MATH 32A FINAL EXAMINATION

June 13, 2002

Instructions.

Please show your work. You will receive little or no credit for an answer not accom-
panied by appropriate explanations, even if the answer is correct. If you have a question
about a particular problem, please raise your hand and one of the proctors will come and
talk to you.

Calculators or computers of any kind are not allowed. You are not allowed to consult
any other materials of any kind, including books, notes and your neighbors. You will find
a list of some useful formulas on page 2 of the exam.

At the end of the exam, please hand the exam paper to your TA. Please be prepared to
show your university 1D upon request.

Name: Sample Student ID: 999999999

Section:None
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Problem 1. Let

f(x,y) = sin?(x* + y?).
Sketch level lines corresponding to f(x,y) = —1,0, 1. Indicate maxima and minima of the
function.

Solution: The level set corresponding to the value —1 is empty, since f > 0. The
level set corresponding to the value of 0 consists of solutions to 0 = sin?(x? + y?) and
corresponds to X2 + y? = np. The lines are circles of radius v/pn, n=1,2,3... as well as
the point at the origin. The level set corresponding to the value of 1 consists of solutions
to 1 =sin?(x2+y?) and corresponds to x? +y? = & + 2np. The lines are circles of radius

V5 +2pn, n=1,2,.... The maximum of the function is 1 and the minimum is 0.
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Problem 2. Evaluate the following limit, or show that the limit does not existx

im XYM

(xy)—0 X2 4 y'

Solution: Lety =t2, x =t. The limit is

i izt
t50t2 412 2t2 2t

which does not exist. Thus the limit does not exist.
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Problem 3. For each of the three curves below, find an equation r = f(q) in polar coordi-
nates representing the same curve, or explain why no such equation can exist.
(a) Circle of radius 2 centered at the origin. (b) The linex=y+ 1. (¢c) The liney = x.

(a) The corresponding equation is r = 2. (b) Using the equations x =rcosq, y = rsinq,
we get
rcosq=rsing+1
so that
r(cosq—sing) =1

so that
1

= cosq—sing’

(c) There is no equation of the kind the problem asks for. All points on the curve y = x
correspond to g = p/4+np, n=0,+1,£2,.... Thus if this curve were to be given by the
equationr = f(q), the set of values of g where f(q)is non-zero would have to be contained
in the set p/4+ np. Thus | f(q)| would have to assume all values in (0,¥) as g ranges over
the set p/4 + np. But this is impossible [the reason for why this is impossible is that it is
possible to enumerate the set p/4+ np, but it is impossible to enumerate all points in the
interval (0,¥)].
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Problem 4. Let T (t) = (¢, cost, e sint). Find the arclength of the curve between the
points (1,1,0) and (e?/2,0,¢eP/2).
Solution: We find
T'(t) = (¢, (cost —sint), & (sint + cost)),
so that
17 )l

e‘\/l + (cost —sint)2+ (sint + cost)?2

= &V/1+cos?t — 2sintcost + sin?t + sin?t + 2sint cost + cos2t

= dvi+2=¢€v3.
The curve passes through (1,1,0) att = 0 and through (e/2,0,€"/?) att = p/2. Thus the
length is

L:/p/2||7*'(t)||dt :/p/zé\@dtz V3(eP? - 1).
0 0
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Problem 5. Sketch the polar curve r = 2 — cos 9_

2

(2-cos(t)) ——
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Problem 6. Let Sbe the unit sphere x> +y? +z% = 1. Find the equations describing Sin
(a) spherical coordinates and (b) cylindrical coordinates.

Solution: In spherical coordinates, the equation of the sphere of radius 1 isr = 1. In
cyllindrical coordinates, the equation is z2 + r2 = 1 (since the distance from the origin to
the point with cylindrical coordinates (r,q, ) is V22 +r2).
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Problem 7. Let U = (1,2,3), V = (4,5,6). (a) Find an equation of the plane parallel to
both T and V and passing through the point (1,—1,0). (b) Find a unit normal vector to
that plane. (c) Find the angle between the vectors T and V.

Solution: (a) To find a normal vector T to the plane, we take the cross product of the
given vectors:

T = (1,2,3)x(4,5,6)

T T K

= |1 2 3 =?G$—?P®+?P$
4 5 6

= <_3767_3)

Thus an equation of the plane is
—3(x—1)+6(y+1) —3z=0.
(b) We make T into a unit vector by dividing by its length, which is
| 7| = v9+36+9=154=3V6.

L \/lé, =1y works (as does the negative of it).

So the vector {
(c) We find

S
S

1T = VI+4+9=V14
Indl V16+25+36= 77
TV = 1.4+42.543.6=32
Thus if we denote the angle between the vectors by g we find that
T-v 32 32

=TIV - Ve Wz

Thus
1

722

q=cos~
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Problem 8. True or False. For each of the following statements, write whether it is true or
false for the indicated choices of vectors.

Statement True/False
U-V=V-Uforall U and V True
UxV=VxUforall U and V False
(V-UW=V(Uu-w)forall U,V and W False
-V =0if U and V are orthogonal True
U x V =0if U and V are orthogonal False
(U x V) x W is the volume of the parallelepiped determined by U, V and W False
If two vectors are orthogonal, the projection of one of them onto the other is 0 True
If U and V lie in the (y,2) plane, T x V is parallel to i True
If V-W =0 for all W, then V must be zero True
If V-(1,0,0) = || V][], then 'V is parallel to (1,0,0) True

Notes: A counterexample to #3 would be to take the vectors so that V' and Tare per-
pendicular, but T and W are not. In #4, compute the angle between the two vectors. In
#5, the cross product is zero if the vectors are parallel. In #6 the result of the triple cross

. - = = .
product is a vector, not a volume; take the vectors i, j, K to get the triple product to be
zero (while the associated volume is 1). In #8, the cross product is perpendicular to the
plane containingthe two vectors, and hence parallel to the x-axis. In #9, Take W to be the
- =
vectors i , |, K to conclude that all components of V must be zero. In #10, compute the
angle between the vector V and (1,0,0)to conclude that its cosine is 1, so that the vectors
are parallel.
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Problem 9. Let f(x,y) = x3 + cos(xy) + 2xy?. (a) Find the gradient of f. (b) Find the
directional derivative of f in the direction of T = (1/v/2,1/+/2). (c) Find the equation of
the tangent plane to the graph of f(x,y) at the pointx=0,y=2.

Solution: (a) f = (3x% —ysin(xy) + 2y?, —xsin(xy) + 4xy). (b) The directional deriv-
ative is

f-U= % (3% — ysin(xy) + 2y? — xsin(xy) + 4xy).
(c) The normal vector is given by (fy, fy,—1) = (8,0,—1). The value of f at (0,2) is 1. So
the point (0,2,1) is on the tangent plane. The desired equation is

8x—(z—1)=0.
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Problem 10. If z= f(x,y) where x =rcosq and y =rsing, (a) use the chain rule to find

‘"ZandE.
12\? (12\* _[912\* 1 [(1z\?
() +(5) () = (&)

1r
EL) Sh0\1/Tvqthat
Solution: By the chain rule, we have

Tz fzfx | Tzfy 9z Tz

TR "X TR VI TR "R YA

M| e, Tl T2 oo %

fa = Wi fydqg g ond) gy (reesa)
Thus

2 2 2 2
) 2
- (%) c052q+2%%cosqsinq+ (%Z/) sin’q
) 2
+GTT_>Z<) sinzq—Z%z(%Z/cosqsinq—k (%Z/) cos?q

- ey
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Problem 11. Find all critical points of the function

f(xy) =x°—3x+y*—2y?
and classify them as local minima, maxima or saddle points.
Solution: We find fx = 3x? — 3, fy = 4y —4y. To be at a critical point, we must have
fx=0and fy =0, i.e.
3 = 3
4y(y’-1) = 0.
Thus the critical points are when x=+1 andy =0, or y= +1. There are 6 critical points:
(_1a0)' (150)1 (_1a1)l (151)' (_15_1) and (1a_1)
We compute D = fyx fyy — fixy fyx = 6x-4(3y? — 1) = 24x(3y? — 1). Also, fx = 6x. Thus
| Point [ D [ fi || Conclusion ]

(-1,0) | >0 | <0 || Local max
(1,0) <0 Saddle
(-1,1) | <O Saddle
(1,1) >0 | >0 Local min

(-1,-1) | <0 Saddle
(1,-1) | >0| >0 || Local min
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Problem 12. Find the maximum of the function
fixy) =e™
in the region x? 4 4y? < 1.
Solution: We first check the inside of the region. To be at a critical point, we must
have fy =0and fy, = 0. Now, fy = —ye™¥ and fy, = —xe™. So the only critical point is
x =y =0, and the value of the function at this point is 1.

We now check the boundary. Using Lagrange multipliers with the constraint equation
X2 4 4y? = 1 we get

—-ye ¥ = 2Ix
—xe ¥ = 8ly
X444y = 1.

We note first that x cannot be zero. Indeed, if it were, we would get that y = 0 from the
first equation (note that €™ is never zero), and x = y = 0 contradicts the last equation. For
the same reason, y cannot be zero. Lastly, it cannot happen that | = 0 (otherwise we get
x=y=0again). So x,y,| are all different from zero. We can thus divide the first equation

by the second to get

y 2x

x~ 8y’
which shows that x2 = 4y2. Thus from the last equation we get 8y? = 1, so thaty = iz—\l/é.
Therefore, we get the points

NI SN S SIS SR SRS S B
2V2'V27 V22722 V2T 22 V2D
The values of the function at these points are, respectively, e%, e‘%, e~ and e?. Since

e > 1, the largest value of the funciton on the boundary is ei. Since this is bigger than 1,
this is the maximum of the function on the given region.
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Problem 13. Use the method of Lagrange multipliers to find the maximum of

f(xy,2) =xyz
subject to the constraint X2+ y2 + 72 = 1.

We get the following system of equations:

yz = 2Ix

xz = 2y

yz = 2z
¥+yP+Z = L

Since if any of x,y,z are zero, the value of f(x,y,2) is zero, and the maximal value of
f on the given set is clearly bigger than zero (just take any Xx,y,z nonzero positive with
X2 +y? + 72 = 1), we may assume that x,y, z are nonzero. Multiplying the first equation by
X, the second by y and the third by z gives us the equations:

xyz = 2%
xz = 21y
xyz = 217
+y+7Z = 1L

Note that | cannot equal to zero (otherwise xyz = 0 from the first equation, which cannot
happen at a point of maximum of our function). Thus the first two equations combined

give

21 x> =21y?
andsincel # 0, x2 =y2. Similarly, we get from the second and third equations that y2 = 7°.
Thus x? = y? = Z2. From the last equation we get that 3x? = 1, so that x = +1/+/3. There
are all together 8 solutions (+1/v/3,41/+/3,+1/+/3) (signs uncoordinated). The value of
the funciton at these points is £1/(3v/3). It follows that the maximal value of the function

is 1/(3v/3).



