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ONE DIMENSIONAL FREE MEIXNER DISTRIBUTIONS.

Probability measures on R.

Orthogonal polynomials {Pn(x)}.

Have a generating function
∞
∑

n=0

Pn(x)z
n = F(z)

1

1 − xG(z)
.

Proposition. The R-transform Rµ satisfies

Rµ

z
= 1 + tRµ + cR2

µ.

for t ∈ R, c ≥ −1.
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Complete description:

1

2π

√

4(1 + c) − (x − t)2

1 + tx + cx2
dx + zero, one, or two atoms.

Particular cases:

The semicircular (free Gaussian) distributions

1

2π

√

4 − x2 dx.

The Marchenko-Pastur (free Poisson) distributions

1

2π

√

4t − (x − t)2

1 + tx
dx + possibly one atom.
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Spectral distribution of Jacobi (double Wishart) ensemble.

Kesten measures.

Bernoulli distributions (1 − p)δ0 + pδ1.

Other appearances:

Szegö (1922), Bernstein (1930), Boas & Buck (1956), Carlin & McGregor
(1957), Geronimus (1961), Allaway (1972), Askey & Ismail (1983), Cohen &
Trenholme (1984), Kato (1986), Freeman (1998), Saitoh & Yoshida (2001),
M.A. (2003), Kubo, Kuo & Namli (2006), Belinschi & Nica (2007), . . .

µ(t, c = −1) = Bernoulli, Bλ(µ(t,−1)) = µ(t, λ − 1).
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NON-COMMUTATIVE POLYNOMIALS.

R〈x〉 = R〈x1, x2, . . . , xd〉

Involution

(x1 x2 x1 x1 x3)
∗ = x3 x1 x1 x2 x1.

ϕ a state on R〈x〉: linear functional, ϕ [1] = 1,

ϕ
[

P ∗]

= ϕ [P ] ,

ϕ
[

P ∗P
]

≥ 0.

4



FREE MEIXNER STATES: FIRST DEFINITION.

Monic orthogonal polynomials

Pi(x) = xi + . . . ,

Pij(x) = xixj + . . .

{P~u(x)} =
{

1, Pi(x), Pij(x), Pijk(x), . . .
}

Gram-Schmidt: can make orthogonal

〈P~u, P~v〉 = ϕ
[

P ∗
~uP~v

]

= 0

unless ~u = ~v.
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Definition. A state ϕ is a free Meixner state if its monic orthogonal polynomi-
als have a generating function

∑

~u

P~u(x)z~u = 1 +
∑

i

Pi(x)zi +
∑

i,j

Pij(x)zizj + . . .

= F(z)

(

1 −
∑

i

xiGi(z)

)−1

for some F(z), Gi(z).

ANALOG: if instead take commutative polynomials,

∑

~u

1

~u!
P~u(x)z~u = F(z) exp

(

∑

i

xiGi(z)

)

get Meixner polynomials, quadratic exponential families, Gibbs measures, etc.
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Example.

Pi(x) = xi + . . . = U1(xi),

Pij(x) = xixj + . . . = U1(xi)U1(xj),

Pii(x) = x2
i + . . . = U2(xi),

P1,2,1,1,1(x) = x1x2x3
1 + . . . = U1(x1)U1(x2)U3(x1),

where Ui = Chebyshev polynomials. Define ϕ by ϕ [1] = 1,

ϕ [P~u] = 0

for all ~u. Then

∑

~u

P~u(x)z~u =

(

1 −
∑

i

xizi +
∑

i

z2
i

)−1
.
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OPERATOR MODEL.

Will construct a Hilbert space, vector Ω in it, operators X1, X2, . . . , Xd on it
such that

ϕ [P(x1, . . . , xd)] = 〈Ω, P(X1, . . . , Xd)Ω〉 .

Initial data: instead of numbers t, c ≥ −1 have

T1, . . . , Td symmetric d × d matrices.

C diagonal d2 × d2 matrix, I ⊗ I + C ≥ 0.

(Ti ⊗ I)C = C(Ti ⊗ I).
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Let H = Cd with an orthonormal basis e1, e2, . . . , ed.

Ti = operator on H, C = operator on H⊗H.

Falg(H) =
∞
⊕

i=0

H⊗i = CΩ ⊕H⊕ (H⊗H) ⊕ . . .

= vector space of non-commutative polynomials in e1, e2, . . . , ed.
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Inner product

〈η, ζ〉C = 〈η, KCζ〉 ,

〈·, ·〉 = the usual tensor inner product.

KC is the non-negative kernel: on H⊗4,

KC =
(

I⊗2 ⊗ (I⊗2 + C)
)(

I ⊗ (I⊗2 + C) ⊗ I
)(

(I⊗2 + C) ⊗ I⊗2
)

.

Factor out vectors of length zero, complete, get the Fock space FC(H).
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Operators

a+
i

(

eu(1) ⊗ eu(2) ⊗ . . . ⊗ eu(k)

)

= ei ⊗ eu(1) ⊗ eu(2) ⊗ . . . ⊗ eu(k),

a−i

(

eu(1) ⊗ eu(2) ⊗ . . . ⊗ eu(k)

)

= δi,u(1)eu(2) ⊗ . . . ⊗ eu(k),

Ti = Ti ⊗ I⊗(k−1) on H⊗k,

a−i C = a−i (C ⊗ I⊗(k−2)) on H⊗k.

Define

Xi = a+
i + a−i + Ti + a−i C.

Lemma. Each Xi factors through to FC(H). Each Xi is symmetric and
bounded, so self-adjoint.
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Define a state ϕC,{Ti}
on R〈x1, . . . , xd〉 by

ϕC,{Ti}
[P(x1, x2, . . . , xd)] = 〈Ω, P(X1, X2, . . . , Xd)Ω〉.

Theorem. ϕ is a free Meixner state if and only if

ϕ = ϕC,{Ti}

for some C, {Ti}.
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FREE PROBABILITY CONNECTION: FREE CUMULANTS.

ϕ [x~u] = moments of ϕ.

Rϕ = free cumulant functional, another functional on R〈x〉.

Rϕ [x~u] = ϕ [x~u] −
∑

π∈NC (n)
π 6=1̂

∏

B∈π

Rϕ





∏

i∈B

xu(i)



 .
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R [xi] = ϕ [xi] ,

R
[

xixj

]

= ϕ
[

xixj

]

− R [xi]R
[

xj

]

,

R
[

xixjxk

]

= ϕ
[

xixjxk

]

− R
[

xixj

]

R [xk] − R [xi]R
[

xjxk

]

− R [xixk]R
[

xj

]

− R [xi]R
[

xj

]

R [xk]

= ϕ
[

xixjxk

]

− −

− − .

For simplicity, assume ϕ [xi] = 0, ϕ
[

xixj

]

= δij: mean zero, identity covari-
ance.
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OPERATOR MODEL FOR THE FREE CUMULANT FUNCTIONAL.

Theorem. R [xi] = 0, and

R
[

xiP(x1, . . . , xd)xj

]

=
〈

ei, P(S1, . . . , Sd)ej

〉

,

where

Si = a+
i + Ti + a−i C = Xi − a−i .

15



MULTIVARIATE EXAMPLES.

Concentrate on tracial states

ϕ [AB] = ϕ [BA] .

1. Free products.

2. “Simple quadratic exponential families”.
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1. Free products. Data Cij = ciδij, Ti = biEii.

Here Eii = projection onto ei.

Si = a+
i + biEii + a−i C

acts only on Span
(

e⊗k
i |k ≥ 0

)

. So

R
[

xu(1) . . . xu(k)

]

= 0

unless all u(j) equal. This means

(X1, X2, . . . , Xd) ∼ free product of 1-dim free Meixner states.
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Rotations of free product states are tracial:

for O an orthogonal matrix, let OT (x) = (
∑

Oi1xi, . . . , Oidxi) and

ϕO [P(x)] = ϕ
[

P(OT
x)

]

.

Note: rotations of free Meixner states not always free Meixner.
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Proposition. Let Cij = ciδij, Ti arbitrary, ϕ tracial. Then ϕ = rotation of a
free product state.

Example. True for C = 0.

Data C = 0, Ti = 0.

Semicircular: A free product.

Data C = 0, Ti arbitrary.

Free Poisson: If tracial, all rotations of free products.
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2. Multinomial. Cij ≡ −1. (Recall I ⊗ I + C ≥ 0.)

Choose vectors {f1, . . . , fd} with

〈fi, fi〉 = pi(1 − pi),
〈

fi, fj

〉

= −pipj,

where

pi > 0, i = 1,2, . . . , d, p1 + p2 + . . . + pd = 1.

Let

Ti(fi) = (1 − 2pi)fi,

Ti(fj) = −pifj − pjfi,

and define

Xi = a+
i + Ti + a−i + a−i C + pi.
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Proposition. Xi = orthogonal projection onto Span (fi + piΩ).

Orthogonal projections adding up to the identity.

They commute, ϕ factors through to a state on R[x1, . . . , xd].

Can be identified with the measure

ϕ = p1δe1 + p2δe2 + . . . pdδed,

the multinomial distribution.

Note that the multinomial distribution is also classical Meixner.
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Generalization:

Lemma. If ϕC,{Ti}
is tracial, then for all i, j,

Tiej = Tjei

and

[Ti, Tj] = TiTj − TjTi = CjiEij − CijEji.

Question. Construct such matrices?

Proposition. If Cij ≡ c, then this condition is also sufficient for ϕ to be a
trace.
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Proof. ϕ a trace ⇔ Rϕ a trace.

ϕ [x1x2x3x4] = R [x1x2x3x4] + R [x1x2]R [x3x4] + R [x1x4]R [x2x3]

= R [x2x3x4x1] + R [x2x1]R [x3x4] + R [x2x3]R [x4x1] .

= + +

= + + .
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Recall Si = a+
i + Ti + ca−i .

R [x1x2x3x4x5] = 〈e1, S2S3S4e5〉

= 〈e1, T2T3T4e5〉 + c 〈e1, e5〉 〈e2, T3e4〉

+ c 〈e1, T4e5〉 〈e2, e3〉 + c 〈e1, T2e5〉 〈e3, e4〉 .

But

〈e1, T2T3T4e5〉 = 〈e2, T1T3T4e5〉

= 〈e2, [T1, T3]T4e5〉 + 〈e2, T3[T1, T4]e5〉 + 〈e2, T3T4T5e1〉

= 〈e2, T3T4T5e1〉

+ c
(

〈e2, e1〉 〈e3, T4e5〉 + 〈e2, T3e1〉 〈e4, e5〉
)

− c
(

〈e2, e3〉 〈e1, T4e5〉 + 〈e2, T3e4〉 〈e1, e5〉
)

and

c 〈e1, T2e5〉 〈e3, e4〉 = c 〈e2, T5e1〉 〈e3, e4〉 ,
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so

R [x1x2x3x4x5]

= 〈e1, T2T3T4e5〉 + c 〈e1, e5〉 〈e2, T3e4〉

+ c 〈e1, T4e5〉 〈e2, e3〉 + c 〈e1, T2e5〉 〈e3, e4〉

= 〈e2, T3T4T5e1〉 + c 〈e2, e1〉 〈e3, T4e5〉

+ 〈e2, T3e1〉 〈e4, e5〉 + c 〈e2, T5e1〉 〈e3, e4〉

= 〈e2, S3S4S5e1〉 = R [x2x3x4x5x1] .

The same calculation works in general.
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OPERATOR ALGEBRAS.

1. Free products = free products.

2. Cij ≡ c, Ti = 0. Ricard:

W ∗(X1, . . . , Xd) =







L(Fd)

L(Fd) ⊕ B(ℓ2)

depending on d, c.
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