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   (  𝑋  ,  𝒯  ) 


   𝐴 


   𝑋 


     𝒯  𝐴   =  {  𝑈  ∩  𝐴  ∣  𝑈  ∈  𝒯  } 


   𝒯 


     𝒯  𝐴  


   ∅  =  ∅  ∩  𝐴  ∈    𝒯  𝐴  


   𝐴  =  𝑋  ∩  𝐴  ∈    𝒯  𝐴  


   𝒱  ⊆    𝒯  𝐴  


   𝑉  ∈  𝒱 


     𝑈  𝑉   ∈  𝒯 


   𝑉  =    𝑈  𝑉   ∩  𝐴 


     ⋃    𝑉  ∈  𝒱    𝑉  =    ⋃    𝑉  ∈  𝒱    (    𝑈  𝑉   ∩  𝐴  )  =    (    ⋃    𝑉  ∈  𝒱      𝑈  𝑉   )   ∩  𝐴  ∈    𝒯  𝐴  


     ⋃    𝑉  ∈  𝒱      𝑈  𝑉   ∈  𝒯 


     𝑉  1   ,  …  ,    𝑉  𝑛   ∈    𝒯  𝐴  


   𝑛  ≥  1 


     𝑉  𝑖   =    𝑈  𝑖   ∩  𝐴 


     𝑈  𝑖   ∈  𝒯 


   1  ≤  𝑖  ≤  𝑛 


     ⋂    𝑖  =  1   𝑛     𝑉  𝑖   =    ⋂    𝑖  =  1   𝑛   (    𝑈  𝑖   ∩  𝐴  )  =    (    ⋂    𝑖  =  1   𝑛     𝑈  𝑖   )   ∩  𝐴  ∈    𝒯  𝐴   , 


     ⋂    𝑖  =  1   𝑛     𝑈  𝑖   ∈  𝒯 


   𝑈 


   𝑉 


   𝑉  =  𝑊  ∩  𝑈 


   𝑊 


   𝑉  =  𝑉  ∩  𝑈 


   (  𝑎  ,  𝑏  )  ∈  ℝ 


   𝑎  <  𝑏 


   ∅ 


   (    𝑎  ′   ,    𝑏  ′   ) 


   𝑎  ≤    𝑎  ′   ≤    𝑏  ′   ≤  𝑏 


   𝑋  =  {  𝑎  ,  𝑏  ,  𝑐  ,  𝑑  } 


   {  ∅  ,  {  𝑎  }  ,  {  𝑏  }  ,  {  𝑎  ,  𝑏  }  ,  𝑋  } 


   {  𝑎  ,  𝑏  } 


   {  𝑐  ,  𝑑  } 


   ℬ 


   𝑈  ∈  𝒯 


   ℝ 


   {  {  𝑥  }  ∣  𝑥  ∈  𝑋  } 


   𝒮 


   𝐴  ⊆    ⋃    𝑆  ∈  𝒮    𝑆 


   𝑈  ,  𝑉  ∈  ℬ 


   𝑥  ∈  𝑈  ∩  𝑉 


   𝑊  ∈  ℬ 


   𝑥  ∈  𝑊 


   𝑊  ⊆  𝑈  ∩  𝑉 


   𝒯  =    {    ⋃    𝑈  ∈  𝒞    𝑈  ∣  𝒞  ⊆  ℬ  }  


   𝑋  ∈  𝒯 


     𝑈  1   ,    𝑈  2   ∈  𝒯 


   𝑥  ∈    𝑈  1   ∩    𝑈  2  


     𝑉  1   ∈  ℬ 


     𝑈  1  


     𝑉  2   ∈  ℬ 


     𝑈  2  


   𝑥  ∈  𝑊  ⊆    𝑉  1   ∩    𝑉  2   ⊆    𝑈  1   ∩    𝑈  2   . 


   ℬ  ⊂  𝒯 


   𝑊  ∈  𝒯 


   ∅  ,  𝑋  ∈  𝒯 


     𝑈  1   ,  …  ,    𝑈  𝑛   ∈  𝒯 


   𝑥  ∈    ⋂    𝑖  =  1   𝑛     𝑈  𝑖  


   𝑥 


     ⋂    𝑖  =  1   𝑛     𝑈  𝑖  


     𝒯  ′  


   𝒯  =    𝒯  ′  


     ℝ  𝑛  


     ℬ  𝑥  


   𝑉  ∈    ℬ  𝑥  


   𝑉  ⊆  𝑈 


   𝑥  ∈  𝑋 


   ℬ  =    ⋃    𝑥  ∈  𝑋      ℬ  𝑥  


   𝑋  =    ⋃    𝑈  ∈  ℬ    𝑈 


   𝑈  ∈    ℬ  𝑥  


   𝑉  ∈    ℬ  𝑦  


   𝑥  ,  𝑦  ∈  𝑋 


   𝑧  ∈  𝑈  ∩  𝑉 


   𝑊  ∈    ℬ  𝑧  


     𝒯  ′   ⊆  𝒯 


     𝑈  𝑥   ∈    ℬ  𝑥  


     𝑈  𝑥   ⊆  𝑊 


   𝑊  ∈    𝒯  ′  


   (  𝑎  ,  ∞  ) 


   (  −  ∞  ,  𝑏  ) 


   𝑎  ,  𝑏  ∈  ℝ 


     𝐴  ‾  


   𝐵 


   𝐴  ⊆  𝐵 


     𝐴  ‾   ⊆  𝐵 


   𝒞  =  {    𝑈  𝑐   ∣  𝑈  ∈  𝒯  } 


   𝒞 


   (  𝑎  ,  𝑏  ) 


   [  𝑎  ,  𝑏  ] 


   [  𝑎  ,  𝑏  ) 


   (  𝑎  ,  𝑏  ] 


   𝑥  ∈    𝐴  ‾  


   𝑥  ∈  𝐵 


   𝑥  ∉  𝑈 


   𝑈  ⊆    𝐴  𝑐  


     𝐴  𝑐  


   𝑥  ∈  (  𝑎  ,  𝑏  ) 


   (  𝑎  −  𝜖  ,  𝑎  +  𝜖  ) 


   {  𝑎  +  𝛿  ∣  0  <  𝛿  <  𝜖  } 


   (  𝑏  −  𝜖  ,  𝑏  +  𝜖  ) 


   {  𝑏  −  𝛿  ∣  0  <  𝛿  <  𝜖  } 


   𝑥  >  𝑏 


   𝑥  <  𝑎 


     𝐴  ‾   =  𝑋 


   ℚ 


     𝐴  ∘  


     𝐴  ∘   =  (      𝐴  𝑐   ‾     )  𝑐  


   𝜕  𝐴 


   𝑎  ,  𝑏  ∈  ℝ 


   𝑎  <  𝑏 


   {  𝑎  }  ∪  {  𝑏  } 


   𝜖 


   𝐴  =  𝑋 


   𝑋  =  {  𝑎  ,  𝑏  ,  𝑐  } 


   𝒯  =  {  ∅  ,  {  𝑎  }  ,  {  𝑎  ,  𝑏  }  ,  {  𝑎  ,  𝑐  }  ,  𝑋  }  . 


   {  𝑏  } 


   {  𝑐  } 


   {  𝑏  ,  𝑐  } 


   {  𝑎  } 


   𝑥  ∉  𝐴 


   (    𝑥  𝑛     )    𝑛  ≥  1   


   𝑁  ≥  1 


     𝑥  𝑛   ∈  𝑈 


   𝑛  ≥  𝑁 


     𝑥  𝑛  


   {    𝑥  𝑛   ∣  𝑛  ≥  1  } 


   𝑎  ,  𝑏  ∈  𝑋 


   𝑎 


   𝑏 


   𝑈  ∩  𝑉  =  ∅ 


   {  𝑥  } 


   𝑎  ∈  𝑋 


   𝑥  ≠  𝑎 


     𝑈  𝑎  


   𝑋  −  𝑈  =  {  𝑥  ∈  𝑋  ∣  𝑥  ∉  𝑈  } 


   𝑦  ∈  𝑋  −  {  𝑥  } 


   𝑦 


   𝑛 


   𝑦  ∉    𝑈  ‾  


     𝑈  ‾  


   𝑑          ∶    𝑋  ×  𝑋  →    ℝ    ≥  0   


   𝑎  ,  𝑏  ,  𝑐  ∈  𝑋 


   𝑑  (  𝑎  ,  𝑏  )  =  0 


   𝑎  =  𝑏 


   𝑑  (  𝑎  ,  𝑏  )  =  𝑑  (  𝑏  ,  𝑎  ) 


   𝑑  (  𝑎  ,  𝑐  )  ≤  𝑑  (  𝑎  ,  𝑏  )  +  𝑑  (  𝑏  ,  𝑐  ) 


   (  𝑋  ,  𝑑  ) 


   𝑑 


   𝑑          ∶      ℝ  𝑛   ×    ℝ  𝑛   →    ℝ    ≥  0   


   𝑑  (  𝑥  ,  𝑦  )  =        ∑    𝑖  =  1   𝑛   (    𝑥  𝑖   −    𝑦  𝑖     )  2    


   𝑥  =  (    𝑥  𝑖     )    𝑖  =  1   𝑛  


   𝑦  =  (    𝑦  𝑖     )    𝑖  =  1   𝑛  


   𝑧 


   𝜖  >  0 


   𝐵  (  𝑥  ,  𝜖  )  =  {  𝑦  ∈  𝑋  ∣  𝑑  (  𝑥  ,  𝑦  )  <  𝜖  }  . 


     𝐵  ‾   (  𝑥  ,  𝜖  )  =  {  𝑦  ∈  𝑋  ∣  𝑑  (  𝑥  ,  𝑦  )  ≤  𝜖  }  . 


   𝑈  =  𝐵  (  𝑥  ,  𝜖  ) 


   𝑉  =  𝐵  (  𝑦  ,  𝛿  ) 


   𝑈  ∩  𝑉 


   𝜌  <   min   {  𝜖  −  𝑑  (  𝑥  ,  𝑧  )  ,  𝛿  −  𝑑  (  𝑦  ,  𝑧  )  }  . 


   𝐵  (  𝑧  ,  𝜌  )  ⊆  𝑈  ∩  𝑉 


   𝑑  (  𝑧  ,  𝑤  )  <  𝜌 


   𝑑  (  𝑤  ,  𝑥  )  ≤  𝑑  (  𝑤  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑥  )  <  𝜌  +  𝑑  (  𝑥  ,  𝑧  )  <  𝜖  , 


   𝑑  (  𝑤  ,  𝑦  )  ≤  𝑑  (  𝑤  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑦  )  <  𝛿 


   𝐵  (  𝑦  ,  𝜖  ) 


   𝑑  (  𝑥  ,  𝑦  )  <  𝜖 


   𝐵  (  𝑥  ,  𝜖  −  𝑑  (  𝑥  ,  𝑦  )  )  ⊆  𝑈 


     𝐵  ‾   (  𝑥  ,  𝜖  ) 


   𝑦  ∉    𝐵  ‾   (  𝑥  ,  𝜖  ) 


   𝛿  =  𝑑  (  𝑥  ,  𝑦  )  −  𝜖  >  0 


   𝐵  (  𝑦  ,  𝛿  ) 


   𝑧  ∈  𝐵  (  𝑦  ,  𝛿  ) 


   𝑑  (  𝑥  ,  𝑧  )  +  𝛿  >  𝑑  (  𝑥  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑦  )  ≥  𝑑  (  𝑥  ,  𝑦  ) 


   𝑑  (  𝑥  ,  𝑧  )  >  𝜖 


   𝑧  ∉    𝐵  ‾   (  𝑥  ,  𝜖  ) 


     𝑑  ′  


     𝑑  ′   (  𝑥  ,  𝑦  )  =   max   {  |    𝑥  𝑖   −    𝑦  𝑖   |  ∣  1  ≤  𝑖  ≤  𝑛  } 


   𝑥  =  (    𝑥  𝑖     )    𝑖  =  1   𝑛   ,  𝑦  =  (    𝑦  𝑖     )    𝑖  =  1   𝑛   ∈    ℝ  𝑛  


     𝑑  ′   (  𝑥  ,  𝑦  ) 


   𝐵  (  𝑥  ,  𝜖  ) 


     𝐵  ′   (  𝑥  ,  𝜖  ) 


   𝑦  ∈    ℝ  𝑛  


    max   {  |    𝑥  𝑖   −    𝑦  𝑖     |  2   ∣  1  ≤  𝑖  ≤  𝑛  }  ≤    ∑    𝑖  =  1   𝑛   (    𝑥  𝑖   −    𝑦  𝑖     )  2   ≤  𝑛     max   {  |    𝑥  𝑖   −    𝑦  𝑖     |  2   ∣  1  ≤  𝑖  ≤  𝑛  }  , 


   𝐵  (  𝑥  ,  𝜖  )  ⊆    𝐵  ′   (  𝑥  ,  𝜖  )  ⊆  𝐵  (  𝑥  ,    𝑛   𝜖  ) 


   𝜖  =    1  2   𝑑  (  𝑥  ,  𝑦  ) 


   𝑑  (  𝑥  ,  𝑦  )  =    {            1           if    𝑥  ≠  𝑦        0           if    𝑥  =  𝑦  .          


   𝐵  (  𝑥  ,    1  2   )  =  {  𝑥  } 


   𝐵  (  𝑥  ,  1  )  =  {  𝑥  } 


     𝐵  ‾   (  𝑥  ,  1  )  =  𝑋 


   𝑁  >  0 


   𝑑  (  𝑥  ,  𝑦  )  ≤  𝑁 


   𝑥  ,  𝑦  ∈  𝐴 


     𝑑  ′           ∶    𝑋  ×  𝑋  →    ℝ    ≥  0   


     𝑑  ′   (  𝑥  ,  𝑦  )  =   min   {  𝑑  (  𝑥  ,  𝑦  )  ,  1  } 


   𝑥  ,  𝑦  ,  𝑧  ∈  𝑋 


   𝑑  (  𝑥  ,  𝑦  )  ≤  1 


     𝑑  ′   (  𝑥  ,  𝑦  )  =  𝑑  (  𝑥  ,  𝑦  )  ≤   min   {  𝑑  (  𝑥  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑦  )  ,  1  +  𝑑  (  𝑧  ,  𝑦  )  ,  𝑑  (  𝑥  ,  𝑧  )  +  1  ,  1  +  1  }  =    𝑑  ′   (  𝑥  ,  𝑧  )  +    𝑑  ′   (  𝑧  ,  𝑦  )  , 


   𝑑  (  𝑥  ,  𝑦  )  ≥  1 


     𝑑  ′   (  𝑥  ,  𝑦  )  =  1  ≤   min   {  𝑑  (  𝑥  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑦  )  ,  1  +  𝑑  (  𝑧  ,  𝑦  )  ,  𝑑  (  𝑥  ,  𝑧  )  +  1  ,  1  +  1  }  =    𝑑  ′   (  𝑥  ,  𝑧  )  +    𝑑  ′   (  𝑧  ,  𝑦  ) 


   1  ≤  𝑑  (  𝑥  ,  𝑦  )  ≤  𝑑  (  𝑥  ,  𝑧  )  +  𝑑  (  𝑧  ,  𝑦  ) 


   1 


     𝑑  ′   (  𝑥  ,  𝑦  )  =   min   {  |  𝑥  −  𝑦  |  ,  1  } 


      lim     𝑛  →  ∞      𝑑  (  𝑎  ,    𝑥  𝑛   )  =  0 


   𝐵  (  𝑎  ,  𝜖  ) 


   𝑑  (  𝑎  ,    𝑥  𝑛   )  <  𝜖 


     𝑥  𝑛   ∈  𝐵  (  𝑎  ,  𝜖  ) 


      lim     𝑛  →  ∞      𝑑  (  𝑎  ,    𝑥  𝑛   ) 


   0 


   𝐴  ⊆  𝑋 


     𝑥  𝑛   ∈  𝐵  (  𝑥  ,    1  𝑛   )  ∩  𝐴 


   𝒰 


     ⋃    𝑈  ∈  𝒰    𝑈  ∈  𝒯 


     𝑈  1   ∩  ⋯  ∩    𝑈  𝑛   ∈  𝒯 


   ∅  ,  𝑋 


   {  ∅  ,  𝑋  } 


   𝑋  =  {  𝑎  ,  𝑏  } 


   4 


   {  ∅  ,  𝑋  }  ∪  𝑆 


   𝑆 


   {  {  𝑎  }  ,  {  𝑏  }  } 


   𝑋  =  {  𝑎  ,  𝑏  ,  𝑐  } 


   {  ∅  ,  {  𝑎  }  ,  {  𝑏  }  ,  𝑋  } 


   {  ∅  ,  {  𝑎  ,  𝑏  }  ,  {  𝑎  ,  𝑐  }  ,  𝑋  } 


   𝒯  ⊆    𝒯  ′  


   𝒯  ≠    𝒯  ′  


     𝒯  1   =  {  ∅  ,  𝑋  } 


     𝒯  2   =  {  ∅  ,  {  𝑎  }  ,  𝑋  } 


     𝒯  3   =  {  ∅  ,  {  𝑎  }  ,  {  𝑏  }  ,  {  𝑎  ,  𝑏  }  ,  𝑋  } 


     𝒯  4  


     𝒯    𝑖  +  1   


     𝒯  𝑖  


   1  ≤  𝑖  ≤  3 


     𝒯  3  ′   =  {  ∅  ,  {  𝑎  }  ,  {  𝑎  ,  𝑏  }  ,  {  𝑎  ,  𝑐  }  ,  𝑋  } 


     𝒯  3  ′  


     𝒯  1  


     𝒯  2  


     𝒯  3  


   𝑥  ∈  𝑈 


     𝑉  𝑥  


   𝑈  =    ⋃    𝑥  ∈  𝑈      𝑉  𝑥  


   𝑊  =    ⋂    𝑖  =  1   𝑛     𝑈  𝑖  


   𝑊  =    ⋃    𝑥  ∈  𝑊      𝑉  𝑥  


   𝑋  −  𝐴 


   ℤ 


   ∅  =    𝑋  𝑐  


   𝑋  =    𝑋  𝑐  


   ∅  ,  𝑋  ∈  𝒞 


       (    ⋂    𝐴  ∈  𝒞    𝐴  )   𝑐   =    ⋃    𝐴  ∈  𝒞      𝐴  𝑐   , 


     𝐴  1   ,  …  ,    𝐴  𝑛   ∈  𝒞 


       (    ⋃    𝑖  =  1   𝑛     𝐴  𝑖   )   𝑐   =    ⋂    𝑖  =  1   𝑛     𝐴  𝑖  𝑐   , 


   𝐼 


   𝑖  ∈  𝐼 


     𝑋  𝑖  


     ∏    𝑖  =  1   𝑛     𝑈  𝑖  


     𝑈  𝑖  


     𝑈  𝑖   =    𝑋  𝑖  


   𝑋  =    ∏    𝑖  ∈  𝐼      𝑋  𝑖  


   𝑈  =    ∏    𝑖  ∈  𝐼      𝑈  𝑖  


   𝑉  =    ∏    𝑖  ∈  𝐼      𝑉  𝑖  


     (    ∏    𝑖  ∈  𝐼      𝑈  𝑖   )   ∩    (    ∏    𝑖  ∈  𝐼      𝑉  𝑖   )   =    ∏    𝑖  ∈  𝐼    (    𝑈  𝑖   ∩    𝑉  𝑖   )  , 


     𝑈  𝑖   ∩    𝑉  𝑖  


   𝑈  ∩  𝑉  ∈  ℬ 


   𝑋  ∈  ℬ 


     ∏    𝑖  ∈  𝐼      𝑈  𝑖  


     ∏    𝑖  =  1   𝑛     𝑋  𝑖  


     𝑋  1   ,  …  ,    𝑋  𝑛  


   {  1  ,  …  ,  𝑛  } 


   𝑗 


     𝜋  𝑗           ∶      ∏    𝑖  ∈  𝐼      𝑋  𝑖   →    𝑋  𝑗  


   𝑗  ∈  𝐼 


     𝜋  𝑗   (  (    𝑥  𝑖     )    𝑖  ∈  𝐼    )  =    𝑥  𝑗  


   (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈    ∏    𝑖  ∈  𝐼      𝑋  𝑖  


     𝜋  𝑗           ∶    𝑋  →    𝑋  𝑗  


     𝑖  1   ,  …  ,    𝑖  𝑛   ∈  𝐼 


   1  ≤  𝑘  ≤  𝑛 


     𝑈    𝑖  𝑘    ⊂    𝑋    𝑖  𝑘   


     ⋂    𝑘  =  1   𝑛     𝜋  𝑘    −  1    (    𝑈    𝑖  𝑘    )  =    ∏    𝑖  ∈  𝐼      𝑉  𝑖  


     𝑉  𝑖   =    𝑋  𝑖  


   𝑖  ∈  {    𝑖  1   ,  …  ,    𝑖  𝑛   } 


     𝑉  𝑖  


     𝜋  𝑗    −  1    (    𝑈  𝑗   ) 


     𝑈  𝑗   ⊂    𝑋  𝑗  


     𝜋  𝑗  


     𝑌  𝑖  


   𝑖 


   𝑌  =    ∏    𝑖  ∈  𝐼      𝑌  𝑖  


   𝑓  =  (    𝑓  𝑖     )    𝑖  ∈  𝐼            ∶    𝑋  →  𝑌 


     𝑓  𝑖           ∶    𝑋  →    𝑌  𝑖  


   𝑓 


     𝑓  𝑖   =    𝜋  𝑖   ∘  𝑓 


     𝜋  𝑖           ∶    𝑌  →    𝑌  𝑖  


     𝑓  𝑖  


   𝐽 


   𝑗  ∈  𝐽 


     𝑉  𝑗  


     𝑌  𝑗  


     𝑉  𝑖   =    𝑌  𝑖  


   𝑖  ∈  𝐼  −  𝐽 


     𝑓    −  1    (  𝑉  )  =    ⋂    𝑖  ∈  𝐼      𝑓  𝑖    −  1    (    𝑉  𝑖   )  =    ⋂    𝑗  ∈  𝐽      𝑓  𝑗    −  1    (    𝑉  𝑗   )  , 


   𝑥  =  (    𝑥  𝑖     )    𝑖  ∈  𝐼   


   𝑦  =  (    𝑦  𝑖     )    𝑖  ∈  𝐼   


     𝑥  𝑗   ≠    𝑦  𝑗  


     𝑈  𝑗  


     𝑥  𝑗  


     𝑦  𝑗  


   𝑈  =    𝜋  𝑗    −  1    (    𝑈  𝑗   ) 


   𝑉  =    𝜋  𝑗    −  1    (    𝑉  𝑗   ) 


     ∏    𝑗  ∈  𝐽      𝑋  𝑗  


   𝑊  =  𝑈  ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑋  𝑖  


     ℝ  𝐼   =    ∏    𝑖  ∈  𝐼    ℝ 


     𝑉  𝑗   =  {  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∣    𝑥  𝑗   ∈  (  0  ,  1  )  } 


   𝑉  =    ⋃    𝑗  ∈  𝐼      𝑉  𝑗  


   (  0  ,  1  ) 


   𝑊  =  𝑈  ×    ℝ    𝐼  −  𝐽   


     ℝ  𝐽  


     ℝ    𝐼  −  𝐽   


   𝐼  −  𝐽 


   𝑊  ⊆  𝑉 


   𝑖  ∉  𝐽 


   𝑊  ⊆    ⋃    𝑗  ∈  𝐽      𝑉  𝑗  


   𝑖  ∈  𝐼  −  𝐽 


     1  2  


   𝑊  ≠  𝑉 


   𝐴  =    ∏    𝑖  ∈  𝐼      𝐴  𝑖  


     𝐴  𝑖  


   {    𝐴  𝑖   ∣  𝑖  ∈  𝐼  } 


   𝑓          ∶    𝐼  →    ∐    𝑖  ∈  𝐼      𝐴  𝑖  


   𝑓  (  𝑖  )  ∈    𝐴  𝑖  


     𝑈  𝑖   ⊆    𝑋  𝑖  


   𝐴  =    ∏    𝑖  ∈  𝐼      𝐴  𝑖  


     ∏    𝑖  ∈  𝐼      𝑋  𝑖  


     ∏    𝑖  ∈  𝐼        𝐴  𝑖   ‾  


   𝑎  =  (    𝑎  𝑖     )    𝑖  ∈  𝐼    ∈    ∏    𝑖  ∈  𝐼      𝑋  𝑖  


   𝑈  ∩  𝐴  =    ∏    𝑖  ∈  𝐼    (    𝑈  𝑖   ∩    𝐴  𝑖   ) 


     𝑈  𝑖   ∩    𝐴  𝑖  


   𝑎  ∈      𝐴  𝑖   ‾  


     ∏    𝑖  ∈  𝐼      𝐴  𝑖  


     𝑓  𝑖           ∶      𝑋  𝑖   →    𝑌  𝑖  


   𝑌 


     𝑓    −  1    (  𝑉  )  =    ∏    𝑖  ∈  𝐼      𝑓  𝑖    −  1    (    𝑉  𝑖   ) 


     𝑓  𝑗    −  1    (    𝑉  𝑗   ) 


     𝑓  𝑗  


   𝑑  (  𝑥  ,  𝑦  )  =   sup   {   min   {  |    𝑥  𝑖   −    𝑦  𝑖   |  ,  1  }  ∣  𝑖  ∈  𝐼  }  , 


   𝑓          ∶    𝐼  →  ℝ 


     ℝ  𝐼  


   (  𝑓  (  𝑖  )    )    𝑖  ∈  𝐼   


   (    𝑓  𝑛     )    𝑛  ≥  1   


     𝑓  𝑛           ∶    𝐼  →  ℝ 


     𝑃  𝜖  


   (  −  𝜖  ,  𝜖  ) 


     𝐵  𝜖   =  𝐵  (  𝜖  ,  0  ) 


   𝜖  <  1 


     𝐵  𝜖   ⊂    𝑃  𝜖  


     𝐵  𝜖  


     𝑃  𝛿  


   (  −    𝜖  2   ,    𝜖  2   ) 


   𝑈  =    ℝ    >  0   𝐽  


   0  ∈    𝑈  ‾  


   (    𝑎  𝑛     )    𝑛  ≥  1   


     𝑎    𝑛  ,  𝑚   


   𝑚 


     ∏    𝑛  =  1   ∞   (  −    𝑎    𝑛  ,  𝑛    ,    𝑎    𝑛  ,  𝑛    ) 


     𝑎  𝑛  


   𝐴  =  {  (    𝑥  𝑗     )    𝑗  ∈  𝐽    ∣    𝑥  𝑗   =  1    for all but finitely many    𝑗  ∈  𝐽  }  . 


   0  ∈    𝐴  ‾  


   𝐽  ≠  𝐼 


   (  −    1  2   ,    1  2   ) 


   𝐽  =    ℤ    ≥  1   


   𝑑  (  𝑥  ,  𝑦  )  =   sup   {      1  𝑛       min   {  |    𝑥  𝑛   −    𝑦  𝑛   |  ,  1  }  ∣  𝑛  ≥  1  }  . 


   𝑓          ∶    𝑋  →  𝑌 


   𝑓  (  𝑋  )  =  𝑌 


   𝜋          ∶    𝑋  →  𝑌 


     𝜋    −  1    (  𝑉  ) 


     𝜋    −  1    (  𝐵  ) 


      id   𝑋           ∶    𝑋  →  𝑋 


     𝜋  𝑖           ∶    𝑋  →    𝑋  𝑖  


     𝑆  1  


   ℂ 


   𝑓          ∶    ℝ  →    𝑆  1  


   𝑓  (  𝑥  )  =    𝑒    2  𝜋  𝑖  𝑥   


   𝐹          ∶      ℝ  2   →    𝑆  1   ×    𝑆  1  


   𝐹  (  𝑥  ,  𝑦  )  =  (  𝑓  (  𝑥  )  ,  𝑓  (  𝑦  )  ) 


   𝑋  =  [  0  ,  1    ]  2  


   𝐹          ∶    𝑋  →    𝑆  1   ×    𝑆  1  


   𝐹  (  0  ,  𝑦  )  =  𝐹  (  1  ,  𝑦  ) 


   𝐹  (  𝑥  ,  0  )  =  𝐹  (  𝑥  ,  1  ) 


   𝑥  ,  𝑦  ∈  [  0  ,  1  ] 


   𝐹  (  0  ,  0  )  =  𝐹  (  1  ,  0  )  =  𝐹  (  0  ,  1  )  =  𝐹  (  1  ,  1  )  =  (  1  ,  1  )  . 


     ℝ  2  


   𝑓          ∶    𝑋  →  ℝ 


   𝑓  (  𝑥  ,  𝑦  )  =    {            𝑥           if    𝑦  =  0        |  𝑥  |           if    𝑦  =  1  .          


   (  𝑥  ,  𝑦  ) 


   𝑦  =  1 


   𝑦  =  0 


   𝑥  =  0 


   𝑓  (  𝑈  )  =  [  0  ,  ∞  ) 


   𝑓    |  𝑈           ∶    𝑈  →  ℝ 


   𝑓    |  𝑈    −  1    (  [  0  ,  ∞  )  )  =  {  (  𝑥  ,  1  )  ∣  𝑥  ∈  ℝ  } 


   [  0  ,  ∞  ) 


   𝑓    |  𝑈  


   𝜋 


     𝜋    −  1   


   𝑉  ⊆  𝑌 


   𝑌  =  {  𝑎  ,  𝑏  } 


   𝑓          ∶    ℝ  →  𝑌 


   𝑓  (  𝑥  )  =  𝑎 


   𝑥  <  0 


   𝑓  (  𝑥  )  =  𝑏 


   𝑥  ≥  0 


     𝑓    −  1    (  𝑏  ) 


   𝐴  =    𝜋    −  1    (  𝐵  ) 


   𝑝          ∶    𝐴  →  𝜋  (  𝐴  ) 


   𝑝  (  𝑎  )  =  𝜋  (  𝑎  ) 


   𝑎  ∈  𝐴 


   𝑝 


   𝜋  (  𝐴  ) 


     𝑝    −  1    (  𝑉  )  =    𝜋    −  1    (  𝑉  ) 


     𝑝    −  1    (  𝑉  ) 


   𝑉  ⊆  𝐵 


     𝜋    −  1    (  𝑉  )  =    𝑝    −  1    (  𝑉  )  =  𝑈  ∩  𝐴 


   𝑉  =  𝜋  (    𝜋    −  1    (  𝑉  )  )  =  𝜋  (  𝑈  ∩  𝐴  )  =  𝜋  (  𝑈  )  ∩  𝐵  , 


     𝜋    −  1    (  𝐴  )  =  𝐵 


   𝜋  (  𝑈  ) 


   𝜋  (  𝑈  )  ∩  𝐵 


   𝑓          ∶    𝑋  →  𝑍 


     𝜋    −  1    (  {  𝑦  }  ) 


   𝑦  ∈  𝑌 


   𝑔          ∶    𝑌  →  𝑍 


   𝑓  =  𝑔  ∘  𝜋 


   𝑔 


   𝑔  (  𝑦  )  =  𝑓  (  𝑥  ) 


   𝜋  (  𝑥  )  =  𝑦 


   𝑍 


     𝜋    −  1    (    𝑔    −  1    (  𝑊  )  )  =    𝑓    −  1    (  𝑊  ) 


     𝑓    −  1    (  𝑊  ) 


     𝑔    −  1    (  𝑊  ) 


   𝑋  /  𝐴  =  (  𝑋  −  𝐴  )  ⨿  {  ∗  } 


   𝜋          ∶    𝑋  →  𝑋  /  𝐴 


   𝜋  (  𝑥  )  =    {            𝑥           if    𝑥  ∈  𝑋  −  𝐴        ∗           if    𝑎  ∈  𝐴  .          


   𝑋  =  ℝ 


   𝐴  =  (  0  ,  ∞  ) 


   ∗ 


   𝐶  (  𝑋  ) 


   𝑋  ×  [  0  ,  1  ] 


   𝑋  ×  {  0  } 


   𝑋  =    𝑆  1  


     ℝ  3  


   𝐷  =  {  (  𝑟  𝑥  ,  𝑟  𝑦  ,  𝑟  )  ∣  𝑟  ∈  [  0  ,  1  ]  ,  (  𝑥  ,  𝑦  )  ∈    𝑆  1   }  , 


   𝐷  →  𝐶  (    𝑆  1   ) 


   (  𝑟  𝑥  ,  𝑟  𝑦  ,  𝑟  ) 


   (  (  𝑥  ,  𝑦  )  ,  𝑟  )  ∈  𝑋  ×  [  0  ,  1  ] 


   𝐶  (    𝑆  1   ) 


   {    𝐴  𝑖   ∣  𝑖  ∈  𝐼  } 


     ∐    𝑖  ∈  𝐼      𝐴  𝑖  


     ⋃    𝑖  ∈  𝐼      𝐴  𝑖  


   𝑓          ∶      ∐    𝑖  ∈  𝐼      𝐴  𝑖   →  𝐵 


     𝑓  𝑖           ∶      𝐴  𝑖   →  𝐵 


     𝑓  𝑖   (    𝑎  𝑖   )  =  𝑓  (    𝑎  𝑖   ) 


   {    𝑋  𝑖   ∣  𝑖  ∈  𝐼  } 


     ∐    𝑖  ∈  𝐼      𝑋  𝑖  


   𝑈  ∩    𝑋  𝑖  


     𝜄  𝑖           ∶      𝑋  𝑖   ↪    ∐    𝑖  ∈  𝐼      𝑋  𝑖  


     𝜄  𝑖   (    𝑎  𝑖   )  =    𝑎  𝑖  


     𝑎  𝑖   ∈    𝑋  𝑖  


     𝑓  𝑖           ∶      𝑋  𝑖   →  𝑌 


   𝑓          ∶      ∐    𝑖  ∈  𝐼      𝑋  𝑖   →  𝑌 


     𝑓    −  1    (  𝑉  )  ∩    𝑋  𝑖   =    𝑓  𝑖    −  1    (  𝑉  ) 


     𝑓    −  1    (  𝑉  ) 


     𝑓  𝑖    −  1    (  𝑉  ) 


   𝑋  =    ∐    𝑖  ∈  𝐼      𝑋  𝑖  


     𝑋  𝑖   ∩    𝑋  𝑗   =  ∅ 


   𝑖  ≠  𝑗 


     𝑋  𝑖   ∩    𝑋  𝑖   =    𝑋  𝑖  


   𝑋  −    𝑋  𝑖   =    ⋃    𝑗  ∈  𝐼  −  {  𝑗  }      𝑋  𝑗   , 


   ℝ  ⨿  ℝ 


     ∐    𝑖  ∈  𝐼      𝐴  𝑖   →  𝑋 


     ⋃    𝑖  ∈  𝐼      𝐴  𝑖   =  𝑋 


     𝐴  𝑖   ∩    𝐴  𝑗   =  ∅ 


     𝐴  𝑗  


   𝑗  ≠  𝑖 


   𝑓  (  𝑈  )  =    ⋃    𝑖  ∈  𝐼    (  𝑈  ∩    𝐴  𝑖   ) 


   𝑋  =    ⨿    𝑖  ∈  𝐼      𝐴  𝑖  


   𝑋  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∣  𝑦  ∈  {  0  ,  1  }  } 


     𝑥  𝑖   ∈    𝑋  𝑖  


   𝐴  =  {    𝑥  𝑖   ∣  𝑖  ∈  𝐼  } 


   𝑋  =    𝑆  1   ⨿    𝑆  1   ⨿  ⋯  ⨿    𝑆  1  


   𝑓  (  𝑥  ) 


   𝑓  (  𝑈  )  ⊆  𝑉 


     ℬ  𝑋  


     ℬ  𝑌  


   𝑉  ∈    ℬ  𝑌  


   𝑈  ∈    ℬ  𝑋  


   𝒞  ⊆    ℬ  𝑌  


   𝑊  =    ⋃    𝑉  ∈  𝒞    𝑉 


     𝑓    −  1    (  𝑊  )  =    ⋃    𝑉  ∈  𝒞      𝑓    −  1    (  𝑉  ) 


   𝑓  (  𝑥  )  ∈  𝑉 


   𝜖  ∈    ℝ    >  0   


   𝛿  ∈    ℝ    >  0   


   𝑓  (  𝐵  (  𝑥  ,  𝛿  )  )  ⊆  𝐵  (  𝑓  (  𝑥  )  ,  𝜖  ) 


     𝒯  𝑋  


     𝒯  𝑋  ′  


     𝒯  𝑌  


     𝒯  𝑌  ′  


      id   𝑋   (  𝑥  )  =  𝑥 


     𝑓    −  1    (  𝐵  ) 


     𝑓    −  1    (  𝐵  )  =  𝑋  −    𝑓    −  1    (    𝐵  𝑐   ) 


     𝑓    −  1    (    𝐵  𝑐   ) 


     𝐵  𝑐  


   𝑓  (    𝐴  ‾   )  ⊆      𝑓  (  𝐴  )   ‾  


     𝐴  ′   =    𝑓    −  1    (      𝑓  (  𝐴  )   ‾   ) 


     𝐴  ′  


   𝐴  ⊆    𝑓    −  1    (  𝑓  (  𝐴  )  )  ⊆    𝐴  ′  


     𝐴  ‾   ⊆    𝐴  ′  


   𝑓  (    𝐴  ‾   )  ⊆  𝑓  (    𝐴  ′   )  =  𝑓  (    𝑓    −  1    (      𝑓  (  𝐴  )   ‾   )  )  ⊆      𝑓  (  𝐴  )   ‾   . 


   𝐴  =    𝑓    −  1    (  𝐵  ) 


   𝑓  (  𝐴  )  ⊆  𝐵 


   𝑓  (  𝑥  )  ∈      𝑓  (  𝐴  )   ‾   ⊆  𝐵 


     𝐴  ‾   ⊆    𝑓    −  1    (  𝐵  )  =  𝐴 


     𝜄  𝐴           ∶    𝐴  →  𝑋 


     𝜄    −  1    (  𝑉  )  =  𝐴  ∩  𝑉 


   𝑓    |  𝐴  


   𝑓    |  𝐴   (  𝑎  )  =  𝑓  (  𝑎  ) 


   𝑓    |  𝐴   =  𝑓  ∘    𝜄  𝐴  


   𝑔  =  𝑓    |  𝐴  


   𝑔          ∶    𝑋  →  𝑓  (  𝑋  ) 


   𝑔  (  𝑥  )  =  𝑓  (  𝑥  ) 


   𝑓  (  𝑋  ) 


   𝑉  ⊆  𝑓  (  𝑋  ) 


   𝑉  =  𝑈  ∩  𝑓  (  𝑋  ) 


     𝑔    −  1    (  𝑉  )  =    𝑓    −  1    (  𝑈  ) 


   𝑈  ∈  𝒰 


   𝑉  ⊂  𝑌 


     𝑓    −  1    (  𝑉  )  ∩  𝑈  =  𝑓    |  𝑈    −  1    (  𝑉  ) 


     𝑓    −  1    (  𝑉  )  =    ⋃    𝑈  ∈  𝒰    (    𝑓    −  1    (  𝑉  )  ∩  𝑈  ) 


   𝐴  ∪  𝐵  =  𝑋 


   𝑓    |  𝐵  


   𝐶  ⊆  𝑌 


     𝑓    −  1    (  𝐶  )  =  𝑓    |  𝐴    −  1    (  𝐶  )  ∪  𝑓    |  𝐵    −  1    (  𝐶  ) 


   (  𝑓    |  𝐴     )    −  1    (  𝐶  ) 


   (  𝑓    |  𝐵     )    −  1    (  𝐶  ) 


     𝑓    −  1    (  𝐶  ) 


   ≃ 


   𝑋  ≃  𝑌 


   𝑓          ∶    ℝ  →  ℝ 


   𝑓  (  𝑥  )  =    𝑥  3  


     𝑓    −  1    (  𝑥  )  =    𝑥    1  /  3   


   𝑓          ∶    (  0  ,  1  )  →    ℝ    >  0   


   𝑓  (  𝑥  )  =    𝑥    1  −  𝑥   


   𝑓  (  𝑈  ) 


   𝑓          ∶      𝑆  1   →    ℝ  2  


     𝑆  1   =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∣    𝑥  2   +    𝑦  2   =  1  }  . 


   𝑓  (    𝑆  1   )  =    𝑆  1  


   𝑓          ∶    𝑋  →  𝑋 


     𝑓    −  1   


   (  𝑓  (    𝑥  𝑛   )    )    𝑛  ≥  1   


   𝑓  (    𝑥  𝑛   )  ∈  𝑉 


   𝑓  (    𝑥  𝑛   ) 


   𝑓  (  𝑥  )  ∈      𝑓  (  𝐴  )   ‾  


     𝑑  𝑌  


     𝑑  𝑌   (  𝑓  (  𝑥  )  ,    𝑓  𝑛   (  𝑥  )  )  <  𝜖 


     𝑓  𝑛           ∶    𝑋  →  𝑌 


     𝑑  𝑌   (    𝑓  𝑛   (  𝑥  )  ,  𝑓  (  𝑥  )  )  <    𝜖  3  


     𝑓  𝑁  


     𝑑  𝑌   (    𝑓  𝑁   (  𝑎  )  ,    𝑓  𝑁   (  𝑥  )  )  <    𝜖  3  


     𝑑  𝑌   (  𝑓  (  𝑎  )  ,  𝑓  (  𝑥  )  )  ≤    𝑑  𝑌   (  𝑓  (  𝑎  )  ,    𝑓  𝑁   (  𝑎  )  )  +    𝑑  𝑌   (    𝑓  𝑁   (  𝑎  )  ,    𝑓  𝑁   (  𝑥  )  )  +    𝑑  𝑌   (    𝑓  𝑁   (  𝑥  )  ,  𝑓  (  𝑥  )  )  <  𝜖  . 


   (  0  ,  1  ] 


   (  𝜖  ,  1  ] 


   [  0  ,  1  ] 


   [  0  ,  𝑥  ] 


   𝑏  <  1 


   𝑏  +  𝜖  ≤  1 


   𝒱 


   [  0  ,  𝑏  −    𝜖  2   ] 


   𝒱  ∪  {  𝑈  } 


   [  0  ,  𝑏  +    𝜖  2   ] 


   𝑏  +    𝜖  2   ∈  𝐴 


   𝑏  =  1 


   𝒱  =  {  𝐴  ∩  𝑈  ∣  𝑈  ∈  𝒰  } 


   {  𝐴  ∩  𝑈  ∣  𝐴  ∈  𝒞  } 


   𝒰  ∪  {    𝐴  𝑐   } 


     𝐴  𝑐   ∈  𝒱 


   𝒱  −  {    𝐴  𝑐   } 


   𝑥  ∈    𝐴  𝑐  


   𝐴  ⊆  𝑈 


   𝑥  ∈  𝑉 


     𝑉  𝑎  


   {    𝑈  𝑎   ∣  𝑎  ∈  𝐴  } 


     𝑈    𝑎  1    ,  …  ,    𝑈    𝑎  𝑛   


   𝑈  =    ⋃    𝑖  =  1   𝑛     𝑈    𝑎  𝑖   


   𝑉  =    ⋂    𝑖  =  1   𝑛     𝑉    𝑎  𝑖   


   𝒰  =  {    𝑓    −  1    (  𝑉  )  ∣  𝑉  ∈  𝒱  } 


   {    𝑓    −  1    (    𝑉  1   )  ,  …  ,    𝑓    −  1    (    𝑉  𝑛   )  } 


     𝑉  𝑖   ∈  𝒱 


   {    𝑉  1   ,  …  ,    𝑉  𝑛   } 


   𝐵  ⊆  𝑌 


   𝐵  =  𝑓  (    𝑓    −  1    (  𝐵  )  ) 


   𝑓  (  𝐴  ) 


   𝑋  ×  𝑌 


   𝑋  ×  {  𝑦  } 


   𝑋  ×  𝑉  ⊆  𝑊 


     𝑈  𝑥  


     𝑈  𝑥   ×    𝑉  𝑥   ⊆  𝑊 


   (  𝑥  ,  𝑦  )  ∈  𝑊 


   {    𝑈  𝑥   ∣  𝑥  ∈  𝑋  } 


     𝑈    𝑥  1    ,  …  ,    𝑈    𝑥  𝑛   


   𝑉  =    ⋂    𝑖  =  1   𝑛     𝑉    𝑥  𝑖   


     𝑈    𝑥  𝑖    ×  𝑉 


   𝑋  ×  𝑉 


   𝑛  =  2 


   𝒲 


     𝑍  1   ,  …  ,    𝑍  𝑚   ∈  𝒲 


     𝑊  𝑦   =    ⋃    𝑖  =  1   𝑚     𝑍  𝑖  


     𝑉  𝑦  


   𝑋  ×    𝑉  𝑦   ⊆    𝑊  𝑦  


   {    𝑉  𝑦   ∣  𝑦  ∈  𝑌  } 


     𝑊  𝑦  


   𝒜 


     𝐴  1   ,  …  ,    𝐴  𝑛   ∈  𝒜 


     ⋂    𝑖  =  1   𝑛     𝐴  𝑖  


     ⋂    𝐴  ∈  𝒜    𝐴 


   𝒰  =  {    𝐴  𝑐   ∣  𝐴  ∈  𝒜  } 


   𝒜  =  {    𝑈  𝑐   ∣  𝑈  ∈  𝒰  } 


     𝑥  𝑖  


   𝑖  ≥  1 


   𝑋  =    𝑈  0  


     𝑥  1  


     𝑥    𝑖  +  1   


     𝑈    𝑖  −  1   


     𝑥  𝑖   ∉      𝑈  𝑖   ‾  


   {    𝑈  𝑖   ∣  𝑖  ≥  1  } 


     𝑈  𝑛  


     𝑥    𝑛  +  1    ∈    𝑈  𝑛  


   {      𝑈  𝑖   ‾   ∣  𝑖  ≥  1  } 


     ⋂    𝑖  =  1   ∞       𝑈  𝑖   ‾  


   𝑋  =  {    𝑥  𝑖   ∣  𝑖  ≥  1  } 


   {    𝑈  𝑎   ∣  𝑎  ∈  𝐴  }  ∪  {    𝐴  𝑐   } 


   𝐴  =  {    𝑎  1   ,  …  ,    𝑎  𝑛   } 


   𝑋  =  ℤ  ×  𝑌 


   (  𝑛  ,  𝑎  ) 


   (  𝑛  ,  𝑏  ) 


   {  𝑛  }  ×  𝑌 


   𝑛  ∈  ℤ 


     𝐴  𝑛  


     1  𝑛  


     𝑥  𝑛   ∈    𝐴  𝑛  


   (    𝑥    𝑛  𝑘      )    𝑘  ≥  1   


   𝐵  (  𝑥  ,  𝛿  ) 


   𝑘 


     1    𝑛  𝑘    <    𝛿  2  


   𝑑  (  𝑥  ,    𝑥    𝑛  𝑘    )  <    𝛿  2  


     𝐴    𝑛  𝑘    ⊆  𝐵  (  𝑥  ,  𝛿  )  ⊆  𝑈 


     𝑥  1   ∈  𝑋 


     ⋃    𝑖  =  1     𝑛  −  1    𝐵  (    𝑥  𝑖   ,  𝜖  ) 


   𝑑  (    𝑥  𝑚   ,    𝑥  𝑛   )  ≥  𝜖 


   𝑚  >  𝑛 


   𝐴  =  {    𝑥  𝑛   ∣  𝑛  ≥  1  } 


   𝐵  (  𝑥  ,    1  𝑘   ) 


   𝑘  ≥  1 


     𝑥    𝑛  𝑘   


     𝑛  𝑘   ≥    𝑛    𝑘  −  1   


   𝑘  ≥  2 


     𝜖  3  


       2  𝜖   3  


   𝑋  ×  𝑋 


   𝑅 


   𝑎  𝑅  𝑏 


   (  𝑎  ,  𝑏  )  ∈  𝑅 


   ≤ 


   𝑥  ≤  𝑥 


   𝑥  ≤  𝑦 


   𝑦  ≤  𝑥 


   𝑥  =  𝑦 


   𝑦  ≤  𝑧 


   𝑥  ≤  𝑧 


   𝑥  ,  𝑦  ∈  𝑋 


   ≥ 


   < 


   ⊆ 


     𝒫  𝑋  


   = 


   𝑧  ∈  𝑋 


   𝑧  ≤  𝑥 


   𝑧  =  𝑥 


   𝑦  ∈  𝑋 


   𝑧  =  𝑦 


   [  0  ,  1  ) 


   𝑆  ⊂    𝒫  𝑋  


   𝑎  ≤  𝑥 


   1  ∈  ℝ 


   𝑥  ≥  1 


   𝑄 


   𝑄  ≠  ∅ 


   𝒲  =    ⋃    𝒱  ∈  𝒞    𝒱 


   𝒲  ∈  𝑄 


   ℳ 


   𝒰  =  𝒮  ∩  ℳ 


   𝑈  ∈  ℳ 


     𝑉  1   ,  …  ,    𝑉  𝑛   ∈  𝒮 


   𝑥  ∈    𝑉  1   ∩  ⋯  ∩    𝑉  𝑛   ⊆  𝑈 


     𝑉  𝑖   ∉  ℳ 


     𝒩  𝑖  


     𝒩  𝑖   ∩  {    𝑉  𝑖   } 


   𝒩  =    ⋃    𝑖  =  1   𝑛     𝒩  𝑖  


     𝑉  1   ∩  …  ∩    𝑉  𝑛  


   𝒩  ∪  {  𝑈  }  ⊂  ℳ 


     𝑉  𝑖   ∈  𝒰 


   {    𝑋  𝑖   ∣  𝑖  ∈  𝐼  } 


   𝒮  =    ⋃    𝑖  ∈  𝐼    {    𝜋  𝑖    −  1    (    𝑈  𝑖   )  ∣    𝑈  𝑖   ∈    𝒯  𝑖   }  , 


   𝒰  ⊆  𝒮 


   𝒰  =    ⋃    𝑖  ∈  𝐼    {    𝜋  𝑖    −  1    (    𝑈  𝑖   )  ∣    𝑈  𝑖   ∈    𝒰  𝑖   } 


     𝒰  𝑖  


     𝑥  𝑖   ∉    ⋃      𝑈  𝑖   ∈    𝒰  𝑖       𝑈  𝑖  


   𝑈  =    𝜋  𝑖    −  1    (    𝑈  𝑖   ) 


     𝑈  𝑖   ∈    𝒰  𝑖  


     𝑥  𝑖   =    𝜋  𝑖   (  𝑥  )  ∉    𝑈  𝑖  


   {    𝜋  𝑖    −  1    (  𝑉  )  ∣  𝑉  ∈  𝒱  } 


   𝑥  ∈  𝐴 


   𝑋  =    ∏    𝑛  =  1   ∞   {  0  ,  1  } 


   𝐴  =  {  0  ,  1  } 


   𝑋  =    ∏    𝑛  =  1   ∞   𝐴 


   𝑥  =  (    𝑥  𝑛     )    𝑛  ≥  1   


   𝑦  =  (    𝑦  𝑛     )    𝑛  ≥  1   


     𝑥  𝑛   ≠    𝑦  𝑛  


     𝜋  𝑛  


   𝑈  =    𝜋  𝑛    −  1    (    𝑥  𝑛   ) 


   𝑉  =    𝜋  𝑛    −  1    (    𝑦  𝑛   ) 


   𝑋  =  𝑈  ⨿  𝑉 


     ∏    𝑛  =  1   𝑁     𝑈  𝑖   ×    ∏    𝑚  =  𝑁  +  1   ∞   {  0  ,  1  } 


     ∏    𝑛  =  1   ∞   ℝ 


   (  𝑌  ,  𝜄  ) 


   𝜄 


   𝑓          ∶    𝑌  →  𝑍 


   ∞ 


   𝑌  −  𝐴 


   𝑍  −  𝑋 


   𝑌  −  𝐴 


   𝒱  −  {  𝑌  −  𝐴  } 


     𝑌  ′  


     ∞  ′  


   𝑓          ∶    𝑌  →    𝑌  ′  


   𝑓  (  𝑥  )  =  𝑥 


   𝑓  (  ∞  )  =    ∞  ′  


     ∞  ′   ∉    𝑌  ′  


   𝑓  (  𝑉  )  =  𝑉 


   𝑓  (  𝑉  )  =    𝑌  ′   −  𝑓  (  𝐴  ) 


   𝑢  ,  𝑣  ∈  𝑋 


   𝑢  ∉  𝐴 


   𝑣  ∈  𝑉 


   𝑢 


   𝑣 


   𝑈  ⊆  𝐴 


     𝑈  ‾   ⊆  𝐴 


     𝑆  𝑛  


   ∞  =  (  0  ,  …  ,  0  ,  1  )  ∈    ℝ    𝑛  +  1   


     ℝ  𝑛   →    𝑆  𝑛  


   𝑥  =  (    𝑥  1   ,  …  ,    𝑥  𝑛   ) 


     𝑆  𝑛   −  {  ∞  } 


   (    𝑥  1   ,  …  ,    𝑥  𝑛   ,  0  ) 


   𝐴  =  𝑌  −  𝑈 


   𝐶 


   𝐶  ∩  𝐴 


   𝑓  (  𝑥  )  =  (   cos     𝑥  ,   sin     𝑥  ) 


   𝑔          ∶      𝑆  1   →  ℝ 


   𝑋  =  𝐴  ⨿    𝐴  𝑐  


   (  −  ∞  ,  0  )  ∩  (  0  ,  ∞  ) 


   (  −  ∞  ,  0  ) 


   (  0  ,  ∞  ) 


   𝐴  ⊆  𝑉 


   𝐴  ∩  𝑈 


   𝐴  ∩  𝑉 


     𝐴  ‾   =  𝑈  ⨿  𝑉 


     𝐴  ‾   ⊆  𝑈 


   𝑉  =  ∅ 


     𝑓    −  1    (  𝑈  ) 


   𝑋  =    ⋃    𝑖  ∈  𝐼      𝐴  𝑖  


     ⋂    𝑖  ∈  𝐼      𝐴  𝑖  


   𝑎  ∈    ⋂    𝑖  ∈  𝐼      𝐴  𝑖  


   𝑎  ∈  𝑈 


     𝐴  𝑖   ⊆  𝑈 


   𝑥  ∼  𝑦 


   ∼ 


   𝑧  ∈  𝐴  ∩  𝐵 


   𝐴  ∪  𝐵 


   𝐴  =  𝐴  ∩  𝐵  =  𝐵 


   𝑦  ∼  𝑧 


   𝐴  =  {  0  }  ∪  {    1  𝑛   ∣  𝑛  ≥  1  } 


   {    1  𝑛   } 


   {  0  } 


   (  −  ∞  ,  𝜋  ) 


   (  𝜋  ,  ∞  ) 


   𝛾 


   𝛾          ∶    [  0  ,  1  ]  →  𝑋 


   𝛾  (  0  )  =  𝑥 


   𝛾  (  1  )  =  𝑦 


   𝐴  =  𝛾  (  [  0  ,  1  ]  ) 


   𝐴  =  {  (  𝑥  ,   sin   (    1  𝑥   )  )  ∣  0  <  𝑥  ≤  1  } 


     𝐴  ‾   =  𝐴  ∪  {  (  0  ,  𝑦  )  ∣  −  1  ≤  𝑦  ≤  1  } 


   𝐵  =  𝐴  ∪  {  (  0  ,  0  )  }  ⊂    𝐴  ‾  


   (  0  ,  0  ) 


   (  1  ,   sin   (  1  )  ) 


   𝛾  (  𝑡  )  ≠  (  0  ,  0  ) 


   𝑡  >  0 


      lim     𝑡  →    0  +       𝛾  (  𝑡  )  =  (  0  ,  0  ) 


   𝑥  <  𝜖 


    sin   (    1  𝑥   )  =  1 


   𝛿  >  0 


   𝑡  <  𝛿 


   𝛾  (  𝑡  ) 


     𝐴  ‾   ∩  𝐵  =  ∅ 


   𝐴  ∩    𝐵  ‾   =  ∅ 


     𝑇  0  


     𝑇  1  


     𝑇  2  


    Spec     ℤ 


   (  0  ) 


   (  𝑝  ) 


   {  (    𝑝  1   )  ,  …  ,  (    𝑝  𝑛   )  } 


     𝑝  𝑖  


   {  (  0  )  } 


   𝑋  −  {  𝑦  } 


   𝑋  −  {  𝑥  } 


       {  𝑥  }   ‾   =  {  𝑥  } 


   𝑦  ≠  𝑥 


   {  𝑦  } 


   𝑦  ∉      {  𝑥  }   ‾  


   𝐵  ⊆  𝑉 


     𝑇  3  


     𝑇  4  


     𝑇  𝑖  


   1  ≤  𝑖  ≤  4 


     𝑇    𝑖  −  1   


   𝑥  ≠  𝑦 


     𝑊  𝑐  


   𝑦  ∈  𝑉 


   𝐴  ⊂  𝑋 


   0  ≤  𝑖  ≤  3 


   𝑈  −  𝐶 


   𝐵  =    𝑊  𝑐  


   𝐴  ⊆  𝑈  ⊆    𝑉  𝑐   ⊆  𝑊 


     𝑉  𝑐  


     𝑈  ‾   ⊆    𝐵  𝑐  


   𝑉  =    𝑈  ‾  


   𝑥  =  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈  𝑋 


       𝑉  𝑖   ‾   ⊆    𝑈  𝑖  


     ∏    𝑖  ∈  𝐼      𝑉  𝑖  


     ∏    𝑖  ∈  𝐼        𝑉  𝑖   ‾   ⊆    ∏    𝑖  ∈  𝐼      𝑈  𝑖  


   𝑎  <  𝑏 


   (  −  ∞  ,  𝑎  )  ∪  [  𝑏  ,  ∞  ) 


     𝑥  𝑎   >  𝑎 


   [  𝑎  ,    𝑥  𝑎   ) 


   𝑏  ∈  𝐵 


     𝑦  𝑏   >  𝑏 


   [  𝑏  ,    𝑦  𝑏   ) 


     𝑥  𝑎   <  𝑏 


   𝑏  ∉  [  𝑎  ,    𝑥  𝑎   ) 


   [  𝑎  ,    𝑥  𝑎   )  ∩  [  𝑏  ,    𝑦  𝑏   ) 


     𝑋  2   =  𝑋  ×  𝑋 


   𝐷  =  {  (  𝑥  ,  −  𝑥  )  ∣  𝑥  ∈  ℝ  } 


     𝑋  2  


   𝐴  =  {  (  𝑥  ,  −  𝑥  )  ∣  𝑥  ∈  ℚ  } 


   𝐷  −  𝐴 


   𝒰  =  {    𝑈  𝑛   ∣  𝑛  ≥  1  } 


       𝑈  𝑛   ‾   ∩  𝐵  =  ∅ 


   𝒱  =  {    𝑉  𝑛   ∣  𝑛  ≥  1  } 


       𝑉  𝑛   ‾   ∩  𝐴  =  ∅ 


     𝑈  𝑛  ′   =    𝑈  𝑛   ∩    ⋂    𝑖  =  1   𝑛       𝑉  𝑖   ‾      and       𝑉  𝑛  ′   =    𝑉  𝑛   ∩    ⋂    𝑖  =  1   𝑛       𝑈  𝑖   ‾   . 


   𝑎  ∈    𝑈  𝑛  


   𝑎  ∉      𝑉  𝑖   ‾  


   𝑎  ∈    𝑈  𝑛  ′  


   𝑈  =    ⋃    𝑛  ≥  1      𝑈  𝑛  ′  


   𝑉  =    ⋃    𝑛  ≥  1      𝑉  𝑛  ′  


   𝑢  ∈    𝑈  𝑛  ′  


   𝑢  ∉    𝑉  𝑖  


   𝑖  ≤  𝑛 


     𝑈  𝑛  ′  


   𝑢  ∉    𝑉  𝑖  ′  


   𝑖  >  𝑛 


     𝑉  𝑛  ′  


     𝜖  𝑎   >  0 


   𝐵  (  𝑎  ,    𝜖  𝑎   )  ∩  𝐵  =  ∅ 


     𝛿  𝑏   >  0 


   𝐵  (  𝑏  ,    𝛿  𝑏   )  ∩  𝐴  =  ∅ 


   𝑈  =    ⋃    𝑎  ∈  𝐴    𝐵      (  𝑎  ,      𝜖  𝑎   2   )        and     𝑉  =    ⋃    𝑏  ∈  𝐵    𝐵      (  𝑏  ,      𝛿  𝑏   2   )   . 


   𝑑  (  𝑎  ,  𝑥  )  <      𝜖  𝑎   2  


   𝑑  (  𝑥  ,  𝑏  )  <      𝛿  𝑏   2  


   𝑑  (  𝑎  ,  𝑏  )  <      𝜖  𝑎   2   +      𝛿  𝑏   2   ≤   max   (    𝜖  𝑎   ,    𝛿  𝑏   ) 


   𝑑  (  𝑎  ,  𝑏  )  <    𝜖  𝑎  


   𝑏  ∈  𝐵  (  𝑎  ,    𝜖  𝑎   ) 


   𝑑  (  𝑎  ,  𝑏  )  <    𝛿  𝑏  


   𝑎  ∈  𝐵  (  𝑏  ,    𝛿  𝑏   ) 


     𝑈  𝑏  


     𝑉  𝑏  


     𝑉    𝑏  1    ,  …  ,    𝑉    𝑏  𝑛    ∈  𝐵 


   𝑈  =    ⋂    𝑖  =  1   𝑛     𝑈    𝑏  𝑖   


   𝑉  =    ⋃    𝑖  =  1   𝑛     𝑉    𝑏  𝑖   


   𝑓          ∶    𝑋  →  [  0  ,  1  ] 


   𝑓  (  𝐴  )  =  {  0  } 


   𝑓  (  𝐵  )  =  {  1  } 


     𝑈  1   =    𝐵  𝑐  


     𝑈  0  


       𝑈  0   ‾   ⊆    𝑈  1  


     𝑈  𝑞  


   𝑞  ∈  ℚ  ∩  (  0  ,  1  ) 


   𝑞  ,  𝑟  ∈  ℚ  ∩  [  0  ,  1  ] 


   𝑞  <  𝑟 


       𝑈  𝑞   ‾   ⊆    𝑈  𝑟  


   𝜙          ∶      ℤ    ≥  0    →  ℚ  ∩  [  0  ,  1  ] 


   𝜙  (  0  )  =  0 


   𝜙  (  1  )  =  1 


   𝑛  ≥  2 


     𝑞  𝑛  


   𝜙  (  𝑚  ) 


   𝑚  <  𝑛 


   𝜙  (  𝑛  ) 


     𝑟  𝑛  


     𝑈    𝜙  (  𝑚  )   


     𝑈    𝜙  (  𝑛  )   


       𝑈    𝑞  𝑛    ‾  


       𝑈    𝜙  (  𝑛  )    ‾  


     𝑈    𝑟  𝑛   


   𝑟  ∈  ℚ 


     𝑈  𝑟   =  ∅ 


     𝑈  𝑟   =  𝑋 


   𝑞 


   𝑓  (  𝑥  )  =   inf   {  𝑞  ∈  ℚ  ∣  𝑥  ∈    𝑈  𝑞   } 


   𝑥  ∈    𝑈  0  


   𝑓  (  𝑥  )  =  0 


   𝑥  ∉    𝑈  1  


   𝑥  ∈    𝑈  𝑟  


   𝑟  >  1 


   𝑓  (  𝑥  )  =  1 


   𝑥  ∈      𝑈  𝑞   ‾  


   𝑟  >  𝑞 


   𝑓  (  𝑥  )  ≤  𝑞 


   𝑞  ,  𝑟  ∈  ℚ 


   𝑎  <  𝑞  <  𝑓  (  𝑥  )  <  𝑟  <  𝑏 


   𝑓  (  𝑥  )  <  𝑟 


   𝑓  (  𝑥  )  >  𝑞 


   𝑥  ∉      𝑈  𝑞   ‾  


   𝑥  ∈    𝑈  𝑟   −      𝑈  𝑞   ‾  


   [  𝑞  ,  𝑟  ]  ⊂  (  𝑎  ,  𝑏  ) 


   𝑈  =    𝑓    −  1    (  [  0  ,  1  /  2  )  ) 


   𝑉  =    𝑓    −  1    (  (  1  /  2  ,  1  ]  ) 


     𝑇    3    1  2    


   {    𝑓  𝑛   ∣  𝑛  ≥  1  } 


     𝑓  𝑛           ∶    𝑋  →  [  0  ,  1  ] 


   (  𝐴  ,  𝑥  ) 


     𝑓  𝑛   (  𝐴  )  =  {  0  } 


     𝑓  𝑛   (  𝑥  )  =  1 


   {    𝑈  𝑛   ∣  𝑛  ≥  1  } 


       𝑈  𝑚   ‾   ⊆    𝑈  𝑛  


     𝑓    𝑚  ,  𝑛            ∶    𝑋  →  [  0  ,  1  ] 


     𝑓    𝑚  ,  𝑛    (      𝑈  𝑚   ‾   )  =  {  1  } 


   𝑓  (  𝑋  −    𝑈  𝑛   )  =  {  0  } 


     𝑈  𝑚  


     𝑓    𝑚  ,  𝑛    (  𝑥  )  =  1 


     𝑓    𝑚  ,  𝑛    (  𝐴  )  =  {  0  } 


     𝑓    𝑚  ,  𝑛   


   [  0  ,  1    ]  𝐽  


   𝐽  =  {  𝑛  ∣  𝑛  ≥  1  } 


   𝑋  =    ∏    𝑖  =  1   ∞   ℝ 


     ∏    𝑖  =  1   𝑁   (    𝑎  𝑖   ,    𝑏  𝑖   )  ×    ∏    𝑖  =  𝑁  +  1   ∞   ℝ 


     𝑎  𝑖   ,    𝑏  𝑖   ∈  ℚ 


     𝑎  𝑖   <    𝑏  𝑖  


   1  ≤  𝑖  ≤  𝑁 


   𝑁  ≥  0 


   𝐴  =  {  (    𝑎  𝑛     )    𝑛  ≥  1    ∣    𝑎  𝑛   ∈  {  0  ,  1  }  }  . 


   𝑓  =  (    𝑓  𝑛     )    𝑛  ≥  1            ∶    𝑋  →  [  0  ,  1    ]  𝐽  


     𝑓  𝑛  


   {  𝑥    }  𝑐  


     𝑓  𝑛   (  𝑥  )  =  0 


     𝑓  𝑛   (  𝑦  )  =  1 


   𝑎  =  (    𝑎  𝑛     )    𝑛  ≥  1    ∈  𝑓  (  𝑈  ) 


   𝑚  ≥  1 


     𝑓  𝑚   (  𝑥  )  =  1 


     𝑓  𝑚   (  𝑦  )  =  0 


   𝑦  ∉  𝑈 


     𝜋  𝑚    −  1    (  (  0  ,  1  ]  )  ∩  𝑓  (  𝑋  ) 


     𝜋  𝑚  


     𝜋  𝑚           ∶    [  0  ,  1    ]  𝐽   →  [  0  ,  1  ] 


     𝜋  𝑚   (  𝑎  )  =    𝑓  𝑚   (  𝑥  )  =  1 


   𝑎  ∈  𝑉 


   𝑏  ∈  𝑉 


   𝑏  =  𝑓  (  𝑦  ) 


     𝜋  𝑚   (  𝑏  )  =    𝑓  𝑚   (  𝑦  )  >  0 


   𝑦  ∈  𝑈 


   𝑏  ∈  𝑓  (  𝑈  ) 


   𝑎  ∈  𝑓  (  𝑈  )  ⊆  𝑉 


   [  −  1  ,  1  ] 


   [  −  1  ,  1  ) 


   (  −  1  ,  1  ) 


   𝑔          ∶    𝑋  →  [  −  1  ,  1  ] 


   𝐵  =    𝑔    −  1    (  1  ) 


   𝐶  =    𝑔    −  1    (  −  1  ) 


   𝜙          ∶    𝑋  →  [  0  ,  1  ] 


     𝜙  ′           ∶    𝑋  →  [  0  ,  1  ] 


   𝜙  (  𝐵  )  ⊆  {  0  } 


   𝜙  (  𝐶  )  =    𝜙  ′   (  𝐶  )  ⊆  {  0  } 


   𝜙  (  𝐴  )  =    𝜙  ′   (  𝐴  )  ⊆  {  1  } 


   𝑔  (  𝐴  )  ⊆  [  −  1  ,  1  ) 


     𝑔  ′   =  𝜙  𝑔 


     𝑔  ′     |  𝐴   =  𝑔    |  𝐴  


     𝑔  ′   (  𝑥  )  =  0 


   𝑥  ∈  𝐶 


     𝑔  ′   (  𝑥  )  <  1 


   𝑥  ∉  𝐶 


     𝑔  ′   (  𝑋  )  ⊆  [  −  1  ,  1  ) 


   𝑔  (  𝐴  )  ⊆  (  −  1  ,  1  ) 


     𝑔  ′   =    𝜙  ′   𝑔 


     𝑔  ′   (  𝑋  )  ⊆  (  −  1  ,  1  ) 


   𝐹          ∶    𝐴  →  [  −  1  ,  1  ] 


   𝐵  =    𝐹    −  1    (  [  −  1  ,  −      1  3    ]  )     and     𝐶  =    𝐹    −  1    (  [      1  3    ,  1  ]  )  . 


   𝐺          ∶    𝑋  →  [  −      1  3    ,      1  3    ] 


   𝐺  (  𝐵  )  =  {  −    1  3   } 


   𝐺  (  𝐶  )  =  {    1  3   } 


   |  𝐺  (  𝑎  )  −  𝐹  (  𝑎  )  |  ≤    2  3  


   𝑎  ∈  𝐵  ∪  𝐶 


   |  𝐺  (  𝑎  )  −  𝐹  (  𝑎  )  |  ≤  1  −    1  3   =    2  3  


   𝑥  ∉  𝐵  ∪  𝐶 


   |  𝐺  (  𝑎  )  −  𝐹  (  𝑎  )  |  ≤    1  3   −  (  −    1  3   )  =    2  3  


   𝑓          ∶    𝐴  →  [  −  1  ,  1  ] 


   𝑛  ≥  0 


     𝑔  𝑖           ∶    𝑋  →    [  −    1  3         (    2  3   )     𝑛  −  1    ,    1  3         (    2  3   )     𝑛  −  1    ]  


     |  𝑓  (  𝑎  )  −    ∑    𝑖  =  1   𝑛     𝑔  𝑖   (  𝑎  )  |   ≤      (    2  3   )   𝑛  


   𝐹  =  (    3  2     )  𝑛   (  𝑓  −    ∑    𝑖  =  1   𝑛     𝑔  𝑖   ) 


     𝑔    𝑛  +  1    =  (    2  3     )  𝑛   𝐺 


     ∑    𝑛  =  1   ∞     1  3   (    2  3     )    𝑛  −  1    =  1 


   𝑔  =    ∑    𝑖  =  1   ∞     𝑔  𝑖           ∶    𝑋  →  [  −  1  ,  1  ] 


     ∑    𝑖  =  1   𝑛     𝑔  𝑖  


   |    ∑    𝑖  =  𝑛  +  1   ∞     𝑔  𝑛   (  𝑥  )  |  ≤  (    2  3     )  𝑛  


    supp     𝑓  =      {  𝑥  ∈  𝑋  ∣  𝑓  (  𝑥  )  ≠  0  }   ‾   . 


   𝒰  =  {    𝑈  𝑖   ∣  1  ≤  𝑖  ≤  𝑛  } 


   {    𝜙  𝑖           ∶    𝑋  →  [  0  ,  1  ]  ∣  1  ≤  𝑖  ≤  𝑛  } 


    supp       𝜙  𝑖   ⊆    𝑈  𝑖  


     ∑    𝑖  =  1   𝑛     𝜙  𝑖   (  𝑥  )  =  1 


   𝒱  =  {    𝑉  𝑖   ∣  1  ≤  𝑖  ≤  𝑛  } 


     𝑉  1  


       𝑉  1   ‾   ⊂    𝑈  1  


   {    𝑈  2   ,  …  ,    𝑈  𝑛   ,    𝑉  1   } 


   𝐴  =  𝑋  −    ⋃    𝑖  =  2   𝑛     𝑈  𝑖  


   𝐴  ⊂    𝑉  1   ⊂      𝑉  1   ‾   ⊂    𝑈  1  


   {    𝑉  1   ,    𝑈  2   ,  …  ,    𝑈  𝑛   } 


   𝒲  =  {    𝑊  𝑖   ∣  1  ≤  𝑖  ≤  𝑛  } 


       𝑊  𝑖   ‾   ⊆    𝑉  𝑖  


     𝜓  𝑖           ∶    𝑋  →  [  0  ,  1  ] 


     𝜓  𝑖   (      𝑊  𝑖   ‾   )  ⊆  {  1  } 


     𝜓  𝑖   (    𝑉  𝑖  𝑐   )  ⊆  {  0  } 


     𝜓  𝑖    −  1    (  ℝ  −  {  0  }  )  ⊆    𝑉  𝑖  


    supp       𝜓  𝑖   ⊆      𝑉  𝑖   ‾   ⊆    𝑈  𝑖  


   𝑥  ∈    𝑊  𝑖  


     ∑  𝑗     𝜓  𝑗   (  𝑥  )  ≥    𝜓  𝑖   (  𝑥  )  =  1  >  0 


     𝜙  𝑖   (  𝑥  )  =        𝜓  𝑖   (  𝑥  )       ∑    𝑗  =  1   𝑛     𝜓  𝑗   (  𝑥  )   


     𝜙  𝑖  


   𝑀 


     ℝ  𝑛   →  𝑀 
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     ℝ  𝑁  


     𝑈  1   ,  …  ,    𝑈  𝑚   ∈  𝒰 


     𝑓  𝑖           ∶      𝑈  𝑖   →    ℝ  𝑛  


   {    𝜙  𝑖   ∣  1  ≤  𝑖  ≤  𝑚  } 


   {    𝑈  𝑖   ∣  1  ≤  𝑖  ≤  𝑚  } 


     𝐴  𝑖   =   supp       𝜙  𝑖  


     𝑔  𝑖           ∶    𝑋  →    ℝ  𝑛  


     𝑔  𝑖   (  𝑥  )  =    𝜙  𝑖   (  𝑥  )    𝑓  𝑖   (  𝑥  ) 


   𝑥  ∈    𝑈  𝑖  


     𝑔  𝑖   (  𝑥  )  =  0 


   𝑥  ∈    𝐴  𝑖  𝑐  


     𝑔  𝑖  


     𝜙  𝑖   (  𝑥  )  =  0 


   𝐹  =  (  (    𝜙  1   ,    𝑔  1   )  ,  …  ,  (    𝜙  𝑚   ,    𝑔  𝑚   )  )          ∶    𝑋  →  (    ℝ    1  +  𝑛      )  𝑚  


   𝐹 


   𝑁  =  𝑚  (  1  +  𝑛  ) 


   𝐹  (  𝑥  )  =  𝐹  (  𝑦  ) 


     𝜙  𝑖   (  𝑥  )  =    𝜙  𝑖   (  𝑦  ) 


     𝑔  𝑖   (  𝑥  )  =    𝑔  𝑖   (  𝑦  ) 


     𝜙  𝑖   (  𝑥  )  >  0 


   𝑥  ,  𝑦  ∈    𝑈  𝑖  


     𝑔  𝑖   (  𝑥  )  =    𝜙  𝑖   (  𝑥  )    𝑓  𝑖   (  𝑥  ) 


     𝑔  𝑖   (  𝑦  )  =    𝜙  𝑖   (  𝑥  )    𝑓  𝑖   (  𝑦  ) 


     𝑓  𝑖   (  𝑥  )  =    𝑓  𝑖   (  𝑦  ) 


   {  𝐵  (  𝑥  ,    1  𝑛   )  ∣  𝑛  ≥  1  } 


   {    𝑈  𝑛   ∣  𝑛  ≥  1  } 


     𝑎  𝑛   ∈  𝐴  ∩    𝑈  𝑛  


   𝑥  ∈    𝑓    −  1    (  𝑉  ) 


   {    𝑈  𝑛   ∣  𝑛  ≥  1  } 


     𝑥  𝑛   ∈    𝑈  𝑛  


     𝑥  𝑛   ∉    𝑓    −  1    (  𝑉  ) 


     𝑥  𝑛   ∈    𝑓    −  1    (  𝑉  ) 


   {  𝐵  (  𝑥  ,    1  𝑘   )  ∣  𝑥  ∈    ℚ  𝑛   ,    𝑘  ≥  1  } 


   ℬ  =  {    𝐵  𝑛   ∣  𝑛  ≥  1  } 


     𝐵  𝑛  


   𝑛  ∈  𝑆 


     𝑈  𝑛   ∈  𝒰 


     𝐵  𝑛   ⊆    𝑈  𝑛  


   {    𝑈  𝑛   ∣  𝑛  ∈  𝑆  } 


     𝔹  𝑛  


   𝑥  ∈    𝐵  𝑛   ⊆  𝑈 


   𝑥  ∈    𝑈  𝑛  


   ℬ  =  {    𝑈  𝑛   ∣  𝑛  ≥  1  } 


   𝐴  =  {    𝑥  𝑛   ∣  𝑛  ≥  1  } 


   𝑥  ∈    𝑈  𝑛   ⊆  𝑉 


     𝑥  𝑛   ∈  𝑉 


     ℬ  𝑛  


   ℬ  =    ⋃    𝑛  =  1   ∞     ℬ  𝑛  


     2  𝑛   <  𝜖 


   𝑥  ∈  𝐵  (  𝑦  ,    1  𝑛   )  ∈    ℬ  𝑛  


   𝐵  (  𝑦  ,    1  𝑛   )  ⊆  𝐵  (  𝑥  ,  𝜖  ) 


   𝑆  ⊆  𝑋 


   ℬ  =  {  𝐵  (  𝑦  ,      1  𝑛    )  ∣  𝑦  ∈  𝑆  ,  𝑛  ≥  1  } 


   𝐵  (  𝑥  ,    𝜖  3   ) 


   𝑦  ∈  𝑆 


     𝜖  3   ≤    1  𝑛   ≤      2  𝜖   3  


   𝑥  ∈  𝐵  (  𝑦  ,    1  𝑛   )  ⊆  𝐵  (  𝑥  ,  𝜖  ) 


     𝑒  𝑎   ∈  Π  (  𝑋  ,  𝑎  ,  𝑎  ) 


     𝑒  𝑎   (  𝑠  )  =  𝑎 


   𝑠  ∈  [  0  ,  1  ] 


   𝑎  ,  𝑏  ∈  𝑋 


   𝛾  ∈  Π  (  𝑋  ,  𝑎  ,  𝑏  ) 


     𝛾  ˜   ∈  Π  (  𝑋  ,  𝑏  ,  𝑎  ) 


     𝛾  ˜   (  𝑠  )  =  𝛾  (  1  −  𝑠  ) 


   𝜇  ∈  Π  (  𝑋  ,  𝑏  ,  𝑐  ) 


       𝛾  ⋆  𝜇   ˜   =    𝜇  ˜   ⋆    𝛾  ˜  


     𝛾  ′   ∈  Π  (  𝑋  ,  𝑎  ,  𝑏  ) 


   𝛾  ∼    𝛾  ′  


     𝛾  ˜   ∼      𝛾  ′   ˜  


     𝑒  𝑎   ⋆  𝛾  ∼  𝛾  ∼  𝛾  ⋆    𝑒  𝑏  


   𝛾  ⋆    𝛾  ˜   ∼    𝑒  𝑎  


     𝛾  ˜   ⋆  𝛾  ∼    𝑒  𝑏  


   𝜈  ∈  Π  (  𝑋  ,  𝑐  ,  𝑑  ) 


   𝑐  ,  𝑑  ∈  𝑋 


   (  𝛾  ⋆  𝜇  )  ⋆  𝜈  ∼  𝛾  ⋆  (  𝜇  ⋆  𝜈  ) 


     𝛾  ′  


   𝐺          ∶    [  0  ,  1    ]  2   →  𝑋 


   𝐺  (  𝑠  ,  𝑡  )  =  𝐹  (  1  −  𝑠  ,  𝑡  )  , 


     𝛾  ˜  


       𝛾  ′   ˜  


     𝐹  𝑎           ∶    [  0  ,  1    ]  2   →  𝑋 


     𝐹  𝑎   (  𝑠  ,  𝑡  )  =    {            𝑎          𝑠  ∈  [  0  ,      1  −  𝑡   2   ]  ,        𝛾  (      2  𝑠  −  1  +  𝑡     1  +  𝑡    )          𝑠  ∈  [      1  −  𝑡   2   ,  1  ]  .          


   𝑠  =      1  −  𝑡   2  


   𝛾  (  0  )  =  𝑎 


     𝐹  𝑎   (  𝑠  ,  0  )  =  𝑎  =    𝑒  𝑎   (  2  𝑠  ) 


   𝑠  ∈  [  0  ,    1  2   ] 


     𝐹  𝑎   (  𝑠  ,  0  )  =  𝛾  (  2  𝑠  −  1  ) 


   𝑠  ∈  [    1  2   ,  1  ] 


     𝐹  𝑎   (  𝑠  ,  0  )  =  (    𝑒  𝑎   ⋆  𝛾  )  (  𝑠  ) 


     𝐹  𝑎   (  𝑠  ,  1  )  =  𝛾  (  𝑠  ) 


     𝐹  𝑎   (  0  ,  𝑡  )  =  𝑎 


     𝐹  𝑎   (  1  ,  𝑡  )  =  𝛾  (  1  )  =  𝑏 


   𝑡  ∈  [  0  ,  1  ] 


     𝐹  𝑎  


     𝑒  𝑎   ⋆  𝛾 


     𝑒  𝑏   ⋆    𝛾  ˜   ∼    𝛾  ˜  


   𝛾  ⋆    𝑒  𝑏   =        𝑒  𝑏   ⋆    𝛾  ˜    ˜   ∼      𝛾  ˜   ˜   =  𝛾  . 


   𝐻          ∶    [  0  ,  1    ]  2   →  𝑋 


   𝐻  (  𝑠  ,  𝑡  )  =    {            𝛾  (  2  𝑠  (  1  −  𝑡  )  )          𝑠  ∈  [  0  ,    1  2   ]  ,        𝛾  (  (  2  −  2  𝑠  )  (  1  −  𝑡  )  )          𝑠  ∈  [    1  2   ,  1  ]  .          


   𝐻 


   𝛾  ⋆    𝛾  ˜  


     𝑒  𝑎  


   𝐼          ∶    [  0  ,  1    ]  2   →  𝑋 


   𝐼  (  𝑠  ,  𝑡  )  =    {            𝛾  (  4  (  1  +  𝑡    )    −  1    𝑠  )          𝑠  ∈  [  0  ,    1  4   (  1  +  𝑡  )  ]  ,        𝜇  (  4  𝑠  −  1  −  𝑡  )          𝑠  ∈  [    1  4   (  1  +  𝑡  )  ,    1  4   (  2  +  𝑡  )  ]  ,        𝜈  (  (  2  −  𝑡    )    −  1    (  4  𝑠  −  2  −  𝑡  )  )          𝑠  ∈  [    1  4   (  2  +  𝑡  )  ,  1  ]  .          


   (  𝛾  ⋆  𝜇  )  ⋆  𝜈 


   𝛾  ⋆  (  𝜇  ⋆  𝜈  ) 


   Π  (  𝑋  ,  𝑎  )  =  Π  (  𝑋  ,  𝑎  ,  𝑎  ) 


     𝜋  1   (  𝑋  ,  𝑎  )  =    𝜋  1   (  𝑋  ,  𝑎  ,  𝑎  ) 


     𝑥  0   ∈  𝑋 


     𝜋  1   (  𝑋  ,    𝑥  0   )  ×    𝜋  1   (  𝑋  ,    𝑥  0   )    ⟶  ⋆     𝜋  1   (  𝑋  ,    𝑥  0   )  . 


     𝜋  1   (  𝑋  ,    𝑥  0   ) 


   𝐺 


   𝐺  ×  𝐺    ⟶  ⋅   𝐺 


   (  𝑎  ⋅  𝑏  )  ⋅  𝑐  =  𝑎  ⋅  (  𝑏  ⋅  𝑐  ) 


   𝑎  ,  𝑏  ,  𝑐  ∈  𝐺 


   𝑒  ∈  𝐺 


   𝑒  ⋅  𝑎  =  𝑎  =  𝑎  ⋅  𝑒 


   𝑎  ∈  𝐺 


     𝑎    −  1    ∈  𝐺 


   𝑎  ⋅    𝑎    −  1    =  𝑒 


   + 


   𝑒  =  0 


   −  𝑎 


   ℝ  −  {  0  } 


   ⋅ 


   𝑒  =  1 


     𝑎    −  1   


     𝑆  𝑋  


      id   𝑋  


   𝛾  ,  𝜇  ∈  Π  (  𝑋  ,    𝑥  0   ) 


   [  𝛾  ]  ⋅  [  𝜇  ]  =  [  𝛾  ⋆  𝜇  ] 


   [    𝑒  𝑎   ] 


   [  𝛾  ] 


   [    𝛾  ˜   ] 


   𝑓          ∶    𝐺  →    𝐺  ′  


     𝐺  ′  


   𝑓  (  𝑎  ⋅  𝑏  )  =  𝑓  (  𝑎  )  ⋅  𝑓  (  𝑏  ) 


   𝑎  ,  𝑏  ∈  𝐺 


   𝑛          ∶    ℤ  →  ℤ 


   𝑛  =  0 


     𝑓    −  1            ∶      𝐺  ′   →  𝐺 


     𝑎  ′   ,    𝑏  ′   ∈    𝐺  ′  


   𝑓  (  𝑎  )  =    𝑎  ′  


   𝑓  (  𝑏  )  =    𝑏  ′  


     𝑓    −  1    (    𝑎  ′   ⋅    𝑏  ′   )  =    𝑓    −  1    (  𝑓  (  𝑎  )  ⋅  𝑓  (  𝑏  )  )  =    𝑓    −  1    (  𝑓  (  𝑎  ⋅  𝑏  )  )  =  𝑎  ⋅  𝑏  . 


    exp           ∶    ℝ  →    ℝ    >  0   


    exp   (  𝑥  )  =    𝑒  𝑥  


     𝑒    𝑎  +  𝑏    =    𝑒  𝑎     𝑒  𝑏  


    log           ∶      ℝ    >  0    →  ℝ 


   𝐺  ≅    𝐺  ′  


   ≅ 


   𝐾 


   𝐺  ≅  𝐺 


   𝐺  ≅  𝐻 


   𝐻  ≅  𝐺 


   𝐻  ≅  𝐾 


   𝑓          ∶    𝐺  →  𝐻 


     𝑓  ′           ∶    𝐻  →  𝐾 


     𝑓  ′   ∘  𝑓 


     𝑓  ′   (  𝑓  (  𝑎  ⋅  𝑏  )  )  =    𝑓  ′   (  𝑓  (  𝑎  )  ⋅  𝑓  (  𝑏  )  )  =    𝑓  ′   (  𝑓  (  𝑎  )  )  ⋅    𝑓  ′   (  𝑓  (  𝑏  )  ) 


   𝐺  ≅  𝐾 


     𝜋  1   (  𝑋  ,    𝑥  1   ) 


     𝑥  0  


   𝜆 


     𝜓  𝜆           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑋  ,    𝑥  1   ) 


     𝜓  𝜆   (  [  𝛾  ]  )  =  [    𝜆  ˜   ]  ⋅  [  𝛾  ]  ⋅  [  𝜆  ]  . 


   𝜆          ∶    [  0  ,  1  ]  →  𝑋 


   𝜆  (  0  )  =    𝑥  0  


   𝜆  (  1  )  =    𝑥  1  


   Π  (  𝑋  ,    𝑥  0   )  →  Π  (  𝑋  ,    𝑥  1   )  ,    𝛾  ↦  (    𝜆  ˜   ⋆  𝛾  )  ⋆  𝜆 


   𝛾  ∈  Π  (  𝑋  ,    𝑥  0   ) 


   (    𝜆  ˜   ⋆  𝛾  )  ⋆  𝜆  ∼  (    𝜆  ˜   ⋆    𝛾  ′   )  ⋆  𝜆 


     𝜓  𝜆  


   𝜇  ↦  (  𝜆  ⋆  𝜇  )  ⋆    𝜆  ˜  


     𝜓  𝜆   (  [  𝛾    𝛾  ′   ]  )  =  [    𝜆  ˜   ]  [  𝛾    𝛾  ′   ]  [  𝜆  ]  =  [    𝜆  ˜   ]  [  𝛾  ]  [    𝛾  ′   ]  [  𝜆  ]  =  [    𝜆  ˜   ]  [  𝛾  ]  [  𝜆  ]  [    𝜆  ˜   ]  [    𝛾  ′   ]  [  𝜆  ]  =    𝜓  𝜆   (  [  𝛾  ]  )    𝜓  𝜆   (  [    𝛾  ′   ]  )  . 


   𝛾  ,    𝛾  ′   ∈  Π  (  𝑋  ,  𝑎  ,  𝑏  ) 


     𝛾    −  1    ⋆    𝛾  ′   ∈  Π  (  𝑋  ,  𝑎  ) 


     𝛾    −  1    ⋆    𝛾  ′   ∼    𝑒  𝑎  


   𝛾  ⋆  (    𝛾    −  1    ⋆    𝛾  ′   )  ∼    𝑒  𝑎   ⋆  𝛾 


     𝛾  ′   ∼  𝛾 


   𝑓  ∘  𝛾 


   Π  (  𝑌  ,  𝑓  (    𝑥  0   )  ) 


   𝜇  ∈  Π  (  𝑋  ,    𝑥  0   ) 


   𝑓  ∘  (  𝛾  ⋆  𝜇  )  =  (  𝑓  ∘  𝛾  )  ⋆  (  𝑓  ∘  𝜇  ) 


     𝛾  ′   ∈  Π  (  𝑋  ,    𝑥  0   ) 


   𝐹          ∶    [  0  ,  1    ]  2   →  𝑋 


   𝑓  ∘  𝐹 


   𝑓  ∘    𝛾  ′  


     𝑓  ∗           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑌  ,  𝑓  (    𝑥  0   )  ) 


     𝑓  ∗   (  [  𝛾  ]  )  =  [  𝑓  ∘  𝛾  ] 


   𝑓  (    𝑥  0   ) 


   (  𝑔  ∘  𝑓    )  ∗   =    𝑔  ∗   ∘    𝑓  ∗  


   (     id   𝑋     )  ∗  


     𝑓  ∗  


     𝑓  ∗           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑌  ,  𝑓  (    𝑥  0   )  ) 


   (    𝑓    −  1      )  ∗  


     𝑓    −  1    ∘  𝑓  =     id   𝑋  


   (    𝑓    −  1      )  ∗   ∘    𝑓  ∗   =     id       𝜋  1   (  𝑋  ,    𝑥  0   )   


   𝑟          ∶    𝑋  →  𝐴 


   𝑟  (  𝑎  )  =  𝑎 


   𝑟          ∶    𝑋  →  {    𝑥  0   } 


   𝐷  =    𝐵  ‾   (  0  ,  1  ) 


   𝑟          ∶      ℝ  2   →  𝐷 


   𝐷 


   𝑟  (  𝑥  ,  𝑦  )  =    (    𝑥        𝑥  2   +    𝑦  2      ,    𝑦        𝑥  2   +    𝑦  2      )  


   (  𝑥  ,  𝑦  )  ∉  𝐷 


     𝑎  0   ∈  𝐴 


     𝑟  ∗           ∶      𝜋  1   (  𝑋  ,    𝑎  0   )  →    𝜋  1   (  𝐴  ,    𝑎  0   ) 


   𝜄          ∶    𝐴  →  𝑋 


     𝜄  ∗           ∶      𝜋  1   (  𝐴  ,    𝑎  0   )  →  𝜋  (  𝑋  ,    𝑎  0   ) 


     𝑟  ∗   ∘    𝜄  ∗   =     id       𝜋  1   (  𝐴  ,    𝑎  0   )   


     𝑎  0  


   𝑟  ∘  𝛾  =  𝛾 


     𝑟  ∗  


   𝑟  ∘  𝜄  =     id   𝐴  


     𝜄  ∗  


   𝑓          ∶    𝐶  →  𝑋 


   𝑓  (  𝐶  ) 


     𝑓    −  1    (  𝑈  )  =    ∐    𝑐  ∈    𝑓    −  1    (  𝑥  )      𝑉  𝑐   , 


     𝑉  𝑐  


   𝑐 


   𝑓    |    𝑉  𝑐            ∶      𝑉  𝑐   →  𝑈 


   𝑝          ∶    𝐶  →  𝑋 


   𝑝          ∶    ℝ  →    𝑆  1  


   𝑝  (  𝑥  )  =    𝑒    2  𝜋  𝑖  𝑥   


   1  ∈    𝑆  1  


   𝑈  =  𝑝  (  −  𝜖  ,  𝜖  ) 


   𝜖  <    1  2  


     𝑝    −  1    (  𝑈  ) 


   (  𝑛  −  𝜖  ,  𝑛  +  𝜖  ) 


     𝑝    −  1    (  1  ) 


   𝑓          ∶      𝑆  1   →    𝑆  1  


   𝑓  (  𝑧  )  =    𝑧  𝑛  


     𝑥  𝑛   −  𝑎 


   𝑎  ∈    𝑆  1  


   𝑎  =    𝑒    2  𝜋  𝑖  𝜃   


   𝜃  ∈  ℝ 


     𝑒    2  𝜋  𝑖  (  𝜃  +  𝑗  )  /  𝑛   


   0  ≤  𝑗  ≤  𝑛  −  1 


     𝑓    −  1    (  𝑎  ) 


     ℝ    >  0   


     𝑝    −  1    (  𝑈  )  ∩  (  −  𝜖  ,  𝜖  )  =  (  0  ,  𝜖  ) 


   1  𝑇 


   𝐵  =    𝑝    −  1    (  𝑌  ) 


   𝑝    |  𝐵           ∶    𝐵  →  𝑌 


   𝑝    |  𝐵  


   𝑥  ∈  𝑌 


   𝑝  (  𝐵  ) 


   𝑐  ∈    𝑝    −  1    (  𝑥  ) 


   𝑝    |    𝑉  𝑐            ∶      𝑉  𝑐   →  𝑈 


   𝑏  ∈    𝑝    −  1    (  𝑥  )  ⊆  𝐵 


   𝑝  (    𝑉  𝑏   )  =  𝑈  ⊆  𝑌 


     𝑉  𝑏   ⊆  𝐵 


     𝑝  ′           ∶      𝐶  ′   →    𝑋  ′  


   𝑃          ∶    𝐶  ×    𝐶  ′   →  𝑋  ×    𝑋  ′  


   𝑃  (  𝑐  ,    𝑐  ′   )  =  (  𝑝  (  𝑐  )  ,  𝑝  (    𝑐  ′   )  ) 


   (  𝑥  ,    𝑥  ′   )  ∈  𝑋  ×    𝑋  ′  


     𝑈  ′  


     𝑥  ′  


     𝑋  ′  


   (    𝑝  ′     )    −  1    (    𝑈  ′   ) 


     𝑝  ′  


     𝑃    −  1    (  𝑈  ×    𝑈  ′   ) 


     𝑃    −  1    (  𝑥  ,    𝑥  ′   ) 


   𝑈  ×    𝑈  ′  


   𝑃 


     ℝ  2   →  (    𝑆  1     )  2  


   𝑝          ∶    𝐶  →  𝑌 


     𝑓  ˜           ∶    𝑋  →  𝐶 


   𝑝  ∘    𝑓  ˜   =  𝑓 


     𝑓  ˜  


     𝑐  0   ∈  𝐶 


     𝑥  0   =  𝑝  (    𝑐  0   ) 


     𝛾  ˜           ∶    [  0  ,  1  ]  →  𝐶 


     𝑐  0  


   𝒱  =  {    𝛾    −  1    (  𝑈  )  ∣  𝑈  ∈  𝒰  } 


     𝐴  𝑖   =  [    𝑖  𝑁   ∶      𝑖  +  1   𝑁   ] 


   0  ≤  𝑖  ≤  𝑁  −  1 


     𝛾    −  1    (    𝑈  𝑖   ) 


     𝑈  𝑖   ∈  𝒰 


     𝛾  ˜  


     𝛾  ˜   (  0  )  =    𝑐  0  


   [  0  ,    𝑖  𝑁   ] 


   𝑖  ≥  0 


     𝑐  𝑖   =    𝛾  ˜   (    𝑖  𝑁   ) 


     𝑐  𝑖  


     𝑓  𝑖   =  (  𝑝    |    𝑉  𝑖      )    −  1            ∶      𝑈  𝑖   →    𝑉  𝑖  


     𝛾  ˜   (  𝑠  )  =    𝑓  𝑖   ∘  𝛾  (  𝑠  ) 


   𝑠  ∈    𝐴  𝑖  


   [  0  ,      𝑖  +  1   𝑁   ] 


     𝛾  ˜   (  𝑠  ) 


     𝛾  ˜   (    𝑖  𝑁   )  ∈    𝑉  𝑖  


     𝑓    −  1    (    𝑈  𝑖   ) 


     𝛾  ˜     |    𝐴  𝑖   


   𝑝    |    𝑉  𝑖            ∶      𝑉  𝑖   →    𝑈  𝑖  


     𝑓  𝑖   ∘  𝛾    |    𝐴  𝑖   


   𝛾    |    𝐴  𝑖   


   [  0  ,  1    ]  2  


     𝑁  2  


   (    𝑖  𝑁   ,    𝑗  𝑁   ) 


   0  ≤  𝑖  ,  𝑗  ≤  𝑁 


   𝑁 


   𝑝  (    𝑐  0   )  =    𝑥  0  


   𝐹  (  0  ,  0  )  =    𝑐  0  


     𝐹  ˜           ∶    [  0  ,  1    ]  2   →  𝐶 


     𝐹  ˜   (  0  ,  0  )  =    𝑐  0  


   𝛾  ,    𝛾  ′           ∶    [  0  ,  1  ]  →  𝑋 


     𝑥  0   =  𝛾  (  0  )  =    𝛾  ′   (  0  ) 


     𝑐  0   ∈    𝑝    −  1    (    𝑥  0   ) 


       𝛾  ˜   ′  


     𝛾  ˜   (  1  )  =      𝛾  ˜   ′   (  1  ) 


     𝐹  ˜   (  𝑠  ,  0  ) 


     𝐹  ˜   (  0  ,  𝑡  ) 


     𝑒    𝑥  0   


     𝑒    𝑐  0   


     𝐹  ˜   (  0  ,  1  )  =    𝑐  0  


     𝐹  ˜   (  𝑠  ,  1  ) 


     𝐹  ˜   (  1  ,  𝑡  ) 


     𝑒    𝛾  (  1  )   


     𝐹  ˜   (  1  ,  𝑡  )  =    𝛾  ˜   (  1  ) 


     𝐹  ˜  


     𝜙    𝑐  0            ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝑝    −  1    (    𝑥  0   ) 


     𝜙    𝑐  0   


     𝑐  1   ∈    𝑝    −  1    (    𝑥  0   ) 


   𝜆  ∈  Π  (  𝐶  ,    𝑐  0   ,    𝑐  1   ) 


   𝛾  =  𝑝  ∘  𝜆  ∈  Π  (  𝑋  ,    𝑥  0   ) 


     𝜙    𝑐  0    (  [  𝛾  ]  )  =    𝑐  1  


     𝜙    𝑐  0    (  [  𝛾  ]  )  =    𝜙    𝑐  0    (  [  𝜇  ]  ) 


     𝑐  1  


     𝜇  ˜  


   𝜇 


   𝑝  ∘    𝐹  ˜  


   [  𝛾  ]  =  [  𝜇  ] 


   ℤ  ⊂  ℝ 


     𝜙  0           ∶      𝜋  1   (    𝑆  1   ,  1  )  →  ℤ 


     𝜙  0  


   𝛾  ,  𝜇  ∈  Π  (    𝑆  1   ,  1  ) 


   𝑛  =    𝜙  0   (  [  𝛾  ]  ) 


   𝑚  =    𝜙  0   (  [  𝜇  ]  ) 


       𝜇  ˜   ′   =  𝑛  +    𝜇  ˜  


   𝑛  +    𝜇  ˜   (  1  )  =  𝑛  +  𝑚 


     𝛾  ˜   ⋆    𝜇  ˜  


   𝛾  ⋆  𝜇 


   𝑛  +  𝑚 


     𝜙  0   (  [  𝛾  ]  [  𝜇  ]  )  =  𝑛  +  𝑚  =    𝜙  0   (  [  𝛾  ]  )  +    𝜙  0   (  [  𝜇  ]  ) 


   𝑓          ∶    𝑆  →  𝑆 


   𝑥  ∈  𝑆 


   𝑓          ∶    𝐷  →  𝐷 


   ℎ 


   𝑔          ∶    𝐷  →    𝑆  1  


   𝑔  (  𝑥  ) 


   𝑥  ∈  𝐷 


   𝑓  ,    𝑓  ′           ∶    𝑋  →  𝑌 


     𝑓  ′  


   𝐹          ∶    𝑋  ×  [  0  ,  1  ]  →  𝑌 


   𝐹  (  𝑥  ,  0  )  =  𝑓  (  𝑥  ) 


   𝐹  (  𝑥  ,  1  )  =    𝑓  ′   (  𝑥  ) 


   𝐶  (  𝑋  ,  𝑌  ) 


   𝑓  ∼    𝑓  ′  


   𝑓  ∈  𝐶  (  𝑋  ,  𝑌  ) 


   𝐹  (  𝑥  ,  𝑡  )  =  𝑓  (  𝑥  ) 


   𝑓  ∼  𝑓 


     𝐹  ˜           ∶    𝑋  ×  [  0  ,  1  ]  →  𝑌 


     𝐹  ˜   (  𝑥  ,  𝑡  )  =  𝐹  (  𝑥  ,  1  −  𝑡  ) 


     𝑓  ′   ∼    𝑓  ″  


     𝑓  ″  


   𝐻          ∶    𝑋  ×  [  0  ,  1  ]  →  𝑌 


   𝐻  (  𝑥  ,  𝑡  )  =    {            𝐹  (  𝑥  ,  2  𝑡  )           if    𝑡  ∈  [  0  ,    1  2   ]        𝐺  (  𝑥  ,  2  𝑡  −  1  )           if    𝑡  ∈  [    1  2   ,  1  ]          


   𝑓  ,    𝑓  ′           ∶    𝑋  →    ℝ  𝑛  


   𝐹          ∶    𝑋  ×  [  0  ,  1  ]  →    ℝ  𝑛  


   𝐹  (  𝑥  ,  𝑡  )  =  𝑡  𝑓  (  𝑥  )  +  (  1  −  𝑡  )    𝑓  ′   (  𝑥  ) 


   𝑋  =  {  𝑥  } 


   𝑓  ,    𝑓  ′           ∶    𝑋  →  𝑌 


   𝛾  (  𝑠  )  =    𝑒    𝜋  𝑖  𝑠   


     𝛾  ′   (  𝑠  )  =    𝑒    −  𝜋  𝑖  𝑠   


   𝛾  ,    𝛾  ′  


   (  1  ,  0  ) 


   (  −  1  ,  0  ) 


   𝐹  (  𝑠  ,  𝑡  )  =   cos   (  𝜋  𝑠  )  +  𝑖  (  1  −  2  𝑡  )   sin   (  𝜋  𝑠  ) 


   ℂ  −  {  0  } 


   𝑡 


     𝛾  𝑡   (  𝑠  )  =  𝐹  (  𝑠  ,  𝑡  ) 


       𝛾  ˜   ′   ∘  𝛾 


   𝐹          ∶      𝑆  1   ×  [  0  ,  1  ]  →    𝑆  1  


   𝐹  (    𝑒    2  𝜋  𝑖  𝜃    ,  𝑡  )  =  𝛾  (  𝜃    )    1  −  2  𝑡   


     𝑓  ′           ∶    𝑋  →  𝑌 


   𝐹  (    𝑥  0   ,  𝑡  ) 


     𝑦  0   =  𝐹  (    𝑥  0   ,  𝑡  ) 


     𝑓  ∗   ,    𝑓  ∗  ′           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑌  ,    𝑦  0   ) 


   𝐻  =  𝐹  ∘  (  𝛾  ,     id     [  0  ,  1  ]    )          ∶    [  0  ,  1    ]  2   →  𝑌 


     𝑓  ′   ∘  𝛾 


   𝐻  (  𝑠  ,  0  )  =  𝐹  (  𝛾  (  𝑠  )  ,  0  )  =  𝑓  (  𝛾  (  𝑠  )  ) 


   𝐻  (  𝑠  ,  1  )  =  𝐹  (  𝛾  (  𝑠  )  ,  1  )  =    𝑓  ′   (  𝛾  (  𝑠  )  ) 


   𝐻  (  0  ,  𝑡  )  =  𝐹  (    𝑥  0   ,  𝑡  )  =    𝑦  0  


   𝐻  (  1  ,  𝑡  )  =  𝐹  (    𝑥  0   ,  𝑡  )  =    𝑦  0  


     𝑓  ∗   (  [  𝛾  ]  )  =  [  𝑓  ∘  𝛾  ]  =  [    𝑓  ′   ∘  𝛾  ]  =    𝑓  ∗  ′   (  [  𝛾  ]  )  . 


   𝜆          ∶    [  0  ,  1  ]  →  𝑌 


   𝜆  (  𝑡  )  =  𝐹  (    𝑥  0   ,  𝑡  ) 


     𝑦  0   =  𝑓  (    𝑥  0   ) 


     𝑦  0  ′   =    𝑓  ′   (    𝑥  0   ) 


     𝑓  ∗  ′   =    𝜓  𝜆   ∘    𝑓  ∗           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑋  ,    𝑦  0  ′   )  , 


   [    𝑓  ′   ∘  𝛾  ]  =  [    𝜆  ˜   ]  [  𝑓  ∘  𝛾  ]  [  𝜆  ] 


   𝜆  ⋆  (    𝑓  ′   ∘  𝛾  )  ∼  (  𝑓  ∘  𝛾  )  ⋆  𝜆 


     𝑦  0  


     𝑦  0  ′  


   𝑓  (  𝛾  (  𝑠  )  )  =  𝐹  (  𝛾  (  𝑠  )  ,  0  ) 


     𝑓  ′   (  𝛾  (  𝑠  )  )  =  𝐹  (  𝛾  (  𝑠  )  ,  1  ) 


   𝐺          ∶    [  0  ,  1    ]  2   →  𝑌 


   𝐺  (  𝑠  ,  𝑡  )  =    {            𝜆  (  2  𝑠  )           if    𝑠  ∈  [  0  ,      1  −  𝑡   2   ]  ,        𝐹  (  𝛾  (  2  𝑠  −  1  +  𝑡  )  ,  1  −  𝑡  )           if    𝑠  ∈  [      1  −  𝑡   2   ,  1  −    𝑡  2   ]  ,        𝜆  (  2  𝑠  −  1  )           if    𝑠  ∈  [  1  −    𝑡  2   ,  1  ]  .          


   𝜆  (  1  −  𝑡  )  =  𝐹  (  𝛾  (  0  )  ,  1  −  𝑡  )     and     𝐹  (  𝛾  (  1  )  ,  1  −  𝑡  )  =  𝜆  (  1  −  𝑡  ) 


   𝐺  (  𝑠  ,  𝑡  ) 


   𝑠  =  1  −    𝑡  2  


   𝑠  ∈  {  0  ,  1  } 


   𝐺  (  0  ,  𝑡  )  =  𝜆  (  0  )  =    𝑦  0      and     𝐺  (  1  ,  𝑡  )  =  𝜆  (  1  )  =    𝑦  1   . 


   𝑡  ∈  {  0  ,  1  } 


   𝐺  (  𝑠  ,  0  )  =  𝜆  (  2  𝑠  ) 


   𝐺  (  𝑠  ,  1  )  =  𝐹  (  𝛾  (  2  𝑠  )  ,  0  )  =  𝑓  (  𝛾  (  2  𝑠  )  ) 


   𝐺  (  𝑠  ,  0  )  =  𝐹  (  𝛾  (  2  𝑠  −  1  )  ,  1  )  =    𝑓  ′   (  𝛾  (  2  𝑠  −  1  )  ) 


   𝐺  (  𝑠  ,  1  )  =  𝜆  (  2  𝑠  −  1  ) 


   𝑋  →  𝑌 


     𝑓  ∗  ′  


     𝑐  𝑦  


     𝑓  ∗           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑌  ,    𝑦  0   ) 


     𝑓  ∗   =    𝜓  𝜆   ∘  (    𝑐  𝑦     )  ∗  


     𝜓  𝜆   ∘  (    𝑐  𝑦     )  ∗   =  (    𝑐    𝑦  0      )  ∗  


   𝑝  (  𝑧  )  −    𝑧  𝑛  


   𝑟  >  0 


     𝑟  𝑛   >  |  𝑝  (  𝑧  )  −    𝑧  𝑛   | 


   𝑧  ∈  ℂ 


   |  𝑧  |  ≥  𝑟 


   𝑟 


   𝑝  (  𝑧  ) 


   𝑓  (  𝑧  )  =      𝑝  (  𝑟  𝑧  )     |  𝑝  (  𝑟  𝑧  )  |    , 


   𝑔          ∶      𝑆  1   →    𝑆  1  


   𝑔  (  𝑧  )  =    𝑧  𝑛  


   𝐻          ∶      𝑆  1   ×  [  0  ,  1  ]  →    𝑆  1  


   𝐻  (  𝑧  ,  𝑡  )  =      (  1  −  𝑡  )  (  𝑝  (  𝑟  𝑧  )  −  (  𝑟  𝑧    )  𝑛   )  +  (  𝑟  𝑧    )  𝑛      |  (  1  −  𝑡  )  (  𝑝  (  𝑟  𝑧  )  −  (  𝑟  𝑧    )  𝑛   )  +  (  𝑟  𝑧    )  𝑛   |    . 


   𝐻  (  𝑧  ,  0  )  =  𝑓  (  𝑧  ) 


   𝐻  (  𝑧  ,  1  )  =  𝑔  (  𝑧  ) 


   𝑧  ∈    𝑆  1  


   |  (  1  −  𝑡  )  (  𝑝  (  𝑟  𝑧  )  −  (  𝑟  𝑧    )  𝑛   )  |  ≤  |  𝑝  (  𝑟  𝑧  )  −  (  𝑟  𝑧    )  𝑛   |  <    𝑟  𝑛   =  |  (  𝑟  𝑧    )  𝑛   |  , 


     𝑓  ˜           ∶    ℂ  →    𝑆  1  


   𝜄          ∶      𝑆  1   →  ℂ 


     𝑓  ∗   =      𝑓  ˜   ∗   ∘    𝜄  ∗           ∶      𝜋  1   (    𝑆  1   ,  1  )  →    𝜋  1   (    𝑆  1   ,  1  ) 


   𝜋  (  ℂ  ,  1  ) 


     𝑔  ∗  


     𝜋  1   (    𝑆  1   ,  1  )  ≅  ℤ 


   𝑅          ∶    𝑋  ×  [  0  ,  1  ]  →  𝑋 


   𝑅  (  𝑎  ,  𝑡  )  =  𝑎 


   ℂ  −  {  0  } 


   𝑅          ∶    (  ℂ  −  {  0  }  )  ×  [  0  ,  1  ]  →  ℂ  −  {  0  } 


   𝑅  (  𝑟    𝑒    𝑖  𝜃    ,  𝑡  )  =  (  (  1  −  𝑡  )  𝑟  +  𝑡  )    𝑒    𝑖  𝜃   


   𝜃  ∈  [  0  ,  2  𝜋  ) 


     𝜄  ∗           ∶      𝜋  1   (  𝐴  ,    𝑎  0   )  →    𝜋  1   (  𝑋  ,    𝑎  0   )  . 


   𝑟  (  𝑥  )  =  𝑅  (  𝑥  ,  1  ) 


     𝜄  ∗   ∘    𝑟  ∗   =  (  𝜄  ∘  𝑟    )  ∗   =  (     id   𝑋     )  ∗   =     id       𝜋  1   (  𝑋  ,    𝑎  0   )    . 


     𝑟  ∗   ∘    𝜄  ∗   =  (  𝑟  ∘  𝜄    )  ∗   =  (     id   𝐴     )  ∗   =     id       𝜋  1   (  𝐴  ,    𝑎  0   )    . 


   𝑔          ∶    𝑌  →  𝑋 


   𝑔  ∘  𝑓 


   𝑓  ∘  𝑔 


      id   𝑌  


     𝐵  ¯  


     𝑓  ∗           ∶      𝜋  1   (  𝑋  ,    𝑥  0   )  →    𝜋  1   (  𝑌  ,    𝑦  0   ) 


     𝑥  1   =  𝑔  (  𝑓  (    𝑥  0   )  ) 


     𝑔  ∗   ∘    𝑓  ∗   =    𝜓  𝜆   ∘     id       𝜋  1   (  𝑋  ,    𝑥  0   )    =    𝜓  𝜆   , 


     𝜓    𝜆  ˜   


     𝑔  ∗   ∘    𝑓  ∗  


     𝑓  ∗   ∘    𝑔  ∗  


   𝐹  (  𝑠  ,  0  )  =  𝛾  (  𝑠  )     and     𝐹  (  𝑠  ,  1  )  =    𝛾  ′   (  𝑠  ) 


   𝐹  (  0  ,  𝑡  )  =  𝑎     and     𝐹  (  1  ,  𝑡  )  =  𝑏 


   Π  (  𝑋  ,  𝑎  ,  𝑏  ) 


   𝐹  (  𝑠  ,  𝑡  )  =  𝛾  (  𝑠  ) 


   𝑠  ,  𝑡  ∈  [  0  ,  1  ] 


   𝐺  (  𝑠  ,  𝑡  )  =  𝐹  (  𝑠  ,  1  −  𝑡  ) 


     𝛾  ″   ∈  Π  (  𝑋  ,  𝑎  ,  𝑏  ) 


     𝛾  ′   ∼    𝛾  ″  


     𝛾  ″  


   𝐻  (  𝑠  ,  𝑡  )  =    {            𝐹  (  𝑠  ,  2  𝑡  )          𝑡  ∈  [  0  ,    1  2   ]  ,        𝐺  (  𝑠  ,  2  𝑡  −  1  )          𝑡  ∈  [    1  2   ,  1  ]          


   𝐹  (  𝑠  ,  1  )  =    𝛾  ′   (  𝑠  )  =  𝐺  (  𝑠  ,  0  ) 


     𝜋  1   (  𝑋  ,  𝑎  ,  𝑏  ) 


   𝛾  ⋆  𝜇  ∈  Π  (  𝑋  ,  𝑎  ,  𝑐  ) 


   (  𝛾  ⋆  𝜇  )  (  𝑠  )  =    {            𝛾  (  2  𝑠  )          𝑠  ∈  [  0  ,    1  2   ]  ,        𝜇  (  2  𝑠  −  1  )          𝑠  ∈  [    1  2   ,  1  ]  .          


   𝛾  ,  𝜇 


   𝛾  ∗  𝜇 


   𝜇  ,    𝜇  ′   ∈  Π  (  𝑋  ,  𝑏  ,  𝑐  ) 


   𝜇  ∼    𝜇  ′  


   𝛾  ⋆  𝜇  ∼    𝛾  ′   ⋆    𝜇  ′  


     𝜇  ′  


   𝐻  (  𝑠  ,  𝑡  )  =    {            𝐹  (  2  𝑠  ,  𝑡  )          𝑠  ∈  [  0  ,    1  2   ]  ,        𝐺  (  2  𝑠  −  1  ,  𝑡  )          𝑠  ∈  [    1  2   ,  1  ]          


     𝛾  ′   ⋆    𝜇  ′  


   𝐹  (  1  ,  𝑡  )  =  𝑏  =  𝐺  (  0  ,  𝑡  ) 


     𝜋  1   (  𝑋  ,  𝑎  ,  𝑏  )  ×    𝜋  1   (  𝑋  ,  𝑏  ,  𝑐  )    ⟶  ⋅     𝜋  1   (  𝑋  ,  𝑎  ,  𝑐  )  , 


   𝑓          ∶      ℝ  2   →    ℝ  2  
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Introduction

Topology might be called the theory of space, not just the usual Euclidean space R3 in which we
appear to live, but those far more bizarre and abstract. A space starts with a set on which you
wish to place some notion of points being “near” to each other, without necessary actually having
a notion of distance like Euclidean space. This notion is a called a topology, and a set together with
a topology is called a topological space.

The definition of a topology is rather simple: it is a collection of subsets known as its open
sets satisfying certain axioms. In Euclidean space, the open sets consist of the union of open
balls about points. The axioms required of a topology aim to make the definition of a continuous
function between topological spaces reasonable. In topology, a function is said to be continuous if
the inverse image of every open set is open. This matches with the usual definition of continuity of
maps between Euclidean spaces.

The key objects in the study of topology, or more specifically its foundational branch known as
point-set topology that is our focus, are topological spaces and continuous functions. Among the
topological spaces considered are the spaces found in multivariable calculus: R”, spheres, tori, and
other real manifolds (which are spaces that look locally like R”). Some might say that topology
aims to study geometric objects while essentially forgetting about geometry: that is, in topology,
a circle and a square are in some sense viewed as the same thing, because there exists a bijection
from the square to the circle that is both continuous and has a continuous inverse. To a topologist,
any collection of points, all separated from each other, is a perfectly good space too.

Consider for instance the topological space R?, i.e., the plane. Around every point in the plane
are centered discs without their boundaries: these are open sets. The open sets in R? are arbitrary
unions of these open disks. Suppose f: R? - R? sends x to y. To say that f is continuous at x is to
say that given an open disk B centered at y, the inverse image f~! (B) contains an open ball centered
at x. Then f is continuous if it is continuous at every point. But looking closely at the definition of
a continuous function between topological spaces, one sees that this is in fact the same definition:
f is continuous if and only if f~! (U) is open for every open set U in R2. The key point here is that
any open set U contains an open disk about any point that it contains.

There are several key notions that will arise in our study of point-set topology, among them
separability, closure, connectedness, and compactness.

5
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* Spaces can have rather strange topologies. For instance, on any set X, one could put the
“trivial” topology that the only open sets are @ and X. The only continuous functions from
this space X to any other space are constant. In topological terms, this space is highly
inseparable, and so we often put requirements on our spaces that prevent this, e.g., that
the space be what is known as Hausdorff. A space is Hausdorff if given any two distinct
points, one can find open sets containing each point that do not intersect each other. In some
sense, this means we can separate the two points from each other. Any space with the trivial
topology and at least two elements cannot be Hausdorff.

* As for closure, we should define what it means for a set to be closed, which is exactly to say
that its complement will be open. In R2, a closed disk, i.e., a disk including its boundary,
is closed. And in fact, that brings us quickly to the notion of closure of a set, which is to
say the smallest closed set containing a given set. In R2, the closure of an open disk is the
closed disk that is the open disk and its boundary.

* A space is connected if it is not a disjoint union of two nonempty open sets, which is to
say it has no nonzero subsets which are both open and closed. Then R? is connected, but
inside it, the union of open disks of radius 1 about 0 and 2 is not. Some spaces are highly
disconnected: for instance, for any set X, we may put on it the “discrete” topology, whereby
every subset is open. With this topology, every open set is also closed, and so every point
is what is known as a connected component. The whole space itself is then called totally
disconnected.

e In R2, a set is compact if it is closed and bounded, the latter meaning that the whole set is
contained within a large enough disk about the origin. In fact, the abstract definition is rather
different: it says that a space is compact if whenever it is a union of some collection of open
sets, only finitely many of these open sets are needed. To see why these might be the same,
try thinking about a closed interval [a, b] in R. Cover it by a union of open intervals, and
since each has some finite length, only finitely many of them are needed to cover.

Among the most important of topological spaces are metric spaces, which are sets with a dis-
tance function satisfying the triangle inequality. We define a topology on a metric space by again
considering the open balls of varying radius about a point and defining an arbitrary open set to be a
union of these. When we consider this underlying topological space, we may then forget about the
metric. So, one should consider a metric space as being more than just a topological space: i.e., it
has a notion of distance that a topological space itself does not. This notion of distance is crucial
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for many applications in analysis, but it is also useful to have the flexibility to work with spaces
that have no natural metric. A topological space that has a metric that gives rise to the original
topology is called metrizable.

Toward the end of these notes, we will turn from point-set topology to the very beginnings of
algebraic topology, which motivated many of the latter definitions. In particular, we shall explain
the notion of homotopy, which allows one to transform one space into another. From the perspective
of homotopy theory, two spaces are homotopic if one can be continuously transformed into another.
From the perspective of homotopy, a closed disk in R? is just a point, in that it its radius can be
shrunk at a continuous rate until it becomes a point. This perspective is, for instance, quite useful for
classifying compact surfaces by how many “holes” they have: a sphere and a torus are topologically
different as they are not homotopic. The first object of abstract algebra that can be used to measure
this difference is known as the fundamental group, and it consists of “homotopy classes” of loops
on a space beginning and ending at a fixed point. For instance, the fundamental group of a circle
is just the integers, with the integer determined by how many times a loop wraps around the circle
and in what direction.
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Chapter 1

Topological spaces

1.1 Topologies
We begin by defining topological spaces.

Definition 1.1.1. A fopology on a set X is a set & of subsets of X such that
i. the empty set @ and the set X are contained in 7,
ii. if %6 is a subset of 7, then | J o9, U € 7, and
iii. ifUy,...,U,, € ¥ forsomen > 1,then Uy n---NnU,, € I .

In other words, a topology J is a collection of subsets of X containing @, X and which is closed
under arbitrary unions and finite intersections.

Definition 1.1.2. A topological space is a pair (X, ) consisting of a set X and a topology & on
X.

Definition 1.1.3. Let X be a set.

a. The discrete topology on X is the topology equal to the set of all subsets (i.e., the power set)
of X. We say that a topological space X is discrete if its topology is the discrete topology on X.

b. The trivial topology on X is the topology {®, X}.

Definition 1.1.4. Let (X, ) be a topological space. A subset U of a topological space X is called
openif U € I .

Terminology 1.1.5. We often omit the notation of a topology J on a topological space X and
simply refer to X as a topological space when its topology & is understood. At times, we say that
a topological space X is endowed with (or has) a topology & . We sometimes refer to a topological
space more simply as a space.
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Definition 1.1.6. An element of a topological space X is called a point of X.

Example 1.1.7. A topological space X has the discrete topology if and only if every subset of X is
open.

Examples 1.1.8.

a. Let X = {a, b} be a two-point set. Then there are 4 distinct topologies on X, all equal to
{(@,X} U S, where S is some subset of {{a}, {b}}.

b. Let X = {a, b, c} be a three-point set. Then {@, {a}, {b}, X} is not a topology on X, as it is
not closed under unions, while {®, {a, b}, {a, c}, X} is not a topology on X, as it is not closed under
finite intersections.

Definition 1.1.9. A set X has a topology under which a nonempty subset U is open if and only if
its complement X — U = {x € X | x ¢ U} is finite. This topology is known as the finite complement
topology on X.

Example 1.1.10. The Euclidean topology on R is the unique topology under which a set is open if
it is a union of open intervals. This is a topology as both @ and R are open intervals, any union of
unions of open intervals is a union of open intervals, and any finite intersection of open intervals
is an open interval (which, as the reader will check, implies that any finite intersection of unions of
open intervals is a union of open intervals).

Definition 1.1.11. If ¥ and J’ are topologies on a set X with & C T/, we say that I is finer
(or stronger) than &, and 7 is coarser (or weaker) than 7 ’. If, in addition, I # 7', we say that
T is strictly finer (or strictly stronger) than 9, and J is strictly coarser (or strictly weaker) than

T’

Remark 1.1.12. We think of a topology with more open sets as being finer in that we think of open
sets as separating points from each other, so a topology with more open sets is more “fine-grained”,
in a sense. The discrete topology is the finest topology on any set, while the trivial topology is the
coarsest.

Remark 1.1.13. The terminology of a “finer” topology including one that may be the same is in
some sense unfortunate, but it is the most standard usage.

Example 1.1.14. Consider the three-point set X = {a, b, ¢} with topologies 7| = {D,X}, T, =
{D,{a}, X}, T3 = {0, {a},{b},{a,b}, X}, and T 4 the discrete topology. Then T, is strictly finer
than 7 ; foreach 1 <i < 3. If we set 5 = {@, {a}, {a, b}, {a, c}, X}, then T is strictly finer than
I 1 and T, and strictly coarser than J 4 but has no such relation with 7 5.
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Definition 1.1.15. An open neighborhood of a point x in a topological space X is an open set
containing x. We say that an open neighborhood V of x is an open neighborhood of V in a subset
A if V is contained in A.

Lemma 1.1.16. A subset U of a topological space X is open if and only if every point of U has an
open neighborhood in U.

Proof. If U is open and x € U, then U is an open neighborhood of x in U. Conversely, if every

point x of a subset U of X has an open neighborhood V in U, then U = | V., so U is open as

xeU
a union of open sets in X. O]

At times, we may wish to speak of closed neighborhoods, in which case the following definition
is useful.

Definition 1.1.17. A neighborhood of a point x in a topological space X is any subset of X con-
taining an open neighborhood of x.

Proposition 1.1.18. A set of subsets I of X is a topology on X if and only if 0, X € T, the set T
is closed under arbitrary unions, and for all Uy, ..., U, € I withn > 1 and x € (\i_, U;, there
exists an open neighborhood of x contained in (", U;.

Proof. Suppose that Uy, ...,U, € J forsomen > 1,and set W = L, U;. If T is a
topology, then W is open, so we may take W to be the open neighborhood of the proposition. If on
the other hand we have that for each x € W, there exists an open neighborhood V, of x in W, then
W = U, cw Vx is an element of 7 if J is closed under unions. Thus, 7 is a topology under the

conditions of the proposition. ]

Notation 1.1.19. Given a set X and a subset A, we write A€ for the complement X — A of A when
X is understood.

Definition 1.1.20. A subset A of a topological space X is closed, or a closed subset of X, if its
complement X — A is a open.

Examples 1.1.21.

a. Every subset of a discrete space is closed.
b. The only closed subsets of a space X with the trivial topology are @ and X.

c. In R with its Euclidean topology, closed intervals are closed subsets, as are their finite
unions. Some but not all infinite unions of closed intervals are also closed: e.g., the set Z of
integers inside R is an infinite union of closed intervals of length zero that is closed.



12 CHAPTER 1. TOPOLOGICAL SPACES

Proposition 1.1.22. Let X be a set. A set I of subsets of X forms topology on X if and only if the
set € = {U° | U € T} has the properties that it contains O and X, intersections of elements of €
are contained in €, and finite unions of elements of € are contained in €.

Proof. Let I be a set of subsets of X and € be the set of complements of elements of 7. We
have @ = X¢and X = X¢,s0 0,X € ¥ if and only if §,X € I . We have

(04) =y

so € is closed under intersections if and only if & is closed under unions. If A, ..., A, € € for
some n > 1, then

n ¢ n
(UAi) = ﬂA?,
i=1 i=1

so € is closed under finite unions if and only if & is closed under finite intersections. Thus, ¥ is
a topology if and only if € satisfies the conditions of the proposition. ]

1.2 Subspaces

Definition 1.2.1. Let (X, ¥) be a topological space and A be a subset of X. The subspace topology
onAistheset ¥ 4, ={UNA| U e T} of subsets of A.

Definition 1.2.2. A topological space A with underlying set a subset of a topological space X is
called a subspace if its topology is the subspace topology from X.

We verify that the subspace topology on a topological space is in fact a topology.

Proposition 1.2.3. Let X be a topological space and A be a subset of X. Then the subspace topology
on A is a topology on A.

Proof. Let J denote the topology on X and J 4 the subspace topology on A. We have @ =
PnAe T andA=XnNAe T, s0T 4 satisfies property (i) of a topology.
If 7" € I 4, then foreach V € 7, there exists Uy € § with V = Uy, N A. We then have

U vs= U(UVmA):(U UV)nAeg‘A

Ver Ve ver
since Uy g9 Uy € 9‘ as 7 is atopology. Thus, & 4 satisfies property (ii) of a topology.
Itvy,..,V,e 5 4forsomen > 1,then V; = U; n A for some U; € ¥ for 1 <i < n. We then

have

n n n

(\Vi=(WU;nA) = (ﬂU,.)mAeﬁ‘A,

i=1 i=1 i=1
since (\i_, U; € T as T is a topology. Thus, I 4 satisfies property (iii) of a topology. [
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The subspace topology on an open subset of a topological space is a subset of the topology on
the space.

Proposition 1.2.4. If X is a topological space and U is an open subset of X, then the subspace
topology on U is the set of open subsets of X that are contained in U.

Proof. If V is an open subset of U, then V = W n U for some open subset W of X, so V' is open
in X as an intersection of two of its open subsets. Conversely, if V is an open subset of X contained
inU,thenV =V nU,soVisopenin U as well. ]

Examples 1.2.5.

a. Every subspace of a discrete space X is discrete.

b. The subspace topology on an open interval (a,b) € R with a < b consists of @ and all
unions of open intervals (a’,b") witha < a’ < b’ < b.

c. Consider the four-point set X = {a, b, c,d} with the topology {®, {a}, {b}, {a,b},X}. Then
the subspace topology on {a, b} is the discrete topology, while the subspace topology on {c, d} is
the trivial topology.

The reader may check the following lemma.

Lemma 1.2.6. Let A be a closed subset of a topological space X. Then the closed sets of A under
the subspace topology are exactly the intersections of closed subsets of X with A.

Terminology 1.2.7. An open (resp., closed) subset of a topological space X, when endowed with
the subspace topology, is called an open (resp., closed) subspace of X.

1.3 Bases

Definition 1.3.1. A subset 93 of a topology J on a topological space X is said to be a base, or
basis, for the topology & on X if every open set U € ¥ is a (possibly empty) union of elements
of %.

Example 1.3.2. The set of open intervals in R is a base for the Euclidean topology on R.

Example 1.3.3. If X is a set with the discrete topology, then the set {{x} | x € X} is a base of the
topology on X.

Definition 1.3.4. We say that a set ¥ of subsets of X covers a subset A of X if A C ( Jg. » S, and
F is a cover of A if # covers A.
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Theorem 1.3.5. Let X be a set, and let B be a set of subsets of X such that

i. B covers X and

ii. foreveryU,V € Bandx € UNV, there exists W € Bwithx e Wand W CUNV.

Then the collection
T = { U U|I¥€ c %’}
Ue?%
of arbitrary unions of elements of 3B is a topology on X, and B is a base for the topology I .
Moreover, if X is a topological space and B is a base of open sets in X, then I is the topology on
X.

Proof. If & is a topology, then 9 will by definition be a base, so we need only verify that
is a topology. Note that @ is the empty union of elements of 5 and X € J by property (i) of AB.
We also have that I is closed under arbitrary unions, as its elements are just the arbitrary unions
of elements of 98. To check that & is closed under finite intersections, it suffices by recursion to
show that it is closed under intersections of two elements, so let U, U, € . Anyx € U, N U,
lies in the intersection of some V; € 9 contained in U; and some V, € 9 contained in U,. So,
by property (ii) of 98, there exists W € 98 with

XEWQV10V2QU10U2.

Since B C I, we have W € ¥ as well. By Proposition 1.1.18, the set I is a topology on X.

If X is a topological space with topology 7" and % is a base of open sets in X, then both F
above and the topology & are the set of unions of elements of %, the first by definition of 7, and
the second by definition of a base, so & = 7. ]

Definition 1.3.6. The topology & on a set X given by arbitrary unions of elements of a set of
subsets 9B of X satisfying the two conditions of Theorem 1.3.5 is called the topology generated by
the base 9B. We say that B generates the topology 7 .

We may now easily define the Euclidean topology on R”.

Example 1.3.7. The Euclidean topology on R” is the topology generated by the base consisting
of open balls in R” of finite radius. To see this is a topology, one need only note that around any
point inside any nonempty intersection of two open balls, there exists another open ball.

Definition 1.3.8. Let X be a topological space. A base of open neighborhoods of a point x is a
set 5B, of open neighborhoods of x such that for every open neighborhood U of x in X, there exists
V e B, withV C U. An element of 9B, is said to be a basic open neighborhood of x.

Lemma 1.3.9. Let X be a topological space, and for each x € X, let B, be a base of open neigh-

borhoods of x. Then 3B = B, is a base for the topology on X.

xeX
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Proof. Since each 3, is nonempty, we have X = (5 U. If U € B, and V € B, for some
x,y € X and z € U nV, then there exists W € 3B, with W C U n V. By Theorem 1.3.5, % is
a base for a topology ' on X. We have ' C J since every set in 3 is open and J is closed
under unions. We claim that & is in fact the original topology 7.

Let W € . Forx € W, since 3, is a base of open neighborhoods of x, there exists U, € B,

with U, € W. Then W € J’ by Lemma 1.1.16. Thus & = 7. O

Example 1.3.10. In R”, the set of open balls centered at a point x forms a base of open neighbor-
hoods of x.

In fact, any set of subsets of X with union X gives rise to a topology on X.

Definition 1.3.11. A set % of open subsets of a topological space X is called a subbase, or
subbasis, for the topology on X if every proper open set in X is a union of finite intersections of
elements of .#.

The following is an simple consequence of Theorem 1.3.5.

Proposition 1.3.12. Let ¥ be a set of subsets of X. Let 3B be the set consisting of X and all finite
intersections of elements of . Then 3B is a base for a topology on X for which % is a subbase.

Example 1.3.13. The set of all intervals (a, c0) and (—oo, b) with a,b € R is a subbase for the
Euclidean topology on R.

1.4 Closure

There is a smallest closed set containing a given subset of a topological space, known as its closure.

Definition 1.4.1. The closure A of a subset A of a topological space X is the intersection of all
closed subsets of X containing A.

Lemma 1.4.2. The closure A of a subset A of X is the smallest closed subset of X containing A in
the sense that A is closed and contains A and, if B is a closed subset of X with A C B, then A CB.

Proof. First, we remark that A is closed as an intersection of closed sets and contains A, as
all of these closed sets contain A. Moreover, if B is closed and contains A, then B contains the
intersection A of all closed sets containing A, since B is one of the sets over which the intersection
is taken. O]

Example 1.4.3. The closure of an open interval (a, b) in R is the closed interval [a, b], as [a, b] is
a closed set containing (a, b), and none of (a, b), [a, b), and (a, b] is closed.
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We have the following alternative characterization of the closure.

Proposition 1.4.4. Let A be a subset of a topological space X. Then x € A if and only if every
(open) neighborhood of x in X has nonempty intersection with A.

Proof. We have x € A if and only if x € B for all closed sets B containing A. The latter holds
if and only if x ¢ U for all open sets U C A°. And this holds if and only if every open set U
containing x is not contained in A¢, hence has nonempty intersection with A. [

Example 1.4.5. If x € (a,b), then clearly every open neighborhood of x intersects (a, b), in par-
ticular in x. Any open interval of the form (a — €,a + €) intersects (a,b) in{a+ 8 |0 < § < €}.
Similarly, any interval (b — €,b + ¢€) intersects (a,b) in {b — 6 | 0 < § < €}. On the other hand,
if x > b or x < a, then there exists a sufficiently small interval centered at x that does not intersect
(a,b). Since every open neighborhood of a point in R contains an open interval (centered at the
point), Proposition 1.4.4 again tells us that the closure of (a, b) is [a, b].

Definition 1.4.6. A subset A of a topological space X is dense in X if A = X.

Example 1.4.7. The rational numbers Q are dense in R with its Euclidean topology. That is, every
open interval containing a real number contains a rational number, being that the interval has finite
nonzero length.

We also have the notion of an interior of a set.

Definition 1.4.8. The interior A° of a subset A of a topological space X is the union of all open sets
of X contained in A.

Note that A° = (A°)¢ by its definition. We then have the following as a consequence of
Lemma 1.4.2.

Lemma 1.4.9. The interior of a subset A of a topological space X is the largest open subset of X
contained in A.

We also have a notion of boundary.

Definition 1.4.10. The boundary dA of a subset A of X is the complement of the interior A° of A
in the closure A.

Example 1.4.11. In R, the closure of an open interval (a, b) with a,b € R and a < b is the closed
interval [a, b], and the interior of [a, b] is (a, b). The boundary of (a, b), or [a, b], is {a} U {b}.
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Example 1.4.12. In R”, the closure of the open ball of radius ¢ about a point x is the closed ball
of radius € about the point x, while the boundary is the sphere of radius € centered at x.

Example 1.4.13. If X has the trivial topology, then the closure of any nonempty subset A is X, while
the interior of A is empty unless A = X. So, any nonempty, proper subset A of X has boundary X,
whereas the boundary of X is empty.

Example 1.4.14. Consider the three-point set X = {a, b, ¢} with topology
T ={0,{a},{a,b},{a, c}, X}.

The closed sets of I are @, {b}, {c}, {b,c}, and X. Thus, the closure of {a} is X, while {b} and {c}
are closed.

Remark 1.4.15. The taking of subspaces can change interiors and closures. For instance, the
interior of the closed interval [a, b] witha < bin R is (a, b), but its interior in [a, b] is [a, b], since
[a, b] is open in [a, b].

1.5 Limit points

Definition 1.5.1. A point x in a topological space X is called a limit point of a subset A of X if
every (open) neighborhood of x intersects A in a point other than x.

The following is a corollary of Proposition 1.4.4.

Lemma 1.5.2. The closure of a subset A of a topological space X is the union of A and the set of
its limit points.

Proof. By Proposition 1.4.4, if x € A, then every open neighborhood of x intersects A. If x ¢ A,
these intersections cannot contain x, so x is a limit point. ]

Since closed sets are their own closures, we have the following.
Corollary 1.5.3. Any closed subset A of a topological space contains all of its limit points.

Remark 1.5.4. In Proposition 1.4.4, we may replace the condition on every open neighborhood
with the same condition restricted to open neighborhoods in any base.

One might ask how the notion of a limit point compares to the notion of points to which se-
quences converge. For this, we need the following definition.
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Definition 1.5.5. A sequence (x,,),» of points of a topological space X converges to apointx € X
if for every open neighborhood U of x, there exists N > 1 such that x,, € U for all n > N. The
point x is said to be a limit of the sequence x,,.

Remark 1.5.6. By definition, a limit of a convergent sequence (x,,),>; that is not eventually con-
stant is a limit point of the set {x,, | n > 1}. However, the latter set may have more then one limit
point even if (x,,),> converges.

Example 1.5.7. If X has the trivial topology, then every sequence in X converges to every point of
X.

To avoid such pathologies as in the previous example, it is useful to put the following condition
on a space.

Definition 1.5.8. A topological space X is called is Hausdorf{fis for every two distinct points a, b €
X, there exist open neighborhoods U of a and V of b such that U n'V = Q.

More briefly, X is Hausdorff if every two distinct points of X have disjoint neighborhoods. In
Hausdorff spaces, points are closed.

Lemma 1.5.9. In a Hausdor{f space X, every singleton set {x} for x € X is closed.

Proof. If x € X and a € X with x # a, then there exists an open neighborhood U, of a
not containing x. As the union of all such open sets U, is the complement of {x}, the set {x} is
closed. O

The property of being Hausdorff is stronger than that of points being closed, however.

Example 1.5.10. In an infinite set X with the finite complement topology, points are closed as the
complement of open sets. However, any two nonempty open sets in X intersect in all but finitely
many elements of X, so X is not Hausdorff. Moreover, every non-repeating sequence (x,,),> in X
converges to every point of X, as the reader should check using the fact that open sets have finite
complements.

Even better, in Hausdorff spaces, every convergent sequence has a unique limit.

Proposition 1.5.11. Every convergent sequence in a Hausdor{f space has a unique limit.

Proof. If x € X is alimit of a convergent sequence (x,,),,» in a Hausdorft space X, then for any
y € X — {x}, we have have disjoint open neighborhoods U of x and V of y. For sufficiently large n,
the point x,, are all in U, hence not in V, and therefore y is not a limit point of the sequence. [l

The following is immediate from the definitions.
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Lemma 1.5.12. Every subspace of a Hausdor{f space is Hausdorff.

The following characterization of the Hausdorff property is often useful.

Lemma 1.5.13. A topological space X is Hausdorff if and only if for every two distinct points
X,y € X, there exists an open neighborhood U of x withy & U.

Proof. Let x and y be distinct points of X. We have disjoint open neighborhoods U and V of x
and y, respectively, if and only if we have an open neighborhood U of x and a closed neighborhood
A containing U and not containing y. That is, we simply take A and V to be complements of each
other. But such an A exists if and only if we can take it to be the closure U, which is contained in
any such A, being the smallest closed set containing U. ]

1.6 Metric spaces

Metric spaces, and the open balls inside of them, provide fundamental examples of topological
spaces. We review the definition here.

Definition 1.6.1. A metric on a set X is a function d: X x X — R such that for all a, b, c € X,
one has

i. d(a,b) = 0if and only ifa = b,
ii. d(a,b) = d(b,a), and
iii. d(a,c) <d(a,b) +d(b,c).

Terminology 1.6.2. For a set X, the condition d(a,c) < d(a,b) + d(b,c) ond: X xX - R for
all a, b, c € X is called the triangle inequality.

Definition 1.6.3. A pair (X, d) consisting of a set X and a metric d on X is called a metric space.

Notation 1.6.4. When the metric d on a metric space (X, d) is understood, we often write X for
the metric space.

Example 1.6.5. The set R” is a metric space for the distance functiond: R” x R"” - R defined

d(x,y) = \’Zm —y1)?
i=1

forx = (x;)"_, and y = (y;)’_,. We remark that any three points x, y, and z form the vertices of

a triangle, and the distances between them are the lengths of the sides, so the triangle inequality

by the Euclidean metric

reduces to the usual triangle inequality of Euclidean geometry.
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Definition 1.6.6. In a metric space (X, d), the open ball of radius ¢ > 0 about a point (or with
center) x € X is the set
B(x,e) ={y € X |d(x,y) < €}.

The closed ball of radius € is

B(x,e) ={ye X |d(x,y) <€}

Proposition 1.6.7. The set of open balls in a metric space X forms a base of a topology on X, and
the set of open balls with center x is a base of open neighborhoods of x in this topology.

Proof. Clearly, the union of open balls in a metric space is X, so by Theorem 1.3.5, it suffices
to show that for any two open balls U = B(x,¢) and V = B(y, ) in X and any pointz € U NV,
there exists an open ball containing z and contained in U n V. For this, choose any positive real
number

p <min{e —d(x,z),6 —d(y,2)}.

Then B(z, p) € U NV by the triangle inequality. That is, if d(z,w) < p, then
dw,x) <dw,z) +d(z,x) < p+d(x,2) <,

and similarly d(w,y) < d(w,z) + d(z,y) < &. Thus the set of open balls in X form a base.

If x € X and U is any open neighborhood of x, then it contains some basic open neighborhood
B(y,€) of x, i.e., with d(x,y) < €. Then B(x,e — d(x,y)) € U as in the above argument, so the
balls centered at x form a base of open neighborhoods of x. ]

Definition 1.6.8. The metric topology on a set X induced by a metric d on X is the topology on X
generated by the set of open balls under d.

Lemma 1.6.9. Let X be a metric space. Then every closed ball B(x, €) is closed in the metric
topology.

Proof. It suffices to show that the complement of B(x, €) is open. If y ¢ B(x,¢), then § =
d(x,y)—€ > 0,and B(y, ) and B(x, ¢) are disjoint by the triangle inequality. Thatis, ifz € B(y, §),
thend(x,z) + 8§ > d(x,z) +d(z,y) > d(x,y),s0d(x,z) > €. Thus, z & B(x, €). O

Two different metrics on a set X can have the same metric topology. Take the following example.
Example 1.6.10. Consider the Euclidean metric d on R” and the box metric d’ on R” defined by

d (x,y) = max{lx; —y;| | 1 <i <n}
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forx = (x;),,¥y = (y;).; € R". The reader should check that d’ (x,y) is in fact a metric.

We have bases B(x, ¢) and B’ (x, €) of open balls about a point x with respect to these respective
metrics. For any y € R”, we have

n
max{|x; — y;? |1 <i<n} < Z(x,— —y)? <nmax{lx; —y;> | 1 <i < n),
=1

SO
B(x,e) € B (x,¢) C B(x, yne)

for all € > 0. Thus, the two metric topologies coincide.

We will often consider a metric space as a topological space endowed with the metric topology.
We can then examine the topological properties of metric spaces.

Proposition 1.6.11. Metric spaces are Hausdorff.

Proof. Let X be a metric space, and suppose that x,y € X are distinct points. Let € = %d (x,y).
Then B(x, €) and B(y, €) are disjoint by the triangle inequality. ]

Definition 1.6.12. A topological space (X, I ) is metrizable if there exists a metric d on X such
that the metric topology induced by d is the topology & on X.

The following is a direct corollary of Proposition 1.6.11.

Corollary 1.6.13. If X is a metrizable topological space, then X is Hausdorff.

Discrete spaces are metric spaces as well.

Definition 1.6.14. Let X be a set. The discrete metric d on X is defined by

1 ifx#y
d(x,y) = _
0 ifx=y.

We have the following.

Lemma 1.6.15. The discrete metric on a set X is a metric, and the topology induced by this metric
is the discrete topology.

Proof. That d is a metric is straightforward. Since B(x, %) = {x} for all x € X, singleton sets
are open in this topology, so X is discrete. O]

The following example shows that even metric spaces can defy our intuition from Euclidean
geometry.
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Example 1.6.16. While in any metric space, the closure of the open ball B(x, €) is contained in
the closed ball B(x, €), the closure of B(x, €) can in fact be smaller. For instance, if (X,d) is a
metric space with the discrete metric d, then the set B(x, 1) = {x} is both open and closed (as are
all subsets of X), while B(x, 1) = X.

Definition 1.6.17. A subset A of a metric space X is bounded if there exists N > 0 such that
d(x,y) < N forall x,y € A.

This notion of boundedness is not a topological one.
Lemma 1.6.18. If (X,d) is a metric space, then the functiond’: X x X - Ry given by
d’(x,y) = min{d(x,y), 1}
is a metric on X, and the metric topologies on X from d and d’ are the same.

Proof. Letx,y,z € X. Ifd(x,y) <1, then
d’ (x,y) =d(x,y) <min{d(x,2) +d(z,y),1 +d(z,y),d(x,z) + 1,1+ 1} =d’(x,2) +d"(z,),

by the triangle inequality for the first of the terms in the set and the fact that d(x,y) < 1 for the
others. If d(x,y) > 1, then

d'(x,y) = 1 <min{d(x,2) +d(z,y), 1 +d(z,y),d(x,2) + 1,1+ 1} = d"(x,2) + d’(z,y)

by the triangle inequality for the first term in the set (in that 1 < d(x,y) < d(x,z) + d(z,y)) and
the fact that the other terms are clearly at least one. Thus, d” satisfies the triangle inequality, and it
clearly satisfies the other two conditions for being a metric.

The open balls of radius less than 1 form a base of any metric topology, as any open ball contains
one of these. Since these sets of open balls coincide for d and d’, these metrics induce the same
topology on X. ]

Example 1.6.19. Under the Euclidean metric, R is not bounded, but it is with respect to the metric
d’(x,y) = min{|x—y|, 1} on R. Nevertheless, both of these metrics induces the Euclidean topology.

Sequences in metric spaces behave as one might expect.

Proposition 1.6.20. Let (X,d) be a metric space. A sequence (x,,),>; in X converges to a € X if
and only iflim,,_,  d(a,x,) = 0.

Proof. If U is an open neighborhood of a, then U contains some open ball B(a,e). If
lim,,_, . d(a,x,) = 0, then there exists N > 1 such that d(a,x,,)) < € foralln > N,sox, € U.
Conversely, if (x,,),,»1 converges to a, then for any ¢, there exists N > 1 such that x,, € B(a, ¢) for
n > N, which is to say d(a, x,,) < €. Thus, the limit lim,,_,  d(a,x,,) is O. L]
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Proposition 1.6.21. Let X be a metrizable space, let A C X, and let x € X. Then x € A if and only

if it is the limit of a convergent sequence of elements of A.

Proof. We need only see that any x € A is such a limit. Fix a metric d on X so that we may
consider open balls in X. If x € A, then for any n > 1, there exists x,, € B(x, %) N A by definition
of A. Then the x,, converge to x by Proposition 1.6.20. ]
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Chapter 2

Continuous functions

2.1 Continuous functions

In this section, X and Y will denote topological spaces.

Definition 2.1.1. A function f: X — Y is said to be continuous if f~' (V) is open for every open
subset V of Y.

Definition 2.1.2. We say thatf: X — Y between topological spaces is continuous at a point x € X
(or continuous at x) if for every open neighborhood V of f(x), there exists an open neighborhood
U of x such that f(U) C V.

Remark 2.1.3. As every open subset is a union of open neighborhoods of its points, a function is
continuous if and only if it is continuous at every point.

We can check continuity on basis elements of Y.

Proposition 2.1.4. Let By and By be fixed bases of the topologies on X and Y, respectively. Let
f: X - Y be a function.

a. A function f: X - Y is continuous if and only if f~1 (V) is open in X for all V € By.

b. A functionf: X — Y is continuous at x € X if and only if for every basic open neighborhood
V € By of f(x), there exists a basic open neighborhood U € Bx of x with f(U) C V,

Proof. If f is continuous, then f~1(V) is open for all V € %, by definition. Conversely,
suppose f~1 (V) is open for all V € By. As By is a base, for any open subset W of Y, there exists
€ C By suchthat W = Uy V. Thenf~1 (W) = Uy e f71H(V), sof~1 (W) is open as a union
of open sets. Thus, we have proven part (a).

25
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If f is continuous at x € X and V is a basic open neighborhood of f (x), then f~! (V) contains
an open neighborhood of x, and such an open neighborhood contains a basic open neighborhood
of x. Conversely, if for every V € By with f(x) € V, the set f~1(V) contains a (basic) open
neighborhood of x, then for any open neighborhood W of f (x), we have that W contains some such
V. Thus, f is continuous at x. O

Here is the fundamental example, which states that a map between metric spaces is continuous
with respect to their metric topologies if and only if it is continuous in the usual sense.

Proposition 2.1.5. Let X and Y be metric spaces, which we endow with their metric topologies. A
function f: X — Y is continuous if and only if for every x € X and € € R, there exists § € R
such that f (B(x, 8)) C B(f (x), €).

Proof. The sets 9By and By of open balls of positive radius in X and Y, respectively, are bases
for the metric topologies on X and Y. The result is therefore a direct consequence of the equivalence
of Proposition 2.1.4(b). O

We give a few more examples.

Examples 2.1.6.

a. If X is discrete, then any map f: X — Y is continuous.
b. If Y has the trivial topology, then any map f: X — Y is continuous.

c. If the set X has two topologies 7 y and J % with I % finer than J x and f is continuous for
T x, then f is continuous for 7.

d. If Y has two topologies Iy and I}, with J} finer than Iy and f is continuous for 7},

then it is continuous for 7 y.

e. As aspecial case of the two latter examples, the identity map idy : X — X given by idy (x) =
x is continuous with potentially different topologies on the domain and codomain if and only if the
topology of the domain is finer than the topology on the codomain.

We can also express continuity in terms of closed sets and closures.

Lemma 2.1.7. A function f: X — Y is continuous if and only if f~1(B) is closed for every closed
subset B of Y.

Proof. We have f~1(B) = X —f~1(B¢), so f~1(B) is closed if and only if f~! (B¢) is open. The
result follows since B¢ runs over the open sets of Y as B runs over the closed sets. ]

Proposition 2.1.8. A function f: X — Y is continuous if and only if for every A C X, we have

fA) CfA.
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Proof. If f is continuous and A” = f~1(f(A)), then A" is closed and A € f~1(f(A)) € A’, so
A C A’. Thus
f@A) Sf@A) =f(F1(FA)) CFA).
Conversely, suppose that f(A) C f(A) for all A. Take B to be a closed subset of Y, and set
A =f~1(B). Thenf(A) C B, and if x € A, then f (x) € f(A) C B. In other words, A C f~1(B) = A,
so f~1(B) is closed. Therefore, f is continuous. O

Examples 2.1.9.
a. Constant functions are continuous.

b. The inclusion map 14: A = X of a subspace A of a space X is continuous. That is, if V is
open in X, then 1~1 (V) = A n V is open in A in the subspace topology.

c. A composition of continuous maps is continuous.

d. If f: X - Y is a continuous function, then its restriction f|, to any subset A of X given by
fla(a) = f(a) for all a € A is continuous for the subspace topology on A, since f|4 =f o 14. (We
say that f restricts to g = f|4 on A, that f extends g to X, and that f is an extension of g from A to
X.)

e. If f: X —» Y is a continuous function, then the map g: X — f(X) is continuous for g(x) =
f(x) for all x € X, where f(X) is endowed with the subspace topology from Y. If V C f(X) is
open, then V = U n f(X) for some open subset U of Y, so g~ (V) = f~1(U) is open.

Definition 2.1.10. An open cover of a subset A of a topological space X is a collection % of open
subsets of X that covers A.

Lemma 2.1.11. A function f: X — Y is continuous if and only if there is an open cover U of X
such that f|; is continuous for all U € 2.

Proof. We have seen that each f|;; is continuous if f is. On the other hand, suppose f|;; is
continuous for all U € 2. If V C Y is an open subset, then f =1 (V) n U =f|{]1 (V) is open. Thus

foy=U ¢ tvyno
Ue%%

is open, so f is continuous. []

Lemma 2.1.12. Iff: X — Y is a function, A and B are closed subspaces of X suchthat AUB = X,
and f|5 and f|g are continuous, then f is continuous.

Proof. Let C C Y be closed. Thenf‘l(C) :fIAI(C) Ufll‘gl(C), and (flA)‘l(C) is closed in
A and (f|z)~1(C) is closed in B. Since A and B are closed in X, the latter two inverse images are
closed in X, so f ~1(C) is closed as a union of two closed sets. ]
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Definition 2.1.13. A functionf: X — Y is a homeomorphism if it is a continuous bijection and its
inverse is continuous as well.

Definition 2.1.14. Two spaces X and Y are homeomorphic if there exists a homeomorphismf: X —
Y.

We leave the following for the reader to verify.

Lemma 2.1.15. The relation = on any set of topological spaces given by X = Y if X is homeomor-
phic to Y is an equivalence relation.

Examples 2.1.16.

a. The function f: R - R given by f(x) = Xisa homeomorphism, as it is continuous with

continuous inverse f “T(x) = x1/3.

b. The function f: (0,1) - R, given by f(x) = li is a homeomorphism (where (0, 1) has

—X

the subspace topology from R).

Definition 2.1.17. A function f: X — Y is an embedding if it is a homeomorphism onto its image
f(X) with the subspace topology from Y.

Definition 2.1.18. A function f: X — Y is an open map, or open, if f(U) is open for every open
subset U of X. A function f: X — Y is a closed map, or closed, if f (U) is closed for every closed
subset U of X.

Remark 2.1.19. If f: X — Y is a bijection, then f is open if and only if f is closed.

By definition, homeomorphisms are open maps; that is, they are the continuous, open bijections.
However, in general, continuous bijections may not be open.

Examples 2.1.20.
a. Letf: S' - R?Z be the natural embedding, where

S ={(x,y) e R? | x2 +y2 = 1}.

Then S! is open in itself, but £(S!) = S! is not open in R2.

b. Let X be a set with two topologies & and &’ with & strictly finer than & . Then the identity
map f: X - X with the domain having the topology 7’ and the codomain having the topology I
is continuous, but its inverse f~! is not, so f is not an open map. On the other hand, f~! is an open
map.

We next consider the behavior of continuous functions and sequences.



2.2. PRODUCT SPACES 29

Proposition 2.1.21. Letf: X — Y be a function. Iff is continuous, then for every sequence (x,,) ,>1
in X that converges to a point x € X, the sequence (f (x,,)),> convergestof(x). If X is a metrizable
space such that for every sequence (x,),> in X that converges to some x € X, then (f(x,)),>1
converges to f (x), then f is continuous.

Proof. Suppose that f is continuous. Let (x,,),,~; be a sequence in X converging to x. Let V be
an open neighborhood of f(x) in Y. Then f~! (V) is an open neighborhood of x € X, so contains
all x,, forn > N for some N > 1. Thus f(x,,) € V for all suchn > N, and therefore the sequence of
f(x,,) converges to f (x).

Now let be X metrizable, and suppose that whenever (x,,),,»; converges to x € X, the sequence
(f (x,,)) n>1 converges to f(x). Let A be a subset of X and x € A. It suffices by Proposition 2.1.8
to show that f(x) € f(A). For this, we need only exhibit a sequence (x,,),>; in A converging to
x. Then f(x) is the limit of the f(x,). But such a sequence exists by the metrizability of X and
Proposition 1.6.21. O

Definition 2.1.22. Let (f,,),,»; be a sequence of functions from a set X to a metric space Y with
metric dy. The sequence (f},),>1 converges uniformly to f: X — Y if for every ¢ > O there exists
an integer N > 1 such that dy (f (x),f,,(x)) < e foralln > N and x € X.

Remark 2.1.23. If Y is a metrizable topological space, then the notion of uniform convergence of
a sequence is independent of the choice of metric on dy yielding the topology.

Proposition 2.1.24. Let X be a topological space and Y be a metrizable space. Let (f,),> be a
sequence of continuous functions f,: X — Y that converges uniformly to a function f: X — Y.
Then f is continuous.

Proof. Let ¢ > 0and a € X. Choose N > 1 such that dy (f,,(x),f(x)) < % for all n > N and
x € X. By the continuity of f5;, we can find an open neighborhood U of a such that if x € U, then
dy (fy(a),fy(x)) < % For such x € X, we then have

dy(f(a),f(x)) <dy(f(a).fn(a)) +dy(fy(a).fy(x)) +dy(fy(x),f(x)) <e.

2.2 Product spaces

Proposition 2.2.1. Let I be an indexing set, and for each i € 1, let X; be a topological space. Then
the set 3B of product sets H?:l U; with each U; open in X; and U; = X; for all but finitely many
i € I forms a base of a topology on X = []._, X;.
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Proof. LetU =[],,,U;and V = []._, V; be two sets in 9. Then
(]—[ U,.) n (]—[ v,-) =[[wW;nvy,
iel iel iel

each U; N V; is open in X;, and all but finitely many U; n V; equal X;. Thus U NV € 9. Since
X € B as well, it follows that 9B is a base. O

Definition 2.2.2. Let / be an indexing set, and for each i € I, let X; be a topological space. The
product topology on X is the topology generated by the base of sets [ |
X; and all but finitely many U, = X;.

;< Ui with each U; open in

Remark 2.2.3. The product topology on a finite product ]_[?:l X; of topological spaces X1, ..., X,
with n > 1 has a base ]_[?=1 U; of open sets with U; open in X; for 1 < i < n. Le., the condition
that all but finitely many U; be X; is vacuous, since {1, ..., n} is a finite set.

Definition 2.2.4. Let / be an indexing set, and for each i € I, let X; be a topological space. The
Jjth projection map m;: [];.;X; - X; forj € I is the function defined by ;((x;);e;) = x; for
(Xi)ier € HieIXi-

The following proposition explains the seemingly strange choice of the product topology on X.

Proposition 2.2.5. Let I be an indexing set, and for each i € I, let X; be a topological space. The

product topology on X = []._,X; is the coarsest topology on X such that each projection map

iel
m;: X = X;withj € I is continuous.

Proof. Leti,,...,i,, € I be elements for some n > 1, and for 1 < k < n, let Ul-k - X,-k be an
open subset. Then

n

m ”lzl(Uik) - n Vi

k=1 iel
with V; = X; unless i € {iy,...,i,} and V; open in X; if so. The collection of sets JTJ-_l (U;) with
J € I 'and U; C X; therefore forms a subbase for the product topology on X. In other words, the
product topology is the coarsest topology such that these sets are open in X, which is to say such
that every s; is continuous. [

Proposition 2.2.6. Let X be a topological space, let Y; be topological spaces for each i in an
indexing set I, and endow Y = [],_, Y; with the product topology. A function f = (f;);e;: X = Y
is continuous if and only if each f;: X — Y, is continuous.
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Proof. Iff is continuous, then each f; = ir;of is continuous, where 77;: Y — Y, is the projection
map in the i-coordinate. Conversely, suppose that each f; is continuous. For J be a finite subset of

I, and for each j € J, let V; be an open subset of ¥;. Let V = [],_, V; where we set V; = Y; for

iel
iel—-J. Then
AV =1V = (1),
iel jeJ
which is open as a finite intersection of open sets. Therefore f is continuous. ]

Proposition 2.2.7. Let I be an indexing set, and let X; be a Hausdor{f topological space for each
i €l Then X =[], X; is Hausdor{f in the product topology.

Proof. Letx = (x;);e; and y = (y;);c; be distinct elements of X, and let j € I be such that
x; # y;. Let U; and V; be disjoint open neighborhoods of x; and y;. Then U = JTj_l(Uj) and
V= 31.171 (V;) are open in X in the product topology, and U NV = . ]

Remark 2.2.8. From our definition of the product topology on a direct product X = []._, X; of
topological spaces, it is not hard to see that if J is any finite subset of / and U is any open subset of
IT je ;X in the product topology, then W = U x []

subset need have this form.

;e7—y Xi is open in X. However, not every open

For instance, consider R? = [] :; R for any infinite set /. Consider its open subsets
Vi ={(x)ier | x; € (0,1)}

for j € I. Then the union V = Uje ; Vj is open in X but is not a product of the stated form, since
it consists of all tuples with at least one coordinate in (0,1). To see this, consider an open set
W = U x R’/ of the above form, where U is an open set of R” (in the coordinates corresponding
to J, and R~/ is the product of R in all coordinates in I — J). If W C V, then since no condition
is imposed on the ith coordinates of elements of W for i ¢ J, we must have W C | ier VJ Take
any i € I — J, and note that the element of V which is 0 in all coordinates but the ith and % in the
ith coordinate is notin W. Thus W # V.

Remark 2.2.9. Just to speak of an element of an arbitrary product A = [],_, A; for an uncountable
set I and nonempty sets A;, we run into the issue of needing to make uncountably many choices.
If we cannot, we may not be able to say that that A contains a single element! That one can in fact
do this is equivalent to an axiom of set theory, called the axiom of choice. It states that, given a
collection of disjoint sets {A; | i € I} for some indexing set /, there exists a functionf: [ — ]_[l. g Ai
to the disjoint union of the sets A; such that f (/) € A; for each i € I. In other words, we can pick
one element from each set A;.

There is a more simply described topology on a product that agrees with the product topology
for finite products but is rather finer for infinite products. It might constitute a first guess at a natural
topology on the product.
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Definition 2.2.10. LetX; be a topological space for each i in anindexing set/, and setX = []._, X;.
The box topology on X is the topology generated by the base consisting of products [ ,_, U; of open
sets U; C X, foreachi € I.

Remark 2.2.11. Suppose that X is an infinite product of spaces that do not have the trivial topology.
Then the box topology on X is strictly finer than the product topology.

Proposition 2.2.12. Let I be an indexing set. Let X; be a topological space and let A; be a subset
of X; for each i € 1. The closure of A = []

HieIAi'

Proof. Ifa=(a;);e; € [1;,;X;and U = [],, U; is an open neighborhood of a in the product
(i.e., all but finitely many U; = X;) or box topologies, then U n A = []._,(U; N A;) is nonempty
if and only if each U; N A; is nonempty. So, if a € A, for all i € I, then a lies in the closure of
[1,c;A:. Conversely, if a lies in the latter closure for all possible choices of U, then a € A; for
eachi € . []

i A; in the box or product topology on [],_, X; is

The following tells us when a product of maps is continuous.

Proposition 2.2.13. Foreachiinanindexing setl, letf;: X; — Y; be a function between topological
spaces. Set X = []..,X;andY = [].., Y, and f = (f;);e;: X = Y. Then f is continuous with
respect to the product (resp., box) topology on X and Y if and only if each f; is continuous.

Proof. Let J be a finite subset of /, and let V; be open in Y; for eachj € J. Let V = [],., V;
where V; = X; fori € I —J. Then f~1(V) = Hielfi‘l (V;) is open if and only i’ff].‘l (V;) is open
for every j € J. Thus in the product topology, f is continuous if and only if each f; is continuous.
In the box topology, we may simply replace J by [ in the above argument. U

Example 2.2.14. Consider R/ = [1,.; R. The metric topology for the uniform metric given by
d(x,y) = sup{min{lx; — y;|, 1} | i € I},

is called the uniform topology. The reason for the name is as follows: the space of functions
f:1 - R from a set I to R is in bijection with R/ via the map which takes a function f to
(f(i));e1- A sequence of functions (f,,),~; withf,,: I = R converges uniformly to some f: I - R
if and only if the corresponding sequence in R/ converges to (f(i));c; in the uniform topology.

Example 2.2.15. If / is finite, the product, uniform, and box topologies on R/ are all simply the
Euclidean topology. If I is infinite, then the box topology is strictly finer than the uniform topology,
which is strictly finer than the product topology, as we next explain.
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The product topology on R/ has a basis of open neighborhoods of 0 consisting of a product P,
of open intervals (—e¢, €) in finitely many coordinates and R in the others. The uniform topology
has a basis of open balls B, = B(e¢,0) of radius ¢ < 1. We have B, C P,, but B, contains no
Ps. The box topology has a basis of open neighborhoods consisting of products of open intervals
centered at 0 of lengths depending on the coordinates. Inside B,, we have the product of open

€ €

intervals (-3, 5) in every coordinate, which is open in the box topology. On the other hand, a

product of open intervals centered at O the infinimum of the lengths of which is O contains no B, .

Proposition 2.2.16. Let J be an indexing set. If J is infinite, then R’ with the box topology is not
metrizable. The space R with the product topology is metrizable if and only if J is countable.

Proof. For the first statement, it suffices to consider the case that J is countable, which we can
then take to be the set of positive integers. Consider the subset U = Rio of R in the box topology.
The O € U, as the reader can check. However, if (a,),»; is a sequence in U and a,,,, is its mth
coordinate, then the product ]_[;O: 1 (=ay ,»a, ) is an open neighborhood of 0 that does not contain
any a,. By Proposition 1.6.21, the space R’ with the box topology is not metrizable.

Now, take the product topology on RY with J uncountable, and consider the set

A= {(x))jes 1 X = 1 for all but finitely many j € J}.

Then O € A, since any product of open intervals (—¢, €) in finitely many coordinates and R in the
others clearly intersects A. On other other hand, if (a,,),,>1 is a sequence in A, let I be the subset of
J consisting of those j € J such that the j-coordinate of some a,, is not 1. This is a countable set,
soJ # 1. But then there exists j € J such that the j-coordinate of a,, is 1 for all » > 1, which means
in particular the neighborhood of 0 that is R in all coordinates but the j-coordinate and (—%, %) in
the j-coordinate does not contain any a,,.

For the product topology on R/ with J = Z,, the reader may check that we have a metric d
defined by

d(x,y) = sup{y min{|x, - y,|. 1} [ n > 1}.

2.3 Quotient spaces
Recall that we say that a function f: X — Y is surjective (or a surjection) if f(X) =Y.

Definition 2.3.1. A quotient map 7: X — Y of topological spaces X and Y is a surjection such
that a subset V of Y is open if and only if 77— (V') is open in X.

The following is easily verified.
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Lemma 2.3.2. A surjective map : X — Y is a quotient map if and only if a subset B of Y is closed
if and only if w=1(B) is closed in X.

Examples 2.3.3. Let X be a topological space.
a. The identity map idy : X — X is a quotient map.
b. Any constant map from a nonempty X is a quotient map onto its singleton image.

c. Let X = [],., X; be a product of topological spaces. Then the projection maps ;: X - X;
are quotient maps, as the reader can check.

Example 2.3.4. Let S! denote the unit open circle in C. Consider the map f: R — S! given by
f(x) = 27 Then f is a quotient map.

The product map F: R? —» S! x S! given by F(x,y) = (f(x),f(y)) is a quotient map as well,
realizing a torus (which has the shape of the surface of a donut) as a quotient of the plane. In fact,
if we restrict this function to the square X = [0, 112, the resulting map F: X - § I« Stisalso a
quotient map. It satisfies F(0,y) = F(1l,y) and F(x,0) = F(x, 1) for all x,y € [0, 1]. In particular,

F(0,0) =F(1,0) =F(0,1) = F(1,1) = (1,1).

One may think of the quotient map as identifying the left and right sides of the square with each
other and the top and bottom sides of the square with each other, which in the process identifies the
four corners with each other.

The following example illustrates that quotient maps need not be open maps.

Example 2.3.5. Let X be the subspace of R? consisting of points with y-coordinate 0 or 1. A subset
of X is open if and only if its intersection with each of the two lines in X is open in the Euclidean
topology.
Definef: X - R by
Foy ={" %fy =0
x| ify=1.
Then f is a quotient map. Let U be the open subset of X consisting of those (x,y) withy = 1, or
withy = 0 and x = 0. Then f(U) = [0, o), so f is not open.
Now consider the restriction f|;;: U — R. It is a continuous surjection. However,
fl{}([(), o)) = {(x,1) | x € R}, but [0, o) is not open, so f|;; is not a quotient map.

Lemma 2.3.6. Let X be a topological space, and let 71: X — Y be a surjective function onto a set
Y. There exists a unique topology on Y such that s is a quotient map.
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Proof. The set of subsets of ¥ such that 7= (V) is open is easily seen to be a topology on

Y, since 77!

commutes with the taking of intersections and unions. Moreover, this is the only
topology such that 77 is a quotient map, since s being a quotient map means exactly thatthe V C Y

such that 77=1 (V) is open are the open sets. ]

Given Lemma 2.3.6, we may make the following definition.

Definition 2.3.7. Let X be a topological space and 7: X — Y a surjective function to a set Y. The
quotient topology on Y is the unique topology on Y such that s is a quotient map.

Definition 2.3.8. If 77: X — Y is a quotient map between topological spaces, then Y is said to be
a quotient space of X.

Example 2.3.9. Let Y = {a, b} be the two-point set. Consider the function f: R — Y given by
f(x) =aifx <0andf(x) = bifx > 0. The quotient topology on Y is contains the sets @, {a} and
{a, b} but not {b}, as f~!(b) is not open. Then Y is not Hausdorff, though R is.

Proposition 2.3.10. Let 71: X — Y be a quotient map. Let B be a subset of Y and A = 7~ (B).
Consider the map p: A — (A) given by p(a) = m(a) fora € A.

a. If A is open or closed in X, then p is a quotient map.

b. If  is open or closed, then p is a quotient map.

Proof. By definition, p is continuous and surjective. If V is a subset of 77 (A), then p‘1 (V) =
7~ 1(V) is open (resp., closed) in X if and only if V is open (resp., closed) in X. If A is open (resp.,
closed) in X, then p~!' (V) is open (resp., closed) in X if and only if p~! (V) is open (resp., closed)
in A, and therefore, p is a quotient map. Thus, we have part a.

As for part b, suppose that s is open. If V C B is such thatp‘1 (V) is openin A, then a-L(V) =
p~ (V) = U n A for some open U in X, and

V=m(mx (V) =a(UnA) =a(U)NB,

the last step as a~1(A) = B. Since 7 is open, ir (U) is open in Y, and therefore ;7 (U) N B is open in
B under the subspace topology. That is, V is open in B, so p is a quotient map. The argument in the
case that s is closed proceeds in the same manner, replacing “open” by “closed” everywhere. [l

The quotient map has a certain universality property, as expressed in the following theorem.

Theorem 2.3.11. Let 71: X — Y be a quotient map, and let f : X — Z be any continuous map such
that f is constant on 7w~ ({y}) for all y € Y. Then there exists a unique function g: Y — Z such
that f = g o o1, and g is continuous.
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Proof. The function g is determined by g(y) = f(x) where 7 (x) = y, which is well-defined
by the constancy of f on the nonempty set 7~ ({y}). Let W be open in Z, and note that
a-l (g‘1 (W)) :f‘1 (W). The setf‘1 (W) is open in X, so as s is a quotient map, g‘l (W) is open
in Y. Thus, g is continuous. []

Example 2.3.12. Let X be a topological space, and let A be a subset. Let X/A = (X — A) LI {«} as
sets, and define 77: X — X/A by

x ifxeX-A

* ifaeA.

a(x) =

We give Y the quotient topology. This is the space given by collapsing A to a point. It may not be
Hausdorff even if X is: for instance, if we take X = R and A = (0, c0), then O is in every open
neighborhood of * in Y. However, Y will be Hausdorff if for every x ¢ A, there exist disjoint open
sets U containing x and V containing A.

Example 2.3.13. Let X be a topological space. The cone C(X) on X is the quotient space of (the
cylinder) X x [0, 1] in which we collapse X x {0} to a point. If X = S!, this is homeomorphic to a
cone in R3, e.g.,

D = {(rx,ry,r) | r € [0,1], (x,y) € §1},

where S is the unit circle in R2. Here, the homeomorphism D — C(S') takes (rx, ry,r) to the
image of ((x,y),r) € X x [0, 1] in C(S").

2.4 Disjoint unions

To give maps to a direct product of sets is to give a collection of maps to the individual sets, and if
these sets are topological spaces, then with the product topology, we have seen in Proposition 2.2.13
that to give a continuous map to the product of topological spaces is to give a collection of continu-
ous maps to the individual spaces. However, to give a function from a product of sets to a set is not
the same as given a collection of maps from the individual set to the set. One might ask if there’s
another set that does this, and the answer is yes, the disjoint union. In fact, when the individual sets
are topological spaces, we can put a topology on the disjoint union so that we can make the same
connection with continuous maps.

Definition 2.4.1. The disjoint union of a collection {A; | i € I} of sets is the set [ [._, A; that
contains the A; as mutually disjoint subsets and is equal to the union | _J;; A;.

Remark 2.4.2. To give a function f: []._,A; — B from a disjoint union of sets A; to a set B is
exactly to give a collection of maps f;: A; —» B. These satisfy f;(a;) = f(a;) foralli € I, sof

determines the f; and conversely.
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Definition 2.4.3. Let {X; | i € I} be a collection of topological spaces. The disjoint union | [,_, X;
of the spaces X; is the topological space with underlying set indicated disjoint union and with the
topology under which a subset U is open if and only if U N X, is open for all i € .

Remark 2.4.4. Under this definition, we have continuous inclusion maps 1;: X; < []._, X; given
by 1;(a;) = a, for a; € X;.

Proposition 2.4.5. Let f;: X; — Y be a collection of functions from topological spaces X; to a
topological space Y. The map f: |1,.,X; — Y that restricts to f; on X; for all i is continuous if
and only if every f; is continuous.

Proof. Let V be an open subset of Y. Then f~1(V) n X; = f71(V), so f~1(V) is open if and
only if ;71 (V') is open for all i. O

Lemma 2.4.6. Let X = [ |,_, X; be a disjoint union of topological spaces X;. Then each X; is open
and closed in X.

Proof. We have X;nX; = Qifi # jand X;nX; = X;, so X; is open in X. As for its complement,
we have

which is open as a union of open sets. O]

Example 2.4.7. Any union A of the two parallel lines in the plane R? is homeomorphic to R IIR.

This example generalizes considerably.

Lemma 2.4.8. Let {A; | i € I} be a collection of subspaces of a space X. Then the continuous map
L1;c;A; = X with restriction to A; the embedding of A; as a subspace of X is a homeomorphism if
the A; are mutually disjoint with union X and every A; is open (and therefore closed) in X.

Proof. The continuous map f in the statement is onto if and only if | J,.; A; = X and is one-to-
one if and only if A; N A; = @ for all i # j. If f is open, then every X; is open in X (and then closed
as well, since A; is the complement of the union of the A; for j # i). Conversely, if every A; is both
open and closed in X and U is open in ]_[l.elAi, then f(U) = U,.;(U N A;) is open as a union of
open sets. [

Lemma 2.4.8 justifies the following terminology.

Terminology 2.4.9. If X is a topological space and {A; | i € I} is a collection of disjoint open
subsets with union X, then we say that X is the disjoint union of the subspaces A; and write X =
Uie/A;.
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Examples 2.4.10.
a. The subspace X = {(x,y) € R? |y € {0,1}} of R? is the disjoint union of the lines y = 0
and y = 1 in the plane.

b. Any discrete spaces is the disjoint union of its singleton subsets.

Example 2.4.11. Let {X; | i € I} be a collection of topological spaces, and choose x; € X; for each
i € I. We have a quotient of X = [ [, _, X; given by collapsing the subset A = {x; | i € I} to a point.
This will be a Hausdorff space if X is. This space is called a one-point union of the spaces X;. In
the case, for instance, that X = S' II S 11 --- 11 S, we get a finite collection of circles joined at a
point.
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Connected and compact spaces

3.1 Connectedness and path connectedness

Definition 3.1.1. A topological space X is connected if it is not a disjoint union of any two
nonempty open subspaces. Otherwise, X is said to be disconnected.

Lemma 3.1.2. A topological space X is connected if its only subsets that are both open and closed
are O and X.

Proof. If A is a subset of X that is both open and closed, then so is A€, and then X = A LT A°.
Conversely, it X = ULIV with U and V nonempty and open in X, then U and V are also closed. [l

Example 3.1.3. Topological spaces with one element are always connected, but discrete topologi-
cal spaces with more than one element are disconnected.

Example 3.1.4. The union (—o0,0) N (0, o) of intervals in R is disconnected as a subspace of
R, as both (—o0,0) and (0, oo) are open and closed in the subspace topology. However, R itself is
connected.

Remark 3.1.5. If X is the disjoint union of subspaces A and B, then A and B are their own closures,
so A and B contain no limit points of each other. In fact, if A and B are any two disjoint subsets of
X with union X such that A contains no limit points of B and vice-versa, then A and B are open and
closed in X.

Lemma 3.1.6. If X = ULV for subspaces U and V, and A is a connected subset of X, then either
ACUorAcCV.

Proof. We have that A n U and A n V are open and closed in A, so A is the disjoint union of
these intersections. If A is connected, this forces one of the An U and A N V to be empty, and then
the other is A. [

39
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Proposition 3.1.7. The closure of a connected subset of a topological space is connected.

Proof. Let X be a topological space and A a connected subset. Suppose that A = U L1 V for
disjoint subspaces U and V in X. By Lemma 3.1.6, we have that A is contained in either U or V:
without loss of generality, we suppose A C U. As U is closed, we have that A C U as well, and
therefore V = Q. O

We also have the following statements.

Proposition 3.1.8. The image of a connected space under a continuous map is connected.

Proof. Suppose X is connected and f: X — Y is continuous. If Y is the disjoint union of
(open) subspaces U and V, then X is the union of the disjoint open subsets f~! (U) and f~1(V),
hence equal to their disjoint union as topological spaces. ]

Proposition 3.1.9. Let X = |, A; for a collection of connected subsets A; of X for i € I, and
suppose that (., A; is nonempty. Then X is connected.

Proof. Leta € (;c;A;- If X = U L1V for subspaces U and V, then without loss of generality
we may suppose a € U. Since A; is connected and contains a, we must then have A; C U for all
i €1, forcing V = Q. O

The following is an immediate corollary of Proposition 3.1.9.

Corollary 3.1.10. The union of all connected subsets of a topological space X that contain a given
point x € X is connected.

Proposition 3.1.11. The relation on a topological space X given by x ~ y for x,y € X if y lies in
the connected component of x is an equivalence relation on X.

Proof. Clearly ~ is reflexive. For symmetry, it’s enough show that for x,y € X, the connected
components A of x and B of y are either equal or disjoint. Suppose thatz € An B. Then A U B
is connected by Proposition 3.1.9, but in that A (resp., B) is the largest connected subset of X
containing x (resp., y), we must have A = A n B = B. Finally, if x ~ yandy ~ z for x,y,z € X,
then we’ve just seen that x and y have the same connected component, as do y and z, so x and z do
as well. [

By Corollary 3.1.10, we can always find a largest connected subset containing a given point.

Definition 3.1.12. A connected component of a topological space X is a connected subset of X that
is not properly contained in any larger connected subset of X. The connected component of a point
x € X is the unique connected component of X containing x.
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Lemma 3.1.13. A space X is the union of its distinct connected components, which are closed
and disjoint. If every connected component of X is open, then X is the disjoint union of them. In
particular, if X has only finitely many connected components, then it X is the disjoint union of its
connected components.

Proof. We know that X is the union of its connected components, which are disjoint by Propo-
sition 3.1.11. It follows from Proposition 3.1.7 that connected components are closed, being the
largest connected subsets containing a given point. The second statement follows from the defini-
tion of a disjoint union of topological spaces. If X has finitely many connected components, then
any union of all but one of them is closed, and then they are all open as complements of these
unions. [

Example 3.1.14. Consider the subspace A = {0} U {% | n > 1} of R. Every {%} is both open
and closed in A, so is a connected component (in that it is connected). The set {0} is also then a
connected component, being that it is not contained in any larger connected subset. However, it is

closed but not open, so A is not the disjoint union of its connected components.

Example 3.1.15. Consider Q as a subspace of R. It is disconnected as Q is the union of its
intersections with the intervals (—oo, sr) and (s, o), for instance (as s is irrational). In fact,
since there exists an irrational number between any two distinct rational numbers, the connected
components of QQ are just its singleton subsets.

Remark 3.1.16. The property of being in the same connected component gives an equivalence
relation on the points of a topological space, and the connected components are the equivalence
classes.

Definition 3.1.17. A topological space is said to be totally disconnected if its connected compo-
nents are its singleton subsets.

Example 3.1.18. Let A = {0, 1} with the discrete topology, and consider X = H;O:1 A with the
product topology. Given any two distinct points x = (x,),>; andy = (y,),>; in X, there exists
n > 1 such that x,, # y,. Letting o7, denote the nth projection map, we have that U = ;! (x,)
and V = ar;;!(y,) are disjoint basic open sets in X with union X, so X = U 11 V, and x and y lie in
distinct connected components. Thus, X is totally disconnected.

Definition 3.1.19. A path y from a point x to a point y in a topological space X is a continuous
function y: [0,1] — X such that y(0) = x and y (1) = y. The points x and y are called the
endpoints of y: in particular, x is its initial endpoint and y is its final endpoint.

Definition 3.1.20. Let X be a topological space.
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a. We say that two points x and y in a topological space X can be connected by a path if there
exists a path ¥ from x to y.

b. We say that a topological space X is path connected if every two points x and y can be
connected by a path.

c. The path component of a point x € X is the set of all points y € X such that x and y are
connected by a path.

Remark 3.1.21. The relation of there exists a path from a point x to a point y on a topological
space X is an equivalence relation on a topological space X. Thus, X is a disjoint union of its path
components.

Proposition 3.1.22. Every path connected space is connected.

Proof. Let X be a path connected space. Suppose that X is a disjoint union of nonempty open
subspaces U and V,and let x € X andy € Y. Let y be a path from x to y, and let A = ¥ ([0, 1]).
Then A is the disjoint union of the nonempty sets AN U and A N V, so A is disconnected, but it is
the image of a connected space under a continuous function. O]

Example 3.1.23. Consider the subset A = {(x, sin()l—c)) | 0 < x < 1) of RZ. We have A =
AU {(0,y) | =1 <y < 1}. Note that A is connected as a subspace of R? since A is. On the other
hand, A is not path connected. Actually, this is easily reduced to proving that the topologist’s sine
curve B = A U {(0,0)} C A is connected, but not path connected. Let us explain this.

Suppose that ¥ is a path from (0, 0) to (1,sin(1)) on B. We may assume without loss of gen-
erality that y () # (0,0) for ¢+ > 0. By definition, lim,_ g+ y () = (0,0). On the other hand, for
every € > 0, there exists an x < € such that sin(%) = 1. By the continuity of y, for every § > 0,
there then exists # < & such that the second coordinate of y (¢) equals 1. But this contradicts that
lim,_o+ ¥ (¢) = (0,0).

3.2 Compactness

Definition 3.2.1. Let %4 be a cover of a subset A of a topological space X. A subcover of % is a a
subset of 2 that covers A.

Definition 3.2.2. A topological space X is compact if every open cover of X has a finite subcover.

Examples 3.2.3.

a. Any finite topological space is compact.

b. Any topological space with the trivial topology is compact.
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c. The real line R is not compact, since the collection of open intervals of length 1 is an open
cover with no finite subcover.

d. The interval (0, 1] is not compact, since the connection of intervals (e, 1] with ¢ > 0 has no
finite subcover.

Proposition 3.2.4. Any closed interval in R is compact.

Proof. As all closed intervals of finite length are homeomorphic, we can and will consider the
interval [0, 1]. Let 26 be an open cover of [0, 1], and let A be the subset of [0, 1] consisting of those
x such that [0, x] has a finite subcover by elements in %24. Let b be the supremum of of the elements
of A. If b < 1, then let U be an element %6 containing b. Since U contains an interval (b —e€,b+ €)
for some ¢ > O with b+ ¢ < 1, we can find a finite subcover 7" of [0, b — %] inside 26. Ten 7" U {U}
is a finite subcover of [0, b + %] in 26. This means that b + % € A, contradicting the fact that b is
the supremum of all elements of A. Thus b = 1, and therefore %6 has a finite subcover. U

Let’s establish a few basic statements regarding compact spaces.

Lemma 3.2.5. A subspace A of a topological space X is compact if and only if every open cover
of A in X has a finite subcover.

Proof. Given an open cover 7" of A by open sets in A, we can find a set 26 of open sets in X
covering A such that 7" = {An U | U € %}. Conversely, given a collection %4 of open sets in X
covering A, we may define a cover 7" of A by open sets in A by taking intersections with A as in the
latter formula. Any (finite) subset & of 2 covers A if and only if the (finite) subset {AnU | A € €}
of 7" covers A. O

Proposition 3.2.6. Every closed subset of a compact space is compact.

Proof. Let X be compact, and let A € X be closed. Let 26 be an open cover of A in X. Then
2 U {A€} is an open cover of X, so it has a finite subcover 7”. If A € 7°, then 7" — {A€} is an
open cover of A in X, and otherwise, 7" is an open cover of A in X. ]

Lemma 3.2.7. Let A be a compact subset of a Hausdor{f space, and let x € A°. Then there exist
disjoint open sets U and 'V withA C U andx € V.

Proof. For each a € A, choose open disjoint neighborhoods U, of a and V, of x in X. The
collection (U, | a € A} is an open cover of A, and it has a finite subcover, say by U,,,..., U, .
Then U = J;_, U, and V = (._, V, are the desired open subsets of X. O

Proposition 3.2.8. Every compact subset of a Hausdor{f space is closed.
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Proof. Let X be Hausdorff, and let A C X be compact. By Lemma 3.2.7, for each x € A€, there
exists an open neighborhood V, of x in A°. The union of the V, is A€, so A€ is open, and thus A is
closed. O]

Proposition 3.2.9. Let f: X — Y be a continuous map. If X is compact, then so is the image of f.

Proof. Let 7 be an open cover of f(X) in Y. Then % = {f~1(V) | V € ¥’} is an open cover
of X. Since X is compact, it has a finite subcover {f‘1 Vi), ... ,f‘1 (V,)} witheach V; € 7, and
then {Vy,...,V,} is an open cover of f(X). O]

We have seen that continuous bijections need not be homeomorphisms. However, continuous
bijections from compact spaces are.

Theorem 3.2.10. Let f: X — Y be a continuous surjection. If X is compact and Y is Hausdorff,
then f is closed and a quotient map.

Proof. To see that f is a quotient map, we may show that B C Y is closed if f~!(B) is closed.
Since f is continuous and surjective, we may write B = f(f~!(B)), so it suffices to show that f is a
closed map.

Let A be a closed set in X, which is necessarily compact. As f is continuous, its image f(A) is
compact as well. As Y is Hausdorff, we then have that f(A) is closed. ]

Corollary 3.2.11. Every continuous bijection from a compact space to a Hausdorff space is a
homeomorphism.

We next prove that a finite product of compact spaces is compact. First, we require the following
lemma.

Lemma 3.2.12. Let X and Y be topological spaces, and suppose that X is compact. Foranyy € Y
and open set W in X x Y containing X x {y}, there exists an open neighborhood V of y in Y such
that X xV C W.

Proof. For each x € X, let U, be an open neighborhood of x in X and V, be an open neigh-
borhood of y in Y such that U, x V, € W, which exist since (x,y) € W and W is open. The
collection {U, | x € X} covers X so has a finite subcover, say consisting of U, , ..., U, . If we set
V=N, V... then V is an open neighborhood of y in Y, and since each U, x V' is contained in
W, so is their union X x V. O]

Theorem 3.2.13. Let X, ..., X,, be compact spaces for some n > 1. Then 1—1?21 X; is compact.
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Proof. It suffices by recursion to consider the case n = 2, so the product of compact spaces X
and Y. Let 7" be an open covering of X x Y. For any y € Y, the set X x {y} is compact, being
homeomorphic to X via the projection map, and so there exist Zy, ..., Z,, € " that together cover
X x{y}. Set W, = UL, Z;. We then have by Lemma 3.2.12 that there exists an open neighborhood
of v of y such that X x vV, € W,. The collection { VilyeY; then covers Y, and it has a finite
subcover as Y is compact. But then X x Y is covered by the finitely many Wy, and each of these is
in turn a union of finitely many sets in %". Thus, %" has a finite subcover. ]

Proposition 3.2.14. A subspace of R™ is compact if and only if it is closed and bounded.

Proof. Fix a subset A of R”. We may consider the cover of A by all open balls in R” of radius
1. If A is unbounded, then it cannot have a finite subcover, since the union of any finite number of
balls of radius 1 is bounded. Therefore, only bounded subsets can be compact.

Now suppose that A is bounded. It is then contained in a direct product of closed intervals,
which is compact as a finite product of compact sets. If A is also closed, then it is compact by
Proposition 3.2.6. On the other hand, if A is not closed, then it cannot be compact by Proposi-
tion 3.2.8. [

We give another criterion for a topological space to be compact.

Definition 3.2.15. A collection 4 of subsets of X is said to have the finite intersection property,
or FIP, if foreveryn > 1 and Ay, ..., A,, € 4, we have that ('_, A; is nonempty.

Theorem 3.2.16. A topological space X is compact if and only if every collection A of closed
subsets of X having the finite intersection property satisfies ()4 , A is nonempty.

Proof. Let 4 be a collection of closed subsets of X with the finite intersection property. Then
W = {A° | A € A} is acollection of open subsets of X with the property that no finite subset of 24
covers X. If X is compact, this forces %4 not to cover X, which is exactly to say that the intersection
of elements of 4 is nonempty.

Conversely, if X is not compact, there exists an open cover %6 of X which has no finite subcover,
which is to say that the collection A = {U¢ | U € %} of closed sets has the finite intersection
property but has empty intersection. ]

Let us give an example of the use of this theorem.

Theorem 3.2.17. Let X be a nonempty compact Hausdorff space with no singleton open sets. Then
X is uncountable.
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Proof. If X is finite Hausdorff, then it is discrete, so has singleton open sets. So, suppose by way
of contradiction that X is countably infinite. Label its points x; for i > 1. Let X = U, which is an
open neighborhood of x;. By Lemma 1.5.13, we may recursively let U; be an open neighborhood
of x;,; contained in U;_; with x; ¢ U, for eachi > 1.

The intersection of any finite subcollection of {U; | i > 1} is some U,, for n > 1 since these U;
are nested. Since x,,,; € U,, this collection satisfies the FIP. In particular, the collection {U; | i >
1} of closed sets does as well. Now, X being compact, we then have that ﬂ;’il U, is nonempty. At
the same time, since x; ¢ Uj, this intersection does not contain any of the points of X = {x; | i > 1},
providing the desired contradiction. [

We can use this to give a proof of the uncountability of the real numbers.

Corollary 3.2.18. The set of real numbers is uncountable.

Proof. By Theorem 3.2.17, the interval [0, 1] is uncountable, and therefore so is R. O

3.3 Sequential and limit point compactness
We next introduce related notions to compactness.

Definition 3.3.1. A space X is said to be limit point compact if every infinite subset of X has a limit
point.

Proposition 3.3.2. Compact spaces are limit point compact.

Proof. Let X be a compact space, and let A be a subset without a limit point. Then A is nec-
essarily closed. Moreover, for each a € A, there exists an open set U, containing a and no other
point of A. Then X has an open cover by {U, | a € A} U {A°}. Since X has a finite subcover,
A is contained in a finite union of sets Ugseees Uan, which implies that A = {ay,...,q,}, so A is
finite. [

Definition 3.3.3. A space X is said to be sequentially compact if every sequence in X has a con-
vergent subsequence.

The following is fairly immediate from the definitions.

Proposition 3.3.4. Sequentially compact spaces are limit point compact.

Proof. Let A be an infinite set in X, and let (a,,),,» be a sequence of distinct elements in A. It
has a convergent subsequence, say with limit a. Then every neighborhood of a contains some point
of the subsequence not equal to a. Thus, a is a limit point of A. [
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To be limit point compact is a weaker notion than being either compact or sequentially compact.

Example 3.3.5. Let Y = {a,b} the the two-point space with the trivial topology, and consider
X = 7 x Y, where Z has the discrete topology. Then any open neighborhood of a point (n,a) in
X contains (n, b) and conversely, so every nonempty set in X has a limit point. In particular, X is
limit point compact. However, X is not compact, and it is covered by the disjoint open sets {n} x Y
with n € Z. It is also not sequentially compact, as the sequence of points (n,a) has no convergent
subsequence.

In general, neither compactness nor sequential compactness implies the other. However, for
metric spaces, all three of these notions of compactness are equivalent, as we shall show.

Definition 3.3.6. Let A be a bounded subset of a metric space X. The diameter of A is the supremum
of the distances between points in A.

Definition 3.3.7. Let %24 be an open cover of a space X. Its Lebesgue number is the supremum of
all ¢ > 0 such that every subset A of X of diameter less than ¢ is contained in an element of %4, if
such an € exists, and otherwise, we say %6 has infinite Lebesgue number.

Lemma 3.3.8. Let X be a sequentially compact metric space. Then every open cover of X has finite
Lebesgue number.

Proof. Suppose that some open cover 26 of X has infinite Lebesgue number. For eachn > 1,
there exists a subset A,, of X of diameter less than % not contained in any element of %26. For each
such A,,, choose x,, € A,,. The sequence (x,,),> has a convergent subsequence (x,, )=, say with
limit x. Let U € %6 be an open neighborhood of x, and let B(x, §) be an open ball inside of it. Let
k be sufficiently large such that n—lk < g and d(x,x,, ) < g. By the triangle inequality, we then have
A, . S B(x,8) € U, providing the desired contradiction. ]

Definition 3.3.9. We say that a metric space X is fotally bounded if for every € > 0, there exists a
finite cover of X by open balls of radius e.

Lemma 3.3.10. Every sequentially compact metric space is totally bounded.

Proof. Let X be a metric space, and suppose that ¢ > 0 is such that X cannot be covered by
finitely many balls of radius €. Choose x; € X and then recursively choose x,, in the complement
of U;:ll B(x;, €). The sequence (x,,),>; satisfies d(x,,,x,,) > € for all m > n, and consequently it
cannot have a convergent subsequence (since every convergent subsequence is necessarily Cauchy).
Thus, X not sequentially compact. [

Theorem 3.3.11. Let X be a metrizable space. Then the following are equivalent:
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i. X is compact,
ii. X is limit point compact,
iii. X is sequentially compact.

Proof. Let X be a limit point compact space. Let (x,),>; be a sequence in X. If the set A =
{x, | n > 1} of values of the sequence is finite, then (x,),>; has a constant, hence convergent,
subsequence. Otherwise, A is infinite, so has a limit point x € X. Inductively, we have that every
ball among the B(x, %) fork > 1 contains some x,, withny > n;_; ifk = 2. The sequence (x,, )g>1
then converges to x. Thus, X is sequentially compact.

Now suppose that X is sequentially compact, and let %46 be an open cover of X. Let ¢ > 0 be

such that every subset of diameter less than € is contained in an element of 246. Choose a finite open
2¢
3
contained in some element of 26. Then %6 has a finite subcover by these elements, and therefore X

cover of X by open balls of radius %, and note that they have diameter at most ==, hence are each

is compact. [

3.4 'Tychonoff’s theorem

We briefly recall a few notions from set theory. In particular, recall that a relation on a set X is
a subset of X x X, and if R is such a relation, we often write aRb to denote (a,b) € R. We have
already used the notion of an equivalence relation earlier in the notes without comment. Another
useful sort of relation is known as a partial ordering.

Definition 3.4.1. A partial ordering on a set X is a relation < on X that satisfies the following
properties.

i. (reflexivity) For all x € X, we have x < x.
ii. (antisymmetry) If x,y € X satisfy x < yandy < x, then x = y.
iii. (transitivity) If x,y,z € X satisfy x < yandy < z, then x < z.
A set X together with a partial ordering < is referred to as a partially ordered set.

Definition 3.4.2. A total ordering on a set X is a partial ordering < such that for all x,y € X, one
has either x < y or y < x. In this case, X together with < is called a totally ordered set.

Examples 3.4.3.

a. The relation < on R is a total ordering, as is >.
b. The relation < on R is not a partial ordering, as it is not reflexive.

c. The relation C on the set of subsets 2y of any set X, which is known as the power set of X,
is a partial ordering. It is not a total ordering if X contains more than one element.
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d. The relation = is a partial ordering on any set.

Given a partial ordering < on a set X, we can speak of minimal and maximal elements of X.

Definition 3.4.4. Let X be a set with a partial ordering <.

a. A minimal element in X (under <) is an element x € X such that if z € X and z < x, then
= X.

b. A maximal element y € X is an element such thatif z € X and y < z, then z = y.

Minimal and maximal elements need not exist, and when they exist, they need not be unique.
Here are some examples.

Examples 3.4.5.
a. The set R has no minimal or maximal elements under <.
b. The interval [0, 1) in R has the minimal element 0 but no maximal element under <.
c. The power set Py of X has the minimal element @ and maximal element X under C.
d. Under = on X, every element is both minimal and maximal.
e. Consider the set S ¢ Py of nonempty subsets of a set X, with the partial ordering C. The

minimal elements of S are exactly the singleton sets in X.

One can ask for a condition under which maximal (or minimal) elements exist. To phrase such
a condition, we need two more notions.

Definition 3.4.6. Let X be a set with a partial ordering <. A chain in X is a subset of X that is
totally ordered under <.

Definition 3.4.7. Let X be a set with a partial ordering <. Let A be a subset of X. An upper bound
on A under < is an element x € X such that a < x for all a € A.

Examples 3.4.8.

a. The subset [0, 1) of R has an upper bound 1 € R under <. In fact, any element x > 1 is an
upper bound for [0, 1). The subset [0, 1] has the same upper bounds.

b. The subset Q of R has no upper bound under <.

We now come to Zorn’s lemma, which is equivalent to the axiom of choice. We omit the proof
of this fact.

Theorem 3.4.9 (Zorn’s lemma). Let X be a nonempty set with a partial ordering <, and suppose
that every chain in X has an upper bound. Then X contains a maximal element.
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We use Zorn’s lemma to prove the following.

Theorem 3.4.10 (Alexander subbase theorem). A space X is compact if and only if there exists a
subbase ¥ for its topology such that every open cover of X by elements of ¥ has a finite subcover.

Proof. Suppose that X is not compact, and let .¥ be a subbase of X. We need to show that .#
contains an open cover %4 that does not have a finite subcover.

Let Q be the set of all open covers of X that have no finite subcover, and note that Q # @ by the
noncompactness of X. Let € be a chain in Q, and let %" = | g, 7" be the union of all covers
in €. Any finite collection of elements of 7, being each contained in some element of €, are all
contained in the largest such element 7" under inclusion. Being that 7" has no finite subcover, such
a finite collection cannot cover X, so 7" has no finite subcover, which is to say that 7" € Q. Thus,
every chain in Q has an upper bound, and so by Zorn’s lemma, Q has a maximal element /6.

Now consider the subset 2% = % n b of . Being a subset of /b, no finite subset of %24
covers /6. We claim that 26 covers X, which will finish the proof. Let x € X, let U € 6 with
xeU.LetVy,...,V, € £besuchthatx € V; n---nV, C U, which exist as .# is a subbase. If
V; & b for all 1 <i < n, we can find by the maximality of ./ finite subsets /V°; of /6 such that
the collections &"; N {V;} cover X. Then #" = (J\_, #; and V| n ... NV, together cover X, so
N U{U} c b covers X as well, contradicting the fact that /6 has no finite subcover. Thus, there
exists 7 such that V; € %6, and V; contains x by definition. Thus %6 is a cover of X. [l

Theorem 3.4.11 (Tychonoff’s theorem). Any product of compact spaces is compact under the prod-
uct topology.

Proof. Let {X; | i € I} be a collection of compact spaces, and let X = [],_, X;. Foreachi € I,
let &, be the topology on X;, and let

S = a7 U 1U; € 73,
iel
where 77;: X — X, is the ith projection map. Then .# is a subbase for the topology on X. We claim
that every open cover of X by elements in .# has a finite subcover, which by the Alexander subbase
theorem will finish the proof.
Let 2 C % be an open cover of X. Then

W =\ 77" (U) 1 U; € W}
iel
for some collections 26, of open sets in X; for each i € I. If no %24; covers X;, then for each i € I,
we may by the axiom of choice find x; € X; such that x; ¢ (U, o9, U;. Set x = (x;);;. Then
x & U for any U € %, for any such U has the form U = yrl-‘l(ll]i) for some U; € %; for some
i el,and x; = m;(x) ¢ U,. Thus there exists i € I such that 2; covers X,. It has a finite subcover
7", and the finite set {JTi_l (V) |V € 7"} then covers X. O
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3.5 Local connectedness and compactness

Local properties of a space are those which happen within a small enough neighborhood of a point.
Here are the definitions of local connectedness and local compactness.

Definition 3.5.1. A topological space X is called locally connected at x € X if every neighborhood
of x contains a connected open neighborhood of x. A topological space is called locally connected
if it is locally connected at each of its points.

Proposition 3.5.2. A topological space X is locally connected if and only if every connected com-
ponent of every open set in X is open in X.

Proof. Suppose X is locally connected. Let U be open in X, and let A be a connected component
of U. If x € A, then there is a connected open neighborhood V of x that is contained in U, and V
is contained in A by its connectedness. Since x was arbitrary, A is open.

Conversely, suppose that all connected components of open sets in X are open in X. Letx € X,
and let V be an open neighborhood of x. Let A be the connected component of x in V. Note that A
is open by assumption, so it is a neighborhood of x. Thus, X is locally connected. [

Example 3.5.3. Let X = H;OZI{O, 1} with the product topology, as in Example 3.1.18. Its basic
open sets have the form ]_[nN=1 U; <1, _n.1{0, 1}, which are in particular infinite. As its connected
components of X are singletons, X is not locally connected.

We mention in passing that we have a similar notion of local path connectedness.

Definition 3.5.4. A topological space X is called locally path connected at x € X if every neigh-
borhood of x contains a path connected open neighborhood of x. A topological space is called
locally path connected if it is locally path connected at each of its points.

Of course, locally path connected spaces are locally connected, but the converse does not hold
in general.

Definition 3.5.5. A topological space X is said to be locally compact at x € X if x has a compact
neighborhood. A topological space is locally compact if it is locally compact at all of its points.

Compact spaces are of course locally compact, as are many other spaces.

Example 3.5.6. The space R” is locally compact, since every closed ball of positive radius about
a point is compact. However, ]_[Zo:1 R is not locally compact, since its basic open sets all have
closure that is a product of finitely many closed intervals with infinitely many copies of R, and
these are not compact as R is not.
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Definition 3.5.7. A compactification of atopological space X is a pair (Y, 1) consisting of a compact
topological space Y and an embedding 1 of X in Y.

Remark 3.5.8. We may view X as a subspace of a compactification Y via identifying it with its
homeomorphic image. Two compactifications Y and Z of a space X are then said to be equivalent
if there exists a homeomorphism f: Y — Z that restricts to the identity map on X. This gives an
equivalence relation on the compactifications of X.

Topological spaces can be compactified by adding in a single point.

Theorem 3.5.9. Let X be a topological space. The set Y containing X and one additional element
called co has a topology consisting of the open sets in X and the complements Y — A of closed,
compact subsets A of X. Moreover, Y is a compact space under this topology, and any other
compactification Z of X with Z — X a singleton set is equivalent to Y.

Proof. Note that arbitrary intersections of closed, compact subsets A of X are closed, and then
compact, and the union of an open subset U of X and the complement ¥ — A of a closed, compact
subset A of X is the complement in Y of a smaller closed, and then compact, subset of X. It follows
that the collection & of open sets defined in the theorem is closed under arbitrary unions. Similarly,
finite unions of closed, compact subsets of X are closed and compact, and the intersection of U and
Y — A as above is an open subset of X. Hence, I is closed under arbitrary intersections, so I is a
topology.

Given an open cover 7" of Y, we may choose an element in it of the form ¥ — A with A closed,
compact in X, as such a set is needed to cover co. Then 7" — {Y — A} is an open cover of A, which
has a finite subcover as A is compact, so 7" has a finite subcover as well. Thus, Y is compact.

Finally, for any other space Y’ as in the theorem, with oo’ its additional point, is in canonical
bijection with Y via the map f: ¥ — Y’ such that f (x) = x forx € X and f(c0) = oo’. If V is open
inY and oo’ ¢ Y’, thenf(V) = Vis open in X, hence in Y’. If V is an open neighborhood of oo in
Y, then its complement A is closed, hence compact in Y, and of course also contained in X. Then
f(V) =Y - f(A) is the complement of a compact, closed subset of X, so is open in Y’ as well.
Thus, f is continuous, and then f -1 is continuous too, as we did not distinguish ¥ and Y. L]

Definition 3.5.10. For a space X, the compact space of Theorem 3.5.9 is called the one-point
compactification of X.

Proposition 3.5.11. A topological space X is locally compact and Hausdorf{f if and only if its one-
point compactification is Hausdorff.

Proof. Let Y be the one-point compactification of X. Suppose that X is locally compact and
Hausdorff. To show that Y is Hausdorff, it suffices to consider some x € X and co. Since X
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is locally compact, we can find a compact neighborhood A of x, which then contains some open
neighborhood U. Then U is disjoint from the open neighborhood ¥ — A of co.

If X is not Hausdorff, then there exist points #,v € X not contained in disjoint open sets in
X. No two complements of compact sets in X are disjoint, since they contain the added point oo.
Moreover, if u ¢ A and v € V for a compact subset A of X and an open set V in X, then the open
complement X — A contains « and is not disjoint from V, so ¥ — A is not disjoint from v either.
Thus, u and v are not contained in disjoint open subsets of Y, and Y is not Hausdorff.

If X is not locally compact, then it is not locally compact at co. Given an open neighborhood
Y — A of oo, where A is closed in X and compact, and an open neighborhood U of x in X, we cannot
have U C A, since if this were the case, then U C A would be a compact neighborhood of x. Thus,
Y is again not Hausdorff. []

Remark 3.5.12. The one-point compactification of a locally compact Hausdorft space X has the
property of being a quotient space of each Hausdorff compactification of X via the unique surjection
that is the identity on X.

Example 3.5.13. The one-point compactification of R” is homeomorphic to S”. To see this, view
S as the unit sphere centered at co = (0,...,0,1) € R”*!. This is realized via the embedding
R” — $" sending x = (xy, ..., x,) to the unique point in §” —{co} on the line between (xq, ..., x,,0)
and co.

Our definition of local compactness differs from our definition of local connectedness, as we
only ask for a compact neighborhood, not one contained in an arbitrarily small neighborhood. For
Hausdorff spaces, these notions are the same.

Proposition 3.5.14. A Hausdor{f space X is locally compact if and only if every open neighborhood
U of a point x € X contains a compact neighborhood A with A C U.

Proof. As the other direction is immediate, we may suppose that X is locally compact. Let U be
openin X, andletx € U. Let Y be the one-point compactification of X, which is compact Hausdorff
since X is locally compact Hausdorff. Let A = Y — U, which is closed in Y, hence compact. By
Lemma 3.2.7, we may find an open neighborhood V of x and an open set W containing A that are
disjoint. The closure of V in Y is compact and disjoint from A, so is contained in U. ]

Corollary 3.5.15. Any open or closed subspace of a locally compact Hausdorff space is locally
compact.

Proof. Let X be locally compact Hausdorff. If A is closed in X and @ € A, then there is a
compact neighborhood C of a in X, and C N A is then a compact neighborhood of a in A. If U is
open in X and x € U, then by Proposition 3.5.14, we can find a compact neighborhood B of x in
U. O
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Corollary 3.5.16. A Hausdorff space X is locally compact if and only if it is homeomorphic to an
open subspace of a compact Hausdorff space.

Proof. If X is locally compact but not compact, take its one-point compactification, in which X
is open. If X is open in a compact Hausdorfl space, then it is locally compact by Corollary 3.5.15.
[]

Definition 3.5.17. A map f: X — Y of topological spaces is said to be a local homeomorphism if
it is continuous, open, and for each x € X, there exists an open neighborhood U of x such that the
restriction of f to U is a homeomorphism onto its image.

Example 3.5.18. The inclusion map of an open set in a topological space is a local homeomor-
phism.

Example 3.5.19. The map f: R — S! given by f(x) = (cosx, sinx) is a local homeomorphism,
as is its restriction to any open interval. Note that there is, however, no local homeomorphism
g: S - R.



Chapter 4

Countability and separation axioms

4.1 Countability axioms

Definition 4.1.1. A topological space X is said to be first-countable if every point of X has a
countable basis of open neighborhoods.

Example 4.1.2. If X is a metrizable space, then X is first-countable. For instance, if d is a metric
on X, then x € X has the countable basis {B(x, %) | n > 1} of open neighborhoods.

Proposition 4.1.3. Let A be a subset of a first-countable topological space X. Then A is the set of
limits of convergent sequences in A.

Proof. If there exists a sequence (a,,),»1 in A with limit x € X, then every neighborhood of x
contains all a,, for n sufficiently large, so x € A by definition. Conversely, if x € A and {U,, | n > 1}
is a basis of open neighborhoods of x, then we may pick a,, € A n U, for each n > 1, and the

sequence (a,,),»1 has limit x. [

Proposition 4.1.4. Let X be a first-countable space. Let x € X. Iff: X — Y is a function such
that for every convergent sequence (x,,) ,»1 in X with limit x, the sequence (f (x,,)),>1 converges to
f(x), then f is continuous at x.

Proof. Let V be an open setin Y, let x € f‘l (V), and let {U,, | n > 1} be a countable basis
of open neighborhoods of x. If =1 (V) does not contain an open neighborhood of x, then it cannot
contain any U,,. Assume this, and for each n > 1, choose x,, € U,, such that x,, ¢ f~1(V). Then
the sequence (x,,),>; converges to x, and by assumption, (f(x,,)),>; converges to f (x). Therefore,
there exists N > 1 such thatf(x,)) € V foralln > N, so x,, € f~1(V) for such n, contradicting our
assumption. [

55
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Definition 4.1.5. A topological space X is second-countable if X has a countable base for its topol-
ogy.

Example 4.1.6. The space R” is second-countable, since it has the base {B(x, %) lx e Q" k > 1}.

Example 4.1.7. The space X = H;’Zl R is second-countable in the product topology but not in the
uniform topology. In the product topology, we can take the countable base consisting of products

N oo
n(ai’bi) x l_[ R
i=1 i=N+1

with a;,b; € Q and q; < b; for 1 <i < N for some N > 0.
In the uniform topology, we have the uncountable discrete subspace

A ={(a,),>1 1a, €1{0,1}}.

every two points being distance 1 apart in the uniform metric. For any base of X, the open balls
of radius % about the points of A would each contain an element of the base, which is therefore
uncountable. In particular, metrizable spaces are not necessarily second-countable.

Definition 4.1.8. A topological space X is Lindeldf it every open cover of X has a countable sub-
cover.

Proposition 4.1.9. Second-countable spaces are Lindelof.

Proof. Let 2 be an open cover of X, and let B8 = {B,, | n > 1} be a countable base of X. Let
S be the set of positive integers n such that B,, is contained in an element of U. For each n € §, let
U, € % with B, C U,,. We claim that {U,, | n € S} covers X.

If x € X, then x € U for some U € %. Since B, is a base for the topology on X, there exists
n > 1 such that x € B, € U. By definition of S, we then have n € §, and so x € U,,. Thus, we
have proven the claim. O]

Recall that a subset A of a topological space is X is dense if A = X.
Definition 4.1.10. A topological space X is separable if it has a countable dense subset.

Proposition 4.1.11. Second-countable spaces are separable.

Proof. Let 38 = {U, | n = 1} be a countable base of X. For each n > 1, choose x,, € U,,, and
setA = {x,, | n > 1}. Then for any x € X and open neighborhood V of x, there exists n > 1 such
that x € U,, C V, so in particular x,, € V. Thus, x € A, so A is dense in X. ]

For metric spaces, the converses to Propositions 4.1.9 and4.1.11 hold.
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Theorem 4.1.12. For a metric space X, the following are equivalent:

i. X is second-countable,
ii. X is Lindelof, and
iii. X is separable.

Proof. By Propositions 4.1.9 and 4.1.11, it suffices to show that Lindedf spaces are second-
countable and separable spaces are second-countable. Let X be a metric space.

Suppose first that X is Lindelof. For positive integers n > 1, let 98,, be a countable subcover of
the open cover of X by balls of radius % Let B = U,., 3B, which s also countable. We claim that
B is a base for the metric topology on X. Let x € X and € > 0, and consider the open ball B(x, €).
Choose n with % < €, and let y € X be such that x € B(y, %) € B, Then B(y, %) C B(x, €) by the
triangle inequality, hence the claim.

Next, suppose that X is separable, and let § € X be a countable dense subset. We claim that
the countable collection

B={B(y,2)|yesSn=1

of open balls is a base for the metric topology on X. Let x € X and € > 0. As S is dense, B(x, %)
L 23—6, then x € B(y, %) C B(x, €) by

contains a point y € S, and if we take n > 1 such that % <5
the triangle inequality, hence the claim. O]

4.2 Separation axioms

In this section, we consider both weaker and stronger conditions in terms of the separation of points
in a topological space than our much-used Hausdorft condition. We begin by defining the word
“separated” in the sense of topology.

Definition 4.2.1. We say that two subsets A and B of a topological space are separated if ANB = @
andANnB= 0.

Definition 4.2.2. A separation of X is a set of two disjoint open subspaces of X with union X.

Remark 4.2.3. A space X has a separation if and only if it is disconnected, in which case it is the
topological disjoint union of the two spaces A and B in the separation. Moreover, these A and B are
clearly separated. Similarly, if X is the union of two separated subsets, then they are both closed,
hence open, and therefore constitute a separation of X.

Here then are several weaker conditions that being Hausdorff.

Definition 4.2.4.
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a. A space X is said to be Ty, if every two distinct points of X have distinct sets of open neigh-
borhoods.

b. A space X is said to be T if points of X are closed.
c. A space X is said to be T, if it is Hausdorft.

Example 4.2.5. Spaces that are T}, but not 7 are ubiquitous in modern algebraic geometry. For
instance, what is known as the spectrum Spec Z of the ring of integers of Z is a space consisting
of one point (0) and another point (p) for each prime number p. It has a base consisting of (0) and
the complements of finite sets {(p;), ..., (p,)} with each p; prime. The closure of {(0)} is Spec Z.
Unfortunately, the explanation for why algebraic geometers consider this space lies beyond the
scope of this course.

Definition 4.2.6. A space in which every two points with distinct sets of open neighborhoods are
separated is called symmetric.

Lemma 4.2.7. A space is T if and only if it is symmetric and T, i.e., every pair of distinct points
is separated.

Proof. Suppose X is T;. If x,y € X are distinct, then X — {y} and X — {x} are distinct open
neighborhoods of x and y, respectively, so X is Ty. Moreover, {x} = {x} forallx € X, sofory # x,
the sets {x} and {y} are separated. That is, X is symmetric.

Conversely, if X is Ty and x € X, then for any y € X, there exists an open neighborhood U
containing x and not y. If X is also symmetric, then since x and y have distinct sets of neighborhoods,
{x} and {y} are separated. In particular, y ¢ {x}, which is to say that {x} is closed. O

Definition 4.2.8.

a. A topological space X is regular if for every point x € X and closed subset A of X with
x ¢ A, there exist disjoint open sets U and V withx € U and A C V.

b. A topological space X is normal if for every two closed, disjoint subsets A and B of X, there

exist disjoint open subsets U and V of X suchthat A C Uand B C V.

Since in a topological space, points need not be closed (i.e., the space need not be T), it is not
clear that either regular or normal should implies Hausdorff. In general, they do not, and normal
does not imply regular. So, we make the following definitions.

Definition 4.2.9.

a. A space X is said to be T5 if it is regular and Ty,.

b. A space X is said to be T} if it is normal and T} .



4.2. SEPARATION AXIOMS 59

The following tells us that a T5-space is Hausdorft and a T,-space is regular.

Lemma 4.2.10. If a space is T; for some 1 < i <4, thenitisT;_;.

Proof. By Lemma 4.2.7, a Ty -space is Ty, and by Lemma 1.5.9, a T»-space is 7.

Suppose X is T5. Take x,y € X with x # y. By the T-axiom, there is without loss of generality
an open neighborhood W of x than does not contain y. Then W€ and x are disjoint, hence by the
regularity condition, are contained in disjoint open sets U and V/, respectively. Then x € U and
y € V, so X is Hausdorff.

Similarly, suppose that X is 74. Let x € X, and let A C X be closed with x ¢ A. Since X is T},
the set {x} is closed. Therefore, by normality there exist open disjoint sets U containing {x} and V
containing A, as desired. ]

The reader can check the following, which is most interesting for and stops at T5-spaces.
Lemma 4.2.11. For 0 < i < 3, every subspace of a T;-space is T;.

Example 4.2.12. The space X = R with the topology consisting of sets of the form U — C, where
U is open in R in the Euclidean topology and C is a countable subset of U, is Hausdorff but not
regular. Itis Hausdorff since its topology is finer than the Euclidean topology on R. It is not regular,
as the set Q is closed in its topology, and the open sets containing Q in R are the complements
U in R of countable sets of irrational numbers. An open neighborhood V of an irrational number
contains all but countably many points in an open interval around it, and so does U, but such an
interval is uncountable, so U N V cannot be empty.

Lemma 4.2.13. A space X is regular (resp., normal) if and only if every open set of X containing
a point x (resp., closed set A) contains the closure of an open set containing x (resp., A).

Proof. Let X be regular (resp., normal). Let A be a singleton (resp., closed) subset of X, and
let W be an open subset containing A. Then B = W¥¢ is disjoint from A, so by regularity (resp.,
normality) of X, there exist disjoint open sets U containing A and V containing B. Then A C U C
V¢ C W. Since V€ is closed, W contains U, so U is the desired open set.

Conversely, suppose that for any singleton (resp., closed) subset A of X, every open set of X
containing A contains the closure of an open set containing A. Let B be a closed set disjoint from
A, and let U be an open subset of B¢ containing A and such that U C B¢. Take V = U' so that
B € V, and note that U and V are disjoint. Thus, X is regular (resp., normal). [

We have seen that a direct product of Hausdorft spaces is Hausdorff. The analogous statement
holds for regular Hausdorff spaces (i.e., T5-spaces).

Proposition 4.2.14. A product of Tz-spaces is Ty in the product topology.
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Proof. LetX =[],
is Hausdorff, and in particular, its points are closed. Let x = (x;);c; € X, and let U be an open

X;, where {X; | i € I} is a collection of T5-topological spaces. Then X

neighborhood of x. Then U contains a basic open neighborhood [],_, U;, where each U; is open
in X; and all but finitely many U; equal X;. For every i, we may choose an open neighborhood V;
of x; with V; C U, by Lemma 4.2.13. If U; = X;, we take V; = X; as well. Then [1,c; Vi contains

x and has closure [],_, V; € [],_; U, as desired. [

The following example shows that even a finite direct product of 7,-spaces need not be 7.

Example 4.2.15. Consider X = R with the lower-limit topology generated by the base of open sets
[a, b) with a < b. Note that these sets are closed as well, since (—o0,a) U [b, co) has complement
[a,b). Then X is normal Hausdorff. To see normality, take disjoint closed sets A and B in X. For
each a € A, we pick x, > a with [a,x,) in the complement of B and let U be the union of these
half-open intervals. Similarly, for each b € B, we pick y,, > b with [b,y;,) in the complement of
A and let V be the union of these intervals. Take a € A and b € B, and suppose without loss of
generality that a < b. Then x, < b since b ¢ [a, x,), so the intersection [a, x,) N [b,y;,) is empty,
and therefore U and V are disjoint.

On the other hand, the product X? = X x X is regular Hausdoff by Proposition 4.2.14, but it is
not normal. The subspace D = {(x, —x) | x € R} of X x X has the discrete topology and is closed
in X2, and if we take the subset A = {(x, —x) | x € Q}, then A and D — A are closed subsets of
X? that are not contained in disjoint open neighborhoods of X2. We omit the nontrivial proofs of
these facts.

Theorem 4.2.16. Regular, second-countable spaces are normal.

Proof. Let X be regular and second-countable. Let 98 be a countable base for the topology on
X. Let A and B be disjoint closed subsets of X. By regularity, for each x € X we can find an open
neighborhood U of x with U disjoint from B, and contained in U we can find some neighborhood
in 3B of x. Together, these basis elements give a countable covering % = {U,, | n > 1} of A with
Fn N B = @ for each n > 1. Similarly, we can find a countable covering 7" = {V,, | n > 1} of B
with V, N A = @. For each n > 1, consider the open sets

U’

D:

VS and V.=V,n
1 i

D:

U,=U,n

i 1

Ifa € A, thena € U, forsomen > 1,and a ¢ V; for all i, so a € U,,. The open sets U = Ups1 U
and V = |, V,, contain A and B, respectively, and they are disjoint, since if u € U,, for some
n=1,thenu ¢ V, for i < n by definition of U, and u ¢ V/ for i > n by definition of V,. O

Theorem 4.2.17. Metrizable spaces are normal.
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Proof. Let A and B be disjoint, closed subsets of a metrizable space X, and let d be a metric on
X. For each a € A, there exists ¢, > 0 with B(a, ¢,) N B = (0, and similarly, for each b € B, there
exists 8§, > 0 with B(b, §,) N A = (. Set

€ o)
U=|J)B(a,-%) and V= B(b,—b).
Us(ay) Us(b.5
Then U and V are open containing A and B, respectively. If x € U n V, then there exist a € A
and b € B such that d(a,x) < % and d(x,b) < %. By the triangle inequality, we then have
d(a,b) < % + % < max(€,, 8p). If d(a,b) < €,, then b € B(a,¢€,), a contradiction, and if
d(a,b) < 8,,then a € B(b, §,), contradiction. Thus U and V are disjoint. ]

Theorem 4.2.18. Compact Hausdor{f spaces are normal.

Proof. Let X be a compact Hausdorft space, and let A and B be disjoint closed subsets of X,
which are necessarily compact. Lemma 3.2.7 implies that compact Hausdorff spaces are regular.
That is, for each b € B, we may choose disjoint open sets U,, containing A and V,, containing b.
Then the sets V, cover B, hence have a finite subcover, say by V,, ,...,V;,, € B. ThenU = N, U b
and V = J_, V},, are disjoint open sets containing A and B, respectively. ]

Using the one-point compactification, we may use Theorem 4.2.13 to give a quick proof of the
analogous result for locally compact Hausdorff spaces.

Corollary 4.2.19. Locally compact Hausdor{f spaces are regular.

Proof. Let X be locally compact and Hausdorff. Let Y be its one-point compactification, which
is compact Hausdorff and therefore normal. As Y is Ty, it is also T3, and X is 75 as a subspace of
Y. []

4.3 Urysohn’s lemma

Theorem 4.3.1 (Urysohn’s lemma). A topological space X is normal if and only if for every pair of
disjoint nonempty closed sets A and B of X, there exists a continuous function f: X — [0, 1] such
that f(A) = {0} and f (B) = {1}.

Proof. Let X be a normal space. Set U; = B¢, and by normality of X, pick an open set U,
containing A with U, C U,;. We will construct open sets U, for g € Q n (0,1) such that if
q,r € Qn[0,1] with g < r, then U, cU,.

Fix any bijection ¢: Z.y - Q N[0, 1] with ¢(0) = 0 and ¢ (1) = 1. For each n > 2, let g,, be
the largest value of ¢ (m) with m < n that is less than ¢ (n), and let r,, be the smallest value of ¢ (m)

with m < n that is greater than ¢ (n). Suppose by induction that we have constructed Uy, for all
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m < n. By Lemma 4.2.13, we may choose an open set U, containing U, ~and such that Uy,
is contained in U,. . For negative r € Q, set U, = @, and for r € Q greater than 1, set U, = X. In
this way, we have constructed open sets U,, for all rational numbers g such that 7q cU,ifg<r
are rational numbers.

We now define f by setting

flx)=inflge Qlx e U,}

forx € X. If x € A, thenx € Uy, sof(x) = 0. If x € B,thenx ¢ U, butx € U, for all
rationals r > 1, sof(x) = 1. If x € Vq, then x € U, for all rationals r > ¢, so f(x) < gq.
Given a nonempty open interval (a, b) in R and x in its inverse image, we then have ¢, r € Q with
a<q<f(x)<r<hb. Since f(x) < r, we have x € U,, and since f(x) > g, we have x ¢ Vq.
That is, we have x € U, — U,, which is an open neighborhood with image under f contained in
[g,r] C (a,b). Thus, f is continuous.

As for the converse, note that if A and B are disjoint closed setsin X and f: X — [0, 1] is a con-
tinuous function with f(A) = {0} and f(B) = {1}, then U = f~1([0,1/2)) and V = f~1((1/2,1])
are disjoint open sets containing A and B, respectively. ]

Definition 4.3.2. A space X is completely regular if for every closed set A in X and x € A€, there
exists a continuous function f: X — [0, 1] with f(A) = {0} and f(x) = 1. A space X is said to be
Tychonoff, or T, 1, if it is completely regular and 7.

2

Remark 4.3.3. A normal Hausdorff space is Tychonoff, and a completely regular space is regular.

We leave it to the reader to check that the following hold, the condition on subspaces between
the motivation for the word “completely”.

Proposition 4.3.4. Subspaces and products of completely regular spaces are completely regular.

Regularity, together with second-countability, implies complete regularity (since it implies nor-
mality). In fact, we have the following.

Lemma 4.3.5. Let X be a regular, second-countable space. Then there exists a countable collection
{f,, | n = 1} of continuous functions f,,: X — [0, 1] such that for each pair (A,x) of a closed subset
A of X and x € A€, there exists n such that f,,(A) = {0} and f,,(x) = 1.

Proof. Since X is second-countable and regular, it is normal. Let {U,, | n > 1} be a countable
base of open sets in X. If U,, C U,,, then by Urysohn’s lemma, there exists a continuous function
fonn: X = [0,11 with £, ,(U,,) = {1} and f (X - U,,) = {0}.

The set A€ contains some neighborhood U,, of x, which contains the closure of some neighbor-
hood U, of x by the regularity of X. Then f,,, ,,(x) = 1 and f;, ,,(A) = {0}. Since the collection of
functions f,,, ,, is countable, we have the lemma. [
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Theorem 4.3.6 (Urysohn metrization theorem). Second-countable regular Hausdorff spaces are
metrizable and are exactly the spaces that are homeomorphic to subspaces of the product space
[0, 11/, where J is countably infinite.

Proof. We may take J = {n | n > 1}. Recall that R’ is metrizable by Proposition 2.2.16, so to
show metrizability, it suffices to embed our second-countable regular space X in [0, 1]7. If we can
do this for a given X, then [0, 1]/ is regular Hausdorff and second-countable, and then so is X.

Let (f,,),,>1 be a sequence of functions f,,: X — [0,1] as in Lemma 4.3.5 and use them to
define a function f = (f,),,1: X - [0, 1]/, which is continuous as each f, is continuous. Since X
is Hausdorf, for any x,y € X with x # y, the set {x}¢ is an open neighborhood of y, so we can for
eachx # yin X find an n > 1 such that f,,(x) = O and f,,(y) = 1. Thus, f is injective.

It remains to show that f is an open map to its image. Let U be an open set in X, let a =
(ap)n>1 € f(U),andletx € U with f(x) = a. Choose anm > 1 such thatf,,(x) = 1 andf,,(y) =0
forall y ¢ U. Let V be the open set yr,;l((O, 1]) n f(X) in the image of f, where i,, is the mth
projection map from ,,: [0, 1] - [0, 1]. Then a,(a) =f,(x) =1,s0ae V. ForbeV,we
have b = f(y) for some y with s,,(b) = f,,(y) > 0,s0y € U and therefore b € f(U). That is, we
have a € f(U) C V. Thus, f(U) is open. [l

Another application of Urysohn’s lemma is found in the following theorem.

Theorem 4.3.7 (Tietze extension theorem). Let A be a closed subspace of a normal topological
space X. Any continuous map of A into an interval in R can be extended to a continuous map of X
into the same interval in R.

Proof. It is sufficient to prove this result for maps into [-1,1], [-1,1) and (-1, 1), since all
intervals in R are homeomorphic to one of these. We next show how the result reduces to maps to
[-1,1]. Givenany g: X —» [-1,1],let B =g ' (1) and C = g~'(-1). By Urysohn’s lemma, there
exist continuous functions ¢p: X — [0,1] and ¢": X — [0, 1] with ¢(B) C {0}, ¢(C) = ¢’ (C) C
{0}, and ¢(A) = ¢’ (A) C {1}. If g(A) C [-1,1), then set g’ = ¢g, and note that g’[, = gl4.
Moreover, it satisfies g’(x) = 0ifx € Cand g’ (x) < 1ifx ¢ C,s0 g’ (X) C [-1,1). Similarly, if
g(A) € (=1,1), thensetg’ = ¢’g. Then g’|4 = gls, and g’ (X) C (-1,1).
We next prove a weaker result. Suppose that F': A — [—1, 1] is continuous. Let

B=F'([-1,-3]) and C=F'([51D.
By Urysohn’s lemma, there exists a continuous function

G: X = [~3.3]

[OSTE

with G(B) = (-3} and G(C) = {3}. Then

|G (a) - F(a)| <

SIS
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for all a € A. That is, fora € Bu C, we have |G(a) — F(a)| <1 - % = %, and forx ¢ Bu C, we
have |G(a) - F(a)| < 5 — (-3) = 3.

Now let f: A — [—1, 1] be continuous. Suppose by induction that for some n > 0 we have
found continuous functions

for 1 <i < n with

forall a € A. Then the argument of the previous paragraph applied to F = (%)" (f - Zl": 1 &) yields
o 1

the next function g,,, | = (%)”G in the induction. Since }. _, 3

(%)”_1 = 1, the infinite series

g=) g:X-I[-11]
i=1

is well-defined, and by definition, it restricts to f on A. Moreover, g is continuous as the partial
sums Z?zl g, converge uniformly to g on X: that is, | Z;’ZMI gn(x)| < (%)” forall x € X. [

Definition 4.3.8. The support of a continuous function f from a topological space X to R is the
closure

suppf = {x € X | f(x) # 0}.

Definition 4.3.9. Let % = {U; | 1 < i < n} be an open cover of X for some n > 1. A finite

collection {¢p,: X — [0,1] | 1 < i < n} of continuous functions is a partition of unity on X

subordinate to, or dominated by, % if supp ¢; C U; for each i and 27: L $i(x) = 1forallx € X.

Lemma 4.3.10. Let % = {U; | 1 < i < n} be a finite open cover of a normal space X for some
n > 1. Then there exists an open cover ¥ = {V; | 1 <i < n}of X withV; C U, forall 1 <i < n.

Proof. It suffices to show the existence of V; open with V| C U, and such that {U,, ..., U,, V;}
covers X, since then we can repeat with this new cover, replacing U, and so forth. Let A = X —
U, U;. By normality of X, there exists an open set V; containing A withA c V| c V| c Uj.
Then the collection {V;, U,, ..., U, } covers X. O]

Proposition 4.3.11. Let % = {U; | 1 < i < n} be a finite open cover of a normal space X. Then
there exists a partition of unity on X subordinate %%.
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Proof. By Lemma 4.3.10, we can find an open cover " = {V, | 1 < i < n} with V; C U, for
1 <i < nandanopencover % = {W;|1<i<n}withW; C V,foreach 1 <i < n. By Urysohn’s
lemma, there exist functions y,;: X — [0, 1] such that y;(W;) C {1} and w; (V) € {0}. Since
w71 (R —{0}) C V;, we have supp y; C V; C U;. For each x € X, we have x € W, for some i, and
therefore ) Nz (x) = w;(x) =1 > 0. We may then define

(x
b.(r) = i)
2 =1 ¥ (x)
for x € X. Then the ¢, form the desired partition of unity. ]

Definition 4.3.12. A second-countable Hausdorff space M is said to be a manifold if there exists
n > 0 such that every point of M has an open neighborhood homeomorphic to R”. We then say
that M is n-dimensional, or an n-manifold.

Remark 4.3.13. To say that a point in M has an open neighborhood homeomorphic to R” is to say
that it has an open neighborhood homeomorphic to an open subset of R” (in particular, as open
balls in R” are homeomorphic to R”). Equivalently, there is a local homeomorphism R” - M
with image containing the point.

Example 4.3.14. Open sets in R” and the sphere S” are n-manifolds. The torus is an example of
a 2-manifold, or surface.

We have the following application of Urysohn’s lemma and partitions of unity to manifolds.

Theorem 4.3.15. Any compact manifold can be embedded in RY for some N > 1.

Proof. Since X is a manifold, it has an open cover %26 by open sets that may be embedded in
R” for some fixed n. Since X is compact, there exist Uy, ..., U,, € % that together cover X. Let
fi+ U; > R" be an open embedding. By Theorem 4.2.18, the space X is normal, so there exists a
partition of unity {¢; | 1 < i < m} subordinate to {U; | 1 < i < m}. For each i, set A; = supp ¢,
and define g;: X - R"” by g;(x) = ¢;(x)f;(x) forx € U; and g;(x) = 0 for x € A§. Note that g; is
well-defined as ¢;(x) = 0 for x € A“.

We set

F= (1,805 (s gm)): X = (RIF™

which is continuous as a product of continuous functions. We claim that F' is an embedding, which
will finish the proof with N = m(1 + n). Since X is compact, it is enough to show it is injective. If
x,y € X and F(x) = F(y), then ¢,;(x) = ¢;(y) and g;(x) = g;(y) forall 1 <i < n. Let i be such
that ¢;(x) > 0 so that x,y € U;. Then g;(x) = ¢;(x)f;(x) and g;(y) = ¢;(x)f;(y), so f;(x) = f;(y).
Asf;: U; - R" is injective, we have x = y. O
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Chapter 5

Homotopy theory

5.1 Path homotopies

Recall that a path on a topological space X is a continuous function y: [0,1] - X.

Definition 5.1.1. Let X be a space and a,b € X. Let ¥ and y’ be paths in X from a to b. A path
homotopy from y to ¥’ is a continuous function F: [0, 1]?> — X from y to ¥’ such that

F(s5,0) = y(s) and F(s,1)=7"(s)

forall s € [0,1] and
FO,t) =a and F(l,t)=b

forallt € [0, 1].

Example 5.1.2. Consider the two paths y, ¥’ from (1,0) to (=1,0) in C given by ¥ (s) = 7%
and y’(s) = e~ 7. We have a path homotopy between them given by F(s,t) = cos(as) + i(1 —
2t) sin(srs). However, no such path homotopy exists in C — {0}, the idea being that for any path
homotopy F, there must exist a ¢ such that the path y,(s) = F(s,?) for s € [0, 1] passes through 0.
This may be intuitively clear, but it takes some work to show.

Definition 5.1.3. We say that two paths y, 7" in X from a point a to a point b are path homotopic
if there exists a path homotopy from y to y’.

Notation 5.1.4. We write ¥y ~ ¥’ if two paths with the same endpoints are path homotopic.

Proposition 5.1.5. The relation of path homotopy on the set I1(X, a, b) of paths with fixed endpoints
a,b € X forms an equivalence relation.

67
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Proof. If y € I1(X,a,b), then the map F: [0, 112 > X given by F(s,t) = y(s) for all 5,7 €
[0, 1] is a path homotopy from ¥ to itself, so ~ is reflective. If y* € I1(X,a, b) with y ~ y” and
F:[0,1]%> - X is a path homotopy from ¥ to ¥’, then G(s,t) = F(s,1 — t) is a path homotopy
from y’ to 7, so ¥y’ ~ y. Thus, ~ is symmetric. Finally, if y” € T1(X, a, b) as well and we have
both ¥y ~ y" and y” ~ ¥”, with F a path homotopy from y to y” and G a path homotopy from 3’
to y”, then H: [0,1]?> - X defined by

~
Mm
=

1
His.) = F(s,2t) i],

G(s,2t—1) te[i1]

is a path homotopy from y to y’, so ~ is transitive. To see this, one should note that F(s,1) =
y'(s) = G(s,0) forall s € [0, 1]. O

Notation 5.1.6. Let 77, (X, a, b) denote the set of path homotopy classes of paths on X from a to b.
We write [y ] for the path homotopy class of a path y.

Definition 5.1.7. If y € I[1(X,a,b) and u € I1(X, b, c), we define the composition of ¥ and u to
be the path y ~ u € I1(X, a, c¢) given by

Y (2s) s € [0,
nw2s—-1) se|

1,

(y »p)(s) = :

—_— N =

1
5’

If one replaces y, u with path homotopic paths, the result of composition is path homotopic to
Yy * .
Proposition 5.1.8. Let y,y" € I(X,a,b) and pu, p’ € (X, b,c) withy ~ y" and p ~ p’. Then
4

rrp~y

Proof. Let F be a path homotopy from ¥ to 7" and G be a path homotopy from p to ’. Define
H:[0,1]> - X by

S
e

F(2s,t) se|
G2s—-1,t) se]

1,
]

for s,¢ € [0,1]. Then H is a path homotopy from y = p to " = p’. For this, one should note that
F(l,t) =b=G(0,t) forallr € [0, 1]. O]

)

H(s,t) =

—

2

Remark 5.1.9. By Proposition 5.1.8, composition of paths induces product maps
JT](Xaa?b) X JT](X,b,C) _) jT](Xaa7C)a

and we have [y] - [u] = [y * u] under these products.



5.2. THE FUNDAMENTAL GROUP 69

5.2 The fundamental group

Let us briefly explore the properties of the products that we have constructed on paths and their
path homotopy classes.

Notation 5.2.1.

a. Fora € X, lete, € I1(X, a,a) denote the constant path e, (s) = a for s € [0, 1].

b. Fora,b € Xandy € I1(X,a,b),lety € I1(X, b, a) denote the reversed path 7 (s) = y (1—s)
fors € [0, 1].

Remark 5.2.2. If y € [1(X,a,b) and u € I1(X,b,c), then y ~u =i~ y.
We check some useful path homotopy relations among compositions of paths.

Lemma 5.2.3. Let y € [1(X,a,b) witha,b € X.
a. Ify’ e I(X,a,b) withy ~ y', then ¥ ~ }7’
b. Wehavee, ~y ~y ~ v *ep,

o

We have y x 7 ~e,and 7 ~ y ~ e,
d Ifuell(X,b,c)and v € 11(X, c,d) for some c,d € X, then (y » pu) » v ~ y  (pt x v).

Proof.
a. If F is a homotopy from y to y’, then we define G: [0, 1]?> — X by

G(s,t) = F(1 —s,1),

and this is a homotopy from ¥ to ;7’

b. Define F,,: [0,1]> - X by

R PEI I
Note that for s = %, the second case yields ¥ (0) = a, so we have continuity. We then check that
F,(5,0) = a = e,(2s) for s € [0, %] while F,,(s,0) = y(2s — 1) for s € [1,1], 50 F,(s,0) =
(e, x y)(s) forall s € [0, 1]. We also have F,(s,1) = y(s) forall s € [0,1] and F,(0,7) = a and
F,(1,t) = y(1) =bforallt € [0,1]. Thus F, is a path homotopy from e, x ¥ to y.

If we replace y by ¥, we get e, x ¥ ~ ¥, and then

—_—

yrep=epry ~

=

:}/.
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c. Define H: [0,1]? - X by

Hin < 7@ =) se 0,
y(2=29)(1-1) sel

1,
].

—_— N

1

2

The H is a path homotopy from y * ¥ to e,. We have ¥ « ¥ ~ ¢, by replacing y by 7.
d. DefineI: [0,1]%> = X by

y(@(1+1)ls) se[0,3(1+0)],
I(s,t) = Yp(4s =1 -1) selg(l+0,52+1],
v(2-n"lds-2-1) se[32+0),1]

We leave it to the reader to check that 7 is a path homotopy from (y * p) x vto y = (u * v).
[

Definition 5.2.4. A loop in a topological space X based at a point a € X is a path in X from a to
a. The point a is called the basepoint of the loop.

Notation 5.2.5. Fora € X, we set [1(X,a) = [1(X,a,a) and 77 (X,a) = 7,(X, a,a).

If we restrict our product maps on set of path homotopies to loops based at a point xy € X, we
obtain an operation on the classes of paths

71X, x9) x 1 (X, x9) — 71 (X, x0).
This operation makes 7 (X, x() into what is known as a group.

Definition 5.2.6. A group G is a set together with an operation G x G — G such that
i. (a-b)-c=a-(b-c)foralla,b,c e G,

ii. there exists an identity element e € G suchthate-a =a =a-eforalla € G, and

iii. for every a € G, there exists an inverse element a~' € G suchthata-a~! = e.

Here are just a few interesting groups.

Examples 5.2.7.
a. The integers Z with the operation + forms a group. In this group, e = 0 and the inverse of
ais —a.

b. The nonzero real numbers R — {0} together with the operation - forms a group. In it, e = 1

and the inverse of a is a~!.
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c. Given a set X, the set Sy of bijections f: X — X forms a group with respect to the operation
of composition. In it, the identity element is idy and the inverse of a bijection f is its inverse
function f~1.

Proposition 5.2.8. For any xy € X, the set 71(X,xq) is a group under the operation induced by
composition of paths.

Proof. The operation in question is given on the classes of loops y, 1 € II(X,xg) by [¥]-[ 1] =
[y » p]. That this makes G into a group follows from the various parts of Lemma 5.2.3: that is,
the operation is associative by part d, the identity element is [e,] by part b, and the inverse of [y ]
is [ ] by partc. [

Definition 5.2.9. The fundamental group of a space X relative to a basepoint x, € X is the group
a1 (X, xg) together with the operation induced by composition of paths.

One might ask how the fundamental group depends upon the choice of basepoint. For this,
we need a notion of equivalence among groups. Such an equivalence should be a bijection that
respects the operation on its domain and codomain. A function between groups that respects these
operations is called a homomorphism.

Definition 5.2.10. A function f: G —» G’ of groups is a homomorphism from the group G to the
group G” if f(a - b) = f(a) -f(b) forall a,b € G.

Note that in the latter definition, the operation on the left is the operation on G and the operation
on the ring is the operation on G’.

Examples 5.2.11.
a. For any group G, the constant map taking value the identity of a group is a homomorphism

called a trivial homomorphism.

b. Forn € Z,the mapn: Z — 7 given by multiplication by » is a homomorphism. It is trivial
ifn=0.

Definition 5.2.12. A homomorphism from G to G’ is an isomorphism if it is a bijection.
Lemma 5.2.13. If f: G - G’ is an isomorphism of groups, then so is the inverse function
f 116 -G

Proof. Since f is a bijection, its inverse f~! is as well. We must show that f~! is a homomor-
phism. Let a’,b” € G’, and note that there exist unique a,b € G with f(a) = a’ and f(b) = b’.
We then have

U ) =fYf@ f(b) =ff(a b)) =a-b.
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Example 5.2.14. The function exp: R - R, given by exp(x) = e is an isomorphism from
the real numbers with the operation of addition to the positive real numbers with the operation of
multiplication. That is, it is clearly bijective, and we have e4*? = e%e? for a,b € R. Its inverse is
the logarithm function log: R,y —» R.

Definition 5.2.15. We say that two groups G and G’ are isomorphic if there exists an isomorphism
f+ G - G’, in which case we write G = G'.

There is no such thing as the set of all groups, as it is too large. However, the following still
makes sense.

Proposition 5.2.16. The relation = is an equivalence relation on any set of groups.

Proof. Let G, H and K be groups. Then G = G via the identity map. If G = H, then H = G
by Lemma 5.2.13. If G = H and H = K, then we have isomorphisms f: G - H and f': H - K.
Then f” o f is still a bijection, and f (f (a - b)) = f'(f(a) - f (b)) = f'(f(a)) - f' (f(b)) for a,b € G,
sof’ o f is a homomorphism as well, and therefore G = K. O

So, we can now answer our question regarding fundamental groups relative to different base-
points.

Proposition 5.2.17. The fundamental groups (X, xq) and m(X,x;) of a space X relative to
basepoints x and x| are isomorphic if there exists a path A in X from xq to x,. Explicitly, the
isomorphism y ; : 7, (X,xq) = m1(X,xy) determined by A is

wo([yD) =141 [y]1-[2].

Proof. Let 1: [0,1] —» X be a path with 2(0) = x5 and A(1) = x;. Define a map
M(X,x)) - OD(X,x;), yr (Axy)«2

fory € II(X,xg). If y ~ ¢/, then (A xy) x A ~ (1 +7y’) * A, so this map induces the function y ;.
This is a bijection since it has an inverse induced by p = (A * u) = A. It is then an isomorphism,
since

1y 1Al =w, Ly Dy . ([7'D.

X
X
>
Il

=
N
>
"t

wao(lyy'D) =[Alyy 1Al =1

]

Terminology 5.2.18. We call y ; as in Lemma 5.2.17 conjugation by the path A.
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Remark 5.2.19. When X is path connected, we often refer to the fundamental group of X to mean

the fundamental group relative to some basepoint, since all choices are isomorphic.

Remark 5.2.20. The isomorphism we constructed in the proof of Proposition 5.2.17 depends on the
choice of a path from one basepoint to another. It is not in general unique, nor is it even necessarily
the identity if the two points are the same.

Definition 5.2.21. A space X is simply connected if it is path connected and 77 (X, x) is the trivial
group for some (equivalently, all) x, € X.

Lemma 5.2.22. If X is a simply connected space and a,b € X, then any two paths in X from a to
b are path homotopic.

Proof. Let y,7v' € MI(X,a,b). Then y~! «+ y’ € TI(X,a). Since X is simply connected,

y Iy ~e, 50y +(y 1 +y’) ~e,y, from which it follows that y’ ~ y. O

Continuous maps between topological spaces give rise to maps between homotopy groups.

Lemma 5.2.23. Let f: X — Y be continuous, and let x € X.

a. The path homotopy class of f o y in II(Y, f(xqg)) depends only on the path homotopy class
of v € II(X, xq).

b If 1 € (X, Xo), thenf o (y « ) = (fo y) * (f o ).

Proof. If y ~ y’ for some ¥’ € II(X,xq), and F: [0,1]> - X is a path homotopy from y
to ¥’, then f o F is a homotopy from f o ¥ to f o y’. Part b is immediate from the definition of
composition of paths. [

By Lemma 5.2.23, the following definition makes sense.
Definition 5.2.24. For a continuous function f: X — Y and x; € X, the map

Sfor (X, x9) = (Y, f(x0))

given by £, ([y]) = [f o y] is the homomorphism induced by f on fundamental groups based at x
and f (xq).

The following property is immediate from the definitions.

Lemma 5.2.25. Iff: X - Y and g: Y — Z are continuous functions of topological spaces, then
(gof). = 8« ofs forany xy € X. Moreover, (idy), is the identity homomorphism on i1 (X, xq) for
any xg € X.
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In particular, if f is a homeomorphism, then f, is an isomorphism.

Corollary 5.2.26. Letf: X — Y be a homeomorphism of topological spaces. Then for any x, € X,
the homomorphism f,: m(X,xq) = 7(Y,f(xg)) is an isomorphism with inverse (f -1y

Proof. Since f~! o f = idy, we have (f1), o f, = id,; (x ., by Lemma 5.2.25, and similarly
for the other composition. ]

Definition 5.2.27. A retraction of X onto a subspace A is continuous function r: X — A such that
r(a) = aforalla € A.

Examples 5.2.28.

a. Let X be a topological space, and for x, € X. Then the unique map r: X — {x,} is a
retraction of X onto xj.

b. Consider the closed disk D = B(0, 1) in R2. Then the map r: R? — D given by the identity

on D and
X
r(x,y) = ( , Y )
\/x2 +y? \/x2 +y?

for (x,y) ¢ D is aretraction.

Lemma 5.2.29. Ifr: X — A is a retraction of a space X onto a subspace A, then for any ay € A,
the map r,: m,(X,ag) = m1(A,ag) is surjective, and for the inclusion map 1: A — X, the map

L mi(Asag) = (X, ag) is injective withr, o 1, = id; (4 4,)-

Proof. Let y be a loop in A based at ay. Then ¥ is also aloop in X based at ag, and ro y = 7,
so r, is surjective. Since r o 1 = id4, we have the last equality of the statement, which forces 1,, to
be injective. O]

5.3 Covering spaces

Definition 5.3.1. Let f: C — X be a continuous map of topological spaces, and let U be an open
set in X contained in f(C). We say that U is evenly covered by f if f~1(U) is a disjoint union of
open subspaces of C, each of which is mapped homeomorphically onto U by f.

Remark 5.3.2. If U is an open subset of X evenly covered by f: C — X and x € U, then

) = ]_[ VC,

cef-1

where V. is an open neighborhood of ¢ in C such that ]y, : V. > U is a homeomorphism.
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Definition 5.3.3. We say that a continuous surjective function p: C — X between topological
spaces is a covering map if for each x € X, there exists an open neighborhood U of x € X such that
U is evenly covered by p. The space C, together with its covering map, is then said to be a covering
space of X.

Example 5.3.4. View S! as the unit circle in C. The function p: R — S! given by p(x) = €27
is a covering map. Inside any open neighborhood of 1 € S!, we have an open set U = p(—¢, ¢) for
a sufficiently small ¢ < % The set p~! (U) is the disjoint union of the open sets (n — €,n + €) for
n € Z. This U is a disjoint union of open neighborhoods of the points n forming the inverse image

p (D).

Example 5.3.5. The function f: S' — S! defined by f(z) = z" is a covering map. Since the
polynomial x* — a for a € S! has exactly n roots in C, all of which have complex absolute value 1,
every point has n points in its inverse image. (If a = ¢27? for some # € R, then these roots have
the form e271(0+))/7 where 0 < j < n — 1.) The inverse image of any proper open arc centered at
a is the disjoint union of open arcs centered at these points of f~!(a), where the latter arcs are of
arc length % times that of the original arc.

The following is easily verified.

Lemma 5.3.6. Covering maps are surjective local homeomorphisms. In particular, they are open
maps.

Remark 5.3.7. The converse to Lemma 5.3.6 not hold. For instance, consider the restriction f of
the map p: R — S! of Example 5.3.4 to R.. It is a surjective local homeomorphism. Let U =
p(—¢€, €) be an arbitrarily small neighborhood of 1 as in said example. Then p‘1 (U)Nn (—€,¢) =
(0, €), and it does not map homeomorphically onto U: in fact, its image does not even contain 17'.
Thus, p is not a covering map.

Lemma 5.3.8. Let p: C — X be a covering map, and let B = p~1(Y) be the inverse image in C of
an open subspace Y of X. Then plg: B - Y is a covering map.

Proof. By definition, the restriction p|p is a continuous surjective map. Let x € Y, and let U
be an open neighborhood of x in Y (hence in X) contained in p(B). By Remark 5.3.2, the open
set p~!(U) is a disjoint union of open sets V. in C for each ¢ € p~!(x) with ply : V. > U a
homeomorphism. For b € p‘1 (x) € B,since p(V,) = U € Y, we have V,, C B. That is, p|p takes
V};, homeomorphically onto its image U. [

Lemma 5.3.9. Letp: C - X and p’: C" - X’ be covering maps. Then the product map P: C x
C' - X x X" with P(c,c’) = (p(c),p(c")) is a covering map as well.
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Proof. For (x,x’) € X x X', let U and U’ be open neighborhoods of x and x” in X and X’
respectively such that p~1(U) and (p’)~'(U’) are disjoint unions of open neighborhoods of the
points in the inverse images of x and x’, respectively, such that the images of these open neighbor-
hoods map homeomorphically under p and p’ to U and U’, again respectively. Then P~ (U x U’)
is a disjoint union of all products of these sets, one for each point in P~!(x,x’), and again, they
each map homeomorphically to U x U’ under P by construction. ]

Example 5.3.10. Consider the product map R? — (S!)2 of of the map p of Example 5.3.4 with
itself. By Lemma 5.3.9, it is a covering map. That is, the plane is a covering space of the torus.

We next discuss the notion of lifting of paths to covering spaces.

Definition 5.3.11. Let f: X — Y be a continuous function, and let p: C — Y be a surjective
continuous function. A (continuous) lifting of f to C is a continuous function f: X — C such that
pof =f. We say that f lifts f if f is a lifting of .

Proposition 5.3.12. Let p: C — X be a covering map, let ¢y € C, and set xo = p(cg). If
y: [0,1] - X is a path in X with initial point x, then there exists a unique lifting y: [0,1] - C
of v to a path in C with initial point c.

Proof. Since p is a covering map, there exists an open cover 26 of X by sets that are evenly
covered by p. Then 7" = {y‘l (U) | U € %} is an open cover of [0, 1]. By Lemma 3.3.8, there
exists N > 1 such that the intervals A; = [% : ’;{,1
element of 7, which has the form ;/‘1 (U;) for some U; € %.

We define ¥ with 7(0) = ¢o on each A; recursively. Suppose we have defined ¥ on [0, N]
forsome i > 0. Let¢; = ¥( N). Since p evenly covers U;, we have an open neighborhood V;
of ¢; which maps homeomorphically to U; under p. Let f; = (ply, R Ul — V; be the inverse

homeomorphism, and define ¥ (s) = f; o y (s) for s € A;. The map ¥ on [0, *

] with 0 < i < N — 1 are each contained in some

, N ] is then continuous
by Lemma 2.1.12. Note that this is the only continuous extension of ¥ (s) from [0, + ~ 110 [0, = il ==1.
That is, f(]i\',) € V; and f~1(U,) is the disjoint union of V; and its complement in the inverse
image, so in that 7|, must have connected image, its entire image must lie in V;. But then the map
ply,: Vi > U, is bijective, s0 f; o 7|4, is the only continuous lift of |4, to C in V;. Thus, we have

defined our unique path y: [0,1] — C lifting y with ¥ (0) = ¢. []

Similarly, we have the following, which we leave unproven. The proof is similar to that Propo-
sition 5.3.12, replacing the even subdivision of [0, 1] into intervals with the subdivision of [0, 1]2
into N2 squares with vertices ( ) with 0 < i,j < N, for some N.

Lemma 5.3.13. Let p: C — X be a covering map with p(cy) = xq for some ¢y € C and x, €
X. If F: [0,1]1> - X is a continuous map with F(0,0) = c, then there exists a unique lifting
F:[0,1]%2 - C with F(0,0) = Co-
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We use this to prove the following.

Proposition 5.3.14. Let p: C — X be a covering, let y,y": [0,1] = X be path homotopic paths.
Set xy = y(0) = y’(0), and let ¢y € p~'(xy). Let ¥ and %' be the unique lifts of y and y’,
respectively, to paths in C with initial point cy. Then y and ;7/ satisfy y (1) = }7/(1) and are path
homotopic.

Proof. Let F be a path homotopy between y and y’, and use Lemma 5.3.13 to uniquely lift
itto F: [0,1]%> = C with F(0,0) = c¢,. We repeatedly use the uniqueness of Proposition 5.3.12.
Then F (s, 0) is a path lifting y with initial point c(, so must be 7. Similarly, F'(0, ¢) is a path lifting
the constant path e, = with initial point ¢, so must be the constant path e, . Then F(0,1) = ¢y, and
F (s, 1) is a path lifting » with initial point ¢, so must be ;7’. Finally, F'(1,¢) is a path lifting the
constant path e,, ;) with F(1,1) = #(1), so must also be constant. Thus, 7 and 7’ have the same
final point, and F is a path homotopy from # to 7. []

We are now ready to prove a theorem connecting covering spaces and the fundamental group.

Theorem 5.3.15. Let p: C — X be a covering, let xo € X and ¢y € C with p(cg) = xo. The
Junction ¢ : (X, x9) = p~Y(xg) taking [y ] for vy € TI(X,xy) to the endpoint of the unique lift
of v to C with initial point c is well-defined. If C is path connected, then ¢ . is surjective, and if
C is simply connected, then ¢ is bijective.

Proof. That ¢, is well-defined is an immediate consequence of Proposition 5.3.14. If C is
path connected and ¢; € p~!(xy), then choose a path 1 € TI(C,cq,c;). Then 2 is a lift of
y =peo Al ell(X,xg), and be,([r]D =cy.

Suppose that C is simply connected, and let y, p € TI(X, xg) with ¢, ([7]) = ¢, ([u]). Let
¢y denote the latter point. Let ¥ and i be the unique lifts to C of ¥ and p, respectively, with initial
point c¢y. Then have final point ¢; by assumption. Since C is simply connected, there then exists
a homotopy F from ¥ to ji, and then p o F is a homotopy from y to u. In other words, we have
[7]1=1[ul so ¢, is injective. [

We can now compute the fundamental group of S! relative to any basepoint.

Theorem 5.3.16. The fundamental group of S' is isomorphic to the integers Z. with the operation
of addition.

Proof. The map p: R — S! given by p(x) = €27 is a covering. Since R is simply connected
and the inverse image of 1 is Z c R, Theorem 5.3.15 tells us that the map ¢¢: 7, (S',1) - Z is
a bijection.

We need only show that ¢, is a homomorphism. So, let y, u € I1(S', 1), and setn = ¢¢([7])
and m = ¢q([p]). Let ¥ be a lift of y with initial point O; its final point is then n. Let i be the
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unique lift of y with initial point 0, and note that the function ji’ = n + j is a lift of y with initial
point n and final point n + ji(1) = n 4+ m. Then ¥ = p lifts y ~ p and has final point n + m, so

o[y 1lp]) =n+m=¢o(ly]) + ¢o([1]). O

This has some fascinating applications. We give a few.

Example 5.3.17. There is no retract from the closed unit disk (i.e., ball) D about the origin in R?
to S'. That s, D is simply connected, and S! has nontrivial fundamental group. Any retract would
induce a nonexistent surjection from the fundamental group of D based at a point of S!, which is
trivial, to the nontrivial fundamental group of S! based at that point.

Definition 5.3.18. A fixed point of a function f: § — § from a set § to itself is x € S such that
fx) =x.

The following is the Brouwer fixed point theorem for the unit disk in R2.

Theorem 5.3.19 (Brouwer fixed-point theorem). Let D be the closed unit disk in R?. Iff: D - D
is continuous, then h has a fixed point.

Proof. Suppose f: D — D has no fixed point. Define g: D — S! by letting g(x) for x € D be
the unique point of S on the ray from f (x) to x in R2. Then g is a retract from D onto S, as the
reader will verify. But this contradicts Example 5.3.17. [

5.4 Homotopies

We now consider a more general notion of homotopy than path homotopy, which is less restrictive
(and therefore somewhat simpler to define) even in the case of paths.

Definition 5.4.1. Let X and Y be topological spaces, and letf,f”: X — Y be continuous functions.
A homotopy from f to f’ is a continuous function F: X x [0,1] — Y such that F(x,0) = f(x) and
F(x,1) = f'(x) forall x € X.

Definition 5.4.2. We say that two continuous functions f,f": X — Y are homotopic if there exists
a homotopy from f to f”.

Lemma 5.4.3. The property of being homotopic is an equivalence relation on the set C(X,Y) of
continuous functions from a topological space X to a topological space Y.
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Proof. Let ~ denote the relation on C(X, Y) given by f ~ f if there exists a homotopy from f
to f’. Given f € C(X,Y), the function F: X x [0,1] — Y given by F(x,t) = f(x) is a homotopy
from f to itself, so f ~ f. If F: X x [0,1] — Y is a homotopy from f to f/, then F': X x [0,1] = Y
defined by F(x,t) = F(x, 1 —¢) is a homotopy from f” to f, so ~ is symmetric. If f ~ f" andf’ ~ f”
and F is a homotopy from f to f” and G is a homotopy from f’ to f”, then H: X x [0, 1] - Y defined
by

F(x,2t) if t € [0,

1
H(x,t) = lﬂ
Gx,2t-1) ifre[5,1]

is a homotopy from f to f”. O

Examples 5.4.4.

a. Any two continuous functions f,f": X - R are homotopic. That is, F: X x [0,1] -» R”
given by F(x, 1) = tf (x) + (1 — 1)f" (x) provides a homotopy.

b. Let X = {x} and Y be a discrete space. Then no two distinct functions f,f”: X — Y are
homotopic. That is, any continuous function F: X x [0,1] — Y has connected image, and is
therefore constant.

c. Let y and ' be the paths in C givenby 7 (s) = e and ¥’ (s) = e~7**, as in Example 5.1.2.
Since 7’ o ¥ is a simple loop in the complex unit circle S', we see from Theorem 5.3.16 that  and
¥’ are not path homotopic. On the other hand, they are homotopic via F: S! x [0,1] — S! given
by F (279 t) = y(6)'~2*. Thus, homotopic paths need not be path homotopic.

Lemma 5.4.5. Let X and Y be topological spaces, and let xo € X. Let F: X x [0,1] - Y be a
homotopy from a continuous f: X — Y to a continuous function f’: X — Y such that F (xy,1) is a
constant function of t € [0, 1]. Set yo = F(xg,t). Then the homomorphisms

f*af*: ‘771 X .Xo) - 771(Y )’0)
are equal.

Proof. Let y € TI(X, xg). We claim that
H=Fo(y,idjy): [0,11> > Y

is a path homotopy from f o y to f” o y. That is, H(s,0) = F(y(s),0) = f(y(s)) and H(s,1) =
F(y(s),1) =f"(y(s)), while H(0,7) = F(xg,t) = yo and H(1,1) = F(xo,) = yo. We then have

Ly =lferl=1f" vl =£UrD
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In fact, we may improve Lemma 5.4.5 as follows.

Proposition 5.4.6. Let X and Y be topological spaces, and let xy € X. Let F: X x[0,1] - Y be a
homotopy from a continuous f: X — Y to a continuous function f’: X - Y. Then A: [0,1] - Y
defined by A(t) = F (xq,1) fort € [0, 1] is a path from yo = f (xo) to y{, = f’ (xo) in Y, and we have

fi= W ofi: mi(X,x9) = 771(X,}’6),
where y ; is conjugation by A as in Lemma 5.2.17.

Proof. Let y € T1(X, xy). We wish to show that [f" o y] = [2]1[f o y ][ 1], or equivalently, that
there is a homotopy

Ax(floy)~(foy)+A
of paths from y, to y;,. Note that f(y (s)) = F(y(s),0) and f'(y (s)) = F(y(s),1) are loops in ¥
based at y, and y;, respectively. We define G: [0, 112 = Y by

A(2s) if s € [0, 511,
G(s,t) = {F(y(2s-1+1),1-1) ifse [ 1-4],
A(2s = 1) ifse[l1-31]

Then G is continuous as the values

A(l=1)=F(y(0),1 -1 and F(y(1),1-1¢)=A(1-1)

of G(s,t) agree at s = % ands =1 - é respectively. Ats € {0, 1}, we have

G(0,1) = 2(0) =y, and G(l,1) = A(1) = y,.

And at t € {0, 1}, we have G(s5,0) = A(2s) and G(s,1) = F(y(2s),0) = f(y(2s)) if s € [0,%],
and G(5,0) = F(y(2s—1),1) =f (y(2s = 1)) and G(s,1) = 2(2s — 1) if s € [%,1]. Thus, G is

the desired path homotopy. O]

Corollary 5.4.7. If f and f" are homotopic continuous maps X — Y, then for any basepoint in X,
the map f, is injective (resp., surjective) if and only if f, is.

Definition 5.4.8. A continuous map f: X — Y of topological spaces is nullhomotopic if f is ho-
motopic to a constant map from X to Y.

Corollary 54.9. Iff: X - Y is nullhomotopic, then the homomorphism f, is trivial.

Proof. Suppose that f is homotopic to the constant function ¢, with value y € Y. Fixxy € X, set
Yo =f(xp), and considerf, : 7 (X,x9) = 71(Y,y0). By Proposition 5.4.6, we havef, = y ;o (c,).

where 4 is a path in y from y), and note that y ; o (cy)s = (c , which is trivial. ]

%
Yo )
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We also have the following rather profound consequence.

Theorem 5.4.10 (Fundamental theorem of algebra). Every nonconstant polynomial with complex
coefficients has a root in C.

Proof. Suppose that p is a polynomial of degree n with leading coefficient 1 (by scaling, without
loss of generality). Then p(z) — z" is a polynomial of degree less than n, which means that there
exists r > 0 such that " > |p(z) — "| for all z € C with |z| > r: i.e., we can choose any r greater
than the sum of the absolute values of the coeflicients of p(z).

We claim that the map f: S! - S! given by

p(rz)

1@ = per

which is well-defined as p has no roots, is homotopic to g: S! — S! given by g(z) = z”*. Consider
H:S'x[0,1] = S! given by

_ A -0(p@rz) - (r2)") + (r)"

H&D = 1020 () = oM + o))

It satisfies H(z,0) = f(z) and H(z,1) = g(z) forall z € S!. Also, forz € S! and ¢ € [0, 1], we
have
(1 =1)(p(rz) = (rz2)")| < Ip(rz) — (r)"l < r'" = |(rz2)"|,

and therefore the denominator in H is always nonzero. That is, the function H is a well-defined
homotopy from f to g.

If p has no roots in C, then f extends to amap f: C — S' on the simply connected space C
by the same formula, so if 2: S! - C is the inclusion, then f, =f* 01,: JTl(Sl, 1) - rrl(Sl, 1)
factors through the trivial group 7 (C, 1), so is trivial. On the other hand, g, induces multiplication
by non 7 (S',1) = Z. By Corollary 5.4.7, this forces n = 0. That is, p is constant. ]

Definition 5.4.11. A deformation retraction from a topological space X to a subspace A is a homo-
topy R: X x [0, 1] - X from the identity map on X to a retraction from X to A such that R(a,t) = a
foralla € Aandt € [0,1]. If a deformation retraction from X to A exists, we say that A is a
deformation retract of X.

Example 5.4.12. The unit circle S' in C is a deformation retract of C — {0} via the function
R: (C -{0}) x[0,1] » C — {0} given by

R(ret?,t) = (1 —t)r + t)e'?

forr >0and 6 € [0,2s7).
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Proposition 5.4.13. Let A be a deformation retract of X, and let ag € A. Then the inclusion map
1: A — X gives rise to an isomorphism

1, T (A ag) = m1(X,a9).

Proof. LetR: Xx[0,1] - X be adeformation retraction from X to A. It satisfies the conditions
of Lemma 5.4.5 for the basepoint a, € A, and therefore r: X — A defined by r(x) = R(x,1) is a
retraction satisfying

tor, = (1er), = (dy), =id; (x4, -

Since r o 1 = id4, we also have
reot, = (rot), =(dy), =id; (a4, -
Thus, 1, is an isomorphism with inverse r.,,. [

As a special case, we have the notion of a contractible space.

Definition 5.4.14. A space X is contractible, or contractible to a point x € X if the subspace {x}
is a deformation retract of X.

Remark 5.4.15. If X is contractible to a point in X, then it is contractible to every point in X.

The following is immediate from Proposition 5.4.13.

Corollary 5.4.16. If X is contractible, then its fundamental group is trivial.

In Corollary 5.2.26, we may obtain an isomorphism on fundamental groups under a weaker
condition on our continuous map. For this, we make the following definition.

Definition 5.4.17. A continuous map f: X — Y of topological spaces is a homotopy equivalence
if there exists a continuous function g: ¥ — X such that g o f is homotopic to idy and f o g is
homotopic to idy. We say that g is a homotopy inverse to f .

Examples 5.4.18.

a. If f: X — Y is ahomeomorphism, then it is a homotopy equivalence with homotopy inverse
its inverse f 1.
b. If A is deformation retract of X, then the inclusion map 1: A — X is a homotopy equivalence

with homotopy inverse a retraction r: X — A.

c. The inclusion map of the open unit disk B about the origin in R? into R? is a homotopy
equivalence. Note that any continuous map from R ? to itself that fixes B also fixes B, so there does
not exist a retraction from R? to B.
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Proposition 5.4.19. Let f: X — Y be a homotopy equivalence, let x, € X and yy = f (xg). Then

foi m1(X,x0) = 71 (Y, ¥0)
is an isomorphism for any xy € X.

Proof. Let g: Y — X be a homotopy inverse to f. For a homotopy F from idy to g o f, set
x; = g(f(xg)). Let A(t) = F(xy,t) fort € [0,1], which is a path from x; to x; in X. By
Propsition 5.4.6, we have

gxofe =Wy, 0idy (xx) =V

buty , : 7 (X,x9) = (X, x) is an isomorphism with inverse y 5, s0 g, o f, is an isomorphism.
Switching the roles of f and g, we see that f, o g, is also an isomorphism, so f, and g, are mutually
inverse. O]
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