
MATH 131B
2ND PRACTICE MIDTERM

Problem 1. State the book’s definition of:
(a) A complete metric space
(b)

���������
	
and

���������


(c) Convergence of a series of real numbers
(d) Normed vector space; Banach space

Solution. See book.

Problem 2. Let � be a metric space with a metric � . Let ��� and ��� be two Cauchy sequences in
� . Show that

����� ����������������� �"! exists. Note: we do not assume that � is complete.

Solution. Let #%$'& be given. Choose ( so that for all )*��+ $'( , ���,��������-.!0/1#"243 and
���5� �
����-6!6/�#"243 . This is possible because the two sequences are Cauchy.

By the triangle inequality, we have that

���,�7���
!98:���,�;�=<4!6>?�����7�=<@!
for all �7�����=< ; this means that

�����7���
!*AB���,�7�=<4!C>D���,�;�=<4!FE
Since �7�����=< are arbitrary, we can switch rhe roles of � and < and obtain thatG �����7���
!*AB���,�7�=<4! G >D���5���=<@!FE
Thus: G ���,���
�����"!*AB������-H��� -.! GJI G ���,���K��� �4!*AL����������� -M!78:���5� -������@!*AL������-N����-6! G

> G ���,���K��� �4!*AL����������� -M! G 8 G ���,���
����-M!*AL������-N����-6! G
> ���5���O��� -6!98:���,���
����-.!6/�#"243P8Q#"243 I #OE

It follows that the sequence of numbers RS�������
��� �@!=T is Cauchy, and so converges.

Problem 3. Let � be the usual Eucledian metric on U . We say that a subset � VWU is closed if
whenever �X��Y�� and �X�[Z �\Y\U , then ��Y:� . Show that a subset � VWU is complete with
respect to � if and only if it is closed.

Assume that � is closed. Let �X�]Y^� be a Cauchy sequence. Then ��� is Cauchy when regarded
as a sequence in U . Since U is complete, ���]Z � in U . Since � is closed, �_Y`� and �X�]Z � in
� . Thus � is complete.

Assume that � is not closed. Thus there is a sequence �;�]Y^� so that ���aZ � in U , but �\2Y^� .
Since ���bZ � , it is Cauchy. Also, �X� does not converge in � : if �X�cZ ��d with ��deYB� , it would
follow by uniqueness of the limit that � I � d Y�� , but �Q2Y^� . Thus �X� is a Cauchy sequence with
no limit in � . Thus � is not complete.

Problem 4. Let f0g"UMhiZjUkh be given by

fl�,�7���
! I �5m�8\&
Eon �p8\&
Erq�����sC8\&KEot��;!uE
1
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Show that there is a unique point �,��� �����u!6Y UMh with the property that f*�,��� ������! I �,��� �����u! .
Solution. Let � be the metric on UMh given by �����,�7����!u�S�,��d���� d !�! I ����� � G �bAB��d G � G � AL� d G ! . Then

��� f*�,�7���
!F�uf*�,� d ��� d !�! I ����� � G &
E nS� 8:&
E�q � AQ&
Eon � d AQ&
Erq�� d G � G &
E t�� AQ&
E t�� d G !I ����� � G &
E n
�,�cAB� d !*AQ&
Erq �5�aAL� d ! G �=&
E t G � AB� d G !
> ����� � &
Eon G �bAB� d G 8\&
Erq G �aAL� d G ��&
Eot G � AB� d G !
> ����� � &
Eon ���	� � G �cAB� d G � G � AL� d G !98:&
Erq ����� � G � AL� d G � G �bAB� d G !u�=&
E t G �cA � d G !I ����� � &
E t ���	� � G �cAB� d G � G � AL� d G !u�=&
E t G � AB� d G !I &
E t ����� � G �cA � d G � G � AL� d G !I &
E t"�������7���
!F�S��� d ��� d !�!FE

It follows that f is a contraction. Since U h is complete, we can apply the Banach contraction
principle to conclude that f has a unique fixed point ���
� �����u! .
Problem 5. State and prove that Banach contraction principle.

Solution. See book.
Problem 6. Let

� f � � and
� f �
� be norms on the space ��� &K��q�� of continuous functions on the

interval � &
��q�� , given by: � f � � I ���
	�
��� ��� ��� G fl�,�;! G� f �
� I � �
� G fl���;! G � �7E

Show that the two norms are not equivalent.
Solution. If the two norms were equivalent, being a Cauchy sequence with respect to one of

them would imply being a Cauchy sequence with respect to the other. We’ll show that this is not
the case.

Let fS� be given as follows. For ��Y�� &
�=&KE nlA�qS2 )�� , f ���,�;! I & . For ��Y�� &
Eon78_qS2�)e��q�� , fS�����;! I q .
For ��YQ�5&
Eon A�qS2�)*��&
E nC8%qS2�)9! , fl���;! I &
Eon�) ��� AL&
Eon4!98:&
E n . Then fS�]Y���� &
� q�� .

Let f be given by: fl���;! I & if ��Y�� &
�=&KE n�� and fl�,�;! I q if �^YQ� &KE nK� q�� .
Then � f AQfS� �
� I�� �

� G fl���;!*A:fS���,�;! G � �7E
Since fl���;! I fS�����;! outside of � &
EonHADqS2�)e�=&
EonP8?qS2�) ! , we get that

� fbA:fS� �
� I �! "$#  %
 "'&  %

G fS�
���;! ALfl�,�;! G(� �7E
Note that

G fS���,�;! G > q and
G fl�,�;! G > q for all � . Thus

G f ���,�;!*A:fl���;! G >?3 for all � . Hence

� fS� AQf �
� > �) "*#  %
 "'&  % 3 � � I s

) Z &
E
It follows that fS�aZ f in

�,+-�
�
. In particular, f � are a Cauchy sequence for

�,+-�.�
.

On the other hand, it is not hard to see that f��QZ / pointwise, where / ���;! I & on � &
��&
E n"! ,/ �,�;! I q on � &
EonK��q�� and / � &
Eon4! I &
Eon . Thus f � cannot be Cauchy for
�0+1� � , since this would
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imply that fS�^Z � in
� +
� � for some � and that � is continous; but since f�� Z / pointwise, it

follows that � I / , which is not possible, since / is not continuous.
Problem 7. Let � I ����������	�� � and

� I ���������

�� � . Show that � I �
if and only if

� � converges,
and moreover that if this is the case, then

� �aZ �
.

Solution. Assume that � I �
. The for any # $�& , there is an ( so that for all )_$�( , one has���������

�� �iA # / � �]/ ����������	�� � 8L#

Since
���������K
�� � I ����������	�� � I �

in this case, we have that for all )0$D( ,
� A # / � �]/ � 8Q#OE

But then G � A � � G /:#KE
Thus by the definition of limit,

� �aZ �
.

Conversely, suppose that
� �DZ �

. Then for any # $ & , there is an ( so that for all ) $
( ,

G � A � � G /:# . Hence for )`$�( , we have
� A # / � �]/ � 8Q#OE

It follows that for any 	 $D( ,
� A # > ���

 R � �]g")_$
	 Tp> � ��	 R � �]g@)0$�	 Tp> � 8Q#OE

Thus by the definitionof
���������



and
����������	

, we have
� AB# > ���������

�� �]> ������� ��	�� �]> � 8L#KE

Since # $�& was arbitrary, it follows that
���������K
�� � I ������� ��	�� � I �

.
Problem 8. State and prove the comparison test.

Solution. See book.


