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1 Introduction

1.1 Summary

1.1.1. Let I be a function field in one variable over a finite field. Fix a place oo of F', and let A
be the subring of F’ consisting of all elements which are integral outside co.

In this paper, we construct toroidal compactifications of the moduli spaces of Drinfeld A-
modules in the case A = F,[T]. In a planned sequel to this paper, they will be constructed for
general A by a method of reduction to the case A = F,[T].

1.1.2. Assume that A = F,[7'] for some prime power ¢, and let /N be an element of A which does
not belong to [F,.

In the case that NV has at least two distinct prime divisors (resp., /V has only one prime divisor),
let M¢%; over A (resp., over A[+]) be the moduli space of Drinfeld A-modules of rank d with
Drinfeld level N structure. Recall that by [3, Section 5], the moduli space MY, is regular, and
Al+] ®4 M$ is smooth over A[+].



In this paper, we construct toroidal compactifications of M as the moduli spaces of log
Drinfeld modules of rank d with level N structure.

1.1.3. Similarly to toroidal compactifications of the moduli spaces of abelian varieties as in [2, 4],
our toroidal compactifications are indexed by cone decompositions and form a projective system
under subdivisions. After inverting /V, they are log smooth over A[%} and among them, smooth
toroidal compactifications are cofinal. In the case that /V has at least two prime divisors, toroidal
compactifications (without inverting V) are log regular (or equivalently, log smooth over F, by
[2.7.2), and among them, regular toroidal compactifications are cofinal.

1.1.4. The compactification of M, of Satake-Baily-Borel type (called a Satake compactification
in [26]]) was constructed by Kapranov [16] in the case that A = F,[T"] and by Pink [26] in general.

In a short summary [25]], Pink explained how to construct toroidal compactifications of M4,
quoting a work of K. Fujiwara. The details are not yet published. In this paper, we use the ideas
of Pink and Fujiwara.

The toroidal compactification of the moduli space of Drinfeld A-modules with A = F,[T]
and N = T is contained in the work of Puttick [28]].

In the case d = 2, our toroidal compactification coincides with the proper model of the
Drinfeld modular curve constructed by Lehmkuhl [23]].

1.2 Log Drinfeld modules with level structures

Let F', 0o, and A be as in Let p be the characteristic of F'.

1.2.1. Let S be a scheme over A. In this paper, we frequently refer to Drinfeld A-modules over
S more simply as Drinfeld modules (over 5).

Recall that a Drinfeld module over S of rank d > 1 is a pair (£, ¢) where L is a line bundle
over S and ¢ is an action of A on the additive group scheme L, satisfying a certain condition. A
generalized Drinfeld module over S is such a pair (£, ¢) satisfying a slightly weaker condition,
found in 2.1l

The Satake compactification of Mﬁl\, obtained in [[16] and [26]] is regarded as the moduli space
of generalized Drinfeld modules (see Section [5.1]).

For the toroidal compactification, we introduce the notion of a log Drinfeld module of rank d
with level NV structure below.

1.2.2. Let N be an element of A which does not belong to the total constant field of F'. Letd > 1
be an integer.

Recall that for a scheme S over A and for a Drinfeld A-module (£, ¢) over S of rank d, a
Drinfeld level N structure on (£, ¢) is a homomorphism of A-modules
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where A acts on £ via ¢, satisfying a certain condition (2.6.1). If N is invertible on S, the
condition is that ¢ induces an isomorphism

(xA/A)" = ¢[N]
of group schemes, where ¢[N| = ker(¢(N): L — L).

1.2.3. In this paper, we consider schemes with log structures. For generalities of log structures,
we refer the reader to the paper [17] of the second author, the paper [[13] of Illusie, and the book
[24] of Ogus. See of this paper for a short introduction. A scheme endowed with a log
structure is called a log scheme. In this paper, we use saturated log structures (2.5.1). Saturated
log structures relate well with toric geometry and the cone decompositions which we use in our
theory of toroidal compactifications.

1.2.4. A standard example of a saturated log structure which we consider is as follows.
Let S be a normal scheme, and let U be a dense open subset of .S with the inclusion morphism
j: U — S. Then the sheaf

Mg := 05N j.(OF) ={f € Og | fisinvertible on U} C j.(Op)

and the map Mg — Og form a saturated log structure. We call Mg the log structure on S
associated to U (or the log structure on S associated to the closed set S \ U).

1.2.5. Our toroidal compactifications are related to toric varieties. Consider the affine toric
variety Spec(F,[P]) over IF,,, for P a finitely generated, torsion-free saturated monoid (fs monoid
for short, see , where [F,[P] denotes the semigroup ring of P over IF,,. It has the standard
log structure.

For a scheme S over A endowed with a log structure Mg, the following four conditions are
equivalent:

(i) The scheme S is log smooth over I,
(i) The scheme S is log regular (2.7.1)) and locally of finite type over A.

(iii) Etale locally on S, there are an fs monoid P and an étale morphism S — Spec(IF,[P]) such
that My is the inverse image of the standard log structure on Spec(IF,[P]).

(iv) Etale locally on S, there are an fs monoid P and a smooth morphism S — Spec(F,[P])
such that Mg is the inverse image of the standard log structure on Spec(FF,[P]).

Under these equivalent conditions, .S is normal, and Mg = Og N j.(Oy;), where U is the dense
open subset of .S consisting of all points at which the log structure of S is trivial.

1.2.6. Let S be a scheme with a saturated log structure M. For a line bundle £ on .S, we define
a sheaf £ D L on the étale site of S. Put succinctly, £ is an enlargement of £ allowing poles
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which belong to the log structure of S. It plays a role here because torsion points of generalized
Drinfeld modules have poles.
Let £* C L denote the sheaf of bases of L. Setting

Mg ' ={f" | feMsyc M ={fg~"| f,g € Ms},

we let Mg L* denote the quotient Mg ' x95 £ of Mg' x L* by the relation (hu, ¢) ~ (h, ue)
forh € Mzt u e OF,and e € L. We then define L as

ZZEUEX Mglﬁx,

where U~ means the union obtained by identifying £* viewed as a subsheaf of £ and of Mg L~
Note that the additive group structure of £ does not extend to L.

For the trivial line bundle Og, we have Og = Og Uog Mg ! which can be identified with
the sheaf of morphisms to the log scheme P}, the projective line over Z, with the log structure
associated to the divisor at infinity.

We define

pole: £ — Mg/O%

as the map which sends £ to 1 and sends f~'e to f mod O for f € Mgande € L*.
1.2.7. Now taking S to be an A-scheme, let j: U — S be an inclusion of a dense open subset as

in By a generalized Drinfeld module over (S, U) of rank d with level N structure, we mean
apair (£, ¢), 1) of

* a generalized Drinfeld module (£, ¢) over S whose restriction (£, ¢)| to U is a Drinfeld
module of rank d and

* a Drinfeld level N structure ¢ on (L, ¢)|y.
We can show (see|2.6.4) that for such a generalized Drinfeld module over (S, U), the level N
structure ¢ on (L, ¢)|¢ extends uniquely to a map of sheaves
v (R AJA) = L C ju(Lly),
where L is defined by the log structure of S in

1.2.8. Let S be a scheme over A with saturated log structure Mg. By a log Drinfeld module over
S of rank d with level N structure, we mean a pair ((L, ¢),¢) of a generalized Drinfeld module
(L, ¢) over S and a map

v (FA/A) = L
such that étale locally on S, there are

* alog scheme S’ over A satisfying the equivalent conditions (i)—(iv) in[1.2.5]
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e amorphism f: S — 5’ of log schemes over A,

* a generalized Drinfeld module ((£', ¢'), ") over (S’, U’) of rank d with level N structure in
the sense of |1.2.7, where U’ denotes the dense open set of S’ at which the log structure of
S’ is trivial, and

* an isomorphism between ((L, ¢),¢) and the pullback of ((L',¢'),.) by f, where ¢/ is
regarded as a map (+A/A)? — L' asin

Note that we do not attempt to define the notion of a log Drinfeld module without reference
to a level structure.

Remark 1.2.9.

(1) If S is a scheme over A with trivial log structure, the notions of a log Drinfeld module over
S of rank d with level N structure and of a Drinfeld module over .S of rank d with Drinfeld
level N structure are equivalent (see [2.7.3)).

(2) A Drinfeld module is additive and a log structure is multiplicative. Hence it is not very easy
to connect these two different notions to define a log Drinfeld module. In our formulation,
a log Drinfeld module is like a centaur: it has the body £ whose half £ is additive and
whose other half Mg ' £ is of multiplicative nature.

We will prove the following two propositions in the remarks following and in [3.5.2]
respectively.

Proposition 1.2.10. Let S be as in and let ((L, ), ) be a log Drinfeld module over S of
rank d with level N structure. Let a,b € (+ A/A)% Then locally on S, we have either

pole(:(a)) pole((b))
pole(u(5)) pole(c(a))
Proposition 1.2.11. Let S and ((L, ¢), ) be as in|1.2.10, and suppose that A = F,[T']. Then:

(1) Locally on S, there exists an A/N A-basis (¢;)o<i<a—1 of (& A/A)? such that for each i, we
have

pole((a))

pole(¢(e;))

foralla € (xA/A) with a ¢ Z;;B(A/NA)ej.

(2) The values pole((e;)) with 0 < i < d — 1 are independent of the choice of basis (e;); in
(1), and pole(i(ey)) = 1 for every choice of (e;);.

6]\45/(’);;< G]WS/C);;< in M§p/0§

€ Ms/O% € MO



1.3 Main results

1.3.1. In the rest of this introduction, we suppose that A = IF[T].

We fix N and d as in Section|1.2| In the case N has at least two prime divisors (resp., /V has
only one prime divisor), let Cy,, be the category of schemes over A (resp., A[%]) with saturated
log structures.

1.3.2. Let
Myt Clog — (Sets)

be the contravariant functor for which ﬁ}i\, (S) is the set of all isomorphism classes of log Drinfeld
modules over .S of rank d with level N structure.

1.3.3. Let M4, be the moduli space of Drinfeld modules of We endow M4, with the trivial
log structure. Viewed as a functor, M$%;: Ciog — (Sets) sends an object S to the set Mor(S, M%)

which consists of all isomorphism classes of Drinfeld modules over the underlying scheme of .S
over A of rank d endowed with Drinfeld level N structure. So by 1), we have an embedding
of functors M4, — 97(}1\,.

1.3.4. Consider the cone
Cd = {(81,. . .,Sdfl) S Rdil | 0 S S1 S cee § Sdfl}.

. . i —d —d .
For a finite rational cone decomposition ¥ of Cy, we define the subfunctor My ; of My, which
contains Mj{, as follows. For a cone o in R%~1, let

d—1
gV = {(@)z c 741 | Zbisi > 0 for all (s;); € O’} .

i=1
For an object S of Cog, the set ﬁ?\m(S ) consists of all
~=d
(([’7 ¢)7 [’) € 9jtN(S)

such that locally on S, there exist an A/N A-basis (¢;)o<i<q—1 of (3 A/A)? satisfying (1) of[1.2.11
and a cone o € X such that

d—1
Hpole(a(ei))bi € Ms/OF C M&/OZ
i=1

forallb € ¢V.

The following theorem is the main result of this paper.



Theorem 1.3.5. (1) For every finite rational cone decomposition 3. of Cy, the functor ﬁ}i\@

(2)

(3)

is represented by an object m?\,,z of Ciog. This log scheme ﬂfw is log regular, and
AL ®4 M?\,’E is log smooth over A[+]. The underlying scheme of ﬂj@z is proper over
A (resp., A[]lv} ) if N has at least two prime divisors (resp., only one prime divisor).

If ¥ is a finite rational subdivision of X, the morphism ﬂtj\fl:/ — /V(Ji\ﬂg is proper,
birational, and log étale.

For a given finite rational cone decomposition X of Cy, there is a finite rational subdivision
Y of ¥ such that the underlying scheme of M;ivvz, is regular, the boundary M(]i\,ﬂ \ M4
is a divisor with normal crossings, the underlying scheme of A[%] ®a M?IV,E, is smooth
over A[+], and A|%] ®4 M;E, \ Al+] ®4 M is a relative normal crossing divisor over

Al%].

N

We call the space M‘fm in (1) a toroidal compactification of M$,. The proof of Theorem

[1.3.5]is given in Section [5]

Our theory of cone decompositions is explained in Section |3.1|and is based on the decompo-

sition of the Bruhat-Tits building into simplices, which is reviewed in Section [2.8

Part (3) of the following theorem provides a relationship between the shapes of cones in X

and the local shapes of toroidal compactifications. For ¢ € ¥ and a commutative ring R, let

toricg (o) be the affine toric variety Spec(R[c"]) over R with the standard log structure, where
o is the torsion free fs monoid defined in

Theorem 1.3.6. There is a special finite rational cone decomposition Y, of Cy for each k > 1
such that if N € A = F [T has degree k, then the following hold.

(1)
(2)

(3)

The subfunctor ﬁj{,’zk equals ﬁjlv.

. . . . —=—d —d .
For any finite rational cone decomposition % of Cy, the morphism My 5.z, — My 5 is

an isomorphism, where x denotes the join.
Let . be a finite rational subdivision of Y... Then there are

» A-schemes U, for o € %,

* an étale surjective morphism [ [ .5, U, — M?v,z of A-schemes,

* smooth morphisms U, — toricg, (o) over ), such that the inverse image of M in
U, coincides with the inverse image of the torus part an”%p of toricg, (o), and

* étale morphisms Al~] ®4 Uy — toric 41 (o) over Al such that the inverse image
ofA[%] ®4 M% in A[%] ®a U, coincides with the inverse image of the torus part
G oftoricA[%](a).

m,A[%]

In brief, [1.3.6(3) says that the log scheme ﬂjlv’z is étale locally isomorphic to toricy, (o) x G,y

(o € %), and the log A[+]-scheme A[+] ®4 ﬂ?\,’z is étale locally isomorphic to toric 41 (o)
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(o € ).

See Proposition for part (1) of Theorem [I.3.6] and Section [3] for parts (2) and (3),
specifically [5.3.4]and [5.3.7] for (2) and[5.2.7] for (3).

Part (3) of Theorem I.3.5]follows from part (3) of Theorem[I.3.6] as explained in The

key point is that, as is well known in toric geometry, there is a finite subdivision ¥’ of ¥ such that

for all o € X', the toric variety toricg, (o) is smooth over IF,, and the complement of the torus part
is a divisor with normal crossings.

The following theorem shows that log Drinfeld modules over an object S of Cy,g are simply
understood in the case S is as in[I.2.4] It will be proved in Section

Theorem 1.3.7. Let S be an object of Ciog such that the underlying scheme of S is normal and
such that the log structure of S is associated to a dense open subset U of S as in Then the
following two notions are equivalent:

(i) a log Drinfeld module ((L, ®),.) over S of rank d with level N structure and

(ii) a generalized Drinfeld module ((L,®),t) over (S,U) of rank d with level N struc-
ture such that for each a,b € (5 A/A)% locally on S, either pole(i(a)) pole(¢(b))~" or
pole(t(b)) pole(c(a))~t is an element of Ms/Q% inside ME | O3.

More specifically, we obtain (ii) from (i) by restricting v of (i) to U, and we obtain (i) from (ii) by
taking the unique extension of v in (ii) to a map to L (see .

1.4 Comparison with abelian varieties

We explain the similarities and differences between our constructions of toroidal compactifications
and the constructions of toroidal compactifications of the moduli spaces of abelian varieties in
[2,/4]. In particular, we describe the Tate uniformizations of Drinfeld modules on adic spaces and
a theory of iterated Tate uniformizations on formal schemes.

1.4.1. The most difficult part of this paper is to prove that our toroidal compactification is log
regular (that is, it has only toric singularities), so is worthy of the name.

Consider the compactification of the moduli space of elliptic curves with level NV structure.
Roughly speaking, the formal completion of the compactified moduli space at the boundary is
isomorphic to Spf(Z[¢y][¢*/"]), and from this we can deduce that the compactified moduli
space is regular and its tensor product with Z[+] is smooth over Z[~]. Here, ¢ is the ¢-
invariant which appears in the formal moduli theory. The universal degenerate elliptic curve over
Spf(Z[¢n][q"/™N]) is expressed as the quotient of the multiplicative group by a Z-lattice of rank
1, which is the theory of Tate uniformization in (1) below, and q is the Z-basis of this Z-lattice.

Similarly, to prove the log regularity and the log smoothness of our toroidal compactification,
we consider the formal completion of the compactification at the boundary, which is a moduli

space of degenerations of Drinfeld modules over formal schemes.
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(1) In the theory of degeneration of abelian varieties over formal schemes, the analytic presen-
tation X = Y/A of an abelian variety X with degeneration as a quotient of a semi-abelian
variety Y by a Z-lattice A plays an important role. This construction is due to Tate, Ray-
naud, Mumford, and Faltings-Chai (see [4]). This A is useful in understanding the formal
completion of the compactified moduli space.

(2) Inthe theory of degeneration of Drinfeld modules over formal schemes contained in Section
of this paper, we will obtain the Tate uniformization X = Y/A of a Drinfeld module
with degeneration as a quotient of a Drinfeld module Y by a certain A, generalizing the
result of Drinfeld over complete discrete valuation fields. Though the result of Drinfeld
was useful to understand the compactified moduli space of Drinfeld modules of rank 2, this
generalized Tate uniformization is not so useful in general because this A, which is a locally
constant sheaf of A-lattices on an adic space, has too large of a monodromy action in the
case of rank greater than 2, which is hard to handle. Instead, we employ a theory of iterated
Tate uniformizations, which expresses X as an iterated quotient of Y. That is, we obtain
XfromYviaYy=Y,Y,; =Y;/Afor0 <i<n-—1and X =Y, where the Y; are
generalized Drinfeld modules and the A; are A-lattices in Y; of rank 1. These A; are useful
in understanding the compactified moduli space. See Sections 4.5|and

The difference between (1) and (2) is further discussed in 4.2.20

1.4.2. The difference between the above (1) and (2) is related to the following difference in local
monodromy over a valuation ring.

e Let V be a strictly Henselian valuation ring (which need not be of height one) with field of
fractions K. For an abelian variety over K, the local monodromy satisfies (07 —1)(02—1) =
0 after taking a finite extension of /K. On the other hand, for a Drinfeld module over K,
the local monodromy satisfies (07 — 1)(0s — 1) ... (0, — 1) = 0 for some n after a finite
extension of K, but we cannot always take n = 2. This is discussed in Section

1.4.3. In the articles [15]], the notion of a log abelian variety is defined, and it is shown that the
toroidal compactifications of moduli spaces of abelian varieties [2, 4] are understood as the moduli
spaces of log abelian varieties. This notion is similar to the notion of a log Drinfeld module in
this paper. For a log scheme S, a log abelian variety .4 over S is contravariant functor from the
category of fs log schemes over S to the category of abelian groups satisfying certain conditions
and which has a subgroup functor represented by a semi-abelian scheme G over S. The inclusion
G C Ais similar to £ C L. One difference is that £ does not have a group structure, though 4
does.



1.5 Plan of this paper, acknowledgements

1.5.1. The plan of this paper is as follows. Section 2| contains generalities on Drinfeld modules,
generalized Drinfeld modules and log Drinfeld modules. In Section 3] we discuss cone decompo-
sitions related to Bruhat-Tits buildings and Drinfeld exponential maps. In Section 4, we discuss
Tate uniformizations, and we discuss formal moduli by using iterated Tate uniformizations. In
Section [5] we prove our main theorem.

In Sections[2.1H2.8|and Sections 4.1H4.3| we consider general A. In the rest of the paper (that
is, Section [2.9] Section [3| Sections 4.4H4.6] and Section[3)), we restrict to the case A = Fy[T7.

1.5.2. We plan to extend the results of Sections [3H3|to general A in a sequel (Part IT) of this paper.
The reasons why we need two papers, Part I (this paper) and Part Il, are as follows. First, in the
theory for general A, we use reduction to the case A = FF,[7] in several key points. Hence, it is
better to treat the case A = F,[7] first. Second, the case A = [F,[T'] is especially simple and the
ideas can be seen clearly. (For general A, the description of the theory becomes very involved in
parts, and the ideas are hidden behind complicated definitions.)

1.5.3. In this paper, we use ideas of Richard Pink and Kazuhiro Fujiwara described in the paper
[25] of Pink. In [25], Pink uses torsion points of Drinfeld modules for his theory of toroidal
compactifications of moduli spaces of Drinfeld modules. Our use of torsion points in Section|1.3
above is similar to it. The importance of the iterated Tate uniformization appears in Pink [25] at
the place where he introduces the study of Fujiwara. The log regularity and the log smoothness
of the toroidal compactifications are not discussed in [25]].

Though details are not written in [25]], we believe that the ideas of Pink and Fujiwara in [23]
were enough to have the theory of toroidal compactifications.

1.5.4. The second author wishes to express his thanks to Sampei Usui, Chikara Nakayama, and
Takeshi Kajiwara that the joint works with them on partial toroidal compactifications of period
domains and on log abelian varieties ([20], [19], [15]) were very helpful to find the right ways in
this work. He also thanks Kazuhiro Fujiwara for advice.

The work of the first two authors was supported in part by the National Science Foundation
under Grant Nos. DMS-1303421 and DMS-1601861. The work of the third author was supported
in part by the National Science Foundation under Grant Nos. DMS-1801963 and DMS-21018809.

2 Generalized and log Drinfeld modules

Let F' be a function field in one variable with total constant field IF,. Fix a place co of F. Let A
be the ring of all elements of F' which are integral outside co. Let F, be the completion of F' at
00, and let | | be the standard absolute value on F.
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2.1 Basic things

We review the definitions of a Drinfeld module [3]] and of a generalized Drinfeld module [26].
Let S denote a scheme over A.

2.1.1. A generalized Drinfeld module over S is a pair (L, ¢), where L is a line bundle over S
and ¢ is an IF-linear action of the ring A on the (additive) group scheme £ over S satisfying the
following conditions. Locally on S, take a basis ¢ of £, and write

o0

¢(a)(z0) = Z c(0,a,n)z"d

n=0
(a € A, z € Og, ¢(6,a,n) € Og independent of z and zero for sufficiently large n). Then
(i) c¢(d,a,1) =aforalla € A, and
(ii) for each s € S, there are @ € A and n > 2 such that ¢(d,a,n) € Og..

A generalized Drinfeld module (L, ¢) will frequently be written simply as ¢. Its local
coefficients ¢(d, a, n) for a given ¢ will also be written ¢(a, n). By definition, we have

c(ud,a,n) = c(d,a,n)u""*
foru € OF. If Og = L, we will often identify £ with Og by a choice of ¢ and omit the notation
for ¢ in the formula for ¢.

A homomorphism of generalized Drinfeld modules is a homomorphism of line bundles which
is compatible with the given actions of A.

2.1.2. For a generalized Drinfeld module ¢ over S, we have ¢(a)(z) = az for all a € F,. From
this, it follows that ¢(a,n) = 0 for all @ € A unless n is a power of ¢. That is, locally we have

$la)(z) =D ai7'(2)
i>0
for some a; € Og, where 7 is the homomorphism z +— 29.

2.1.3. For a generalized Drinfeld module ¢ over S and s € S, there is an integer 7(s) > 1 such
that for each a € A\ {0}, the coefficient c(a, |a|"*)) is invertible at s and c(a, n) is not invertible
at s if n > |a|"®). This is quickly reduced to the case that S = Spec(k) for a field k over A and
(3, Prop. 2.1]. That r(s) is an integer is [3} Cor. to Prop. 2.2] (see also [8, Prop. 4.5.3]).

2.1.4. A generalized Drinfeld module over S is called a Drinfeld module over S of rank d if it
satisfies

(i) r(s) =dforall s € S, where r(s) is as in[2.1.3} and
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(i) c(a,n) =0ifa € Aand n > |a|®

Remark 2.1.5. The definition of an elliptic module over S of rank d and the definition of a
standard elliptic module over S of rank d are given in (B) of [3, Section 5]. Actually, the above
definition of a Drinfeld module over S of rank d is the same as the definition of a standard elliptic
module over S of rank d. As is explained in [3, Section 5], the category of Drinfeld modules (i.e.,
standard elliptic modules) over S of rank d is equivalent to the category of elliptic modules over
S of rank d.

2.1.6. In the case that S is an integral scheme, by a generalized Drinfeld module over S of generic
rank d we mean a generalized Drinfeld module over .S whose restriction to the generic point of S
is a Drinfeld module of rank d.

Note that for a generalized Drinfeld module ¢ over S of generic rank d, we have r(s) < d for
every s € S, and ¢ is a Drinfeld module if and only if 7(s) = d forall s € S.

2.2 Stable reduction theorem

The following proposition and its corollary are generalizations of [3, Prop. 7.1]. The proofs are
essentially the same as those given in [3, Section 7].

Let S be an integral scheme over A, and let K be its function field. We require the following
lemma.

Lemma 2.2.1. Suppose that S is normal. Let (L, ¢) and (L', ¢') be generalized Drinfeld modules
over S, and let f: (L,0)x — (L', ')k be an isomorphism between their pullbacks to Spec K.
Then f induces an isomorphism (L, ¢) = (L', ¢').

Proof. See [26, Prop. 3.7], in which more generally, homomorphisms (not just isomorphisms)
are treated. 0

Proposition 2.2.2. Let U be a dense open subset of S, and let ¢ be a generalized Drinfeld module
over U. There exist a proper birational morphism T — S and a finite separable extension K' of
K such that if T' denotes the integral closure of T in K' and U’ denotes the inverse image of U
inT", then the pullback of ¢ to U’ extends uniquely to a generalized Drinfeld module over T".

Proof. Take a finite set of [F-algebra generators y; of A with 1 < ¢ < k. Fix a linear basis
element 0 of the Drinfeld module over K, and define ¢(y;,n) € K using 0. Let Y be the finite set
of all pairs (i, n) of integers with 1 < i < k and n > 2 such that ¢(y;, n) # 0. Let K’ be the finite
extension of K obtained by adjoining all (n — 1)th roots of ¢(y;,n) for all (i,n) € Y. Since for
every (i,n) € Y, the integer n is a power of ¢ by the field K’ is separable over K.

Take an integer m > 1 which satisfies ™ € Z for all (7,n) € Y, and consider the fractional
Os-ideal I on S generated by the c(y;, n)™/ "=V, Let T — S be the blow-up of S by I, and let
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T be the integral closure of 7" in K'. For (i,n) € Y, let U(i,n) be the open part of 7" on which
c(y;, n)™ =V divides c(y;, h)™ "=V for all (j, h) € Y. Then the U (i, n) form an open covering
of T. Let U'(i,n) be the inverse image of U(i,n) in T".

Let £’ be the line bundle on 7" for which d;,, := c(y;,n)~Y/™1§ is a basis on U’(i,n). For
x € Oyr(in), We set

h—1
o) — i+ S gt (N
' (43)(20in) = Y200 + Xh:flj (C(yz‘,n)l/(”—l) i

where h ranges over all integers such that (j,h) € Y. Since

cly;, )"

c(ys, ) /D) © Ourtiam

by definition, (£', ¢') is a generalized Drinfeld module over 7. Over K”, this Drinfeld module ¢’
is the pullback of ¢ on K. Since 7" is normal, Lemma tells us that ¢’ is the unique extension
to 7" of the pullback of ¢ to U’. O

Taking S' to be the spectrum of a valuation ring in Proposition we have the following
corollary (as the valuative criterion for properness forces 7' = 5).

Corollary 2.2.3. Let V be a valuation ring with field of fractions K, and let ¢ be a Drinfeld
module over K. Then there is a finite separable extension K' of K such that the pullback of ¢ to
K’ comes from a generalized Drinfeld module over the integral closure of V in K'.

2.3 Generalized Drinfeld modules over complete rings

We give complements to [3), Prop. 7.2], which characterizes generalized Drinfeld modules over a
complete discrete valuation ring in terms of pairs consisting of a Drinfeld module and a lattice.
Proposition generalizes this result to allow a complete valuation ring of height one. This
generalization becomes important in Section Proposition generalizes a part of the result
even further, to commutative rings which are /-adically complete for an ideal /. The proofs of
2.3.1]and [2.3.3] are essentially the same as the arguments given in [3] Section 7].

Proposition 2.3.1. Let R be a commutative ring over A, and let I be an ideal of R such that
R = l£n1 R/I'. Let ¢ be a generalized Drinfeld module over R with trivial line bundle, and
suppose it reduces to a Drinfeld module over R/I of rank r. Then there is a unique pair (¢, e),
where 1) is a Drinfeld module over R of rank r with trivial line bundle and 1) = ¢ mod I, and
where e € R[z] is such that e = z mod [, the z"-coefficient of e is zero unless n is a power of g,
the reduction modulo 1™ of e is a polynomial for every n, and e o 1)(a) = ¢(a) o e for all a € A.
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Proof. As in the first five lines of part (2) of the proof of [3, Prop. 7.2], the result follows
from [3} Prop. 5.2] (taking B = R/I™ therein). More details are given in the argument of [26]
Prop. 3.4]. Very roughly, [3] Prop. 5.2] is used to find the existence of a unique e and /() such

1

that e o ¥(b) = ¢(b) o e, given a nonconstant b € A. By the commutativity of e¢(a)e™" and

ep(b)e~! for every a € A, we can use [3, Prop. 5.1] to see that the same e works for ¢(a). O

Remark 2.3.2. There is a natural generalization of to the situation where we do not assume
that the line bundle L of ¢ is trivial. We have still a correspondence ¢ — (v, e) where the line
bundle of ¢ is £ and e = Zfio ¢;T; where ¢; € R and 7; is a semi-linear map £ — £ with respect
to the ring homomorphism R — R given by x — zd

In the rest of this subsection, Drinfeld (resp., generalized Drinfeld) modules are assumed to
have trivialized line bundles.

2.3.3. Let V be a valuation ring over A with maximal ideal )1, and let K be the field of fractions
of V. Fix an algebraic closure K of K, let K** C K be the separable closure of K, and set
Gk = Gal(K*P/K). Let vx be an additive valuation of K associated to V, and let vz denote its
unique extension to an additive valuation on /. We suppose that

* V is of height one, i.e., the value group of vy is isomorphic as an ordered group to a
subgroup of R, and

* V is complete, i.e., for every nonzero a € 9, the canonical map V — 1&11 V/a'V is an
isomorphism.

For a Drinfeld module ¢ over K, by a ¢)(A)-lattice in P, we mean a finitely generated,
projective, G i-stable 1)( A)-submodule A of K such that {\ € A | vg(\) > ¢} is finite for all
ceR.

We say that a Drinfeld module 1) over K has potentially good reduction if it comes from a
Drinfeld module over the integral closure of V' in some finite extension of K.

The following lemma will be useful later.

Lemma 2.3.4. Let the notation be as in Let 1) be a Drinfeld module over V of rank r, and
let A be a (A)-lattice in K*°. Then vig(\) < 0 forall A € A\ {0}.

Proof. If A € Aisnonzeroand v (A) > 0, then vz (¢(a)\) > Oforalla € A, and this contradicts
the finiteness of {A € A | vz(\) > 0}. O

Proposition 2.3.5. Let the notation be as in[2.3.3]

(1) Generalized Drinfeld modules ¢ of generic rank d over )V are in one-to-one correspondence
with pairs (1, \) consisting of a Drinfeld module 1) overV of rank r < d and a 1( A)-lattice
Nin K5 of rank d — r.
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(2) Drinfeld modules of rank d over K are in one-to-one correspondence with pairs (1, \)
consisting of a Drinfeld module 1) over K of rank r < d with potentially good reduction
and a (A)-lattice A in K% of rank d — .

Proof. The proof is similar to that of [3, Prop. 7.2], so we omit some details. By the semistable
reduction theorem part (2) is reduced to part (1). We prove part (1).

The direction ¢ — (1, A) is as follows. Given a generalized Drinfeld module ¢ over V of
generic rank d, its reduction modulo 90 is a Drinfeld module of some rank » < d. Hence for
some nonzero element ¢ in 91, the reduction of ¢ modulo ¢ is also a Drinfeld module of rank
r. Moreover, as V is complete for the ideal generated by ¢, Proposition 2.3.1] and Remark
provide a unique pair (¢, e) with ) a Drinfeld module over V of rank r and with e € V[z] such
that e = z mod ¢ and e 0 ¢)(a) = ¢(a) o e for all @ € A, and the coefficient of 2" in e is 0 unless
n is a power of ¢g. By the method of [3, Section 3], we see that the Taylor series e converges
everywhere.

Since e € V[z] and e = z mod M, its kernel A in K*%P is G g-stable with nonzero elements
having negative valuation. Moreover, for N € A with nonzero image in V, the map e carries
Y1 (N)A/A (i.e., the kernel of ¥)(N) on K*P/A) isomorphically onto the finite A-module
ker p(N) = (A/NA)?, and A contains no nonzero roots of 1)(N) € V|[z] because the roots are
integral over V. We then have a commutative diagram with exact rows and columns

0 0
0 (A/NAY  (A/NA)
0 ' A Kp ¢y fcser 0
b(V) W) 4(N)
0 ‘A Kp ¢y oo 0
AJ(N)A 0 0

The snake lemma then tells us that A /¢(N)A = (A/NA)4.

By the general theory of zeros of nonarchimedean functions proven in [22, Prop. 4] (see also
[8, Prop. 2.1]), the set {\ € A | vz(A\) > c} is finite for every ¢ € R. The finiteness of A/¢)(N)A
and {\ € A | vg(\) > ¢} imply that A is a finitely generated ¢)(A)-module. (This can be seen by
imitating the classical proof of the fact that if L is a Z-module with a norm | - | such that L/aL
is finite for some integer @ > 2 and such that {z € L | || < c} is finite for every ¢, then L is a
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finitely generated Z-module, an important fact used in the proof Mordell-Weil theorem on abelian
varieties.) Hence A is a lattice of rank d — r.

The inverse map (¢, A) — ¢ is given as follows. Let e(z) = 2 [[ o\ (03 (1 — A712). By the
method of [3] Section 3], we see that for each a € A, there is a polynomial ¢(a) over K of degree
|a|? such that e 01)(a) = ¢(a) oe. By[2.3.4] we have that e € V[2] and e = z mod 9. From this,
it follows that ¢(a) has coefficients in V[z|. By the method of [3] Section 3], we may conclude
that ¢ is a generalized Drinfeld module over V with generic rank d. [

2.4 Local monodromy over valuation rings

2.4.1. Let V be a strictly Henselian valuation ring over A with maximal ideal ) and field of
fractions K. Let ¢ be a generalized Drinfeld module over V with generic rank d.

For a place v # oo of F' that does not correspond to the kernel of A — V /I, let F), denote
the completion of F' at v and O, its valuation ring. Consider the v-adic Tate module

T,(¢) = Hom(F,/O,, p{v})

of ¢, where ¢{v} is the v-primary torsion of ¢ in a separable closure K*P. Then T,(¢) is a free
O,-module of rank d with a continuous action of Gx. Let V,,(¢) = F, ®o, T,(¢).

For each prime ideal p of V, let r(p) denote the rank of the Drinfeld module over the residue
field V,/pV, of p obtained from ¢. Let

0=d(—1)<d0)<---<d(m)=d
be such that
{d(i) | 0 <@ <m} ={r(p) | p € Spec(V)}.

Theorem 2.4.2. The action of G on V,(¢) is quasi-unipotent. More precisely, the following
statements hold.

(1) For a sufficiently small open subgroup H of G, there are G k-stable F,-subspaces V; of

Vo(®) of dimension d(i) for —1 < i < m such that
o=VyicWc - CV,=V,(9)

and H acts trivially on the graded subquotients V;/V;_1 with 0 < i < m.

(2) Assume furthermore that the value group I' of V has the property that " ®z Z,) for
p = char(F,) is a finitely generated Z,)-module. Then V;_y = I5V; for all 0 < i < m,
where Iy denotes the augmentation ideal in the group ring F,[H]|.

Proof. We fix a trivialization of the line bundle of ¢. For each positive integer ¢ < m, let °J3; be
the union of all prime ideals p of V such that r(p) = d(i), and let £; be the intersection of all
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prime ideals g of V such that r(q) = d(i — 1). Since the set of ideals of a valuation ring is totally
ordered, 3; and £; are prime ideals of V with r(B;) = d(i), r(Q;) = d(i — 1), and PB; < Q;.
The image of the local ring Vg, in the residue field «; of °B; is a valuation ring of height one as it
has a unique nonzero prime ideal. Let V; be the completion of this image, and let &; be its field
of fractions. Let ¢; be the generalized Drinfeld module over V; induced by ¢. Let (¢;, A;) be the
corresponding pair as in[2.3.5(1). We also let Vy =V, ¢ = ¢, and Py = M.

For each nonnegative integer i < m, let ¢, be the Drinfeld module of rank d(i) over x; given
by ¢;. We have a Gk-stable F,-subspace V; of V,(¢) as follows. Let ¢p{v}; be the subgroup of
¢{v} consisting of all elements which belong to the integral closure of the local ring Vi, in K5°P.
Let

T, = Hom(F, /O, 6{v}:)

and V; = F, ®o, T;. The map ¢{v}; — ¢/{v} is an isomorphism by assumption on v, and hence
we have isomorphisms 7; — T, (¢}) and V; = V,(¢%). It follows that dimp, (V;) = d(i).

The action of G i on T} factors through the absolute Galois group G, of ;. For each positive
integer ¢ < m, we have an exact sequence

0—=>Ti 1 —T;, 50,4\, — 0

of G,-modules. The action of G, on T;/T; ; factors through a finite quotient group of Gy,
because A; is finitely generated over A and each element of A; is fixed by some open subgroup
of G,. Since V is Henselian, the local ring Vg, and its image in x; are also Henselian. The
map G, — Gy, is then an isomorphism (this follows from [6, Prop. 9.1.16], and is also a special
case of [5, Thm. 5.1.3]). This shows that the action of G, on V;/V;_; factors through a finite
quotient. Hence an open subgroup of G acts trivially on V;/V;_;. This proves (1) and therefore
the quasi-unipotence of the G k-action.

We prove (2). By replacing ¢ by ¢; (1 < ¢ < m) and replacing V by V;, we may assume that
YV is of height one and complete, 3; is the zero ideal, £; is the maximal ideal of V, and i = 1. By
replacing V by its integral closure in some finite separable extension of /&, we may assume that
Gk acts on A trivially. Write A; as A and 1, as ).

Take an element f of A such that (f) = v® for some a > 1. We identify T, (¢) with @n oL,
where ¢[f"] — ¢[f™] is ¢(f). Let Q2 be the set of all families (z;);50 such that z; € K,
o € A, and Y(f)z;s1 = z; for all j > 0. Then we have a commutative diagram of exact
sequences

0 Th Q A 0
|

0—— Ty ——T,(¢) — O, @4 A —0,

where g((z;);) = (e(x;)); for the exponential map e € V[z] which satisfies e 0 1)(a) = ¢(a) o e
foralla € A.
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Take A\ € A\ {0} and take A = ()\;);50 € Q2 such that \y = \. Regard ) as an element of T, ()
by the above commutative diagram. Let c be the order of the torsion part of (Z,)®z1") / Z ) vk (N).
As v ()\) < 0 by Lemma|2.3.4] we have

|d(0).7'

j f
A= () = w1
where « is a unit of V. The ramification index of K'(\;)/K is then > | f|“®7¢c71 50
[K(\): K] > | f|4Qict,

Since the degree of the latter extension is not bigger than the number of distinct conjugates of \;,
the image of the function G — Ty/d(f7)Ty givenby g — (g— 1)\, has order atleast | f|“®7 1.
Since Ty/¢(f7)Ty has order | |7, this image has index < c. Since j is arbitrary, the image of
the map G — Tj given by g — (g — 1)5\ generates an O,-submodule of 7j also of index < c.
In particular, the image of the latter map generates 1 over F;,, proving (2). [

We consider a result for abelian varieties corresponding to Theorem It should be very
well-known, but we provide a proof.

Proposition 2.4.3. Let V be a strictly Henselian valuation ring with maximal ideal )t and field
of fractions K. Let B be an abelian variety over K, and let { be a prime number which does
not coincide with the characteristic of V /M. Then there is an open subgroup H of Gk such that
(01 —1)(o2 — 1) =0 0n Ty(B) for all 01,04 € H.

Proof. If we replace K by a finite separable extension to give a suitable level structure on B, we
have a morphism from Spec(K) to the moduli space of polarized abelian varieties associated to
B. By the valuative criterion, this morphism extends to a morphism from Spec(}) to a toroidal
compactification 7 of the moduli space, as constructed in [4, Ch. IV]. Let z € T be the image of
the closed point of Spec()), and let ) denote the field of fractions of the completion @T,x of the
local ring O7 .

The abelian variety X over () arising from the universal abelian variety over the moduli
space with the relevant level structure is obtained by the Mumford construction of [4, Ch. III], as
described in [4, Ch. VI, Section 1]. That is to say, X is analytically understood as the quotient
G/A of a semi-abelian scheme G over R by a finite rank Z-lattice A in G(Q). We then have an
exact sequence

0—->T1T,G—->T X -Zy Rz AN —0

of Gal(Q*?/Q)-modules. The absolute Galois group of the field of fractions of the strict
henselization of @T,x acts trivially on both 7,G and Z, ® A, and hence we have (o7 —1)(0s—1) =
0 on T, X for every o1, 05 1n this Galois group. The same is then true for action of the absolute
Galois group of the field of the fractions of the strict henselization of Or ,. Consequently, the
same is true for G acting on 7, 5. [
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2.4.4. From 2), we see that the analogue of for Drinfeld modules is not true. For
example, take A = IF,[T'], let k be a separably closed field over A, and let

V C k()]

be the set of all elements whose images in k((¢,)) belong to k[[¢;]. Then V is a strictly Henselian
valuation ring and the value group of V is isomorphic to Z? with the lexicographic order. Consider
the generalized Drinfeld module over V' defined by

H(T)(2) =Tz + 29+ t,27 + 1527 .

Letp; = (t1) 2 p2 = (t2) 2 p3 = 0 be the prime ideals of V. Then the Drinfeld module over the
residue field of p; induced by ¢ has rank ¢ for i = 1, 2, 3. Hence[2.4.2]2) shows that if v is a place
of A such that v # oo and such that A — k does not factor through the residue field of v, there is
no open subgroup H of Gk such that (o7 — 1)(cy — 1) = 0 on V,(¢) for all 01,09 € H.

2.5 Log geometry and toric geometry

2.5.1. Let S be a site with a sheaf of commutative rings O. A log structure M on S is a sheaf
of commutative monoids endowed with a homomorphism a.: M — O of sheaves of monoids for
the multiplicative structure of O such that the map a~!(0*) % O* is an isomorphism. Hence,
O is regarded as a subgroup sheaf of M via a. We say the log structure is trivial if M = O*.
The semigroup law of the log structure M is written multiplicatively.

By a saturated monoid, we mean a commutative monoid P which satisfies the following two
conditions.

() In P, if ab = ac, then b = c. That is, for the group completion P = {ab~' | a,b € P} of
P, the canonical homomorphism P — P®P is injective.

(i) If a € PeP and if a™ € P C P®P forsome n > 1, thena € P.

A finitely generated saturated monoid is called an fs monoid. Recall that a monoid is called sharp
if 1 is its only invertible element.

We say that a log structure M is saturated if it is a sheaf of saturated monoids. We call M an
f5 log structure if locally on S, there is an fs monoid P and a homomorphism a: P — O (called
a chart of M) such that M is isomorphic to the pushout of P < a~'(O*) — O* in the category
of sheaves of commutative monoids on &, which is endowed with the natural homomorphism to
O. An fs log structure is saturated.

Let M be a saturated log structure on S, and let £ be an O-module on § which is locally free
of rank 1. Then we define a sheaf £ on S by

Z =L Upx (M_l ><O>< EX),
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where U,x denotes the quotient of the disjoint union obtained by identifying £* on both sides,
and x©" denotes the maximal quotient of the direct product on which the actions of O* given by
multiplying the first and second coordinates agree. It is regarded as the twist £ x©” (OUpx M)
of O Upx M~ by the O*-torsor L*.

In this paper, we consider the following types of log structures:

(a) log structures on the étale site S of a scheme S with O = Og,

(b) log structures on the étale site S of a locally Noetherian formal scheme S with O = Og,
(c) log structures on the site S of open sets of an adic space S with O = OF,

(d) log structures on the étale site S of an adic space S with O = Og.

In (c) and (d), recall that an adic space has two sheaves of commutative rings Og and OF C Oy
(cf. [11]). For the étale site of a formal scheme, see [10]. For the étale site of an adic space,
see [12]. In (a) (resp., (b)), S endowed with a log structure is called a log scheme (resp., a log
locally Noetherian formal scheme). A scheme endowed with an fs log structure is called an fs log
scheme. The category of fs log schemes has fiber products (see [24, Ch. III, 2.1.6]).

In this paper, we will use saturated log structures. In applications later in this paper, we will
use log structures on adic spaces in (c¢) and (d) only in the following restricted ways. When we
use (c), we will consider only the special log structure M = Of N OF C Og endowed with
the inclusion map a: M — O = OF. When we use (d), we will consider only whether the log
structure is trivial or not.

2.5.2. For a line bundle £ on an fs log scheme S, we can understand L as the sheaf F, of S-
morphisms to the projective bundle Ps(L ® Og) D L that is endowed with the log structure of the
fiber product S x go P where S° is the scheme S with the trivial log structure and P = Ps(LH Oy)
is endowed with the log structure associated to the Cartier divisor P \ L.

This can be understood as follows. From [2.5.1, we have that £ = £* x5 (Og Uox Mg?),
and it follows that

Fr = L* ><Og FOS'

Hence, we are reduced to the case that L = (Og. In this case, the above projective bundle
with log structure is S Xgspec(z) P3, where P is endowed with the log structure given by the
Cartier divisor at infinity, and Og = Og U M 5 !. An element f € Og corresponds to the
morphism S — Spec(Z[T]) C P}, sending T to f, while f € Mg corresponds to the morphism
S — Spec(Z[T~']) C P sending T~ to f~! € Ms.

This generalizes to a vector bundle V on S as follows. Let V be the sheaf of morphisms to the
projective bundle P = P¢(V @& Og) endowed with the log structure defined similarly to the above
using the Cartier divisor P\ V. We have V=VUyx M S Ly * where V> denotes those elements
of V that lie in a basis. The authors wonder whether V' can be used to formulate the notion of a
log shtuka, the shtuka version of a log Drinfeld module, for a shtuka is a vector bundle.
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We review basic facts about toric geometry (the geometric meaning of cone decompositions
in toric geometry, etc.) formulated in terms of log structures.

2.5.3. In the rest of this subsection, let Ly, be a finitely generated free Z-module, and let
L3, = Homy(Lz, Z).

Set Lg = R®yz Lz and Ly = R ®z L7, and let
(,):Lgx Ly —R

be the canonical pairing.
For a finitely generated cone o in Lg, let

o*={x €Ly |(y,xz) >0forally € o}.
Then o* is a finitely generated cone in Ly, and we have
o={y€Lr|(y,x) >0forallx € o}

Then o is rational if and only if ¢* is rational.
If o is rational, then let

oV =0"NLy.
Then ¢V is an fs monoid.
2.54. Let Lz and L}, be as in

By a finite rational fan in Lr, we mean a finite set X of finitely generated rational sharp (i.e.,
strongly convex) cones in L such that

(1) if o € X, then all faces of o belong to %,
(i1) if 0,7 € X, then ¢ N 7 is a face of o.

For example, if o is a finitely generated rational sharp cone in Lg, then the set face(o) of all
faces of o is a finite rational fan in L.

By a finite rational subdivision of a finite rational fan X in Lr, we mean a finite rational fan
> in Ly such that

(iii) for each 7 € Y, there is ¢ € X such that 7 C o,
(IV) UUEE 0= UTEE’ T.

In the case ¥ = face(o), a finite rational subdivision of X is called a finite rational cone
decomposition of o and is called also a finite rational subdivision of o.

21



2.5.5. Let X be a finite rational fan in Lg. Let S be a site with a sheaf of commutative rings O
and with a saturated log structure M. We define the sheaves toric(X) and [X] on S by

toric(X) = U toric(o) C Ly ®z M®,  where toric(c) := Hom(c", M),

%] = | Jlo] € Ly @z (M®°/O),  where [o] := Hom(c", M/O*).
oEX
Here, |J indicates a union as sheaves, Hom denotes the sheaf of homomorphisms, and ¢V is
viewed as a constant sheaf. In the case ¥ = face(o), we have toric(X) = toric(o) and [X] = [o].

2.5.6. Let X be as in Let toricz(X) be the toric variety over Z associated to X in the
classical toric geometry regarded as a log smooth fs log scheme over Z. That is, toricz(2) is the
union over o € ¥ of its open sets toricz (o) = Spec(Z[o"]), each endowed with the log structure
associated to 0¥ — Z[o"].

The toric variety toricz(X) represents the functor S — I'(.S, toric(X)) from the category of
locally ringed spaces with saturated log structures to the category of sets, where toric(X) is the
sheaf on S defined in[2.5.5] In this story, the log structure on S is given on the site of open sets
of S, and we regard the log structure on toricz(2) as a sheaf on the Zariski site.

In the cases (a), (b), (d) in the log structure is given on the étale site. In these cases,
toric(2)(S) := I'(S, toric(X)) is identified with the set of morphisms S — toricz(X) of locally
ringed spaces with log structures on the étale sites.

These follow from the fact that for each ¢ € ¥, a morphism S — toricz(o) induces and
uniquely comes from a homomorhism ¢ — M of sheaf of monoids.

2.5.7. In the case (a) (resp., (b), resp., (d)), by the weaker topology on S, we mean that we regard
the category S as another site in which we take open coverings of schemes (resp., formal schemes,
resp., adic spaces) as coverings. In particular, the weaker topology on § in the case (a) means the
Zariski topology.

By the fact that toricz(X) = |,y toricz(o) is an open covering, we have the following.

oey

Lemma 2.5.8. In the case (a) (resp., (b), resp., (d)), the sheaf toric(X) on the étale site S of S,
which is the union of the subsheaves toric(o) (o € X) for the étale topology, is actually the union
of the toric(o) as a sheaf for the weaker topology on S.

2.5.9. Let X be as above, and let S, S, O and M be as in one of the cases (a)—(d) in
We have that
LZ X7, OX C tOI’iC(E) C LZ X7z Mgp7

Lz ®7 O* acts on toric(X), and
toric(X)/(Lz ®z O) = [¥]

as sheaves on S.
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Lemma 2.5.10. In the case (a) (resp., (b), resp., (d)),
toric(X)/(Lz ®z O*) = [¥]
also as sheaves for the weaker topology on S.

Proof. The stalks Og ; for s € S are local rings. Hence the exact sequence 1 — O* — M8 —
MeP /O* — 1 of sheaves on S is exact also for the weaker topology because for each object S’
of S, each element of H'(S", O*) vanishes locally for the weaker topology by Hilbert’s theorem
90. This shows that the map toric(X) — [X] is surjective as a map of sheaves for the weaker
topology. 0

Lemma 2.5.11. In case (a) (resp., (b), resp., (d)), the sheaf [Z] on the étale site of S, which is
the union of the subsheaves [o| (o € X) for the étale topology, is actually the union of [o] as the
sheaf for the weaker topology.

Proof. This follows from[2.5.8 and [2.5.10] [

Lemma 2.5.12. Assume we are in one of the cases (a), (b), and (d) in let M be a saturated
log structure on S, and let f,g € T'(S, M8 /O*). Then the following (i) and (ii) are equivalent.
(i) Etale locally on S, we have either fg=* € M/O* or f~1g € M/O* in M2 /O*.
(ii) Locally on S for the weaker topology, we have either fg=' € M/O* or f~'g € M/O* in
MeP/O%.
Proof. Let Ly = Z2. Set
o1 ={(z,y) ER* |z >y >0} and oo ={(z,y) €R?|y>2 >0}

Let 3; = face(o;) fori € {1,2}, and let ¥ = ¥; U X,. If the condition (i) is satisfied, then the
pair

(f.9) € T(S, M*?/O*)* =T(S, Lz @z M**/O¥)
belongs to ([o1] U [02])(.S), where U is the union of sheaves for the étale topology. By [2.5.11

this union [X] is in fact the union of [0;] and [09] as a sheaf for the weaker topology. Hence the
condition (ii) is satisfied. [

2.5.13. Assume we are one of the cases (a)—(d). Let ¥ and X’ be finite rational fans in Ly, and
assume that for each ¢’ € Y, there exists 0 € ¥ such that ¢’ C ¢. Then we have injective maps
toric(X')(S) — toric(X)(S) and [X'](S) — [X](S). The morphism toricz(X') — toricz(X) of
fs log schemes is log étale. We have toric(X) x5 [¥'] = toric(¥') as subfunctors of toric(X) by
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On the category of fs log schemes, the morphism [¥'] — [X¥] is represented by log étale
morphisms. In fact, Zariski locally on S, any element ¢ € [¥](S) comes from an element of
toric(X)(S) by[2.5.10} that is, from a morphism S — toricz(X) of fs log schemes. Thus, we have

S X[E} [El] = S XtoricZ(Z) tOIiCZ(Z) X[Z] [Z/} = S XtoricZ(E) tOI‘iCZ(E/).

If ' is a finite rational subdivision of ¥, then the morphism toricz(3') — toricz(X) is the
well-known proper birational morphism of classical toric geometry. In this case, on the category
of fs log schemes, [>'] — [X] is represented by proper morphisms.

2.5.14. Assume we are one of the cases (a)—(d). Let X be a finite rational fan in Lr. Define the
topology of the set 3 by taking the subsets face(o) for o € ¥ as a base of open sets.

An element a of [X](S) induces a continuous map ¢: S — X which sends s € S to the
smallest cone o of ¥ such that the map L} — M®&/O* induced by a sends 0¥ C L3 to
M/O* C M#/O* at s. This map is understood as follows. Locally on S, the element « lifts to
an element a of toric(X)(.S). This a gives a continuous map S — toricz(X). On the other hand,
we have a continuous map toricz(¥X) — 3 which sends = € toricz(X) to the smallest element &
of ¥ such that = belongs to toricz (o). The map ¢ is locally the composition .S — toricz(¥X) — X
of continuous maps.

2.5.15. Consider the case (c) of We call the log structure M = O N OF with the inclusion
map M — OF on the site of open sets of S, the canonical log structure on O . This is a saturated
log structure.

Note that for s € 5, the stalk Og , is a local ring, and there is a valuation ring ) in the residue
field x(s) of Og s such that the field of fractions of V coincides with «(s) and such that the stalk
O;S coincides with the inverse image of V under Og ; — k(s). Hence the stalk M is the inverse
image of V' \ {0} in Og . Hence M#> = OF. We have MEP = M, U M.

Proposition 2.5.16. For an adic space S endowed with the canonical log structure on OF
and for a finite rational subdivision ' of %, the canonical map [¥'](S) — [£](S) is bijective.

2.5.17. We give a preparation for the proof of
Let Xy = @ Y, where ¥’ ranges over all finite rational subdivisions of . Then X, is
identified with the set of all submonoids V' of L7, satisfying the following conditions:
(i) VU(=V) =Lz,
(i) oY C V for some o € X..
In fact, for z = (zy)sy € X, the corresponding V' is given by V = Uy (zsr)¥ C L3,
Conversely, from V', we have the corresponding © = (zy)sy where xy is the smallest element 7
of ¥’ such that 7v C V.

With this identification, the inverse limit topology on Y., is described as follows. The sets
{V € ¥ya | I C V}, where I ranges over all finite subsets of L}, form a base of open sets.
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2.5.18. We prove[2.5.16

An element a of [X](S) induces a continuous map ¢: S — ¥ (2.5.14). Furthermore, a
induces a continuous map @y, : S — X, which sends s € S to the inverse image V' of (M /O*);
under L3 — (M /0O*),. (Note that since M = M, U M, we have L} = V U (—V).) The
composition S 28 3., — ¥ coincides with (.

Let ¢’ be the composition S %' ¥, — ¥'. For each s € S, the map a: Ly — (M#/O%),
induces ¢'(s)" — (M/O*);. By the continuity of ¢, there is an open neighborhood U of s in S
such that a induces ¢'(U)Y — (M/O*)y. Hence a comes from [¥'](5).

2.6 Level structures

We fix an element N of A which does not belong to the total constant field of F. Fix an integer
d>1.

2.6.1. Recall that for a scheme S over A and a Drinfeld module (£, ¢) over S of rank d, a Drinfeld
level N structure on (L, ¢) is an A-equivariant homomorphism ¢: (1 A/A)? — L, where A acts
on L via ¢, such that
ker(p(N)) = Y [a)]
ac(+A/A)?
as Cartier divisors on L. Here [¢(a)] is the image of the section ¢(a): S — L regarded as a Cartier
divisor on £. We will call a Drinfeld level N structure simply a level N structure.

Throughout this subsection, we will let (S,U) denote a pair as in which is to say a
normal scheme S over A and a dense open subset U. Recall from[I.2.7]that a generalized Drinfeld
module ((£, ¢),¢) of rank d over (S, U) with level IV structure is a pair consisting of generalized
Drinfeld module (£, ¢) over S with restriction (£, ¢)|¢ a Drinfeld module over U of rank d and
alevel N structure ¢ on (L, ¢)|y.

Lemma 2.6.2. Let S be a normal scheme over A, and let (L, $) be a Drinfeld module over S.
Let U be a dense open subset of S, and let v be a level N structure on (L, ¢)|y. Then v extends
uniquely to a level N structure of (L, ¢).

Proof. We may assume that S = Spec(R) for a normal integral domain R with field of fractions
K and that the line bundle £ is trivialized. Then the coefficient of the polynomial ¢(N)(z)
in the highest degree n = |N|¢, where d is the rank of (£, ), is a unit ¢ of R. Since this
polynomial is a product of polynomials over K of degree 1 by assumption, and since R is
normal, ¢(N)(z) = c[[;_,(z — ;) for some o; € R. Hence the A/NA-homomorphism
v (5 AJ/A)? — L]y is extended to ¢: (1 A/A)* — L, and we have

ker(¢(N)) = div(p(N)(z)) = ZdiV(Z —a)= Y, [da)]

ac(+A/A)?
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Lemma 2.6.3. Let R be a normal local integral domain with maximal ideal mp, residue field k,
and field of fractions K. Consider a polynomial f € R|[z] in one variable. Assume that the image
of f in k|z] is nonzero, and assume that f is a product of polynomials of degree 1 in K|z]. Then

m

f:cH(z—ai)‘

i=1

(1—b;2)

—.

<
I
-

for somem,n >0,a, € R(1<i<m) b ecmpr(l1<j<n)andce R*.

Proof. By a simple limit argument, we are reduced to the case that R is a local ring of a finitely
generated Z-algebra. Assume we are in this case. We can write f = g [[",(z — a;) witha; € R
and with ¢ € R[z] which has no root in R. The completion R of R is also a normal integral
domain as R is excellent. By the Weierstrass preparation theorem, g = hu where h is a monic
polynomial over Rand u € ]A%[[z]]X If h is of degree > 1, take a root o of h, which is integral
over k. Then « is a root of g and hence belongs to K. By the normality of R, it then belongs
to RN K = R. This is a contradiction. Hence h = 1 and g = u. Thus the constant term c of g
is a unit of B. Write g = ¢+ (1 + >, ¢;2") with ¢; € R. Then the inverse of any root 3 of ¢
is a root of the monic polynomial 2™ + """ | ¢;z""*, and hence 5~! € R. Since ¢ R, we have
Bt € mp. O

Proposition 2.6.4. Let ((L, ¢),t) be a generalized Drinfeld module over (S,U) of rank d with
level N structure. Then v: (~AJ/A)? — L] extends uniquely to a map (+ AJA)* — L, where L
is defined by the associated log structure of S as in[l.2.6

Proof. Working locally on S, we may assume £ = Og. Let s € S. Note that the polynomial
#(N) modulo the maximal ideal of Og_ is not zero. We apply Lemma to R = Og; and
f = ¢(N). Then we see that for a € (+A/A)?, we have either (a) € Og, or t(a)™ € Og,.
We also have t(a) € j.(Oy). Since L is the union of its subsheaves Og C j.(Oy) and
O3’ N7.(08) = Og' N j.(Oy), we have that +(a) belongs to L at s. O

To reduce various problems to the case of complete discrete valuation rings, the following
lemma is useful.

Lemma 2.6.5. Let R be an excellent integral domain with field of fractions K, and let I be an
ideal of R. Let & be the set of all discrete valuation rings V C K containing R and with maximal
ideal m,, containing I.

(1) Assume that R is normal and I is contained in the Jacobson radical of R. (Note that this

condition of 1 is satisfied if either R is a local ring with maximal ideal I or R is [-adically
complete.) Then R = (,,.¢ V.

(2) Assume that R/I is nonzero and reduced. Then I = (), my.
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Proof. We first prove the following claim.

Claim. If R is local with maximal ideal m, then there is a discrete valuation ring ) such that
RcCcV cC Kand RNmy =m.

Proof of Claim. 1In fact, let X be the normalization of the blow-up of Spec(R) along m, and take
a point x of X lying over m. Then m generates a principal ideal in Ox , generated by an element
t which is not a unit. Since Ox . is normal and Noetherian by the assumption R is excellent, there
is a prime ideal p of height one of Ox , which contains ¢. Then the local ring V of Ox , at p has
the desired property.

We prove part (1). Let f € K \ R, and let g: X — Spec(R) be the blow-up along the
fractional ideal R + Rf. For each point z of X, we have either f € Ox, or f~' € Ox_,. Since
I'(X,Ox) = R, there exists z € X such that f ¢ Ox ,. Since g is proper, the image in Spec(R)
of the closure of x in X is closed and hence contains a maximal ideal m of R. By assumption on
I, we have I C m. Lety € X be the element of the closure of z in X whose image in Spec(R) is
m. Then f ¢ Ox,. Hence f~! belongs to the maximal ideal m,, of Ox ,. By the claim applied
to Ox ,, there is a discrete valuation ring V such that Ox, C V C K and Ox, Nmy = m,. We
have I C m C my, so V € £. On the other hand, f~! € my, and hence f ¢ V.

As for (2), by assumption, [ is the intersection of all prime ideals p of R such that I C p.
By the claim applied to the local ring of R at p, there is a discrete valuation ring )V such that
RCV CKandp=RNmy. O

2.6.6. As in let V be a complete valuation ring over A of height 1, let K be the fraction
field of V, let K be an algebraic closure of K, and let K*® be the separable closure of K in
K. Let ¢ be a generalized Drinfeld module with trivial line bundle over V, and let (3, A) be
the associated pair of a Drinfeld module and a ( A)-lattice in K> from Let ey € V[Z]
denote the exponential map of A (see[2.3.1). Let

Y(N) A ={z € K | $(N)z € A},

O[N] = {z € K | $(N)a =0} and [N] = {z € K | ¢(N)z = 0},

Then we have
en: w(N)*lA/A = O[N]

We also have an exact sequence
0 — Y[N] 2 ¢[N] — AJp(N)A — 0.

The map ¢[N] — A/¢»(N)A sends 3 € ¢[N] to the class of any A € A such that thereisa \' € K
satisfying 5 = ex (V) and (N)N = A\
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In this paper, for a sheaf F on the étale site of a scheme, F; denotes the stalk of F lying over
a point s in the sense of the étale topology.

Lemma 2.6.7. Let ((L, ¢),t) be a generalized Drinfeld module over (S, U) of rank d with level
N structure. Define the subsheaf E of (%A /A)? on the étale site of S to be the inverse image of

L under the map v: (+AJA)* — L given by

(1) Let s € S. We have E, := T'(Spec(Qs), E) = Es. Let r be the rank of the fiber of (L, ¢)
at s. Then the A/N A-module E is free of rank r. Let B, = (5 A/A)*\ E,. If the line
bundle L is trivialized at s, the polynomial (N )(z) is expressed over Og s as

o)) =c [ G—ua) [T -ua)™"2)

acls CLEEé

for some unit ¢ of Og ,, and 1(a)~! belongs to the maximal ideal m of Og s for all a € E.

(2) Let I be a quasi-coherent ideal of Og such that Og/1 is a sheaf of reduced rings. Assume
that (L, ¢) mod [ is a Drinfeld module of rank r over Og /I and that the line bundle L is
trivialized. Then the image of the composite map

(LA/A)N\E S Mg L% = Mgt 5 Mg — Og,
where b(f) = f~1, is contained in I.

Proof. (1) The bijectivity E, = Fj is clear. Trivialize the line bundle £ at s. By
we obtain the product formula for ¢(V)(z) stated above and that E has order |[N|". To prove
E, =~ (A/NA)", we may assume that S is of finite type over A and hence is excellent. By[2.6.5(1),
we may take a discrete valuation ring V' in the field of fractions of Og, such that Og, C V' and
ms C myr. Let )V be the completion of V', and let K be the field of fractions of V. By replacing
Og,s by V, we may assume that Og ; = V.

As in as in we then have a pair (¢, A) and an exact sequence of finite flat group
schemes over K in which the cokernel of the exponential map e : Y[N] — ¢[N] is A/(N)A.
Concerning the level N structure ¢ over K, for a € (1 A/A)* with 1(a) € e(¢[N]), we have
a € E. Since the finite flat group scheme /[ N] has rank |N|", and this is equal to the order of
E,, we have that ¢(a) € ex(¢[N]) if and only if @ € E,. Hence the above exact sequence shows
that ( A/A)4" = A/NA as an A/N A-module. Hence E, = (A/NA)" as an A/N A-module.

(2) We may assume that S is of finite type over A and hence is excellent. By[2.6.5(2), we may
assume S = Spec(V) for a complete discrete valuation ring V. Then this (2) follows from the
formula for ¢(N)(z) in (1) at the closed point s of Spec(V), N

In the remainder of this subsection, we provide conditions for the automorphism group of a
generalized Drinfeld module ((£, ¢), ¢) with level IV structure to be trivial: see[2.6.12|below.
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Lemma 2.6.8. Let S be a normal integral scheme over A with function field K, and let ¢ be
a generalized Drinfeld module over S with line bundle Og. Let N1, Ny € A be such that N,
is invertible on S. Suppose that © € K satisfies ¢(N1Ny)x = 0 and ¢(Ny)x # 0. Then
e T(S,0p).

Proof. We write Og for I'(S, Og) for short. First assume Ny = 1. Since V; is invertible on S
and

0=p(Ny)(x) =Nz + > a;’
=2

for some n > 2 and a; € Og for 2 < i < n, we have that ! is integral over Og. Since S is
normal, z~! belongs to Og.

In general, assume that 2! does not belong to Og. Since S is normal, there is a valuation
ring V C K which dominates a point of S such that 2! does not belong to V. Then z belongs
to the maximal ideal of V. Hence ¢(N,)z belongs to the maximal ideal of V. Hence (¢(Ny)x) ™!
does not belong to V. But ¢(N;)¢(N2)z = 0 and we have seen (¢(N2)z)~t € Og, which is a
contradiction. O

2.6.9. In the remainder of the section, let ((£, ¢), ¢) be a generalized Drinfeld module over (S, U)
of rank d with level N structure. Assume we are in one of the following two situations:

(1) N has at least two prime divisors, or

(ii) N is invertible on S.
Proposition 2.6.10. Assume we are in situation (i) or (ii) of We let (%A/A)ff be the
nonempty subset of (+ A/A)? consisting of

* in situation (i), all elements a such that the ideal {b € A | ba = 0} of A has at least two
prime divisors, and

* in situation (ii), all nonzero elements.

Then we have
((RA[AYg) € Mg ¥ C T,

Proof. We may assume that the line bundle £ is trivial. Let a € (3-A/A)?. Working locally
on S, let v be a maximal ideal of A which contains the ideal {b € A | ba = 0} and which
is not in the image of S — Spec(A). Let N; € A generate the highest power of v dividing
N, and let Ny, = N/N;. Then the conditions of Lemma are satisfied for z = v(a), so
t(a)™t € T(S, Og), which implies the result. O

Proposition 2.6.11. Let the situation be as in

(1) Let a € (wA/A)", and assume that a is a part of a basis of the free AJ/N A-module
(- A/A)L Then o(a) € Mg'L".
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(2) Locally on S, there exists a € (%A/A)d such that a is a part of a basis of the free
A/N A-module (AJA)* and 1(a) € L*.

Proof. Part (1) follows from[2.6.10f. We prove (2). Let s € S, trivialize £ at s, and let E be as
in[2.6.7] Since E; = (A/NA)" as an A/N A-module with r > 1 by there exists a € E,
which is a part of a basis of the free A/NA-module (1;A/A)?. Since a € E,, the element ¢(a)
belongs to Og . On the other hand, since a belongs to (;A/A)%, we have that .(a) ™! belongs to

Os,s by 2.6.10. Hence «(a) € Og .. O

Proposition 2.6.12. Under the assumption in [2.6.9 the automorphism group of ((L,$),t) is

trivial.

Proof. Any automorphism f: £ — L of (£, ¢) with f o+ = ¢ must fix a local basis of L by
2), so it must be trivial. [

2.7 Log Drinfeld modules

We fix an element N of A which does not belong to the total constant field of F. Fix an integer
d > 1. We prove basic results on log Drinfeld modules of rank d with level N structure.

2.7.1. Let S be a scheme with a log structure M. We say S is log regular if S is locally Noetherian,
the log structure is fs, and the following two conditions (i) and (ii) are satisfied for every s € S.
Let I be the ideal of O s generated by the image of Mg\ Og; — Ogs.

(i) The local ring Og /1 is regular, and
(i) dim(Ogs) = dim(Ogs/1) + rankz ((ME’/OF)s).

Regarding log regularity, see [18]] for log structures on the Zariski site, and see for instance
[14, Exposé VI] and [6, Section 12.5] for log structures on the étale site (which we use in this
paper). We call a log regular log scheme a log regular scheme for brevity.

2.7.2. For a log regular scheme 5, the following (1)—(4) hold by 4.1, 11.6, 8.2, and 3.1 of [18]], in
that order.
(1) The underlying scheme of .S is normal.

(2) We have Mg = Os N j.(OF) C j.(Op). Here U is the open set of S consisting all points
at which the log structure is trivial, and j: U — S is the inclusion map.

(3) Any log smooth scheme over S is log regular.

(4) Let k be a perfect field, and suppose that .S is a scheme over k£ of finite type. Then S is log
smooth over k.
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2.7.3. For ascheme S over A with a saturated log structure, we recall from[I.2.8]that a log Drinfeld
module ((L£, ¢),¢) over S of rank d with level N structure is a pair consisting of a generalized
Drinfeld module (£, ¢) over S and a map ¢: (3-A/A)? — L such that étale locally on S, there
are a morphism f: S — S’ of log schemes over A, where S’ is log regular and locally of finite
type over A, and a generalized Drinfeld module ((£’, ¢'), ") over (S’, U’) of rank d with level N
structure, where U’ denotes the dense open subset of S” at which the log structure of S’ is trivial,
such that ((£, ¢), ¢) and the pullback of ((£’,¢'), ") by f are isomorphic, where /" is regarded as
amap (+A/A)* — L' as inm

Let us prove (1) of That is, if the log structure of S’ is trivial, then the notion of a log
Drinfeld module over S of rank d with level N structure is equivalent to the notion of a Drinfeld
module over S of rank d with level N structure.

Assume we are given a log Drinfeld module over S of rank d with level N structure. By
definition, étale locally on .S, it comes from a log regular S’. The morphism S — S’ factors as
S — U — ', where U is the part of S” with trivial log structure, which is open in S’. On U, we
have a Drinfeld module of rank d with level NV structure in the usual sense. Since we pull it back,
the original object is a Drinfeld module of rank d with level N structure. Conversely, assume that
we have a Drinfeld module over S of rank d with level N structure. It is obtained via a morphism
S — M4, to the moduli space of Drinfeld modules of rank d and level N as the pullback of
the universal object over the regular scheme M9, yielding a log Drinfeld module with level N
structure.

2.74. Let (S,U) be as in[1.2.7, and let ((£, ¢),¢) be a generalized Drinfeld module over (S, U)
of rank d with level N structure. We consider the following condition on divisibility.

(div) Forevery a,b € (1 A/A)?, locally on S we have either
pole(c(a)) pole(c(b)) ™" € Mg/O% or pole(i(b)) pole(v(a))™ € Mg/O%
in M /0O3.

Note that by [2.5.12] we have the same condition (div) if we replace “locally” (this means
Zariski locally) by “étale locally”.

Theorem 2.7.5. Let S be a log regular scheme over A, let U be the dense open set of S consisting
of all points at which the log structure is trivial, and let ((L, ), 1) be a generalized Drinfeld
module over (S, U) of rank d with level N structure. Then the condition (div) is satisfied.

Note that Theorem [2.7.5|implies Proposition [I.2.10] which asserts that a log Drinfeld module
with level N structure ¢ over an A-scheme S with saturated log structure M satisfies the condition
(div) of That is, it is sufficient to work with a pair (S, U’) as in (S,U) of by the
definition of log Drinfeld module in
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We prove Theorem Since we can work étale locally on S by the remark at the end of
2.7.4] this theorem follows from the following lemma.

Lemma 2.7.6. Let S be a log regular scheme over a field, and assume it is strictly Henselian.
Let s be the closed point of S. Let x,y € Mg, and assume that x4y te Ogs U MS’; Then
either vy~' € Mg, oryz=' € Mg

Proof. Let m4 be the maximal ideal of Og ;. We may assume that x,y € m;. If
4 y’l =c € Ogg,

thenazy ' =cr —1¢ (9?75. Hence we may assume that 27! + y~! = 27! for some z € Mg .

The completion R of Og is isomorphic to k[P][74, ..., T,] for some field k£ and sharp fs
monoid P such that the log structure of Spec(R) is given by P — R [18], 3.1]. It is sufficient to
prove that if vy, ¥9,v3 € P and uy, ug, ug € R* are such that

~1 ~1 ~1
uryp Uy = Uz

then either 7,7, ' € P or v2y; * € P. Assume this is not satisfied.

As is well known, if v € P®P is such that f(v) > 0 for the canonical extension of every
homomorphism f: P — N, then v € P. Taking v = 717, ' and also v = 77y; ', we see that
there exist homomorphisms g, h: P — N such that g(v1) > g(72) and h(7y1) < h(72). The pair
(g, h) induces P — N x N and hence induces a ring homomorphism

k‘[[P]][[Tl, R ,Tn]] — k’[[N X N]] = k‘[[tl,tgﬂ,

where each T is sent to 0. Let a = g(71), b = g(72), ¢ = h(m), d = h(72) so thata,b,c,d € N
with @ > b and ¢ < d. Write the image of 3 in k[t,, t,] as ¢t} with e, f € N. Then there are
V1, Vg, V3 € k?[[tl, tg]] * such that

ity ¢ + vt Tty = st oty

Thus we have
Vi td7C 4 0t 870 = pgta et

witha — b > 0 and d — ¢ > 0, which is impossible. O]

Remark 2.7.7. Without log regularity, the condition (div) in need not be satisfied. See
5.4.6

Proposition 2.7.8. Let ((L, ¢),t) be a log Drinfeld module of rank d with level N structure over
a scheme S over A with a saturated log structure. Suppose that either N has at least two prime

divisors or N is invertible on S.

32



(1) Leta € (+A/A) and assume that a is a part of a basis of the free A/ N A-module (+ A/ A)".
Then v(a) € Mg L.

(2) Locally on S, there exists an a € (~ A/A)* which is a part of a basis of the free A/N A-
module (+ A/A)* and such that 1(a) € L.

Proof. Using the definition|1.2.8|of a log Drinfeld module, this reduces to the case of a generalized
Drinfeld module with level N structure over a log regular scheme, and hence to [2.6.11} as log
regular schemes are normal. [

Proposition 2.7.9. Under the assumptions of Proposition the automorphism group of
(L, d),1) is trivial.

Proof. This follows from 2). ]

2.8 Bruhat-Tits buildings

Like the toroidal compactifications considered in [2]] and [4]], our toroidal compactifications are
associated to cone decompositions. Our cone decompositions are based on the decomposition of
the Bruhat-Tits building of PGL,,(F,) into simplices.

We give an almost self-contained review of Bruhat-Tits buildings for PGL,, in a style which
matches this paper, using the conditions C'(S) and C/(S, ) introduced in[2.8.5] These conditions
are about inequalities of norms, and such inequalities give cones and cone decompositions used
in this paper. At the end of this subsection, we prove Proposition via which Bruhat-Tits
buildings are related to Drinfeld modules.

Let I/ be a complete discrete valuation field with finite residue field ;. Let Og be the
valuation ring of F, and let m g be the maximal ideal of O. Let | |: E — R be the standard
absolute value, sending a uniformizer to ¢~!. Letn > 1.

2.8.1. Let V be an E-vector space of finite dimension n. By a norm on V', we mean a map
w: V- — Rs( which satisfies the following two equivalent conditions.

(i) There exists a basis (€;)1<i<, of V such that there are (s;)1<;<, € R%, for which

1 <Z xiei> = max{s;|z;| | 1 <i < n}

i=1
forall z; € FE.
(i1)) We have

(a) u(az) =|ajp(z) foralla € Eandx € V,
(b) u(zr +y) < max(pu(z),u(y)) forall z,y € V, and
(¢) u(x) >0forall z € V' \ {0}.
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See [7] for the equivalence. Note that in (b), we have p(z+vy) = max(u(x), u(y)) if p(z) # p(y).
We will call a basis of V' satisfying (i) an orthogonal basis for .

2.8.2. The rank n Bruhat-Tits building |BT,,| is a topological space with underlying set consisting
of all homothety classes of norms (2.5.1)) on the E-vector space E™. The topology on |BT,| is
defined by the embedding

BT, <~ ] Reo, w—pl@uy)
()e(En—{0})?

where for y € |BT,|, the expression p(x)u(y)~" means fi(x)ji(y)~* for a norm ji with class p.
The group PGL,(FE) acts continuously on |BT,|. That is, the class ¢ € PGL,(F) of
g € GL,(F) sends the class u € |BT,| of a norm i to the class gu € |BT,| of the norm

z = (g (@),

2.8.3. The Bruhat-Tits building |BT,,| is identified with the geometric realization of a simplicial
complex BT, which is also called the Bruhat-Tits building.

The set of 0-simplices of BT,, will be introduced in[2.8.4] In[2.8.6 we will introduce general
simplices of BT,, by using a condition C(S) in and for each simplex S of BT,,, we will
introduce its geometric realization |BT,|(S) C |BT,| by using a condition C(S, 1) in [2.8.5]
|BT,,| is the union of these |BS,|(.5)

2.8.4. A O-simplex of BT, is the class of an Og-lattice in E™. Here, by an Og-lattice in E", we
mean a finitely generated O g-submodule of £™ which generates E™ over E. Two Opg-lattices L
and L’ are said to be equivalent if L' = aL for some a € E*.

For an Og-lattice L in £, we have the associated norm p;, on E™ defined as

pr(x) =min{la| |a € B,z € aL}.
Via the map class(L) > class(uy, ), we regard a O-simplex of BT, as an element of |BT,,|.

2.8.5. We introduce conditions C'(S) and C(S, ). For p € |BT,| and z,y € E", we write
w(x) > p(y) to indicate that (x) > fi(y) for a norm j with class p.
For a subset S of |BT,,|, the condition C'(S) is as follows.

C(S) For each pair (z,y) of nonzero elements of E™, we have either u(x) > u(y) forall p € S
or u(x) < p(y) forall p € S.

For a subset S of |[BT,,| and p € |BT,,|, the condition C'(S, p) is as follows.

C(S, ) For any pair (x,y) of nonzero elements of £™ such that /() > p/(y) forall ¢/ € S, we
have yi(z) = p(y).
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2.8.6. A simplex of BT, is a nonempty set S of 0-simplices of BT, satisfying the condition
C(9). It follows from [2.8.7]ii) below that a simplex of BT, is a finite set. A simplex is called an
r-simplex if it has cardinality r + 1.

The geometric realization of a simplex S of BT, is

IBT,|(S) = {u € |BT,| | C(S, u) is satisfied}.
The traditional definition of a simplex of BT, is given by the following i).

Proposition 2.8.7. For any nonempty set S of 0-simplices of BT, the condition C(S) is equivalent

to each of the following two conditions:
(i) For any two Og-lattices L and L' in E™ with classes in S, we have either L. C L' or L' C L.

(ii) There are Og-lattices L°, ..., L" in E™ such that S is the set of equivalence classes of
Lo ..., L"and L° D L' D --- D L" D mpLP.

Proof. C(S) = (i): Assume that there are Op-lattices L, L’ in E™ with classes in .S such that
L¢g L'and L/ ¢ L. Takez,y € E"suchthatx € L,x ¢ L',y € L',y ¢ L. Then py(x) < pur(y)
and pp () > pp(y), so C(S) fails.

(i) = (ii): Fix an Og-lattice L° in E™ with class in S. For each element p of S, take the
Og-lattice L(p) in E™ with class p such that L(p) C LY and L(p) ¢ mgL°, By assumption, the
set {L(u) | p € S} is totally ordered by inclusion, and L(u) 2 mgL® for all u € S by definition.

(ii) = C(S): Take Op-lattices L, . . ., L" satisfying (ii). Let L't = mt Lifor0 <i <r
and ¢t € Z. Then the L’ for i € Z form a decreasing filtration on E”, and | J,., L' = E™. Let
z,y € E"\ {0}. Leti,j € Zbesuchthatz € L', x ¢ L',y € [/, y ¢ L' If i < j (resp.,
i > 7), we have ppm(z) > ppm(y) (resp., pipm(x) < prm(y)) for all m € Z. O

2.8.8. The group PGL,,(F) acts on BT,, in the natural way, and this action is compatible with the
action of PGL,,(E) on |BT,,|. For each r, the action of PGL,,(F) on the set of all r-simplices in
BT, is transitive.

Lemma 2.8.9. Let (1;);c; be a nonempty finite family of norms on E™ such that the set S of the
classes of i; satisfies C(S). Let a; € Ry for eachi € I. Then ), ; a;ji; is a norm on E".

Proof. Set i = ), a;ji;. Let x and y be nonzero elements of £". We prove that p(x + y) <
max(p(z), u(y)). We may assume that p;(x) > p;(y) for all i. We then have

wz+y) = Z aipi(x +y) < Z aipi(x) = p(z).

el el
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Proposition 2.8.10. Let S be a simplex of BT,,, and let . € |BT,,|. Then yn € |BT,|(S) if and
only if for norms [i with class j and U with class v for each v € S, there exist a,, € R>q forv € S
such that fi =y g a,0.

Proof. Let us suppose p € |BT,|(S), the opposite direction being clear. Let L' (i € Z) be as in
(i) in Form € 7Z, letY,, = L™\ L™*!. Let P be the set of all maps E™ — R such that
f(0) =0, f(z) = f(y)ifz,y € Y, forsome m € Z, and f(ax) = |a|f(z)ifa € Fandz € E™.
For m € Z, take an element z,,, of Y,,,.

Claim 1. We have i € P and fi(x,,) > fi(2,41) for all m € Z.

Proof of Claim 1. If x,y € Y,,, then pupi(z) = upi(y) for all 4, and hence the condition C(S, )
shows that fi(z) = fi(y). Furthermore, since pyi(x,,) > pri(zmeq) for all 4, the condition
C(S, ) shows that fi(z,,) > fi(xmi1)-

Claim 2. If f € P, then f =Y/ ajur: with a; = (f(z;21) — f(2:)) (g — 1)~

Proof of Claim 2. We have an isomorphism
P 1> RT_H? .f = (f(xm))(]Ser'

On the other hand, /i1 (z,,) is ¢° where c is the smallest integer such that ¢ > (i — m)(r + 1)1
Hence for 0 < ¢ < rand 0 < m < r, the difference pyi(z-1) — pri(zm)is g —1if i = m
and 0 if ¢ # m. Hence we see that f(x,,—1) — f(2n) = > i_o @i(pri(Tm-1) — pri(xy)), and the
expression for f then follows from the fact that f(x,,) = ¢/ f(Zp4j(+1)) for all j.

Since j1 € P by Claim 1, the result follows from Claim 2. [

Lemma 2.8.11. Let v be a 0-simplex of BT,,.

(1) We have |BT,|({v}) = {v}.

(2) For a simplex S of BT,, we have v € |BT,,|(S) if and only if v € S.
Proof. Part (1) follows from [2.8.10| applied to {v}, and the “if” statement in (2) is clear. Now
assume v € |BT,[(S). Then C(S U {v}) is satisfied and hence S U {v} is a simplex. Hence
it is sufficient to prove that if S’ = S U {v} is a simplex and v ¢ S, then C'(S" \ {v}, {v}) is

not satisfied. This is seen from the presentation of S’ as in ii) (in which S is replaced by
S"). ]

2.8.12. Let |AP,| C |BT,| be the set of all classes of norms z on £E™ such that the standard base
(€i)1<i<n Of E™ is an orthogonal base for ;. We have a canonical bijection

[AP,| = Ry /R,
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where the multiplicative group R acts on RY, diagonally, which sends the class of a norm g
which belongs to |AP,| to the class of (y(e;));. The inverse map sends the class of s € RZ, to
the class of the norm p; defined by

ps(z) = max{s;|z;| | 1 <i<n} forx € E".

This |AP,,| C |BT,| is called the standard apartment in |BT,,|.
The map
PGL,(E) x RY, — |BT,|, (g,s) — gclass(jus)

is surjective, as is seen from the condition (i) on a norm in The topology of [BT,| is also
described as the quotient topology of the topology of PGL,,(E) x RZ under this surjection.

2.8.13. For an Og-lattice L in E", the class of p in |BT,| belongs to |AP,,| if and only if
L =@, mfe; for some a; € Z where (e;); denotes the standard basis of E". For this L, we
have pj, = ps where s = s(L) := (¢™,...,q¢") € RZ,. Let AP,, be the simplicial subcomplex
of BT,, with simplicies those S such that every element of S is the class of such an L.

For a simplex S of AP,,, let

o(S) = {s € RL, | class(u,) € [BT,|(S)} U {0}.

This has the following two properties:

(1) For any diagonal matrix h in GL,,(F) with ith entries a; € E*, we have go(S) = o(hS),
where g € GL,,(R) is the diagonal matrix g with ith entry |a;|.

(2) For any permutation matrix g, we have go(S) = o(g5).

Example 2.8.14. By the standard (n — 1)-simplex of BT,,, we mean the (n — 1)-simplex S
consisting of the classes of the Og-lattices L' (0 < ¢ < n — 1) defined by

Li == z_: OEGj + Z megé;.
j=1

j=n—i+1
Note that .
ZOEei =L°>L' > > L' > mpLl.

i=1

We make the following remarks.
(1) Wehave o(S) = {s € RY; | 51 <53 < -+ < 5, < @51}

(2) Let J be a nonempty subset of {1,...,n}, and let S’ C S be the simplex consisting of all
classes of L' such that i € J. Then o(S’) consists of all s € o(5) satisfying the following
two conditions:
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(i) if2<i<nandi¢ J,thens; ; = s;,and
(ii) if 1 ¢ J, then s,, = ¢sq.
(3) Every simplex in BT, is written as g5’ for some g € PGL,,(F) and S’ as above.

(4) Let T be the set of diagonal matrices in PGL,,(E), and let Ny be the normalizer of 7" in
PGL, (FE). That is, N is the subgroup of PGL,, (F) generated by 7" and the permutation
matrices. Then every simplex in AP, is written as ¢S5’ for some g € Ny and S’ as above.

Statements (1) and (2) follow from [2.8.10} whereas (3) and (4) are clear by the understanding of
a simplex as in [2.8.7(i1).
Proposition 2.8.15. Let S be a simplex in AP,.

(1) The set o(S) is the subcone of R%, U {0} generated by s(L) € RZ, for the Og-lattices L
in E" whose classes belong to S.

(2) The map taking s € R, to class(us) restricts to a bijection o(S) \ {0} — |BT,|(5).

Proof. Part(1)isreducedto[2.8.14(2) by[2.8.14(4). Part (2) follows from[2.8.10jand[2.8.14(2). [

Proposition 2.8.16. Let I = {(h,i,j) € Z* | 1 < j < i < n}. For each map o: I —
{R<o, {0}, R>o} satisfying the condition that

o forevery (i,7) € Z? with 1 < j < i < n, there exists h € Z such that a(h, i, j) # R<g and
a(h —1,1,7) # R,
define
cla) ={s € RYy | ¢"s; — s; € a(h,i,j) forall (h,i,j) € I}.

Then the set 3 of cones c(«) for such maps o is a cone decomposition of RZ ;U {0}, and the map
S +— o(S) is a bijection from AP, to ¥\ {0}.

This cone decomposition of R?, U {0} will be the base of the cone decompositions for our
toroidal compactifications.

Proof. That (S) € X\ {0} for s € AP,, follows from (2) and (4) of [2.8.14] It is clear that the
map S — o(5) is injective. We prove that it is surjective.

By (1) (resp., (2))in2.8.13 if 7 € £\ {0} and g € GL,(E) is a diagonal matrix with entries
in ¢Z (resp., a permutation matrix), then 7 is in the image of S — ¢(S) if and only if g7 is. Let
7 € ¥\ {0}. Foreach 2 < i < n, let h(i) denote the smallest integer such that s; < ¢"¥s;
for all s € 7. Since 7 € %, we then have s; > ¢"?~1s; for all s € 7. Replacing 7 by g7 for
a diagonal matrix g with entries in ¢Z, we may assume that h(i) = 0 for all 2 < i < n. Then
fori,j € {2,...,n}, s; < gs1 < ¢s;. Hence we have either s; > s; forall s € 7 or 5; < s;
for all s € 7. By replacing 7 with g7 for a permutation g on {2,...,n}, we may assume that
51 <8y <.+ <s, <gsforalser. ThenT = o(S5’) for some S’ in[2.8.14]
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We claim that X is a cone decomposition of R?, U {0}. It is clear that R? ; U {0} is the union
of the cones in X, and any two cones in X intersect in a face of each cone. It remains only to show
that each face of a given 7 € ¥ is also in X. We have ¢(«) = {0} for many choices of o, e.g., if
a(1,i,17) = R for all i. Suppose that 7 # {0}. Note 7 = o(S) for some S € AP,, as we have

seen above. By[2.8.14(4) and (1) and (2) of [2.8.13] we may assume that 7 = ¢(S’), where S’ is
as in[2.8.14(2), and for such a 7, the desired property holds. [

Example 2.8.17. In the case n = 2, the cone decomposition of R2, U {0} given by o(S) for
simplices S of AP; consists of the cones

o(Sp) ={s € R | ¢" 51 < 52 < ¢"s1},
for h € Z, where
Sy, = {class(Oge; +mlytey), class(Oger +mies)},
and the cones

o({class(Ly)}) = {s € Ry | 2 = ¢"s1}

for h € Z, where L;, = Oge; + m%OEeg, as well as the zero cone.

Lemma 2.8.18. Let ;1 € |BT,| and let S, be the set of all 0-simplices v of BT,, such that
C({u},v) is satisfied. Then

(1) S, is the unique simplex S such that any norm [i with class . may be written as a sum

Y veg @D with a,, € Ry, where U is a norm with class v, and

(2) S, is the smallest simplex S such that ;1 € |BT,|(5).

Proof. We prove first that © € |BT,,|(S) for some simplex .S, which by [2.8.10] then contains a
simplex satisfying the condition on S in (1). Since the map

PGL,(E) x |[AP,| — |BT.[,  (g,p) = gp

is surjective, we are reduced to the case y € |AP, | and hence to[2.8.15(2) and

It remains to prove that if S is a simplex satisfying the condition in part (1), then S = S,,. Let
L for i € Z be as in the proof of 2.8.7} and set Y; = L*\ L**! as in the proof of 2.8.10} If z € V;
and y € Y, then pu(z) > p(y) if and only if ¢ < j. For i/ € |BT,,|, the condition 1/ € |[BT,[(S)
(which is to say that C'(.S, 1) is satisfied) is equivalent to the following condition:

e IfzeY,andy € Y, and i < j, then p/(z) > 1/(y).

On the other hand, C'({u}, 1) is also equivalent to this condition as a consequence of
That is, C'({u}, /') and C(S, i) are equivalent. Consequently, all v € S, satisfy C'(S, ) and
hence lie in S by [2.8.11(2). Conversely, all v € S satisfy C(S,v) trivially and therefore also
C({u},v), so are contained in S,, by its definition. Therefore S = S,, as claimed. O
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Proposition 2.8.19. Let S be a subset of |BT,| and let T = | J ,c s Sy, where S, is as in
(1) The condition C(S) is satisfied if and only if T is a simplex.
(2) If the condition C(S) is satisfied, then S C |BT,|(T).
(3) The condition C(S) is satisfied if and only if S C |BT,,|(S") for some simplex S'.

Proof. If C(S) is satisfied, then C'(S U T)) is satisfied, and hence C'(T') is satisfied. Conversely,
assume 7' is a simplex. Then for each p € S, since p € |BT,[(S,) by 2), we have
w € |BT,|(T). Hence S C |BT,|(T") and hence C'(.S) is satisfied. Thus (1) and (2) hold, and (3)
follows from (1) and (2). [

Proposition 2.8.20. Let S be a subset of |BT,,| satisfying C'(S) and let u € |BT,,|. Let T be the
simplex defined in Then C(S, 1) is satisfied if and only if C(T, i) is satisfied.

Proof. If C(S,u) is satisfied, then C(T,u) is satisfied since S C |BT,|(T") by [2.8.19(2).
Conversely, if C(T, p) is satisfied, then C(S, i) is satisfied since all elements v of T satisfy
c(S,v), O

Proposition 2.8.21. Let V be a complete valuation ring of height one over A as in[2.3.3} Let ) be
a Drinfeld module over V of rank r with trivial line bundle, and let \ be a 1)(A)-lattice in K5P.
Then there exists a unique norm ji on the F..-vector space F,, ® 4 A, where A acts on A via 1,
having the property that if z € K and a € A\ {0} are such that 1)(a)z is a nonzero element of
A, then

—vg(2) = lal " u((a)2)".

In particular, we have vg (1 (a)z) = |a|"vg (z) whenever ¢(a)z € A\ {0}.

Proof. Leta € Aand z € K, and write

m

P(a)(z) = Zaizi with a; =a, m =|a|", a,, € V*.

=1

If vgz(2) < 0, then since a; € V for each 4 and a,, € V*, we have ¢(a)(z) = uzl*" for some
u € V>, so
vg(¥(a)z) = la["vg(2).

Since v takes negative values on nonzero elements of A by Lemma there is then a
well-defined map : A — Rsq given by u(A\) = (—vg(A)Y/" for A # 0 and by 1(0) = 0 and
satisfying p(¢(a)\) = |a|u(A) forall @ € A and A € A. This map p uniquely extends to a map
p: F®@a A — Rsgsuchthat u(a ® \) = |a|u(A) foralla € F and A € A, and in turn, it extends

uniquely to a continuous map j: Fi,, ®4 A — R>(. This p satisfies the condition (ii) of a norm

in2.8.11
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If 2 € K and a € A are such that 1)(a)z € A\ {0}, then vg(¢)(a)z) < 0 by [2.3.4, which
forces vz (z) < 0. We then have

lal"vr(2) = v (¥(a)z) = —p((a)2)"

The uniqueness of the norm y is evident. ]

2.9 Norm-ordered bases

In this subsection, we suppose that A = F,[T]. We first study of orthogonal bases of free
A-modules such that each element has minimal norm among elements not in the A-span of the
prior elements. We use this to characterize the orbits of the Bruhat-Tits building |BT,,| under
PGL,(A).

A large part of the following proposition is contained in Lemma 4.2 of [29]]. It will be applied
to the study of generalized Drinfeld modules over A, through[2.3.5|and 2.8.21]

Proposition 2.9.1. Let A be a free A-module of finite rank n, and let 1 be a norm on F.,, ® 4 A.
(1) For a family (\;)1<i<n of elements of A, the following three properties are equivalent.

(i) The collection ()\;); is an A-basis of A such that p(\;) < p(Nigq1) for1 <i<n-—1

and is orthogonal as an F,-basis of F, @ 4 A in the sense of (2.8.1).

(ii) For eachiwith 1 <i <n, we have \; ¢ \;_1 := Z;;ll AN, and \; has the smallest
norm under | among elements of A \ A;_1.

(iii) The collection ()\;); is an A-basis of A such that p(\;) < p(Nig1) for1 <i<n-—1
and such that for every 1 < i < n and every a; € Awith 1 < j < i — 1, we have
(i) < p(Ai + 22;11 ajA;)-

(2) There is a family (\;)1<i<n satisfying the equivalent conditions in (1).

(3) Let (\;)1<i<n be a family of elements of A satisfying the equivalent conditions in (1). Let
Ap = D05 aiAj for 1 < i < n, where a;; € A. Then (\))i1<i<, satisfies the equivalent
conditions in (1) if and only if the following two conditions are satisfied:

(i) p(aijA;) < () foralli,j. In particular, a;; = 0 if u(A;) > p(N;).
(ii) Let 0 < k < k+m < n and assume that j1(\;) = p(Ags1) if and only if k +1 < i <
k 4+ m. Then the matrix (Qj1; j+;)1<i j<m, Which belongs to M,,(F,) by (i), belongs

to GL,,,(F,).

(4) If (\i)1<i<n and (X})1<i<n, are families of elements of A satisfying the equivalent conditions
in (1), we have pu(\;) = u(X,) for 1 <i <n.

Proof. 1t is clear that for part (2) we can find ()\;); satisfying the condition (ii) of part (1)
recursively. The implications (i) = (ii) and (i) = (iii) of part (1) are easily seen. We prove the
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implications (ii) = (i) and (iii) = (i). Let (\;); be as in either (ii) or (iii). Let

n—1
AN = (Z F)\Z) NA.
=1

By induction on n, we may suppose that the tuple (\;)1<i<,—1 is an A-basis of A’ and is an
orthogonal basis for the restriction of y to F,, ® 4 A’. Furthermore, we have p(\;_1) < u(\;) for
2<1<n.

Claim 1. (););<;<, is an orthogonal basis for .

We prove Claim 1. Given (z;)1<i<n, € Fl, we must show that

1 (Z xi)\i> = max{|x;|pu(N;) | 1 <i < n}.
i=1

By induction, we have this if x,, = 0, so we may assume z,, # 0. By replacing z; with x, 'z, for
1 < n — 1, we may further assume that x,, = 1. By induction, we are quickly reduced to the case
that

() = mac{ | p(\) | 1< i < n— 1,

since the result otherwise follows quickly from the triangle inequality for the norm. Let us assume
this equality holds.

Since F,, = A + my,, where m, is the maximal ideal of the valuation ring of F,, we can
write x; = a; + r; for some a; € A and r; € my, forall 1 <7 <n — 1. We then have

n n—1 n—1
=1 i=1 =1
Note that

1 (i ri)\i> = max{|r;|puN\) | 1 <i<n—1} < p(\,).

i=1
By the condition (ii) or the condition (iii), we also have

n—1
I (An + Z ai>\i> > (),
i=1

and it follows from these two inequalities that

n n—1
M (Z %‘)\i) =W <)‘n + Z ai)\i> .
i=1 i=1

On other hand, for 1 < i < n — 1 such that a; # 0, we have u(a;\;) = p(x; ;). Hence
n—1
[ (An + Zami) < max(p( ), max{|z | p(N) | 1 <i<n—1}) = p(\).
=1
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Therefore, we have (> | x;\;) = (), as desired. This proves (iii) = (i). For the proof of
(i1) = (i), it remains to prove

Claim 2. (\;)1<i<p is an A-basis of A.

We prove Claim 2. We can write any nonzero A\ € A as

n—1
\ = (Z ai/\i) + b\,

i=1

with a; € Aand b € F. Suppose b ¢ A, and write b = a,, + r with a,, € A and r € F such that

7| < 1. Replacing Aby A — >_" | a;\;, we may assume that A = r\,,. Then p(\) < p(\,). This
contradicts condition (i1).

The proof of (3) is straightforward, and (4) follows from (3). ]

We shall refer to a basis of A as in[2.9.1] satisfying the equivalent properties of [2.9.1[(1) with
respect to a given norm f as norm-ordered.

Proposition 2.9.2. The map R?, — |AP, | given by s — class(us), where juis is as in|2.8.12
induces a bijection

{seRY | s < - <s,}/Rog = PGL,(A)\|BT,|.

Proof. Let P = {s € R% | s < --- < s,}/Ryp and Q = PGL,(A)\|BT,|, and let R be
the set of all isomorphism classes of pairs (A, ), where A is a free A-module of rank n and p
is a homothety class of a norm on the F.-vector space F,,, ®4 A. We have a canonical map
Q@ — R sending p to (A™, ). We have the map R — P which sends the class of (A, i) to the
class of (fi(A1), ..., fi(An)), where (\;)1<i<n is norm-ordered A-basis of A, for ji a norm with
class p. This map R — P is well defined by 2.9.1(4). Then as is easily seen, the compositions
P—-Q— R— Pand @ - R — P — () are the identity maps. O

3 Cone decompositions

In this section, we consider cone decompositions. We suppose throughout that A = F,[T] so that
oo is the standard infinite place of /' = F,(7"). The main idea is as follows.

As in the introduction, we use cone decompositions to define toroidal compactifications of
moduli spaces. As in the cone gives a condition that the poles of torsion points of a log
Drinfeld module satisfy a certain divisibility.

On the other hand, as we saw in Section @, the decomposition of the Bruhat-Tits building
into simplices gives a cone decomposition. In the Bruhat-Tits building, which is a space
of norms, is related to Drinfeld modules because in the degeneration over a complete valuation
ring of height one, we have a lattice A which has a norm defined by the poles of elements of A.
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The main result of this section is Theorem [3.1.6, which connects these two kinds of cone
decompositions: one is related to poles of torsion points, and the other is related to the poles
of elements in the lattice A and to the Bruhat-Tits building. The former and the latter poles are
related by the exponential map of the Drinfeld module, which is studied in Sections and
Theorem is proved in Section In Section we define moduli functors for toroidal
compactifications using cone decompositions and poles of torsion points.

We shall employ the following notation throughout this section. Let V denote a complete
valuation ring over A of height 1, and as in let K denote its field of fractions, K an algebraic
closure of K, and K*°P the separable closure of K in K. Let v denote the additive valuation on
K extending the valuation vy of K.

We use ¢ to denote a generalized Drinfeld module over V of generic rank d and with trivial
line bundle. Let (¢), A) be a pair of a Drinfeld module of rank » > 1 and an (A)-lattice A of
rank n = d — r in K*°P associated to ¢ as in[2.3.5(1). Let x be the norm on Fi,, ® 4 A attached to
1 by Let e5 denote the exponential map of the lattice A (see[2.3.1]and [2.6.6).

Finally, we let NV denote an element of A not contained in [F,.

3.1 Cone decompositions and torsion points 1

We state the four results[3.1.4][3.1.6][3.1.7, [3.1.8|concerning torsion points of generalized Drinfeld
modules over complete valuation rings of height one. The proofs of these results are given in
Section [3.4] below.

3.1.1. Let
Ca={(s1,--.,84-1) ER 0 < 51 <o+ < sqa ).

We attach an invariant
C(Qb) € Cd/ R

to the generalized Drinfeld module ¢ over V taken at the start of Section 3| We define c¢(¢) as the
class of

(07, ((\i)r<izn) € Ca,
where (\;)1<;<n is a norm-ordered A-basis of A, as in 1). This ¢(¢) is well defined by

3.1.2. Let k& > 1 be an integer. Let ;%*), or more simply X(**), be the cone decomposition of C;
defined as follows. Let

AP =T® = {(hij)eZ?|1<j<i<d—1land0<h<k—1}.
For each map a: I1®) — {R<y, {0}, R>¢} with (0,4,5) # Rsg forall 1 < j <i <d— 1, let
cla) ={s € Cy|q"s; —si € a(h,i,j) forall (h,i,5) € I}
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Then X(*) is the set of the cones c(a) for these maps a.

This is a coarser version of the restriction of the cone decomposition {c(S) | S € AP, ;}
(along with {0}) of R%;' U {0} in to the intersection of the latter set with C;. For « as
above, if a(k — 1,i,7) # Reg forall 1 < 57 < i < d — 1, then we have either ¢(a) = o(5) for
some S € AP, or ¢(a) = {0}. However, in general, it can happen that ¢(«) contains infinitely
many o (S) with S € AP,_, as in the case of o*~' € X*) in below.

Example 3.1.3. Assume d = 3.
For integers h > 1, let

on = {(s1,52) € Rzzo | ¢" 1 < s < ¢"s1}

This is the cone o(S},) in|2.8.17|associated to the simplex S, of AP,. For h > 0, let

o' ={(s1,59) € ]RQZO | ¢"s; < 55} = (U ah/> u{(0,s) | s > 0}.

h'>h
Then for k& > 1, the set ©*) consists of o, for 1 < h < k — 1 and 0%, and their faces.
We state our results on torsion points and cone decompositions: see Section [3.4]for the proofs.

Proposition 3.1.4.
(1) Let (Bi)i<i<n be a family of N-torsion points of ¢ in K. Then the following two conditions
on (Bi)1<i<n are equivalent.

(i) We have [3; = 6A(5\i) for 1 < @ < n, where the 5\1 are elements of K such that

(Y(N)Ai)1<i<n is a norm-ordered A-basis of A.
(ii) For1 <1 <mn, we have

~0g(B) = min {—vm |5 € 6IN]\ <eA<w[NJ> vy eb(A)ﬁj) } -

(2) For given a; € A with 1 < i < n, the valuation vi (Y ;_, ¢(a;)5;) is independent of the
choice of (5;); satisfying the conditions in (1). In particular, v (B;) is independent of the
choice of such (5;);.

3.1.5. We define
C(¢7 N) € C((Z/IR>O

as the class of (0"7!, (—vz(8;))1<i<n), where  and (53;)1<;<, are as in[3.1.4]

Theorem 3.1.6. Let k and k' positive integers with k < k'.
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(1) For each o € X% there is a unique finitely generated rational subcone T of Cy such that
we have the equivalence

c(p) ea/Ray & c(op,N)eT/Roy

for every

* complete valuation ring V of height one over A =F [T,
* generalized Drinfeld module ¢ over V of generic rank d, and
* N € Aofdegreek,

where ¢(¢) is as in and ¢(¢, N) is as in[3.1.3]

(2) The subcone T in (1) remains unique if we instead restrict the set of V in (i) to complete

discrete valuation rings over A.
(3) The set of all T as in (1) for o € L) forms a finite rational subdivision ¥y, jy = X 1 Of
Cy.
We will denote the fan X;, ;, by ;. (See for the definition of a finite rational fan.)
Proposition 3.1.7. The fan 3, coincides with the fan of all faces of C,.

Proposition 3.1.8. Let k and k' be positive integers with k < K.

(1) There is a one-to-one correspondence between the set of all finitely generated rational
subcones o of Cy such that o is a subcone of some o' € Y, and the set of all finitely generated
rational subcones T of Cy such that T is a subcone of some 7' € ¥y, ;v characterized by the

following property. If o <+ T, we have the equivalence
c(p,N)Yeo/Rsy &  c(p,N) e T/Rey

for every

* complete valuation ring V of height one over A = F [T,
* generalized Drinfeld module ¢ over V of generic rank d, and
e N| N'in Awithdeg N = k and deg N' = k.

(2) This correspondence induces a one-to-one correspondence between the set of all finite
rational subdivisions of X, and the set of all finite rational subdivisions of ¥y j.

(3) The characterization of the correspondence in (1) remains true if we instead restrict to
complete discrete valuation rings V over A.
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3.2 Study of Drinfeld exponential maps 1

In this subsection, we introduce piecewise-linear, increasing functions €. on R, that give
the comparison between negatives of valuations of elements 2 of K (more precisely, the
maximum of such valuations among elements of = 4+ A) and their values e, (z) under exponential
maps of the 1)(A)-lattice A. Here, s is given by the negatives of the valuations of a norm-ordered
basis. This is applied to determine the poles of N-torsion points of ¢ in Section[3.3]

3.2.1. Fix integers r > 1 and n > 0. Let s = (s;)1<i<n € RZ,. We define a map
e Rog = Ry

onz € Ry by
e(z) = Z max(x — max{|y;["s; | 1 <i <n},0).
yEeA™
In the case n = 0, we have €"(x) = z, for s the empty tuple.

We relate this map " to the Drinfeld exponential map in[3.2.7and [3.2.9]

Example 3.2.2. Consider the case n = 1. Let s = 51 € Ry, * € R>9, h € Z>;, and assume
g5 < < ¢"s. Then

7,1 h

r q_l
el (z) = ¢"x — (") — 1) s

=1
If r < s, then €' (z) = x.

3.2.3. This is a preparation for the following
For n > 1 and an simplex S of AP,,, we defined a finitely generated rational cone o(.S) in
RZ, in[2.8.13] We define here a modified version o,.(S) of () for each integer r > 1 by

or(8) ={Wi,-- - ) [y € (9}
This 0.(S) is also a finitely generated rational cone in R%. In fact, if « is a map
I = {(h,l,]) S A | I<j<i< n} - {]RSO»{O}vRZO}

as in[2.8.16|such that o(S) coincides with the set of all y € R satisfying ¢"y; — y; € a(h, 1, j)
forall (h,i,j) € I, then 0,(S) coincides with the set of y € R% satisfying ¢""y; —y; € a(h,i,7)
for all (h,i,j) € I.

Lemma 3.2.4. Let S be a simplex of AP,, 1. Then there is a linear map 1: R"™' — R such that
er™(x) =1U(s1,...,8n,2) forall s € RY and v € Ry satisfying (s1,. .., Sn, z) € 0,.(5).

S

This follows from the definition of €.
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Corollary 3.2.5. The map €. : R>o — R is a piecewise linear, increasing homeomorphism.

3.2.6. For any subgroup 2 of the additive group K such that the set {\ € Q | vz ()\) > c} is finite
for all c, the associated Drinfeld exponential map eq: K — K is given by

eq(z) =2 H (1—X"12).
AeQ\{0}

The following 3.2.7|and [3.2.9| relate the function € and the Drinfeld exponential map e, of
the 1 (A)-lattice A in the pair (¢, A) attached to our generalized Drinfeld module ¢.

Proposition 3.2.7. Let ()\;)1<i<n be a norm-ordered basis of the lattice A, as in 1). Let
s; = —vg(\) for 1 <i < n. LetV be the integral closure of V in K. Let o € K*, let E; be the

finite set {\ € A\ {0} | A € aV} (see , andlet B = a[[\cp, (@A)
(1) We have —vg(B) = ;" (—vi(a)).

(2) We have B~ Yep(az) € V[z] with coefficients converging to 0 and at least one coefficient a
unit.

Proof. Part (1) follows from the definition of €. in That is,

—vg(B) = Zmax(—vk(a)\’l),O) = Z max (—UK(oz) + g (Z w(yi))\Z) ,0) ,

AEA yeAn i=1

and v (D0 Y(yi)N) = —max{|y;|"s; | 1 <i <n} by[2.8.21
Setting Fo = A\ (E; U {0}), we have

en(az) = az H (1—2"'taz) H (1—Xtaz) = B2 H (@A —2) H (1—-X"taz).

XSO AeE> RYSI O AEFE

Thus, we see that 37 e, (az) reduces modulo the maximal ideal of V to a polynomial in 2 with
leading coefficient +1, which gives the first part of (2). The coefficients of 37 'e, (az) converge
to O since FEj is finite. O

3.2.8. In the notation of 3.2.6 for = € K, let
vg.o(r) = max{vg(zx —A) | A € Q}.

Note that our assumption on €2 implies that {\ € A | vg(x — A) > ¢} is finite for all ¢ as well, so
this maximum exists. The map vy (, factors through the projection K — K/, and we use the
same symbol to denote the resulting map.

Proposition 3.2.9. Let the notation be as in For z € K, we have

—vi(ea(r)) = " (v a(z)).
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Proof. Let a be an element of = + A such that vz (o) = vg 4 (). In the proof of 3.2.7} let z = 1.
For A € Ey, we have that o'\ — 1 lies in V by definition of E; and is a unit therein by choice of o.
For \ € Es, we have that 1 — A\"'a. € V* by definition of E,. By the proof of we then see
that 3~te, (@) € V*. The result then follows by[3.2.7] as vz (8) = vg(ea(a)) = vg(ea(x)). O

Remark 3.2.10. Our theory of cone decomposition for toroidal embeddings is based on simplices
of the Bruhat-Tits building. The key point is the following. By [3.2.4]and [3.2.7] [3.2.9] the poles
of the Drinfeld exponential map have a linear property on simplices, and hence poles of torsion

points of generalized Drinfeld modules have linear properties if we introduce cone decompositions
related to simplices.

3.2.11. For integers r and n such that » > 1, n > 0, and for s € RZ, define

n

q_l 1
rn _ § n—i ri—
0 (51""78 o 7’—|—n_ T Csppsia )

If n = 0, this is zero. We describe a relationship between ¢"" and generalized Drinfeld modules
over V in

We define a modified version " of € by

EXM(x) = €™ (x) — 8" (s1, ..oy Sn)-

Example 3.2.12. Letn =1, s = s; € R.(. Then

7,1 _ q— 1
5 (S) = mS.

Asin[3.2.2} we also let # € R.g and h € Z>q and assume that ¢"~Y"s < z < ¢"sif h > 1 and
z < sif h = 0. Then

AT r T r q— 1
el (z) = €1 (x) — 071 (s) = ¢z — ¢ *”—qm —s.

Formulas concerning €. have simpler presentations when we use €" in place of €.": see for

example [3.2.16| and [3.2.17] below.
The following is the é-version of

Lemma 3.2.13. Let S be a simplex of AP, . Then there is a linear map [: R"™! — R such that
erm(x) =1U(s1,...,8n,x) forall s € RY, and v € Ry satisfying (s1, ..., Sn,x) € 0,.(9).

S

Proof. This follows from[3.2.4] O
3.2.14. It follows from the definitions that
—1 AT T
57”,71"!‘1(81’ o 75n+1) — 57‘,“(317 ey Sn) + qTJranr—l_le‘;l _____ sn(8n+1).

The following results 3.2.18|are proven in|[3.2.19H3.2.23| below.
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Proposition 3.2.15. Assume that s; < s;11 for 1 <1 < n. We have
8 (51, 8ppn) = 07 (s1) + TS,
where s' = (€7 (si11))1<i<n-

Proposition 3.2.16. Assume that s; < s;i 1 for 1 <1 < n+m — 1. Then we have

~rntm o __ artmyn AT,
€s = €y o6
wheret = (s1,...,5,) € RYyand s’ € RZ, with s, = &)™ (Sp44)-

We note that Proposition has the following corollary.

Corollary 3.2.17. Assume that s; < s;11 for 1 < i < n — 1. Then we have

~rn _ r+n—1,1 ~r+1,1 ~r,1
€5 = €y O"'OGS/2 OES,

n 1

where s; = €)' (s;) for 1 <i < n.

Proposition 3.2.18. Assume that s; < s; 1 for1 <1 <n —1ands, < x. Then we have

€& (x) = ¢ (g ).

We prove these propositions.
3.2.19. First, the case n = 1 of 3.2.18]follows from [3.2.12]

3.2.20. We will treat[3.2.15and the case m = 1 of 3.2.16simultaneously by induction on n. Both
are easy to see for n = 0. Proposition [3.2.16| for arbitrary m follows from the case m = 1 by
induction, as follows. Assuming the result for m and s; < s, forall 1 < i < n + m, we have

~rnt+m+1 _ sar+mant+l o oarm _ srtmtln _ ardm,l | arm _ artmtln | armtl
€, = €gn OEg" 5. = €y © €g 0Eg" 5. = €y e

" n+1l s " __ rrym . ! n : I 2rym+1l .
where s” € R with s] = é0"  (s;44), and where 5" € R, with s = €™ (sppit1).

3.2.21. We show that[3.2.16{and[3.2.15|for n — 1 imply [3.2.15|for n. To this end, for s = (s;)"}

i=1"

t= (s, 8 = (s))iy, and ¢’ = (s)! with s} = €71 (s;41) for 1 < i < n, we compute

r,n r,n q— 1 AT,
or +1(5) =46" (t) + W—1_1€t (Sn+1)

r n— q— 1 AT, T
=9 71(81) + gr+L 1(t/) + q?”-i-n-i-—l_let (3n+1)
T r+1,n q—1 AT\ Ar+1,n—1/ ar
= 0" (s1) +0H(s') + W—l_l(ﬁt (8n41) — " (€ (5n11)))
=" (sy) + 07T (S).
Here, the first step is[3.2.14] the second step is[3.2.15|for n — 1 and, the third step is [3.2.14] again,
and the fourth step is[3.2.16|for n — 1.
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3.2.22. We complete the proof of 3.2.15]and m = 1 of by showing that [3.2.15] for n and

the proven case of [3.2.18]imply form = 1 and n.
Let s € RZEY. Lety = (4i)1<i<ns1 € A", and consider M, = max(P, — Q,,0), where

P, = max(xz — |y1]"s1,0), @, = max (2<m<a>i1{|yz| sit — || s1, O) )
If x S max2§i§n+1{\yi|’"si}, then My =0.Ifz 2 mangignﬂﬂyi]rsi}, then

Y max(z — |y1|"s1,0) if maxo<;<pi1{|yil"si} < |ya|"s1,
=

max(x — maX2§i§n+1{’yi|T8i}, O) otherwise.

Hence M, = max(z — maxi<ij<n11{|yi|"si},0) forall y € A", and therefore

Z M, = e?”“ (x).

yeAn+1

On the other hand, if we fix ¥, . . . , Y11, then the sum of M, for y with these fixed y2, . . ., Yn41
is equal by definition to

B 7.71 _ 7‘,1 )
Z M, = max <€sl (z) — €, <2<I?<%L)Sr1{|yl| Z}> ’O>

y1€A

= max (1)~ max (€3 (l"50},0)

2<1<n+1

= o (2510~ (5 (1l"5)).0)

2<i<n—+1

By the case n = 1 of [3.2.18(see 3.2.19)), we have

— r+1 2 rl
ymax (€ (gl s} = max {lyl ™ e (i)}

unless y = -+ = y,41 = 0. It follows that the sum of all M, is also given by

Z M T/Jrln Arl)( )+6r1< )

yeAn+1

where s = (¢0!(s;11))1<i<n. By comparing with our first calculation of the sum and applying

[3.2.13|for n, we obtain
6£’n+1(1') (67'/-4-1 LN g'r 1)(ZL’) + 5r,n+1(8) . 5T+1’n(8’),

which implies [3.2.16|for m = 1 and n.

51



3.2.23. We prove [3.2.18| using [3.2.16| (for m = 1) by induction on n. Suppose it holds for n: we

prove it for n 4+ 1. For s = (s,)fﬁl, t = (s;)),,and s’ = €, (8,41), we have
Emtl(z) = &M o & (x) = E (g (g ),

the first equality by [3.2.16{and our assumption on the s;, and the second equality by induction and
our assumption on the s; and x. By induction and the fact that s,, < s,,,1, we have

¢ G (Sn) = &7 (g " snn) < 7 (g ),
the inequality following from the fact that s, ; < z, since ;" is increasing. By the equality in
the case n = 1 proven in(3.2.19, as well as again, we then have

~r+mn,l

e (g E™(

r-‘rn—‘rlé;-i-n,l ( AT, n( r+n+1 ér n+1 (

q 'z))=q q "z))=q q "z).

Proposition 3.2.24. Let the notation be as in Let f = c(T, q%) be the coefficient of $(T) of
the highest degree. Then

v (f) = (¢* — 1)8""(s1,...,8n).

Proof. Take z € K such that vz (z) < 0, vg(z) = vgA(2), and vg (Y(T)2) = v A(Y(T)z).
Since vz (¥(T)z) = ¢"vi(z) by[2.8.21} Propositions [3.2.9/and |3.2.18|imply that

vr(ea(®(T)z)) = =" (—q"vg(2))
= —qlé T”( ve(2)) — 07" (s1, ..., 8n)
:qd zlea(2)) + (¢ — 1)6"" (51, ..., sp).

On the other hand, we have

vr(ea((T)z)) = vg(@(T)(en(2))) = ¢ vr(en(2)) + vr(f),

the latter statement in that vz (e, (2)) can be made arbitrarily negative by making vz (z) so. [

3.3 Study of Drinfeld exponential maps 2

The main result of this subsection is Proposition [3.3.3] which describes the poles of /N-torsion
points by the poles of a norm-ordered basis of A. For this comparison, we introduce a bijection

md=T of Section

&4 from Cj to itself, where k = deg N, with coordinates described by the maps €7

where s is given the negatives of the valuations of a basis of A as in[2.9.1
We maintain the notation introduced at the beginning of this section, and we let e, denote the

exponential map of A and let x be the norm on F, ® 4 A attached to (¢, A) by Proposition

it satisfies " = —vgz on A\ {0}.
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Proposition 3.3.1. Let (\;)1<;<n, € A" satisfy the equivalent conditions in I ). Let \ € K
be such that Y(N)X € A, and for 1 < i < n, let a; € A with |a;| < |N| be such that
Y(N)X =D 0 P(a) N mod Y(N)A. Then

—vi(ea(A) = " (N[ max{fa;["s; | 1 <@ <n})
where s; = —vi(\;).

Proof. By assumption on the a;, the element » """ ¢)(a;)\; of A has minimal norm under . in its
congruence class modulo ¢(N)A. By Proposition [2.8.21] we then have that

‘NVUKA()‘) = —u (Z ¢(ai)Ai> = —max{|ai\7"si | 1<i< n}
=1

By this, the result is reduced to a direct consequence of Proposition [3.2.9] O

3.3.2. For k > 0, we define a map
fgi Cd — Cd,

where C, is as inm Let s = (s;)=} € C, and set
r=r(t) =min{i | s; # 0}
if it exists and r = d otherwise. Define £{(s) by

0 ifl<i<r

&i(s)i =
e eg’;ff_’:sg_l(q_krsg) ifr <i<d.

rd—r
. r
ST yeeey Sq

Since € ) is an increasing bijection R — R, the map & is easily seen to provide a

bijection Cy — C,.

Proposition 3.3.3. Let (\;)1<;<,, be a norm-ordered basis of A associated to yu as in For
each 1 <i < N, let \; be an element of K such thatw(N)S\i =\, and let 3; = eA(S\i). Let a be
a nonzero element of A such that |a| < |N|. Then we have

fg—k’(or_lv :u()‘l)v s nu()‘n))l”r?“*l = _UI_(((b(a)ﬂi)?
where k is the degree of N, and k' is the degree of a, and 01 = (0,...,0) € R™L,

In particular, for a = 1 we have

flccl(or_lv :u()‘l)a s a:u()‘n)) = (Or_lj _Uk(ﬁ1)> R _Uk(ﬁn»'

Proof. Set s; = —vg(A\;) for 1 <i <mnands = (s;);. By definition of i, we have s; = u(\;)".
Thus
G (07 A, s pOn))igrr = €07 (g F7sy).

By Proposition [3.3.1, we have €7 (¢~ *¥)7s;) = —ug(ex(p(a) X)) = —vg(p(a)B:). O

53



3.4 Cone decompositions and torsion points 2

We prove the results [3.1.4] [3.1.6} [3.1.7] and [3.1.8] stated in Section[3.1

The idea of the proof of the main theorem [3.1.6[is as follows. We prove it by showing that
the map &¢: Cy — C, defined in induces a bijection £(*) — >k and sends each invariant
c(¢) to c(¢, N). A difficulty is that, as in Example 3.4.16|below, the map & is not continuous for
d > 3. Furthermore, this map 5,2? involves the operator x — z" for r > 2, so it is far from linear.

Hence, the fact that the images of the cones o € X*) under &4 are still cones is highly nontrivial.
We will show that for each cone o of (¥, the restriction of & to o is a composition of a map

) (k

m(,k/ followed by a linear map, and show that this map 7, " has the property that its image is a set

defined by explicit linear inequalities and hence is a cone.

3.4.1. We prove[3.1.4
(1) The implication (i) = (ii) follows from [3.3.1] recalling the exact sequence of 2.6.6] As

for (ii) = (i), let ()\;); be a basis of A satisfying 1), and let (/3;); be a family of N-torsion
points of ¢ in K satisfying (ii). We will exhibit a basis (\); of A satisfying[2.9.1(1) such that for
X e K with ¢y(N)X, = X, we have 3; = e, (\/). By induction on j with 0 < j < n, we construct
a basis ()\Ej ))i of A satisfying 1) such that ()\E”))i provides the desired basis (\});.

First, let AEO) = \;. Assume 1 < j < n. Suppose by induction that we have a basis ()\Z(j _1))1'
of A satisfyingl) such that if we define ,Bi(j_l) = eA(:\l(j_l)) for some /N\Ej_l) € K satisfying
w(N)S\Z(-j_l) = )\Ej_l), then (3, = B,ij_l) forl1 <k <j. Noting we write

Bi=€+ > plar)sy ",
k=1

where ¢ € ep(¢[N]) and a; € A. It follows from [3.3.1]and [2.9.1(3) that if £ > j and a, ¢ N A,
then a, € F, + NA and —vg( ,EJ_I)) = —vi(B;). Let s be the largest integer k such that & > j
and a; ¢ NA. For k > 1, define

S ap AT itk =

A = AU ifk<jork>s
AU ifj <k<s.

Then ()\Z(-k))i is a basis of A satisfyingl) and 3 = eA(:\l(Cj)) for 1 < k < j for some 5\,(5) e K
such that ¢ (N)AY) = A0,

(2) This follows by [3.3.1]and [2.9.1[(4), given the relation between the family (/;); and a basis
(A\:); of A satisfying[2.9.1(1) in condition (i) of part (1).

We give preparations for the proofs of [3.1.6}[3.1.7, and [3.1.8]
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34.2. Letk > 1,and let 0 € X*), where ©(* is as in We define a map

7_[_(lc) .

o

o — ]Rgl
as follows. Let 8%), or more briefly #, be the function on ¢ € Z with 1 < ¢ < d — 1 defined by
0" (i) = min{j € ZN[1,4] | ¢*'s; > s; forall s € o}.

(Note that this set of j is not empty because it contains 4.) For s = (5;)%=} € Cy, letr = r(s) be
the minimal ¢ with s; # 0 as in[3.3.2] and set

0 ifl<i<r
PP gy ifr << d.
Example 3.4.3. Let d = 4 and k£ = 2, and let

o ={(s1,52,53) € R | gs1 < 52 < 53,¢52 > 53} € x@,

We have §(1) =1, 0(2) = 6(3) = 2. Let s € 0. Then 7T((;2)(S) is as follows.
If s; = 0, then 757 (s) = (0,s2,s2). The case that s; > 0 is described as follows. Take
h,h € Z such that ¢"'s; < so < ¢"sy and ¢ ~'s; < s3 < ¢"'s; (in which case h > 2 and

h' € {h,h + 1}). By[3.2.12] we have
72 (s) = (s1,¢"s2 — ¢ (q+ 1) s1,0" 53 — ¢ (g + 1) "s1).

Proposition 3.4.4. Let k and o be as in andlet0 < k' < k. Leti,i' € Zwith6(i) —1 <
i' <i1<d-—1 Let s ;: 0 — Rsg be the map defined on s € o by

0 fl<i<r

ﬂ-a,k’,i,i’(s): R . .
W) ifr<i<d,

where r = r(s) is as in Then there is a linear map lyy ; ;s : R4 — R such that

T k! il (S) = lk/,i,i’ (ng) (8))

for every s € o.

Proof. Note that m(,k)(s)i = To0,i,0(:)-1(5), where 0 = 6*). Our assumption on 7 implies that
i > r. For j € Z such that 0(i) < j <1, let
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Then u; = m(,k)(s)i by definition. By induction on ¢ > 7, we may suppose that u; is a linear

function of m(,k)(s)j/ for 7/ < j for each j € Z with 6(i) < j < i. By |3.2.18| and |3.2.16l, we have

_ 20(0)4'+1-0(0)

Mo,k yii! (5) 6ue(i) ..... ur (qikle(i)

For a simplex S of AP;/_g(;)12 (see D such that (sp, . . ., 8}, ¢ s € o(S) forall 8 € o,

we see from |3.2.18| that (u@(i), TP q_kle(i)ui) similarly ranges in ag(i)(S). Hence by 3.2.13]

the right hand side is a linear function of ug;), ..., u;, and u;. The result then follows by the
inductive hypothesis. [

Proposition 3.4.5. Let 0 = o(a) be defined by a: I*) — {R<(, {0}, R} as in The map
(k) -1

Te @0 — Rio is injective, and its image coincides with the cone consisting of all x € Cy such
that

qh(c(i’j)ﬂ)lo,j,c(i,j) (z) — lO,i,c(i,j)<x) € a(h,i,j)
for all (h,i,7) € I® with (i) — 1 < j, where each c(i,j) is a chosen integer such that
0(i) — 1 < c(i,j) < j, and ly j ;i ;) and lo; o j) are any choices of linear functions as mW
Proof. Letd > 2, and suppose by induction that the result holds for d — 1. Let ¢’ be the subcone
of Cy4_1 consisting of all elements a such that ¢"a; — a; € a(h,i,j) forall 0 < h < k — 1 and
1<j<i<d-—2 Let

JW ={(h,j)€Z®|0<h<k—-11<j<d-2}

For (h,j) € J® with j < 0(i) — 1, we have a(h,d — 1, ) = R<y by definition of #(i). Since
qhsé)(i)—l < sq_; implies that ¢"s; < sq_; for s € Cyand j < 0(i) — 1, we see that
o={s€0d xRsq|¢"s; — 541 € alh,d—1,7) forall (h,5) € J® with j > (i) — 1}.

For (h,j) € J® with j > 6(i) — 1, we have ¢"s; — sq_1 € a(h,d — 1, ) if and only if

h(c(d—1,5)+1)

q To0.j,e(d—1,5)(S) — To.0,d-1.c(d—1,5)(5) € a(h,d — 1, j)

by |3.2.18l By|3.4.4l, we then have that 73" (o) consists of all a € 7% (") x Rsg such that
¢ ea1.5)(@) = log1eta-15)(a) € a(h,d —1,5)

for all (h,j) € J® with j > 6(i) — 1. (In particular, a; < agq_; for all j for all such a.) The

result follows from this by the inductive hypothesis. 0

Example 3.4.6. Let o be as in Take ¢(2,1) = ¢(3,1) = ¢(3,2) = 1. Since 7,0,1(s) =
7r((,2)(s)i fori = 2,3 and

Te011(8) = qlg+ 1) st = q(g+ 1) 77 (s)1,
it follows from the description in that

(o) = {(a1,a2,a3) € RL | ¢*(¢+ 1) 'y < a» < a3, ¢%az > as}-.

(e
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Lemma 3.4.7. For1 <i<d—1, leté;: Cy — R be the map defined on s € C; by
0 fl<i<r
Grivi=r(sro o st) ifr <i<d.

Letk > 0and o € X%, Then there is a linear map 1: R — R such that

for every s € o.

Proof. Fori > 1, we have

~ ~ -1
0i(s) = di—1(s) + qg_l—_lﬁo,o,i,i—l(s)

by[3.2.14]and the definition of 7, ; ;1 in[3.4.4, The lemma then follows from by induction
on i. [

Proposition 3.4.8. Let k > 1, let 0 € Y and let 0 < k' < k. Then there is a linear map
L s R — R4 such that
u(s) = lu(xP(s))

for every s € 0.

Proof. The first 7 — 1 coordinates of £, (s) are zero. Since s € Cy, the definition of the maps in
implies that we have equalities

Eis) = e S (a7 s))

T

for all 7 with » <4 < d — 1. Hence
fg/(s)i = 7Tg’k/7m'(8) + 51(8)
for all 7. Hence [3.4.8 follows from [3.4.4] and O

Example 3.4.9. Let o € ¥(?) be as in We compute the maps &} and &3 on s € 0.
First assume s; > 0 and take h, b/ € Z as in[3.4.3] Then by [3.2.12] for k € {1, 2}, we have

Eh(s1,89,83) = (¢ 51,0 s — (" = 1)(g+ 1) 'sy, ¢" sy — ("= 1)(g+ 1) sy).
Next assume s; = 0. Then
&(s) = (0,g7%s3,¢7%s3),  &(s) = (0,g7*s3, ¢ *s3).

Compare this with the computation of m(f) in m We have linear maps [, for k € {1,2}
such that &! = I, o 75 on o given by

le(ar, as,a3) = (¢ Far, ¢ ay + (g + 1) tar, ¢ Faz + (¢ + 1) ay).
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Lemma 3.4.10. Let s € C; N Q% Y, and let r = r(s) be as in Then there are a complete
discrete valuation ring V and a generalized Drinfeld module ¢ overV of generic rank d such that
the rank of ¢ mod my, is r and such that the class c(¢) in Cyq/R~q coincides with the class of

(si/r)f;l, where c(¢) is as mm

Proof. Take a discrete valuation ring V' over A and a Drinfeld module ¢ over V'’ of rank r. Let
n = d — r, and let V be the completion of the local ring of the polynomial ring V'[us, . .., u,] in
n variables at the prime ideal generated by m,». Let K be the field of fractions of V. Take an
integer ¢ > 1 such that ¢s; € Z forall 1 < i < d — 1, take elements \; (1 < i < n) of V' such
that ordg (\;) = —cSir—1, let \; = Nu;, and let A = D" (A)\;. Then A is a ¢(A)-lattice in
K*° of rank n in the sense of Let ¢ be the generalized Drinfeld module over V of generic
rank d corresponding to (¢, A) in the correspondence Then ¢(¢) is the class of (s-l/ B ka

(2

by its definition and 2.8.21 U

3.4.11. We prove Theoremm Leto € X, It follows from that 75 (o) isaconein Cy.
In turn, it follows from (applied by exchanging k and k') that 7 = £{(0) is acone in C,. Given
V, ¢, and N of degree k as inl), we see from that the map £ carries a representative
of ¢(¢) to ¢(¢, N) for any N € A of degree k. It follows in particular that 7 corresponds to o
in the sense of 3.1.6(1). In fact, by [3.4.10] the correspondence o — T is characterized by the
condition in [3.1.6(2) because the map &f is continuous on the subset {s € Cy | 7(s) = r} of Cy
for each r. Part (3) defining X, ;v follows from the fact that g,gl: Cy — Cy is a bijection.

3.4.12. We prove Proposition 3.1.7, By [3.1.6} the bijection ¢¢: C; — C, induces a bijection
¥ — %, given by o + £%(c). The fan X(Y is the fan of all faces of C;. A face of C, has the
form {s € Cy | s; = s, if (i,7) € J} for some subset J of {1,...,d — 1}*. For a face o of Cy,
since £§(Cy) = Oy € X4, the cone £4(0) € ¥, must be a face of Cy. We have that £(0) C o
since eg;dfrsr ) is strictly increasing. By the same reasoning, the cone £{(o) is strictly larger than

Tt d—

7 for every face 7 of C; such that 7 C 0. Hence £¢(0) = o.

Example 3.4.13. For o as in , one sees from the descriptions of 7 in and [ in m
that the cones & (o) € 3 for k € {1, 2} are given by

&r(o) = {(br,ba, b3) € Réo | gby < by < b3, q%by > by + ¢ (g — Dby}
Proposition 3.4.14. Let k and k' be nonnegative integers. Set
S = & o (€)1 Ca = Ca.
(1) The map 5;;{,6, . Cq — Cyis a homeomorphism.

(2) If 1 < k <K, the map 5,‘1;3, induces a bijection Xy jy — Y ; T §g7k,(7).
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(3) Under the assumption of (2), for each T € Yy, there exists a bijective linear map
I: R — R such that the restrictions of | and &\, to T coincide.

Proof. Part (2) follows from[3.1.6(3). Part (3) follows from [3.4.8] Part (1) follows from (2) and
3). [

3.4.15. We prove Proposition [3.1.8] By [3.4.14] for a subcone 7 of some element of ¥ s/
(1 <k <K'), the image 7" = &, ;v (7) is a subcone of some element of ¥;,. The map 7/ +— 7
induced by &, provides the correspondence in(3.1.8} as follows by the analogous arguments to

those of B.4.111

Example 3.4.16. Assume d = 3.

(1) Assume s; > 0. Let h be the integer such that ¢"~'s; < s, < ¢"s;. Then

(g Fs1,q7"s2) ifh <k,

53(3 ) S ) =
e (¢ *s1,¢" so — (PP = 1)(g+ 1)7'sy) ifh >k

On the other hand, we have £3(0, s) = (0, ¢ %*s,).

In particular, & }j is not continuous. In fact, for A > k, we have

G ™) =@ " (" g M@+ 1),

and as h tends to oo, these values tend to (0, c0) so do not converge to £3(0, 1) = (0, ¢~ 2*).

(2) Let1 <k <k.Leto,forl <h<k —1andc" ! beas in Then X, consists of
all faces of

{(s1,52) € REy | ¢" 151 < 52 < ¢"s1} if h <k,
1—

2h—1—k k 2h k k .
{(s1,82) € R, | T st < 5 < q+—1+qsl} if h > k.

q+

&ilon) =

and
G0 ) ={(s1,5) € Ry | (@™ 7% +¢")s1 < (g + D)so).

(3) If 1 <k <K, then { y restricts to the linear maps

(2, y) = (M, " Fy) on & (o) for 1 < h < k,

(z,y) — (" x, g ~hy 4 q3k_kl_h%x) on &) fork < h < K,
ot Y 2(k—k') _ .

(z,y) = (¢"" z, "y — qkqﬁ—llﬁf’) on & (0" 7).
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3.5 Moduli functors and cone decompositions

In this subsection, we prove Proposition [1.2.11| of the introduction. Recall that it states that a
log Drinfeld module with level NV structure ¢ over an A = F [T|-scheme S with saturated log
structure Mg satisfies the following two conditions:

(1) Locally on S, there exists an A/N A-basis (¢;)o<i<a—1 of (+A/A)? such that

pole(t(a))
pole(c(e;))

foralla € (A/A)* — Z;;B(A/NA)ej, foreach0 <i<d—1.

€ Ms/O% C MO

(2) The values pole(¢(e;)) are independent of the choice of (e;); in (1), and pole(t(ey)) = 1.

We then consider the moduli functors which appeared in Section [I.3] of the introduction, as well
as related moduli functors.

Proposition 3.5.1. Let S be a normal A-scheme, let U be a dense open subset of S, let ((L, ¢), )
be a generalized Drinfeld module over (S, U) of rank d with level N structure, and let

v (FA/A) = L

be the unique extension of v: (%A/A)d — LlyonU, asin Assume that the condition (div)
in concerning pole(u(a)) for a € (3 A/A)* is satisfied. Then the statements (1) and (2) of
(L2111 hold in this situation.

Proof. We may assume that S is of finite type over A and hence is excellent.

Let s € S, let r be the rank of the fiber of the generalized Drinfeld module (£, ¢) at s, and
let n = d — r. Let E be the inverse image of £ under ¢: (1 A/A)? — L, as in By the
condition (div), the poles of elements in the image of ¢ are totally ordered, so there are elements
b; (1 <i < N) of the finite set (1;.A/A)* such that

pole(u(b)) pole(s(b;))~* € Ms/Og,

for all elements b of (5, A/A)? which do not belong to E, + Z;;ll(A J/NA)D;.

We define elements e; of (%A/A)d for 0 < i < d—1 as follows. Let (e;)o<i<,—1 be a
basis of the free A/N A-module E of rank . Lete; = b;_,1 for r < i < d — 1. Note that
pole(e;) = 1 forall ¢ < r — 1, so to show condition (1) of for (e;)o<i<a—1, it suffices to
show that (e;)o<i<q—1 is an A/N A-basis of (- A/A)* at s. By 1), we can show this over
discrete valuation rings containing Og , as in (0) of the proof of Let V be the completion
of such a discrete valuation ring, and view ¢ as a generalized Drinfeld module over V. Setting
Bi = u(b;) for 1 < i < n, in the notation of we are left to show that the images \; of the
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B; in A/1)(N)A form a basis. This will follow if we can verify condition (ii) of [3.1.4(1). The
condition on pole(¢(b;)) above tells us exactly this.

That the statement (2) of holds reduces to the statement that the values pole(¢(b;)) €
Ms/Og , are independent of the choice of the b;. Again by 1), it suffices to see this over
each V as above, where it follows from the statement of [3.1.4(2) that the valuations of the /3; are
independent of the choice of 3; (in that the valuation determines ; up to unit). O

3.5.2. We prove[I.2.T1] This is reduced to the case S is log regular and hence to [3.5.1] by

3.5.3. Recall that Cy,, denotes the category of schemes S with saturated log structures, over A if
N has at least two prime divisors and over A[%} otherwise.

We define C,; to be the category of pairs (S, U) of a normal scheme S, over A if N has at least
two prime divisors and over A[%} otherwise, and a dense open subset U of S.

3.5.4. We define moduli functors
S R —, —d —d = —d =
f)ﬁN, mN7E7 DﬁN’_i_’UZ Clog — (Sets) (SIRN D f)ﬁN’E, SUIN D th,—l—,a’)
—d —d —d —d —d —d _ —d —d  —d
9321\7’5a7 th, th,E7 mN’J’_’O_: Cn] — (Sets) (DﬁN,Sa D) mN D) f)ﬁN’Z, f)ﬁN D) DﬁNﬂ_’U).

Here, Y is a finite rational cone decomposition of C'y, and o is a finitely generated rational subcone

of Cy. In particular, we review the definitions of ﬁf\, and ﬁf\,ﬁz on Cjoe from(1.3.2)and (1.3.4}

respectively.

* For an object S of Cy,g, let ﬁf\,(S ) be the set of all log Drinfeld modules over S of rank d
with level IV structure.

* For an object (S,U) of Cy, let ﬁ?\,,Sa(S, U) be the set of all isomorphism classes of
generalized Drinfeld modules over (S,U) of rank d with level NV structure (1.2.7). Let
ﬁ?\,(S, U) be the subset of ﬁ}iv78a(5 ,U) consisting of those which satisfy (div) of [2.7.4

* Onboth Cyo and Cyy, the functor ﬁ?\,’ + o (resp., ﬁ?\,,z) is the part of ﬁf\, classifying objects
that, for the standard basis (resp., locally for some o € 3 and for some basis) (€;)o<i<d—1
of the free A/N A-module (5 A/A)¢, satisfy the following two properties:

(i) Forevery 1 <i < d— 1 and for every family (a;)o<;<a4—1 of elements of A/N A such
that a; # 0 for some j > 7, we have

pole (L (z_: ajej>) -pole((e;)) ™ € Mg/ O

5=0
in MEP/Og.
(1) We have
(pole(i(e;)))1<i<a—1 € [0](S)

in the sense ofand Thatis, if (b;)1<i<q_1 € Z% ! is such that Z?;ll bis; > 0
for all s € o, then [[Z, pole(t(e;))% € Ms/OF in ME /O%.
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3.5.5. We have a functor C,,; — Cio, Which sends (S,U) to S endowed with the log structure
This functor is not fully faithful.

In fact, for pairs (S,U) and (7', V') of normal schemes and dense open subsets, we have the
natural map 7: P — L from the set P of morphisms (S,U) — (7, V') of pairs to the set L of
morphisms S — 7" of log schemes, which has the following properties:

(1) The map 7: P — L is injective.

(2) The map 7 is not necessarily surjective. For example, if S = T = U = Spec(k[T}, T»]) for
a field k, and if V' is the complement of the origin (0, 0) in 7', the associated log structures
of S and T are trivial and hence we have the identity morphism S — T of log schemes, but
this does not come from a morphism of pairs (S,U) — (T, V).

(3) If V coincides with the set of points of 7" at which the associated log structure is trivial,
then 7 is bijective.

We used the same notation (ﬁ}i\,, ﬁ?\ﬂz and ﬁ‘]i\]’ + ) for functors on different categories Cioq
and C,;. We will see in Proposition @] that in the cases that we use the same notation for a
functor Fi,, on Cioe and a functor F,; on Cy, the functor F,; coincides with the composition of
Flog and C,; — Ciog. We do not use this coincidence until we prove

3.5.6. We have a morphism of functors ﬁ?\,yz — [X] on C, taking an object with level N

L » =d .
structure ¢ to pole(t(e;)))1<i<a—1, Where (e;)1<i<q-1 is as in the definition of 2y y, in[3.5.4] This

is well-defined by [1.2.11

Lemma 3.5.7. Let X be a finite rational cone decomposition of C,.

(1) On both Cyg and Cyy, as a sheaf functor for Zariski topology, we have

M=) U 9@, .).

oEY geGLy(A/NA)

(2) Foro € %, the functor ﬁ?\,’ +.0 01 Ciog is an open subfunctor ofﬁ_ﬁﬁl\ﬂz. Thatis, for an object S
of Ciog and an element of ﬁ%ﬂS ), the fiber product of the functors S — ﬁ?\m — ﬁ}j\,’ to
is represented by an open subset of S.

(3) Foran object (S,U) of Cyy and an element of 97(?\,72 (S,U), the fiber product of the functors
(S,U) — ﬁt?\,’z — ﬁ}i\,’w is represented by (S',U) for an open subset S’ of S containing
U.

Proof. In part (1), the element g changes the basis of (1;A/A)%, from which the statement is
clear, in that it holds locally.
We prove part (2). Let ﬁf\,’ +.x. be the subfunctor of ﬁ?\,’z defined by the condition that the

standard basis (e;)o<;<a—1 of (% A/A)? can be used as the basis in the definition of ﬁjl\,vz. It
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is an open subfunctor of ﬁ}iv’z because the condition which defines this subfunctor is that, for
1 <i < d— 1, the element pole(.(e;)) pole(c(a)) ™" is invertible for all @ € (1 A/A)* such that
a ¢ Z;;B(A/N A)e; and pole(i(a)) | pole(i(e;)) (note that the condition (div) is satisfied). We
have the cartesian diagram

—d
S)jt]\l,—s—,a — [0-] )

L

—d
My L 5v— [¥]

where the lower horizontal arrow is the canonical map factoring through ﬁf\,’z. The right vertical
arrow is also an open immersion. Part (2) follows from this.
The proof of (3) is similar to that of (2). [

In the case of the category Cig, the following result is Theorem 1) of the introduction.
Proposition 3.5.8. Let k be the degree of N. We have ﬁ;lv = ﬁf\mk on both Cyg and C.,;.

Proof. Let S (resp., (S,U)) be an object of Ciog (resp., Cn1), and let ((£, ¢),¢) be an element
of W?V(S) (resp., ﬁ}iv(S, U)). Let s € S. Working locally at s, by [1.2.11] (resp., , we
have a basis (e;)o<i<a—1 Of (%A/A)d satisfying the condition (1.1) in Let I®) ¢ 73
be as in We define a map a: I® — {R<g, {0}, Rso}. Let (h,4,7) € I*®). Take an
element a of A such that |a| = ¢". We have either pole(:(e;)) pole(c(ae;))™! € Mg/OF or
pole(c(ae;)) pole(i(e;))™ € Mg/OF at s. In the former case, let a(h, 4, j) = R<g. Otherwise,
let a(h, i, j) = Rsq. Define 7 € ©*) by

7 ={(si)1<i<a-1 € Ca | qhsj —s; € a(h,i, j) forall (h,i,j) € I(k)}

(see 3.1.2). Let o be the cone of ¥ corresponding to 7 (3.1.6). Then by we have
(pole(t(e;)))1<i<a—1 € [0](S") for some open neighborhood S’ of s in S. O

3.5.9. We describe the plan of Sections ] and [5 for our toroidal compactifications. Let & be the
degree of the polynomial N.

In Section , we consider the formal scheme version of the moduli functor 97(?\,, 4o Assuming
that o is contained in some cone in X, we will prove there that it is represented by a formal
scheme which is strongly related to the toric variety toricg, (0) = toricz(c) ®z I, defined in

. . = .
In Sectlon we prove that the moduli functor 9y i, on Cog is represented by an fs log scheme

M}j\]z over A which has the properties in Theorem (1.3.5/and Theorem 1.3.6, The proofs use the

relation with formal toric varieties proved in Section 4]

The category C, is important because in Section [5] the theory of toroidal compactification is
based on the theory of Satake compactification in Section and the latter compactification is
constructed as an object of Cy;.
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4 Adic spaces, formal schemes, and formal moduli

In this section, we study the following two subjects (1) and (2).

(1) Degeneration of Drinfeld modules on adic spaces, Tate uniformizations: see Section

(2) Degeneration of Drinfeld modules on formal schemes, iterated Tate uniformizations, formal
moduli spaces: see Sections 4.4-4.6)

In the subject (1), we will generalize the correspondence

¢ < (¥, A)

of Drinfeld for complete discrete valuation fields in [2.3.5|to normal adic spaces, regarding [2.3.5]
as a theory on the adic space Spa(K, V). This is the theory of Tate uniformizations for Drinfeld
modules on adic spaces. Here ¢ is obtained as the quotient of ¢) by A. The main result is Theorem
4.2.1L However, as is described in Section unlike the corresponding theory for abelian
varieties, this is not so useful for toroidal compactifications of the moduli spaces of Drinfeld
modules. This is because the action of local monodromy on A is too big.

In the subject (2), in the case A = F,[T], we give the moduli theory of log Drinfeld modules
on formal schemes using iterated Tate uniformizations, which is useful as the local theory for our
toroidal compactifications. There we obtain ¢ from ) as

¢:¢07¢17¢27'” 7¢n:¢7

where ¢, is obtained as a quotient of ¢; by an A-lattice of rank 1 on which the action of the
local monodromy is trivial. This is the theory of iterated Tate uniformizations. The main result
of the formal moduli is Theorem It says that the formal moduli space is an open set of a
formal toric variety and hence is (formally) log regular.

4.1 Construction of the quotient

This subsection explains a simple but central construction underlying the Tate and iterated Tate
uniformizations that we treat later on in this section. We we work over a complete excellent
normal domain R. As laid out more carefully in below, given a pair (1), A) of a generalized
Drinfeld module ) of generic rank r and a projective Galois-stable ¢)(A)-lattice A of rank n in
the separable closure of the fraction field of R, we construct a generalized Drinfeld module ¢ of
generic rank d = r + n over R as the quotient of ¢ by A via the exponential map of A. This
¢ agrees with 1) modulo the ideal of definition of R. The reader should note that, unlike in the
related construction 2.3.5]for complete valuation rings, ¢ is not assumed to be a Drinfeld module.

4.1.1. As in the introduction, we let I’ be a function field in one variable over a finite field, and
let A be its subring of elements integral outside of a fixed place oc.
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Let R be an excellent normal integral domain over A, and let () be the field of fractions of R.
Let () be an algebraic closure of Q, let Q*P C ( be the separable closure of (), and let R be the
integral closure of R in Q. Let I be an ideal of R such that R /I is reduced, and assume that R is
I-adically complete. Let I be the radical of the ideal IR of R.

Let 1 be a generalized Drinfeld module over R of generic rank r with trivial line bundle. Let
A be an A-submodule of Q*P for the action of A via 1. We suppose that the following conditions
are satisfied:

(i) A is stable under the action of Gal(Q>?/Q),
(i1) A is a projective of rank n as an A-module,
(iii) A~ € I for every nonzero element \ of A, and
(iv) for each k > 1, we have A~! € I*R for almost all nonzero elements \ of A.

We will construct a generalized Drinfeld module ¢ over R of generic rank d = r 4 n such that

¢ =1 mod [ in 4.1.6] It can be regarded as the quotient of ¢ by A.

4.1.2. We will use the following cases of this construction:

(1) 7 is a Drinfeld module of rank 7.

This case is useful in Section 4.2|in the direction (1), A) — ¢ of the correspondence in the
Tate uniformization. It was considered by K. Fujiwara and R. Pink [25) page 181]. (The
formulation there is slightly different from what we discuss here.)

(2) A=F,T]andn = 1.

This case is useful for iterated Tate uniformizations in Sections and

4.1.3. Define a formal power series e(z) over R in one variable z by
z
= 1— —) € R|7],
o ==]] (1-5) € Al

where \ ranges over all nonzero elements of A. We have
e(z) = zmod I.
Hence e(z) has an inverse function e~ '(z) € R[z] satisfying e (z) = z mod 1.

4.1.4. Fora € A, let
¢(a)(z) = (eo(a) oe™')(2) € R[]
We have ¢(a)(z) = ¢(a)(z) mod I.

Proposition 4.1.5. The power series ¢(a)(z) is a polynomial of degree |al|?.
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Proof. By we are reduced to the case that R is a complete discrete valuation ring. We
can then imitate the proof of Drinfeld in [3] in the case that ¢ is a Drinfeld module over R. Let
Y(a)"*A = {x € Q | ¥(a)(x) € A}. By comparing zeros using nonarchimedean analysis over
(), we have
W@ =c [ (ez)—e(B)"®
BeY(a)~tA/A

for some constant ¢ € Q*, with m(f) defined as follows. Take a lift 3 of 8 in ¢(a)'A, and let
v = 1p(a)(B). Then m(3) denotes the multiplicity of the root 3 of the polynomial 1 (a)(z) — 7,
which is independent of the choice of 3. Hence e(1)(a)(z)) = ¢(a)e(z) is a polynomial in e(z)
of degree |al®. O

4.1.6. By 4.1.5] we have constructed a generalized Drinfeld module ¢ over R of generic rank d.
such that ¢ = ¢ mod I.

4.2 Tate uniformizations in adic geometry

This subsection is devoted to the proof of the following theorem, Theorem which provides
a generalization of the correspondence of to normal adic spaces.

Theorem 4.2.1. Let S be an adic space over A which has an open covering, each member of
which is isomorphic to an open subspace of the adic space Spa(R, R) associated to the formal
scheme Spf(R) for some excellent ring R complete with respect to an ideal I of definition. We
suppose that S is normal (that is, all local rings of S are normal).

Fix integers d,v > 1 such that r < d. Let n = d — r. Then the two categories (a) and (b)
which follow are equivalent:

(a) the category of rank d Drinfeld modules ¢s over Og on S which come from a generalized
Drinfeld module ¢ over O such that ¢ mod I is a Drinfeld module of rank r over O% /I
(here, I is the ideal of definition of O such that O /I is reduced),

(b) the category of pairs (1, \) with v a Drinfeld module of rank r over O% and A an A-
submodule of Og Do L on the étale site Sy of S, where L is the line bundle of 1) and the
action of A on Og Qo L is via i) (not the usual action), satisfying the following conditions:

(i) Locally on S;, the A-module A is isomorphic to the constant sheaf associated to a
projective A-module of rank n.
(ii) Every nonzero local section \ of A is a local basis of the line bundle Og Do L and
AL is topologically nilpotent.
(iii) Locally on Sy, for every ideal I of definition of O, we have \=' € IL for almost all
nonzero local sections \ of A.

4.2.2. An outline of the proof of Theorem4.2.1|is as follows.
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* The functor from (b) to (a) is given by the construction of Section by the fact that S
locally has the form Spa(B, B*), where B* is R of Section4.1]

* The functor from (a) to (b) is ¢ — (1, ker(e)), where the pair (¢, €) is as in Proposition
(Note that Lemma tells us that ¢ in (a) is uniquely determined.) The crucial
problem is to show that ker(e) is big enough, and this is discussed in|4.2.6

In the proof of Theorem the theory of simplices of the Bruhat-Tits building and the fan
i, of play key roles: see{4.2.10/and 4.2.11]

4.2.3. If r = d (so n = 0), then the categories (a) and (b) coincide, and hence the theorem is

evident. We therefore assume for the rest of this subsection that » < d (i.e., that n > 0).

Lemma 4.2.4. [f the category (a) or the category (b) is nonempty, then the adic space S is Tate
(that is, a topologically nilpotent unit exists locally).

Proof. Assume that the category (a) is nonempty. Locally on S, trivialize the invertible O} -
module £, of ¢. For any element a of A which is not in the total constant finite field of F', writing
P(a)(z) = D", ciz' withm = |a]%, and ¢; € OF, we have that ¢, is a topologically nilpotent
unit of Og.

Assume that the category (b) is nonempty. Locally on S, trivialize the invertible OZ-module
Ly of 1. Then the inverse A~! of any nonzero local section A of A is a topologically nilpotent
unit of Og. ]

For the rest of this subsection, we assume that S is Tate.

4.2.5. We show that we may assume that A = F,[T] in the proof of

There is a finite flat ring homomorphism f: [F, [T] — A, and via this homomorphism, a
Drinfeld A-module of rank d is regarded as a Drinfeld I, [7]-module of rank dd’ where d' is the
degree of f. A generalized Drinfeld A-module is similarly regarded as a generalized Drinfeld
[F,[T]-module. The category (a) (resp., (b)) for (A, d) is equivalent to the category of objects E of
the category (a) (resp., (b)) for (F,[7], dd') endowed with a ring homomorphism h: A — End(FE)
over IF,[T'] such that Lie(h(a)) = a forall a € A.

In the rest of this subsection, we can suppose that A = FF [T]. We prove the following
proposition in

Proposition 4.2.6. Ler ¢ be as in (a) of and let (1), ) be the associated pair in On
the étale site of S, consider the sheaf A = ker(e).

(1) The sheaf A satisfies the conditions (i)—(iii) on A in (b) in[4.2.1]

(2) For every complete discrete valuation field K with valuation ring V with a morphism
Spa(K,V) — S, the pullback of A to V coincides with the kernel in the separable closure
of K of the map e as in associated to the pullback of ¢ to V.
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4.2.7. We begin the proof of We may assume that 7" is invertible in OF. In fact, S is
covered by the open subspaces S’ and S” such that T is invertible on OF, and T — 1 is invertible
on Of,. On S”, we can argue replacing 7' — 1 by T

So, we assume that 7" is invertible in OF. Working étale locally on S, we may place a level
T structure on our Drinfeld module ¢g over Og on S. With this assumption, we trivialize the
invertible O -module £, = L, of ¢ and ¢ by using a nonzero T-torsion point of 1, which is a

basis of £, by[2.6.11
Lemma 4.2.8. Let & = ¢5[T'] be the group of all T-torsion points of ¢s. Let ¥V = e(¢[T]) C P.
(1) The nonzero elements of V are units in O;L.

(2) If B € ®\ U, then 3~ € OF is a topologically nilpotent unit in Og.

Proof. Part (1) follows from [2.6.10} as the subset W of ® is contained in (9;. For part (2), we
note that [2.6.7|tells us that 57! lies in every ideal of definition of O¢, whereas[2.6.10{again tells
us that 5 € Og. O

4.2.9. We work locally on S. Given sections f and g of OF N O, at least one of f and g divides
the other in (9;r by Hence by there exists a basis (7;)o<i<q—1 of the [F,-vector space
® such that ¥ = Z;:g IF,7; and such that if we put 3; = v;4,—1 for 1 <4 < n, then Bl-_l | 37t in
Of for all i for every # € @\ (¥ + 31"} F,3;). By.2.8(2), we have that 3, | 8, in O for
some ¢ > 1.

Let X be the fan of all faces of the cone

{(a;); € Cyla;=0for1 <i<r—1landqa, > aq 1}

Via the map pole of the tuple (v, '); determines an element of [¥](S), as defined in
for the canonical log structure OF N OF on the sheaf OF of

For a positive integer k, let Xy 5, * X be the join of the fans X, and 3. By[2.5.16] we
have that [, 5, * X](S) = [](S). Hence, (v; *); determines an element of [r;](S) for some cone
7 in Xy, * X, Take 7 € ¥y such that 7; C 7. We have 7 = £4(0) for some o € X*®): that
is, recall that £f = &{, o & by that & gives the correspondence ¥.(¥) — ¥ of Theorem
B.1.6|by B.4.11} and that & | = (&f ;)" gives the correspondence 33 — ¥y . of Theorem 3.1.§]

by [3.4.15]

Lemma 4.2.10. Suppose that ¢*~' > c'/". For the face o' of o given by

o={s€o|si=0forl1 <i<r-—1},

the set
0n = {(Sitr—1)1<i<n | s €0’} CR"

is the cone associated to some simplex of AP, as in[2.8.13
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Proof. We may suppose that O¢ is an excellent ring R complete with respect to 1, since S is as
in[4.2.1] Since S is Tate, there is a prime ideal p of R of height one such that I C p. Let V be
the completion of the local ring RR,,, let K be the field of fractions of V, and consider the pullback
under Spa(K,V) — S.

Let s be the element of o,, N RY, such that

&0 (si)1<izn) = (0771, (—vk (8:))1<i<n)-

.....

in then tells us that e(¢™"s") < ce(¢"s}). Hence we have

—r T —r T -1 _—r_r

q sy =e€(qg st > e(qgTsh) > ¢ lgT s,

and therefore ¢*/"s; > s,,. Suppose that o, is not associated to a simplex of AP, and note
that o, € ,.12® as ¢ € ;2%*) . As noted in the definition of ¥®) we must then have
$p > ¢"1's;. Butthen ¢!'/"s; > ¢F~'s;, and this is a contradiction as s; > Oand ¢* ' > /7. O

Proposition is reduced to the following.

Proposition 4.2.11. Assume S = Spa(B, BT) with R := B™. Assume the T-level structure of
bs is such that (v; ')o<i<a_1 gives an element of [7](S) for some T € ¥y, with k > 1 and that
the cone o € %) such that 7 = £3(0) satisfies the condition that for

o ={seo|si=0for1 <i<r-—1},

the cone

Op = {(Si+r—1>1§i§n ’ S & OJ} - Rn,

corresponds to a simplex of AP,,.

Then the following holds locally on Spf(R): There is a finite separable extension Q)" of
the field of fractions Q) of R such that the integral closure B' of B in ()’ is étale over B and
A= {x € Q' | e(x) = 0} has the following two properties.

(1) A satisfies the conditions (i)—(iii) on A in.2.1(b). That is,

(i) A is a projective A-module of rank n,
(ii) every nonzero element \ of A is a unit of B’ such that \~! is topologically nilpotent,
(iii) for each n > 1 and ideal of definition I of R, almost all nonzero elements A\ € A
satisfy A=t € (IR')", where R' denotes the integral closure of R in Q'

(2) For every complete discrete valuation field K and morphism Spa(K,V) — S with V the
valuation ring of K, the kernel of the map e associated to the pullback of ¢ to V in the
separable closure K*°P of K coincides with the pullback of A to K,
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The proof of 4.2.11|is given in{4.2.134.2.17

Lemma 4.2.12. Let p be a prime number, let R, be a normal integral domain over I, with field
of fractions K, and let Ry be a normal subring of K such that Ry C Ry. Let u; (1 <1 < t)
be elements of Ry which are invertible in Ry, and let m > 1 be an integer. Then there are a
finite separable extension K' of K and elements v; (1 < i < t) of K' such that if we denote
by R} (j = 1,2) the integral closure of R; in K', then R, is étale over Ry, v; € (R5)*, and
Riv" = Rju; (1 <i <t)

Proof. Let p be the characteristic of FF,. Write m = ap® with integers ¢ > 1 and b > 0 where
a is not divisible by p. Take w; € K*P (1 < i < t) such that w = u; and take v; € (K*P)*
(1 <i < t)suchthat (v — v ! = w; . Let K’ = K(vy,...,v;). Then Ry = Ry[vy, ..., 0]
and R, is étale over R, since the u; are units in R;.

By[2.6.5(1), it remains to prove the claim that for every additive valuation v: K’ — I' U {oc}
(with T" a totally ordered abelian group) for which v(x) > 0 for all z € Ry, we have mv(v;) =
v(u;). For such a v, we have av(w;) = v(u;) evidently. That p’v(v;) = v(w;) is easily seen
in the case v(v;) > 0. The case that v(v;) < 0 cannot occur, as it would force v(w;) < 0, but
v(w;) > 0since u; € Ry. If v(v;) = 0, then v(w;) < 0, so v(w;) = 0. Together, these imply that
p°v(v;) = v(w;), so we have the claim. O

4.2.13. Let 7, 0, 0/, 0,, be as|4.2.11], and let
={a€Tr|a;=0for1 <i<r-—1}

and

T = {(@i1r—1)1<i<n | a € T'} CR",

Then by there is a Q-linear map [: Q™ — Q" such that the bijection £§: o’ — 7' sends
(01, z) € ¢ for x € o, to (01, I(x)). Let I"': Q" — Q" be a Q-linear map such that
the inverse bijection (£¢)~1: 7/ — o' sends (0”1, z) € 7/ for z € 7, to (01,17 (z)). Write
[7(e;) = Z?:I a;;e; with a;; € Q, where (e;)1<i<,, denotes the standard basis of Q™. Take an
integer m > 1 such that ma;;q™" € Z for all 4, j. Byapplied tothecase Ry = R, Ry = B,
K = @, p the characteristic of F, t = n and u; = 3, 11 < i < n), there are a finite separable
extension @’ of @ and o € ' (1 < i < n) such that the integral closure B’ of B in ()’ is étale
over B, o} € (B')*, and the integral closure R’ of R in ()’ satisfies

R(aj)" = RT[87""
j=1

for1 <j<n.
Replacing Spa(B, R) by Spa(B’, R'), we assume that o, € B.
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The elements o/ have the following property.

Lemma 4.2.14. Let K be a complete discrete valuation field with valuation ring V and with a
morphism Spa(K,V) — S. Define s € R% by

5 = —q'vglal) = —vg(B(T)al) (1 <i<n).

Then
(07 s) = (0771, (—vg (Bi))1<izn)-

Proof. This follows from the definitions of the elements « and f3; in [4.2.13| using the linear
function ¢, noting [2.8.2 1| for the second equality in the definition of s. [
Lemma 4.2.15. Let 1 <i < n, and let f(z) = 3; ‘e(alz) = Y2y ¢z, Then we have

(1) c; € Rforall j > 1,

(2) ¢; = 0asj— oo, and

(3) locally on Spf(R), there exists m > 1 such that ¢,,, € R*.

Proof. By [2.6.5] we may assume that S = Spa(K, V), where V is a complete discrete valuation
ring over A and K is the field of fractions of V. Consider the finite set

Ey={Ae A\ {0} |\ € Ogal},

and let By = A\ (F; U {0}). By @4.2.14, [3.2.7, and the definition of £{ in [3.3.2) we have

Bi ~ a1 ep, @A™, where ~ means that the ratio is a unit of Oz. Thus

Brle(az) ~ 2 [T (@) ™A =2) [T (1 —air2),

AeF A€Es

as in the proof of 3.2.7, This modulo mg is 2 [],cp, ((0f)7'A = 2). O

Lemma 4.2.16. Let p be a prime number, let R be a normal integral domain over I, and let
f(z)=>27, ;2" € R[z] such that ¢y # 0 and some c¢; is a unit. Suppose that there is a multiple
7 of ¢y in R such that R is m-adically complete and c; — 0 in the m-adic topology.

Let a € R*. Then the following holds locally on Spf(R) (for the m-adic topology): there is a
finite separable extension Q' of the field of fractions () of R having the property that there is unit
u in the integral closure R’ of R in Q' such that f(u) = a and R'[cy"] is étale over R|cy").

Proof. Take m > 0 such that ¢; € 73R for all i > m. Consider the polynomial
h(z) = —a+ Z ;2"
i=0
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By (applied to the completion of a localization of the integral closure of 2 in the splitting
field of h) and the fact that some ¢; € R*, there is an irreducible monic polynomial P(z) over R
such that P(z) | h(z). Let v be a root of P(z), and let ' = Q(v). Since v divides a € R* in R/,
we have v € (R')*. Fori > m, write ¢; = 73b; for some b; € R, and note that these b; converge
to 0 in the 7-adic topology.

As R is m-adically complete, there exists w € R’ such that

w + Z ci(meg ) B = (negt) Z biv?".
i=1

i=m+1

(Here, note that 2p° — 3 > 0 for all ¢ > 1.) We have

oo [e.e] oo o0
i i _ i i i i
f(rm*w) = E P w? = o | w + E ci(meg ) B | =70 E bv? = E civP .
i=0 i=1

Letu = v — w?w € (R')*. Since R’ is an [F,-algebra, we have
f(u) = fv) = f(7T°w) = Z P = a.
i=0

We prove that R'[c; '] is étale over R[c;']. By replacing R by the mg-adic completion of R
for a maximal ideal mp of R, we may assume that R is a local ring and complete for the m z-adic
topology. Let R(z) be the mg-adic completion of the polynomial ring R[z]. Let F = —a + f,
and let n be the degree of the polynomial £ mod mpg € (R/mg)[z]. Then R(z)/(F) is generated
by 2/ (0 < i < n — 1) as an R-module. Hence we have

n—1
2" = Z riz mod F

i=0
for some r; € R. Let P be the polynomial 2" — Z;:Ol %", and write P, = gF with g € R(z).
Then g mod mr € (R/mg)[z| is an element of (R/mpg)*, and hence g € R(z)*. Hence
(F) = (Py) as ideals of R(z). Let P, € R[z] be the monic irreducible polynomial of u
over (). Since F(u) = 0, we have P, | P,. Since % = ¢p, the product rule tells us that
4% is invertible in R[cy'|(z)/(P,). This proves that R[cy']|[z]/(P) is étale over R[c;'] and

R'ley'] = Rleg '][2]/ (Py). [

4.2.17. We complete the proof of 4.2.11|(and hence of 4.2.6)).
By 4.2.15|and 4.2.16] there exists (locally on Spf(R)) a finite separable extension @)’ of @

such that B’ is étale over B and for which there is an z € (R')* such that 3; 'e(ajz) = 1. Let
a; = aLx so that e(a;) = f;.
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Let

n

A=) ¥(AT)as.

i=1

Since e(¢Y(AT)e;) = ¢(AT)e(ow) = $(AT)B; = 0, we have A C ker(e). By[.2.14]
(077 s) = (007 (—vg (Bi) 1zizn)

for the s € RY, such that
5 = —vg((T)as) (1<i<n).

1

By[3.3.3]and[2.8.21] we then see that for every complete discrete valuation field K a with valuation
ring V and with a morphism Spa(K, V) — S, the pullback of A in K™ coincides with the kernel
of e for the pullback of ¢ to V. Hence we have A = ker(e). By reduction to the case of Spa (K, V)
by pullbacks (using [2.6.5)), we see from [2.3.5|that A satisfies the conditions (i)—(iii).

4.2.18. Asin{4.2.2| we now have the functor from category (a) to category (b) of Theorem 4.2.1
The quasi-inverse functor from category (b) to category (a) is obtained by Section
The fact they are the quasi-inverse to each other is reduced to the case of complete discrete

valuation rings by [2.6.5]

4.2.19. In the notation of Theorem{.2.1] let v be a maximal ideal of A, and assume that the image
of S — Spec(A) induced by A — T'(S, O¢) does not contain v. Let A, be the v-adic completion
of A. Then we have an exact sequence

0= T, > Tog— Ay, @4 AN —0
of v-adic Tate modules on S,.

4.2.20. We compare abelian varieties and Drinfeld modules.

Let 7 be a toroidal compactification of the moduli space of polarized abelian varieties, let R
be the completion of the local ring O7 ,, at some = € T (see [4, Ch. IV]), and let ) be the field of
fractions of R. Let X be the abelian variety over () obtained from the universal abelian variety
over the moduli space. As noted in the proof of the abelian variety X is analytically the
quotient G/A of a semi-abelian scheme G over R by a finite rank Z-lattice A of G(()). This G
is similar to the Drinfeld module ) in this subsection, and the above A is similar to the A in this
subsection. For any prime number which is invertible in R, we have an exact sequence of Tate
modules

0—=T1TG—T/ X =>Z;Qz A = 0

of Gal(@**?/@))-modules that is similar to the exact sequence in4.2.19
However a big difference is that in the theory of abelian varieties, the lattice A appears in
G(Q), but in the theory of Drinfeld modules in this subsection, the lattice A appears on S but
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cannot appear in L, ((Q)), or even in L, (Q*P), for () the field of fractions of the R studied in this
subsection, and L, the line bundle of /. If v is not contained in the image of Spec(R) — Spec(A),
then we have a Gal(Q*"/Q)-module T, ¢, but as the examples|5.4.7and |5.4.8| we provide below
show, the image of Gal(Q*?/Q) in Aut(T,¢/T,1)) can be very big so that T,¢/T,1 cannot
have the form A, ®4 A, where the action of Gal(Q*" /(@) on A factors through a finite quotient
of Gal(Q**?/@Q)). Taking a complete discrete valuation ring ¥V O R which dominates R, and
letting K denote the field of fractions of V, we can identify T;,¢/T,1 with A, ®4 A, where
(¢, A) corresponds to ¢ over K and A C L,(K*P), but this A does not in general appear in
Lo(@) C Ly(K5).

4.3 Log Drinfeld modules in formal geometry

In this Section 4.3 we extend the theories of generalized Drinfeld modules and log Drinfeld
modules for schemes in Section [2]to formal schemes.

4.3.1. If S is a locally Noetherian formal scheme and S,4;. is the associated adic space, we have
a morphism of locally ringed spaces

(SadiC7 Ogadic) — (57 OS)

In the case that S = Spf(R) and S,g;c = Spa(R, R), the map S,gic — S sends x € S, to the
prime ideal {f € R | |f(z)| < 1} of R. The homomorphism of sheaves of rings from the inverse
image of Og on Syqic to OF induces the identity map R = I'(S, Og) = R = I'(Sagic, OF ).

Hence if S is over A, a generalized Drinfeld module over S defines a generalized Drinfeld
module over (’)gﬁdic on S,qic by pullback and hence a generalized Drinfeld module over Og

adic on
Sadic-

4.3.2. We consider pairs (S, U), where S is a locally Noetherian formal scheme such that O is
a normal integral domain for every s € S and U is a dense open subset of 5, gic.

4.3.3. Let (S, U) be as in[4.3.2] and assume that S is over A.

By a generalized Drinfeld module over (S, U) of rank d with level N structure, we mean a pair
((L£,¢), ) consisting of a generalized Drinfeld module over S with pullback to U via[d.3.1(1) a
Drinfeld module over O of rank d and a level N structure ¢ on this Drinfeld module over O, .

Remark 4.3.4. (1) In we consider a dense open subset U of S,q;. rather than a dense
open subset of S. The reason is as follows. In the case A = F,[77, a standard situation
we consider is that of a generalized Drinfeld module ¢ over the T-adic completion F,,[T]
of A which is not a Drinfeld module but which induces a Drinfeld module over [F, (7).
Then ¢ induces a generalized Drinfeld module over the formal scheme S = Spf(FF,[T7]).
But S is just a one point set, so we cannot have a nonempty open set of S on which the
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pullback of ¢ is a Drinfeld module. On the other hand, the pullback of this ¢ on S to
Sadic = Spa(F,[T],F,[T]) induces a Drinfeld module over O on the dense open set
U = Spa(F,(7)),F,[T]) of Sadic-

(2) Let (S,U) and ((L, ¢),t) be as in Then via the morphism (U, OF) — (S, 0g)
induced by (1) in we obtain on U a generalized Drinfeld module over (’)f} which
becomes a Drinfeld module over Op. This situation is considered in Section the
present U being the S in Section 4.2

4.3.5. For (S,U) as in define the saturated log structure M on S associated to U as
M = Og N j.(OF) in j.(Oy), where j is the composition U — Spgic — S and j, is for the
étale topologies of S and U. For an object S’ of the étale site of S, the set of S’-sections M (.S”)
may be described as follows. We have the induced morphism S ;,. — Sadic of adic spaces. Let
U C S.,. be the inverse image of U. Then M (S’) is identified with the set of all elements
[ € O(5") whose pullbacks to Og  (U’) are invertible.

For a line bundle £ on S, this log structure M defines £ = £ Uyx M~'L* C j,(L|y) where
L] means the invertible Op-module on U induced by L.

Proposition 4.3.6. Let (S, U) be as in and let ((L, ¢), 1) be a generalized Drinfeld module
over (S,U) of rank d with level N structure. Then the map v: (5 AJA)* — L|y on U extends
uniquely to amap v: (~AJA)* — Lon S.

Proof. This is reduced to applied to the normal schemes Spec(QOg 5) for s € S. O

4.3.7. Let S be a locally Noetherian formal scheme over A with a saturated log structure. By
a log Drinfeld module over S of rank d with level N structure, we mean a pair ((L, ¢),t) of a
generalized Drinfeld module (£, ¢) over S and a map ¢: (. A/A)? — L such that étale locally
on S, there are

* alog scheme S’ over A satisfying the equivalent conditions (i)—(iv) in|1.2.5}
* aclosed subscheme Y of &/,

e a morphism f: S — S’ of log formal schemes over A, where S’ denotes the formal
completion of S’ along Y/,

« a generalized Drinfeld module (£, ¢/), ') over (S, U) of rank d with level N structure in
the sense of , where U denotes the dense open set of S’;dic consisting of all points at
which the log structure on O g is trivial, and

* an isomorphism between ((L, ¢),¢) and the pullback of ((£',¢),:’) under f, where ¢’ is
regarded as a map (+A/A)? — L as inm

This is a formal scheme version of
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4.3.8. Let (S,U) be as in and let ((£, ¢),¢) be a generalized Drinfeld module over (S, U)
of rank d with level N structure. Let ¢: (- A/A)? — L be the induced map. We consider the
following formal scheme version of the condition (div) in

(div) Forevery a,b € (A/A)% locally on S we have either
pole(a) pole(b) ™' € Mg/O% or pole(b)pole(a)™' € Mg/O3
in ME°/O3.

We note that, by we have the same condition (div) if we replace “locally” by “étale
locally”.

By if Spec(QOg,) with the log structure induced by Mg is log regular for every s € S
(for example, if S is the formal completion of a log regular scheme of finite type over A along a
closed subscheme), and if U is the dense open subset of S, ;. consisting of all points at which the
log structure on Og_,,_ is trivial, then the condition (div) satisfied.

We therefore have the following proposition.

Proposition 4.3.9. Let S be a locally Noetherian formal scheme over A with a saturated log
structure, and let (L, $), ) be a log Drinfeld module over S of rank d with level N structure.
Then for every a,b € (- A/A), locally on S we have either pole(i(a)) pole(u(b)) ™' € Mg/O%
or pole(u(b)) pole(i(a))™ € Mg/Oy in ME | O3F.

Proposition 4.3.10. Suppose that we are in one of the following two situations:

(i) S'isalocally Noetherian formal scheme over A with a saturated log structure, and ((L, ¢), ¢)
is a log Drinfeld module over S of rank d with level N structure, or

(ii) (S,U) is as in and ((L, $), 1) is a generalized Drinfeld module over (S, U) of rank d
with level N structure.

If, furthermore, either N has at least two prime divisors or N is invertible on S, then the
automorphism group of ((L, @), t) is trivial.

Proof. This is reduced to[2.6.11]and 2.7.8] 0

4.4 Formal moduli

In this subsection, we take A = F [T and consider the formal scheme versions of the moduli
functors for schemes defined in Section We state our main theorem (4.4.9|in the setting of
formal moduli. It will be proved in Section 4.6

Proposition 4.4.1. Suppose that we are in one of the following two situations:
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(i) Sisalocally Noetherian formal scheme over A with a saturated log structure, and ((L, ¢), ()
is a log Drinfeld module over S of rank d with level N structure, or

(ii) S is a formal scheme over A which has an open covering by Spf(R) with R an excellent
normal domain, U is a dense open subset of the adic space Syaic, and ((L,¢),1) is a
generalized Drinfeld module over (S,U) of rank d with level N structure satisfying the

divisibility condition (div) in[4.3.8
Then we have the same statements as (1) and (2) in|1.2.11|concerning pole((a)) € Mg/OF for
a € (+AJA) in this formal situation.

Proof. This can be proved in the same way as [[.2.11](in[3.5.2) for (i) and [3.5.1]for (ii), using the
reduction [2.6.5]to the case of complete discrete valuation rings described in[3.5.1 0

4.4.2. In the case N has at least two prime divisors (resp., /N has only one prime divisor), we
define the categories élog and énl as follows.

e Let élog be the category of locally Noetherian formal schemes S over A (resp., A[%D
endowed with a saturated log structure Mg on the étale site S.

« Let Cy, be the category of pairs (S, U), where S is a formal scheme over A (resp., Al=D
which has an open covering by Spf(R) with R an excellent normal domain and U is a dense
open subset of the adic space S,qic-

As excellent rings are noetherian, for any object (.S, U) of Cu, the formal scheme S lies in
élog, taking the saturated log structure associated to U, as in

443. Letr > 1,n>0,andd = r + n.
Let o be a finitely generated rational subcone of C;. We define functors

oY -y SN 1) - ey ST
th 9 th,-i—,O': Clog — (Sets) (th D th,‘i‘,G’)

DMy, ﬁ;{,zﬁg: Cul — (Sets) My > ﬁ;\,ﬁo)
as follows.
For an object S of élog, let ﬁan(S) be the set of all isomorphism classes of log Drinfeld
modules ((L, ¢),¢) over S of rank d with level NV structure satisfying the condition (*) below.
For (S,U) € Cu, let My (S, U) be the set of all isomorphism classes of generalized Drinfeld

modules ((£, ¢), ¢) over (S, U) of rank d with level IV structure satisfying the divisibility condition
(div) of and the following condition (*).

(*) Let I C Og be the ideal of definition such that Og/I is reduced. Then (L, ¢) mod I is a
Drinfeld module over Og/I of rank r.
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On both élog and énl, the subfunctor WNZU of ﬁ?vn is defined by putting conditions on the
divisibility of pole(t(a)) for a € (& A/A)? in the same way as the cases of the categories Ciog and

Cu in[3.5.4] respectively.
We use the same notation for functors on different categories élog and énl, but this is fine, as

is seen in|4.4.11l below.

4.4.4. When we consider ((L£, ¢),t) € ﬁ;{,ﬁna, we trivialize the line bundle £ by ¢(eq) which is
a basis of £, where (e;)o<i<4—1 is the standard basis of (5 A/A)".

4.4.5. On the category Cpoy (resp., Cy), we have a canonical morphism of functors ((£, ¢), ¢)
((L,9),) fromﬁrjj\’:ﬁa to the functor S +— Mor(S, M) (resp., (S, U) — Mor(S, MY,)), where
Mor is the set of morphisms of locally ringed spaces over A. Here, ¢ is that of (¢, ¢) in
and ¢/ is defined by e(¢/(ao, . .., a,-1)) = t(ag, ..., a,—1,0,...,0).

4.4.6. Let k be the degree of the polynomial N. Letr > 1 andn > 0 withr +n = d. Let o be
a finitely generated rational subcone of C,; such that o C 7 for some 7 € ¥}, = 4¥;. Let o’ be
the face {s € 0 | s, =0for1 <i <r — 1} of o, and let 0,, = {(Sisr—1)1<i<n | S € 0’} so that
o ={0}"1 x o,.

Let p be the characteristic of /', and let toricg, (0,,) be the toric variety toricz(o,) ®z F, over
I, associated to 7, (see[2.5.6). That is, toricg, (0,) = Spec(F,[0,/]), where

oV = {(bi)l%n €Z" | bis; > 0forall s € an} .

=1
4.4.7. Let the notation be as in

Let Man( +,0) be the formal completion of M7, xp, toricy, (0,,) along the closed subscheme
that is the inverse image of (0,...,0) € Ag under

My X, toricr, (0,) — toricg, (0,) — Ay .

Here the latter morphism toricg, (0,) — Aﬁp of toric varieties is induced by the embedding
o, C RY, of cones. Endow ﬂ;vn( + ) With the inverse image of the standard log structure of
toricg, (o).

The object ﬂ’jv"( +0) represents the functor

élog — (Sets), S+ {((¢¥,0),t1,...,tn)},

where 1 is a Drinfeld module over .S with level N structure ¢, the bundle of which is trivialized
by ¢(ep), and where the ¢; € T'(.S, M) satisfy the following conditions.
(i) The image of ¢; in Og is topologically nilpotent.
(ii) Theelement (¢; mod OF)i<i<, of (S, (ME°/O%)") belongsto [0,,](S). Thatis, [l t2 €
M for all (bi)lgign S O';{.
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In fact, first, MY X toricg, (0,,) represents the functor S — {((+,¢), h)} where (1, ¢) is as
above and h is a homomorphism o, — Mjg. Next, via the homomorphism N" — Y correspond-
ing to the embedding o,, C R%, this functor may be rewritten as .S — {((1,¢),t1,...,t,)},
where (v, 1) is as above and t1, ..., t, € T'(S, Mg) satisfy the above condition (ii). This follows
frorn applied to the case that X is the fan of all faces of R%, and ¥ is the fan of all faces
of o,. Hence the formal completion represents the above functor.

Let M/, ) be the dense open set of the adic space (ﬂ?vn( +,0))adic associated to mn( +.0)
consisting of all points at which the log structure is trivial. Then M?V"( +.0) is the open set of
(./\/l;\,n( +’U))adic consisting of all points at which ¢; - - -¢,, is invertible (i.e., they are invertible in
Oy for W = M, ), not necessarily in 0.

Since MY is a regular scheme (see and toriqu(on) is log smooth over F,, the log
scheme ﬂ?vn( +.0) 18 log regular as the completion of a log regular scheme (see 3)) along a
closed subscheme.

4.4.8. On the category élog (resp., énl), we have a canonical morphism
0: ﬁl\},-i-,a - M]\f(-‘r,d) (resp., My, , — (Wﬁwy TN?(#@))
(¢7 [’) — ((¢7 Ll)a tl? o 7tn)7
where (1, ') € My is as in and
ti =

L(eo)
t(€itr-1)

The following is the main theorem of the formal moduli.

forl <i<n.

Theorem 4.4.9. Let 0 be a finitely generated rational subcone of an element of >i. There is a
unique open subset WNnJrg of the formal scheme mn( +.0) of such that the morphism 0 of

induces an isomorphism

<57 ~

——r,n
mNH“U _> MN,-}—,O’

of functors on élog and such that if My, . denotes the open set of (M Nn + .o )adic consisting of all
points at which the log structure is trivial, then 0 induces an isomorphism

<57 ~ TN rmn
93/tN,+,0 — (MN,Jr,a? N,+,cr)
of functors on Cal.

4.4.10. If n = 0, then the functor WNO to = ﬁrﬁo applied to S € Cpog or (S,U) € Cy is the
set of isomorphism classes of Drinfeld modules over S of rank r with level N structure, and

MTJ{,?( +.0) = M is the corresponding moduli space. Thus, Theorem 4.4.9 holds in this case.

The following proposition follows from Theorem

e (e i )

Proposition 4.4.11. Let F' € {My , My, . }. Then the functor F on the category Cul coincides
with the functor sending (S,U) to F(S) for the functor F on élog applied to S endowed with the
log structure associated to U (see[l.2.4)) .
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4.5 Iterated Tate uniformizations 1

We prove Theorem 4.4.9|in Section using the concept of iterated Tate uniformization. In
preparation, we consider here the case in which the basis is a complete discrete valuation ring.

Let V be a complete discrete valuation ring over A = F,[T]. Let K be the field of fractions
of V, let K be an algebraic closure of K, and let Y be the integral closure of V' in K. Let my and
my be the maximal ideals of V and of V, respectively. Let vz : K — Q be an additive valuation
induced by an additive valuation vy of V.

Let N be an element of A of positive degree. If N has only one prime divisor, we assume N
is invertible in V. Letr > 1land n > 0, and setd = r + n.

4.5.1. For a finitely generated subcone o of Cy, we will write ﬁ;{,ﬂ,a(& U) with S = Spf(V)
and U = Spa(K, V) simply by D", (V). Inh.5.1H4.5.4] we take (1) € Dy, ¢, (V).

Let (¢, (') be the image of this element in My (V) (see 4.4.5). We discuss the iterated Tate
uniformization of (¢,¢). That is, we explain how (¢, ¢) is obtained from (1), :") by constructing
(i, 15) € W]\’,Z;JDCM(V) with 0 < ¢ < nsuch that (¢g, o) = (¥, ') and (¢y,, t,,) = (¢, ¢) and such
that (¢, ¢;) for 1 < i < n is the quotient of (¢;_1, ¢,_1) by an A-lattice of rank 1.

Let A be the ¢ (A)-lattice in K5 corresponding to ¢ as in [2.3.5] By [3.1.4(1), there is a
¥(A)-basis ();); of A satisfying the equivalent conditions (i)—(iii) in[2.9.1(1) for which there are
;€ K5 with 1 < i < n such that ¢»(IV)(A\;) = \; and ex (X)) = t(e;4,—1). Here (e;)o<i<d—1 18
a standard A/N A-basis of (1-A/A)?. We have

0=ACA S CA,=A,

and the A;/A;_; for 1 <i < n are of A-rank one.

For 0 < ¢ < n, let ¢; be the generalized Drinfeld module over V' of generic rank r + ¢
corresponding to the pair (¢, A;) as in In particular, we have ¢g = v and ¢,, = ¢. Let
€io: K — K be the exponential map of the ( A)-lattice A;.

For 1 <i < n,lety; = e;_10(\;), which is an element of K since v; = e;_10(¢(N)\]) =
¢i—1(N)t(€;yr—1). Then ¢; for 1 < i < n is obtained from the pair (¢;_1, ¢;—1(A)7;) by the
method of Section[d.1] That is, ¢; is obtained from ¢;_; as its quotient by the A-lattice ¢;_1(A)7;
of rank one, placing us in case (2) of

For 1 < i < n, let e;,_1 be the exponential map associated to the ¢;_;(A)-lattice ¢;_1(A)v;
so that e;o = €;,-1 © €;_1 0. We may then define e; ; for 0 < j < 7 < n as the composition

€ii—10€i—-17—20" "+ 0€511 ;.

Lemma 4.5.2. For 1 <i < n, let s; = (—vg(\;))Y/" be the norm of \; (see|2.8.21)). Let k be the
degree of N. Then we have

(071, (—vk (Y3) h1<isn) = E5(07, (si)1<i<n) = &k o((—ukc(1(e3)))o<iza—1)-

80



Proof. As the \; for 1 < i < n satisfy the conditions of 2.9.1(1), we have vz », | (Ai) = vg(\i).
From3.2.9} it follows that —uv (7;) = €' ', (s7) = € o (87). By definition of £ from|3.3.2,

8T yeesSE_ 1 \71 ST5ns

we then have the first equality.

Since t(e4r—1) = en(X;) and Y(N)(N}) = A, for 1 < i < N, Proposition [3.3.3] implies
that £2(0" 71, (s:)1<i<n) = (0771, —vg(t(€i4r—1))1<i<n). Moreover, since i(e;) € kerv)(N) for
0 <i<r—1,wehave —vg((e;)) = 0 for such i by As &) = & o (&)~ by definition
(see[3.4.14), the second equality holds. O

Lemma4.5.3. Let1 <1 <n.
(1) The map e;;_1: K — K induces an automorphism of v;ms.
(2) For b € my, the map e;; 1 induces an automorphism of v;bV that reduces to the identity
map on y;bV [y;b*V.
(3) We have 1(e;j) € yymy for0 < j <i+r—1.

Proof. Let b be a nonzero element of my,. We prove that
eii-1(7ibz) = bz mod %b*V[z].

In fact,
(vib) teiia(ibz) =z [ (1= (di1(a)ys) Mib2).
acA\{0}
It is sufficient to show that v; € (¢;_1(a)y;)V foralla € A\ {0}. Employing (noting that
Vi, (Y(a)Ai) = vg((a)Ai)) and 2.8.21} we have

—v(¢ia(a)y) = e Do (lal's]) > € (s]) = vk ()-

Hence e;,;; induces the identity map of ;") /~;b" "1V for every h > 1 and hence induces
an isomorphism ~;b) = ~;b). Hence it induces an isomorphism v;my, — y;myp. That is, we
have proven (1) and (2).

We prove (3). Let k be the degree of N. For 1 < ;5 <4, we have

n —kr 7

_/UK(’}/’L) = 657{ st (S’L) = 657{ ..... s%(sl) 2 6?{?,52(q 8]) = _UK([’(erJrj*l))'

]

4.54. For 0 <17 < n, we define a level N structure ¢; for the pullback of ¢; to K as follows. For
the standard basis (e;)o<j<i+r—1 Of (3 A/A)" T, let 1;(e;) (Where 0 < j < i+7r — 1) be the unique
element of K satisfying v (;(e;)) = vi(t(e;)) and ey, ;(1;(e;)) = t(e;). (The existence and the
uniqueness of such an element follow from4.5.3])

By construction, we have (¢;, 1;) € ﬁer v V)

r+1i
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4.5.5. Suppose now that n > 1. The goal of the rest of this section is to prove Proposition
which gives a bijection of the form

(¢7 L) = ((¢n—17 Ln—l)? t)

for ¢ in a certain subset of my, \ {0}, as a refinement of the above map (¢, ) — (dp_1, Ln—_1).
We start with a larger set of ¢ than will occur in this bijection. That is, let

Mrr e, VD = {((¢,0),1) € ML, (V) x (my\ {0}) | vre() > —vic(elea))}

Note that the condition on ¢ in this definition is exactly that ((—vg(¢(€;)))o<i<a—2, Vi (t)) € Cy.

<H=7n—1

4.5.6. Let ((¢/,0),t) € My, ¢, (V)@. Let (¢, ) be the pair in 2.3.3| corresponding to ¢,
and let e,/ be the exponential map associated to A’.

Replacing (¢, ¢) in{4.5.1|and4.5.2|by (¢',¢'), let (A;)1<i<n—1 With A; € A’ and (7;)1<i<n—1 be
chosen and defined as before, and set s; = (—vg ().

Let o be an element of K such that e,/ (o) = ¢! and such that vz, («) = vi (), which is to
say v () > vg(a') for all o € K such that ey (o) = t~1. Then vg(t) = e;’;:lsr_l(—vg(a))
by (and, in particular, vz () < 0). Let A = ¢)(N)a. Since ¢)(N)(z) is a monic polynomial
over V and vz (a) < 0, we have vz (\) = |N| vz (). It then follows from the definition of £{ in
[3.3.2]that

G0 51, se1, —or(N) = ((—uk ((€:))osiza—2, vk (1)).

<57rn—1

Lemma 4.5.7. Let ((¢/, /), ) € My , o, (V).

(1) There exists w € my \ {0} such that the (d — 1)th (i.e., last) coordinate of the image of
((—vk(e(€:)))ogicd—2, Vi (t)) € Cq under the map & ;- Cq — Cq is v (w).

(2) Forw asin (1), we have ¢ (N)(t7'z) = w™'h(z), where h(z) € V|z] is primitive (i.e., has
a coefficient in V*). In particular, we have v (¢'(N)(t™1)) > —vg(w).

Proof. Since ¢'(N)(t7'z) € K|[z], there is w € K* such that ¢/(N)(t'2) = w™h(z) for some
primitive h(z) € V[z]. We prove that w € my, and that vx (w) has the property stated in (1).
Let « € K with ex(a) = t7! be as in[4.5.6, and again let A\ = (N)a. Since vg(t) =
Zg:,ls;,1<_vf_<(0‘>>’ we have by [3.2.7| that ey (az) = t~thi(z) for some hy(z) € V[z] with a
unit coefficient. Since )(N)(z) € V|z] is monic of degree |N|" and vz (\) = |N|"vg(a) < 0,
we have ¢)(N)(az) = Ahy(z) for a primitive polynomial hy(z) € V[z]. Let w’ be an element
of K such that vg(w') is the (d — 1)th coordinate of & ((—vx(1(€;)))o<ica—2, vk (t)). As
this (d — 1)th coordinate is 6:’{?:15271(—‘NVU[((04)) by definition of ¢, again by [3.2.7| we have
en(Az) = (w')~thy(z) for some h3(z) € V[z] having a unit coefficient.

Putting this all together, we have
en (V(N)(az)) = ¢ (Nen(az) = ¢/ (N)(¢ ha(2)) = w™ A (2)),
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as well as
ea(h(N)(az)) = en(Mra(2)) = (w') " hg(ha(2)).

(
As wth(hy(2)) = (w') " hz(ha(z)), the primitivity of the power series h o hy and hs o hy forces
/

wwt € VX, sovg(w) = vg(w'). O

~=7,n—1 —~=r,n—1

4.5.8. Let My, o (V)" be the subset of My | . (V)@ consisting of all elements ((¢, 1), 1)
such that

v (¢ (N)(E1) = —vk(w),
where w is as in[4.5.7(1). Recall that we have vg (¢/(N)(t™)) > —vg(w) for any ((¢/,1),t) €

—~=r,n—1

My .o, , (V)@ from4.5.7(2).
Put dlfferently, we require that —vg (¢/(N)(t™1)) coincides with the (d — 1)th coordinate

—~=r,n—1

of & o((—v(e(es))o<ica—2, v (t)). That is, an element ((¢',+'),t) of My, o (V)@ lies in

—~=r,n—1

My 4 ¢, , (V)" if and only if
—u(¢(N)(E) = ey (—ur (),

where A = ¢)(N)(a) with o of maximal valuation such that ey () = t71, as in
r,n—1

In}4.5.12/below, we will obtain a bijection v: My , . (V)* = ﬁ;{&’cd()/).

Lemma 4.5.9. Let ((¢',0),t) € ﬂﬁN+ Cy (V)ﬁ, and let vy = ¢'(N)(t71).
(1) The map
A= ¢ (A, am ¢(a)y
is injective, and ¢'(A)~ satisfies the conditions on A\ in withn = 1 (taking R to be V,
I to be my,, and 1 to be ¢' therein).

(2) Leta € A\ {0}. Then
v(¢(a)y) < ¢ DEET Dy (y),

Proof. It suffices to show the claimed inequality, as it yields (iii) and (iv) of4.1.1} and in particular
the injectivity of a — ¢’(a)~ (which gives (ii), and (i) holds as fy € K). Fix a, and set m = dega.
Letz = —vg(\), where Ais asin{4.5.7, Set g = (s7, ..., . By[3.3.1|and3.2.18| we have

n 1

—vi(¢'(a)y) = " Hg™x) = ¢TI @) = (¢! = 1)67 (g)

Z q(d—l)m(ez,n—l(x) - 51‘,71—1(9))‘

g

Note that © > —vg (A\,_1) = s"_;. Thus, in the definition3.2.11|of 5"~ as

Let R = —vg(y) = " !(z), the latter equality by the condition in

n—1

rn— q_l n—1—i 7, r
0" 1( = Zq . sl,...l,sr (Si>7

i—1
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we have €7 ' (s7) = " "(sf) < Rfor 1 <4 < n — 1. From this, we have

8 yeesSh_ 1 \71 g

n—1
rn—1 q —1
4] (9) < —qd—l—lR’

Combining the above, we obtain

—vg(¢(a)y) = ¢V R <1 — qnl—_1> ‘

qd—l -1
Since ) i .
1_q”‘—l_q‘—q"‘ > Lo @
d—1_1 d—1_1 — d—l_l—q )
q q q
the inequality in the result follows. ]

Sn7n—1

4.5.10. Asin Lemmald.5.9) let ((¢/,/),t) € My o, (V) andy = ¢/(N)(t71).

Let ¢ be the generalized Drinfeld module over V obtained from the pair (¢', ¢'(A)~) by the
method of Section[4.T}, which we can apply by Lemma[.5.9] Let e, ,,_1 be the exponential map of
the lattice ¢'(A)~. Define alevel N structure ¢ on the pullback of ¢ to K by v(e;) = e,n—1(¢'(€:))
for 0 <i <d—2andbyi(eq_1) = enn_1(t""). The following lemma provides the existence of

the map claimed in4.5.8
Lemma 4.5.11. We have (¢,1) € ﬁr]\}il’cd()/).

Proof. Let \, = XA = ¢(N)a for @ € K such that vz y/(a) = vg(a) with ep (o) = t7. Set
A =" | AN Then A, is such that ();)1<;<, satisfies the condition 1)(iii). Hence the
divisibility conditions as in on the «(e;) defining ﬁan Lo, In are satisfied. O

Proposition 4.5.12. The map

<57 n—1

pr My e, (V= Dy 0, (V). ((0,0),1) = (9,0)
is a bijection.
Proof. We have the inverse map
1 &R ——=r,n—1
P ! : 9'RN,Jr,Cd (V) — mN,+,Cd,1<V)ﬁ7 (¢7 l’) = ((¢/7 L/)a t)a

where (¢/, /') is the (¢p,_1,t,-1) in and t is the unique element of my, \ {0} such that
—vg(t) = vi(t(eq—1)) and €,,,,_1(t7') = t(eq_1), which we have by O
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4.6 Iterated Tate uniformizations 2

Ini4.6.1 , we prove Theorem {4.4.9| for Cul by induction on n (fixing ) using the method
of iterated Tate uniformizations. In 4.6.14|, we prove Theorem m for @10g. Recall that the

former (resp., latter) theorem concerns the injectivity and image of the morphism 6: ﬁ;\]n o =
(MN(+7U), MYy o) (tesp., 0: EUINJr . — MN ) of 4.4.8 given by
0(¢,0) = (¥, 0), ((eiyr—1) " iicn),

where (¢, /') € MYy is as in (Here, and in this subsection, we often omit S € Cy,, and
(S,U) € Cy in the notation.)

4.6.1. For the proof of for C,, we may assume o € Y. In fact, by assumption in
there exists 7 € ¥ such that o C 7. If an open set M;\}ZF’T of M;\’,?H?T) satisfies 0: Dﬁ]\’,ﬁﬁ =
——Tn . . "N i TN - TN

(My 4. MY, ), then the inverse image My, , of My, ~under My , , — My

. I N ~ 4N
satisfies 0: My | , — (My ., My, ).

Lemma 4.6.2. Let 0 € ), = ;5. Then the image 'o of o under the projection Cy — Cy_1 lies
in d,IEk.

Proof. Assume n > 1. Let 5 € ;X*) be the cone corresponding to o € X as in m By
definition of £, this & is described as the set of s € C; such that for some a: 4

{R<o, {0}, R>0}, we have ¢"s; — s; € a(h,i,j) for all (h,i,j) € 4I* (see- Let ' €
112%™ be the cone of all s € Cy;_; satisfying the following conditions for the same v ¢" 5j—8; €
a(h,i,j) forall (h,i,5) € ¢ I® (e, for1 <j<i<d—2and0 < h <k —1). Thatis, '
is the image of & under the projection Cy — Cy_1 given by (s;)1<i<a—1 +> (Si)1<i<d—2. Define
'o € 412k to be the cone corresponding to ‘G. Then ’o is the image of o under the projection
Cy — Cy_1 since, as in the proof of we have that ‘o = ,‘f‘l(’ ), and the first d — 2

coordinates of £%((s;)1<i<4_1) coincide with fg’l((si)lgigd,g) (see[3.3.2). O
4.6.3. We have for Cy in the case n = 0 by By induction on n, we assume

=1 ——rn—1 : .
that for some n > 1 we have the open subset M;VT’LJD,U of MTNH( +/0) and an isomorphism

SH7n—1 ——rn—1 rn—1

rn—1 . . rn—1
0: My 1y — (My 1, MY',), where MY", - denotes the inverse image of MY (470)

1
in (M;\fnJr o) adic-

Let V' be the open subset of MTNH ) consisting of those ((¢,¢'),t1,...,t,) such that

(¢, 1), t1,...,t,—1) belongs to /\/anJr 10 In [4.6.5] we will define an open subset MTJ\’:’;,U of
V. In|4.6.9, we will define a map v: (/\/le+70, Noto) = ﬁ?\f—i—,a of functors on C,; by the

method of iterated Tate uniformization, which is nearly the inverse of 6.

We first give a preparatory lemma. Let W be the inverse image of M (+.0) in Vygic. Let

(¢, ), t1,...,t,) € V. Then we have ('p,"t) € 9ﬁN+,a corresponding to

——rn—1

((7/%&/)7751,--- tn— 1) € MN+ gt
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Lemma 4.6.4. Locally on V, there exists w € Oy which is invertible on W and a primitive
polynomial h € Oy |z] such that'p(N)(t;'2) = w™'h(2).

Proof. By 3), there exists a linear map /: Q*' — Q7' that coincides with £ ; on 0.
Let I;_1: Q4! — Q be the projection of [ to the (d — 1)th coordinate. Let Div(V') be the
group of Cartier divisors on V' (which we specify as sections of Oy), and let I;_; : Div(V)4"1 —
Div(V) ® Q be the homomorphism induced by ;.

By [4.5.7(1), upon applying the first part of we have that locally on V/, there exists
w € Oy whose divisor coincides with the image of (pole((e;))1<i<q_2, (t,)) € Div(V )41
under /4. (In particular, this image lies in Div(V') C Div(V) ® Q.)

Similarly, by 4.5.7(2) and 2.6.5] the polynomial h(z) = w - '¢(N)(t; ') lies in Oy[z]. We
prove that locally on S, some coefficient of h(z) is invertible. Let z be a point of V, and let m be
the maximal ideal of the local ring Oy .. Take a discrete valuation ring V in the field of fractions
of Oy, such that Oy, C V and the maximal ideal of Oy, is my N Oy, (as in the proof of 2.6.5).
By some coeflicient of h(z) is invertible in V and therefore in Oy, as well. O

4.6.5. Let /V?{,Z,U be the open set of V' consisting of all points at which w - '¢(N) (¢ ') € Oy,
with w as in|4.6.4} is invertible.

4.6.6. Let X = W]\’:ﬁa. Let ((¢,0),t1,...,t,) € X, and set vy = '¢p(N)(t,,!). Choose an open
cover of X by formal spectra Spf(R), where the rings R are excellent normal domains. By
the A-module '¢(A)y = '¢(AN)(t;') satisfies the conditions on A in[4.1.1](with n = 1 therein)
over complete discrete valuation rings V' containing such an R. By[2.6.5/and by the last inequality
in (which we use to treat the condition (iv) in [4.1.1)), it then satisfies these conditions over
R, taking I to be the ideal of definition of R such that R/ is reduced.

As in we obtain a generalized Drinfeld module ¢ on X by dividing '¢ by this lattice
'¢(A)~ via its exponential map, which we denote e,, ,,—1.

Lemma 4.6.7. Let [ be the ideal of definition of Ox such that Ox /I is reduced. Then for
1 <i < n, wehave tie,, 1(t;'2) € Ox[z] and tie,, 1(t;'z) = z mod IOx[2].

Proof. By[2.6.5|and[4.5.12] this is reduced to[4.5.3(2) (with b = ¢; ). O

4.6.8. We define the level N structure ¢ on ¢ using the level N structure ' on ‘¢ as t(e;) =
enn—1('t(e;)) for0 <i < d—2and i(eg_1) = e, ,-1(t,"). By[4.6.7, we then have

t(eirr—1)t; € O and  t(ejqr—1)t; = 1 mod [

forl <i<n.
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4.6.9. By [2.6.5|and [4.5.11] we have (¢,1) € My, .. Since (¥, ), t1,...,t,) € My, . by
4.4.7|and 4.6.8] we have that (0", pole((e;1r—1))1<i<n) satisfies the condition (ii) of|[3.5.4} and
thus (¢,¢) € ﬁ;vn o (see . We therefore obtain a map

v rn an T
v: (MN,+,0'7 N,+,U) — mN,+,O‘

which sends ((¢,¢'),t1,...,t,) to (¢,¢). (Recall that we also have the map 6: ﬁ;{,ﬁla —

(MJ\},(—&-,a-ﬁ M;\ZL(_;'_J)) of|4.4.8 )

Lemma 4.6.10. Let X = man voand U = MY, . Then the image of the composition

OQov: (X,U) — (MTN7(+,U)7M§$(+,0))

is (X, U), and 0 o v induces an automorphism of (X, U). It induces the identity morphism of the
log formal scheme (X, Ox /I), where I is as in|4.6.7}

Proof. 1t is sufficient to prove that for ¢ € [, t%, the pullback (0 o v)*(¢) under f o v: X —
HTJ\}?H’U) satisfies (f o v)*(¢)t™! € O% and (f o v)*(¢)t~" = 1 mod I. It is sufficient to prove
this in the case t = ¢;. We have 6*(¢;) = t(e;1»—1) ', and hence (Qov)*(t;) = (V*i(er1)) ' =
enn_1(t; ')t Hence we are reduced tom O

4.6.11. We prove for complete discrete valuation rings by induction on n. Let V be a
complete discrete valuation ring over A with field of fractions K. In the case IV has only one
prime divisor, we assume N is invertible in V. Let S = Spf(V) and U = Spa(K,V) C Sagic-
Let
P, = ﬁr]\f-s—,o(v) = WJ{[”;L—"-,O'(S? U)a

asin Let R, (resp., R.,) be the set of all morphisms in C,, from (S, U) to (My, ., MY )
(resp., to (/V;\’:(Jm), M’;(,7(+70))).

Let'c € Cy_y be as in[4.6.2] and define P,_;, R,,_1, and R;,_, analogously to the above, with
‘o in place of 0. We suppose by induction that the map 6: P, ; — R/, of is injective with
image R,,_1, and we show that the map 6: P, — R/ of[4.4.8|is injective with image R,,.

Let @),, be the subset of ﬁan;éd_l (V)* (as in}4.5.8)) consisting of those elements of the product

—~=7r,n—1

My 4 15(S,U) x (V\ {0}) which are carried under the bijection

—~5rn—1 ~ ==
p: 9321\f,+,cd,1(v)ﬁ — My 4 c,(V)
of to an element of P,. By definition, p then induces a bijection p,: @, — FP,. This
sends ((¢n_1,tn_1),t) to (4, ), where ¢ is the quotient of ¢,,_ by the lattice ¢,,_1(AN)(t~1) with
exponential e, , 1 such that t(e;) = €, 1(tn_1(e;)) for0 < i < d—2andt(eg_1) = eppn1(t71).
Sett; =t 1(eiprq) tfor1 <i<n-—1landt, =t
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The bijection 6: P,_; — R,_; also induces a bijection 0,: Q, — R,, which sends

((¢n717 Lnfl), t) to ((¢, L,), tl, . ,tn), nOting that ((w, L/), t1> . ,tnfl) = 9(¢n717 Lnfl). (That
6, takes image in R, inside R], follows from the condition defining ﬁ?vnfc (V)" inside

—=r,n—1

My +,Cd_1(V)(ﬂ)-) Tracing through the definition of the map v: R, — P, of 4.6.9, one sees
that it takes ((¢,¢/), t1, . .., t,) to the same (¢, ¢) as above: that is, the level structure on the image

¢ is connected to ¢,,_1(e;) for 0 < i < d — 2 and t~! via en.n—1, just as before. We conclude that
v is the composition p, o 0!, and therefore a bijection.

By |4.6.10, the image of the composition R,, = P, EA R/ is contained in R,, C R/, and the
induced map R,, — R, is a bijection. Since v is surjective, the image of §: P, — R! is contained

in R,. Since the composition R,, = P, — R, is bijective, the map #: P, — R/, is injective with
image R,,.

4.6.12. We prove Theorem.4.9|for C,, in general. Let P = My o0 let R = (MY, ,, Noto)s

and let R’ = (WJ\’:( .0 MY (10))- The argument amounts to the following three statements.

(1) The image of #: P — R’ is contained in R.
(2) The map 6: P — R'is injective.
(3) The composition R = P % R'isan isomorphism onto R.
Statements (1) and (2) are reduced to the case of a complete discrete valuation ring treated in

4.6.11] while (3) is simply Lemma[4.6.10} By (2) and (3), the map #: P — R that we have by (1)
is an isomorphism.

4.6.13. The isomorphism v: M;}ip = ﬁ;{{la in the above proof of for Cy) is regarded
as one step in the following iterated Tate uniformization.
Let (S, U) be an object of Cy;, and let (¢, 1) be an element of ﬁ%g?g(& U). Let

((¢7 L/)7t17 cee 7tn) = V_1<¢7 L)a (¢TL—17 Ln—l) = 9_1((% [//)7t17 cee atn—l)'

Then ¢ is obtained from the pair (¢,,_1, ¢n_1(N)(£,; 1)) by the method of that is, ¢ is the
quotient of ¢,,_; by the lattice ¢,,_1(AN)(¢ ).

Define (¢;,¢;) (0 < i < n) in this way starting from (¢, t,,) := (¢, ¢) by downward induction
on n. The recursion ends with (¢, to) = (¢, ). Thus, ¢ = ¢, is obtained from v as an “iterated
quotient” by A-lattices of rank 1.

For 1 <7 < n, let ¢;,;—; be the exponential map which connects ¢;_; and ¢; (i.e., we have
¢i(a)oeiim1 =e;;-10¢;_1(a) forall a € A). Then

€i0 = €i;-1°€-1;,—20""0€190

is the exponential map which connects v and ¢;.
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We have local systems of A-modules

= A(¢o) C A(d1) C - C A(dn-1) C APn) = A

on the étale site of U, where A is associated to ¢ by Theorem and A(¢;) = ker(e;p) is
associated to ¢; by The quotients A(¢;)/A(¢;_1) (1 < i < n) are constant sheaves and are
isomorphic to A.

4.6.14. We prove Theorem for élog.

By construction as an open set in the log regular scheme ﬂ?vn > the log scheme MTNH 4o Of
4.4.7)1s log regular. The 1dent1ty morphism on the object (./\/l N g MY . ,) of C,y maps under
6~ (which exists by - for Cy) to its universal generalized Drinfeld module with level N
structure This in turn provides a universal log Drinfeld module ((£, ¢), ¢) w1th level N structure
on My 4.0 10 Clog by E Thrs universal object determines a morphism My N 4o My N 4o Of
functors on C,, taking a morphism S — My N \ o to the pullback of ((£, ¢),¢). We prove that
this is an isomorphism.

The surjectivity of this morphism as a morphism of sheaves for the étale topology is straight-
forward. In fact, let S be an object of Ci,, and let (£, ¢), 1) € WNH + o(S). By the definition|1.2.8
of a log Drinfeld module, étale locally on .S, we have a morphism S — S’ with S’ log regular
such that ((L, ¢), ¢) is the pullback of some ((L', ¢'), ) € W&’?JFJ(S’). Let U’ be the open set of
St 4ic consisting of all points at which the log structure is trivial. Since S’ is normal, (S, U") € Cy
and hence by the part of Theorem {4.4.9| concerning the category C,; proven in there is a
morphism (5", U’) — (M%?Jﬁa, Nk U) such that ((£', ¢'), ') comes from the universal object
on (H}"VZ »» MYy, ) by pullback. Hence ((£, #), +) comes from a morphlsm S — M N t o

We prove the injectivity. We have the morphism of functors 6: 90Ty N o My ( +o) 0N Clog
in the reverse direction from#.4.8] In fact, we have the following.

Claim 1. The image of the morphism 6 on C, is contained in My, .

Proof of Claim 1. For an object S of élog, an element of WNR 4 o (5) comes étale locally on S from
a log regular scheme S’ by a morphism S — S’. Since S’ is normal, it comes from an element
of ﬁ;{,ﬁ »(S",U") for U’ as above, and the image of this element in Mr]\’:( +.0) (8", U’) belongs to

My (8. U") byl6.12] O
Now the injectivity in question is a consequence of the following claim.

Claim 2. The composition M N? o %n o M;Vn +o for Ciog is the identity map.

Proof of Claim 2. For an object S of élog’ an element mn oS ) comes étale locally from a log
regular S’. By the reduction to the category Cu as in the above proof of Claim 1, we are reduced to
the same statement as Claim 2 for C,,; which follows from Theorem for the category Co. O
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5 Compactifications

In Section we construct the Satake compactification of M, using the method of Pink [26],
slightly changing the formulation so that it is defined integrally. In Section we construct
the toroidal compactifications and prove that they have properties stated in the main theorems in
Section[I.3] In preparation for this, we assume the existence of these toroidal compactifications in
Section|5.2|and consider their relation to the formal moduli spaces of Section The properties
of the toroidal compactifications are then proved using the properties of the formal moduli spaces
so derived. In Section 5.4, we describe the toroidal compactifications explicitly in a special case,
and we describe the local monodromy of the related generalized Drinfeld modules.

In this section, we again suppose that A = F,[T]. Letd > 1, let N be a nonconstant element
of A, and let k be the degree of the polynomial V.

5.1 Satake compactifications

We construct the Satake compactification of M$; over A if N has at least two prime divisors and
over A[%] otherwise. The Satake compactification of M$; over F' was constructed by Kapranov
in [16] by a rigid analytic method and by Pink in [26] by a purely algebraic method. We follow
the construction in [26].

There are small differences between [26] and the construction in this subsection. As men-
tioned, in both [26] and [16], the Satake compactification is constructed over F', not A or A[%]
Another difference is that we characterize the Satake compactification as an object which repre-

. =d : e
sents the moduli functor My, ¢, as in Theorem |5.1.2|below, whereas the Satake compactification

of [26] was characterized by a certain delicate condition. Because these differences exist and
because Theorem is used for our construction of toroidal compactifications in Section
we give a proof of this theorem following the arguments in [26] but slightly modifying them to
provide the stated result.

5.1.1. Recall that in the case /V has at least two prime divisors (resp., only one prime divisor), we
denote by C,, the category of pairs (S5, U) where S is a normal scheme over A (resp., A[%]) and
U is a dense open subset of S. Recall also that

ﬁ?v,s& Cn — (Sets)

is the functor which sends (S, U) to the set of all isomorphism classes of ((£, ¢), ¢), where (L, ¢)
is a generalized Drinfeld module over S with restriction (£, ¢)|¢ to U a Drinfeld module of rank
d, and where ¢ is a Drinfeld level NV structure on (£, ¢)|y.

Theorem 5.1.2. The functor ﬁ;iv,sa is represented by a pair (M}jmsa, M) for some projective

il . .
normal scheme My s, over A (resp. A[5:]) which contains M&; as a dense open subscheme.
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5.1.3. The proof of the case N = T of Theorem[5.1.2]is given in and it is extended
to a general V in 5.1.10

First, we recall the known explicit construction of M¢%. Let V be a d-dimensional vector
space over [F, with base (ui)o<i<a—1- Let

Sym(V) = Fq[uo, <. ,ud_l]

be the symmetric algebra of V' over . Let €2 be the open subscheme of qu_l = Proj(Sym(V))
obtained by inverting all elements of V' \ {0} C Sym(V). In }P’]‘éq_l, this 2 is the complement of
the union of all IF;-rational hyperplanes.

Lemma 5.1.4. The scheme A[%] @, (2 represents M, or in other words, M$. = A[%] ®r, 2

Proof. We have the universal Drinfeld module (£, ¢) over A[7] ®g, €, where L is the pullback
of O(1) ofIP’gq_1 to {2 and ¢ is given by

$(T)(z) =Tz ] @-v'2).

veV\{0}
It is endowed with the T-level structure
d—1
(T_lai mod A)Ogigd—l — Z a;u; € L
i=0
for (a;)o<i<a—1 € FZ. A Drinfeld module of rank d with T-level structure over an A[=]-scheme
S comes uniquely from this universal one by a morphism S — A[7] ®, Q over A[7]. O

5.1.5. We define a projective variety () over I, which contains {2 as a dense open subscheme.
Let R be the F,-subalgebra of the rational function field F,(uo, . . ., u4—1) generated by v~! for
v € V\ {0}. Regarding R as a graded ring in which each such v~ has degree 1, let ) = Proj(R).
Then () is identified with the open set of () obtained by inverting all v™! € R withv € V' \ {0}.
On (2, the pullback of O(1) from IP’%;I and the pullback of O(—1) from @ coincide. The
universal Drinfeld module over A[%] ®r, 2 extends uniquely to a generalized Drinfeld module
over A[+] ®r, Q with the line bundle O(—1).
By [27]], the variety ) is normal, and hence A[%] ®r, () is normal. As a consequence of the

following lemma, the functor ﬁdT’Sa is then represented by (A[%] ®r, Q, M4,

Lemma 5.1.6. Let (S,U) be an object of Coi. A morphism U — A[7] ®r, Q of A[#]-schemes
extends to a morphism S — A7) ®r, Q of Alz]-schemes if and only if the induced Drinfeld
module over U extends to a generalized Drinfeld module over S. Moreover, any such extensions
of morphisms and Drinfeld modules are unique.
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Proof. Note that any extension of morphisms from U to S as in the statement is unique as () is
separated, whereas any extension of Drinfeld modules from U to S is unique by

If we have an extended morphism S — A[7] ®r, Q, we have the pullback of the generalized
Drinfeld module to S. Conversely, assume that the Drinfeld module over U extends to .S as a
generalized Drinfeld module with line bundle £. Locally on S, some vy € V is a base of L by

2.6.11(2), and vyv~! € Og forall v € V' \ {0} by[2.6.11(1). This proves that the morphism on U
extends to a morphism S — A[1] @, Q. O

To proceed from level 7' to general level, we use part (1) of the following simple lemma on
the category of pairs (S, U), where S is a normal scheme and U is a dense open subset of S’ (with
the evident definition of morphisms). Its part (2) will be used in Section

Lemma 5.1.7. Let f: (S,U) — (P,W) be a morphism in the category of pairs of a normal
scheme and a dense open subset.

(1) Let W' — W be a finite morphism of schemes with W' normal, and let P’ be the integral
closure of P in W'. Then, every morphism U — W' of schemes over W extends uniquely
to a morphism (S,U) — (P',W') over (P,W).

(2) Let I; for 1 < i < n be invertible ideals of Op such that, for each i, the pullback of I; to S
is an invertible ideal 1; g, and the restriction of I; to W coincides with Oy,. Let P’ be the
normalization of the blow-up of P along the product of the ideals 1; + I; for all pairs (i, j).
Then we have a morphism f': (S,U) — (P, W) over (P,W) if and only if, for each pair
(i,7), either I; s C I; s or I; s C I; s. Furthermore, f' is unique if it exists.

Proof. Part (1) is clear. We prove part (2). Let P be the blow-up of P along the product of the
ideals I; + I;. (Roughly speaking, P is the minimal space over P on which each ideal I; + I j
generates an invertible ideal.) By the definition of the blow-up, for each point z of P with image
y in P, the ring Op , is generated over the ring Op, by elements ¢; ; for the pairs (7, 7) such that
for each (i, j), we have either [ = t; ;I; p or I, p = 1; ;I; p. Part (2) follows from this. O

5.1.8. Assume that N is divisible by 7. The morphism A[£] ®4 M% — M is finite. Let
AlF] ®a ﬂf\,vsa be the integral closure of M;Sa in A[1] @4 M4%.

We prove that (A[7] ®4 M?V,Sa? Al7] @4 M%) represents the restriction of the functor ﬁ?\,ﬁa
to the full subcategory of C,; consisting of the objects on which 7' is invertible.

Let (S,U) be an object of the latter category. The set 9_ﬁ§lv,sa(57 U) is identified with the
set of pairs of an element f of ﬁdT’Sa(S, U) and a morphism U — A[%] @4 M$, over M4.
We identify f with a morphism (S,U) — (M;Sa, M%) of Cy. By Lemma|5.1.7(1) applied to
this f and W' = A[£] ®4 M%, such a pair corresponds bijectively to a morphism (S,U) —
(AlF] @4 My s AlF] ©4 MY in
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5.1.9. Assume that NV is not divisible by 7. Let 77 = T'N if N has only one prime divisor, and
let 7" = T otherwise. Let Sy = Al7] ®a M;N,Sa = Al+] ® a1 AlF] ®a deN,sa’ let

G = ker(GL4(A/TNA) — GL4(A/NA)) = GLy(A/TA),
and let Sy = A[%] ®a M%Sa be the quotient of Sy by the action of G, which we can take because
So is projective over A[%] Then the scheme Uy = A[%] ®4 MY, which is the quotient of
Uy = Al#] ®4 M$.y by the action of G, is regarded as a dense open subscheme of Sj.

. i ~=d
In the rest of this|5.1.9, we prove that (Sy, Up) represents the restriction of the functor My g,

to the full subcategory of C,,; consisting of all objects on which 7" is invertible.

We show that the universal Drinfeld module over Uy extends to a generalized Drinfeld module
over Sy. Let (£, ¢) be the universal generalized Drinfeld module over Sy, and let (£',¢') be
the universal Drinfeld module over Uj. Then (L, ¢) has a T'N-level structure and hence has an
N-level structure. By 2), for some e € (%A JA)4, the image of e by this level structure
is a base of £. Let m: Sy — S, be the canonical projection. Since the pullback of this N-level
structure of (£, ¢) to Uy comes from the N-level structure of (£, ¢'), this e gives a section of
7L, which we also denote by e. Consider the line bundle Og,e on Sy. The pullback of Og, e to
So is £ and that to Uy is £. The action of A on £ by ¢ and the action of A on £’ by ¢ induce
the same action of A on Og e, and by this, the line bundle Og,e becomes a generalized Drinfeld
module over Sy which induces (£, ¢) on Sy and (£', ¢') on U.

Hence for an object (S, U) of C, on which 7 is invertible, a morphism (S, U) — (S, Up)
induces an object of ﬁ(zjv,sa@g ,U). Conversely, assume we are given an object of ﬁfv,sa(s LU).
It induces a morphism U — Uj. Let U be the fiber product of U — Uy <+ UO, and let S be the
integral closure of S in U. Since T is invertible on Uy, the morphism UO — Uy 1s a finite étale
Galois covering with Galois group G, and hence U is normal and hence S is normal. Thus, we
have a morphism (S, U') — (S, Uy) in Cy1, which in turn gives a morphism (S, U) — (Sy, Up).
Since the last morphism is G-invariant and S is the quotient of S by GG, we have a morphism
(S,U) — (So, Up).

5.1.10. We complete the proof of

First assume N has at least two prime divisors. By|5.1.8/and[5.1.9 we have A[7] ®4 m%s&

over A[Z]. Similarly, we have A[=5] ®4 M‘fm over A[715]. Their pullbacks over A7 ]

coincide. We obtain M?\,’Sa as the union of A[7] ®4 Mjlv,Sa and A7 ®4 H;Sa.

Next assume N has only one prime divisor. If the prime divisor is (7°), then A[%] ®a M?\,’Sa

obtained in|5.1.8]is ﬂ}jv75a. If the prime divisor is (T — 1), we obtain m;l\,,Sa similarly. If the prime
divisor is neither (7') nor (T — 1), then we have A[+] ® 4 Mjl\ﬂsa by5.1.9/and A= ®4 M?V,Sa

. —d . : :
similarly, and My ¢, is obtained as the union of these.

5.1.11. By construction, our Satake compactification M?\/,Sa of MY, coincides over F with that
of Pink [26]].
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5.2 Algebraic moduli and formal moduli

This is a preliminary subsection. In[5.2.1|and[5.2.2] we review some relations between schemes,

formal schemes, and adic spaces. In the remainder of the subsection, assuming that the moduli
functor ﬁf\ﬂz on C, is representable, we deduce many results on the moduli space from the formal
moduli theory of Section 4 In Section [5.3] we will prove the representability of this functor.
The results of this subsection then imply many properties of the resulting moduli spaces (i.e.,
the toroidal compactifications), including the main theorems of this paper from Section We
show that once the algebraic moduli space exists, then its formal completion is the formal moduli
space, which has beautiful properties. The algebraic moduli space then has beautiful properties
as well.

5.2.1. We first review basic relations between schemes, formal schemes, and adic spaces. Let X
be a locally Noetherian formal scheme, and let X=X adic be the adic space associated to X. We
then have two locally ringed spaces (X, O} ) and (X,0%).

Let S be a scheme, and assume that we are given a morphism u: X — S of locally ringed
spaces. Then we have two morphisms of locally ringed spaces

it (X,08) =8, a: (X,05) =S

whose underlying maps X — S need not coincide, as follows. The morphism @ is the com-
position (X, O}) — X — S of the morphism discussed in with u. The morphism 4 is
described in the following paragraph.

Recall that for a locally ringed space S and for a ring R, the set of morphisms S — Spec(R)
of locally ringed spaces is in bijection with the set of ring homomorphisms R — I'(S, Ogs). The
definition of @ is reduced to the case .S is an affine scheme Spec(R). In this setting, we have ring
homomorphisms

R=T(8,05) = I'(X,0x) = I(X,0}%) = I'(X,0%).

The morphism @ of locally ringed spaces already defined corresponds to the composition R —
F(f( , O;), while the morphism « is defined to be the one which corresponds to the composition
R - T'(X,0%). The map a* sends x € X to the prime ideal a* (z) = {f € R | |f(z)| < 1} of
R, whereas (z) = {f € R | |f(x)| = 0} € Spec(R).

For z € X, let y* = @ (z) and y = @(z), and let z be the image of = under the canonical
map X — X of Then the definitions of @' and % show that 4 belongs to the closure of
in S, and we have a commutative diagram

+
Osyy-k — OX,z — O)Z’,a:

| l

OS,y OX,%’
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in which the composition of the upper row is induced by @ and the lower row is induced by .

Example 5.2.2. Let E be a field, let S = Spec(E|[t]) with ¢ an indeterminate, let X be the formal
completion Spf(E][t]) of S along the ideal (¢), and let u: X — S be the canonical morphism.
Then

X = Xuaic = Spa(E[t], E[t])

consists of two points s and 1 for which s is in the closure of 7. For the maps X—>X->S
whose composition is @™, the first map sends s and 7 to the unique point of X, and the second
map sends this point to the prime ideal (¢) of E[t]. The map @i: X — S sends s and 7 to the prime
ideals (¢) and (0) of E[t], respectively. The commutative diagram in[5.2.1|for x = 1 becomes

Elt]@) — Eft] — E[t]

|

E(?) E(1).

5.2.3. In the rest of this subsection, we fix a finite rational subdivision Y of Y, for £k = deg N,

and we assume that the following hypothesis is true.

: ——d . .

« There exists a normal scheme My s, of finite type over A (over A[5:] if NV has only one
: - . . . ——d

prime divisor) with an open immersion M% — M s, over the base scheme A or A[F]

. ~d
such that the pair (M y;, M$;) represents the functor My 5, on Cy.

Hence all the results in the rest of this subsection are hypothetical results and should be
regarded as announcements of the results with the plans of the proofs. In Section [5.3] we will
prove that the above hypothesis holds, and the results stated below will become unconditional.

Let 0 € 2. By the above assumption and|3.5.7| there is an open subscheme ﬂfw +.o Of /lev,z

. . —d
containing M such that the pair (M, ,, M) represents the functor My | , on Cy.

Recall the category C,; of pairs (S, U) of a formal A-scheme S (over A[+]if N has only one
prime divisor) that is locally Spf of an excellent normal domain and a dense open subset U of its

adic space from{.4.2]

Proposition 5.2.4. Let r > 1 and n > 0 be integers such that d = r + n. The functor ﬁ?\f—i—,a
on Cy is isomorphic to the functor that sends an object (X, V') of Cul to the set of all morphisms
u: X — ﬂ?\, +.0 Of locally ringed spaces satisfying the following two conditions.

(i) Foreveryx € X, the fiber at u(x) of the universal generalized Drinfeld module on M?I\,’M
has rank r.

.. . - ——d . . .
(ii) The image of V under the map u: X,qic — MN,+,a is contained in Mﬁl\,.
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Proof. Let F' be the functor on Cu defined in the statement of the proposition. We define a natural
transformation F' — ﬁ%ﬁﬁa as follows. Fix u € F(X,V). Let ((£,¢),t) be the universal
generalized Drinfeld module on (M(Ji\, 400 M%) Let (£, ¢') be the generalized Drinfeld module
on X obtained as the pullback of (L, ¢) by u. Then every fiber of (L', ¢’) has rank r by condition
().

Let X = X,qic. The pullback of (£, ¢') to (X, O ) by the morphism (X, 0¢) — X of
is identified with the pullback of (£, ¢) under ii: (X, 05) — mjlv, . o by trivializing £ using the
basis ¢(ep) and tracing the commutative diagram in which shows that the pullback on X of
¢(a) for a € A by @' coincides with that by @. Since @ sends V into M$, by condition (ii), the
pullback of (£, ¢') to (V, Oy) via (X,04) — X is endowed with a canonical level N structure.
Thus we obtain an element of ﬁ;vn Lo (X, V).

The converse morphism ﬁ;{,ﬁﬁa — F'1is defined as follows. Let X = mzw, let V=

Mo © Xadic» and let (£, ¢), ¢) be the universal object on X, where ¢: (5 A/A)* — L. We
identify £ with O via the basis ¢(eg). Let R be the ring O(X). Then a — ¢(a) fora € A defines
a generalized Drinfeld module over R such that the coefficient of 2/%" in ¢(a)(z) is invertible in
R for every nonzero element a of A. Let ¢ € R be the coefficient of 2N in ¢(N)(z). Let R’ be
the localization R[c™!] of R. Set S = Spec(R) and &’ = Spec(R’) so that (S, S’) is an object of
Cu1. Then the restriction of the generalized Drinfeld module over S to &’ is a Drinfeld module of
rank d.

On V, we have

o) =c [ (- o).
be(HA/A)
Since R’ is normal, this formula for ¢(/N) implies that ¢(b) takes values in R’. The map
v: (£ A/A)* — L on &' is a homomorphism, as is checked on V. Hence, the formula also
shows that ¢ on &’ is a level IV structure of this Drinfeld module. Hence ¢ and ¢ define an
element of ﬁ(]jv, L o(S,8). Let f: S — ﬂ?\,y + o be the corresponding morphism. By definition,
it restricts to a morphism &’ — M4,.
Let w: X — & be the canonical morphism. Letu = fow: X — ﬂf\,#’a. Thenu: V —

——d . . .
My, , coincides with the composition

——d
Vo XxBshMy,,,

which factors as

V5SS o My — My,
where w is induced by w. We have u € F(X,V), and this defines (X,V) — F and hence
My 4o — F. O

The following proposition follows from
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Proposition 5.2.5. Let S be the open set of M?V, + o Of points at which the fiber of the universal
generalized Drinfeld module (L, ¢) has rank > r. Let S be the formal completion of S along
its closed subset of points at which the fiber of (L, ¢) has rank r. Let U be the inverse image of
M4 C Sin S.dic under the morphism U : Sodic = S of Then the object (S’, U) ofénl is
isomorphic to the object (mn +.00 M ) that represents the functor ﬁan Lo on Cu1 in Theorem

5.2.6. Let the notation be as in for some o € ¥. Asin we consider the cone

on = {(8:)1<i<n | (0771, 51,...,8,) €0},

which is identified with a face of o. With the identification S = M;Vn +.0 glven by , we have
a morphism

S — toricg, (o), (L, ¢), ) = (ﬂ)l«n.

L(ez’+r—1)

Using the above identification and the definition of M Nn( +,0)> there is also a canonical
morphism S — M’y. Moreover, S is isomorphic to an open set of the formal completion of
My X, toricg, (0,) along a closed subscheme and is endowed with the inverse image of the
canonical log structure of toricg, (7,,).

5.2.7. We prove that the log scheme ﬂ?v,z has the properties stated in Theorem |1.3.6(3).

Roughly speaking, the proof is as follows. From[5.2.6] we have that after we take some formal
completions, the log schemes M;iV,E and toricg,(0) x Gy, for 0 € X have the same shape, and
the log A[+]-schemes A[+] ® 4 M?V,E and toric 1, (o) have the same shape. This implies that
they have the same shape étale locally.

The precise proof is given as follows. Since /V}iv?z is the union over 0 € ¥ and g €
GL4(A/NA) of the log schemes gﬂ}iv’ +o Dy [3.5.7(1), it is sufficient to prove the following

. ——d
properties foreacho € Y andz € My, .

(1) There exist an étale neighborhood U — ﬂfm +o Of z and a smooth morphism U —
toricg, (0).
(2) If N is invertible at x, there exist an étale neighborhood U — A[%] ®a m(]i\,, 4o of z and
an étale morphism U — toric 41, (0).
Let r be the rank of the fiber at = of the universal generalized Drinfeld module on Mjlv’ +.0- Let
n=d-—r.
We prove (1) (resp., (2)). Consider the morphism

X =My o =Y :=toricg,(0n) (resp., X := A[5] @4 My 4o = Y = toric11(0n))

1
N
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given by
(L,6),) > (#)

b(€i+r71)
Let y be the image of x in Y. By and the fact that M is smooth over [F,,, we have an (’jy,y—
isomorphism between ) x - and a finite étale ring over @Ky [ti,...,t,] (resp., (’A)yvy [t1,. .. tr—1]),

where ¢; are indeterminates and " indicates the completion. This proves that the morphism X — Y
is smooth at x with relative dimension r (resp., r — 1). Since toricg, (0) = G/ "' x toricg, (0,), we
have that there are an étale neighborhood U — X of x and a smooth morphism U — toricg, ()
(resp., an étale morphism U — toric 4 1 (o)) for which the log structure of U is the inverse image
of that of the latter toric variety.

5.2.8. By|5.2.7|(so conditional upon the assumption in|5.2.3)), the log scheme ﬂ?\,’z is log regular,

and A[] ®4 ﬂ;z is log smooth over A[+].

——d . —d .

We show that My 5, represents the moduli functor 901y, 5, on the category Cy, of schemes with
saturated log structures over A (over A[%] in the case N has only one prime divisor). First, we
prove the following.

Proposition 5.2.9. Let F,, be the functor ﬁ?\, (resp., ﬁ?\ﬂz, resp., ﬁ}i\,y Lo)on Cuni and let Fy,g be
the functor ﬁ?\, (resp., ﬁ}j\m, resp., ﬁ% +o)on Ciog. Then F, is the composition of Fig and the

functor Cy; — Ciog 0f|

Proof. Let (S,U) be an object of C, and consider the associated log structure on S.
We have the map Fio,(S) — Fu(S, U) taking a log Drinfeld module ((£, ¢),¢) on S to the pair
((L, ), t|r). The latter object is a generalized Drinfeld module over (S, U) with level N structure
as the generalized Drinfeld module (£, ¢) on S restricts to a Drinfeld module on U (see and
its proof in . Moreover, it is an element of F},;(S, U) since a log Drinfeld module satisfies
(div) by [[229] (see 2-73).

On the other hand, we have seen that F}; is represented by an object (P, W) of Cy, with P log
regular (5.2.8). We therefore have a map F1,1(S, U) — Fiog(S) given by pulling back the universal
object on (P, W). These maps are inverse to each other by construction. [

5.2.10. We prove that the functor ﬁ(va: Ciog — (Sets) is represented by M(]iv,z (conditional
upon our assumption in [5.2.3|of representability on C,;). We may assume that 3 is a subdivision

of Xy, since [3.5.8| tells us that ﬁ(]i\m and ﬁ(ziv,z*z . are equal on both Cy,g and Cyr.

The universal generalized Drinfeld module on (H(Jiv,va(ziv) gives rise to a log Drinfeld
module on the log regular scheme m?\,,z. (This is the universal log Drinfeld module of rank
d on M?V,E') Taking the pullback of this log Drinfeld module defines a natural transformation

——d —d
My 5 — My 5 of functors on Cyg.
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The functor ﬁ?\/,E on Cy, is a sheaf for the étale topology, and by the definition |1.2.8| of log

Drinfeld modules of rank d with level N structure, this morphism is a surjection of sheaves on
Ciog- It remains to prove the injectivity.

Leta,b: S — M?V,Z be morphisms in Cj,, which induce the same element of ﬁf\ﬂz(S). We
claim that ¢ = b. For this, we may assume that .S is of finite type over A. Let s € S, let @5’3 be
the completion of the local ring Og ,, and consider the morphisms

Qs, bs - Spec(@s,s) — W?V,E

of Cjog induced by @ and b, respectively. Here, Spec((’jg,s) has the inverse image of the log structure
of S. It is sufficient to prove that a5 = b,. It follows from that by changing the basis of
(4 A/A)? if necessary, we may assume that @, and b, are morphisms Spec(Qg;) — My, , for
some o € Y. By these morphisms correspond respectively to morphisms

al, bl Spf(Os,s) — mﬁ,a

§) Vst

in élog, for some r, n such that r + n = d, where Spf (@575) is given the inverse image of the log
structure on S. Because they give the same element of ﬁ;\}%a(Spf (Os.4)), we have @/, = b/, by

Theorem for élog.

5.3 Toroidal compactifications

In this subsection, for a finite rational subdivision > of C;, we construct the toroidal compacti-
fication M(ziv,z of MY, and prove that it has the properties stated in the main theorems stated in
Section

We proceed as follows. First, we construct the special toroidal compactification Hj’v,zk by

. . . —=d . . . .
blowing-up the Satake compactification My g, in order that the N-torsion points of the universal

generalized Drinfeld module on M}j\,’Sa satisfy the condition (div). We prove that (Mjlv,z . M%)

represents the moduli functor ﬁtfv,z . on Cy. By|5.2.8, we then have that M%E . 1s log regular.

Next, we consider the toroidal compactification for a general >. Using toric geometry
(formulated in the style of log geometry), we construct ﬂf\,vz out of M‘fm as its modification
associated to subdivisions of a fan. From the log regularity of M?I\,’Ek, we obtain the log regularity
of M;ivz. Using this log regularity, we can show that (ﬂjlv’z, M%) represents the moduli functor
ﬁf\m on Cp;. By the results of Section we may then conclude that ﬂf\,vz has all properties
stated in the main theorems in Introduction.

In the setting of abelian varieties, there is no special toroidal compactification of a given moduli
space among the collection of all of them. While we do have a special toroidal compactification
of each moduli space of Drinfeld modules, it is better to consider all toroidal compactifications
since we can find regular ones (and smooth ones after inverting /) among them.
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5.3.1. We construct W?V,Ek for k = deg N as follows. Let S = Mjlv,sa DU = M¢%, and let Mg
be the associated log structure on S of Let (L, ¢),¢) be the universal generalized Drinfeld
module over (S, U) of rank d with level N structure.

For each a € (%A JA)4, let I, be the ideal of O which is locally generated by f € Mg C Og
such that the class of f in Mg/OF coincides with pole(t(a)) (see 2.6.4). Let I C Og be the
product of the ideals I, + I, for all pairs (a,b) of elements of (1A/A)% Let /V?v,zk be the
normalization of the blow-up of S along I, and note that it is proper as S is.

Recall that EJTI?V = ﬁ}j\m . by Proposition 3.5.8

Proposition 5.3.2. The pair (M?\/,E . M4, represents the functor ﬁ?\@ . on the category Cy,.

Proof. Let (S,U) be an object of C,. We apply Lemma [5.1.7(2) for the pair (P,W) =
(M?V’Sa,/\/lﬁlv) and the ideals I, as in [5.3.1{for a € (+A/A)?, in which case P’ = M?\/,zk-
Let f be an element of ﬁ?V,Sa(S7 U). Then f belongs to ﬁ?v(S, U) = ﬁﬁ’m(s, U) if and only
if f satisfies the condition (div), that is, if and only if the pullbacks /, s of I, under f: S — P
satisfies either I, s C I 5 or I, s C I, for every pair (a,b) of elements of (A/A)%. By
[5.1.7(2), this condition is equivalent to the condition that there is a morphism (S, U) — (P, W)
over (P, W), and furthermore, such a morphism is unique if it exists. U

5.3.3. By [5.2.8|and |5.3.2} the log scheme Mlli\/,zk is log regular, and A[%] ®a ﬂ}i\,vzk is log
smooth over A[+|. This is the special case © = X, of a part of Theorem 1). Moreover,
Theorem [I.3.7|follows from the case ¥ = X, of Proposition [5.2.9] which is unconditional in this

case by

5.34. Let ((£, ¢),¢) be the universal generalized Drinfeld module over (Mjlv,zk, M4;) of rank d

with level N structure. For a basis (e;)o<i<q—1 as in|1.2.11(1), the family (pole(¢(e;)))1<i<d—1.
which is independent of the choice of basis, provides an element of [] (M(Ji\ﬂzk), similarly to

3.5.6, That is, we have a morphism M;i\,vzk — [X4] of functors on Cjeg.

Consider the fs log scheme

—d —d —d
MN,E = MN,Ek X2k DEDVAES MN,Ek X[C4) [X]

(see [2.5.13), where * denotes the join. This is proper and log étale over Mfm, again using
2.5.13| In the case that X is a subdivision of >, it is M}i\fﬁzk X 2]

Since a log étale scheme over a log regular scheme is log regular, we have that /V(Jiv,z
is log regular. From the log smoothness of A[%] ®a M?V,Ek’ we have the log smoothness of
A[%] ® Aﬂjlv’z. From the properness of Mf\mk , we have the properness of ﬂf\m. The morphism
ﬂjlv’z — ./\_/ljlv,sa and the morphisms Mjlw — M?\,’E for finite rational subdivisions 3’ of ¥ are

birational because these morphisms induce the identity morphism on their dense open subscheme

M,
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-4 .. . . .
Lemma 5.3.5. In My, the open set MY coincides with the set of all points at which the log
structure is trivial.

Proof. We prove this first for 2 = >;.. Let W be the open set of M}i\[’zk consisting of all points
at which the log structure is trivial. Then M¢ C W. Since the restriction of the universal object
(L, ¢),t)on (ﬂ?\,’zk, M%) to W is a Drinfeld module of rank d with a level N structure, we have

by|5.3.2ja morphism (M;Zk, W) — (M;Ek, M) such that the composition (m?\mk, M) —
(ﬂjl\mk, W) — (M%Zk, M%) is the identity morphism. This proves W = M4,.
We consider the general case. Replacing > by the join X % X, we may assume that X is a

finite rational subdivision of ;. By |5.2.7, the morphism Mjlv,zk — [Xy] is strict, that is, on

an étale neighborhood U of each = € ./\_/ljlv,z .+ it factors as U — toricy, (o) — [o] < [¥] for
some o € X, where the log structure of U is the inverse image of that of toricg, (o). It follows
that the morphism ﬂ}i\m — [X] is also strict. The strictness of these morphisms show that the
open subscheme V of M}i\f’z consisting of points at which the log structure is trivial is the fiber
product ﬂf\m X5y [{0}]. Similarly, we have W = mf\f,zk X (55 [{0}]. It follows that V' = W
and therefore V = M%. O

5.3.6. Since M‘j\m is log regular, it is normal by [2.7.2(1), and hence we have an object

(M?IVZ, M%) of C,. Moreover, this log regularity implies that the log structure on /V(]i\m
coincides with the log structure of |1.2.4|associated to the pair (m;iv,zv M%) by [2.7.2(2).

Proposition 5.3.7. The pair (H?V,Ev M4)) € Cy represents the functor ﬁjd\,’z*zk = ﬁf\,’z on Cy.
Proof. Let (S,U) be an object of C,. Endow S with the log structure of Consider the
following collections:
(a) morphisms (S,U) — (M?\J,Ev M%) in Cy,
(b) morphisms .S — M?v,z in Ciog,
(c) pairs of a morphism S — ﬂjlvjzk in Cj,y and a morphism S — [X] which induce the same
morphism S — 3], and
(d) pairs of morphisms (S,U) — (ﬂf\mk, M%) in Cyy and S — [¥] which induce the same
morphism S — [Xg].
By[3.5.5(3) and[5.3.5] we have that (a) and (b) are in bijection, as are (c) and (d). The collections
(b) and (c) are in bijection by the definition of M?\r,z in [5.3.4 By [5.3.2] and the definition of
My 5 the set of pairs in (d) is identified with Dy (S, U). O

5.3.8. For o € X, by[5.3.7|and [3.5.7(3), we have an open set MEZ\HJ of ﬂ;z containing M¢$,

——d =—d .
such that (M, , M%) represents the functor 9 N.+.o on Cn. We then have an open covering

Mys=UJ U oMy,

0€X geGL4(A/NA)
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by Lemma D).

5.3.9. By all results in become unconditional. These together with
prove Theorem|I.3.6and parts (1) and (2) of Theorem|[I.3.5] Theorem|I.3.5(3) is proven in

below.

Theorem 5.3.10. Let N' € A be a nonzero multiple of N. Let k (resp., k') be the degree of
the polynomial N (resp., N'). Let X be a finite rational subdivision of ¥, and let Y’ be the
corresponding finite rational subdivision of ¥y js (see . Unless N' has at least two prime

divisors and N has only one prime divisor, My s, is the integral closure of My s, in the function

field of M%,. Otherwise, the integral closure is A[] ® 4 ﬂfm.

Proof. We assume that either N’ has one prime divisor or N has at least two, the remaining
case being similar. We apply |5.1.7(2) for P = ﬂ?\,’y, W = M%, and W = M%,. By the

. . ——d . .
arguments as in|5.1.8 the functor on Cy, represented by the integral closure of My 5, in M, is

the subfunctor of ﬁ?\,/ which is the inverse image of the subfunctor 97(;1\,,2, of ﬁ}iv. By[3.1.8and

o . ~—d ~—=d . .
2.6.5} this coincides with the subfunctor 9y, . of M ,. Hence this integral closure coincides
o d
with My, 5. N

Recall that o N Z9~! is regular for a cone ¢ in R?~! if it is generated by m elements as a
monoid, where m is the dimension of o.

Proposition 5.3.11. Let 3 be a subdivision of ¥, and suppose that ¢ € ¥ is such that o N 7.4~
is regular. Then the underlying scheme of M‘]jm +.o Is regular, the complement of M4 in ﬂ% to
is a normal crossing divisor, the underlying scheme of A[%] ®a M}im +.o IS smooth over A[%]
and the complement of A~] @4 M% in Al+] ®2 ﬂ?vﬁno_ is a relative normal crossing divisor
over A[+ .

Proof. For o such that o N Z9"! is regular, the toric variety toricg (o) is smooth over F,
with normal crossing boundary (i.e., the complement of its torus part is a divisor with normal
crossings). The morphisms of constructed in property (1) (resp., (2)) yield the properties of
M?V’ +.0 (Tesp., A[%] ®a m(;\,, + ) stated in the proposition. For this, note for instance that the U
constructed in (1) (resp., (2)) is regular, being smooth over FF,, (resp., smooth over A[%], in that
toric 41 () is smooth over A[+]). O

5.3.12. As each finite rational cone decomposition of C,; has a finite rational subdivision consisting
of cones o such that o N Z4~! are regular (cf. [21, Ch. 1, Thm. 11]), we obtain Theorem 3)
on m?\r,z as a consequence of Proposition|5.3.11
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5.4 An example

In this final subsection, we provide an explicit description of the toroidal compactification M s,

and its relation to the Satake compactification /V;Sa. We also describe the local monodromy of
the universal log Drinfeld module on the former space (see|5.4.8)), and of the universal generalized
Drinfeld module on the latter space (see[S5.4.7).

5.4.1. We make the identification
P% | = Al%] ®r, Proj(Symg, (V)

[T

forV = Z?:o F,u; asin(5.1.3|in the case d = 3. We prove that ﬂ?:;’,zl coincides with the blow-up
of ]P)i[%] along all a ® A[7] C IP’Z[%] with a € P*(F,).

In fact, let X be this blow-up. It is sufficient to prove that (X, M3.) represents ﬁ?’T’E L= ﬁ;
on C,. Note that X is the blow-up of ]P’i‘[ 1
FF,-rational hyperplanes in 2. We identify V' with (3 A/A)?.

Let (S,U) be an object of Cyy, and let ((L, ¢),t) € ﬁ;(S, U). Define a line bundle £’ on
S as follows. Because the condition (div) of is satisfied, locally on S, there are nonzero
elements a, b of V such that ¢(b) | ¢(v) | ¢(a) for all nonzero elements v of V. (That is, the pole of
a is the minimum, the pole of b is the maximum, and actually, ¢(a) is a basis of £ by 2.6.11]2).)
The line bundle £’ on S is then uniquely defined such that £’ = ¢(b)c(a) 'L = Og - 1(b) locally.
The canonical surjection Og ®r, V' — L’ induced by ¢ gives rise to a morphism S — Pi[ 1) of
A[7]-schemes that sends U to M3, by the description of M3, in Since the condition (div)
is satisfied, 2) tells us that this morphism extends to a morphism (S, U) — (X, M3.) of Cpy.

Conversely, we have an element ((£, ¢),¢) € ﬁST(X , M3, as follows. Let £’ be the pullback
of the line bundle O(1) on P% ,

(7]
By the construction of X as the blow-up along the intersections of the IF,-rational hyperplanes,

along the intersections of all pairs of different

to X, and let p: Ox ®p, V' — L' be the canonical surjection.

for each pair of nonzero elements (a, b) of V', we have either p(a) | p(b) or p(b) | p(a) locally on
X. Hence locally on X, there are nonzero elements a, b of V' such that p(b) | p(v) | p(a) for all
nonzero elements v of V. Define a line bundle £ on X locally by £ = p(a)p(b) 'L’ = Ox - p(a).
We then define ¢ on z € L by

o(T)(z) =Tz [[ (1-pv)"2).

veV\{0}

Here, we have p(v) 'L = p(v)™'Ox - p(a) C Ox. The level structure ¢ is then induced by p.
For an object (S, U) of Cy, a morphism (S, U) — (X, M3.) of C,; then gives rise to an element
of M-(S, U) by pullback.

As these maps are the inverse to each other by construction, we conclude that (X, M3.)
represents MgT on Cy, as required.
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5.4.2. Fora € P*(F,), let D(a) C W;EI be the inverse image of

For a line ¢ in P2(F,)), let D(¢) be the proper transform in M, 5, of L@ AlF] C IP’Z[ 1)
’ T
The complement D of M3 in WST,EI is the union of all D(a) and D(¢). The scheme ﬂ;zl
is smooth over A[7], and D is a relative normal crossing divisor over A[].

5.4.3. Recall that ¥, is the set of all faces of o := {(s1,52) € R, | 51 < s2}. We have the
following statements.

(1) The open set ﬂ; 4o Of ﬂ;z , coincides with the complement of the union of D(a) and
D(¢), where a ranges over all points of P?(F,) which are not (0 : 0 : 1), and ¢ ranges over
all lines in P?(F,) which are not the line 1y = 0.

(2) We can identify M?’T’Jﬁa with the open set of Spec(A[£][%, 4]) = toric 4 11(0) defined as

uy’ ug
the complement of the union of zeros of

1+a@, 1+b@+cﬂ (a,b,c € F,).
U1 U2 U2
The intersection of ﬂ‘; +,0 With D(ug = 0) is the part #* = 0, and the intersection with
D(0:0:1)is the part ;* = 0.

(3) Letz € /\_/I;E .- Then the fiber at = of the universal generalized Drinfeld module of ﬂ;z )
has rank 1 if and only if  belongs to D(¢) for some line ¢ in P*(F,), rank 2 if and only if =
does not belong to D(¢) for any ¢ and x belongs to D(a) for some a € P*(F,), and rank 3
if and only if x € M3..

“—L2 .. . . . 3
(4) The formal scheme My,  is isomorphic to the :¢-adic formal completion of My, .

That is, ﬂ;ig = Spf(H), where
u \ ug )"
1+c— €T =
( +CU2> e q]/(ul)

. Ug Uy
H =1limA[%] | —, —
lim (7] {ul, UJ
The proof of (1) is straightforward by the modular interpretation of (ﬂ;& , M3). Part (2)
follows from part (1). Part (3) follows from part (2) because the fiber has rank 1 if and only if
ur = 0, rank 2 if and only if 3 # 0 and s = 0, and rank 3 if and only if ;2 # 0. Part (4) follows

from parts (2) and (3).

5.4.4. The Satake compactification /V;Sa is the quotient of WSTEI obtained by contracting D (/)
for all lines ¢ in P?(FF,): For the morphism Mgm — WST,Sa of [5.3.1} the image of D({) is
isomorphic to Spec(A[7]) for each ¢, and if we denote the image of | J, D(¢) by Z, then

My \ D) = Mg, \ Z
l

104



is an isomorphism.
. . . : ——3
Concerning the universal generalized Drinfeld module over My g,, the rank of the fiber at

—3 . .. o : :
s € Myg,is3if s € M3, is 1if s € Z, and is 2 otherwise.

5.4.5. For the remainder of this subsection, let us assume that ¢ = 2. We describe some open sets
S ——3 . . oy 3 .
of the Satake compactification X := Mg, and its relation with My, explicitly.
Take the affine open set

B={ze€ X |uf" €Ox,forall f € V\{0}}

of X, denote uou;*, uguy b, uo(uy + ug) ™t € Op(B) by t1, Lo, ts, respectively, and let S be the
openset {x € B | 1+t is invertible at x for 1 <+ < 3} of B. We have

S = Spec(A[F][t1, ta, ts, (14 t1) 7 (1 +t2) 7 (1 + t3) ']/ (tata + tots + tst1)).

Then M3, is identified with the open set of S consisting of points at which #;¢,t3 is invertible.
The universal generalized Drinfeld module ((£, ¢), ¢) over S has £ = O,

3
HT)(2) =Tz ] (L—uof'2)=Tz(1—2) JJ((1—t:z)(1 = ts(1+t:)"'2))
fevi{o} i=1
for 2 € O, and 1(ep) = 1 and t(e;) = t; ' fori = 1,2. The partt; = t, = 0 of S coincides with
the set of all points of S at which the fiber of the universal generalized Drinfeld module has rank
1.
The morphism ﬂ;z L M;,Sa induces ./\_/l?} + o — S which comes from the ring homomor-

Alg][t, t2, 1] — AlF] [@’ - (1 " Ilﬂ> 1] |

phism

(tits + tots + t3ty) T

5.4.6. Let s € S of be a point of the Satake compactification such that t;(s) = 0 for
1 = 1,2, 3. Then by the explicit presentation of the affine ring of .S given in we have neither
t1 | ta nor ty | t; at s. Hence the universal generalized Drinfeld module over (S, M3.) does not
satisfy the condition (div) in[2.7.4]

In the following and|5.4.8] we consider the local monodromy of the universal generalized
Drinfeld module at a point of Satake compactification and at a point of a toroidal compactification,
respectively.

5.4.7. Let s be a point of S such that ¢;(s) = 0 fori = 1,2, 3. Let R be the completion of the strict
henselization of the local ring Og ,, and let () be the field of fractions of R. Let v be the maximal
ideal (T) of A. We consider the action of Gal(Q*P /(@) on the three dimensional F,-vector space
Voo = F, ®4, T,¢ where T,¢ is the v-adic Tate module of the universal generalized Drinfeld
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module ¢ over S viewed as a Drinfeld module over (). Let ¢ be the Drinfeld module over R of
rank 1 associated to ¢ as in We can regard T,,v) C T,¢.

Claim. Consider the action of Gal(Q*? /@) on V, ¢ by taking a basis (e;)o<;<2 such that ey is
a basis of V7). Then the image of Gal(Q*** /@) in GL3(F,) is an open subgroup of

1 e f
0 a bl|| (a b) €SL(2,F,),e, f € F,

0 ¢ a) \¢°

Proof of Claim. Let p; be the prime ideal of R generated by ¢, ¢3, and let p, be the prime ideal
of R generated by t1,t3 (so t; ¢ p,; fori = 1,2). Fori = 1,2, let V; be the completion of the local
ring of R at p; (so V; is a complete discrete valuation ring), let K; be the field of fractions of the
strict henselization of V;, and fix embeddings Q** — K" over (). Let 1); be the Drinfeld module
over V; of rank 2 associated to ¢ as in We canregard T,,¢) C T,,¢p; C T, ¢. Take an A, -basis
(e:)o<i<z of T,¢ such that e is a basis of T,,2, the image of e; in the T-torsion ¢[T]is 1, ¢, *, ;" for
i = 0,1, 2, respectively, and eq and e; form an A,-basis of T;,¢);. For o € Gal(K;*"/K;), we have
that o — 1 kills 7T;,1);, and by the proof of the elements (0 — 1) A,e3_; foro € Gal(K;"/K;)
generate an A,-submodule of T,7); of finite index. The action of Gal(K;*/K;) on T,¢ factors
through Gal(Q*?/Q). The action of Gal(Q*P/Q) on V¢ is of determinant 1 by the theory of
determinants of Drinfeld modules (see [[1], [9, 2.6.3]). These prove the claim. Here we use the
following fact:

« If U is an open subgroup of (} f») and V' is an open subgroup of ( z 9), then U and V

generate an open subgroup of SLy(F,).
[

5.4.8. Let v € M7, , (with ¢ = 2) be a point at which w(z) = 2(z) = 0. Let R be the
completion of the strict henselization of the local ring at x, and let () be the field of fractions
of R. Let ((£,¢),t) be the universal log Drinfeld module over M;El of rank 3 with level
T-structure, and consider the corresponding element of ﬁ;’iﬂ(Spf (R)). Let ¢, fori € {0, 1,2}
with ¢ = ¢ and ¢y = 1) be as in[4.6.13] Let v be as in[5.4.7] We can then view T, ¢; as satisfying
Ty CToor C Ty

Claim. Consider the action of Gal(Q*"/Q) on the 3-dimensional F-vector space V, ¢ by
using a basis (e;)o<;<2 such that e, is a basis of 73,10 and (e, €1) is a basis of T;,¢;. Then the
image of Gal(Q*?/Q) in GL3(F},) is an open subgroup of

b
c| |a,bceF,
1

o O =
o = 2
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Proof of Claim. Let p; be the prime ideal of R generated by 5t ", and let p, be the prime ideal
of R generated by t; and t,t;*. Let V), be the valuation ring consisting of all elements of the
local ring R,, whose residue classes are in the image of the local ring R,,. Let K; be the field
of fractions of the strict henselization of V; and embed QP into K7 over (). We show that the
image of Gal( K"/ K1) C Gal(Q*?/Q) in GL3(F,) already has the property in the claim above.
Let p/ be the prime ideal of V; generated by p;, and let V), be the completion of the local ring of V;
at p,. Then V, is a complete discrete valuation ring. Let K, be the field of fractions of the strict
henselization of V, and embed K" into K5 over K. Then over Vs, we may identify ¢; with the
Drinfeld module of rank 2 associated to ¢ (see[2.3.1)). The action of Gal(Q**?/Q) preserves V, ¢
and V,(¢) and is trivial on V,¢, on V,¢1/V,1, and on V,¢/V,¢;. From the proof of 2.4.2] we
see that (0 — 1)A,e3 for o € Gal(K]™/K) generates an A,-submodule of T),¢; of finite index,
the images of (¢ — 1)T,,¢ in T,,(¢1) /T, for o € Gal(K5™/K>) generate an A,-submodule of
T,é1/ T, of finite index, and the (o — 1)T,¢; for o € Gal(K5™/K>) generate an A,-submodule
of T4 of finite index. O
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