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Abstract

The reciprocity law of Coleman for the Hilbert norm residue symbol has
allowed the computation of the conductors of the abelian Kummer extensions
Qp(f”%, Cpn)/Qp(Qpn) with a € Q, and (p» a primitive p™th root of unity for a
fixed prime p and all positive integers n. From these conductors, we compute
the ramification groups of the nonabelian Kummer extension Qp( P/ pr) /Qp
obtained from adjoining to Q,, all p-power roots of its elements. More generally,
given a similar nonabelian Kummer extension of complete discrete valuation
fields, we have a method of computing its ramification groups from the con-
ductors of the abelian Kummer extensions and knowledge of the ramification
groups of the cyclotomic extensions.

1 Introduction

The availability of several explicit reciprocity laws in local class field theory has
made possible the computation of the conductors of Kummer extensions of local
fields containing the proper roots of unity. Given these conductors, one is able to
determine the ramification groups of certain two-step metabelian extensions of local
fields of characteristic 0. In particular, given a finite extension K of Q,, a subgroup
A of the multiplicative group K*, and a positive integer n, we can compute the

*I would like to thank Professors Robert Coleman and Hendrik Lenstra for suggesting this problem
to me.
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ramification groups of the extension K ( p(L/K) of K obtained by adjoining all the p"th
roots of elements of A. We shall first prove some simple theorems which make this
job easier. Then, from the conductors computed by Coleman and McCallum in [2]
and Prapavessi in [4]' using the reciprocity law of Coleman in [1], we shall determine

the ramification groups of the extensions Qp(P,"/Qg) /Q,-
Let G}, denote the Galois group of Q, (Pw"/Q;)/Qp. Take G = lim G,,, where the
inverse limit is taken with respect to the restriction maps. That is,

G = Gal(Q,("VQy)/Qy).

Then G shall denote the rth ramification group of this extension in the upper num-
bering. Note G" = lim (},, where (7, is the rth upper ramification group of G,,.
%

If p is odd, let V' be the unit group of Z,,. If p = 2, set V' = /Uy, where U, is the
set of units of Zs which are congruent to 1 modulo 4. Then we have the following
subgroups of G:

G(i, j, k) = Gal(Q, ("V/ Q") /Qp (G, MV, /(T = p)p?))

where 7,7,and k are natural numbers? and (pi denotes a primitive pith root of unity.
We obtain the following result in Section 3 for odd p and in Section 4 for p = 2.

Theorem 1. Let r > —1. Then

;

G if r=—1,
G(0,0,0) if—1<r<0
G(1,0,0) fo<r< 1,
ar — P . .
G(i,1,1) 1fz—1+pT<r§z, 1> 1,
G(i+1,1,1) if i <r<i+ by, i>1,
\G(z%—lzz—l—l) 1fz—i—( )<r<z—i——, i> 1

2 Kummer Theory

We now study the ramification groups of nonabelian Kummer extensions of complete
discrete valuation fields. Our primary interest is in local fields. Take a local field F’
of characteristic not equal to a prime p. Assume for a moment that [’ is not a finite
extension of QQ, and look at an extension of it by the p"th roots of some subgroup of
F>*. Then we easily see that its ramification groups are trivial beyond the Oth group
[3, Ch. 2]. Hence, when we later study F' = Q,, we shall interest ourselves only with
the wildly ramified case of adjoining to it the p"th roots of elements of Q.

Two corrections to [4] are supplied in an appendix to this paper.
2We remark that there are some equalities among the differently labeled G(i,j, k)’s and that
these equalities differ in the two cases p odd and p = 2.
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Let p be a prime number and K a complete discrete valuation field with charac-
teristic prime to p. Given a nonnegative integer n, we let j,» denote the group of
p"th roots of unity in the algebraic closure K of K. In p, we fix a primitive p"th
root of unity (,». For a subgroup A of K*, we define WA ={zeK |z eA)

We refer the reader to [3, Ch. 7] or [5, Chs. IV and XV] for definitions and
properties of the objects for which we supply notations in this paragraph. For K and
n as above, let p,, denote the maximal ideal of the valuation ring of K ((y»). Then
given a € K*, we will let f = f,(a) denote the unique nonnegative integer such
that pf is the conductor of the extension K ((m,”/a)/K((n). For a finite Galois
extension L/K with Galois group G, we let G" denote the rth upper ramification
group for all real numbers » > —1. The map 9,k will denote the increasing function
which takes the upper numbering of the ramification groups to the lower numbering.

Now fix a subgroup A of K*. For n > 0 set G,, = GaI(K(”n\/Z) /K) and N,, =
Gal(K ("VA)/K(()). Define A,,, = {a € A | f,(a) — 1 < r} for real r > —1. Set
Ap—1=ANK((p)<P".

We begin with the following theorem.

Theorem 2. For r > —1 we have N}, = Gal(K(”C/K)/K(p\"/Am)).

Proof. Let us drop the subscript n from the notation and deal only with the nontrivial

case r > —1. Set I = Gal(K(pC/A_T)/K(Cpn)). For a € A,, we let

H = H(a) = Gal(K ("VA,) /K (¢n, Va)),
H'=H'(a) = Gal(K(Cp”7 p%)/K<<p”>)-
Then
I"H/H=(I/H)=H" =1,
since f(a) —1 < r. Hence I" C H(a) for all a € A,, which means I" = 1. Set
J = Gal(K ("VA)/K("/A,)). We have
N"J/J=(N/J) =1 =1,
or N" C J.
Since I = N/J, we have N/N" = Gal(K(”’(/f)/K(gpn)) where we can choose
A, Cc T Cc A by Kummer theory. For a € T set M = Gal(K(p:/K)/K(Cpn,P{L/E)).

Then N" C M, so H = H'(a) as above satisfies H” = N"M /M = 1, which means
a € A,. Hence A, =T, or N" = J. O

For any integer n > 0 let A, = Gal(K(Cpn)/K). Let ¥n = ¥k () x- Then for
r > —1 we define A} < K™ by Al = A, 4. (r)-

Lemma 3. Forr > —1 such that A} =1 we have

G, = Gal(K (V&) /K (/A7)
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Proof. We drop the subscript n from the notation. As a property of the upper num-
bering of ramification groups, we have

G'N/N = A" (1)

Setting ¢/ = wK(pr\z/Z) i We also have an equality with ramification groups in the

lower numbering
Ny = Gy NN

Its equivalent formulation in the upper numbering reads

NY =G A N. (2)

Since A" = 1, we have that G"NN = G", so by Theorem 2 we conclude that K ( /AT )

is the fixed field of G", proving the lemma. O
Now let

i(n,r) =max{0 <i <n| A, CGal(K((n)/K(())} (3)

Note that if for some k& > 0 we have p,» C K, then i(n,r) > k. Let L], denote the
fixed field of N;""").

Theorem 4. Let r > —1 be such that Al = Gal(K (G )/K(Cy)) for i =i(n,r). If
L7 = L7(Cpn), then the fized field of G}, is L}. That is,

G = Gal (K (VA) /K (/A7)

Proof. The last statement is clearly equivalent to the first by Theorem 2. Further-
more, by Lemma 3 the theorem is already proven in the case ¢ = n. So assume ¢ < n.
Let F' denote the fixed field of GJ,. Note that our assumption on r implies by (1) and
(3) that FF'N K((n) = K((y) and (i+1 ¢ F. Since (2) yields F' C L}, = L} ((yn), we
have that if L] C F' then L] = F.

Let B = Gal(K({n)/K((y)). Then for s > —1 we have A; = A%B/B, which
implies that i(,s) = min{i,i(n,s)}. In particular i(i,r) = i. Hence we can apply
Lemma 3 to see that the fixed field of G} is L]. Then, letting M be such that
Gn/M = G;, we have GI M /M = G}, and so L} C F. O

7

Note that the condition on r in the above theorem holds whenever p is odd and
i =i(n,r) > 1orp=2and¢ > 2 This is a basic result in group theory upon
recalling A,, — (Z/p"Z)*.



Ramification Groups )

3 Ramification Groups for p odd

Now let p be an odd prime and take the field K to be Q,. Let p denote the max-
imal ideal of the ring of integers Z,[(;n] of Qu((pn). Then for a € Q) we let f,(a)
denote the nonnegative integer such that p/(® is the conductor of the extension
Q, (Cpn, 1’%) /Qp(¢pm). Let v, denote the p-adic valuation of Q,. We have the follow-
ing theorem [2]:

Theorem 5 (Coleman). Let p be an odd prime number. Let a € Q,, and write
a = &pP(1 —p)° with & € py1, b € Z, and ¢ € Z,. Let u = min{v,(b),v,(c) + 1}.
Then

P Hp+1) fu=0, oru<n and v,(b— pc) > u, else:
fnla) = < 2pn ifl1<wu<noru=n=uvy(c)+1,
0 otherwise.

Let A = (1 — p,p). Note that Qp(pm) = Qp(Pll/Qg). For j > 0, let V; =
(1 —=p)"y and W; = (1 — p)”p”’ ). From Theorem 5 we have

AP" if —1<r<1,

VeiWoy 207 —1<r<plp+1)—1, 1<i<n,
VeiWoioy ifptp+1)—1<r<2p —1, 1<i<n,
A if p"tp+1)—1<r,

A, =

where A, is the A, of Theorem 2.
Set N = Gal(Qp(Pw"/Q;)/Qp(Cpn)). We define certain subgroups of N by

N(j, k) = Gal(Q, ("V/Qp*) /Qp (G /T — . A/ (1 = p)p?))

for 7 and k satisfying 0 < 7,k < n. We can now write down the ramification groups
of N. For r > —1,

N if —1<r<1,

N (i, 1) if 2t —1<r<ptp+1)—1, 1<i<n,
N(@i+1,0) ifptp+1)—1<r<2p' -1, 1<i<n,
1 ifp"tp+1)—1<r.

N" =

Note that the function ¥, = ¥q,(¢,n)/q, 18 given by

r if —1 <r <0,
Uo(r) =X pP M1+ (p—-1r—i+1)—1 ifi—-1<r<i 1<i<mn, (4)
P 1+ (p—-1Dr—-—n+1)—-1 ifn—-1<r,
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where furthermore i(n, ) = min{[r],n} for r > —1 and the condition on r of Theorem
4 is satisfied. This follows for instance from Proposition 7.10 of [3, p. 109]. We then
have

N if—1<r<

N(i,1) 1f@—1+—<7“<2+ (p 5. 1<i<mn,
N = N(i+1,4) if i + oy )<r<2+— 1<i<n,

N(n,n) 1fn—1—|——<r<n+ﬁ,

\1 1fn+pT<r

Let G, = Gal(Q,(%/QY)/Q,) and let
Guli. j. k) = Gal(Qu("/ Q%) /Qu (G, MV, (1= p)p?)). (5)

where 7,7,and k range from 0 to n and V' denotes the unit group of Z,. Applying
Theorem 4 to G,,, we obtain the following ramification groups.

Theorem 6. Let r > —1. Then

(G, if—1<r<0

Gn(1,0,0) if0<r<-tg,

Gn(i,i,1) 1fz—1—i—pT<r§i, 1<i<n,
G = Gu(i+1,4,9) ifz’<r<i+ﬁ, 1<i<n,

Gu(i+1,4,i+1) if i+ - 1)<r§z'+p%1, 1<i<n,

Gn(n,n,n) 1fn—1—i—p%<7"§n+zﬁ,

! ifn+1ﬁ<r.

The groups of Theorem 1 are now the inverse limits of these G| with respect to n.
We remark that if Q, is replaced by any (finite) unramified extension K of Q, and
V' by the unit group of the valuation ring of K in equation (5), then one can show by
computing the necessary conductors that Theorem 6 holds with these changes and
hence so does Theorem 1.

4 Ramification Groups for p =2

We now let p = 2 and keep the notations for conductors f,(a) and the 2-adic valuation
ve.  We have the following theorem, which is a corrected form of that in [4] (see
Appendix).
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Theorem 7 (Prapavessi). Let a € Q5 , and write a = £2°(=3)° with ¢ = +£1, b € Z,
and ¢ € Zy. Let uw = min{uvy(b), va(c) +2}. If € =1 then

3.071  if =0,
2" if u=1andn > 2,
B gn—u+l if 2 <wu<nand u=uvy(c)+2,
fla) = 3-2n7ul if 2 <y <n—2and u < wy(c) + 1,
2 if 2<u=n-—1and u=1vy(c) +1,
L0 otherwise.
If £ = —1 then
(3271 ifu =0,
3-27% ifu=1andn>3,
_J0 ifu=1, n=2, and vy(c) > 1,
fla) =9 2 ifu=1, n=2, and vy(c) =0, or
ifu=1and n=1,
2" if u> 2.

\

Take A = (—1,3,2). Then Qs(*VA) = Q2(*/Q; ). From Theorem 7 we have

A2 if r=—1,
(=3,4)  if-1<r<I1,
Alr - .
’ (—1,3,4) ifl<r<2
A f2<r
and for n > 2,
[ (32", (—4)2") if r=—1,
(327 (—4)2"7) if—1<r<l,
((=3)2"7", (=)' ) if1<r<3,
Anr=19 (=3)7"7 (=) if2—-1<r<3-201—1, 2<i<n,
(=3)"7 (=) Y 3.2 1< r <2t — 1, 2<i<n,
(—1,3,4) ifon —1<pr<3.2nl_1,
A if3.-2n71 1<

\

Now take N = Gal(Q2(*/Q})/Q2((2n)). Note that 1, = 1qy(cun) Q. Satisfies
equation (4) with p = 2. Let us define subgroups of N by

N(i, j) = Gal(Qs (*/Q2*) /Qa (Gon, * V=3, 3/—1))
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for natural numbers ¢ and j such that i <n — 1 and 7 < n. We also define

N(n) = Gal(Q (2\n/ Q%) /Qa(Cani1, V3, zn_\l/§)).

We see that
(N if r=—1,
N(0,0) if-1<r<1,
N(1,0) ifl<r<2, n > 2,
N¥) = L N(i,1) ifi<r<i+i, 2 <i<n,
N(i,i+1) ifi+i<r<i+l, 2<i<n,
N(n) ifn<r<n+l,
1 ifn4+1<r.

Ve

Let G, = Gal(Qg(Q\n/ Q;)/Qz) and let
Guli, j, k) = Gal(Qa (V/Q2*) /Qa(Gr, V=3, V/=1)),

where 17, 7, k are natural numbers such that : < n+1, 7 < n—1, and £k < n. We
can as in the odd case apply Theorem 4 to G,, to obtain the following ramification
groups.

Theorem 8. Letr > —1. Then

(G, if r =—1,

Gn(1,0,0) if —1<r<1,

0421m if1<r<2 n > 2,
Gh =< Gu(i+1,i,1) ifi<r<i+s, 2<i<nmn,

GﬂHﬁﬂJ+1) ifi+i<r<i+l, 2<i<n,

Go(n+1,n—1,n) ifn<r<n+1,

1 ifn+1<r

Ve

Note that G,(2,1,2) = G,(2,1,1) for n > 2 and so can be combined with the
next two cases by setting ¢ = 1, but we have left it separate for clarity. Taking the
inverse limit over n, we obtain Theorem 1 for p = 2.

Appendix

We work over the field Q. Following [4], we let h = H?;l[m — 1]. Also, we set
s = 1 — (os for all s > 1. It was seen in Lemma 9 of [4] that for s < n we have

Dh
— () = 2"72(y mod 2", (6)
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and consequently for b € Z and h®(m,) = 2° we have that the ky of Corollary 3 of [4]

are
b — 3 — vy(b) if s=1,
T2 M n+3—wa(b)—s) ifs>2

From this it is seen that

b 327 i ua(b) =0,
fa(2') = {2" if vy(h) =1

and n > 2.
Since V2 = (s + (3!, we have furthermore that for n > 3 and n < wy(b) + 1 the
conductor f,(2°) is 1. This leaves only v = vy(b) > 2 and n > v + 1, in which case
both k,_,.1 and k,_,o are maximal equaling 2" *"! with the next greatest k; being
kn_p = 3-2"7v~1 Unfortunately, Lemma 10 of [4] is incorrect, and so we recompute
the conductor in this case here.

Set s = n —wv+1. We wish to show (compare [4, p. 96]) that for all f € 2¥Z,[[X]]
with k£ = 3 -2°72 we have

T <f(ﬁs)%(7rs)) +Tsn <f(78+1>%(7rs+1>> = (0 mod 2" L,

where Ty denotes the trace from Qa((2s) to Qo. By the above remark, this will prove
fn(2%) = 3-277v~1 Since trace is additive, we can therefore attack instead the problem
of showing that

Dh Dh
Ts (W?T(’ﬂ's)> + T5+1 <7T§+1T(7T8+1)> = 0 mod 2n+s—1

for all 32572 < k < 2°. Note that T,1(2" '2) = 0 mod 2"~ for all & € Zs[(os]
since the different of Qa((os+1)/Qq is (2%). Similarly, T, (752" 1z) = 0 mod 2"~ for
k > 21 By (6), we then only need show that

Ty(75¢o) + T (m541C2) = 0 mod 25+
for 3-2572 < k < 2°. Let us begin:

TS(W§C2) + Tsi1 (W§+1C2)

=T, <<2i§; (T) (—425)1') +Ton (Qiz; (f) (—gwl)i)

k . k .
_ 0os—1 +1 S 1+1
=2 Z (25_1i + 25—2) (=D +2 Z (232’ + 25—1) (=)™,

>0 1>0
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where the sums are taken over 7 such that the denominator of the binomial coefficient
is less than or equal to the numerator. Noting that 3 - 272 < k < 2%, our problem is
therefore reduced to showing that

k k k
() () =2, e

for all such k. One checks that if 3252 < k < 7-2°3 then the coefficients on
the left are —1 and 1 mod 4, respectively, both switching signs for 7 - 2573 < k < 2.
Furthermore, the binomial coefficient on the right is always odd. This proves the
claim, so we have in this case f,(2°) =3 .27 v"1L,

Furthermore in equation (1.1) of [4, p. 86] the third case statement must be broken
up into two parts as in Theorem 7. This is the actual result of taking the smallest of
two conductors as stated at the top of [4, p. 98]. Note also that we have included in
the proof of Theorem 7 the classical case n = 1, implicitly not included in Theorem

1 of [4].
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