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Plan

• From’t Hooft expansionto some questions infree probability.

• Some arguments from free probability to analyze the first order of ’t

Hooft expansion and the associated (planar) combinatorialproblem.
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Reminder on Jean-Bernard Zuber’s talk

Let µN be the law of aN × N complex Gaussian Wigner matrix (GUE).

Let V =
∑n

i=1 βix
i be a polynomial.

Then, ’t Hooft expansion reads as the equality between formal series

FN (V ) :=
1

N2
log

∫

e−Ntr(V (X))dµN (X)

=
∑

g∈N

1

N2g

∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
Mg((ki, i)1≤i≤n)

with Mg((ki, i)1≤i≤n) the number of maps with genusg (i.e connected

graphs embedded in a surface of genusg) with ki vertices of degreei(all

half-edges labelled)
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Several matrices generalization

Let µN be the law of aN × N complex Gaussian Wigner matrix (GUE).

Let V =
∑n

i=1 βiqi(X1, · · · , Xm) be a polynomial inm

non-commutative variables.qi monomials.

Then, ’t Hooft expansion reads

1

N2
log

∫

e−Ntr(V (X1,··· ,Xm))dµN (X1) · · · dµN (Xm)

=
∑

g∈N

1

N2g

∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
Mg((ki, qi)1≤i≤n)

with Mg((ki, qi)1≤i≤n) the number of maps with genusg (i.e connected

graphs embedded in a surface of genusg) with ki stars of typeqi.
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Several matrices generalization

Let µN be the law of aN × N complex Gaussian Wigner matrix (GUE).

Let V =
∑n

i=1 βiqi(X1, · · · , Xm) be a polynomial inm

non-commutative variables.

Then, ’t Hooft expansion reads, for any monomialq

1

N2
log

∫

e−Ntr(V (X1,··· ,Xm)+tq(X1,··· ,Xm))dµN (X1) · · · dµN (Xm)

=
∑

g∈N

1

N2g

∑

k1,··· ,kn,k∈N

n
∏

i=1

(−βi)
ki

ki!

(−t)k

k!
Mg((ki, qi)1≤i≤n,(k, q))

with Mg((ki, qi)1≤i≤n, (k, q)) the number of maps with genusg (i.e

connected graphs embedded in a surface of genusg) with ki stars of type

qi andq stars of typeq.
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Several matrices generalization

Let µN be the law of aN × N complex Gaussian Wigner matrix (GUE).

Let V =
∑n

i=1 βiqi(X1, · · · , Xm) be a polynomial in

m-non-commutative variables. Letq be a monomial.

Then, ’t Hooft expansion reads

µ̄V
N (q) :=

∫

1

N
tr(q(X1, · · · , Xm))dµV

N (X1, · · · , Xm)

=
∑

g∈N

1

N2g

∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
Mg((ki, qi)1≤i≤n, (1, q))

with

dµV
N (X1, · · · , Xm) =

e−Ntr(V (X1,··· ,Xm))dµN (X1) · · · dµN (Xm)
∫

e−Ntr(V (X1,··· ,Xm))dµN (X1) · · · dµN (Xm)
.
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From formal series to largeN limit

Let µN be the law of aN × N complex Gaussian Wigner matrix (GUE).

Let V =
∑n

i=1 βiq1(X1, · · · , Xm) be a polynomial andq be a monomial.

Then, a largeN limit of ’t Hooft expansion gives, for any monomialq (G-

Maurel Segala, Alea 06)

lim
N→∞

µ̄V
N (q) =

∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
M0((ki, qi)1≤i≤n, (1, q))

It holds if

1. V = V ∗ with (zXi1 · · ·Xik
)∗ = z̄Xik

· · ·Xi1 .

2. ∃c > 0, V + 1−c
2

∑m

i=1 X2
i is convex in the sense that

XN
i (kl) ∈ HN , 1 ≤ i ≤ m → tr(V (XN

1 , · · · , XN
m )) convex∀N .

3. Theβ′
is are small enough(depending onc).
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From formal series to largeN limit:removing the convexity hypothesis

Let µ̄V
N be the Gibbs measure with potentialV wrt (GUE). Let

V =
∑n

i=1 βiq1(X1, · · · , Xm) be a polynomial inm-non-commutative

variables. Letq be a monomial.

Then, a largeN limit of ’t Hooft expansion reads (G- Maurel Segala 06)

lim
N→∞

∫

∩i{‖Xi‖∞≤L}

1

N
tr(q(X1, · · · , Xm))dµV

N (X1, · · · , Xm)

=
∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
M0((ki, qi)1≤i≤n, (1, q))

It holds if

1. V = V ∗ with (zXi1 · · ·Xik
)∗ = z̄Xik

· · ·Xi1 .

2. There existsε0 > 0 for all ε < ε0, maxi |βi| < ε and

L0(ε) ≤ L ≤ L1(ε), limε→0 L0(ε) = 2 andlimε→0 L1(ε) = +∞
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Idea of the proof.

AssumeV + (1 − c)/2
∑

X2
i convex. The limit pointsτ of µ̄V

N , as a

linear functional onC〈X1, · · · , Xm〉, are such that

1. There existsR = R(c) < ∞ s.t. |τ(Xi1 · · ·Xik
)| ≤ R(c)k.

2. τ is solution to Schwinger-Dyson equation : For all

P ∈ C〈X1, · · · , Xm〉, all i ∈ {1, · · · , m},

τ((Xi + DiV )P ) = τ ⊗ τ(∂iP )

with ∂iP =
∑

P=P1XiP2
P1 ⊗ P2, DiP =

∑

P=P1XiP2
P2P1.

Thm:There exists a unique solution forβi’s small enough. It is such that

τ(q) =
∑

k1,··· ,kn∈N

n
∏

i=1

(−βi)
ki

ki!
M0((ki, qi)1≤i≤n, (1, q))
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Free probability issues

• BeinggivenV ∈ C〈X1, · · · , Xm〉, is there aunique tracial stateτ ,

i.e τ ∈ C〈X1, · · · , Xm〉′ such that

τ(PP ∗) ≥ 0, τ(PQ) = τ(QP ), τ(1) = 1

so that for allP ∈ C〈X1, · · · , Xm〉, all i ∈ {1, · · · , m},

τ(DiV P ) = τ ⊗ τ(∂iP )

i.e.ξ = (DiV )1≤i≤m is the conjuguate variable ofτ .

Recall: Voiculescu(00):ifξ is polynomial, then it belongs to the

cyclic gradient space, G-Cabanal Duvillard (03): Suchτ ’s are dense.

• If V = 1
2

∑

X2
i +

∑

βiqi, τV (q) = τ(βi)1≤i≤m
(q) depends

analyticallyon the parameters(βi)1≤i≤m small enough. Whendoes

analyticitybreaks down? How (study of the critical exponents)?

What does it mean about the related algebras ?
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Result 1:Uniqueness

Thm: Assume thatV is ‘sufficiently locally convex’. There exists a
uniqueτ , law of m non-commutative variables bounded bybV , s.t

τ(DiV P ) = τ ⊗ τ(∂iP )

Def: Let∗ be an involution and set

X.Y =
1

2

m
∑

i=1

(XiY
∗
i + YiX

∗
i ).

V is (c, M)-convex iff for anyX = (X1, . . . , Xm) and
Y = (Y1, . . . , Ym) in someC∗-algebra(A, ‖ · ‖∞) such that
‖Xi‖∞, ‖Yi‖∞ ≤ M , i = 1, . . . , m we have

[DV (X) − DV (Y )].(X − Y ) ≥ c(X − Y ).(X − Y ) (1)

‘sufficiently locally convex’=V(c, M)-convex withM ≥ M(c), c > 0

(bV = b(c)).
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Remarks on Result 1

• We did not assumeV = V ∗

• If V = V ∗, τV is the law ofm self-adjoint non-commutative

variables, i.e ifXi = X∗
i , (zXi1 · · ·Xik

)∗ = z̄Xik
· · ·Xi1 ,

τV (PP ∗) ≥ 0, τ(PQ) = τ(QP ), τ(1) = 1

• Otherwise, there existsν = νV the law of(Xi, X
∗
i )1≤i≤m so that

τV (P ) = νV (P (X1, · · · , Xm)).

• If V = 1
2

∑m

i=1 X2
i +

∑n

i=1 βiqi, V is ( 1
2 , M) convexfor anyM

provided theβi’s are small enough(depending onM ).
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Result 2:Analyticity

Let V = Vβ =
∑n

i=1 βiqi where(qi)1≤i≤n are monomials. Let

T (c, M) ⊂ C
n be the interior of the subset of parametersβ = (βi)1≤i≤n

such thatVβ is (c, M)-convex. AssumeM ≥ M(c).

Then , for anyP ∈ C〈X1, · · · , Xm〉,

β ∈ T (c, M) → τVβ
(P ) is analytic.

In particular,

β →
∑

k1,··· ,kn

∏ (−βi)
ki

ki!
M0((ki, qi))

extends analytically to the interior of the set ofβi’s where
1
2

∑m

i=1 X2
i +

∑

βiqi is (c, M)-convex forM ≥ M0(c) .
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Result 3: Algebras are similar to those generated by semi-circulars

Assume thatV is (c, M)-convex withM ≥ M(c).

Let Z with law τV (or Z, Z∗ with law νV if V 6= V ∗).

TheC∗-algebra generated byZ is exact, projectionless(in particular any

P (Z, Z∗) has a connected support).

The von Neumann algebra associated with(Z, Z∗) has theHaagerup

approximation propertyand admits an embedding into the ultrapower of

the hyperfinite II1 factor.
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Reminder about Jean-Bernard Zuber’s talk

Whenm = 1, to solve explicitlyτ(ti)1≤i≤m
(xp) it is enough

• To use Schwinger-Dyson equation to find that

G(z) = τ(ti)1≤i≤m
((z − x)−1) satisfies

G(z) =
1

2
(W (z) −

√

W (z)2 − R(z)) W (z) = z + V ′(z)

with R a polynomial of degree smaller to deg(V ) − 2.

• To determineR by proving thatτ(ti)1≤i≤m
is a probability measure

with a connected compact supportin R.
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Norm convergence

Haagerup and Thorbjornsen (02) proved

lim
N→∞

‖P (XN
1 , . . . , XN

m )‖∞ = ‖P (X1, . . . , Xm)‖∞ a.s.

if XN
1 , · · · , XN

m follows the GUE andX1, · · · , Xm are free semi-circular.

Thm: If V is (c,∞)-convex,V = V ∗, the limit holds withXN
1 , · · · , XN

m

with law µV
N andX1, · · · , Xm with law τV .
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Idea of the proof: Le coup du Processus

1. SeeµV
N has an invariant measure of

dXN
t = dHN

t −
1

2
DiV (XN

t )dt

with HN aHermitian Brownian motion.

2. SeeτV has an invariant measure of

dXt = dSt −
1

2
DiV (Xt)dt

with S a free Brownian motion.

3. Show that ifV is (c, M) convex,M ≥ M(c), such a process

(a) Stays below the tresholdM if X0 has norm below someb.

(b) Has any solution of Schwinger-Dyson has an invariante measure.

(c) Has a unique invariante measure uniformly bounded byB < b.

(d) Converges in the uniform norm toZ with law τV whenX0 = 0.
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Conclusion

1. The generating function of maps is given as the solution of

Schwinger-Dyson equation which stays sufficiently bounded.

2. It is also given as the invariant measure of a free SDE.

3. What happens at the phase transition ?
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