASA.

Let X be a measure space. By a local Borel map fromX to X we mean a triple(φ,D,R), where
D,R⊂ X are Borel subsets, andφ : D→ R is a Borel map. We further say that(φ,D,R) is a
local isomorphism, ifφ is a measure-preserving Borel isomorphism ofD with R. For a function
f ∈ L∞(X), we writeφ( f ) for the functionχR ·φ( f ·χD).

WheneverA,B are commutative finiteW∗-algebras with fixed finite traces andη : A→ B is a
completely-positive map, we can identifyA∼= L∞(X,µ) andB∼= L∞(Y,ν). With this identification,
there exists a measureη̂ onX×Y, so that:

1. The push-forwards of̂η onto X andY via projections maps are absolutely-continuous with
respect toµ andν, respectively;

2. For all f ∈ A andg∈ B,∫
g(y)η( f )(y)dν(y) =

∫∫
f (x)g(y)dη̂(x,y).

The measurêη can be disintegrated along they direction: there is a measurable family of measures
η̂y onX, for which ∫∫

f (x,y)η̂(x,y) =
∫ (∫

f (x,y)η̂y(x)
)

dy.

Definition 2.1. (cf. [5]) A completely-positive mapη : A→ B is calleddiscrete, if the measures
ηy are atomic for almost ally∈Y.
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Notice that ifφ : C→ B is an isomorphism, thenη◦φ is discrete if and only ifη is discrete.

Let M be a type II1 factor andA⊂M be a MASA. Letx∈M be an element. Thenx defines a
completely positive mapηx : A→ A by:

ηx(a) = EA(x∗ax).

IdentifyingA with L∞[0,1], ηx determines a finite positive measureµx = η̂x on [0,1]2, by:∫∫
a(t)b(s)dµx(t,s) = τ(aηx(b)) = τ(ax∗bx), ∀a,b∈ A = L∞[0,1].

If x is self-adjoint, the measureµx is symmetric; more precisely, ifT : [0,1]2→ [0,1]2 is given by
T(t,s) = (s, t), thenT∗µx = µx. The push-forwards ofµx by the coordinate projections from[0,1]2

onto the first copy and second copies of[0,1] are absolutely continuous with respect to Lebesgue
measure. For eacht ∈ [0,1], µx can be disintegrated along thet-axis: there exists a family of
measuresµx

t , so that ∫∫
f (s, t)dµx(s, t) =

∫∫
f (s, t)dµx

t (s)dt.

Lemma 2.2. The Hilbert space H(x) = {a1xa2 : a1,a2 ∈ A} ⊂ L2(M) can be isometrically identi-
fied with L2([0,1]2,µx), in such a way that x is identified with the constant function1 on [0,1]2, and
the element a1xa2 is identified with the function a1(s)a2(t)∈ L2([0,1]2,µx). In the case that x is self-
adjoint, the restriction of the Tomita conjugation operator J to H(x) is given by J( f (x,y)) = f (y,x).

Notation2.3. We consider the following sets of elements inM:

1. N (A) = {u∈M unitary :uAu∗ = A}, the normalizer ofA;
2. GN (A) = {v∈M partial isometry :vAv∗ ⊂ A,v∗Av⊂ A}, the full group of the normalizer of

A;
3. N1(A) = {x∈M : there is a local isomorphismφ : A→ A, s.t. φ(a)x = xa,∀a∈ A};
4. Nq(A) = {x∈M : µx

t ,µ
x∗
t are both atomic with a finite number of atoms for all most allt}, the

quasi-normalizer ofA;
5. Nw

q (A) = {x∈M : µx,µx∗ are both discrete}, the weak quasi-normalizer ofA.

Note thatNq(A) andNw
q (A) are∗-subalgebras ofM.

Lemma 2.4. Let x= x∗ ∈M, and let f,g be bounded µx-measurable functions on[0,1]2, such that
supp( f ),supp(g)⊂ Γ, where

Γ =
N⋃

j=1

{(s,φ j(s));x∈ [0,1]}∪{(φ j(s),s) : s∈ [0,1]}

andφ j are local isomorphisms. IdentifyAxA with L2([0,1]2,µx) as in Lemma 2.2. Let f·x be the
element inAxA, corresponding via this identification to f∈ L2([0,1]2,µx).

Then:

1. f ·x∈M.
2. µf ·x = | f |2µx.
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3. g· ( f ·x) = (g f) ·x (Chain rule).
4. If f is symmetric (i.e., f(s, t) = f (t,s)), then f·x is self-adjoint.

Proof. Let ai ,bi ∈ A, i = 1, . . . ,n be functions inA. Then if y = ∑aixbi , we have thatµy =
|(∑ai(s)bi(t))|2µx. Note that

‖∑aixbi‖ =

∥∥∥∥∥∥( a1 · · · an
) x · · · 0

...
...

...
0 · · · x

 b1
...

bn

∥∥∥∥∥∥
≤ ‖x‖ · ‖∑a∗i ai‖1/2 · ‖∑b∗i bi‖1/2.

Choose nowa(k)
i ,b(k)

i in such a way that‖∑a∗i ai‖,‖∑b∗i bi‖ ≤ 4N2‖ f‖2, and|∑ai(s)bi(t)| → f
in L2([0,1]2,µx). This is possible because of the assumptions onf : for sufficiently fine partitions

A(k)
1 , . . . ,A(k)

p , k = 1, . . . ,N and i = p j + r, 0≤ r < N, one can takea(k)
p to be the characteristic

function ofA(r−1)
j andb(k)

p be a constant times the characteristic function ofφr(A
(r)
j ).

Thenyk = ∑i a
(k)
i xb(k)

i converges inL2(M) to some vectory∈ L2(M). Since‖yk‖ is bounded,
we get thaty∈M. Define f ·x to be equal toy. The claimed properties of· follow easily. To show

that f ·x is self-adjoint if f is symmetric, notice that in this casea(k)
i andb(k)

i can be chosen so that

∑i a
(k)
i (s)b(k)

i (t) is symmetric. But then it follows thatJyk = yk, so thatJy= y, so thatf ·x = y is
self-adjoint.

Lemma 2.5. Assume that x= x∗ ∈ Nw
q (M) andε > 0. Then there exists y∈ Nq(M), so that‖x−

y‖2≤ ε.

Proof. By [5, Theorem 1] (see also [1, Lemma 3 (a)]), there exists local isomorphismsσi : Ai →
Bi , Ai ,Bi ⊂ X, so that the support of the measureµx is contained in the union of graphsΓσ j =
{(x,σ j(x)) : x∈ A j}, and the graphs are disjoint. By Lemma 2.4, denoting byf j the characteristic
function ofΓσ j , we find elementsx j = f j ·x∈M, so thatµx j = f j ·µx. It follows thatx j ∈ L2(M)
are perpendincular, andx = ∑ j x j . Moreover, eachx j ∈ Nq(M). Now, givenε > 0, there existsN
so that if we sety = ∑N

j=1x j , then‖x−y‖2≤ ε. SinceNq is an algebra,y∈ Nq.

Proposition 2.6. Nw
q (A) is a von Neumann subalgebra of M.

Proof. Let xn ∈ Nw
q (A) be a sequence of elements, converging∗-strongly to an elementx ∈ M

and such that‖x j‖ ≤ ‖x‖. By Lemma 2.5 we may assume thatxn ∈ Nq. We must show that
x ∈ Nw

q (M). If not, then letX ⊂ [0,1]2 be the set of atoms ofµx
t , t ∈ [0,1], and we have that

µx(X) = ‖x‖2− δ for someδ > 0. Hence we have that for anyf satisfying the hypothesis of
Lemma 2.4 and valued in{0,1}, ‖x− f ·x‖22≥ δ. On the other hand, we clearly have for all such
f that‖ f ·xn− f ·x‖22 = ‖ f · (xn−x)‖22≤ ‖xn−x‖22, since f is valued in{0,1}. Now choosexn so
that‖xn−x‖22 < δ2/4; then there is anf for which f ·xn = xn. Hence‖ f ·xn− f ·x‖22≤ δ2/4, and
it follows that

‖x− f ·x‖2≤ ‖x−xn‖2 +‖ f ·xn− f ·x‖2 < δ,
which is a contradiction.
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Theorem 2.7. Let A⊂ M be a MASA. Then the setsN (A), GN (A), N1(A), Nq(A) and Nw
q (A)

generate the same von Neumann subalgebras in M.

Proof. Note thatA is contained in all of the sets listed in the statement. ClearlyN (A)⊂ GN (A);
also, Nq(A) ⊂ Nw

q (A). If x ∈ N1(A), then for a certain local isomorphismφ : [0,1]→ [0,1], µx
t

and µx∗
t are supported on{φ(t),φ−1(t)} if t is in the domain ofφ, and zero otherwise. Hence

W∗(N1(A))⊂W∗(Nq(A)).
By Lemma 2.5 and Proposition 2.6, we have thatW∗(Nq(A)) = Nw

q (A).
By a result of H. Dye (cf. [3],[4]), we have thatGN (A) = N (A)A, so thatW∗(GN (A)) =

W∗(N (A)).
Summarizing, we have:

W∗(N (A)) = W∗(GN (A))⊂W∗(N1(A))⊂W∗(Nq(A)) = Nw
q (A).

Next, we prove thatNq(A) ⊂W∗(N1(A)). Assume thatx = x∗ ∈ Nq(A). As in Lemma 2.4, by
finding suitable functionsfi , we can writex = ∑ fi · x, xi = fi · x∈ Nq(A), so thatµxi is supported
on the set{(s,φ(s)}∪{(φ(s),s)} for some local isomorphismφ (depending oni). It is therefore
sufficient to consider thosex, for whichµx is supported on such a set. Lettingg be the characteristic
function of{(s,φ(s) : s∈ [0,1]} andh be the characteristic function of{(φ(s),s) : s∈ [0,1]}, we get
thatx = g ·x+ h ·x−hg·x. Now, y1 = g ·x satisfiesy1a = φ(a)y1 for all a∈ A, hencey1 ∈ N1(A).
Similarly, y2 = h ·x is in N1(A). Lastly,y3 = hg·x satisfiesy3a = χXay3 for all a∈ A, whereX is
the projection of the support ofhg onto thet axis; it follows thaty3 ∈ N1(A). ThusW∗(Nq(A))⊂
W∗(N1(A)).

Lastly, we prove thatN1(A) ⊂W∗(GN (A)). Assume thatx∈ N1(A). There exists a local iso-
morphismφ : A→A, so thatxa= φ(a)x, for all a∈A. Letx= v(x∗x)1/2 be the polar decomposition
of x; let D andR be the domain and range ofφ. Then(x∗x)1/2χD = (x∗x)1/2. Moreover, fora∈ A,
we havex∗xa= x∗φ−1(a)x = ax∗x, so that[a,(x∗x)1/2] = 0. SinceA is a MASA, this implies that
(x∗x)1/2 ∈ A. SinceA⊂W∗(GN (A)) andv∈ GN (A), x∈W∗(GN (A)).

The same proof works to show the following:

Theorem 2.8. For an arbitrary diffuse unital subalgebra A⊂ M, we have W∗(N1(A)) =
W∗(Nq(A)) = Nw

q (A).

3. CONJUGACY OFMASAS.

Let A,B⊂M be diffuse commutative subalgebras. Letη : B→ A be the restriction toB of the
conditional expectation fromM ontoA. As a completely positive map,E defines a measurêη on
[0,1]2 by ∫∫

f (s)g(t)dη̂(s, t) = τ( f E(g)) = τ( f g), f ∈ A,g∈ B.

Recall [5, Part II, Definition 5.3] thatB is called discrete overA if E : A→ B is discrete as a
completely positive map. That is to say, in the disintegrationη̂(s, t) = η̂t(s)dt the measureŝηt are
atomic for almost allt.
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Let x∈M. Define the completely-positive mapsλx : A→ B andρx : B→ A by

λx(a) = EB(xax∗), ρx(b) = EA(x∗bx), a∈ A,b∈ B.

Definition 3.1. The relative quasi-normalizerNw
q (A,B) is defined to be the set of allx ∈ M, for

which bothλx andρx are discrete.

Note thatNw
q (A,B) = Nw

q (B,A)∗.

Theorem 3.2. (compare[5]) Let A,B⊂M be two MASAs in M. The following are equivalent:

1. A is discrete over B and B is discrete over A;
2. A = uBu∗ for some u∈ Nw

q (A);
3. Nw

q (A,B) = Nw
q (A);

4. A⊂ Nw
q (A,B);

5. 1∈ Nw
q (A,B).

Proof. We prove(1)⇔ (2), (3)⇒ (4)⇒ (5)⇒ (1) and(2)⇒ (3).
We first prove that (1) implies (2); the proof is based on [5].

ConsiderN = M2×2(N). Let D =
(

A 0
0 B

)
⊂ N be a commutative subalgebra, and letu∗ =

u =
(

0 1
1 0

)
∈ N. Let d =

(
a 0
0 b

)
∈ D. Then

ηu(d) = ED(udu∗) = ED

(
b 0
0 a

)
=
(

EA(b) 0
0 EB(a)

)
.

SinceEA andEB are both discrete, it follows thatηu = ηu∗ is discrete. Henceu∈ Nw
q (D). Identify

A∼= L∞(X,µ) andB∼= L∞(Y,ν), D∼= L∞(XtY,µtν). Thenµu is supported inside the set{(s, t) ∈
(XtY)2 : s∈ X,y∈Yor x∈Y,y∈ X}. Sinceu is a unitary, for a. e.x∈ X, there is ay∈Y, so that
µu

x({y}) 6= 0. Sinceµu
x is symmetric, it follows that there exists an measure-preserving isomorphism

φ : X→ Y, so that for eachx∈ X, µx({φ(x)}) = µφ(x)({x}) 6= 0. Let f ∈ L2((XtY)2,µu) be the
function given by

f (s, t) =
{

0 if s 6= φ(t)andt 6= φ(s),
1 if s= φ(t)or t = φ(s).

Let y = f · u, and v be the polar part in the polar decomposition ofy. Then v has the form(
0 w

w∗ 0

)
for somew ∈ M, and [wAw∗,B] = {0}. SinceA and B are MASAs, this implies

that wAw∗ = B. Sinceηw(a) = EA(waw∗) = (EA|B)(waw∗), it follows thatηw is discrete; since
ηw∗(a) = EA(w∗aw) = w(EB|A)(a)w∗, alsoηw∗ is discrete. Hencew∈ Nw

q (A).
Next, we prove that (2) implies (1). Indeed, ifw∈Nw

q (A), ηw andηw∗ are discrete. IfB= wAw∗,
it follows thatEA|B(b) = ηw(w∗bw) andEB|A(a) = wηw(a)w∗ are both discrete.

Clearly, (3) implies (4), sinceA⊂ Nw
q (A).

Clearly, (4) implies (5), since 1∈ A.
We now prove that (5) implies (1). If (5) holds, then 1∈A⊂Nq(A,B), and henceB3 b 7→EA(b)

andA3 a 7→ EB(a) are both discrete, hence (1).
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We next prove that (2) implies (3). If (2) holds, then forx∈ Nw
q (A) we have fora∈ A,

λx(a) = EB(xax∗) = uEA(u∗xax∗u)u∗ = uηu∗x(a)u∗,

which is discrete, sinceu∗ ∈ Nw
q (A), x∈ Nw

q (A) and henceu∗x∈ Nw
q (A). Similarly, forb∈ B,

ρx(b) = EA(x∗bx) = EA(x∗uu∗buu∗x) = ηxu∗(u∗bu),

which is discrete sinceu∗x∈ Nw
q (A).

Corollary 3.3. If A is discrete over B and B is discrete over A, then Nw
q (B) = Nw

q (A); in particular,
A⊂ Nw

q (B) and B⊂ Nw
q (A).

Proof. By Theorem 3.2,B= uAu∗ for someu∈Nw
q (A). HenceNw

q (B) = uNw
q (A)u∗= Nw

q (A), since
Nw

q (A) is an algebra.

Corollary 3.4. If 1 ∈ Nw
q (A,B), then A⊂ Nw

q (A,B) and also Nw
q (A,B) = Nw

q (B,A) = Nw
q (A) =

Nw
q (B).

Proof. If 1 ∈ Nw
q (A,B), thenA⊂ Nw

q (A,B) by Theorem 3.2. IfA⊂ Nw
q (A,B), thenA is discrete

overB andB is discrete overA, by Theorem 3.2. HenceNw
q (B,A) = Nw

q (B) by the same theorem.
Lastly, by Corollary 3.3,Nw

q (A) = Nw
q (B).

4. CARTAN SUBALGEBRAS.

Theorem 4.1. Let A⊂M be a MASA. Then the following conditions are equivalent:

1. A is a Cartan subalgebra of M.
2. The weak quasi-normalizer Nwq (A) is equal to all of M.
3. The quasi-normalizer Nq(A) is dense in M.
4. For a set of unitaries uk in M, which are strongly dense in the unitary group U(M) of M, the

algebras ukAu∗k are discrete over A.
5. For any unitary u∈M, uAu∗ is discrete over A and A is discrete over uAu∗.

Proof. Statement (1) is equivalent to saying thatW∗(N (A),A) = M. Hence (1), (2) and (3) are
equivalent, by Theorem 2.7. The condition thatuAu∗ is discrete overA andA is discrete overuAu∗

is equivalent to the condition thatu∈ Nw
q (A), by Theorem 3.2. Hence (2) and (5) are equivalent.

Lastly, (5) implies (4), while (4) implies that{uk} ⊂ Nw
q (A), which becauseuk are strongly dense,

implies (2).

Corollary 4.2. Let A and B be two MASAs in M. Then the following conditions are equivalent:

1. A and B are both Cartan subalgebras of M and are conjugate by a unitary in M;
2. M = Nw

q (A,B).

Proof. If (1) holds, then by Theorem 4.1,Nw
q (A) = M = Nw

q (B). If A andB are conjugate, then by
Theorem 3.2,Nw

q (A,B) = Nw
q (A), so that (1) implies (2).

If (2) holds, thenA⊂Nw
q (A,B) = M, so thatAandBare conjugate by Theorem 3.2. Furthermore,

since by Corollary 3.4,M = Nw
q (A,B) = Nw

q (A) = Nw
q (B), so thatA and B are both Cartan by

Theorem 4.1. Thus (2) implies (1).
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