PRACTICE PROBLEMS FOR THE FINAL.

Problem 1. Let f, g be continuous functions of period 27, with Fourier coefficients
crand di. Prove that

(£,9)> = Z crdy.-
k

Note that this gives Parseval’s relation in the case that f = g.

Solution. Let Sp(f) = 3", ckexp(ikz) and S,(g9) = Y., diexp(ikz) be the
partial sums of the Fourier series for f and g. Thus ||S,,(f) — f|l2 = 0 and [|S,(g) —
gll2 = 0 as » — oo by Parselval’s theorem. Furthermore, ||S,(f)|l2 < ||fll2 and

1Sn(9)1l2 < llgll2-
Note that because exp(ikz), k € Z form an orthonormal family, we have that

(Sn(f),Sn(9)) = Z ck%-

We now compute

[(Sn(f),Sn(9)) = (£:9)| = [(Sn(f) = [, Sn(9)) + (£ Snl9)) — (/. 9)
< [(Sn(f) = £ Sal9))] + (S, Snlg) — 9)-

Using the Cauchy-Schwartz inequality, we get

S (£),Sn(9)) = (£: 91 < [1Sn(f) = fll2llSn(g)ll2 + [I£1l2[1Sn(9) — gll2
< 1Sa(f) = fll2ligll> + [[Sn(g) — gllall f2ll = 0

since ||Sp(f) — fll2 = 0 and ||S»(g) — g|]2 — 0. Thus

Problem 2. Prove the Riemann-Lebesgue lemma: if f is piece-wise continuous on
[a, b], then
b
lim f (@) exp(int)dt = 0.

n—oo a
Solution. See book.
Problem 3. Let f be a complex-valued 27 periodic function, and consider the
Fourier coefficients
1 ™
=——/ ¢
Vo J_x

Find a condition on ¢ that holds if and only if f is real-valued. Note: we should
have required that f be continuously differentiable in this problem!
1

C (t) exp(—ikt)dt.
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Solution. If f is real-valued, we have that

o = \/% _7; Fl)exp(=ikt)dt
- \/%_ﬂ e (im
= C_k-

Coversely, if ¢ = c¢_j, from pointwise convergence of the Fourier series of f to f
we deduce that

flx) = nh—>nolo Zaexp(ikt) = nh_{go Z ¢k exp(—ikt) = f(x),

so that f is real-valued.

Problem 4. Find the radius of convergence of the series

oo

D G+ 1) +2)a?

=0
Find the function to which this power series converges.
Solution. Let
p=lim (n+1)(n+2)/"=1
n—oo

Thus the radius of convergence of this power seriesis 1/p = 1.

Let
=) G+1G+2)
Jj=0
Let
X
- [ s
0
Then we can integrate the power series term-by-term and get that
oo o
9@) = 3 (G +2att =3 + 1)
j=0 j=1
Let

h(z) = /0 "yt

We can integrate term-by-term to get that

o0

h(z) = Za:”l Zm’
j=1
Note that
1+ + h(z) fozl_m
7=0
Thus
1
h(z) = —1-—z
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We can now recover g as h' and f as g’ = h':

ola) = H(@) = = =1

f@) =@ = oo



