MATH 31B SECTION 2
FINAL EXAM SOLUTIONS.

Please note: Show your work. Correct answers not accompanied by sufficent explanations will receive
little or no credit. Please call one of the proctors if you have any questions about a problem. No calculators,
computers, PDAs, cell phones, or other devices will be permitted.
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Problem 1. Let f(x) = Z

n=0

3n
2n+5

«". Find the value of f(0).

Solution. If ¢,, denotes the coefficient of =™ in this power series, then f"/(0) = 3!- ¢35 = 3! - %is = %.
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= 1
Problem 2. Determine if the series ———— is convergent or divergent. If it is convergent, find
n; (n+1)(n+2) & & 8
its sum.
Solution. We have that
1 1 1

(n+1)(n+2) n+1 n+2
The series is telescoping;:

1 1+1 1+1 1+ n 1 1 1 1 1

L L Ty _ —1_ - 1.

1 2 2 3 3 4 n+l1l n+2 n—+ 2
Hence the sum of the series is 1.
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Problem 3. Let f(z) = tan~' z. Find a power series representation for f around 0. (Hint: represent tan~' =

as an integral).

Solution. We have:

1
tan 'z = ——dx+C
14+ 22

To find C, we evaluate both sides at z = 0; since tan=' 0 = 0, C = 0 and
e l)nx2n+1

N (=
tan .’E—ZW

n=0
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o0
Problem 4. Is the improper integral / e*"®dx convergent or divergent? Explain. Hint: sin z is periodic.
0
Solution. Since the function sin z is periodic, we have that

2 ar 2(n+1)m
/ ST o — / ST o — / ST,
0 2m 2nm

for all n. Let L be a number, and let n be the largest integer so that 2nm < L. Since esine > () for all z, we
have that f;m STy >0, and so

L 2nm L 2nm
/ ST g — / ST g + / ST 1o > / ST g
0 0 2nm 0
27 ) 4 . 2nm .
— / eslnwdx+/ eSIHde+ +/ eSln;de
0 2w 2(n—1)m

2m ) 2m )
= n/ e ¥dx > (L — 27r)/ e dx,
0 0

by periodicity and since L — 27 < n (because n is the largest integer with 2nm < L). Since e > 0, it
follows that the integral fo% ez has some strictly positive value, say A. We conclude that

L
/ STy > (L —2m)A.
0

Since limy, o (L — 27) A = o0, it follows that also limy, . o fOL STy — 0. Hence the integral diverges.
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Problem 5. . Evaluate the integral / In zdx.
Solution. We integrate by parts with u = Inz, dv = dx, du = 2dz, v =

/lnxdx:xlnx—/xldx:xlnx—x—i—a
T
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Problem 6. Graph the function zInz on the interval (0, +00). Indicate minima, maxima, convexity and
inflection points, as well as the limits of the function as + — 0 and  — +o00. Use the coordinate axes below:

\J

(use the next page if you need extra space)



MATH 31B SECTION 2 FINAL EXAM SOLUTIONS. 8

(turn page for more problems)
Solution. We have:

f(x) = Inzx+1
) =

Since f”(x) > 0 for all z, it follows that the function is concave up. We have that f'(z) < 0iflnz < —1,i.e,,
x < 1/eand f'(z) > 0if x > 1/e. Thus the function is decreasing on [0, 1/¢] and is increasing on [1/e, +00).
We need to find the limits of the function as x — 0 and x — +o00. We have

lim zlnz = oo,
Tr— 00

since both z and Inz — oo as x — oo. For the other limit, we use L'Hospital’s rule:

1 1
limxlnm:limﬂ: imi:limxzo.
x—0 z—0 ]_/(E z—0 71/1-2 z—0

It follows that the function has a minimum of —1/e at + = 1/e and no maximum. Its graph is presented
below:
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x*log(x) ———
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Problem 7. State the definition of a one-to-one function. Prove that the function f(z) = 2 +4 is one-to-one.

Solution. A function f is one-to-one if f(x1) # f(x2) whenever x; # x5. For our function f(x) = 23 + 4,
assume that f(z1) = f(z2). Thus 23 + 4 = 23 + 4, so that 21 = x5. Hence f is one-to-one.
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1 2
Problem 8. Use a trigonometric substitution to evaluate the integral /
0

Solution. Let r = sin 0, dr = cos 0df. The integral becomes:

/2 .2 0 w/2 1 /2
/ ST cos0do = / sin?f = — / (1 — cos 20)d6
0 o 0 2 Jo

COSs

1, . /2
= 7T/4—1(sm29)‘ = /4.

T
0

_r dr
i

11
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rz+1

Problem 9. Let f(z) = (x —1)(x —2)(z — 3)

. Use partial fractions to evaluate the integral / f(z)dz.

Solution. We try

We get:
z+1=Ax-2)(z-3)+Blx-1(x—-3)+Cx—1)(x —2).
Letting © = 1 gives A = 1; letting x = 2 gives B = —3; letting = = 3 gives C' = 2. Hence
-3 2

1
f(x)ix—l+m—2+x—3'

It follows that
/f(m)dx =log(x — 1) — 3log(x — 2) = 2log(xz — 3) + C.
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0 — 1)
Problem 10. Determine the radius and interval of convergence of the power series Z %

n=0

Solution. Using the ratio test gives us:

(@ —1ntt 2n43
L= lim . =lz—1 =
Thus the series is convergent for |z — 1| < 2 and divergent for |z —1| > 2. Hence the radius of convergence is
2. We check endpoints: when © = 3 or x = —1, the series of absolute values is > ﬁ, which is convergent
by comparison to Y 5+ (convergent geometric series). So the series is absolutely convergent both at z = 3
and x = —1. Thus the interval of convergence is [—1, 3].
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Problem 11. Find the limit of the sequence a,, = (1 + 5) :

Solution. We have

lim a, = lim e™@") = lim ?™0+2/7),
Let f(z) = zIn(1 + 2/x). By L'Hospital’s rule, we have
. . In(1+42/x)
A f) =l e
—2/a?
142/

911—{20 —1/:62 wl—{go 1+2/a:

Hence lim a,, = €2.

14
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Problem 12. Find the volume of the “ice cream cone” obtained by rotating about the y axis the region
bounded by the y axis, the quarter-circle y = v1 — 22, z,y > 0, and the triangle with vertices (0, 0), (1,0)

and (0, —1):

0.1)

(1,0)

=Y

(O’_l)

Solution. The cylindrical shell of radius « has height 1 — 22 — (z — 1). Hence the volume is:

/01 2rx(vV1—22 — (z—1))dx

1 1
/ 2rxn/1 — x2dx — / 2rx(x — 1)dx
0 0
2 2 1
(—gw(l —x?)3/2 — §7rx3 + 7rx2)’

/34 27w/3 =m.

0



