
1. CHANGE OF BASIS FORMULAS.

1.1. Notation. Old basisB, new basisB′. Usually, the old basis isB =
(e1, . . . ,en) (i.e., it is the “standard basis”), and the new basis isB

′ =
(v1, . . . ,vn), wherev1, . . . ,vn are somen linearly independent vectors.

Recall that[w]B′ =





a1
...

an



 means thatw = a1v1+ · · ·+anvn. Also recall

that
B′[T ]B′ = [[Tv1]B′, . . . , [Tvn]B′]

is the matrix whose columns are the coordinates in the basisB
′ of T applied

to the elements ofB′.

1.2. Goal. We assume that we know how to compute coordinates with re-
spect to the old basis (this is very easy indeed ifB is the standard basis: in

this case ifw =





a1
...

an



, then[w]B =





a1
...

an



, and if T is the linear trans-

formationT (v) = Av, whereA is somen×n matrix, thenB[T ]B = A). The
goal is to compute [w]B′and B′ [T ]B′ in terms of [w]B and B[T ]B.

1.3. Change of basis matrix.

BSB′ =





| |
v1 · · · vn
| |



 = [[v1]B, . . . , [vn]B] .

Thus columns ofBSB′ are elements of the new basis expressed in terms of
the old basis.

Fact. (BSB′)−1 = B′SB, i.e., it is the matrix whose columns are elements
of the old basis B expressed in terms of the new basis B

′.

From this, you get many nice formulas:

[w]B′ = B′SB[w]B

B′ [T ]B′ = B′SB B[T ]B BSB′ = B′SB B[T ]B (B′SB)−1
.

Exercise. (do not turn in). (a) Check that[Tw]B′ = B′[T ]B′ [w]B′ (use the
fact that[Tw]B = B[T ]B [w]B).
(b) Make sense ofB[T ]B′ andB′[T ]B along the lines of the definition of
B′[T ]B′ (the first of these has as columns the coordinates inB of the vectors
obtained by applyingT to the elements ofB′). Find formulas for these in
terms ofBTB andB′SB.
(c) What areB[I]B′ andB′[I]B, whereI denotes the identity transformation
Iv = v?
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