
MIDTERM 1

April 24,2002

Instructions.

Pleaseshow yourwork. You will receive little or no creditfor ananswer
notaccompaniedby appropriateexplanations,evenif theansweris correct.
If you have a questionabouta particularproblem,pleaseraiseyour hand
andoneof theproctorswill comeandtalk to you.

Calculatorsor computersof any kind arenot allowed. You arenot al-
lowed to consultany othermaterialsof any kind, including books,notes
andyour neighbors.You will find a list of someusefulformulason page2
of theexam.

At theendof theexam,pleasehandtheexampaperto your TA. Please
bepreparedto show your universityID uponrequest.

If you have a questionaboutthegradingof a particularproblem,please
comeandseemeor oneof theTAs within 14 days of the exam.

Name: StudentID:

#1 #2 #3 #4 #5 Total
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Problem 1. Let
1SMT

bethevector ^ ��_G�`_Ga[b and
1S X

bethevector ^ ��_c��_Gd�b .
(a)Find theunit vectorin thesamedirectionas

1S T
.

(b) Find theanglebetweenthevectors
1SeT

and
1S X

.
(c) Let f  be the line through N d`_Gd�_Gd Q in the directionof

1SUT
and f � be the

line through N 1g��_Gd�_0a Q in the directionof
1S X

. Write down the parametric
equationsof f  and f � . Thendetermineif theselinesareparallel,skew, or
intersecting.

Solution. (a) Thelengthof
1SeT

is h � � 	i� � 	ja � � h �k	�lm	onp� h �cl .
Thusthedesiredunit vectoris

"q rs  't .
(b) We have that�)��� O � 1S T/V 1S XY 1SUT Y[Y 1S X Y � � V �k	u� V �k	ja V d

h �cl h � � 	v� � 	jd � �
a
h �*w �

a� h xzy
So O �W�)�*� "� |{� s } .

(c) f  : ~ ��� , � �Z��� , � �Za�� , 1m� ������	�� ; f � : ~ ����1/� , � ��� ,� ��a , 1�� �W���v� . Sincetheanglebetweenthevectors
1S T

and
1S X

is notd , thevectorsarenotparallel,andsothelines f  and f � arenotparallel.Let
uscheckif they areintersecting.At thepoint of intersectionwemusthave~ � ���I��1i�

� � �����/�
� � a����Wa y

From the last equation ��� � ; thus �i� ����� � . The first equationis
satisfied,sothatthelinesdo intersectat N ��_��`_0a Q .
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Problem 2. Let
1SMT

bethevector ^ ��_)��_c1g��b and
1S X

bethevector ^ ��_)��_c��b .
Find the equationof the plane parallel to both

1S T
and

1S X
, and passing

throughthepoint N 1g��_c1g��_c1g� Q .
Solution.Wecomputethecrossproduct

1SMTi\ 1S X � ^ �`_)1��`_0d[b . Thisgives
usanormalvectorto theplane.Thustheequationis� N ~ 	W� Q 	j� N � 	W� Q 	od N � 	W� Q �Wd�_
or � ~ 1�� � ��d y
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Problem 3. Find an equationin polar coordinatesthat describesthe line� ��a ~ 	v� . In youranswer, pleaseindicatetherangeof theparameterO .
Solution.Let’ssaythat � � L�NPO�Q . Thenwe will have ~ � L�NPO�Q �)�*� O and� � L2N-O�Q ����
 O . ThusL�NPO�Q ����
 O � � �/a ~ 	v���Wa L�NPO�Q �)�*� O 	W� y

Solvingthis for L�NPO�Q givesL�N-O*Q)N ����
 O 13a��)�*� O�Q ���
sothat L�N-O*Q � �����
 O 13a��)��� O y
For L�NPO�Q to make sense,we musthave ����
 O����a��)��� O , i.e., O���+�0�*
 "� a .
Thustherangeof O is from d to ��� , excludingall valuesof �0�*
 "� a .



6

Problem 4. Considerthepolarcurve� ����13����
�a O y
(a)Sketchthecurve.
(b) Find the areabetweenthe ~ -axis andthe part of the curve which lies
below the ~ axis.

Solution.(a)Thegraphis shown below:
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(2-sin(3*t))*cos(t), (2-sin(3*t))*sin(t)

(b) Fromthepicture,we seethatthepartof thecurve thatlies below the~ axiscorrespondsto ��� O �W��� . ThustheareaisH � � ����
�� N �m13����
�a O�Q � F O

� �� � ���� N l�13l�����
�a O 	o����
 � a O*Q F O
� �� V l*��	u� V ������a Oa ���

���� 	 �� � ����
��13������  O� F O� n��l 	 l a y
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Problem 5. Sketchthefollowingplanarcurve,indicatingfoci, intersections
with thecoordinateaxesandasymptotes,asapproprite:~ �¡1¢��£ � �¤	¥£���d y

Solution.Rewriting theequationwe get� �N �E¦ h £ Q � 1 ~ �N h £ Q � ��� y
Fromthiswefind thatthefoci arelocatedonthe � -axis,at � �I§ A  ¨ 	j£��§ A �#©¨ . Thehyperbolaintersectsthe � axisat � �|§ A  ¨ . Asymptotically,� �I§  ¨ ~ . Thehyperbolalookslike this:
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