Galois module structure of local unit groups
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Abstract

We study the groups U; in the unit filtration of a finite abelian extension K
of Q,, for an odd prime p. We determine explicit generators of the U; as modules
over the Z,-group ring of Gal(K/Q,). We work in eigenspaces for powers of the
Teichmiiller character, first at the level of the field of norms for the extension of
K by p-power roots of unity and then at the level of K.

1 Introduction

Fix an odd prime p and a finite unramified extension £ of Q,. We use I}, to denote the
field obtained from E by adjoining to E the p"th roots of unity in an algebraic closure
of Q,. The ¢th unit group in the unit filtration of ¥}, will be denoted by U, ;. The object
of this paper is to describe generators of the groups U, ; as modules over the Z,-group
ring of G,, = Gal(F,/Q,). We express these generators in terms of generators of the
pro-p completion D,, of F* as a Galois module. In fact, one consequence of our work
is a rather elementary proof of an explicit presentation of D,, as such a module, as was
proven by Greither [Gr] using Coleman theory.

Instead of working with all of D,, at once, we find it easier to work with certain
eigenspaces of it. For this and several purposes, it will be useful to think of the Galois
group G, as a direct product of cyclic subgroups

G,=AxT, x®,

where A x T, = Gal(F,,/E) with |[A] = p—1 and |T',| = p"!, and ® is isomorphic to
Gal(E/Q,). We then decompose D,, into a direct sum of p — 1 eigenspaces for powers
of the Teichmiiller character w: A — Z7. For any integer 7, the w"-eigenspace DY of
D,, is the subgroup of elements upon which o € A acts by left multiplication by w(o)".
This definition depends only on r modulo p — 1, so we fix r with 2 < r < p. Note that
D{" is a module over the group ring A, = Z,[I',, x ®]. In fact, as we shall see in Section
, the A,-module D! has a generating set with just one element if » < p — 2, three
elements if r = p — 1, and two elements if r = p.
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We will be interested in the A,-module structure of the groups
v =D NU,..

It turns out that
v 5 V(,?H - VVS;)—',-Q SN v44)

nt =+ 'n n,i+p—1

forall i = r mod p—1 (see Lemma, so we will consider only such 7 and set V,, ; = Vé;).
Our main results, Theorems [£.3.1] and [4.3.3] provide a small set of at most n + 1
generators of V,,; as an A,-module and state that any proper generating subset of it

has cocardinality 1. The elements of this set are written down explicitly as A,-linear
combinations of elements of the generators of DY), In Section , elements of a special
form are constructed so as to lie as deep in the unit filtration as possible. In Section
[4.3] these are refined to elements of the same form that instead lie just deep enough to
be in V,,;, which are in turn the generators that we use.

It is convenient to work first in the field of norms F' of Fontaine-Wintenberger for the
tower of extensions F,, of . This is a field of characteristic p, the multiplicative group
of which is the inverse limit of the . We prove analogues of all of the above-mentioned
results first at this infinite level, prior to applying them in descending to the level of
F,,. The fact that the pth power map is an automorphism of F* simplifies some of the
computations. Moreover, the structure of the eigenspaces of the pro-p completion of F'*|
which we study in Section , is somewhat simpler than that of the DY, We construct
special elements in the eigenspaces of the groups in the unit filtration in Section [3.2]
refine them in Section 3.3 and prove generation and a minimality result in Section [3.4]

We see a number of interesting potential applications for the results of this paper. To
mention just one, it appears to make possible the computation of the conductors of all
degree p” Kummer extensions of F}, in terms of the Kummer generator of the extension.
The problem of making this computation, which was approached by the author in three
much earlier papers, has until now seemed beyond close reach in this sort of generality.

Acknowledgments. The idea for this paper originated with the author’s 1999 Ph.D. thesis,
and initial computations were performed on an evening in June 2001 during a visit to
the University of Nottingham. The author thanks Ivan Fesenko for his hospitality. A
short draft was written in 2002, when the author was supported by an NSF Postdoctoral
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funded in part by an NSERC Discovery Grant and the Canada Research Chairs program.
As the paper tripled in size in the summer of 2011, the author was supported in part
by NSF award DMS-0901526. The author thanks Richard Gottesman for his interest in
this work, which inspired him to finish the paper.
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2 Preliminaries

We maintain the notation of the introduction and introduce some more. Recall from
[W] that the field of norms F' for the extension F,, = U,F, of E is a local field of
characteristic p with multiplicative group

F*=1limE),
—

the inverse limit being taken with respect to norm maps.
Let ¢ = ({n)n be a norm compatible sequence of p-power roots of unity, with (,» a
primitive p"th root of unity in F},. Then

Azl_cz(l_Cpn)n

is a prime element of F.
For m > n, let Ny, ,,: F,, — F,, be the norm map. Recall that the addition on F is
given by
(a+B)n = nll_rgo Nonn (i + Br)

for a = (av,)p, and B = (5,), in F. We fix an isomorphism of the residue field of £ (and
thereby each F),) with F,, with ¢ the order of the residue field. Using this, the field F,
is identified with a subfield of F' via the map that takes { € F) to (&™), € F*, where
¢ is the (¢ — 1)th root of unity in E lifting £&. The field F' may then be identified with
the field of Laurent series F,((\)).

If F is the union of the F,,, then G = Gal(F/Q,) acts as automorphisms on the
field F. As with G,,, we may decompose G = Gal(F/Q,) into a direct product of
procyclic subgroups

G=AxTx®,

where Gal(F/E) = A x I', the group A has order p — 1, the group I is isomorphic
to Z,, and @ is isomorphic to Gal(E/Q,). Let v denote the topological generator of I
such that () = C;Jp for all n.

The pro-p completion D of F'* decomposes into a direct sum of eigenspaces for the
powers of the Teichmiiller character w on A. For an integer 7, we let D) = D where
g, is the idempotent

Ep = —— w(0)7"6 € ZyAl.
For ¢ > 1, let U; denote the ith group in the unit filtration of F'. We then set
v =u,n D and (V) = v - v

7

The following is Lemma 2.3 of [Sh| (with F}, replaced by F').
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Lemma 2.1. We have V;(T)/V;S:Z))_l =~ F, for everyi > 1, and (V;(T))’ # & if and only if
it=rmodp—1.

From now on, we set V; = Vi(r) and V! = (Vi(r))’ if i = r mod p—1. As a consequence
of Lemma 2.1} an element z € V; is determined modulo A*?~! by its expansion

z =1+ &N mod X! (2.1)

with £ € Fy.
The following is Lemma 2.4 of [Sh] (with F,, replaced by F).

Lemma 2.2. Let z € V/. If p{i, then 27~" € V] _|. Otherwise, 27~" € Vi a1y

We identify A = Z,[[I']] with the power series ring Z,[[T]] via the continuous, Z,-
linear isomorphism that takes v — 1 to 7', and we use additive notation to describe the
action of Z,[[T']] on D. Ramification theory would already have told us that 7"-V; C
Vigp—1 for all 2. On the other hand, explicit calculation will yield the following two
lemmas and proposition, which provide more precise information on how powers of T’
move elements of V.

For § € F), we let V;(£) denote the set of z € V; for which z has an expansion of the
form in . We use [k] to denote the smallest nonnegative integer congruent to k € Z
modulo p.

Lemma 2.3. Let z € Vi(&) for some i. Then, for 0 < j <[i], we have

| ]!
Pz e Voo (2 35€):
Proof. Note that
N=1-C"P=1—(1-X)(1=I)=X+ X\ -\ (2.2)

Using this, we see, for any ¢ > 1, that

A

. ) 1— )
(1 + 5)\1)771 =1+ Zf)\H»pilTé)\i mod )\z+2p72. (23)
Hence,
(1+EN) =1+ mod NP, (2.4)
Applying (2.4]) recursively, we obtain the result. m

Lemma 2.4. Let z € Vj;_p1(§) for some i > 2. If j is a nonnegative multiple of p — 1,
then T9 2 € Viyii5)(€).
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Proof. Let us begin by proving slightly finer versions of (2.3) in two congruence classes
of exponents modulo p. For any t > 1, we have

14 EXPH(L 4 AP@=D) — NPt

o = 1 mod A?"7~ 1)

(1+ eyt =

and

- Zpt—i—l (pt—i—l) ()\p 1 )\p)m
(1 + g)\pt—i-l)v 1 _ 1+ 5/\pt+1 o f)\le

=1+ g()\p(t—i-l) . )\p(t+1)+1) mod ()\p(t—i-p—l)-i-l’ )\p(?t-‘rl)-{-l)’

the latter congruence following from the fact that p | (pt;rl) for 2 < m < p. Via some

obvious inequalities, we conclude that
(1+ X)L = 1 mod AP, (2.5)
(LTt = (14 AP (1 — QAPEFDTLY mod \P(F2),
Let © = 1 + ENPTPHL Recursively applying and , we see that
2(-DM = (1+ (_1)k€>\p(i+k))(1 + (_1)k+1€)\p(i+k)+1) mod )\p(i+k+1)’

for any positive integer k, as (2.4]) implies that U Vzik) C Up(i+k+1)- The result now follows

by application of &;, since z7'a% € V,;, TV € Vi 5)(§), and T9V,; C Vyggjsn)—
by Lemma D

Let us use {k} to denote the smallest nonnegative integer congruent to k£ € Z modulo
p—1. For i > 1 with p {4, we define a monotonically-increasing function ¢: Z>q — Z
by ¢ (0) =4 and

¢(a) = pa + (i — [i]) + {[i] —a} (2.7)

for a > 1.

Proposition 2.5. Let z € V(&) for some 1 > 2 with pti. Then, for j > 1, we have

s < Voo (g L)

Proof. Lemma implies that
T 2 € Vo gy ([ - €),

and note that ¢(([i] — 1) = 1 mod p. Set k = {[i] — j}. Since j + k — [i] is divisible by
p — 1, Lemma [2.4] then implies that

Ttk ¢ V¢(i)(j+k)([i]! =€) (2.8)
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It follows from that
¢V +k)—i=p(i+k—[i)+ (- DI,

and so, given (2.8), Lemma W forces T'z € Vq;u) o for all [ S j + k. In particular,
applying Lemma with j replaced by k and z replaced by 77z, we see that for ({2.8])
to hold, 77z must have the stated form. O

Remark 2.6. The obvious analogues of the results of this section all hold at the level
of F,, for n > 2, with A replaced by A\, = 1 — (,». In fact, Lemmas and were
originally proven in that setting in [Sh]. That the other results hold breaks down to the
fact that p is a unit times )\ﬁn_l(p in F,,, which in particular tells us that can be
replaced by

A=A, + A2 — AP mod ARPDHL

3 The infinite level

3.1 Structure of the eigenspaces

In this subsection, we fix choices of certain elements that will be used throughout the
paper. From now on, we let £ denote an element of F, with Trg { = 1, the conjugates
of which form a normal basis of F, over F,,. Let ¢ € ® denote the Frobenius element.
Let Ng € Z,[®] denote the norm element. Let ¢ = ((n), be a norm-compatible system
of primitive p"th roots of unity as before.

Let r be an integer satisfying 2 <r <p. If 2 <r < p — 2, we simply fix an element
u, € V.(€). In the case that r = p — 1, generation of D®=1 requires one additional
element m € D~V a non-unit, chosen along with u, ; € V,_;(€) in the lemma which
follows. The case of r = p shall require more work, but we will fix elements w € Vi(—¢)

and u, € V,(§) as in Proposition below.

Lemma 3.1.1. There exist elements m € DP~Y and u, , € V,_1(£) such that 7% =
Ng

y—1 _
and ™70 = u, .

Proof. Set m = X\»-', which satisfies 7¥ = 7 and 77~ € V,_;(1). Since every unit is a
norm in an unramified extension, there exists u;, ; € D@V such that (u,_)N® =71,
and such an element must lie in V,_1(¢’) for some ¢ € F, with Tre & = 1. Hilbert’s
Theorem 90 tells us that £ = & + (¢ — 1)n for some n € F,. Let z € V,_1(n), and set

o 1—¢
Up—1 = U, 127 % [

In fact, one could have chosen u, 1 € V,(§) arbitrarily and then taken 7 to satisfy
the relations, as can be seen using the results of the following section.
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Lemma 3.1.2. There exist elements w € Vi(—€) and u, € V,(£) with w™* = ¢ and
uf~t = wr P,

Proof. First, local class field theory yields the existence of an element w’ € D®) with
(w')Ne = ¢. Since ¢ € Vi(—1), we must have w' € V;(—¢) for some & € F, with
Tre & = 1. Since £ = &+ (p — 1)n for some n € F,, we choose any y € Vi(n), and then
w = w'y'~? € Vi (=€) satisfies w™* = ¢ as well.

Next, note that (w?~*7P)¥® = 1, and so Hilbert’s Theorem 90 allows us to choose
an element v, € D% with (u)#~' = w?"'"?. A simple computation using tells us
that

w17 ¢ ‘/Z,,(fp _ 6)’

and therefore ), € V,({ + a) for some a € F,. We may then choose z € V,(a) with
29 = z and take u, = upz~' € V,(€). O

We need slightly finer information on the relationship between w and u, inside the
unit filtration, as found in the following proposition.

Proposition 3.1.3. There exist elements w € Vi(=§) and u, € V() with w™* = ¢
and u$™! = wITIP such that the element y = uwP? " lies in Vop_1(—£).

Proof. For now, fix any choices of u, and w as in Lemma [3.1.2, We must have u, =
(14+&X)*1a with o € V5, and w = (1 — EX)°' 5 with 5 € V,. Note that

(1+ NP =14 (€2 — )N mod A\

and
ey L=V ON) 1—\
A= =g e = <§p g gx) N mod A
We then have a 5)\)7—1—p (g
MrewrT = oo e (311

We denote the quantity on the right-hand side of (3.1.1) by 6. By Lemma[2.2] we have
BY1P € V3, o, from which it follows that a®~'0=°* € V3, 5. On the other hand, by
Lemma [2.1, we have

yoot = (1+EN) (1= EN) B € Voo,
so in fact we have y?~'071 € V3, 5. If we can show that 6 € V5, (& — &P), we will
then have y € V5, 1(—¢ + a) for some a € F,,. As in the proof of Lemma [3.1.2 we can
then choose an element z € V3, 1(a) with 2¥ = z and replace u, by u,2~" to obtain the
result.
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By Proposition we see that to show that 6°1 € V5, 1(§ — &P), it suffices to show
that
‘981(’7*1)17_1 c {/pQ(ép _ E)

Since p? = 1 mod p — 1, for this, it suffices to show that
9OV =1 4 (€2 — ©)N mod ML

This is a simple consequence of Lemma [3.1.4] which follows. That is, in the notation of
said lemma, Fermat’s little theorem and the binomial theorem tell us that d,_; , = —1
for all positive integers k < p — 1. O

Lemma 3.1.4. For each positive integer 7 < p — 1, one has

€0 -8) )T j - -
(1 + ﬁ)\pH) =1+ Z dj,kfk(l — &) AP mod \UHDPHL
k=1

where
k

) k )
djvk = Z(_l)]+h (h) h] S Fp
h=1
for positive integers k < j.

Proof. We make the expansion

p—1
=1+ 51(1_—_5)»7“ =[]+ &1 = N) mod A,
k=1

Since U] ™! C Uy, for all s, as follows from (2.4)), to compute 60— modulo \U+DPHL
it suffices to compute (1 + £5(1 — &)X~ modulo AU+DPHL,

Fix a positive integer £ < p — 1. We claim that the coefficient of AU+YP in the
expansion of (1 4+ &5(1 — E)APH)0~1 as a power series in Fy[[A] is 0 if j < k and
ER(1 — €)d;y if j > k. As a consequence of , one sees that

(]_ + 5)\75)"/—1 = (]_ + té‘)\t-l-p—l)(l _ té—)\t—s—p) mod \T2p—2

for any t > p— 1. Using this and the finer congruence (12.6) when possible, an induction
yields that the expansion in question is determined by

min(j,k) j—m (=17
k k! (j+1)p+k— (J+1)p+k+1
I1 1+5(1—g)(k_m)'nai-w phk=m mod A\G+DPk+1
m=0 (ai)epj,knn ’ =1

where

Pixm={((ar,a2,...,0; ) €L |k—m<a; <ay < <aj_pm <k}
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if j > m and P;;; = {0}, and we consider the empty product to be 1. In particular,
the coefficient in question is indeed 0 for j < k and is (1 — &)c¢; for j > k, where

j—k
e =(=17Fk > [

(i) EPj 1 1=1

It remains to verify that ¢;, = d;; for j > k

Let D denote the differential operator z- on F,[z]. By the binomial theorem, we
have that i
k _ h h _
DI (1 — )" [pmy = ;(—1) (h) Wat| = (=1)d;.

On the other hand, repeated application of the product formula for the derivative yields
that

min(j,k)
DY ((1 = 2)")pm1 = (=1D)" > Haz ittt = (=1 e
h=1 : (az)GPJ hn =1 =1
for all 7 > k, hence the result. ]

In the next section, we will obtain the following very slight refinement of what is
essentially a result of Greither’s [G1l, Sections 2-3] (see also [Sh, Corollary 2.2]).

Theorem 3.1.5. Forr < p—2, the A-module D) is freely generated by any u, € V,(£).
The A-module D®=Y has a presentation

D=1 _ <7T’up_1 | =, ué\/fl _ 7.{.’7—1)7
for some u,_y € V,_1(§) and 7 € D®P=V . The A-module D) has a presentation
P p
D — (up, w | W'~ lp_u<p L,

for some u, € V,(&) and w € Vi(—=£) such that w™N* = (.

3.2 Special elements

Fix r with 2 < r < p, and define ¢: Z>o — Z by ¢(a) = ¢\ (a) for a > 1. Set

0 if2<r<p-1,
1 ifr=np.

For all a > 1, we have

¢(a) =pla+90) + {r—d—a},
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so ¢(a) is the smallest integer that is at least p(a 4+ ) and congruent to r» modulo p — 1.

From now on, ¢ will be used solely to denote a positive integer congruent to » modulo
p — 1. We will write a ~ [ to denote that both « and § lie in V(&) for some i and
¢ € FX. We use additive notation for the action of A = Z,[®][[T]] on D). We begin
with the following useful lemma.

Lemma 3.2.1. Let j be a positive integer.
a. We have
Tiu, € Vi —[r]! £
b. If j=r—émod (p—1) so that TVu, ~ pz for some z € D), then

Tou, — pz € Vi(jyap—1 (—[r]1€) .

Proof. For r < p, part a is a direct consequence of Proposition [2.5| and the fact that
u, € V,(€). For r = p, Proposition [2.5/ and the fact that ¢ = ¢>»=1) on positive integers
would tell us more directly that T7y € v(m)(ﬁg) for j > 1, for y as in Proposition
Note, however, that

Tu, =Ty — pp 'Tw ~ Ty,
since pT'w € V2. This is also the key point of part b. That is, we have
T(Tu, — pz) ~ T u,

as pT'z € Vyg(;) and
¢ +1) <o(j) +2(p—1) <po(j).

Since
TJ+1UT c V¢(j)+2(p71) ( [7“] !£>7

a final application of Proposition tells us that T7u, — pz had to be in the stated
group. [

For a nonnegative integer m, let us define ¢,,: Z>o — Z>o by

We remark that
Pom = 60 (fm — ). (3.2.1)

From now on, we set p = pp~! for brevity of notation. We define special elements in
the unit filtration of D).



Galois module structure 11

Theorem 3.2.2. Let m and j be nonnegative integers. Define
1 ‘ m 4
Q. j = —[ T <{7’ —d—gHp"T? — pm—kT¢k—1(J)—6> Uy,
r|! E :
k=1

unless j = 0 and r = p—1, in which case we replace {r —§ — j}! with —1 in the formula.
Then aum; € Vg, (7y(§). Furthermore,

(pP"OT + c)u, ¢ Vo () +p—1
for all b € Z,[®] with b # 0 mod p and c € TITA.

Proof. We work by induction, the case of m = 0 being Lemma [3.2.1h, aside from the
case j = 0, in which case it is simply the definition of u,. Assume we have proven the
first statement for m. Then

Pm; € Voo () (€7)
and, using Lemma [3.2.1a and (3.2.1]), we have

7o D=y, € V. o) (1),

Lemma [3.2.1b then tells us that

1 N
Om+1,5 = POm,j — WTd)m(j) 6UT S ‘/Il¢m(j)+p—1(€)'

Now assume the second statement is true for m. (For m = 0, this is a consequence
of the fact that the conjugates of £ are F-linearly independent.) Suppose that

a= "I + c)u, € V/

with i > ¢pmy1(f), b € Z,[®] — pZ,[®] and ¢ € TV A. We write ¢ = (pd + T"v)u, for
some ¢, v € A with v # 0 mod (p,T) and h > j + 1. By induction, we have that

(pmij + C/>U7~ ¢ V¢m(j)+p—1'
Since ¢pt1(J) = pom(j) +p—1 and a € V. (j) by assumption, this forces
p(p™bT? + Y, ~ —T"vu,,

which tells us by Lemma [3.2.1p that ¢(h) < pd,,(j). On the other hand, Lemma [3.2.1p

tells us that o € V{,,, ,, which forces i = ¢,41(j). O

The second statement of Theorem insures, in particular, that au, # 0 for all
nonzero a € A. We therefore have the following corollary.
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Corollary 3.2.3. The A-submodule of D) generated by u, is free.

In the exceptional case that r = p, we require additional elements. First, we modify
the function ¢,, for this . For nonnegative integers m and j, we set ¢ (j) = ¢ (j)
unless 7 = p and j = p' — 1 for some [ > 0, in which case we set

qﬁ;n(pl . 1) — pm+l+1 +pm+1 1= ¢m(pl . 1) +pm(p . 1).
Theorem 3.2.4. Let | and m be nonnegative integers. Define
By = <mepl—1 + me—kT%_l(pl—n—l)up —{—pmHHw.
k=1
Then Bmy € Vi i—1y(—=§). Moreover, for any j > 0, we have
("I + c)up + dw & Vi, (jyp1
for all b € Z,[®] — pZ,[P], c € T7 A and d € Z,[P].

Proof. The proof is similar to that of Theorem [3.2.2] Since Lemma [3.2.1p and the
definition of w tell us that

TV Y, € Vir () and  plw € Vi (=€),
Lemma yields
Bor = P w4+ T "y, € Vypr oy (—6).
For any m > 0, we have
Bms11 = PBmg + Td’,’”(pl_l)_lup.
By induction and Lemma [3.2.1}, we have
PBini € Vigy, -y (=€) and Tom® DNy e Vo 0 1)(€).

Since ¢, 1 (p' — 1) = pdl,(p' — 1) + p — 1, that By, € Ve wi—1)(=€) is just another
application of Lemma [3.2.1]b.

Let j > 0, b € Z,[®] — pZ,[P], c € T" A, and d € Z,[P]. First, suppose that
a = (bT7 + c)u, + dw € V/ for some i > ¢y(j). Note that (b7 + c)u, € V ;) by Lemma
3.2.1p, while dw € V), for some | > 0. Since a € Vy(;), we must have Pl > ¢(j). We
then have o € ng(j) unless ¢(j) = p!. This occurs if and only if I > 1 and j = p'~! — 1,
in which case ¢)(j) = p' +p — 1. For this to hold, we must have (bTV + c)u, ~ —dw.
Lemma then implies that « € ‘/pflerfl’ so i = ¢y(j) in all cases.



Galois module structure 13

Suppose now that
a= (p"tT7 + c)u, + dw € V/

for some i > ¢, .,(j). Rewrite ¢ as pc’ + T"v for some h > j+ 1 and ¢,v € A with
v # Omod (p,T). If we are to have o € V), we may also write d = pd’ for some
d € Z,[®]. By induction, we have that

(pmij + C/>Up + d’w ¢ V¢§n(j)+p—17
and so in order that o € Vi L1(j), we must have that
(p™ 6T + pcu, + dw ~ =T"vu,

which tells us using Lemma [3.2.1a that ¢(h) < p¢! (7). On the other hand, Lemma

3.2.1p tells us that a € VJ, so we must have i = ¢/, (). O

+p—1°

Theorem [3.1.5| may now be proven as a consequence of the description of the above
elements and their place in the unit filtration.

Proof of Theorem|(5.1.5. For r < p— 1, the union of the disjoint images of the functions
om is exactly the set of positive integers congruent to » modulo p—1. Therefore, Theorem
implies that there exists an element of the A-module generated by w, in V;(§) for
each i = r mod p — 1. In particular, u, therefore clearly generates V, as an A-module,
which equals D) for » < p—2, and it is free by Corollary . Every element of D®—1)
may then be written in the form 7™ug_; with m € Z, and a € A, and such an element
can clearly only be trivial if m is, and therefore a is as well. Noting that our choices of 7
and u,_; as in Lemma satisfy the desired relations, the presentation for r =p — 1
is as stated.

For r = p, the union of {1} and the images of the functions ¢,, and ¢/ is the set
of positive integers that are congruent to 1 modulo p — 1. Theorem [3.2.2] and Theorem
imply that there exists an element of the A-module generated by u, and w in V;(§)
for each i = 1 mod p — 1. Thus, this A-module is D®. Our choices of u, and w satisfy
the relations of Lemma|3.1.2 and it follows from the second statement of Theorem [3.2.4
that if either ¢ € A or d € Z,[®] is nonzero, then so is cu, + dw. O

3.3 Refined elements

In this section, we provide refinements of the elements constructed in Theorem [3.2.2
and Theorem [3.2.4. We maintain the notation of Section [3.2] We begin by constructing
certain one-sided inverses to the monotonically increasing functions ¢ and ¢,,.

For any nonnegative integer a and positive integer ¢, let us set

(a); = max(a + {t — a}, ).
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Therefore, (a), is the smallest integer greater than or equal to ¢t and a and congruent to
t modulo p — 1. Define ¢: Z>o — Z>( by

vl = | s

except for r = p—1 and a < p — 1, in which case we set 1(a) = 0. For m > 0, define

¢mi ZZO — ZZO by
bnla) = ¥ ([apiﬂ - 1).

Lemma 3.3.1. We have ¥,,(¢,(7)) = 7 for all nonnegative integers j. Moreover, for
all such j and positive integers a, we have ¢n,(7) > a if and only if j > Ym(a).

Note that ¢y = 1.

Proof. First, note that ¢(j) is congruent to » modulo p — 1, so we have

(o)) = {MJ —5= {

p

p(j+5)—|—{r—5—j}+1J Py
p

unless 7 > p — 1 and j = 0, but one checks immediately that ¥(¢(0)) = ¥ (r) = 0 if
r > p—1 as well. It follows that we have

. p™(o(g) +1 . .
mlom) = (| DI 1) — o)) = 5
Therefore, if ¢,,(j) > a, then j = ¥, (dn (7)) > ¥m(a), since 1, is nondecreasing.

To finish the proof, we need only show that ¢, (1., (a)) > a, since ¢, is nondecreasing
(in fact, strictly increasing). First, note that the definition of ¢ is such that

For i = r mod p — 1 with ¢ # 1,p — 1, the value ¢(¢(7)) is the unique integer between
pL%J and pL%J + p — 2 which is congruent to » mod p — 1. This implies that
(a), if () %2 —1modp, ora<r=p-—1,

3.3.1
(a), +p—1 otherwise. ( )

¢((a)) = {
which is, in particular, at least a. By definition of ¢,, and ,,, we then have that

—1>a.

(@) = P (S(m(a)) +1) — 1 > p™ [ i 1]

pm
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We actually need a version of Lemma, with ¢, replaced by ¢/, and 1), replaced
by an appropriate function ¢! : Zso — Zso, which we now define. Set ¢, = 1, if
r<p-—1and, if r =p, let

W (a) = Um(a) =1 i pm I 4pm <o < L4 pm !t — 1 for some 1> 0,
Vm(a) otherwise.

Note that 1/ (a) = ¥,,(a) — 1 for r = p if and only if ¢,,(p' — 1) < a < ¢/ (p' — 1) for
some [ > 0, in which case ¥/ (a) = p' — 1. One then easily checks the following.

Corollary 3.3.2. We have o), (¢.,(j)) = j for all nonnegative integers j. Moreover, for
all such j and positive integers a, we have ¢!, (j) > a if and only if j > ¢! (a).
For the rest of this section, we fix a positive integer ¢ with ¢ = r mod p — 1.

Remark 3.3.3. Lemma and Theorem (resp., Corollary and Theorem

tell us that each ., (vesp., Bmy with ¢, (i) = p' — 1) lies in V;. These
elements have the form (p™0T? + c)u, + dw for j = ¢/, (i), where b € Z,[®] — pZ,[P],
c € T"1 A, and d € Z[®], with d = 0 if r # p. The same results also show that no such
element with j < ¢/, (i) can lie in V;.

For any m > 0, define 0,,: Z>, — Z>( by

wo-o([8])

By Lemma [3.2.1a and Lemma [3.3.1} the value 6,,(i) for i = 7 mod p — 1 is the minimal
integer j such that p™T7u, € V;. In particular, 0,,(i) > 1,,(z) for all .

Lemma 3.3.4. For all positive integers m and k with k < m, we have

Pt (U (1)) = 6 = Opi(d) — 1,
with equality if and only if
PG (Y (1)) <. (3.3.2)

Moreover, we have ], (i) > 0,,(i) — 1, with equality if and only if the above equivalent
conditions hold for k = 1.

Proof. Let us check the case that r = p and v, (i) = p' — 1 for some | > 0 separately.
First, suppose that p™ 1+l < i < pmHHL 4 pmHl I this case, we have ¢ (i) = 0,,,(i) — 1.
We also have

O (W, (1) = ¢ (P — 1) = p"T 4+ pF — 1 = (" 4+ ) > 0, 1.(4),
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with equality if and only if
pmfk+1¢;€_l(w7/n(i)) — pm+l+1 _'_perl o pmkarl <. (333)

Moreover, in the case that pmtHl — pm+l 4 2pm < < pmHHL the values ¢, (v, (7))
and p™*t1¢, (¢! (i)) are the same as in the previous case, while 6, 4(i) — 1 and ¢
are smaller. So, we may assume from this point forward that r and i are such that
U (0) = () and 6 (14,()) = b1 (Yrn(0)) for all k.

We claim that pm FT@e—1m@)+1=0y, Jies in Viy, 1 (vesp., p" *Tay.y,. @ lies in
Viip—1) for all positive (resp., nonnegative) k& < m. Note that T'ou, p..) € Vigp—1 as
a consequence of Theorem . Suppose that pm*kTozkﬂpm(i) € Viyp—1 for some positive
k < m. We then have that

pr T OOy o [l T ey, 0) € Vip-,

which also forces pm_"/’“Tozk_lwm(i) € Viyp-1, since

m— m— 1 m— % -
P kHTOék;—wm(i) S kT@k,¢m(i)+—P kper—1($m@)+1-0,,

[r]!

proving the claim. In particular, since p™T'ag .y, (i) € Vigp—1, We have P TYm O+, €

I

Viip—1 as well. The definition of 6,,_j(7) now yields the desired inequalities.
Equation (3.3.2)) holds for a given k if and only if p™ " ay_1 4, ) ¢ V;. Since

(]! POtk —1 4 (i) ~ TR m@) =0y,
this occurs if and only if p"=*T%-1¥(9)=%y, ¢ V; and, therefore, if and only if
k-1 (Y (1)) — 6 < O (i) — 1,

which must then be an equality. Note also that ¢, (i) < 6,,,(4) if and only if p™ gy, ;) €
Vi, which holds by Lemma [3.2.1p if and only if p™¢(1),,(i)) < i, the same condition as

B.3.9) for k = 1. O

From now on, we set 4,, = [me} for all m > 0.
Lemma 3.3.5. For any pair of positive integers m and k with k < m, we have
Ge1(Un (1)) = 6 = O (i) — 1,
with equality if and only if
1. ipmyre Z0mod p, orr=p—1 and i,, = p,

2. imre=r+1modp—1, but notr=p—1and i, =1, and
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3. i = —j mod p™*t¢ for some 0 < j < pmtIF,

where € = 0 unless 1 = p and i1 = p' + 1 for some 1 > 0, in which case we set € = 1.
Moreover, we have v (i) > 0,,(i) — 1, with equality if and only if the above conditions
hold with k = 1.

Proof. The case that r = p and ¢/ (i) = p' — 1 for some [ > 0 follows from the proof
of Lemma , noting that if i,,.1 = p' + 1, then it is both nonzero modulo p and
congruent to p + 1 modulo p — 1, and the third condition of the lemma holds exactly
when does. On the other hand, for the remaining i with ¢/ (i) = p' — 1, we have
im+1 = p', and the fact that the inequality is strict was shown in the proof of Lemma
. So, we again assume that r # p or i is such that ¢/ (i) # p' — 1 for all [ > 0.

By Lemma [3.3.4] it suffices to determine the precise conditions under which
holds. Let us set a = (i + 1),,. It follows from that we have

i if pt{a)r1,

otherwise,

P {(a),41 — D

(3.3.4)
pa)rs1 +p"(p—1) —p

m—k+1

P 1 (Ui (4)) = {
unless 7 = p — 1 and (a),41 = p, in which case p™ "¢ (1, (7)) = pmtt — pm=rtl,
Aside from this exceptional case, implies that p cannot divide (a), if is
to hold. Moreover, if {a),,; > a, then again cannot hold, so for it to hold, we
must have a = r+ 1mod p — 1, but not » = p — 1 and @ = 1. Assuming that these
necessary conditions hold, the condition that

PG (W (i) = pMa — T <

is exactly that i = —j mod p™ with 0 < j < p™=*+1, O]

For m > 0, we will define new elements ,,; of V; that involve fewer terms and
easier-to-compute exponents of powers of 7' than the expressions for ay, y,, ) and B
In preparation, set

o(m, i) = [log, (p™im — i)
for any m > 0 such that p™ ti. Note that 0 < o(m,i) < m — 1 when it is defined and
o(m + 1,4) is defined and greater than or equal to o(m, i) whenever o(m,1) is defined.
First, supposing either that » < p — 1 or that » = p and 4,,,; — 1 is not a power of

p, we set
Fomq = pm T Dy, (3.3.5)

if iy, Zr+1modp—1, p|im, i <p™, or p™ | i, unless r = p — 1 and i, = p, and

m—1
Koy = meGm(i)—l_amvi Z kaHk(i)—l u, (3.3.6)

k=0 (m,i)
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otherwise, where a,,; denotes the least positive residue of the inverse of {r+1—-3§—6,,(i) }!
modulo p unless r = p — 1 and 6,,(¢) = 1, in which case we take a,,; = —1. In the
remaining case that r = p and 7,,,1 — 1 is a power of p, we set

m—1
Hm,i — meGm(i)—l _|_ Z kaak(Z)—l UT_}_pm-‘rlng(ierl—l)-i—lw‘ (337>
k=o(m+1,i)

For consistency, we let a,,; = —1 for such m. Note that Lemma tells us that each
Km. has the form (p™T%n(® 4 c)u, + dw for some ¢ € TYmD+1 A and d € Z,[®], with d
taken to be zero if r < p — 1.

We give two examples for p = 5 and particular values of i.

Example 3.3.6. Suppose that p =5, r = 3, and i = 11899. Then we have

ko = Ty, ks = pT o,
K/Zyi — (p2T95 _ pT475 o T2379)/U/3, 5377: — (P3T19 o p2T95)U3,
ke = p T us, ks = (p° — p*T° — p*T")us.

Example 3.3.7. Suppose that p =5, r =5, and i = 92729. Then we have

18545 3708 18544
Koi = T"Pus, k1 = (pT°7° = T )us,

2741 3147 2740 3708
Koi = p 1" us, ks = (p"T" = pT"™ — pT")us,

429 54 428 7
Kai = p 1T us, Ksi = (p°T" + p"T)us + p'w,

6 7
Kei = P Us + p w.

Remark 3.3.8. It is not hard to see from the definition of o(m, ) that o(m,7) > k for
k < m if and only if p™~* ti;. Moreover, if for a given k there exists m > k such that
o(m,i) is less than k or not defined, then p | iy, so ky; = pFT% @Dy, unless r = p and
ig+1 — 1 is a power of p or r = p — 1 and i;, = p. The previous examples illustrate some
of this.

Let us show that the k,,; are actually elements of V;. In the process, we see how
they compare to the elements ., y,,;) and B,,; previously defined.

Proposition 3.3.9. The elements k,,; lie in V; for all nonnegative integers m.

Proof. Suppose first that r # p or i does not satisfy 4,, = p' + 1 for any [ > 0 (and
omitting the case r = p — 1 and ,,(¢) = 0, for which one should take the fractions in
the following two equations to be 1). If 1,,(i) = 0,,(7), then we have that

I I
myi {T—é—wm(l>}‘p 0,1m (%)
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and this lies in V; by the definition of 6, (7). If 1,,(i) = 0,,(i) — 1, we claim that
[r]! o(m,i)

A P T (H I L
To see this, note that

o (m i) tom (1) (3.3.8)

m—o(m,i)
Komi = pcr(m,i) pm—a(m,i)Twm(i) — O Z pm—o(m,i)—kTQm,k(i)—l U,
k=1

Lemmatells us that 0, (i) —1 = ¢p_1(¥m (7)) — & if and only if p™ =+t > pmi —i
and therefore if & < m — o(m, 1), proving the claim. (Note that we the reason we do
not have actual equality in (3.3.8) is simply that we took a,,; to be an inverse to
{r =90 — ¥n(i)}! modulo p, not in Zx.) Moreover, we have by Theorem that
Km, € V, with

t = """ bty (WY (1))

Since p?(™) < p™i,, — i, Lemma implies that

¢m—a(m,i) (¢m(2)) -0 2 ea(m,i)—l(i)a

and Lemma then states that ¢ > 1.
Finally, if » = p and 4,,.; = p' + 1 for some [ > 0, then Lemma similarly implies

that

. o(m+1yz
RKm,i = p ( )ﬁm—a(m-l—l,i),l-

By Theorem [3.2.4] we have in this case that ,,; € V; with

= pa(m+17i)¢fr71—a(m+l,i) (pl - ]') > 1,
the inequality again following from Lemmas and [3.3.5] O

3.4 Generating sets

In this subsection, we give explicit minimal generating sets of all of the A-modules V;
in terms of the elements k,,; of the previous section. We begin with generation. Recall
that § € {0,1} is 1 if and only if r = p.

Theorem 3.4.1. We let S; = {kmi |0 <m < s} for

5= ’VIng (T+ 112(119— 1)” '

If2 <r < p-—1, then S; generates V; as an A-module, while if r = p, then SiU{pﬂogp(mw}
generates V; as an A-module.




Galois module structure 20

Proof. Let t = (i + 1), — 1. In the case that 2 < r < p — 1, we have ¥, (i) = ¥(¢)
and ¥(t) > 0 if and only if i;r—ml >r+1,orm< logp(%). The smallest m such that
m(1) = 0 is therefore s. If r = p, then ! (i) = 1(t) — €, where ¢, € {0,1} is 1 if and
only if p"*1 +1 <t < p!*! +p—1 for some [ > 0. In particular, we have () > ¢ if and
only if ¢ > 2p, so the smallest m such that ¢/ (i) = 0 is again s.

It suffices to show that the images of our elements generate V;/V;,,_1. Suppose that
a = (PP + c)u, + dw € V; for some j, k > 0, b € Z,[®] — pZ,[®], c € TV A, and
d € Z,[®] (with d =0 if r # p). Let m = min(k, s). Then j > ¢/, (i) by Theorems

and and Corollary (and the fact that ¢.(i) = 0), and we set
o =a— pk_mij_wiﬂ(i)/im,i c VN A(T" ., w).

If »r < p— 1, we may repeat this process recursively until we obtain an element of
Vigp—1. If r = p, either k,,,; € Auy, or Ky, € P 4 Auy, for some [ > 0 with
i < pmtH 4 pm L Since (T, p)p™ ' w C Viymise, there exists an element

" € VN (T Au, + Z,[®]w)

with o — o € V4,1, and again we may repeat the process until we obtain an element
of Vi1,1 plus an element of V; N Z,[®]w = Z,[®]p/oe» . O

We will require the following lemma.
Lemma 3.4.2. If m > 1 is such that 0,,(i) > 1, then 0,,_1(1) > 0,,(i) + 2.
Proof. First, suppose that 6,,(i) > 1, and note that i,,_1 > p(i,, — 1) + 1. Therefore,

Or1 (i) = b(plig — 1) + 1) = iy — 1 + {H{%“’I}J — 5. (3.4.1)

On the other hand,

o (i) = Vm+1+p{r—¢m}J s

In particular, we have that 6,,(i) = 1 exactly when r +1 <4, <r+ 0+ 1)(p—1). In
this case,

(3.4.2)

Op1(i) >1r+1—0>3=0p,(i) + 2.
In general, (3.4.1)) and (3.4.2)) tell us that
01 (i) > im —1— 6 and %m F1-8>0,(),

and we have

im—1-0>"13-4
p
if and only if 4,, > 41%1, which holds for 7,, > r + p unless i, =5, r =2, and p = 3, in

which case 6,,_1(7) > 5 and 6,,(1) = 2. O
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For each m > 0, let us set €,,(i) = 0,,,(i) — ¢, (i), which lies in {0, 1} by Lemma 3.3.4]
and the remark before it. The following corollary is useful in understanding the form of
our special elements.

Corollary 3.4.3. For every m > 0, we have 1], (i) > 1, (i), with equality if and only
if (i) = 0
Proof. If 6,,,1(i) > 1, Lemma and the fact that €;(¢) € {0, 1} for all £ imply that

(1) > ¢,,1 (7). Otherwise, ¢!, (i) = 0, and the inequality holds automatically, with
equality exactly if ¢/ (i) = 0. O

We next show that the sets given in Theorem are minimal unless r = p. It is
in the proof of this result that the refined elements x,,; first hold an advantage of ease
of use over the elements of Section [3.21

Theorem 3.4.4. For r < p — 1, no proper subset of S; generates V; as an A-module.
For r = p, every proper subset of S; U {p“"gp(mw} that generates V; as an A-module
must contain S;.

Proof. Assume first that 2 < r < p — 1. Suppose that

S

> ki =0, (3.4.3)

m=0

where ¢, € A for m < s. We must show that no ¢, is a unit. We prove the somewhat
stronger claim that c,, € (p, T“"+1) for each m.

Fix an nonnegative integer m < s. If €,,(i) = 0, then ,,; = p™T%y, by (3.3.5).
If €,,(i) = 1, then tells us that

Km,i = mee’”(i)_lur mod ATem(i)“ur,
noting Lemma [3.4.2] Set
Xp={keZ|m<k<s, (i) =1, o(k,i) <m}, (3.4.4)

which is actually a set of cardinality at most one, though we do not need this fact. Let
k<s. If k€ X, then (3.3.6) and Lemma together imply that

m+1 : Tem(i)+1)

Rii = —ak,imeem(i)’lur mod (p Uy,

and if k ¢ X,,, they and (3.3.5)) similarly imply that sy; € (p™, T?@+1)y,. Thus,
(3.4.3)) yields the congruence

Cmp™ TV = Z ckak7ime9m(i)_1 mod (pm“,Tem“(i)H). (3.4.5)
kEXm
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If the claim holds for all & > m, then we have ¢, € (p,T?) for each k € X,,, so
Cm € (p, T*"W+1) " as desired.

If r = p, a completely analogous argument shows that at most p/°&®1y is unneces-
sary for generation, if one works modulo Aw = Z,[®]w + A(p — 1)u, throughout. Here,
one should replace X, by

X, ={ke€Z|m<k<s, &(i)=1,0d (ki) <m}, (3.4.6)

where we set o/(k,1) = o(k,i) unless i, = p' + 1 for some [ > 0, in which case we set

o'(k,i) =o(k+1,1). O

For the purpose of completeness, we also give the precise condition on ¢ under which
no proper subset of S; U {pl°&®1w} generates V; in the case that r = p.

Proposition 3.4.5. For r = p, the set S; generates V; if and only if is = p + 1.

Proof. To determine whether pl'°% @1y is or is not necessary, we work in distinct ranges
of i separately. Note that the definition of s forces 2p® < i < 2p**!.

Case 1: 2p* < i < p**1. In this case, all of the elements &, ; lie in Au,, and therefore
s+1

p*T w is necessary.
Case 2: p*t1 < i < p**! 4+ p* — p*~L. In this range, we have
Kei = pu, +ptw and k1, = p* TPy, + p M w.
Note that
(T - p)/fs,i = ,OS(T - p)up + /08+1 (90 - 1>up = IOS(T - p)upa
SO

p*Tu, = p*lu, mod Ak,; and p°u, = —p*Tw mod Ax,;. (3.4.7)
Applying these to pks_1,;, we obtain
prs 1 = p* P, + p° PP = (—p" P 4 p*T)w mod Ak,

which in particular tells us that p*™2w € A(ks_14, Ksi)-

Case 3: p*™t +p* — p*~1 <@ < p** + p°. In this range, we have r,; = p*u, + p*w

and
s—2

K1 = ps—lTp—l + Z kaQk(i)—l up+ps+1w
k=0 (s,i)

with o(s,i) < s —2. Moreover, k,; € Au, for m <s—2.
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Set vy, = pFT% @y, for all nonnegative k. We note that Umi € A(Koyis -« s Kmy) for
m <s—2: if Ky # Vmy, which is to say €,(i) = 1, then

m—1

Umi = TEmi + Qmi E Vg ;-

k=0 (m,i)
Let j = 05 5(i) — p, and note that j > p* — 1 > 2. Since
Tj/-is_Li = ps_lTes‘Q(i)_lup + p* 7w mod A(Vo(s,iyis - - -3 Vs—2,)
and pkHTek(")*lup € Avjyq; for all k with o(s,i) < k < s — 3, we therefore have that
(p— T ks-1, = p°TP uy + " (p — T7)w mod A(Vp(siyis - - s Vs—2,0)- (3.4.8)
Using to reduce , we see that
(p— Tj)/ﬁs_u = p*"2(1 — p" % — " w mod A(Vo(s,i)yis - - Vs—2,is Ksi)s
which implies that p*™?w € A(kgs, ..., Ksi)-

Case 4: p*™ + p* < i < 2p**'. In this case, all of the k,,; with m < s —1 lie in
AT?Pu,, and so for p* 2w to be unnecessary, there would have to exist ¢ € A such that

cksi = p*Tw mod AT?u,,. (3.4.9)

Note that
chgi = c(pPu, + pw) mod AT,

and this forces ¢ = T?¢ mod (¢ — 1) for some ¢ € A. This means that

ckgi = p*w mod A(u,, (p — 1)w),
but p*2w ¢ A(p*Hw, (p — 1)w, u,), so ([3.4.9) cannot hold. O

4 The finite level

4.1 Norms and eigenspace structure

In this section, we explore the consequences of the results of Section [3| for unit groups of
actual abelian local fields of characteristic 0. Fix a positive integer n. Recall from the
introduction that F}, is the field obtained from E by adjoining the p"th roots of unity and
that U, ; denotes the tth unit group of F, for t > 1. As before, we set I, = Gal(F,,/F}).

For positive integers m > n, let N,,,, and Tr,,, denote, respectively, the norm and
trace from £, to F,. We also let N, denote the restriction map N,,: F* — F* on
norm compatible sequences. Recall that A, = N,,(A) =1 — (,n, where (n = N, (C) is a
primitive p"th root of unity. We will require a few preliminary lemmas.
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Lemma 4.1.1. One has
Trn 10 (A1) = pAS~ mod p?
for all k> 1 and € € {0,1}.

Proof. An easy calculation shows that

Trn—i—l,n()‘:wrl) =P ‘ ( t~) (_<P">j

for every ¢ > 0. Since
p(k—j) .
()= () I () = (1) o
pj i) o5 5 j
pts

for any 7 > 0, we have the result. O]

Let e, = p"!(p — 1) denote the ramification index of F,. In applying Lemma [4.1.1}
it is useful to make note of the fact that

p= -2 mod \". (4.1.1)
Lemma 4.1.2. Fort > 1 and any unit n in E, one has
1+ 7PAL mod AL if t <p”—1,

N1 +0X00) = 4 1T+ (P = )AL " mod X7 ift = p" — ¢, e € {0, 1},
1 — pAenth=¢ mod \enthtl—e ift =pk—e>p" e {0,1}.

Moreover, we have
Nsrn(1 -7 ,) = L mod Ay "7
for all t > p™.

Proof. The jump in the ramification filtration of Gal(F,,.1/F,) occurs at p™ — 1. By [Se,
Lemmas V.4 and V.5], we have

Nopin(14 0 0) = 1+ Trng10(X, 1) + 77A;, mod At 1277)

and
Tryi1,,(Aoyq) = 0 mod )\Z”ﬂt/pj_

The result is then a corollary of Lemma {4.1.1| upon applying (4.1.1)). O
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Let D, be the pro-p completion of F*, and let DI = D¢ for any r € Z. As
before, we fix r with 2 < r < p, and ¢ will always denote a positive integer with
t=rmodp—1. Let V,,; = Uig =U,;N Dq(f) for any such ¢. These V,,; are all modules
over A, = Z,[I', x ®]. As in Lemma 2.1 we have isomorphisms

Vn,i/vn,i+p—1 — Fq

that send 1 + 2\, for some z in the valuation ring of F,, to the element z of F, that is
identified with the image of x in the residue field of ' under the isomorphism fixed in
Section . We may then set V= V,,; — Vi, iy, 1 and define V,,;(n) for n € F as the
set of elements 1 4 z A, with 2 = 7.

We have the following consequence of Lemma [4.1.2]

Lemma 4.1.3. For anyt > —1, we have

Nn+1,n(Vn+1,p"+t) - Vn7pn+t_(p_1)\_%p
with equality for t > 0.
Proof. Note that Lemma tells us that

Nn—l—l,n(Un—l—l,p"—i-pk—e) - Un,p”—l—k—e

for all k > 0 and € € {0,1} with k£ > ¢, since every element in U, ynij_. can be written
as a product of elements of the form 1+ n 2" with ¢t > k — e and 1, € F,. (For k=0
and € = —1, it tells us just that any element of U, ,»_1 has a norm in U, yn_1.)

Note that

er _ € _
Un,p”—i—k—e - anpn+k_5+{7'_k+5_1} and Un:—l,p”-l—pk—e - anpn+l7k_5+{7"_k+€_1}'

For any ¢ > 0, we may write t = pk — e + {r — k + € — 1} for some k, ¢, and r, and we
have

t—(p—1) {%J —h—e+{r—k+e—1}

hence the result. O

The next corollary is almost immediate from Lemmas|4.1.2| and |4.1.3] so we leave it

to the reader.
Corollary 4.1.4. For any unit n in E, one has
Voi(nP) if e <p”—1,

Nog1.0(Var1:(n) € S Vii(p? —n) ifi=p"—1,
Vaprtk—1(—n) if i =p" 4+ pk — 1 for some k > 0,

with equality if r #p—1 ori > p".
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As for the p-power map, we have the following well-known and easy-to-prove fact.

Lemma 4.1.5. Suppose that i > p"~1. Then the pth power map induces an isomorphism
Vi = Viite,, and we have V, ;(n)? =V, ite, (=) for alln € Fr.

Next, we discuss the restriction map from the field of norms to the finite level.

Proposition 4.1.6. The map N, induces maps N,: D) — DY) that are surjections

X

o » We have

for v # p—1 and which have procyclic cokernel forr =p—1. Forn € F

Voi(P™") if 4 <p"—2,
Ny(Vi()) C R Vipna (P " =P ") if i = pr — 1,
Vnypn+k,1(—77p_n_l) if i =p"+pk—1 for some 0 < k < e,.

Moreover, we have induced maps
Vi/Vier = Voi/ Vi

for all © < p", and these are isomorphisms for i # p" — 1. For i < p™, we have that
Voi= N, Vi ifr #p—1, and V,,;/N,V; is procyclic if r = p — 1.

Proof. That the cokernel of N, is trivial (resp., procyclic) if r # p—1 (resp., r =p—1)
follows easily from local class field theory, but it is also a consequence of the argument
that follows. The first jump in the ramification filtration of Gal(F../F,.1) is at p"™ —1.
In particular, for ¢ less than this value, repeated application of Lemma[4.1.2] tells us that

—n—1

N1 (T+nA\) = n}bl_rgo Nopnsr(L+nP "Xy =1+97" AL, mod ASHY.

n

Moreover, repeated application of Corollary followed by two applications of Lemma
[4.1.3] tells us that

Nn(vp"“fH{r}) - vn,p”+en—1+{r}~
An application of Corollary then yields the stated containments.

Since 77" and —7” """ run through all elements of F, as as 7 € F,, varies, we obtain
Vi = NoVi 4 Viigp— for all i < p™ but p™ — 1. Noting Lemma [£.1.5] this implies

Vn,i—i—ken = Nnvznkz + Vn,i+ken+p—1

for p"~! < i < p™ with i # p" — 1 and k > 0. Note that every element of every V,,; may
be written as an infinite product over j > 0 of one element from each of a fixed set of
representatives of the V, ;-1 / Vnit(j+1)(p—1)- Thus, we have that N, V; = V,,; so long
asr #p—1.
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If r =p—1, we can choose an element z, of V,, ,n_1(&) that is not a norm. By the
above-proven formula for N, (1 + n\P"~!) modulo \?", we have that

Viprtken—1 = Nnvp’“(pnfl) + Viprtken+p—2 + <Z£k>
for k = 0, and then for all £ > 0 by taking powers. Therefore, V,,;/N,,V; is generated by
z, for all i < p™ with i = 0 mod p — 1. n

The following structural result is again essentially found in |Gr], without the stated
congruences. Here, we derive it from more basic principles.

Theorem 4.1.7. Forr < p—2, the A,,-module DY is freely generated as an A, -module
by an element u,, € V, (). The A,-module D%pil) has a presentation

No

Nj —
— I'n 1 [%2)
n,p—1 Up = Un, U >>

(-1 _ Y _ -1 _ _
D = (T, Unp—1,Vp | T =T, ) " =1 npe1 = Uy

n

where v = va_" = 1+ p€ mod p? is independent of n and u,,—1 € Vyp1(£) forn > 2,
while w1 p—1 € Viyp—1(§ — 5”71). The A, -module DP has a presentation

DY = (unp, wn | w) ™77 = uf ')
With U,y € Vi p(€) and wy, € Vi1 (=€) such that w)® = (.

Proof. We set u,, = (Nyu,)?", m, = N,m, and w, = (N,w)?" with u,, 7, and w as
in Theorem [3.1.5] It follows from the surjectivity of N, for r # p — 1 in Proposition
that the element u,,, generates Dﬁf) for r < p — 2, while the elements w,, and w,,,
generate DY, By Hilbert’s Theorem 90, the kernel of N,, consists exactly of elements of
the form o~ with a € D, and therefore it follows that DS is free of rank 1 on U
over A, for r < p — 2 and that DY has the stated presentation. (That U1y € Vip(§)
requires a simple check using Propositions [3.1.3[ and [4.1.6])

The elements 7, and u, ,—1 automatically satisfy the first two relations in the desired
_1)

presentation of DYV In particular,

Nr,xe __ _(y=1)Nr, __
n,p—1 = Ty = 17

so Hilbert’s Theorem 90 tells us that ui\i;’il = v}~ for some v,, in the pro-p completion

of E*. By Proposition 4.1.6, we have that

uhth =14 (Epn_l — fpn_Q))\ffl mod Af.

n,p—1 —

Noting (#.1.1), we may in fact choose v, = 1 + pp"~2(¢) mod p? with v = v#" " inde-
pendent of n.

Hilbert’s theorem 90 and Theorem tell us that the A,-module generated by
Up p—1 18 isomorphic to A, /(Nr, xe). By Proposition m the cokernel of N,, on D®~1)
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is isomorphic to Z,. We claim that the image of v topologically generates this cokernel.
If this is the case, then clearly D,(zp s generated by m,, u, 1, and v, and any solution
with b,d € Z, and ¢ € A, to whug ,_;v* =1 must satisfy b = d = 0 and ¢ € Z,Nr, xo-
It remains only to demonstrate the claim. Suppose by way of contradiction that
there exists a € A, such that r = vug , | is a pth power in D¥™Y. This implies that
207 = uflf;:ll) is a pth power in the A,-module generated by u,, 1. It follows that
a(y —1) € A,(p, Nr, xs), which forces a(y — 1) = 0 mod p, so a € A,(p, Nr,). It then

suffices to show that

DNE, b 2(1-)

Uun’pil =

is not a pth power in F, for any b € Z,[®]. If it were for some b, then vV* and hence
1 + p would be a pth power in F, as well, but this is clearly not the case. O

4.2 Special elements

We assume for the rest of the paper that n > 2, the case that n = 1 being slightly
exceptional but also completely straightforward. In this subsection, we construct special
elements in the groups in the unit filtration of F*. Aside from the case that r =p — 1,
these arise as restrictions of the elements introduced in Section [3.2

Note that

Z,[Un] = Z,[T1/(fn),

where f, = (T+1)”"" —1. Of course, we can then speak of the action of T’ on an element
of DY), Once again reverting to additive notation, the following is now an immediate

corollary of Theorem and Proposition [4.1.6]

Proposition 4.2.1. Let m and j be nonnegative integers with ¢,,(j) < p™ — 1. Define

1 oy i = .
an,m,j = T ({7’ —0— j}'p T7 — ZP kT¢k71(]) 6) Un,r,

Ir =

unless j = 0 and r = p—1, in which case we replace {r —§ — j}! with —1 in the formula.
Then anmj € Vg ) (&). Furthermore,

(pmij + c)unm ¢ Vn,¢m(j)+p—1
for all b € Z,[®] — pZ,[P] and c € T A,,.

For nonnegative m < n — 2, define ¢/, .- Z>o — Zxo by ¢/, ,,(j) = ¢,,(j) unless
r=p—1and j =e,_,,_1, in which case we set

Qb/mm(en—m—l) = €n +pm+1 —-1= Qbm(en—m—l) +pm(p - ]-)
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For nonnegative k, define ¥o), =1+ ¢ '+ ---+ p % and 9, = 1 for j > 2. Note that
Vo, € pZ,[P] if and only if £ = —1 mod p|P|.

By Theorem , every element of V,, ,_1 may be written as cu,, ,—1+dv with c € 4,
and d € Z,, and this representation is unique up to the choice of ¢ modulo Ny, x¢. For
a,b e D,(f), we again write a ~ b if a,b € V,, ;(n) for some i and n € F).

Theorem 4.2.2. Let m < n — 2 be a nonnegative integer, and define

m
m—k n—m-4+k—2 —1)+ k*l
Wnm = E 1Y 7S‘TLfm,ktTp (p=1)+p Unpp—1 — V.

k=0

Then we have wym € Vp e, 1pmt1-1(€). Furthermore, if j > 0 with ¢.,(j) < p", then
(me]b + c)un,p,l + dv §é V¢>i,,,m(j)+p*1
for all b € Z,[®] — pZ,[P], c € TT™ A, and d € Z,,.

Proof. Let | be a nonnegative integer with [ < m. We define

l
—k n—m-+k—2 —1)+ k*l
Wnm.l :§ PR,k TP =Dt =ly o — 0. (4.2.1)
k=0

We claim not only that wy,m = Wnmm € Vie,tpm+1-1(§), but that
Wyl € Vn,en—i-p””rl—pm*l (ﬁnfm,lJrlf) if p )( ﬁnfm,l+17
Vn’en_’_pm-‘—l_pm—l—l (5) lf p | 19n_m7l+1
for I < m. We note, to begin with, that wy, ,; € V. ¢, 4p—1, since Lemma |3.2.1a implies
Wym,t + v~ P T gy € Ve, ().

For a given i, we take V;,;(0) to mean V}, ;1 in what follows.

If p{ 95—, then Lemmas |3.2.1 and imply that

n7m+lf2(p_1)

m—I +pt
Twn,m,l ~p ﬁn—m,lTp P Unp,p—1

if | <m,m=0,orm<n—2, and we have

Twnms € {Vn’en+pm+1+pml(p_2)(_§> ifm<n—2orm=0, (4.2.2)

Vn7pn+pm—l—1(p,2) (’(927[(,0_15) ifl<m=n-—2.

On the other hand, if p | ¥, then we have Twy, ;1 ~ Twy mi—1, SO We can still apply
(4.2.2)). Moreover, since o, 3¢~ — U9, 2 = —1 for n > 3, we have that

n—3 n—2
Twn,n—2 ~ pﬁZ,n—STp Un,p—1 + Q92,n—2Tp Un,p—1 € Vn,p"+p—2(_€)-
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We prove our claim by induction on m. For m = 0, we have Tw,, o € V,, ¢, 42p—2(—&)
by (4.2.2)), and we have seen that w,o € Vj¢,4+p-1, S0 Proposition forces wy o €
Vientp—1(&). For m > 1, that wy, , € V,, ¢, 1pm+1-1 follows from the claim for [ =m — 1

and the fact that

Ten,1+pnb—1

Wnom — Wnmm—1 = ﬁn—m,m Un,p—1

is an element of V,, . 1 pm+1_p(—Up_mm€). Since Twym € Ve, 1pmriip—2(—E), an appli-
cation of Proposition would then yield that wy, ., € Ve, 4pm+1-1(§). So, to perform
the inductive step for [ < m, we assume that either p { 9,41 or [ = m — 1, since
otherwise wy, m; ~ Wpmi1 and [ +1 < m.

By Lemma |4.1.5( and induction, we have

Vo126, qapm—pm—i-t(—Up—mis1§) il <m—1,
n1.2en_y +pm—pm—i-1(—E) ifl=m—1.
(4.2.3)
Let ¢ be such that wy, ,; € V,;i, and set t = e, + p™! — p™~!. By Lemma we
have both that i <¢+p—1 and that there exists x € V,, , with Ny, ,,_1(z) = pwn—1,m-1,-
Hilbert’s Theorem 90 implies that * — wym; € Ay fn_1tnp—1. Note that

Nn,nfl(wn,m,l) = PWp—-1,m-1,] € {

n—2
pfn—lun,p—l ~ pr Upp—1 € Vn,p”+p—27
while wy, mi & Vipngp—2. It follows that
T~ Womt + 0Ty, 1, (4.2.4)

for some b € A, with b ¢ (p,T) and g > p"2. Since bT9  u,, 1 € (g DY

Lemma [3.2.1p and both Tz and Tw,, ,,; lie in V,, 14,1, the latter by (4.2.2)), we have
that ¢(¢g + 1) > ¢ and hence that ¢(g) > t. Therefore, we have bT9u, ,—1 € V,, and

(4.2.4) now forces i > t, which means that i € {¢,t +p — 1}.

If | <n—3, then Lemma forces i = t in order for to hold. If l =n—3 and
1 =1t+p—1, then Proposition and force wnn-2.n-3 € Vppr—1(—2,_3p71E).
By Corollary this implies that

Nn,n—l (wn,n—Q,n—?)) € Vn—1,26n_1+p”—2—1 (792,71—390_15)7

and then (4.2.3)) tells us that p | 99,2 and wy, 2,3 € Vipn_1().
If © = t, then Lemma [3.2.1 implies that

m—1l—1

|~ _dTenfl-i-Pm—P Unp—1 (425>

Wn,m,

for some d € Z,[®] — pZ,[P]. Set

m—Il—1

— en—1+p™—
Z = Wn,m,l + ar e Un,p—1 € Vn,t+p—1~
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By (4.2.2) and Lemma , we have Tz € V,, 110(p—1)(—d'§), where d' =d if [ <n -3
and d' = d — V9, 307" if | = n — 3. We therefore have z € V,, 1, 1(d'€) and then

Nn7n_1(2) E Vn_LQen_l_i_pm_pmflfl (_dlf)

by Corollary [4.1.4, On the other hand, we have

m—1—1 m—l—1

en—1+p™— e +p™—
Nn,n—l(T noiTPeTp Un,p— l) SOT oAt Un—1,p—1 € Vn—l,t7

so we have N, ,_1(2) ~ Nyn—1(Wnm,). Equation (4.2.3)) then forces d = ¥p_pys1. If
P | Un—mit1, then | = n — 3 by assumption, and this contradicts our assumption on ¢
and implies the claim for wy, 2 ,—3. Otherwise, we have already shown that ¢ = ¢, and

(4.2.5) and Lemma [3.2.1} yield the claim.

Suppose now that j > 0, b € Z,[®] — pZ,[P], c € T A,,, and d € Z,, are such that
bulj) < o and |
w= "I’ + c)upp_1 +dv €V, ;

for some 7 > ¢/, (j). We suppose that ¢,,(j) > ey, as the result otherwise reduces to
Proposition m For m = 0, if (b17 +¢)upp—1 9 —dv, theni = e, ori = ¢(j) < ¢}, (7).
Otherwise, we must have j = e,,_1, and since Tw ~ bT7"u,, ,, 1, the argument of Lemma
tells us that i = e, +p — 1.

For m > 1, we rewrite c as pd +T"v for some h > j+1and ,v € A, with v & (p,T).
Note that ¢, ,,(j) = p¢,_,,_1(j) +p — 1. By induction, we have that

( me 1bTJ +C)90Un 1,p—1 +dU ¢ V 1,9, _ L LG)+p—1-
The pth power of this element is the norm from F,, of
Ww=w- Thl/ump_l = (p"bT? + pc )y 1 + do,

and W' & Vi, g1 (j)4p-1 by Lemma L If W' € Vig, (), then the fact that ¢, ,.(j) is
—1 modulo p and therefore not a Value of ¢ implies that o’ # —=Thvu,, 1, so we have
i = Gl

So, assume that w' ¢ V, () Then W'~ =T"vu,, 1, and Lemma a implies
that ¢(h) < ¢, ,,,(j) <i. Ifw gé Vi,é(ht1), then we must have i = ¢(h) +p—1= ¢, ,.(j).
So, we assume moreover that w € V, 4+1), in which case Tw' ~ —Th“uun’p,l. Since
Tw' is a power of p, either ¢(h + 1) is divisible by p and less than p", or ¢(h + 1) > p".
In the former case, unless ¢(h+2) > p", we would have T°w' € V}, y(n+1)+p(p—1) and then
T?w € V S(h+2) contradicting w € V,, ¢(h+1 We therefore have ¢(h 4+ 2) > p" in both
cases, SO T € Vipn—p. By Proposition and the fact that ¢,,(p"~™"1) > p", this
forces j = p» ™! — 1. If m < n — 2, then

pr=p<oh)+p—1<¢,,.0() =bu(j) =p" —p" " +p" -1,
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which is a contradiction. We therefore have m =n —2 and j =p — 1, so

Pr=1=¢, 2(p—1)> dnalp—1),

which, noting Proposition implies that p 1 d and then, noting Theorem [4.1.7], that
(p—1) : L on
w ¢ pDy . In particular, w ¢ V;, jnipp9, s0 4 = p" — 1. O

Remark 4.2.3. Note that ¢,,_1(0) = p™ — 1 < p" as well, but in this case, the element
ulTx® = 1 has the form (p" b + ¢)uy,—1 with b € Z,[®] — pZ,[®] and ¢ € TA.

n,p—1

For r = p, we have the following consequence of Theorem and Proposition [4.1.6]
Proposition 4.2.4. Let m and | be nonnegative integers with ¢, (p' — 1) < p". Let
Bnml _ <mepl_1 + me_kT(b;cl(pl_l)_l) Un,p _{_pm—l—l-‘,-lwn‘
k=1

Then Bnmi € Vag pi-1(—§) unless | = n —1 and m = 0, in which case Bpon-1 €
Vapn (&77"). Furthermore, for any j > 0 with ¢ (j) < p", we have

(pmij + C)un,p + dw, ¢ Vi, min(g, () +p—1,pm+p—1)

for all b € Z,[®] — pZ,[P], c € TIT A, and d € Z,[P].

4.3 Generating sets

In this final subsection, we turn to the task of finding small generating sets for the groups
Voi as A,-modules. First, we define the refined elements that will be used in forming
these sets.

Suppose that ¢ < p™ and

1+ 1
<m< :
o< s ()|

m+1

Aside from the case that r =p — 1 and p™ <@ —e, < p™", we set

_.n
Kn,m,i =@ Nn/im,zﬁ

which can be written down explicitly as in the formulas (3.3.5)), (3.3.6), and (3.3.7)), but
now with w, replaced by wu,, and w replaced by w,. By Propositions {.1.6, and

we have that K, € Vi,

Ifr=p—1andp™<i—e, <pmt

, then we set

Knmi = Wnomm—o(m+1,i)
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with wy, ;y for [ > 0 defined as in (4.2.1)). Then &,,,,,; € V; by the claim in the proof of
Theorem Moreover, we have

m

Rnm,i = Z pkﬁn—m,m—kTek(i)_lump—l -, (431)
k=o(m+1,i)

since Op,(i) = p" *2(p— 1) + p™Fif k > o(m + 1,4).
Our next result is the analogue of Theorem at the finite level.

Theorem 4.3.1. Let i be the smallest nonnegative integer for which 1 < pe, + p". Let

Sn,i = {p“ﬁn,m,iﬁuen | 0<m< 3};

_ 1— pe, +1
S e Iy

If 2 < r < p—2, then the A,-module V,,; is generated by S,;. If r = p—1, it is
generated by S, ; U{p'v} ifi < (u+1)e, and S, ; otherwise, and if r = p, it is generated
by Sy U {prHiosstizren)ly, .

where

Proof. Suppose first that ¢ < p™. If r # p — 1, then V,,; = N,)V; by Proposition [£.1.6]
For such i, the generation then follows immediately from Theorem [3.4.1]

Similarly, if » = p — 1, then v € V,,, (&) generates the cokernel of N,,. If i < e,
then S,,; U {v} generates V,,; by a similar argument to that given in Theorem (or
by Proposition and Theorem itself). If e, < ¢ < p™, then similarly S,,; U{pv}
generates V,, ;, but we now claim that pv is in the A,-submodule generated by S, ;. To
see this, suppose that m < n — 2 is such that p™ < i —e, < p™*. Note that A,S,;
contains v, ; = kaek(i)un,p,l for each 0 <k <n —1. (If K, 1, is not this element, one
can multiply it by 7" and subtract off multiples of the v, 5, ; for b < k to reduce it to this

form.) Noting (4.3.1), we have

PU = —PRpm; + Z ﬁnfm,mfkTek(i)iekJrl(i)ilyn,kJrl,i € AnSn,l

k=o(m+1,i)
In the case of arbitrary r and i, Lemma tells us that V,,; = p"V,, ., and we
again have the desired generation. O]

Remark 4.3.2. For ¢ < p", the integer s in Theorem is unique such that i lies in
the half-open interval [(r + 1)p*~!, (r + 1)p®) if r < p— 1 and [2p®, 2p**!) if r = p. Since
Sn,i has s + 1 elements, the generating set S}, ; provided in Theorem has at most
n + 1 elements. Since S}, ; = p"S,, ;. , the latter statement holds for all i. In fact, for

i > p"1, the set S, has either n or n + 1 elements, depending for each r on which of
two ranges ¢ lies in modulo e,,.
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Finally, we prove a slightly weaker minimality statement than Theorem [3.4.4] since in
the finite case there are many values of ¢ for which the analogous statement to Theorem
[3.4.4] is simply not true, so long as r < p — 1.

Theorem 4.3.3. Every generating subset of the generating set for V,,; of Theorem
1s of cocardinality at most one.

Proof. We maintain the notation of Theorem [4.3.1 By Lemma [4.1.5] the p*th power
map defines an isomorphism V;_ ., =V, and Sni = P*Sni—pe,- We therefore assume
that ¢ < p™ for the rest of the proof. Note that we have

0,(i) < prht (4.3.2)

for all 0 < k <n — 1, and we have 6,(i) = 0.

Case r < p — 2: In this case, N,, induces an isomorphism D(’")/an(’”) = DT([’), SO

Proposition m tells us that V,,; = V;/(V; N f,D)). In other words, a subset Y, of
Sh,i will generate V,,; if and only if the subset Y of S; lifting it has the property that
Y U {fuu,} generates V; + f,D().
Recall that
n—1
fo =D TP mod (pn TR ph T, T,
k=0

Noting , we have that
fo=p" TP " mod (ptt, 70RO (4.3.3)
for each 0 <m <'s. Let us set [ = (p, T, — 1) and
I = (p, TYon@ o 1)

for the remainder of the proof.
The analogue of (3.4.3)) in our current setting is

s

Z CmBmi = bfnur (434)

m=0

for some ¢,, € A and b € A. Given a solution to (4.3.4), we claim that there exist
qr € Z, for k < s, independent of the solution, such that

cx = qebTY mod I, (4.3.5)

Of course, only those &,k for k such that p{ g, and €x(¢) = 0 can possibly be A,-linear
combinations of the others. If k is such a value and we suppose that ¢, = 0, then these
congruences force b € I and therefore ¢, € I for every other m < s, proving the result.
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We turn to the proof of the claim. In our current setting, equation ([3.4.5)) becomes
cnp” = 0 mod (p"t, T)

for m = n (if s = n, since 6,,(i) = 0) and

n—m-—1

Cmp TV = Z cpay p™ T O~ 4 ppme mod (p™tt, 70O+ (4.3.6)
kEXm

for m <n—1, with X,, as in (3.4.4). In the case that s = n, the claim for k = n is then

immediate. Moreover, supposing that we know the claim for £ with m 4+ 1 < k < s, the

congruence (4.3.6) implies that
en = Y qrap T + b7 Ym0 mod 1,

keXm

upon application of for k € Xy As €,,(1) < p" ™1 — by, (4) by (4.3.2), we have
the claim for kK = m as well.

We remark that if 6,,(7) < p"~™! for all m < n — 1, which is to say that i < p"~1r
then we obtain recursively that p | ¢, for all m < s. In other words, S, ; has no proper
generating subset for such ¢. This is useful in the following case.

Case r = p: In the case r = p, we have that 0,,(i) < p" ™! for all m < n — 1 and
all i < p™ (since § = 1), and the analogous argument working modulo Aw and using the
set X/ of (3.4.6) shows that any subset of S, ; U {p/°&@lw, } that generates V,,; must
contain Sy, ;.

Case r = p — 1: Finally, we consider the more subtle case that » = p — 1. In this
case, s <n — 1. Recall from Theorem that

l/fn 1 - nun,pfl = An/(NFnX‘I)>

and A,v = Z,v + Z,[®] N, u,, 1. Note that Nr, lifts to T-'f, in A. As in (4.3.3), we
have

nfmfl_l

T fo=p"T"

for0<m<n-—2and

mod (pm-‘,-l’ TOm(i)—l—l)

T 'fo=p"' (1= 37) mod (p",T?). (4.3.7)

Range i@ < e, In this range, every Ky ,; lies in A,u,, so v is in particular necessary to
generate V,, ;. We also have 6,,_1(i) = 0 and 6,,,(7) < e,,_,—1 for all m < n —2. Consider
the following analogue of (3.4.3)):

s

Z Contimi = T fru, 1. (4.3.8)

m=0
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As before, we claim that there exist g, € Z, for k < s, independent of the solution to
(4.3.8)), such that (4.3.5)) holds, from which the result follows in this range.
The analogue of (3.4.5)) for m < s in the current setting is

1

Cmmewm(i) = Z Ckak,imeem(i)_l + bmepn—mf
keXm

“Lmod (pmt!, TOH)  (4.3.9)

If s =n — 1, we then obtain ¢,_1 = bmod I. If s > n — 2, we have
Cpy = bTP 1 O0n—20ren—20) od 1,

hence the claim for k = n—2. For m < n—3, we have 0,,(7) < p"~™1 -2, and assuming
the claim for m + 1 < k < s, we see recursively using (4.3.9) that

Cm = Z qkakvibTEm(") mod I,,.
kEXm

Range e, < i < p": In this range, s =n—1,0, 1(i) =1, and 0,, (i) = p. Let | <n—2
be such that p' < i —e, < p'™' 80 K, ; is the lone element of S,,; that does not lie in
Apty p—1. Thus, if we were to have

n—1
> b mi =0 (4.3.10)
m=0

for some d,, € A,,, then we would have to have d; € A, (T, — 1) in order that djx, ; €
Aptty p—1. Let

!
Ky = Z 1 T D,y
j=o(1+1,i)
so that Tk, = @”Nn/@;d. Let 7, ; = Km; for m <n —1 with m # [.
Equation (4.3.10) implies that

n—1

Z ki = 0T frup—1 mod A(p — 1w, (4.3.11)
m=0
for some b € A and where ¢,, € A reduces to d,, for m # [ and ¢; € A is such that T'q
reduces to d; modulo A, (¢ — 1). Similarly to before, we claim that there exist ¢, € Z,
for m < n — 2, independent of the solution to , such that holds, and that
b € I if and only if ¢,_; € I. From this, it follows that a solution to with ¢, = 0
for some k has ¢, € I for every other m <n — 1.
Note that €/(i) = 0, and let 7, be ¥,_;;_, if o({ +1,7) < m < [ and 0 otherwise.

Equations (4.3.7)) and (4.3.11)) yield
o1 = b(1 = 3T) mod (p,T?, ¢ — 1), (4.3.12)
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and, for arbitrary m < mn — 2, we have

nfmfl_l

e TV = Z cpay 70O — 7 T 4 TP
kEXm

mod (p, T o —1).

(4.3.13)

For m = n — 2, note that (4.3.12), (4.3.13), and a,_1; = —1 imply that

CnoT 20 = b — ¢, = 1pT mod (p, T2, ¢ — 1), (4.3.14)

=3
so (4.3.5) holds with ¢,,—» = 1. For m with o(n —1,i) < m < n — 3 (which exists only
if | =n —2), we have X,,, = {n — 1} and 6,,(:) = p" ™!, and we obtain from (4.3.13))

and (4.3.14) that

T ) = — 1 — o T+ b= (1 = Y9n—m_2)bT mod (p,T? ¢ — 1), (4.3.15)

1
2

so (4.3.5)) holds with ¢,, = —1(n—m—2). For m < o(n—1,7), we have 6,,(i) < p"™!,
and (4.3.13) and (4.3.14]) yield recursively that

Cm = Z Qg bT D — g, bTem@ 4 pTe™ " =19 oq 1,
keXm

verifying (4.3.5)) for k = m. O
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