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   𝐾 


   𝑓  ∈  𝐾  [  𝑥  ] 


   𝑀 


   𝑓 


     ∏    𝑖  =  1   𝑚     𝑓  𝑖    𝑒  𝑖   


   𝑀  [  𝑥  ] 


     𝑓  𝑖  


     𝑒  𝑖  
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   𝐾  [  𝑥  ]  /  (  𝑓  )    ⊗  𝐾   𝑀    ⟶  ∼   𝑀  [  𝑥  ]  /  (  𝑓  )    ⟶  ∼     ∏    𝑖  =  1   𝑚   𝑀  [  𝑥  ]  /  (    𝑓  𝑖    𝑒  𝑖    )  , 


   𝜅 


   𝐿  /  𝐾 
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   𝐿 
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   𝛽  ∈  𝐿 
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   𝜃 


   𝐿    ⊗  𝐾   𝑀    ⟶  ∼     ∏    𝜎        ∶    𝐿  ↪  𝑀        𝑀  [  𝑥  ]     (  𝑥  −  𝜎  (  𝜃  )  )      ⟶  ∼     ∏    𝜎        ∶    𝐿  ↪  𝑀    𝑀  , 


   𝑥 
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   𝜎 


   𝑔  (  𝜃  ) 
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   𝜅  (  𝛽  ⊗  1  ) 
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   𝛼  ∈  𝐿 


   𝛼  ⊗  1 
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   Ω 
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   1 
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     𝛾  1   ,  …  ,    𝛾  𝑠   ∈  𝑀 
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   𝛼 


   𝛽 


   𝐾  (  𝛼  ,  𝛽  )  =  𝐾  [  𝛼  ,  𝛽  ] 


   [  𝐿  𝑀  ∶  𝐾  ]  =  [  𝐿  ∶  𝐾  ]  [  𝑀  ∶  𝐾  ] 


   [  𝐿  ∶  𝐾  ]  [  𝑀  ∶  𝐾  ] 


   𝐾  [  𝑥  ] 


   𝜃  ∈  𝐿 
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     𝜎  ˜  


     ∏    𝜎  ∈  𝔖    𝜎      (    ∏    𝜏  ∈  𝔗    𝜏  𝛼  )   =    ∏    𝜎  ∈  𝔖      ∏    𝜏  ∈  𝔗    (    𝜎  ˜   ∘  𝜏  )  𝛼  . 


   𝑋  =  {    𝜎  ˜   ∘  𝜏  ∣  𝜎  ∈  𝔖  ,  𝜏  ∈  𝔗  } 


   𝜎  ,    𝜎  ′   ∈  𝔖 


   𝜏  ,    𝜏  ′   ∈  𝔗 


          (1.3.1)               𝜎  ˜   ∘  𝜏  =      𝜎  ˜   ′   ∘    𝜏  ′   .    


     𝜎  ˜   ∘  𝜏    |  𝐿   =  𝜎    |  𝐿  


   𝜎  =    𝜎  ′  


   𝜏  =    𝜏  ′  


   |  𝔖  |  |  𝔗  |  =  |  𝔘  | 


   𝑋 


   ℚ  (    𝑑   )  /  ℚ 


       𝑁    ℚ  (    𝑑   )  /  ℚ    (  𝑥  +  𝑦    𝑑   )  =  (  𝑥  +  𝑦    𝑑   )  (  𝑥  −  𝑦    𝑑   )  =    𝑥  2   −  𝑑    𝑦  2   


   𝑥  ,  𝑦  ∈  ℚ 


   𝑎  ,  𝑏  ,  𝑐  ∈  ℚ 


             𝑁    ℚ  (    2  3   )  /  ℚ    (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )     =  (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )  (  𝑎  +  𝑏  𝜔    2  3   +  𝑐    𝜔  2     4  3   )  (  𝑎  +  𝑏    𝜔  2     2  3   +  𝑐  𝜔    4  3   )            =    𝑎  3   +  2    𝑏  3   +  4    𝑐  3   −  6  𝑎  𝑏  𝑐  ,    


   𝜔 


              Tr     ℚ  (    2  3   )  /  ℚ    (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )  =  3  𝑎  .      


   𝐺 


   𝜒          ∶    𝐺  →    𝐾  ×  


   𝐺  →  𝐾 


   𝐺  →    𝐾  ×  


   𝑚  ≥  2 


   𝑚 


     𝜒  𝑖   ∈  𝑋 


   1  ≤  𝑖  ≤  𝑚 


     𝑎  1   ≠  0 


     ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   =  0  . 


   ℎ  ∈  𝐺 


     𝜒  1   (  ℎ  )  ≠    𝜒  𝑚   (  ℎ  ) 


     𝑏  𝑖   =    𝑎  𝑖   (    𝜒  𝑖   (  ℎ  )  −    𝜒  𝑚   (  ℎ  )  ) 


   1  ≤  𝑖  ≤  𝑚  −  1 


   𝑔  ∈  𝐺 


     ∑    𝑖  =  1     𝑚  −  1      𝑏  𝑖     𝜒  𝑖   (  𝑔  )  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖   (    𝜒  𝑖   (  ℎ  )  −    𝜒  𝑚   (  ℎ  )  )    𝜒  𝑖   (  𝑔  )  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   (  ℎ  𝑔  )  −    𝜒  𝑚   (  ℎ  )    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   (  𝑔  )  =  0  . 


     𝑏  1   ≠  0 


     ∑    𝑖  =  1     𝑚  −  1      𝑏  𝑖     𝜒  𝑖  


   𝑚  −  1 


    ker         𝑁    𝐿  /  𝐾    =    {      𝜎  (  𝛽  )   𝛽   ∣  𝛽  ∈    𝐿  ×   }   . 


   𝑛  =  [  𝐿  ∶  𝐾  ] 


     𝑁    𝐿  /  𝐾        (      𝜎  (  𝛽  )   𝛽   )   =    ∏    𝑖  =  0     𝑛  −  1          𝜎    𝑖  +  1    (  𝛽  )       𝜎  𝑖   (  𝛽  )    =        𝑁    𝐿  /  𝐾    (  𝛽  )       𝑁    𝐿  /  𝐾    (  𝛽  )    =  1  . 


   𝛼  ∈   ker         𝑁    𝐿  /  𝐾   


     𝑥  𝛾   =  𝛾  +  𝛼  𝜎  (  𝛾  )  +  𝛼  𝜎  (  𝛼  )    𝜎  2   (  𝛾  )  +  ⋯  +  𝛼  𝜎  (  𝛼  )  ⋯    𝜎    𝑛  −  2    (  𝛼  )    𝜎    𝑛  −  1    (  𝛾  ) 


   𝛾  ∈  𝐿 


    Gal   (  𝐿  /  𝐾  ) 


   𝛾  ∈    𝐿  ×  


     𝑥  𝛾   ≠  0 


   𝛼  𝜎  (    𝑥  𝛾   )  =  𝛼  𝜎  (  𝛾  )  +  𝛼  𝜎  (  𝛼  )    𝜎  2   (  𝛾  )  +  ⋯  +  𝛼  𝜎  (  𝛼  )  ⋯    𝜎    𝑛  −  2    (  𝛼  )    𝜎    𝑛  −  1    (  𝛾  )  +    𝑁    𝐿  /  𝐾    (  𝛼  )  𝛾  =    𝑥  𝛾   , 


     𝛼    −  1    =  𝜎  (    𝑥  𝛾   )    𝑥  𝛾    −  1   


    ker          Tr     𝐿  /  𝐾    =    {  𝜎  (  𝛽  )  −  𝛽  ∣  𝛽  ∈  𝐿  }   . 


     𝑁    𝐿  /  𝐾    (  𝛽  ) 


      Tr     𝐿  /  𝐾    (  𝛽  ) 


     𝐿  ¯  


   𝑉 


   𝜓          ∶    𝑉  ×  𝑉  →  𝐾 


   𝜓  (  𝑣  +    𝑣  ′   ,  𝑤  )  =  𝜓  (  𝑣  ,  𝑤  )  +  𝜓  (    𝑣  ′   ,  𝑤  )     and     𝜓  (  𝑣  ,  𝑤  +    𝑤  ′   )  =  𝜓  (  𝑣  ,  𝑤  )  +  𝜓  (  𝑣  ,    𝑤  ′   ) 


   𝜓  (  𝑎  𝑣  ,  𝑤  )  =  𝑎  𝜓  (  𝑣  ,  𝑤  )  =  𝜓  (  𝑣  ,  𝑎  𝑤  ) 


   𝑎  ∈  𝐾 


   𝑣  ,    𝑣  ′   ,  𝑤  ,    𝑤  ′   ∈  𝑉 


   𝜓 


   𝜓  (  𝑣  ,  𝑤  )  =  𝜓  (  𝑤  ,  𝑣  ) 


   𝑣  ,  𝑤  ∈  𝑉 


   𝑄  ∈    𝑀  𝑛   (  𝐾  ) 


     𝐾  𝑛  


   𝜓  (  𝑣  ,  𝑤  )  =    𝑣  𝑇   𝑄  𝑤 


   𝑣  ,  𝑤  ∈    𝐾  𝑛  


   𝜓          ∶    𝐿  ×  𝐿  →  𝐾 


   𝜓  (  𝛼  ,  𝛽  )  =     Tr     𝐿  /  𝐾    (  𝛼  𝛽  ) 


   𝛼  ,  𝛽  ∈  𝐿 


   (    𝑣  1   ,  …  ,    𝑣  𝑛   ) 


   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗   


   𝑛  ≥  1 


     𝑣  1   ,  …  ,    𝑣  𝑛   ∈  𝑉 


   𝑇          ∶    𝑉  →  𝑉 


    det   (  𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  (   det     𝑇    )  2   ⋅   det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    . 


     𝑣  𝑖  


   𝐴  =  (    𝑎    𝑖  𝑗    ) 


   𝑖 


   𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )  =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  𝑙    𝜓  (    𝑣  𝑘   ,    𝑣  𝑙   )  . 


   (  𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )  )  =  𝐴  (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )  )    𝐴  𝑇   , 


    det     𝑇  =   det     𝐴  =   det       𝐴  𝑇  


   (    𝑒  1   ,  …  ,    𝑒  𝑛   ) 


   𝑈          ∶    𝑉  →  𝑉 


   𝑈  (    𝑒  𝑖   )  =    𝑣  𝑖  


    det     𝑈  =  0 


    det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  (   det     𝑈    )  2    det   (  𝜓  (    𝑒  𝑖   ,    𝑒  𝑗   )    )    𝑖  ,  𝑗    =  0  . 


   𝑇    𝑣  1   ,  …  ,  𝑇    𝑣  𝑛  


   ±  1 


    det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  0 


   (  𝛼  ,  𝛽  )  ↦     Tr     𝐿  /  𝐾    (  𝛼  𝛽  ) 


     𝛽  1   ,  …  ,    𝛽  𝑛   ∈  𝐿 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (     Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )    )    𝑖  ,  𝑗    . 


   (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =  (   det     (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗      )  2   , 


   {    𝜎  1   ,  …  ,    𝜎  𝑛   } 


      Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )  =    ∑    𝑘  =  1   𝑛     𝜎  𝑘   (    𝛽  𝑖   )    𝜎  𝑘   (    𝛽  𝑗   )  , 


   (     Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )  ) 


     𝑄  𝑇   𝑄 


   𝑄  ∈    𝑀  𝑛   (  𝐿  ) 


     𝑄    𝑖  𝑗    =    𝜎  𝑖   (    𝛽  𝑗   ) 


     𝛼  1   ,  …  ,    𝛼  𝑛   ∈  𝐾 


   𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  =    (              1       𝛼  1      ⋯       𝛼  1    𝑛  −  1          1       𝛼  2      ⋯       𝛼  2    𝑛  −  1          ⋮     ⋮       ⋮        1       𝛼  𝑛      ⋯       𝛼  𝑛    𝑛  −  1            )  


     𝛼  1   ,  …  ,    𝛼  𝑛  


   𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


    det     𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  =    ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖   )  . 


   𝑛  =  1 


    det     𝑄  (  𝛼  )  =  1 


   𝛼  ∈  𝐾 


   𝑄  =  𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝛼  1  


   (  𝑖  +  1  ) 


   1  ≤  𝑖  ≤  𝑛  −  1 


            det     𝑄     =    |              1     0     ⋯     0        1       𝛼  2   −    𝛼  1      ⋯       𝛼  2    𝑛  −  2    (    𝛼  2   −    𝛼  1   )        ⋮     ⋮       ⋮        1       𝛼  𝑛   −    𝛼  1      ⋯       𝛼  𝑛    𝑛  −  2    (    𝛼  𝑛   −    𝛼  1   )          |   =    |                𝛼  2   −    𝛼  1      ⋯       𝛼  2    𝑛  −  2    (    𝛼  2   −    𝛼  1   )        ⋮       ⋮          𝛼  𝑛   −    𝛼  1      ⋯       𝛼  𝑛    𝑛  −  2    (    𝛼  𝑛   −    𝛼  1   )          |             =    ∏    𝑖  =  2   𝑛   (    𝛼  𝑖   −    𝛼  1   )  ⋅   det     𝑄  (    𝛼  2   ,  …  ,    𝛼  𝑛   )  ,    


   𝑛 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  =    ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖     )  2   ≠  0  , 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    ) 


   {  1  ,    𝑑   } 


   ±    𝑑  


   D  (  1  ,    𝑑   )  =  4  𝑑 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  =  (  −  1    )      𝑛  (  𝑛  −  1  )   2      𝑁    𝐿  /  𝐾    (    𝑓  ′   (  𝛼  )  )  , 


     𝑓  ′   ∈  𝐾  [  𝑥  ] 


     𝑓  ′   (  𝑥  )  =    ∑    𝑖  =  1   𝑛     ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (  𝑥  −    𝛼  𝑗   )  , 


     𝑓  ′   (    𝛼  𝑖   )  =    ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (    𝛼  𝑖   −    𝛼  𝑗   ) 


     𝑓  ′   (  𝛼  ) 


     𝑓  ′   (    𝛼  𝑖   ) 


     𝑁    𝐿  /  𝐾    (    𝑓  ′   (  𝛼  )  )  =    ∏    𝑖  =  1   𝑛     ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (    𝛼  𝑖   −    𝛼  𝑗   )  =  (  −  1    )    𝑛  (  𝑛  −  1  )  /  2      ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖     )  2   . 


   (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    ) 


   𝑇          ∶    𝐿  →  𝐿 


   𝑇  (    𝛼    𝑖  −  1    )  =    𝛽  𝑖  


   D  (    𝛽  1   ,    𝛽  2   ,  …  ,    𝛽  𝑛   )  =  (   det     𝑇    )  2   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  . 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  ≠  0 


     𝐾  ×   /    𝐾    ×  2   


   (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


      Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴 


   𝛼  ∈  𝐵 


   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  𝛽  ∈    ∑    𝑖  =  1   𝑛   𝐴    𝛼  𝑖   . 


   𝛽  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝛼  𝑖  


          (1.4.1)                Tr     𝐿  /  𝐾    (    𝛼  𝑖   𝛽  )  =    ∑    𝑗  =  1   𝑛     𝑎  𝑗        Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛼  𝑗   )  .    


   𝑄  =  (     Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛼  𝑗   )  ) 


     𝑎  𝑖  


   𝑑  =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝑄  ∗   ∈    𝑀  𝑛   (  𝐴  ) 


     𝑄  ∗   𝑄  =  𝑑    𝐼  𝑛  


   𝑑    𝑎  𝑖   ∈  𝐴 


     ∑    𝑖  =  1   𝑛   𝐴    𝛼  𝑖   ⊆  𝐵  ⊆    ∑    𝑖  =  1   𝑛   𝐴    𝑑    −  1      𝛼  𝑖   , 


   𝑑  =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


   𝑎  ∈  𝐴  −  {  0  } 


     𝛼  𝑖   =  𝑎    𝛽  𝑖   ∈  𝐵 


      Tr     𝐿  /  𝐾    (  𝐵  )  ⊆  𝐴 


      rank   𝐴   (  𝑀  )  =     dim   𝐾   (  𝐾    ⊗  𝐴   𝑀  )  . 


   [  𝐿  ∶  𝐾  ] 


     𝑀  ′  


   𝑀  ⊆  𝐵  ⊆    𝑀  ′  


   𝐾    ⊗  𝐴   𝑀  ⊆  𝐾    ⊗  𝐴   𝐵  ⊆  𝐾    ⊗  𝐴     𝑀  ′   . 


     𝐴  𝑛  


   𝐾    ⊗  𝐴   𝐵 


   𝛽  ∈    𝐿  ×  


   𝐵  →  𝐵  𝛽 


   𝐵  𝛽 


      rank   𝐴   (  𝑀  )  ≥     rank   𝐴   (  𝐵  ) 


   𝛼  𝑀  ⊆  𝐵 


      rank   𝐴   (  𝑀  )  ≤     rank   𝐴   (  𝐵  ) 


   𝑛  =  [  𝐾  ∶  ℚ  ] 


     𝛽  1   ,  …  ,    𝛽  𝑛  


   𝑇          ∶    𝐾  →  𝐾 


   𝑇  (    𝛼  𝑖   )  =    𝛽  𝑖  


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (  𝑇    )  2   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  , 


    det   (  𝑇  ) 


   {  ±  1  } 


    det   (  𝑇    )  2   =  1 


    disc   (  𝐾  ) 


   𝐾  =  ℚ  (    𝑑   ) 


    disc   (  𝐾  )  =    {            𝑑          𝑑  ≡  1         mod         4  ,        4  𝑑          𝑑  ≡  2  ,  3         mod         4  .          


     𝐿  ′  


     𝛾  1   ,  …  ,    𝛾  𝑚  


   𝑑  =  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


     𝑑  ′   =  D  (    𝛾  1   ,  …  ,    𝛾  𝑚   ) 


   𝐿    𝐿  ′  


     𝛽  𝑖     𝛾  𝑗  


     𝑑  𝑚   (    𝑑  ′     )  𝑛  


     𝐶  ′  


   (  𝑑  ,    𝑑  ′   )  𝐶  ⊆    𝐶  ′  


   [  𝐿  ∶  𝐾  ]  [    𝐿  ′   ∶  𝐾  ] 


   𝛼  ∈  𝐶 


   𝛼  =    ∑    𝑖  =  1   𝑛     ∑    𝑗  =  1   𝑚     𝑎    𝑖  𝑗      𝛽  𝑖     𝛾  𝑗  


     𝑎    𝑖  𝑗    ∈  𝐾 


     𝛿  𝑗   =    ∑    𝑖  =  1   𝑛     𝑎    𝑖  𝑗      𝛽  𝑖   ∈  𝐿 


   1  ≤  𝑗  ≤  𝑚 


   𝛼  =    ∑    𝑗  =  1   𝑚     𝛿  𝑗     𝛾  𝑗  


     𝜏  1   ,  …  ,    𝜏  𝑚  


   𝑀  =  (    𝜏  𝑖     𝛾  𝑗   )  ∈    𝑀  𝑚   (    𝐾  ‾   ) 


   𝑤  =  (    𝛿  1   ,  …  ,    𝛿  𝑚   )  ∈    𝐿  𝑚  


   𝑀  𝑤  =  𝑣 


   𝑣  =  (    𝜏  1   𝛼  ,  …  ,    𝜏  𝑚   𝛼  )  . 


     𝑀  ∗  


     𝑀  ∗   𝑣  =   det   (  𝑀  )  𝑤 


   𝑣 


    det   (  𝑀  )  𝑤  ∈    𝐾  ‾  


    det   (  𝑀    )  2   =    𝑑  ′  


     𝑑  ′   𝑤 


     𝐴  ‾   ∩  𝐿 


     𝑑  ′     𝛿  𝑗   ∈  𝐵 


   𝑗 


     𝑑  ′     𝑎    𝑖  𝑗    ∈  𝐴 


   𝑑    𝑎    𝑖  𝑗    ∈  𝐴 


   (  𝑑  ,    𝑑  ′   )  𝛼  ∈    𝐶  ′  


     𝜎  1   ,  …  ,    𝜎  𝑛  


   {    𝜎  𝑖     𝜏  𝑗   ∣  1  ≤  𝑖  ≤  𝑛  ,  1  ≤  𝑗  ≤  𝑚  } 


     𝑀    𝑛  𝑚    (    𝐾  ‾   ) 


     𝑛  2  


     𝜎  𝑖     𝛽  𝑗   𝑀 


   𝑁  =  (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗   


   (    𝑖  ′   ,    𝑗  ′   ) 


     𝜏    𝑖  ′      𝛾    𝑗  ′   


   D  (    𝛽  𝑖     𝛾  𝑗   ∣  1  ≤  𝑖  ≤  𝑛  ,  1  ≤  𝑗  ≤  𝑚  )  =   det   (  𝑄    )  2   =   det   (  𝑁    )    2  𝑚     det   (  𝑀    )    2  𝑛    =    𝑑  𝑚   (    𝑑  ′     )  𝑛   . 


   {  𝜎  (  𝛼  )  ∣  𝜎  ∈   Gal   (  𝐿  /  𝐾  )  } 


   {    𝛼  1   ,  …  ,    𝛼  𝑛   } 


   {  (    𝜎  1   (    𝛼  𝑗   )  ,  …  ,    𝜎  𝑛   (    𝛼  𝑗   )  )  ∣  1  ≤  𝑗  ≤  𝑛  } 


     𝐿  𝑛  


   𝐷  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


    det   (    𝜎  𝑖     𝛼  𝑗     )    𝑖  ,  𝑗   


   𝐾  [   Gal   (  𝐿  /  𝐾  )  ] 


   𝐾  [  𝑥  ]  /  (    𝑥  𝑛   −  1  ) 


     𝑥  𝑛   −  1 


   𝑓  =    ∑    𝑖  =  0     𝑛  −  1      𝑐  𝑖     𝑥  𝑖   ∈  𝐾  [  𝑥  ] 


     ∑    𝑖  =  0     𝑛  −  1      𝑐  𝑖     𝜎  𝑖   (  𝛼  )  =  0 


     𝜎  𝑖  


   (    𝑥  𝑛   −  1  ) 


   {  𝛼  ,  𝜎  (  𝛼  )  ,  …  ,    𝜎    𝑛  −  1    (  𝛼  )  } 


    Gal   (  𝐿  /  𝐾  )  =  {    𝜎  1   ,  …  ,    𝜎  𝑛   } 


     𝜎  1   =  1 


   D  (    𝜎  1   (  𝛽  )  ,  …  ,    𝜎  𝑛   (  𝛽  )  )  ≠  0 


   𝑝  ∈  𝐿  [    𝑥  1   ,  …  ,    𝑥  𝑛   ] 


   𝑝  (    𝑥  1   ,  …  ,    𝑥  𝑛   )  =   det   (    ∑    𝑘  =  1   𝑛     𝜎  𝑗    −  1      𝜎  𝑖   (    𝛼  𝑘   )    𝑥  𝑘     )  2   . 


   𝑝 


     𝛽  𝑗   ∈  𝐿 


     ∑    𝑗  =  1   𝑛     𝛽  𝑗   (    𝜎  1   (    𝛼  𝑗   )  ,    𝜎  2   (    𝛼  𝑗   )  ,  …  ,    𝜎  𝑛   (    𝛼  𝑗   )  )  =  (  1  ,  0  ,  …  ,  0  )  . 


   1  ≤  𝑖  ,  𝑗  ≤  𝑛 


     ∑    𝑘  =  1   𝑛     𝜎  𝑗    −  1      𝜎  𝑖   (    𝛼  𝑘   )    𝛽  𝑘   =    𝛿    𝑖  ,  𝑗    , 


   𝑝  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (    𝐼  𝑛     )  2   =  1 


   𝑝  ≠  0 


     𝑎  1   ,  …  ,    𝑎  𝑛   ∈  𝐾 


   𝑝  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ≠  0 


   𝛾  =    ∑    𝑗  =  1   𝑛     𝑎  𝑖     𝛼  𝑖  


   D  (    𝜎  1   (  𝛾  )  ,  …  ,    𝜎  𝑛   (  𝛾  )  )  =   det   (    𝜎  𝑗    −  1      𝜎  𝑖   (  𝛾  )    )  2   =  𝑝  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ≠  0  . 


   𝔞 


   𝑑  𝔞  ⊆  𝐴 


   𝑑  𝔞 


   𝔟 


     𝔞    −  1    =  {  𝑏  ∈  𝐾  ∣  𝑏  𝔞  ⊆  𝐴  } 


   {  𝑎  𝑏  ∣  𝑎  ∈  𝔞  ,  𝑏  ∈  𝔟  } 


     𝔞    −  1   


   𝔞  +  𝔟 


   𝔞  𝔟 


   𝔞  ∩  𝔟 


   𝑐  ,  𝑑  ∈  𝐴 


   𝑐  𝔞  ⊆  𝐴 


   𝑑  𝔟  ⊆  𝐴 


   𝑐  (  𝔞  ∩  𝔟  )  ⊆  𝐴 


   𝑐  𝑑  (  𝔞  +  𝔟  )  ⊆  𝐴 


   𝑐  𝑑  𝔞  𝔟  ⊆  𝐴 


   𝑑  𝔞  ⊂  𝐴 


   𝑎  ∈  𝔞 


   𝑒  ∈  𝐴 


   𝑒  ∈  𝔞 


   𝑐  ∈    𝔞    −  1   


   𝑐  𝑒  ∈  𝐴 


   𝑒    𝔞    −  1    ⊆  𝐴 


   𝔞  𝔟  =  𝐴 


   𝔞    𝔞    −  1    =  𝐴 


   𝔟  ⊆    𝔞    −  1   


   𝐴  =  𝔟  𝔞  ⊆    𝔞    −  1    𝔞  ⊆  𝐴  , 


     𝔞    −  1    𝔞  =  𝐴 


   (  𝑥  ,  𝑦  ) 


   ℚ  [  𝑥  ,  𝑦  ] 


   𝑓  ∈  ℚ  (  𝑥  ,  𝑦    )  ×  


   𝑓  𝑥  ∈  ℚ  [  𝑥  ,  𝑦  ] 


   𝑓  𝑦  ∈  ℚ  [  𝑥  ,  𝑦  ] 


   𝑦 


   (  𝑥  ,  𝑦    )    −  1    =  ℚ  [  𝑥  ,  𝑦  ] 


   (  𝑥  ,  𝑦  )  ⋅  (  𝑥  ,  𝑦    )    −  1    =  (  𝑥  ,  𝑦  )  ≠  ℚ  [  𝑥  ,  𝑦  ]  . 


   (  𝑎  ) 


   𝑑  𝔞  =  (  𝑏  ) 


   𝑏  ∈  𝐴 


     𝑏  𝑑   ∈  𝔞 


   𝑐  ∈  𝔞 


   𝑑  𝑐  =  𝑏  𝑎 


   𝑐  =  𝑎    𝑏  𝑑  


   𝔞  =  (    𝑏  𝑑   ) 


   (  𝑎    )    −  1    =  (    𝑎    −  1    ) 


   𝑥  ∈  (  𝑎    )    −  1   


   𝑥  𝑎  =  𝑏 


   𝑥  =  𝑏    𝑎    −  1    ∈  (    𝑎    −  1    ) 


   𝑥  ∈  (    𝑎    −  1    ) 


   𝑥  =    𝑎    −  1    𝑏 


   𝑧  ∈  (  𝑎  ) 


   𝑧  =  𝑦  𝑎 


   𝑦  ∈  𝐴 


   𝑥  𝑧  =    𝑎    −  1    𝑏  𝑦  𝑎  =  𝑏  𝑦  ∈  𝐴 


   (  𝑎  )  (  𝑎    )    −  1    =  (  𝑎  )  (    𝑎    −  1    )  =  (  𝑎    𝑎    −  1    )  =  𝐴  , 


   𝔟  ∩  𝐴 


   𝛽  ∈  𝔟 


   𝑔  =    𝑥  𝑛   𝑓 


   𝑓  (  𝛽  )  −  𝑓  (  0  )  ∈  𝔟 


   𝑓  (  0  )  ∈  𝔟 


   𝑓  (  0  )  ≠  0 


   𝔓 


   𝔭  =  𝔓  ∩  𝐴 


   𝐹  =  𝐴  /  𝔭 


   𝔭 


     𝑓  ¯   ∈  𝐹  [  𝑥  ] 


   𝐴  [  𝑥  ]  →  𝐹  [  𝑥  ] 


     𝛽  ¯  


   𝐵  /  𝔓 


     𝑓  ¯   (    𝛽  ¯   ) 


   𝐹 


   𝐵  /  𝔓  =  𝐹  [  {    𝛽  ¯   ∣  𝛽  ∈  𝐵  }  ] 


   𝑆 


     𝑆    −  1    𝐴 


   𝔞  =  𝐴  ∩  𝔟 


   𝔟  =    𝑆    −  1    𝔞 


     𝑆    −  1    𝔞 


     𝑆    −  1    𝐴  /  𝔟  ≅  𝐴  /  𝔞 


   𝑛  =   deg     𝑓 


   𝑑  ∈  𝑆 


     𝑑  𝑛   𝑓  (    𝑑    −  1    𝑥  )  ∈  𝐴  [  𝑥  ] 


   𝑑  𝛼  ∈  𝐾 


   𝑑  𝛼  ∈  𝐴 


   𝛼  ∈    𝑆    −  1    𝐴 


     𝔭  1   ,  …  ,    𝔭  𝑘  


     𝔭  1   ⋯    𝔭  𝑘   ⊆  𝔞 


   𝔭  =    𝔭  𝑖  


   𝑖  ≤  𝑘 


     𝔞  𝑖   ∈  𝐶 


   𝑖  ≥  1 


     𝔞  𝑖   ⊊    𝔞    𝑖  +  1   


   𝑎  ,  𝑏  ∈  𝐴  −  𝔞 


   𝑎  𝑏  ∈  𝔞 


   𝔞  +  (  𝑎  ) 


   𝔞  +  (  𝑏  ) 


     𝔮  1   ,  …  ,    𝔮  𝑙  


   𝑘  ,  𝑙  ≥  0 


     𝔭  1   ⋯    𝔭  𝑘   ⊆  𝔞  +  (  𝑎  ) 


     𝔮  1   ⋯    𝔮  𝑙   ⊆  𝔞  +  (  𝑏  ) 


     𝔭  1   ⋯    𝔭  𝑘     𝔮  1   ⋯    𝔮  𝑙   ⊆  (  𝔞  +  (  𝑎  )  )  (  𝔞  +  (  𝑏  )  )  ⊆  𝔞  , 


   𝔞  ∈  𝑋 


     𝔭  𝑖  


     𝑏  𝑖   ∈    𝔭  𝑖  


   𝑏  ∉  𝔭 


     𝑏  1   ⋯    𝑏  𝑘   ∉  𝔭 


     𝑏  1   ⋯    𝑏  𝑘   ∉  𝔞 


   𝔭    𝔭    −  1    =  𝐴 


   𝑎  ∈  𝔭 


   𝑘  ≥  1 


     𝔭  1   ⋯    𝔭  𝑘   ⊆  (  𝑎  ) 


     𝔭  𝑘   =  𝔭 


   𝑏  ∈    𝔭  1   ⋯    𝔭    𝑘  −  1   


   𝑏  ∉  (  𝑎  ) 


     𝑎    −  1    𝑏  ∉  𝐴 


     𝑎    −  1    𝑏  𝔭  ⊆    𝑎    −  1      𝔭  1   ⋯    𝔭  𝑘   ⊆  𝐴  , 


     𝑎    −  1    𝑏  ∈    𝔭    −  1   


     𝔭    −  1    𝔭  =  𝔭 


     𝑎    −  1    𝑏  𝔭  ⊆  𝔭 


     𝑎    −  1    𝑏 


   𝔭  ⊊    𝔭    −  1    𝔭  ⊆  𝐴 


     𝔭    −  1    𝔭  =  𝐴 


     𝑟  𝑖   ∈  ℤ 


   𝔞  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


     𝑟  𝑖  


     𝔮  1   ,  …  ,    𝔮  𝑚  


     𝔮  1   ⋯    𝔮  𝑚   ⊆  𝔞 


   𝑚  =  0 


   𝐴  ⊆  𝔞 


   𝔞  =  𝐴 


   𝑚  ≥  1 


   𝔭  =    𝔮  𝑖  


   𝑖  ≤  𝑚 


   𝑖  =  𝑚 


     𝔮  1   ⋯    𝔮    𝑚  −  1    ⊆    𝔮  1   ⋯    𝔮  𝑚     𝔭    −  1    ⊆  𝔞    𝔭    −  1    ⊆  𝐴  . 


     𝔮  1  ′   ,  …  ,    𝔮  ℓ  ′  


   ℓ  <  𝑚 


   𝔞    𝔭    −  1    =    𝔮  1  ′   ⋯    𝔮  ℓ  ′  


   𝑑  𝔞  =    𝔮  1   ⋯    𝔮  𝑚  


   𝑚  ≥  0 


     𝔮  𝑖  


   (  𝑑  )  =    𝔩  1   ⋯    𝔩  𝑛  


     𝔩  𝑖  


   𝔞  =  (  𝑑    )    −  1    (  𝑑  𝔞  )  =    𝔩  1    −  1    ⋯    𝔩  𝑛    −  1      𝔮  1   ⋯    𝔮  𝑚   . 


     𝔮  𝑖   =    𝔩  𝑗  


     𝔮  𝑖     𝔩  𝑗    −  1   


   𝔞  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘    =    𝔮  1    𝑠  1    ⋯    𝔮  𝑙    𝑠  𝑙   


     𝑟  1   ,  …  ,    𝑟  𝑘  


     𝑠  1   ,  …  ,    𝑠  𝑙  


     𝑟  𝑖   <  0 


     𝑠  𝑖   <  0 


     𝔭  𝑖    −    𝑟  𝑖    


     𝔮  𝔦    −    𝑠  𝑖    


     𝑠  𝑖  


   𝑡  =    ∑    𝑖  =  1   𝑘     𝑟  𝑖  


   𝑡  =  0 


   𝑘  =  0 


   𝑙 


     𝔮  1    𝑠  1    ⋯    𝔮  𝑙    𝑠  𝑙   


   𝑡 


     𝔭  𝑘  


     𝔭  𝑘   =    𝔮  𝑖  


   1  ≤  𝑖  ≤  𝑙 


     𝔭  𝑘    −  1   


   𝔠 


   𝔞  =  𝔟  𝔠 


   𝔟  ∣  𝔞 


   𝔞  +  𝔟  =  𝐴 


   𝔞  ⊆  𝔟 


   𝔭  ∣  𝔞 


   𝔭  ∣  𝔟 


   𝔭  ∣  (  𝔞  +  𝔟  ) 


   𝔞  +  𝔟  ≠  𝐴 


   𝔞  +  𝔟  =  𝐴 


   𝔞  =    𝔭  1   ⋯    𝔭  𝑘  


   𝔟  =    𝔮  1   ⋯    𝔮  𝑙  


     𝔮  𝑗  


     𝔭  𝑖   =    𝔮  𝑖  


   1  ≤  𝑖  ≤  𝑡 


   𝑡  ≤   min   (  𝑘  ,  𝑙  ) 


   𝑖  >  𝑡 


   𝔟  =  𝔞  +  𝔟  =    𝔮  1   ⋯    𝔮  𝑡   (    𝔭    𝑡  +  1    ⋯    𝔭  𝑘   +    𝔮    𝑡  +  1    ⋯    𝔮  𝑙   )  =    𝔮  1   ⋯    𝔮  𝑡   , 


   𝑡  =  𝑙 


   𝔞  +  𝔟 


   𝐼  (  𝐴  ) 


   𝔞  ∈  𝐼  (  𝐴  ) 


   𝑃  (  𝐴  ) 


    Cl   (  𝐴  )  =  𝐼  (  𝐴  )  /  𝑃  (  𝐴  ) 


    Cl   (  𝐴  ) 


   𝔞    𝔟    −  1   


   𝔞  =  (  𝑎  ) 


     𝐼  𝐾  


     𝑃  𝐾  


      Cl   𝐾  


   𝐾  =  ℚ  (      −  5    ) 


     𝒪  𝐾   =  ℤ  [      −  5    ] 


   𝔞  =  (  2  ,  1  +      −  5    ) 


     𝑁    𝐾  /  ℚ    (  2  )  =  4 


     𝑁    𝐾  /  ℚ    (  1  +      −  5    )  =  6 


     𝑁    𝐾  /  ℚ    (  𝑥  )  ∈  {  ±  1  ,  ±  2  } 


       𝑁    𝐾  /  ℚ    (  𝑎  +  𝑏      −  5    )  =    𝑎  2   +  5    𝑏  2   


   𝑥  =  ±  1 


   𝔞  =  ℤ  [      −  5    ] 


   𝜙          ∶    ℤ  [      −  5    ]  →  ℤ  /  6  ℤ 


   𝜙  (  𝑎  +  𝑏      −  5    )  =  𝑎  −  𝑏 


             𝜙  (  (  𝑎  +  𝑏      −  5    )  (  𝑐  +  𝑑      −  5    )  )  =  𝜙  (  𝑎  𝑐  −  5  𝑏  𝑑  +  (  𝑎  𝑑  +  𝑏  𝑐  )      −  5    )  =  𝑎  𝑐  −  5  𝑏  𝑑  −  𝑎  𝑑  −  𝑏  𝑐         =  𝑎  𝑐  +  𝑏  𝑑  −  𝑎  𝑑  −  𝑏  𝑐  =  (  𝑎  −  𝑏  )  (  𝑐  −  𝑑  )  .      


   𝜙  (  1  +      −  5    )  =  0 


   𝜙 


   (  1  +      −  5    ) 


   ℤ  [      −  5    ]  /  𝔞  →  ℤ  /  6  ℤ  /  (  2  )  →  ℤ  /  2  ℤ  , 


   𝔞  ≠  ℤ  [      −  5    ] 


      Cl     ℚ  (      −  5    )   


   𝜋 


   (  𝜋  ) 


   𝔭  =  (  𝜋  ) 


     𝔭  𝑛  


   𝜋  ∈  𝔭  −    𝔭  2  


     𝔭  𝑛   =  (    𝜋  𝑛   ) 


     𝐴  𝔭  


   𝐵  =    ⋂  𝔭     𝐴  𝔭  


     𝑐  𝑑   ∈  𝐵 


   𝑑  ≠  0 


   𝔞  =  {  𝑎  ∈  𝐴  ∣  𝑎  𝑐  ∈  (  𝑑  )  }  . 


     𝑐  𝑑   =    𝑟  𝑠  


   𝑟  ∈  𝐴 


   𝑠  ∈  𝐴  −  𝔭 


   𝑠  𝑐  =  𝑟  𝑑 


   𝑠  ∈  𝔞 


   𝔞  ⊈  𝔭 


   𝑐  ∈  (  𝑑  ) 


     𝑐  𝑑   ∈  𝐴 


   𝔮 


   𝔪 


   𝔮    𝐴  𝔪  


     𝐴  𝔪  


   𝔮    𝐴  𝔪   =  𝔪    𝐴  𝔪  


   𝔮  =  𝐴  ∩  𝔮    𝐴  𝔪   =  𝐴  ∩  𝔪    𝐴  𝔪   =  𝔪  . 


   ∞ 


   𝑥  +  𝑦  =  ∞ 


   𝑥  ,  𝑦  ∈  ℤ  ∪  {  ∞  } 


   𝑣          ∶    𝐾  →  ℤ  ∪  {  ∞  } 


   𝑣  (  𝑎  )  =  ∞ 


   𝑎  =  0 


   𝑣  (  𝑎  𝑏  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


   𝑎  ,  𝑏  ∈  𝐾 


   𝑣  (  𝑎  ) 


     𝑣  𝑝  


     𝑣  𝑝   (  0  )  =  ∞ 


     𝑣  𝑝   (  𝑎  )  =  𝑟 


   𝑎  ∈    ℚ  ×  


   𝑎  =    𝑝  𝑟     𝑎  ′  


   𝑟  ∈  ℤ 


     𝑎  ′   ∈    ℚ  ×  


     𝑎  ′  


   𝐹  (  𝑡  ) 


     𝑣  ∞   (    𝑔  ℎ   )  =   deg     ℎ  −   deg     𝑔 


   𝑔  ,  ℎ  ∈  𝐹  [  𝑡  ] 


   ℎ  ≠  0 


    deg     0  =  −  ∞ 


     𝑣  𝔭  


   𝑎  ∈    𝐾  ×  


   (  𝑎  )  =    𝔭      𝑣  𝑝   (  𝑎  )    𝔟    𝔠    −  1   


   𝐴  =  𝐾  [    𝑡    −  1    ] 


   𝔭  =  (    𝑡    −  1    ) 


     𝑣  ∞  


   (    𝑡    −  1    ) 


       𝑔  (  𝑡  )     ℎ  (  𝑡  )    =  (    𝑡    −  1      )     deg     ℎ  −   deg     𝑔        𝐺  (    𝑡    −  1    )     𝐻  (    𝑡    −  1    )    , 


   𝐺  (    𝑡    −  1    )  =    𝑡    −   deg     𝑔    𝑔  (  𝑡  ) 


   𝐻  (    𝑡    −  1    )  =    𝑡    −   deg     ℎ    ℎ  (  𝑡  ) 


     𝑡    −  1   


   (  𝑎  )  =    𝔭  𝑟   𝔞 


   (  𝑏  )  =    𝔭  𝑠   𝔟 


   𝑟  =    𝑣  𝔭   (  𝑎  ) 


   𝑠  =    𝑣  𝔭   (  𝑏  ) 


   (  𝑎  𝑏  )  =    𝔭    𝑟  +  𝑠    𝔞  𝔟 


     𝑣  𝑝   (  𝑎  𝑏  )  =  𝑟  +  𝑠 


   (  𝑎  +  𝑏  )  =    𝔭  𝑟   𝔞  +    𝔭  𝑠   𝔟  =    𝔭     min   (  𝑟  ,  𝑠  )    (    𝔭    𝑟  −   min   (  𝑟  ,  𝑠  )    𝔞  +    𝔭    𝑠  −   min   (  𝑟  ,  𝑠  )    𝔟  )  , 


     𝑣  𝔭   (  𝑎  +  𝑏  )  =   min   (  𝑟  ,  𝑠  )  +    𝑣  𝔭   (    𝔭    𝑟  −   min   (  𝑟  ,  𝑠  )    𝔞  +    𝔭    𝑠  −   min   (  𝑟  ,  𝑠  )    𝔟  )  ≥   min   (  𝑟  ,  𝑠  )  . 


   𝑣  (  −  𝑎  )  =  𝑣  (  𝑎  ) 


   2  𝑣  (  −  1  )  =  𝑣  (  1  )  =  0 


   𝑣  (  −  𝑎  )  =  𝑣  (  −  1  )  +  𝑣  (  𝑎  )  =  𝑣  (  𝑎  ) 


   𝑣  (  𝑎  +  𝑏  )  =   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


   𝑎  ,  𝑏  ∈  𝐾 


   𝑣  (  𝑎  )  ≠  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  )  <  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  )  =  𝑣  (  (  𝑎  +  𝑏  )  −  𝑏  )  ≥   min   (  𝑣  (  𝑎  +  𝑏  )  ,  𝑣  (  𝑏  )  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )  =  𝑣  (  𝑎  )  , 


   𝑣  (  𝑎  )  =   min   (  𝑣  (  𝑎  +  𝑏  )  ,  𝑣  (  𝑏  )  ) 


   𝑣  (  𝑎  +  𝑏  )  =  𝑣  (  𝑎  ) 


     𝒪  𝑣   =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  0  } 


     𝒪  𝑣  


     𝔪  𝑣   =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  1  }  . 


   𝑎  ,  𝑏  ∈    𝒪  𝑣  


   𝑣  (  𝑎  𝑏  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑏  )  ≥  0 


   𝑣  (  −  𝑎  )  =  𝑣  (  𝑎  )  ≥  0 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )  ≥  0 


   𝑎  ∈    𝒪  𝑣  


   𝑥  ,  𝑦  ∈    𝔪  𝑣  


   𝑣  (  𝑥  +  𝑦  )  ≥   min   (  𝑣  (  𝑥  )  ,  𝑣  (  𝑦  )  )  ≥  1 


   𝑣  (  𝑎  𝑥  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑥  )  ≥  1 


     𝔪  𝑣  


   𝑎  ∈    𝒪  𝑣   −    𝔪  𝑣  


   𝑣  (    𝑎    −  1    )  =  𝑣  (  𝑎  )  +  𝑣  (    𝑎    −  1    )  =  𝑣  (  1  )  =  0 


   𝑎  ∈    𝒪  𝑣  ×  


   𝜋  ∈    𝒪  𝑣  


   𝑣  (  𝜋  )  =  1 


   𝑎  =    𝜋  𝑛   𝑢 


   𝑢  ∈    𝒪  𝑣  ×  


   𝑣  (  𝑢  )  =  0 


   (    𝜋  𝑛   )  ⊆  𝔞 


   𝔞  ⊆  (    𝜋  𝑛   ) 


     𝒪    𝑣  𝑝    =    ℤ    (  𝑝  )    =    {    𝑎  𝑏   ∣  𝑎  ,  𝑏  ∈  ℤ    such that    𝑝  ∤  𝑏  }   . 


   𝑅 


   𝐵  /  𝔟  𝐵 


     𝔣  𝑅  


     𝔣  𝑅   =  {  𝑎  ∈  𝐴  ∣  𝑎  𝐴  ⊆  𝑅  }  . 


   {    𝑎  1   ,  …  ,    𝑎  𝑚   } 


     𝑟  𝑖   ∈  𝑅  −  {  0  } 


     𝑟  𝑖     𝑎  𝑖   ∈  𝑅 


   𝑟  =    𝑟  1   ⋯    𝑟  𝑛  


   𝑟  ∈    𝔣  𝑅  


   𝑟 


   ℤ  [    𝑑   ] 


     𝒪    ℚ  (    𝑑   )   


   (  1  ) 


   𝑑  ≡  2  ,  3         mod         4 


   (  2  ) 


   𝐴  [  𝛼  ] 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ∈    𝔣    𝐴  [  𝛼  ]   


     𝑅  𝔭  


   𝔭  𝐴 


     𝑅  𝔭   →    𝐴    𝔭  𝐴   


     𝔣  𝑅   ⊈  𝔭 


   𝑥  ∈    𝔣  𝑅  


   𝑥  ∉  𝔭 


   𝑥  𝐴  ⊆  𝑅 


   𝑥  ∈    𝑅  𝔭  ×  


   𝐴  ⊆    𝑅  𝔭  


   𝔮  =  𝐴  ∩  𝔭    𝑅  𝔭  


   𝔭  =  𝔮  ∩  𝑅 


   𝔮  ∩  𝑅 


     𝑅  𝔭   ⊆    𝐴  𝔮  


     𝑎  𝑠   ∈    𝐴  𝔮  


   𝑠  ∈  𝐴  −  𝔮 


   𝑥  𝑎  ∈  𝑅 


   𝑥  𝑠  ∉  𝔭 


     𝑎  𝑠   ∈    𝑅  𝔭  


     𝑅  𝔭   =    𝐴  𝔮  


   𝔮  =  𝔭  𝐴 


     𝔮  ′  


     𝐴    𝔮  ′   


   𝔭  𝐴  =    𝔮  𝑒  


   𝑒  ≥  1 


   𝔭    𝑅  𝔭   =  𝔭    𝐴  𝔮   =    𝔮  𝑒     𝐴  𝔮  


   𝔮    𝐴  𝔮  


   𝑒  =  1 


   𝔭  =  𝔭  𝐴  ∩  𝑅 


   𝔭  =  𝔭    𝑅  𝔭   ∩  𝑅  ⊇  𝔭  𝐴  ∩  𝑅 


   {    𝑎  1   ,  …  ,    𝑎  𝑛   } 


     𝑎  𝑖   =      𝑦  𝑖     𝑠  𝑖   


     𝑦  𝑖   ∈  𝑅 


     𝑠  𝑖   ∈  𝑅  −  𝔭 


   𝑠  =    𝑠  1   ⋯    𝑠  𝑛  


   𝑠    𝑎  𝑖   ∈  𝑅 


   𝑠  ∈    𝔣  𝑅  


   𝑠  ∈  𝑅  −  𝔭 


   [  𝐾  ∶  ℚ  ] 


    disc   (  𝑅  ) 


    disc   (  𝑅  )  =  [    𝒪  𝐾   ∶  𝑅    ]  2    disc   (    𝒪  𝐾   )  . 


   𝑅  =    𝒪  𝐾  


   [    𝒪  𝐾   ∶  𝑅  ] 


     𝔣  𝑅   ∩  ℤ 


   𝑓  ≥  1 


   (  𝑓  )  =    𝔣  𝑅   ∩  ℤ 


   𝑓  ⋅    𝒪  𝐾   ⊆  𝑅 


     𝒪  𝐾   /  𝑅 


   𝑝  ∣  𝑓 


   𝔭  ∩    𝒪  𝐾   =  𝑝  ℤ 


   𝔤  =    𝔭    −  1      𝔣  𝑅  


   𝔤  (    𝒪  𝐾   /  𝑅  )  =  𝑝  𝔤  (    𝒪  𝐾   /  𝑅  )  =  (  𝑝    𝔭    −  1    )    𝔣  𝑅   (    𝒪  𝐾   /  𝑅  )  =  0  . 


   𝔤    𝒪  𝐾   ⊆  𝑅 


     𝔣  𝑅   ⊊  𝔤 


   𝔭  𝐵 


          (2.5.1)             𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔      


     𝔓  𝑖  


   1  ≤  𝑖  ≤  𝑔 


   𝑔  ≥  1 


   𝑔  =  1 


     𝑒  1   =  1 


   𝑔  >  1 


   𝐴  =  ℤ 


   𝐿  =  ℚ  (    2   ) 


   𝐵  =    𝒪  𝐿   =  ℤ  [    2   ] 


   𝔭  =  (  2  ) 


   ℚ  (    2   )  /  ℚ 


     2  ℤ  [    2   ]  =  (    2     )  2   .  


   𝔓  =  (    2   ) 


   ℤ  [    2   ]  /  (    2   )  ≅  ℤ  /  2  ℤ 


   𝑎  +  𝑏    2  


   𝑎         mod         2 


   (  3  ) 


   ℤ  [    2   ]  /  (  3  )  ≅    𝔽  3   [    2   ]  ≅    𝔽  9  


   7  ℤ  [    2   ] 


     7  ℤ  [    2   ]  =  (  3  +    2   )  (  3  −    2   )  ,  


   ℤ  [    2   ]  /  (  3  ±    2   ) 


   ℤ  /  7  ℤ 


   𝑎  ∓  3  𝑏 


   (  7  ) 


   𝐴  /  𝔭 


   𝐴  ↪  𝐵 


     𝑒    𝔓  /  𝔭   


     𝔓  𝑒  


     𝑓    𝔓  /  𝔭   


   [  𝐵  /  𝔓  ∶  𝐴  /  𝔭  ] 


   𝐴  ⊆  𝐵  ⊆  𝐶 


   𝑃 


     𝑒    𝔓  /  𝔭    =    𝑒    𝔓  /  𝑃      𝑒    𝑃  /  𝔭       and       𝑓    𝔓  /  𝔭    =    𝑓    𝔓  /  𝑃      𝑓    𝑃  /  𝔭    . 


   (    2   ) 


   2  ℤ 


   3  ℤ  [    2   ] 


   3  ℤ 


   (  3  ±    2   ) 


   7  ℤ 


   𝑖  ≥  0 


     𝔭  𝑖   /    𝔭    𝑖  +  1   


   𝑥  ∈    𝔭  𝑖   −    𝔭    𝑖  +  1   


   (  𝑥  )  =    𝔭  𝑖   𝔞 


   (  𝑥  )  +    𝔭    𝑖  +  1    =    𝔭  𝑖   (  𝔞  +  𝔭  )  =    𝔭  𝑖   , 


   𝑆  ∩  𝔭  =  ∅ 


   𝔭  ∈  𝑃 


   𝐴  /  𝔞  →    𝑆    −  1    𝐴  /    𝑆    −  1    𝔞 


   𝑏  ∈    𝑆    −  1    𝔞  ∩  𝐴 


   𝑏  =    𝑎  𝑠  


   𝑠  ∈  𝑆 


   𝑎  =  𝑏  𝑠 


   (  𝑠  ) 


   (  𝑏  ) 


   𝑏  ∈  𝔞 


   𝑐  ∈  𝐴 


   𝑡  ∈  𝑆 


   (  𝑡  ) 


   (  𝑡  )  +  𝔞  =  𝐴 


   𝑢  ∈  𝐴 


   𝑢  𝑡  −  1  ∈  𝔞 


   𝑐  𝑢  +  𝔞 


     𝑐  𝑡   +    𝑆    −  1    𝔞 


   𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔   


     𝑓  𝑖   =    𝑓      𝔓  𝑖   /  𝔭   


     ∑    𝑖  =  1   𝑔     𝑒  𝑖     𝑓  𝑖   =  [  𝐿  ∶  𝐾  ]  . 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵 


   𝐵  /  𝔭  𝐵  ≅    ∏    𝑖  =  1   𝑔   𝐵  /    𝔓  𝑖    𝑒  𝑖    , 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =    ∑    𝑖  =  1   𝑔      dim     𝐴  /  𝔭      𝐵  /    𝔓  𝑖    𝑒  𝑖    =    ∑    𝑖  =  1   𝑔     ∑    𝑗  =  0       𝑒  𝑖   −  1       dim     𝐴  /  𝔭        𝔓  𝑖  𝑗   /    𝔓  𝑖    𝑗  +  1    . 


     𝔓  𝑖  𝑗   /    𝔓  𝑖    𝑗  +  1   


   𝐵  /    𝔓  𝑖  


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =    ∑    𝑖  =  1   𝑔     𝑒  𝑖        dim     𝐴  /  𝔭      𝐵  /    𝔓  𝑖   =    ∑    𝑖  =  1   𝑔     𝑒  𝑖     𝑓  𝑖   . 


     𝑆    −  1    𝐴  =    𝐴  𝔭  


     𝑆    −  1    𝐵 


     𝑆    −  1    𝐵  /  𝔭    𝑆    −  1    𝐵 


     𝐴  𝔭   /  𝔭    𝐴  𝔭  


   𝑆  ∩    𝔓  𝑖   =  𝑆  ∩  𝐴  ∩    𝔓  𝑖   =  𝑆  ∩  𝔭  =  ∅ 


     𝑆    −  1    𝐵  /  𝔭    𝑆    −  1    𝐵  ≅  𝐵  /  𝔭  𝐵 


     𝐴  𝔭   /  𝔭    𝐴  𝔭   ≅  𝐴  /  𝔭 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =  [  𝐿  ∶  𝐾  ] 


     𝔣    𝐴  [  𝛼  ]   


   ℎ  ∈  𝐴  [  𝑥  ] 


     ℎ  ¯   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     ℎ  ¯   =      ℎ  ¯   1    𝑒  1    ⋯      ℎ  ¯   𝑔    𝑒  𝑔   


       ℎ  ¯   𝑖   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     ℎ  𝑖   ∈  𝐴  [  𝑥  ] 


       ℎ  ¯   𝑖  


     𝔓  𝑖   =  𝔭  𝐵  +  (    ℎ  𝑖   (  𝛼  )  ) 


    deg         ℎ  ¯   𝑖  


   𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔   


   𝐴  [  𝑥  ]  →  𝐹  [  𝑥  ]  →  𝐹  [  𝑥  ]  /  (    ℎ  ¯   ) 


   𝔭  𝐴  [  𝑥  ]  +  (  ℎ  ) 


   𝐴  [  𝑥  ]  /  (  𝔭  𝐴  [  𝑥  ]  +  (  ℎ  )  )  ≅  𝐴  [  𝛼  ]  /  𝔭  𝐴  [  𝛼  ] 


   𝐴  [  𝛼  ]  /  𝔭  𝐴  [  𝛼  ]  ≅  𝐹  [  𝑥  ]  /  (    ℎ  ¯   )  ≅    ∏    𝑖  =  1   𝑔   𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    )  , 


     𝑃  𝑖   =  𝔭  𝐴  [  𝛼  ]  +  (    ℎ  𝑖   (  𝛼  )  ) 


     𝑃  𝑖    𝑒  𝑖   


     𝜙  𝑖           ∶    𝐴  [  𝛼  ]  →  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    )  . 


     𝑃  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖   ≅  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖   )  , 


   𝐴  [  𝛼  ]  /    𝑃  𝑖  


     ℎ  𝑖      𝑒  𝑖   −  1   


     𝜙  𝑖  


    ker       𝜙  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    ≅  𝐴  [  𝛼    ]    𝑃  𝑖    /    𝑃  𝑖    𝑒  𝑖    𝐴  [  𝛼    ]    𝑃  𝑖    . 


     𝑃  𝑖   =    𝔓  𝑖   ∩  𝐴  [  𝛼  ] 


     𝔣    𝐴  [  𝛼  ]    ⊆  𝐴  [  𝛼  ] 


   𝐴  [  𝛼    ]    𝑃  𝑖   


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖   


     𝑃  𝑖  𝑚   /    𝑃  𝑖    𝑒  𝑖   


   0  ≤  𝑚  ≤    𝑒  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    →  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    ) 


    ker       𝜙  𝑖   =    𝑃  𝑖    𝑒  𝑖   


     ∏    𝑖  =  1   𝑔   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    →    ∏    𝑖  =  1   𝑔   𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    ) 


   𝔭  𝐴  [  𝛼  ]  =    𝑃  1    𝑒  1    ⋯    𝑃  𝑔    𝑒  𝑔   


     𝐵    𝔓  𝑖    ≅    𝐴    𝑃  𝑖   


   𝐵  /    𝔓  𝑖   ≅  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖   ) 


   ℎ  (  𝑥  )  =    𝑥  3   +  𝑥  +  1  ∈  ℤ  [  𝑥  ] 


   ℚ  [  𝑥  ] 


   𝐿  =  ℚ  (  𝛼  ) 


   ℤ  [  𝛼  ] 


   −   31  


   ℎ  (  0  ) 


   ℎ  (  1  ) 


   ℎ  (  𝑥  ) 


   𝐿  /  ℚ 


   ℎ  (  𝑥  )  ≡  (    𝑥  2   +  𝑥  −  1  )  (  𝑥  −  1  )       mod         3  , 


   3  ℤ  [  𝛼  ]  =    𝔓  1     𝔓  2  


     𝔓  1   =  (  3  ,    𝛼  2   +  𝛼  −  1  ) 


     𝔓  2   =  (  3  ,  𝛼  −  1  ) 


   (  𝑝  ) 


   ℚ  (    𝑎   ) 


   ℤ  [    𝑎   ] 


     𝒪    ℚ  (    𝑎   )   


     𝑥  2   −  𝑎 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    ) 


     𝑓  ¯   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝑓  ¯  


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ≡  0         mod         𝔭 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ∈  𝐴 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    ) 


   𝑏  𝐵 


     𝑁    𝐿  /  𝐾    (  𝑏  )  𝐴 


     𝑁    𝐿  /  𝐾    𝑏  ∈  𝔭  =  𝔓  ∩  𝐴 


   (    𝑁    𝐿  /  𝐾    𝑏  ) 


   𝑏 


   𝜎  (  𝐵  ) 


   (  𝜎  (  𝑏  )  ) 


   (    𝑁    𝐿  /  𝐾    (  𝑏  )  ) 


   𝜎  (  𝑏  ) 


     𝑁    𝐿  /  𝐾    (  𝑏  )  ∈    𝐴  ×  


   𝐺  =   Gal   (  𝐿  /  𝐾  ) 


   𝜎  (  𝔓  ) 


   𝜎  ∈  𝐺 


   𝜎  (  𝔓  )  ∩  𝐴  =  𝜎  (  𝔓  ∩  𝐴  )  =  𝜎  (  𝔭  )  =  𝔭  . 


   𝔔 


   𝑏  ∈  𝔔 


   𝑏  ≡  1         mod         𝜎  (  𝔓  ) 


   𝜎  (  𝑏  )  ≡  1         mod         𝔓 


   𝑎  =    𝑁    𝐿  /  𝐾    (  𝑏  )  ∈  𝔭 


   𝑎  =    ∏    𝜎  ∈  𝐺    𝜎  (  𝑏  )  ≡  1         mod         𝔓  . 


   𝑎  ≡  1         mod         𝔭 


     𝐺  𝔓  


     𝐺  𝔓   =  {  𝜎  ∈  𝐺  ∣  𝜎  (  𝔓  )  =  𝔓  }  . 


   𝐺  /    𝐺  𝔓   →  {  𝔔    prime of    𝐵  ∣  𝔔  ∩  𝐵  =  𝔭  } 


   𝜎    𝐺  𝔓  


   𝜎  (  𝔔  ) 


     𝑒    𝜎  (  𝔓  )  /  𝔭    =    𝑒    𝔓  /  𝔭   


     𝑓    𝜎  (  𝔓  )  /  𝔭    =    𝑓    𝔓  /  𝔭   


   𝐺  /    𝐺  𝔓  


   𝔭  𝐵  =    ∏    𝜎  ∈  𝑆    (  𝜎  𝔓    )    𝑒    𝜎  (  𝔓  )  /  𝔭     . 


   𝜏  ∈  𝐺 


   𝜏  (  𝔭  𝐵  )  =  𝔭  𝜏  (  𝐵  )  =  𝔭  𝐵 


   𝔭  𝐵  =  𝜏  (  𝔭  𝐵  )  =    ∏    𝜎  ∈  𝑆    (  𝜎  𝔓    )    𝑒      𝜏    −  1    𝜎  (  𝔓  )  /  𝔭     . 


   𝐸 


     𝑒    𝜎  (  𝔓  )  /  𝔭   


   𝜎          ∶    𝐵  →  𝐵 


   𝜎  (  𝛽  ) 


   𝜎          ∶    𝐵  /  𝔓    ⟶  ∼   𝐵  /  𝜎  (  𝔓  ) 


     𝑓    𝜎  (  𝔓  )  /  𝔭   


     𝑒  𝔭   =    𝑒    𝔓  /  𝔭   


     𝑓  𝔭   =    𝑓    𝔓  /  𝔭   


   𝑒  =    𝑒    𝔓  /  𝔭   


   𝑓  =    𝑓    𝔓  /  𝔭   


   𝑔  =  [  𝐺  ∶    𝐺  𝔓   ] 


   𝔭  𝐵  =    ∏    𝑖  =  1   𝑔   (    𝜎  𝑖   𝔓    )  𝑒  


   {    𝜎  1   ,  ⋯  ,    𝜎  𝑔   } 


   𝑒  𝑓  𝑔  =  [  𝐿  ∶  𝐾  ]  . 


     𝐺    𝜎  (  𝔓  )    =  𝜎    𝐺  𝔓     𝜎    −  1    . 


   𝜏  ∈    𝐺  𝔓  


   𝜎  𝜏    𝜎    −  1    (  𝜎  𝔓  )  =  𝜎  (  𝜏  𝔓  )  =  𝜎  𝔓  , 


   𝜎  𝜏    𝜎    −  1    ∈    𝐺    𝜎  𝔓   


     𝐺    𝜎  (  𝔓  )    =    𝐺  𝔓  


     𝐺  𝔭  


   𝑃  =  𝐶  ∩  𝔓 


     𝑒    𝑃  /  𝔭    =    𝑓    𝑃  /  𝔭    =  1 


     𝑒    𝔓  /  𝔭    ≥    𝑒    𝔓  /  𝑃   


     𝑓    𝔓  /  𝔭    ≥    𝑓    𝔓  /  𝑃   


     𝑒    𝔓  /  𝑃      𝑓    𝔓  /  𝑃    =  [  𝐿  ∶  𝐸  ] 


   [  𝐸  ∶  𝐾  ] 


     𝑒    𝔓  /  𝑃      𝑓    𝔓  /  𝑃    𝑔  =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭      𝑓    𝔓  /  𝔭    𝑔  =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭    =    𝑒    𝔓  /  𝑃   


     𝑓    𝔓  /  𝔭    =    𝑓    𝔓  /  𝑃   


     𝜋  𝔓           ∶      𝐺  𝔓   →   Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  ) 


     𝜋  𝔓   (  𝜎  )  (  𝑏  +  𝔓  )  =  𝜎  (  𝑏  )  +  𝔓 


   𝜎  ∈    𝐺  𝔓  


     𝛼  ¯  


   (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝛼  ¯   ∈  𝐵  /  𝔓 


   𝑏  ,  𝑐  ∈  𝐵 


   𝑏  +  𝔓  =  𝑐  +  𝔓 


   𝑏  −  𝑐  ∈  𝔓 


   𝜎  (  𝔓  )  =  𝔓 


   𝜎  (  𝑏  −  𝑐  )  ∈  𝔓 


     𝜋  𝔓   (  𝜎  )  (  𝑏  +  𝔓  )  =    𝜋  𝔓   (  𝜎  )  (  𝑐  +  𝔓  ) 


     𝜋  𝔓   (  𝜎  ) 


   𝜎  (  𝑏  𝑐  )  +  𝔓  =  𝜎  (  𝑏  𝑐  +  𝔓  )  =  𝜎  (  (  𝑏  +  𝔓  )  (  𝑐  +  𝔓  )  )  =  (  𝜎  (  𝑏  )  +  𝔓  )  (  𝜎  (  𝑐  )  +  𝔓  ) 


   𝑏  ,  𝑐  ∈  𝔓 


     𝜋  𝔓  


     𝜎  ¯  


     𝜃  ¯   ∈  𝐵  /  𝔓 


   𝐴  /  𝔭  =  𝐶  /  𝑃 


   𝜃  ∈  𝐵 


     𝜃  ¯  


   𝑔  ∈  𝐶  [  𝑥  ] 


     𝑔  ¯  


   ℎ  ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝜎  ¯   (    𝜃  ¯   ) 


   ℎ 


     𝜃  ′  


   𝜎  (  𝜃  )  =    𝜃  ′  


     𝜋  𝔓   (  𝜎  )  (    𝜃  ¯   )  =    𝜎  ¯   (    𝜃  ¯   ) 


     𝜋  𝔓   (  𝜎  )  =    𝜎  ¯  


     𝐼  𝔓  


     𝐺  𝔓   →   Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  ) 


   1  →    𝐼  𝔓   →    𝐺  𝔓     ⟶    𝜋  𝔭     Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  )  →  1  . 


   𝐿  =  ℚ  (  𝜔  ,    2  3   ) 


   𝐾  =  ℚ  (  𝜔  ) 


   𝐺  =   Gal   (  𝐿  /  ℚ  ) 


   𝑁  =   Gal   (  𝐿  /  𝐾  ) 


   𝐷  (  1  ,    2  3   ,  (    2  3     )  2   )  =    𝑁    ℚ  (    2  3   )  /  ℚ    (  3  (    2  3     )  2   )  =   27   ⋅  4  =   108   , 


   ℤ  [    2  3   ] 


   ℚ  (    2  3   ) 


   𝐾  /  ℚ 


   2    𝒪  𝐿   =  (    2  3     )  3  


     𝐺    (    2  3   )    =  𝐺 


     𝐼    (    2  3   )    =  𝑁 


   3    𝒪  𝐾   =  (  1  −  𝜔    )  2  


     𝑁    𝐿  /  𝐾    (  1  +    2  3   )  =  3 


   1  +    2  3  


   (  1  −  𝜔  ) 


   3    𝒪  𝐿   =    𝔓  6  


   𝔓  =  (  1  +    2  3   ,  1  −  𝜔  )  =    (      1  −  𝜔     1  +    2  3     )   . 


     𝐺  𝔓   =    𝐼  𝔓   =  𝐺 


     3  3   ≡  2         mod         5 


     𝑥  3   −  2 


     𝔽   25   


   (  5  ) 


   5    𝒪  𝐿   =    𝔔  1     𝔔  2     𝔔  3  


     𝔔  𝑖   =  (  5  ,    𝜔    𝑖  −  1      2  3   −  3  ) 


     𝐺    𝔔  𝑖    =   Gal   (  𝐿  /    𝐸  𝑖   ) 


     𝐸  𝑖   =  ℚ  (    𝜔    𝑖  −  1      2  3   ) 


   1  ≤  𝑖  ≤  3 


   5    𝒪    𝐸  1    =    𝔮  1     𝔮  2  


     𝔔  1  


     𝔮  1   =  (  5  ,    2  3   −  3  ) 


     𝔔  2  


     𝔔  3  


     𝔮  2   =  (  5  ,  (    2  3     )  2   +  3    2  3   +  4  ) 


     𝑓      𝔮  1   /  (  5  )    =  1 


     𝑓      𝔮  2   /  (  5  )    =  2 


   𝑁  𝔞  =  [    𝒪  𝐾   ∶  𝔞  ] 


   𝑝  ℤ 


   𝑁  𝔭  =    𝑝  𝑓  


   𝑁          ∶      𝐼  𝐾   →    ℚ  ×  


   𝑁  (  𝔞    𝔟    −  1    )  =  𝑁  𝔞  ⋅  (  𝑁  𝔟    )    −  1   


   𝜑  ∈   Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   ) 


   𝑞 


   𝜑  (  𝑥  )  =    𝑥  𝑞  


   𝑥  ∈    𝔽  𝑞  


     𝜑  𝔓   ∈    𝐺  𝔓  


     𝜑  𝔓   (  𝛼  )  ≡    𝛼    𝑁  𝔭           mod         𝔓 


   𝛼  ∈    𝒪  𝐿  


     𝜑  𝔓  


     𝜇  𝑛   (  𝐾  ) 


     𝜇  𝑛  


   ℓ 


     𝜇  ℓ   (      𝔽  𝑝   ‾   ) 


     𝔽  𝑝  


   ℓ  ≠  𝑝 


   ℓ  =  𝑝 


     𝜇  ℓ   (    𝔽  𝑝   ) 


     𝜇  ℓ  


   𝑝  −  1 


   𝐾  (  𝑆  ) 


   ℚ  (    𝜇  𝑛   ) 


   𝐹  (    𝜇  𝑛   ) 


     𝜁  𝑛  


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜁  𝑛   ) 


     Φ  𝑛   ∈  ℤ  [  𝑥  ] 


     𝑥  𝑛   −  1  =    ∏    𝑑  ∣  𝑛      Φ  𝑑  


   𝜇          ∶      ℤ    ≥  1    →  ℤ 


   𝑛  =    𝑝  1    𝑟  1    ⋯    𝑝  𝑘    𝑟  𝑘   


     𝑝  𝑖  


   𝜇  (  𝑛  )  =    {            (  −  1    )  𝑘              if        𝑟  𝑖   =  1       for      all      1  ≤  𝑖  ≤  𝑘  ,        0               otherwise    .          


     Φ  𝑛   =    ∏    𝑑  ∣  𝑛    (    𝑥  𝑑   −  1    )    𝜇  (  𝑛  /  𝑑  )    . 


     Φ  1   =  𝑥  −  1 


     Φ  2   =  𝑥  +  1 


     Φ  3   =    𝑥  2   +  𝑥  +  1 


     Φ  4   =    𝑥  2   +  1 


     Φ  5   =    𝑥  4   +    𝑥  3   +    𝑥  2   +  𝑥  +  1 


     Φ  6   =    𝑥  2   −  𝑥  +  1 


     Φ   15    =    𝑥  8   −    𝑥  7   +    𝑥  5   −    𝑥  4   +    𝑥  3   −  𝑥  +  1 


     Φ    𝑝  𝑟    =    𝑥      𝑝    𝑟  −  1    (  𝑝  −  1  )    +  ⋯  +    𝑥    𝑝    𝑟  −  1     +  1 


   𝑟  ≥  1 


   𝑖  ,  𝑗  ∈  ℤ 


       1  −    𝜁  𝑛  𝑖      1  −    𝜁  𝑛  𝑗     ∈    𝒪    ℚ  (    𝜇  𝑛   )   ×   . 


   𝑘  ∈  ℤ 


   𝑗  𝑘  ≡  1         mod         𝑛 


       1  −    𝜁  𝑛  𝑖      1  −    𝜁  𝑛  𝑗     =      1  −    𝜁  𝑛    𝑖  𝑗  𝑘       1  −    𝜁  𝑛  𝑗     =  1  +    𝜁  𝑛  𝑗   +  ⋯  +    𝜁  𝑛    𝑗  (  𝑖  𝑘  −  1  )   


   ℤ  [    𝜇  𝑛   ] 


   ℤ  [    𝜇    𝑝  𝑟    ] 


   ℚ  (    𝜇    𝑝  𝑟    ) 


   (  1  −    𝜁    𝑝  𝑟    ) 


   [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  =    𝑝    𝑟  −  1    (  𝑝  −  1  ) 


   [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  ≤   deg       Φ    𝑝  𝑟    =    𝑝    𝑟  −  1    (  𝑝  −  1  ) 


     ∏          𝑖  =  1           𝑝  ∤  𝑖          𝑝  𝑟   −  1    (  1  −    𝜁    𝑝  𝑟   𝑖   )  =    Φ    𝑝  𝑟    (  1  )  =  𝑝  , 


   1  −    𝜁    𝑝  𝑟   𝑖  


   𝑝  ∤  𝑖 


   1  −    𝜁    𝑝  𝑟   𝑗  


   𝑝  ∤  𝑗 


     𝔭      𝑝    𝑟  −  1    (  𝑝  −  1  )   


   𝑝    𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =    𝔭      𝑝    𝑟  −  1    (  𝑝  −  1  )    =  (  1  −    𝜁    𝑝  𝑟      )      𝑝    𝑟  −  1    (  𝑝  −  1  )    . 


    disc   (    𝒪    ℚ  (    𝜇    𝑝  𝑟    )    )  ∣   disc   (  ℤ  [    𝜇    𝑝  𝑟    ]  )  , 


     𝜁    𝑝  𝑟   𝑖   −    𝜁    𝑝  𝑟   𝑗  


   𝑖  ≠  𝑗 


   𝔭  =  (  1  −    𝜁    𝑝  𝑟    ) 


   [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  =  𝜑  (  𝑛  ) 


     𝒪    ℚ  (    𝜇  𝑛   )   


     𝑟  𝑖   ≥  1 


    deg       Φ  𝑛   =    ∑    𝑑  ∣  𝑛    𝜇      (    𝑛  𝑑   )     𝑑  =    ∏    𝑖  =  1   𝑘     𝑝  𝑖      𝑟  𝑖   −  1    (    𝑝  𝑖   −  1  )  =  𝜑  (  𝑛  )  . 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇    𝑛  /  2    ) 


   𝜑  (  𝑛  )  =  𝜑  (  𝑛  /  2  ) 


   𝑘  =  1 


   𝑛  =  𝑚    𝑝  𝑟  


   𝑚  ,  𝑟  ≥  1 


   ℚ  (    𝜇  𝑚   ) 


   𝑘 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇  𝑚   )  ℚ  (    𝜇    𝑝  𝑟    ) 


   [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  =  [  ℚ  (    𝜇  𝑚   )  ∶  ℚ  ]  [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  =  𝜑  (  𝑚  )  𝜑  (    𝑝  𝑟   )  =  𝜑  (  𝑛  )  . 


     𝜒  𝑛           ∶       Gal   (  𝐹  (    𝜇  𝑛   )  /  𝐹  )  →  (  ℤ  /  𝑛  ℤ    )  ×  


   𝜎  ∈   Gal   (  𝐹  (    𝜇  𝑛   )  /  𝐹  ) 


     𝑖  𝜎  


   𝜎  (  𝜁  )  =    𝜁    𝑖  𝜎   


   𝜁 


     𝜒  𝑛   (  𝜎  )  =    𝑖  𝜎          mod         𝑛 


     𝜒  𝑛  


   𝑎  ∈  ℤ  /  𝑛  ℤ 


     𝜁  𝑎  


     𝜁  𝑏  


     𝜒  𝑛   (  𝜎  )  =  1 


   𝐹  =  ℚ 


     𝜒  𝑛           ∶       Gal   (  ℚ  (    𝜇  𝑛   )  /  ℚ  )  →  (  ℤ  /  𝑛  ℤ    )  ×  


   ℚ  (    𝜇    𝑝  𝑟    )  /  ℚ 


   𝑛  =    𝑝  𝑟  


    disc   (  ℤ  [    𝜇    𝑝  𝑟    ]  ) 


     𝑝  𝑚  


     𝔣    ℤ  [    𝜇    𝑝  𝑟    ]   


   (    𝑝  𝑚   ) 


     𝜆  𝑟   =  1  −    𝜁    𝑝  𝑟   


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    /  (    𝜆  𝑟   )  ≅  ℤ  /  𝑝  ℤ  . 


          (3.1.1)               𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    .    


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )   


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟   (  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    )  =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟  2     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    . 


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝑝  𝑚     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    ,  =  ℤ  [    𝜇    𝑝  𝑟    ] 


   ℚ  (    𝜇    𝑝  𝑖    𝑟  𝑖     ) 


     𝜁    𝑝  1    𝑟  1      𝑖  1    ⋯    𝜁    𝑝  𝑘    𝑟  𝑘      𝑖  𝑘   


   0  ≤    𝑖  𝑡   ≤    𝑝  𝑡      𝑟  𝑡   −  1    (    𝑝  𝑡   −  1  )  −  1 


   1  ≤  𝑡  ≤  𝑘 


   𝑟  ≥  0 


     𝑝  𝑟  


   𝑚  =    𝑛    𝑝  𝑟   


   (  ℤ  /  𝑚  ℤ    )  ×  


   𝑝  ℤ  [    𝜇  𝑛   ]  =  (    𝔭  1   ⋯    𝔭  𝑔     )    𝜑  (    𝑝  𝑟   )    , 


   𝑔  =    𝑓    −  1    𝜑  (  𝑚  ) 


   𝜑  (    𝑝  𝑟   ) 


   ℤ  [    𝜇  𝑚   ] 


   𝐹  =  ℤ  [    𝜇  𝑚   ]  /  𝔮  =    𝔽  𝑝   (    𝜇  𝑚   )  . 


     𝐹  ×  


   |  𝐹  |  −  1 


   𝐹  =    𝔽    𝑝  𝑓   


   𝑚  ∣  (    𝑝  𝑓   −  1  ) 


     𝑓    −  1    𝜑  (  𝑚  ) 


   ℚ  (    𝜇  𝑛   )  /  ℚ 


   𝑝  ≡  1         mod         𝑛 


   𝜑  (    𝑝  𝑟   )  =  1 


   (  ℤ  /  (  𝑛  /    𝑝  𝑟   )  ℤ    )  ×  


   𝑝  =  2 


   𝑛  =  1 


   𝑛  =  2 


   ℚ  (    𝜇  𝑛   )  =  ℚ 


     𝑝  ∗   =  (  −  1    )    (  𝑝  −  1  )  /  2    𝑝 


   ℚ  (        𝑝  ∗     ) 


   ℚ  (    𝜇  𝑝   ) 


    Gal   (  ℚ  (    𝜇  𝑝   )  /  ℚ  ) 


   ℚ  (    𝜇  𝑝   )  /  ℚ 


   𝐾  =  ℚ  (      𝑝  ′    ) 


     𝑝  ′   =  ±  𝑝 


     𝑝  ′   ≡  3         mod         4 


   ℤ  [      𝑝  ′    ] 


   ℤ  [      𝑝  ′    ]  /  (  2  )  ≅    𝔽  2   [  𝑥  ]  /  (    𝑥  2   −    𝑝  ′   )  ≅    𝔽  2   [  𝑥  ]  /  (  𝑥  +  1    )  2   , 


     𝑝  ∗   ≡  1         mod         4 


     𝑝  ′   =    𝑝  ∗  


   ℚ  (      𝑝  ∗    ) 


     𝐺  𝑞  


   𝑞  ∤  𝑎 


   (    𝑎  𝑞   ) 


     (    𝑎  𝑞   )   =    {            1           if    𝑎    is a square mod    𝑞  ,        −  1           otherwise.           


     𝑎      𝑞  −  1   2    ≡    (    𝑎  𝑞   )          mod         𝑞  . 


     (    𝑝  𝑞   )       (    𝑞  𝑝   )   =  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2     . 


     𝑝      𝑞  −  1   2    ≡  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2          mod         𝑞  . 


   (    𝑝  ∗     )      𝑞  −  1   2    ≡  1         mod         𝑞  , 


   (      𝑝  ∗   𝑞   )  =  1 


     𝑎  2   ≡    𝑝  ∗          mod         𝑞  . 


     𝑥  2   −    𝑝  ∗  


   (  𝑞  ) 


   ℤ  [      𝑝  ∗    ] 


   ℤ  [    𝜇  𝑝   ] 


   (  𝑝  −  1  )  /  𝑓 


   (  𝑝  −  1  )  /  2 


     𝑞      𝑝  −  1   2    ≡  1         mod         𝑝  , 


   (    𝑝  𝑞   )  =  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2    


   (    𝑞  𝑝   )  =  1 


     (      −  1   𝑝   )   =  (  −  1    )      𝑝  −  1   2    , 


     (    2  𝑝   )   =  (  −  1    )        𝑝  2   −  1   8   


     𝑥  𝑛   +    𝑦  𝑛   =    𝑧  𝑛  


   𝑥  𝑦  𝑧  ≠  0 


   𝑛  ≥  3 


   𝑛  =  4 


     𝜁  𝑝  


   𝑥  ,  𝑦  ∈  ℤ 


   𝑝  ∤  𝑥  +  𝑦 


   𝑥  +    𝜁  𝑝  𝑖   𝑦 


   0  ≤  𝑖  ≤  𝑝  −  1 


   𝑥  +    𝜁  𝑝  𝑗   𝑦 


   0  ≤  𝑖  <  𝑗  <  𝑝 


   (    𝜁  𝑝  𝑗   −    𝜁  𝑝  𝑖   )  𝑦 


   (    𝜁  𝑝  𝑗   −    𝜁  𝑝  𝑖   )  𝑥 


   (  1  −    𝜁  𝑝   ) 


   𝑥  +    𝜁  𝑝  𝑖   𝑦  ≡  𝑥  +  𝑦         mod       (  1  −    𝜁  𝑝   ) 


   𝑥  +  𝑦  ≡  0         mod         𝑝 


   𝑥  +  𝑦 


    Gal   (  ℚ  (    𝜇  𝑛   )  /  ℚ  ) 


   −  1 


   𝛼  ∈  ℚ  (    𝜇  𝑛   ) 


   𝜖  ∈  ℤ  [    𝜇  𝑝     ]  ×  


   𝑗  ∈  ℤ 


   𝜖    𝜁  𝑝  𝑗  


   𝜎  (    𝜖  ¯     𝜖    −  1    ) 


   𝜎  ∈   Gal   (  ℚ  (    𝜇  𝑝   )  /  ℚ  ) 


   ℝ 


   Λ 


   {    𝑣  1   ,  …  ,    𝑣  𝑛   } 


   𝐷  =    {    ∑    𝑖  =  1   𝑛     𝑐  𝑖     𝑣  𝑖     |      𝑐  𝑖   ∈  [  0  ,  1  )    for all    1  ≤  𝑖  ≤  𝑛  }   . 


   𝐷 


   𝑥  ∈  Λ 


   𝑦  ∈  𝐷 


   𝑉  ≅    ℝ  𝑛  


   𝑣  ∈  Λ 


   𝑈 


   𝑈  ∩  Λ  =  {  𝑣  } 


   Λ  =    ∑    𝑖  =  1   𝑚   ℤ    𝑣  𝑖  


     𝑣  𝑖   ∈  Λ 


   𝑚  ≤  𝑛 


     𝑣  1   ,  …  ,    𝑣  𝑛  


   𝑣  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝑣  𝑖   ∈  Λ 


     𝑎  𝑖   ∈  ℤ 


   𝑈  =    {  𝑣  +    ∑    𝑖  =  1   𝑛     𝑐  𝑖     𝑣  𝑖     |      𝑐  𝑖   ∈  (  −  1  ,  1  )    for all    1  ≤  𝑖  ≤  𝑛  }  


   𝑊 


     𝑣  1   ,  …  ,    𝑣  𝑚   ∈  Λ 


   Σ  =    ∑    𝑖  =  1   𝑚   ℤ    𝑣  𝑖   ≤  Λ 


   Σ 


   Λ  /  Σ 


   𝑆  ⊂  Λ  ∩  𝐷 


   Λ  ∩  𝐷 


   𝑑  =  [  Λ  ∶  Σ  ] 


   Λ  ⊆    1  𝑑   Σ 


     1  𝑑   Σ  ≅  Σ 


   𝐵  +  Λ 


   𝑣  ∈  𝑉 


   𝑘  𝑣  =    𝑏  𝑘   +    𝑥  𝑘  


     𝑏  𝑘   ∈  𝐵 


     𝑥  𝑘   ∈  Λ 


      lim     𝑘  →  ∞        1  𝑘     𝑏  𝑘   =  0  , 


   𝑣  =     lim     𝑘  →  ∞        1  𝑘     𝑥  𝑘   . 


     1  𝑘     𝑥  𝑘   ∈  𝑊 


   𝑣  ∈  𝑊 


   ⟨    ,    ⟩          ∶    𝑉  ×  𝑉  →  ℝ  . 


     𝜇  𝑉  


   ⟨    ,    ⟩ 


    Vol   (  Λ  ) 


     𝑒  1   ,  …  ,    𝑒  𝑛  


     𝑣  𝑖   =    ∑    𝑗  =  1   𝑛     𝑎    𝑖  𝑗      𝑒  𝑗   , 


    Vol   (  Λ  )  =  |   det     𝐴  |  =  |   det   (  ⟨    𝑣  𝑖   ,    𝑣  𝑗   ⟩  )    |    1  /  2    . 


   ⟨    𝑣  𝑖   ,    𝑣  𝑗   ⟩  =    ∑    𝑘  =  1   𝑛     ∑    𝑙  =  1   𝑛     𝑎    𝑖  𝑘      𝑎    𝑗  𝑙    ⟨    𝑒  𝑘   ,    𝑒  𝑙   ⟩  =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  𝑘      𝑎    𝑗  𝑘    =  (  𝐴    𝐴  𝑇     )    𝑖  𝑗    , 


    det   (  𝐴    𝐴  𝑇   )  =   det   (  𝐴    )  2  


   ℓ  =  {  (  1  −  𝑐  )  𝑣  +  𝑐  𝑤  ∣  𝑐  ∈  [  0  ,  1  ]  } 


   𝑣  ,  𝑤  ∈  𝑇 


   −  𝑣  ∈  𝑇 


   𝑣  ∈  𝑇 


     𝜇    𝐾    ⊗  ℚ   ℝ    (  𝑋  )  >    2  𝑛      Vol   (  Λ  )  . 


   𝑋  ∩  Λ  ≠  {  0  } 


   𝑌  =    1  2   𝑋  =    {    1  2   𝑥  ∣  𝑥  ∈  𝑋  }   . 


   𝑦  ∈  𝑌 


   2  𝑦  ∈  𝑋 


   −  2  𝑦  ∈  𝑋 


     𝑦  ′   ∈  𝑌 


     𝑦  ′   −  𝑦  =    1  2   (  2    𝑦  ′   )  +    1  2   (  −  2  𝑦  )  ∈  𝑋  , 


   𝑌 


     𝜇  𝑉   (  𝑌  )  =    1    2  𝑛      𝜇  𝑉   (  𝑋  )  >   Vol   (  Λ  ) 


   𝑣  +  𝑌 


    Vol   (  Λ  )  ≥    ∑    𝑣  ∈  Λ      𝜇  𝑉   (  𝐷  ∩  (  𝑣  +  𝑌  )  )  =    ∑    𝑣  ∈  Λ      𝜇  𝑉   (  (  𝐷  −  𝑣  )  ∩  𝑌  )  =    𝜇  𝑉   (  𝑌  )  , 


   𝐷  −  𝑣 


   𝑣  ,  𝑤  ∈  Λ 


   (  𝑣  +  𝑌  )  ∩  (  𝑤  +  𝑌  ) 


   𝑣  −  𝑤  ∈  𝑋 


   𝐾  ↪  𝐾    ⊗  ℚ   ℂ    ⟶  ∼     ∏    𝜎        ∶    𝐾  ↪  ℂ    ℂ 


   {  𝜎  ,    𝜎  ¯   } 


     𝜎  ¯   (  𝛼  )  =      𝜎  (  𝛼  )   ‾  


     𝑧  ¯  


   𝑧  ∈  ℂ 


     𝑟  1   (  𝐾  ) 


     𝑟  2   (  𝐾  ) 


     𝑟  1   (  𝐾  )  +  2    𝑟  2   (  𝐾  )  =  [  𝐾  ∶  ℚ  ] 


     𝜅  ℝ           ∶    𝐾    ⊗  ℚ   ℝ    ⟶  ∼     ℝ      𝑟  1   (  𝐾  )    ×    ℂ      𝑟  2   (  𝐾  )   


     𝜅  ℝ   (  𝛼  ⊗  1  ) 


   𝐾  =  ℚ  (  𝜃  ) 


   ℝ  [  𝑥  ] 


   𝑓  =    ∏    𝑖  =  1     𝑟  1    (  𝑥  −    𝛼  𝑖   )  ⋅    ∏    𝑗  =  1     𝑟  2      𝑓  𝑗   , 


     𝑟  1   ,    𝑟  2   ≥  0 


     𝑟  1   +  2    𝑟  2   =  [  𝐾  ∶  ℚ  ] 


     𝛼  𝑖   ∈  ℝ 


     𝑓  𝑗  


   ℝ  [  𝑥  ]  /  (    𝑓  𝑗   )  ≅  ℂ 


   1  ≤  𝑗  ≤    𝑟  2  


   𝑥  +  (    𝑓  𝑗   ) 


   𝐾    ⊗  ℚ   ℝ  ≅    ∏    𝑖  =  1     𝑟  1    ℝ  ×    ∏    𝑖  =  1     𝑟  2    ℂ 


   𝐾    ⊗  ℚ   ℝ 


     𝑟  1   =    𝑟  1   (  𝐾  ) 


     𝑟  2   =    𝑟  2   (  𝐾  ) 


   ℚ  (  𝑖  ) 


   ±  𝑖 


     2  3  


     𝜔    ±  1      2  3  


     𝜄  𝐾           ∶    𝐾  →    ∏    𝑖  =  1     𝑟  1    ℝ  ×    ∏    𝑖  =  1     𝑟  2    ℂ 


     𝜎  𝑖  


   1  ≤  𝑖  ≤    𝑟  1  


     𝜏  𝑖  


   1  ≤  𝑖  ≤    𝑟  2  


     ℝ    𝑟  1    ×    ℂ    𝑟  2   


     𝜇    𝐾    ⊗  ℚ   ℝ   


     ℝ  𝑛   ≅    ℝ    𝑟  1    ×    ℂ    𝑟  2   


   (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    )  ↦  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,   Re   (    𝑧  1   )  ,   Im   (    𝑧  1   )  ,  …  ,   Re   (    𝑧    𝑟  2    )  ,   Im   (    𝑧    𝑟  2    )  )  . 


     𝜄  𝐾   (  𝔞  ) 


    Vol   (    𝜄  𝐾   (  𝔞  )  )  =    2    −    𝑟  2     ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


   𝐴  ∈    𝑀  𝑛   (  ℂ  ) 


   (    𝜎  1   (    𝛼  𝑖   )  ,  …  ,    𝜎    𝑟  1    (    𝛼  𝑖   )  ,    𝜏  1   (    𝛼  𝑖   )  ,        𝜏  1   (    𝛼  𝑖   )   ‾   ,  …  ,    𝜏    𝑟  2    (    𝛼  𝑖   )  ,        𝜏    𝑟  2    (    𝛼  𝑖   )   ‾   ) 


   𝐵  ∈    𝑀  𝑛   (  ℝ  ) 


   (    𝜎  1   (    𝛼  𝑖   )  ,  …  ,    𝜎    𝑟  1    (    𝛼  𝑖   )  ,   Re   (    𝜏  1   (    𝛼  𝑖   )  )  ,   Im   (    𝜏  1   (    𝛼  𝑖   )  )  ,  …  ,   Re   (    𝜏    𝑟  2    (    𝛼  𝑖   )  )  ,   Im   (    𝜏    𝑟  2    (    𝛼  𝑖   )  )  )  . 


    det     𝐴  =  (  −  2  𝑖    )    𝑟  2     det     𝐵 


   |   det     𝐴  |  =  |  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )    |    1  /  2    =  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


    det     𝐵  ≠  0 


    Vol   (    𝜄  𝐾   (  𝔞  )  )  =  |   det     𝐵  | 


   𝐾    ⊗  ℚ   ℝ  ≅    ℝ    𝑟  1    ×    ℂ    𝑟  2   


   ‖  𝑣    ‖  𝐾   =    ∑    𝑖  =  1     𝑟  1    |    𝑥  𝑖   |  +  2    ∑    𝑗  =  1     𝑟  2    |    𝑧  𝑗   | 


   𝑣  =  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    ) 


   𝑡  >  0 


     𝐷  𝑡   =  {  𝑣  ∈  𝐾    ⊗  ℚ   ℝ  ∣  ‖  𝑣    ‖  𝐾   <  𝑡  }  . 


     𝐷  𝑡  


     𝜇    𝐾    ⊗  ℚ   ℝ    (    𝐷  𝑡   )  =    2      𝑟  1   −    𝑟  2       𝜋    𝑟  2        𝑡  𝑛     𝑛  !   


   𝑉  =    𝑅    𝑟  1    ×    ℂ    𝑟  2   


   𝑛  =    𝑟  1   +  2    𝑟  2  


     𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )   


     𝐷  𝑡   =    𝐷  𝑡    (    𝑟  1   ,    𝑟  2   )   


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )    )  =    2    −    𝑟  1       𝜇  𝑉   (    𝐷  𝑡    (    𝑟  1   ,    𝑟  2   )    ) 


     𝑟  2   =  0 


   (    𝑟  1   −  1  ,  0  ) 


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,  0  )    )  =    ∫    𝑥  =  0   𝑡     𝜇  𝑉   (    𝐵    𝑡  −  𝑥     (    𝑟  1   −  1  ,  0  )    )  𝑑  𝑥  =    ∫    𝑥  =  0   𝑡       𝑥    𝑛  −  1      (  𝑛  −  1  )  !    𝑑  𝑥  =      𝑡  𝑛     𝑛  !    . 


     𝑟  2   >  0 


   (    𝑟  1   ,    𝑟  2   −  1  ) 


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )    )  =    ∫    𝑟  =  0     𝑡  /  2      ∫    𝜃  =  0     2  𝜋      𝜇  𝑉   (    𝐵    𝑡  −  2  𝑟     (    𝑟  1   ,    𝑟  2   −  1  )    )  𝑟  𝑑  𝑟  𝑑  𝜃  =  2  𝜋        (    𝜋  2   )       𝑟  2   −  1      ∫    𝑟  =  0     𝑡  /  2        (  2  𝑟    )    𝑛  −  2       (  𝑛  −  2  )  !    (  𝑡  −  2  𝑟  )  𝑑  𝑟  =      (    𝜋  2   )     𝑟  2          𝑡  𝑛     𝑛  !    . 


   𝛼  ∈  𝔞  −  {  0  } 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≤      (    4  𝜋   )     𝑟  2          𝑛  !     𝑛  𝑛    ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


          (4.3.1)               𝜇    𝐾    ⊗  ℚ   ℝ    (    𝐷  𝑡   )  >    2  𝑛      Vol   (    𝜄  𝐾   (  𝔞  )  )  .    


     𝜄  𝐾   (  𝛼  ) 


   𝛼  ∈  𝔞 


     𝑁    𝐾  /  ℚ    (  𝛼  ) 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  =  |    𝜎  1   (  𝛼  )  |  ⋯  |    𝜎    𝑟  1    (  𝛼  )  |  |    𝜏  1   (  𝛼  )    |  2   ⋯  |    𝜏    𝑟  2    (  𝛼  )    |  2   , 


     1  𝑛       (    ∑    𝑖  =  1     𝑟  1    |    𝜎  𝑖   (  𝛼  )  |  +  2    ∑    𝑗  =  1     𝑟  2    |    𝜏  𝑗   (  𝛼  )  |  )   . 


   𝛼  ∈    𝐷  𝑡  


     𝑡  𝑛  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  <  (    𝑡  𝑛     )  𝑛  


     2      𝑟  1   −    𝑟  2       𝜋    𝑟  2        𝑡  𝑛     𝑛  !    >    2    𝑛  −    𝑟  2     ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


   𝐶  =      (    4  𝜋   )     𝑟  2          𝑛  !     𝑛  𝑛    ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    , 


   (    𝑡  𝑛     )  𝑛   >  𝐶 


   (    𝑡  𝑛     )  𝑛  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  | 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≤  𝐶 


     𝐵  𝐾  


     𝐵  𝐾   =      𝑛  !     𝑛  𝑛          (    4  𝜋   )     𝑟  2    |   disc   (  𝐾  )    |    1  /  2    . 


   |   disc   (  𝐾  )    |    1  /  2    ≥      (    𝜋  4   )     𝑟  2          𝑛  𝑛     𝑛  !   


   𝔞  =    𝒪  𝐾  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≥  1 


   𝛼  ∈    𝒪  𝐾  


   𝑁  𝔞  ≤    𝐵  𝐾  


   𝑑  ∈    𝐾  ×  


   𝔟  =  𝑑    𝔞    −  1   


   𝛽  ∈  𝔟  −  {  0  } 


   |    𝑁    𝐾  /  ℚ    (  𝛽  )  |  ≤    𝐵  𝐾   ⋅  𝑁  𝔟 


   (  𝛽  )  =  𝔟  𝔠 


     𝔟    −  1   


   |    𝑁    𝐾  /  ℚ    (  𝛽  )  |  =  𝑁  𝔟  ⋅  𝑁  𝔠 


   𝑁  𝔠  ≤    𝐵  𝐾  


   𝑁  𝔞  =    𝑝  1      𝑟  1     𝑓  1     ⋯    𝑝  𝑘      𝑟  𝑘     𝑓  𝑘     , 


   𝑁    𝔭  𝑖   =    𝑝  𝑖    𝑓  𝑖   


   𝑁  𝔞 


      log   2   (    𝐵  𝐾   ) 


     ℎ  𝐾  


    disc   (  𝐾  )  =  −   20  


     𝐵  𝐾   =    2  𝜋      20    <  3  . 


   ℤ  [      −  5    ] 


     ℎ  𝐾   ≥  2 


     ℎ  𝐾   =  2 


   𝐾  =  ℚ  (     17    ) 


    disc   (  𝐾  )  =   17  


     𝐵  𝐾   =    1  2      17    <  3  . 


   𝛼  =         17    +  1   2  


     𝒪  𝐾   =  ℤ  [  𝛼  ] 


   𝔭  ∩  ℤ  =  (  𝑝  ) 


     𝑥  2   −  𝑥  −  4 


   𝔭  =  (  𝛼  ) 


   𝑁  (  𝛼  )  =  ±  2 


     𝑁    𝐾  /  ℚ        (         17    +  5   2   )   =       25   −   17    4   =  2  , 


   𝑛  ,  𝑁  ≥  1 


   [  ℚ  (  𝛼  )  ∶  ℚ  ]  ≤  𝑛 


   |  𝜎  (  𝛼  )  |  ≤  𝑁 


   ℚ  (  𝛼  ) 


   𝑓  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖  


   ℂ  [  𝑥  ] 


   𝑓  =    ∏  𝜎   (  𝑥  −  𝜎  (  𝛼  )  ) 


   |    𝑎  𝑖   | 


   |    𝑎  𝑖   |  ≤    𝑁    𝑛  −  𝑖        (    𝑛  𝑖   )  


   |  𝜎  (  𝛼  )  |  =  1 


     𝛼  𝑛  


   ⟨  𝛼  ⟩ 


   𝛼  ∈  𝜇  (  𝐾  ) 


   𝜇  (  𝐾  )  =  𝑇 


     𝒪  𝐾  ×  


     ℓ  𝐾           ∶      𝐾  ×   →    ℝ      𝑟  1   +    𝑟  2    


   𝛼  ∈    𝐾  ×  


     ℓ  𝐾   (  𝛼  )  =  (   log   |    𝜎  1   (  𝛼  )  |  ,  …  ,   log   |    𝜎    𝑟  1    (  𝛼  )  |  ,   log   |    𝜏  1   (  𝛼  )  |  ,  …  ,   log   |    𝜏    𝑟  2    (  𝛼  )  |  )  , 


     𝜎  1   ,  …  ,    𝜎    𝑟  1   


     𝜏  1   ,  …  ,    𝜏    𝑟  2   


     ℓ  𝐾   (    𝒪  𝐾  ×   ) 


     ℝ      𝑟  1   +    𝑟  2    


   𝐻  =  {  (    𝑥  1   ,  …  ,    𝑥      𝑟  1   +    𝑟  2     )      |        ∑    𝑖  =  1     𝑟  1      𝑥  𝑖   +  2    ∑    𝑗  =  1     𝑟  2      𝑥    𝑗  +    𝑟  1     =  0  }  , 


    ker       ℓ  𝐾   =  𝜇  (  𝐾  ) 


   𝛼  ∈    𝒪  𝐾  ×  


     ∑    𝑖  =  0     𝑟  1     log   |    𝜎  𝑖   (  𝛼  )  |  +  2    ∑    𝑗  =  0     𝑟  2     log   |    𝜏  𝑗   (  𝛼  )  |  =   log   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  =  0  , 


     ℓ  𝐾   (  𝛼  )  ∈  𝐻 


   𝑁  ≥  0 


     𝐷  𝑁   =  {  (    𝑥  1   ,  …  ,    𝑥      𝑟  1   +    𝑟  2     )  ∈  𝐻  ∣  |    𝑥  𝑖   |  ≤  𝑁    for all    𝑖  } 


   𝐻 


     𝐷  𝑁  


   𝑈  ∩    ℓ  𝐾   (    𝒪  𝐾  ×   ) 


   {  0  } 


     ℓ  𝐾   (  𝛼  )  +  𝑈 


   {    ℓ  𝐾   (  𝛼  )  } 


   1  →  𝜇  (  𝐾  )  →    𝒪  𝐾  ×     ⟶    ℓ  𝐾      ℓ  𝐾   (    𝒪  𝐾  ×   )  →  0 


     𝑟  1   +    𝑟  2   −  1 


   𝐴  =  (    𝑎    𝑖  𝑗    )  ∈    𝑀  𝑘   (  ℝ  ) 


     𝑎    𝑖  𝑗    <  0 


     ∑    𝑗  =  1   𝑘     𝑎    𝑖  𝑗    >  0 


   𝑣  =  (    𝑣  1   ,  …  ,    𝑣  𝑘   )  ∈    ℝ  𝑘  


   𝐴  𝑣  =  0 


     𝑣  𝑗   =  1 


   |    𝑣  𝑖   |  ≤  1 


          (4.4.1)             0  =    ∑    𝑖  =  1   𝑘     𝑎    𝑗  𝑖      𝑣  𝑖   =    𝑎    𝑗  𝑗    +    ∑          𝑖  =  1           𝑖  ≠  𝑗      𝑘     𝑎    𝑗  𝑖      𝑣  𝑖   .    


     𝑎    𝑗  𝑖      𝑣  𝑖   ≥    𝑎    𝑗  𝑖   


     𝑎    𝑗  𝑖   


     𝑣  𝑖   ≤  1 


     ∑    𝑖  =  1   𝑘     𝑎    𝑖  𝑗    >  0 


     𝜅  ℝ  


   [    ⋅    ]          ∶    𝐾    ⊗  ℚ   ℝ  →  ℝ 


   [  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    )  ]  =  |    𝑥  1   |  ⋯  |    𝑥    𝑟  1    |  |    𝑧  1     |  2   ⋯  |    𝑧    𝑟  2      |  2   , 


     𝑥  𝑖   ∈  ℝ 


     𝑧  𝑗   ∈  ℂ 


   𝐷  =  {  𝑣  ∈  𝐾    ⊗  ℚ   ℝ  ∣  1  /  2  ≤  [  𝑣  ]  ≤  1  }  . 


     𝜇  𝑉   (  𝑋  )  >    2      𝑟  1   +    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    . 


     𝛼  1   ,  …  ,    𝛼  𝑠   ∈    𝒪  𝐾  


   𝑠  ≥  1 


   𝑣  ∈  𝐷 


   𝜖  ∈    𝒪  𝐾  ×  


   1  ≤  𝑖  ≤  𝑠 


   𝑣    𝜄  𝐾   (  𝜖  )  ∈    𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋 


   𝑤  ∈  𝐾    ⊗  ℚ   ℝ 


   𝑤  ⋅    𝜄  𝐾   (    𝒪  𝐾   )  =  {  𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ∣  𝛼  ∈    𝒪  𝐾   } 


     2    −    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    ⋅  [  𝑤  ] 


   𝑤  ∈  𝐷 


   [  𝑤  ]  ≤  1 


     2  𝑛      Vol   (  𝑤  ⋅    𝜄  𝐾   (    𝒪  𝐾   )  )  ≤    2  𝑛      Vol   (    𝜄  𝐾   (    𝒪  𝐾   )  )  =    2      𝑟  1   +    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    , 


   𝛼  ∈    𝒪  𝐾   −  {  0  } 


   𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ∈  𝑋 


   𝑀  >  0 


   [  𝑥  ]  ≤  𝑀 


   𝑥  ∈  𝑋 


   [  𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ]  ≤  𝑀 


   [  𝑤  ]  ≥    1  2  


   [    𝜄  𝐾   (  𝛼  )  ]  ≤  2  𝑀 


   𝑁  (  𝛼    𝒪  𝐾   )  ≤  2  𝑀 


   2  𝑀 


   𝛼    𝒪  𝐾  


   𝑤  ⋅    𝜄  𝐾   (  𝛼    𝒪  𝐾   )  ∩  𝑋  ≠  {  0  } 


     𝛼  1     𝒪  𝐾   ,  …  ,    𝛼  𝑠     𝒪  𝐾  


   𝛽  ∈    𝒪  𝐾   −  {  0  } 


   𝑣  ⋅    𝜄  𝐾   (  𝛽  )  ∈  𝑋 


   𝛽    𝒪  𝐾   =    𝛼  𝑖     𝒪  𝐾  


   𝜖  =  𝛽    𝛼  𝑖    −  1    ∈    𝒪  𝐾  ×  


   𝑣  ⋅    𝜄  𝐾   (  𝜖  )  ∈    𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋 


     𝒪  𝐾  ×   ≅    ℤ      𝑟  1   (  𝐾  )  +    𝑟  2   (  𝐾  )  −  1    ×  𝜇  (  𝐾  )  . 


   𝑌  =    ⋃    𝑖  =  1   𝑠     𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋  . 


   𝑁 


   (    𝜆  1   ,  …  ,    𝜆      𝑟  1   +    𝑟  2     )  ∈  𝑌 


   |    𝜆  𝑖   |  ≤  𝑁 


   1  ≤  𝑖  ≤    𝑟  1   +    𝑟  2  


     𝑣    (  𝑖  )    =  (    𝑣  1    (  𝑖  )    ,  …  ,    𝑣      𝑟  1   +    𝑟  2      (  𝑖  )    )  ∈  𝐾    ⊗  ℚ   ℝ 


   |    𝑣  𝑗    (  𝑖  )    |  >  𝑁 


   𝑗  ≠  𝑖 


   [    𝑣    (  𝑖  )    ]  =  1 


     𝑣    (  𝑖  )    ∈  𝐷 


     𝜖    (  𝑖  )    ∈    𝒪  𝐾  ×  


     𝑣    (  𝑖  )    ⋅    𝜄  𝐾   (    𝜖    (  𝑖  )    )  ∈  𝑌 


     𝜄  𝐾   (    𝜖    (  𝑖  )    )  =  (    𝜖  1    (  𝑖  )    ,  …  ,    𝜖      𝑟  1   +    𝑟  2      (  𝑖  )    )  =  (    𝜎  1   (    𝜖    (  𝑖  )    )  ,  …  ,    𝜎    𝑟  1    (    𝜖    (  𝑖  )    )  ,    𝜏  1   (    𝜖    (  𝑖  )    )  ,  …  ,    𝜏    𝑟  2    (    𝜖    (  𝑖  )    )  ) 


   |    𝜖  𝑗    (  𝑖  )    |  <  1 


     ℓ  𝐾   (    𝜖    (  𝑖  )    ) 


     𝑟  1   +    𝑟  2   >  1 


     𝑎    𝑖  ,  𝑗    =    {             log   |    𝜎  𝑗   (    𝜖    (  𝑖  )    )  |           for    1  ≤  𝑗  ≤    𝑟  1         2     log   |    𝜏    𝑗  −    𝑟  1     (    𝜖    (  𝑖  )    )  |           for      𝑟  1   +  1  ≤  𝑗  ≤    𝑟  1   +    𝑟  2   .          


   𝐴  =  (    𝑎    𝑖  ,  𝑗      )    𝑖  ,  𝑗    ∈    𝑀      𝑟  1   +    𝑟  2   −  1    (  ℝ  ) 


   𝑖  <    𝑟  1   +    𝑟  2  


     ∑    𝑗  =  1       𝑟  1   +    𝑟  2   −  1      𝑎    𝑖  ,  𝑗    =  −    𝑎    𝑖  ,    𝑟  1   +    𝑟  2     >  0 


     ℓ  𝐾   (    𝜖    (  𝑖  )    )  ∈  𝐻 


   𝑖  ≠    𝑟  1   +    𝑟  2  


   1  ≤  𝑖  <    𝑟  1   +    𝑟  2  


   𝑑  ∈  ℤ 


   𝑑  >  0 


     𝑟  1   (  𝐾  )  =  2 


     𝑟  2   (  𝐾  )  =  0 


     𝜁  2   =  1 


   𝜇  (  𝐾  )  =  {  ±  1  } 


     𝒪  𝐾  ×   ≅  ℤ  /  2  ℤ  ×  ℤ  . 


   𝑑  <  0 


     𝑟  1   (  𝐾  )  =  0 


     𝑟  2   (  𝐾  )  =  1 


   [  𝐾  ∶  ℚ  ]  =  2 


   6 


   ℚ  (  𝑖  )  =  ℚ  (      −  1    ) 


   ℚ  (  𝜔  )  =  ℚ  (      −  3    ) 


     𝒪  𝐾  ×   ≅  ℤ  /  2  ℤ 


   𝑑  =  −  1 


   𝑑  =  −  3 


     𝒪  𝐾  ×   ≅  ℤ  /  4  ℤ 


   ℤ  /  6  ℤ 


   𝐾  =  ℚ  (    2   ) 


   ±  𝜖 


   𝜖  =  𝑎  +  𝑏    2  


     𝑁    𝐾  /  ℚ    (  𝑎  +  𝑏    2   )  =    𝑎  2   −  2    𝑏  2   =  ±  1 


   𝜖 


   𝑎  ,  𝑏  >  0 


   {  ±  𝜖  ,  ±    𝜖    −  1    }  =  {  ±  𝑎  ±  𝑏    2   }  . 


     𝜖  𝑛   =    𝑎  𝑛   +    𝑏  𝑛     2  


   𝑛  >  1 


     𝑎  𝑛   >  𝑎 


     𝑏  𝑛   >  𝑏 


     𝑎  2   −  2    𝑏  2   =  ±  1 


   𝑎  >  0 


   𝑏  >  0 


   𝑎  =  𝑏  =  1 


   1  +    2  


   2  𝑛 


   ℤ  [    𝜇  𝑛     ]  ×   ≅    ℤ        𝜑  (  𝑛  )   2   −  1    ×    𝜇  𝑚   . 


   𝜇  (  𝐾  ) 


   2  𝑝 


         𝜖  ¯     𝜁  𝑝    −  𝑗       𝜖    𝜁  𝑝  𝑗     =    𝜁  𝑝    −  2  𝑗        𝜖  ¯   𝜖  


     𝜖  ¯     𝜖    −  1   


     𝜖  ¯     𝜖    −  1    =  −    𝜁  𝑝  𝑖  


   𝑖  ∈  ℤ 


   𝜖  ≡  𝑐         mod       (  1  −    𝜁  𝑝   ) 


   𝑐  ∈  ℤ 


     𝜖  ¯   ≡  𝑐         mod       (  1  −    𝜁  𝑝   ) 


     𝜖  ¯   =  −    𝜁  𝑝  𝑖   𝜖  ≡  −  𝜖  ≡  −  𝑐         mod       (  1  −    𝜁  𝑝   )  , 


   ℤ  [    𝜇  𝑝   ]  /  (  𝑝  ) 


   ℤ  [    𝜇  𝑝   ]  /  (  𝑝  )  ≅  ℤ  [  𝑥  ]  /  (    Φ  𝑝   ,  𝑝  )  ≅    𝔽  𝑝   [  𝑥  ]  /  (    Φ  𝑝   )  ≅    𝔽  𝑝   [  𝑥  ]  /  (  𝑥  −  1    )    𝑝  −  1    , 


   1  ,  𝑥  ,  …  ,    𝑥    𝑝  −  1   


      Cl     ℚ  (    𝜇  𝑝   )   


   𝑥  ,  𝑦  ,  𝑧 


   𝑝  ∤  𝑥  𝑦  𝑧 


     𝑥  𝑝   +    𝑦  𝑝   =    𝑧  𝑝  


     𝑥  𝑝   +    𝑦  𝑝   =    𝑧  𝑝  


   (  𝑥  ,  𝑦  )  =  (  1  ) 


   𝑝  =  3 


   9 


   𝑝  ≥  5 


   𝑥  ≡  𝑦  ≡  −  𝑧         mod         𝑝 


   2    𝑥  𝑝   ≡  −    𝑥  𝑝          mod         𝑝 


   3    𝑥  𝑝  


   𝑝  ∣  𝑥  −  𝑦 


   𝑝  ∤  𝑥  +  𝑧 


   −  𝑧 


     𝑥  𝑝   +  (  −  𝑧    )  𝑝   =  (  −  𝑦    )  𝑝  


   𝑝  ∤  𝑥  −  𝑦 


     𝑥  𝑝   +    𝑦  𝑝  


     ∏    𝑖  =  0     𝑝  −  1    (  𝑥  +    𝜁  𝑝  𝑖   𝑦  )  =    𝑧  𝑝   . 


   𝑧  ≡  𝑥  +  𝑦         mod         𝑝 


   (  𝑥  +    𝜁  𝑝  𝑖   𝑦  ) 


   (  𝑥  +    𝜁  𝑝   𝑦  )  =    𝔞  𝑝  


   𝛼  ∈  ℤ  [    𝜇  𝑝   ] 


   𝑥  +    𝜁  𝑝   𝑦  =  𝜖    𝛼  𝑝  


   𝛼  =  𝑐  +  𝑑  (  1  −  𝜁  ) 


   𝑑  ∈  ℤ  [    𝜇  𝑝   ] 


     𝛼  𝑝   ≡    𝑐  𝑝   +    𝑑  𝑝   (  1  −  𝜁    )  𝑝   ≡  𝑐         mod       (  𝑝  )  . 


     𝜖  ′   =    𝜁  𝑝  𝑗   𝜖 


   𝑥  +    𝜁  𝑝   𝑦  ≡    𝜁  𝑝    −  𝑗      𝜖  ′   𝑐         mod       (  𝑝  )  , 


   𝑥  +    𝜁  𝑝    −  1    𝑦  ≡    𝜁  𝑝  𝑗     𝜖  ′   𝑐         mod       (  𝑝  )  . 


     𝜁  𝑝    2  𝑗    (  𝑥  +    𝜁  𝑝   𝑦  )  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦         mod       (  𝑝  )  . 


     𝜁  𝑝    2  𝑗   


     𝜁  𝑝    2  𝑗  +  1   


     𝜁  𝑝    −  1   


   𝑝  −  1  ≥  4 


   1  =    𝜁  𝑝    2  𝑗   


     𝜁  𝑝    2  𝑗  +  2   


   𝑥  +    𝜁  𝑝   𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦         mod       (  𝑝  )  , 


     𝜁  𝑝    −  1    𝑥  +  𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦     mod       (  𝑝  )  , 


   𝑥  −  𝑦 


     𝜁  𝑝    −  2    𝑥  +    𝜁  𝑝    −  1    𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦     mod       (  𝑝  )  , 


   𝑝  ∣  𝑥  𝑦  𝑧 


     𝔽  𝑝   (  𝑡  ) 


     𝔽  𝑝   (  𝑢  ) 


   𝑢  ∈  𝐾 


     𝔽  𝑝   [  𝑡  ] 


     𝑒  𝔭  


     𝑓  𝔭  


   𝔭  ∩  ℤ 


   𝔭  ∩    𝔽  𝑝   [  𝑡  ] 


   𝜎          ∶      𝔽  𝑝   (  𝑡  )  →    𝔽  𝑝   (  𝑡  ) 


     𝔽  𝑝   [    𝑡    −  1    ] 


   𝑢  =    𝑡    −  1   


   𝜎          ∶      𝔽  𝑝   [  𝑡  ,    𝑡    −  1    ]    ⟶  ∼     𝔽  𝑝   [  𝑢  ,    𝑢    −  1    ]  . 


    Spec       𝔽  𝑝   [  𝑡  ] 


    Spec       𝔽  𝑝   [    𝑡    −  1    ] 


     ℙ    𝔽  𝑝   1  


    Spec       𝔽  𝑝   [  𝑡  ,    𝑡    −  1    ] 


     𝑓  𝑔  


    deg     𝑔  −   deg     𝑓 


   (  𝑓  )  =  𝔭  ∩    𝔽  𝑝   [    𝑡    −  1    ] 


   𝑅  /  𝔭 


   (  𝑓  ) 


   𝑓  𝑅 


   |        |          ∶    𝐾  →    ℝ    ≥  0   


   |  𝑎  |  =  0 


   |  𝑎  𝑏  |  =  |  𝑎  |  |  𝑏  | 


   |  𝑎  +  𝑏  |  ≤  |  𝑎  |  +  |  𝑏  | 


   |        | 


   |  𝜁  |  =  1 


   𝜁  ∈    𝐾  ×  


   |  𝑎  |  =  1 


   𝑑  (  𝑎  ,  𝑏  )  =  |  𝑎  −  𝑏  | 


   |          |  1  


   |          |  2  


   |  𝑎    |  1   <  1 


   |  𝑎    |  2   <  1 


   𝑠  >  0 


   |  𝑎    |  2   =  |  𝑎    |  1  𝑠  


   𝑏  ∈  𝐾 


   |  𝑏    |  1   >  1 


     𝑏    −  𝑛   


     𝑎  𝑛  


   |    𝑎  𝑛     |  𝑖   =  |  𝑎    |  𝑖  𝑛  


   |  𝑎    |  𝑖   <  1 


   𝑠  =       log   |  𝑏    |  2       log   |  𝑏    |  1     >  0 


   |  𝑏    |  2   =  |  𝑏    |  1  𝑠  


   𝑡  =       log   |  𝑎    |  1       log   |  𝑏    |  1     ∈  ℝ 


   |  𝑎    |  1   =  |  𝑏    |  1  𝑡  


   𝑚  ,  𝑛  ∈  ℤ 


   𝑛  ≠  0 


   𝑡  <  𝑞  =    𝑚  𝑛  


   |  𝑎    |  1   =  |  𝑏    |  1  𝑡   <  |  𝑏    |  1  𝑞   , 


       |      𝑎  𝑛     𝑏  𝑚    |   1   <  1  , 


   |    𝑎  𝑛     𝑏    −  𝑚      |  2   <  1 


   |  𝑎    |  2   <  |  𝑏    |  2  𝑞  


   𝑞  >  𝑡 


   |  𝑎    |  2   ≤  |  𝑏    |  2  𝑡  


   𝑞  <  𝑡 


   |  𝑎    |  1   >  |  𝑏    |  1  𝑞  


   |    𝑎    −  𝑛      𝑏  𝑚     |  1   <  1 


   |    𝑎    −  𝑛      𝑏  𝑚     |  2   <  1 


   |  𝑎    |  2   >  |  𝑏    |  2  𝑞  


   |  𝑎    |  2   ≥  |  𝑏    |  2  𝑡  


   |  𝑎    |  2   =  |  𝑏    |  2  𝑡   =  |  𝑏    |  1    𝑠  𝑡    =  |  𝑎    |  1  𝑠   . 


   𝑖  ∈  {  1  ,  2  } 


     𝐵  𝑖   (  𝑎  ,  𝜖  )  =  {  𝑏  ∈  𝐾  ∣  |  𝑎  −  𝑏    |  𝑖   <  𝜖  } 


   𝜖  >  0 


     𝐵  1   (  𝑎  ,  𝜖  )  =    𝐵  2   (  𝑎  ,    𝜖  𝑠   ) 


   𝑠  >  1 


   |          |  𝑠  


   |          |  2  


     2  2   >    1  2   +    1  2  


   |  𝑎  +  𝑏  |  ≤   max   (  |  𝑎  |  ,  |  𝑏  |  ) 


   |  𝑛  ⋅  1  |  ≤  1 


   𝑛  ≥  2 


   𝑛  ⋅  1  ∈  𝐾 


   |  𝑛  |  ≤   max   (  |  1  |  ,  …  ,  |  1  |  )  =  1 


   |  𝑛  |  ≤  1 


   𝑛  ∈  ℤ 


   𝛼  ,  𝛽  ∈  𝐾 


   |  𝛼  +  𝛽    |  𝑘   ≤    ∑    𝑖  =  0   𝑘     |    (    𝑘  𝑖   )       𝛼  𝑖     𝛽    𝑘  −  𝑖    |   ≤    ∑    𝑖  =  0   𝑘     |    (    𝑘  𝑖   )   |      max   (  |  𝛼  |  ,  |  𝛽  |    )  𝑘   ≤  (  𝑘  +  1  )   max   (  |  𝛼  |  ,  |  𝛽  |    )  𝑘   . 


   |  𝛼  +  𝛽  |  ≤  (  1  +  𝑘    )    1  𝑘     max   (  |  𝛼  |  ,  |  𝛽  |  )  , 


   𝑣          ∶    𝐾  →  ℝ  ∪  {  ∞  } 


   𝑐  >  1 


   |  𝑎  |  =    𝑐    −  𝑣  (  𝑎  )   


   ( 


     𝑐    −  ∞    =  0  ) 


   𝑓  (  𝑥  )  =    𝑐    −  𝑥   


   𝑔  (  𝑥  )  =  −     log   𝑐   (  𝑥  ) 


   ℝ  ∪  {  ∞  } 


     ℝ    ≥  0   


     𝑐    −  (  𝑣  (  𝑎  )  +  𝑣  (  𝑏  )  )    =    𝑐    −  𝑣  (  𝑎  )      𝑐    −  𝑣  (  𝑏  )    , 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


     𝑐    −  𝑣  (  𝑎  +  𝑏  )    ≤    𝑐    −   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )    =   max   (    𝑐    −  𝑣  (  𝑎  )    ,    𝑐    −  𝑣  (  𝑏  )    )  , 


   |  𝑎  +  𝑏  |  ≤   max   (  |  𝑎  |  +  |  𝑏  |  ) 


   𝑎  =  ∞ 


     𝑐    −  𝑎    =  0 


   |    𝐾  ×   | 


     ℝ  ×  


   |  𝑎  | 


   𝑐  ∈    ℝ    >  1   


   𝑣  (  𝑎  )  =     log   𝑐   (  |  𝑎  |  ) 


   ℤ  ∪  {  ∞  } 


      log   𝑐           ∶      ℝ    >  0    →  ℝ 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤  1  } 


   𝔪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  <  1  } 


   𝑎  ,  𝑏  ∈  𝒪 


   |  𝑎  𝑏  |  =  |  𝑎  |  ⋅  |  𝑏  |  ≤  1 


   |  𝑎  ±  𝑏  |  ≤   max   (  |  𝑎  |  ,  |  𝑏  |  )  ≤  1 


   𝒪 


   𝑎  ∈  𝒪  −  𝔪 


   |    𝑎    −  1    |  =  |  𝑎    |    −  1    =  1 


     𝑎    −  1    ∈  𝒪 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤  1  }  . 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  0  } 


   𝔪  =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  >  0  } 


   𝜋  ∈  𝔪 


   |  𝜋  | 


   𝑎  ∈  𝔪 


   𝑎  =    𝜋  𝑘   𝑢 


   𝑢  ∈    𝒪  ×  


   𝔪  =  (  𝜋  ) 


   |  𝑎  |  =  |  𝜋    |  𝑘  


     𝔪  𝑛   =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤    𝑟  𝑛   }  , 


   𝑟  <  1 


   𝑎  ∈  𝒪 


   𝑟  =  |  𝜋  | 


   𝑎  ∈    𝔪  𝑛  


   |  𝑎  |  ≤    𝑟  𝑛  


   |  𝑎    |  𝔭   =    𝑝    −    𝑓  𝔭     𝑣  𝔭   (  𝑎  )   


   |          |  𝔭  


   |          |  𝜋  


   |          |  𝑝  


   |  0    |  𝑝   =  0 


   |  𝑎    |  𝑝   =    𝑝    −    𝑣  𝑝   (  𝑎  )   


   |          |  ∞  


     𝔽  𝑞   (  𝑡  ) 


   |  0    |  ∞   =  0 


       |    𝑓  𝑔   |   ∞   =    𝑞     deg     𝑓  −   deg     𝑔   


   𝑓  ,  𝑔  ∈    𝔽  𝑞   [  𝑡  ] 


   𝜎          ∶    𝐾  ↪  ℂ 


   |          |  𝜎           ∶    𝐾  →    ℝ    ≥  0   


   |  𝑎    |  𝜎   =  |  𝜎  (  𝑎  )  | 


   𝜎  (  𝑎  ) 


   𝑚  ,  𝑛  ≥  2 


   𝑚  =    ∑    𝑖  =  0   𝑘     𝑎  𝑖     𝑛  𝑖  


   0  ≤    𝑎  𝑖   <  𝑛 


   0  ≤  𝑖  ≤  𝑘 


     𝑎  𝑘   ≠  0 


     𝑛  𝑘   ≤  𝑚 


   𝑘  ≤       log     𝑚      log     𝑛    . 


   𝑁  =   max   (  1  ,  |  𝑛  |  ) 


   |  1  |  =  1 


   |    𝑎  𝑖   |  <  𝑛 


   |  𝑚  |  <    ∑    𝑖  =  0   𝑘   𝑛  |  𝑛    |  𝑖   ≤  (  1  +  𝑘  )  𝑛    𝑁  𝑘   ≤    (  1  +       log     𝑚      log     𝑛    )     𝑛    𝑁       log     𝑚      log     𝑛     . 


     𝑚  𝑡  


   |  𝑚  |  <      (  1  +  𝑡       log     𝑚      log     𝑛    )     1  𝑡        𝑛    1  𝑡      𝑁       log     𝑚      log     𝑛     . 


   𝑡  →  ∞ 


          (5.2.1)             |  𝑚  |  ≤    𝑁       log     𝑚      log     𝑛     .    


   𝑁  =  1 


   |  𝑚  |  ≤  1 


   𝑚  ∈  ℤ 


   |  𝑝  |  <  1 


   𝔪  =  {  𝑎  ∈  ℤ  ∣  |  𝑎  |  <  1  }  . 


   |  𝑝  |  =    𝑝    −  𝑠   


   𝑞  ∈  ℚ 


   𝑞  =    𝑝      𝑣  𝑝   (  𝑞  )      𝑚  𝑛  


   𝑝  ∤  𝑚  𝑛 


   |  𝑞  |  =  |  𝑝    |      𝑣  𝑝   (  𝑞  )    =    𝑝    −  𝑠    𝑣  𝑝   (  𝑞  )    =  |  𝑞    |  𝑝  𝑠   . 


   |          |  ℓ  


   ℓ  ∉  𝔪 


   |  2    |  ∞   =  2  >  1 


   |  𝑛  |  >  1 


   |  𝑚    |    1     log     𝑚     ≤  |  𝑛    |    1     log     𝑛    


   |  𝑛    |    1     log     𝑛    


   |  𝑛  |  =    𝑠     log     𝑛    =    𝑛     log     𝑠   


   |  𝑞  |  =  |  𝑞    |  ∞     log     𝑠   


     𝔽  𝑞   [  𝑡  ] 


     𝑉  𝐾  


   𝐾  =  ℚ 


   𝐾  =    𝔽  𝑞   (  𝑡  ) 


   |          |  𝑣  


   |  𝑎    |  𝑝   =  1 


     ∏    𝑣  ∈    𝑉  ℚ     |  𝑎    |  𝑣   =  1  . 


   |  −  1    |  𝑣   =  1 


   𝑣  ∈    𝑉  ℚ  


   |  𝑝    |  ℓ   =  1 


   |  𝑝    |  𝑝   =    𝑝    −  1   


   |  𝑝    |  ∞   =  𝑝 


   ℎ  ∈    𝔽  𝑞   (  𝑡    )  ×  


   |  ℎ    |  𝑓   =  1 


   𝑓  ∈    𝔽  𝑞   [  𝑡  ] 


     ∏    𝑣  ∈    𝑉      𝔽  𝑞   (  𝑡  )      |  ℎ    |  𝑣   =  1  . 


   |          |  1   ,  |          |  2   ,  …  ,  |          |  𝑘  


   |  𝑎    |  𝑗   >  1 


   𝑗  ≥  2 


   𝑘  =  2 


   |  𝛼    |  1   <  1 


   |  𝛼    |  2   ≥  1 


   |  𝛽    |  1   ≥  1 


   |  𝛽    |  2   <  1 


   𝑐  =    𝛼  𝛽  


   |  𝑐    |  1   <  1 


   |  𝑐    |  2   >  1 


   𝑘  >  2 


   |  𝛼    |  𝑗   >  1 


   2  ≤  𝑗  ≤  𝑘  −  1 


   |  𝛽    |  1   <  1 


   |  𝛽    |  𝑘   >  1 


   |  𝛼    |  𝑘   >  1 


   𝑎  =  𝛼 


   |  𝛼    |  𝑘   =  1 


   |  𝛼    |  𝑗  𝑠   >  |  𝛽    |  𝑗    −  1   


   |  𝛼    |  1  𝑠   <  |  𝛽    |  1    −  1   


   𝑎  =    𝛼  𝑠   𝛽 


   |  𝛼    |  𝑘   <  1 


     𝑐  𝑚   =    𝛽    −  1    (  1  +    𝛼  𝑚     )    −  1   


   (  1  +    𝛼  𝑚     )    −  1   


   |          |  𝑖  


   |  𝛼    |  𝑖   <  1 


   |  𝛼    |  𝑖   >  1 


   |    𝑐  𝑚     |  1   →  |  𝛽    |  1    −  1   


   |    𝑐  𝑚     |  𝑗   →  0 


   |    𝑐  𝑚     |  𝑘   →  |  𝛽    |  𝑘    −  1   


   𝑎  =    𝑐  𝑚    −  1   


     𝑎  1   ,    𝑎  2   …  ,    𝑎  𝑘   ∈  𝐾 


   |    𝑎  𝑖   −  𝑏    |  𝑖   <  𝜖 


     𝛼  𝑖   ∈  𝐾 


   |    𝛼  𝑖     |  𝑖   <  1 


   |    𝛼  𝑖     |  𝑗   >  1 


   𝛿  >  0 


     𝛽  𝑖   =    1    1  +    𝛼  𝑖  𝑚    


   |    𝛽  𝑖   −  1    |  𝑖   <  𝛿 


   |    𝛽  𝑖     |  𝑗   <  𝛿 


   𝑏  =    ∑    𝑗  =  1   𝑘     𝑎  𝑗     𝛽  𝑗   , 


   |  𝑏  −    𝑎  𝑖     |  𝑖   ≤  |    𝑎  𝑖     |  𝑖   |    𝛽  𝑖   −  1    |  𝑖   +    ∑          𝑗  =  1           𝑗  ≠  𝑖      𝑘   |    𝑎  𝑗     |  𝑖   |    𝛽  𝑗     |  𝑖   <    ∑    𝑗  =  1   𝑘   |    𝑎  𝑗     |  𝑖   ⋅  𝛿  <  𝜖 


   𝛿 


   (  𝐾  ,  |        |  ) 


   𝜄          ∶    𝐾  →    𝐾  ′  


   (    𝐾  ′   ,  |          |  ′   ) 


   |  𝜄  (  𝛼  )    |  ′   =  |  𝛼  | 


   𝜄 


   (    𝐾  ˆ   ,  |        |  ) 


   𝜄          ∶    𝐾  →    𝐾  ˆ  


   𝜄  (  𝐾  ) 


     𝐾  ˆ  


   (    𝑎  𝑛     )  𝑛   ∈  𝑅 


   𝑁  ≥  1 


   |    𝑎  𝑛   −    𝑎  𝑚   |  <  𝜖 


   𝑛  ,  𝑚  ≥  𝑁 


   |  |    𝑎  𝑛   |  −  |    𝑎  𝑚   |  |  ≤  |    𝑎  𝑛   −    𝑎  𝑚   | 


   (  |    𝑎  𝑛   |    )  𝑛  


   ‖        ‖          ∶    𝑅  →    ℝ    ≥  0   


   ‖  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛   |  . 


   (    𝑎  𝑛     )  𝑛  


   (    𝑏  𝑛     )  𝑛   ∈  𝑅 


   |    𝑎  𝑛     𝑏  𝑛   −    𝑎  𝑚     𝑏  𝑚   |  ≤  |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   −    𝑏  𝑚   |  +  |    𝑏  𝑚   |  |    𝑎  𝑛   −    𝑎  𝑚   |  , 


   |    𝑎  𝑛   |  <  𝑀 


   |    𝑏  𝑛   |  <  𝑀 


   |    𝑎  𝑛   −    𝑎  𝑚   |  ,  |    𝑏  𝑛   −    𝑏  𝑚   |  <    𝜖    2  𝑀   


   𝔐 


   (    𝑏  𝑛     )  𝑛   ∈  𝔐 


   |    𝑎  𝑛     𝑏  𝑛   |  =  |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   |  <  𝜖 


   |    𝑏  𝑛   |  <    𝜖  𝑀  


   (    𝑎  𝑛     )  𝑛   ∈  𝑅  −  𝔐 


     𝑎  𝑛   ≠  0 


   (    𝑎  𝑛    −  1      )  𝑛  


   |    𝑎  𝑛   | 


   |    𝑎  𝑛    −  1    −    𝑎  𝑚    −  1    |  =      |    𝑎  𝑛   −    𝑎  𝑚   |     |    𝑎  𝑛   |  |    𝑎  𝑚   |    . 


   𝑅  /  𝔐 


     𝐾  ˆ   =  𝑅  /  𝔐 


   (  𝑎    )  𝑛  


   (    𝑎  𝑛     )  𝑛   ,  (    𝑏  𝑛     )  𝑛   ∈  𝑅 


   ‖  (    𝑎  𝑛   ⋅    𝑏  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛     𝑏  𝑛   |  =     lim     𝑛  →  ∞    |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   |  =  ‖  (    𝑎  𝑛     )  𝑛   ‖  ⋅  ‖  (    𝑏  𝑛     )  𝑛   ‖ 


   ‖  (    𝑎  𝑛   +    𝑏  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛   +    𝑏  𝑛   |  ≤     lim     𝑛  →  ∞    (  |    𝑎  𝑛   |  +  |    𝑏  𝑛   |  )  =  ‖  (    𝑎  𝑛     )  𝑛   ‖  +  ‖  (    𝑏  𝑛     )  𝑛   ‖  . 


   ‖  (    𝑎  𝑛     )  𝑛   ‖  =  0 


   (    𝑎  𝑛     )  𝑛   ∈  𝔐 


   ‖        ‖ 


   |        | 


   (    𝑐  𝑚     )  𝑚  


     𝑐  𝑚   =  (    𝑐    𝑚  ,  𝑛      )  𝑛  


   𝑚  ≥  𝑘  ≥  𝑁 


   ‖    𝑐  𝑚   −    𝑐  𝑘   ‖  =     lim     𝑛  →  ∞    |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑘  ,  𝑛    |  <    𝜖  2   . 


     𝑁  𝑚   ≥  𝑁 


   𝑘  ≤  𝑚 


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑘  ,  𝑛    |  <    𝜖  2  


   𝑛  ≥    𝑁  𝑚  


     𝑐  𝑚  


     𝑙  𝑚   ≥   max   (    𝑁  𝑚   ,    𝑙    𝑚  −  1    ) 


     𝑙  1   ≥    𝑁  1  


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑚  ,    𝑛  ′     |  <    𝜖  2  


   𝑛  ,    𝑛  ′   ≥    𝑙  𝑚  


     𝑎  𝑛   =    𝑐    𝑛  ,    𝑙  𝑛    


   |    𝑎  𝑚   −    𝑎  𝑘   |  =  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑘     |  ≤  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑚     |  +  |    𝑐    𝑘  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑘     |  <  𝜖 


     ℓ  𝑚  


   ‖    𝑐  𝑚   −  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑛  ,    𝑙  𝑛     |  , 


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑛  ,    𝑙  𝑛     |  ≤  |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑚  ,    𝑙  𝑚     |  +  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑛  ,    𝑙  𝑛     |  <  𝜖 


   𝑛  ≥  𝑚  ≥  𝑁 


   𝑛  ≥    𝑙  𝑚  


   ‖    𝑐  𝑚   −  (    𝑎  𝑛     )  𝑛   ‖  ≤  𝜖 


   𝑚  ≥    𝑁  ′  


   ‖  (    𝑎  𝑚     )  𝑛   −  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑚   −    𝑎  𝑛   |  , 


   |    𝑎  𝑚   −    𝑎  𝑛   |  <  𝜖 


   𝑚  ,  𝑛  ≥  𝑁 


   ‖  (    𝑎  𝑚     )  𝑛   −  (    𝑎  𝑛     )  𝑛   ‖  ≤  𝜖 


   (  𝜄  (    𝑎  𝑚   )    )  𝑚  


   𝜎          ∶    𝐾  →  𝐿 


     𝜎  ˆ           ∶      𝐾  ˆ   →  𝐿 


   |          |  ′   ) 


   𝜎  (    𝑎  𝑛     )  𝑛  


   |  𝜎  (    𝑎  𝑛   )  −  𝜎  (    𝑎  𝑚   )    |  ′   =  |    𝑎  𝑛   −    𝑎  𝑚   | 


     𝜎  ˆ   (  (    𝑎  𝑛     )  𝑛   )  =     lim     𝑛  →  ∞      𝜎  (    𝑎  𝑛   )  . 


   𝜏          ∶      𝐾  ˆ   →  𝐿 


   |  𝜏  (  (    𝑎  𝑛     )  𝑛   )  −  𝜎  (    𝑎  𝑚   )    |  ′   =     lim     𝑛  →  ∞    |    𝑎  𝑛   −    𝑎  𝑚   |  , 


   (  𝜎  (    𝑎  𝑚   )    )  𝑚  


   𝜏  (  (    𝑎  𝑛     )  𝑛   ) 


     𝜎  ˆ   (  (    𝑎  𝑛     )  𝑛   ) 


   𝜏  =    𝜎  ˆ  


   (    𝐾  ˆ   ,  |        |  ) 


     𝜄  ˆ           ∶      ℚ  ˆ   →  ℝ 


   (  ℝ  ,  |          |  𝑠   ) 


   (  ℂ  ,  |          |  𝑠   ) 


   𝑠  ∈  (  0  ,  1  ] 


   |          |  ∞  𝑠  


   𝑠  ∈    ℝ    >  0   


   𝑠  ≤  1 


   |  𝑎  |  =  |  𝑎    |  ∞  𝑠  


   𝑎  ∈  ℚ 


   (  ℝ  ,  |          |  ∞  𝑠   ) 


   𝑖  =      −  1    ∈  𝐾 


   𝜃  ∈  ℝ 


   |    𝑒    2  𝜋  𝑖  𝜃    |  ≤  |   cos     𝜃  |  +  |   sin     𝜃  |  ≤    2   , 


   |    𝑒    2  𝜋  𝑖  𝜃      |  𝑛   =  |    𝑒    2  𝜋  𝑖  𝑛  𝜃    |  ≤    2  


   |    𝑒    2  𝜋  𝑖  𝜃    |  =  1 


   𝑧  =  𝑟    𝑒    2  𝜋  𝑖  𝜃   


   |  𝑧  |  =  |  𝑧    |  ∞  𝑠  


   𝑧  ∈  ℂ  ⊆  𝐾 


   𝐾  (  𝑖  ) 


   |  𝑎  +  𝑏  𝑖  |  =      |  𝑎    |  2   +  |  𝑏    |  2    


   (  ℂ  ,  |          |  ∞  𝑠   ) 


   𝑤  ∈  ℂ 


   |  𝛼  −  𝑤  | 


   |  𝛼  |  +  𝑢 


   𝑢  >  𝑡 


   𝛼  ∉  ℂ 


   𝛼  −  𝑤 


   𝑤  =  0 


   𝑡  =  |  𝛼  |  ≤  |  𝛼  −  𝑧  | 


   |  𝑧    |  𝑛   +    𝑡  𝑛   ≥  |    𝛼  𝑛   −    𝑧  𝑛   |  =    ∏    𝑗  =  0     𝑛  −  1    |  𝛼  −    𝜁  𝑛  𝑗   𝑧  |  ≥    𝑡    𝑛  −  1    |  𝛼  −  𝑧  | 


     𝜁  𝑛   =    𝑒    2  𝜋  𝑖  /  𝑛   


   |  𝛼  −  𝑧  |  ≤  𝑡      (      |  𝑧    |  𝑛      𝑡  𝑛    +  1  )   . 


   𝑧 


   |  𝑧  |  <  𝑡 


   |  𝛼  −  𝑧  |  ≤  𝑡 


   |  𝛼  −  𝑧  |  =  𝑡 


   𝛼  −  𝑧 


   |  𝛼  −  𝑧  −  𝑤  |  =  𝑡 


   |  𝑤  |  <  𝑡 


   |  𝛼  −  𝑚  𝑧  |  =  𝑡 


   |  𝑧  |  ≤  𝛼 


   𝑚  𝑧 


   |  𝑧  |  ≤  |  𝑧  −  𝛼  |  +  |  𝛼  |  =  2  𝑡 


   |  𝑧    |  ∞  


   (    𝐾  ˆ   ,  |        |  ) 


     𝒪  ˆ  


     𝔪  ˆ  


     𝜄  ¯           ∶    𝒪  /  𝔪  →    𝒪  ˆ   /    𝔪  ˆ  


       𝜄  ¯   𝑛           ∶    𝒪  /    𝔪  𝑛   →    𝒪  ˆ   /      𝔪  ˆ   𝑛  


   |    𝑎  𝑛   −  𝑎  |  <  |  𝑎  | 


   |    𝑎  𝑛   |  =  |  (    𝑎  𝑛   −  𝑎  )  +  𝑎  |  =  |  𝑎  | 


   𝐾  →    𝐾  ˆ  


   𝔪  =  𝒪  ∩    𝔪  ˆ  


     𝜄  ¯  


   𝑎  ∈    𝒪  ˆ  


   |  𝑏  −  𝑎  |  <  1 


   𝑏  −  𝑎  ∈    𝔪  ˆ  


   𝑏  ∈    𝒪  ˆ   ∩  𝐾  =  𝒪 


     𝜄  ¯   (  𝑏  +  𝔪  )  =  𝑎  +    𝔪  ˆ  


       𝜄  ¯   𝑛  


     𝔪  𝑛   =  {  𝑎  ∈  𝐾  |  |  𝑎  |  ≤  |  𝜋    |  𝑛   }  , 


   𝑎  ∈      𝔪  ˆ   𝑛  


   |  𝑏  −  𝑎  |  <  |  𝜋    |  𝑛  


   |  𝑏  |  ≤  |  𝜋    |  𝑛  


   𝑏  ∈    𝔪  𝑛  


   𝒪  /  𝔪 


     𝑎  𝑛   =    ∑    𝑘  =  𝑚   𝑛     𝑐  𝑘     𝜋  𝑘  


     𝑐  𝑘   ∈  𝑇 


   𝑘  ≥  𝑚 


     𝑐  𝑚   ≠  0 


     𝑎  𝑛  


   𝑚  =  𝑣  (  𝑎  ) 


     𝑎    𝑚  −  1    =  0 


   𝑛  ≥  𝑚 


   𝑎  −    𝑎    𝑛  −  1    =    𝑏  𝑛     𝜋  𝑛  


     𝑏  𝑛   ∈  𝒪 


     𝑐  𝑛   ∈  𝑇 


     𝑐  𝑛   ≡    𝑏  𝑛          mod         𝔪 


   𝑎  −    𝑎  𝑛   =    𝑏  𝑛     𝜋  𝑛   −    𝑐  𝑛     𝜋  𝑛   ∈    𝔪    𝑛  +  1    , 


     𝑐  𝑛  


   𝑎  ≢    𝑎  𝑛          mod           𝔪    𝑛  +  1   


   𝑎  ≢    𝑎  𝑘          mod           𝔪    𝑛  +  1   


   𝑘  >  𝑛 


     ∑    𝑘  =  𝑚   ∞     𝑐  𝑘     𝜋  𝑘   ∈    𝐾  ˆ  


     𝑐  𝑘   ∈  𝒪 


   𝐾  (  𝑡  ) 


   𝐾  (      (  𝑡  )      ) 


   𝐾  ⟦  𝑡  ⟧ 


     ℚ  𝑝  


     ℤ  𝑝  


     ∑    𝑖  =  𝑚   ∞     𝑐  𝑖     𝑝  𝑖   , 


   0  ≤    𝑐  𝑖   ≤  𝑝  −  1 


   𝑖  ≥  𝑚 


   𝛼  =  1  +  𝑝  +    𝑝  2   +    𝑝  3   +  ⋯  ∈    ℤ  𝑝  


     1    1  −  𝑝   


   (  1  +  𝑝  +    𝑝  2   +  ⋯  +    𝑝  𝑛   )  (  1  −  𝑝  )  =  1  −    𝑝    𝑛  +  1    , 


   (  1  −    𝑝    𝑛  +  1      )  𝑛  


   −  1  =    ∑    𝑛  =  0   ∞   (  𝑝  −  1  )    𝑝  𝑛   ∈    ℤ  𝑝   . 


   𝜙          ∶    𝒪  →            (     lim    ←   𝑛       𝒪  /    𝔪  𝑛  


   (  𝑎  +    𝔪  𝑛     )  𝑛  


     𝑎  𝑛   +    𝔪  𝑛  


     𝑎  𝑛   ∈  𝒪 


     ∑    𝑘  =  0     𝑛  −  1      𝑐  𝑘     𝜋  𝑘  


     𝑐  𝑖   ∈  𝑇 


     𝑐  𝑖  


   𝑛  ≥  𝑖 


   𝑎  =    ∑    𝑘  =  0   ∞     𝑐  𝑘     𝜋  𝑘   ∈  𝒪 


   (    𝑎  𝑛   +    𝔪  𝑛     )  𝑛  


   𝐴  →            (     lim    ←   𝑛       𝐴  /    𝔭  𝑛   . 


   𝑓  =    ∑    𝑛  =  0   ∞     𝑎  𝑛     𝑥  𝑛   ∈  𝐾  ⟦  𝑥  ⟧ 


     𝑓    (  𝑘  )    ∈  𝐾  ⟦  𝑥  ⟧ 


     𝑓    (  𝑘  )    =    ∑    𝑛  =  0   ∞   (  𝑛  +  1  )  ⋯  (  𝑛  +  𝑘  )    𝑎    𝑛  +  𝑘      𝑥  𝑛   . 


   𝑓  ∈  𝒪  [  𝑥  ] 


     𝑓  ¯   ∈  𝒪  /  𝔪  [  𝑥  ] 


     𝛼  ¯   ∈  𝒪  /  𝔪 


     𝛼  0   ∈  𝒪 


   𝜋  =  𝑓  (    𝛼  0   )  ∈  𝔪 


     𝛼  𝑘   ∈  𝒪 


   0  ≤  𝑘  ≤  𝑛 


     𝛼  𝑛   ≡    𝛼  𝑘          mod           𝜋    2  𝑘   


   𝑓  (    𝛼  𝑛   )  ≡  0         mod           𝜋    2  𝑛   


   𝑓  =    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖     𝑥  𝑖  


     𝑎  𝑖   ∈  𝒪 


   𝑓  (    𝛼  𝑛   +  𝑥  )  −  (  𝑓  (    𝛼  𝑛   )  +    𝑓  ′   (    𝛼  𝑛   )  𝑥  )  =    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖   (    𝛼  𝑛   +  𝑥    )  𝑖   −    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖     𝛼  𝑛  𝑖   −    ∑    𝑖  =  0      deg     𝑓    𝑖    𝑎  𝑖     𝛼  𝑛    𝑖  −  1    𝑥 


   (    𝑥  2   ) 


   𝒪  [  𝑥  ] 


   𝑓  (    𝛼  𝑛   +  𝛽    𝜋    2  𝑛    )  ≡  𝑓  (    𝛼  𝑛   )  +    𝑓  ′   (    𝛼  𝑛   )  ⋅  𝛽    𝜋    2  𝑛           mod           𝜋    2    𝑛  +  1    


   𝛽  ∈  𝒪 


     𝑓  ′   (    𝛼  𝑛   )  ≢  0         mod         𝜋 


     𝑓  ′   (    𝛼  𝑛   ) 


     𝜋    2  𝑛   


   𝑓  (    𝛼  𝑛   ) 


   𝑓  (    𝛼  𝑛   +  𝛽    𝜋    2  𝑛    )  ≡  0         mod           𝜋    2    𝑛  +  1    


     𝛼    𝑛  +  1    =    𝛼  𝑛   +  𝛽    𝜋    2  𝑛   


     𝛼    𝑛  +  1    ≡    𝛼  𝑛          mod           𝜋    2  𝑛   


   𝑓  (    𝛼    𝑛  +  1    )  ≡  0         mod           𝜋    2    𝑛  +  1    


     𝛼    𝑛  +  1   


     𝜋    2    𝑛  +  1    


          (5.3.1)               𝛼    𝑛  +  1    ≡    𝛼  𝑛   −      𝑓  (    𝛼  𝑛   )       𝑓  ′   (    𝛼  𝑛   )           mod           𝜋    2    𝑛  +  1     .    


   𝛼  =     lim     𝑛  →  ∞        𝛼  𝑛   , 


   𝑓  (  𝛼  )  =     lim     𝑛  →  ∞      𝑓  (    𝛼  𝑛   )  =  0  , 


   𝑓  =    𝑥  2   −  2 


     𝔽  7  


     ℤ  7  


   3  −        3  2   −  2     2  ⋅  3    =  3  −    1  6   7  ≡   10          mod          49  


    49  


    10   −         10   2   −  2     2  ⋅   10     =   10   −    1   10      7  2   ≡  3  +  7  +  2  ⋅    7  2   +  6  ⋅    7  3   ≡   2166          mod           7  4  


    2401  


     𝑥    𝑝  −  1    −  1 


     𝔽  𝑝   [  𝑥  ] 


     𝔽  𝑝  ×  


     𝑥    𝑝  −  1    −  1 


     𝜇    𝑝  −  1    (    ℚ  𝑝   ) 


     𝜁  𝑛  𝑚  


     𝜁  𝑛  𝑚   −  1  ∈  𝑝    ℤ  𝑝  


   ℤ  [    𝜇  ℓ   ]  ⊆    ℤ  𝑝  


     𝜁  ℓ   −  1  ∈  𝑝    ℤ  𝑝  


     𝜁  ℓ   −  1 


   ℓ  ∈  𝑝    ℤ  𝑝  


     𝜁    2  𝑝    ∈    ℤ  𝑝  


     ℤ  𝑝   [    𝜇    2  𝑝    ] 


     𝑝    −  1    (    𝜁    2  𝑝    −  1    )    𝜑  (  2  𝑝  )    ∈    ℤ  𝑝  ×  


     𝑓  ¯   =    𝑔  ¯     ℎ  ¯  


     ℎ  ¯  


   𝑓  =  𝑔  ℎ 


    deg     𝑔  =   deg       𝑔  ¯  


     𝑔  ′   ,    ℎ  ′   ∈  𝒪  [  𝑥  ] 


    deg       𝑔  ′   =   deg       𝑔  ¯  


   𝑓  ≡    𝑔  ′     ℎ  ′          mod         𝔟 


   𝔟  ⊆  𝔪 


   𝑔  ≡    𝑔  ′          mod         𝔟 


   ℎ  ≡    ℎ  ′          mod         𝔟 


   𝑓  ≢  0         mod         𝔪 


    deg       𝑔  ¯  


     𝑔  0   ,    ℎ  0   ∈  𝒪  [  𝑥  ] 


    deg       𝑔  0   =  𝑘 


    deg       ℎ  0   ≤  𝑑  −  𝑘 


   𝑓  ≡    𝑔  0     ℎ  0          mod         𝔪  . 


     𝑎  ¯   ,    𝑏  ¯   ∈  𝒪  /  𝔪  [  𝑥  ] 


     𝑎  ¯     𝑔  ¯   +    𝑏  ¯     ℎ  ¯   =  1 


   𝑎  ,  𝑏  ∈  𝒪  [  𝑥  ] 


     𝑎  ¯  


     𝑏  ¯  


   𝑎    𝑔  0   +  𝑏    ℎ  0   ≡  1         mod         𝔪  . 


   𝔞  ⊆  𝔪 


   𝑎    𝑔  0   +  𝑏    ℎ  0   −  1 


   𝜋  ∈  𝔞 


   𝑚  ≤  𝑛  −  1 


     𝑔  𝑚  


     ℎ  𝑚  


    deg   (    𝑔  𝑚   −    𝑔  0   )  <  𝑘 


    deg       ℎ  𝑚   ≤  𝑑  −  𝑘 


   𝑓  ≡    𝑔  𝑚     ℎ  𝑚          mod           𝔞    𝑚  +  1    , 


     𝑔    𝑚  +  1    ≡    𝑔  𝑚          mod           𝔞    𝑚  +  1       and       ℎ    𝑚  +  1    ≡    ℎ  𝑚          mod           𝔞    𝑚  +  1   


   𝑚  ≤  𝑛  −  2 


     𝑓  𝑛   =    𝜋    −  𝑛    (  𝑓  −    𝑔    𝑛  −  1      ℎ    𝑛  −  1    )  ∈  𝒪  [  𝑥  ]  . 


     𝑔  0  


   𝑏    𝑓  𝑛   =    𝑞  𝑛     𝑔  0   +    𝑟  𝑛   , 


     𝑞  𝑛   ,    𝑟  𝑛   ∈  𝒪  [  𝑥  ] 


    deg       𝑟  𝑛   <  𝑘 


          (5.3.2)             (  𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0   )    𝑔  0   +    𝑟  𝑛     ℎ  0   =  𝑎    𝑓  𝑛     𝑔  0   +  𝑏    𝑓  𝑛     ℎ  0   ≡    𝑓  𝑛          mod         𝔞  .    


     𝑠  𝑛   ∈  𝒪  [  𝑥  ] 


   𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


     𝑔  𝑛   =    𝑔    𝑛  −  1    +    𝜋  𝑛     𝑟  𝑛      and       ℎ  𝑛   =    ℎ    𝑛  −  1    +    𝜋  𝑛     𝑠  𝑛   . 


             𝑔  𝑛     ℎ  𝑛      ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛   (    𝑟  𝑛     ℎ    𝑛  −  1    +    𝑠  𝑛     𝑔    𝑛  −  1    )            ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛   (    𝑟  𝑛     ℎ  0   +    𝑠  𝑛     𝑔  0   )            ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛     𝑓  𝑛             ≡  𝑓         mod           𝔞    𝑛  +  1    .    


    deg   (    𝑔    𝑛  −  1    −    𝑔  0   )  <  𝑘 


    deg   (    𝑔  𝑛   −    𝑔  0   )  <  𝑘 


    deg   (    𝑟  𝑛     ℎ  0   )  <  𝑑 


    deg       𝑓  𝑛   ≤  𝑑 


   (  𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0   )    𝑔  0  


   𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


   𝑑  −  𝑘 


     𝑠  𝑛  


     𝑎  𝑛     𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


    deg   (    𝑠  𝑛   )  ≤  𝑑  −  𝑘 


     𝑔  𝑛  


     ℎ  𝑛  


     ⋂    𝑛  ≥  1      𝔞  𝑛   =  (  0  ) 


   (    𝑔  𝑛     )  𝑛  


   (    ℎ  𝑛     )  𝑛  


   |          |  𝐾  


   |          |  𝐿  


   |  𝛼    |  𝐿   =  |  𝛼    |  𝐾  


   |  𝛼    |  𝔓   =    𝑝    −    𝑓  𝔓     𝑣  𝔓   (  𝛼  )    =    𝑝    −    𝑓  𝔓     𝑒    𝔓  /  𝔭      𝑣  𝔭   (  𝛼  )    =  |  𝛼    |  𝔭      𝑒    𝔓  /  𝔭      𝑓    𝔓  /  𝔭      . 


   (  𝑉  ,  |        |  ) 


   |  𝛼  𝑣  |  =  |  𝛼  |  |  𝑣  | 


   𝜙          ∶      𝐾  𝑛   →  𝑉 


     𝜙  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑣  𝑖  


   ‖  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ‖  =   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  ) 


   ‖    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   ‖  =   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  ) 


     𝑐  1   ,    𝑐  2   >  0 


     𝑐  1   ‖  𝑣  ‖  ≤  |  𝑣  |  ≤    𝑐  2   ‖  𝑣  ‖ 


     𝑐  2   =  |    𝑣  1   |  +  ⋯  +  |    𝑣  𝑛   | 


   |    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   |  ≤    ∑    𝑖  =  1   𝑛   |    𝑎  𝑖   |  |    𝑣  𝑖   |  ≤   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  )  ⋅    ∑    𝑖  =  1   𝑛   |    𝑣  𝑖   |  =    𝑐  2   ‖    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   ‖  . 


     𝑐  1  


     𝑐  1   =  |    𝑣  1   | 


     𝑊  𝑖  


   {    𝑣  1   ,  …  ,    𝑣    𝑖  −  1    ,    𝑣    𝑖  +  1    ,  …  ,    𝑣  𝑛   } 


   0  ∈  𝑉 


   𝐵  ∩  (    𝑣  𝑖   +    𝑊  𝑖   )  =  ∅ 


   𝑣  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑣  𝑖   ∈  𝑉 


   𝑣  ≠  0 


     𝑎  𝑗   ≠  0 


     𝑎  𝑗    −  1    𝑣  ∈    𝑣  𝑗   +    𝑊  𝑗  


   |    𝑎  𝑗    −  1    𝑣  |  ≥  𝜖 


   |  𝑣  |  ≥  𝜖  ‖  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ‖  =  𝜖  ‖  𝑣  ‖ 


     𝑐  1   =  𝜖 


   𝑓  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   ∈  𝐾  [  𝑥  ] 


   |    𝑎  0   | 


   0  ≤  𝑖  ≤  𝑛 


     𝑎  𝑗   ∈    𝒪  ×  


   𝑓  ≡  (    𝑎  𝑗   +    𝑎    𝑗  +  1    𝑥  +  ⋯  +    𝑎  𝑛     𝑥    𝑛  −  𝑗    )    𝑥  𝑗          mod         𝔪  . 


   𝑗  =  0 


   𝑗  =  𝑛 


   𝑓  (  0  ) 


   {  𝛽  ∈  𝐿  ∣    𝑁    𝐿  /  𝐾    (  𝛽  )  ∈  𝒪  }  . 


     𝑁    𝐿  /  𝐾    (  𝛽  )  ∈  𝒪 


     𝑁    𝐿  /  𝐾    (  𝛽  )  =  (  −  1    )  𝑛   𝑓  (  0    )    𝑛  /  𝑑    , 


   𝑑  =  [  𝐾  (  𝛽  )  ∶  𝐾  ] 


   𝑓  (  0  )  ∈  𝒪 


   (  𝐾  ,  |          |  𝐾   ) 


   |  𝛽    |  𝐿   =  |    𝑁    𝐿  /  𝐾    (  𝛽  )    |  𝐾    1  /  [  𝐿  ∶  𝐾  ]    . 


   |  𝛽    |  𝐿   =  |    𝑁    𝐿  /  𝐾    (  𝛽  )    |  𝐾    1  /  𝑛    . 


   |  𝛽    |  𝐿   =  0 


   𝛽  =  0 


   |  𝛼  𝛽    |  𝐿   =  |  𝛼    |  𝐿   |  𝛽    |  𝐿  


   𝛼  +  1  ∈  𝐵 


     𝑁    𝐿  /  𝐾    (  𝛼  )  ∈  𝐴 


     𝑁    𝐿  /  𝐾    (  𝛼  +  1  )  ∈  𝐴 


   |  𝛼    |  𝐿   ≤  1 


   |  𝛼  +  1    |  𝐿   ≤  1 


   |  𝛼    |  𝐿   ≤  |  𝛽    |  𝐿  


   |  𝛼    𝛽    −  1      |  𝐿   ≤  1 


   |  𝛼  +  𝛽    |  𝐿   =  |  𝛽    |  𝐿   |  𝛼    𝛽    −  1    +  1    |  𝐿   ≤  |  𝛽    |  𝐿   =   max   (  |  𝛼    |  𝐿   ,  |  𝛽    |  𝐿   )  . 


   ‖        ‖ 


   𝔫 


   𝐶  ⊆  𝐵 


   𝛾  ∈  𝐵  −  𝐶 


     𝛾    −  1    ∈  𝔫 


   −  1  =    𝛾    −   deg     𝑓    𝑓  (  𝛾  )  −  1 


     𝛾    −  1   


   𝐵  =  𝐶 


     𝔽  ℓ   (  𝑡  ) 


   |          |  𝑓  


   𝑓  ∈    𝔽  ℓ   (  𝑡  ) 


   𝔓  =  {  𝑥  ∈    𝒪  𝐾   ∣  |  𝑥  |  <  1  } 


   𝔓  =  {  𝑥  ∈  𝐴  ∣  |  𝑥  |  <  1  } 


     𝔽  ℓ   [    𝑡    −  1    ] 


   𝔭  =  (  𝑝  ) 


     𝐾  𝔓  


   |          |  𝔓  


   |        | 


   (  𝑖  ,  𝑣  (    𝑎  𝑖   )  ) 


   −  ∞  ≤    𝑚  1   <    𝑚  2   <  …  <    𝑚  𝑟  


     𝑡  1   ,  …  ,    𝑡  𝑟  


   1  ≤  𝑗  ≤  𝑟 


     𝑡  𝑗  


   −    𝑚  𝑗  


     𝜇  1   <  ⋯  <    𝜇  𝑠  


     𝑘  𝑖  


     𝜇  𝑖  


     ℓ  𝑖   =    ∑    𝑡  =  1   𝑖     𝑘  𝑡  


     ℓ  0   =  0 


     𝑎    𝑛  −  𝑗   


   0  ≤  𝑗  ≤  𝑛 


     𝛼  1   ⋯    𝛼  𝑗  


   𝑗  =    ℓ  𝑖  


     ℓ    𝑖  −  1    <  𝑗  ≤    ℓ  𝑖  


   𝑣  (    𝑎    𝑛  −  𝑗    )  ≥    ∑    𝑡  =  1     𝑖  −  1      𝑘  𝑡     𝜇  𝑡   +  (  𝑗  −    ℓ    𝑖  −  1    )    𝜇  𝑖   , 


   (  𝑛  −    ℓ    𝑠  −  𝑖    ,    ∑    𝑡  =  1     𝑠  −  𝑖      𝑘  𝑡     𝜇  𝑡   ) 


   0  ≤  𝑖  ≤  𝑠 


   𝑟  =  𝑠 


     𝑡  𝑖   =  (  𝑛  −    ℓ    𝑠  −  𝑖  −  1    )  −  (  𝑛  −    ℓ    𝑠  −  𝑖    )  =    ℓ    𝑠  −  𝑖    −    ℓ    𝑠  −  𝑖  −  1    =    𝑘    𝑠  −  𝑖   


     𝑚  𝑖   =        ∑    𝑡  =  1     𝑠  −  𝑖  −  1      𝑘  𝑡     𝜇  𝑡   −    ∑    𝑡  =  1     𝑠  −  𝑖      𝑘  𝑡     𝜇  𝑡      𝑡  𝑖    =      −    𝑘    𝑠  −  𝑖      𝜇    𝑠  −  𝑖       𝑘    𝑠  −  𝑖     =  −    𝜇    𝑠  −  𝑖    . 


   𝑓  =  8    𝑥  4   +   30     𝑥  3   −  4    𝑥  2   +  7  𝑥  −  2  ∈    ℚ  2   [  𝑥  ] 


   (  0  ,  3  ) 


   (  2  ,  2  ) 


   (  3  ,  0  ) 


   (  4  ,  1  ) 


   [  0  ,  4  ] 


   −  2 


   −    1  2  


     1  2  


     𝑥  𝑛   −  𝑝  ∈    ℚ  𝑝   [  𝑥  ] 


   (  0  ,  1  ) 


   (  𝑛  ,  0  ) 


   −    1  𝑛  


     𝑥  𝑛   −  𝑝 


     1  𝑛  


     ℚ  𝑝  


     𝜁  𝑛  𝑖     𝑝  𝑛  


   0  ≤  𝑖  <  𝑛 


   𝑓  =    𝑓  1   …    𝑓  𝑟  


     𝑓  𝑖   ∈  𝐾  [  𝑥  ] 


     𝑡  𝑖  


   −    𝑚  𝑖  


   𝑣  ∘  𝜎  =  𝑣 


   𝜎  ∈   Gal   (  𝐿  /  𝐾  ) 


   −    𝑐  𝑛  


   𝑐  ≥  1 


   𝑛  𝑣  (  𝛼  )  ∈  ℤ 


     𝛼  𝑗   ∉  𝐾 


   1  ≤  𝑗  <  𝑛 


     𝐾  𝔭  


     𝑈  𝑥  


   𝑁  >  0 


   |    𝑎  𝑛   −    𝑎  𝑁   |  <  𝜖 


   𝑛  ≥  𝑁 


   (    𝑎  𝑛     )    𝑛  ≥  𝑁   


     𝔪  𝑛  


   𝒪  →    𝔪  𝑛  


     𝜋  𝑛  


   𝑎  +  𝒪 


   𝑎  +  𝔪 


   (    𝛼  𝑛     )  𝑛  


     𝛼  𝑛   =    ∑    𝑖  =  0   ∞     𝑎    𝑛  ,  𝑖      𝜋  𝑖  


     𝑎    𝑛  ,  𝑖    ∈  𝑇 


     𝑎    𝑛  ,  0   


   (    𝛼    𝑘    𝑛  ,  0       )  𝑛  


     𝑎      𝑘    𝑛  ,  0    ,  0   


   (    𝛼    𝑘    𝑛  ,  1       )  𝑛  


     𝑎      𝑘    𝑛  ,  1    ,  1   


   (    𝛼    𝑘    𝑛  ,  𝑛       )  𝑛  


     𝛼  𝑛  


     ∑    𝑖  =  0   ∞     𝑎      𝑘    𝑖  ,  𝑖    ,  𝑖      𝜋  𝑖   . 


   𝛼  ,  𝛽  ∈    𝐾  ‾  


   𝐾  (  𝛽  ) 


   |  𝛽  −  𝛼  |  <  |  𝜎  (  𝛼  )  −  𝛼  | 


   𝜎          ∶    𝐾  (  𝛼  )  ↪    𝐾  ‾  


   𝐾  (  𝛼  )  ⊆  𝐾  (  𝛽  ) 


   𝐾  (  𝛼  ,  𝛽  )  =  𝐾  (  𝛽  ) 


   𝜎          ∶    𝐾  (  𝛼  ,  𝛽  )  ↪    𝐾  ‾  


   |  𝜎  (  𝛼  )  −  𝛽  |  =  |  𝜎  (  𝛼  )  −  𝜎  (  𝛽  )  |  =  |  𝛼  −  𝛽  |  , 


   |  𝜎  (  𝛼  )  −  𝛼  |  =  |  𝜎  (  𝛼  )  −  𝛽  +  𝛽  −  𝛼  |  ≤   max   (  |  𝜎  (  𝛼  )  −  𝛽  |  ,  |  𝛽  −  𝛼  |  )  =  |  𝛽  −  𝛼  |  . 


   𝑔  ∈  𝒪  [  𝑥  ] 


    deg     𝑔  =  𝑛 


   𝑓  ≡  𝑔         mod         𝔞  𝒪  [  𝑥  ] 


   𝐾  (  𝛼  )  =  𝐾  (  𝛽  ) 


   𝑔  =    ∑    𝑖  =  0   𝑛     𝑏  𝑖     𝑥  𝑖  


   𝛿  <  1 


   |    𝑎  𝑖   −    𝑏  𝑖   |  ≤  𝛿 


   |    𝑎  𝑖   |  =  |    𝑏  𝑖   | 


   |    𝑏  𝑖   |  ≤  𝛿 


     𝑎  𝑖   =  0 


     𝑏  𝑖   =  0 


   𝐶  >  0 


   |    𝑏  𝑖   |  ≤  𝐶 


   |  𝛽    |  𝑛   ≤   max   {  |    𝑏  𝑖   |  |  𝛽    |  𝑖   ∣  0  ≤  𝑖  <  𝑛  }  ≤  𝐶     max   {  1  ,  |  𝛽    |    𝑛  −  1    }  , 


   |  𝛽  | 


   ≥  1 


   |  𝑓  (  𝛽  )  |  =  |  𝑓  (  𝛽  )  −  𝑔  (  𝛽  )  |  ≤   max   {  |    𝑎  𝑖   −    𝑏  𝑖   |  |  𝛽    |  𝑖   ∣  0  ≤  𝑖  <  𝑛  }  ≤  𝛿     max   {  1  ,  |  𝛽  |    }    𝑛  −  1    ≤  𝛿    𝐷    𝑛  −  1    , 


   |  𝑓  (  𝛽  )  | 


     𝜖  𝑛  


   |  𝑓  (  𝛽  )  |  =    ∏    𝑖  =  1   𝑛   |  𝛽  −    𝛼  𝑖   |  <    𝜖  𝑛   , 


   |  𝛽  −    𝛼  𝑖   |  <  𝜖 


   𝜖  <  |    𝛼  𝑖   −    𝛼  𝑗   | 


   𝐾  (    𝛼  𝑖   )  ⊆  𝐾  (  𝛽  ) 


   𝐾  (    𝛼  𝑖   )  =  𝐾  (  𝛽  ) 


     𝔽  𝑝   (      (  𝑡  )      ) 


   𝐾  =    ℚ  𝑝   (  𝛼  ) 


   𝑔  ∈  ℚ  [  𝑥  ] 


     ℚ  𝑝   (  𝛽  )  =    ℚ  𝑝   (  𝛼  ) 


   𝐾  =    ℚ  𝑝   (  𝛽  ) 


   ℚ  (  𝛽  ) 


     𝔽  𝑝   (      (    𝑡    1  /    𝑝  𝑘     )      ) 


   𝐾  =    𝔽  𝑝   (      (  𝑡  )      )  (  𝛼  ) 


   ℭ  =  {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴       for      all      𝛽  ∈  𝐵  }  . 


   ℭ 


   𝑑  ℭ  ⊆  𝐵 


     𝔇    𝐵  /  𝐴   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴       for      all      𝛽  ∈  𝐵  }  . 


      Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆  𝐴  , 


     𝔇    𝐵  /  𝐴     −  1   


   𝑀  /  𝐿 


     𝔇    𝐶  /  𝐴    =    𝔇    𝐶  /  𝐵    ⋅    𝔇    𝐵  /  𝐴    . 


      Tr     𝑀  /  𝐾    (    𝔇    𝐶  /  𝐵     −  1      𝔇    𝐵  /  𝐴     −  1    )  =     Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1         Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐵     −  1    )  )  ⊆     Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆  𝐴  , 


     𝔇    𝐶  /  𝐴    ⊆    𝔇    𝐶  /  𝐵      𝔇    𝐵  /  𝐴   


      Tr     𝐿  /  𝐾    (     Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  )  =     Tr     𝑀  /  𝐾    (    𝔇    𝐶  /  𝐴     −  1    )  ⊆  𝐴  , 


      Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  ⊂    𝔇    𝐵  /  𝐴     −  1   


      Tr     𝑀  /  𝐿    (    𝔇    𝐵  /  𝐴      𝔇    𝐶  /  𝐴     −  1    )  =    𝔇    𝐵  /  𝐴         Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  ⊆  𝐵  , 


     𝔇    𝐶  /  𝐵    ⊆    𝔇    𝐵  /  𝐴     −  1      𝔇    𝐶  /  𝐴   


     𝔇    𝐶  /  𝐵      𝔇    𝐵  /  𝐴    ⊆    𝔇    𝐶  /  𝐴   


     𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    =    𝑆    −  1      𝔇    𝐵  /  𝐴    . 


      Tr     𝐿  /  𝐾    (    𝑆    −  1      𝔇    𝐵  /  𝐴     −  1    )  =    𝑆    −  1         Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆    𝑆    −  1    𝐵  , 


     𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    ⊆    𝑆    −  1      𝔇    𝐵  /  𝐴   


      Tr     𝐿  /  𝐾    (    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    )  ⊆    𝑆    −  1    𝐵  , 


   𝛼  ∈    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴     −  1   


      Tr     𝐿  /  𝐾    (  𝑠  𝛼  )  =  𝑠       Tr     𝐿  /  𝐾    (  𝛼  )  ∈  𝐵 


   𝑠  𝛼  ∈    𝔇    𝐵  /  𝐴     −  1   


     𝒪  𝔓  


     𝒪  𝔭  


     𝐿  𝔓  


     𝔇    𝐵  /  𝐴      𝒪  𝔓   =    𝔇      𝒪  𝔓   /    𝒪  𝔭     . 


   𝛼  ∈    𝔇    𝐵  /  𝐴     −  1   


   𝛽  ∈    𝒪  𝔓  


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  ∈    𝒪  𝔭  


     𝔓  1   ,  …  ,    𝔓  𝑔  


     𝔓  1   =  𝔓 


   (    𝛽  𝑛     )  𝑛  


   𝑖  ≥  2 


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  =     lim     𝑛  →  ∞         Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  . 


     𝐿  𝑤  


   𝑤  ∣  𝑣 


     𝐾  𝑣  


     𝑁    𝐿  /  𝐾    (  𝛽  )  =    ∏    𝑤  ∣  𝑣      𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )     and          Tr     𝐿  /  𝐾    (  𝛽  )  =    ∑    𝑤  ∣  𝑣       Tr       𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )  . 


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  =     Tr     𝐿  /  𝐾    (  𝛼    𝛽  𝑛   )  −    ∑    𝑖  =  2   𝑔      Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  . 


      Tr     𝐿  /  𝐾    (  𝛼    𝛽  𝑛   )  ∈  𝐴 


      Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  ∈    𝐾  𝔭  


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   ) 


     𝔇    𝐵  /  𝐴     −  1    ⊆    𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1   


   𝛼  ∈    𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1   


     𝐿    𝔓  𝑖   


      lim     𝑛  →  ∞         Tr     𝐿  /  𝐾    (    𝛼  𝑛   𝛽  )  =    ∑    𝑖  =  1   𝑔      lim     𝑛  →  ∞         Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (    𝛼  𝑛   𝛽  )  =     Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  ∈    𝒪  𝔭   . 


   𝐾  ∩    𝒪  𝔭   =    𝐴  𝔭  


      Tr     𝐿  /  𝐾    (    𝛼  𝑛   𝛽  )  ∈    𝐴  𝔭  


     𝛼  𝑛   ∈    𝑆    −  1      𝔇    𝐵  /  𝐴     −  1   


   𝛼  ∈    𝔇    𝐵  /  𝐴     −  1      𝒪  𝔓  


     𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1    ⊆    𝔇    𝐵  /  𝐴     −  1      𝒪  𝔓  


   𝔓  ∩  𝐴 


     𝔇    𝔓  /  𝔭   


     𝔇      𝒪  𝔓   /    𝒪  𝔭    


     𝔇    𝐵  /  𝐴    =    ∏  𝔓     𝔇    𝔓  /  𝔭    , 


     𝑓  ′   ∈  𝐴  [  𝑥  ] 


     𝑓  ′   (  𝛽    )    −  1   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝐴  [  𝛽  ]  )  ⊆  𝐴  }  . 


     𝑎  𝑖   ∈  𝐴 


     𝑎  𝑛   =  1 


   𝑘  <  𝑛 


          (6.2.1)               ∑    𝑖  =  1   𝑛     𝑓    𝑥  −    𝛽  𝑖         𝛽  𝑖  𝑘       𝑓  ′   (    𝛽  𝑖   )    =    𝑥  𝑘   .    


     𝑓    𝑥  −  𝛽    =    ∑    𝑗  =  0     𝑛  −  1      𝑏  𝑗     𝑥  𝑗  


     𝑏  𝑗   ∈  𝐴  [  𝛽  ] 


     ∑    𝑗  =  0     𝑛  −  1       Tr     𝐿  /  𝐾        (    𝛽  𝑘       𝑏  𝑗       𝑓  ′   (  𝛽  )    )       𝑥  𝑗   =    𝑥  𝑘   , 


      Tr     𝐿  /  𝐾        (    𝛽  𝑘       𝑏  𝑗       𝑓  ′   (  𝛽  )    )   =    𝛿    𝑗  ,  𝑘    . 


       𝑏  𝑗       𝑓  ′   (  𝛽  )   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝐴  [  𝛽  ]  )  ⊆  𝐴  } 


     𝑏  𝑗  


   (  𝑥  −  𝛽  )    ∑    𝑖  =  0     𝑛  −  1      𝑏  𝑖     𝑥  𝑖   =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   , 


     𝑏    𝑛  −  1    =  1 


     𝑏  𝑗   −  𝛽    𝑏    𝑗  +  1    =    𝑎    𝑗  +  1   


   0  ≤  𝑗  ≤  𝑛  −  1 


     𝑏  𝑗   =    ∑    𝑖  =  0     𝑛  −  𝑗  −  1      𝑎    𝑖  +  𝑗  +  1      𝛽  𝑖   , 


     𝛽  𝑖  


   0  ≤  𝑖  ≤  𝑛  −  1 


     𝑏  𝑖  


     𝒟    𝐵  /  𝐴    =  (    𝑓  ′   (  𝛽  )  ) 


     𝒪  𝐿  


   𝜅  (  𝐿  )  /  𝜅  (  𝐾  ) 


   𝛽  ∈    𝒪  𝐿  


     𝒪  𝐿   =    𝒪  𝐾   [  𝛽  ] 


     𝛽  ′   ∈    𝒪  𝐿  


     𝒪  𝐿   =    𝒪  𝐾   [    𝛽  ′   ] 


     𝛽  ¯   ∈  𝜅  (  𝐿  ) 


   𝜅  (  𝐿  )  =  𝜅  (  𝐾  )  (    𝛽  ¯   ) 


     𝑓  ¯   ∈  𝜅  (  𝐾  )  [  𝑥  ] 


   𝑓  ∈    𝒪  𝐾   [  𝑥  ] 


   𝑓  (  𝛼  ) 


     𝑓  ¯   (    𝛽  ¯   )  =  0 


   𝛼  +    𝜋  𝐿  


     𝜋  𝐿  


   𝑓  (  𝛼  +    𝜋  𝐿   )  ≡  𝑓  (  𝛼  )  +    𝑓  ′   (  𝛼  )    𝜋  𝐿          mod       (    𝜋  𝐿     )  2   . 


     𝑓  ′   (  𝛼  )  ∈    𝒪  𝐿  ×  


   𝑓  (  𝛼  +    𝜋  𝐿   ) 


     𝜋  𝐿   =  𝑓  (  𝛽  ) 


     𝛽  𝑖     𝜋  𝐿  𝑗   =    𝛽  𝑖   𝑓  (  𝛽    )  𝑗  


   0  ≤  𝑖  ≤    𝑓    𝐿  /  𝐾    −  1 


   0  ≤  𝑗  ≤    𝑒    𝐿  /  𝐾    −  1 


     𝜋  𝐾  


     𝛽  𝑖     𝜋  𝐿  𝑗  


     𝒪  𝐿   /    𝜋  𝐾     𝒪  𝐿  


   𝜅  (  𝐾  ) 


     𝑆  𝐾  


     𝑆  𝐿  


     ∑    𝑖  =  0       𝑓    𝐿  /  𝐾    −  1      𝑐  𝑖     𝛽  𝑖  


     𝑐  𝑖   ∈    𝑆  𝐾  


   𝜅  (  𝐿  ) 


     𝜋  𝐿    𝑒    𝐿  /  𝐾    


     ∑    𝑖  =  0       𝑒    𝐿  /  𝐾    −  1      𝑎  𝑖     𝜋  𝐿  𝑖  


     𝑎  𝑖   ∈    𝑆  𝐿  


     𝑒    𝐿  /  𝐾      𝑓    𝐿  /  𝐾   


     𝜋  𝐿  2  


     𝑓  ′   (  𝛽  ) 


   𝐿  =  𝐾  (  𝛽  ) 


   𝔭  =  𝐴  ∩  𝔓 


   𝐵  =  𝐴  [  𝛽  ] 


     𝔇    𝐵  /  𝐴    =  (    𝑓  ′   (  𝛽  )  ) 


     𝛽  ¯   ∈  𝐵  /  𝔓 


   𝐵  /  𝔓  =  (  𝐴  /  𝔭  )  [    𝛽  ¯   ] 


     𝑓  ¯       𝑔  ¯     −  1   


    deg       𝑔  ¯   =  [  𝐿  ∶  𝐾  ] 


     𝑓  ¯   =    𝑔  ¯  


     𝔡    𝐵  /  𝐴   


   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝔡    𝐵  /  𝐴    =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    )  . 


   𝑆  =  𝐴  −  𝔭 


     𝑆    −  1      𝔇    𝐵  /  𝐴   


     𝑆    −  1      𝔡    𝐵  /  𝐴   


     𝑆    −  1      𝔇    𝐵  /  𝐴    =    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴   


     𝑆    −  1      𝔡    𝐵  /  𝐴    =    𝔡      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴   


     𝔡    𝐵  /  𝐴    =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


   (    𝛽  1   ,  …  ,    𝛽  𝑛   )  ∈    𝐿  𝑛  


      Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛽  𝑗   )  =    𝛿    𝑖  ,  𝑗   


   1  ≤  𝑖  ,  𝑗  ≤  𝑛 


   𝛾  ∈  𝐵 


   (  𝛾  )  =    𝔇    𝐵  /  𝐴   


   (    𝛾    −  1      𝛼  1   ,  …  ,    𝛾    −  1      𝛼  𝑛   ) 


          (6.2.2)             (  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  )  =  (  D  (    𝛾    −  1      𝛼  1   ,  …  ,    𝛾    −  1      𝛼  𝑛   )  )  =  (    𝑁    𝐿  /  𝐾    (  𝛾  )    )    −  2    (  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  )  .    


   (    𝜎  𝑖     𝛼  𝑗     )    𝑖  ,  𝑗   


   (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗   


     ∑    𝑘  =  1   𝑛     𝜎  𝑘   (    𝛼  𝑖   )    𝜎  𝑘   (    𝛽  𝑗   )  =     Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛽  𝑗   )  , 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =  ±  D  (    𝛼  1   ,  …  ,    𝛼  𝑛     )    −  1    . 


   (  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )    )  2   =  (    𝑁    𝐿  /  𝐾    (  𝛾  )    )  2   , 


     𝔡    𝐵  /  𝐴    =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    ) 


     𝔡    𝐶  /  𝐴    =    𝔡    𝐵  /  𝐴     [  𝑀  ∶  𝐿  ]      𝑁    𝐿  /  𝐾    (    𝔡    𝐶  /  𝐵    )  . 


     𝔡    𝐶  /  𝐴    =    𝑁    𝑀  /  𝐾    (    𝔇    𝐶  /  𝐴    )  =    𝑁    𝑀  /  𝐾    (    𝔇    𝐶  /  𝐵    )    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴      )    [  𝑀  ∶  𝐿  ]    =    𝑁    𝐿  /  𝐾    (    𝔡    𝐶  /  𝐵    )    𝔡    𝐵  /  𝐴     [  𝑀  ∶  𝐿  ]    , 


     𝔡    𝔓  /  𝔭   


     𝔡      𝒪  𝔓   /    𝒪  𝔭    


     𝔡    𝐵  /  𝐴    =    ∏  𝔓     𝔡    𝔓  /  𝔭    , 


     𝔡    𝐵  /  𝐴      𝒪  𝔭   =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    )    𝒪  𝔭   =    ∏    𝔓  ∣  𝔭      𝑁      𝐿  𝔓   /    𝐾  𝔭     (    𝔇    𝐵  /  𝐴      𝒪  𝔓   )  =    ∏    𝔓  ∣  𝔭      𝑁      𝐿  𝔓   /    𝐾  𝔭     (    𝔇      𝒪  𝔓   /    𝒪  𝔭     )  =    ∏    𝔓  ∣  𝔭      𝔡      𝒪  𝔓   /    𝒪  𝔭     , 


     𝔇    𝐿  /  𝐾   


     𝔡    𝐿  /  𝐾   


     𝒪  𝐿   /    𝒪  𝐾  


   |   disc   (  𝐾  )  |  ≤  𝑁 


   [  𝐾  ∶  ℚ  ]  ≥  2 


   |   disc   (  𝐾  )  |  ≥      2  2     2  !    ⋅  (    𝜋  4     )  2   =      𝜋  2   8   >  1  , 


     𝑈  𝑖   =    𝑈  𝑖   (  𝐾  ) 


     𝑈  0   =    𝒪  ×  


   𝑖  =  0 


     𝑈  𝑖   =  1  +    𝔪  𝑖  


   𝑒  =    𝑒  𝐾  


   𝑓  =    𝑓  𝐾  


   𝑞  −  1 


     𝑥  𝑞   −  𝑥 


     𝜇    𝑞  −  1    (  𝐾  ) 


   𝜅  (  𝐾    )  ×  


   ⟨  𝜋  ⟩  ×    𝜇    𝑞  −  1    (  𝐾  )  ×    𝑈  1   (  𝐾  )    ⟶  ∼     𝐾  ×  


   𝑎  =    𝜋    𝑣  (  𝑎  )    𝑏 


   𝑏  ∈    𝑈  0  


   𝑏  =  𝜉  ⋅  𝑢 


   𝜉  ∈    𝜇    𝑞  −  1   


   𝑢  ∈    𝑈  1  


     𝑈  0   /    𝑈  1     ⟶  ∼     𝜅  ×   ,    𝑢    𝑈  1   ↦    𝑢  ‾   , 


     𝑈  𝑖   /    𝑈    𝑖  +  1      ⟶  ∼   𝜅  ,    (  1  +    𝜋  𝑖   𝑎  )    𝑈    𝑖  +  1    ↦    𝑎  ‾  


   (  1  +    𝜋  𝑖   𝑎  )  (  1  +    𝜋  𝑖   𝑏  )  ≡  1  +    𝜋  𝑖   (  𝑎  +  𝑏  )       mod           𝔪    𝑖  +  1    . 


     𝑈  1     ⟶  ∼             (     lim    ←   𝑖         𝑈  1   /    𝑈  𝑖  


     ⋂  𝑖     𝑈  𝑖   =  {  1  } 


   (    𝑎  𝑖     )  𝑖  


     𝑈  1  


     𝑎    𝑖  +  1      𝑎  𝑖    −  1    ∈    𝑈  𝑖  


   𝑒  =  𝑣  (  𝑝  ) 


   𝑎  ∈    𝒪  ×  


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   ≡  1  +  𝑝    𝜋  𝑖   𝑎  +    𝜋    𝑖  𝑝      𝑎  𝑝          mod           𝔪    2  𝑖  +  𝑒    . 


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   ≡    {            1  +    𝜋    𝑖  𝑝      𝑎  𝑝          mod           𝔪    𝑖  +  𝑒               if      𝑖  <    𝑒    𝑝  −  1    ,        1  +  𝑝    𝜋  𝑖   𝑎         mod           𝔪    𝑖  +  𝑒  +  1               if      𝑖  >    𝑒    𝑝  −  1    .          


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   =    ∑    𝑘  =  0   𝑝     (    𝑝  𝑘   )       𝜋    𝑖  𝑘      𝑎  𝑘   , 


   (    𝑝  𝑘   ) 


   0  <  𝑘  <  𝑝 


   𝑖  >  𝑒  /  (  𝑝  −  1  ) 


   𝑣  (  𝑝    𝜋  𝑖   )  =  𝑖  +  𝑒  <  𝑖  𝑝  =  𝑣  (    𝜋    𝑖  𝑝    )  . 


     𝑈  𝑖     ⟶  ∼     𝑈    𝑖  +  𝑒   


   𝑖  >    𝑒    𝑝  −  1   


   𝛼  ∈    𝑈    𝑖  +  𝑒   


     𝛽  𝑘   ∈    𝑈  𝑖  


     𝛽  𝑘  𝑝     𝛼    −  1    =  1  +  𝑝    𝜋    𝑖  +  𝑘  −  1      𝑎  𝑘          mod           𝔪    𝑖  +  𝑒  +  𝑘   


     𝑎  𝑘   ∈  𝒪 


     𝛽    𝑘  +  1    =    𝛽  𝑘   (  1  +    𝜋    𝑖  +  𝑘  −  1      𝑎  𝑘   ) 


   𝛽  =     lim     𝑘  →  ∞        𝛽  𝑘   . 


   𝛽  ∈    𝑈  𝑖  


     𝛽  𝑝   =  𝛼 


     𝑈  𝑖   →    𝑈    𝑖  +  𝑒   


   𝑝    ℤ  𝑝   [    𝜇  𝑝   ]  =  (  1  −    𝜁  𝑝     )    𝑝  −  1   


     𝜁  𝑝   ∈  𝐾 


   𝑣  (    𝜁  𝑝   −  1  )  =  𝑒  /  (  𝑝  −  1  ) 


     𝜁  𝑝   ∉    𝑈    𝑒  /  (  𝑝  −  1  )  +  1   


     𝑈  1   (  𝐾  ) 


     𝑈  1   /    𝑈  1  𝑝  


     𝑝  𝑛  


     𝑈  1   (  𝐾  )  ≅    ℤ  𝑝    [  𝐾  ∶    ℚ  𝑝   ]    ×  ℤ  /    𝑝  𝑛   ℤ  , 


     𝐾  ×   ≅  ⟨    𝜋  𝐾   ⟩  ×    𝒪  𝐾  ×   ≅  ⟨    𝜋  𝐾   ⟩  ×    𝜇    𝑞  −  1    (  𝐾  )  ×    𝑈  1   (  𝐾  )  ≅  ℤ  ×  ℤ  /  (  𝑞  −  1  )  ℤ  ×  ℤ  /    𝑝  𝑛   ℤ  ×    ℤ  𝑝    [  𝐾  ∶    ℚ  𝑝   ]    , 


   ⟨    𝜋  𝐾   ⟩ 


     𝑈  1   ≅    ℤ  𝑝  𝑟   ×  ℤ  /    𝑝  𝑛   ℤ 


     𝑈  𝑗  


   𝑗  >    𝑒    𝑝  −  1   


     𝑈  𝑗   ≅    ℤ  𝑝  𝑟  


     𝑈  𝑗  𝑝   =    𝑈    𝑗  +  𝑒   


   𝑟  =     dim     𝔽  𝑝        𝑈  𝑗   /    𝑈    𝑗  +  𝑒    =    ∑    𝑘  =  𝑗     𝑗  +  𝑒  −  1       dim     𝔽  𝑝        𝑈  𝑘   /    𝑈    𝑘  +  1    =  𝑒  𝑓  =  [  𝐾  ∶    ℚ  𝑝   ]  , 


     𝑈  𝑘   /    𝑈    𝑘  +  1    ≅    𝔽    𝑝  𝑓   


   𝐾  /    ℚ  𝑝  


     𝑈  𝑖  


   𝐾  =    𝔽  𝑞   (      (  𝑡  )      ) 


     𝔽  𝑞  


   𝐼 


   𝐼  =  {  (  𝑐  ,  𝑖  )  ∣  𝑐  ∈  𝐵  ,  𝑖  ≥  1  ,  𝑝  ∤  𝑖  }  . 


   𝜅          ∶      ∏    (  𝑐  ,  𝑖  )  ∈  𝐼      ℤ  𝑝   →    𝑈  1   (  𝐾  ) 


   𝜅  (  (    𝑎    𝑐  ,  𝑖      )    (  𝑐  ,  𝑖  )    )  =    ∏    (  𝑐  ,  𝑖  )  ∈  𝐼    (  1  +  𝑐    𝑡  𝑖     )    𝑎    𝑐  ,  𝑖     . 


     𝑝    𝑛  𝑖      ℤ  𝑝  


   (  𝑐  ,  𝑖  ) 


   (  𝑐  ,  𝑖  )  ∈  𝐼 


     𝑛  𝑖   ≥  0 


     𝑝    𝑛  𝑖    𝑖  >  𝑗 


     ∏      𝑐  ,  𝑖   ∈  𝐼      𝑝    𝑛    𝑐  ,  𝑖       ℤ  𝑝  


     𝑛    𝑐  ,  𝑖    =  0 


   𝑗  =   max   {    𝑝    𝑛    𝑐  ,  𝑖     𝑖  ∣  (  𝑐  ,  𝑖  )  ∈  𝐼  ,    𝑛    𝑐  ,  𝑖    ≥  1  }  , 


   𝐾  (    𝜇      𝑞  𝑛   −  1    ) 


    Gal   (  𝐸  /  𝐾  ) 


   𝐸  =  𝐾  (    𝜇    𝑞  −  1    ) 


     𝐾   ur   


    Gal   (    𝐾   ur    /  𝐾  ) 


     ℤ  ˆ  


     𝐾   sep   


     𝐾  𝑛   =  𝐾  (    𝜇      𝑞  𝑛   −  1    ) 


     𝑞  𝑛   −  1 


    Gal   (    𝐾  𝑛   /  𝐾  )  ≅  ℤ  /  𝑛  ℤ 


    Gal   (    𝐾   ur    /  𝐾  )  ≅            (     lim    ←   𝑛        Gal   (    𝐾  𝑛   /  𝐾  )  ≅            (     lim    ←   𝑛        Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   )  ≅            (     lim    ←   𝑛       ℤ  /  𝑛  ℤ  ≅    ℤ  ˆ   . 


   1  →  𝐼  →  𝐺  →   Gal   (  𝜅  (  𝐿  )  /  𝜅  (  𝐾  )  )  →  1  , 


     𝐺  𝐾  


   1  →    𝐼  𝐾   →    𝐺  𝐾   →    𝐺    𝜅  (  𝐾  )    →  1  , 


     𝐺  𝐾   →    𝐺    𝜅  (  𝐾  )   


     𝐺  𝐾   →   Gal   (    𝐾   ur    /  𝐾  ) 


     𝐺    𝜅  (  𝐾  )   


   𝑝  ∤    𝑒    𝐿  /  𝐾   


   𝑒 


   𝐾  (    𝜋    1  /  𝑒    )  /  𝐾 


   𝜆 


   𝐿  =  𝐸  (  𝜇  ) 


   𝜇 


   𝐿  /  𝐸 


     𝜋  𝐿  𝑒   =    𝜋  𝐾   𝛼 


   𝛼  ∈    𝒪  𝐿  ×  


   𝛼  =  𝜉  ⋅  𝑢 


   𝜉  ∈  𝐿 


   𝑢  ∈    𝑈  1   (  𝐿  ) 


   𝜉  ∈  𝐸 


   𝑝  ∤  𝑒 


     𝑈  1   (  𝐿  ) 


   𝑢 


   𝜆  =    𝜋  𝐾   𝜉 


   (    𝜋  𝐿     𝛽    −  1      )  𝑒   =  𝜆 


   𝐸  (  𝜇  )  /  𝐸 


     ℚ  𝑝   (    𝜇  𝑝   )  /    ℚ  𝑝  


     ℚ  𝑝   (    𝜇  𝑝   )  =    ℚ  𝑝   (  (  −  𝑝    )    1    𝑝  −  1     ) 


   𝑝  =    ∏    𝑖  =  1     𝑝  −  1    (  1  −    𝜁  𝑝  𝑖   )  =  (  1  −    𝜁  𝑝     )    𝑝  −  1      ∏    𝑖  =  1     𝑝  −  1    (  1  +    𝜁  𝑝   +  ⋯  +    𝜁  𝑝    𝑖  −  1    )  , 


     ∏    𝑖  =  1     𝑝  −  1    (  1  +    𝜁  𝑝   +  ⋯  +    𝜁  𝑝    𝑖  −  1    )  ≡    ∏    𝑖  =  1     𝑝  −  1    𝑖  ≡  (  𝑝  −  1  )  !  ≡  −  1         mod       (  1  −    𝜁  𝑝   )  , 


   −  𝑝  =  (  1  −    𝜁  𝑝     )    𝑝  −  1    𝑢 


   𝑢  ∈    𝑈  1   (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   (  𝑝  −  1  ) 


     ℚ  𝑝   (    𝑝    1  /  𝑝    )  /    ℚ  𝑝  


     ℚ  𝑝   (    𝜇    𝑝  2    )  /    ℚ  𝑝  


   𝑝  (  𝑝  −  1  ) 


     ℤ  𝑝  ×  


   𝑢  ∈    ℤ  𝑝  


   𝑎  ∈    ℤ  ˆ  


     𝑢  𝑎   =     lim     𝑛  →  ∞        𝑢    𝑎  𝑛    , 


     𝜋    1  /  𝑚   


   𝑝  ∤  𝑚 


    Gal   (  𝐿  /    𝐾   ur    ) 


       ℤ  ˆ     (  𝑝  )    =    ∏    ℓ  ≠  𝑝      ℤ  ℓ   , 


    Gal   (    𝐾   ur    /  𝐾  )  ≅    ℤ  ˆ  


     ℤ  ˆ   →   Aut   (      ℤ  ˆ     (  𝑝  )    ) 


     𝑞  𝑎  


       ℤ  ˆ     (  𝑝  )   


   𝑞  =  |  𝜅  (  𝐾  )  | 


     𝑣  𝐿  


     𝑣  𝐿   (  𝔞  ) 


   𝑖  ≥  −  1 


     𝐺  𝑖   =  {  𝜏  ∈  𝐺  ∣    𝑣  𝐿   (  𝜏  (  𝛼  )  −  𝛼  )  ≥  𝑖  +  1    for all    𝛼  ∈    𝒪  𝐿   }  . 


     𝐺    −  1    =  𝐺 


     𝐺  0  


   𝐺  /    𝐺  0  


     𝐺  𝑖   =  {  𝜏  ∈  𝐺  ∣    𝑣  𝐿   (  𝜏  (  𝛽  )  −  𝛽  )  ≥  𝑖  +  1  }  . 


     𝐺  𝑖  


   𝜏  ∈    𝐺  𝑖  


   𝜏  (    𝜎    −  1    (  𝛼  )  )  ≡    𝜎    −  1    (  𝛼  )       mod           𝜋  𝐿    𝑖  +  1    , 


   𝜎  𝜏    𝜎    −  1    (  𝛼  )  ≡  𝛼         mod           𝜋  𝐿    𝑖  +  1    . 


   𝜎  ∈    𝐺  0  


   𝜎  ∈    𝐺  𝑖  


       𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ∈    𝑈  𝑖   (  𝐿  ) 


   𝜎  (    𝜋  𝐿   )  ≡    𝜋  𝐿          mod           𝜋  𝐿    𝑖  +  1   


   𝑎  ∈    𝒪  𝐿  


   𝑎  =    ∑    𝑘  =  0   ∞     𝑐  𝑘     𝜋  𝐿  𝑘  


     𝑐  𝑘   ∈    𝜇    𝑞  −  1    (  𝐿  )  ∪  {  0  } 


   𝑞  =  |  𝜅  (  𝐿  )  | 


     𝜇    𝑞  −  1    (  𝐿  ) 


   𝜎  (  𝑎  )  =    ∑    𝑘  =  0   ∞     𝑐  𝑘   𝜎  (    𝜋  𝐿     )  𝑘   ≡  𝑎         mod           𝜋  𝐿    𝑖  +  1    , 


     𝜌  𝑖           ∶      𝐺  𝑖   /    𝐺    𝑖  +  1    →    𝑈  𝑖   (  𝐿  )  /    𝑈    𝑖  +  1    (  𝐿  ) 


     𝜌  𝑖   (  𝜎  ⋅    𝐺    𝑖  +  1    )  =      𝜎  (    𝜋  𝐿   )     𝜋  𝐿      𝑈    𝑖  +  1    (  𝐿  )  . 


     𝜌  𝑖  


     𝐺    𝑖  +  1   


     𝑈    𝑖  +  1    (  𝐿  ) 


   𝜎  ,  𝜏  ∈    𝐺  𝑖  


       𝜎  𝜏  (    𝜋  𝐿   )     𝜋  𝐿    =      𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ⋅  𝜎  (      𝜏  (    𝜋  𝐿   )     𝜋  𝐿    )  ≡      𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ⋅      𝜏  (    𝜋  𝐿   )     𝜋  𝐿           mod           𝜋  𝐿    𝑖  +  1    , 


   𝜏  (    𝜋  𝐿   )    𝜋  𝐿    −  1    ∈    𝑈  𝑖   (  𝐿  ) 


     𝐺  𝑖   /    𝐺    𝑖  +  1   


     𝐻  𝑖   =  𝐻  ∩    𝐺  𝑖  


   𝐺  /    𝐺  1  


     𝑈  𝑖   (  𝐿  )  /    𝑈    𝑖  +  1    (  𝐿  ) 


     𝐺  1   =   Gal   (  𝐿  /    𝐿    𝐺  1    ) 


     𝐺  1  


     𝐿    𝐺  1   


     𝐿    𝐺  0   


     𝐺  0   /    𝐺  1  


     𝑈  0   (  𝐿  )  /    𝑈  1   (  𝐿  ) 


     𝐿    𝐺  1    /    𝐿    𝐺  0   


     𝐿    𝐺  0    /  𝐾 


     𝐿    𝐺  1    /  𝐾 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝     )  𝑖   =    {             Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   )             if      −  1  ≤  𝑖  ≤  0  ,         Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  )             if        𝑝    𝑘  −  1    ≤  𝑖  ≤    𝑝  𝑘   −  1       with      1  ≤  𝑘  ≤  𝑛  −  1        1             if      𝑖  ≥    𝑝    𝑛  −  1    .          


     𝐹  0   =    ℚ  𝑝  


     𝐹  𝑘   =    ℚ  𝑝   (    𝜇    𝑝  𝑘    ) 


   𝐺  =   Gal   (    𝐹  𝑛   /    ℚ  𝑝   ) 


     𝑝  𝑘  


     𝜁    𝑝  𝑘   


     𝜁    𝑝    𝑘  +  1    𝑝   =    𝜁    𝑝  𝑘   


   𝜎  (    𝜁    𝑝  𝑛    )  =    𝜁    𝑝  𝑛   𝑖  


   𝑖  ≡  1         mod           𝑝  𝑘  


   𝑐  =  (  𝑖  −  1  )  /    𝑝  𝑘  


   𝜎  (    𝜁    𝑝  𝑛    )  −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛   𝑖   −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛     1  +  𝑐    𝑝  𝑘     −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛    (    𝜁    𝑝    𝑛  −  𝑘    𝑐   −  1  )  , 


   𝑝  ∤  𝑐 


     𝐹  𝑛  


     ℤ  𝑝   [    𝜁    𝑝  𝑛    ] 


   𝜎  ∈    𝐺      𝑝  𝑘   −  1    −    𝐺    𝑝  𝑘   


   𝑖  −  1 


    Gal   (    𝐹  𝑛   /    𝐹  𝑘   ) 


    Gal   (    𝐹  𝑛   /    𝐹    𝑘  +  1    ) 


   𝜏  ∈    𝐺  𝑗  


   [  𝜎  ,  𝜏  ]  =  𝜎  𝜏    𝜎    −  1      𝜏    −  1   


     𝐺    𝑖  +  𝑗  +  1   


     𝑖    𝐿  /  𝐾            ∶    𝐺  →    ℤ    ≥  0    ∪  {  ∞  } 


     𝑖    𝐿  /  𝐾    (  𝜎  )  =   min   {    𝑣  𝐿   (  𝜎  (  𝛼  )  −  𝛼  )  ∣  𝛼  ∈    𝒪  𝐿   } 


     𝑖    𝐿  /  𝐾    (  𝜎  )  ≥  𝑖  +  1 


     𝑣  𝐿   (    𝔇    𝐿  /  𝐾    )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  =    ∑    𝑖  =  0   ∞   (  |    𝐺  𝑖   |  −  1  )  . 


     𝑓  ′   (  𝛽  )  =    ∏    𝜎  ∈  𝐺  −  {  1  }    (  𝛽  −  𝜎  (  𝛽  )  ) 


     𝑣  𝐿   (    𝑓  ′   (  𝛽  )  )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  =    ∑    𝑖  =  0   ∞     ∑          𝜎  ∈  𝐺  −  {  1  }             𝑖    𝐿  /  𝐾    (  𝜎  )  =  𝑖       𝑖  =    ∑    𝑖  =  0   ∞   𝑖  (  |    𝐺    𝑖  −  1    |  −  |    𝐺  𝑖   |  )  =    ∑    𝑖  =  0   ∞   (  |    𝐺  𝑖   |  −  1  )  . 


   𝐸  =    𝐿  𝐻  


     𝑣  𝐸   (    𝔇    𝐸  /  𝐾    )  =    1    𝑒    𝐿  /  𝐸       ∑    𝜎  ∈  𝐺  −  𝐻      𝑖    𝐿  /  𝐾    (  𝜎  )  . 


     𝑣  𝐸   (    𝔇    𝐸  /  𝐾    )  =    1    𝑒    𝐿  /  𝐸       𝑣  𝐿   (    𝔇    𝐸  /  𝐾    )  . 


     𝑣  𝐿   (    𝔇    𝐸  /  𝐾    )  =    𝑣  𝐿   (    𝔇    𝐿  /  𝐾    )  −    𝑣  𝐿   (    𝔇    𝐿  /  𝐸    )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  −    ∑    𝜏  ∈  𝐻  −  {  1  }      𝑖    𝐿  /  𝐸    (  𝜏  )  =    ∑    𝜎  ∈  𝐺  −  𝐻      𝑖    𝐿  /  𝐾    (  𝜎  ) 


     𝑖    𝐿  /  𝐸    (  𝜏  )  =    𝑖    𝐿  /  𝐾    (  𝜏  ) 


   𝜏  ∈  𝐻 


   [  −  1  ,  ∞  ) 


   𝑡  ∈  [  −  1  ,  ∞  ) 


     𝐺  𝑡  


     𝐺    ⌈  𝑡  ⌉   


   ⌈    ⋅    ⌉ 


     𝜙    𝐿  /  𝐾            ∶    [  −  1  ,  ∞  )  →  [  −  1  ,  ∞  ) 


     𝜙    𝐿  /  𝐾    (  𝑡  )  =  𝑡 


   𝑡  <  0 


     𝜙    𝐿  /  𝐾    (  𝑡  )  =    ∫  0  𝑡   [    𝐺  0   ∶    𝐺  𝑥     ]    −  1    𝑑  𝑥 


   𝑡  ≥  0 


   𝑘  ≥  −  1 


     𝜙    𝐿  /  𝐾    (  𝑘  )  =    1    |    𝐺  0   |      ∑    𝑖  =  1   𝑘   |    𝐺  𝑖   |  . 


   𝑘  −  1 


   |    𝐺  𝑘   |  /  |    𝐺  0   | 


     𝐹  𝑛   =    ℚ  𝑝   (    𝜇    𝑝  𝑛    ) 


     𝜙      𝐹  𝑛   /    ℚ  𝑝     (  𝑡  )  =    {            𝑡           if    −  1  ≤  𝑖  ≤  0  ,            𝑡  −    𝑝    𝑘  −  1    +  1       𝑝    𝑘  −  1    (  𝑝  −  1  )    +  𝑘  −  1           if      𝑝    𝑘  −  1    −  1  ≤  𝑡  ≤    𝑝  𝑘   −  1    with    1  ≤  𝑘  ≤  𝑛  −  1  ,            𝑡  −    𝑝  𝑛   +  1       𝑝    𝑛  −  1    (  𝑝  −  1  )    +  𝑛  −  1           if    𝑡  ≥    𝑝    𝑛  −  1    −  1  .          


     𝜙      𝐹  𝑛   /    ℚ  𝑝     (    𝑝  𝑘   −  1  )  =  𝑘 


     𝜙    𝐿  /  𝐾   


   𝐸  /  𝐾 


   𝑁  =   Gal   (  𝐿  /  𝐸  ) 


   𝛿  ∈  𝐺  /  𝑁 


     𝑖    𝐸  /  𝐾    (  𝛿  )  =    1    𝑒    𝐿  /  𝐸       ∑          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿         𝑖    𝐿  /  𝐾    (  𝜎  )  . 


     𝒪  𝐸   =    𝒪  𝐾   [  𝛼  ] 


   𝛼  ∈    𝒪  𝐸  


   𝑔  ∈    𝒪  𝐸   [  𝑥  ] 


   𝑔  =    ∏    𝜏  ∈  𝑁    (  𝑥  −  𝜏  (  𝛽  )  )  , 


     𝑔  𝜎   ∈    𝒪  𝐸   [  𝑥  ] 


     𝑔  𝜎   =    ∏    𝜏  ∈  𝑁    (  𝑥  −  𝜎  𝜏  (  𝛽  )  )  . 


     𝑔  𝜎   −  𝑔 


   |  𝑁  | 


   𝜏  (  𝛽  ) 


   𝜎  𝜏  (  𝛽  ) 


     𝒪  𝐸  


     𝑔  𝜎  


   𝜎  (  𝛼  ) 


   𝜎  (  𝛼  )  −  𝛼 


     𝑔  𝜎   (  𝛽  )  −  𝑔  (  𝛽  )  =    𝑔  𝜎   (  𝛽  ) 


   𝛼  =  𝑓  (  𝛽  ) 


   𝑓  (  𝑥  )  −  𝛼 


   𝑓  (  𝑥  )  −  𝛼  =  𝑔  (  𝑥  )  ℎ  (  𝑥  ) 


   ℎ  ∈    𝒪  𝐸   [  𝑥  ] 


   𝑓  (  𝑥  )  −  𝜎  (  𝛼  )  =    𝑔  𝜎   (  𝑥  )    ℎ  𝜎   (  𝑥  )  . 


   𝛼  −  𝜎  (  𝛼  )  =    𝑔  𝜎   (  𝛽  )  ⋅    ℎ  𝜎   (  𝛽  )  , 


     𝑔  𝜎   (  𝛽  ) 


   𝛿  =  1 


   𝛿  (  𝛼  )  −  𝛼 


     𝑔  𝛿   (  𝛽  ) 


     𝑒    𝐿  /  𝐸      𝑖    𝐸  /  𝐾    (  𝛿  )  =    𝑣  𝐿   (  𝛿  (  𝛼  )  −  𝛼  )  =    𝑣  𝐿   (    𝑔  𝛿   (  𝛼  )  )  =    𝑣  𝐿   (    ∏          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿       (  𝛽  −  𝜎  (  𝛽  )  )  )  =    ∑          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿         𝑖    𝐿  /  𝐾    (  𝜎  )  . 


   𝑡  ≥  −  1 


     𝜙    𝐿  /  𝐾    (  𝑡  )  +  1  =    1    |    𝐺  0   |      ∑    𝜎  ∈  𝐺     min   {    𝑖    𝐿  /  𝐾    (  𝜎  )  ,  𝑡  +  1  }  . 


     𝜙    𝐿  /  𝐾   ′   (  𝑡  )  =  [    𝐺  0   ∶    𝐺    ⌈  𝑡  ⌉      ]    −  1    =      |    𝐺    ⌈  𝑡  ⌉    |     |    𝐺  0   |   


     1    |    𝐺  0   |      ∑          𝜎  ∈  𝐺             𝑖    𝐿  /  𝐾    (  𝜎  )  ≥  ⌈  𝑡  ⌉  +  1       1  =      |    𝐺    ⌈  𝑡  ⌉    |     |    𝐺  0   |    . 


   𝛿  ∈   Gal   (  𝐸  /  𝐾  ) 


     𝑖    𝐸  /  𝐾    (  𝛿  )  −  1  =   max   {    𝜙    𝐿  /  𝐸    (    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  )  ∣  𝜎  ∈  𝐺  ,  𝜎    |  𝐸   =  𝛿  }  . 


   𝜎    |  𝐸   =  𝛿 


   𝑖  =    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1 


   𝜏  ∈  𝑁 


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    𝑣  𝐿   (  𝜎  𝜏  (  𝛽  )  −  𝛽  )  ≥   min   {    𝑣  𝐿   (  𝜎  𝜏  (  𝛽  )  −  𝜎  (  𝛽  )  )  ,    𝑣  𝐿   (  𝜎  (  𝛽  )  −  𝛽  )  }  =   min   {    𝑖    𝐿  /  𝐾    (  𝜏  )  ,    𝑖    𝐿  /  𝐾    (  𝜎  )  } 


     𝑖    𝐿  /  𝐾    (  𝜏  )  ≠    𝑖    𝐿  /  𝐾    (  𝜎  ) 


   𝜏  ∉    𝑁  𝑖  


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    𝑖    𝐿  /  𝐾    (  𝜏  ) 


   𝜏  ∈    𝑁  𝑖  


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  ≥  𝑖  +  1 


     𝑖    𝐿  /  𝐾    (  𝛿  )  =    1    |    𝑁  0   |      ∑    𝜏  ∈  𝑁      𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    1    |    𝑁  0   |      ∑    𝜏  ∈  𝑁     min   {    𝑖    𝐿  /  𝐾    (  𝜏  )  ,  𝑖  +  1  }  =    𝜙    𝐿  /  𝐸    (  𝑖  )  +  1  , 


   (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )    =    𝐺  𝑡   𝑁  /  𝑁  . 


   (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )   


     𝑖    𝐸  /  𝐾    (  𝛿  )  −  1  ≥    𝜙    𝐿  /  𝐸    (  𝑡  ) 


     𝜙    𝐿  /  𝐸    (    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  )  ≥    𝜙    𝐿  /  𝐸    (  𝑡  ) 


     𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  ≥  𝑡 


   𝜎  ∈    𝐺  𝑡  


   𝛿  ∈    𝐺  𝑡   𝑁  /  𝑁 


     𝜙    𝐿  /  𝐾    =    𝜙    𝐸  /  𝐾    ∘    𝜙    𝐿  /  𝐸    . 


   𝑡  >  −  1 


     𝜙    𝐸  /  𝐾   ′   (    𝜙    𝐿  /  𝐸    (  𝑡  )  )  ⋅    𝜙    𝐿  /  𝐸   ′   (  𝑡  )  =  [  (  𝐺  /  𝑁    )  0   ∶  (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )      ]    −  1    [    𝑁  0   ∶    𝑁  𝑡     ]    −  1   


   [    𝐺  0   ∶    𝐺    ⌈  𝑡  ⌉      ]    −  1   


   [    𝐺  𝑠   ∶    𝑁  𝑠   ]  =  [    𝐺  𝑠   ∶    𝐺  𝑠   ∩  𝑁  ]  =  [    𝐺  𝑠   𝑁  ∶  𝑁  ]  =  |  (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑠  )    | 


   𝑠  =  0 


   𝑠  =  𝑡 


   |  𝑎    |  𝔭   =    𝑐    −    𝑣  𝔭   (  𝑎  )   


   𝑤 


   𝜏          ∶      𝐿  𝑤   →      𝐾  𝑣   ‾  


     𝑣  ¯   ∘  𝜏 


     𝜏  ′   =  𝜎  ∘  𝜏 


   𝜎  ∈     Aut     𝐾  𝑣    (      𝐾  𝑣   ‾   ) 


     𝑣  ¯  


       𝐾  𝑣   ‾  


     𝑣  ¯   ∘  𝜎  =    𝑣  ¯  


     𝑣  ¯   ∘    𝜏  ′   =    𝑣  ¯   ∘  𝜏 


     𝑤  ′   =  𝑤 


     𝜏  ′   ∘    𝜏    −  1            ∶    𝜏  (  𝐿  )  →    𝜏  ′   (  𝐿  ) 


   𝜏  (  𝐿  ) 


   𝜏  (  𝐿  )  ⋅    𝐾  𝑣  


     𝜏  ′  


   𝜎          ∶    𝜏  (  𝐿  )  ⋅    𝐾  𝑣   →    𝜏  ′   (  𝐿  )  ⋅    𝐾  𝑣  


   𝜎  (  𝛼  )  =     lim     𝑛  →  ∞        𝜏  ′   (    𝛼  𝑛   ) 


   𝛼  ∈  𝜏  (  𝐿  )  ⋅    𝐾  𝑣  


   (  𝜏  (    𝛼  𝑛   )    )  𝑛  


     𝛼  𝑛  ′  


   (    𝜏  ′   (    𝛼  𝑛   )    )  𝑛  


   (    𝜏  ′   (    𝛼  𝑛  ′   )    )  𝑛  


      Aut     𝐾  𝑣    (      𝐾  𝑣   ‾   ) 


     𝜎  𝐸           ∶    𝜏  (  𝐸  )    𝐾  𝑣   →    𝜏  ′   (  𝐸  )    𝐾  𝑣  


     𝜏  ′     |  𝐸   =    𝜎  𝐸   ∘  𝜏    |  𝐸  


     𝐸  ′  


     𝜎  𝐸  


     𝜎    𝐸  ′   


   𝜏  (  𝐸  ∩    𝐸  ′   )    𝐾  𝑣   ⊆  𝜏  (  𝐸  )    𝐾  𝑣   ∩  𝜏  (    𝐸  ′   )    𝐾  𝑣  


   𝜏  (  𝐸  )    𝐾  𝑣  


   𝜅          ∶    𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   𝜅  (  𝛽  ⊗  1  )  =  (    𝜄  𝑤   𝛽    )  𝑤  


     𝜄  𝑤           ∶    𝐿  →    𝐿  𝑤  


   𝑓  =    ∏    𝑖  =  1   𝑚     𝑓  𝑖  


     𝜃  𝑖  


     𝑓  𝑖   (  𝑥  ) 


   𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑖  =  1   𝑚     𝐾  𝑣   (    𝜃  𝑖   ) 


   𝜃  ⊗  1 


     𝐾  𝑣   (    𝜃  𝑖   ) 


     𝑤  𝑖  


     𝜏  𝑖           ∶    𝐿  →    𝐾  𝑣   (    𝜃  𝑖   ) 


   𝑤  =    𝑣  ¯   ∘  𝜏 


   𝜏  (  𝜃  ) 


   𝜏  =  𝜎  ∘    𝜏  𝑖  


   𝑤  =    𝑣  ¯   ∘  𝜎  ∘    𝜏  𝑖   =    𝑣  ¯   ∘    𝜏  𝑖   =    𝑤  𝑖  


   [  𝐿  ∶  𝐾  ]  =    ∑    𝑤  ∣  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]  . 


     𝑁    𝐿  /  𝐾   𝑣           ∶      ∏    𝑤  ∣  𝑣      𝐿  𝑤   →    𝐾  𝑣  


     𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  =    ∏    𝑤  ∣  𝑣      𝑁      𝐿  𝑤   /    𝐾  𝑣     (    𝛽  𝑤   )  . 


      Tr     𝐿  /  𝐾   𝑣           ∶      ∏    𝑤  ∣  𝑣      𝐿  𝑤   →    𝐾  𝑣  


      Tr     𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  =    ∑    𝑤  ∣  𝑣       Tr       𝐿  𝑤   /    𝐾  𝑣     (    𝛽  𝑤   )  . 


     𝑁    𝐿  /  𝐾   𝑣  


     𝑚  𝛽           ∶    𝐿  →  𝐿 


     𝑚  𝛽   ⊗     id     𝐾  𝑣   


     𝑚  𝛽  


   |    𝛽  𝑖     |  𝑤   ≤  1 


   |  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )    |  𝑣   =  1 


     𝜅  ′           ∶      ⨁    𝑖  =  1   𝑛     𝒪  𝑣   (    𝛽  𝑖   ⊗  1  )    ⟶  ∼     ∏    𝑤  ∣  𝑣      𝒪  𝑤   , 


     𝒪  𝑤   ) 


     𝐿  𝑤   ) 


     𝜅  ′  


     𝜓  𝑣           ∶    (  𝐿    ⊗  𝐾     𝐾  𝑣   )  ×  (  𝐿    ⊗  𝐾     𝐾  𝑣   )  →    𝐾  𝑣   , 


     𝜓  𝑣   (  𝛼  ⊗  𝑎  ,  𝛽  ⊗  𝑏  )  =  𝑎  𝑏       Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  . 


     𝑤  1   ,  …  ,    𝑤  𝑔  


     𝒪    𝑤  𝑖   


     𝑛  𝑖   =  [    𝐿    𝑤  𝑖    ∶    𝐾  𝑣   ] 


     𝑚  𝑖   =    ∑    𝑗  =  1     𝑖  −  1      𝑛  𝑖   , 


   (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     ) 


     𝜆  𝑖  


     ∏    𝑖  =  1   𝑔     𝒪    𝑤  𝑖   


   𝐴  =  (    𝑎    𝑖  ,  𝑗    )  ∈     GL   𝑛   (    𝐾  𝑣   ) 


          (6.1.1)               𝜆  𝑖   =    ∑    𝑗  =  1   𝑛   𝜅  (    𝛽  𝑗   ⊗    𝑎    𝑖  ,  𝑗    )  ,    


     𝜓  𝑣  


     𝜓  ˜           ∶      ∏    𝑖  =  1   𝑔     𝐿    𝑤  𝑖    ×    ∏    𝑖  =  1   𝑔     𝐿    𝑤  𝑖    →    𝐾  𝑣  


   (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


             𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )     =    𝜓  𝑣   (    𝜅    −  1    (    𝜆  𝑖   )  ,    𝜅    −  1    (    𝜆  𝑗   )  )            =    ∑    𝑘  =  1   𝑛     ∑    𝑙  =  1   𝑛     𝜓  𝑣   (    𝛽  𝑘   ⊗    𝑎    𝑖  ,  𝑘    ,    𝛽  𝑙   ⊗    𝑎    𝑗  ,  𝑙    )            =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  ,  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  ,  𝑙         Tr     𝐿  /  𝐾    (    𝛽  𝑘     𝛽  𝑙   )            =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  ,  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  ,  𝑙      ∑    ℎ  =  1   𝑔      Tr       𝐿    𝑤  ℎ    /    𝐾  𝑣     (    𝛽  𝑘     𝛽  𝑙   )            =     Tr     𝐿  /  𝐾   𝑣   (    𝜆  𝑖     𝜆  𝑗   )  .    


     𝜆  𝑖     𝜆  𝑗  


     𝐿    𝑤  ℎ   


     𝑚  ℎ   +  1  ≤  𝑖  ,  𝑗  ≤    𝑚    ℎ  +  1   


     𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  =     Tr       𝐿    𝑤  ℎ    /    𝐾  𝑣     (    𝜆  𝑖     𝜆  𝑗   )  , 


     𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  =  0 


   𝑀  =  (    𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  ) 


     ∏    𝑖  =  1   𝑔   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  , 


     𝜓  ˜  


   (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (  𝐴    )  2    det   (  𝑀  )  =    ∏    𝑖  =  1   𝑔   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  . 


   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  ∈    𝒪  𝑣  ×  


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  ∈    𝒪  𝑣  ×  


    det   (  𝐴  )  ∈    𝒪  𝑣  ×  


   ‖          ‖  𝑣           ∶      𝐾  𝑣  ×   →    ℝ    ≥  0   


   ‖          ‖  𝑣   =  |          |  𝑣  


   ‖          ‖  𝑣   =  |          |  𝑣  2  


   ‖    𝑁    𝐿  /  𝐾    (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝛽    ‖  𝑤   . 


   ‖          ‖  𝑣  


   ‖  𝛼    ‖  𝑤   =  ‖  𝛼    ‖  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]   


   ‖    𝑁    𝐿  /  𝐾    (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )    ‖  𝑤    [    𝐿  𝑤   ∶    𝐾  𝑣     ]    −  1      =    ∏    𝑤  ∣  𝑣    ‖  𝛽    ‖  𝑤   . 


     ∏    𝑣  ∈    𝑉  𝐾     ‖  𝛼    ‖  𝑣   =  1  . 


     ∏    𝑣  ∈    𝑉  𝐾     ‖  𝛼    ‖  𝑣   =    ∏    𝑢  ∈    𝑉  𝐹       ∏    𝑣  ∣  𝑢    ‖  𝛼    ‖  𝑣   =    ∏    𝑢  ∈    𝑉  𝐹     ‖    𝑁    𝐾  /  𝐹    (  𝛼  )    ‖  𝑢   =  1  . 


     𝑒    𝐿  /  𝐾   


     𝑓    𝐿  /  𝐾   


   𝐾  =    ℚ  𝑝  


   𝐾  =    𝔽  𝑝   (      (  𝑡  )      ) 


     𝑒  𝐿  


     𝑓  𝐿  


     𝔪  𝐿  


     𝔪  𝐾  


     𝑒    𝐿  /  𝐾    =    𝑒      𝔪  𝐿   /    𝔪  𝐾    


     𝑓    𝐿  /  𝐾    =    𝑓      𝔪  𝐿   /    𝔪  𝐾    


   [  𝐿  ∶  𝐾  ]  =    𝑒    𝐿  /  𝐾      𝑓    𝐿  /  𝐾   


     𝑒    𝐿  /  𝐾    =  1 


     𝑒    𝐿  /  𝐾    >  1 


     𝑒    𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭    =    𝑒      𝐿  𝔓   /    𝐾  𝔭    


     𝑓    𝔓  /  𝔭    =    𝑓      𝐿  𝔓   /    𝐾  𝔭    


     𝜋  𝐾   𝒪  =  𝔭  𝒪  =    𝔓    𝑒    𝔓  /  𝔭     𝒪  =  (    𝜋  𝐿    𝑒    𝔓  /  𝔭     )  , 


     𝐿  𝔓   /    𝐾  𝔭  


     𝑣  𝔓   (    𝜋  𝐾   )  =    𝑒    𝔓  /  𝔭   


   𝜎  (  𝑤  ) 


   |  𝛽    |    𝜎  (  𝑤  )    =  |    𝜎    −  1    (  𝛽  )    |  𝑤  


   |          |  𝑤  


   |          |  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]   


     𝜏  𝑣  


     𝜏  𝑤  


   |  𝛽    |    𝜎  (  𝑤  )    =  |    𝜏  𝑤   ∘    𝜎    −  1    (  𝛽  )  | 


     𝜏  ‾  


     𝐺  𝑤  


     𝐼  𝑤  


   𝜎  ∈    𝐺  𝑤  


   |  𝜎  (  𝛽  )  −  𝛽    |  𝑤   <  1 


   |  𝛽    |  𝑤   ≤  1 


    Gal   (    𝐿  𝑤   /    𝐾  𝑣   )  →   Gal   (  𝐿  /  𝐾  )  ,    𝜎  ↦  𝜎    |  𝐿  


    Gal   (    𝐿  𝑤   /    𝐾  𝑣   ) 


   𝜎  ∈   Gal   (    𝐿  𝑤   /    𝐾  𝑣   ) 


   𝑤  =  𝜎  (  𝑤  ) 


   𝜎  (  𝛽  )  =  𝛽 


   𝛽  ∈    𝐿  𝑤  


   𝑤  =  𝜏  (  𝑤  ) 


   𝜏          ∶    𝐿  →  𝐿 


   𝐿  ↪    𝐿  𝑤  


   𝜏  ∈    𝐼  𝑤  


   𝛽  ∈    𝒪  𝑤  


   |  𝛽  −  𝑏    |  𝑤   <  1 


   𝑏  ∈  𝐿 


   |  𝑏    |  𝑤   ≤  1 


     𝛽  ′   =  𝛽  −  𝑏 


   |  𝜏  (  𝑏  )  −  𝑏    |  𝑤   <  1 


   |  𝜏  (  𝛽  )  −  𝛽    |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )  −    𝛽  ′     |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )  −    𝛽  ′     |  𝑤   ≤  |    𝛽  ′     |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )    |  𝑤   =  |    𝛽  ′     |  𝑤  


   𝜏          ∶    𝐿  →      𝐾  𝑣   ‾  


   |  𝛽    |  𝑤   =  |  𝜏  (  𝛽  )    |    𝑣  ¯   


     𝜏  ′           ∶    𝐿  →      𝐾  𝑣   ‾  


     𝑤  ′   =    𝑣  ¯   ∘    𝜏  ′  


     𝔽  𝑝   (  𝑇  ) 


   𝑓  ∈    𝔽  𝑝   [  𝑇  ] 


     𝔽  𝑞   (      (  𝑡  )      ) 


   𝐾  /  𝐹 


   𝐹  =    ℚ  𝑝  


   𝐸  (  𝑥  )  /  𝐸  (    𝑥  𝑛   ) 


   𝐸  (  𝑥  ) 


   ℎ  <  1 


   𝐸  (  𝑥  )  ⊆  𝐾 


   𝐸  (    𝑥  𝑛   ) 


     ℎ  𝑛  


     𝑝    −  1   


   (    𝐾  𝑛     )  𝑛  


     𝐾    𝑛  +  1    /    𝐾  𝑛  


     𝐾    𝑛  +  1   


     𝐾  𝑛  


   [    𝐾    𝑛  +  1    ∶    𝐾  𝑛   ] 


   (    𝜋  𝑛     )  𝑛  


     𝜋  𝑛   ∈    𝐾  𝑛  


   |    𝜋  𝑛   −    𝜋  𝑚   |  =  |    𝜋  𝑛   | 


   𝑛  >  𝑚 


   |    𝜋  𝑛   | 


     𝔽  𝑞   (      (  𝑦  )      ) 


   (    𝑎  𝑛     )    𝑛  ≥  1   


     ∑    𝑛  =  1   ∞     𝑎  𝑛     𝑛    −  𝑠    , 


   (    𝑏  𝑖     )    𝑖  ≥  1   


   (    𝑐  𝑖     )    𝑖  ≥  1   


     𝐵  𝑛   =    ∑    𝑖  =  1   𝑛     𝑏  𝑖  


     ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝑐  𝑖   =    𝐵  𝑛     𝑐  𝑛   +    ∑    𝑖  =  1     𝑛  −  1      𝐵  𝑖   (    𝑐  𝑖   −    𝑐    𝑖  +  1    )  . 


   𝑛  ≥  𝑚  ≥  1 


     ∑    𝑖  =  𝑚  +  1   𝑛     𝑏  𝑖     𝑐  𝑖   =    𝐵  𝑛     𝑐  𝑛   −    𝐵  𝑚     𝑐  𝑚   +    ∑    𝑖  =  𝑚  +  1     𝑛  −  1      𝐵  𝑖   (    𝑐  𝑖   −    𝑐    𝑖  +  1    ) 


   𝑛  +  1 


     𝐵    𝑛  +  1      𝑐    𝑛  +  1    +    𝐵  𝑛   (    𝑐  𝑛   −    𝑐    𝑛  +  1    )  −    𝐵  𝑛     𝑐  𝑛   =    𝑏    𝑛  +  1      𝑐    𝑛  +  1    , 


     𝑠  0   ∈  ℂ 


   𝑍  (    𝑠  0   )  =  {  𝑠  ∈  ℂ  ∣   Re   (  𝑠  )  >   Re   (    𝑠  0   )  } 


     ∑    𝑛  =  1   ∞     𝑎  𝑛     𝑛    −  𝑠   


   𝑠  ∈  𝑍  (    𝑠  0   ) 


   𝑍  (    𝑠  0   ) 


     𝑡  0   =   Re   (    𝑠  0   ) 


   𝑡  =   Re   (  𝑠  ) 


   𝑡  >    𝑡  0  


     𝐷  𝑚   >  0 


   |    ∑    𝑘  =  1   𝑛     𝑎  𝑘     𝑘    −    𝑠  0     |  ≤    𝐷  𝑚  


   𝑛  ≤  𝑚 


   𝐷  >  0 


   (    𝑎  𝑛     𝑛    −    𝑠  0       )    𝑛  ≥  1   


   (    𝑛      𝑠  0   −  𝑠      )    𝑛  ≥  1   


     |    ∑    𝑘  =  𝑚  +  1   𝑛     𝑎  𝑛     𝑛    −  𝑠    |   ≤    𝐷  𝑛     𝑛      𝑡  0   −  𝑡    +    𝐷  𝑚     𝑚      𝑡  0   −  𝑡    +    ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝐷  𝑘   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    | 


   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    |  ≤  |  𝑠  −    𝑠  0   |    ∫  𝑘    𝑘  +  1      𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥  , 


     ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝐷  𝑘   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    |  ≤    𝐷    𝑛  −  1    |  𝑠  −    𝑠  0   |    ∫    𝑚  +  1     𝑛  −  1      𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥 


   𝑛  →  ∞ 


     |    ∑    𝑘  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐷    𝑚      𝑡  0   −  𝑡    +  |  𝑠  −    𝑠  0   |    ∫    𝑚  +  1   ∞     𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥  ≤  𝐷    𝑚      𝑡  0   −  𝑡    +      |  𝑠  −    𝑠  0   |     𝑡  −    𝑡  0     (  𝑚  +  1    )      𝑡  0   −  𝑡    . 


     ∑    𝑛  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠   


   𝑢  ≥  0 


   |    ∑    𝑘  =  1   𝑛     𝑎  𝑘   |  ≤  𝐶    𝑛  𝑢  


   𝑍  (  𝑡  ) 


     𝑠  0   =  0 


     𝐷  𝑛   ≤  𝐶    𝑛  𝑢  


     |    ∑    𝑘  =  𝑚  +  1   𝑛     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐶    𝑛    𝑢  −  𝑡    +  𝐶    𝑚    𝑢  −  𝑡    +  𝐶  |  𝑠  |    ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝑘  𝑢     ∫  𝑘    𝑘  +  1      𝑥    −  𝑡  −  1    𝑑  𝑥  ≤  𝐶    𝑛    𝑢  −  𝑡    +  𝐶    𝑚    𝑢  −  𝑡    +  𝐶  |  𝑠  |    ∫    𝑚  +  1   𝑛     𝑥    𝑢  −  𝑡  −  1    𝑑  𝑥  . 


     |    ∑    𝑘  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐶    𝑚    𝑢  −  𝑡    +  𝐶      |  𝑠  |     𝑢  −  𝑡    (  𝑚  +  1    )    𝑢  −  𝑡    , 


   𝑍  (  𝑠  ) 


   𝜁  (  𝑠  )  =    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    . 


   𝜁  (  𝑠  ) 


   𝑠  ∈  ℂ 


    Re   (  𝑠  )  >  1 


    Re   (  𝑠  )  >  0 


   𝑠  =  1 


   𝐶  =  1 


   𝑡  =  1 


     𝜁  2   (  𝑠  )  =    ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1      𝑛    −  𝑠   


     ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1      𝑛    −  𝑠    =    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    −  2    ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1    (  2  𝑛    )    −  𝑠    , 


     𝜁  2   (  𝑠  )  =  (  1  −    2    1  −  𝑠    )  𝜁  (  𝑠  ) 


   𝑠  ∈  𝑍  (  0  ) 


     2    𝑠  −  1    =  1 


   1  +      2  𝜋  𝑛  𝑖      log     2   


     𝜁  3   (  𝑠  ) 


   (    𝑎  𝑛     )    𝑛  ≥  1   


     𝑎    3  𝑘  +  1    =    𝑎    3  𝑘  +  2    =  1 


     𝑎    3  𝑘  +  3    =  −  2 


     𝜁  3   (  𝑠  )  =  (  1  −    3    1  −  𝑠    )  𝜁  (  𝑠  ) 


     3    𝑠  −  1    =  1 


   1  +      2  𝜋  𝑛  𝑖      log     3   


     1    𝑠  −  1    =    ∫  1  ∞     𝑥    −  𝑠    𝑑  𝑥  ≤    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    ≤  1  +    ∫  1  ∞     𝑥    −  𝑠    𝑑  𝑥  =    𝑠    𝑠  −  1    . 


      lim     𝑠  →  1    (  𝑠  −  1  )  𝜁  (  𝑠  )  =  1 


     ∏  𝔭   (  1  −    𝑎  𝔭   𝑁    𝔭    −  𝑠      )    −  1   


     𝑎  𝔭  


   (  1  −    𝑎  𝔭   𝑁    𝔭    −  𝑠      )    −  1   


     ∏  𝑝   (  1  −    𝑝    −  𝑠      )    −  1   


     ∑    𝑛  =  1   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑠      , 


     ∑    𝑛  =  2   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑡      ≤    ∑    𝑛  =  2   ∞     ∑  𝑝     𝑝    −  𝑛  𝑡    ≤  𝜁  (  𝑡  )  , 


   𝑡  >    1  2  


     ∑    𝑛  =  1   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑠     


   𝑍  (    1  2   ) 


     ∑  𝑝     𝑝    −  𝑠   


   𝑍  (  1  ) 


     𝐼  𝑆  


     ∏    𝑝  ∈  𝑆    (  1  −    𝑝    −  𝑠      )    −  1    =    ∑    𝑛  ∈    𝐼  𝑆       𝑛    −  𝑠    . 


   𝜁  (  𝑠  )  =    ∏  𝑝   (  1  −    𝑝    −  𝑠      )    −  1   


   𝑠  =  1 


   𝑓  ∼  𝑔 


     𝜁  𝐾   (  𝑠  )  =    ∑    𝔞  ⊆    𝒪  𝐹     (  𝑁  𝔞    )    −  𝑠    , 


     𝜁  𝐾   (  𝑠  )  =    ∑    𝔞  ⊆    𝒪  𝐾     (  𝑁  𝔞    )    −  𝑠   


     𝜁  𝐾   (  𝑠  )  =    ∏  𝔭   (  1  −  𝑁    𝔭    −  𝑠      )    −  1    , 


   𝑍  (  1  −  [  𝐾  ∶  ℚ    ]    −  1    ) 


    log       𝜁  𝐾   (  𝑠  )  ∼    ∑  𝔭   𝑁    𝔭    −  𝑠    , 


   [  𝐾  ∶  ℚ  ]    ∑  𝑝     𝑝    −  𝑠    ∼  [  𝐾  ∶  ℚ  ]   log   (  𝑠  −  1    )    −  1   


   𝛿  (  𝑆  ) 


   𝛿  (  𝑆  )  =     lim     𝑠  →    1  +             ∑    𝔭  ∈  𝑆    𝑁    𝔭    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      , 


    lim inf  


    lim sup  


     𝑆    𝐿  /  𝐾   


     1    [  𝐿  ∶  𝐾  ]   


    log       𝜁  𝐿   (  𝑠  )  ∼    ∑  𝔓   𝑁    𝔓    −  𝑠   


   ≥  2 


   |  𝑁    𝔓    −  𝑠    | 


     𝑝  2  


   (  𝑝  )  =  𝔓  ∩  ℤ 


    log       𝜁  𝐿   (  𝑠  )  ∼  [  𝐿  ∶  𝐾  ]    ∑    𝔭  ∈    𝑆    𝐿  /  𝐾      𝑁    𝔭    −  𝑠   


     𝜁  𝐿   (  𝑠  ) 


     𝜁  𝐾   (  𝑠  ) 


    log       𝜁  𝐿   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1    ∼   log       𝜁  𝐾   (  𝑠  )  ∼    ∑  𝔭   𝑁    𝔭    −  𝑠    , 


   𝛿  (    𝑆    𝐿  /  𝐾    )  =  [  𝐿  ∶  𝐾    ]    −  1   


   𝜒 


   𝐿  (  𝜒  ,  𝑠  )  =    ∏  𝔭    det   (  1  −  𝑥    𝜑  𝔭   |    𝑉    𝐼  𝔭      )    −  1      |    𝑥  =  𝑁    𝔭    −  𝑠     


     𝜑  𝔭  


     𝐼  𝔭  


   𝐿  (  𝜒  ,  𝑠  ) 


     𝜁  𝐿   (  𝑠  )  =    ∏  𝜒   𝐿  (  𝜒  ,  𝑠    )    𝜒  (  1  )    , 


   𝜒          ∶       Gal   (  𝐿  /  𝐾  )  →    ℂ  ×  


   𝜒  (  𝔭  )  =  0 


     𝐿     ker     𝜒    /  𝐾 


   𝜒  (    𝜑  𝔭   ) 


     𝜑  𝔭  


   𝐿  (  𝜒  ,  𝑠  )  =    ∏  𝔭   (  1  −  𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠      )    −  1    =    ∑    𝔞  ⊆    𝒪  𝐾     𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝐿  (  𝜒  ,  1  ) 


   𝑑  =  [  𝐾  ∶  ℚ  ] 


   𝑁  𝔞  ≤  𝑁 


   𝜒  (  𝔞  )  =  𝜁 


   𝐶  𝑁  +  𝑂  (    𝑁    1  −    𝑑    −  1      ) 


     ∑    𝑁  𝔞  ≤  𝑁    𝜒  (  𝔞  )  =    ∑    𝜁  ∈    𝜇  𝑛     |  {  𝑁  𝔞  ≤  𝑁  ∣  𝜒  (  𝔞  )  =  𝜁  }  |  𝜁  =    ∑    𝜁  ∈    𝜇  𝑛     𝜁  ⋅  𝐶  𝑁  +  𝑂  (    𝑁    1  −    𝑑    −  1      )  =  𝑂  (    𝑁    1  −    𝑑    −  1      )  . 


     ∑    𝔞  ⊂    𝒪  𝐾     𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝑍  (  1  −    𝑑    −  1    ) 


    log       𝜁  𝐿   (  𝑡  )  =    ∑  𝜒    log     𝐿  (  𝜒  ,  𝑡  ) 


   𝑡  →    1  +  


   (  1  −    ∑  𝜒     𝑚  𝜒   )   log   (  𝑡  −  1    )    −  1   


     𝑚  𝜒  


     𝑚  𝜒   ≥  1 


   1  −    ∑  𝜒     𝑚  𝜒   ≤  0 


    log       𝜁  𝐿   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1   


   𝐺  =   Gal   (  𝐾  (    𝜇  𝑚   )  /  𝐾  ) 


     1    |  𝐺  |   


     𝜁  𝐿   (  𝑠  )  =    ∏    𝜒        ∶    𝐺  →    ℂ  ×     𝐿  (  𝜒  ,  𝑠  ) 


    Re   (  𝑠  )  >  1  −  [  𝐿  ∶  ℚ    ]    −  1   


     𝜑  𝔭   (    𝜁  𝑚   )  =    𝜁  𝑚    𝑁  𝔭   


     𝜁  𝑚  


   𝑁  𝔭 


    log     𝐿  (  𝜒  ,  𝑠  )  ∼    ∑  𝔭   𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠   


   𝜎  ∈   Gal   (  𝐹  (    𝜇  𝑚   )  /  𝐹  ) 


   𝜎  (    𝜁  𝑚   )  =    𝜁  𝑚  𝑎  


     ∑    𝜒        ∶    𝐺  →    ℂ  ×     𝜒  (  𝜎  )  𝜒  (  𝔭    )    −  1    =    {            0           if    𝑎  ≢  𝑁  𝔭         mod         𝑚  ,        |  𝐺  |           otherwise   .          


     ∑  𝜒   𝜒  (  𝜎    )    −  1     log     𝐿  (  𝜒  ,  𝑠  )  ∼    ∑  𝜒     ∑  𝔭   𝜒  (  𝜎    )    −  1    𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠    ∼  |  𝐺  |    ∑    𝑁  𝔭  ≡  𝑎       mod       𝑚    𝑁    𝔭    −  𝑠    , 


     ∑  𝜒   𝜒  (  𝜎    )    −  1     log     𝐿  (  𝜒  ,  𝑠  )  ∼   log       𝜁  𝐾   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1    , 


   𝐿  (  𝜒  ,  1  )  ≠  0 


     𝜑  𝔭   =  𝜎 


   1  /  |  𝐺  | 


       |  𝐶  |     |  𝐺  |   


   𝜎  ∈  𝐶 


   𝐸  =    𝐾    ⟨  𝜎  ⟩   


   𝑓  =  |  ⟨  𝜎  ⟩  | 


     𝑇  𝜎  


     𝜑  𝑃  


   𝑃  ∈    𝑇  𝜎  


     𝜑  𝑃   =  𝜎 


   |  𝐺  |  /  𝑓 


   𝑃  ∩  𝐾 


   |  𝐺  |  /  𝑓  |  𝐶  | 


   𝛿  (  𝑆  )  =     lim     𝑠  →    1  +             ∑    𝔭  ∈  𝑆    𝑁    𝔭    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      =      𝑓  |  𝐶  |     |  𝐺  |         lim     𝑠  →    1  +             ∑    𝑃  ∈    𝑇  𝜎     𝑁    𝑃    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      =      𝑓  |  𝐶  |     |  𝐺  |    𝛿  (    𝑇  𝜎   )  , 


     ∑  𝔭   𝑁    𝔭    −  𝑠    ∼    ∑  𝑃   𝑁    𝑃    −  𝑠   


   𝐾  /  𝐸 


   𝛿  (    𝑇  𝜎   )  =    1  𝑓  


   𝛿  (  𝑆  )  =      |  𝐶  |     |  𝐺  |   


   𝐻  =   Gal   (  𝐿  (    𝜇  𝑚   )  /  𝐿  ) 


    Gal   (  𝐿  (    𝜇  𝑚   )  /  𝐾  )  ≅  𝐺  ×  𝐻 


     𝑆  𝜎  


     𝑆    𝜎  ,  𝜏   


   𝐿  (    𝜇  𝑚   ) 


   (  𝜎  ,  𝜏  )  ∈  𝐺  ×  𝐻 


     𝛿   inf    (    𝑆  𝜎   )  =    ∑    𝜏  ∈  𝐻      𝛿   inf    (    𝑆    𝜎  ,  𝜏    )  . 


   |  𝐺  | 


   ⟨  (  𝜎  ,  𝜏  )  ⟩  ∩  (  𝐺  ×  {  1  }  )  =  1 


     𝜇  𝑚  


   𝐹  =  𝐾  (    𝜇  𝑚     )    ⟨  (  𝜎  ,  𝜏  )  ⟩   


   𝐹  (    𝜇  𝑚   )  /  𝐹 


   (  𝜎  ,  𝜏  ) 


     1    |  ⟨  𝜏  ⟩  |   


   𝛿  (    𝑆    𝜎  ,  𝜏    ) 


     1    |  𝐺  |  |  𝐻  |   


     𝐻  𝑛  


   𝜏  ∈    𝐻  𝑛  


     𝛿   inf    (    𝑆  𝜎   )  ≥      |    𝐻  𝑛   |     |  𝐺  |  |  𝐻  |   


   𝑛  =    𝑝  1    𝑘  1    ⋯    𝑝  𝑟    𝑘  𝑟   


     𝑝  1   ,  …  ,    𝑝  𝑟  


     𝑘  1   ,  …  ,    𝑘  𝑟   ≥  1 


   𝑚  ≡  1         mod           𝑛  𝑗  


   ℚ  (    𝜇    𝑛  𝑗    )  /  ℚ 


     𝑗  𝑖   =    𝑣    𝑝  𝑖    (  𝑚  −  1  )  ≥  𝑗 


       |    𝐻  𝑛   |     |  𝐻  |    =    ∏    𝑖  =  1   𝑟     (  1  −      𝑝  𝑖      𝑘  𝑖   −  1      𝑝      𝑗  𝑖     𝑘  𝑖      )   ≥    ∏    𝑖  =  1   𝑟     (  1  −    1    𝑝    (  𝑗  −  1  )    𝑘  𝑖   +  1     )   . 


       |    𝐻  𝑛   |     |  𝐻  |   


     𝛿   inf    (    𝑆  𝜎   )  ≥    1    |  𝐺  |   


   𝛿  (    𝑆  𝜎   ) 


   𝑎  ∈    ℤ    ≥  1   


    gcd   (  𝑎  ,  𝑛  )  =  1 


   {  𝑎  +  𝑘  𝑛  ∣  𝑘  ≥  0  } 


     1    𝜑  (  𝑛  )   


   𝜑  (    𝜁  𝑛   )  =    𝜁  𝑛  𝑎  


   𝜑  (  𝑛  ) 


   𝔪  =    𝔪  𝑓     𝔪  ∞  


     𝔪  𝑓  


     𝔪  ∞  


   𝔪  =    𝔪  𝑓  


   𝑎  ,  𝑏  ∈    𝐾  ×  


   𝑎    ≡  ∗   𝑏         mod         𝔪 


   𝑎  ≡  𝑏         mod           𝔪  𝑓  


   𝑎  /  𝑏 


     𝐼  𝐾  𝔪  


     𝐾  𝔪  


     𝐾  𝔪   =  {  𝑎  ∈    𝐾  ×   ∣    𝑣  𝔭   (  𝑎  )  =  0    for all primes    𝔭  ∣    𝔪  𝑓   }  . 


     𝐾    𝔪  ,  1   


     𝐾    𝔪  ,  1    =  {  𝑎  ∈    𝐾  ×   ∣  𝑎    ≡  ∗   1         mod         𝔪  }  . 


     𝑃  𝐾  𝔪  


      Cl   𝐾  𝔪  


      Cl   𝐾  𝔪   =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪   . 


   [  𝔞    ]  𝔪  


   𝔞  ∈    𝐼  𝐾  𝔪  


     ℚ    ∞  ,  1   


   [  0  ,  ∞  ) 


   𝔪  =  (  1  ) 


     𝐼  𝐾  𝔪   =    𝐼  𝐾  


     𝐾    𝔪  ,  1    =    𝐾  ×  


     𝑃  𝐾  𝔪   =    𝑃  𝐾  


      Cl   𝐾  𝔪   =     Cl   𝐾  


     𝐼  𝐾  𝔪   →     Cl   𝐾  


     𝔪  𝑓   =  (  1  ) 


   𝑎  ∈    𝒪  𝐾  


   𝔞  (    𝑎    −  1    )  ∈    𝐼  𝐾  𝔪  


   1  →    𝒪  𝐾  ×   ∩    𝐾    𝔪  ,  1    →    𝐾    𝔪  ,  1      ⟶  𝜙     𝐼  𝐾  𝔪   →     Cl   𝐾  𝔪   →  0  , 


   𝜙          ∶      𝐾  ×   →    𝐼  𝐾  


   𝜙  (    𝐾    𝔪  ,  1    )  =    𝑃  𝐾  𝔪  


   1  →    𝒪  𝐾  ×   /  (    𝒪  𝐾  ×   ∩    𝐾    𝔪  ,  1    )  →    𝐾  𝔪   /    𝐾    𝔪  ,  1    →     Cl   𝐾  𝔪   →     Cl   𝐾   →  0  , 


      Cl   𝐾  𝔪   =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪  


     𝑃  𝐾   ∩    𝐼  𝐾  𝔪  


     𝐾  𝔪   →  (    𝑃  𝐾   ∩    𝐼  𝐾  𝔪   )  /    𝑃  𝐾  𝔪   , 


     𝒪  𝐾  ×     𝐾    𝔪  ,  1   


     𝐾  𝔪   /    𝐾    𝔪  ,  1      ⟶  ∼   (    𝒪  𝐾   /    𝔪  𝑓     )  ×   ×    ∏    𝑖  =  1   𝑟   ⟨  −  1  ⟩  . 


     𝐾      𝔪  𝑓   ,  1   


     𝐾  𝔪   /    𝐾    𝔪  ,  1   


      Cl   ℚ   =  (  1  ) 


     ℤ  ×   =  ⟨  −  1  ⟩ 


   𝔪  =  (  𝑓  ) 


   𝔪  =  (  𝑓  )  ∞ 


     ℚ    (  𝑓  )    /    ℚ    (  𝑓  )  ,  1    ≅  (  ℤ  /  𝑓  ℤ    )  ×   , 


   𝑓  ≥  3 


   −  1  ∉    ℚ    (  𝑓  )  ,  1   


     𝜙  𝑓  ′           ∶         Cl   ℚ    (  𝑓  )      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩  . 


     𝜙  𝑓  ′   (  [  (  𝑎  )    ]    (  𝑓  )    ) 


     ℚ    (  𝑓  )  ∞    /    ℚ    (  𝑓  )  ∞  ,  1    ≅  (  ℤ  /  𝑓  ℤ    )  ×   ×  ⟨  −  1  ⟩  , 


   −  1  ∉    ℚ    (  𝑓  )  ∞  ,  1   


   0  →  ⟨  −  1  ⟩  →  (  ℤ  /  𝑓  ℤ    )  ×   ×  ⟨  −  1  ⟩  →     Cl   ℚ    (  𝑓  )  ∞    →  0  , 


   (  −  1  ,  −  1  ) 


     𝜙  𝑓           ∶         Cl   ℚ    (  𝑓  )  ∞      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×  


     𝜙  𝑓   (  [  (  𝑎  )    ]    (  𝑓  )  ∞    )  =  𝑎         mod         𝑓 


     𝑁    𝐿  /  𝐾    (    𝐿    𝔪  ,  1    )  ⊆    𝐾    𝔪  ,  1    . 


   𝛼  ∈    𝐿    𝔪  ,  1   


     𝑁    𝐿  /  𝐾    (  𝛼  ) 


     𝑁    𝐿  /  𝐾    𝛼  ≡  1         mod           𝔪  𝑓  


   𝜎          ∶    𝐾  →  ℝ 


   𝜏          ∶    𝐿  →  ℂ 


   𝜎  (    𝑁    𝐿  /  𝐾    𝛼  )  =    ∏    𝜏  ∈  𝑆    𝜏  (  𝛼  )  . 


   𝜏  ∈  𝑆 


   𝜏  (  𝛼  )  >  0 


     𝜏  ¯  


   𝜏  (  𝛼  )    𝜏  ¯   (  𝛼  )  =  |  𝜏  (  𝛼  )    |  2   >  0  . 


   𝜎  (    𝑁    𝐿  /  𝐾    𝛼  ) 


     𝑁    𝐿  /  𝐾            ∶         Cl   𝐿  𝔪   →     Cl   𝐾  𝔪  


     𝑁    𝐿  /  𝐾    (  [  𝔞    ]  𝔪   )  =  [    𝑁    𝐿  /  𝐾    (  𝔞  )    ]  𝔪   , 


     𝑁    𝐿  /  𝐾    (  𝔞  ) 


   [     Cl   𝐾  𝔪   ∶    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ]  ≤  [  𝐿  ∶  𝐾  ]  . 


   𝐻  =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪  


   𝜒          ∶    𝐻  →    ℂ  ×  


     𝐿  𝔪   (  𝜒  ,  𝑠  )  =    ∏    𝔭  ∤  𝔪    (  1  −  𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠      )    −  1    =    ∑          𝔞  ⊆    𝒪  𝐾            𝔞  +  𝔪  =    𝒪  𝐾        𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝑍  (  1  −  [  𝐾  ∶  ℚ    ]    −  1    ) 


    log       𝜁  𝐾   (  𝑠  )  +    ∑    𝜒  ≠  1     log       𝐿  𝔪   (  𝜒  ,  𝑠  )  ∼    (  1  −    ∑  𝜒     𝑚  𝜒   )      log   (  𝑠  −  1    )    −  1    , 


    log       𝜁  𝐾   (  𝑠  )  +    ∑    𝜒  ≠  1     log       𝐿  𝔪   (  𝜒  ,  𝑠  )  ∼    ∑  𝜒     ∑    𝐴  ∈  𝐻    𝜒  (  𝐴  )    ∑    𝔭  ∈  𝐴    𝑁    𝔭    −  𝑠    ∼  |  𝐻  |    ∑    𝔭  ∈    𝑃  𝐾  𝔪     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪     𝑁    𝔭    −  𝑠    . 


   |  𝐻  |    ∑    𝔭  ∈    𝑆    𝐿  /  𝐾      𝑁    𝔭    −  𝑠    =      |  𝐻  |     [  𝐿  ∶  𝐾  ]       log   (  𝑠  −  1    )    −  1    , 


   1  ≥      |  𝐻  |     [  𝐿  ∶  𝐾  ]   


     Ψ    𝐿  /  𝐾   𝔪           ∶      𝐼  𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     Ψ    𝐿  /  𝐾   𝔪   (  𝔭  ) 


     Ψ    𝐿  /  𝐾   𝔪  


   (  𝔭  ,  𝐿  /  𝐾  ) 


     𝔪  ′  


     𝔪  𝑓  ′  


     Ψ    𝐿  /  𝐾     𝔪  ′   


     𝐾  ′   /  𝐾 


     𝐾  ′  


     𝔪  𝑓  ′   =    𝔪  𝑓     𝒪    𝐾  ′   


     𝔪  ∞  ′  


      inv   𝐿           ∶       Br   (  𝐿  )  →  ℚ  /  ℤ 


   (  (    𝐾   sep      )  ×   ,   inv   ) 


   𝐸  /  𝐹 


    Br   (  𝐸  /  𝐹  )  =    𝐻  2   (   Gal   (  𝐸  /  𝐹  )  ,    𝐸  ×   )  . 


      inv   𝐾  


    Br   (    𝐾   ur    /  𝐾  ) 


    Br   (  𝐾  ) 


     𝑤  𝐾           ∶    (    𝐾   ur      )  ×   →  ℤ 


     𝑤  𝐾  ∗           ∶       Br   (    𝐾   ur    /  𝐾  )  →    𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  )  , 


      inv       𝐾   ur    /  𝐾            ∶       Br   (    𝐾   ur    /  𝐾  )  →  ℚ  /  ℤ 


    Br   (    𝐾   ur    /  𝐾  )    ⟶    𝑤  𝐾  ∗      𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  )    ⟶    𝛿    −  1       𝐻  1   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℚ  /  ℤ  )    ⟶     ev     𝜑  𝐾     ℚ  /  ℤ  , 


   0  →  ℤ  →  ℚ  →  ℚ  /  ℤ  →  0 


      ev     𝜑  𝐾   


     𝜑  𝐾  


      inv       𝐾   ur    /  𝐾   


     𝑤  𝐾  ∗  


   (    𝑀  𝑛     )    𝑛  ≥  0   


     𝑀  0   =  𝑀 


   𝑀  =            (     lim    ←   𝑛       𝑀  /    𝑀  𝑛   . 


     𝐻  𝑖   (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    )  =  0 


     𝐻  𝑖   (  𝐺  ,  𝑀  )  =  0 


   𝑓  ∈    𝑍  𝑖   (  𝐺  ,  𝑀  ) 


     𝑓  𝑛   ∈    𝑍  𝑖   (  𝐺  ,    𝑀  𝑛   ) 


     ℎ  𝑗   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑗   ) 


   𝑓  =    𝑓  𝑛   +    ∑    𝑗  =  0     𝑛  −  1      𝑑    𝑖  −  1    (    ℎ  𝑗   )  . 


     𝐶    −  1    (  𝐺  ,    𝑀  𝑗   )  =  0 


     𝑓  𝑛  


     𝑍  𝑖   (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    ) 


       ℎ  ¯   𝑛   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    ) 


       ℎ  ¯   𝑛  


     ℎ  𝑛   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑛   ) 


     𝑓    𝑛  +  1    =    𝑓  𝑛   −    𝑑    𝑖  −  1    (    ℎ  𝑖   ) 


   𝑀  =            (     lim    ←   𝑛     𝑀  /    𝑀  𝑛  


     ∑    𝑗  =  1   𝑛     ℎ  𝑗  


     𝐶    𝑖  −  1    (  𝐺  ,  𝑀  ) 


     𝒪  𝐿  ×  


   {  𝜎  (  𝛼  )  ∣  𝜎  ∈  𝐺  } 


     Λ  ′  


   [    𝒪  𝐿   ∶    Λ  ′   ] 


     𝜋  𝑛     𝒪  𝐿   ⊆    Λ  ′  


   Λ  =    𝜋    𝑛  +  1      Λ  ′  


   Λ  ⋅  Λ  =    𝜋    2  (  𝑛  +  1  )      Λ  ′   ⊆    𝜋    2  (  𝑛  +  1  )      𝒪  𝐿   ⊆    𝜋    𝑛  +  2      𝒪  𝐿   ⊆  𝜋  Λ  . 


   𝑉  =  1  +  Λ 


     𝑉  𝑖   =  1  +    𝜋  𝑖   Λ 


     𝑉  𝑖   /    𝑉    𝑖  +  1      ⟶  ∼   Λ  /  𝜋  Λ  ,    (  1  +    𝜋  𝑖   𝜆  )    𝑉    𝑖  +  1    ↦  𝜆  +  𝜋  Λ  . 


   Λ  /  𝜋  Λ 


     𝔽  𝑝   [  𝐺  ] 


     𝐻  𝑖   (    𝐺  𝑝   ,  𝑉  )  =  0 


     𝐺  𝑝  


   1  →  𝑉  →    𝒪  𝐿  ×   →    𝒪  𝐿  ×   /  𝑉  →  1 


   ℎ  (    𝒪  𝐿  ×   )  =  ℎ  (  𝑉  )  ℎ  (    𝒪  𝐿  ×   /  𝑉  )  =  1 


     𝒪  𝐿  ×   /  𝑉 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝒪  𝐿  ×   )  =  0 


     𝑣  𝐾  


   1  →    𝒪  𝐿  ×   →    𝐿  ×     ⟶    𝑣  𝐿    ℤ  →  0 


   1  →    𝒪  𝐾  ×   →    𝐾  ×     ⟶    𝑣  𝐾    ℤ  →    𝐻  1   (  𝐺  ,    𝒪  𝐿  ×   )  →    𝐻  1   (  𝐺  ,    𝐿  ×   )  , 


     𝐻  1   (  𝐺  ,    𝒪  𝐿  ×   )  =  0 


     𝐻  𝑖   (   Gal   (    𝐾   ur    /  𝐾  )  ,    𝒪    𝐾   ur    ×   )  ≅            (     lim    →   𝑛         𝐻  𝑖   (   Gal   (    𝐾  𝑛   /  𝐾  )  ,    𝒪    𝐾  𝑛   ×   )  =  0 


   1  →    𝒪    𝐾   ur    ×   →  (    𝐾   ur      )  ×     ⟶    𝑤  𝐾    ℤ  →  0  , 


     𝑤  𝐾  ∗           ∶       Br   (    𝐾   ur    /  𝐾  )  →    𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  ) 


      Res     𝐿  /  𝐾   


      Res     𝐿  /  𝐾            ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (    𝐿   ur    /  𝐿  ) 


    Gal   (    𝐿   ur    /  𝐿  )  →   Gal   (    𝐾   ur    /  𝐾  ) 


   (    𝐾   ur      )  ×   →  (    𝐿   ur      )  ×  


      inv       𝐿   ur    /  𝐿    ∘     Res     𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ]     inv       𝐾   ur    /  𝐾    . 


     𝑤  𝐿  


   (    𝐾   ur      )  ×  


     𝑒    𝐿  /  𝐾      𝑤  𝐾  


     𝜑  𝐿  


    Inf           ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (  𝐾  ) 


    Br   (  𝐿  /  𝐾    )   ur    =   Br   (    𝐾   ur    /  𝐾  )  ∩   Br   (  𝐿  /  𝐾  )  ≤   Br   (  𝐾  )  . 


    Br   (  𝐿  /  𝐾    )   ur   


    Br   (  𝐿  /  𝐾    )   ur    =  {  𝛼  ∈   Br   (    𝐾   ur    /  𝐾  )  ∣     Res     𝐿  /  𝐾    (  𝛼  )  =  0  }  . 


   𝑖  ,  𝑟  ≥  0 


       𝐻  ˆ   𝑗   (  𝐻  ,  𝐴  )  =  0 


   1  ≤  𝑗  ≤  𝑖  −  1 


       𝐻  ˆ   𝑖   (  𝐻  /  𝐾  ,    𝐴  𝐾   ) 


   [  𝐻  ∶  𝐾    ]  𝑟  


       𝐻  ˆ   𝑖   (  𝐺  ,  𝐴  ) 


   |  𝐺    |  𝑟  


   |    𝐻  𝑖   (  𝐺  ,  𝐴  )  | 


     ∏  𝑝   |    𝐻  𝑖   (    𝐺  𝑝   ,  𝐴  )  | 


     ∏  𝑝   |    𝐺  𝑝     |  𝑟   =  |  𝐺    |  𝑟  


   |      𝐻  ˆ   𝑖   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  | 


   |      𝐻  ˆ   𝑖   (  𝐻  ,  𝐴  )  | 


   |  𝐻    |  𝑟  


     𝐻  𝑗   (  𝐻  ,  𝐴  ) 


   0  →    𝐻  𝑖   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  →    𝐻  𝑖   (  𝐺  ,  𝐴  )  →    𝐻  𝑖   (  𝐻  ,  𝐴  )  , 


     𝐻  𝑖   (  𝐺  ,  𝐴  ) 


   |  𝐺    |  𝑟   =  (  𝑝  |  𝐻  |    )  𝑟  


       𝐻  ˆ   0   (  𝐻  ,  𝐴  )    ⟶   Cor        𝐻  ˆ   0   (  𝐺  ,  𝐴  )  →      𝐻  ˆ   0   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  , 


   𝐺  /  𝐻 


    Inf           ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (  𝐾  ) 


    Br   (  𝐿  /  𝐾    )   ur    =   Br   (  𝐿  /  𝐾  ) 


    Br   (  𝐿  /  𝐾  ) 


   ℎ  (    𝐿  ×   )  =  ℎ  (    𝒪  𝐿  ×   )  ℎ  (  ℤ  )  . 


   ℎ  (    𝒪  𝐿  ×   )  =  1 


   ℎ  (  ℤ  )  =  𝑛 


       𝐻  ˆ   0   (  𝐺  ,  ℤ  )  ≅  ℤ  /  𝑛  ℤ 


       𝐻  ˆ     −  1    (  𝐺  ,  ℤ  )  =  0 


     ℎ  1   (    𝐿  ×   )  =  1 


   |   Br   (  𝐿  /  𝐾  )  |  =    ℎ  0   (    𝐿  ×   )  =  𝑛 


   𝐴  =    𝐿  ×  


   𝑖  =  2 


   𝑟  =  1 


      inv   𝐾           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


      inv   𝐾           ∶       Br   (  𝐾  )    ⟶     Inf     −  1      Br   (    𝐾   ur    /  𝐾  )    ⟶     inv       𝐾   ur    /  𝐾     ℚ  /  ℤ  . 


   (  (    𝐾   sep      )  ×   ,   inv   ) 


     𝐻  1   (    𝐺  𝐿   ,  (    𝐾   sep      )  ×   )  =  0 


      inv   𝐿  


      inv   𝐿   ∘     Res     𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ]     inv   𝐾  


   (  𝐴  ,   inv   ) 


     𝐴  𝐿   =    𝐴    𝐺  𝐿   


      Cor     𝐿  /  𝐸   


      Res     𝐿  /  𝐸   


     𝐺  𝐿  


     𝐺  𝐸  


     𝐴  𝐿   →    𝐴  𝐸  


     𝑁    𝐿  /  𝐸   


      inv     𝐿  /  𝐾            ∶      𝐻  2   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )    ⟶  ∼       1    [  𝐿  ∶  𝐾  ]     ℤ  /  ℤ 


      inv     𝑀  /  𝐿   


     𝛼    𝐿  /  𝐸    ∈    𝐻  2   (   Gal   (  𝐿  /  𝐸  )  ,    𝐴  𝐿   ) 


      inv     𝐿  /  𝐸    (    𝛼    𝐿  /  𝐸    )  =    1    [  𝐿  ∶  𝐸  ]   


     𝜃    𝐿  /  𝐾            ∶        𝐻  ˆ     −  2    (   Gal   (  𝐿  /  𝐾  )  ,  ℤ  )  →      𝐻  ˆ   0   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )  ,      𝜃    𝐿  /  𝐾    (  𝛽  )  =    𝛼    𝐿  /  𝐾    ∪  𝛽  . 


     𝜌    𝐿  /  𝐾            ∶      𝐴  𝐾   →   Gal   (  𝐿  /  𝐾    )   ab   


     𝜎  ¯   ∪  𝜒  =  𝜒  (  𝜎  )  ∈  ℚ  /  ℤ  , 


   0  →    𝐼  𝐺   →  ℤ  [  𝐺  ]  →  ℤ  →  0 


   0  →  ℚ  /  ℤ  →     Hom   ℤ   (  ℤ  [  𝐺  ]  ,  ℚ  /  ℤ  )  →     Hom   ℤ   (    𝐼  𝐺   ,  ℚ  /  ℤ  )  →  0  . 


     𝜎  ¯   ∪  𝜒  =  𝛿  (    𝜎  ¯   )  ∪  (    𝛿  ∨     )    −  1    (  𝜒  )  =  𝑓  (  𝜎  −  1  )  =  𝜒  (  𝜎  )  . 


      inv     𝐿  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  =  𝜒  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ) 


     𝛼    𝐿  /  𝐾    ∪  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )  =    𝛼    𝐿  /  𝐾    ∪    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝛿  (  𝜒  )  =    𝑎  ¯   ∪  𝛿  (  𝜒  )  . 


       1    [  𝐿  ∶  𝐾  ]     ℤ  /  ℤ    ⟶  ∼       𝐻  ˆ     −  1    (   Gal   (  𝐿  /  𝐾  )  ,  ℚ  /  ℤ  )    ⟶  ∼       𝐻  ˆ   0   (   Gal   (  𝐿  /  𝐾  )  ,  ℤ  )    ⟶  ∼   ℤ  /  [  𝐿  ∶  𝐾  ]  ℤ 


      inv     𝐿  /  𝐾    (    𝛼    𝐿  /  𝐾    ∪  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )  )  =  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )     inv     𝐿  /  𝐾    (    𝛼    𝐿  /  𝐾    )  =    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  =  𝜒  (    𝜌    𝐿  /  𝐾    (  𝑎  )  )  , 


     𝜌    𝑀  /  𝐾    (  𝑎  )    |  𝐿   =    𝜌    𝐿  /  𝐾    (  𝑎  ) 


      inv     𝑀  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  =     inv     𝐿  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  , 


    Inf           ∶      𝐻  𝑖   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )  →    𝐻  𝑖   (   Gal   (  𝑀  /  𝐾  )  ,    𝐴  𝑀   ) 


     𝜌  𝐾           ∶      𝐴  𝐾   →    𝐺  𝐾   ab   


     𝜌  𝐾           ∶      𝐾  ×   →    𝐺  𝐾   ab   


     𝜌  𝐾  


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   →   Gal   (  𝐿  /  𝐾    )   ab   


     𝑁    𝐿  /  𝐾      𝐿  ×  


     𝜌  𝐿           ∶      𝐴  𝐿   →    𝐺  𝐿   ab   


   𝑔    𝑥  𝑖   =    𝑥    𝑔  (  𝑖  )      𝑡  𝑖   (  𝑔  )  . 


     𝑥  𝑖  


     𝑥  𝑖   ℎ 


   ℎ  ∈  𝐻 


   𝑔    𝑥  𝑖   ℎ  =    𝑥  𝑗     𝑡  𝑖   (  𝑔  )  ℎ 


     𝑡  𝑖   (  𝑔  ) 


     ℎ    −  1      𝑡  𝑖   (  𝑔  )  ℎ 


   𝑔  (  𝑖  )  =  𝑖 


     𝑡  𝑖   (  𝑔  )  ℎ 


   𝑔  (  𝑖  )  ≠  𝑖 


   𝑔    𝑥      𝑔    −  1    (  𝑖  )    =    𝑥  𝑖     𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     ℎ    −  1      𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     𝑡  𝑗   (  𝑔  ) 


   ℎ  ⋅    ℎ    −  1   


   𝑔    𝑔  ′     𝑥  𝑖   =  𝑔    𝑥      𝑔  ′   (  𝑖  )      𝑡  𝑖   (    𝑔  ′   )  =    𝑥    𝑔    𝑔  ′   (  𝑖  )      𝑡  𝑖   (  𝑔  )    𝑡  𝑖   (    𝑔  ′   ) 


     𝐻  1   (  𝐺  ,  ℤ  )  ≅    𝐻  0   (  𝐺  ,    𝐼  𝐺   )  ≅    𝐼  𝐺   /    𝐼  𝐺  2   ≅    𝐺   ab    . 


    Res   (    𝑔    −  1    −  1  )  =    ∑    𝑖  =  1   𝑛     𝑥  𝑖    −  1    (    𝑔    −  1    −  1  )  =    ∑    𝑖  =  1   𝑛   (  (  𝑔    𝑥  𝑖     )    −  1    −    𝑥  𝑖    −  1    ) 


     ∑    𝑖  =  1   𝑛     𝑡  𝑖   (  𝑔    )    −  1      𝑥    𝑔  (  𝑖  )     −  1    −    ∑    𝑖  =  1   𝑛     𝑥  𝑖    −  1    =    ∑    𝑖  =  1   𝑛   (    𝑡  𝑖   (  𝑔    )    −  1    −  1  )    𝑥    𝑔  (  𝑖  )     −  1    ≡    ∑    𝑖  =  1   𝑛   (    𝑡  𝑖   (  𝑔    )    −  1    −  1  )  ≡    𝑉  𝑖   (  𝑔    )    −  1    −  1         mod           𝐼  𝐺     𝐼  𝐻   . 


     𝑅    𝐿  /  𝐾            ∶       Gal   (  𝑀  /  𝐿    )   ab    →   Gal   (  𝑀  /  𝐾    )   ab   


    Cor   (    𝛼    𝑀  /  𝐿    ∪  𝛽  )  =    𝛼    𝑀  /  𝐾    ∪   Cor   (  𝛽  ) 


    Res   (    𝛼    𝑀  /  𝐾    ∪  𝛽  )  =    𝛼    𝐿  /  𝐾    ∪   Res   (  𝛽  ) 


     𝐻  1   (    𝐺  𝐿   ,  𝐴  )  =  0 


      inv   𝐿           ∶      𝐻  2   (    𝐺  𝐿   ,  𝐴  )    ⟶  ∼   ℚ  /  ℤ 


      inv   𝐿   ∘     Res     𝐿  /  𝐸    =  [  𝐿  ∶  𝐸  ]     inv   𝐸   , 


     𝐻  2   (    𝐺  𝐸   ,  𝐴  )  →    𝐻  2   (    𝐺  𝐿   ,  𝐴  ) 


   (        ,        )    𝑛  ,  𝐾            ∶      𝐾  ×   ×    𝐾  ×   →    𝜇  𝑛  


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     , 


     𝑎    1  /  𝑛   


     𝐾   ab   


     𝐺  𝐾   ab   


   𝜎  (    𝑎    1  /  𝑛    )    𝑎    −  1  /  𝑛   


   𝜎  ∈    𝐺  𝐾   ab   


   𝑎  ,  𝑏  ,    𝑎  ′   ,    𝑏  ′   ∈    𝐾  ×  


   (  𝑎    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾       and     (  𝑎  ,  𝑏    𝑏  ′     )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑎  ,    𝑏  ′     )    𝑛  ,  𝐾    , 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  1 


   𝑏  ∈    𝑁    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    𝐾  (    𝑎    1  /  𝑛      )  ×  


   (  𝑎  ,  1  −  𝑎    )    𝑛  ,  𝐾    =  1 


   𝑎  ∈  𝐾  −  {  0  ,  1  } 


   (  𝑎  ,  −  𝑎    )    𝑛  ,  𝐾    =  1 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑏  ,  𝑎    )    𝑛  ,  𝐾     −  1   


     𝐾  ×   /    𝐾    ×  𝑛   


   𝑏  ∈    𝐾  ×  


   𝑎  ∈    𝐾    ×  𝑛   


   𝑏  ∈    𝐾    ×  𝑛   


   (  𝑎    𝑎  ′     )    1  /  𝑛   


     𝑎    1  /  𝑛    (    𝑎  ′     )    1  /  𝑛   


     𝜌  𝐾   (  𝑏  ) 


   (  𝑎    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏  )  (  (  𝑎    𝑎  ′     )    1  /  𝑛    )     (  𝑎    𝑎  ′     )    1  /  𝑛      =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛           𝜌  𝐾   (  𝑏  )  (  (    𝑎  ′     )    1  /  𝑛    )     (    𝑎  ′     )    1  /  𝑛      =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    , 


     𝜌  𝐾   (  𝑏  )  ∈    𝐺  𝐾   ab   


   (  𝑎  ,  𝑏    𝑏  ′     )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏    𝑏  ′   )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     ⋅    𝜌  𝐾   (  𝑏  )  (        𝜌  𝐾   (    𝑏  ′   )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     )  =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑎  ,    𝑏  ′     )    𝑛  ,  𝐾    . 


     𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )  =    𝑎    1  /  𝑛   


   𝐾  (    𝑎    1  /  𝑛    ) 


     𝜌    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    (  𝑏  )  =  1 


   𝑐  ∈    𝐾  ×  


     𝑐  𝑛   −  𝑎  =    ∏    𝑖  =  0     𝑛  −  1    (  𝑐  −    𝜁  𝑛  𝑖     𝑎    1  /  𝑛    )  =    𝑁    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    (  𝑐  −    𝑎    1  /  𝑛    )  . 


   𝑐  =  1 


   𝑐  =  0 


   1  =  (  𝑎  𝑏  ,  −  𝑎  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  −  𝑎    )    𝑛  ,  𝐾    (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑏  ,  𝑎    )    𝑛  ,  𝐾    (  𝑏  ,  −  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑏  ,  𝑎    )    𝑛  ,  𝐾    . 


   𝑎  =    𝑐  𝑛  


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑐  ,  𝑏    )    𝑛  ,  𝐾   𝑛   =  1 


     𝜌    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾   


   𝐾  (    𝑎    1  /  𝑛    )  =  𝐾 


   𝐾  (    𝑏    1  /  𝑛    ) 


   𝑎  ,  𝑏  ∈    ℤ  2  ×  


   (  2  ,  2    )    2  ,    ℚ  2     =  1 


   (  𝑎  ,  𝑏    )    2  ,    ℚ  2     =  (  −  1    )    (  𝑎  −  1  )  (  𝑏  −  1  )  /  4       and     (  2  ,  𝑏    )    2  ,    ℚ  2     =  (  −  1    )    (    𝑏  2   −  1  )  /  8    . 


   𝑓  (  𝑎  ,  𝑏  )  =  (  𝑎  −  1  )  (  𝑏  −  1  )       mod         8 


   𝑓  (  𝑎    𝑎  ′   ,  𝑏  )  ≡  (    𝑎  ′   (  𝑎  −  1  )  +    𝑎  ′   −  1  )  (  𝑏  −  1  )  ≡  𝑓  (  𝑎  ,  𝑏  )  +  𝑓  (    𝑎  ′   ,  𝑏  )       mod         8 


   𝑔  (  𝑏  )  =    𝑏  2   −  1         mod          16  


   𝑔  (  𝑏    𝑏  ′   )  ≡  (  𝑏    𝑏  ′     )  2   −  1  ≡  (    𝑏  ′     )  2   (    𝑏  2   −  1  )  +  (  (    𝑏  ′     )  2   −  1  )  ≡  𝑔  (  𝑏  )  +  𝑔  (    𝑏  ′   )       mod          16   , 


     ℚ  2  ×  


     ℚ  2   (  𝑖  ) 


     𝑎  2   +    𝑏  2  


   𝑎  ,  𝑏  ∈    ℚ  2  ×  


   (  −  1  ,  −  1    )    2  ,    ℚ  2     =  −  1 


   (  2  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  5  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  2  ,  2    )    2  ,    ℚ  2     =  (  2  ,  −  2    )    2  ,    ℚ  2     (  2  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  5  ,  5    )    2  ,    ℚ  2     =  1 


   (  2  ,  5    )    2  ,    ℚ  2    


   5  =    𝑎  2   −  2    𝑏  2  


     𝑎  2   ,    𝑏  2  


   {  0  ,  1  ,  4  } 


   8 


   (  2  ,  5    )    2  ,    ℚ  2     =  −  1 


   (        ,        )    𝑛  ,  𝐾   


   [  𝑎  ,  𝑏    ]  𝐾   ∈    𝜅  ×  


   [  𝑎  ,  𝑏    ]  𝐾   =  (  −  1    )      𝑣  𝐾   (  𝑎  )    𝑣  𝐾   (  𝑏  )        𝑎      𝑣  𝐾   (  𝑏  )      𝑏      𝑣  𝐾   (  𝑎  )            mod           𝜋  𝐾   , 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  [  𝑎  ,  𝑏    ]  𝐾    (  𝑞  −  1  )  /  𝑛    ∈    𝜇  𝑛   , 


     𝜇  𝑛   (  𝜅  ) 


   (  𝑎  ,    𝜋  𝐾     )    𝑛  ,  𝐾   


   𝑎  ∈    𝒪  𝐾  ×  


   𝐿  =  𝐾  (    𝑎    1  /  𝑛    ) 


     𝜌    𝐿  /  𝐾    (    𝜋  𝐾   ) 


     𝜌  𝐾   (    𝜋  𝐾   )  (    𝑎    1  /  𝑛    )  ≡  (    𝑎    1  /  𝑛      )  𝑞        mod           𝜋  𝐾     𝒪  𝐿   , 


   (  𝑎  ,    𝜋  𝐾     )    𝑛  ,  𝐾    ≡    𝑎    (  𝑞  −  1  )  /  𝑛           mod           𝜋  𝐾   , 


   𝑏  ∈    𝒪  𝐾  ×  


     𝜌    𝐿  /  𝐾    (  𝑏  ) 


   𝑎  =    𝜋  𝐾    𝑣  (  𝑎  )    𝛼 


   𝑏  =    𝜋  𝐾    𝑣  (  𝑏  )    𝛽 


   𝛼  ,  𝛽  ∈    𝒪  𝐾  ×  


   𝑣  =    𝑣  𝐾  


           (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (    𝜋  𝐾   ,    𝜋  𝐾     )    𝑛  ,  𝐾     𝑣  (  𝑎  )  𝑣  (  𝑏  )    (  𝛼  ,    𝜋  𝐾     )    𝑣  (  𝑏  )    (  𝛽  ,    𝜋  𝐾     )    −  𝑣  (  𝑎  )          =  (    𝜋  𝐾   ,  −  1    )    𝑣  (  𝑎  )  𝑣  (  𝑏  )      𝛼    𝑣  (  𝑏  )  (  𝑞  −  1  )  /  𝑛      𝛽    −  𝑣  (  𝑎  )  (  𝑞  −  1  )  /  𝑛    =  (  (  −  1    )    𝑣  (  𝑎  )  𝑣  (  𝑏  )      𝑎    𝑣  (  𝑏  )      𝑏    −  𝑣  (  𝑎  )      )    (  𝑞  −  1  )  /  𝑛    ,      


   (  𝑎  ,  𝑏    )    2  ,  ℝ    =    {            −  1           if    𝑎  ,  𝑏  <  0  ,        1           if    𝑎  ,  𝑏  >  0  ,          


   ℤ  /  𝑛  ℤ 


     1  𝑛   ℤ  /  ℤ 


   ℤ  /  𝑛  ℤ  ↪  ℚ  /  ℤ 


     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛   )    ⟶  ∼     𝜇  𝑛   . 


     𝜇  𝑛    ⊗  2    =    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛  


     𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⊗  ℤ     𝜇  𝑛   →    𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    ) 


     𝐶  ⋅   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⊗  ℤ     𝜇  𝑛   →    𝐶  ⋅   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    ) 


   𝑓  ⊗  𝜁 


   𝑓  ∈    𝐶  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛   ) 


   𝜁  ∈    𝜇  𝑛  


   𝑥  ∈    𝐺  𝑖  


   𝑓  (  𝑥  )  ⊗  𝜁 


     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛   )  ≅   Br   (  𝐾  )  [  𝑛  ] 


    Br   (  𝐾  )  [  𝑛  ]    ⟶  ∼     1  𝑛   ℤ  /  ℤ    ⟶    𝜄    −  1     ℤ  /  𝑛  ℤ 


     𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    )  ≅    𝜇  𝑛   ⊗  ℤ  /  𝑛  ℤ  ≅    𝜇  𝑛   , 


     𝐾  ×   /    𝐾    ×  𝑛      ⟶  ∼     𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   ) 


   (        ,      ) 


   (        ,      )          ∶      𝐾  ×   ×    𝐾  ×   ↠    𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   )  ×    𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⟶  ∪     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛   )    ⟶  ∼     𝜇  𝑛  


     𝜒  𝑎           ∶      𝐺  𝐾   →    𝜇  𝑛  


     𝜒  ˜           ∶      𝐺  𝐾   →  ℤ  /  𝑛  ℤ 


     𝜒  𝑎   (  𝜎  )  =    𝜁  𝑛      𝜒  ˜   (  𝜎  )   


   𝜒  =  𝜄  ∘    𝜒  ˜           ∶      𝐺  𝐾   →  ℚ  /  ℤ 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =    𝜒  𝑎   (    𝜌  𝐾   (  𝑏  )  )  =    𝜁  𝑛      𝜄    −  1    (     inv   𝐾   (  𝑏  ∪  𝛿  (  𝜒  )  )  )    , 


     𝜒  𝑎   ∪    𝜒  𝑏   =  (    𝜒  ˜   ∪    𝜒  𝑏   )  ⊗    𝜁  𝑛   , 


   (  𝑎  ,  𝑏  )  =    𝜁  𝑛      𝜄    −  1    (     inv   𝐾   (    𝜒  ˜   ∪    𝜒  𝑏   )  )   


   𝑏  ∪  𝛿  (  𝜒  )  =    𝜒  ˜   ∪    𝜒  𝑏  


    Br   (  𝐾  )  [  𝑛  ] 


     𝜒  ˜   ∪    𝜒  𝑏   =  −  (    𝜒  𝑏   ∪    𝜒  ˜   )  . 


     𝜒  ˜  


   𝜒          ∶      𝐺  𝐾   →  ℤ 


   𝜎  ,  𝜏  ∈    𝐺  𝐾  


   𝛿  (  𝜒  )  (  𝜎  ,  𝜏  )  =    1  𝑛   (  𝜓  (  𝜎  )  +  𝜓  (  𝜏  )  −  𝜓  (  𝜎  𝜏  )  )  ∈  ℤ  , 


   (  𝑏  ∪  𝛿  (  𝜒  )  )  (  𝜎  ,  𝜏  )  =    𝑏    𝛿  (  𝜒  )  (  𝜎  ,  𝜏  )    =    𝛽    𝜓  (  𝜎  )  +  𝜓  (  𝜏  )  −  𝜓  (  𝜎  𝜏  )   


     𝜇  𝑛   ⊗  ℤ  /  𝑛  ℤ  =    𝜇  𝑛  


   (    𝜒  𝑏   ∪    𝜒  ˜   )  (  𝜎  ,  𝜏  )  =    𝜒  𝑏   (  𝜎  )  ⊗    𝜒  ˜   (  𝜏  )  =      (      𝜎  (  𝛽  )   𝛽   )     𝜓  (  𝜏  )    ∈    𝜇  𝑛   . 


     𝑍  2   (    𝐺  𝐾   ,  (    𝐾   sep      )  ×   ) 


     𝛽    𝜓  (  𝜎  )      𝛽    −  𝜓  (  𝜎  𝜏  )    𝜎  (  𝛽    )    𝜓  (  𝜏  )    , 


   𝜎  ↦    𝛽    𝜓  (  𝜎  )    . 


   (    𝐾   sep      )  ×  


     𝑁    𝐿  /  𝐾            ∶      𝐿  ×   →    𝐾  ×  


     𝑣  𝐾   ∘    𝑁    𝐿  /  𝐾    =    𝑓    𝐿  /  𝐾      𝑣  𝐿  


     𝑁    𝐿  /  𝐾    (    𝒪  𝐿  ×   ) 


     𝑁    𝐿  /  𝐾      𝒪  𝐿  ×   =    𝒪  𝐾  ×   ∩    𝑁    𝐿  /  𝐾      𝐿  ×   , 


   [    𝒪  𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝒪  𝐿  ×   ]  ≤  [    𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝐿  ×   ]  =  [  𝐿  ∶  𝐾  ] 


     𝑁    𝐿  /  𝐾      𝐿  ×  


   𝐾  (    𝜇  𝑝   ) 


     𝜇  𝑝  


     𝐿    ×  𝑝   


     𝐷  𝐿   =   ker       𝜌  𝐿  


   𝑎  ∈   ker       𝜌  𝐿  


   𝑎  ∈    𝑁    𝑀  /  𝐿      𝑀  ×  


   𝑏  ∈    𝐿  ×  


   𝑎  ∈    𝑁    𝐿  (    𝑏    1  /  𝑝    )  /  𝐿    𝐿  (    𝑏    1  /  𝑝      )  ×  


   (  𝑎  ,  𝑏    )    𝑝  ,  𝐿    =  1 


   𝑎  ∈    𝐿    ×  𝑝   


     𝐾  ×   /    𝒪  𝐾  ×   ≅  ℤ 


     𝒩  𝑛   =  ⟨    𝜋  𝑛   ⟩    𝒪  𝐾  ×  


     𝐾  𝑛  ×  


   𝑢  ∈    𝒪    𝐾  𝑛   ×  


     𝑁      𝐾  𝑛   /  𝐾    (    𝜋  𝑖   𝑢  )  =    𝜋    𝑛  𝑖      𝑁      𝐾  𝑛   /  𝐾    (  𝑢  )  ∈    𝒩  𝑛   . 


     𝑁      𝐾  𝑛   /  𝐾      𝐾  𝑛  ×   ≤    𝒩  𝑛  


          (9.2.1)             [  𝐿  ∶  𝐾  ]  =  [    𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝐿  ×   ]    


     𝑁    𝐿  /  𝐾      𝐿  ×   ≠    𝑁    𝑀  /  𝐾      𝑀  ×  


     𝑈  𝑖   (  𝐾  ) 


   ⟨    𝜋  𝑛   ⟩  ×    𝑈  𝑖   (  𝐾  ) 


   𝑖  ,  𝑛  ≥  1 


   {  1  } 


     𝐿    𝑛  ,  𝑖    /  𝐾 


     𝑁      𝐿    𝑛  ,  𝑖    /  𝐾      𝐿    𝑛  ,  𝑖   ×   =  ⟨    𝜋  𝑛   ⟩    𝑈  𝑖   (  𝐾  ) 


   𝑎  ≠  1 


   𝑎  ∉    𝑁      𝐿    𝑛  ,  𝑖    /  𝐾      𝐿    𝑛  ,  𝑖   ×  


     𝜌      𝐿    𝑛  ,  𝑖    /  𝐾    (  𝑎  ) 


     𝜌  𝐾   (  𝑎  ) 


   𝑢  ∈    𝒪  𝐾  ×  


     𝜋  ′  


     𝜋  ′   =  𝑢  𝜋 


     𝜌  𝐾   (  𝑢  )    |    𝐾   ur     =    𝜌  𝐾   (    𝜋  ′   )    |    𝐾   ur     (    𝜌  𝐾   (  𝜋  )    |    𝐾   ur       )    −  1    =    𝜑  𝐾     𝜑  𝐾    −  1    =  1  , 


     𝜌  𝐾   (  𝑢  ) 


     𝜌  𝐾   (  𝜋  ) 


     𝐺  𝐾   ab    →   Gal   (    𝐾   ur    /  𝐾  ) 


     𝜌  𝐾   (    𝒪  𝐾  ×   ) 


     𝐾  𝜋  


     𝐾   ab    =    𝐾  𝜋   ⋅    𝐾   ur   


   𝜙          ∶      𝐾  ×   →    𝐺  𝐾   ab   


     𝐴  𝑛   =  ⟨  𝜋  ⟩    𝑈  𝑛   (  𝐾  ) 


     𝐿  𝑛  


     𝐴  𝑛  


   𝜋  ∈    𝐴  𝑛  


   𝜙  (  𝜋  )    |    𝐾  𝜋    =  1 


   𝜙  (  𝜋  )    |    𝐾   ur    


     𝐾   ab    =    𝐾  𝜋   ⋅  𝐾 


     𝜌  𝐾   (  𝜋  )  =  𝜙  (  𝜋  ) 


   𝑎  =    𝜋      𝑣  𝐾   (  𝑎  )  −  1    ⋅    𝜋  ′  


     𝐾  ×   /  𝐴 


     𝐾    ×  𝑚    ⊆  𝐴 


     𝐾  ×   /    𝐾    ×  𝑚   


   (  ℤ  /  𝑚  ℤ    )    [  𝐾  ∶    ℚ  𝑝   ]  +  2   


     𝐾    ×  𝑚   


     𝒪  𝐾    ×  𝑚   


     𝐾    ×  𝑚    =    𝒪  𝐾    ×  𝑚    ⟨    𝜋  𝐾  𝑚   ⟩ 


       𝐾  ×   ˆ     ⟶  ∼     𝐺  𝐾   ab    , 


       𝐾  ×   ˆ  


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×     ⟶  ∼    Gal   (  𝐿  /  𝐾  ) 


          (9.4.1)                       (     lim    ←   𝐿         𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×   →    𝐺  𝐾   ab    ,    


     ∏    𝑖  =  1   ∞     ℤ  𝑝  


     ⨁    𝑖  =  1   ∞     ℤ  𝑝  


     ∏    𝑖  =  1   ∞     ℤ  𝑝  


   ⟨  𝑡  ⟩  𝑈 


   𝑎  ∈  𝐾  (    𝜇  𝑝     )  ×  


    Gal   (  𝐾  (    𝜇  𝑝   )  /  𝐾  ) 


   𝛿  (    𝜁  𝑝   )  =    𝜁  𝑝  𝑐  


   𝑀  =  𝐾  (    𝜇  𝑝   ,    𝑎    1  /  𝑝    ) 


   𝛿  (  𝑎  )    𝑎    −  𝑐    ∈  𝐾  (    𝜇  𝑝     )    ×  𝑝    . 


   𝑎  ∉  𝐾  (    𝜇  𝑝     )    ×  𝑝   


   𝜏  ∈   Gal   (  𝑀  /  𝐾  (    𝜇  𝑝   )  ) 


   𝜏  (    𝑎    1  /  𝑝    )  =    𝜁  𝑝     𝑎    1  /  𝑝   


   𝜏  (  𝛿  (    𝑎    1  /  𝑝    )  )  =  𝛿  (  𝜏  (    𝑎    1  /  𝑝    )  )  =  𝛿  (  𝜁  )  𝛿  (    𝑎    1  /  𝑝    )  =    𝜁  𝑝  𝑐   𝛿  (    𝑎    1  /  𝑝    )  . 


   𝛿  (  𝑎  ) 


     𝜁  𝑝  𝑐  


   𝑀  /  𝐾  (    𝜇  𝑝   ) 


     𝑎  𝑐  


   𝛿  (  𝑎  )    𝑎    −  𝑐    ∈  𝐾  (    𝜇  𝑝     )    ×  𝑝   


   𝛿  (  𝑎  )    𝑎    −  𝑐    =    𝑥  𝑝  


   𝑥  ∈  𝐾  (    𝜇  𝑝     )  ×  


   𝛿  (    𝑎    1  /  𝑝    ) 


     𝑎  𝑐     𝑥  𝑝  


     𝜁  𝑝  𝑗   (    𝑎    1  /  𝑝      )  𝑐   𝑥 


   𝜏  (  𝛿  (    𝑎    1  /  𝑝    )  )  =  𝜏  (    𝜁  𝑝  𝑗     𝑎    𝑐  /  𝑝    𝑥  )  =    𝜁  𝑝    𝑗  +  𝑐      𝑎    𝑐  /  𝑝    𝑥  =    𝜁  𝑝  𝑐   𝛿  (    𝑎    1  /  𝑝    )  =  𝛿  (  𝜁    𝑎    1  /  𝑝    )  =  𝛿  (  𝜏  (    𝑎    1  /  𝑝    )  ) 


   𝜏  (  𝛿  (    𝜁  𝑝   )  )  =    𝜁  𝑝  𝑐   =  𝛿  (  𝜏  (    𝜁  𝑝   )  ) 


     𝑈  1   (    ℚ  𝑝   (    𝜇  𝑝   )  )  ∩    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    =    𝑈    𝑝  +  1    (    ℚ  𝑝   (    𝜇  𝑝   )  )  . 


    Gal   (    ℚ  𝑝   (    𝜇  𝑝   )  /    ℚ  𝑝   ) 


   𝑖  ≤  𝑝 


   𝑎  ∈    𝑈  𝑖   (    ℚ  𝑝   (    𝜇  𝑝   )  )  −    𝑈    𝑖  +  1    (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   𝛿  (  𝑎  )  ≡    𝑎    𝑐  𝑖           mod       (  1  −    𝜁  𝑝     )    𝑖  +  1    . 


   𝜆  =  1  −    𝜁  𝑝  


   1  −    𝜁  𝑝  𝑘   =  𝜆    ∑    𝑗  =  0     𝑘  −  1      𝜁  𝑝  𝑗   ≡  𝑘  𝜆         mod           𝜆  2   . 


   𝛿  (  𝜆  )  ≡  𝑐  𝜆         mod           𝜆  2  


   𝛿  (  𝜆    )  𝑖   ≡  (  𝑐  𝜆  +  (  𝛿  (  𝜆  )  −  𝑐  𝜆  )    )  𝑖   ≡  (  𝑐  𝜆    )  𝑖        mod           𝜆    𝑖  +  1    . 


   𝑎  =  1  +  𝑢    𝜆  𝑖  


   𝑢  ∈  ℤ  [    𝜇  𝑝     ]  ×  


   𝛿  (  𝑎  )  ≡  𝛿  (  1  +  𝑢    𝜆  𝑖   )  ≡  1  +  𝑢  𝛿  (  𝜆    )  𝑖   ≡  1  +  𝑢    𝑐  𝑖     𝜆  𝑖   ≡  (  1  +  𝑢    𝜆  𝑖     )    𝑐  𝑖    ≡    𝑎    𝑐  𝑖           mod           𝜆    𝑖  +  1    . 


   (  ℤ  /  𝑝  ℤ    )  2  


     ℚ  2  


   (  ℤ  /  4  ℤ    )  2   ×  ℤ  /  2  ℤ 


          (9.5.1)              Gal   (  𝐿  (    𝜇  𝑝   )  /    ℚ  𝑝   (    𝜇  𝑝   )  )  →   Gal   (  𝐿  /    ℚ  𝑝   )    


   [    ℚ  𝑝   (    𝜇  𝑝   )  ∶    ℚ  𝑝   ] 


   [  𝐿  ∶    ℚ  𝑝   ] 


   Δ 


   𝐿  (    𝜇  𝑝     )  ×  


   𝐿  (    𝜇  𝑝     )    ×  𝑝   


   𝐿  (    𝜇  𝑝   )  =    ℚ  𝑝   (    𝜇  𝑝   ,    Δ  𝑝   ) 


   Δ  =  {  𝑎  ∈    ℚ  𝑝   (    𝜇  𝑝     )  ×   ∣  𝛿  (  𝑎  )    𝑎    −  𝑐    ∈    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    }  . 


     𝑈  𝑖   =    𝑈  𝑖   (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   ⟨    𝜆  𝑝   ⟩    ℤ  𝑝   [    𝜇  𝑝     ]  ×  


          (9.5.2)             Δ  =    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ⋅  (    𝑈  1   ∩  Δ  )  .    


     𝑈  1   ∩  Δ 


     𝑈  1   −    𝑈  2  


     𝑈  𝑝   −    𝑈    𝑝  +  1   


     𝜇  𝑝   ⊆  Δ 


     𝜇    𝑝  2   


   𝜉 


   𝑥    𝜉    −  1    ∈    𝑈  2   ∩  Δ 


   𝑥    𝜉    −  1    ∈    𝑈  𝑝  


     𝑈    𝑝  +  1    ≤    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝   


     𝑈  𝑝  


     𝑈  1   ∩  Δ  =    𝜇  𝑝     𝑈  𝑝  


     𝑈  𝑝   /    𝑈    𝑝  +  1    ≅  ℤ  /  𝑝  ℤ 


   Δ  /    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ≅  (  ℤ  /  𝑝  ℤ    )  2   . 


    Gal   (  𝐿  (    𝜇  𝑝   )  /    ℚ  𝑝   (    𝜇  𝑝   )  )  ≅   Hom   (  Δ  /    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ,    𝜇  𝑝   )  ≅   Hom   (  (  ℤ  /  𝑝  ℤ    )  2   ,  ℤ  /  𝑝  ℤ  )  ≅  (  ℤ  /  𝑝  ℤ    )  2   . 


   Δ  =    ℚ  2  ×  


     ℚ  𝑝   (    𝜇  𝑛   ) 


     ℚ  𝑝   ur    (  (  −  𝑝    )    1  /  (  𝑝  −  1  )    ) 


   −  𝑝 


     ℚ  𝑝   (  (  −  𝑝    )    1  /  (  𝑝  −  1  )    )  =    ℚ  𝑝   (    𝜇  𝑝   ) 


     ℚ  𝑝   ur   


   𝐺  =   Gal   (  𝐿  /    ℚ  𝑝   ) 


   𝐺  /    𝐺  𝑝  


   (  ℤ  /    𝑝  𝑟   ℤ    )  2  


     ℚ  𝑝   (    𝜇    𝑝    𝑟  +  1     ) 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝    𝑟  +  1     )  /    ℚ  𝑝   )  ≅  ℤ  /    𝑝  𝑟   ℤ  ×  (  ℤ  /  𝑝  ℤ    )  ×   , 


     ℚ  𝑝   (    𝜇      𝑝    𝑝  𝑟    −  1    ) 


   ℤ  /    𝑝  𝑟   ℤ 


     ℚ  𝑝   (    𝜇      𝑝    𝑟  +  1    (    𝑝    𝑝  𝑟    −  1  )    ) 


   𝐺  /    𝐺  4   ≅  (  ℤ  /  4  ℤ    )  2   ×  ℤ  /  2  ℤ 


   (  ℤ  /    2  𝑟   ℤ    )  2   ×  ℤ  /  2  ℤ 


    Gal   (    ℚ  2   (    𝜇    2    𝑟  +  2     )  /    ℚ  2   )  ≅  ℤ  /    2  𝑟   ℤ  ×  ℤ  /  2  ℤ 


     ℚ  2   (    𝜇    2    𝑟  +  2     ) 


   ℤ  /    2  𝑟   ℤ 


       ℚ  𝑝   ‾  


     ℚ  𝑝   ab    =    ℚ  𝑝   (    𝜇  ∞   )  , 


     𝜇  ∞  


   𝑎  ∈    ℤ  𝑝  


   𝑏  ≡  𝑎         mod           𝑝  𝑘  


     ℚ  𝑝   ab   


   𝜌          ∶      ℚ  𝑝  ×   →    𝐺    ℚ  𝑝    ab   


   𝜌  (  𝑝  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘   


   𝜌  (  𝑝  )  (    𝜁  𝑚   )  =    𝜁  𝑚  𝑝  


   𝜌  (  𝑢  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝑢    −  1    


   𝜌  (  𝑢  )  (    𝜁  𝑚   )  =    𝜁  𝑚  


   𝑢  ∈    ℤ  𝑝  ×  


   𝜌 


     ℤ  𝑝  ×  


     𝐺    ℚ  𝑝    ab   


     ℚ  𝑝   ab    =    ℚ  𝑝   ur    (    𝜇    𝑝  ∞    )  =    ℚ  𝑝   ur    ⋅    ℚ  𝑝   (    𝜇    𝑝  ∞    )  , 


     𝜇    𝑝  ∞   


     ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝  


     ℚ  𝑝   ur    ∩    ℚ  𝑝   (    𝜇    𝑝  ∞    )  =    ℚ  𝑝   , 


          (9.5.3)                     𝐺    ℚ  𝑝    ab    =   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   )  ≅   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   ur    )  ×   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   (    𝜇    𝑝  ∞    )  )        ≅   Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   )  ×   Gal   (    ℚ  𝑝   ur    /    ℚ  𝑝   )  ,       


   𝜌  (  𝑝  ) 


   𝜌  (  𝑢  ) 


     ℚ  𝑝  ×   ≅  ⟨  𝑝  ⟩  ×    ℤ  𝑝  ×  


    Gal   (    ℚ  𝑝   ur    /    ℚ  𝑝   ) 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   ) 


   𝜒          ∶       Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   )  →            (     lim    ←   𝑘     (  ℤ  /    𝑝  𝑘   ℤ    )  ×   ≅    ℤ  𝑝  ×   ,    𝜒  (  𝜎  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝜒  (  𝜎  )   


   [    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  ∶    ℚ  𝑝   ]  =    𝑝    𝑘  −  1    (  𝑝  −  1  ) 


     𝜎  𝑢   ∈   Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   ) 


   𝜒  (    𝜎  𝑢   )  =  𝑢 


     𝜎  𝑢    −  1   


    Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   ) 


   𝜌  (  𝑢  )    |      ℚ  𝑝   (    𝜇    𝑝  ∞    )    =    𝜎  𝑢    −  1   


     ℚ  𝑝   (    𝜇    𝑝  ∞    ) 


   𝜒  (  𝜎    )    −  1   


   𝜌    |    ℤ  𝑝  ×   


   𝜌  (  𝑝  𝑢  ) 


     𝜌    ℚ  𝑝   


     𝜓    𝐿  /  𝐾            ∶    [  −  1  ,  ∞  )  →  [  −  1  ,  ∞  ) 


   𝑠  ≥  −  1 


     𝐺  𝑠  


     𝐺  𝑠   =    𝐺      𝜓    𝐿  /  𝐾    (  𝑠  )   


     𝜙    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐾     −  1   


     𝐺  𝑡   =    𝐺      𝜙    𝐿  /  𝐾    (  𝑡  )   


     𝜓    𝐿  /  𝐾    (  𝑠  )  =    ∫  0  𝑠   [    𝐺  0   ∶    𝐺  𝑦   ]  𝑑  𝑦 


   𝑠  ≥  0 


     𝜓      𝐹  𝑛   /    ℚ  𝑝     (  𝑠  )  =    {            𝑠           if    −  1  ≤  𝑠  ≤  0  ,          𝑝    𝑘  −  1    (  1  +  (  𝑝  −  1  )  (  𝑠  −  𝑘  +  1  )  )  −  1           if    𝑘  −  1  ≤  𝑠  ≤  𝑘    with    1  ≤  𝑘  ≤  𝑛  −  1  ,          𝑝    𝑛  −  1    (  1  +  (  𝑝  −  1  )  (  𝑠  −  𝑛  +  1  )  )  −  1           if    𝑠  ≥  𝑛  −  1          


     𝜓    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐸    ∘    𝜓    𝐸  /  𝐾    . 


   (  𝐺  /  𝑁    )  𝑠   =    𝐺  𝑠   𝑁  /  𝑁  . 


     𝜓    𝐿  /  𝐸   


   (  𝐺  /  𝑁    )  𝑠   =  (  𝐺  /  𝑁    )      𝜓    𝐸  /  𝐾    (  𝑠  )    =    𝐺      𝜓    𝐿  /  𝐸    (    𝜓    𝐸  /  𝐾    (  𝑠  )  )    𝑁  /  𝑁  =    𝐺      𝜓    𝐿  /  𝐾    (  𝑠  )    𝑁  /  𝑁  =    𝐺  𝑠   𝑁  /  𝑁  . 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝     )  𝑠   =    {             Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   )             if      −  1  ≤  𝑠  ≤  0  ,         Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  )             if      𝑘  −  1  <  𝑠  ≤  𝑘       with      1  ≤  𝑘  ≤  𝑛  −  1        1             if      𝑠  >  𝑛  −  1  .          


   𝑠  ∈  [  −  1  ,  ∞  ) 


     𝐺  𝑠   ≠    𝐺    𝑠  +  𝜖   


     ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝  


   0  ,  1  ,  2  ,  …  ,  𝑛  −  1 


     𝜌    𝐿  /  𝐾    (    𝑈  𝑖   (  𝐾  )  )  =    𝐺  𝑖  


     𝐺  𝑖  


     𝑈  𝑖   (  𝐾  )  ⊆    𝑁    𝐿  /  𝐾      𝐿  ×   . 


     𝔣    𝐿  /  𝐾   


     𝔪  𝐾  𝑟  


     𝑈  𝑟   (  𝐾  )  ⊆    𝑁    𝐿  /  𝐾      𝐿  ×  


    Gal   (  𝐿  /  𝐾    )  𝑟  


   (    𝑝  𝑛   ) 


     ℚ  𝑝   (    𝜇    𝑝  𝑛    ) 


   𝐾  =    ℚ  𝑝   (    𝜇  𝑝   ) 


   𝐿  =  𝐾  (  (  1  −  𝑝    )    1  /  𝑝    ) 


   (  1  −    𝜁  𝑝     )  2  


   𝐿  /    ℚ  𝑝  


   𝑝  =    𝑁      ℚ  𝑝   (  (  1  −  𝑝    )    1  /  𝑝    )  /    ℚ  𝑝     (  1  −  (  1  −  𝑝    )    1  /  𝑝    )  , 


   𝜋  =  1  −  (  1  −  𝑝    )    1  /  𝑝   


     ℚ  𝑝   (  (  1  −  𝑝    )    1  /  𝑝    ) 


     𝑣  𝐿   (  𝜋  )  =  𝑝  −  1 


     𝑣  𝐿   (  1  −    𝜁  𝑝   )  =  𝑝 


   𝜆  =  (  1  −    𝜁  𝑝   )  /  𝜋 


   𝜎  (  (  1  −  𝑝    )    1  /  𝑝    )  =    𝜁  𝑝   (  1  −  𝑝    )    1  /  𝑝   


       𝜎  (  𝜆  )   𝜆   =    𝜋    𝜎  (  𝜋  )    . 


   𝜎  (  𝜋  )  =  1  −    𝜁  𝑝   (  1  −  𝑝    )    1  /  𝑝    =  𝜋  +  (  1  −    𝜁  𝑝   )  (  1  −  𝑝    )    1  /  𝑝    . 


     𝑣  𝐿   (      𝜎  𝜆   𝜆   −  1  )  =  1  . 


     𝔣    𝐿  /  𝐾    =  (  1  −    𝜁  𝑝     )  2  


   𝐴  =  𝑅  ⟦    𝑥  1   ,  …  ,    𝑥  𝑛   ⟧ 


   𝑓  ∘  𝑔 


   𝑓  ,  𝑔  ∈  𝐴 


   𝑔  ∈  (    𝑥  1   ,  …  ,    𝑥  𝑛   ) 


   𝑓  ∈  𝑥  𝑅  ⟦  𝑥  ⟧ 


   𝑓  ≡  𝑢  𝑥         mod       (    𝑥  2   ) 


   𝑢  ∈    𝑅  ×  


     𝑔  1   =    𝑢    −  1    𝑥 


     𝑔  𝑛   ∈  𝑅  [  𝑥  ] 


   𝑓  ∘    𝑔  𝑛  


     𝑔  𝑛   ∘  𝑓 


   𝑅  [  𝑥  ]  /  (    𝑥    𝑛  +  1    ) 


   𝑓  ∘    𝑔  𝑛   =  𝑥  +  𝑎    𝑥    𝑛  +  1           mod       (    𝑥    𝑛  +  2    ) 


   𝑎  ∈  𝑅 


     𝑔    𝑛  +  1    =    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1   


   𝑓  ∘    𝑔    𝑛  +  1    =  𝑓  ∘  (    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1    )  ≡  𝑓  ∘    𝑔  𝑛   −  𝑎    𝑥    𝑛  +  1    ≡  𝑥         mod       (    𝑥    𝑛  +  2    ) 


   (    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1      )  𝑘   ≡    𝑔  𝑛  𝑘          mod       (    𝑥    𝑛  +  2    ) 


   𝑘  ≥  2 


   𝑔  =     lim     𝑛  →  ∞        𝑔  𝑛   ∈  𝑅  ⟦  𝑋  ⟧ 


   𝑓  ∘  𝑔  =  𝑥 


   𝑥  =  𝑔  ∘  ℎ  =  𝑔  ∘  𝑓  ∘  𝑔  ∘  ℎ  =  𝑔  ∘  𝑓 


   𝑓  ∘    𝑔  𝑛   ≡  𝑥         mod       (    𝑥    𝑛  +  1    ) 


   𝑓  ,  𝑔  ∈  𝑥  𝑅  ⟦  𝑥  ⟧ 


   𝑓  ≡  𝑎  𝑥         mod       (    𝑥  2   ) 


   𝑔  ≡  𝑏  𝑥         mod           𝑥  2  


   𝑓  ∘  𝑔  ≡  𝑎  𝑏  𝑥         mod           𝑥  2  


   𝐹  ∈  𝑅  ⟦  𝑥  ,  𝑦  ⟧ 


   𝐹  (  𝑥  ,  𝑦  )  ≡  𝑥  +  𝑦         mod       (  𝑥  ,  𝑦    )  2  


   𝐹  (  𝐹  (  𝑥  ,  𝑦  )  ,  𝑧  )  =  𝐹  (  𝑥  ,  𝐹  (  𝑦  ,  𝑧  )  ) 


   𝑅  ⟦  𝑥  ,  𝑦  ,  𝑧  ⟧ 


   𝐹  (  𝑥  ,  𝑦  )  =  𝐹  (  𝑦  ,  𝑥  ) 


   𝐹  (  𝑥  ,  𝑦  )  ≡  𝑥  +  𝑦         mod       (  𝑥  𝑦  ) 


     𝜄  𝐹   (  𝑥  )  ∈  𝑅  ⟦  𝑥  ⟧ 


   𝐹  (  𝑥  ,    𝜄  𝐹   (  𝑥  )  )  =  0 


   𝑓  =  𝐹  (  𝑥  ,  0  ) 


   𝑓  ≡  𝑥         mod       (    𝑥  2   ) 


   𝐹  (  𝐹  (  𝑥  ,  0  )  ,  0  )  =  𝐹  (  𝑥  ,  0  ) 


   𝑓  ∘  𝑓  =  𝑓 


   𝑓  =  𝑥 


     𝜄  𝐹   (  𝑥  )  ≡  −  𝑥         mod       (    𝑥  2   ) 


   𝐹  (  𝑥  ,  𝑦  )  =  𝑥  +  𝑦 


     𝜄  𝐹   (  𝑥  )  =  −  𝑥 


   𝐺  (  𝑥  ,  𝑦  )  =  𝑥  +  𝑦  +  𝑥  𝑦 


     𝜄  𝐺   =  (  𝑥  +  1    )    −  1    −  1 


   𝐺  (  𝑥  ,  𝑦  )  =  (  𝑥  +  1  )  (  𝑦  +  1  )  −  1 


   𝑓          ∶    𝐹  →  𝐺 


   𝑓  (  𝐹  (  𝑥  ,  𝑦  )  )  =  𝐺  (  𝑓  (  𝑥  )  ,  𝑓  (  𝑦  )  ) 


   𝑓  ∘  𝐹  =  𝐺  ∘  𝑓 


    Hom   (  𝐹  ,  𝐺  ) 


    End   (  𝐹  ) 


   𝑓          ∶    𝐹    ⟶  ∼   𝐺 


     𝑓    −  1   


   𝑅  ⟦  𝑥  ⟧ 


   𝑎    +  𝐹   𝑏  =  𝐹  (  𝑎  ,  𝑏  ) 


   𝑎  ,  𝑏  ∈  𝔪 


     𝔾  𝑎  


   𝑥  +  𝑦  +  𝑥  𝑦 


     𝔾  𝑚  


   𝜅  =  𝒪  /  𝔪 


   𝑓  ∈  𝒪  ⟦  𝑥  ⟧ 


   𝑓  (  𝑥  )  ≡    𝑥  𝑞          mod         𝜋 


   𝑓  (  𝑥  )  ≡  𝜋  𝑥         mod       (    𝑥  2   ) 


     𝔉  𝜋  


   𝑓  ,  𝑔  ∈    ℱ  𝜋  


   ℓ  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑥  𝑖  


   𝐹  ∈  𝒪  ⟦    𝑥  1   ,  …  ,    𝑥  𝑛   ⟧ 


   𝐹  ≡  ℓ         mod       (    𝑥  1   ,  …  ,    𝑥  𝑛     )  2  


   𝑓  (  𝐹  (    𝑥  1   ,  …  ,    𝑥  𝑛   )  )  =  𝐹  (  𝑔  (    𝑥  1   )  ,  …  ,  𝑔  (    𝑥  𝑛   )  ) 


   𝐼  =  (    𝑥  1   ,  …  ,    𝑥  𝑛   ) 


     ℓ  1   =  ℓ 


     𝐹  0   =  0 


     𝐹  𝑘   =    𝐹    𝑘  −  1    +    ℓ  𝑘  


     ℓ  𝑘   ∈  𝒪  [    𝑥  1   ,  …  ,    𝑥  𝑛   ] 


   𝑓  ∘    𝐹  𝑘   ≡    𝐹  𝑘   ∘  𝑔         mod         𝜋    𝐼    𝑘  +  1    . 


   𝐻  ≡  0         mod         𝜋 


   𝑘  +  1 


   𝑓  ∘    𝐹  𝑘   =    𝐹  𝑘   ∘  𝑔 


     ℓ    𝑘  +  1    =  −  (  𝜋  −    𝜋    𝑘  +  1      )    −  1    𝐻  ∈  𝒪  [  𝑥  ] 


     𝐹    𝑘  +  1    =    𝐹  𝑘   +    ℓ    𝑘  +  1   


   𝑓  ∘    𝐹    𝑘  +  1    ≡  𝑓  ∘    𝐹  𝑘   +  𝜋    ℓ    𝑘  +  1           mod           𝐼    𝑘  +  2    , 


     𝐹    𝑘  +  1    ∘  𝑔  ≡    𝐹  𝑘   ∘  𝑔  +    𝜋    𝑘  +  1      ℓ    𝑘  +  1           mod           𝐼    𝑘  +  2   


   𝑓  ∘    𝐹    𝑘  +  1    −    𝐹    𝑘  +  1    ∘  𝑔  ≡  𝐻  +  (  𝜋  −    𝜋    𝑘  +  1    )    ℓ    𝑘  +  1    ≡  0         mod           𝐼    𝑘  +  2    . 


   𝑓  ,  𝑔  ≡    𝑥  𝑞          mod         𝜋 


   𝑓  ∘    𝐹    𝑘  +  1    −    𝐹    𝑘  +  1    ∘  𝑔  ≡  (    𝐹    𝑘  +  1      )  𝑞   −    𝐹    𝑘  +  1    (    𝑥  𝑞   )  ≡  0         mod         𝜋  , 


   (    𝐹    𝑘  +  1      )  𝑞  


   𝜋    𝐼    𝑘  +  1   


   𝐹  =    ∑    𝑘  =  1   ∞     ℓ  𝑘  


   𝑓  ∈    ℱ  𝜋  


     𝐹  𝑓   ∈  𝒪  ⟦  𝑥  ,  𝑦  ⟧ 


     𝐹  𝑓  


   𝑓  ∘    𝐹  𝑓   =    𝐹  𝑓   ∘  𝑓 


     𝐹  𝑓   ≡  𝑥  +  𝑦         mod       (  𝑥  ,  𝑦    )  2  


     𝐹  𝑓   (  𝑥  ,  𝑦  )  =    𝐹  𝑓   (  𝑦  ,  𝑥  ) 


   𝑥  +  𝑦  =  𝑥  +  𝑦 


     𝐹  𝑓   (  𝑥  ,    𝐹  𝑓   (  𝑦  ,  𝑧  )  )  =    𝐹  𝑓   (    𝐹  𝑓   (  𝑥  ,  𝑦  )  ,  𝑧  ) 


   𝑥  +  𝑦  +  𝑧 


   [  𝑎    ]  𝑓   ∈  𝒪  ⟦  𝑥  ⟧ 


   [  𝑎    ]  𝑓   ≡  𝑎  𝑥         mod       (    𝑥  2   ) 


   [  𝜋    ]  𝑓   =  𝑓 


   [  𝑎    ]  𝑓  


   [        ]  𝑓           ∶    𝒪  →   End   (    ℱ  𝜋   ) 


   ℓ  (  𝑥  )  =  𝑎  𝑥 


   𝑔  =  𝑓 


     𝐹  𝑓   ∘  [  𝑎    ]  𝑓  


   [  𝑎    ]  𝑓   ∘    𝐹  𝑓  


   𝑎  𝑥  +  𝑎  𝑦 


   [  𝑎    ]  𝑓   ≡  𝑎  𝑥         mod           𝑥  2  


   𝑎  𝑥  ≡  𝑏  𝑥         mod           𝑥  2  


   𝑎  =  𝑏 


     𝐹  𝑔  


   𝑔  ∈    ℱ  𝜋  


   ℓ  =  𝑥 


   ℎ  ∈  𝒪  ⟦  𝑥  ⟧ 


   𝑓  ∘  ℎ  =  ℎ  ∘  𝑔 


     𝐹  𝑓   ∘  ℎ 


   ℎ  ∘    𝐹  𝑔  


   𝑓  ∘  (    𝐹  𝑓   ∘  ℎ  )  =    𝐹  𝑓   ∘  (  𝑓  ∘  ℎ  )  =  (    𝐹  𝑓   ∘  ℎ  )  ∘  𝑔 


     𝐹  𝑓   ∘  ℎ  =  ℎ  ∘    𝐹  𝑔  


   𝑓  (  𝑥  )  =  (  𝑥  +  1    )  𝑝   −  1  ∈    ℱ  𝑝  


   𝐺  =  (  𝑥  +  1  )  (  𝑦  +  1  )  −  1 


   𝑓  ∘  𝐹  =  (  𝑥  +  1    )  𝑝   (  𝑦  +  1    )  𝑝   −  1  =  𝐹  ∘  𝑓 


   𝐺  =    𝐹  𝑓  


   [  𝑎    ]  𝑓   =  (  𝑥  +  1    )  𝑎   −  1  ∈    ℤ  𝑝   ⟦  𝑥  ⟧ 


   [  𝑢    ]  𝑓  


   [  𝜋    ]  𝑓  


     𝑊    𝑓  ,  𝑛   


   [    𝜋  𝑛     ]  𝑓  


     𝑊    𝑓  ,  𝑛    −    𝑊    𝑓  ,  𝑛  −  1   


     𝑊  𝑓   =    ⋃    𝑛  =  1   ∞     𝑊    𝑓  ,  𝑛   


     𝐾    𝜋  ,  𝑛    =  𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝜛  𝑛   ∈    𝑊  𝑓  𝑛  


     𝑊  𝑓  𝑛  


   (  𝒪  /    𝔪  𝑛   ) 


   [        ]  𝑓  


     𝜒    𝑓  ,  𝑛            ∶       Gal   (    𝐾  𝑛   /  𝐾  )  →  (  𝒪  /    𝔪  𝑛     )  ×  


   [  𝑎    ]  𝑓   (    𝜛  𝑛   )  =  𝜎  (    𝜛  𝑛   ) 


   𝑓  =  𝜋  𝑥  +    𝑥  𝑞  


   [    𝜋  𝑛     ]  𝑓   =  𝑓  ∘  𝑓  ∘  ⋯  ∘  𝑓 


   [    𝜋    𝑛  −  1      ]  𝑓  


     𝑞    𝑛  −  1    (  𝑞  −  1  ) 


     𝐾  𝑛   =  𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝐾  𝑛   /  𝐾 


     𝜛  𝑛   ∈    𝑊  𝑓  𝑛   −    𝑊  𝑓    𝑛  −  1   


   [  𝑎    ]  𝑓   (    𝜛  𝑛   )  ≡  𝑎    𝜛  𝑛          mod           𝜛  𝑛  2  


     𝑊  𝑓  𝑛   −    𝑊  𝑓    𝑛  −  1   


   (  𝒪  /    𝔪  𝑛     )  ×  


   𝜎  (    𝜛  𝑛   )  ∈    𝑊  𝑓  𝑛  


   [  𝑎    ]  𝑓   (    𝜛  𝑛   ) 


     𝜒    𝑓  ,  𝑛   


   ℎ  ∘  𝑓  =  𝑔  ∘  ℎ 


   [    𝜋  𝑛     ]  𝑔   (  ℎ  (    𝜛  𝑛   )  )  =  0 


     𝑊    𝑔  ,  𝑛   


   ℎ  ≡  𝑥         mod           𝑥  2  


   ℎ  (    𝜛  𝑛   )  ∈    𝑊    𝑔  ,  𝑛    −    𝑊    𝑔  ,  𝑛  −  1   


   𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝐾  𝑛   =  𝐾  (    𝑊    𝑔  ,  𝑛    ) 


   𝜎  ∈   Gal   (    𝐾  𝑛   /  𝐾  ) 


   𝜎  (  ℎ  (    𝜛  𝑛   )  )  =  ℎ  (  𝜎  (    𝜛  𝑛   )  ) 


     𝜒    𝑓  ,  𝑛    (  𝜎  )  =  𝑎         mod           𝔪  𝑛  


   [  𝑎    ]  𝑔   (  ℎ  (    𝜛  𝑛   )  )  =  ℎ  (  [  𝑎    ]  𝑓   (    𝜛  𝑛   )  )  ≡  ℎ  (  𝜎  (    𝜛  𝑛   )  )  ≡  𝜎  (  ℎ  (    𝜛  𝑛   )  )       mod           𝔪  𝑛  


     𝒪  ×   ≅            (     lim    ←   𝑛   (  𝒪  /    𝔪  𝑛     )  ×  


     𝐾    𝜋  ,  ∞    =  𝐾  (    𝑊    𝑓  ,  ∞    ) 


     𝒪  ×  


   ℎ  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   ∈    𝔽  𝑞   [  𝑥  ] 


    gcd   (  𝑞  ,  𝑛  )  =  1 


   𝑟  ∈    𝔽  𝑞   [  𝑥  ] 


    deg     𝑟  ≤  𝑘 


   𝑟  (  0  )  =  1 


   𝑔  =    𝑥  𝑘   ℎ  +  𝑟 


     𝑞  𝑚   >  𝑛 


     𝔽    𝑞  𝑚   


     ℎ  ′  


   𝑘  =    𝑞    𝑚  +  1   


   𝑟  =  −    𝑥  𝑞   ℎ  +  1 


   𝑔  =  (    𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞   )  ℎ  +  1 


     𝑔  ′   =  (    𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞   )    ℎ  ′  


     𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞  


   𝑔  (  𝛼  )  =  1 


   𝑔  (  𝛼  )  =  (    𝛼  𝑞   −    𝛼  𝑞   )  ℎ  (  𝛼  )  +  1  =  1 


     𝑁      𝐾    𝜋  ,  𝑛    /  𝐾      𝐾    𝜋  ,  𝑛   ×   =  ⟨  𝜋  ⟩    𝑈  𝑛   (  𝐾  ) 


     𝐾    𝜋  ,  𝑛    =  𝐾  (    𝑊  𝑓  𝑛   ) 


   [    𝜋  𝑛     ]  𝑓   =  [    𝜋    𝑛  −  1      ]  𝑓   ⋅    ℎ  𝑛  


   𝜋  +  [    𝜋    𝑛  −  1      ]  𝑓    𝑞  −  1   


   𝜋  =    𝑁      𝐾    𝜋  ,  𝑛    /  𝐾    (    𝜛  𝑛   ) 


     𝐾    𝜋  ,  𝑛    /  𝐾 


     𝐾    𝜋  ,  𝑛   


     𝑈  𝑛   (  𝐾  ) 


     𝑞    𝑛  −  1    (  𝑞  −  1  )  =  [    𝐾  ×   ∶    𝑁      𝐾    𝜋  ,  𝑛    /  𝐾      𝐾    𝜋  ,  𝑛   ×   ] 


     𝜇    𝑞  −  1   


   𝑢  =  1  +    ∑    𝑖  =  1   ∞     𝑎  𝑖     𝜛  𝑛  𝑖   ∈    𝑈  1   (    𝐾    𝜋  ,  𝑛    ) 


     𝑎  𝑖   ∈    𝒪  𝐾  


     𝑎  0   =  1 


   𝑝  =    ∑    𝑖  =  0     𝑚  −  1      𝑎    𝑛  −  𝑖      𝑥  𝑖  


   𝑚  =    𝑞    𝑛  −  1    (  𝑞  −  1  )  𝑛 


   𝑃  =    𝑥  𝑘   𝑝  +  𝑟 


   𝑟  ∈    𝒪  𝐾  


   𝑘  ≥   deg     𝑟 


   𝑃  =    ∏    𝑖  =  1   𝑠   (  𝑥  −    𝛼  𝑖   ) 


   𝑠  =  𝑚  +  𝑘  −  1 


     ∏    𝑖  =  1   𝑠   (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    𝜛  𝑛  𝑠   𝑃  (    𝜛  𝑛    −  1    )  ≡  1  +    ∑    𝑖  =  1   ∞     𝑎  𝑖     𝜛  𝑛  𝑖   ≡  𝑢         mod           𝜛  𝑛  𝑚   , 


   𝑣  ∈    𝑈  𝑚   (    𝐾    𝜋  ,  𝑛    ur    ) 


     ∏    𝑖  =  1   𝑠   (  1  −    𝛼  𝑖     𝜛  𝑛   )  𝑣  =  𝑢 


     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  𝑣  )  ∈    𝑈  𝑛   (    𝐾   ur    ) 


     ∏    𝑖  =  1   𝑠     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  ∈    𝑈  𝑛   (    𝐾   ur    ) 


     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    𝛼  𝑖      𝑞    𝑛  −  1    (  𝑞  −  1  )        [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )     [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )    . 


   𝑃  (  0  )  =  1 


     ∏    𝑖  =  1   𝑠     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    ∏    𝑖  =  1   𝑠       [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )     [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )    . 


   [    𝜋    𝑛  −  1      ]  𝑓   (  𝑥  )  ≡    𝑥    𝑞    𝑛  −  1            mod         𝜋 


   [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    ) 


     ∏    𝑖  =  1   𝑠   [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )  ≡    ∏    𝑖  =  1   𝑠   [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )       mod           𝜋  𝑛     𝒪    𝐾   ur     . 


   𝑓  (    𝛼  𝑖    −  1    )  ≡    𝛼  𝑖    −  𝑞    ≡    𝛼  𝑗    −  1           mod         𝜋    𝒪    𝐾   ur    


   1  ≤  𝑗  ≤  𝑠 


     ∏    𝑖  =  1   𝑠   𝑓  (    𝛼  𝑖    −  1    )  ≡    ∏    𝑖  =  1   𝑠     𝛼  𝑖    −  1           mod         𝜋  . 


     𝜋  2  


   ⟨  𝜋  ⟩ 


     𝐾   ur      𝐾    𝜋  ,  ∞   


    Gal   (    𝐾   ab    /  𝐾  ) 


    Gal   (    𝐾   ab    /    𝐾   ur    ) 


     𝜌  𝐾   (  𝑢  )  (  𝜛  )  =  [    𝑢    −  1      ]  𝑓   (  𝜛  ) 


   𝜛  ∈    𝑊    𝑓  ,  ∞   


   𝜒  (    𝜌    𝐿  /  𝐾    (  𝜋  )  )  =  𝜒  (  𝜑  ) 


   𝜒  (    𝜌    𝐿  /  𝐾    (  𝜋  )  )  =     inv     𝐿  /  𝐾    (  𝜋  ∪  𝛿  (  𝜒  )  )  , 


     𝑣  𝐿  ∗   (  𝜋  ∪  𝛿  (  𝜒  )  )  =    𝑣  𝐿   (  𝜋  )  ∪  𝛿  (  𝜒  )  =  𝛿  (  𝜒  )  . 


      inv     𝐿  /  𝐾    =     ev   𝜑   ∘    𝛿    −  1    ∘    𝑣  𝐿  ∗  


      inv     𝐿  /  𝐾    (  𝜋  ∪  𝛿  (  𝜒  )  )  =     ev   𝜑   (  𝜒  )  =  𝜒  (  𝜑  )  . 


     𝜄  𝜋           ∶    ℤ  →  ⟨  𝜋  ⟩ 


    Res           ∶      𝐺  𝐾   ab    →    𝐺    𝜅  (  𝐾  )   


    Res   ∘    𝜌  𝐾   ∘    𝜄  𝜋           ∶    ℤ  →    𝐺    𝜅  (  𝐾  )   


     𝜌    𝜅  (  𝐾  )   


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×     ⟶  ∼    Gal   (  𝐿  /  𝐾  ) 


     𝐺  ℂ  


     𝜌  ℂ           ∶      ℂ  ×   →  1 


     𝜌  ℝ           ∶      ℝ  ×   →   Gal   (  ℂ  /  ℝ  ) 


     ℝ    >  0   


     𝑅    𝐿  /  𝐾   


     𝑖    𝐿  /  𝐾   


   𝜎          ∶    𝐿  ↪    𝐾   sep   


     𝜎  ∗  


   𝜏  ↦  𝜎  𝜏    𝜎    −  1   


   𝜏  ∈    𝐺  𝐿  


   ℂ  /  ℝ 


     𝑁    ℂ  /  ℝ      ℂ  ×   =    ℝ    >  0   ×  


     𝐿  ′   /    𝐾  ′  


   𝐿  =    𝐿  ′   ∩    𝐾   ab   


     𝐿  ′   /  𝐾 


     𝐼  𝐾  𝔪   ↪    𝐼    𝐾  ′   𝔪  


     𝑉      𝐾  ′   /  𝐾            ∶       Gal   (  𝐿  /  𝐾  )  →   Gal   (    𝐿  ′   /    𝐾  ′   ) 


     𝜎  ∗   (  𝜏  )  =  𝜎    |  𝐿   ∘  𝜏  ∘    𝜎    −  1      |    𝜎  (  𝐿  )   


   𝜎  (  𝔪  ) 


   𝜎  (  𝐾  ) 


   𝜎  (  𝔪    )  𝑓   =  𝜎  (    𝔪  𝑓   ) 


   𝜎  (    𝔪  ∞   ) 


     𝒪    𝐾  ′   


     Ψ      𝐿  ′   /    𝐾  ′    𝔪   (  𝔓  ) 


   (  𝔓  ,    𝐿  ′   /    𝐾  ′   ) 


   (  𝔭  ,  𝐿  /  𝐾    )    𝑓    𝔓  /  𝔭    


   𝔭  =  𝔓  ∩    𝒪  𝐾  


     𝑁      𝐾  ′   /  𝐾    𝔓  =    𝔭    𝑓    𝔓  /  𝔭     , 


    ker       Ψ    𝐿  /  𝐾   𝔪  


     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪  


     𝐾  ′   =    𝐿  ′   =  𝐿 


     Ψ    𝐿  /  𝐾   𝔪   ∘    𝑁    𝐿  /  𝐾    =  0 


     𝐼  𝐿  𝔪  


     𝑃  𝐾  𝔪   ⊆   ker       Ψ    𝐿  /  𝐾   𝔪  


     𝜓    𝐿  /  𝐾   𝔪           ∶         Cl   𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     𝜓    𝐿  /  𝐾   𝔪   (  [  𝔞    ]  𝔪   )  =    Ψ    𝐿  /  𝐾   𝔪   (  𝔞  ) 


   𝔞  ∈    𝐼  𝐾  𝔪  


     𝜓    𝐿  /  𝐾   𝔪  


     𝜓    𝐿  /  𝐾   


     𝑁    𝐿  /  𝐾    (     Cl   𝐿  𝔪   ) 


      Cl   𝐾  𝔪   /    𝑁    𝐿  /  𝐾    (     Cl   𝐿  𝔪   )    ⟶  ∼    Gal   (  𝐿  /  𝐾  )  . 


   𝐻  =    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ∩    𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =    𝑁    𝐿  𝑀  /  𝐾         Cl     𝐿  𝑀   𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ⋅    𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =    𝑁    (  𝐿  ∩  𝑀  )  /  𝐾         Cl     𝐿  ∩  𝑀   𝔪  


     𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   ⊆    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   =  1 


     𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =  1 


     𝜓    𝑀  /  𝐾   𝔪  


     Ψ    𝑀  /  𝐿   𝔪  


      Cl   𝐿  𝔪  


     𝑃  𝐿  𝔪   ⊆   ker       Ψ    𝑀  /  𝐿   𝔪  


     𝜓    𝑀  /  𝐿   𝔪  


     𝑁    𝐿  /  𝐾    =  (    𝜓    𝑀  /  𝐾   𝔪     )    −  1    ∘  𝜄  ∘    𝜓    𝑀  /  𝐿   𝔪           ∶         Cl   𝐿  𝔪   →     Cl   𝐾  𝔪  


    ker       𝜓    𝐿  /  𝐾   𝔪  


   ℚ  (    𝜇   12    ) 


   ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  ) 


   𝑝  ≡  3         mod         4 


   𝑝  ≠  3 


   ℚ  (  𝑖  )  /  ℚ 


     𝜇   12   


   (  𝑝  ,  ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )  )  =  1 


     𝑝  2   ≡  1         mod          12  


   (  𝑝  )  =  (  −  𝑝  ) 


   (  𝑝  )  ∈    𝑃  𝐾    (  3  )   


   𝑝  ≡  1         mod         4 


   𝑝  =    𝑎  2   +    𝑏  2  


   𝑝  ℤ  [  𝑖  ]  =  (  𝑎  +  𝑏  𝑖  )  (  𝑎  −  𝑏  𝑖  )  . 


   (  𝑎  +  𝑏  𝑖  ,  ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )  )  =  1 


   𝑝  =    𝑁    𝐿  /  𝐾    (  𝑎  +  𝑏  𝑖  )  ≡  1         mod          12   . 


   𝑎  +  𝑏  𝑖 


   3  ∣  𝑏 


   𝑎  ≡  1         mod         3 


   (  𝑎  ,  𝑏  ) 


   𝑝  ≡  1         mod          12  


   (  𝑎  +  𝑏  𝑖  )  ∈    𝑃  𝐾    (  3  )   


   (  𝑎  +  𝑏  𝑖  )  ∈   ker       Ψ    ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )   


     Ψ    ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )   


     𝑃    ℚ  (  𝑖  )     (  3  )   


   𝐿  =  ℚ  (    𝜇   12    ) 


   {    𝔪  𝑖   ∣  𝑖  ∈  𝐼  } 


   𝔐  =    ∑    𝑖  ∈  𝐼      𝔪  𝑖  


     𝔐  𝑓  


   (    𝔪  𝑖     )  𝑓  


   𝑖  ∈  𝐼 


     𝔐  ∞  


   (    𝔪  𝑖     )  ∞  


     𝐾    𝔐  ,  1    =    ∏    𝑖  ∈  𝐼      𝐾      𝔪  𝑖   ,  1    , 


     𝑃  𝐾  𝔐  


     𝑃  𝐾    𝔪  𝑖   


    ker       Ψ    𝐿  /  𝐾   𝔐  


     𝔣    𝐿  /  𝐾  ,  𝑓    =    ∏  𝔭   (    𝔣      𝐿  𝔓   /    𝐾  𝔭     ∩    𝒪  𝐾   )  , 


   ℚ  (    𝜇  𝑛     )  +   =  ℚ  (    𝜁  𝑛   +    𝜁  𝑛    −  1    ) 


     𝜁  𝑓  


   (  𝑓  )  ∞ 


   ℚ  (    𝜇  𝑓   ) 


     𝜎  𝑎   ∈   Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  ) 


     𝜎  𝑎   (    𝜁  𝑓   )  =    𝜁  𝑓  𝑎  


     Ψ    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    (  (  𝑎  )  )  =    𝜎  𝑎   , 


     𝜎  𝑝   =  (  𝑝  ,  ℚ  (    𝜇  𝑓   )  /  ℚ  ) 


     𝑃  ℚ    (  𝑓  )  ∞    ⊆    Ψ    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    , 


   ℚ  (    𝜇  𝑓   )  /  ℚ 


     𝜒  𝑓  


     𝜒  𝑓           ∶       Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  )    ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×  


     𝜒  𝑓   (    𝜎  𝑎   )  =  𝑎 


   (  ℤ  /  𝑓  ℤ    )  ×     ⟶    𝜙  𝑓    −  1        Cl   ℚ    (  𝑓  )  ∞      ⟶    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞      Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  )    ⟶    𝜒  𝑓    (  ℤ  /  𝑓  ℤ    )  ×  


     𝜒  𝑓   ∘    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ    ∘    𝜙  𝑓    −  1    (  𝑎  )  =    𝜒  𝑓   ∘    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    (  [  (  𝑎  )    ]    (  𝑓  )  ∞    )  =    𝜒  𝑓   (    𝜎  𝑎   )  =  𝑎  . 


   ℚ  (    𝜇  𝑓     )  +   =  ℚ  (    𝜁  𝑓   +    𝜁  𝑓    −  1    )  . 


    Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  (    𝜇  𝑓     )  +   ) 


   ⟨  ±  1  ⟩ 


     𝜒  𝑓  ′           ∶       Gal   (  ℚ  (    𝜇  𝑓     )  +   /  ℚ  )    ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  ±  1  ⟩ 


     𝜙  𝑓  ′           ∶         Cl   ℚ    (  𝑓  )      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  ±  1  ⟩  . 


   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩    ⟶    (    𝜙  𝑓  ′     )    −  1         Cl   ℚ    (  𝑓  )      ⟶    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )      Gal   (  ℚ  (    𝜇  𝑓     )  +   /  ℚ  )    ⟶    𝜒  𝑓  ′    (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩ 


     ℚ   ab    =  ℚ  (    𝜇  ∞   ) 


     𝑝  1   ,  …  ,    𝑝  𝑘  


   𝐹  /  ℚ 


     𝐹    𝔭  𝑖    ⊆    ℚ    𝑝  𝑖    (    𝜇    𝑛  𝑖    ) 


     𝑛  𝑖   ≥  1 


     𝑟  𝑖   ≥  0 


     𝑝    𝑟  𝑖   


     𝑛  𝑖  


   𝐾  =  𝐹  (    𝜇  𝑛   ) 


   𝐾  =  ℚ  (    𝜇  𝑛   ) 


   𝐺  =   Gal   (  𝐾  /  ℚ  ) 


     𝐼    𝑝  𝑖   


     𝐾    𝔓  𝑖    =    𝐹    𝔭  𝑖    (    𝜇  𝑛   )  =    ℚ    𝑝  𝑖    (    𝜇     lcm   (  𝑛  ,    𝑛  𝑖   )    )  . 


     𝑝  𝑖    𝑟  𝑖   


   𝑚  =   lcm   (  𝑛  ,    𝑛  𝑖   ) 


     𝐼    𝑝  𝑖    ≅   Gal   (    ℚ    𝑝  𝑖    (    𝜇  𝑚   )  /    ℚ    𝑝  𝑖    (    𝜇    𝑚  /    𝑝  𝑖    𝑟  𝑖      )  )  ≅   Gal   (    ℚ    𝑝  𝑖    (    𝜇    𝑝  𝑖    𝑟  𝑖     )  /    ℚ    𝑝  𝑖    )  . 


   𝐼  =    𝐼    𝑝  1    ⋯    𝐼    𝑝  𝑘   


   |  𝐼  |  ≤    ∏    𝑖  =  1   𝑘   |    𝐼    𝑝  𝑖    |  =    ∏    𝑖  =  1   𝑘   𝜑  (    𝑝  𝑖    𝑟  𝑖    )  =  𝜑  (  𝑛  )  =  [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  . 


   𝐼  =  𝐺 


   ℚ  (    𝜇  𝑛   )  ⊆  𝐾 


   𝐾  ⊆  ℚ  (    𝜇  𝑛   ) 


   ℚ  (    𝜇  𝑛     )  +  


   (  𝑛  ) 


   (  𝑛  )  ∞ 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇  𝑛     )  +  


     𝔣    𝐾  /  ℚ   


   (  2  𝑚  ) 


   (  2  𝑚  )  ∞ 


   (  ∞  ) 


     𝜓    𝐸  /  𝐾            ∶         Cl   𝐾   →   Gal   (  𝐸  /  𝐾  ) 


   [  𝔭  ] 


     𝜓    𝐸  /  𝐾    (  [  𝔭  ]  )  =  1 


   (  𝔭  ,  𝐸  /  𝐾  ) 


   𝔭  =  (  2  ,  1  +      −  5    ) 


   𝐸  =  𝐾  (  𝑖  ) 


   𝐾  (  𝑖  )  /  𝐾 


   𝛼  =      1  +    5    2  


     𝑥  2   −  𝑥  −  1 


   𝛼  ∈    𝒪    𝐾  (  𝑖  )   


     𝒪    𝐾  (  𝑖  )    /  𝔭  ≅    𝔽  2  


   [  𝐺  ,  𝐺  ] 


   𝑉          ∶      𝐺   ab    →  [  𝐺  ,  𝐺    ]   ab   


   𝔞  ∈    𝐼  𝐾  


   𝔞    𝒪  𝐸  


    Gal   (  𝑀  /  𝐸  )  =  [   Gal   (  𝑀  /  𝐾  )  ,   Gal   (  𝑀  /  𝐾  )  ] 


    Gal   (  𝐸  /  𝐾  )  =   Gal   (  𝑀  /  𝐾    )   ab   


     𝑉    𝐸  /  𝐾            ∶       Gal   (  𝐸  /  𝐾  )  →   Gal   (  𝑀  /  𝐸  ) 


     𝜄    𝐸  /  𝐾    =  0 


     𝜓    𝑀  /  𝐸   


     𝑋  𝑖  


     𝐴  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   )  =  {  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈    ∏    𝑖  ∈  𝐼      𝑋  𝑖   ∣    𝑥  𝑖   ∈    𝐴  𝑖     for all but finitely many    𝑖  ∈  𝐼  }  , 


   {  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∣    𝑥  𝑖   ∈    𝑈  𝑖     for    𝑖  ∈  𝐽    and      𝑥  𝑖   ∈    𝐴  𝑖     for    𝑖  ∈  𝐼  −  𝐽  }  , 


   𝐽  ⊆  𝐼 


     𝑋  𝑗  


   𝑗  ∈  𝐽 


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝐴  𝑖  


   𝐽  ⊂  𝐼 


     ∏    𝑖  ∈  𝐼      𝑋  𝑖  


     ∏    𝑘  ∈  𝐾      𝑉  𝑘   ×    ∏    𝑖  ∈  𝐼  −  𝐾      𝑋  𝑖  


   𝐾  ⊂  𝐼 


     𝑉  𝑘  


     𝑋  𝑘  


   𝑘  ∈  𝐾 


     𝐴  𝑖   ≠    𝑋  𝑖  


     𝑌  𝑖  


     𝐵  𝑖  


     𝑓  𝑖           ∶      𝑋  𝑖   →    𝑌  𝑖  


     𝑓  𝑖   (    𝐴  𝑖   )  ⊆    𝐵  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   )  →    ∏    𝑖  ∈  𝐼    (    𝑌  𝑖   ,    𝐵  𝑖   )  . 


   𝑥  =  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈  𝑋 


     𝑥  𝑖   ∈    𝐴  𝑖  


     𝑓  𝑖   (    𝑥  𝑖   )  ∈    𝐴  𝑖  


     ∏  𝑖     𝑓  𝑖   (  𝑥  )  ∈    ∏    𝑖  ∈  𝐼    (    𝑌  𝑖   ,    𝐵  𝑖   ) 


     ∏  𝑖     𝑓  𝑖  


   𝐽 


     𝑉  𝑗  


     𝑌  𝑗  


   𝑓  (  𝑥  )  ∈    ∏    𝑗  ∈  𝐽      𝑉  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑌  𝑖  


     𝑥  𝑗  


     𝑓  𝑗   (    𝑈  𝑗   )  ⊆    𝑉  𝑗  


   𝑓  (    ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑋  𝑖   ) 


     ∏    𝑗  ∈  𝐽      𝑉  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑌  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     𝑌  𝑖   =    𝐵  𝑖   =    𝑋  𝑖  


   𝑥  ,  𝑦  ∈    ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     𝐾  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝐺  𝑖   ,    𝐾  𝑖   ) 


   𝒢  =    ∏    𝑖  ∈  𝐼    (    𝐺  𝑖   ,    𝐾  𝑖   ) 


   1  =  (  1    )  𝑖   ∈  𝐺 


   𝑎  =  (    𝑎  𝑖     )  𝑖  


   𝑏  =  (    𝑏  𝑖     )  𝑖  


   𝒢 


     𝑎  𝑖   ,    𝑏  𝑖   ∈    𝐾  𝑖  


   𝑎  𝑏  ∈  𝒢 


     𝑎    −  1    ∈  𝒢 


     𝑎  𝑖    −  1    ∈    𝐾  𝑖  


     𝑎  𝑖   ∈    𝐾  𝑖  


   𝑖  ∈  𝐼  −  𝐽 


     𝐺  𝑗  


     ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝐾  𝑖  


     𝔸  𝐾  


     𝔸  𝐾   =    ∏    𝑣  ∈    𝑉  𝐾     (    𝐾  𝑣   ,    𝒪  𝑣   )  , 


     𝛼  𝑣  


   𝑣  ∈    𝑉  𝐾  


   𝑎    𝒪  𝐾  


     𝑣  𝔭   (  𝑎  ) 


     𝛿  𝐾           ∶    𝐾  →    𝔸  𝐾  


     𝛿  𝐾   (  𝑎  )  =  (  𝑎    )    𝑣  ∈    𝑉  𝐾    


     𝔸  𝐿  


     𝜄    𝐿  /  𝐾            ∶      𝔸  𝐾   →    𝔸  𝐿  


     𝜄    𝐿  /  𝐾    (  𝛼    )  𝑤   =    𝛼  𝑣  


   𝜅          ∶    𝐿    ⊗  𝐾     𝔸  𝐾     ⟶  ∼     𝔸  𝐿  


   𝛼  ∈    𝔸  𝐾  


   𝜅  (  𝑏  ⊗  𝛼  )  =    𝛿  𝐿   (  𝑏  )    𝜄    𝐿  /  𝐾    (  𝛼  )  =  (  𝑏    𝛼  𝑣     )  𝑤   , 


     𝔸  𝐾     ⊗  𝐾   𝐿  ≅    𝔸  𝐾    [  𝐿  ∶  𝐾  ]   


     𝔸  𝐾     ⊗  𝐾   𝐿 


     𝔸  𝐾    [  𝐿  ∶  𝐾  ]   


     𝜅  𝑣           ∶    𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑤  ∣  𝑣      𝐿  𝑤   , 


   𝐿    ⊗  𝐾     𝔸  𝐾  


     𝛿  𝐿  


     𝜄    𝐿  /  𝐾   


     𝜅  𝑣  


     𝑏  1   ,  …  ,    𝑏  𝑛  


     𝑏  𝑖   ∈    𝒪  𝑤  


   𝑤  (  D  (    𝑏  1   ,  …  ,    𝑏  𝑛   )  )  =  0 


     𝜅  𝑣  ′           ∶      ⨁    𝑖  =  1   𝑛   (  1  ⊗    𝒪  𝑣   )  (    𝑏  𝑖   ⊗  1  )  →    ∏    𝑤  ∣  𝑣      𝒪  𝑤  


     𝑏  𝑖   ∉    𝒪  𝑤  


   𝑤  (  D  (    𝑏  1   ,  …  ,    𝑏  𝑛   )  )  ≠  0 


   𝑣  ∈  𝑆 


     𝜅  𝑣  ′  


   𝑣  ∉  𝑆 


     ∏    𝑤  ∈  𝑇      𝐿  𝑤   ×    ∏    𝑤  ∈    𝑉  𝐿   −  𝑇      𝒪  𝑤   . 


     𝑓  𝑖           ∶      𝔸  𝐾   →    𝔸  𝐿  


     𝑓  𝑖   (  𝛼  )  =    𝛿  𝐿   (    𝑏  𝑖   )    𝜄    𝐿  /  𝐾    (  𝛼  ) 


     𝔸  𝐾    [  𝐿  ∶  𝐾  ]    →    𝔸  𝐿  


     𝜅    −  1    ∘    𝛿  𝐾  


      id   𝐾   ⊗    𝛿  ℚ           ∶    𝐾    ⊗  ℚ   ℚ  →  𝐾    ⊗  ℚ     𝔸  ℚ   . 


     𝛿  ℚ  


     𝜄      𝔽  𝑝   (  𝑡  )   


     𝔸  ℚ  


     ∏    𝑝    prime       ℤ  𝑝   ×  {  𝑎  ∈  ℝ  ∣  |  𝑎  |  <  1  } 


     𝛿  𝐾  


     𝜖  𝑣  


          (10.2.1)             𝑋  =    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   ×    ∏    𝑣  ∈  𝑆    {  𝑎  ∈    𝐾  𝑣   ∣  |  𝑎  |  ≤    𝜖  𝑣   }  .    


     𝔸  𝐾   =  𝐾  +  𝑋 


   𝑌  =    ∏    𝑝    prime       ℤ  𝑝   ×  {  𝑎  ∈  ℝ  ∣  |  𝑎  |  ≤      1  2    } 


     𝔸  ℚ   =  ℚ  +  𝑌 


   𝛼  ∈    𝔸  ℚ  


     𝑝  1   ,  …  ,    𝑝  𝑛  


     𝛼  𝑝   ∉    ℤ  𝑝  


     𝑘  𝑖   =  −    𝑣    𝑝  𝑖    (    𝛼    𝑝  𝑖    ) 


   𝑏  =    𝑝  1    𝑘  1    ⋯    𝑝  𝑛    𝑘  𝑛   


   −      𝑏  2    <  𝑎  −  𝑏    𝛼  ∞   ≤      𝑏  2   


   𝑎  ≡  𝑏    𝛼    𝑝  𝑖           mod           𝑝  𝑖    𝑘  𝑖      ℤ    𝑝  𝑖   


   𝛼  −    𝑎  𝑏   ∈  𝑌 


   𝛽  ∈    𝔸  𝐾  


   𝛽  =    ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝜄    𝐾  /  ℚ    (    𝛼  𝑖   ) 


     𝛼  1   ,  …  ,    𝛼  𝑛   ∈    𝔸  ℚ  


     𝛼  𝑖   =    𝑦  𝑖   +    𝑐  𝑖  


     𝑦  𝑖   ∈  𝑌 


     𝑐  𝑖   ∈  ℚ 


   𝛽  ∈  𝐾  +    ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝜄    𝐾  /  ℚ    (  𝑌  )  , 


     𝑋  ′  


     𝑏  𝑖   ∉    𝒪  𝑣  


   𝛼  ∈    𝑋  ′  


     𝛼  𝑣   ∈    𝒪  𝑣  


   |    𝑏  𝑖     |  𝑣   ≤    𝜖  𝑣  


   |    𝑏  𝑖     |  𝑣   ≤  2    𝜖  𝑣  


   𝐾  =    𝔽  𝑝   (  𝑡  ) 


     𝔸  𝐾   /  𝐾 


     𝑐  𝐾   (  𝛼  ) 


     𝑐  𝐾   (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾     ‖    𝛼  𝑣     ‖  𝑣   , 


   ‖    𝛼  𝑣     ‖  𝑣   =  |    𝛼  𝑣     |  𝑣  


   ‖    𝛼  𝑣     ‖  𝑣   =  |    𝛼  𝑣     |  𝑣  2  


     𝑐  𝐾   (  𝛼  )  >  𝐶 


   |  𝑎    |  𝑣   ≤  |    𝛼  𝑣     |  𝑣  


   𝑍  =    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   ×    ∏    𝑣  ∈  𝑆        𝐵  ¯     1  /  2    (  0  ) 


     𝐵    1  /  2    (  0  ) 


   1  /  2 


   𝑍 


   𝛼  𝑍 


     𝛽  ′  


   𝑎  =  𝛽  −    𝛽  ′  


   |  𝛽  −    𝛽  ′     |  𝑣   ≤  |  𝛼    |  𝑣  


     𝜖  𝑣   >  0 


   |  𝑎    |  𝑣   ≤    𝜖  𝑣  


   |  𝑎    |  𝑣   ≤  1 


   𝑣  ≠  𝑢 


     𝛼  𝑣   ∈    𝐾  𝑣  


   |    𝛼  𝑣     |  𝑣   ≤    𝜖  𝑣  


   |    𝛼  𝑣     |  𝑣   =  1 


     𝛼  𝑢   ∈    𝐾  𝑢  


   ‖    𝛼  𝑢     ‖  𝑢   >  𝐶    ∏    𝑣  ∈  𝑆    ‖    𝛼  𝑣     ‖  𝑣    −  1    . 


   𝛼  =  (    𝛼  𝑣     )  𝑣   ∈    𝔸  𝐾  


   |    𝑎  𝑣     |  𝑣   ≤  1 


   𝑣  ∉  𝑆  ∪  {  𝑢  } 


     𝔸  𝐾    ≠  𝑢    =    ∏    𝑣  ∈    𝑉  𝐾   −  {  𝑢  }    (    𝐾  𝑣   ,    𝒪  𝑣   )  . 


     𝔸  𝐾    ≠  𝑢   


   𝛼  ∈    𝔸  𝐾    ≠  𝑢   


     𝑉  𝑘   −  {  𝑢  } 


     𝛼  𝑣   ∉    𝒪  𝑣  


   |  𝑎  −    𝛼  𝑣     |  𝑣   ≤  𝛿 


   𝑣  ∉  𝑇 


     𝔸  𝐾   =  𝐾  +  𝑋 


     𝜖  𝑣   =  1 


   |  𝑏    |  𝑣   ≤    {              𝜖  𝑣    −  1    𝛿           if    𝑣  ∈  𝑇  ,          𝜖  𝑣    −  1             if    𝑣  ∉  𝑇  ∪  {  𝑢  }  .          


     𝔸  𝐾   =  𝑏    𝔸  𝐾   =  𝑏  𝑋  +  𝐾  . 


   𝛼  =  𝑏  𝑥  +  𝑎 


   |  𝑏    𝑥  𝑣     |  𝑣   ≤  𝛿 


   |  𝑏    𝑥  𝑣     |  𝑣   ≤  1 


   𝑣  ∉  𝑇  ∪  {  𝑢  } 


   𝑎  =    𝛼  𝑣   −  𝑏    𝑥  𝑣  


   𝑢  ∉  𝑆 


   |  𝑎  −    𝛼  𝑣     |  𝑣   <  𝜖 


     𝔸  𝐿     Gal   (  𝐿  /  𝐾  )    =    𝔸  𝐾  


   (    𝛼  𝑤     )  𝑤   ∈    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝐿  𝑤  


     𝛼  𝑤  


     𝛼  𝑤   ∈    𝐾  𝑣  


     ∏    𝑤  ∣  𝑣      𝐾  𝑣  


   (    𝛼  𝑤     )  𝑤  


   𝑎  ∈    𝐾  𝑣  


     ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   (    𝛼  𝑤     )  𝑤   ∈    ∏    𝑤  ∣  𝑣      𝒪  𝑤  


     𝔸  𝐾   =            (     lim    →     𝑆  ⊂    𝑉  𝐾         (    ∏    𝑣  ∈  𝑆      𝐾  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   )   , 


     𝑉  𝐿  


     𝔸  𝐿  𝐺   =            (     lim    →     𝑆  ⊂    𝑉  𝐾           (    ∏    𝑤  ∈    𝑆  𝐿       𝐿  𝑤   ×    ∏    𝑤  ∈    𝑉  𝐿   −    𝑆  𝐿       𝒪  𝑤   )   𝐺   =            (     lim    →     𝑆  ⊂    𝑉  𝐾     (    ∏    𝑣  ∈  𝑆    (    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝐿  𝑤     )  𝐺   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆    (    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝒪  𝑤     )  𝐺   )  =    𝔸  𝐾   . 


     𝑁    𝐿  /  𝐾            ∶      𝔸  𝐿   →    𝔸  𝐾  


     𝑁    𝐿  /  𝐾    (  𝛽  )  =  (    ∏    𝑤  ∣  𝑣      𝑁    𝐿  /  𝐾    (    𝛽  𝑤   )    )  𝑣  


   𝛽  ∈    𝔸  𝐿  


      Tr     𝐿  /  𝐾            ∶      𝔸  𝐿   →    𝔸  𝐾  


      Tr     𝐿  /  𝐾    (  𝛽  )  =  (    ∑    𝑤  ∣  𝑣       Tr     𝐿  /  𝐾    (    𝛽  𝑤   )    )  𝑣   . 


     𝛽  𝑤  


     𝑁    𝐿  /  𝐾    (    𝛽  𝑤   ) 


      Tr     𝐿  /  𝐾    (    𝛽  𝑤   ) 


     𝑁    𝐿  /  𝐾    (  𝛽    )  𝑣   =    𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )     and          Tr     𝐿  /  𝐾    (  𝛽    )  𝑣   =     Tr     𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  , 


     𝕀  𝐾  


     𝕀  𝐾   =    ∏    𝑣  ∈    𝑉  𝐾     (    𝐾  𝑣  ×   ,    𝒪  𝑣  ×   )  , 


     𝒪  𝑣  ×   =    𝐾  𝑣  ×  


     𝕀  𝐾   =    𝔸  𝐾  ×  


     𝜋  𝑣  


     ∏    𝑣  ∈    𝑉  𝐾       𝒪  𝑣  ×  


     𝕀  𝐾   →    𝔸  𝐾   ×    𝔸  𝐾   ,    𝛼  ↦  (  𝛼  ,    𝛼    −  1    )  . 


     𝑐  𝐾           ∶      𝕀  𝐾   →    ℝ    >  0   


     𝑐  𝐾   (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾     ‖    𝛼  𝑣     ‖  𝑣   . 


     𝕀  𝐾  1  


     𝑐  𝐾  


     𝑐  𝐾    −  1    (  (  1  −  𝜖  ,  1  +  𝜖  )  ) 


     ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  ×   ×    ∏    𝑣  ∈  𝑆      𝐵  𝛿   (  1  ) 


     𝐵  𝛿   (  1  )  ⊂    𝐾  𝑣  ×  


     𝑈  𝑣  


     𝐾  𝑣  ×  


   𝑈  =    ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  ×  


     ∏    𝑣  ∈  𝑆      𝑈  𝑣  


     𝒪  𝑣   −    𝒪  𝑣  ×  


   𝑈  ∩    𝕀  𝐾  1   =  (    ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   )  ∩    𝕀  𝐾  1   , 


     ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  


     𝕀  𝐾  1   /    𝐾  ×  


   𝑋  =  {  𝛽  ∈    𝕀  𝐾  1   ∣  |    𝛽  𝑣     |  𝑣   ≤  |    𝛼  𝑣     |  𝑣     for all    𝑣  ∈    𝑉  𝐾   }  , 


   𝛾  ∈    𝕀  𝐾  1  


   |  𝑎    |  𝑣   ≤  |    𝛾  𝑣    −  1      𝛼  𝑣     |  𝑣  


   𝛾  𝑎  ∈  𝑋 


     ℂ  𝐾  


     𝕀  𝐾   /    𝐾  ×  


   [  𝛼  ] 


   𝛼  ∈    𝕀  𝐾  


     𝑉    𝐾  ,  𝑓   


     ∏    𝑣  ∈    𝑉    𝐾  ,  𝑓        𝔭  𝑣    𝑣  (  𝛼  )    , 


     𝔭  𝑣  


     𝜋  𝐾           ∶      𝕀  𝐾   →    𝐼  𝐾  


     𝜋  𝐾   (    𝕀  𝐾  1   )  =    𝐼  𝐾  


     𝜋  𝔭  


   ‖    𝛼  𝑤     ‖  𝑤   =  |    𝜋  𝔭     |  𝔭    −  1   


     𝜋  𝐾    −  1    (  {  (  1  )  }  )  =    ∏    𝑣  ∈    𝑉  𝐾       𝒪  𝑣  ×  


     𝕀  𝐾  1   /    𝐾  ×   →     Cl   𝐾  


     𝜄    𝐿  /  𝐾            ∶      ℂ  𝐾   →    ℂ  𝐿  


     𝜄    𝐿  /  𝐾            ∶      𝕀  𝐾   →    𝕀  𝐿  


     𝕀  𝐿  


     𝕀  𝐾   ∩    𝐿  ×   =    𝐾  ×  


     𝕀  𝐾   ∩    𝑀  ×   =    𝐾  ×  


     𝕀  𝐾   ∩    𝑀  ×   =    𝕀  𝑀     Gal   (  𝑀  /  𝐾  )    ∩    𝑀  ×   =  (    𝑀  ×     )     Gal   (  𝑀  /  𝐾  )    =    𝐾  ×   , 


     𝑀  ×  


     𝕀  𝑀  


     ℂ  𝐿  


     𝕀  𝐿     Gal   (  𝐿  /  𝐾  )    =    𝕀  𝐾  


     ℂ  𝐿     Gal   (  𝐿  /  𝐾  )    =    ℂ  𝐾  


   0  →    𝐿  ×   →    𝕀  𝐿   →    ℂ  𝐿   →  0  , 


   0  →    𝐾  ×   →    𝕀  𝐾   →    ℂ  𝐿  𝐺   →    𝐻  1   (  𝐺  ,    𝐿  ×   )  . 


     𝑁    𝐿  /  𝐾            ∶      𝕀  𝐿   →    𝕀  𝐾  


     𝑁    𝐿  /  𝐾            ∶      ℂ  𝐿   →    ℂ  𝐾  


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =  1 


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝒪  𝑣  ×   ) 


     𝐺    𝐾  𝑣    ab   


     𝐷  𝑣  


     𝐺    𝐾  𝑣    ↪    𝐺  𝐾  


     𝐺    𝐾  𝑣   


     𝐺    𝐾  𝑣    ab    →    𝐺  𝐾   ab   


     𝐾  𝑣  ×     ⟶    𝜌    𝐾  𝑣       𝐺    𝐾  𝑣    ab      ⟶  ∼     𝐷  𝑣   ↪    𝐺  𝐾   ab   


   𝛼  ∈    𝐾  𝑣  ×  


     𝜌    𝐾  𝑣    (  𝛼  )    |    𝐾   ab    


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (  𝛼  )    |  𝐿   ∈   Gal   (  𝐿  /  𝐾  ) 


     Φ    𝐿  /  𝐾            ∶      𝕀  𝐾   →   Gal   (  𝐿  /  𝐾  ) 


     Φ    𝐿  /  𝐾    (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )    |  𝐿   , 


     Φ    𝐿  /  𝐾    (  𝛼  )  =    Φ    𝑀  /  𝐾    (  𝛼  )    |  𝐿  


   𝑤  ∈    𝑉  𝐿  


   𝑢  ∈    𝑃  𝑀  


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    𝜌      𝑀  𝑢   /    𝐾  𝑣     (    𝛼  𝑣   )    |    𝐿  𝑤    , 


             (     lim    ←   𝐿         Φ    𝐿  /  𝐾    (  𝛼  )  , 


     Φ  𝐾           ∶      𝕀  𝐾   →    𝐺  𝐾   ab   


     Φ  𝐾   =            (     lim    ←   𝐿         Φ    𝐿  /  𝐾    , 


           Φ  𝐾   (  𝛼  )  =            (     lim    ←   𝐿         Φ    𝐿  /  𝐾    (  𝛼  )  =            (     lim    ←   𝐿       ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )    |  𝐿         =    ∏    𝑣  ∈    𝑉  𝐾     (            (     lim    ←     𝐿  𝑤          𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       𝜌    𝐾  𝑣    (    𝛼  𝑣   )    |    𝐾   ab     ,    


     Φ  𝐾   (  𝑎  )  =  1 


     Φ    𝐿  /  𝐾   


     𝐾  ×     𝑁    𝐿  /  𝐾    (    𝕀  𝐿   ) 


     𝜙  𝐾           ∶      ℂ  𝐾   →    𝐺  𝐾   ab   


     Φ  𝐾  


     𝜙    𝐿  /  𝐾            ∶      ℂ  𝐾   →   Gal   (  𝐿  /  𝐾  ) 


     𝜙  𝐾  


     ℂ  𝐾   /    𝑁    𝐿  /  𝐾      ℂ  𝐿     ⟶  ∼    Gal   (  𝐿  /  𝐾  )  . 


     ℂ  𝐾  ∘  


     𝕀  𝐾   →    𝕀  𝐿  


   𝛽  ∈    ℂ  𝐿  


             𝜙  𝐿   (  𝛽  )    |    𝐾   ab     =    ∏    𝑤  ∈    𝑉  𝐿       𝜌    𝐿  𝑤    (    𝛽  𝑤   )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       ∏    𝑤  ∣  𝑣      𝜌    𝐿  𝑤    (    𝛽  𝑤   )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       ∏    𝑤  ∣  𝑣      𝜌    𝐾  𝑣    (    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝛽  𝑤   )    |    𝐾   ab           =    ∏    𝑣  ∈    𝑉  𝐾       𝜌    𝐾  𝑣    (    𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )    𝑤  ∣  𝑣    )  )    |    𝐾   ab     =    𝜙  𝐾   (    𝑁    𝐿  /  𝐾    𝛽  )  ,      


     𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ∩    𝑁    𝑀  /  𝐾      ℂ  𝑀   =    𝑁    𝐿  𝑀  /  𝐾      ℂ    𝐿  𝑀   


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ⋅    𝑁    𝑀  /  𝐾      ℂ  𝑀   =    𝑁    (  𝐿  ∩  𝑀  )  /  𝐾      ℂ    𝐿  ∩  𝑀   


     𝑁    𝑀  /  𝐾      ℂ  𝑀   ⊆    𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ≠    𝑁    𝑀  /  𝐾      ℂ  𝑀  


     𝑚  𝑣   =  𝑣  (    𝔪  𝑓   ) 


     𝑚  𝑣   =  1 


     𝑈  1   (    𝐾  𝑣   ) 


     𝐾  𝑣   =  ℝ 


   𝑣  ∣  𝔪 


     𝕀  𝐾  𝔪  


     𝕀  𝐾  𝔪   =  {  𝛼  ∈    𝕀  𝐾   ∣    𝛼  𝑣   ∈    𝑈    𝑚  𝑣    (    𝐾  𝑣   )    for all    𝑣  ∣  𝔪  }  . 


     𝑊  𝔪   =    ∏          𝑣  ∈    𝑉  𝐾            𝑣  ∣  𝔪         𝑈    𝑚  𝑣    (    𝐾  𝑣   )  ×    ∏          𝑣  ∈    𝑉  𝐾            𝑣  ∤  𝔪         𝒪  𝑣  ×   . 


     𝜋  𝐾  𝔪           ∶      𝕀  𝐾  𝔪   →    𝐼  𝐾  𝔪  


     𝜋  𝐾  𝔪   (  𝛼  )  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝔭  𝑣    𝑣  (    𝛼  𝑣   )    . 


     𝑊  𝔪  


     𝜄  𝐾  𝔪           ∶      𝕀  𝐾  𝔪   /    𝐾    𝔪  ,  1      ⟶  ∼     ℂ  𝐾   . 


     𝜋  𝐾  𝔪  


   𝑣  ∤  𝔪 


     𝐾  ×   ∩    𝕀  𝐾  𝔪   =    𝐾    𝔪  ,  1   


     𝑈    𝑚  𝑣    (    𝐾  𝑣   ) 


     𝛼  𝑣     𝑏    −  1    ∈    𝑈    𝑚  𝑣    (    𝐾  𝑣   ) 


   𝛼    𝑏    −  1    ∈    𝕀  𝐾  𝔪  


   𝛼  ∈    𝕀  𝐾  𝔪     𝐾  ×  


     𝕀  𝐾   =    𝕀  𝐾  𝔪     𝐾  ×  


     𝜄  𝐾  𝔪  


     𝜂  𝐾  𝔪  


     𝜂  𝐾  𝔪   =      𝜋  ¯   𝐾  𝔪   ∘  (    𝜄  𝐾  𝔪     )    −  1            ∶      ℂ  𝐾   →     Cl   𝐾  𝔪   , 


       𝜋  ¯   𝐾  𝔪           ∶      𝕀  𝐾  𝔪   /    𝐾    𝔪  ,  1    →     Cl   𝐾  𝔪  


     𝜓    𝐿  /  𝐾   𝔪           ∶         Cl   𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     𝜙    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐾   𝔪   ∘    𝜂  𝐾  𝔪  


   𝛼  ∈    𝕀  𝐾  𝔪  


   𝔞  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝔭  𝑣    𝑣  (    𝛼  𝑣   )    , 


   [  𝔞    ]  𝔪   =    𝜂  𝐾  𝔪   (  [  𝛼  ]  ) 


          (10.5.1)               𝜓    𝐿  /  𝐾   𝔪   (  [  𝔞    ]  𝔪   )  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜓    𝐿  /  𝐾   𝔪   (  [    𝔭  𝑣     ]  𝔪     )    𝑣  (    𝛼  𝑣   )    =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪       (    𝔭  𝑣   ,  𝐿  /  𝐾    )    𝑣  (    𝛼  𝑣   )    =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  .    


     𝔣    𝐿  /  𝐾  ,  𝑓      𝒪  𝑣   =    𝔣      𝐿  𝑤   /    𝐾  𝑣    


     𝛼  𝑣   ≡  1         mod           𝔣      𝐿  𝑤   /    𝐾  𝑣    


   |          |  𝜏  


   𝜏  (    𝛼  𝑣   )  >  0 


     ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    Φ    𝐿  /  𝐾    (  𝛼  )  , 


     Φ  ℚ  


   𝑞  ∉  {  𝑝  ,  ℓ  } 


     𝜌    ℚ  𝑞    (  ℓ  ) 


   ℓ  >  0 


     𝜌  ℝ   (  ℓ  )  =  1 


     Φ  ℚ   (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘    . 


     Φ  ℚ   (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  ⋅    𝜌    ℚ  𝑝    (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  (    𝜁    𝑝  𝑘     ℓ    −  1     )  =    𝜁    𝑝  𝑘    , 


     𝜌    ℚ  𝑞    (  −  1  ) 


   𝑞  ≠  𝑝 


     𝜌    ℚ  𝑝    (  −  1  ) 


     𝜌  ℝ   (  −  1  ) 


     Φ  ℚ   (  −  1  )  (    𝜁    𝑝  𝑘    )  =    𝜌  ℝ   (  −  1  )  ⋅    𝜌    ℚ  𝑝    (  −  1  )  (    𝜁    𝑝  𝑘    )  =    𝜌  ℝ   (  −  1  )  (    𝜁    𝑝  𝑘     −  1    )  =    𝜁    𝑝  𝑘    . 


     𝕀  ℚ  𝑓   =    ∏    𝑝    prime     (    ℚ  𝑝  ×   ,    ℤ  𝑝  ×   ) 


     𝕀  ℚ  


     𝕀  ℚ   =    𝕀  ℚ  𝑓   ×    ℝ  ×   . 


     𝜌  ℝ  


     𝕀  ℚ  𝑓   ×  {  ±  1  } 


     𝕀  ℚ   /    ℚ  ×     ℝ    >  0    ≅  (    𝕀  ℚ  𝑓   ×  {  ±  1  }  )  /    ℚ  ×   ≅    𝕀  ℚ  𝑓   /    ℚ    >  0    . 


     𝕀  ℚ  𝑓   →    ℚ    >  0   


     ∏  𝑝     𝑝      𝑣  𝑝   (    𝛼  𝑝   )   


       ℤ  ˆ   ×   =    ∏  𝑝     ℤ  𝑝  ×  


     ℚ    >  0    →    𝕀  ℚ  𝑓  


     𝕀  ℚ   /    ℚ  ×     ℝ    >  0    ≅      ℤ  ˆ   ×   , 


     𝜙  ℚ           ∶      ℂ  ℚ   →    𝐺  ℚ   ab   


       ℤ  ˆ   ×  


   𝜙          ∶        ℤ  ˆ   ×   →    𝐺  ℚ   ab   


   𝜒          ∶      𝐺  ℚ   ab    →      ℤ  ˆ   ×  


   𝜙  (  𝑎  )  (  𝜁  )  =    𝜁    𝑎    −  1    


   𝑎  =  (    𝑎  𝑝     )  𝑝   ∈      ℤ  ˆ   ×  


   𝜙  (  𝑎  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  𝑝    (    𝑎  𝑝   )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝑎    −  1     , 


     𝑎    −  1   


     𝜙  ℚ  


      Ind     𝐺  𝑢   𝐺   (    𝐿  𝑢  ×   )  ≅    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×      and          Ind     𝐺  𝑢   𝐺   (    𝒪  𝑢  ×   )  ≅    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   . 


   𝜎          ∶      𝐿  𝑢   →    𝐿    𝜎  (  𝑢  )   


      Ind     𝐺  𝑢   𝐺   (    𝐿  𝑢   )  =  ℤ  [  𝐺  ]    ⊗    ℤ  [    𝐺  𝑢   ]      𝐿  𝑢   →    ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   (  𝜎  ,  𝛽  ) 


   𝛽  ∈    𝐿  𝑢  


   𝜎  (  𝛽  )  ∈    𝐿    𝜎  (  𝑢  )   


   𝜎  =    𝜎  ′   𝜏 


   𝜏  ∈    𝐺  𝑢  


   (    𝜎  ′   ,  𝜏  (  𝛽  )  ) 


       𝐻  ˆ   𝑖   (    𝐺  𝑢   ,    𝐿  𝑢  ×   )  ≅      𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   )     and         𝐻  ˆ   𝑖   (    𝐺  𝑢   ,    𝒪  𝑢  ×   )  ≅      𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   ) 


     𝕀    𝐿  ,  𝑆    =    ∏    𝑣  ∈  𝑆      ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   ×    ∏    𝑣  ∉  𝑆      ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   . 


     𝕀  𝐿   =            (     lim    →   𝑆         𝕀    𝐿  ,  𝑆   


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  ≅    ⨁    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   ) 


   𝑖  ∈  𝑍 


               𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )     ≅    ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   )  ×    ∏    𝑣  ∉  𝑆        𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   )            ≅    ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  ×    ∏    𝑣  ∉  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝒪  𝑤  ×   )  ,    


       𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝒪  𝑤  ×   )  =  0 


   |      𝐻  ˆ   0   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  |  =    ∏    𝑣  ∈  𝑆    |    𝐺  𝑤   | 


     𝐻  1   (  𝐺  ,    𝕀    𝐿  ,  𝑆    ) 


     𝐻  2   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  =    ⨁    𝑣  ∈  𝑆      1    |    𝐺  𝑤   |    ℤ  /  ℤ 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾         𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   ) 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅            (     lim    →   𝑆           𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  , 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅            (     lim    →   𝑆       ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾         𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  . 


     𝐻  1   (  𝐺  ,    𝕀  𝐿   )  =  0 


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾       1    |    𝐺  𝑤   |    ℤ  /  ℤ  . 


     𝕀  𝐿   →    𝐼  𝐿  


     ℂ  𝐿   →     Cl   𝐿  


     𝕀  𝐾   =    𝕀    𝐾  ,  𝑆      𝐾  ×  


     𝕀  𝐾   →    𝐼  𝐾  


     ℂ  𝐾   →     Cl   𝐾  


     𝕀    𝐾  ,  𝑆   


     𝕀  𝐾   /    𝕀    𝐾  ,  𝑆      𝐾  ×   =  0 


     𝒪  𝑤  ×   =    𝐿  𝑤  ×  


     𝒪    𝐾  ,  𝑆   


     𝒪    𝐾  ,  𝑆   ×  


     𝕀    𝐾  ,  𝑆    ∩    𝐾  ×   =    𝒪    𝐾  ,  𝑆   ×  


     𝒪    𝐿  ,  𝑆   


      rank   ℤ       𝒪    𝐾  ,  𝑆   ×   =  |  𝑆  |  −  1  . 


      rank   ℤ       𝒪  𝐾   =    𝑟  1   (  𝐾  )  +    𝑟  2   (  𝐾  )  −  1 


   1  →    𝒪  𝐾  ×   →    𝒪    𝐾  ,  𝑆   ×     ⟶      ∑    𝑣  ∈    𝑆  𝑓     𝑣      ⨁    𝑣  ∈    𝑆  𝑓     ℤ  , 


     𝑆  𝑓  


   𝑣  ∈    𝑆  𝑓  


   ℎ  (    ℂ  𝐿   )  =  [  𝐿  ∶  𝐾  ] 


     ℂ  𝐿   ≅    𝕀    𝐿  ,  𝑆    /    𝒪    𝐿  ,  𝑆   ×  


   ℎ  (    ℂ  𝐿   )  =      ℎ  (    𝕀    𝐿  ,  𝑆    )     ℎ  (    𝒪    𝐿  ,  𝑆   ×   )    . 


   ℤ  [  𝐺  ] 


   𝐴  ≅    ⨁    𝑣  ∈  𝑆       Ind     𝐺  𝑤   𝐺   (  ℤ  ) 


   ℎ  (  𝐴  )  ≅    ∏    𝑣  ∈  𝑆    ℎ  (    𝐺  𝑤   ,  ℤ  )  =    ∏    𝑣  ∈  𝑆      𝑛  𝑣   , 


     𝑛  𝑣  


     ℓ    𝐿  ,  𝑆            ∶      𝒪    𝐿  ,  𝑆   ×   →  𝑉 


     ℓ    𝐿  ,  𝑆    (  𝛽  )  =  (   log     ‖  𝛽    ‖  𝑤     )    𝑤  ∈    𝑆  𝐿     . 


    ker       ℓ    𝐿  ,  𝑆   


     𝐵  0  


     ℓ    𝐿  ,  𝑆   


     𝑉  0  


     𝒪    𝐿  ,  𝑆   ×  


   𝑥  =  (  1    )    𝑤  ∈    𝑆  𝐿     ∈    𝑉  𝐺  


   𝐵  =  ℤ  𝑥  +    𝐵  0   , 


   0  →    𝐵  0   →  𝐵  →  ℤ  𝑥  →  0  , 


   ℎ  (  𝐵  )  =  ℎ  (    𝐵  0   )  ℎ  (  ℤ  )  =  𝑛  ℎ  (    𝒪    𝐿  ,  𝑆   ×   ) 


   ℎ  (  𝐴  )  =  ℎ  (  𝐵  ) 


   ℎ  (    𝒪    𝐿  ,  𝑆   ×   )  =    1  𝑛   ℎ  (  𝐴  )  =    1  𝑛     ∏    𝑣  ∈  𝑆      𝑛  𝑣   . 


   ℎ  (    𝕀    𝐿  ,  𝑆    ) 


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  ≥  [  𝐿  ∶  𝐾  ] 


       𝐻  ˆ   0   (  𝐺  ,    ℂ  𝐿   ) 


     𝐸  𝑤   /    𝐾  𝑣  


     𝑁      𝐸  𝑤   /    𝐾  𝑣       𝐸  𝑤  ×   =    𝐾  𝑣  ×  


     𝑁    𝐸  /  𝐾      𝕀    𝐸  ,  𝑆    =    𝕀    𝐾  ,  𝑆   


     𝐾  ×     𝕀    𝐾  ,  𝑆    =    𝕀  𝐾  


     𝑁    𝐸  /  𝐾      ℂ  𝐸   =    ℂ  𝐾  


   𝐸  =  𝐾 


     𝐿  1   ,  …  ,    𝐿  𝑡  


     𝐿  𝑖  


     𝐿  𝑗  


     𝐿  1  


     ℐ  𝑇   =    ∏    𝑣  ∈  𝑆  −  𝑇      𝐾  𝑣  ×   ×    ∏    𝑣  ∈  𝑇      𝐾  𝑣    ×  𝑛    ×    ∏    𝑣  ∉  𝑆      𝒪  𝑣  ×   . 


     𝜇  𝑛   ⊂  𝐾 


   Δ  =    𝐾  ×   ∩    ℐ  𝑇  


   𝐿  =  𝐾  (    Δ    1  /  𝑛    ) 


   𝑆  −  𝑇 


   𝑎  ∈  Δ 


     𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣  


   𝑣  ∈  𝑆  −  𝑇 


   ⟨  𝑎  ⟩    𝐾  𝑣    ×  𝑛   


   𝑎  ∈    𝐾  𝑣    ×  𝑛   


     𝐾  𝑣   (    𝑎    1  /  𝑛    )  =    𝐾  𝑣  


   𝐴  ≤  𝐵 


   [  𝐴  ∶  𝐵  ]  =  [  𝐴  𝐶  ∶  𝐵  𝐶  ]  [  𝐴  ∩  𝐶  ∶  𝐵  ∩  𝐶  ]  . 


       𝐴  𝐶     𝐵  𝐶    ≅      𝐴  𝐶  /  𝐶     𝐵  𝐶  /  𝐶    ≅      𝐴  /  (  𝐴  ∩  𝐶  )     (  𝐴  ∩  𝐵  𝐶  )  /  (  𝐴  ∩  𝐶  )    ≅    𝐴    (  𝐴  ∩  𝐶  )  𝐵    ≅      𝐴  /  𝐵     (  𝐴  ∩  𝐶  )  𝐵  /  𝐵    , 


   (  𝐴  ∩  𝐶  )  𝐵  /  𝐵  ≅  (  𝐴  ∩  𝐶  )  /  (  𝐵  ∩  𝐶  ) 


     𝑆  1  


     𝑆  2   =  𝑆  −    𝑆  1  


     Δ  𝑖   =    𝐾  ×   ∩    ℐ    𝑆  𝑖   


     𝐿  𝑖   =  𝐿  (    Δ  𝑖    1  /  𝑛    ) 


     ℐ    𝑆  1    ⊆    𝑁      𝐿  2   /  𝐾      𝕀    𝐿  2   


     ℐ    𝑆  2    ⊆    𝑁      𝐿  1   /  𝐾      𝕀    𝐿  1   


   [    ℂ  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  [    ℂ  𝐾   ∶    𝐾  ×     ℐ    𝑆  2    ]  =  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ] 


   𝛼  =  (    𝛼  𝑣     )  𝑣   ∈    ℐ    𝑆  𝑖   


   {  𝑖  ,  𝑗  }  =  {  1  ,  2  } 


   𝐸  =    𝐿  𝑗  


   𝑣  ∈    𝑆  𝑖  


     𝛼  𝑣   ∈    𝐾  𝑣    ×  𝑛   


     𝑁      𝐸  𝑤   /    𝐾  𝑣       𝐸  𝑤  ×  


   𝑣  ∈    𝑆  𝑗  


     𝛼  𝑣   ∈    𝒪  𝑣  ×  


     𝒪  𝑣  ×  


   𝛼  ∈    𝑁    𝐸  /  𝐾      𝕀  𝐸  


     ℐ    𝑆  𝑖    ⊆    𝑁    𝐸  /  𝐾      𝕀  𝐸  


   [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  =  [    𝐾  ×     𝕀    𝐾  ,  𝑆    ∶    𝐾  ×     ℐ    𝑆  1    ]  =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]     [    𝐾  ×   ∩    𝕀    𝐾  ,  𝑆    ∶    𝐾  ×   ∩    ℐ    𝑆  1    ]    =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]     [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]    . 


     𝕀    𝐾  ,  𝑆    /    ℐ    𝑆  1    ≅    ∏    𝑣  ∈    𝑆  1       𝐾  𝑣  ×   /    𝐾  𝑣    ×  𝑛    , 


   [    𝐾  𝑣  ×   ∶    𝐾  𝑣    ×  𝑛    ]  =    𝑛  2   ⋅  ‖  𝑛    ‖  𝑣    −  1    , 


     𝐾  𝑣  ×   ≅  ℤ  ×  𝜇  (    𝐾  𝑣   )  ×    ℤ  𝑝    [    𝐾  𝑣   ∶    ℚ  𝑝   ]   


     𝜇  𝑛   ⊆  𝜇  (    𝐾  𝑣   ) 


   𝑠  =  |  𝑆  | 


   [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]  [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  2    ]  =    𝑛    2  𝑠      ∏    𝑣  ∈  𝑆    ‖  𝑛    ‖  𝑣    −  1    =    𝑛    2  𝑠      ∏    𝑣  ∉  𝑆    ‖  𝑛    ‖  𝑣   =    𝑛    2  𝑠   


   [    𝒪    𝐾  ,  𝑆    ∶    𝒪    𝐾  ,  𝑆     ×  𝑛    ]  =    𝑛  𝑠  


     𝒪    𝐾  ,  𝑆   ×   ≅    ℤ    𝑠  −  1    ×  𝜇  (  𝐾  ) 


   [    Δ  1   ∶    𝒪    𝐾  ,  𝑆     ×  𝑛    ]  =  [    𝐿  1   ∶  𝐾  ] 


   [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]  [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  2   ]  =    𝑛    2  𝑠    (  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ]    )    −  1    , 


   [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  2    ]  =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]  [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  2    ]     [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]  [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  2   ]    =  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ]  , 


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ] 


   [  𝐿  ∶  𝐾  ]  =    𝑝  𝑘  


     𝑎  1   ,  …  ,    𝑎  𝑘   ∈    𝐾  ×  


   𝐿  =  𝐾  (    𝑎  1    1  /  𝑝    ,  …  ,    𝑎  𝑘    1  /  𝑝    ) 


     𝑆  2  


   𝑆  =    𝑆  1   ∪    𝑆  2  


     𝐾  ×     ℐ    𝑆  2    =    𝕀  𝐾  


     𝐿  2   =  𝐿 


   [    ℂ  𝐾   ∶    𝑁      𝐿  1   /  𝐾      ℂ    𝐿  1    ]  =  1 


     𝐿  1   =  𝐾 


   𝑣  (    𝑎  𝑖   )  ≠  0 


     𝐾  ×     𝕀    𝐾  ,    𝑆  1     =    𝕀  𝐾  


     𝑎  𝑖   ∈    𝒪    𝐾  ,    𝑆  1    ×  


     𝑏  1   ,  …  ,    𝑏  𝑡   ∈    𝒪    𝐾  ,    𝑆  1    ×  


     𝑎  1   ,  …  ,    𝑎  𝑘   ,    𝑏  1   ,  …  ,    𝑏  𝑡  


     𝒪    𝐾  ,    𝑆  1    ×   /    𝒪    𝐾  ,    𝑆  1      ×  𝑝   


     𝑆  2   =  {    𝑣  1   ,  …  ,    𝑣  𝑡   } 


   𝐾  (    𝑏  𝑖    1  /  𝑝    )  /  𝐾 


   𝐾  (    𝑏  𝑗    1  /  𝑝    )  /  𝐾 


   𝑛  =  𝑝 


     𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    =    ∏    𝑣  ∈    𝑆  1       𝐾  𝑣  ×   ×    ∏    𝑣  ∈    𝑆  2       𝒪  𝑣    ×  𝑝    ×    ∏    𝑣  ∉  𝑆      𝒪  𝑣  ×   . 


     𝕀    𝐾  ,    𝑆  1     /  (    𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    )  ≅    ∏    𝑖  =  1   𝑡     𝒪    𝑣  𝑖   ×   /    𝒪    𝑣  𝑖     ×  𝑝    , 


     𝐾    𝑣  𝑖   


     𝜇  𝑝   ⊂    𝐾    𝑣  𝑖   ×  


     𝒪    𝑣  𝑖   ×   /    𝒪    𝑣  𝑖     ×  𝑝    ≅  ℤ  /  𝑝  ℤ 


     𝑏  𝑖   ∈    𝕀    𝐾  ,    𝑆  1    


   1  ≤  𝑖  ,  𝑗  ≤  𝑡 


     𝑏  𝑖   ∉    𝒪    𝑣  𝑗     ×  𝑝   


   𝑖  =  𝑗 


     𝕀    𝐾  ,    𝑆  1     /  (    𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    ) 


     𝐾  ×     ℐ    𝑆  2    =    𝐾  ×     𝕀    𝐾  ,    𝑆  1     =    𝕀  𝐾  


     ℐ    𝑆  2    ⊆    𝕀    𝐾  ,    𝑆  1       𝕀  𝐾  𝑝   =    𝕀    𝐾  ,    𝑆  1     (    𝐾  ×     𝕀    𝐾  ,    𝑆  1       )  𝑝   =    𝕀    𝐾  ,    𝑆  1       𝐾    ×  𝑝   


     Δ  2   =    ℐ    𝑆  2    ∩    𝐾  ×   ⊆    𝒪    𝐾  ,    𝑆  1    ×     𝐾    ×  𝑝    , 


     Δ  2     𝐾    ×  𝑝    /    𝐾    ×  𝑝   


   𝑣  ∈    𝑆  2  


     𝒪    𝐾  ,    𝑆  1    ×     𝐾    ×  𝑝    /    𝐾    ×  𝑝   


     𝑣  𝑗  


   𝐾  (    𝑎  𝑖    1  /  𝑝    ) 


     𝑎  𝑖   ∈    𝒪    𝑣  𝑗     ×  𝑝   


     𝑎  𝑖   ∈    Δ  2  


   ⟨    𝑏  1   ,  …  ,    𝑏  𝑡   ⟩ 


     𝒪    𝑣  𝑗   ×   /    𝒪    𝑣  𝑗     ×  𝑝   


     Δ  2     𝐾    ×  𝑝   


   𝛼  ∈    ℂ  𝐾  


     𝛼    [  𝐿  ∶  𝐾  ]    ∈    𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝕀  𝐿   =    𝕀    𝐿  ,  𝑆      𝐿  ×  


     𝕀  𝐾   =    𝕀    𝐾  ,  𝑆      𝐾  ×  


         [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  =  [    𝕀  𝐾   ∶    𝐾  ×     𝑁    𝐿  /  𝐾      𝕀  𝐿   ]  =  [    𝐾  ×     𝕀    𝐾  ,  𝑆    ∶    𝐾  ×     𝑁    𝐿  /  𝐾      𝕀    𝐿  ,  𝑆    ]        ≤  [    𝕀    𝐾  ,  𝑆    ∶    𝑁    𝐿  /  𝐾      𝕀    𝐿  ,  𝑆    ]  =    ∏    𝑣  ∈  𝑆    [    𝐿  𝑤   ∶    𝐾  𝑣   ]  ,    


     𝑛    𝐸  /  𝐹    =  [    ℂ  𝐹   ∶    𝑁    𝐸  /  𝐹      ℂ  𝐸   ] 


     𝑛    𝑀  /  𝐾   


     𝑛    𝑀  /  𝐿      𝑛    𝐿  /  𝐾   


     𝑛    𝑀  /  𝐾    =  [    𝑁    𝐿  /  𝐾      ℂ  𝐿   ∶    𝑁    𝑀  /  𝐾      ℂ  𝑀   ]    𝑛    𝐿  /  𝐾    . 


     ℂ  𝐿   /    𝑁    𝑀  /  𝐿      ℂ  𝑀   →    𝑁    𝐿  /  𝐾      ℂ  𝐿   /    𝑁    𝑀  /  𝐾      ℂ  𝑀  


   [    𝑁    𝐿  /  𝐾      ℂ  𝐿   ∶    𝑁    𝑀  /  𝐾      ℂ  𝑀   ] 


     𝑛    𝑀  /  𝐿   


     𝑛    𝑀  /  𝐿    ∣  [  𝑀  ∶  𝐿  ] 


     𝑛    𝐿  /  𝐾    ∣  [  𝐿  ∶  𝐾  ] 


     𝑛    𝑀  /  𝐾    ∣  [  𝑀  ∶  𝐾  ] 


     𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


     𝐻  1   (  𝐺  ,    ℂ  𝐿   )  =  0 


   (  𝑖  ,  𝑟  )  =  (  0  ,  1  )  ,  (  1  ,  0  )  ,  (  2  ,  1  ) 


     𝑛    𝐿  /  𝐾    =  |      𝐻  ˆ   0   (  𝐺  ,    ℂ  𝐿   )  | 


     𝑛    𝐿  /  𝐾    ∣    𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾   


     𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾    ∣    𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾  (    𝜇  𝑝   )      𝑛    𝐾  (    𝜇  𝑝   )  /  𝐾    . 


     𝑛    𝐾  (    𝜇  𝑝   )  /  𝐾   


     𝑛    𝐿  /  𝐾   


     𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾  (    𝜇  𝑝   )   


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  ≤  [  𝐿  ∶  𝐾  ]  . 


   𝑎  ∈    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝐿  𝑤  ×  


   𝑎  ∈    𝑁    𝐿  /  𝐾      𝐿  ×  


     𝐻  2   (  𝐺  ,    𝐿  ×   )  →    𝐻  2   (  𝐺  ,    𝕀  𝐿   ) 


     𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×   →    ⨁    𝑣  ∈    𝑉  𝐾       𝐾  ×   /    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝐿  𝑤  ×  


     𝐿  𝑤   /    𝐾  𝑣  


     𝐻  1   (  𝐺  ,    ℂ  𝐿   ) 


    Br   (  𝐿  /  𝐾  )  =    𝐻  2   (  𝐺  ,    𝐿  ×   )  →    𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈  𝑆     Br   (    𝐿  𝑤   /    𝐾  𝑣   ) 


    Br   (  𝐾  )  ↪    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐾  𝑣   )  . 


      inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


    Br   (  𝐾  )  →   Br   (    𝐾  𝑣   ) 


      inv     𝐾  𝑣   


      inv   ℝ  


    Br   (  ℝ  ) 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


      inv   𝑣  


      inv   𝑣           ∶      𝐻  2   (  𝐺  ,    𝕀  𝐿   )  →   Br   (    𝐾  𝑣   )    ⟶     inv     𝐾  𝑣     ℚ  /  ℤ  . 


   𝜒  ∈   Hom   (  𝐺  ,  ℚ  /  ℤ  ) 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (    𝛼  ¯   ∪  𝛿  𝜒  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  , 


   𝛿          ∶      𝐻  1   (  𝐺  ,  ℚ  /  ℤ  )  →    𝐻  2   (  𝐺  ,  ℤ  ) 


       𝐻  ˆ   0   (  𝐺  ,    𝕀  𝐿   ) 


      inv   𝑣   (    𝛼  ¯   ∪  𝛿  𝜒  )  =     inv     𝐾  𝑣    (      𝛼  𝑣   ‾   ∪  𝛿    𝜒  𝑣   )  , 


       𝛼  𝑣   ‾  


       𝐻  ˆ   0   (    𝐺  𝑣   ,    𝐿  𝑤  ×   ) 


     𝜒  𝑣   ∈    𝐻  1   (    𝐺  𝑣   ,  ℚ  /  ℤ  ) 


      inv     𝐾  𝑣    (      𝛼  𝑣   ‾   ∪  𝛿    𝜒  𝑣   )  =    𝜒  𝑣   (    𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )  . 


   𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  =    ∑    𝑣  ∈    𝑉  𝐾       𝜒  𝑣   (    𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )  , 


   𝐾  (    𝜇  𝑁   ) 


     Φ    𝐿  /  𝐾    (  𝑎  )  =  1 


   𝐸  =  ℚ  (    𝜇  𝑁   ) 


     Φ    𝐿  /  𝐾    (  𝑎  )    |  𝐸   =    Φ    𝐸  /  ℚ    (    𝑁    𝐾  /  ℚ    (  𝑎  )  ) 


   𝐺  →   Gal   (  𝐸  /  ℚ  ) 


   𝜁  −    𝜁    −  1   


     𝑢  𝑔   ∈      𝐻  ˆ     −  2    (  𝐺  ,  ℤ  ) 


       𝐻  ˆ   0   (  𝐺  ,  ℤ  ) 


     𝜒  ˜           ∶    𝐺  →  ℤ  /  𝑛  ℤ 


     𝑢  𝑔   ∪  𝛿  𝜒  =    𝜒  ˜   (  𝑔  )  ∈  ℤ  /  𝑛  ℤ  . 


     𝑢  𝑔  


   𝜒  (  𝑔  )  =    1  𝑛  


       𝐻  ˆ   𝑖   (  𝐺  ,  𝐴  )  →      𝐻  ˆ     𝑖  +  2    (  𝐺  ,  𝐴  )  ,    𝑐  ↦  𝛿  𝜒  ∪  𝑐 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


   𝛽  ∈   Br   (  𝐾  ) 


      inv   𝑣   (  𝛽  ) 


    Br   (    𝐿  𝑤   /    𝐾  𝑣   ) 


    Br   (    𝐾  𝑣   ) 


   𝛽  ∈   Br   (  𝐿  /  𝐾  ) 


   𝑏  ∪  𝛿  𝜒  =  𝛽 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (  𝛽  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝑏  )  )  , 


     Φ    𝐿  /  𝐾    (  𝑏  )  =  0 


   𝜒  (    Φ    𝐿  /  𝐾    (  𝑎  )  )  =  0 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (    𝑎  ¯   ∪  𝛿  𝜒  ) 


     ℂ  𝐾   ↪    ℂ  𝐿  


    inv           ∶      𝐻  2   (    𝐺  𝐾   ,    ℂ    𝐾   sep     )  →  ℚ  /  ℤ 


     ℂ    𝐾   sep     =            (     lim    →   𝐿         ℂ  𝐿  


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐿  𝑤   /    𝐾  𝑣   )  , 


   0  →   Br   (  𝐿  /  𝐾  )  →    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐿  𝑤   /    𝐾  𝑣   )  →    𝐻  2   (  𝐺  ,    ℂ  𝐿   )  . 


      inv       𝐿  𝑤   /    𝐾  𝑣             ∶       Br   (    𝐿  𝑤   /    𝐾  𝑣   )    ⟶  ∼     1    |    𝐺  𝑤   |    ℤ  /  ℤ  , 


     ∑    𝑣  ∈    𝑉  𝐾        inv       𝐿  𝑤   /    𝐾  𝑣             ∶      ⨁    𝑣  ∈  𝑆     Br   (    𝐿  𝑤   /    𝐾  𝑣   )  →    1    |  𝐺  |    ℤ  /  ℤ 


        inv   ˜     𝐿  /  𝐾            ∶      𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ↠    1    |  𝐺  |    ℤ  /  ℤ 


        inv   ˜     𝐿  /  𝐾   


      inv     𝐿  /  𝐾            ∶      𝐵    𝐿  /  𝐾    ↠    1    |  𝐺  |    ℤ  /  ℤ 


     𝐵    𝐿  /  𝐾   


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  →    𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


     𝐵    𝐿  /  𝐾    =    𝐻  2   (  𝐺  ,    ℂ  𝐾   ) 


      inv     𝐿  /  𝐾   


      inv     𝐿  /  𝐾            ∶      𝐻  2   (  𝐺  ,    ℂ  𝐿   )    ⟶  ∼     1    |  𝐺  |    ℤ  /  ℤ 


     𝐻  3   (  𝐺  ,    𝐿  ×   )  ≅    𝐻  1   (  𝐺  ,    𝐿  ×   )  =  0 


     𝐵    𝐿  /  𝐾    =    𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


   𝐻  =   Gal   (  𝐿  /  𝐸  ) 


     𝑤  0  


    Res  


   𝜎  (    𝑤  0   )  =  𝑤 


      inv       𝐿  𝑤   /    𝐾  𝑣     ∘    𝜎  ∗   =     inv       𝐿    𝑤  0    /    𝐾  𝑣    


      inv       𝐿  𝑤   /    𝐸  𝑢     ∘     Res       𝐸  𝑢   /    𝐾  𝑣     =  [    𝐸  𝑢   ∶    𝐾  𝑣   ]     inv       𝐿  𝑤   /    𝐾  𝑣     , 


     (    ∑    𝑢  ∣  𝑣       inv       𝐿  𝑤   /    𝐸  𝑢     )   ∘     Res       𝐸  𝑢   /    𝐾  𝑣     =    ∑    𝑢  ∣  𝑣    [    𝐸  𝑢   ∶    𝐾  𝑣   ]     inv       𝐿  𝑤   /    𝐾  𝑣     =  [  𝐸  ∶  𝐾  ]     inv       𝐿  𝑤   /    𝐾  𝑣     , 


     𝐻  1   (  𝐺  ,    𝐴  𝐿   )  =  0 


     𝐴  𝐿   ∈  {    𝐿  ×   ,    𝕀  𝐿   ,    ℂ  𝐿   } 


    Inf           ∶      𝐻  2   (  𝐺  ,    𝐴  𝐿   )  →    𝐻  2   (    𝐺  𝐾   ,    𝐴    𝐾   sep     ) 


        inv   ˜   𝐾           ∶      𝐻  2   (    𝐺  𝐾   ,    𝕀    𝐾   sep     )  →  ℚ  /  ℤ  . 


      inv   𝐾           ∶      𝐵  𝐾   →  ℚ  /  ℤ  , 


     𝐵  𝐾   =            (     lim    →   𝐿         𝐵    𝐿  /  𝐾   


     𝐻  2   (    𝐺  𝐾   ,    𝕀    𝐾   sep     )  ≅    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐾  𝑣   ) 


     𝐻  2   (   Gal   (  𝐹  /  𝐾  )  ,    𝕀  𝐹   ) 


   ℰ 


    Br   (  𝐾  )  =    ⋃    𝐹  ∈  ℰ     Br   (  𝐹  /  𝐾  ) 


        inv   ˜   𝐾  


     𝐵  𝐾   =    ⋃    𝐹  ∈  ℰ      𝐻  2   (  𝐺  ,    ℂ  𝐹   ) 


      inv   𝐾           ∶      𝐵  𝐾   →  ℚ  /  ℤ 


     𝐵  𝐾   ≅  ℚ  /  ℤ 


     1    |  𝐺  |    ℤ  /  ℤ 


   (    ℂ    𝐾   sep     ,   inv   ) 


    inv  


      inv   𝐸           ∶      𝐻  2   (    𝐺  𝐸   ,    ℂ    𝐾   sep     )  →  ℚ  /  ℤ 


      inv     𝐿  /  𝐾    (    𝑎  ¯   ∪  𝛿  (  𝜒  )  )  =  𝜒  (    𝜙    𝐿  /  𝐾    (  𝑎  )  ) 


   𝑎  ∈    ℂ  𝐾  


        inv   ˜     𝐿  /  𝐾    (    𝛼  ¯   ∪  𝛿  𝜒  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  , 


       (    𝑎  𝔟   )     𝑛  ,  𝐾    ∈    𝜇  𝑛  


   (  𝑎  ,  𝔟  ) 


   (  𝑛  𝑎  ) 


       (    𝑎  𝔭   )     𝑛  ,  𝐾    ≡    𝑎    (  𝑁  𝔭  −  1  )  /  𝑛           mod         𝔭  , 


   𝔟  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


       (    𝑎  𝔟   )     𝑛  ,  𝐾    =    ∏    𝑖  =  1   𝑘       (    𝑎    𝔭  𝑖    )     𝑛  ,  𝐾     𝑟  𝑖    . 


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =      (    𝑎    (  𝑏  )    )     𝑛  ,  𝐾    . 


   𝑁  (  𝑝  )  =  𝑝 


     𝑣  𝔭   (  𝑎  )  =  0 


       (    𝑎  𝔭   )     𝑛  ,  𝐾    =  (  𝑎  ,    𝜋  𝔭     )    𝑛  ,    𝐾  𝔭     . 


   𝑎  ,  𝑏  ∈    𝒪  𝐾  


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     , 


   (  𝑏  )  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


     𝜋    𝔭  𝑖   


     𝐾    𝔭  𝑖   


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =    ∏    𝑖  =  1   𝑘       (    𝑎    𝔭  𝑖    )     𝑛  ,  𝐾     𝑟  𝑖    =    ∏    𝑖  =  1   𝑘   (  𝑎  ,    𝜋    𝔭  𝑖     𝑟  𝑖      )    𝑛  ,    𝐾    𝔭  𝑖      . 


     𝜋    𝔭  𝑖     𝑟  𝑖   


   (  𝑎  ,    𝜋    𝔭  𝑖     𝑟  𝑖      )    𝑛  ,    𝐾    𝔭  𝑖      =  (  𝑎  ,  𝑏    )    𝑛  ,    𝐾    𝔭  𝑖     


     ∏    𝑣  ∈    𝑉  𝐾     (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =  1  . 


     𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  =  1 


   𝑆  =  {    𝑣  1   ,  …  ,    𝑣  𝑡   } 


     ∏    𝑣  ∈  𝑆      𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  =  1  . 


             ∏    𝑣  ∈    𝑉  𝐾     (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =    ∏    𝑣  ∈  𝑆    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =    ∏    𝑣  ∈  𝑆          𝜌    𝐾  𝑣    (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛           =    ∏    𝑖  =  1   𝑡     𝜌    𝐾    𝑣  1     (  𝑏  )  ⋯    𝜌    𝐾    𝑣    𝑖  −  1      (  𝑏  )  (        𝜌    𝐾    𝑣  𝑖     (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     )  =      (    ∏    𝑣  ∈  𝑆      𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     =  1  .      


       (    𝑎  𝑏   )     𝑛  ,  𝐾          (    𝑏  𝑎   )     𝑛  ,  𝐾     −  1    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝑣     , 


   𝑐  ∈    𝒪  𝐾  


       (    𝑐  𝑏   )     𝑛  ,  𝐾    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑐    )    𝑛  ,    𝐾  𝑣     . 


       (    𝑎  𝑏   )     𝑛  ,  𝐾          (    𝑏  𝑎   )     𝑛  ,  𝐾     −  1    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     ⋅    ∏    𝔭  ∣  (  𝑎  )    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝔭      −  1    =    ∏    𝔭  ∣  (  𝑎  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     . 


   (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =  1 


     𝐾  𝔭   (    𝑎    1  /  𝑛    )  /    𝐾  𝔭  


     ∏    𝔭  ∣  (  𝑎  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =  (    ∏    𝑣  ∣  𝑛  ∞    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣       )    −  1    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝑣     , 


       (    𝑐  𝑏   )     𝑛  ,  𝐾    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑐  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑐    )    𝑛  ,    𝐾  𝔭     . 


     (    𝑎  𝑏   )       (    𝑏  𝑎   )   =  (  𝑏  ,  𝑎    )    2  ,    ℚ  𝑝     (  𝑏  ,  𝑎    )    2  ,  ℝ    . 


   (  −  1    )    (  𝑎  −  1  )  (  𝑏  −  1  )  /  4   


     (      −  1   𝑏   )   =  (  −  1    )    (  𝑏  −  1  )  /  2       and         (    2  𝑏   )   =  (  −  1    )    (    𝑝  2   −  1  )  /  8    . 


   ℓ  =    Φ  𝑝   (  𝑝  𝑚  ) 


   ℓ  =    𝑁    ℚ  (    𝜇  𝑝   )  /  ℚ    (  1  −  𝑝  𝑚    𝜁  𝑝   ) 


          (10.10.1)                 (    𝑎    1  −  𝑝  𝑚    𝜁  𝑝     )     𝑝  ,  ℚ  (    𝜇  𝑝   )    ≡    𝑎    (  ℓ  −  1  )  /  𝑝           mod       (  1  −  𝑝  𝑚    𝜁  𝑝   )  ,    


     𝑎    (  ℓ  −  1  )  /  𝑝   


       (    𝑎    1  −  𝑝  𝑚    𝜁  𝑝     )     𝑝  ,  ℚ  (    𝜇  𝑝   )    =      (      1  −  𝑝  𝑚    𝜁  𝑝    𝑎   )     𝑝  ,  ℚ  (    𝜇  𝑝   )    (  1  −  𝑝  𝑚    𝜁  𝑝   ,  𝑎    )    𝑝  ,    ℚ  𝑝   (    𝜇  𝑝   )    =  (  1  −  𝑝  𝑚    𝜁  𝑝   ,  𝑎    )    𝑝  ,    ℚ  𝑝   (    𝜇  𝑝   )    . 


   1  −  𝑝  𝑚    𝜁  𝑝  


     ℚ  𝑝   (    𝜇  𝑝   ) 


     ℚ  𝑝   (    𝜁  𝑝   ,    𝑎    1  /  𝑝    )  =    ℚ  𝑝   (    𝜁  𝑝   ,  (  1  −  𝑝    )    1  /  𝑝    ) 


   1  −  𝑝  𝑚    𝜁  𝑝   ∈    𝑈    𝑝  −  1    (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   𝑝  −  1  ≥  2 


   (  1  −  𝑝  𝑚    𝜁  𝑝   ,  𝑎    )    𝑝  ,    ℚ  𝑝   (    𝜇  𝑝   )    =  1 


   ℚ 


     ℚ  𝑝  


   𝒪  /  𝔭 


     𝐹  𝔭  


     𝑉    𝐿  /  𝐾            ∶      𝐺  𝐾   ab    →    𝐺  𝐿   ab   


   𝒩 


   𝒩  =    𝑁    𝐿  /  𝐾      𝐴  𝐿  


     𝒩  𝐿   =    𝑁    𝐿  /  𝐾      𝐴  𝐿  


     𝒩  𝑀   ⊂    𝒩  𝐿  


     𝒩  𝐿   =    𝒩  𝐸  


   𝑎  ∈    𝒩  𝐸  


     𝒩  𝐿  


   𝐺  =   Gal   (  𝑀  /  𝐾  ) 


   𝐻  =   Gal   (  𝑀  /  𝐿  ) 


     𝜌    𝐸  /  𝐾    (  𝑎  )  =  1 


   𝜏  =    𝜌    𝑀  /  𝐾    (  𝑎  )  ∈    𝐺   ab   


    Gal   (  𝐸  /  𝐾  )  =  𝐺  /  (  [  𝐺  ,  𝐺  ]  𝐻  ) 


     𝜌    𝑀  /  𝐿            ∶      𝐴  𝐿   →    𝐻   ab   


   𝑏  ∈    𝐴  𝐿  


     𝜌    𝑀  /  𝐿    (  𝑏  )  =  𝜎 


   𝑎  −    𝑁    𝐿  /  𝐾    (  𝑏  )  =    𝑁    𝑀  /  𝐾    (  𝑐  ) 


   𝑐  ∈    𝐴  𝑀  


   𝑎  =    𝑁    𝐿  /  𝐾    (  𝑏  −    𝑁    𝑀  /  𝐿    (  𝑐  )  ) 


     𝐴  𝐾  


   [    𝐴  𝐾   ∶  𝒩  ]  ≤  [  𝐿  ∶  𝐾  ] 


   𝒩  =    𝒩  𝐿  


     𝒩  𝐿   ∩    𝒩  𝑀   =    𝒩    𝐿  𝑀   


     𝒩  𝐿   +    𝒩  𝑀   =    𝒩    𝐿  ∩  𝑀   


     𝒩  𝑀   ⊆    𝒩  𝐿  


   𝒜 


   𝒜  =    𝒩  𝐸  


   𝑎  ∈    𝒩    𝐿  𝑀   


     𝜌  𝐾   (  𝑎  )    |    𝐿  𝑀   


     𝜌  𝐾   (  𝑎  )    |  𝐿  


     𝜌  𝐾   (  𝑎  )    |  𝑀  


   𝑎  ∈    𝒩  𝐿  


   𝑎  ∈    𝒩  𝑀  


     𝒩    𝐿  𝑀    =    𝒩  𝐿   ∩    𝒩  𝑀   =    𝒩  𝑀   . 


   [  𝐿  𝑀  ∶  𝐾  ]  =  [  𝑀  ∶  𝐾  ] 


   𝐿  𝑀  =  𝑀 


   𝐸  =    𝐿      𝜌    𝐿  /  𝐾    (  𝒜  )   


   𝒜  /    𝒩  𝐿   →   Gal   (  𝐿  /  𝐸  ) 


     𝜌    𝐿  /  𝐾    (  𝒜  ) 


     𝜌    𝐸  /  𝐾   


     𝜌    𝐿  /  𝐾     −  1    (   Gal   (  𝐿  /  𝐸  )  )  =  𝒜 


     𝒩  𝐸  


   𝒜  =    𝒩  𝐿   +    𝒩  𝑀  


     𝒩    𝐿  ∩  𝑀   


   𝐿  ∩  𝑀 


     ℰ  𝐿  


     𝜌    𝑀  /  𝐿    (  𝑎  )  =    𝜌  𝐿   (  𝑎  )    |  𝑀   =  1 


    ker       𝜌    𝑀  /  𝐿    =    𝑁    𝑀  /  𝐿      𝐴  𝑀  


     𝑁    𝑀  /  𝐿            ∶      𝐴  𝑀   →    𝐴  𝐿  


     𝐾  𝑝  


     𝜙  𝑝           ∶      𝐴  𝐿   →    𝐴  𝐿  


     𝜙  𝑝   (  𝑎  )  =  𝑝  𝑎 


   𝑎  ∈    𝐴  𝐿  


     𝜙  𝑝  


     𝐷  𝐿  


     𝑈  𝐿  


     𝐴  𝐿  


     𝑁    𝐿  /  𝐾      𝐷  𝐿   =    𝐷  𝐾  


     𝑁    𝐿  /  𝐾      𝐷  𝐿   ⊆    𝐷  𝐾  


   𝑎  ∈    𝐷  𝐾  


     𝑁    𝑀  /  𝐾      𝐴  𝑀  


     𝑁    𝐿  /  𝐾     −  1    (  𝑎  ) 


   𝑏  ∈    𝐴  𝑀  


     𝑁    𝑀  /  𝐾    (  𝑏  )  =  𝑎 


     𝑁    𝑀  /  𝐿    (  𝑏  )  ∈    𝑌  𝑀  


     𝑌  𝑀  


     𝑀  ′   /  𝑀 


     𝑌    𝑀  ′    ⊆    𝑌  𝑀  


     𝑌  𝐿  


     𝑁    𝐿  /  𝐾    (  𝑏  )  =  𝑎 


   𝑏  ∈    𝐷  𝐿  


     𝑁    𝑀  /  𝐿      𝐴  𝑀  


     𝑁    𝐿  /  𝐾    (    𝐷  𝐿   )  =    𝐷  𝐾  


     𝐷  𝐾  


     ⋂    𝑛  =  1   ∞   𝑛    𝐴  𝐾  


     𝐷  𝐾   =  𝑝    𝐷  𝐾  


     𝜙  𝑝    −  1    (  𝑎  ) 


     𝑋  𝐿  


   𝑥  ∈    𝐷  𝐿  


   𝑎  =    𝑁    𝐿  /  𝐾    𝑥 


   𝑦  ∈    𝐷  𝐿  


   𝑝  𝑦  =  𝑥 


   𝑏  =    𝑁    𝐿  /  𝐾    𝑦 


   𝑏  ∈    𝑋  𝐿  


     𝑋  𝑀   ⊆    𝑋  𝐿  


   𝑐 


   𝑐  ∈    𝐷  𝐾  


   𝑝  𝑐  =  𝑏 


     𝐷  𝐾   ⊂    𝐴  𝐾  


   𝑎  ∈    ⋂    𝑛  =  1   ∞   𝑛    𝐴  𝐾  


   𝑏  ∈    𝐴  𝐾  


   𝑛  𝑏  =  𝑎 


     𝑁    𝐿  /  𝐾    (  𝑏  )  =  𝑛  𝑏  =  𝑎 


   𝑎  ∈    𝑁    𝐿  /  𝐾      𝐴  𝐿  


   𝑎  ∈    𝐷  𝐿  


   𝑛  =  [    𝐴  𝐾   ∶  𝒩  ] 


   𝑛    𝐴  𝐾   ⊆  𝒩 


     𝐷  𝐾   ⊆  𝒩 


     𝑈  𝐾  


   ℳ 


   ℳ  ∩    𝑈  𝐾  


     𝐷  𝐾   ∩    𝑈  𝐾  


     𝐴  𝐾   −  𝒩 


   ℳ  ∩    𝑈  𝐾   ⊆  𝒩 


   𝑎  ∈  ℳ  ∩  (    𝑈  𝐾   +  ℳ  ∩  𝒩  ) 


   𝑎  =  𝑢  +  𝑣 


   𝑢  ∈    𝑈  𝐾  


   𝑣  ∈  ℳ  ∩  𝒩 


   𝑢  =  𝑎  −  𝑣  ∈  ℳ 


   𝑢  ∈    𝑈  𝐾   ∩  ℳ 


   𝑢  ∈  𝒩 


   𝑎  ∈  𝒩 


   ℳ  ∩  𝒩 


     𝑈  𝐾   +  ℳ  ∩  𝒩 


   ℳ  ∩  (    𝑈  𝐾   +  ℳ  ∩  𝒩  ) 


   (  𝐴  ,  𝑖  𝑛  𝑣  ) 


    Gal   (    𝐾   ab    /  𝐿  ) 


     𝐺  𝐾   ab    ≅            (     lim    ←   𝐿        Gal   (  𝐿  /  𝐾  ) 


    Gal   (    𝐾   ab    /  𝑀  ) 


   𝑀  =  𝐾 


    inv           ∶      𝐻  2   (    𝐺    𝔽  𝑞    ,  ℤ  )    ⟶  ∼   ℚ  /  ℤ 


   (  ℤ  ,   inv   ) 


     𝐻  𝑖   (   Gal   (    𝔽    𝑞  𝑚    /    𝔽    𝑞  𝑛    )  ,  ℚ  ) 


     𝑚  𝑛  


   𝑛  ∣  𝑚 


     𝜑  𝑛  


     𝐺    𝔽    𝑞  𝑛    


     𝜑  𝑚   =    𝜑  𝑛    𝑚  /  𝑛   


     𝜑  𝑚  


   1  ∈  ℚ  /  ℤ 


     𝜌    𝔽  𝑞    (  1  )  =  𝜑 


     𝐺    𝔽  𝑞   


   𝜒          ∶       Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   )  →  ℚ  /  ℤ 


     𝜌      𝔽    𝑞  𝑛    /    𝔽  𝑞             ∶    ℤ  →   Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   ) 


   𝑛  ℤ 


     𝜌    𝔽  𝑞   


     𝔽    𝑞  𝑛   


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   →   Gal   (  𝐿  /  𝐾  ) 


     𝜌    𝐿  /  𝐾    (  𝑎  )  =    𝜌  𝐾   (  𝑎  )    |  𝐿  


    Gal   (  𝑀  /  𝐿  ) 


    Gal   (  𝑀  /  𝐾  ) 


   𝜒          ∶    𝐺  →  ℚ  /  ℤ 


     𝜌    𝐿  /  𝐾   


     𝑉    𝐿  /  𝐾   


   𝐿  ⊆  𝑀 


   ℚ  /  ℤ 


     𝐴  𝐾   →    𝐴  𝐿  


     𝒩  𝑀   =    𝑁    𝑀  /  𝐾      𝐴  𝐿   =    𝑁    𝑀  /  𝐿    (    𝑁    𝐿  /  𝐾      𝐴  𝐿   )  ⊂    𝑁    𝑀  /  𝐿      𝐴  𝐾   =    𝒩  𝐾   . 


     𝐻   ab   


     𝜌    𝑀  /  𝐾    (    𝑁    𝐿  /  𝐾    (  𝑏  )  )  =    𝜌    𝑀  /  𝐾    (  𝑎  )  , 


   𝑎  ∈    𝐴  𝐾  


     𝐷  𝐿   =    ⋂    𝑀  ∈    ℰ  𝐿       𝑁    𝑀  /  𝐿      𝐴  𝑀   , 


     𝑁    𝐿  /  𝐾        (    ⋂    𝑀  ∈    ℰ  𝐿       𝑁    𝑀  /  𝐿      𝐴  𝑀   )   ⊆    ⋂    𝑀  ∈    ℰ  𝐿       𝑁    𝑀  /  𝐾      𝐴  𝑀   =    ⋂    𝑀  ∈    ℰ  𝐾       𝑁    𝑀  /  𝐾      𝐴  𝑀   , 


     𝑌  𝑀   =    𝑁    𝑀  /  𝐿      𝐴  𝑀   ∩    𝑁    𝐿  /  𝐾     −  1    (  𝑎  ) 


     𝑋  𝐿   =    𝒩  𝐿   ∩    𝜙  𝑝    −  1    (  𝑎  )  , 


     𝐷  𝐾   =    ⋂    𝑛  =  1   ∞   𝑛    𝐷  𝐾   ⊆    ⋂    𝑛  =  1   ∞   𝑛    𝐴  𝐾   . 


   ℳ  ∩  (    𝑈  𝐾   +  ℳ  ∩  𝒩  )  ⊆  𝒩  . 


     𝐻  1   (    𝐺    𝔽    𝑞  𝑛     ,  ℤ  )  =     Hom    cts    (    𝐺    𝔽    𝑞  𝑛     ,  ℤ  )  , 


   0  →  ℤ  →  ℚ  →  ℚ  /  ℤ  →  0  . 


     𝐻  𝑖   (    𝐺    𝔽    𝑞  𝑛     ,  ℚ  )  =            (     lim    →   𝑚         𝐻  𝑖   (   Gal   (    𝔽    𝑞  𝑚    /    𝔽    𝑞  𝑛    )  ,  ℚ  )  =  0  , 


          (8.3.1)               𝐻  2   (    𝐺    𝔽    𝑞  𝑛     ,  ℤ  )    ⟵  ∼     𝐻  1   (    𝐺    𝔽    𝑞  𝑛     ,  ℚ  /  ℤ  )  =     Hom    cts    (    𝐺    𝔽    𝑞  𝑛     ,  ℚ  /  ℤ  )    ⟶  ∼      Hom    cts    (    ℤ  ˆ   ,  ℚ  /  ℤ  )    ⟶  ∼   ℚ  /  ℤ  ,    


      inv     𝔽    𝑞  𝑛             ∶      𝐻  2   (    𝐺    𝔽    𝑞  𝑛     ,  ℤ  )    ⟶  ∼   ℚ  /  ℤ  . 


     𝜌    𝔽  𝑞            ∶    ℤ  →    𝐺    𝔽  𝑞   


   𝜒  (    𝜌      𝔽    𝑞  𝑛    /    𝔽  𝑞     (  1  )  )  =     inv       𝔽    𝑞  𝑛    /    𝔽  𝑞     (  1  ∪  𝛿  (  𝜒  )  )  =     inv       𝔽    𝑞  𝑛    /    𝔽  𝑞     (  𝛿  (  𝜒  )  )  =    1  𝑛   , 


     𝜌  𝐾           ∶      𝐾  ×   →    𝐺  𝐾   ab   


     𝐻  1   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )  =  0 


    Gal   (  𝐿  /  𝐾    )   ab      ⟶  ∼     𝐴  𝐾   /    𝑁    𝐿  /  𝐾    (    𝐴  𝐿   ) 


     𝛼    𝐿  /  𝐾   


     𝐴  𝐾   /    𝑁    𝐿  /  𝐾      𝐴  𝐿   →   Gal   (  𝐿  /  𝐾  ) 


     𝜃    𝐿  /  𝐾   


     𝜎  ¯   ∈    𝐺   ab   


       𝐻  ˆ     −  2    (  𝐺  ,  ℤ  ) 


   𝜒  ∈    𝐻  1   (  𝐺  ,  ℚ  /  ℤ  ) 


       𝐻  ˆ     −  1    (  𝐺  ,  ℚ  /  ℤ  )  ≅    1    |  𝐺  |    ℤ  /  ℤ 


     𝛿  ∨  


       𝐻  ˆ     −  1    (  𝐺  ,    𝐼  𝐺   ) 


   𝜎  −  1 


     𝐼  𝐺   /    𝐼  𝐺  2  


       𝐻  ˆ   0   (  𝐺  ,   Hom   (    𝐼  𝐺   ,  ℚ  /  ℤ  )  ) 


   𝜏  −  1 


   𝜒  (  𝜏  ) 


   𝜒          ∶       Gal   (  𝐿  /  𝐾  )  →  ℚ  /  ℤ 


     𝛼    𝐿  /  𝐾    ∪    𝜌    𝐿  /  𝐾    (  𝑎  )  =    𝑎  ¯  


       𝐻  ˆ     −  2    (   Gal   (  𝐿  /  𝐾  )  ,  ℤ  ) 


     𝐴  𝐾   /    𝑁    𝐿  /  𝐾      𝐴  𝐿  


   𝜒  (    𝜌    𝑀  /  𝐾    (  𝑎  )  )  =  𝜒  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ) 


      inv     𝐿  /  𝐾    =     inv     𝑀  /  𝐾    ∘   Inf  


     𝜌    𝐸  /  𝐾            ∶      𝐴  𝐾   →   Gal   (  𝐸  /  𝐾    )   ab   


   𝑋  =  {    𝑥  1   ,    𝑥  2   ,  …  ,    𝑥  𝑛   } 


     𝑥  𝑖   ∈  𝑋 


   1  ≤  𝑔  (  𝑖  )  ≤  𝑛 


     𝑡  𝑖   (  𝑔  )  ∈  𝐻 


   𝑉  (  𝑔  ) 


     𝑡  1   (  𝑔  )    𝑡  2   (  𝑔  )  ⋯    𝑡  𝑛   (  𝑔  ) 


   𝑉          ∶      𝐺   ab    →    𝐻   ab   


     𝐼  𝐺   /    𝐼  𝐺     𝐼  𝐻  


   {    𝑥  1   ,    𝑥  2   ,  …  ,    𝑥  𝑛   } 


     𝑁    𝐿  /  𝐾            ∶      𝐴  𝐿   →    𝐴  𝐾  


   𝛽  ∈      𝐻  ˆ   0   (   Gal   (  𝑀  /  𝐿  )  ,    𝐴  𝑀   ) 


    Res   (    𝛼    𝑀  /  𝐾    )  =    𝛼    𝑀  /  𝐿   


       𝐻  ˆ   0   (   Gal   (  𝑀  /  𝐾  )  ,    𝐴  𝐿   ) 


       𝐻  ˆ     −  2    (   Gal   (  𝑀  /  𝐾  )  ,  ℤ  ) 


   𝛽  ∈      𝐻  ˆ   0   (   Gal   (  𝑀  /  𝐾  )  ,    𝐴  𝑀   ) 


     𝑁    𝐿  /  𝐾      𝐴  𝐿  


     𝐷    𝔽  𝑞   


     𝑈    𝔽  𝑞   


     𝑁    𝐿  /  𝐾      𝐿  ×   ∩    𝑁    𝑀  /  𝐾      𝑀  ×   =    𝑁    𝐿  𝑀  /  𝐾    (  𝐿  𝑀    )  ×  


     𝑁    𝐿  /  𝐾      𝐿  ×   ⋅    𝑁    𝑀  /  𝐾      𝑀  ×   =    𝑁    (  𝐿  ∩  𝑀  )  /  𝐾    (  𝐿  ∩  𝑀    )  ×  


     𝑁    𝑀  /  𝐾      𝑀  ×   ⊆    𝑁    𝐿  /  𝐾      𝐿  ×  


   𝐴  =    𝑁    𝐸  /  𝐾      𝐸  ×  
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Introduction

At its core, the ancient subject of number theory is concerned with the arithmetic of the integers. 
The Fundamental Theorem of Arithmetic, which states that every positive integer factors uniquely 
into a product of prime numbers, was contained in Euclid’s Elements, as was the infinitude of the set 
of prime numbers. Over the centuries, number theory grew immensely as a subject, and techniques 
were developed for approaching number-theoretic problems of a various natures. For instance, unique 
factorization may be viewed as a ring-theoretic property of ℤ, while Euler used analysis in his own 
proof that the set of primes is infinite, exhibiting the divergence of the infinite sum of the reciprocals 
of all primes.

Algebraic number theory distinguishes itself within number theory by its use of techniques from 
abstract algebra to approach problems of a number-theoretic nature. It is also often considered, for this 
reason, as a subfield of algebra. The overriding concern of algebraic number theory is the study of the 
finite field extensions of ℚ, which are known as number fields, and their rings of integers, analogous 
to ℤ.

The ring of integers 𝒪 of a number field 𝐹 is the subring of 𝐹 consisting of all roots of all monic 
polynomials in ℤ[𝑥]. Unlike ℤ, not all integer rings are UFDs, as one sees for instance by considering 
the factorization of 6 in the ring ℤ[√−5]. However, they are what are known as Dedekind domains, 
which have the particularly nice property that every nonzero ideal factors uniquely as a product of 
nonzero prime ideals, which are all in fact maximal. In essence, prime ideals play the role in 𝒪 that 
prime numbers do in ℤ.

A Dedekind domain is a UFD if and only if it is a PID. The class group of a Dedekind domain is 
roughly the quotient of its set of nonzero ideals by its nonzero principal ideals, and it thereby serves 
as something of a measure of how far a Dedekind domain is from being a principal ideal domain. The 
class group of a number field is finite, and the classical proof of this is in fact a bit of analysis. This 
should not be viewed as an anomalous encroachment: algebraic number theory draws heavily from 
the areas it needs to tackle the problems it considers, and analysis and geometry play important roles 
in the modern theory.

Given a prime ideal 𝔭 in the integer ring 𝒪 of a number field 𝐹, one can define a metric on 𝐹 that 
measures the highest power of 𝔭 dividing the difference of two points in 𝐹. If the finite field 𝒪/𝔭 has 
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characteristic 𝑝, then the completion 𝐹𝔭 of 𝐹 with respect to this metric is known as a 𝑝-adic field, 
and the subring 𝒪𝔭 that is the completion of 𝒪 is called its valuation ring. In the case that 𝐹 = ℚ, 
one obtains the 𝑝-adic numbers ℚ𝑝 and 𝑝-adic integers ℤ𝑝. The archimedean fields ℝ and ℂ are also 
completions of number fields with respect to the more familiar Euclidean metrics, and are in that sense 
similar to 𝑝-adic fields, but the geometry of 𝑝-adic fields is entirely different. For instance, a sequence 
of integers converges to 0 in ℤ𝑝 if and only it is eventually congruent to zero modulo arbitrarily high 
powers of 𝑝.

It is often easier to work with 𝑝-adic fields, as solutions to polynomial equations can be found in 
them by successive approximation modulo increasing powers of a prime ideal. The “Hasse principle” 
asserts that the existence of a solution to polynomial equations in a number field should be equivalent 
to the existence of a solution in every completion of it. (The Hasse principle does not actually hold in 
such generality, which partially explains the terminology.)

Much of the formalism in the theory of number fields carries over to a class of fields of finite 
characteristic, known as function fields. The function fields we consider are the finite extensions of 
the fields of rational functions 𝔽𝑝(𝑡) in a single indeterminate 𝑡, for some prime 𝑝. Their “rings of 
integers”, such as 𝔽𝑝[𝑡] in the case of 𝔽𝑝(𝑡), are again Dedekind domains. Since function fields 
play a central role in algebraic geometry, the ties here with geometry are much closer, and often help 
to provide intuition in the number field case. For instance, instead of the class group, one usually 
considers the related Picard group of divisors of degree 0 modulo principal divisors. The completions 
of function fields are fields of Laurent series over finite fields. We use the term “global field” refer to 
number fields and function fields in general, while the term “local field” refers to their nonarchimedean 
completions.

An introductory course in algebraic number theory can only hope to touch on a minute but essential 
fraction of the theory as it is today. Much more of this beautiful edifice can be seen in some of the 
great accomplishments in the number theory of recent decades. Chief among them, of course, is the 
proof of Fermat’s last theorem, the statement of which is surely familiar to you. Wiles’ proof of FLT 
is actually rather round-about. It proceeds first by showing that a certain rational elliptic curve that 
can be constructed out of a solution to Fermat’s equation is not modular, and then that all (or really, 
enough) rational elliptic curves are modular. In this latter aspect of the proof are contained advanced 
methods in the theory of Galois representations, modular forms, abelian varieties, deformation theory, 
Iwasawa theory, and commutative ring theory, none of which we will be able to discuss.

Notation 0.0.1. Throughout these notes, we will use the term ring to refer more specifically to a 
nonzero ring with unity.



Part I

Algebraic number theory
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Chapter 1

Abstract algebra

In this chapter, we introduce the many of the purely algebraic results that play a major role in algebraic 
number theory, pausing only briefly to dwell on number-theoretic examples. When we do pause, we 
will need the definition of the objects of primary interest in these notes, so we make this definition 
here at the start.

Definition 1.0.1. A number field (or algebraic number field) is a finite field extension of ℚ.

We have the following names for extensions of ℚ of various degrees.

Definition 1.0.2. A quadratic (resp., cubic, quartic, quintic, ...) field is a degree 2 (resp., 3, 4, 5, ...) 
extension of ℚ.

1.1 Tensor products of fields

Proposition 1.1.1. Let 𝐾  be a field, and let 𝑓 ∈ 𝐾[𝑥] be monic and irreducible. Let 𝑀 be a field 
extension of 𝐾 , and suppose that 𝑓  factors as ∏𝑚

𝑖=1 𝑓 𝑒𝑖
𝑖  in 𝑀[𝑥], where the 𝑓𝑖 are irreducible and 

distinct and each 𝑒𝑖 is positive. Then we have an isomorphism

𝜅∶ 𝐾[𝑥]/(𝑓 ) ⊗𝐾 𝑀 ∼⟶
𝑚

∏
𝑖=1

𝑀[𝑥]/(𝑓 𝑒𝑖
𝑖 )

of 𝑀-algebras such that if 𝑔 ∈ 𝐾[𝑥], then 𝜅((𝑔 + (𝑓 )) ⊗ 1) = (𝑔 + (𝑓 𝑒𝑖
𝑖 ))𝑖.

Proof. Note that we have a canonical isomorphism 𝐾[𝑥]⊗𝐾 𝑀 ∼⟶ 𝑀[𝑥] that gives rise to the first 
map in the composition

𝐾[𝑥]/(𝑓 ) ⊗𝐾 𝑀 ∼⟶ 𝑀[𝑥]/(𝑓 ) ∼⟶
𝑚

∏
𝑖=1

𝑀[𝑥]/(𝑓 𝑒𝑖
𝑖 ),

the second isomorphism being the Chinese remainder theorem. The composition is 𝜅. ∎
11

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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We have the following consequence.

Lemma 1.1.2. Let 𝐿/𝐾  be a finite separable extension of fields, and let 𝑀 be an algebraically closed 
field containing 𝐾 . Then we have an isomorphism of 𝑀-algebras

𝜅∶ 𝐿 ⊗𝐾 𝑀 ∼⟶ ∏
𝜎∶ 𝐿↪𝑀

𝑀,

where the product is taken over field embeddings of 𝐿 in 𝑀 fixing 𝐾 , such that

𝜅(𝛽 ⊗ 1) = (𝜎𝛽)𝜎

for all 𝛽 ∈ 𝐿.

Proof. Write 𝐿 = 𝐾(𝜃), and let 𝑓 ∈ 𝐾[𝑥] be the minimal polynomial of 𝜃. Then we define 𝜅 as 
the composition

𝐿 ⊗𝐾 𝑀 ∼⟶ ∏
𝜎∶ 𝐿↪𝑀

𝑀[𝑥]
(𝑥 − 𝜎(𝜃))

∼⟶ ∏
𝜎∶ 𝐿↪𝑀

𝑀,

where the first isomorphism is that of Proposition 1.1.1 and the second takes 𝑥 to 𝜎(𝜃) in the coordinate 
corresponding to 𝜎. Any 𝛽 ∈ 𝐿 has the form 𝑔(𝜃) for some 𝑔 ∈ 𝐾[𝑥], and since any 𝜎∶ 𝐿 ↪ 𝑀 fixing 
𝐾  fixes the coefficients of 𝑔, we have 𝜅(𝛽 ⊗ 1) is as stated. ∎

Remark 1.1.3. If we compose 𝜅 of Lemma 1.1.2 with the natural embedding 𝐿 ↪ 𝐿 ⊗𝐾 𝑀 that takes 
𝛼 ∈ 𝐿 to 𝛼 ⊗ 1, then the composition

𝜄𝑀 ∶ 𝐿 → ∏
𝜎∶ 𝐿↪𝑀

𝑀

is the product of the field embeddings 𝜎 of 𝐿 in 𝑀 fixing 𝐾 .

Definition 1.1.4. Let 𝐾  be a field and 𝐿 and 𝑀 be extensions of 𝐾  both contained in some field Ω. We 
say that 𝐿 and 𝑀 are linearly disjoint over 𝐾  if every 𝐾-linearly independent subset of 𝐿 is 𝑀-linearly 
independent.

Lemma 1.1.5. Let 𝐾  be a field and 𝐿 and 𝑀 be extensions of 𝐾  both contained in some field Ω. If 𝐿
and 𝑀 are linearly disjoint over 𝐾 , then 𝐿 ∩ 𝑀 = 𝐾 .

Proof. If 𝑥 ∈ 𝐿 ∩ 𝑀 with 𝑥 ∉ 𝐾 , then 𝑥 and 1 are elements of 𝐿 that are 𝐾-linearly independent 
but not 𝑀-linearly independent, so 𝐿 and 𝑀 are not linearly disjoint over 𝐾 . ∎

From the definition, it may not be clear that the notion of linear disjointness is a symmetric one. 
However, this follows from the following.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:prim_elt_thm
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Proposition 1.1.6. Let 𝐾  be a field and 𝐿 and 𝑀 be extensions of 𝐾  both contained in some field 
Ω. Then 𝐿 and 𝑀 are linearly disjoint over 𝐾  if and only if the map 𝜑∶ 𝐿 ⊗𝐾 𝑀 → 𝐿𝑀 induced by 
multiplication is an injection.

Proof. Suppose that 𝛾1, … , 𝛾𝑠 ∈ 𝑀 are 𝐿-linearly dependent, and write ∑𝑠
𝑖=1 𝛽𝑖𝛾𝑖 = 0 for some 

𝛽𝑖 ∈ 𝐿. If 𝜑 is injective, then we must have ∑𝑠
𝑖=1 𝛽𝑖 ⊗𝛾𝑖 = 0, which means that the 𝛾𝑖 are 𝐾-linearly 

dependent.
Conversely, let 𝐿 and 𝑀 be linearly disjoint over 𝐾 . Suppose that we have a nonzero

𝑥 =
𝑠

∑
𝑖=1

𝛽𝑖 ⊗ 𝛾𝑖 ∈ ker 𝜑

for some 𝛽𝑖 ∈ 𝐿 and 𝛾𝑖 ∈ 𝑀, with 𝑠 taken to be minimal. If 𝑥 ≠ 0, then the 𝛾𝑖 are 𝐿-linearly 
dependent, so they are 𝐾-linearly dependent. In this case, without loss of generality, we may suppose 
that

𝛾𝑠 +
𝑠−1
∑
𝑖=1

𝛼𝑖𝛾𝑖 = 0

for some 𝛼𝑖 in 𝐾 . Then

𝑥 =
𝑠−1
∑
𝑖=0

(𝛽𝑖 − 𝛼𝑖𝛽𝑠) ⊗ 𝛾𝑖,

contradicting minimality. Thus ker 𝜑 = 0. ∎

Corollary 1.1.7. Let 𝐾  be a field and 𝐿 and 𝑀 be extensions of 𝐾  both contained in a given algebraic 
closure of 𝐾 . Then 𝐿 and 𝑀 are linearly disjoint over 𝐾  if and only if 𝐿 ⊗𝐾 𝑀 is a field.

Proof. Note that 𝐿𝑀 is a union of subfields of the form 𝐾(𝛼, 𝛽) with 𝛼 ∈ 𝐿 and 𝛽 ∈ 𝑀. Since 
𝛼 and 𝛽 are algebraic over 𝐾 , we have 𝐾(𝛼, 𝛽) = 𝐾[𝛼, 𝛽], and every element of the latter ring is a 
𝐾-linear combination of monomials in 𝛼 and 𝛽. Thus 𝜑 of Proposition 1.1.6 is surjective, and the 
result follows from the latter proposition. ∎

Corollary 1.1.8. Let 𝐾  be a field and 𝐿 and 𝑀 be finite extensions of 𝐾  inside a given algebraic closure 
of 𝐾 . Then [𝐿𝑀 ∶ 𝐾] = [𝐿 ∶ 𝐾][𝑀 ∶ 𝐾] if and only if 𝐿 and 𝑀 are linearly disjoint over 𝐾 .

Proof. Again, we have the surjection 𝜑∶ 𝐿 ⊗𝐾 𝑀 → 𝐿𝑀 given by multiplication which is an 
injection if and only if 𝐿 and 𝑀 are linearly disjoint by Proposition 1.1.6. As 𝐿 ⊗𝐾 𝑀 has dimension 
[𝐿 ∶ 𝐾][𝑀 ∶ 𝐾] over 𝐾 , the result follows. ∎

Remark 1.1.9. Suppose that 𝐿 = 𝐾(𝜃) is a finite extension of 𝐾 . To say that 𝐿 is linearly disjoint 
from a field extension 𝑀 of 𝐾  is by Propostion 1.1.1 exactly to say that the minimal polynomial of 𝜃
in 𝐾[𝑥] remains irreducible in 𝑀[𝑥].

https://www.math.ucla.edu/~sharifi/notes/algebra-ch08.html#thm:tensor_prod_free_mods_free
https://www.math.ucla.edu/~sharifi/notes/algebra-ch08.html#thm:tensor_prod_free_mods_free
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We prove the following in somewhat less generality than possible.

Lemma 1.1.10. Let 𝐿 be a finite Galois extension of a field 𝐾  inside an algebraic closure Ω of 𝐾 , and 
let 𝑀 be an extension of 𝐾  in Ω. Then 𝐿 and 𝑀 are linearly disjoint if and only if 𝐿 ∩ 𝑀 = 𝐾 .

Proof. We write 𝐿 = 𝐾(𝜃) for some 𝜃 ∈ 𝐿, and let 𝑓 ∈ 𝐾[𝑥] be the minimal polynomial of 𝜃. As 
Gal(𝐿𝑀/𝑀) ≅ Gal(𝐿/(𝐿 ∩𝑀)) by restriction, we have 𝐿 ∩𝑀 = 𝐾  if and only if [𝐿𝑀 ∶ 𝑀] = [𝐿 ∶ 𝐾]. 
Since 𝐿𝑀 = 𝑀(𝜃), this occurs if and only if 𝑓  is irreducible in 𝑀[𝑥]. The result then follows from 
Remark 1.1.9. ∎

1.2 Integral extensions

Definition 1.2.1. We say that 𝐵/𝐴 is an extension of commutative rings if 𝐴 and 𝐵 are commutative 
rings such that 𝐴 is a subring of 𝐵.

Definition 1.2.2. Let 𝐵/𝐴 be an extension of commutative rings. We say that 𝛽 ∈ 𝐵 is integral over 
𝐴 if 𝛽 is the root of a monic polynomial in 𝐴[𝑥].

Examples 1.2.3. 

a. Every element 𝑎 ∈ 𝐴 is integral over 𝐴, in that 𝑎 is a root of 𝑥 − 𝑎.

b. If 𝐿/𝐾  is a field extension and 𝛼 ∈ 𝐿 is algebraic over 𝐾 , then 𝛼 is integral over 𝐾 , being a root 
of its minimal polynomial, which is monic.

c. If 𝐿/𝐾  is a field extension and 𝛼 ∈ 𝐿 is transcendental over 𝐾 , then 𝛼 is not integral over 𝐾 .

d. The element √2 of ℚ(√2) is integral over ℤ, as it is a root of 𝑥2 − 2.

e. The element 𝛼 = 1−√5
2  of ℚ(√5) is integral over ℤ, as it is a root of 𝑥2 − 𝑥 − 1.

Proposition 1.2.4. Let 𝐵/𝐴 be an extension of commutative rings. For 𝛽 ∈ 𝐵, the following conditions 
are equivalent: 

i. the element 𝛽 is integral over 𝐴,

ii. there exists 𝑛 ≥ 0 such that {1, 𝛽, … , 𝛽𝑛} generates 𝐴[𝛽] as an 𝐴-module,

iii. the ring 𝐴[𝛽] is a finitely generated 𝐴-module, and

iv. there exists a finitely generated 𝐴-submodule 𝑀 of 𝐵 that such that 𝛽𝑀 ⊆ 𝑀 and which is 
faithful over 𝐴[𝛽].

https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:prim_elt_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:Gal_gp_compos_restr_isom
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:Gal_gp_compos_restr_isom
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:subring
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#def:monic_poly
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:poly_ring
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:ring_adjoin_elt
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Proof. Suppose that (i) holds. Then 𝛽 is a root of a monic polynomial 𝑔 ∈ 𝐴[𝑥]. Given any 
𝑓 ∈ 𝐴[𝑥], the division algorithm tells us that 𝑓 = 𝑞𝑔 + 𝑟 with 𝑞, 𝑟 ∈ 𝐴[𝑥] and either 𝑟 = 0 or 
deg 𝑟 < deg 𝑔. It follows that 𝑓 (𝛽) = 𝑟(𝛽), and therefore that 𝑓 (𝛽) is in the 𝐴-submodule generated 
by {1, 𝛽, … , 𝛽deg 𝑔−1}, so (ii) holds. Since this set is independent of 𝑓 , it generates 𝐴[𝛽] as an 𝐴-
module, so (iii) holds. Suppose that (iii) holds. Then we may take 𝑀 = 𝐴[𝛽], which being free over 
itself has trivial annihilator.

Finally, suppose that (iv) holds. Let

𝑀 =
𝑛

∑
𝑖=1

𝐴𝛾𝑖 ⊆ 𝐵

be such that 𝛽𝑀 ⊆ 𝑀, and suppose without loss of generality that 𝛽 ≠ 0. We have

𝛽𝛾𝑖 =
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝛾𝑗

for some 𝑎𝑖𝑗 ∈ 𝐴 with 1 ≤ 𝑖 ≤ 𝑛 and 1 ≤ 𝑗 ≤ 𝑛. Consider 𝐴-module homomorphism 𝑇 ∶ 𝐵𝑛 → 𝐵𝑛

represented by (𝑎𝑖𝑗). The characteristic polynomial 𝑓 (𝑥) ∈ 𝐴[𝑥] of 𝑇  is monic, and 𝑓 (𝛽) acts as zero 
on 𝑀. Since 𝑀 is a faithful 𝐴[𝛽]-module, we must have 𝑓 (𝛽) = 0. Thus, 𝛽 is integral. ∎

Example 1.2.5. The element 1
2 ∈ ℚ is not integral over ℤ, as ℤ[1, 2−1, … , 2−𝑛] for 𝑛 ≥ 0 is equal to 

ℤ[2−𝑛], which does not contain 2−(𝑛+1).

Definition 1.2.6. Let 𝐵/𝐴 be an extension of commutative rings. We say that 𝐵 is an integral extension 
of 𝐴 if every element of 𝐵 is integral over 𝐴.

Example 1.2.7. The ring ℤ[√2] is an integral extension of ℤ. Given 𝛼 = 𝑎 + 𝑏√2 with 𝑎, 𝑏 ∈ ℤ, 
note that 𝛼 is a root of 𝑥2 − 2𝑎𝑥 + 𝑎2 − 2𝑏2.

Lemma 1.2.8. Suppose that 𝐵/𝐴 is an extension of commutative rings such that 𝐵 is finitely generated 
as an 𝐴-module, and let 𝑀 be a finitely generated 𝐵-module. Then 𝑀 is a finitely generated 𝐴-module.

Proof. Let {𝑚1, … , 𝑚𝑛} be a set of generators of 𝑀 as a 𝐵-module, and let {𝛽1, … , 𝛽𝑘} be a set 
of generators of 𝐵 as an 𝐴-module. We claim that {𝛽𝑖𝑚𝑗 ∣ 1 ≤ 𝑖 ≤ 𝑘, 1 ≤ 𝑗 ≤ 𝑛} is a set of generators 
of 𝑀 as an 𝐴-module. To see this, let 𝑚 ∈ 𝑀 and write

𝑚 =
𝑛

∑
𝑗=1

𝑏𝑗𝑚𝑗

with 𝑏𝑗 ∈ 𝐵 for 1 ≤ 𝑗 ≤ 𝑛. For 1 ≤ 𝑗 ≤ 𝑛, we then write

𝑏𝑗 =
𝑘

∑
𝑖=1

𝑎𝑖𝑗𝛽𝑖

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:div_algor_for_1_var_polys
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with 𝑎𝑖𝑗 ∈ 𝐴 for 1 ≤ 𝑖 ≤ 𝑘. We then have

𝑚 =
𝑘

∑
𝑖=1

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝛽𝑖𝑚𝑗,

as desired. ∎

We now give a criterion for a finitely generated algebra over a ring to be finitely generated as a 
module.

Proposition 1.2.9. Let 𝐵/𝐴 be an extension of commutative rings and suppose that

𝐵 = 𝐴[𝛽1, 𝛽2, … , 𝛽𝑘]

for some 𝑘 ≥ 0 and 𝛽𝑖 ∈ 𝐵 with 1 ≤ 𝑖 ≤ 𝑘. Then the following are equivalent. 

i. the ring 𝐵 is integral over 𝐴,

ii. each 𝛽𝑖 with 1 ≤ 𝑖 ≤ 𝑘 is integral over 𝐴, and

iii. the ring 𝐵 is finitely generated as an 𝐴-module.

Proof. Clearly, (i) implies (ii), so suppose that (ii) holds. By definition, each 𝛽𝑖 is then integral 
over any commutative ring containing 𝐴. By Proposition 1.2.4, each 𝐴[𝛽1, … , 𝛽𝑗] with 1 ≤ 𝑗 ≤ 𝑘
is a finitely generated 𝐴[𝛽1, … , 𝛽𝑗−1]-module, generated by {1, 𝛽𝑗, … , 𝛽𝑛𝑗

𝑗 } for some 𝑛𝑗 ≥ 0. As-
suming recursively that 𝐴[𝛽1, … , 𝛽𝑗−1] is finitely generated as an 𝐴-module, Lemma 1.2.8 implies 
that 𝐴[𝛽1, … , 𝛽𝑗] = 𝐴[𝛽1, … , 𝛽𝑗−1][𝛽𝑗] is finitely generated as an 𝐴-module as well. Therefore, 
(iii) holds. Finally, if (iii) holds and 𝛽 ∈ 𝐵, then since 𝛽𝐵 ⊆ 𝐵, the element 𝛽 is integral over 𝑎 by 
Proposition 1.2.4. Thus (i) holds. ∎

We derive the following important consequence.

Proposition 1.2.10. Suppose that 𝐶/𝐵 and 𝐵/𝐴 are integral extensions of commutative rings. Then 
𝐶/𝐴 is an integral extension as well.

Proof. Let 𝛾 ∈ 𝐶, and let 𝑓 ∈ 𝐵[𝑥] be a monic polynomial which has 𝛾 as a root. Let 𝐵′

be the subring of 𝐵 generated over 𝐴 by the coefficients of 𝑓 , which is integral over 𝐴 as 𝐵 is. By 
Proposition 1.2.9, the ring 𝐵′ is then finitely generated over 𝐴. As 𝐵′[𝛾] is finitely generated over 𝐵′

as well, we have 𝐵′[𝛾] is finitely generated over 𝐴. Hence, 𝐵[𝛾] is itself an integral extension of 𝐴. 
By definition of an integral extension, the element 𝛾 is integral over 𝐴. Since 𝛾 ∈ 𝐶 was arbitrary, 
we conclude that 𝐶 is integral over 𝐴. ∎

Definition 1.2.11. Let 𝐵/𝐴 be an extension of commutative rings. The integral closure of 𝐴 in 𝐵 is 
the set of elements of 𝐵 that are integral over 𝐴.
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Proposition 1.2.12. Let 𝐵/𝐴 be an extension of commutative rings. Then the integral closure of 𝐴 in 
𝐵 is a subring of 𝐵.

Proof. If 𝛼 and 𝛽 are elements of 𝐵 that are integral over 𝐴, then 𝐴[𝛼, 𝛽] is integral over 𝐴 by 
Proposition 1.2.9. Therefore, every element of 𝐴[𝛼, 𝛽], including 𝛼 + 𝛽 and 𝛼 ⋅ 𝛽, is integral over 
𝐴 as well. That is, the integral closure of 𝐴 in 𝐵 is closed under addition, additive inverses, and 
multiplication, and it contains 1, so it is a ring. ∎

Example 1.2.13. The integral closure of ℤ in ℤ[𝑥] is ℤ, since if 𝑓 ∈ ℤ[𝑥] is of degree at least 1 and 
𝑔 ∈ ℤ[𝑥] is nonconstant, then 𝑔(𝑓 (𝑥)) has degree deg 𝑔 ⋅ deg 𝑓  in 𝑥, hence cannot be 0.

Definition 1.2.14. 

a. The ring of algebraic integers is the integral closure ℤ of ℤ inside ℂ.

b. An algebraic integer is an element of ℤ.

Definition 1.2.15. Let 𝐵/𝐴 be an extension of commutative rings. We say that 𝐴 is integrally closed 
in 𝐵 if 𝐴 is its own integral closure in 𝐵.

Definition 1.2.16. We say that an integral domain 𝐴 is integrally closed if it is integrally closed in its 
quotient field.

Example 1.2.17. Every field is integrally closed.

Proposition 1.2.18. Let 𝐴 be an integrally closed domain, let 𝐾  be the quotient field, and let 𝐿 be a 
field extension of 𝐾 . If 𝛽 ∈ 𝐿 is integral over 𝐴 with minimal polynomial 𝑓 ∈ 𝐾[𝑥], then 𝑓 ∈ 𝐴[𝑥].

Proof. Since 𝛽 ∈ 𝐿 is integral, it is the root of some monic polynomial 𝑔 ∈ 𝐴[𝑥] such that 𝑓
divides 𝑔 in 𝐾[𝑥]. As 𝑔 is monic, every root of 𝑔 in an algebraic closure 𝐾  containing 𝐾  is integral 
over 𝐾 . As every root of 𝑓  is a root of 𝑔, the same is true of the roots of 𝑓 . Write 𝑓 = ∏𝑛

𝑖=1(𝑥 − 𝛽𝑖)
for 𝛽𝑖 ∈ 𝐾  integral over 𝐴. As the integral closure of 𝐴 in 𝐾  is a ring, it follows that every coefficient 
of 𝑓  is integral over 𝐴, being sums of products of the elements 𝛽𝑖. Since 𝑓 ∈ 𝐾[𝑥] and 𝐴 is integrally 
closed, we then have 𝑓 ∈ 𝐴[𝑥]. ∎

The following holds in the case of UFDs.

Proposition 1.2.19. Let 𝐴 be a UFD, let 𝐾  be the quotient field of 𝐴, and let 𝐿 be a field extension of 
𝐾 . Suppose that 𝛽 ∈ 𝐿 is algebraic over 𝐾  with minimal polynomial 𝑓 ∈ 𝐾[𝑥]. If 𝛽 is integral over 
𝐴, then 𝑓 ∈ 𝐴[𝑥].
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Proof. Let 𝛽 ∈ 𝐿 be integral over 𝐴, let 𝑔 ∈ 𝐴[𝑥] be a monic polynomial of which it is a root, and 
let 𝑓 ∈ 𝐾[𝑥] be the minimal polynomial of 𝛽. Since 𝑓  divides 𝑔 in 𝐾[𝑥] and 𝐴 is a UFD with quotient 
field 𝐾 , there exists 𝑑 ∈ 𝐾  such that 𝑑𝑓 ∈ 𝐴[𝑥] and 𝑑𝑓  divides 𝑔 in 𝐴[𝑥]. Since 𝑓  is monic, 𝑑 must be 
an element of 𝐴 (and in fact may be taken to be a least common denominator of the coefficients of 𝑓 ). 
The coefficient of the leading term of any multiple of 𝑑𝑓  will be divisible by 𝑑, so this forces 𝑑 to be 
a unit, in which case 𝑓 ∈ 𝐴[𝑥]. ∎

Corollary 1.2.20. Every unique factorization domain is integrally closed.

Proof. The minimal polynomial of an element 𝑎 of the quotient field 𝐾  of a UFD 𝐴 is 𝑥 − 𝑎. If 
𝑎 ∉ 𝐴, it follows from Proposition 1.2.19 that 𝑎 is not integral over 𝐴. ∎

Examples 1.2.21. The ring ℤ is integrally closed.

Example 1.2.22. The ring ℤ[√17] is not integrally closed, since 𝛼 = 1+√17
2  is a root of the monic 

polynomial 𝑥2 − 𝑥 − 4. In particular, ℤ[√17] is not a UFD.

Proposition 1.2.23. Let 𝐵/𝐴 be an extension of commutative rings, and suppose that 𝐵 is an integrally 
closed domain. Then the integral closure of 𝐴 in 𝐵 is integrally closed.

Proof. Let 𝐴 denote the integral closure of 𝐴 in 𝐵, and let 𝑄 denote the quotient field of 𝐴. Let 
𝛼 ∈ 𝑄, and suppose that 𝛼 is integral over 𝐴. Then 𝐴[𝛼] is integral over 𝐴, so 𝐴[𝛼] is integral over 
𝐴, and therefore 𝛼 is integral over 𝐴. That is, 𝛼 is an element of 𝐴, as desired. ∎

Example 1.2.24. The ring ℤ of algebraic integers is integrally closed.

Proposition 1.2.25. Let 𝐴 be an integral domain with quotient field 𝐾 , and let 𝐿 be an algebraic 
extension of 𝐾 . Then the integral closure 𝐵 of 𝐴 in 𝐿 has quotient field equal to 𝐿 inside 𝐿. In fact, 
every element of 𝐿 may be written as 𝑏

𝑑  for some 𝑑 ∈ 𝐴 and 𝑏 ∈ 𝐵.

Proof. Any 𝛽 ∈ 𝐿 is the root of a monic polynomial 𝑓 = ∑𝑛
𝑖=0 𝑎𝑖𝑥𝑖 ∈ 𝐾[𝑥]. Let 𝑑 ∈ 𝐴 be such 

that 𝑑𝑓 ∈ 𝐴[𝑥]. Then

𝑑𝑛𝑓 (𝑑−1𝑥) =
𝑛

∑
𝑖=0

𝑎𝑖𝑑𝑛−𝑖𝑥𝑖 ∈ 𝐴[𝑥]

is both monic and has 𝑑𝛽 as a root. In other words, 𝑑𝛽 is contained in 𝐵, as desired. ∎

Example 1.2.26. The quotient field of ℤ is ℚ.

Definition 1.2.27. The ring of integers (or integer ring) 𝒪𝐾  of a number field 𝐾  is the integral closure 
of ℤ in 𝐾 .

https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:factor_in_poly_ring_over_UFD_quot_field
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:factor_in_poly_ring_over_UFD_quot_field
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The prototypical examples of rings of integers arise in the setting of quadratic fields.

Theorem 1.2.28. Let 𝑑 ≠ 1 be a square-free integer. The ring of integers of ℚ(√𝑑) is

𝒪
ℚ(√𝑑)

=
{


ℤ [1+√𝑑
2 ] if 𝑑 ≡ 1 mod 4,

ℤ[√𝑑] if 𝑑 ≡ 2, 3 mod 4.

Proof. Suppose that 𝛼 = 𝑎 + 𝑏√𝑑 is integral for 𝑎, 𝑏 ∈ ℚ. If 𝑏 = 0, then we must have 𝑎 ∈ ℤ. 
If 𝑏 ≠ 0, then the minimal polynomial of 𝛼 is 𝑓 = 𝑥2 − 2𝑎𝑥 + 𝑎2 − 𝑏2𝑑. Since 𝛼 is integral, we must 
have 𝑓 ∈ ℤ[𝑥], so 2𝑎 ∈ ℤ. If 𝑎 ∈ ℤ, then since 𝑎2 − 𝑏2𝑑 ∈ ℤ and 𝑑 is square-free, we have 𝑏 ∈ ℤ
as well. If 𝑎 ∉ ℤ, then 2𝑎 = 𝑎′ and 2𝑏 = 𝑏′ for some odd 𝑎′, 𝑏′ ∈ ℤ, and (𝑎′)2 ≡ (𝑏′)2𝑑 mod 4. As 
(ℤ/4ℤ)2 = {0, 1}, this is impossible if 𝑑 ≢ 1 mod 4. If 𝑑 ≡ 1 mod 4, then 𝑎+𝑏√𝑑 lies in the claimed 
ring, since it contains √𝑑, and clearly (1 + √𝑑)/2 is integral. ∎

1.3 Norm and trace

Definition 1.3.1. Let 𝐿/𝐾  be a finite extension of fields. For 𝛼 ∈ 𝐿, let 𝑚𝛼 ∶ 𝐿 → 𝐿 denote the linear 
transformation of 𝐾-vector spaces defined by left multiplication by 𝛼. 

a. The norm map 𝑁𝐿/𝐾 ∶ 𝐿 → 𝐾  is defined by 𝑁𝐿/𝐾(𝛼) = det 𝑚𝛼 for 𝛼 ∈ 𝐿.

b. The trace map Tr𝐿/𝐾 ∶ 𝐿 → 𝐾  is defined by Tr𝐿/𝐾(𝛼) = tr 𝑚𝛼 for 𝛼 ∈ 𝐿.

Remark 1.3.2. For a finite field extension 𝐿/𝐾 , the trace map Tr𝐿/𝐾  is a homomorphism, and the 
norm map 𝑁𝐿/𝐾  is a homomorphism to 𝐾× upon restriction to 𝐿×.

Proposition 1.3.3.  Let 𝐿/𝐾  be a finite extension of fields, and let 𝛼 ∈ 𝐿. Let 𝑓 ∈ 𝐾[𝑥] be the minimal 
polynomial of 𝛼 over 𝐾 , let 𝑑 = [𝐾(𝛼) ∶ 𝐾], let 𝑠 = [𝐿 ∶ 𝐾(𝛼)], and let 𝐾  be an algebraic closure of 
𝐾 . Suppose that 𝑓  factors in 𝐾[𝑥] as

𝑓 =
𝑑

∏
𝑖=1

(𝑥 − 𝛼𝑖)

for some 𝛼1, … , 𝛼𝑑 ∈ 𝐾 . Then the characteristic polynomial of 𝑚𝛼 is 𝑓 𝑠, and we have

𝑁𝐿/𝐾(𝛼) =
𝑑

∏
𝑖=1

𝛼𝑠
𝑖 and Tr𝐿/𝐾(𝛼) = 𝑠

𝑑
∑
𝑖=1

𝛼𝑖.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:finite_field_extn
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:extn_field
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:finite_field_extn
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:extn_field
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Proof. We claim that the characteristic polynomial of the 𝐾-linear transformation 𝑚𝛼 is 𝑓 𝑠. First 
suppose that 𝐿 = 𝐾(𝛼). Note that {1, 𝛼, … , 𝛼𝑑−1} forms a 𝐾-basis of 𝐾(𝛼), and with respect to this 
basis, 𝑚𝛼 is given by the matrix

𝐴 =

(


0 −𝑎0

1 0 −𝑎1

⋱ ⋱ ⋮
1 0 −𝑎𝑑−2

1 −𝑎𝑑−1

)


,

where 𝑎𝑖 ∈ 𝐾  for 1 ≤ 𝑖 ≤ 𝑑 are such that

𝑓 = 𝑥𝑑 +
𝑑−1
∑
𝑖=0

𝑎𝑖𝑥𝑖.

Expanding the determinant of 𝑥𝐼 − 𝐴 using its first row, we see that

char 𝑚𝛼 = det(𝑥𝐼 − 𝐴) = 𝑥 det(𝑥𝐼 − 𝐴′) + (−1)𝑑−1𝑎0 det

(


−1 𝑥
⋱ ⋱

−1 𝑥
−1

)


= 𝑥 det(𝑥𝐼 − 𝐴′) + 𝑎0,

where 𝐴′ is the (1, 1)-minor of 𝐴. By induction on the dimension of 𝐴, we may assume that

det(𝑥𝐼 − 𝐴′) = 𝑥𝑑−1 +
𝑑−2
∑
𝑖=0

𝑎𝑖+1𝑥𝑖,

so char 𝑚𝛼 = 𝑓 . Since
𝑓 = 𝑥𝑑 − tr(𝑚𝛼)𝑥𝑑−1 + ⋯ + (−1)𝑑 det(𝑚𝛼),

we have by expanding out the factorization of 𝑓  in 𝐾[𝑥] that 𝑁𝐿/𝐾𝛼 and Tr𝐿/𝐾 𝛼 are as stated in this 
case.

In general, if {𝛽1, … , 𝛽𝑠} is a basis for 𝐿/𝐾(𝛼), then {𝛽𝑖𝛼𝑗 ∣ 1 ≤ 𝑖 ≤ 𝑠, 0 ≤ 𝑗 ≤ 𝑑 − 1} is a basis 
for 𝐿/𝐾 . The matrix of 𝑚𝛼 with respect to this basis (with the lexicographical ordering on the pairs 
(𝑖, 𝑗)) is the block diagonal matrix consisting of 𝑠 copies of 𝐴. In other words, char 𝑚𝛼 is the 𝑓 𝑠, from 
which the result now follows easily. ∎

We can also express the norm as a power of a product of conjugates and the trace as a multiple of 
a sum of conjugates.
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Proposition 1.3.4.  Let 𝐿/𝐾  be a finite extension of fields, and let 𝑚 = [𝐿 ∶ 𝐾]𝑖 be its degree of 
inseparability. Let 𝔖 denote the set of embeddings of 𝐿 fixing 𝐾  in a given algebraic closure of 𝐾 . 
Then, for 𝛼 ∈ 𝐿, we have

𝑁𝐿/𝐾(𝛼) = ∏
𝜎∈𝔖

𝜎𝛼𝑚 and Tr𝐿/𝐾(𝛼) = 𝑚 ∑
𝜎∈𝔖

𝜎𝛼.

Proof. The distinct conjugates of 𝛼 in a fixed algebraic closure 𝐾  of 𝐾  are exactly the 𝜏𝛼 for 𝜏
in the set 𝔗 of distinct embeddings of 𝐾(𝛼) in 𝐾 . These 𝜏𝛼 are the distinct roots of the minimal 
polynomial of 𝛼 over 𝐾 , each occuring with multiplicity the degree [𝐾(𝛼) ∶ 𝐾]𝑖 of inseparability of 
𝐾(𝛼)/𝐾 . Now, each of these embeddings extends to [𝐿 ∶ 𝐾(𝛼)]𝑠 distinct embeddings of 𝐿 into 𝐾 , 
and each extension 𝜎 ∈ 𝔖 of 𝜏 sends 𝛼 to 𝜏(𝛼). By Proposition 1.3.3, we have

𝑁𝐿/𝐾𝛼 = ∏
𝜏∈𝔗

(𝜏𝛼)[𝐿∶𝐾(𝛼)][𝐾(𝛼)∶𝐾]𝑖 = ∏
𝜎∈𝔖

𝜎𝛼[𝐿∶𝐾]𝑖,

and similarly for the trace. ∎

We have the following immediate corollary.

Corollary 1.3.5.  Let 𝐿/𝐾  be a finite separable extension of fields. Let 𝔖 denote the set of embeddings 
of 𝐿 fixing 𝐾  in a given algebraic closure of 𝐾 . Then, for 𝛼 ∈ 𝐿, we have

𝑁𝐿/𝐾(𝛼) = ∏
𝜎∈𝔖

𝜎𝛼 and Tr𝐿/𝐾(𝛼) = ∑
𝜎∈𝔖

𝜎𝛼.

We also have the following.

Proposition 1.3.6.  Let 𝑀/𝐾  be a finite field extension and 𝐿 be an intermediate field in the extension. 
Then we have

𝑁𝑀/𝐾 = 𝑁𝐿/𝐾 ∘ 𝑁𝑀/𝐿 and Tr𝑀/𝐾 = Tr𝐿/𝐾 ∘ Tr𝑀/𝐿 .

Proof. We prove this for norm maps. Let 𝔖 denote the set of embeddings of 𝐿 into 𝐾  that fix 𝐾 , 
let 𝔗 denote the set of embeddings of 𝑀 into 𝐾  that fix 𝐿, and let 𝔘 denote the set of embeddings of 
𝑀 into 𝐾  that fix 𝐾 . Since [𝑀 ∶ 𝐾]𝑖 = [𝑀 ∶ 𝐿]𝑖 ⋅ [𝐿 ∶ 𝐾]𝑖, it suffices by Proposition 1.3.4 to show that

∏
𝛿∈𝔘

𝛿𝛼 = ∏
𝜎∈𝔖

𝜎 ( ∏
𝜏∈𝔗

𝜏𝛼) .

We extend each 𝜎 to an automorphism 𝜎̃ of 𝐾  fixing 𝐾 . We then have

∏
𝜎∈𝔖

𝜎 ( ∏
𝜏∈𝔗

𝜏𝛼) = ∏
𝜎∈𝔖

∏
𝜏∈𝔗

(𝜎̃ ∘ 𝜏)𝛼.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:finite_field_extn
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:extn_field
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:field_embed
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:finite_field_extn
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:separable_extn
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:extn_field
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#def:field_embed
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For the trace map, we simply replace the products by sums.
We claim that the subset 𝑋 = {𝜎̃ ∘ 𝜏 ∣ 𝜎 ∈ 𝔖, 𝜏 ∈ 𝔗} of 𝔘 is exactly 𝔘, which will finish the 

proof. Let 𝜎, 𝜎′ ∈ 𝔖 and 𝜏, 𝜏′ ∈ 𝔗, and suppose that

𝜎̃ ∘ 𝜏 = 𝜎̃′ ∘ 𝜏′. (1.3.1)

Since 𝜎̃ ∘ 𝜏|𝐿 = 𝜎|𝐿, we have that 𝜎 = 𝜎′. Since 𝜎̃ is an automorphism, we then apply its inverse to 
(1.3.1) to obtain 𝜏 = 𝜏′. As there are then |𝔖||𝔗| = |𝔘| elements of 𝑋, we have the result. ∎

Example 1.3.7. The norm for the extension ℚ(√𝑑)/ℚ, where 𝑑 is a square-free integer, is given by

𝑁
ℚ(√𝑑)/ℚ

(𝑥 + 𝑦√𝑑) = (𝑥 + 𝑦√𝑑)(𝑥 − 𝑦√𝑑) = 𝑥2 − 𝑑𝑦2

for 𝑥, 𝑦 ∈ ℚ.

Example 1.3.8. For 𝑎, 𝑏, 𝑐 ∈ ℚ, we have

𝑁
ℚ(3√2)/ℚ

(𝑎 + 𝑏3√2 + 𝑐3√4) = (𝑎 + 𝑏3√2 + 𝑐3√4)(𝑎 + 𝑏𝜔3√2 + 𝑐𝜔23√4)(𝑎 + 𝑏𝜔23√2 + 𝑐𝜔3√4)

= 𝑎3 + 2𝑏3 + 4𝑐3 − 6𝑎𝑏𝑐,

for 𝜔 a primitive cube root of unity. The trace is simpler:

Tr
ℚ(3√2)/ℚ

(𝑎 + 𝑏3√2 + 𝑐3√4) = 3𝑎.

Definition 1.3.9. A 𝐾-valued linear character of a group 𝐺 is a group homomorphism 𝜒∶ 𝐺 → 𝐾×, 
where 𝐾  is a field.

Definition 1.3.10. We say that a set of 𝐾-valued linear characters 𝑋 of a group 𝐺 is 𝐾-linearly inde-
pendent if it is linearly independent as a subset of the 𝐾-vector space of functions 𝐺 → 𝐾 .

Theorem 1.3.11. Any set of 𝐾-valued linear characters 𝐺 → 𝐾× of a group 𝐺 is 𝐾-linearly indepen-
dent.

Proof. Let 𝑋 be a set of linear characters 𝐺 → 𝐾×. Suppose by way of contradiction that 𝑚 ≥ 2
is minimal such that there 𝑚 distinct, linearly dependent elements of 𝐺. Choose 𝑎𝑖 ∈ 𝐾  and 𝜒𝑖 ∈ 𝑋
with 1 ≤ 𝑖 ≤ 𝑚 for which 𝑎1 ≠ 0 and

𝑚
∑
𝑖=1

𝑎𝑖𝜒𝑖 = 0.

Also, let ℎ ∈ 𝐺 be such that 𝜒1(ℎ) ≠ 𝜒𝑚(ℎ). Set 𝑏𝑖 = 𝑎𝑖(𝜒𝑖(ℎ) − 𝜒𝑚(ℎ)) for 1 ≤ 𝑖 ≤ 𝑚 − 1. For 
any 𝑔 ∈ 𝐺, we then have

𝑚−1
∑
𝑖=1

𝑏𝑖𝜒𝑖(𝑔) =
𝑚

∑
𝑖=1

𝑎𝑖(𝜒𝑖(ℎ) − 𝜒𝑚(ℎ))𝜒𝑖(𝑔) =
𝑚

∑
𝑖=1

𝑎𝑖𝜒𝑖(ℎ𝑔) − 𝜒𝑚(ℎ)
𝑚

∑
𝑖=1

𝑎𝑖𝜒𝑖(𝑔) = 0.

Since 𝑏1 ≠ 0 and ∑𝑚−1
𝑖=1 𝑏𝑖𝜒𝑖 has only 𝑚 − 1 terms, this contradicts the existence of 𝑚. ∎
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In the case of cyclic extensions, the kernel of the norm map bears a simple description.

Theorem 1.3.12  (Hilbert’s Theorem 90). Let 𝐿/𝐾  be a finite cyclic extension of fields, and let 𝜎 be a 
generator of its Galois group. Then

ker 𝑁𝐿/𝐾 = {𝜎(𝛽)
𝛽 ∣ 𝛽 ∈ 𝐿×} .

Proof. Set 𝑛 = [𝐿 ∶ 𝐾]. Let 𝛽 ∈ 𝐿, and note that

𝑁𝐿/𝐾 (𝜎(𝛽)
𝛽 ) =

𝑛−1
∏
𝑖=0

𝜎𝑖+1(𝛽)
𝜎𝑖(𝛽)

=
𝑁𝐿/𝐾(𝛽)
𝑁𝐿/𝐾(𝛽) = 1.

Next, suppose that 𝛼 ∈ ker 𝑁𝐿/𝐾 , and set

𝑥𝛾 = 𝛾 + 𝛼𝜎(𝛾) + 𝛼𝜎(𝛼)𝜎2(𝛾) + ⋯ + 𝛼𝜎(𝛼) ⋯ 𝜎𝑛−2(𝛼)𝜎𝑛−1(𝛾)

for 𝛾 ∈ 𝐿. The elements of Gal(𝐿/𝐾), which is to say the powers of 𝜎, are distinct 𝐿-valued characters 
on 𝐿×, and therefore they are 𝐿-linearly independent. Thus, there exists 𝛾 ∈ 𝐿× such that 𝑥𝛾 ≠ 0. We 
then note that

𝛼𝜎(𝑥𝛾) = 𝛼𝜎(𝛾) + 𝛼𝜎(𝛼)𝜎2(𝛾) + ⋯ + 𝛼𝜎(𝛼) ⋯ 𝜎𝑛−2(𝛼)𝜎𝑛−1(𝛾) + 𝑁𝐿/𝐾(𝛼)𝛾 = 𝑥𝛾,

so 𝛼−1 = 𝜎(𝑥𝛾)𝑥−1
𝛾 , finishing the proof. ∎

There is also an additive form of Hilbert’s Theorem 90, which describes the kernel of the trace. 
We leave the proof to the reader.

Proposition 1.3.13  (Additive Hilbert’s Theorem 90). Let 𝐿/𝐾  be a finite cyclic extension of fields, 
and let 𝜎 be a generator of its Galois group. Then

ker Tr𝐿/𝐾 = {𝜎(𝛽) − 𝛽 ∣ 𝛽 ∈ 𝐿} .

Lemma 1.3.14. Let 𝐵/𝐴 be an integral extension of domains, and suppose that 𝐴 is integrally closed in 
its quotient field 𝐾 . Let 𝐿 denote the quotient field of 𝐵, and suppose that 𝐿/𝐾  is finite. Then 𝑁𝐿/𝐾(𝛽)
and Tr𝐿/𝐾(𝛽) are elements of 𝐴 for every 𝛽 ∈ 𝐵.

Proof. Since 𝛽 is integral over 𝐴, so are all of its conjugates in an algebraic closure 𝐿̄ of 𝐿, since 
they are also roots of the monic polynomial of which 𝛽 is a root. It follows from Proposition 1.3.4 
and the fact that the integral closure of 𝐴 in 𝐿̄ is a ring that 𝑁𝐿/𝐾(𝛽) and Tr𝐿/𝐾(𝛽) are elements of 𝐾
integral over 𝐴, so 𝐴 is integrally closed. ∎
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1.4 Discriminants

Definition 1.4.1. Let 𝐾  be a field and 𝑉  a finite-dimensional 𝐾-vector space. A 𝐾-bilinear form (or 
simply, bilinear form) 𝜓∶ 𝑉 × 𝑉 → 𝐾  on 𝑉  is a function satisfying

𝜓(𝑣 + 𝑣′, 𝑤) = 𝜓(𝑣, 𝑤) + 𝜓(𝑣′, 𝑤) and 𝜓(𝑣, 𝑤 + 𝑤′) = 𝜓(𝑣, 𝑤) + 𝜓(𝑣, 𝑤′)

and
𝜓(𝑎𝑣, 𝑤) = 𝑎𝜓(𝑣, 𝑤) = 𝜓(𝑣, 𝑎𝑤)

for all 𝑎 ∈ 𝐾  and 𝑣, 𝑣′, 𝑤, 𝑤′ ∈ 𝑉 .

Definition 1.4.2. A 𝐾-bilinear form 𝜓 on a 𝐾-vector space 𝑉  is said to be symmetric if

𝜓(𝑣, 𝑤) = 𝜓(𝑤, 𝑣)

for all 𝑣, 𝑤 ∈ 𝑉 .

Example 1.4.3. Given a matrix 𝑄 ∈ 𝑀𝑛(𝐾), we can define a bilinear form on 𝐾𝑛 by

𝜓(𝑣, 𝑤) = 𝑣𝑇𝑄𝑤

for 𝑣, 𝑤 ∈ 𝐾𝑛, where we use a superscript 𝑇  to denote the transpose. It is symmetric if and only if 𝑄
is.

Example 1.4.4. If 𝐿/𝐾  is a finite extension of fields, then 𝜓∶ 𝐿 × 𝐿 → 𝐾  defined by

𝜓(𝛼, 𝛽) = Tr𝐿/𝐾(𝛼𝛽)

for 𝛼, 𝛽 ∈ 𝐿 is a symmetric 𝐾-bilinear form on 𝐿.

Definition 1.4.5. The discriminant of a bilinear form 𝜓 on a finite dimensional 𝐾-vector space 𝑉
relative to an ordered basis (𝑣1, … , 𝑣𝑛) of 𝑉  is the determinant of the matrix (𝜓(𝑣𝑖, 𝑣𝑗))𝑖,𝑗.

Lemma 1.4.6. Let 𝜓∶ 𝑉 × 𝑉 → 𝐾  be a 𝐾-bilinear form on a finite-dimensional vector space 𝑉  of 
dimension 𝑛 ≥ 1. Let 𝑣1, … , 𝑣𝑛 ∈ 𝑉 , and let 𝑇 ∶ 𝑉 → 𝑉  be a linear transformation. Then

det(𝜓(𝑇𝑣𝑖, 𝑇𝑣𝑗))𝑖,𝑗 = (det 𝑇)2 ⋅ det(𝜓(𝑣𝑖, 𝑣𝑗))𝑖,𝑗.
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Proof. Suppose first that the 𝑣𝑖 form a basis of 𝑉 . Let 𝐴 = (𝑎𝑖𝑗) denote the matrix of 𝑇  with 
respect to the ordered basis (𝑣1, … , 𝑣𝑛). for each 𝑖. We may then write

𝜓(𝑇𝑣𝑖, 𝑇𝑣𝑗) =
𝑛

∑
𝑘=1

𝑎𝑖𝑘

𝑛
∑
𝑙=1

𝑎𝑗𝑙𝜓(𝑣𝑘, 𝑣𝑙).

As matrices, we then have
(𝜓(𝑇𝑣𝑖, 𝑇𝑣𝑗)) = 𝐴(𝜓(𝑣𝑖, 𝑣𝑗))𝐴𝑇 ,

and the result follows as det 𝑇 = det 𝐴 = det 𝐴𝑇 .
If the 𝑣𝑖 do not form a basis of 𝑉 , then there is an ordered basis (𝑒1, … , 𝑒𝑛) of 𝑉  and a linear 

transformation 𝑈 ∶ 𝑉 → 𝑉  of with 𝑈(𝑒𝑖) = 𝑣𝑖 for all 𝑖. As det 𝑈 = 0, we have

det(𝜓(𝑣𝑖, 𝑣𝑗))𝑖,𝑗 = (det 𝑈)2 det(𝜓(𝑒𝑖, 𝑒𝑗))𝑖,𝑗 = 0.

As the 𝑇𝑣1, … , 𝑇𝑣𝑛 cannot be a basis, we have that both sides in the formula are zero. ∎

Remarks 1.4.7. Let 𝜓∶ 𝑉 × 𝑉 → 𝐾  be a 𝐾-bilinear form on a finite-dimensional vector space 𝑉  of 
dimension 𝑛 ≥ 1. Then Lemma 1.4.6 implies the following. 

a. The discriminant of 𝜓 to a basis is independent of its ordering, since a permutation matrix has 
determinant ±1.

b. We have det(𝜓(𝑣𝑖, 𝑣𝑗))𝑖,𝑗 = 0 if 𝑣1, … , 𝑣𝑛 ∈ 𝑉  are linearly dependent.

Definition 1.4.8. Let 𝐿/𝐾  be a finite extension of fields. The discriminant of 𝐿/𝐾  relative to a basis 
of 𝐿 as a 𝐾-vector space is the discriminant of the bilinear form

(𝛼, 𝛽) ↦ Tr𝐿/𝐾(𝛼𝛽)

relative to the basis.

Notation 1.4.9. If 𝐿/𝐾  is a finite extension of fields and 𝛽1, … , 𝛽𝑛 ∈ 𝐿 are arbitrary, we set

D(𝛽1, … , 𝛽𝑛) = det(Tr𝐿/𝐾(𝛽𝑖𝛽𝑗))𝑖,𝑗.

If (𝛽1, … , 𝛽𝑛) is an ordered basis of 𝐿/𝐾 , then D(𝛽1, … , 𝛽𝑛) is its discriminant.

Proposition 1.4.10. Let 𝐿/𝐾  be a finite separable extension of fields. Then for any 𝛽1, … , 𝛽𝑛 ∈ 𝐿, 
we have

D(𝛽1, … , 𝛽𝑛) = (det (𝜎𝑖𝛽𝑗)𝑖,𝑗)2,

where {𝜎1, … , 𝜎𝑛} is the set of embeddings of 𝐿 in an algebraic closure of 𝐾  that fix 𝐾 .

https://www.math.ucla.edu/~sharifi/notes/algebra-ch08.html#thm:det_matrix_eq_det_transpose
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Proof. Note that

Tr𝐿/𝐾(𝛽𝑖𝛽𝑗) =
𝑛

∑
𝑘=1

𝜎𝑘(𝛽𝑖)𝜎𝑘(𝛽𝑗),

so the matrix (Tr𝐿/𝐾(𝛽𝑖𝛽𝑗)) equals 𝑄𝑇𝑄, where 𝑄 ∈ 𝑀𝑛(𝐿) satisfies 𝑄𝑖𝑗 = 𝜎𝑖(𝛽𝑗). ∎

Definition 1.4.11. Let 𝐾  be a field, and let 𝛼1, … , 𝛼𝑛 ∈ 𝐾 . Then the matrix

𝑄(𝛼1, … , 𝛼𝑛) =

(


1 𝛼1 ⋯ 𝛼𝑛−1
1

1 𝛼2 ⋯ 𝛼𝑛−1
2

⋮ ⋮ ⋮
1 𝛼𝑛 ⋯ 𝛼𝑛−1

𝑛

)


is called the Vandermonde matrix for 𝛼1, … , 𝛼𝑛.

Lemma 1.4.12. Let 𝐾  be a field, and let 𝑄(𝛼1, … , 𝛼𝑛) be the Vandermonde matrix for elements 
𝛼1, … , 𝛼𝑛 of 𝐾 . Then

det 𝑄(𝛼1, … , 𝛼𝑛) = ∏
1≤𝑖<𝑗≤𝑛

(𝛼𝑗 − 𝛼𝑖).

Proof. We work by induction on 𝑛 ≥ 1, the case 𝑛 = 1 asserting the obvious fact that det 𝑄(𝛼) = 1
for any 𝛼 ∈ 𝐾 . To compute the determinant of 𝑄 = 𝑄(𝛼1, … , 𝛼𝑛), subtract 𝛼1 times its 𝑖th column 
from its (𝑖 + 1)th column for each 1 ≤ 𝑖 ≤ 𝑛 − 1, which leaves the determinant unchanged. We then 
obtain

det 𝑄 =

|







1 0 ⋯ 0
1 𝛼2 − 𝛼1 ⋯ 𝛼𝑛−2

2 (𝛼2 − 𝛼1)
⋮ ⋮ ⋮
1 𝛼𝑛 − 𝛼1 ⋯ 𝛼𝑛−2

𝑛 (𝛼𝑛 − 𝛼1)

|







=
|



𝛼2 − 𝛼1 ⋯ 𝛼𝑛−2
2 (𝛼2 − 𝛼1)

⋮ ⋮
𝛼𝑛 − 𝛼1 ⋯ 𝛼𝑛−2

𝑛 (𝛼𝑛 − 𝛼1)

|



=
𝑛

∏
𝑖=2

(𝛼𝑖 − 𝛼1) ⋅ det 𝑄(𝛼2, … , 𝛼𝑛),

and the result now follows by induction. ∎

Proposition 1.4.13. Suppose that 𝐿/𝐾  is a separable extension of degree 𝑛, and let 𝛼 ∈ 𝐿 be such 
that 𝐿 = 𝐾(𝛼). Then

D(1, 𝛼, … , 𝛼𝑛−1) = ∏
1≤𝑖<𝑗≤𝑛

(𝛼𝑗 − 𝛼𝑖)2 ≠ 0,

where 𝛼1, … , 𝛼𝑛 are the conjugates of 𝛼 in an algebraic closure of 𝐾 .

Proof. By Proposition 1.4.10, we have that D(1, 𝛼, … , 𝛼𝑛−1) is the square of the determinant of 
the Vandermonde matrix 𝑄(𝛼1, … , 𝛼𝑛), and the result then follows from Lemma 1.4.12. ∎
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Example 1.4.14. Let 𝑑 be a square-free integer with 𝑑 ≠ 1. Consider the basis {1, √𝑑} of ℚ(√𝑑) as a 
ℚ-vector space. Since the distinct conjugates of √𝑑 are ±√𝑑, we have D(1, √𝑑) = 4𝑑.

The following is basically a rephrasing of Proposition 1.4.13.

Corollary 1.4.15. Suppose that 𝐿/𝐾  is a separable extension of degree 𝑛, and let 𝛼 ∈ 𝐿 be such that 
𝐿 = 𝐾(𝛼), and let 𝑓 ∈ 𝐾[𝑥] be the minimal polynomial of 𝛼. Then

D(1, 𝛼, … , 𝛼𝑛−1) = (−1)
𝑛(𝑛−1)

2 𝑁𝐿/𝐾(𝑓 ′(𝛼)),

where 𝑓 ′ ∈ 𝐾[𝑥] is the derivative of 𝑓 .

Proof. Let 𝛼1, … , 𝛼𝑛 be the conjugates of 𝛼 in an algebraic closure 𝐾  of 𝐾 . Then

𝑓 ′(𝑥) =
𝑛

∑
𝑖=1

𝑛
∏
𝑗=1

𝑗≠𝑖

(𝑥 − 𝛼𝑗),

so we have
𝑓 ′(𝛼𝑖) =

𝑛
∏
𝑗=1

𝑗≠𝑖

(𝛼𝑖 − 𝛼𝑗)

for each 𝑖, and the conjugates of 𝑓 ′(𝛼) in 𝐾  are the 𝑓 ′(𝛼𝑖). We then have

𝑁𝐿/𝐾(𝑓 ′(𝛼)) =
𝑛

∏
𝑖=1

𝑛
∏
𝑗=1

𝑗≠𝑖

(𝛼𝑖 − 𝛼𝑗) = (−1)𝑛(𝑛−1)/2 ∏
1≤𝑖<𝑗≤𝑛

(𝛼𝑗 − 𝛼𝑖)2.

∎

Corollary 1.4.16. Let 𝐿/𝐾  be a finite separable extension of fields. Then the discriminant of 𝐿/𝐾
relative to an ordered basis (𝛽1, … , 𝛽𝑛) of 𝐿 is nonzero.

Proof. Since 𝐿/𝐾  is separable, there exists 𝛼 ∈ 𝐿 such that 𝐿 = 𝐾(𝛼). Then (1, 𝛼, … , 𝛼𝑛−1)
is an ordered basis of 𝐿/𝐾 , and there exists an invertible 𝐾-linear transformation 𝑇 ∶ 𝐿 → 𝐿 with 
𝑇(𝛼𝑖−1) = 𝛽𝑖 for 1 ≤ 𝑖 ≤ 𝑛. By Lemma 1.4.6, we have that

D(𝛽1, 𝛽2, … , 𝛽𝑛) = (det 𝑇)2D(1, 𝛼, … , 𝛼𝑛−1).

It follows Proposition 1.4.13 that D(1, 𝛼, … , 𝛼𝑛−1) ≠ 0, so we have the result. ∎
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Remark 1.4.17. Together, Lemma 1.4.6 and Corollary 1.4.16 tell us that the discriminant of a finite 
separable field extension 𝐿/𝐾  (relative to an ordered basis) reduces to an element of 𝐾×/𝐾×2 that is 
independent of the choice of basis.

Definition 1.4.18. Let 𝐵/𝐴 be an integral extension of domains such that 𝐴 is integrally closed, and 
suppose that 𝐵 is free of rank 𝑛 as an 𝐴-module. Let (𝛽1, … , 𝛽𝑛) be an ordered basis of 𝐵 as a free 
𝐴-module. The discriminant 𝐵 over 𝐴 relative to the basis (𝛽1, … , 𝛽𝑛) is D(𝛽1, … , 𝛽𝑛).

Lemma 1.4.19. Let 𝐴 be an integrally closed domain with quotient field 𝐾 . Let 𝐿 be a finite separable 
extension of 𝐾 , and let 𝐵 denote the integral closure of 𝐴 in 𝐿. Let (𝛼1, … , 𝛼𝑛) be any ordered basis 
of 𝐿 as a 𝐾-vector space that is contained in 𝐵. Let 𝛽 ∈ 𝐿 be such that Tr𝐿/𝐾(𝛼𝛽) ∈ 𝐴 for all 𝛼 ∈ 𝐵. 
Then

D(𝛼1, … , 𝛼𝑛)𝛽 ∈
𝑛

∑
𝑖=1

𝐴𝛼𝑖.

Proof. Since 𝛽 ∈ 𝐿, we may write

𝛽 =
𝑛

∑
𝑖=1

𝑎𝑖𝛼𝑖

for some 𝑎𝑖 ∈ 𝐾  for 1 ≤ 𝑖 ≤ 𝑛. For any 𝑖, we have that

Tr𝐿/𝐾(𝛼𝑖𝛽) =
𝑛

∑
𝑗=1

𝑎𝑗 Tr𝐿/𝐾(𝛼𝑖𝛼𝑗). (1.4.1)

The right-hand side of (1.4.1) is the 𝑖th term of the product of the matrix 𝑄 = (Tr𝐿/𝐾(𝛼𝑖𝛼𝑗)) times the 
column vector with 𝑖th entry 𝑎𝑖. Since the determinant of 𝑄 is 𝑑 = D(𝛼1, … , 𝛼𝑛), letting 𝑄∗ ∈ 𝑀𝑛(𝐴)
denote the adjoint matrix to 𝑄, we have 𝑄∗𝑄 = 𝑑𝐼𝑛. Thus, we have 𝑑𝑎𝑖 ∈ 𝐴 for each 𝑖. In other words, 
𝑑𝛽 lies in the 𝐴-module generated by the 𝛼𝑖, so we are done. ∎

Proposition 1.4.20. Let 𝐴 be an integrally closed domain with quotient field 𝐾 . Let 𝐿 be a finite 
separable extension of 𝐾 , and let 𝐵 denote the integral closure of 𝐴 in 𝐿. There exists an ordered basis 
(𝛼1, … , 𝛼𝑛) of 𝐿 as a 𝐾-vector space contained in 𝐵. Moreover, for any such basis, we have

𝑛
∑
𝑖=1

𝐴𝛼𝑖 ⊆ 𝐵 ⊆
𝑛

∑
𝑖=1

𝐴𝑑−1𝛼𝑖,

where 𝑑 = D(𝛼1, … , 𝛼𝑛).

Proof. First, take any ordered basis (𝛽1, … , 𝛽𝑛) of 𝐿/𝐾 . By Proposition 1.2.25, there exists 𝑎 ∈
𝐴 − {0} such that 𝛼𝑖 = 𝑎𝛽𝑖 ∈ 𝐵 for each 1 ≤ 𝑖 ≤ 𝑛. Clearly, (𝛼1, … , 𝛼𝑛) is a basis of 𝐿/𝐾 , so 
in particular, the 𝐴-module generated by the 𝛼𝑖 is free and contained in 𝐵. The other containment is 
simply a corollary of Lemma 1.4.19 and the fact that Tr𝐿/𝐾(𝐵) ⊆ 𝐴. ∎
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The following notion of rank is most interesting for finitely generated modules, though we shall 
have occasion to use it without this assumption.

Definition 1.4.21. The rank of a module 𝑀 over a domain 𝐴 is

rank𝐴(𝑀) = dim𝐾(𝐾 ⊗𝐴 𝑀).

Corollary 1.4.22. Let 𝐴 be an integrally closed Noetherian domain with quotient field 𝐾 . Let 𝐿 be 
a finite separable extension of 𝐾 , and let 𝐵 denote the integral closure of 𝐴 in 𝐿. Then 𝐵 is a finitely 
generated, torsion-free 𝐴-module of rank [𝐿 ∶ 𝐾].

Proof. By Proposition 1.4.20, we have free 𝐴-modules 𝑀 and 𝑀′ of rank 𝑛 = [𝐿 ∶ 𝐾] such that 
𝑀 ⊆ 𝐵 ⊆ 𝑀′. Since 𝑀′ has no 𝐴-torsion, neither does 𝐵. We have

𝐾 ⊗𝐴 𝑀 ⊆ 𝐾 ⊗𝐴 𝐵 ⊆ 𝐾 ⊗𝐴 𝑀′.

As 𝑀 and 𝑀′ are both isomorphic to 𝐴𝑛, their tensor products over 𝐴 with 𝐾  are 𝑛-dimensional 𝐾-
vector spaces, which forces 𝐾 ⊗𝐴 𝐵 to have 𝐾-dimension 𝑛 as well. Moreover, 𝐵 is finitely generated 
being a submodule of a finitely generated module over 𝐴, as 𝐴 is Noetherian. ∎

Proposition 1.4.23. Let 𝐴 be an integrally closed Noetherian domain with quotient field 𝐾 . Let 𝐿 be 
a finite separable extension of 𝐾 , and let 𝐵 denote the integral closure of 𝐴 in 𝐿. Then any finitely 
generated, nonzero 𝐵-submodule of 𝐿 is a torsion-free 𝐴-module of rank [𝐿 ∶ 𝐾].

Proof. Let 𝑀 be a finitely generated, nonzero 𝐵-submodule of 𝐿. If 𝛽 ∈ 𝐿×, then the 
multiplication-by-𝛽 map 𝐵 → 𝐵𝛽 is an isomorphism of 𝐵-modules, so 𝐵𝛽 has rank [𝐿 ∶ 𝐾] as an 
𝐴-module. In particular, rank𝐴(𝑀) ≥ rank𝐴(𝐵), taking 𝛽 ∈ 𝑀. Since 𝑀 is 𝐵-finitely generated and 
contained in the quotient field of 𝐵, there exists 𝛼 ∈ 𝐵 such that 𝛼𝑀 ⊆ 𝐵. Since multiplication by 𝛼
is an isomorphism, rank𝐴(𝑀) ≤ rank𝐴(𝐵). The result now follows from Corollary 1.4.22. ∎

Corollary 1.4.24. Let 𝐴 be a PID with quotient field 𝐾 , let 𝐿 be a finite separable extension of 𝐾 , and 
let 𝐵 denote the integral closure of 𝐾  in 𝐿. Then any finitely generated, nonzero 𝐵-submodule of 𝐿 is 
a free 𝐴-module of rank [𝐿 ∶ 𝐾].

Proof. By the structure theorem for modules over a PID, any torsion-free rank 𝑛 module over 𝐴 is 
isomorphic to 𝐴𝑛. The result is then immediate from Proposition 1.4.23. ∎

We have the following application to number fields.

Lemma 1.4.25. Let 𝐾  be a number field. Then the discriminant of 𝒪𝐾  over ℤ is independent of the 
choice of ordered basis of 𝒪𝐾  as a free ℤ-module.
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Proof. By Corollary 1.4.24, the ring 𝒪𝐾  is free of rank 𝑛 = [𝐾 ∶ ℚ] over ℤ. If 𝛽1, … , 𝛽𝑛 and 
𝛼1, … , 𝛼𝑛 are bases of 𝒪𝐾  as a free ℤ-module, then there exists a ℚ-linear homomorphism 𝑇 ∶ 𝐾 → 𝐾
such that 𝑇(𝛼𝑖) = 𝛽𝑖 for all 𝑖. Then

D(𝛽1, … , 𝛽𝑛) = det(𝑇)2D(𝛼1, … , 𝛼𝑛),

and det(𝑇) is a unit in ℤ, so in {±1}, which is to say that det(𝑇)2 = 1. ∎

Definition 1.4.26. If 𝐾  is a number field, the discriminant disc(𝐾) of 𝐾  is the discriminant of 𝒪𝐾

over ℤ relative to any basis of 𝒪𝐾  as a free ℤ-module.

Noting Theorem 1.2.28, the case of quadratic fields is immediately calculated as in Example 1.4.14.

Proposition 1.4.27. Let 𝐾 = ℚ(√𝑑), where 𝑑 ≠ 1 is a square-free integer. Then

disc(𝐾) =
{


𝑑 𝑑 ≡ 1 mod 4,

4𝑑 𝑑 ≡ 2, 3 mod 4.

We end with the following general result.

Proposition 1.4.28. Let 𝐴 be an integrally closed domain with quotient field 𝐾 . Let 𝐿 and 𝐿′ be finite 
separable extensions of 𝐾  that are linearly disjoint, and let 𝐵 and 𝐵′ denote the integral closures of 𝐴
in these fields, respectively. Suppose that 𝐵 is 𝐴-free with basis 𝛽1, … , 𝛽𝑛 and that 𝐵′ is 𝐴-free with 
basis 𝛾1, … , 𝛾𝑚. Set 𝑑 = D(𝛽1, … , 𝛽𝑛) and 𝑑′ = D(𝛾1, … , 𝛾𝑚). Then the 𝐾-basis of 𝐿𝐿′ consisting 
of the elements 𝛽𝑖𝛾𝑗 for 1 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 𝑛 has discriminant 𝑑𝑚(𝑑′)𝑛. Moreover, if we let 𝐶
denote the integral closure of 𝐴 in 𝐿𝐿′ and 𝐶′ denote the 𝐴-algebra that is the 𝐴-span of the 𝛽𝑖𝛾𝑗, 
then (𝑑, 𝑑′)𝐶 ⊆ 𝐶′.

Proof. Since 𝐿 and 𝐿′ are linearly disjoint, 𝐿𝐿′ is a field extension of 𝐾  of degree [𝐿 ∶ 𝐾][𝐿′ ∶ 𝐾] 
with 𝐾-basis the 𝛽𝑖𝛾𝑗. Let 𝛼 ∈ 𝐶, and write

𝛼 =
𝑛

∑
𝑖=1

𝑚
∑
𝑗=1

𝑎𝑖𝑗𝛽𝑖𝛾𝑗

for some 𝑎𝑖𝑗 ∈ 𝐾 . Set

𝛿𝑗 =
𝑛

∑
𝑖=1

𝑎𝑖𝑗𝛽𝑖 ∈ 𝐿

for each 1 ≤ 𝑗 ≤ 𝑚, so 𝛼 = ∑𝑚
𝑗=1 𝛿𝑗𝛾𝑗.
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Let 𝐾  be an algebraic closure of 𝐾  containing 𝐿, and let 𝜏1, … , 𝜏𝑚 be the distinct field embeddings 
of 𝐿𝐿′ in 𝐾  that fix 𝐿. Let 𝑀 = (𝜏𝑖𝛾𝑗) ∈ 𝑀𝑚(𝐾), and let 𝑤 = (𝛿1, … , 𝛿𝑚) ∈ 𝐿𝑚. Then 𝑀𝑤 = 𝑣, 
where

𝑣 = (𝜏1𝛼, … , 𝜏𝑚𝛼).

Let 𝑀∗ be the adjoint matrix to 𝑀, so we have 𝑀∗𝑣 = det(𝑀)𝑤. As the entries of 𝑀 and 𝑣 are 
contained in the integral closure 𝐴 of 𝐴 in 𝐾 , the vector det(𝑀)𝑤 ∈ 𝐾𝑛 has entries in 𝐴 as well. Note 
that det(𝑀)2 = 𝑑′ by Proposition 1.4.10, so in fact 𝑑′𝑤 has entries in 𝐴 ∩ 𝐿, which is to say that 
𝑑′𝛿𝑗 ∈ 𝐵 for each 𝑗. Since the 𝛽𝑖 form a basis for 𝐵 over 𝐴, we have that 𝑑′𝑎𝑖𝑗 ∈ 𝐴 for all 𝑖 and 𝑗. The 
analogous argument tells us that 𝑑𝑎𝑖𝑗 ∈ 𝐴 for all 𝑖 and 𝑗 as well, so (𝑑, 𝑑′)𝛼 ∈ 𝐶′, as we set out to 
prove.

Finally, we compute the discriminant of the basis 𝛽𝑖𝛾𝑗. Let 𝜎1, … , 𝜎𝑛 be the field embeddings of 
𝐿𝐿′ in an algebraic closure 𝐾  of 𝐾  that fix 𝐿′, so

{𝜎𝑖𝜏𝑗 ∣ 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚}

is the set of field embeddings of 𝐿𝐿′ in 𝐾  that fix 𝐾 . Let 𝑄 be the matrix in 𝑀𝑛𝑚(𝐾) which we think of 
as consisting of 𝑛2 square blocks of size 𝑚 by 𝑚 each, the (𝑖, 𝑗)th of which is the matrix 𝜎𝑖𝛽𝑗𝑀. Then 
𝑄 is a product of two matrices, the first of which is block diagonal with 𝑚 copies of 𝑁 = (𝜎𝑖𝛽𝑗)𝑖,𝑗, and 
the second of which consists of 𝑛2 square blocks, the (𝑖′, 𝑗′)th of which is the identity times 𝜏𝑖′𝛾𝑗′. 
Letting 𝑀 be as before, a simple computation then tells us that

D(𝛽𝑖𝛾𝑗 ∣ 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚) = det(𝑄)2 = det(𝑁)2𝑚 det(𝑀)2𝑛 = 𝑑𝑚(𝑑′)𝑛.

∎

1.5 Normal bases

Definition 1.5.1. A normal basis of a finite Galois extension 𝐿/𝐾  is a basis of 𝐿 as a 𝐾-vector space 
of the form {𝜎(𝛼) ∣ 𝜎 ∈ Gal(𝐿/𝐾)} for some 𝛼 ∈ 𝐿.

The goal of this section is to prove E. Noether’s theorem that every finite Galois extension has a 
normal basis. We start with the following lemma.

Lemma 1.5.2. Let 𝐿/𝐾  be a finite Galois extension with Galois group {𝜎1, … , 𝜎𝑛}, where 𝑛 = [𝐿 ∶ 𝐾]. 
Let {𝛼1, … , 𝛼𝑛} be a basis of 𝐿 as a 𝐾-vector space. Then the set

{(𝜎1(𝛼𝑗), … , 𝜎𝑛(𝛼𝑗)) ∣ 1 ≤ 𝑗 ≤ 𝑛}

is an 𝐿-basis of 𝐿𝑛.
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Proof. By Corollary 1.4.16, the discriminant 𝐷(𝛼1, … , 𝛼𝑛) is nonzero. By Proposition 1.4.10, 
this discriminant is the square of det(𝜎𝑖𝛼𝑗)𝑖,𝑗. Since the latter determinant is therefore nonzero, the 
vectors in question are linearly independent over 𝐿. ∎

Lemma 1.5.3. Every finite cyclic extension of fields has a normal basis.

Proof. Let 𝐿/𝐾  be finite cyclic of degree 𝑛, generated by an element 𝜎. Then 𝐾[Gal(𝐿/𝐾)] is 
isomorphic to 𝐾[𝑥]/(𝑥𝑛 − 1) via the unique 𝐾-algebra homomorphism that takes 𝜎 to 𝑥. As 𝐿 is a 
𝐾[Gal(𝐿/𝐾)]-module, it becomes a 𝐾[𝑥]-module annihilated by 𝑥𝑛 − 1. If 𝑓 = ∑𝑛−1

𝑖=0 𝑐𝑖𝑥𝑖 ∈ 𝐾[𝑥]
annihilates 𝐿, then ∑𝑛−1

𝑖=0 𝑐𝑖𝜎𝑖(𝛼) = 0 for all 𝛼 ∈ 𝐿, which by the linear independence of the 𝜎𝑖 forces 
𝑓  to be zero. Thus, the annihilator of 𝐿 is (𝑥𝑛 − 1), and by the structure theorem for finitely generated 
modules over the PID 𝐾[𝑥], this means that 𝐿 has a 𝐾[𝑥]-summand isomorphic to 𝐾[𝑥]/(𝑥𝑛 − 1), 
generated by some 𝛼 ∈ 𝐿. Since the latter module has 𝐾-dimension 𝑛, as does 𝐿, the elements 
{𝛼, 𝜎(𝛼), … , 𝜎𝑛−1(𝛼)} form a 𝐾-basis of 𝐿.

∎

Theorem 1.5.4  (Normal basis theorem). Every finite Galois extension of fields has a normal basis.

Proof. Let 𝐿/𝐾  be a finite Galois extension of degree 𝑛. Since any finite extension of finite fields 
is cyclic, we may by Lemma 1.5.3 suppose that 𝐾  is infinite. Write Gal(𝐿/𝐾) = {𝜎1, … , 𝜎𝑛} and 
𝜎1 = 1. Let {𝛼1, … , 𝛼𝑛} be a basis of 𝐿 as a 𝐾-vector space. It suffices to find 𝛽 ∈ 𝐿 with 
D(𝜎1(𝛽), … , 𝜎𝑛(𝛽)) ≠ 0 by Corollary 1.4.16.

Define an element 𝑝 ∈ 𝐿[𝑥1, … , 𝑥𝑛] by

𝑝(𝑥1, … , 𝑥𝑛) = det(


𝑛
∑
𝑘=1

𝜎−1
𝑗 𝜎𝑖(𝛼𝑘)𝑥𝑘

)


2

.

Note that the coefficients of 𝑝 are fixed by the elements of Gal(𝐿/𝐾), since they permute the columns 
of the matrix. By Lemma 1.5.2, we can find 𝛽𝑗 ∈ 𝐿 for 1 ≤ 𝑗 ≤ 𝑛 be such that

𝑛
∑
𝑗=1

𝛽𝑗(𝜎1(𝛼𝑗), 𝜎2(𝛼𝑗), … , 𝜎𝑛(𝛼𝑗)) = (1, 0, … , 0).

Then for all 1 ≤ 𝑖, 𝑗 ≤ 𝑛, we have
𝑛

∑
𝑘=1

𝜎−1
𝑗 𝜎𝑖(𝛼𝑘)𝛽𝑘 = 𝛿𝑖,𝑗,

so 𝑝(𝛽1, … , 𝛽𝑛) = det(𝐼𝑛)2 = 1, so 𝑝 ≠ 0. Since 𝐾  is infinite, there exist 𝑎1, … , 𝑎𝑛 ∈ 𝐾  with 
𝑝(𝑎1, … , 𝑎𝑛) ≠ 0. For 𝛾 = ∑𝑛

𝑗=1 𝑎𝑖𝛼𝑖, we have by Proposition 1.4.10 the first equality in

D(𝜎1(𝛾), … , 𝜎𝑛(𝛾)) = det(𝜎−1
𝑗 𝜎𝑖(𝛾))2 = 𝑝(𝑎1, … , 𝑎𝑛) ≠ 0.

∎
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Chapter 2

Dedekind domains

2.1 Fractional ideals

We make the following general definition.

Definition 2.1.1. A fractional ideal of a domain 𝐴 is a nonzero 𝐴-submodule 𝔞 of the quotient field 
of 𝐴 for which there exists a nonzero 𝑑 ∈ 𝐴 such that 𝑑𝔞 ⊆ 𝐴.

Remark 2.1.2. Every nonzero ideal in a domain 𝐴 is a fractional ideal, which is sometimes referred 
to as an integral ideal. Every fractional ideal of 𝐴 that is contained in 𝐴 is an integral ideal.

Example 2.1.3. The fractional ideals of ℤ are exactly the ℤ-submodules of ℚ generated by a nonzero 
rational number.

Lemma 2.1.4. Let 𝐴 be a Noetherian domain. A nonzero 𝐴-submodule of the quotient field of 𝐴 is a 
fractional ideal if and only if it is finitely generated.

Proof. If 𝔞 is a finitely generated 𝐴-submodule of the quotient field of 𝐴, then let 𝑑 ∈ 𝐴 denote 
the product of the denominators of a set of generators. Then 𝑑𝔞 ⊆ 𝐴. Conversely, suppose that 𝔞 is 
a fractional ideal and 𝑑 ∈ 𝐴 is nonzero and satisfies 𝑑𝔞 ⊆ 𝐴. Then 𝑑𝔞 is an ideal of 𝐴, hence finitely 
generated. Moreover, the multiplication-by-𝑑 map carries 𝔞 isomorphically onto 𝑑𝔞. ∎

Definition 2.1.5. Let 𝐴 be a domain with quotient field 𝐾 , and let 𝔞 and 𝔟 be fractional ideals of 𝐴. 

a. The inverse of 𝔞 is 𝔞−1 = {𝑏 ∈ 𝐾 ∣ 𝑏𝔞 ⊆ 𝐴}.

b. The product of 𝔞 and 𝔟 is the 𝐴-submodule of 𝐾  generated by the set {𝑎𝑏 ∣ 𝑎 ∈ 𝔞, 𝑏 ∈ 𝔟}.

Remark 2.1.6. By definition, multiplication of fractional ideals is an associative (and commutative) 
operation.

33
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Lemma 2.1.7. Let 𝐴 be a domain, and let 𝔞 and 𝔟 be fractional ideals of 𝐴. Then 𝔞−1, 𝔞 + 𝔟, 𝔞𝔟, 𝔞 ∩ 𝔟
are fractional ideals of 𝐴 as well.

Proof. Let 𝐾  denote the quotient field of 𝐴. Let 𝑐, 𝑑 ∈ 𝐴 be nonzero such that 𝑐𝔞 ⊆ 𝐴 and 𝑑𝔟 ⊆ 𝐴. 
Then 𝑐(𝔞 ∩ 𝔟) ⊆ 𝐴, 𝑐𝑑(𝔞 + 𝔟) ⊆ 𝐴, and 𝑐𝑑𝔞𝔟 ⊆ 𝐴.

Note that 𝔞−1 is an 𝐴-submodule of 𝐾  which is nonzero since there exists 𝑑 ∈ 𝐴 with 𝑑𝔞 ⊂ 𝐴 in 
that 𝔞 is a fractional ideal. Let 𝑎 ∈ 𝔞 be nonzero, and let 𝑒 ∈ 𝐴 be its numerator in a representation 
of 𝑎 as a fraction, so 𝑒 ∈ 𝔞 as well. For any 𝑐 ∈ 𝔞−1, we have 𝑐𝑒 ∈ 𝐴 by definition, so 𝑒𝔞−1 ⊆ 𝐴, and 
therefore 𝔞−1 is a fractional ideal. ∎

Definition 2.1.8. We say that a fractional ideal 𝔞 of a domain 𝐴 is invertible if there exists a fractional 
ideal 𝔟 of 𝐴 such that 𝔞𝔟 = 𝐴.

Lemma 2.1.9. A fractional ideal 𝔞 of a domain 𝐴 is invertible if and only if 𝔞𝔞−1 = 𝐴.

Proof. For the nonobvious direction, suppose that 𝔟 is an ideal of 𝐴 such that 𝔞𝔟 = 𝐴. Then we 
must have 𝔟 ⊆ 𝔞−1 by definition of 𝔞−1. On the other hand,

𝐴 = 𝔟𝔞 ⊆ 𝔞−1𝔞 ⊆ 𝐴,

so we must have 𝔞−1𝔞 = 𝐴. ∎

Example 2.1.10. Consider the maximal ideal (𝑥, 𝑦) of ℚ[𝑥, 𝑦]. If 𝑓 ∈ ℚ(𝑥, 𝑦)× is such that 𝑓 𝑥 ∈
ℚ[𝑥, 𝑦] (resp., 𝑓 𝑦 ∈ ℚ[𝑥, 𝑦]) then its denominator is a divisor of 𝑥 (resp., 𝑦). Therefore (𝑥, 𝑦)−1 =
ℚ[𝑥, 𝑦], and we have

(𝑥, 𝑦) ⋅ (𝑥, 𝑦)−1 = (𝑥, 𝑦) ≠ ℚ[𝑥, 𝑦].

Thus, (𝑥, 𝑦) is not invertible as a fractional ideal.

Definition 2.1.11. A principal fractional ideal of 𝐴 is an 𝐴-submodule (𝑎) generated by a nonzero 
element 𝑎 of the quotient field of 𝐴.

Lemma 2.1.12. Let 𝔞 be a fractional ideal of a PID. Then 𝔞 is principal.

Proof. There exists 𝑑 ∈ 𝐴 such that 𝑑𝔞 = (𝑏) for some 𝑏 ∈ 𝐴. Then 𝑏
𝑑 ∈ 𝔞 and given any 𝑐 ∈ 𝔞, 

we have 𝑑𝑐 = 𝑏𝑎 for some 𝑎 ∈ 𝐴, so 𝑐 = 𝑎𝑏
𝑑 . That is, 𝔞 = (𝑏

𝑑 ). ∎

Lemma 2.1.13. Let 𝐴 be a domain, and let 𝑎 be a nonzero element of its quotient field. Then (𝑎) is 
invertible, and (𝑎)−1 = (𝑎−1).

Proof. If 𝑥 ∈ (𝑎)−1, then 𝑥𝑎 = 𝑏 for some 𝑏 ∈ 𝐴, so 𝑥 = 𝑏𝑎−1 ∈ (𝑎−1). If 𝑥 ∈ (𝑎−1), then 
𝑥 = 𝑎−1𝑏 for some 𝑏 ∈ 𝐴. On other hand, any 𝑧 ∈ (𝑎) has the form 𝑧 = 𝑦𝑎 for some 𝑦 ∈ 𝐴, and we 
have 𝑥𝑧 = 𝑎−1𝑏𝑦𝑎 = 𝑏𝑦 ∈ 𝐴, so 𝑥 ∈ (𝑎)−1. We then have

(𝑎)(𝑎)−1 = (𝑎)(𝑎−1) = (𝑎𝑎−1) = 𝐴,

completing the proof. ∎
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2.2 Dedekind domains

Definition 2.2.1. A Dedekind domain is a Noetherian, integrally closed domain, every nonzero prime 
ideal of which is maximal.

We have the following class of examples.

Lemma 2.2.2. Every PID is a Dedekind domain.

Proof. A PID is Noetherian, and it is a UFD, so it is integrally closed. Its nonzero prime ideals 
are maximal, generated by its irreducible elements. ∎

Examples 2.2.3. 

a. The ring ℤ is a Dedekind domain by Lemma 2.2.2, since ℤ is a PID.

b. If 𝐾  is a field, then 𝐾[𝑥] is a Dedekind domain, since 𝐾[𝑥] is a PID.

Lemma 2.2.4. Let 𝐴 be an integral domain, and let 𝐵 be a commutative ring extension of 𝐴 that is 
integral over 𝐴. If 𝔟 is an ideal of 𝐵 that contains a nonzero element which is not a zero divisor, then 
𝔟 ∩ 𝐴 is a nonzero ideal of 𝐴.

Proof. That 𝔟 ∩ 𝐴 is an ideal is clear, so it suffices to show that 𝔟 ∩ 𝐴 is nonzero. Let 𝛽 ∈ 𝔟 be 
nonzero and not a zero divisor. Then 𝛽 is a root of some monic polynomial 𝑔 ∈ 𝐴[𝑥]. Write 𝑔 = 𝑥𝑛𝑓
for some nonzero 𝑓 ∈ 𝐴[𝑥] with nonzero constant term. Since 𝛽 ∈ 𝔟, we have 𝑓 (𝛽) − 𝑓 (0) ∈ 𝔟, and 
as 𝑓 (𝛽) = 0 given that 𝛽 is not a zero divisor, we have 𝑓 (0) ∈ 𝔟. But 𝑓 (0) ≠ 0, so 𝔟 has a nonzero 
element. ∎

The following proposition allows us to produce many more examples of Dedekind domains.

Proposition 2.2.5. Let 𝐴 be an integral domain in which every nonzero prime ideal is maximal, and 
let 𝐵 be a domain that is an integral extension of 𝐴. Then every nonzero prime ideal in 𝐵 is maximal.

Proof. Let 𝔓 be a nonzero prime ideal in 𝐵, and let 𝔭 = 𝔓 ∩ 𝐴. Note that 𝐹 = 𝐴/𝔭 is a field as 𝔭
is a nonzero (prime) ideal of 𝐴 by Lemma 2.2.4. For 𝛽 ∈ 𝐵, let 𝑓 ∈ 𝐴[𝑥] be a monic polynomial such 
that 𝛽 is a root of 𝑓 . Let ̄𝑓 ∈ 𝐹[𝑥] denote the image of 𝑓  under the natural quotient map 𝐴[𝑥] → 𝐹[𝑥]. 
Let 𝛽̄ denote the image of 𝛽 in 𝐵/𝔓. Then ̄𝑓 (𝛽̄) is the image of 𝑓 (𝛽) = 0 in 𝐵/𝔓 so is itself 0. In 
other words, 𝛽̄ is algebraic over 𝐹. Thus, 𝐵/𝔓 = 𝐹[{𝛽̄ ∣ 𝛽 ∈ 𝐵}] is a field. In other words, 𝔓 is 
maximal. ∎

Corollary 2.2.6. Let 𝐴 be a Dedekind domain, and let 𝐵 be the integral closure of 𝐴 in a finite, 
separable extension of the quotient field of 𝐴. Then 𝐵 is a Dedekind domain.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:PID_noeth
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:PID_is_UFD
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:irred_elt_in_PID_gen_max_idl
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#ex:Z_PID
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:poly_ring_one_var_over_fld_PID
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Proof. Note that 𝐵 is a finitely generated 𝐴-module by Corollary 1.4.22. If 𝔟 is an ideal of 𝐵, 
then 𝔟 is an 𝐴-submodule of 𝐵, and as 𝐴 is Noetherian, it is therefore finitely generated. Thus, 𝐵 is 
Noetherian. That 𝐵 is integrally closed is just Proposition 1.2.23. That every nonzero prime ideal in 
𝐴 is maximal is Proposition 2.2.5. ∎

We have the following immediate corollary.

Corollary 2.2.7. The ring of integers of any number field is a Dedekind domain.

More examples of Dedekind domains can be produced as follows.

Proposition 2.2.8. Let 𝐴 be a Dedekind domain, and let 𝑆 be a multiplicatively closed subset of 𝐴. 
Then 𝑆−1𝐴 is also a Dedekind domain.

Proof. Given an ideal 𝔟 of 𝑆−1𝐴, set 𝔞 = 𝐴 ∩ 𝔟. Then 𝔞 is an ideal of 𝐴, and 𝔟 = 𝑆−1𝔞. It follows 
that any set of generators of 𝔞 as an ideal of 𝐴 generates 𝑆−1𝔞 as an ideal of 𝑆−1𝐴. Hence 𝑆−1𝐴 is 
Noetherian. If, moreover, 𝔟 is a nonzero prime, then clearly 𝔞 is as well, and 𝔞 is maximal since 𝐴 is 
a Dedekind domain. Then 𝑆−1𝐴/𝔟 ≅ 𝐴/𝔞 is a field, so 𝔟 is maximal as well.

Let 𝐾  be the quotient field of 𝐴. Any 𝛼 ∈ 𝐾  that is integral over 𝑆−1𝐴 satisfies a monic polynomial 
𝑓  with coefficients in 𝑆−1𝐴. Set 𝑛 = deg 𝑓 . If 𝑑 ∈ 𝑆 is the product of the denominators of these 
coefficients, then 𝑑𝑛𝑓 (𝑑−1𝑥) ∈ 𝐴[𝑥] is monic with 𝑑𝛼 ∈ 𝐾  as a root. Since 𝐴 is integrally closed, we 
have 𝑑𝛼 ∈ 𝐴, so 𝛼 ∈ 𝑆−1𝐴. That is, 𝑆−1𝐴 is integrally closed. ∎

Lemma 2.2.9. Let 𝐴 be a Noetherian domain, and let 𝔞 be a nonzero ideal of 𝐴. 

a. There exist 𝑘 ≥ 0 and nonzero prime ideals 𝔭1, … , 𝔭𝑘 of 𝐴 such that 𝔭1 ⋯ 𝔭𝑘 ⊆ 𝔞.

b. Suppose that every nonzero prime ideal of 𝐴 is maximal. If 𝔭1, … , 𝔭𝑘 are as in part a and 𝔭 is 
a prime ideal of 𝐴 containing 𝔞, then 𝔭 = 𝔭𝑖 for some positive 𝑖 ≤ 𝑘.

Proof. Consider the set 𝑋 of nonzero ideals of 𝐴 for which the statement of the first part of the 
lemma fails, and order 𝑋 by inclusion. Suppose by way of contradiction that 𝑋 is nonempty. Let 𝐶 be 
a chain in 𝑋. Either 𝐶 has a maximal element or there exist 𝔞𝑖 ∈ 𝐶 for 𝑖 ≥ 1 with 𝔞𝑖 ⊊ 𝔞𝑖+1 for each 
𝑖. The latter is impossible as 𝐴 is a Noetherian. By Zorn’s lemma, 𝑋 contains a maximal element 𝔞. 
Now 𝔞 is not prime since it lies in 𝑋, so let 𝑎, 𝑏 ∈ 𝐴 − 𝔞 with 𝑎𝑏 ∈ 𝔞. Then 𝔞 + (𝑎) and 𝔞 + (𝑏) both 
properly contain 𝔞, so by maximality of 𝔞, there exist prime ideals 𝔭1, … , 𝔭𝑘 and 𝔮1, … , 𝔮𝑙 of 𝐴 for 
some 𝑘, 𝑙 ≥ 0 such that 𝔭1 ⋯ 𝔭𝑘 ⊆ 𝔞 + (𝑎) and 𝔮1 ⋯ 𝔮𝑙 ⊆ 𝔞 + (𝑏). We then have

𝔭1 ⋯ 𝔭𝑘𝔮1 ⋯ 𝔮𝑙 ⊆ (𝔞 + (𝑎))(𝔞 + (𝑏)) ⊆ 𝔞,

a contradiction of 𝔞 ∈ 𝑋. This proves part a.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:noeth_iff_ideals_fg
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:noeth_iff_ideals_fg
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Now, suppose that 𝔞 is proper, and let 𝔭 be a prime ideal containing 𝔞. Assume that every nonzero 
prime ideal of 𝐴 is maximal. If no 𝔭𝑖 equals 𝔭, then since 𝔭𝑖 is maximal, there exist 𝑏𝑖 ∈ 𝔭𝑖 with 𝑏 ∉ 𝔭
for each 1 ≤ 𝑖 ≤ 𝑘. We then have 𝑏1 ⋯ 𝑏𝑘 ∉ 𝔭 as 𝔭 is prime, so 𝑏1 ⋯ 𝑏𝑘 ∉ 𝔞, a contradiction. Hence 
we have part b. ∎

Lemma 2.2.10. Let 𝐴 be a Dedekind domain, and let 𝔭 be a nonzero prime ideal of 𝐴. Then 𝔭𝔭−1 = 𝐴.

Proof. Let 𝑎 ∈ 𝔭 be nonzero. Noting Lemma 2.2.9a, we let 𝑘 ≥ 1 be minimal such that there exist 
nonzero prime ideals 𝔭1, … , 𝔭𝑘 of 𝐴 with 𝔭1 ⋯ 𝔭𝑘 ⊆ (𝑎). By Lemma 2.2.9b, we may without loss of 
generality suppose that 𝔭𝑘 = 𝔭. Let 𝑏 ∈ 𝔭1 ⋯ 𝔭𝑘−1 be such that 𝑏 ∉ (𝑎). Then 𝑎−1𝑏 ∉ 𝐴, but we have

𝑎−1𝑏𝔭 ⊆ 𝑎−1𝔭1 ⋯ 𝔭𝑘 ⊆ 𝐴,

which implies that 𝑎−1𝑏 ∈ 𝔭−1. Moreover, if 𝔭−1𝔭 = 𝔭, then 𝑎−1𝑏𝔭 ⊆ 𝔭. Since 𝔭 is finitely generated, 
Proposition 1.2.4 tells us that 𝑎−1𝑏 is integral over 𝐴. But 𝐴 is integrally closed, so we have a contra-
diction. That is, we must have 𝔭 ⊊ 𝔭−1𝔭 ⊆ 𝐴, from which it follows that 𝔭−1𝔭 = 𝐴 by maximality of 
𝔭. ∎

Theorem 2.2.11. Let 𝐴 be a Dedekind domain, and let 𝔞 be a fractional ideal of 𝐴. Then there exist 
𝑘 ≥ 0, distinct nonzero prime ideals 𝔭1, … , 𝔭𝑘, unique up to ordering, and unique nonzero 𝑟𝑖 ∈ ℤ for 
1 ≤ 𝑖 ≤ 𝑘 such that 𝔞 = 𝔭𝑟1

1 ⋯ 𝔭𝑟𝑘
𝑘 . Moreover, 𝔞 is an ideal of 𝐴 if and only if every 𝑟𝑖 is positive.

Proof. First suppose that 𝔞 is a nonzero ideal of 𝐴. We work by induction on a nonnegative integer 
𝑚 such that there are nonzero prime ideals 𝔮1, … , 𝔮𝑚 of 𝔞 (not necessarily distinct) with 𝔮1 ⋯ 𝔮𝑚 ⊆ 𝔞, 
which exists by Lemma 2.2.9a. If 𝑚 = 0, then 𝐴 ⊆ 𝔞, so 𝔞 = 𝐴. For 𝑚 ≥ 1, we may suppose that 𝔞
is proper, so there exists a nonzero prime ideal 𝔭 that contains 𝔞 and 𝔭 = 𝔮𝑖 for some 𝑖 ≤ 𝑚. Without 
loss of generality, we take 𝑖 = 𝑚. Then

𝔮1 ⋯ 𝔮𝑚−1 ⊆ 𝔮1 ⋯ 𝔮𝑚𝔭−1 ⊆ 𝔞𝔭−1 ⊆ 𝐴.

By induction, there exist nonzero prime ideals 𝔮′
1, … , 𝔮′

ℓ of 𝐴 for some ℓ < 𝑚 such that 𝔞𝔭−1 = 𝔮′
1 ⋯ 𝔮′

ℓ. 
The desired factorization is given by multiplying by 𝔭, applying Lemma 2.2.10, and gathering together 
nondistinct primes.

In general, for a fractional ideal 𝔞, we let 𝑑 ∈ 𝐴 be such that 𝑑𝔞 ⊆ 𝐴. We write 𝑑𝔞 = 𝔮1 ⋯ 𝔮𝑚 for 
some 𝑚 ≥ 0 and prime ideals 𝔮𝑖 for 1 ≤ 𝑖 ≤ 𝑚. We also write (𝑑) = 𝔩1 ⋯ 𝔩𝑛 for some 𝑛 ≥ 0 and prime 
ideals 𝔩𝑖 for 1 ≤ 𝑖 ≤ 𝑛. By Lemma 2.2.10, we then have

𝔞 = (𝑑)−1(𝑑𝔞) = 𝔩−1
1 ⋯ 𝔩−1

𝑛 𝔮1 ⋯ 𝔮𝑚.

If 𝔮𝑖 = 𝔩𝑗 for some 𝑖 and 𝑗, then we may use Lemma 2.2.10 to remove 𝔮𝑖𝔩−1
𝑗  from the product. Hence 

we have the desired factorization.
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Now suppose that
𝔞 = 𝔭𝑟1

1 ⋯ 𝔭𝑟𝑘
𝑘 = 𝔮𝑠1

1 ⋯ 𝔮𝑠𝑙
𝑙

for some 𝑘, 𝑙 ≥ 0, distinct primes 𝔭1, … , 𝔭𝑘, distinct primes 𝔮1, … , 𝔮𝑙, nonzero 𝑟1, … , 𝑟𝑘, and nonzero 
𝑠1, … , 𝑠𝑙. If 𝑟𝑖 < 0 (resp., 𝑠𝑖 < 0) for some 𝑖, we multiply both sides by 𝔭−𝑟𝑖

𝑖  (resp., 𝔮−𝑠𝑖
𝔦 ) and obtain 

an equality of two products that involve only integral ideals. So, we assume without loss of generality 
that all 𝑟𝑖 and 𝑠𝑖 are positive. We may suppose that 𝑡 = ∑𝑘

𝑖=1 𝑟𝑖 is minimal among all factorizations of 
𝔞. If 𝑡 = 0, then 𝑘 = 0, and then 𝑙 must be zero so that 𝔮𝑠1

1 ⋯ 𝔮𝑠𝑙
𝑙  is non-proper. If 𝑡 is positive, then 𝔭𝑘

contains 𝔞, so Lemma 2.2.9b tells us that 𝔭𝑘 = 𝔮𝑖 for some 1 ≤ 𝑖 ≤ 𝑙. Multiplying both sides by 𝔭−1
𝑘 , 

the quantity 𝑡 is decreased by one. By induction, we have that the remaining terms are the same up to 
reordering, hence the result. ∎

Definition 2.2.12. We say that an ideal 𝔟 of a commutative ring 𝐴 divides an ideal 𝔞 of 𝐴 if there exists 
an ideal 𝔠 of 𝐴 such that 𝔞 = 𝔟𝔠. We write 𝔟 ∣ 𝔞 to denote that 𝔟 divides 𝔞.

Corollary 2.2.13. Let 𝔞 and 𝔟 be nonzero ideals in a Dedekind domain 𝐴. 

a. The ideals 𝔞 and 𝔟 are not divisible by a common prime ideal if and only if 𝔞 + 𝔟 = 𝐴.

b. Suppose that 𝔞 ⊆ 𝔟. Then 𝔟 divides 𝔞.

Proof. For part a, note that if 𝔭 ∣ 𝔞 and 𝔭 ∣ 𝔟 for some prime ideal 𝔭, then 𝔭 ∣ (𝔞 + 𝔟), so 𝔞 + 𝔟 ≠ 𝐴. 
On the other hand, if there is no such 𝔭, then 𝔞 and 𝔟 are not contained in any common maximal ideal 
(since 𝔭 divides 𝔞 if and only if it occurs in its factorization), so 𝔞 + 𝔟 = 𝐴.

For part b, using Theorem 2.2.11, write 𝔞 = 𝔭1 ⋯ 𝔭𝑘 (resp., 𝔟 = 𝔮1 ⋯ 𝔮𝑙) for some nonzero prime 
ideals 𝔭𝑖 (resp., 𝔮𝑗) of 𝐴. Suppose without loss of generality that 𝔭𝑖 = 𝔮𝑖 for all 1 ≤ 𝑖 ≤ 𝑡 for some 
nonnegative 𝑡 ≤ min(𝑘, 𝑙) and that 𝔭𝑖 (resp., 𝔮𝑖) does not occur in the factorization of 𝔟 (resp., 𝔞) for 
𝑖 > 𝑡. Then

𝔟 = 𝔞 + 𝔟 = 𝔮1 ⋯ 𝔮𝑡(𝔭𝑡+1 ⋯ 𝔭𝑘 + 𝔮𝑡+1 ⋯ 𝔮𝑙) = 𝔮1 ⋯ 𝔮𝑡,

the last step using part a. We therefore have 𝑡 = 𝑙, so 𝔟 divides 𝔞. ∎

Definition 2.2.14. Let 𝐴 be a Dedekind domain, and let 𝔞 and 𝔟 be ideals of 𝐴. The greatest common 
divisor of 𝔞 and 𝔟 is 𝔞 + 𝔟.

Remark 2.2.15. By Lemma 2.2.13, 𝔞 + 𝔟 contains and hence divides both 𝔞 and 𝔟 and is the smallest 
ideal that does so. (The use of the word “greatest”, as opposed to “smallest”, is in analogy with greatest 
common divisors of pairs of integers.)

Definition 2.2.16. Let 𝐴 be a Dedekind domain. The set 𝐼(𝐴) of fractional ideals of 𝐴 is called the 
ideal group of 𝐴.
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We have the following immediate corollary of Theorem 2.2.11.

Corollary 2.2.17. The ideal group 𝐼(𝐴) of a Dedekind domain 𝐴 is a group under multiplication of 
fractional ideals with identity 𝐴, the inverse of 𝔞 ∈ 𝐼(𝐴) being 𝔞−1.

Definition 2.2.18. Let 𝐴 be a Dedekind domain. Then we let 𝑃(𝐴) denote the set of its principal 
fractional ideals. We refer to this as the principal ideal group.

Corollary 2.2.19. Let 𝐴 be a Dedekind domain. The group 𝑃(𝐴) is a subgroup of 𝐼(𝐴).

Definition 2.2.20. The class group (or ideal class group) of a Dedekind domain 𝐴 is Cl(𝐴) =
𝐼(𝐴)/𝑃(𝐴), the quotient of the ideal group by the principal ideal group.

Lemma 2.2.21. A Dedekind domain 𝐴 is a PID if and only if Cl(𝐴) is trivial.

Proof. Every element of 𝐼(𝐴) has the form 𝔞𝔟−1 where 𝔞 and 𝔟 are nonzero ideals of 𝐴. If 𝐴 is a 
PID, then both 𝔞 and 𝔟 are principal and, therefore, so is 𝔞𝔟−1. On the other hand, if 𝔞 is a nonzero 
ideal of 𝐴 with 𝔞 = (𝑎) for some 𝑎 ∈ 𝐾 , then clearly 𝑎 ∈ 𝐴, so Cl(𝐴) being trivial implies that 𝐴 is a 
PID. ∎

Notation 2.2.22. Let 𝐾  be a number field. We let 𝐼𝐾 , 𝑃𝐾 , and Cl𝐾  denote the ideal group, principal 
ideal group, and class group of 𝒪𝐾 , respectively. We refer to these as the ideal group of 𝐾 , the 
principal ideal group of 𝐾 , and the class group of 𝐾 , respectively.

Example 2.2.23. Let 𝐾 = ℚ(√−5). Then 𝒪𝐾 = ℤ[√−5]. The ideal 𝔞 = (2, 1 + √−5) is non-
principal. To see this, note that 𝑁𝐾/ℚ(2) = 4 and 𝑁𝐾/ℚ(1 + √−5) = 6, so any generator 𝑥 of 𝔞 must 
satisfy 𝑁𝐾/ℚ(𝑥) ∈ {±1, ±2}. But

𝑁𝐾/ℚ(𝑎 + 𝑏√−5) = 𝑎2 + 5𝑏2

for 𝑎, 𝑏 ∈ ℤ, which forces 𝑥 = ±1. This would mean that 𝔞 = ℤ[√−5]. To see that this cannot happen, 
define 𝜙∶ ℤ[√−5] → ℤ/6ℤ by 𝜙(𝑎 + 𝑏√−5) = 𝑎 − 𝑏 for 𝑎, 𝑏 ∈ ℤ. This is a ring homomorphism as

𝜙((𝑎 + 𝑏√−5)(𝑐 + 𝑑√−5)) = 𝜙(𝑎𝑐 − 5𝑏𝑑 + (𝑎𝑑 + 𝑏𝑐)√−5) = 𝑎𝑐 − 5𝑏𝑑 − 𝑎𝑑 − 𝑏𝑐

= 𝑎𝑐 + 𝑏𝑑 − 𝑎𝑑 − 𝑏𝑐 = (𝑎 − 𝑏)(𝑐 − 𝑑).

Moreover, 𝜙(1 + √−5) = 0, so the kernel of 𝜙 contains (and is in fact equal to) (1 + √−5). Therefore, 
𝜙 induces a surjection (in fact, isomorphism),

ℤ[√−5]/𝔞 → ℤ/6ℤ/(2) → ℤ/2ℤ,

so 𝔞 ≠ ℤ[√−5], and 𝑥 does not exist. Therefore, Cl
ℚ(√−5)

 is nontrivial.



40 CHAPTER 2.  DEDEKIND DOMAINS

We end with the following important theorem.

Theorem 2.2.24. A Dedekind domain is a UFD if and only if it is a PID.

Proof. We need only show that a Dedekind domain that is a UFD is a PID. Let 𝐴 be such a 
Dedekind domain. By Theorem 2.2.11, it suffices to show that each nonzero prime ideal 𝔭 of 𝐴 is 
principal. Since 𝔭 is prime and 𝐴 is a UFD, any nonzero element of 𝔭 is divisible by an irreducible 
element in 𝔭. If 𝜋 is such an element, then (𝜋) is maximal and contained in 𝔭, so 𝔭 = (𝜋). ∎

2.3 Discrete valuation rings

Definition 2.3.1. A discrete valuation ring, or DVR, is a principal ideal domain that has exactly one 
nonzero prime ideal.

Lemma 2.3.2. The following are equivalent conditions on a principal ideal domain 𝐴. 

i. 𝐴 is a DVR,

ii. 𝐴 has a unique nonzero maximal ideal,

iii. 𝐴 has a unique nonzero irreducible element up to associates.

Proof. This is a simple consequence of the fact that in a PID, every nonzero prime ideal is maximal 
generated by any irreducible element it contains. ∎

Definition 2.3.3. A uniformizer of a DVR is a generator of its maximal ideal.

Moreover, we have the following a priori weaker but in fact equivalent condition for a domain to 
be a DVR.

Proposition 2.3.4. A domain 𝐴 is a DVR if and only if it is a local Dedekind domain that is not a field.

Proof. A DVR is a PID, hence a Dedekind domain, and it is local by definition. Conversely, 
suppose that 𝐴 is Noetherian, integrally closed, and has a unique nonzero prime ideal 𝔭. We must 
show that 𝐴 is a PID. Since nonzero ideals factor uniquely as products of primes in 𝐴, every ideal of 
𝐴 has the form 𝔭𝑛 for some 𝑛. In particular, 𝔭 = (𝜋) for any 𝜋 ∈ 𝔭 − 𝔭2, and then 𝔭𝑛 = (𝜋𝑛) for all 
𝑛. Therefore, 𝐴 is a PID and hence a DVR. ∎

Theorem 2.3.5. A Noetherian domain 𝐴 is a Dedekind domain if and only if its localization at every 
nonzero prime ideal is a DVR.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:PID_is_UFD
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:irred_elt_in_PID_gen_max_idl
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Proof. We have seen in Proposition 2.2.8 that 𝐴𝔭 is a Dedekind domain for all nonzero prime 
ideals 𝔭. By Proposition 2.3.4, each such localization is therefore a DVR.

Conversely, suppose 𝐴 is a Noetherian integral domain such that 𝐴𝔭 is a DVR for every nonzero 
prime ideal 𝔭. We can and do assume that 𝐴 is not a field and consider the intersection 𝐵 = ⋂𝔭 𝐴𝔭

over all nonzero prime ideals 𝔭 of 𝐴, taken inside the quotient field 𝐾  of 𝐴. Clearly, 𝐵 contains 𝐴, and 
if 𝑐

𝑑 ∈ 𝐵 for some 𝑐, 𝑑 ∈ 𝐴 with 𝑑 ≠ 0, then we set

𝔞 = {𝑎 ∈ 𝐴 ∣ 𝑎𝑐 ∈ (𝑑)}.

By definition of 𝐵, we may write 𝑐
𝑑 = 𝑟

𝑠  with 𝑟 ∈ 𝐴 and 𝑠 ∈ 𝐴−𝔭, and we see that 𝑠𝑐 = 𝑟𝑑, so 𝑠 ∈ 𝔞. In 
other words, we have 𝔞 ⊈ 𝔭 for all prime ideals 𝔭 of 𝐴, which forces 𝔞 = 𝐴. This implies that 𝑐 ∈ (𝑑), 
so 𝑐

𝑑 ∈ 𝐴.
Next, suppose that 𝔮 is a nonzero prime ideal of 𝐴, and let 𝔪 be a maximal ideal containing it. 

Then 𝔮𝐴𝔪 is a nonzero prime ideal of 𝐴𝔪, which is a DVR, so 𝔮𝐴𝔪 = 𝔪𝐴𝔪. Since 𝔮 and 𝔪 are prime 
ideals contained in 𝔪, we therefore have

𝔮 = 𝐴 ∩ 𝔮𝐴𝔪 = 𝐴 ∩ 𝔪𝐴𝔪 = 𝔪.

Thus, every nonzero prime ideal is maximal.
Finally, each 𝐴𝔭 is integrally closed in 𝐾  by Corollary 1.2.20, and then the intersection 𝐴 is as well, 

since any element of 𝐾  that is integral over 𝐴 is integral over each 𝐴𝔭, hence contained in each 𝐴𝔭. 
That is, 𝐴 satisfies the conditions in the definition of a Dedekind domain. ∎

To make some sense of the name “discrete valuation ring”, we define the notion of a discrete 
valuation. For this purpose, we adjoin an element ∞ to ℤ which is considered larger than any element 
of ℤ, and we set 𝑥 + 𝑦 = ∞ if 𝑥, 𝑦 ∈ ℤ ∪ {∞} and either 𝑥 or 𝑦 equals ∞.

Definition 2.3.6. Let 𝐾  be a field. A discrete valuation on 𝐾  is a surjective map 𝑣 ∶ 𝐾 → ℤ ∪ {∞}
such that 

i. 𝑣(𝑎) = ∞ if and only 𝑎 = 0,

ii. 𝑣(𝑎𝑏) = 𝑣(𝑎) + 𝑣(𝑏), and

iii. 𝑣(𝑎 + 𝑏) ≥ min(𝑣(𝑎), 𝑣(𝑏))

for all 𝑎, 𝑏 ∈ 𝐾 .

Definition 2.3.7. If 𝑣 is a discrete valuation on a field 𝐾 , then the quantity 𝑣(𝑎) for 𝑎 ∈ 𝐾  is said to 
be the valuation of 𝑎 with respect to 𝑣.

The following are standard examples of discrete valuations.
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Example 2.3.8. Let 𝑝 be a prime number. Then the 𝑝-adic valuation 𝑣𝑝 on ℚ is defined by 𝑣𝑝(0) = ∞
and 𝑣𝑝(𝑎) = 𝑟 for 𝑎 ∈ ℚ× if 𝑎 = 𝑝𝑟𝑎′ for some 𝑟 ∈ ℤ and 𝑎′ ∈ ℚ× such that 𝑝 divides neither the 
numerator nor denominator of 𝑎′ in reduced form.

Example 2.3.9. Let 𝐹 be a field, and consider the function field 𝐹(𝑡). The valuation at ∞ on 𝐹(𝑡) is 
defined by 𝑣∞(𝑔

ℎ) = deg ℎ − deg 𝑔 for 𝑔, ℎ ∈ 𝐹[𝑡] with ℎ ≠ 0, taking deg 0 = −∞.

More generally, we have the following.

Definition 2.3.10. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , and let 𝔭 be a nonzero prime 
ideal of 𝐴. The 𝔭-adic valuation 𝑣𝔭 on 𝐾  is defined on 𝑎 ∈ 𝐾× as the unique integer such that (𝑎) =
𝔭𝑣𝑝(𝑎)𝔟𝔠−1 for some nonzero ideals 𝔟 and 𝔠 of 𝐴 that are not divisible by 𝔭.

Example 2.3.11. For the valuation at ∞ on 𝐹(𝑡), where 𝐹 is a field, we may take 𝐴 = 𝐾[𝑡−1] and 
𝔭 = (𝑡−1). Then the valuation 𝑣∞ on 𝐹(𝑡) is the (𝑡−1)-adic valuation. To see this, note that for nonzero 
𝑔, ℎ ∈ 𝐹[𝑡], one has

𝑔(𝑡)
ℎ(𝑡) = (𝑡−1)deg ℎ−deg 𝑔 𝐺(𝑡−1)

𝐻(𝑡−1)
,

where 𝐺(𝑡−1) = 𝑡− deg 𝑔𝑔(𝑡) and 𝐻(𝑡−1) = 𝑡− deg ℎℎ(𝑡) are polynomials in 𝑡−1 which have nonzero 
constant term.

Lemma 2.3.12. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , and let 𝔭 be a prime ideal of 𝐴. 
The 𝔭-adic valuation on 𝐾  is a discrete valuation.

Proof. Let 𝑎, 𝑏 ∈ 𝐾  be nonzero (without loss of generality). Write (𝑎) = 𝔭𝑟𝔞 and (𝑏) = 𝔭𝑠𝔟 for 
𝑟 = 𝑣𝔭(𝑎) and 𝑠 = 𝑣𝔭(𝑏) and fractional ideals 𝔞 and 𝔟 of 𝐴. Note that (𝑎𝑏) = 𝔭𝑟+𝑠𝔞𝔟, so 𝑣𝑝(𝑎𝑏) = 𝑟 +𝑠. 
We have

(𝑎 + 𝑏) = 𝔭𝑟𝔞 + 𝔭𝑠𝔟 = 𝔭min(𝑟,𝑠)(𝔭𝑟−min(𝑟,𝑠)𝔞 + 𝔭𝑠−min(𝑟,𝑠)𝔟),

so
𝑣𝔭(𝑎 + 𝑏) = min(𝑟, 𝑠) + 𝑣𝔭(𝔭𝑟−min(𝑟,𝑠)𝔞 + 𝔭𝑠−min(𝑟,𝑠)𝔟) ≥ min(𝑟, 𝑠).

∎

Lemma 2.3.13. Let 𝑣 be a discrete valuation on a field 𝐾 . Then we have 𝑣(−𝑎) = 𝑣(𝑎) for all 𝑎 ∈ 𝐾 .

Proof. Note that 2𝑣(−1) = 𝑣(1) = 0, so we have 𝑣(−𝑎) = 𝑣(−1) + 𝑣(𝑎) = 𝑣(𝑎). ∎

Lemma 2.3.14. 
𝑣(𝑎 + 𝑏) = min(𝑣(𝑎), 𝑣(𝑏))

for all 𝑎, 𝑏 ∈ 𝐾  with 𝑣(𝑎) ≠ 𝑣(𝑏).
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Proof. If 𝑣(𝑎) < 𝑣(𝑏), then

𝑣(𝑎) = 𝑣((𝑎 + 𝑏) − 𝑏) ≥ min(𝑣(𝑎 + 𝑏), 𝑣(𝑏)) ≥ min(𝑣(𝑎), 𝑣(𝑏)) = 𝑣(𝑎),

so we have 𝑣(𝑎) = min(𝑣(𝑎 + 𝑏), 𝑣(𝑏)), which forces 𝑣(𝑎 + 𝑏) = 𝑣(𝑎). ∎

Definition 2.3.15. Let 𝐾  be a field, and let 𝑣 be a discrete valuation on 𝐾 . Then

𝒪𝑣 = {𝑎 ∈ 𝐾 ∣ 𝑣(𝑎) ≥ 0}

is called the valuation ring of 𝑣.

Lemma 2.3.16. Let 𝐾  be a field, and let 𝑣 be a discrete valuation on 𝐾 . Then 𝒪𝑣 is a DVR with 
maximal ideal

𝔪𝑣 = {𝑎 ∈ 𝐾 ∣ 𝑣(𝑎) ≥ 1}.

Proof. That 𝒪𝑣 is a ring follows from the fact that if 𝑎, 𝑏 ∈ 𝒪𝑣, then 𝑣(𝑎𝑏) = 𝑣(𝑎) + 𝑣(𝑏) ≥ 0, 
𝑣(−𝑎) = 𝑣(𝑎) ≥ 0, and 𝑣(𝑎 + 𝑏) ≥ min(𝑣(𝑎), 𝑣(𝑏)) ≥ 0. For 𝑎 ∈ 𝒪𝑣 and 𝑥, 𝑦 ∈ 𝔪𝑣, we have 
𝑣(𝑥 + 𝑦) ≥ min(𝑣(𝑥), 𝑣(𝑦)) ≥ 1 and 𝑣(𝑎𝑥) = 𝑣(𝑎) + 𝑣(𝑥) ≥ 1, so 𝔪𝑣 is an ideal. It is also the unique 
maximal ideal: given 𝑎 ∈ 𝒪𝑣 − 𝔪𝑣, we have 𝑣(𝑎−1) = 𝑣(𝑎) + 𝑣(𝑎−1) = 𝑣(1) = 0, so 𝑎 ∈ 𝒪×

𝑣. Given 
an ideal 𝔞 of 𝒪𝑣, let 𝑎 ∈ 𝔞 be an element of minimal valuation 𝑛. Let 𝜋 ∈ 𝒪𝑣 with 𝑣(𝜋) = 1, and 
write 𝑎 = 𝜋𝑛𝑢 for some 𝑢 ∈ 𝒪×

𝑣. Then 𝑣(𝑢) = 0, so 𝑢 ∈ 𝒪×
𝑣. Therefore, (𝜋𝑛) ⊆ 𝔞. On the other hand, 

since 𝑛 is minimal, we have 𝔞 ⊆ (𝜋𝑛), and therefore 𝔞 is a principal. By Lemma 2.3.2, we conclude 
that 𝒪𝑣 is a DVR. ∎

Example 2.3.17. In ℚ, we have

𝒪𝑣𝑝
= ℤ(𝑝) = {𝑎

𝑏 ∣ 𝑎, 𝑏 ∈ ℤ such that 𝑝 ∤ 𝑏} .

2.4 Orders

In this section, we investigate rings that would be Dedekind domains but for the removal of the hy-
pothesis of integral closedness. The following definition is perhaps nonstandard outside of the context 
of number fields, but it works well for our purposes.

Definition 2.4.1. A Noetherian domain 𝑅 in which every nonzero prime ideal is maximal is called 
is called an order. For a Dedekind domain 𝐴, an order in 𝐴 is an order contained in 𝐴 with integral 
closure 𝐴 in its quotient field.
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By Lemma 2.2.5, we have the following.

Lemma 2.4.2. Let 𝑅 be an order, and let 𝐵 be an integral extension of 𝑅 that is a domain and finitely 
generated as an 𝑅-algebra. Then 𝐵 is an order.

We omit the proof of the following theorem.

Theorem 2.4.3  (Krull-Akizuki). If 𝐴 is a Noetherian domain in which every nonzero prime ideal is 
maximal and 𝐿 is finite extension of the quotient field 𝐾  of 𝐴, then every subring 𝐵 of 𝐿 containing 𝐴 is 
also a Noetherian domain in which every nonzero prime ideal is maximal. Moreover, for any nonzero 
ideal 𝔟 of 𝑅, the quotient ring 𝐵/𝔟𝐵 is a finitely generated 𝐴-module.

The following corollary generalizes Theorem 2.2.6 by both by removing the condition of separa-
bility of the extension and by removing the condition that the ground ring be integrally closed.

Corollary 2.4.4. Let 𝐴 be an order, let 𝐾  denote the quotient field of 𝐴, let 𝐿 be a finite extension of 
𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. Then 𝐵 is a Dedekind domain.

Definition 2.4.5. Let 𝑅 be an order, and let 𝐴 be the integral closure of 𝑅 in its quotient field. The 
conductor of 𝑅 is the ideal 𝔣𝑅 of 𝐴 defined by

𝔣𝑅 = {𝑎 ∈ 𝐴 ∣ 𝑎𝐴 ⊆ 𝑅}.

Remark 2.4.6. The conductor of 𝑅 is the largest ideal of 𝐴 that is contained in 𝑅. In particular, it is 
also an ideal of 𝑅.

Lemma 2.4.7. Let 𝑅 be an order, and let 𝐴 be the integral closure of 𝑅 in its quotient field. Then 𝐴 is 
a finitely generated 𝑅-module if and only if the conductor of 𝑅 is nonzero.

Proof. Let {𝑎1, … , 𝑎𝑚} be a set of generators of 𝐴 as an 𝑅-module, and for each 𝑖 ≤ 𝑚, let 𝑟𝑖 ∈
𝑅 − {0} be such that 𝑟𝑖𝑎𝑖 ∈ 𝑅. Note that 𝑟𝑖 exists as 𝐴 is contained in the quotient field of 𝑅. Then 
𝑟 = 𝑟1 ⋯ 𝑟𝑛 is a nonzero element of 𝔣𝑅.

Conversely, let 𝑟 ∈ 𝔣𝑅 be nonzero. Then multiplication by 𝑟 is an 𝑅-module isomorphism from 𝐴
to an ideal of 𝑅, which is finitely generated as 𝑅 is noetherian. ∎

Example 2.4.8. The conductor of ℤ[√𝑑] as a subring of 𝒪
ℚ(√𝑑)

 is (1) if 𝑑 ≡ 2, 3 mod 4 and (2) if 
𝑑 ≡ 1 mod 4.

Lemma 2.4.9. Let 𝐴 be a Dedekind domain with quotient field 𝐾 . Let 𝐿 be a finite separable extension 
of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐾 . Suppose that 𝐿 = 𝐾(𝛼) for some 𝛼 ∈ 𝐵. Then 𝐴[𝛼]
is an order in 𝐵, and D(1, 𝛼, … , 𝛼[𝐿∶𝐾]−1) ∈ 𝔣𝐴[𝛼].
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Proof. This is a direct consequence of Proposition 1.4.20. ∎

Proposition 2.4.10. Let 𝑅 be an order, and let 𝔭 be a nonzero prime ideal of 𝑅. Let 𝐴 denote the 
integral closure of 𝑅 in its quotient field. Suppose that the conductor 𝔣𝑅 is nonzero. Then 𝔭 does not 
contain 𝔣𝑅 if and only if 𝑅𝔭 is a DVR. In this case, 𝔭𝐴 is a prime ideal and the inclusion map 𝑅𝔭 → 𝐴𝔭𝐴

is an isomorphism.

Proof. First, suppose that 𝔣𝑅 ⊈ 𝔭, and let 𝑥 ∈ 𝔣𝑅 with 𝑥 ∉ 𝔭. We have that 𝑥𝐴 ⊆ 𝑅 and 𝑥 ∈ 𝑅×
𝔭 , 

so 𝐴 ⊆ 𝑅𝔭. Let 𝔮 = 𝐴 ∩ 𝔭𝑅𝔭, which is a prime ideal of 𝐴 containing 𝔭. We must then have 𝔭 = 𝔮 ∩ 𝑅, 
since 𝔮 ∩ 𝑅 is a prime ideal of 𝑅. Note that 𝑅𝔭 ⊆ 𝐴𝔮. On the other hand, if 𝑎

𝑠 ∈ 𝐴𝔮 for some 𝑎 ∈ 𝐴
and 𝑠 ∈ 𝐴 − 𝔮, then note that 𝑥𝑎 ∈ 𝑅 and 𝑥𝑠 ∉ 𝔭, so 𝑎

𝑠 ∈ 𝑅𝔭 as well. Thus, 𝑅𝔭 = 𝐴𝔮 is a DVR by 
Proposition 2.3.4.

We claim that 𝔮 = 𝔭𝐴. Clearly, 𝔮 occurs in the factorization of 𝔭𝐴, and if any other prime ideal 
𝔮′ occurred in said factorization, then 𝐴𝔮′ would contain 𝑅𝔭 = 𝐴𝔮, contradicting the fact that 𝔮′ is 
maximal. So 𝔭𝐴 = 𝔮𝑒 for some 𝑒 ≥ 1, but 𝔭𝑅𝔭 = 𝔭𝐴𝔮 = 𝔮𝑒𝐴𝔮 is the maximal ideal of 𝑅𝔭 = 𝐴𝔮, so it 
equals 𝔮𝐴𝔮, which forces 𝑒 = 1.

Conversely, suppose that 𝑅𝔭 is a DVR, hence integrally closed. Since 𝐴 is integral over 𝑅, every 
element of 𝐴 is integral over the larger ring 𝑅𝔭. In other words, we have that 𝐴 ⊆ 𝑅𝔭. Note that this 
also implies that 𝔭 = 𝔭𝐴 ∩ 𝑅 since 𝔭 = 𝔭𝑅𝔭 ∩ 𝑅 ⊇ 𝔭𝐴 ∩ 𝑅, while the other containment is immediate. 
Let {𝑎1, … , 𝑎𝑛} be a set of generators of 𝐴 as an 𝑅-module, and write 𝑎𝑖 = 𝑦𝑖

𝑠𝑖
 for some 𝑦𝑖 ∈ 𝑅 and 

𝑠𝑖 ∈ 𝑅 − 𝔭 for each 1 ≤ 𝑖 ≤ 𝑛. Let 𝑠 = 𝑠1 ⋯ 𝑠𝑛. Then 𝑠𝑎𝑖 ∈ 𝑅 for each 𝑖, so 𝑠 ∈ 𝔣𝑅. Since 𝑠 ∈ 𝑅 − 𝔭, 
we have that 𝔣𝑅 ⊈ 𝔭. ∎

Let us focus now on the setting of number fields. The following is immediate from the definition 
of integral closure.

Lemma 2.4.11. Every subring of a number field 𝐾  that is finitely generated as an abelian group is 
contained in 𝒪𝐾 .

We note the following.

Lemma 2.4.12. A subring of 𝐾  is an order in 𝒪𝐾  if and only if it is finitely generated of rank [𝐾 ∶ ℚ]
as a ℤ-module.

Proof. Let 𝑅 be a finitely generated ℤ-submodule of 𝐾  of rank [𝐾 ∶ ℚ]. That 𝑅 is an order is an 
immediate corollary of Lemma 2.4.2. On the other hand, if 𝑅 is an order in 𝒪𝐾 , then its quotient field 
is 𝐾 , so its rank as a ℤ-module is [𝐾 ∶ ℚ]. ∎

Remark 2.4.13. The ring of integers of a number field 𝐾  is often referred to as the maximal order of 
𝐾 .
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Along with the notion of conductor, we also have a notion of discriminant of an order in a number 
field.

Definition 2.4.14. Let 𝐾  be a number field, and let 𝑅 be an order in 𝒪𝐾 . The discriminant disc(𝑅) of 
𝑅 is the discriminant of 𝑅 relative to a basis of 𝑅 as a ℤ-module.

Remark 2.4.15. That the discriminant of 𝑅 is well-defined follows by the same argument as in Propo-
sition 1.4.25.

The following is a consequence of Lemma 1.4.6 and the fact that a ℤ-linear transformation that 
carries one subgroup of rank 𝑛 in an 𝑛-dimensional ℚ-vector space to another in which it is contained 
has determinant equal to the index of the first subgroup in the second.

Lemma 2.4.16. Let 𝑅 be an order in 𝒪𝐾  for a number field 𝐾 . Then

disc(𝑅) = [𝒪𝐾 ∶ 𝑅]2 disc(𝒪𝐾).

Corollary 2.4.17. Let 𝐾  be a number field and 𝑅 be an order in its ring of integers. If disc(𝑅) is a 
square-free integer, then 𝑅 = 𝒪𝐾 .

Lemma 2.4.18. Let 𝐾  be a number field, and let 𝑅 be an order in 𝒪𝐾 . Then the prime numbers 
dividing [𝒪𝐾 ∶ 𝑅] are exactly those that divide the unique positive generator of 𝔣𝑅 ∩ ℤ.

Proof. Let 𝑓 ≥ 1 be such that (𝑓 ) = 𝔣𝑅 ∩ ℤ. Since 𝑓 ⋅ 𝒪𝐾 ⊆ 𝑅, we have that 𝑓  is a multiple 
of the exponent of 𝒪𝐾/𝑅. On the other hand, suppose that some prime number 𝑝 divides 𝑓  but not 
[𝒪𝐾 ∶ 𝑅]. Since 𝑝 ∣ 𝑓 , there exists a nonzero prime ideal 𝔭 of 𝒪𝐾  with 𝔭 ∩ 𝒪𝐾 = 𝑝ℤ that divides 𝔣𝑅. 
Let 𝔤 = 𝔭−1𝔣𝑅, which is an ideal of 𝒪𝐾 . Since multiplication by 𝑝 is invertible on 𝒪𝐾/𝑅, we have

𝔤(𝒪𝐾/𝑅) = 𝑝𝔤(𝒪𝐾/𝑅) = (𝑝𝔭−1)𝔣𝑅(𝒪𝐾/𝑅) = 0.

In other words, we have 𝔤𝒪𝐾 ⊆ 𝑅. But 𝔣𝑅 ⊊ 𝔤, which is a contradiction. ∎

2.5 Ramification of primes

The integral closure 𝐵 of a Dedekind domain 𝐴 in a finite extension 𝐿 of its quotient field 𝐾  is also 
a Dedekind domain. If 𝔭 is a nonzero prime ideal of 𝐴, then we can consider the ideal 𝔭𝐵 of 𝐵. This 
ideal may no longer be prime. Instead, it has a factorization

𝔭𝐵 = 𝔓𝑒1
1 ⋯ 𝔓𝑒𝑔

𝑔 (2.5.1)

for some distinct nonzero prime ideals 𝔓𝑖 of 𝐵 and positive integers 𝑒𝑖, for 1 ≤ 𝑖 ≤ 𝑔 for some 𝑔 ≥ 1. 
We make the following definitions.
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Definition 2.5.1. Let 𝐵/𝐴 be an extension of commutative rings. We say that a prime ideal 𝔓 of 𝐵
lies over (or above) a prime ideal 𝔭 of 𝐴 if 𝔭 = 𝔓 ∩ 𝐴. We then say that 𝔭 lies under (or below) 𝔓.

In (2.5.1), the prime ideals of 𝐵 lying over 𝔭 are exactly the 𝔓𝑖 for 1 ≤ 𝑖 ≤ 𝑔.

Definition 2.5.2. Let 𝐴 be a Dedekind domain, and let 𝐵 be the integral closure of 𝐴 in a finite extension 
𝐿 of the quotient field 𝐾  of 𝐴. Let 𝔭 be a nonzero prime ideal of 𝐴. 

a. We say that 𝔭 ramifies (or is ramified) in 𝐿/𝐾  if 𝔭𝐵 is divisible by the square of a prime ideal 
of 𝐵. Otherwise, it is said to be unramified.

b. We say that 𝔭 is inert in 𝐿/𝐾  if 𝔭𝐵 is a prime ideal.

c. We say that 𝔭 is split in 𝐿/𝐾  if there exist two distinct prime ideals of 𝐵 lying over 𝔭. Otherwise, 
𝔭 is non-split.

It follows directly that 𝔭 is ramified in 𝐿/𝐾  if some 𝑒𝑖 in (2.5.1) is at least 2. On the other hand, 
𝔭 is inert in 𝐿/𝐾  if there is exactly one prime ideal of 𝐵 lying over 𝔭 and its ramification index is 1, 
which is to say that 𝑔 = 1 and 𝑒1 = 1 in (2.5.1). Finally, 𝔭 is split in 𝐿/𝐾  if 𝑔 > 1.

Example 2.5.3. Let 𝐴 = ℤ and 𝐿 = ℚ(√2). The integral closure of 𝐴 in 𝐿 is 𝐵 = 𝒪𝐿 = ℤ[√2]. The 
prime 𝔭 = (2) ramifies in ℚ(√2)/ℚ, since

2ℤ[√2] = (√2)2.

Moreover, 𝔓 = (√2) is a prime ideal of ℤ[√2], since ℤ[√2]/(√2) ≅ ℤ/2ℤ via the map that takes 
𝑎 + 𝑏√2 to 𝑎 mod 2. Therefore, 𝔭 is ramified and non-split.

Next, consider the prime ideal (3) of ℤ. We have ℤ[√2]/(3) ≅ 𝔽3[√2] ≅ 𝔽9, so (3) is inert in 
ℚ(√2)/ℚ. On the other hand, the prime factorization of 7ℤ[√2] is exactly

7ℤ[√2] = (3 + √2)(3 − √2),

since ℤ[√2]/(3 ± √2) is isomorphic to ℤ/7ℤ via the map that takes 𝑎 + 𝑏√2 to 𝑎 ∓ 3𝑏. That is, (7)
splits in ℚ(√2)/ℚ.

Definition 2.5.4. Let 𝐴 be a Dedekind domain, and let 𝔭 be a nonzero prime ideal of 𝐴. The residue 
field of 𝔭 is 𝐴/𝔭.

Remark 2.5.5. Let 𝐴 be a Dedekind domain, and let 𝐵 be the integral closure of 𝐴 in a finite extension 
𝐿 the quotient field 𝐾  of 𝐴. Let 𝔭 be a nonzero prime ideal of 𝐴, and let 𝔓 be a prime ideal of 𝐿 lying 
over 𝐾 . Then 𝐵/𝔓 is a field extension of 𝐴/𝔭 via the natural map induced on quotients by the inclusion 
𝐴 ↪ 𝐵.
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Definition 2.5.6. Let 𝐴 be a Dedekind domain, and let 𝐵 be the integral closure of 𝐴 in a finite extension 
𝐿 of the quotient field 𝐾  of 𝐴. Let 𝔭 be a nonzero prime ideal of 𝐴, and let 𝔓 be a prime ideal of 𝐵
lying over 𝔭. 

a. The ramification index 𝑒𝔓/𝔭 of 𝔓 over 𝔭 is the largest 𝑒 ≥ 1 such that 𝔓𝑒 divides 𝔭𝐵.

b. The residue degree 𝑓𝔓/𝔭 of a prime ideal of 𝔓 lying over 𝔭 is [𝐵/𝔓 ∶ 𝐴/𝔭].

Remark 2.5.7. It follows quickly from the definitions that ramification indices and residue degrees 
are multiplicative in extensions. That is, if 𝐴 ⊆ 𝐵 ⊆ 𝐶 are Dedekind domains with the quotient field 
of 𝐶 a finite extension of that of 𝐴 and 𝔓 is a prime ideal of 𝐶 lying over 𝑃 of 𝐵 and 𝔭 of 𝐴, then

𝑒𝔓/𝔭 = 𝑒𝔓/𝑃𝑒𝑃/𝔭 and 𝑓𝔓/𝔭 = 𝑓𝔓/𝑃𝑓𝑃/𝔭.

Example 2.5.8. In Example 2.5.3, the residue degree of (√2) over 2ℤ is 1, the residue degree of 
3ℤ[√2] over 3ℤ is 2, and the residue degrees of (3 ± √2) over 7ℤ are each 1. The ramification 
indices are 2, 1, and 1, repsectively.

We shall require the following lemmas.

Lemma 2.5.9. Let 𝔭 be a nonzero prime ideal in a Dedekind domain 𝐴. For each 𝑖 ≥ 0, the 𝐴/𝔭-vector 
space 𝔭𝑖/𝔭𝑖+1 is one-dimensional.

Proof. Let 𝑥 ∈ 𝔭𝑖 −𝔭𝑖+1 for some 𝑖 ≥ 0. (Such an element exists by unique factorization of ideals.) 
We need only show that the image of 𝑥 spans 𝔭𝑖/𝔭𝑖+1. For this, note that (𝑥) = 𝔭𝑖𝔞 for some nonzero 
ideal of 𝐴 not divisible by 𝔭. Then

(𝑥) + 𝔭𝑖+1 = 𝔭𝑖(𝔞 + 𝔭) = 𝔭𝑖,

the last step by the Chinese remainder theorem. ∎

Lemma 2.5.10. Let 𝐴 be a Dedekind domain and 𝑃 be a set of nonzero prime ideals of 𝐴. Let 𝑆 a 
multiplicatively closed subset of 𝐴 such that 𝑆 ∩ 𝔭 = ∅ for all 𝔭 ∈ 𝑃. Let 𝔞 be a nonzero ideal of 𝐴
that is divisible only by prime ideals in 𝑃. Then the natural map

𝐴/𝔞 → 𝑆−1𝐴/𝑆−1𝔞

is an isomorphism.

Proof. Suppose that 𝑏 ∈ 𝑆−1𝔞 ∩ 𝐴, and write 𝑏 = 𝑎
𝑠  for some 𝑎 ∈ 𝔞 and 𝑠 ∈ 𝑆. Then 𝑎 = 𝑏𝑠, and 

since 𝔞 divides (𝑎) while (𝑠) is relatively prime to 𝔞, we must have that 𝔞 divides (𝑏). In other words, 
𝑏 ∈ 𝔞, and therefore the map is injective. Given 𝑐 ∈ 𝐴 and 𝑡 ∈ 𝑆, the ideals (𝑡) and 𝔞 have no common 
prime factor, so in that 𝐴 is a Dedekind domain, satisfy (𝑡) + 𝔞 = 𝐴. Thus, there exists 𝑢 ∈ 𝐴 such that 
𝑢𝑡 − 1 ∈ 𝔞. Then 𝑐𝑢 + 𝔞 maps to 𝑐

𝑡 + 𝑆−1𝔞, so the map is surjective. ∎

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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The ramification indices and residue degrees of the primes over 𝔭 satisfy the following degree 
formula.

Theorem 2.5.11. Let 𝐴 be a Dedekind domain, and let 𝐵 be the integral closure of 𝐴 in a finite 
separable extension 𝐿 the quotient field 𝐾  of 𝐴. Let 𝔭 be a nonzero prime ideal of 𝐴, and write

𝔭𝐵 = 𝔓𝑒1
1 ⋯ 𝔓𝑒𝑔

𝑔

for some distinct nonzero prime ideals 𝔓𝑖 of 𝐵 and positive integers 𝑒𝑖, for 1 ≤ 𝑖 ≤ 𝑔 and some 𝑔 ≥ 1. 
For each 𝑖, let 𝑓𝑖 = 𝑓𝔓𝑖/𝔭. Then

𝑔
∑
𝑖=1

𝑒𝑖𝑓𝑖 = [𝐿 ∶ 𝐾].

Proof. We prove that dim𝐴/𝔭 𝐵/𝔭𝐵 equals both quantities in the desired equality. By the Chinese 
remainder theorem, we have a canonical isomorphism

𝐵/𝔭𝐵 ≅
𝑔

∏
𝑖=1

𝐵/𝔓𝑒𝑖
𝑖 ,

of 𝐴/𝔭-vector spaces, so

dim𝐴/𝔭 𝐵/𝔭𝐵 =
𝑔

∑
𝑖=1

dim𝐴/𝔭 𝐵/𝔓𝑒𝑖
𝑖 =

𝑔
∑
𝑖=1

𝑒𝑖−1
∑
𝑗=0

dim𝐴/𝔭 𝔓𝑗
𝑖/𝔓𝑗+1

𝑖 .

By Lemma 2.5.9, each 𝔓𝑗
𝑖/𝔓𝑗+1

𝑖  is a 1-dimensional 𝐵/𝔓𝑖-vector space, and we therefore have

dim𝐴/𝔭 𝐵/𝔭𝐵 =
𝑔

∑
𝑖=1

𝑒𝑖 dim𝐴/𝔭 𝐵/𝔓𝑖 =
𝑔

∑
𝑖=1

𝑒𝑖𝑓𝑖.

Let 𝑆 denote the complement of 𝔭 in 𝐴. Then 𝑆−1𝐴 = 𝐴𝔭 and 𝑆−1𝐵 are Dedekind domains, and 
𝐴𝔭 is a DVR, hence a PID. Moreover, 𝑆−1𝐵 is the integral closure of 𝐴𝔭 in 𝐿, being both integrally 
closed and contained in said integral closure. Thus, Corollary 1.4.24 tells us that 𝑆−1𝐵 is free of rank 
[𝐿 ∶ 𝐾] over 𝐴𝔭. In particular, 𝑆−1𝐵/𝔭𝑆−1𝐵 is an [𝐿 ∶ 𝐾]-dimensional 𝐴𝔭/𝔭𝐴𝔭-vector space. On the 
other hand, note that

𝑆 ∩ 𝔓𝑖 = 𝑆 ∩ 𝐴 ∩ 𝔓𝑖 = 𝑆 ∩ 𝔭 = ∅

for each 1 ≤ 𝑖 ≤ 𝑔. Therefore, Lemma 2.5.10 tells us that

𝑆−1𝐵/𝔭𝑆−1𝐵 ≅ 𝐵/𝔭𝐵

and 𝐴𝔭/𝔭𝐴𝔭 ≅ 𝐴/𝔭. We thus have that dim𝐴/𝔭 𝐵/𝔭𝐵 = [𝐿 ∶ 𝐾], as required. ∎

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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In other words, Theorem 2.5.11 tells us that the sum over all primes lying over 𝔭 of the products 
of their ramification indices with their residue degrees equals the degree of the field extension 𝐿/𝐾 .

The following theorem provides a very useful method for determining prime factorizations in 
extensions of Dedekind domains.

Theorem 2.5.12  (Kummer-Dedekind). Let 𝐴 be a Dedekind domain, let 𝐾  be the field of fractions of 
𝐴, let 𝐿 be a finite separable extension of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. Write 𝐿 = 𝐾(𝛼)
for some 𝛼 ∈ 𝐵. Let 𝔭 be a nonzero prime ideal of 𝐴 such that 𝔭𝐵 is prime to 𝔣𝐴[𝛼]. Let ℎ ∈ 𝐴[𝑥] be 
the minimal polynomial of 𝛼, and let ̄ℎ ∈ (𝐴/𝔭)[𝑥] be its reduction modulo 𝔭. Write

̄ℎ = ̄ℎ𝑒1
1 ⋯ ̄ℎ𝑒𝑔

𝑔

where the ̄ℎ𝑖 ∈ (𝐴/𝔭)[𝑥] are distinct nonconstant, irreducible polynomials and the 𝑒𝑖 are positive 
integers for 1 ≤ 𝑖 ≤ 𝑔, for some 𝑔 ≥ 1. Let ℎ𝑖 ∈ 𝐴[𝑥] be any lift of ̄ℎ𝑖. Then the ideals

𝔓𝑖 = 𝔭𝐵 + (ℎ𝑖(𝛼))

of 𝐵 are distinct prime ideals over 𝔭 of ramification index 𝑒𝑖 and residue degree deg ̄ℎ𝑖. In particular, 
we have the prime factorization 𝔭𝐵 = 𝔓𝑒1

1 ⋯ 𝔓𝑒𝑔
𝑔 .

Proof. Set 𝐹 = 𝐴/𝔭. The canonical composite map

𝐴[𝑥] → 𝐹[𝑥] → 𝐹[𝑥]/( ̄ℎ)

has kernel 𝔭𝐴[𝑥] + (ℎ), and
𝐴[𝑥]/(𝔭𝐴[𝑥] + (ℎ)) ≅ 𝐴[𝛼]/𝔭𝐴[𝛼]

by the third isomorphism theorem. Combining this with the Chinese remainder theorem, we have

𝐴[𝛼]/𝔭𝐴[𝛼] ≅ 𝐹[𝑥]/( ̄ℎ) ≅
𝑔

∏
𝑖=1

𝐹[𝑥]/( ̄ℎ𝑒𝑖
𝑖 ),

Set 𝑃𝑖 = 𝔭𝐴[𝛼] + (ℎ𝑖(𝛼)). We claim that 𝑃𝑒𝑖
𝑖  is the kernel of the surjective map

𝜙𝑖 ∶ 𝐴[𝛼] → 𝐹[𝑥]/( ̄ℎ𝑒𝑖
𝑖 ).

By definition, the 𝑃𝑖 are distinct and coprime, and we have

𝐴[𝛼]/𝑃𝑖 ≅ 𝐹[𝑥]/( ̄ℎ𝑖),

so 𝐴[𝛼]/𝑃𝑖 is a field extension of 𝐹 of degree deg ̄ℎ𝑖, which is to say that 𝑃𝑖 is maximal. The image of 
ℎ𝑒𝑖−1

𝑖  is not in the kernel of 𝜙𝑖 so 𝑃𝑒𝑖
𝑖  is the smallest power of 𝑃𝑖 contained in ker 𝜙𝑖, which is contained 

in 𝑃𝑖. In that 𝑃𝑖 is maximal, we have

𝐴[𝛼]/𝑃𝑒𝑖
𝑖 ≅ 𝐴[𝛼]𝑃𝑖

/𝑃𝑒𝑖
𝑖 𝐴[𝛼]𝑃𝑖

.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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Note that 𝐴[𝛼] is an order by Lemma 2.4.2. The prime ideal 𝑃𝑖 = 𝔓𝑖 ∩ 𝐴[𝛼] is relatively 
prime to 𝔣𝐴[𝛼] ⊆ 𝐴[𝛼] as 𝔓𝑖 does not divide 𝔣𝐴[𝛼] in 𝐵. Thus, we have that 𝐴[𝛼]𝑃𝑖

 is a DVR by 
Proposition 2.4.10. So, the only ideals of 𝐴[𝛼]/𝑃𝑒𝑖

𝑖  are 𝑃𝑚
𝑖 /𝑃𝑒𝑖

𝑖  for 0 ≤ 𝑚 ≤ 𝑒𝑖. The kernel of 
𝐴[𝛼]/𝑃𝑒𝑖

𝑖 → 𝐹[𝑥]/( ̄ℎ𝑒𝑖
𝑖 ) can then only be zero, which means that ker 𝜙𝑖 = 𝑃𝑒𝑖

𝑖 , as claimed.
Since the product of the induced maps

𝑔
∏
𝑖=1

𝐴[𝛼]/𝑃𝑒𝑖
𝑖 →

𝑔
∏
𝑖=1

𝐹[𝑥]/( ̄ℎ𝑒𝑖
𝑖 )

is injective, we have 𝔭𝐴[𝛼] = 𝑃𝑒1
1 ⋯ 𝑃𝑒𝑔

𝑔 , and then by definition, we have 𝔭𝐵 = 𝔓𝑒1
1 ⋯ 𝔓𝑒𝑔

𝑔  as well. 
Proposition 2.4.10 tells us that each 𝔓𝑖 is prime, 𝐵𝔓𝑖

≅ 𝐴𝑃𝑖
, and 𝑃𝑖 = 𝔓𝑖 ∩ 𝐴[𝛼]. In particular, the 

𝔓𝑖 are distinct, and as they are the only primes occuring in the factorization of 𝔭𝐵, they are the only 
primes of 𝐵 lying over 𝔭. Since 𝐵/𝔓𝑖 ≅ 𝐹[𝑥]/( ̄ℎ𝑖), the residue degree of 𝔓𝑖 is deg ̄ℎ𝑖, and by the 
factorization of 𝔭𝐵, the ramification index of 𝔓𝑖 over 𝔭 is 𝑒𝑖. ∎

Example 2.5.13. Let ℎ(𝑥) = 𝑥3 + 𝑥 + 1 ∈ ℤ[𝑥]. Note that it is irreducible in ℚ[𝑥] since it is monic 
with no integral roots (or since it has no roots modulo 2). Let 𝐿 = ℚ(𝛼) for a root 𝛼 of 𝐹 in ℂ. Then 
ℤ[𝛼] is integral over ℤ and has discriminant −31 (which of course one should check), so must be the 
ring of integers of 𝐿. Since ℎ(0) and ℎ(1) are both odd, ℎ(𝑥) remains irreducible modulo (2), so (2)
is inert in 𝐿/ℚ. On the other hand,

ℎ(𝑥) ≡ (𝑥2 + 𝑥 − 1)(𝑥 − 1) mod 3,

so
3ℤ[𝛼] = 𝔓1𝔓2

where 𝔓1 = (3, 𝛼2 + 𝛼 − 1) has residue degree 2 and 𝔓2 = (3, 𝛼 − 1) has residue degree 1.

Corollary 2.5.14. Let 𝑝 be an odd prime number, and let 𝑎 ∈ ℤ be square-free and not divisible by 
𝑝. Then 𝑎 is a square modulo 𝑝 if and only if (𝑝) splits in ℚ(√𝑎).

Proof. Since the conductor of ℤ[√𝑎] divides (2), Theorem 2.5.12 applies. We may therefore 
determine the decomposition of (𝑝) in 𝒪ℚ(√𝑎) via the factorization of 𝑥2 − 𝑎 modulo 𝑝. Since 𝑝 does 
not divide 𝑎, the polynomial 𝑥2 − 𝑎 is not a square modulo 𝑝. Therefore, (𝑝) will split if and only if 
the polynomial splits, which is to say exactly when 𝑎 is a square modulo 𝑝. ∎

Proposition 2.5.15. Let 𝐴 be a Dedekind domain, let 𝐾  be the field of fractions of 𝐴, let 𝐿 be a finite 
separable extension of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. Write 𝐿 = 𝐾(𝛼) for some 𝛼 ∈ 𝐵. 
If a nonzero prime ideal of 𝐴 is ramified in 𝐵, then it divides D(1, 𝛼, … , 𝛼[𝐿∶𝐾]−1).
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Proof. Let 𝑓 ∈ 𝐴[𝑥] be the minimal polynomial of 𝛼. Let 𝔭 be a nonzero prime ideal of 𝐴 such 
that 𝔭𝐵 is relatively prime to 𝔣𝐴[𝛼]. By Theorem 2.5.12, the prime 𝔭 is ramified in 𝐵 if and only if the 
reduction ̄𝑓 ∈ (𝐴/𝔭)[𝑥] is divisible by the square of an irreducible polynomial. For this to occur, ̄𝑓
would have to have a multiple root in any algebraic closure of 𝐴/𝔭. By Proposition 1.4.13, this means 
that D(1, 𝛼, … , 𝛼[𝐿∶𝐾]−1) ≡ 0 mod 𝔭.

Finally, note that 𝔣𝐴[𝛼] divides D(1, 𝛼, … , 𝛼[𝐿∶𝐾]−1) ∈ 𝐴 by Lemma 2.4.9, so any prime 𝔭 of 𝐴 for 
which 𝔭𝐵 is not relatively prime to 𝔣𝐴[𝛼] divides D(1, 𝛼, … , 𝛼[𝐿∶𝐾]−1). ∎

Corollary 2.5.16. Let 𝐴 be a Dedekind domain and 𝐵 the integral closure of 𝐴 in a finite separable 
extension of the quotient field of 𝐴. Then only finitely many prime ideals of 𝐴 are ramified in 𝐵.

The following is also useful.

Lemma 2.5.17. Let 𝐴 be a Dedekind domain, 𝐾  its quotient field, 𝐿 a finite separable extension of 𝐾 , 
and 𝐵 the integral closure in 𝐾 . Let 𝑏 ∈ 𝐵. Every nonzero prime ideal of 𝐵 dividing 𝑏𝐵 lies above a 
prime ideal of 𝐴 dividing 𝑁𝐿/𝐾(𝑏)𝐴. Conversely, every prime ideal of 𝐴 dividing 𝑁𝐿/𝐾(𝑏)𝐴 lies below 
a prime ideal of 𝐵 dividing 𝑏𝐵.

Proof. If 𝔓 divides (𝑏), then 𝑁𝐿/𝐾𝑏 ∈ 𝔭 = 𝔓 ∩ 𝐴, so 𝔭 divides (𝑁𝐿/𝐾𝑏). Conversely, if no prime 
over 𝔭 divides 𝑏, then for any field embedding 𝜎 of 𝐿 in an algebraic closure of 𝐾  fixing 𝐿, no prime 
over 𝔭 in 𝜎(𝐵) divides (𝜎(𝑏)). But then no prime over 𝔭 in the integral closure 𝐶 of 𝐵 in the Galois 
closure of 𝐿 divides (𝑁𝐿/𝐾(𝑏)), which is to say the ideal generated by the product of the elements 
𝜎(𝑏). Hence 𝔭 cannot divide (𝑁𝐿/𝐾(𝑏)) either. ∎

We have the following immediate corollary.

Corollary 2.5.18. Let 𝐴 be a Dedekind domain, 𝐾  its quotient field, 𝐿 a finite separable extension of 
𝐾 , and 𝐵 the integral closure in 𝐾 . An element 𝑏 ∈ 𝐵 is a unit if and only if 𝑁𝐿/𝐾(𝑏) ∈ 𝐴×.

2.6 Decomposition groups

Throughout this section, we let 𝐴 be a Dedekind domain with quotient field 𝐾 . We let 𝐿 be a finite 
Galois extension of 𝐾 , and we let 𝐵 denote the integral closure of 𝐴 in 𝐿. Moreover, set 𝐺 = Gal(𝐿/𝐾).

Terminology 2.6.1. We frequently refer to a nonzero prime ideal of a Dedekind domain as a prime.

Definition 2.6.2. A conjugate of a prime 𝔓 of 𝐵 is 𝜎(𝔓) for some 𝜎 ∈ 𝐺.

Lemma 2.6.3. Let 𝔭 be a prime of 𝐴, and let 𝔓 be a prime of 𝐵 lying over 𝔭. Then any conjugate of 𝔓
is also a prime of 𝐵 lying over 𝔭.
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Proof. Since any 𝜎 ∈ 𝐺 is an automorphism, 𝔓 is an ideal. The rest is simply that

𝜎(𝔓) ∩ 𝐴 = 𝜎(𝔓 ∩ 𝐴) = 𝜎(𝔭) = 𝔭.

∎

Clearly, we have an action of the group 𝐺 on the set of primes of 𝐵 lying over a prime 𝔭 of 𝐴.

Proposition 2.6.4. The action of 𝐺 on the set of primes of 𝐵 lying over a prime 𝔭 of 𝐴 is transitive.

Proof. Let 𝔓 and 𝔔 be primes of 𝐵 lying over 𝔭. Suppose by way of contradiction that 𝔔 is not 
a conjugate of 𝔓. By the Chinese Remainder Theorem, we may choose 𝑏 ∈ 𝐵 such that 𝑏 ∈ 𝔔 but 
𝑏 ≡ 1 mod 𝜎(𝔓) for all 𝜎 ∈ 𝐺. The latter condition may be rewritten as 𝜎(𝑏) ≡ 1 mod 𝔓 for all 
𝜎 ∈ 𝐺. Then 𝑎 = 𝑁𝐿/𝐾(𝑏) ∈ 𝔭 since 𝑏 ∈ 𝔔, but

𝑎 = ∏
𝜎∈𝐺

𝜎(𝑏) ≡ 1 mod 𝔓.

Since 𝑎 ∈ 𝐴, this tells us that 𝑎 ≡ 1 mod 𝔭, which is a contradiction. ∎

Definition 2.6.5. Let 𝔓 be a prime of 𝐵. The decomposition group 𝐺𝔓 of 𝔓 is the stabilizer of 𝔓 under 
the action of 𝐺. That is,

𝐺𝔓 = {𝜎 ∈ 𝐺 ∣ 𝜎(𝔓) = 𝔓}.

Corollary 2.6.6. Let 𝔭 be prime of 𝐴, and let 𝔓 be a prime of 𝐵 lying over 𝔭. Then there is a bijection

𝐺/𝐺𝔓 → {𝔔 prime of 𝐵 ∣ 𝔔 ∩ 𝐵 = 𝔭}

that takes a left coset 𝜎𝐺𝔓 to 𝜎(𝔔).

Proposition 2.6.7. Let 𝔓 be a prime of 𝐵 lying over a prime 𝔭 of 𝐴, and let 𝜎 ∈ 𝐺. Then 𝑒𝜎(𝔓)/𝔭 = 𝑒𝔓/𝔭

and 𝑓𝜎(𝔓)/𝔭 = 𝑓𝔓/𝔭.

Proof. Let 𝑆 be a set of 𝐺𝔓-coset representatives of 𝐺/𝐺𝔓. By Corollary 2.6.6, we have

𝔭𝐵 = ∏
𝜎∈𝑆

(𝜎𝔓)𝑒𝜎(𝔓)/𝔭.

Since 𝜏 ∈ 𝐺 acts trivially on 𝔭, we have that 𝜏(𝔭𝐵) = 𝔭𝜏(𝐵) = 𝔭𝐵. We therefore have

𝔭𝐵 = 𝜏(𝔭𝐵) = ∏
𝜎∈𝑆

(𝜎𝔓)𝑒𝜏−1𝜎(𝔓)/𝔭.

By unique factorization of ideals in 𝐸, this forces all 𝑒𝜎(𝔓)/𝔭 for 𝜎 ∈ 𝐺 to be equal.
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Moreover, any 𝜎 ∈ 𝐺 restricts to an isomorphism 𝜎∶ 𝐵 → 𝐵 (since for 𝛽 ∈ 𝐵, the element 𝜎(𝛽)
has the same monic minimal polynomial over 𝐾) that fixes 𝐴. It then induces an isomorphism

𝜎∶ 𝐵/𝔓 ∼⟶ 𝐵/𝜎(𝔓)

of residue fields fixing the subfield 𝐴/𝔭. In particular, this is an isomorphism of 𝐴/𝔭-vector spaces, 
so all 𝑓𝜎(𝔓)/𝔭 are equal. ∎

Remark 2.6.8. For 𝐿/𝐾  Galois, and 𝔓 lying over 𝔭, we often set 𝑒𝔭 = 𝑒𝔓/𝔭 and 𝑓𝔭 = 𝑓𝔓/𝔭.

Corollary 2.6.9. Let 𝔭 be a prime of 𝐴, and let 𝔓 be a prime of 𝐵 lying above 𝔭. Set 𝑒 = 𝑒𝔓/𝔭, 𝑓 = 𝑓𝔓/𝔭, 
and 𝑔 = [𝐺 ∶ 𝐺𝔓]. Then

𝔭𝐵 =
𝑔

∏
𝑖=1

(𝜎𝑖𝔓)𝑒

for {𝜎1, ⋯ , 𝜎𝑔} a set of 𝐺𝔓-coset representatives of 𝐺/𝐺𝔓. Moreover, we have

𝑒𝑓 𝑔 = [𝐿 ∶ 𝐾].

Lemma 2.6.10. Let 𝔓 be a prime of 𝐵. Let 𝜎 ∈ 𝐺. Then

𝐺𝜎(𝔓) = 𝜎𝐺𝔓𝜎−1.

Proof. Since 𝐺 is finite, it suffices to show one containment. Let 𝜏 ∈ 𝐺𝔓. Then we have

𝜎𝜏𝜎−1(𝜎𝔓) = 𝜎(𝜏𝔓) = 𝜎𝔓,

so 𝜎𝜏𝜎−1 ∈ 𝐺𝜎𝔓, as needed. ∎

Corollary 2.6.11. Suppose that 𝐿/𝐾  is an abelian extension and 𝔓 is a prime of 𝐵. Then 𝐺𝜎(𝔓) = 𝐺𝔓

for all 𝜎 ∈ 𝐺.

Remark 2.6.12. One often writes 𝐺𝔭 for the decomposition group of a prime 𝔓 of 𝐵 lying above a 
prime 𝔭 of 𝐴, and this is independent of the choice of 𝔓 if 𝐿/𝐾  is abelian.

Lemma 2.6.13. Let 𝔭 be a prime of 𝐴, and let 𝔓 be a prime of 𝐵 lying above 𝔭. Let 𝐸 be the fixed 
field of 𝐺𝔓, and let 𝐶 be the integral closure of 𝐴 in 𝐸. Then 𝔓 is the only prime of 𝐵 lying above 
𝑃 = 𝐶 ∩ 𝔓, and 𝑒𝑃/𝔭 = 𝑓𝑃/𝔭 = 1.
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Proof. Since 𝐺𝔓 fixes 𝔓 and the action of 𝐺𝔓 on the primes of 𝐵 lying above 𝑃 is transitive, 𝔓 is 
the unique prime over 𝑃. Note that 𝑒𝔓/𝔭 ≥ 𝑒𝔓/𝑃 and 𝑓𝔓/𝔭 ≥ 𝑓𝔓/𝑃. We have 𝑒𝔓/𝑃𝑓𝔓/𝑃 = [𝐿 ∶ 𝐸], while 
the number of primes 𝑔 above 𝔭 in 𝐿 equals [𝐸 ∶ 𝐾], so 𝑒𝔓/𝑃𝑓𝔓/𝑃𝑔 = [𝐿 ∶ 𝐾]. On the other hand, 
Corollary 2.6.9 tells us that 𝑒𝔓/𝔭𝑓𝔓/𝔭𝑔 = [𝐿 ∶ 𝐾], so we must have 𝑒𝔓/𝔭 = 𝑒𝔓/𝑃 and 𝑓𝔓/𝔭 = 𝑓𝔓/𝑃. In 
other words 𝑒𝑃/𝔭 = 𝑓𝑃/𝔭 = 1. ∎

Proposition 2.6.14. Let 𝔭 be a prime of 𝐴, and let 𝔓 be a prime of 𝐵 lying over 𝔭. Then the extension 
𝐵/𝔓 of 𝐴/𝔭 is normal, and the map

𝜋𝔓 ∶ 𝐺𝔓 → Gal((𝐵/𝔓)/(𝐴/𝔭))

with 𝜋𝔓(𝜎)(𝑏 + 𝔓) = 𝜎(𝑏) + 𝔓 for 𝜎 ∈ 𝐺𝔓 is a well-defined, surjective homomorphism.

Proof. Let 𝛼 ∈ 𝐵, and let 𝛼̄ denote its image in 𝐵/𝔓. Let 𝑓 ∈ 𝐴[𝑥] be the minimal polynomial for 
𝛼 over 𝐾 , and let ̄𝑓  be its image in (𝐴/𝔭)[𝑥]. Clearly, 𝛼̄ ∈ 𝐵/𝔓 is a root of ̄𝑓 . Since 𝑓  splits completely 
over 𝐿, with roots in 𝐵, its reduction ̄𝑓  splits completely over 𝐵/𝔓. Since the minimal polynomial of 
𝛼̄ divides ̄𝑓 , we have that 𝐵/𝔓 is a normal extension of 𝐴/𝔭.

Let 𝜎 ∈ 𝐺𝔓, and let 𝑏, 𝑐 ∈ 𝐵. If 𝑏 + 𝔓 = 𝑐 + 𝔓, then 𝑏 − 𝑐 ∈ 𝔓. Since 𝜎(𝔓) = 𝔓, we have that 
𝜎(𝑏 − 𝑐) ∈ 𝔓 as well, so 𝜋𝔓(𝜎)(𝑏 + 𝔓) = 𝜋𝔓(𝜎)(𝑐 + 𝔓). The image 𝜋𝔓(𝜎) is also easily seen to be 
a field isomorphism by such computations as

𝜎(𝑏𝑐) + 𝔓 = 𝜎(𝑏𝑐 + 𝔓) = 𝜎((𝑏 + 𝔓)(𝑐 + 𝔓)) = (𝜎(𝑏) + 𝔓)(𝜎(𝑐) + 𝔓)

for any 𝑏, 𝑐 ∈ 𝔓, and it clearly fixes 𝐴/𝔭. That 𝜋𝔓 is a homomorphism is similarly easily checked.
It remains to show surjectivity. Let 𝜎̄ be an automorphism of 𝐵/𝔓 fixing 𝐴/𝔭. Let 𝐸 be the fixed 

field of 𝐺𝔓, let 𝐶 be the integral closure of 𝐴 in 𝐸, and let 𝑃 = 𝐶 ∩𝔓. Suppose that 𝜃̄ ∈ 𝐵/𝔓 generates 
the maximal separable subextension of 𝐵/𝔓 over 𝐴/𝔭 = 𝐶/𝑃. Let 𝜃 ∈ 𝐵 be a lift of 𝜃̄. Let 𝑔 ∈ 𝐶[𝑥]
be the minimal polynomial of 𝜃, let 𝑔̄ be its reduction modulo 𝑃, and let ℎ ∈ (𝐴/𝔭)[𝑥] be the minimal 
polynomial of 𝜃̄. Since 𝜎̄(𝜃̄) is also a root of ℎ, it is a root of 𝑔̄, and therefore there exists a root 𝜃′

of 𝑔 such that 𝜃′ reduces to 𝜎̄(𝜃̄). Let 𝜎 ∈ 𝐺𝔓 be such that 𝜎(𝜃) = 𝜃′. Then 𝜋𝔓(𝜎)(𝜃̄) = 𝜎̄(𝜃̄), so 
𝜋𝔓(𝜎) = 𝜎̄ by choice of 𝜃. ∎

Definition 2.6.15. Let 𝔓 be a prime of 𝐵. The inertia group 𝐼𝔓 of 𝔓 is the kernel of the map 𝐺𝔓 →
Gal((𝐵/𝔓)/(𝐴/𝔭)).

Corollary 2.6.16. Let 𝔭 be a prime of 𝐾  and 𝔓 a prime of 𝐵 lying over 𝔭. Then there is an exact 
sequence of groups

1 → 𝐼𝔓 → 𝐺𝔓
𝜋𝔭⟶ Gal((𝐵/𝔓)/(𝐴/𝔭)) → 1.
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Remark 2.6.17. The inertia group is a normal subgroup of the decomposition group of a prime. If 
the corresponding extension of residue fields is separable, then its order is the ramification index of 
the prime.

Example 2.6.18. Let 𝐿 = ℚ(𝜔, 3√2), where 𝜔 is a primitive cube root of 1. Let 𝐾 = ℚ(𝜔). Let 
𝐺 = Gal(𝐿/ℚ) and 𝑁 = Gal(𝐿/𝐾). Note that

𝐷(1, 3√2, (3√2)2) = 𝑁
ℚ(3√2)/ℚ

(3(3√2)2) = 27 ⋅ 4 = 108,

so 2 and 3 are the only primes that can divide the conductor of ℤ[3√2] (which is in fact the ring of 
integers of ℚ(3√2), though we shall not use this).

• The prime 2 is inert in 𝐾/ℚ and ramifies in 𝐿/𝐾; the decomposition is 2𝒪𝐿 = (3√2)3. We 
therefore have 𝐺

(3√2)
= 𝐺 and 𝐼

(3√2)
= 𝑁 .

• The prime 3 is totally ramified in 𝐿/ℚ. To see this, note first that it ramifies as 3𝒪𝐾 = (1−𝜔)2

in 𝐾 . Moreover, 𝑁𝐿/𝐾(1+ 3√2) = 3, while 1+ 3√2 is congruent to its conjugates modulo (1−𝜔). 
This tells us that 3𝒪𝐿 = 𝔓6 for

𝔓 = (1 + 3√2, 1 − 𝜔) = (


1 − 𝜔

1 + 3√2
)


.

Then 𝐺𝔓 = 𝐼𝔓 = 𝐺.

• The prime 5 is inert in 𝐾/ℚ and splits in 𝐿/𝐾: for the latter, we may apply the Kummer-Dedekind 
criterion, noting that 33 ≡ 2 mod 5, so 𝑥3 − 2 splits completely over the residue field 𝔽25 of 𝐾  at (5). 
We then have 5𝒪𝐿 = 𝔔1𝔔2𝔔3 for primes

𝔔𝑖 = (5, 𝜔𝑖−13√2 − 3)

with 𝐺𝔔𝑖
= Gal(𝐿/𝐸𝑖), where 𝐸𝑖 = ℚ(𝜔𝑖−13√2) for 1 ≤ 𝑖 ≤ 3. We have 5𝒪𝐸1

= 𝔮1𝔮2 where 𝔔1 lies 
over 𝔮1 = (5, 3√2 − 3) and 𝔔2 and 𝔔3 lie over 𝔮2 = (5, (3√2)2 + 33√2 + 4), which have 𝑓𝔮1/(5) = 1 and 
𝑓𝔮2/(5) = 2.

Terminology 2.6.19. If 𝐾  is a number field, then we often refer to a nonzero prime ideal of 𝒪𝐾  as a 
prime of 𝐾 .

Definition 2.6.20. Let 𝐾  be a number field and 𝔞 be a nonzero ideal in 𝒪𝐾 . The absolute norm of 𝔞
is the integer 𝑁𝔞 = [𝒪𝐾 ∶ 𝔞].

Remark 2.6.21. If 𝔭 is a prime in the ring of integers of a number field 𝐾  lying above 𝑝ℤ, then 
𝑁𝔭 = 𝑝𝑓 , where 𝑓  is the residue degree of 𝔭 over 𝑝ℤ.
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Remark 2.6.22. The absolute norm extends to a homomorphism 𝑁 ∶ 𝐼𝐾 → ℚ× with 𝑁(𝔞𝔟−1) =
𝑁𝔞 ⋅ (𝑁𝔟)−1 for any nonzero ideals 𝔞 and 𝔟 of 𝒪𝐾 .

For number fields, the residue fields of primes are finite. Recall that the Frobenius element 𝜑 ∈
Gal(𝔽𝑞𝑛/𝔽𝑞) for 𝑞 a power of a prime and 𝑛 ≥ 1 is defined by 𝜑(𝑥) = 𝑥𝑞 for all 𝑥 ∈ 𝔽𝑞. That 
is, we have canonical generators of Galois groups of extensions of residue fields. Since the map of 
Proposition 2.6.14 is surjective, these lift to elements of decomposition groups.

Definition 2.6.23. Let 𝐿/𝐾  be a finite Galois extension of number fields with 𝐺 = Gal(𝐿/𝐾). Let 
𝔭 be a prime of 𝐾  and 𝔓 a prime of 𝐿 lying over 𝔭. A Frobenius element of 𝐺𝔓 is an automorphism 
𝜑𝔓 ∈ 𝐺𝔓 satisfying

𝜑𝔓(𝛼) ≡ 𝛼𝑁𝔭 mod 𝔓

for all 𝛼 ∈ 𝒪𝐿.

Remark 2.6.24. If 𝔭 is unramified in 𝐿/𝐾 , then 𝜑𝔓 is unique given a choice of 𝔓. If, in addition, 𝐿/𝐾
is abelian, then 𝜑𝔓 is independent of the choice of 𝔓.
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Chapter 3

Applications

3.1 Cyclotomic fields

Let 𝑛 be a positive integer.

Notation 3.1.1. Let 𝑛 be a positive integer and 𝐾  a field. The group 𝜇𝑛(𝐾) will denote the group of 
𝑛th roots of unity in 𝐾 .

Remark 3.1.2. Let 𝑛 be a positive integer and 𝐾  a field of characteristic not divisible by 𝑛. The group 
𝜇𝑛 to denote the group of 𝑛th roots of unity in an algebraic closure of 𝐾 , fixed beforehand. This group 
always has order 𝑛.

Example 3.1.3. Let ℓ and 𝑝 be prime numbers. 

a. The group 𝜇ℓ(𝔽𝑝) of ℓth roots of unity in an algebraic closure of 𝔽𝑝 has order ℓ for ℓ ≠ 𝑝 and 
is trivial if ℓ = 𝑝.

b. The group 𝜇ℓ(𝔽𝑝) is 𝜇ℓ for ℓ dividing 𝑝 − 1 and 1 for all other ℓ.

Notation 3.1.4. Let 𝐾  be a field and 𝐿 be an extension of 𝐾 . If 𝑆 is a set of elements of 𝐿, then the 
field 𝐾(𝑆) is the subfield of 𝐿 given by adjoining to 𝐾  all elements of 𝑆.

Definition 3.1.5. The field ℚ(𝜇𝑛) is the 𝑛th cyclotomic field.

Remark 3.1.6. More generally, if 𝐹 is a field of characteristic not dividing 𝑛, we let 𝐹(𝜇𝑛) denote the 
field obtained from 𝐹 by adjoining all 𝑛th roots of unity in an algebraic closure of 𝐹.

Remark 3.1.7. The field ℚ(𝜇𝑛) is Galois over ℚ, as it is the splitting field of 𝑥𝑛 − 1. All 𝑛th roots of 
unity are powers of any primitive 𝑛th root of unity 𝜁𝑛, so ℚ(𝜇𝑛) = ℚ(𝜁𝑛).
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Definition 3.1.8. The 𝑛th cyclotomic polynomial Φ𝑛 ∈ ℤ[𝑥] is the polynomial which has as its roots 
the primitive 𝑛th roots of unity.

Note that 𝑥𝑛 − 1 = ∏𝑑∣𝑛 Φ𝑑 . We recall the definition of the Möbius function.

Definition 3.1.9. The Möbius function 𝜇∶ ℤ≥1 → ℤ is defined as follows. Let 𝑛 = 𝑝𝑟1
1 ⋯ 𝑝𝑟𝑘

𝑘  for 
distinct primes 𝑝𝑖 and positive integers 𝑟𝑖 for 1 ≤ 𝑖 ≤ 𝑘 for some 𝑘 ≥ 0. Then

𝜇(𝑛) =
{


(−1)𝑘 if 𝑟𝑖 = 1 for all 1 ≤ 𝑖 ≤ 𝑘,

0 otherwise.

We omit the proof of the following, which uses the Möbius inversion formula.

Lemma 3.1.10. For all 𝑛 ≥ 1, we have

Φ𝑛 = ∏
𝑑∣𝑛

(𝑥𝑑 − 1)𝜇(𝑛/𝑑).

Examples 3.1.11. 

a. Φ1 = 𝑥−1, Φ2 = 𝑥+1, Φ3 = 𝑥2 +𝑥+1, Φ4 = 𝑥2 +1, Φ5 = 𝑥4 +𝑥3 +𝑥2 +𝑥+1, Φ6 = 𝑥2 −𝑥+1.

b. Φ15 = 𝑥8 − 𝑥7 + 𝑥5 − 𝑥4 + 𝑥3 − 𝑥 + 1.

c. Φ𝑝𝑟 = 𝑥𝑝𝑟−1(𝑝−1) + ⋯ + 𝑥𝑝𝑟−1 + 1 for every prime 𝑝 and 𝑟 ≥ 1.

For 𝑛 ≥ 1, we will use 𝜁𝑛 to denote a primitive 𝑛th root of unity in an algebraic closure of ℚ.

Lemma 3.1.12. Let 𝑛 ≥ 1 and let 𝑖, 𝑗 ∈ ℤ be relatively prime to 𝑛. Then

1 − 𝜁𝑖
𝑛

1 − 𝜁𝑗
𝑛

∈ 𝒪×
ℚ(𝜇𝑛).

Proof. Let 𝑘 ∈ ℤ with 𝑗𝑘 ≡ 1 mod 𝑛. Then

1 − 𝜁𝑖
𝑛

1 − 𝜁𝑗
𝑛

= 1 − 𝜁𝑖𝑗𝑘
𝑛

1 − 𝜁𝑗
𝑛

= 1 + 𝜁𝑗
𝑛 + ⋯ + 𝜁𝑗(𝑖𝑘−1)

𝑛

is an algebraic integer since 𝜁𝑛 is. The same being true after reversing 𝑖 and 𝑗, we have the result. ∎

We let ℤ[𝜇𝑛] denote the ring generated over ℤ by the 𝑛th roots of unity.

Lemma 3.1.13. Let 𝑝 be a prime number and 𝑟 ≥ 1. Then the absolute value of the discriminant of 
ℤ[𝜇𝑝𝑟] is a power of 𝑝, and (𝑝) is the only prime of ℤ that ramifies in ℚ(𝜇𝑝𝑟). It is totally ramified 
and lies below (1 − 𝜁𝑝𝑟). Moreover, [ℚ(𝜇𝑝𝑟) ∶ ℚ] = 𝑝𝑟−1(𝑝 − 1).
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Proof. Note that [ℚ(𝜇𝑝𝑟) ∶ ℚ] ≤ deg Φ𝑝𝑟 = 𝑝𝑟−1(𝑝 − 1). We have

𝑝𝑟−1
∏
𝑖=1

𝑝∤𝑖

(1 − 𝜁𝑖
𝑝𝑟) = Φ𝑝𝑟(1) = 𝑝,

which forces 1 − 𝜁𝑖
𝑝𝑟  to be divisible by a prime 𝔭 over 𝑝 for some 𝑖 with 𝑝 ∤ 𝑖. By Lemma 3.1.12, this 

implies that each 1 − 𝜁𝑗
𝑝𝑟  with 𝑝 ∤ 𝑗 is divisible by 𝔭. Therefore, 𝔭𝑝𝑟−1(𝑝−1) divides (𝑝), which forces 

[ℚ(𝜇𝑝𝑟) ∶ ℚ] = 𝑝𝑟−1(𝑝 − 1) and

𝑝𝒪ℚ(𝜇𝑝𝑟) = 𝔭𝑝𝑟−1(𝑝−1) = (1 − 𝜁𝑝𝑟)𝑝𝑟−1(𝑝−1).

Finally, note that
disc(𝒪ℚ(𝜇𝑝𝑟)) ∣ disc(ℤ[𝜇𝑝𝑟]),

which is a product of terms of the form 𝜁𝑖
𝑝𝑟 − 𝜁𝑗

𝑝𝑟  for 𝑖 ≠ 𝑗 both not divisible by 𝑝, which from what 
we have seen is only divisible by the prime 𝔭 = (1 − 𝜁𝑝𝑟). In other words, no prime other than 𝑝 can 
ramify. ∎

Proposition 3.1.14.  The 𝑛th cyclotomic polynomial is irreducible for all 𝑛 ≥ 1. In other words, 
[ℚ(𝜇𝑛) ∶ ℚ] = 𝜑(𝑛), where 𝜑 is Euler’s phi-function. Moreover, the prime ideals of ℤ that ramify 
in 𝒪ℚ(𝜇𝑛) are the odd primes dividing 𝑛 and, if 𝑛 is a multiple of 4, the prime 2.

Proof. If we write 𝑛 = 𝑝𝑟1
1 ⋯ 𝑝𝑟𝑘

𝑘  for distinct primes 𝑝𝑖 and 𝑟𝑖 ≥ 1, then

deg Φ𝑛 = ∑
𝑑∣𝑛

𝜇 (𝑛
𝑑 ) 𝑑 =

𝑘
∏
𝑖=1

𝑝𝑟𝑖−1
𝑖 (𝑝𝑖 − 1) = 𝜑(𝑛).

Hence, the second statement implies the first. In 𝑛 is even and not divisible by 4, then ℚ(𝜇𝑛) =
ℚ(𝜇𝑛/2) and 𝜑(𝑛) = 𝜑(𝑛/2), so we may assume that either 𝑛 is odd or divisible by 4.

The result holds for 𝑘 = 1 by Lemma 3.1.13. Write 𝑛 = 𝑚𝑝𝑟 for some 𝑚, 𝑟 ≥ 1 and prime 𝑝 not 
dividing 𝑚. As 𝑝 does not not ramify in ℚ(𝜇𝑚) by induction on 𝑘 but is totally ramified in ℚ(𝜇𝑝𝑟) by 
Lemma 3.1.13, the fields ℚ(𝜇𝑚) and ℚ(𝜇𝑝𝑟) are linearly disjoint. So by induction, the primes which 
divide 𝑛 are exactly those which ramify in ℚ(𝜇𝑛) = ℚ(𝜇𝑚)ℚ(𝜇𝑝𝑟), and we have

[ℚ(𝜇𝑛) ∶ ℚ] = [ℚ(𝜇𝑚) ∶ ℚ][ℚ(𝜇𝑝𝑟) ∶ ℚ] = 𝜑(𝑚)𝜑(𝑝𝑟) = 𝜑(𝑛).

∎

For an arbitrary field of good characteristic, let us make the following definition.
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Definition 3.1.15. Let 𝐹 be a field of characteristic not dividing 𝑛 ≥ 1. Define a homomorphism

𝜒𝑛 ∶ Gal(𝐹(𝜇𝑛)/𝐹) → (ℤ/𝑛ℤ)×

on 𝜎 ∈ Gal(𝐹(𝜇𝑛)/𝐹) as follows. If 𝑖𝜎 is the unique integer with 1 ≤ 𝑖 ≤ 𝑛 such that 𝜎(𝜁) = 𝜁𝑖𝜎 for 
all 𝑛th roots of unity 𝜁 in 𝐹, then 𝜒𝑛(𝜎) = 𝑖𝜎 mod 𝑛. Then 𝜒𝑛 is called the 𝑛th cyclotomic character 
for 𝐹.

Notation 3.1.16. If 𝑎 ∈ ℤ/𝑛ℤ, then 𝜁𝑎 for 𝜁 an 𝑛th root of unity denotes 𝜁𝑏 for any 𝑏 ∈ ℤ with 
image 𝑎 modulo 𝑛.

Remark 3.1.17. The homomorphism 𝜒𝑛 is always injective, as any element such that 𝜒𝑛(𝜎) = 1 for 
all 𝜎 ∈ Gal(𝐹(𝜇𝑛)/𝐹) fixes 𝜇𝑛 and hence 𝐹(𝜇𝑛).

We have the following corollary of Proposition 3.1.14, since 𝜒𝑛 for 𝐹 = ℚ is an injective homo-
morphism between groups of equal order.

Corollary 3.1.18. The 𝑛th cyclotomic character 𝜒𝑛 ∶ Gal(ℚ(𝜇𝑛)/ℚ) → (ℤ/𝑛ℤ)× is an isomor-
phism.

Remark 3.1.19. In particular, ℚ(𝜇𝑝𝑟)/ℚ for an odd prime 𝑝 and 𝑟 ≥ 1 has cyclic Galois group.

Proposition 3.1.20. The ring ℤ[𝜇𝑛] is the ring of integers of ℚ(𝜇𝑛).

Proof. We first consider 𝑛 = 𝑝𝑟 for a prime 𝑝 and 𝑟 ≥ 1. In this case, we know that the absolute 
value of disc(ℤ[𝜇𝑝𝑟]) is a power of 𝑝, say 𝑝𝑚. In particular, 𝔣ℤ[𝜇𝑝𝑟] divides (𝑝𝑚). Let 𝜆𝑟 = 1 − 𝜁𝑝𝑟 , 
which generates the unique prime over (𝑝) in ℚ(𝜇𝑝𝑟). Since (𝑝) is totally ramified in ℚ(𝜇𝑝𝑟)/ℚ, we 
have that

𝒪ℚ(𝜇𝑝𝑟)/(𝜆𝑟) ≅ ℤ/𝑝ℤ.

In particular,
𝒪ℚ(𝜇𝑝𝑟) = ℤ + 𝜆𝑟𝒪ℚ(𝜇𝑝𝑟) = ℤ[𝜇𝑝𝑟] + 𝜆𝑟𝒪ℚ(𝜇𝑝𝑟). (3.1.1)

Replacing 𝒪ℚ(𝜇𝑝𝑟) on the right-hand side of (3.1.1) using the formula for 𝒪ℚ(𝜇𝑝𝑟) given by (3.1.1) 
itself, we have

𝒪ℚ(𝜇𝑝𝑟) = ℤ[𝜇𝑝𝑟] + 𝜆𝑟(ℤ[𝜇𝑝𝑟] + 𝜆𝑟𝒪ℚ(𝜇𝑝𝑟)) = ℤ[𝜇𝑝𝑟] + 𝜆2
𝑟 𝒪ℚ(𝜇𝑝𝑟).

Repeatedly replacing 𝒪ℚ(𝜇𝑝𝑟) on the right, we eventually obtain

𝒪ℚ(𝜇𝑝𝑟) = ℤ[𝜇𝑝𝑟] + 𝑝𝑚𝒪ℚ(𝜇𝑝𝑟), = ℤ[𝜇𝑝𝑟]
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the latter step by definition of the conductor.
For the general case, we write 𝑛 = 𝑝𝑟1

1 ⋯ 𝑝𝑟𝑘
𝑘  for distinct primes 𝑝𝑖 and 𝑟𝑖 ≥ 1. Then ℚ(𝜇𝑛) is the 

compositum of the ℚ(𝜇𝑝𝑟𝑖
𝑖

) and the discriminants of the fields ℚ(𝜇𝑝𝑟𝑖
𝑖

) are relatively prime, we have 
by Proposition 1.4.28 that the elements

𝜁𝑖1
𝑝𝑟1

1
⋯ 𝜁𝑖𝑘

𝑝𝑟𝑘
𝑘

with 0 ≤ 𝑖𝑡 ≤ 𝑝𝑟𝑡−1
𝑡 (𝑝𝑡 − 1) − 1 for each 1 ≤ 𝑡 ≤ 𝑘 form an integral basis of 𝒪ℚ(𝜇𝑛). Since these 

elements are all contained in the order ℤ[𝜇𝑛] in ℚ(𝜇𝑛), we have the result. ∎

The factorization in ℚ(𝜇𝑛) of the ideals generated by prime numbers is rather easy to describe.

Proposition 3.1.21. Let 𝑝 be a prime, and let 𝑟 ≥ 0 be such that 𝑝𝑟 exactly divides 𝑛. Let 𝑚 = 𝑛
𝑝𝑟 , and 

let 𝑓  be the order of 𝑝 in (ℤ/𝑚ℤ)×. Then

𝑝ℤ[𝜇𝑛] = (𝔭1 ⋯ 𝔭𝑔)𝜑(𝑝𝑟),

where 𝜑 is the Euler phi-function, 𝑔 = 𝑓 −1𝜑(𝑚) and the 𝔭𝑖 are distinct primes of ℤ[𝜇𝑛] of residue 
degree 𝑓 .

Proof. First, we note that 𝑝 is totally ramified in ℚ(𝜇𝑝𝑟) of degree 𝜑(𝑝𝑟) and unramified in 
ℚ(𝜇𝑚). It follows from Remark 2.5.7 that the ramification index of 𝑝 in ℚ(𝜇𝑛) is then 𝜑(𝑝𝑟), and the 
residue degree of 𝑝 in ℚ(𝜇𝑛) is the residue degree of 𝑝 in ℚ(𝜇𝑚).

So, let 𝔮 be a prime ideal over 𝑝 in ℤ[𝜇𝑚]. Its residue field is

𝐹 = ℤ[𝜇𝑚]/𝔮 = 𝔽𝑝(𝜇𝑚).

As 𝐹× is cyclic of order |𝐹| − 1, we have 𝐹 = 𝔽𝑝𝑓  for the smallest 𝑓 ≥ 1 such that 𝑚 ∣ (𝑝𝑓 − 1), 
which is to say that the order of 𝑝 in (ℤ/𝑚ℤ)×. Finally, 𝑔 is constrained to be 𝑓 −1𝜑(𝑚) by the degree 
formula. ∎

We have the following corollary.

Corollary 3.1.22. An odd prime 𝑝 splits completely in ℚ(𝜇𝑛)/ℚ if and only if 𝑝 ≡ 1 mod 𝑛. The 
prime 2 does not split completely in a nontrivial cyclotomic extension of ℚ.

Proof. By Proposition 3.1.21, to say that a prime 𝑝 splits completely is exactly to say that 𝜑(𝑝𝑟) =
1 and the order of 𝑝 in (ℤ/(𝑛/𝑝𝑟)ℤ)× is 1. If 𝑝 is odd, then this means 𝑟 = 0 and 𝑝 ≡ 1 mod 𝑛. If 
𝑝 = 2, this forces 𝑛 = 1 or 𝑛 = 2, which is to say that ℚ(𝜇𝑛) = ℚ. ∎
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3.2 Quadratic reciprocity

In this section, we briefly explore the relationship between cyclotomic and quadratic fields.

Definition 3.2.1. For an odd prime 𝑝, we set 𝑝∗ = (−1)(𝑝−1)/2𝑝.

The reason for this definition is the following.

Lemma 3.2.2. Let 𝑝 be an odd prime. The field ℚ(√𝑝∗) is the unique quadratic field contained in 
ℚ(𝜇𝑝).

Proof. Recall that Gal(ℚ(𝜇𝑝)/ℚ) is cyclic of order 𝑝 − 1, so it has a unique quotient of order 2. 

As 𝑝 is totally ramified in ℚ(𝜇𝑝)/ℚ, it is ramified in 𝐾 , so 𝐾 = ℚ(√𝑝′), where 𝑝′ = ±𝑝. Moreover, 

no other prime is ramified in ℚ(𝜇𝑝)/ℚ. If 𝑝′ ≡ 3 mod 4, then 𝐾  has ring of integers ℤ[√𝑝′], and we 
have

ℤ[√𝑝′]/(2) ≅ 𝔽2[𝑥]/(𝑥2 − 𝑝′) ≅ 𝔽2[𝑥]/(𝑥 + 1)2,

which means that 2 ramifies in 𝐾 . Since 𝑝∗ ≡ 1 mod 4, we must have 𝑝′ = 𝑝∗. ∎

We prove the following consequence of results of Proposition 3.1.21.

Proposition 3.2.3. Let 𝑝 and 𝑞 be odd prime numbers. Then 𝑞 splits in ℚ(√𝑝∗) if and only if 𝑞 splits 
into an even number of primes in ℚ(𝜇𝑝).

Proof. The prime 𝑞 splits into an even number of primes in ℚ(𝜇𝑝) if and only if the decomposition 
group 𝐺𝑞 of any prime over 𝑞 has even index in Gal(ℚ(𝜇𝑝)/ℚ). Since the latter Galois group is cyclic 
with unique subgroup of index 2 having fixed field ℚ(√𝑝∗) by Lemma 3.2.2, this occurs if and only 
if 𝐺𝑞 fixes ℚ(√𝑝∗), which is to say, if and only if 𝑞 splits in ℚ(√𝑝∗). ∎

Definition 3.2.4. Let 𝑎 be an integer and 𝑞 be an odd prime number with 𝑞 ∤ 𝑎. The Legendre symbol
(𝑎

𝑞) is defined to be

(𝑎
𝑞) =

{


1 if 𝑎 is a square mod 𝑞,

−1 otherwise.

In other words, (𝑎
𝑞) is the unique unit in ℤ such that

𝑎
𝑞−1

2 ≡ (𝑎
𝑞) mod 𝑞.

Gauss’ law of quadratic reciprocity is the following.
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Theorem 3.2.5  (Quadratic reciprocity). If 𝑝 and 𝑞 are distinct odd prime numbers, then

(𝑝
𝑞) (𝑞

𝑝) = (−1)
𝑝−1

2
𝑞−1

2 .

Proof. Note that
𝑝

𝑞−1
2 ≡ (−1)

𝑝−1
2

𝑞−1
2 mod 𝑞.

if and only if
(𝑝∗)

𝑞−1
2 ≡ 1 mod 𝑞,

which is to say if and only if (𝑝∗

𝑞 ) = 1. This says exactly that there exists 𝑎 ∈ ℤ such that

𝑎2 ≡ 𝑝∗ mod 𝑞.

But then 𝑥2 − 𝑝∗ factors modulo 𝑞, so (𝑞) splits in ℤ[√𝑝∗]. Now, Proposition 3.2.3 tells us that this 
happens if and only if (𝑞) splits in ℤ[𝜇𝑝] into an even number of primes. By Proposition 3.1.21, the 
prime (𝑞) splits into (𝑝 − 1)/𝑓  primes in ℚ(𝜇𝑝), where 𝑓  is the order of 𝑞 modulo 𝑝. So, it splits into 
an even number if and only if 𝑓  divides (𝑝 − 1)/2, which is to say that

𝑞
𝑝−1

2 ≡ 1 mod 𝑝,

In other words, (𝑝
𝑞) = (−1)

𝑝−1
2

𝑞−1
2  if and only if (𝑞

𝑝) = 1, as desired. ∎

Remark 3.2.6. To complete the law of quadratic reciprocity, we note that the definitions imply that

(−1
𝑝 ) = (−1)

𝑝−1
2 ,

and we note without proof that

(2
𝑝) = (−1)

𝑝2−1
8

3.3 Fermat’s last theorem

Recall that Fermat’s last theorem (or FLT) asserts the nonexistence of integer solutions to 𝑥𝑛 +𝑦𝑛 = 𝑧𝑛

with 𝑥𝑦𝑧 ≠ 0 for all 𝑛 ≥ 3. Fermat proved this conjecture for 𝑛 = 4, and given this it clearly suffices 
to show the nonexistence for odd prime exponents. While FLT was proven by Wiles in 1995 using 
methods far beyond the scope of these notes, we are able to prove here the following so-called “first 
case” of Fermat’s last theorem for odd prime exponents of a special form.

Fix an odd prime 𝑝 and a primitive 𝑝th root of unity 𝜁𝑝 in ℚ(𝜇𝑝). We require a couple of lemmas.
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Lemma 3.3.1. Let 𝑥, 𝑦 ∈ ℤ be relatively prime, and suppose that 𝑝 ∤ 𝑥 + 𝑦. Then the elements 𝑥 + 𝜁𝑖
𝑝𝑦

of ℤ[𝜇𝑝] for 0 ≤ 𝑖 ≤ 𝑝 − 1 are pairwise relatively prime.

Proof. If 𝔮 is a prime ideal of ℤ[𝜇𝑝] dividing both 𝑥 + 𝜁𝑖
𝑝𝑦 and 𝑥 + 𝜁𝑗

𝑝𝑦 for 0 ≤ 𝑖 < 𝑗 < 𝑝, then 𝔮
divides both (𝜁𝑗

𝑝 −𝜁𝑖
𝑝)𝑦 and (𝜁𝑗

𝑝 −𝜁𝑖
𝑝)𝑥. If 𝔮 does not lie over 𝑝, then it must divide both 𝑥 and 𝑦, which 

is impossible. Thus, 𝔮 lies over 𝑝, so it equals (1−𝜁𝑝). On the other hand, 𝑥+𝜁𝑖
𝑝𝑦 ≡ 𝑥+𝑦 mod (1−𝜁𝑝), 

which implies that 𝑥 + 𝑦 ≡ 0 mod 𝑝, since 𝑥 + 𝑦 is an integer. Thus, no such 𝔮 can exist. ∎

Terminology 3.3.2. For any 𝑛 ≥ 3, we refer to the unique element of Gal(ℚ(𝜇𝑛)/ℚ) with image −1
under the 𝑛th cyclotomic character as complex conjugation, and we write 𝛼̄ to denote the image of 
𝛼 ∈ ℚ(𝜇𝑛) under this element.

Lemma 3.3.3. Let 𝜖 ∈ ℤ[𝜇𝑝]×. Then there exists 𝑗 ∈ ℤ such that 𝜖𝜁𝑗
𝑝 is fixed by complex conjugation.

Proof. Note that 𝜎(𝜖̄𝜖−1) has absolute value 1 for every 𝜎 ∈ Gal(ℚ(𝜇𝑝)/ℚ), so it is a root of 
unity by Corollary 4.4.2 below, hence a 2𝑝th root of unity. If the lemma did not hold, then each

𝜖̄𝜁−𝑗
𝑝

𝜖𝜁𝑗
𝑝

= 𝜁−2𝑗
𝑝

𝜖̄
𝜖

would have to be nontrivial for every 𝑗, which means that 𝜖̄𝜖−1 would not be a 𝑝th root of unity. Thus, 
we would have 𝜖̄𝜖−1 = −𝜁𝑖

𝑝 for some 𝑖 ∈ ℤ. We may write 𝜖 ≡ 𝑐 mod (1 − 𝜁𝑝) for some 𝑐 ∈ ℤ, and 
so 𝜖̄ ≡ 𝑐 mod (1 − 𝜁𝑝) as well. On the other hand,

𝜖̄ = −𝜁𝑖
𝑝𝜖 ≡ −𝜖 ≡ −𝑐 mod (1 − 𝜁𝑝),

so (1 − 𝜁𝑝) in fact divides 𝜖, which is a contradiction as 𝜖 is a unit. ∎

Lemma 3.3.4. The images of any 𝑝 − 1 of the 𝑝th roots of unity in ℤ[𝜇𝑝]/(𝑝) are 𝔽𝑝-linearly inde-
pendent.

Proof. We have

ℤ[𝜇𝑝]/(𝑝) ≅ ℤ[𝑥]/(Φ𝑝, 𝑝) ≅ 𝔽𝑝[𝑥]/(Φ𝑝) ≅ 𝔽𝑝[𝑥]/(𝑥 − 1)𝑝−1,

and the images of any 𝑝 − 1 among 1, 𝑥, … , 𝑥𝑝−1 are 𝔽𝑝-linearly independent in the last term. ∎

We now prove the result.

Theorem 3.3.5  (Kummer). Let 𝑝 be an odd prime such that Clℚ(𝜇𝑝) contains no elements of order 𝑝. 
Then there do not exist integers 𝑥, 𝑦, 𝑧 with 𝑝 ∤ 𝑥𝑦𝑧 such that 𝑥𝑝 + 𝑦𝑝 = 𝑧𝑝.
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Proof. Suppose that 𝑥𝑝 +𝑦𝑝 = 𝑧𝑝 for some integers 𝑥, 𝑦, 𝑧 with 𝑝 ∤ 𝑥𝑦𝑧 and (𝑥, 𝑦) = (1). For 𝑝 = 3, 
we note that the set of nonzero cubes modulo 9 is {±1}, and no sum of two elements of this set equals 
a third element modulo 9. Thus, we may assume that 𝑝 ≥ 5 from now on.

Note that if 𝑥 ≡ 𝑦 ≡ −𝑧 mod 𝑝, then 2𝑥𝑝 ≡ −𝑥𝑝 mod 𝑝, so 𝑝 divides 3𝑥𝑝. As 𝑝 ∤ 𝑥𝑦𝑧, this 
cannot happen. Therefore, if 𝑝 ∣ 𝑥 − 𝑦, then 𝑝 ∤ 𝑥 + 𝑧. Switching the roles of 𝑦 and −𝑧 by writing 
𝑥𝑝 + (−𝑧)𝑝 = (−𝑦)𝑝 if needed, we may therefore assume that 𝑝 ∤ 𝑥 − 𝑦.

In ℤ[𝜇𝑝], the quantity 𝑥𝑝 + 𝑦𝑝 factors, and we have

𝑝−1
∏
𝑖=0

(𝑥 + 𝜁𝑖
𝑝𝑦) = 𝑧𝑝.

Note that 𝑧 ≡ 𝑥 + 𝑦 mod 𝑝, so 𝑝 does not divide 𝑥 + 𝑦. By Lemma 3.3.1, we have that the ideals 
(𝑥 + 𝜁𝑖

𝑝𝑦) are coprime, so in order that their product be a 𝑝th power of an ideal, each must itself be a 
𝑝th power. Write

(𝑥 + 𝜁𝑝𝑦) = 𝔞𝑝

for some ideal 𝔞 of ℤ[𝜇𝑝]. Since we have assumed that Clℚ(𝜇𝑝) has no elements of order 𝑝, the ideal 
𝔞 is principal, so let 𝛼 ∈ ℤ[𝜇𝑝] be a generator of 𝔞. We then have

𝑥 + 𝜁𝑝𝑦 = 𝜖𝛼𝑝

for some 𝜖 ∈ ℤ[𝜇𝑝]×.
Now, note that we may write 𝛼 = 𝑐 + 𝑑(1 − 𝜁) for some 𝑐 ∈ ℤ and 𝑑 ∈ ℤ[𝜇𝑝], and

𝛼𝑝 ≡ 𝑐𝑝 + 𝑑𝑝(1 − 𝜁)𝑝 ≡ 𝑐 mod (𝑝).

By Lemma 3.3.3, we that there exists 𝑗 ∈ ℤ such that 𝜖′ = 𝜁𝑗
𝑝𝜖 is fixed by complex conjugation. We 

thus have
𝑥 + 𝜁𝑝𝑦 ≡ 𝜁−𝑗

𝑝 𝜖′𝑐 mod (𝑝),

so
𝑥 + 𝜁−1

𝑝 𝑦 ≡ 𝜁𝑗
𝑝𝜖′𝑐 mod (𝑝).

We therefore have
𝜁2𝑗

𝑝 (𝑥 + 𝜁𝑝𝑦) ≡ 𝑥 + 𝜁−1
𝑝 𝑦 mod (𝑝).

If 𝜁2𝑗
𝑝 , 𝜁2𝑗+1

𝑝 , 1 and 𝜁−1
𝑝  are distinct 𝑝th roots of unity, then since 𝑝−1 ≥ 4, they are linearly independent 

modulo 𝑝. This would force both 𝑥 and 𝑦 to be divisible by 𝑝, a contradiction.
It follows that 1 = 𝜁2𝑗

𝑝 , 𝜁2𝑗+1
𝑝  or 𝜁2𝑗+2

𝑝 . In the first of these cases, we have

𝑥 + 𝜁𝑝𝑦 ≡ 𝑥 + 𝜁−1
𝑝 𝑦 mod (𝑝),
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so 𝑝 divides 𝑦, a contradiction. In the second case, we have

𝜁−1
𝑝 𝑥 + 𝑦 ≡ 𝑥 + 𝜁−1

𝑝 𝑦 mod (𝑝),

so 𝑝 divides 𝑥 − 𝑦, again a contradiction. In the final case, we have

𝜁−2
𝑝 𝑥 + 𝜁−1

𝑝 𝑦 ≡ 𝑥 + 𝜁−1
𝑝 𝑦 mod (𝑝),

so 𝑝 divides 𝑥, a contradiction, finishing the proof. ∎

Remark 3.3.6. The “first case” of FLT refers to the nonexistence of solutions to 𝑥𝑝 + 𝑦𝑝 = 𝑧𝑝 with 
𝑝 ∤ 𝑥𝑦𝑧. The “second case” refers to the nonexistence of solutions with 𝑝 ∣ 𝑥𝑦𝑧 and 𝑥𝑦𝑧 ≠ 0.



Chapter 4

Geometry of numbers

4.1 Lattices

Definition 4.1.1. A lattice in an finite-dimensional ℝ-vector space 𝑉  is an abelian subgroup of 𝑉  that 
is generated by a finite set of ℝ-linearly independent vectors.

Definition 4.1.2. A lattice in a finite-dimensional ℝ-vector space 𝑉  is said to be complete, or full, if 
its elements span 𝑉 .

The following is an immediate consequence of the definitions.

Lemma 4.1.3. If Λ is a complete lattice in a finite-dimensional ℝ-vector space 𝑉 , then Λ is generated 
by a basis of 𝑉 .

Definition 4.1.4. Let Λ be a complete lattice in a finite-dimensional vector space 𝑉 . The fundamental 
domain of Λ relative to a ℤ-basis {𝑣1, … , 𝑣𝑛} of Λ is the set

𝐷 = {
𝑛

∑
𝑖=1

𝑐𝑖𝑣𝑖 | 𝑐𝑖 ∈ [0, 1) for all 1 ≤ 𝑖 ≤ 𝑛} .

The following is essentially immediate.

Lemma 4.1.5. If 𝐷 is a fundamental domain of a complete lattice Λ in a vector space 𝑉 , then every 
element of 𝑉  may be written uniquely in the form 𝑥 + 𝑦 for some 𝑥 ∈ Λ and some 𝑦 ∈ 𝐷.

Of course, a finite-dimensional ℝ-vector space 𝑉  has a Euclidean metric with respect to any basis 
of 𝑉  (as such a basis defines an isomorphism 𝑉 ≅ ℝ𝑛 for some 𝑛). Though the metric depends upon 
the choice of basis, the resulting topology is independent of the choice of basis.

69



70 CHAPTER 4.  GEOMETRY OF NUMBERS

Definition 4.1.6. We say that a subgroup of an finite-dimensional ℝ-vector space 𝑉  is discrete if it 
has the discrete topology as a subspace of 𝑉 .

In other words, a subgroup Λ of a finite-dimensional real vector space 𝑉  is discrete if for every 
𝑣 ∈ Λ there exists an open neighborhood 𝑈 of 𝑣 in 𝑉  such that 𝑈 ∩ Λ = {𝑣}. The following is 
elementary.

Lemma 4.1.7. A discrete subgroup of a finite-dimensional ℝ-vector space 𝑉  is a closed subset of 𝑉 .

Proposition 4.1.8. A subgroup of a finite-dimensional ℝ-vector space is discrete if and only if it is a 
lattice.

Proof. Let 𝑉  be an 𝑛-dimensional ℝ-vector space for some 𝑛 ≥ 0, and let Λ be a subgroup. If Λ
is a lattice, then Λ = ∑𝑚

𝑖=1 ℤ𝑣𝑖 for some linearly independent 𝑣𝑖 ∈ Λ and 𝑚 ≤ 𝑛. Extend these to an 
ordered basis 𝑣1, … , 𝑣𝑛 of 𝑉 . Let 𝑣 = ∑𝑚

𝑖=1 𝑎𝑖𝑣𝑖 ∈ Λ for some 𝑎𝑖 ∈ ℤ. Then

𝑈 = {𝑣 +
𝑛

∑
𝑖=1

𝑐𝑖𝑣𝑖 | 𝑐𝑖 ∈ (−1, 1) for all 1 ≤ 𝑖 ≤ 𝑛}

is an open neighborhood in 𝑉  containing 𝑣 but no other elements of Λ. Thus Λ is discrete.
Conversely, suppose Λ is discrete. Let 𝑊  be the subspace of 𝑉  spanned by Λ, and let 𝑣1, … , 𝑣𝑚 ∈

Λ be linearly independent with 𝑚 maximal, so that the 𝑣𝑖 necessarily span 𝑊 . Let Σ = ∑𝑚
𝑖=1 ℤ𝑣𝑖 ≤ Λ. 

We claim that Σ is of finite index in Λ. By definition, Σ is a complete lattice in 𝑊 , so so we may 
choose a system 𝑆 of representatives of the cosets Λ/Σ inside the fundamental domain 𝐷 of Σ in 𝑊 . 
That is, 𝑆 ⊂ Λ ∩ 𝐷. However, Λ is discrete and closed and 𝐷 is a bounded set, so the intersection of 
Λ with the closure of 𝐷 is discrete and compact, hence finite. Since Λ ∩ 𝐷 is then finite, 𝑆 has only 
finitely many elements.

Now set 𝑑 = [Λ ∶ Σ]. Then Λ ⊆ 1
𝑑 Σ, and 1

𝑑 Σ ≅ Σ is a free abelian group of rank 𝑚, so Λ is free 
of rank (at most) 𝑚. In other words, Λ is a lattice. ∎

Lemma 4.1.9. A lattice Λ in 𝑉  is complete if and only if there exists a bounded subset 𝐵 of 𝑉  such 
that every element of 𝑉  is the sum of an element of 𝐵 and an element of Λ.

Proof. If Λ is a complete lattice, we may let 𝐵 be the fundamental domain of 𝑉  relative to a basis, 
and in fact every element of 𝑉  may in that case be written uniquely as an element of 𝐵 + Λ.

Suppose that there exists a 𝐵 as in the statement of the lemma. Let 𝑊  be the ℝ-span of Λ, and let 
𝑣 ∈ 𝑉 . For each 𝑘 ≥ 1, write 𝑘𝑣 = 𝑏𝑘 + 𝑥𝑘 with 𝑏𝑘 ∈ 𝐵 and 𝑥𝑘 ∈ Λ. As 𝐵 is bounded, we have

lim
𝑘→∞

1
𝑘 𝑏𝑘 = 0,
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so
𝑣 = lim

𝑘→∞

1
𝑘 𝑥𝑘.

But 1
𝑘 𝑥𝑘 ∈ 𝑊  for all 𝑘 and 𝑊  is closed, so 𝑣 ∈ 𝑊 . ∎

We will suppose now that our finite-dimensional vector space 𝑉  comes equipped with a symmetric, 
positive definite inner product

⟨ , ⟩ ∶ 𝑉 × 𝑉 → ℝ.

In other words, 𝑉  is an finite-dimensional real inner product space. The Euclidean metric defined by a 
choice of an orthonormal basis of 𝑉  is independent of the choice. The resulting Lebesgue measure 𝜇𝑉

on 𝑉  has the property that the cube defined by an orthonormal basis of 𝑉  has volume (i.e., measure) 
one.

Definition 4.1.10. Let 𝑉  be an finite-dimensional real vector space with a symmetric, positive definite 
inner product ⟨ , ⟩. Let Λ be a complete lattice in 𝑉 . The volume Vol(Λ) of lattice is the volume of 
the fundamental domain of Λ relative to a ℤ-basis of Λ.

Remark 4.1.11. That the volume of Λ is indepedendent of the choice of basis is a consequence of the 
following lemma.

Lemma 4.1.12. Let 𝑉  be an 𝑛-dimensional real inner product space. Let 𝑒1, … , 𝑒𝑛 be an orthonormal 
basis of 𝑉 . Let Λ be a complete lattice in 𝑉  with basis 𝑣1, … , 𝑣𝑛, write

𝑣𝑖 =
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝑒𝑗,

and let 𝐴 = (𝑎𝑖𝑗). Then
Vol(Λ) = | det 𝐴| = | det(⟨𝑣𝑖, 𝑣𝑗⟩)|1/2.

Proof. The first equality is a standard statement of linear algebra. The second is the fact that

⟨𝑣𝑖, 𝑣𝑗⟩ =
𝑛

∑
𝑘=1

𝑛
∑
𝑙=1

𝑎𝑖𝑘𝑎𝑗𝑙⟨𝑒𝑘, 𝑒𝑙⟩ =
𝑛

∑
𝑘=1

𝑎𝑖𝑘𝑎𝑗𝑘 = (𝐴𝐴𝑇)𝑖𝑗,

since det(𝐴𝐴𝑇) = det(𝐴)2. ∎

Definition 4.1.13. Let 𝑇  be a subset of a finite-dimensional vector space 𝑉 . 

a. We say that 𝑇  is convex if it contains the line segment

ℓ = {(1 − 𝑐)𝑣 + 𝑐𝑤 ∣ 𝑐 ∈ [0, 1]}

between any two vectors 𝑣, 𝑤 ∈ 𝑇 .
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b. We say that 𝑇  is symmetric about the origin if −𝑣 ∈ 𝑇  for all 𝑣 ∈ 𝑇 .

Now we come to the main theorem of this subsection.

Theorem 4.1.14  (Minkowski’s theorem). Let 𝑉  be an 𝑛-dimensional real inner product space, and 
let Λ be a complete lattice in 𝑉 . Let 𝑋 be a convex, measurable subset of 𝑉  that is symmetric about 
the origin, and suppose that

𝜇𝐾⊗ℚℝ(𝑋) > 2𝑛 Vol(Λ).

Then 𝑋 ∩ Λ ≠ {0}.

Proof. Let
𝑌 = 1

2𝑋 = {1
2𝑥 ∣ 𝑥 ∈ 𝑋} .

If 𝑦 ∈ 𝑌 , then 2𝑦 ∈ 𝑋, so −2𝑦 ∈ 𝑋 as 𝑋 is symmetric about the origin. If 𝑦′ ∈ 𝑌  as well, then

𝑦′ − 𝑦 = 1
2(2𝑦′) + 1

2(−2𝑦) ∈ 𝑋,

since 𝑋 is convex. We therefore have that the difference of any two points of 𝑌  is in 𝑋. Note also that 
𝜇𝑉(𝑌) = 1

2𝑛 𝜇𝑉(𝑋) > Vol(Λ).
Let 𝐷 a the fundamental domain for Λ. Suppose that the sets 𝑣 + 𝑌  for 𝑣 ∈ Λ were pairwise 

disjoint. Then we would have

Vol(Λ) ≥ ∑
𝑣∈Λ

𝜇𝑉(𝐷 ∩ (𝑣 + 𝑌)) = ∑
𝑣∈Λ

𝜇𝑉((𝐷 − 𝑣) ∩ 𝑌) = 𝜇𝑉(𝑌),

the latter equality following since the sets 𝐷 − 𝑣 cover 𝑉 . This does not hold by assumption, so there 
exist distinct 𝑣, 𝑤 ∈ Λ such that (𝑣+𝑌)∩(𝑤+𝑌) is nonempty. But then 𝑣−𝑤 ∈ 𝑋, so 𝑋∩Λ ≠ {0}. ∎

4.2 Real and complex embeddings

Let 𝐾  be an number field of degree 𝑛 over ℚ. Then, since 𝐾/ℚ is separable and ℂ is algebraically 
closed, then we obtain the product

𝐾 ↪ 𝐾 ⊗ℚ ℂ ∼⟶ ∏
𝜎∶ 𝐾↪ℂ

ℂ

of embeddings of 𝐾  in ℂ.

Definition 4.2.1. Let 𝐾  be a number field. 

a. A real embedding (or real prime) of 𝐾  is a field embedding of 𝐾  in ℝ.
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b. A complex embedding of 𝐾  is a field embedding of 𝐾  in ℂ that does not have image contained 
in ℝ.

c. A complex prime of 𝐾  is an unordered pair {𝜎, 𝜎̄} of complex embeddings such that 𝜎̄(𝛼) =
𝜎(𝛼) for 𝛼 ∈ 𝐾 , where ̄𝑧 denotes the complex conjugate of 𝑧 ∈ ℂ.

d. An archimedean prime of 𝐾  is either a real prime or a complex prime.

Notation 4.2.2. The number of real (resp., complex) primes of a number field 𝐾  is denoted 𝑟1(𝐾)
(resp., 𝑟2(𝐾)).

We can also apply Proposition 1.1.1 to obtain the following.

Theorem 4.2.3. Let 𝐾  be a number field. Then 𝑟1(𝐾) + 2𝑟2(𝐾) = [𝐾 ∶ ℚ]. In fact, we have an 
isomorphism of ℝ-algebras

𝜅ℝ ∶ 𝐾 ⊗ℚ ℝ ∼⟶ ℝ𝑟1(𝐾) × ℂ𝑟2(𝐾)

where 𝜅ℝ(𝛼 ⊗ 1) for 𝛼 ∈ 𝐾  is the product of the real embeddings of 𝐾  applied to 𝛼 and one complex 
embedding from each complex prime of ℚ applied to 𝛼.

Proof. Let 𝐾 = ℚ(𝜃) and 𝑓 ∈ 𝐾[𝑥] be the minimal polynomial of 𝜃. In ℝ[𝑥], we may write

𝑓 =
𝑟1

∏
𝑖=1

(𝑥 − 𝛼𝑖) ⋅
𝑟2

∏
𝑗=1

𝑓𝑗,

for some 𝑟1, 𝑟2 ≥ 0 with 𝑟1 + 2𝑟2 = [𝐾 ∶ ℚ], where 𝛼𝑖 ∈ ℝ and 𝑓𝑗 is irreducible quadratic. Note 
that ℝ[𝑥]/(𝑓𝑗) ≅ ℂ for each 1 ≤ 𝑗 ≤ 𝑟2 via maps that take 𝑥 + (𝑓𝑗) to a chosen root of 𝑓𝑗 in ℂ. By 
Proposition 1.1.1, we then have

𝐾 ⊗ℚ ℝ ≅
𝑟1

∏
𝑖=1

ℝ ×
𝑟2

∏
𝑖=1

ℂ

and the composition of the natural inclusion of 𝐾  in 𝐾 ⊗ℚ ℝ is the product of the real embeddings of 
𝐾  and one choice of complex embedding of 𝐾  among pairs of complex conjugate embeddings (i.e., 
complex primes). We therefore have 𝑟1 = 𝑟1(𝐾) and 𝑟2 = 𝑟2(𝐾). ∎

Examples 4.2.4. 

a. The field ℚ(𝑖) has one complex prime, corresponding to the two complex embeddings of ℚ(𝑖)
taking 𝑖 to ±𝑖.

b. The field ℚ(3√2) has one real prime and that takes 3√2 to 3√2 one complex prime corresponding 
to the two complex embeddings taking 3√2 to 𝜔±13√2.

Remark 4.2.5. Given a number field 𝐾 , Theorem 4.2.3 provides us with a product of embeddings

𝜄𝐾 ∶ 𝐾 →
𝑟1

∏
𝑖=1

ℝ ×
𝑟2

∏
𝑖=1

ℂ

corresponding to the real and complex primes of 𝐾 .
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4.3 Finiteness of the class group

Throughout this section, we let 𝐾  be a number field of degree 𝑛 over ℚ. We set 𝑟1 = 𝑟1(𝐾) and 
𝑟2 = 𝑟2(𝐾). We let 𝜎𝑖 for 1 ≤ 𝑖 ≤ 𝑟1 be the real embeddings of 𝐾 , and we let 𝜏𝑖 for 1 ≤ 𝑖 ≤ 𝑟2 be a 
choice of complex embedding from each complex prime of 𝐾 . We identify 𝐾 ⊗ℚ ℝ with ℝ𝑟1 × ℂ𝑟2

as in Theorem 4.2.3.
We endow 𝐾 ⊗ℚ ℝ with the Lebesgue measure 𝜇𝐾⊗ℚℝ on ℝ𝑛 ≅ ℝ𝑟1 × ℂ𝑟2, where the inverse 

of said isomorphism is defined by

(𝑥1, … , 𝑥𝑟1
, 𝑧1, … , 𝑧𝑟2

) ↦ (𝑥1, … , 𝑥𝑟1
, Re(𝑧1), Im(𝑧1), … , Re(𝑧𝑟2

), Im(𝑧𝑟2
)).

Proposition 4.3.1. Let 𝔞 be a nonzero ideal of 𝒪𝐾 . Then 𝜄𝐾(𝔞) is a complete lattice in 𝐾 ⊗ℚ ℝ and

Vol(𝜄𝐾(𝔞)) = 2−𝑟2 ⋅ 𝑁𝔞 ⋅ | disc(𝐾)|1/2.

Proof. Let 𝛼1, … , 𝛼𝑛 be a ℤ-basis of 𝔞. Consider the matrix 𝐴 ∈ 𝑀𝑛(ℂ) with 𝑖th row

(𝜎1(𝛼𝑖), … , 𝜎𝑟1
(𝛼𝑖), 𝜏1(𝛼𝑖), 𝜏1(𝛼𝑖), … , 𝜏𝑟2

(𝛼𝑖), 𝜏𝑟2
(𝛼𝑖))

and the matrix 𝐵 ∈ 𝑀𝑛(ℝ) with 𝑖th row

(𝜎1(𝛼𝑖), … , 𝜎𝑟1
(𝛼𝑖), Re(𝜏1(𝛼𝑖)), Im(𝜏1(𝛼𝑖)), … , Re(𝜏𝑟2

(𝛼𝑖)), Im(𝜏𝑟2
(𝛼𝑖))).

Simple column operations yield that det 𝐴 = (−2𝑖)𝑟2 det 𝐵, and Lemmas 1.4.10 and  1.4.6 imply that

| det 𝐴| = |D(𝛼1, … , 𝛼𝑛)|1/2 = 𝑁𝔞 ⋅ | disc(𝐾)|1/2.

In particular, det 𝐵 ≠ 0, so the rows of images of the 𝛼𝑖 in 𝐾 ⊗ℚ ℝ are ℝ-linearly independent, which 
is to say that 𝜄𝐾(𝔞) is complete. Since Lemma 4.1.12 implies that Vol(𝜄𝐾(𝔞)) = | det 𝐵|, we have the 
result. ∎

Notation 4.3.2. We define a norm on 𝐾 ⊗ℚ ℝ ≅ ℝ𝑟1 × ℂ𝑟2 by

‖𝑣‖𝐾 =
𝑟1

∑
𝑖=1

|𝑥𝑖| + 2
𝑟2

∑
𝑗=1

|𝑧𝑗 |

for 𝑣 = (𝑥1, … , 𝑥𝑟1
, 𝑧1, … , 𝑧𝑟2

). For 𝑡 > 0, let

𝐷𝑡 = {𝑣 ∈ 𝐾 ⊗ℚ ℝ ∣ ‖𝑣‖𝐾 < 𝑡}.
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We compute the volume of 𝐷𝑡.

Lemma 4.3.3. We have
𝜇𝐾⊗ℚℝ(𝐷𝑡) = 2𝑟1−𝑟2𝜋𝑟2

𝑡𝑛
𝑛!

Proof. We treat this as a problem about the real inner product space 𝑉 = 𝑅𝑟1 × ℂ𝑟2 of dimension 
𝑛 = 𝑟1 + 2𝑟2. Let 𝐵(𝑟1,𝑟2)

𝑡  be the subset of 𝐷𝑡 = 𝐷(𝑟1,𝑟2)
𝑡  inside 𝑉  of elements with nonnegative real 

coordinates. Then 𝜇𝑉(𝐵(𝑟1,𝑟2)
𝑡 ) = 2−𝑟1𝜇𝑉(𝐷(𝑟1,𝑟2)

𝑡 ). Suppose first that 𝑟2 = 0 and the result holds for 
(𝑟1 − 1, 0). Then we have

𝜇𝑉(𝐵(𝑟1,0)
𝑡 ) = ∫

𝑡

𝑥=0
𝜇𝑉(𝐵(𝑟1−1,0)

𝑡−𝑥 )𝑑𝑥 = ∫
𝑡

𝑥=0
𝑥𝑛−1

(𝑛 − 1)!𝑑𝑥 = 𝑡𝑛
𝑛! .

Next, suppose that 𝑟2 > 0 and the result holds for (𝑟1, 𝑟2 − 1). By elementary calculation, we obtain

𝜇𝑉(𝐵(𝑟1,𝑟2)
𝑡 ) = ∫

𝑡/2

𝑟=0
∫

2𝜋

𝜃=0
𝜇𝑉(𝐵(𝑟1,𝑟2−1)

𝑡−2𝑟 )𝑟𝑑𝑟𝑑𝜃 = 2𝜋 (𝜋
2 )

𝑟2−1
∫

𝑡/2

𝑟=0
(2𝑟)𝑛−2

(𝑛 − 2)!(𝑡 − 2𝑟)𝑑𝑟 = (𝜋
2 )

𝑟2 𝑡𝑛
𝑛!.

∎

Proposition 4.3.4. For any nonzero ideal 𝔞 of 𝒪𝐾 , there exists 𝛼 ∈ 𝔞 − {0} such that

|𝑁𝐾/ℚ(𝛼)| ≤ ( 4
𝜋)

𝑟2 𝑛!
𝑛𝑛 ⋅ 𝑁𝔞 ⋅ | disc(𝐾)|1/2.

Proof. Let 𝑡 be such that
𝜇𝐾⊗ℚℝ(𝐷𝑡) > 2𝑛 Vol(𝜄𝐾(𝔞)). (4.3.1)

Since 𝜄𝐾(𝔞) is a lattice, Minkowski’s theorem ensures that 𝐷𝑡 contains 𝜄𝐾(𝛼) for some nonzero 𝛼 ∈ 𝔞. 
Note that 𝑁𝐾/ℚ(𝛼) is the product of images of 𝛼 under the distinct field embeddings of 𝐾  in ℂ. Hence, 
we have

|𝑁𝐾/ℚ(𝛼)| = |𝜎1(𝛼)| ⋯ |𝜎𝑟1
(𝛼)||𝜏1(𝛼)|2 ⋯ |𝜏𝑟2

(𝛼)|2,

and since the arithmetic mean bounds the geometric mean, this is at most the 𝑛th power of

1
𝑛

(


𝑟1

∑
𝑖=1

|𝜎𝑖(𝛼)| + 2
𝑟2

∑
𝑗=1

|𝜏𝑗(𝛼)|)


.

On the other hand, since 𝛼 ∈ 𝐷𝑡, the latter quantity is less than 𝑡
𝑛 , so we have |𝑁𝐾/ℚ(𝛼)| < ( 𝑡

𝑛)𝑛. 
Now, Lemma 4.3.3 and Proposition 4.3.1 allow us to rewrite (4.3.1) as

2𝑟1−𝑟2𝜋𝑟2
𝑡𝑛
𝑛! > 2𝑛−𝑟2 ⋅ 𝑁𝔞 ⋅ | disc(𝐾)|1/2.

Set
𝐶 = ( 4

𝜋)
𝑟2 𝑛!

𝑛𝑛 ⋅ 𝑁𝔞 ⋅ | disc(𝐾)|1/2,

so ( 𝑡
𝑛)𝑛 > 𝐶. We can and do choose ( 𝑡

𝑛)𝑛 to be less than the smallest integer greater than 𝐶. Since 
|𝑁𝐾/ℚ(𝛼)| is an integer, we must then have that |𝑁𝐾/ℚ(𝛼)| ≤ 𝐶. ∎
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Definition 4.3.5. Let 𝐾  be a number field of degree 𝑛 over ℚ. The Minkowski bound 𝐵𝐾  is the quantity

𝐵𝐾 = 𝑛!
𝑛𝑛 ( 4

𝜋)
𝑟2

| disc(𝐾)|1/2.

Proposition 4.3.4 has the following interesting corollary

Corollary 4.3.6. The discriminant of a number field 𝐾  satisfies | disc(𝐾)|1/2 ≥ (𝜋
4 )𝑟2 𝑛𝑛

𝑛! .

Proof. Take 𝔞 = 𝒪𝐾  in Proposition 4.3.4, and note that |𝑁𝐾/ℚ(𝛼)| ≥ 1 for all 𝛼 ∈ 𝒪𝐾 . ∎

Theorem 4.3.7  (Minkowski). Let 𝐾  be a number field of degree 𝑛 over ℚ. Then there exists a set of 
representatives for the ideal class group of 𝐾  consisting of integral ideals 𝔞 with 𝑁𝔞 ≤ 𝐵𝐾 .

Proof. Let 𝔞 be a fractional ideal of 𝒪𝐾 . Let 𝑑 ∈ 𝐾× be such that 𝔟 = 𝑑𝔞−1 is an integral ideal. 
By Proposition 4.3.4, there exists 𝛽 ∈ 𝔟 − {0} with |𝑁𝐾/ℚ(𝛽)| ≤ 𝐵𝐾 ⋅ 𝑁𝔟. Now, note that (𝛽) = 𝔟𝔠
for some ideal 𝔠 of 𝒪𝐾 , and the ideal class of 𝔠 is the ideal class of 𝔟−1, which is the ideal class of 𝔞. 
Furthermore, we have that |𝑁𝐾/ℚ(𝛽)| = 𝑁𝔟 ⋅ 𝑁𝔠, so 𝑁𝔠 ≤ 𝐵𝐾 , as desired. ∎

As a consequence, we have the following theorem.

Theorem 4.3.8. The class group of a number field is finite.

Proof. In fact, the set of nonzero integral ideals 𝔞 with 𝑁𝔞 ≤ 𝐵𝐾  is finite. To see this, write 
𝔞 = 𝔭𝑟1

1 ⋯ 𝔭𝑟𝑘
𝑘  for distinct prime ideals 𝔭𝑖 and 𝑟𝑖 ≥ 1 for some 1 ≤ 𝑖 ≤ 𝑘. Then

𝑁𝔞 = 𝑝𝑟1𝑓1
1 ⋯ 𝑝𝑟𝑘𝑓𝑘

𝑘 ,

where 𝑁𝔭𝑖 = 𝑝𝑓𝑖
𝑖  with 𝑝𝑖 prime. Since there are only finitely many positive integers less than 𝐵𝐾 , there 

are only finitely many primes that could divide 𝑁𝔞, and the exponents of these primes are bounded 
(e.g., by log2(𝐵𝐾)). Since each prime (𝑝) of ℤ has only finitely many primes of 𝒪𝐾  lying over it, we 
are done. ∎

Definition 4.3.9. The class number ℎ𝐾  of a number field 𝐾  is the order of the class group Cl𝐾 .

The Minkowski bound allows us to actually give bounds on the class number of a number field 
and sometimes, to actually compute the class group.

Example 4.3.10. Consider 𝐾 = ℚ(√−5). Note that disc(𝐾) = −20, so the Minkowski bound is

𝐵𝐾 = 2
𝜋

√20 < 3.

Since ℤ[√−5] is not a UFD, it is not a PID, so ℎ𝐾 ≥ 2. Since 2 ramifies in ℤ[√−5], the class of the 
prime over it in 𝐾 is the only nontrivial element in Cl𝐾 . We therefore have ℎ𝐾 = 2.
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Example 4.3.11. Consider 𝐾 = ℚ(√17). In this case disc(𝐾) = 17, and the Minkowski bound is

𝐵𝐾 = 1
2

√17 < 3.

Set 𝛼 = √17+1
2  so that 𝒪𝐾 = ℤ[𝛼]. Since the norm of any prime 𝔭 of ℤ[𝛼] is at least the prime 𝑝

with 𝔭 ∩ ℤ = (𝑝), there exists a set of representatives for Cl𝐾  dividing 2. The minimal polynomial of 
𝛼 is 𝑥2 − 𝑥 − 4, which splits modulo 2. Therefore, the class group Cl𝐾  is generated by the two primes 
over 2. Their classes are inverse to each other, so Cl𝐾  is generated any one of them, which we denote 
𝔭. For 𝛼 ∈ 𝒪𝐾 , we have 𝔭 = (𝛼) if and only if 𝑁(𝛼) = ±2. Note that

𝑁𝐾/ℚ
(


√17 + 5
2

)


= 25 − 17
4 = 2,

so 𝔭 is principal and 𝐾  is a UFD.

4.4 Dirichlet’s unit theorem

Lemma 4.4.1. Let 𝑛, 𝑁 ≥ 1. The set of algebraic integers 𝛼 such that [ℚ(𝛼) ∶ ℚ] ≤ 𝑛 and |𝜎(𝛼)| ≤ 𝑁
for all archimedean embeddings 𝜎 of ℚ(𝛼) is finite.

Proof. Let 𝛼 be such an integer, and let 𝑓 = ∑𝑛
𝑖=0 𝑎𝑖𝑥𝑖 be its minimal polynomial in ℤ[𝑥]. In ℂ[𝑥], 

we have 𝑓 = ∏𝜎(𝑥 − 𝜎(𝛼)), the product being taken over the archimedean embeddings. Then |𝑎𝑖| is 
bounded: e.g., it satisfies |𝑎𝑖| ≤ 𝑁𝑛−𝑖 (𝑛

𝑖 ) for all 𝑖. As each 𝑎𝑖 is an integer, the number of minimal 
polynomials of elements in the stated set, and hence the order of the set, is finite. ∎

Corollary 4.4.2. Let 𝐾  be a number field. Then 𝜇(𝐾) is a finite group, equal to the set of all 𝛼 ∈ 𝒪𝐾

such that |𝜎(𝛼)| = 1 for all archimedean embeddings 𝜎 of 𝐾 .

Proof. If 𝛼 ∈ 𝒪𝐾  satisfies |𝜎(𝛼)| = 1 for all 𝜎, then so does 𝛼𝑛 for all 𝑛. Since the set 𝑇  of 
such 𝛼 is finite by Lemma 4.4.1, the group ⟨𝛼⟩ is finite, and hence 𝛼 ∈ 𝜇(𝐾). In particular, since a 
root of unity has complex absolute value 1 under any archimedean embeddings, the set 𝜇(𝐾) = 𝑇  is 
finite. ∎

Definition 4.4.3. The unit group of a number field 𝐾  is the group 𝒪×
𝐾  of units in 𝒪𝐾 .

Definition 4.4.4. For a number field 𝐾 , we let ℓ𝐾 ∶ 𝐾× → ℝ𝑟1+𝑟2 be defined on 𝛼 ∈ 𝐾× as

ℓ𝐾(𝛼) = (log |𝜎1(𝛼)|, … , log |𝜎𝑟1
(𝛼)|, log |𝜏1(𝛼)|, … , log |𝜏𝑟2

(𝛼)|),

where 𝜎1, … , 𝜎𝑟1
 are the real embeddings of 𝐾  and 𝜏1, … , 𝜏𝑟2

 are the complex embeddings of 𝐾 .
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Proposition 4.4.5. For a number field 𝐾 , the set ℓ𝐾(𝒪×
𝐾) is a lattice in ℝ𝑟1+𝑟2 that sits in the hyper-

plane

𝐻 =
{

(𝑥1, … , 𝑥𝑟1+𝑟2

) |
𝑟1

∑
𝑖=1

𝑥𝑖 + 2
𝑟2

∑
𝑗=1

𝑥𝑗+𝑟1
= 0

}

,

and ker ℓ𝐾 = 𝜇(𝐾).

Proof. That ker ℓ𝐾 = 𝜇(𝐾) is just a rewording of Corollary 4.4.2. For 𝛼 ∈ 𝒪×
𝐾 , we have that

𝑟1

∑
𝑖=0

log |𝜎𝑖(𝛼)| + 2
𝑟2

∑
𝑗=0

log |𝜏𝑗(𝛼)| = log |𝑁𝐾/ℚ(𝛼)| = 0,

the latter equality by Corollary 2.5.18, so ℓ𝐾(𝛼) ∈ 𝐻. For 𝑁 ≥ 0, consider the bounded subset

𝐷𝑁 = {(𝑥1, … , 𝑥𝑟1+𝑟2
) ∈ 𝐻 ∣ |𝑥𝑖| ≤ 𝑁  for all 𝑖}

of 𝐻. By Lemma 4.4.1, the set of elements of 𝒪×
𝐾  contained in 𝐷𝑁  is finite, which means that there 

exists an open neighborhood 𝑈 in ℝ𝑟1+𝑟2 such that the intersection 𝑈 ∩ ℓ𝐾(𝒪×
𝐾) is {0}. This implies 

that ℓ𝐾(𝒪×
𝐾) is a discrete group: the set ℓ𝐾(𝛼) + 𝑈 is also open and its intersection with ℓ𝐾(𝒪×

𝐾) is 
{ℓ𝐾(𝛼)}. Finally, recall that a discrete subgroup of ℝ𝑟1+𝑟2 is a lattice. ∎

Proposition 4.4.5 implies that the sequence

1 → 𝜇(𝐾) → 𝒪×
𝐾

ℓ𝐾⟶ ℓ𝐾(𝒪×
𝐾) → 0

is exact and that the set ℓ𝐾(𝒪×
𝐾) is a free abelian group of finite rank. In particular, 𝒪×

𝐾  is a finitely 
generated abelian group of rank that of ℓ𝐾(𝒪×

𝐾), and the sequence is split. If ℓ𝐾(𝒪×
𝐾) is a complete 

lattice in 𝐻, then we know that the rank of 𝒪×
𝐾  is 𝑟1 + 𝑟2 − 1. Dirichlet’s unit theorem tells us that this 

is in fact the case. For this, we require the following lemma.

Lemma 4.4.6. Let 𝐴 = (𝑎𝑖𝑗) ∈ 𝑀𝑘(ℝ) for some 𝑘 ≥ 1 satisfy 𝑎𝑖𝑗 < 0 for all 𝑖 ≠ 𝑗 and ∑𝑘
𝑗=1 𝑎𝑖𝑗 > 0

for all 𝑖. Then 𝐴 is invertible.

Proof. Suppose by way of contradication that 𝑣 = (𝑣1, … , 𝑣𝑘) ∈ ℝ𝑘 is a solution to 𝐴𝑣 = 0, scaled 
so that 𝑣𝑗 = 1 for some 𝑗 and |𝑣𝑖| ≤ 1 for all 𝑖 ≠ 𝑗. Then

0 =
𝑘

∑
𝑖=1

𝑎𝑗𝑖𝑣𝑖 = 𝑎𝑗𝑗 +
𝑘

∑
𝑖=1

𝑖≠𝑗

𝑎𝑗𝑖𝑣𝑖. (4.4.1)

Note that 𝑎𝑗𝑖𝑣𝑖 ≥ 𝑎𝑗𝑖 for 𝑖 ≠ 𝑗 since 𝑎𝑗𝑖 is negative and 𝑣𝑖 ≤ 1. Thus, the right-hand side of (4.4.1) is at 
least ∑𝑘

𝑖=1 𝑎𝑖𝑗 > 0, which is the desired contradiction. ∎
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For a number field 𝐾 , let us use 𝜅ℝ to identify 𝐾 ⊗ℚ ℝ and ℝ𝑟1 × ℂ𝑟2 as rings. We can then 
make the following definition.

Notation 4.4.7. For a number field 𝐾 , we let

[ ⋅ ] ∶ 𝐾 ⊗ℚ ℝ → ℝ

denote the multiplicative function given by

[(𝑥1, … , 𝑥𝑟1
, 𝑧1, … , 𝑧𝑟2

)] = |𝑥1| ⋯ |𝑥𝑟1
||𝑧1|2 ⋯ |𝑧𝑟2

|2,

for 𝑥𝑖 ∈ ℝ with 1 ≤ 𝑖 ≤ 𝑟1 and 𝑧𝑗 ∈ ℂ with 1 ≤ 𝑗 ≤ 𝑟2.

The following rather complicated lemma is useful in showing the completeness of ℓ𝐾(𝒪×
𝐾) in 𝐻.

Lemma 4.4.8. Let 𝐾  be a number field of degree 𝑛. Set

𝐷 = {𝑣 ∈ 𝐾 ⊗ℚ ℝ ∣ 1/2 ≤ [𝑣] ≤ 1}.

Let 𝑋 be a bounded, convex subset of 𝐾 ⊗ℚ ℝ that is symmetric about the origin and has volume

𝜇𝑉(𝑋) > 2𝑟1+𝑟2 | disc(𝐾)|1/2.

There exist 𝛼1, … , 𝛼𝑠 ∈ 𝒪𝐾  for some 𝑠 ≥ 1 such that for each 𝑣 ∈ 𝐷, there exists some 𝜖 ∈ 𝒪×
𝐾  and 

1 ≤ 𝑖 ≤ 𝑠 such that 𝑣𝜄𝐾(𝜖) ∈ 𝜄𝐾(𝛼−1
𝑖 )𝑋.

Proof. For 𝑤 ∈ 𝐾 ⊗ℚ ℝ, the set

𝑤 ⋅ 𝜄𝐾(𝒪𝐾) = {𝑤 ⋅ 𝜄𝐾(𝛼) ∣ 𝛼 ∈ 𝒪𝐾}

is a complete lattice with volume 2−𝑟2 | disc(𝐾)|1/2 ⋅ [𝑤]. Suppose 𝑤 ∈ 𝐷. Since [𝑤] ≤ 1, we have

2𝑛 Vol(𝑤 ⋅ 𝜄𝐾(𝒪𝐾)) ≤ 2𝑛 Vol(𝜄𝐾(𝒪𝐾)) = 2𝑟1+𝑟2 | disc(𝐾)|1/2,

the latter equality by Proposition 4.3.1. Minkowski’s theorem then tells us that there exists 𝛼 ∈ 𝒪𝐾 −
{0} such that 𝑤 ⋅ 𝜄𝐾(𝛼) ∈ 𝑋.

Since 𝑋 is bounded, there exists 𝑀 > 0 such that [𝑥] ≤ 𝑀 for all 𝑥 ∈ 𝑋. In particular, we have 
[𝑤 ⋅ 𝜄𝐾(𝛼)] ≤ 𝑀, which since [𝑤] ≥ 1

2  forces [𝜄𝐾(𝛼)] ≤ 2𝑀 and then 𝑁(𝛼𝒪𝐾) ≤ 2𝑀. As there are 
only finitely many ideals of absolute norm at most 2𝑀, there are only finitely many ideals 𝛼𝒪𝐾  such 
that 𝑤 ⋅ 𝜄𝐾(𝛼𝒪𝐾) ∩ 𝑋 ≠ {0} for some 𝑤 ∈ 𝐷. Let 𝛼1𝒪𝐾 , … , 𝛼𝑠𝒪𝐾  be these ideals.

Finally, given 𝑣 ∈ 𝐷, let 𝛽 ∈ 𝒪𝐾 − {0} have the property that 𝑣 ⋅ 𝜄𝐾(𝛽) ∈ 𝑋. Then 𝛽𝒪𝐾 = 𝛼𝑖𝒪𝐾

for some 1 ≤ 𝑖 ≤ 𝑠, so 𝜖 = 𝛽𝛼−1
𝑖 ∈ 𝒪×

𝐾  and 𝑣 ⋅ 𝜄𝐾(𝜖) ∈ 𝜄𝐾(𝛼−1
𝑖 )𝑋. ∎



80 CHAPTER 4.  GEOMETRY OF NUMBERS

Theorem 4.4.9  (Dirichlet’s unit theorem). Let 𝐾  be a number field. Then we have an isomorphism

𝒪×
𝐾 ≅ ℤ𝑟1(𝐾)+𝑟2(𝐾)−1 × 𝜇(𝐾).

Proof. Let 𝐷, 𝑋, and 𝛼1, … , 𝛼𝑠 ∈ 𝒪𝐾  be as in Lemma 4.4.8. Set

𝑌 =
𝑠

⋃
𝑖=1

𝜄𝐾(𝛼−1
𝑖 )𝑋.

Since 𝑌  is bounded, we may let 𝑁  be such that if (𝜆1, … , 𝜆𝑟1+𝑟2
) ∈ 𝑌 , then |𝜆𝑖| ≤ 𝑁  for all 1 ≤ 𝑖 ≤

𝑟1 + 𝑟2. For 1 ≤ 𝑖 ≤ 𝑟1 + 𝑟2, let

𝑣(𝑖) = (𝑣(𝑖)
1 , … , 𝑣(𝑖)

𝑟1+𝑟2) ∈ 𝐾 ⊗ℚ ℝ

be an element such that |𝑣(𝑖)
𝑗 | > 𝑁  for 𝑗 ≠ 𝑖 but [𝑣(𝑖)] = 1. Then 𝑣(𝑖) ∈ 𝐷, so there exists 𝜖(𝑖) ∈ 𝒪×

𝐾
such that 𝑣(𝑖) ⋅ 𝜄𝐾(𝜖(𝑖)) ∈ 𝑌 . In particular, we must have

𝜄𝐾(𝜖(𝑖)) = (𝜖(𝑖)
1 , … , 𝜖(𝑖)

𝑟1+𝑟2) = (𝜎1(𝜖(𝑖)), … , 𝜎𝑟1
(𝜖(𝑖)), 𝜏1(𝜖(𝑖)), … , 𝜏𝑟2

(𝜖(𝑖)))

with |𝜖(𝑖)
𝑗 | < 1 for all 𝑗 ≠ 𝑖. In other words, ℓ𝐾(𝜖(𝑖)) has negative coordinates for 𝑗 ≠ 𝑖.

Assume without loss of generality that 𝑟1 + 𝑟2 > 1. Set

𝑎𝑖,𝑗 =
{


log |𝜎𝑗(𝜖(𝑖))| for 1 ≤ 𝑗 ≤ 𝑟1

2 log |𝜏𝑗−𝑟1
(𝜖(𝑖))| for 𝑟1 + 1 ≤ 𝑗 ≤ 𝑟1 + 𝑟2.

Consider the matrix 𝐴 = (𝑎𝑖,𝑗)𝑖,𝑗 ∈ 𝑀𝑟1+𝑟2−1(ℝ). For 𝑖 < 𝑟1 + 𝑟2, we have that the sum of the 𝑖th row 
is

𝑟1+𝑟2−1
∑
𝑗=1

𝑎𝑖,𝑗 = −𝑎𝑖,𝑟1+𝑟2
> 0

as ℓ𝐾(𝜖(𝑖)) ∈ 𝐻 and 𝑖 ≠ 𝑟1 + 𝑟2. Lemma 4.4.6 then tells us that 𝐴 is invertible, so the ℓ𝐾(𝜖(𝑖)) for 
1 ≤ 𝑖 < 𝑟1 +𝑟2 form a system of 𝑟1 +𝑟2 −1 linearly independent vectors in 𝐻. In other words, ℓ𝐾(𝒪×

𝐾)
is a complete lattice. ∎

Example 4.4.10. Let 𝐾 = ℚ(√𝑑) for some square-free integer 𝑑 ∈ ℤ, 𝑑 ≠ 1. If 𝐾  is a real quadratic 
field, which is to say that 𝑑 > 0, then 𝑟1(𝐾) = 2 and 𝑟2(𝐾) = 0. Since the complex conjugate of a 
root of unity 𝜁 equals 𝜁 if and only if 𝜁2 = 1, we have in this case that 𝜇(𝐾) = {±1} and

𝒪×
𝐾 ≅ ℤ/2ℤ × ℤ.

If 𝐾  is an imaginary quadratic field, which is to say that 𝑑 < 0, then 𝑟1(𝐾) = 0 and 𝑟2(𝐾) = 1. In this 
case, since [𝐾 ∶ ℚ] = 2, the field 𝐾  cannot contain any roots of unity aside from 4th and 6th roots of 
1. But ℚ(𝑖) = ℚ(√−1) and ℚ(𝜔) = ℚ(√−3) for 𝜔 a primitive 3rd root of 1, so for 𝑑 < 0, we have 
𝒪×

𝐾 ≅ ℤ/2ℤ unless 𝑑 = −1 or 𝑑 = −3, in which case 𝒪×
𝐾 ≅ ℤ/4ℤ and ℤ/6ℤ, respectively.



4.4. Dirichlet’s unit theorem 81

Example 4.4.11. Let 𝐾 = ℚ(√2). In this case, we know that 𝒪𝐾  is generated by ±𝜖 for some 𝜖 ∈ 𝒪×
𝐾

of infinite order. To find 𝑎, 𝑏 ∈ ℤ such that 𝜖 = 𝑎+𝑏√2, we note that 𝑁𝐾/ℚ(𝑎+𝑏√2) = 𝑎2−2𝑏2 = ±1. 
Suppose we choose 𝜖 with 𝑎, 𝑏 > 0, which can be done since

{±𝜖, ±𝜖−1} = {±𝑎 ± 𝑏√2}.

The 𝜖 is known as the fundamental unit for 𝐾 .
If we consider 𝜖𝑛 = 𝑎𝑛 + 𝑏𝑛√2 for 𝑛 > 1, it is not hard to check that 𝑎𝑛 > 𝑎 and 𝑏𝑛 > 𝑏. Therefore, 

we must find a solution to 𝑎2 − 2𝑏2 = ±1 with 𝑎 > 0 or 𝑏 > 0 minimal (and therefore both), e.g., 
𝑎 = 𝑏 = 1. That is, 1 + √2 is a fundamental unit for 𝐾 .

Example 4.4.12. Let 𝑛 ≥ 3 be a positive integer, and let 𝑚 be 𝑛 or 2𝑛 according to whether 𝑛 is even 
or odd, respectively. We have

ℤ[𝜇𝑛]× ≅ ℤ
𝜑(𝑛)

2 −1 × 𝜇𝑚.
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Chapter 5

Valuations and completions

5.1 Global fields

Definition 5.1.1. A global function field, or a function field in one variable over a finite field, is a finite 
extension of 𝔽𝑝(𝑡) for some prime 𝑝.

Remark 5.1.2. A function field 𝐾  in one variable over the finite field 𝔽𝑝 is actually isomorphic to 
a finite separable extension of 𝔽𝑝(𝑢) for some 𝑢 ∈ 𝐾 , so we always suppose that such a field is a 
separable extension of 𝔽𝑝(𝑡) in what follows.

Remark 5.1.3. In these notes, we will often refer to a function field in one variable over a finite field 
more simply as a function field.

Definition 5.1.4. A field 𝐾  is said to be a global field if it is either a number field or a function field 
in one variable over a finite field.

Definition 5.1.5. The ring of integers 𝒪𝐾  of a finite extension 𝐾  of 𝔽𝑝(𝑡) for a prime 𝑝 is the integral 
closure of 𝔽𝑝[𝑡] in 𝐾 .

Definition 5.1.6. Let 𝔭 be a nonzero prime ideal in the ring of integers of a global field 𝐾 . Its rami-
fication index (resp., residue degree) 𝑒𝔭 (resp., 𝑓𝔭) is its ramification index (resp., residue degree) over 
𝔭 ∩ ℤ if 𝐾  is a number field and over 𝔭 ∩ 𝔽𝑝[𝑡] if 𝐾  is a function field of characteristic 𝑝.

In the case of function fields, the choice of ring of integers is not really canonical. For instance, 
under the field isomorphism 𝜎∶ 𝔽𝑝(𝑡) → 𝔽𝑝(𝑡) taking 𝑡 to 𝑡−1, the ring of integers 𝔽𝑝[𝑡] is carried to 
𝔽𝑝[𝑡−1]. In particular, if we write 𝑢 = 𝑡−1, then 𝜎 restricts to an isomorphism

𝜎∶ 𝔽𝑝[𝑡, 𝑡−1] ∼⟶ 𝔽𝑝[𝑢, 𝑢−1].

83
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This gives a one-to-one correspondence between the nonzero prime ideals of 𝔽𝑝[𝑡] aside from (𝑡) and 
the nonzero prime ideals of 𝔽𝑝[𝑡−1] aside from (𝑡−1).

To phrase this in terms of algebraic geometry, one should view Spec 𝔽𝑝[𝑡] and Spec 𝔽𝑝[𝑡−1] as 
two affine open neighborhoods of and covering the projective line ℙ1

𝔽𝑝
 over 𝔽𝑝 that have intersection 

Spec 𝔽𝑝[𝑡, 𝑡−1]. The transition, or gluing map, between the two affine spaces along the intersection 
is that induced by 𝜎. The point of ℙ1

𝔽𝑝
 that is not contained in Spec 𝔽𝑝[𝑡] is the prime ideal (𝑡−1) in 

Spec 𝔽𝑝[𝑡−1], and this is known as the point ∞ at infinity.

Definition 5.1.7. Let 𝐾  be a global field of characteristic 𝑝. A prime of 𝐾  over ∞ is a prime ideal of 
the integral closure of 𝔽𝑝[𝑡−1] that lies over (𝑡−1).

Definition 5.1.8. Let 𝐾  be a global function field. The primes of 𝐾  are the nonzero prime ideals of 
𝒪𝐾 , which are called finite primes, and the primes above ∞ in 𝐾 , which are also known as infinite 
primes.

We compare this with the case of number fields.

Definition 5.1.9. Let 𝐾  be a number field. The finite primes of 𝐾  are the nonzero prime ideals in 𝒪𝐾 . 
The infinite primes of 𝐾  are the archimedean primes of 𝐾 . The primes of 𝐾  are the finite and infinite 
primes of 𝐾 .

The finite primes of a global field are exactly the nonzero prime ideals of its ring of integers. 
However, the infinite primes of number fields and function fields are quite different. In the next section, 
we shall see another classification of the primes that reflects this. For now, note the following.

Every finite prime in a global field 𝐾  of characteristic 𝑝 gives rise to a discrete valuation on 𝐾 , as 
does every infinite prime, being a prime ideal in a Dedekind ring that is the integral closure of 𝔽𝑝[𝑡−1]
in 𝐾 .

Example 5.1.10. The valuation attached to the prime ∞ of 𝔽𝑝(𝑡) for a prime 𝑝 takes a quotient 𝑓
𝑔  of 

nonzero polynomials in 𝔽𝑝[𝑡] to deg 𝑔 − deg 𝑓  by definition, so it equals 𝑣∞.

Remark 5.1.11. As with nonzero prime ideals in 𝒪𝐾 , we can speak of the ramification index 𝑒𝔭 and 
residue degree 𝑓𝔭 of a prime 𝔭 of 𝐾  over ∞. In fact, if 𝑅 is the integral closure of 𝔽𝑝[𝑡−1] in 𝐾 , then 𝔭
is a prime ideal of 𝑅 lying over some prime ideal (𝑓 ) = 𝔭 ∩ 𝔽𝑝[𝑡−1] of 𝔽𝑝[𝑡−1]. The residue field of 
𝔭 is 𝑅/𝔭, and so we may speak of its residue degree over (𝑓 ). Similarly, the ramification index is the 
highest power of 𝔭 dividing 𝑓 𝑅.
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5.2 Valuations

Definition 5.2.1. A (multiplicative) valuation (or absolute value) on a field 𝐾  is a function | | ∶ 𝐾 →
ℝ≥0 such that 

i. |𝑎| = 0 if and only if 𝑎 = 0,

ii. |𝑎𝑏| = |𝑎||𝑏|, and

iii. |𝑎 + 𝑏| ≤ |𝑎| + |𝑏|

for all 𝑎, 𝑏 ∈ 𝐾 .

Remark 5.2.2. Every valuation | | on a field 𝐾  satisfies |𝜁| = 1 for all roots of unity 𝜁 ∈ 𝐾×.

Definition 5.2.3. We say that a valuation | | on a field 𝐾  is trivial if |𝑎| = 1 for all 𝑎 ∈ 𝐾×, and 
nontrivial otherwise.

Valuations on fields give rise to metrics. That is, given a valuation | | on a field 𝐾 , it defines a 
distance function 𝑑 on 𝐾  by

𝑑(𝑎, 𝑏) = |𝑎 − 𝑏|

for 𝑎, 𝑏 ∈ 𝐾 . We can then give 𝐾  the topology of the resulting metric space. For instance, the trivial 
valuation on a field gives rise to the discrete topology on 𝐾 .

Definition 5.2.4. We say that two multiplicative valuations on a field 𝐾  are equivalent if they define 
the same topology on 𝐾 .

Proposition 5.2.5. Let | |1 and | |2 be valuations on a field 𝐾 . The following are equivalent: 

i. the valuations | |1 and | |2 are equivalent,

ii. any 𝑎 ∈ 𝐾  satisfies |𝑎|1 < 1 if and only if |𝑎|2 < 1 as well,

iii. there exists 𝑠 > 0 such that |𝑎|2 = |𝑎|𝑠1 for all 𝑎 ∈ 𝐾 .

Proof. If | |1 is nontrivial, then there exists 𝑏 ∈ 𝐾  with |𝑏|1 > 1, and the sequence 𝑏−𝑛 converges 
to 0, so the topology | |1 induces on 𝐾  is not discrete. Therefore, the trivial valuation is equivalent only 
to itself. By a check of conditions (ii) and (iii), we may assume that our two valuations are nontrivial.

If the two valuations are equivalent, then a sequence 𝑎𝑛 converges to 0 in the common topology if 
and only if |𝑎𝑛|𝑖 = |𝑎|𝑛𝑖  converges to 0, which is to say exactly that |𝑎|𝑖 < 1. Hence (i) implies (ii).

Suppose that (ii) holds. Let 𝑏 ∈ 𝐾  be such that |𝑏|1 > 1, and set

𝑠 = log |𝑏|2
log |𝑏|1

> 0
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so that |𝑏|2 = |𝑏|𝑠1. Choose 𝑎 ∈ 𝐾×, and let

𝑡 = log |𝑎|1
log |𝑏|1

∈ ℝ

so that |𝑎|1 = |𝑏|𝑡1. Let 𝑚, 𝑛 ∈ ℤ with 𝑛 ≠ 0 be such that 𝑡 < 𝑞 = 𝑚
𝑛 . Then

|𝑎|1 = |𝑏|𝑡1 < |𝑏|𝑞1,

so
| 𝑎

𝑛

𝑏𝑚 |
1

< 1,

which implies |𝑎𝑛𝑏−𝑚|2 < 1 and then |𝑎|2 < |𝑏|𝑞2 as well. Since this holds for all rational 𝑞 > 𝑡, we 
have |𝑎|2 ≤ |𝑏|𝑡2. On the other hand, if we assume instead that 𝑞 < 𝑡, then we get |𝑎|1 > |𝑏|𝑞1, which 
implies in turn that |𝑎−𝑛𝑏𝑚|1 < 1, that |𝑎−𝑛𝑏𝑚|2 < 1, that |𝑎|2 > |𝑏|𝑞2, and finally that |𝑎|2 ≥ |𝑏|𝑡2. We 
therefore have that

|𝑎|2 = |𝑏|𝑡2 = |𝑏|𝑠𝑡
1 = |𝑎|𝑠1.

Hence, (ii) implies (iii).
For 𝑖 ∈ {1, 2}, consider the ball

𝐵𝑖(𝑎, 𝜖) = {𝑏 ∈ 𝐾 ∣ |𝑎 − 𝑏|𝑖 < 𝜖}

of radius 𝜖 > 0 about 𝑎 ∈ 𝐾 . If 𝑠 is as in (iii), then 𝐵1(𝑎, 𝜖) = 𝐵2(𝑎, 𝜖𝑠), so the topologies defined by 
the two valuations are equivalent. That is, (iii) implies (i). ∎

Remark 5.2.6. If | | is a valuation and 𝑠 > 1, then | |𝑠 need not be a valuation. For instance, let | |
be the usual absolute value on ℝ. Then | |2 is not a valuation, as 22 > 12 + 12.

Definition 5.2.7. A nonarchimedean valuation | | on a field 𝐾  is a nontrivial multiplicative valuation 
such that

|𝑎 + 𝑏| ≤ max(|𝑎|, |𝑏|)

for all 𝑎, 𝑏 ∈ 𝐾 .

For our purposes, the following ad-hoc definition of an archimedean valuation will suffice.

Notation 5.2.8. An archimedean valuation on 𝐾  is a nontrivial valuation on 𝐾  that is not nonar-
chimedean.

Remark 5.2.9. Every valuation in the equivalence class of a nonarchimedean valuation is also nonar-
chimedean.
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The following is a useful equivalent condition for a valuation to be nonarchimedean.

Lemma 5.2.10. A nontrivial valuation | | on a field 𝐾  is nonarchimedean if and only if |𝑛 ⋅ 1| ≤ 1 for 
all integers 𝑛 ≥ 2.

Proof. We write 𝑛 ⋅ 1 ∈ 𝐾  more simply as 𝑛. If | | is nonarchimedean, then

|𝑛| ≤ max(|1|, … , |1|) = 1

for 𝑛 ≥ 2. Conversely, suppose that |𝑛| ≤ 1 for 𝑛 ≥ 2 (and hence for all 𝑛 ∈ ℤ). Let 𝛼, 𝛽 ∈ 𝐾 . For an 
integer 𝑘 ≥ 1, note that

|𝛼 + 𝛽|𝑘 ≤
𝑘

∑
𝑖=0

|(𝑘
𝑖 ) 𝛼𝑖𝛽𝑘−𝑖| ≤

𝑘
∑
𝑖=0

|(𝑘
𝑖 )| max(|𝛼|, |𝛽|)𝑘 ≤ (𝑘 + 1) max(|𝛼|, |𝛽|)𝑘.

Taking 𝑘th roots, we obtain
|𝛼 + 𝛽| ≤ (1 + 𝑘)

1
𝑘 max(|𝛼|, |𝛽|),

and taking the limit as 𝑘 tends to infinity provides the result. ∎

As the integer multiples of 1 in a field of positive characteristic are units and 0, Lemma 5.2.10 
yields the following.

Corollary 5.2.11. Every nontrivial valuation on a field of positive characteristic is nonarchimedean.

We also have the following notion, generalizing that of a discrete valuation.

Definition 5.2.12. An additive valuation 𝑣 on a field 𝐾  is a function 𝑣 ∶ 𝐾 → ℝ ∪ {∞} satisfying 

i. 𝑣(𝑎) = ∞ if and only 𝑎 = 0,

ii. 𝑣(𝑎𝑏) = 𝑣(𝑎) + 𝑣(𝑏), and

iii. 𝑣(𝑎 + 𝑏) ≥ min(𝑣(𝑎), 𝑣(𝑏))

for all 𝑎, 𝑏 ∈ 𝐾 .

The following gives the comparison between additive valuations and nonarchimedean valuations.

Lemma 5.2.13. Let 𝐾  be a field. Let 𝑣 ∶ 𝐾 → ℝ ∪ {∞} and | | ∶ 𝐾 → ℝ≥0 be such that there exists a 
real number 𝑐 > 1 such that |𝑎| = 𝑐−𝑣(𝑎) for 𝑎 ∈ 𝐾 (taking 𝑐−∞ = 0). Then 𝑣 is an additive valuation 
on 𝐾  if and only if  | | is a nonarchimedean valuation on 𝐾 .
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Proof. Note that 𝑓 (𝑥) = 𝑐−𝑥 and 𝑔(𝑥) = − log𝑐(𝑥) are inverse functions between ℝ ∪ {∞} and 
ℝ≥0. So, 𝑣(𝑎𝑏) = 𝑣(𝑎) + 𝑣(𝑏) if and only if

𝑐−(𝑣(𝑎)+𝑣(𝑏)) = 𝑐−𝑣(𝑎)𝑐−𝑣(𝑏),

so if and only if |𝑎𝑏| = |𝑎||𝑏|. Moreover,

𝑣(𝑎 + 𝑏) ≥ min(𝑣(𝑎), 𝑣(𝑏))

if and only if
𝑐−𝑣(𝑎+𝑏) ≤ 𝑐− min(𝑣(𝑎),𝑣(𝑏)) = max(𝑐−𝑣(𝑎), 𝑐−𝑣(𝑏)),

so if and only if |𝑎 + 𝑏| ≤ max(|𝑎| + |𝑏|). Moreover, 𝑎 = ∞ if and only if 𝑐−𝑎 = 0, the property 
that 𝑣(𝑎) = ∞ if and only if 𝑎 = 0 holds if and only if the property that |𝑎| = 0 holds if and only if 
𝑎 = 0. ∎

Definition 5.2.14. The value group |𝐾×| of a valuation on a field 𝐾  is the subgroup of ℝ× consisting 
of elements |𝑎| for 𝑎 ∈ 𝐾×.

Definition 5.2.15. A valuation on a field 𝐾  is discrete if and only if its value group is a discrete subset 
of ℝ× (with respect to the subspace topology on ℝ).

Remark 5.2.16. It is not so hard to show that any discrete valuation on a field is nonarchimedean.

Remark 5.2.17. A nonarchimedean valuation | | on a field 𝐾  is discrete if and only if there exists 
𝑐 ∈ ℝ>1 such that 𝑣 ∶ 𝐾 → ℝ ∪ {∞} defined by 𝑣(𝑎) = log𝑐(|𝑎|) for 𝑎 ∈ 𝐾  is discrete (i.e., has image 
ℤ ∪ {∞}). In other words, a discrete (additive) valuation 𝑣 corresponds to an equivalence class of 
discrete, nonarchimedean valuations on 𝐾 .

Remark 5.2.18. Since log𝑐 ∶ ℝ>0 → ℝ is an isomorphism for any 𝑐 > 1 and a subgroup of ℝ is 
discrete if and only if it is a lattice, hence cyclic, a nonarchimedean valuation is discrete if and only if 
its value group is cyclic.

As with discrete valuations, nonarchimedean valuations give rise to a number of structures on a 
field.

Lemma 5.2.19. Let 𝐾  be a field and | | a nonarchimedean valuation on 𝐾 . The set

𝒪 = {𝑎 ∈ 𝐾 ∣ |𝑎| ≤ 1}

is a subring of 𝐾  that is local with maximal ideal 𝔪 = {𝑎 ∈ 𝐾 ∣ |𝑎| < 1}.
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Proof. If 𝑎, 𝑏 ∈ 𝒪, then |𝑎𝑏| = |𝑎| ⋅ |𝑏| ≤ 1 and |𝑎 ±𝑏| ≤ max(|𝑎|, |𝑏|) ≤ 1, so 𝒪 is a ring. Similarly, 
𝔪 is an ideal. To see that it is maximal, note that if 𝑎 ∈ 𝒪 − 𝔪, then |𝑎−1| = |𝑎|−1 = 1, so 𝑎−1 ∈ 𝒪. 
Thus 𝑎 is a unit, so 𝒪 is a local ring with maximal ideal 𝔪. ∎

Definition 5.2.20. The valuation ring of a nonarchimedean valuation | | on a field 𝐾  is the subring 
𝒪 of 𝐾  defined by

𝒪 = {𝑎 ∈ 𝐾 ∣ |𝑎| ≤ 1}.

Remark 5.2.21. Similarly, we can speak of the valuation ring of an additive valuation 𝑣 of 𝐾 . It is 
𝒪 = {𝑎 ∈ 𝐾 ∣ 𝑣(𝑎) ≥ 0}, and its maximal ideal is 𝔪 = {𝑎 ∈ 𝐾 ∣ 𝑣(𝑎) > 0}.

Lemma 5.2.22. Let 𝐾  be a field and | | a nonarchimedean valuation on 𝐾 . Then the valuation | | is 
discrete if and only if its valuation ring 𝒪 is a discrete valuation ring.

Proof. If | | is discrete, then let 𝜋 ∈ 𝔪 be an element for which |𝜋| is maximal. Then |𝜋| generates 
the value group of | |, so any 𝑎 ∈ 𝔪 may be written as 𝑎 = 𝜋𝑘𝑢 for some 𝑘 ≥ 1 and 𝑢 ∈ 𝒪×. In 
particular, 𝔪 = (𝜋), so 𝒪 is a DVR.

Conversely, if 𝒪 is a DVR, let 𝜋 ∈ 𝔪 be a uniformizer. Then any 𝑎 ∈ 𝐾× may be written 
𝑎 = 𝜋𝑘𝑢 for some 𝑘 ∈ ℤ and 𝑢 ∈ 𝒪×, and we have |𝑎| = |𝜋|𝑘, so the value group 𝐾× is cyclic, hence 
discrete. ∎

Lemma 5.2.23. Let 𝐾  be a field and | | a discrete valuation on 𝐾 . Let 𝔪 be the maximal ideal of the 
valuation ring 𝒪 of 𝐾 . Then

𝔪𝑛 = {𝑎 ∈ 𝐾 ∣ |𝑎| ≤ 𝑟𝑛},

for all 𝑛 ≥ 1, where 𝑟 is the maximal value of | | with 𝑟 < 1.

Proof. That 𝔪 is as stated follows Lemma 5.2.19 and the fact that | | is discrete. Conversely, let 
𝜋 ∈ 𝔪 be a uniformizer. For any 𝑎 ∈ 𝒪, we have 𝑎 = 𝜋𝑘𝑢 for some 𝑘 ≥ 0 and 𝑢 ∈ 𝒪×, and |𝑎| = |𝜋|𝑘, 
so 𝑟 = |𝜋|, and 𝑎 ∈ 𝔪𝑛 if and only if |𝑎| ≤ 𝑟𝑛. ∎

It is useful to pick a canonical, or normalized, multiplicative valuation attached to some of the 
discrete valuations we have studied. We define the 𝔭-adic absolute value for any nonzero finite prime 
𝔭 of a global field.

Definition 5.2.24. Let 𝐾  be a global field, and let 𝔭 be a finite prime of 𝐾 , or an infinite prime of 𝐾  if 
𝐾  is a function field. Let 𝑝 be the characteristic of the residue field of 𝔭, and let 𝑓𝔭 denote the residue 
degree of 𝔭. The 𝔭-adic absolute value on 𝐾  is the unique multiplicative valuation on 𝐾  that satisfies

|𝑎|𝔭 = 𝑝−𝑓𝔭𝑣𝔭(𝑎)

for 𝑎 ∈ 𝐾×.
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Remark 5.2.25. If 𝔭 is a finite prime of a global field 𝐾  that is a principal ideal (𝜋) of 𝒪𝐾 , then we 
denote | |𝔭 by | |𝜋 as well.

Example 5.2.26. The 𝑝-adic absolute value | |𝑝 on ℚ is defined by |0|𝑝 = 0 and

|𝑎|𝑝 = 𝑝−𝑣𝑝(𝑎)

for 𝑎 ∈ ℚ×. Note that it is discrete with valuation ring consisting of reduced fractions with denomi-
nator not divisible by 𝑝.

Example 5.2.27. Let 𝑞 be a prime power. The absolute value | |∞ at infinity on 𝔽𝑞(𝑡) is defined by 
|0|∞ = 0 and

| 𝑓𝑔 |
∞

= 𝑞deg 𝑓 −deg 𝑔

for nonzero 𝑓 , 𝑔 ∈ 𝔽𝑞[𝑡].

As for archimedean valuations, we have the following.

Definition 5.2.28. Let 𝐾  be a number field, and let 𝜎∶ 𝐾 ↪ ℂ be an archimedean embedding of 𝐾 . 
Then the absolute value with respect to 𝜎 is the multiplicative valuation | |𝜎 ∶ 𝐾 → ℝ≥0 defined by 
|𝑎|𝜎 = |𝜎(𝑎)| (the complex absolute value of 𝜎(𝑎)) for 𝑎 ∈ 𝐾 .

In other words, archimedean primes give rise to archimedean valuations. We now make the fol-
lowing definition.

Definition 5.2.29. A place of a global field 𝐾  is an equivalence class of nontrivial valuations on 𝐾 .

Definition 5.2.30.  A finite place (resp., infinite place) of a global field 𝐾  is the equivalence class of 
the absolute value attached to a finite (resp., infinite) prime of 𝐾 .

We will see that every place of a global field is either finite or infinite. At present, let us prove this 
for ℚ.

Theorem 5.2.31  (Ostrowski). The places of ℚ are exactly the equivalence classes of the 𝑝-adic ab-
solute values on ℚ for a prime number 𝑝 and of the usual absolute value on ℚ.

Proof. Let | | be a nontrivial valuation on ℚ. Let 𝑚, 𝑛 ≥ 2 be integers, and write 𝑚 as

𝑚 =
𝑘

∑
𝑖=0

𝑎𝑖𝑛𝑖
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for some integers 0 ≤ 𝑎𝑖 < 𝑛 for 0 ≤ 𝑖 ≤ 𝑘 and some 𝑘 ≥ 0, with 𝑎𝑘 ≠ 0. Note that 𝑛𝑘 ≤ 𝑚, so

𝑘 ≤ log 𝑚
log 𝑛 .

Let 𝑁 = max(1, |𝑛|). We also have |1| = 1, so |𝑎𝑖| < 𝑛, and we have

|𝑚| <
𝑘

∑
𝑖=0

𝑛|𝑛|𝑖 ≤ (1 + 𝑘)𝑛𝑁𝑘 ≤ (1 + log 𝑚
log 𝑛 ) 𝑛𝑁

log 𝑚
log 𝑛 .

Replacing 𝑚 by 𝑚𝑡 for some 𝑡 > 0 and taking 𝑡th roots of both sides, we have

|𝑚| < (1 + 𝑡 log 𝑚
log 𝑛 )

1
𝑡

𝑛
1
𝑡 𝑁

log 𝑚
log 𝑛 .

As we let 𝑡 → ∞, we obtain
|𝑚| ≤ 𝑁

log 𝑚
log 𝑛 . (5.2.1)

If |𝑛| ≤ 1 for some integer 𝑛 ≥ 2, then 𝑁 = 1, and (5.2.1) with this 𝑛 implies that |𝑚| ≤ 1 for 
all 𝑚 ≥ 2, and hence for all 𝑚 ∈ ℤ. Since | | is multiplicative and nontrivial, and ℤ is a unique 
factorization domain, we must then have |𝑝| < 1 for some prime number 𝑝. Consider the set

𝔪 = {𝑎 ∈ ℤ ∣ |𝑎| < 1}.

Since | | is nonarchimedean by Lemma 5.2.10, the set 𝔪 is an ideal of ℤ. Since it contains 𝑝 and is 
not ℤ, it must equal (𝑝). Let 𝑠 > 0 be such that |𝑝| = 𝑝−𝑠. Any 𝑞 ∈ ℚ can be expressed as 𝑞 = 𝑝𝑣𝑝(𝑞) 𝑚

𝑛
for some 𝑚, 𝑛 ∈ ℤ with 𝑝 ∤ 𝑚𝑛. We then have

|𝑞| = |𝑝|𝑣𝑝(𝑞) = 𝑝−𝑠𝑣𝑝(𝑞) = |𝑞|𝑠𝑝.

In other words, | | is equivalent to | |𝑝, and moreover, it is not equivalent to | |ℓ for any prime number 
ℓ ≠ 𝑝, since ℓ ∉ 𝔪, nor is it equivalent to | |∞, since |2|∞ = 2 > 1.

If |𝑛| > 1 for all integers 𝑛 ≥ 2, then (5.2.1) implies that

|𝑚|
1

log 𝑚 ≤ |𝑛|
1

log 𝑛

for all 𝑚, 𝑛 ≥ 2. Switching their roles of 𝑚 and 𝑛 gives the opposite inequality. In other words, |𝑛|
1

log 𝑛

is constant for 𝑛 ≥ 2, equal to some 𝑠 > 1. We then have

|𝑛| = 𝑠log 𝑛 = 𝑛log 𝑠

for all 𝑛 ≥ 2, and multiplicativity then forces |𝑞| = |𝑞|log 𝑠
∞  for all 𝑞 ∈ ℚ, where | |∞ denotes the usual 

absolute value on ℚ. Proposition 5.2.5 implies that | | is equivalent to | |∞. ∎
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We also have the following, which we leave as an exercise.

Proposition 5.2.32. Let 𝑞 be a prime power. The places of 𝔽𝑞(𝑡) are exactly the equivalence classes 
of the 𝑓 -adic absolute values, for 𝑓  an irreducible polynomial in 𝔽𝑞[𝑡], and the absolute value at ∞.

Remark 5.2.33. We often index the set 𝑉𝐾  of places of a global field 𝐾  by a subscript, such as 𝑣. 
Each place in 𝑉𝐾 , as we have seen already for 𝐾 = ℚ and stated for 𝐾 = 𝔽𝑞(𝑡), is represented by the 
multiplicative valuation attached to a unique prime (as in Definitions 5.2.24 and  5.2.28). We write 
| |𝑣 for for this valuation.

We note the following consequence of Theorem 5.2.31.

Proposition 5.2.34. For any 𝑎 ∈ ℚ×, we have |𝑎|𝑝 = 1 for all but finitely many prime numbers 𝑝, and 
we have

∏
𝑣∈𝑉ℚ

|𝑎|𝑣 = 1.

Proof. Since valuations are multiplicative, it suffices to prove this for −1 and every prime number 
𝑝. But | − 1|𝑣 = 1 for all 𝑣 ∈ 𝑉ℚ, and |𝑝|ℓ = 1 for primes ℓ ≠ 𝑝, while |𝑝|𝑝 = 𝑝−1 and |𝑝|∞ = 𝑝. ∎

We have a similar consequence of Proposition 5.2.32.

Proposition 5.2.35. Let 𝑞 be a power of a prime number. Let ℎ ∈ 𝔽𝑞(𝑡)×. Then |ℎ|𝑓 = 1 for all but 
finitely many irreducible polynomials 𝑓 ∈ 𝔽𝑞[𝑡], and we have

∏
𝑣∈𝑉𝔽𝑞(𝑡)

|ℎ|𝑣 = 1.

We end the section with the weak approximation theorem, which is an analogue of the Chinese 
remainder theorem for valuations. This requires a lemma.

Lemma 5.2.36. Let | |1, | |2, … , | |𝑘 be nontrivial, inequivalent valuations on a field 𝐾 . Then there 
exists an element 𝑎 ∈ 𝐾  such that |𝑎|1 < 1 and |𝑎|𝑗 > 1 for all 𝑗 ≥ 2.

Proof. In the case 𝑘 = 2, note that Proposition 5.2.5 provides one with elements 𝛼, 𝛽 ∈ 𝐾  with 
|𝛼|1 < 1, |𝛼|2 ≥ 1, |𝛽|1 ≥ 1, and |𝛽|2 < 1. Then 𝑐 = 𝛼

𝛽  satisfies |𝑐|1 < 1 and |𝑐|2 > 1.
For 𝑘 > 2, suppose by induction that we have found an element 𝛼 such that |𝛼|1 < 1 and |𝛼|𝑗 > 1

for all 2 ≤ 𝑗 ≤ 𝑘 − 1 and an element 𝛽 such that |𝛽|1 < 1 and |𝛽|𝑘 > 1. If |𝛼|𝑘 > 1, then we simply 
take 𝑎 = 𝛼. If |𝛼|𝑘 = 1, then choose 𝑠 > 0 sufficiently large so that |𝛼|𝑠𝑗 > |𝛽|−1

𝑗  for all 2 ≤ 𝑗 ≤ 𝑘 − 1
and |𝛼|𝑠1 < |𝛽|−1

1 . Then 𝑎 = 𝛼𝑠𝛽 works.

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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Finally, if |𝛼|𝑘 < 1, let
𝑐𝑚 = 𝛽−1(1 + 𝛼𝑚)−1

for every integer 𝑚 ≥ 1. The sequence (1 + 𝛼𝑚)−1 has a limit of 1 under the topology of | |𝑖 if 
|𝛼|𝑖 < 1 and 0 if |𝛼|𝑖 > 1. So, we have that |𝑐𝑚|1 → |𝛽|−1

1 , that |𝑐𝑚|𝑗 → 0 for 2 ≤ 𝑗 ≤ 𝑘 − 1, and that 
|𝑐𝑚|𝑘 → |𝛽|−1

𝑘 . We then take 𝑎 = 𝑐−1
𝑚  for a sufficiently large value of 𝑚. ∎

Theorem 5.2.37  (Weak Approximation). Let | |1, | |2, … , | |𝑘 be nontrivial, inequivalent valuations 
on a field 𝐾 , and let 𝑎1, 𝑎2 … , 𝑎𝑘 ∈ 𝐾 . For every 𝜖 > 0, there exists an element 𝑏 ∈ 𝐾  such that 
|𝑎𝑖 − 𝑏|𝑖 < 𝜖 for all 1 ≤ 𝑖 ≤ 𝑘.

Proof. It follows from Lemma 5.2.36 that there exists for each 𝑖 an element 𝛼𝑖 ∈ 𝐾  with |𝛼𝑖|𝑖 < 1
and |𝛼𝑖|𝑗 > 1 for all 𝑗 ≠ 𝑖. For each 𝑖 and a chosen 𝛿 > 0, let 𝛽𝑖 = 1

1+𝛼𝑚
𝑖

 for a value of 𝑚 which is 
sufficiently large in order that |𝛽𝑖 − 1|𝑖 < 𝛿 and |𝛽𝑖|𝑗 < 𝛿 for 𝑗 ≠ 𝑖. We then set

𝑏 =
𝑘

∑
𝑗=1

𝑎𝑗𝛽𝑗,

which satisfies
|𝑏 − 𝑎𝑖|𝑖 ≤ |𝑎𝑖|𝑖|𝛽𝑖 − 1|𝑖 +

𝑘
∑
𝑗=1

𝑗≠𝑖

|𝑎𝑗 |𝑖|𝛽𝑗 |𝑖 <
𝑘

∑
𝑗=1

|𝑎𝑗 |𝑖 ⋅ 𝛿 < 𝜖

for a good choice of 𝛿. ∎

5.3 Completions

Definition 5.3.1. A pair consisting of a field 𝐾  and a valuation | | on 𝐾  is called a valued field.

Remark 5.3.2. When the valuation is understood, a valued field (𝐾, | |) is often simply denoted 𝐾 .

Definition 5.3.3. A topological field 𝐾  is a field endowed with a topology with respect to which the 
binary operations of addition and multiplication are continuous, as are the maps that take an element 
to its additive inverse and a nonzero element to its multiplicative inverse, the latter with respect to the 
subspace topology on 𝐾×.

Remark 5.3.4. A topological field is in particular a topological group with respect to addition, and its 
multiplicative group is a topological group with respect to multiplication. Moreover, multiplication is 
continuous on the entire field.

We leave the proof of the following to the reader.
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Proposition 5.3.5. A valued field is a topological field with respect to the topology defined by its 
valuation.

Remark 5.3.6. A nonarchimedean valued field 𝐾  has a valuation ring 𝒪. Terminology is often abused 
between the two. For instance, the unit group of 𝐾  would usually be taken to mean the unit group of 
𝒪. Or, if 𝒪 is discrete, a uniformizer of 𝐾  would mean a uniformizer of 𝒪.

Definition 5.3.7. A valued field 𝐾  is said to be complete if it 𝐾  is complete with respect to the topology 
defined by its valuation.

Example 5.3.8. The fields ℝ and ℂ are complete with respect to their usual topologies.

Definition 5.3.9.  A field embedding 𝜄 ∶ 𝐾 → 𝐾′, where (𝐾, | |) and (𝐾′, | |′) are valued fields, is 
an embedding of valued fields if |𝜄(𝛼)|′ = |𝛼| for all 𝛼 ∈ 𝐾 . If 𝜄 ∶ 𝐾 → 𝐾′ is an embedding of valued 
fields, we say that 𝜄 preserves the valuation on 𝐾 .

Definition 5.3.10. An isomorphism of valued fields is a field isomorphism that is an embedding of 
valued fields.

We wish to study completions of a valued field 𝐾 . The completion is a larger field that essentially 
consists of the limits of Cauchy sequences in 𝐾 , with field operations determined by the fact that they 
should be continuous.

Theorem 5.3.11. Let (𝐾, | |) be a valued field. Then there exists a complete valued field (𝐾̂, | |) and 
a embedding 𝜄 ∶ 𝐾 → 𝐾̂  of valued fields such that the image 𝜄(𝐾) is dense in 𝐾̂ .

Proof. Let 𝑅 be the set of Cauchy sequences on 𝐾 . By definition, if (𝑎𝑛)𝑛 ∈ 𝑅, then for any 𝜖 > 0, 
there exists 𝑁 ≥ 1 such that |𝑎𝑛 − 𝑎𝑚| < 𝜖 for all 𝑛, 𝑚 ≥ 𝑁 . Thus, But ||𝑎𝑛| − |𝑎𝑚|| ≤ |𝑎𝑛 − 𝑎𝑚|, 
so (|𝑎𝑛|)𝑛 is a Cauchy sequence in ℝ, which therefore converges. In other words, we may define a 
function ‖ ‖ ∶ 𝑅 → ℝ≥0 by

‖(𝑎𝑛)𝑛‖ = lim𝑛→∞ |𝑎𝑛|.

Note that, in particular (|𝑎𝑛|)𝑛 is bounded for any (𝑎𝑛)𝑛 ∈ 𝑅. It is easy to check that 𝑅 is a ring: in 
particular, if (𝑎𝑛)𝑛, (𝑏𝑛)𝑛 ∈ 𝑅, then

|𝑎𝑛𝑏𝑛 − 𝑎𝑚𝑏𝑚| ≤ |𝑎𝑛| ⋅ |𝑏𝑛 − 𝑏𝑚| + |𝑏𝑚||𝑎𝑛 − 𝑎𝑚|,

and if |𝑎𝑛| < 𝑀 and |𝑏𝑛| < 𝑀 for all 𝑛, then given 𝜖 > 0 we choose 𝑚, 𝑛 sufficiently large so that 
|𝑎𝑛 − 𝑎𝑚|, |𝑏𝑛 − 𝑏𝑚| < 𝜖

2𝑀 , and the right-hand side is less than 𝜖.
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Let 𝔐 be the set of (Cauchy) sequences on 𝐾  that converge to 0. We check that 𝔐 is a maximal 
ideal of 𝑅. Clearly, the sum of any two sequences that converges to 0 does as well. If (𝑎𝑛)𝑛 ∈ 𝑅 and 
(𝑏𝑛)𝑛 ∈ 𝔐, then for any 𝜖 > 0, we have that

|𝑎𝑛𝑏𝑛| = |𝑎𝑛| ⋅ |𝑏𝑛| < 𝜖

for 𝑛 large enough so that |𝑏𝑛| < 𝜖
𝑀 , where |𝑎𝑛| < 𝑀 for all 𝑛. If (𝑎𝑛)𝑛 ∈ 𝑅 − 𝔐, then 𝑎𝑛 ≠ 0 for 𝑛

sufficiently large, so we can add an eventually 0 sequence (which necessarily lies in 𝔐) to it to make 
𝑎𝑛 ≠ 0 for all 𝑛. The sequence (𝑎−1

𝑛 )𝑛 is then defined, and it is Cauchy, as |𝑎𝑛| is bounded below, and

|𝑎−1
𝑛 − 𝑎−1

𝑚 | = |𝑎𝑛 − 𝑎𝑚|
|𝑎𝑛||𝑎𝑚| .

In other words, 𝑅/𝔐 is a field.
Set 𝐾̂ = 𝑅/𝔐. We have a natural field embedding 𝜄 ∶ 𝐾 → 𝐾̂  that takes 𝑎 ∈ 𝐾  to the coset of the 

constant sequence (𝑎)𝑛.
For (𝑎𝑛)𝑛, (𝑏𝑛)𝑛 ∈ 𝑅, note that

‖(𝑎𝑛 ⋅ 𝑏𝑛)𝑛‖ = lim𝑛→∞ |𝑎𝑛𝑏𝑛| = lim𝑛→∞ |𝑎𝑛| ⋅ |𝑏𝑛| = ‖(𝑎𝑛)𝑛‖ ⋅ ‖(𝑏𝑛)𝑛‖

and
‖(𝑎𝑛 + 𝑏𝑛)𝑛‖ = lim𝑛→∞ |𝑎𝑛 + 𝑏𝑛| ≤ lim𝑛→∞(|𝑎𝑛| + |𝑏𝑛|) = ‖(𝑎𝑛)𝑛‖ + ‖(𝑏𝑛)𝑛‖.

Moreover, ‖(𝑎𝑛)𝑛‖ = 0 if and only if (𝑎𝑛)𝑛 ∈ 𝔐. Thus, ‖ ‖ induces a valuation | | on 𝐾̂ , and it clearly 
preserves the valuation on 𝐾 .

To see that 𝐾̂  is complete with respect to ‖ ‖, let (𝑐𝑚)𝑚 with 𝑐𝑚 = (𝑐𝑚,𝑛)𝑛 be a Cauchy sequence 
in 𝑅. If it has a limit in 𝑅, its image in 𝐾̂  has a limit as well. For 𝜖 > 0, there exists 𝑁 ≥ 1 such that 
for 𝑚 ≥ 𝑘 ≥ 𝑁 , we have

‖𝑐𝑚 − 𝑐𝑘‖ = lim𝑛→∞ |𝑐𝑚,𝑛 − 𝑐𝑘,𝑛| < 𝜖
2 .

There then exists 𝑁𝑚 ≥ 𝑁  such that for 𝑘 ≤ 𝑚, we have |𝑐𝑚,𝑛 − 𝑐𝑘,𝑛| < 𝜖
2  for all 𝑛 ≥ 𝑁𝑚. On 

the other hand, since each 𝑐𝑚 is Cauchy, there exist 𝑙𝑚 ≥ max(𝑁𝑚, 𝑙𝑚−1) (with 𝑙1 ≥ 𝑁1) such that 
|𝑐𝑚,𝑛 − 𝑐𝑚,𝑛′ | < 𝜖

2  for 𝑛, 𝑛′ ≥ 𝑙𝑚. Consider the sequence (𝑎𝑛)𝑛 of elements 𝑎𝑛 = 𝑐𝑛,𝑙𝑛 of 𝐾 . For 
𝑚 ≥ 𝑘 ≥ 𝑁 , we have

|𝑎𝑚 − 𝑎𝑘 | = |𝑐𝑚,𝑙𝑚 − 𝑐𝑘,𝑙𝑘 | ≤ |𝑐𝑚,𝑙𝑚 − 𝑐𝑘,𝑙𝑚 | + |𝑐𝑘,𝑙𝑚 − 𝑐𝑘,𝑙𝑘 | < 𝜖

by our condition on ℓ𝑚, so (𝑎𝑛)𝑛 ∈ 𝑅. Moreover,

‖𝑐𝑚 − (𝑎𝑛)𝑛‖ = lim𝑛→∞ |𝑐𝑚,𝑛 − 𝑐𝑛,𝑙𝑛 |,

and
|𝑐𝑚,𝑛 − 𝑐𝑛,𝑙𝑛 | ≤ |𝑐𝑚,𝑛 − 𝑐𝑚,𝑙𝑚 | + |𝑐𝑚,𝑙𝑚 − 𝑐𝑛,𝑙𝑛 | < 𝜖
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for 𝑛 ≥ 𝑚 ≥ 𝑁  and 𝑛 ≥ 𝑙𝑚, which means that ‖𝑐𝑚 − (𝑎𝑛)𝑛‖ ≤ 𝜖 for 𝑚 ≥ 𝑁′. That is, the sequence 
(𝑐𝑚)𝑚 of sequences converges to (𝑎𝑛)𝑛 in 𝑅.

Finally, we show that the image of 𝜄 is dense. That is, let (𝑎𝑛)𝑛 ∈ 𝑅. For each 𝑚 ≥ 1, we have

‖(𝑎𝑚)𝑛 − (𝑎𝑛)𝑛‖ = lim𝑛→∞ |𝑎𝑚 − 𝑎𝑛|,

and we saw that |𝑎𝑚 − 𝑎𝑛| < 𝜖 for 𝑚, 𝑛 ≥ 𝑁 . But then

‖(𝑎𝑚)𝑛 − (𝑎𝑛)𝑛‖ ≤ 𝜖

so the sequence (𝜄(𝑎𝑚))𝑚 in 𝐾̂  converges to the image of (𝑎𝑛)𝑛. ∎

Proposition 5.3.12. Let 𝐾  be a valued field and 𝐾̂  a complete valued field for which there exists a 
dense embedding 𝜄 ∶ 𝐾 → 𝐾̂  that preserves the valuation on 𝐾 . If 𝐿 is a complete valued field and 
𝜎∶ 𝐾 → 𝐿 is an embedding of valued fields, then there is a unique extension of 𝜎 to an embedding 
𝜎̂ ∶ 𝐾̂ → 𝐿 of valued fields.

Proof. Let | | (resp., | |′) denote the valuation on 𝐾  and 𝐾̂  (resp., 𝐿). For any Cauchy sequence 
(𝑎𝑛)𝑛 in 𝐾 , the sequence 𝜎(𝑎𝑛)𝑛 is Cauchy as |𝜎(𝑎𝑛) − 𝜎(𝑎𝑚)|′ = |𝑎𝑛 − 𝑎𝑚|, and therefore it is 
convergent. Define 𝜎̂ ∶ 𝐾̂ → 𝐿 by

𝜎̂((𝑎𝑛)𝑛) = lim𝑛→∞ 𝜎(𝑎𝑛).

This is clearly a nonzero ring homomorphism, hence a field embedding, and it extends 𝜎. By defini-
tion, it preserves the valuation on 𝐾̂ . Moreover, if 𝜏∶ 𝐾̂ → 𝐿 is any field embedding extending 𝜎 and 
preserving the valuation on 𝐾̂ , then for any 𝑚 ≥ 1, we have

|𝜏((𝑎𝑛)𝑛) − 𝜎(𝑎𝑚)|′ = lim𝑛→∞ |𝑎𝑛 − 𝑎𝑚|,

which since (𝑎𝑛)𝑛 is Cauchy implies that the sequence (𝜎(𝑎𝑚))𝑚 converges to 𝜏((𝑎𝑛)𝑛) in 𝐿. On the 
other hand, this limit is by definition 𝜎̂((𝑎𝑛)𝑛), so 𝜏 = 𝜎̂. ∎

This allows us to make the following definition.

Definition 5.3.13. Let (𝐾, | |) be a valued field. Any complete valued field (𝐾̂, | |) as in Theo-
rem 5.3.11 is called the completion of 𝐾 .

Remark 5.3.14. The completion of a valued field is unique up to unique isomorphism fixing 𝐾  by 
Theorem 5.3.11.

Example 5.3.15. The completion of ℚ with respect to the usual absolute value is isomorphic to ℝ. To 
see this, define ̂𝜄 ∶ ℚ̂ → ℝ via the map that takes the class of a Cauchy sequence in ℚ to its limit. This 
is clearly a field embedding preserving the valuation, and it is surjective since, for every real number, 
there exists a sequence of rationals converging to it.
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In fact, any complete archimedean valued field 𝐾  is topologically isomorphic (i.e., isomorphic via 
fields via a map which is a homeomorphism) to ℝ or ℂ. In other words, 𝐾  is isomorphic as a valued 
field to ℝ or ℂ with valuation given by some power of the usual absolute value.

Theorem 5.3.16  (Ostrowski). Let 𝐾  be a complete valued field with respect to an archimedean valua-
tion. Then 𝐾  is isomorphic as a valued field to either (ℝ, | |𝑠) or (ℂ, | |𝑠) for some 𝑠 ∈ (0, 1], where 
| | denotes the usual absolute value on ℝ or ℂ.

Proof. By Corollary 5.2.11, the field 𝐾  must have characteristic zero. Let | | denote the valuation 
on 𝐾 , and in the proof let us use | |∞ to denote the absolute value on ℂ. By Ostrowski’s theorem on 
ℚ, the restriction of | | to ℚ is equivalent to the usual absolute value. Note that | |𝑠∞ satisfies the 
triangle inequality for a given 𝑠 ∈ ℝ>0 if and only 𝑠 ≤ 1. Let 𝑠 ∈ (0, 1] be such that |𝑎| = |𝑎|𝑠∞ for all 
𝑎 ∈ ℚ. As 𝐾  is complete, it must then contain the completion (ℝ, | |𝑠∞) of ℚ with respect to | |.

If 𝑖 = √−1 ∈ 𝐾 , then for 𝜃 ∈ ℝ, we have

|𝑒2𝜋𝑖𝜃| ≤ | cos 𝜃| + | sin 𝜃| ≤ √2,

but since this is true for all 𝜃, we get |𝑒2𝜋𝑖𝜃|𝑛 = |𝑒2𝜋𝑖𝑛𝜃| ≤ √2 for all 𝑛 ∈ ℤ. Thus |𝑒2𝜋𝑖𝜃| = 1. Since 
we can write 𝑧 ∈ ℂ as 𝑧 = 𝑟𝑒2𝜋𝑖𝜃 with 𝑟 ≥ 0 and 𝜃 ∈ ℝ, we have |𝑧| = |𝑧|𝑠∞ for all 𝑧 ∈ ℂ ⊆ 𝐾 .

In general, we can replace 𝐾  by 𝐾(𝑖) and extend | | to 𝐾(𝑖) by |𝑎 + 𝑏𝑖| = √|𝑎|2 + |𝑏|2, so we may 
assume that in fact 𝐾  contains (ℂ, | |𝑠∞) as valued fields. Now let 𝛼 ∈ 𝐾 , and let 𝑤 ∈ ℂ be such that 
|𝛼 − 𝑤| is minimal: this exists since the infimum 𝑡 occurs as a limit in the closed ball of radius |𝛼| + 𝑢
about 0 in ℂ for any 𝑢 > 𝑡.

Now suppose 𝛼 ∉ ℂ, which is to say that 𝑡 > 0. Replacing 𝛼 by 𝛼 − 𝑤, we may as well assume 
that 𝑤 = 0. Then 𝑡 = |𝛼| ≤ |𝛼 − 𝑧| for all 𝑧 ∈ ℂ. For 𝑧 ∈ ℂ and 𝑛 ≥ 1, note that

|𝑧|𝑛 + 𝑡𝑛 ≥ |𝛼𝑛 − 𝑧𝑛| =
𝑛−1
∏
𝑗=0

|𝛼 − 𝜁𝑗
𝑛𝑧| ≥ 𝑡𝑛−1|𝛼 − 𝑧|

where 𝜁𝑛 = 𝑒2𝜋𝑖/𝑛. We then have
|𝛼 − 𝑧| ≤ 𝑡 (|𝑧|𝑛

𝑡𝑛 + 1) .

Thus, taking 𝑧 such that |𝑧| < 𝑡 and the limit as 𝑛 tends to ∞, we obtain that |𝛼 − 𝑧| ≤ 𝑡. By minimality 
of 𝑡, this forces |𝛼 − 𝑧| = 𝑡.

By the same argument with 𝛼 − 𝑧 replacing 𝛼, we see then that |𝛼 − 𝑧 − 𝑤| = 𝑡 for all 𝑤 ∈ ℂ with 
|𝑤| < 𝑡. Recursively, we then see in particular that |𝛼 − 𝑚𝑧| = 𝑡 for all 𝑚 ≥ 1 and 𝑧 ∈ ℂ with |𝑧| ≤ 𝛼. 
The set of all such 𝑚𝑧 being ℂ, we see that |𝛼 − 𝑧| = 𝑡 for all 𝑧 ∈ ℂ. But then |𝑧| ≤ |𝑧 − 𝛼| + |𝛼| = 2𝑡
for all 𝑧 ∈ ℂ which contradicts |𝑧| = |𝑧|𝑠∞ for any 𝑧 ∈ ℂ with sufficiently large |𝑧|∞. In other words, 𝛼
does not exist. ∎
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Lemma 5.3.17. Let (𝐾, | |) be a nonarchimedean valued field, and let (𝐾̂, | |) be its completion. Then 
| | is a nonarchimedean valuation on 𝐾̂  with the same value group as its restriction to 𝐾 . If 𝒪 (resp., 
𝒪̂) denotes the valuation ring of 𝐾  (resp., 𝐾̂) and 𝔪 (resp., 𝔪̂) denotes its the maximal ideal, then the 
canonical map

̄𝜄 ∶ 𝒪/𝔪 → 𝒪̂/𝔪̂

is an isomorphism. Moreover, if | | is discrete on 𝐾 , then it is on 𝐾̂  as well, and

̄𝜄𝑛 ∶ 𝒪/𝔪𝑛 → 𝒪̂/𝔪̂𝑛

is an isomorphism for every 𝑛 ≥ 1.

Proof. That 𝐾̂  is nonarchimedean is an immediate corollary of Lemma 5.2.10 (and can also be 
seen directly). If 𝑎 is nonzero, then |𝑎𝑛 −𝑎| < |𝑎| for all sufficiently large 𝑛, so |𝑎𝑛| = |(𝑎𝑛 −𝑎)+𝑎| = |𝑎|, 
and thus the value groups of | | on 𝐾  and 𝐾̂  are equal.

Since the embedding 𝐾 → 𝐾̂  preserves the valuation, we have 𝔪 = 𝒪 ∩ 𝔪̂, so ̄𝜄 is injective. If 
𝑎 ∈ 𝒪̂, then since 𝐾  is dense in 𝐾̂ , there exists 𝑏 ∈ 𝐾  with |𝑏 − 𝑎| < 1, so 𝑏 − 𝑎 ∈ 𝔪̂, which in 
particular implies 𝑏 ∈ 𝒪̂ ∩ 𝐾 = 𝒪 with ̄𝜄(𝑏 + 𝔪) = 𝑎 + 𝔪̂. In other words, ̄𝜄 is surjective.

If | | is discrete on 𝐾 , then any Cauchy sequence in 𝐾  has valuation that is eventually constant or 
heads to 0. As a uniformizer 𝜋 of 𝐾  is also one of 𝐾̂ , it follows immediately that ̄𝜄𝑛 is injective. We 
have

𝔪𝑛 = {𝑎 ∈ 𝐾||𝑎| ≤ |𝜋|𝑛},

and so if 𝑎 ∈ 𝔪̂𝑛 and we choose 𝑏 ∈ 𝐾  with |𝑏 − 𝑎| < |𝜋|𝑛, then |𝑏| ≤ |𝜋|𝑛, so 𝑏 ∈ 𝔪𝑛. That is, ̄𝜄𝑛 is 
surjective. ∎

Remark 5.3.18. A discrete additive valuation 𝑣 on a field 𝐾  extends to a discrete valuation on 𝐾̂ , 
usually denoted 𝑣 as well.

Definition 5.3.19.  A valued field is said to be discretely valued if its valuation is discrete. A complete 
discrete valuation field is a complete discretely valued field.

Proposition 5.3.20. Let 𝐾  be a complete discrete valuation field. Let 𝒪 be its valuation ring, and 
𝔪 the maximal ideal of 𝒪. Let 𝑇  be a set of representatives of 𝒪/𝔪 that includes 0, and let 𝜋 be a 
uniformizer of 𝒪. Every element 𝑎 ∈ 𝐾  is a limit of a unique sequence of partial sums of the form

𝑎𝑛 =
𝑛

∑
𝑘=𝑚

𝑐𝑘𝜋𝑘

for 𝑚 ∈ ℤ and 𝑐𝑘 ∈ 𝑇  for all 𝑘 ≥ 𝑚, with 𝑐𝑚 ≠ 0. Moreover, the additive valuation of such an element 
𝑎 is 𝑚.
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Proof. Since each 𝑎𝑛 must have valuation 𝑚 and the 𝑎𝑛 must converge to 𝑎, we must have 𝑚 = 𝑣(𝑎). 
So, we take 𝑎𝑚−1 = 0 and, inductively, for any 𝑛 ≥ 𝑚, we write 𝑎 − 𝑎𝑛−1 = 𝑏𝑛𝜋𝑛 for some 𝑏𝑛 ∈ 𝒪, 
and let 𝑐𝑛 ∈ 𝑇  be the unique element such that 𝑐𝑛 ≡ 𝑏𝑛 mod 𝔪. (Note that 𝑐𝑚 ≠ 0.) Then

𝑎 − 𝑎𝑛 = 𝑏𝑛𝜋𝑛 − 𝑐𝑛𝜋𝑛 ∈ 𝔪𝑛+1,

and 𝑐𝑛 ∈ 𝑇  is unique such that this holds. By definition, 𝑎 is then the limit of the 𝑎𝑛, and the choice 
of each 𝑐𝑛 is the only possibility for which this happens, as if 𝑎 ≢ 𝑎𝑛 mod 𝔪𝑛+1, then since 𝑎 ≢
𝑎𝑘 mod 𝔪𝑛+1 for all 𝑘 > 𝑛, the sequence (𝑎𝑛)𝑛 would not converge to 𝑎. ∎

Notation 5.3.21. Let (𝐾, | |) be a complete discrete valuation field. The element
∞
∑
𝑘=𝑚

𝑐𝑘𝜋𝑘 ∈ 𝐾̂

with 𝑐𝑘 ∈ 𝒪 is the limit of the corresponding sequence of partial sums.

Example 5.3.22. By Proposition 5.3.20, the completion a field 𝐾(𝑡) with respect to the 𝑡-adic valuation 
on 𝐾  is isomorphic to the field 𝐾((𝑡)) of Laurent series in 𝑡. The valuation ring of 𝐾((𝑡)) is the ring 𝐾⟦𝑡⟧
of power series in 𝐾 .

Definition 5.3.23. The field ℚ𝑝 of 𝑝-adic numbers is the completion of ℚ with respect to its 𝑝-adic 
valuation. Its valuation ring ℤ𝑝 is the ring of 𝑝-adic integers.

Remark 5.3.24. An arbitrary element of ℚ𝑝 has the unique form

∞
∑
𝑖=𝑚

𝑐𝑖𝑝𝑖,

where 𝑚 ∈ ℤ and 0 ≤ 𝑐𝑖 ≤ 𝑝 − 1 for each 𝑖 ≥ 𝑚, with 𝑐𝑚 ≠ 0. It is a 𝑝-adic integer (resp., unit) if and 
only if 𝑚 ≥ 0 (resp., 𝑚 = 0).

Example 5.3.25. The element 𝛼 = 1 + 𝑝 + 𝑝2 + 𝑝3 + ⋯ ∈ ℤ𝑝 is 1
1−𝑝 . To see this, note that

(1 + 𝑝 + 𝑝2 + ⋯ + 𝑝𝑛)(1 − 𝑝) = 1 − 𝑝𝑛+1,

and the sequence (1 − 𝑝𝑛+1)𝑛 converges to 1. In particular,

−1 =
∞
∑
𝑛=0

(𝑝 − 1)𝑝𝑛 ∈ ℤ𝑝.

Taking into account Lemma 5.3.17, the following gives an alternate description of the valuation 
ring of the completion of a discrete valuation field.
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Proposition 5.3.26. Let 𝐾  be a complete discrete valuation field, let 𝒪 be its valuation ring, and let 
𝔪 be the maximal ideal of 𝒪. Then the map

𝜙∶ 𝒪 → lim←𝑛
𝒪/𝔪𝑛

that takes 𝑎 ∈ 𝒪 to the compatible sequence (𝑎 + 𝔪𝑛)𝑛 is an isomorphism of rings.

Proof. This is actually a corollary of Proposition 5.3.20, in that 𝑎𝑛 + 𝔪𝑛 for 𝑎𝑛 ∈ 𝒪 has a unique 
representative of the form

𝑛−1
∑
𝑘=0

𝑐𝑘𝜋𝑘

with 𝑐𝑖 ∈ 𝑇 , where 𝑇  is a set of representatives of 𝒪/𝔪 and 𝜋 is a fixed uniformizer of 𝒪, and the 𝑐𝑖

are independent of 𝑛 ≥ 𝑖. The element

𝑎 =
∞
∑
𝑘=0

𝑐𝑘𝜋𝑘 ∈ 𝒪

is the unique element of 𝒪 mapping to (𝑎𝑛 + 𝔪𝑛)𝑛. ∎

Definition 5.3.27. Let 𝐴 be a discrete valuation ring, and let 𝔭 be its maximal ideal. We say that 𝐴 is 
complete if the canonical map

𝐴 → lim←𝑛
𝐴/𝔭𝑛.

is an isomorphism.

The reader will verify the following.

Lemma 5.3.28. Let 𝐴 be a DVR, and let 𝐾  be its quotient field. Then 𝐾  is complete with respect to 
the discrete valuation induced by the valuation on 𝐴 if and only if 𝐴 is complete.

Definition 5.3.29. Let 𝐾  be a field, and let 𝑓 = ∑∞
𝑛=0 𝑎𝑛𝑥𝑛 ∈ 𝐾⟦𝑥⟧. For 𝑘 ≥ 1, the 𝑘th derivative of 𝑓

is the power series 𝑓 (𝑘) ∈ 𝐾⟦𝑥⟧ defined by

𝑓 (𝑘) =
∞
∑
𝑛=0

(𝑛 + 1) ⋯ (𝑛 + 𝑘)𝑎𝑛+𝑘𝑥𝑛.

Theorem 5.3.30  (Hensel’s Lemma). Let 𝐾  be a complete nonarchimedean valuation field with valu-
ation ring 𝒪 having maximal ideal 𝔪. Let 𝑓 ∈ 𝒪[𝑥], and let ̄𝑓 ∈ 𝒪/𝔪[𝑥] be the image of 𝑓 . Suppose 
that 𝛼̄ ∈ 𝒪/𝔪 is a simple root of ̄𝑓 . Then there exists a unique root 𝛼 of 𝑓  in 𝒪 that reduces to 𝛼̄
modulo 𝔪.
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Proof. Let 𝛼0 ∈ 𝒪 be any lifting of 𝛼̄, and let 𝜋 = 𝑓 (𝛼0) ∈ 𝔪. (If 𝒪 is a DVR, we can instead 
take 𝜋 to be a uniformizer.) Suppose by induction that we have found 𝛼𝑘 ∈ 𝒪 for 0 ≤ 𝑘 ≤ 𝑛 such that 
𝛼𝑛 ≡ 𝛼𝑘 mod 𝜋2𝑘  for all such 𝑘 and 𝑓 (𝛼𝑛) ≡ 0 mod 𝜋2𝑛. Writing 𝑓 = ∑deg 𝑓

𝑖=0 𝑎𝑖𝑥𝑖 with 𝑎𝑖 ∈ 𝒪, we 
see that

𝑓 (𝛼𝑛 + 𝑥) − (𝑓 (𝛼𝑛) + 𝑓 ′(𝛼𝑛)𝑥) =
deg 𝑓
∑
𝑖=0

𝑎𝑖(𝛼𝑛 + 𝑥)𝑖 −
deg 𝑓
∑
𝑖=0

𝑎𝑖𝛼𝑖
𝑛 −

deg 𝑓
∑
𝑖=0

𝑖𝑎𝑖𝛼𝑖−1
𝑛 𝑥

is an element of (𝑥2) inside 𝒪[𝑥]. We therefore have that

𝑓 (𝛼𝑛 + 𝛽𝜋2𝑛) ≡ 𝑓 (𝛼𝑛) + 𝑓 ′(𝛼𝑛) ⋅ 𝛽𝜋2𝑛 mod 𝜋2𝑛+1

for any 𝛽 ∈ 𝒪. Note that 𝑓 ′(𝛼𝑛) ≢ 0 mod 𝜋 (and in fact is a unit), since 𝛼̄ is a simple foot of 𝑓
in 𝒪/𝔪. As 𝑓 ′(𝛼𝑛) is invertible and 𝜋2𝑛 divides 𝑓 (𝛼𝑛), we may choose 𝛽 ∈ 𝒪 such that 𝑓 (𝛼𝑛 +
𝛽𝜋2𝑛) ≡ 0 mod 𝜋2𝑛+1, and this choice is unique modulo 𝜋2𝑛. We then set 𝛼𝑛+1 = 𝛼𝑛 + 𝛽𝜋2𝑛 so that 
𝛼𝑛+1 ≡ 𝛼𝑛 mod 𝜋2𝑛, and again we have 𝑓 (𝛼𝑛+1) ≡ 0 mod 𝜋2𝑛+1. Note that 𝛼𝑛+1 is unique modulo 
𝜋2𝑛+1 with this property: in fact,

𝛼𝑛+1 ≡ 𝛼𝑛 − 𝑓 (𝛼𝑛)
𝑓 ′(𝛼𝑛) mod 𝜋2𝑛+1. (5.3.1)

Finally, letting
𝛼 = lim𝑛→∞ 𝛼𝑛,

we note that 𝑓  defines a continuous function on 𝒪, so

𝑓 (𝛼) = lim𝑛→∞ 𝑓 (𝛼𝑛) = 0,

and 𝛼 is by construction unique with this property among roots reducing to 𝛼̄. ∎

Example 5.3.31. The polynomial 𝑓 = 𝑥2 − 2 has two simple roots in 𝔽7, which are 3 and 4. Hensel’s 
Lemma tells us that it has two roots in ℤ7 as well. We may approximate such a root recursively using 
(5.3.1) in the proof of said result. For instance,

3 − 32 − 2
2 ⋅ 3 = 3 − 1

67 ≡ 10 mod 49

is a root of 𝑓  modulo 49, and

10 − 102 − 2
2 ⋅ 10 = 10 − 1

1072 ≡ 3 + 7 + 2 ⋅ 72 + 6 ⋅ 73 ≡ 2166 mod 74

is a root of 𝑓  modulo 2401.

The following lemma provides another nice application of Hensel’s Lemma.
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Lemma 5.3.32. The group of roots of unity in ℚ𝑝 has order 𝑝 − 1 for an odd prime 𝑝 and 2 for 𝑝 = 2.

Proof. The polynomial 𝑥𝑝−1 − 1 splits completely into distinct linear factors 𝔽𝑝[𝑥], since 𝔽×
𝑝 is 

cyclic of order 𝑝 − 1. By Hensel’s Lemma, we see that each root of 𝑥𝑝−1 − 1 in 𝔽𝑝 lifts uniquely to a 
root of 𝑥𝑝−1 − 1 in ℤ𝑝. That is, 𝜇𝑝−1(ℚ𝑝) contains 𝑝 − 1 elements.

Suppose that 𝜁𝑛 is a primitive 𝑛th root of unity 𝜁𝑛 in ℚ𝑝 (hence in ℤ𝑝) for 𝑛 ≥ 1. Then 𝜁𝑛 reduces 
to a root of unity in 𝔽𝑝. If the order 𝑚 of this root of unity is less than 𝑛, then 𝜁𝑚

𝑛  is trivial in 𝔽𝑝, so 
𝜁𝑚

𝑛 − 1 ∈ 𝑝ℤ𝑝. In particular, there exists a prime ℓ such that ℤ[𝜇ℓ] ⊆ ℤ𝑝 and 𝜁ℓ − 1 ∈ 𝑝ℤ𝑝. Since 
𝜁ℓ − 1 divides ℓ, this would imply ℓ ∈ 𝑝ℤ𝑝, forcing ℓ = 𝑝. On the other hand, if 𝜁2𝑝 ∈ ℤ𝑝, then ℤ𝑝

contains ℤ𝑝[𝜇2𝑝], and so 𝑝−1(𝜁2𝑝 − 1)𝜑(2𝑝) ∈ ℤ×
𝑝 which contradicts the fact that 𝑝 is a uniformizer 

in ℤ𝑝. ∎

The following is a strong form of Hensel’s lemma (without the uniqueness statement) that is some-
times also referred to as Hensel’s lemma.

Theorem 5.3.33  (Hensel). Let 𝐾  be a complete nonarchimedean valuation field with valuation ring 
𝒪 and maximal ideal 𝔪. If 𝑓 ∈ 𝒪[𝑥] is primitive and its image ̄𝑓 ∈ 𝒪/𝔪[𝑥] factors as ̄𝑓 = 𝑔̄ ̄ℎ, where 
𝑔̄ and ̄ℎ are relatively prime, then 𝑓  factors as 𝑓 = 𝑔ℎ in 𝒪[𝑥], where 𝑔 and ℎ reduce to 𝑔̄ and ̄ℎ, and 
deg 𝑔 = deg 𝑔̄.

Moreover, if 𝑔′, ℎ′ ∈ 𝒪[𝑥] with deg 𝑔′ = deg 𝑔̄ satisfy 𝑓 ≡ 𝑔′ℎ′ mod 𝔟 for some ideal 𝔟 ⊆ 𝔪 and 
reduce to 𝑔̄ and ̄ℎ respectively, then 𝑔 and ℎ can be chosen so that 𝑔 ≡ 𝑔′ mod 𝔟 and ℎ ≡ ℎ′ mod 𝔟.

Proof. Note that 𝑓 ∈ 𝒪[𝑥] is primitive if and only if 𝑓 ≢ 0 mod 𝔪. Let 𝑘 be the degree of deg 𝑔̄, 
and let 𝑑 be the degree of 𝑓 . Let 𝑔0, ℎ0 ∈ 𝒪[𝑥] be lifts of 𝑔̄ and ̄ℎ, respectively, such that deg 𝑔0 = 𝑘
and deg ℎ0 ≤ 𝑑 − 𝑘, so

𝑓 ≡ 𝑔0ℎ0 mod 𝔪.

Since 𝑔̄ and ̄ℎ are relatively prime, there exist ̄𝑎, 𝑏̄ ∈ 𝒪/𝔪[𝑥] such that ̄𝑎𝑔̄ + 𝑏̄ ̄ℎ = 1. Let 𝑎, 𝑏 ∈ 𝒪[𝑥]
be lifts of ̄𝑎 and 𝑏̄, respectively, so we have

𝑎𝑔0 + 𝑏ℎ0 ≡ 1 mod 𝔪.

Let 𝔞 ⊆ 𝔪 be the ideal of 𝒪 generated by the coefficients of 𝑎𝑔0 + 𝑏ℎ0 − 1, which will be generated by 
an element 𝜋 ∈ 𝔞 that can be taken as the coefficient of maximal valuation. (We use 𝔞 in the argument 
below to deal with the possibility that the valuation on 𝐾  is not discrete.)

Suppose by induction that for 𝑛 ≥ 1 and 𝑚 ≤ 𝑛 − 1, we have found polynomials 𝑔𝑚 and ℎ𝑚 with 
deg(𝑔𝑚 − 𝑔0) < 𝑘 and and deg ℎ𝑚 ≤ 𝑑 − 𝑘 such that

𝑓 ≡ 𝑔𝑚ℎ𝑚 mod 𝔞𝑚+1,
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for 𝑚 ≤ 𝑛 − 1 and both

𝑔𝑚+1 ≡ 𝑔𝑚 mod 𝔞𝑚+1 and ℎ𝑚+1 ≡ ℎ𝑚 mod 𝔞𝑚+1

for 𝑚 ≤ 𝑛 − 2. Let
𝑓𝑛 = 𝜋−𝑛(𝑓 − 𝑔𝑛−1ℎ𝑛−1) ∈ 𝒪[𝑥].

Since 𝑔0 is a lift of 𝑔̄ with deg 𝑔0 = 𝑘, its leading coefficient is a unit. Hence, using the division 
algorithm, we may write

𝑏𝑓𝑛 = 𝑞𝑛𝑔0 + 𝑟𝑛,

where 𝑞𝑛, 𝑟𝑛 ∈ 𝒪[𝑥] and deg 𝑟𝑛 < 𝑘. Then

(𝑎𝑓𝑛 + 𝑞𝑛ℎ0)𝑔0 + 𝑟𝑛ℎ0 = 𝑎𝑓𝑛𝑔0 + 𝑏𝑓𝑛ℎ0 ≡ 𝑓𝑛 mod 𝔞. (5.3.2)

Let 𝑠𝑛 ∈ 𝒪[𝑥] be the polynomial with coefficients that agree with those coefficients of 𝑎𝑓𝑛 + 𝑞𝑛ℎ0

that have nonzero reduction modulo 𝔞 and which are 0 otherwise. Then set

𝑔𝑛 = 𝑔𝑛−1 + 𝜋𝑛𝑟𝑛 and ℎ𝑛 = ℎ𝑛−1 + 𝜋𝑛𝑠𝑛.

Note that

𝑔𝑛ℎ𝑛 ≡ 𝑔𝑛−1ℎ𝑛−1 + 𝜋𝑛(𝑟𝑛ℎ𝑛−1 + 𝑠𝑛𝑔𝑛−1)

≡ 𝑔𝑛−1ℎ𝑛−1 + 𝜋𝑛(𝑟𝑛ℎ0 + 𝑠𝑛𝑔0)

≡ 𝑔𝑛−1ℎ𝑛−1 + 𝜋𝑛𝑓𝑛
≡ 𝑓 mod 𝔞𝑛+1.

Since deg(𝑔𝑛−1 − 𝑔0) < 𝑘 and deg 𝑟𝑛 < 𝑘, we have deg(𝑔𝑛 − 𝑔0) < 𝑘. Since deg(𝑟𝑛ℎ0) < 𝑑 and 
deg 𝑓𝑛 ≤ 𝑑, we have by (5.3.2) that the reduction of (𝑎𝑓𝑛 + 𝑞𝑛ℎ0)𝑔0 modulo 𝔞 has degree at most 𝑑. 
Since deg 𝑔0 = 𝑘, we therefore have that the reduction of 𝑎𝑓𝑛 + 𝑞𝑛ℎ0 has degree at most 𝑑 − 𝑘. As the 
nonzero coefficients of 𝑠𝑛, which is congruent to 𝑎𝑛𝑓𝑛 + 𝑞𝑛ℎ0 modulo 𝔞, are all units, we then have 
deg(𝑠𝑛) ≤ 𝑑 − 𝑘. Hence, we have completed the induction.

Now, since the degree of 𝑔𝑛 is 𝑘, the degree of ℎ𝑛 is bounded by 𝑑 −𝑘, and ⋂𝑛≥1 𝔞𝑛 = (0), it makes 
sense to consider the limits of these sequences of polynomials by taking the limits of their coefficients, 
with the resulting quantity an actual polynomial. Defining 𝑔 and ℎ to be the limits of the sequences 
(𝑔𝑛)𝑛 and (ℎ𝑛)𝑛 respectively, we obtain 𝑓 = 𝑔ℎ, as desired. The last statement follows easily from the 
above argument. ∎

Remark 5.3.34. A valuation ring satisfying Hensel’s lemma (without the uniqueness statement) is 
called a Henselian ring. One may check that any Henselian ring satisfies the strong form of Hensel’s 
lemma as well.
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5.4 Extension of valuations

In this section, we study the extension of a valuation on a (complete) field to a larger field.

Definition 5.4.1. Let 𝐾  be a field, and let | |𝐾  be a valuation on 𝐾 . If 𝐿 is a field extension of 𝐾 , then 
an extension | |𝐿 of | |𝐾  to 𝐿 is a valuation on 𝐿 such that |𝛼|𝐿 = |𝛼|𝐾  for all 𝛼 ∈ 𝐾 .

In the case of global fields, we note the following.

Remark 5.4.2. Let 𝐿/𝐾  be an extension of global fields, let 𝔭 be a nonarchimedean prime of 𝐾  and 
𝔓 a prime lying above it. The normalized 𝔓-adic valuation is equivalent, but not always equal to, an 
extension of the normalized 𝔭-adic valuation. That is, for 𝛼 ∈ 𝐾 , we have

|𝛼|𝔓 = 𝑝−𝑓𝔓𝑣𝔓(𝛼) = 𝑝−𝑓𝔓𝑒𝔓/𝔭𝑣𝔭(𝛼) = |𝛼|𝑒𝔓/𝔭𝑓𝔓/𝔭
𝔭 .

In the case that the extension field is of finite degree, the following proposition restricts the possi-
bilities for an extension of the valuation below to the extension field, up to equivalence.

Proposition 5.4.3. Let (𝐾, | |) be a complete valuation field, and let (𝑉, | |) be a finite-dimensional 
normed vector space over 𝐾  such that |𝛼𝑣| = |𝛼||𝑣| for all 𝛼 ∈ 𝐾  and 𝑣 ∈ 𝑉 . Then 𝑉  is complete with 
respect to | |, and if 𝑣1, … , 𝑣𝑛 is an ordered basis of 𝑉 , then the isomorphism 𝜙∶ 𝐾𝑛 → 𝑉  with

𝜙(𝑎1, … , 𝑎𝑛) =
𝑛

∑
𝑖=1

𝑎𝑖𝑣𝑖

is a homemorphism.

Proof. The topology defined on 𝐾𝑛 by the maximum norm

‖(𝑎1, … , 𝑎𝑛)‖ = max(|𝑎1|, … , |𝑎𝑛|)

for 𝑎1, … , 𝑎𝑛 ∈ 𝐾  agrees with the product topology. Via the map 𝜙, this induces a norm

‖𝑎1𝑣1 + ⋯ + 𝑎𝑛𝑣𝑛‖ = max(|𝑎1|, … , |𝑎𝑛|)

on 𝑉  that we must show agrees with topology defined by the original norm | | on 𝑉 .
It suffices to show that there exists real numbers 𝑐1, 𝑐2 > 0 such that

𝑐1‖𝑣‖ ≤ |𝑣| ≤ 𝑐2‖𝑣‖

for all 𝑣 ∈ 𝑉 . Take 𝑐2 = |𝑣1| + ⋯ + |𝑣𝑛|. Then we have

|𝑎1𝑣1 + ⋯ + 𝑎𝑛𝑣𝑛| ≤
𝑛

∑
𝑖=1

|𝑎𝑖||𝑣𝑖| ≤ max(|𝑎1|, … , |𝑎𝑛|) ⋅
𝑛

∑
𝑖=1

|𝑣𝑖| = 𝑐2‖𝑎1𝑣1 + ⋯ + 𝑎𝑛𝑣𝑛‖.
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Suppose by the induction that we have the existence of 𝑐1 for all vector spaces of dimension 
less than 𝑛. The case 𝑛 = 1 is covered by taking 𝑐1 = |𝑣1|. In general, let 𝑊𝑖 be the 𝐾-span of 
{𝑣1, … , 𝑣𝑖−1, 𝑣𝑖+1, … , 𝑣𝑛}. Then each 𝑊𝑖 is complete with respect to | |, hence is a closed subspace of 
𝑉 . Let 𝐵 be an open ball of radius 𝜖 > 0 about 0 ∈ 𝑉  such that 𝐵∩(𝑣𝑖 +𝑊𝑖) = ∅ for all 1 ≤ 𝑖 ≤ 𝑛. Let 
𝑣 = ∑𝑛

𝑖=1 𝑎𝑖𝑣𝑖 ∈ 𝑉  with 𝑣 ≠ 0. For any 1 ≤ 𝑗 ≤ 𝑛 with 𝑎𝑗 ≠ 0, we have 𝑎−1
𝑗 𝑣 ∈ 𝑣𝑗 + 𝑊𝑗, so |𝑎−1

𝑗 𝑣| ≥ 𝜖. 
In particular, we have |𝑣| ≥ 𝜖‖(𝑎1, … , 𝑎𝑛)‖ = 𝜖‖𝑣‖, so we may take 𝑐1 = 𝜖. ∎

We will require the following lemma.

Lemma 5.4.4. Let (𝐾, | |) be a complete nonarchimedean valuation field. Let

𝑓 =
𝑛

∑
𝑖=0

𝑎𝑖𝑥𝑖 ∈ 𝐾[𝑥]

be irreducible with 𝑎𝑛 ≠ 0. Then either |𝑎0| or |𝑎𝑛| is maximal among the values |𝑎𝑖| with 0 ≤ 𝑖 ≤ 𝑛.

Proof. By multiplying 𝑓  by an element of 𝐾 , we may assume that 𝑓 ∈ 𝒪[𝑥], where 𝒪 is the 
valuation ring of 𝐾 , and at least one coefficient of 𝑓  is a unit. Let 𝑗 be minimal such that 𝑎𝑗 ∈ 𝒪×. If 
𝔪 denotes the maximal ideal of 𝒪, then

𝑓 ≡ (𝑎𝑗 + 𝑎𝑗+1𝑥 + ⋯ + 𝑎𝑛𝑥𝑛−𝑗)𝑥𝑗 mod 𝔪.

Unless 𝑗 = 0 or 𝑗 = 𝑛, this contradicts Theorem 5.3.33, since 𝑓  would be reducible in 𝒪[𝑥]. ∎

The following corollary of Lemma 5.4.4 is immediate.

Corollary 5.4.5. Let (𝐾, | |) be a complete nonarchimedean valuation field. Let 𝑓  be a monic, irre-
ducible polynomial in 𝐾[𝑥] such that 𝑓 (0) lies in the valuation ring 𝒪 of | |. Then 𝑓 ∈ 𝒪[𝑥].

This in turn, has the following corollary.

Corollary 5.4.6. Let (𝐾, | |) be a complete nonarchimedean valuation field. Let 𝐿 be a finite extension 
of 𝐾 . Let 𝒪 be the valuation ring of 𝐾 . Then the integral closure of 𝒪 in 𝐿 is equal to

{𝛽 ∈ 𝐿 ∣ 𝑁𝐿/𝐾(𝛽) ∈ 𝒪}.

Proof. Let 𝑛 = [𝐿 ∶ 𝐾]. Let 𝛽 ∈ 𝐿×, and let 𝑓 ∈ 𝐾[𝑥] be its minimal polynomial. Lemma 1.3.14 
tells us that 𝑁𝐿/𝐾(𝛽) ∈ 𝒪 for every integral 𝛽 ∈ 𝐿. On the other hand, we have

𝑁𝐿/𝐾(𝛽) = (−1)𝑛𝑓 (0)𝑛/𝑑 ,

where 𝑑 = [𝐾(𝛽) ∶ 𝐾]. So, if 𝑁𝐿/𝐾(𝛽) ∈ 𝒪, then 𝑓 (0) ∈ 𝒪, and Corollary 5.4.5 tells us that 
𝑓 ∈ 𝒪[𝑥], which means that 𝛽 is integral. ∎
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We now prove that an extension of a valuation in an algebraic extension of a complete field exists 
and is unique.

Theorem 5.4.7. Let (𝐾, | |𝐾) be a complete valuation field, and let 𝐿 be an algebraic extension of 𝐾 . 
Then there is a unique extension of | |𝐾  to a valuation | |𝐿 on 𝐿. The valuation | |𝐿 is nonarchimedean 
if and only if | |𝐾  is. If 𝐿/𝐾  is finite, then 𝐿 is complete with respect to | |𝐿, and this extension satisfies

|𝛽|𝐿 = |𝑁𝐿/𝐾(𝛽)|1/[𝐿∶𝐾]
𝐾 .

Proof. If the valuation on 𝐾  is archimedean, then by Theorem 5.3.16, we have that (𝐾, | |) is 
isomorphic to (ℝ, | |𝑠) or (ℂ, | |𝑠) with 𝑠 ∈ (0, 1], and the only extension of | |𝑠 on ℝ to ℂ is | |𝑠.

So, suppose that the valuation on 𝐾  is nonarchimedean. First, we note that it suffices to assume 
that the degree of 𝐿/𝐾  is finite, as any algebraic extension is the union of its finite subextensions. Let 
𝑛 = [𝐿 ∶ 𝐾], and for 𝛽 ∈ 𝐿, define

|𝛽|𝐿 = |𝑁𝐿/𝐾(𝛽)|1/𝑛
𝐾 .

Clearly, |𝛽|𝐿 = 0 if and only if 𝛽 = 0, and |𝛼𝛽|𝐿 = |𝛼|𝐿|𝛽|𝐿 for 𝛼, 𝛽 ∈ 𝐿.
Let 𝐴 be the valuation ring of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. Let 𝛼 ∈ 𝐿. We 

obviously have 𝛼 ∈ 𝐵 if and only if 𝛼 + 1 ∈ 𝐵. By Corollary 5.4.6, this tells us that 𝑁𝐿/𝐾(𝛼) ∈ 𝐴 if 
and only if 𝑁𝐿/𝐾(𝛼 + 1) ∈ 𝐴, which says that by definition that |𝛼|𝐿 ≤ 1 if and only if |𝛼 + 1|𝐿 ≤ 1. 
If 𝛽 ∈ 𝐿× with (without loss of generality), |𝛼|𝐿 ≤ |𝛽|𝐿, then |𝛼𝛽−1|𝐿 ≤ 1, so

|𝛼 + 𝛽|𝐿 = |𝛽|𝐿|𝛼𝛽−1 + 1|𝐿 ≤ |𝛽|𝐿 = max(|𝛼|𝐿, |𝛽|𝐿).

Hence | |𝐿 is a nonarchimedean valuation, and it clearly extends | |𝐾 . Moreover, 𝐿 is complete with 
respect to this valuation by Proposition 5.4.3.

If ‖ ‖ is any other valuation on 𝐿 extending that on 𝐾 , then let us let 𝐶 be its valuation ring and 
𝔫 be its maximal ideal. Note that the norm of any element of 𝐶 lies in 𝐴, so 𝐶 ⊆ 𝐵. Suppose that 
𝛾 ∈ 𝐵 − 𝐶. Let 𝑓  be the minimal polynomial of 𝛾 over 𝐴, so 𝑓 ∈ 𝐴[𝑥]. Moreover, 𝛾−1 ∈ 𝔫 since 𝐶
is a valuation ring. But then −1 = 𝛾− deg 𝑓 𝑓 (𝛾) − 1 is an 𝐴-linear polynomial in 𝛾−1 with no constant 
coefficient that therefore lies in 𝔫, a contradiction. That is, 𝐵 = 𝐶. By Proposition 5.2.5, we have that 
‖ ‖ and | |𝐿 are equivalent. ∎

We have the following immediate corollary of the definition of the extended valuation in Theo-
rem 5.4.7.

Corollary 5.4.8. Let 𝐾  be a complete discrete valuation field, and let 𝐿 be an finite extension of 𝐾 . 
Then the extension to 𝐿 of the valuation on 𝐾  is discrete.

Let us consider the specific case of global fields.
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Proposition 5.4.9. The places of a global field are exactly its finite and infinite places.

Proof. Let 𝐾  be a global field. Theorem 5.3.16 tells us that any archimedean prime on 𝐿 must 
arise from a real or complex embedding of 𝐿, so represents an infinite place. So, suppose | | is a 
nonarchimedean valuation of 𝐾  and note that its restriction to ℚ in the case that 𝐾  has characterstic 0
or 𝔽ℓ(𝑡) in the case that 𝐾  has characteristic a prime ℓ must be equivalent to | |𝑝 for some prime 𝑝 in 
the former case and to either | |𝑓  for some irreducible 𝑓 ∈ 𝔽ℓ(𝑡) or | |∞ in the latter case. So, if the 
latter restriction yields a finite place, coming from a finite prime 𝔭, consider 𝔓 = {𝑥 ∈ 𝒪𝐾 ∣ |𝑥| < 1}, 
and otherwise consider 𝔓 = {𝑥 ∈ 𝐴 ∣ |𝑥| < 1}, where 𝐴 is the integral closure of 𝔽ℓ[𝑡−1] in 𝐾 . Then 
𝔓 is a prime lying over 𝔭 = (𝑝), (𝑓 ), or (𝑡−1) in the respective cases. Note that the valuation | |𝔭
extends uniquely to the completion of ℚ or 𝔽ℓ(𝑡) at 𝔭 by continuity and then to a valuation on 𝐾𝔓 that 
is equivalent to | |𝔓 by Theorem 5.4.7. But then the latter valuation is equivalent to | | by uniqueness 
of the extension, as desired. ∎

We mention in passing the useful notion of a Newton polygon, as it relates to Lemma 5.4.4.

Definition 5.4.10. Let 𝐾  be a complete nonarchimedean valuation field with additive valuation 𝑣, and 
let 𝑓 = ∑𝑛

𝑖=0 𝑎𝑖𝑥𝑖 ∈ 𝐾[𝑥] with 𝑎𝑛 ≠ 0. The Newton polygon of 𝑓  is the lower convex hull of the points 
(𝑖, 𝑣(𝑎𝑖)).

We omit the proof of the following.

Proposition 5.4.11. Let 𝐾  be a complete nonarchimedean valuation field with additive valuation 𝑣, 
and let 𝑓 = ∑𝑛

𝑖=0 𝑎𝑖𝑥𝑖 ∈ 𝐾[𝑥] with 𝑎𝑛 ≠ 0. Let −∞ ≤ 𝑚1 < 𝑚2 < … < 𝑚𝑟 be the slopes of the line 
segments of the Newton polygon of 𝑓 , and let 𝑡1, … , 𝑡𝑟 be their respective horizontal lengths. Then for 
each 𝑗 with 1 ≤ 𝑗 ≤ 𝑟, the polynomial 𝑓  has exactly 𝑡𝑗 roots in an algebraic closure of 𝐾  with valuation 
−𝑚𝑗 under the extension of 𝑣.

Proof. Let 𝜇1 < ⋯ < 𝜇𝑠 be the valuations of the roots of 𝑓 , and let 𝑘𝑖 be the number of roots of 
valuation 𝜇𝑖 for 1 ≤ 𝑖 ≤ 𝑠. For such 𝑖, set ℓ𝑖 = ∑𝑖

𝑡=1 𝑘𝑡, and set ℓ0 = 0.
Label the roots of 𝑓  with multiplicity 𝛼1, … , 𝛼𝑛 in order of increasing valuation. Since 𝑎𝑛−𝑗 for 

0 ≤ 𝑗 ≤ 𝑛 is, up to sign, the sum of all products of 𝑗 distinct roots of 𝑓 , its additive valuation is at least 
that of 𝛼1 ⋯ 𝛼𝑗. The latter valuation will be less than all other valuations of products of 𝑗 distinct roots 
if and only if 𝑗 = ℓ𝑖 for some 1 ≤ 𝑖 ≤ 𝑠. In other words, if ℓ𝑖−1 < 𝑗 ≤ ℓ𝑖, then

𝑣(𝑎𝑛−𝑗) ≥
𝑖−1
∑
𝑡=1

𝑘𝑡𝜇𝑡 + (𝑗 − ℓ𝑖−1)𝜇𝑖,

with equality guaranteed if 𝑗 = ℓ𝑖. It then follows that the lower convex hull of the Newton polygon 
consists of the line segments between the points (𝑛 − ℓ𝑠−𝑖, ∑

𝑠−𝑖
𝑡=1 𝑘𝑡𝜇𝑡) for 0 ≤ 𝑖 ≤ 𝑠. It follows then 
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that 𝑟 = 𝑠, and the 𝑖th line segment has length

𝑡𝑖 = (𝑛 − ℓ𝑠−𝑖−1) − (𝑛 − ℓ𝑠−𝑖) = ℓ𝑠−𝑖 − ℓ𝑠−𝑖−1 = 𝑘𝑠−𝑖

and slope

𝑚𝑖 =
∑𝑠−𝑖−1

𝑡=1 𝑘𝑡𝜇𝑡 − ∑𝑠−𝑖
𝑡=1 𝑘𝑡𝜇𝑡

𝑡𝑖
= −𝑘𝑠−𝑖𝜇𝑠−𝑖

𝑘𝑠−𝑖
= −𝜇𝑠−𝑖.

∎

Example 5.4.12. Consider the polynomial 𝑓 = 8𝑥4 + 30𝑥3 − 4𝑥2 + 7𝑥 − 2 ∈ ℚ2[𝑥]. Its Newton 
polygon is the lower convex hull of the points (0, 3), (1, 1), (2, 2), (3, 0), and (4, 1), which means the 
area above the piecewise linear function on [0, 4] consisting of the three line segments between the 
points (0, 3), (1, 1), (3, 0), and (4, 1). The line segments have lengths 1, 2, and 1 and slopes −2, −1

2 , 
and 1, respectively, so 𝑓  has one root of 2-adic valuation 2, two roots of valuation 1

2 , and one root of 
valuation −1.

Example 5.4.13. For 𝑛 ≥ 1 and a prime number 𝑝, the function 𝑥𝑛 − 𝑝 ∈ ℚ𝑝[𝑥] has a Newton 
polygon with lower boundary the single line segment from (0, 1) to (𝑛, 0) of length 𝑛 and slope −1

𝑛 . 
Thus, 𝑥𝑛 − 𝑝 has 𝑛 roots of 𝑝-adic valuation 1

𝑛  in an algebraic closure of ℚ𝑝, and these are of course 
𝜁𝑖

𝑛
𝑛√𝑝 for 0 ≤ 𝑖 < 𝑛, where 𝜁𝑛 is a primitive 𝑛th root of unity.

We provide some useful corollaries.

Corollary 5.4.14. In the notation of Proposition 5.4.11, the polynomial 𝑓  factors as 𝑓 = 𝑓1 … 𝑓𝑟, where 
𝑓𝑖 ∈ 𝐾[𝑥] has degree 𝑡𝑖 and the valuations of its roots are all −𝑚𝑖.

Proof. By uniqueness of the extension 𝑣 of the valuation on 𝐾  to the splitting field field 𝐿 of 𝐾 , 
we have that 𝑣 ∘ 𝜎 = 𝑣 for any 𝜎 ∈ Gal(𝐿/𝐾). Therefore, any two roots of an irreducible factor of 𝑓
must have the same valuation, hence the corollary. ∎

Corollary 5.4.15. Suppose that 𝐾  is a complete discrete valuation field with corresponding discrete 
additive valuation 𝑣. If 𝑓 ∈ 𝐾[𝑥] is monic of degree 𝑛 and has a Newton polygon with lower boundary 
a single line segment of slope − 𝑐

𝑛 , where 𝑐 ≥ 1 is relatively prime to 𝑛, then 𝑓  is irreducible.

Proof. Let 𝛼 be a root of 𝑓  in an algebraic closure of 𝐾 . Since 𝑛 is the minimal integer such that 
𝑛𝑣(𝛼) ∈ ℤ, we have that 𝛼𝑗 ∉ 𝐾  for 1 ≤ 𝑗 < 𝑛, and therefore 𝐿/𝐾  has degree 𝑛. ∎

This gives a less-standard proof of the following well-known result.

Corollary 5.4.16. Let 𝐾  be a global field, and let 𝑓 ∈ 𝐾[𝑥] be an Eisenstein polynomial for a nonar-
chimedean prime 𝔭 of 𝐾 . Then 𝑓  is irreducible. Moreover, the prime 𝔭 is totally ramified in the 
extension of 𝐾  generated by a root of 𝑓 .
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Proof. Suppose that 𝑓  is Eisenstein for 𝔭, and consider the completion 𝐾𝔭 of 𝐾  at 𝔭. Then 𝑓  is 
still Eisenstein for the ideal generated by 𝔭 in the valuation ring of 𝐾𝔭, and therefore irreducible by the 
previous corollary. Since 𝑓  is irreducible over 𝐾𝔭, it is irreducible in 𝐾[𝑥]. The last statement follows 
as every root of 𝑓  has valuation 1

𝑛 , as in the proof of Corollary 5.4.15. ∎

5.5 Local fields

Definition 5.5.1. A Hausdorff topological space 𝑋 is locally compact if for every 𝑥 ∈ 𝑋, there exists 
an open neighborhood 𝑈𝑥 of 𝑥 such that the closure of 𝑈𝑥 is compact.

Let us make the following definition.

Definition 5.5.2. A local field is a valuation field that is locally compact with respect to the topology 
defined by the valuation.

Lemma 5.5.3. Local fields are complete valuation fields.

Proof. Let (𝐾, | |) be a local field. Let 𝜖 > 0 be such that the closed ball of radius 𝜖 around 0
is compact, and note that by translation this applies to balls around every point. If (𝑎𝑛)𝑛 is a Cauchy 
sequence in 𝐾 , then of course there exists 𝑁 > 0 such that |𝑎𝑛 − 𝑎𝑁 | < 𝜖 for all 𝑛 ≥ 𝑁 . Therefore all 
𝑎𝑛 with 𝑛 ≥ 𝑁  lie in a compact set, and the Cauchy sequence (𝑎𝑛)𝑛≥𝑁  has a limit. ∎

Remark 5.5.4. If 𝐾  is an archimedean local field, then being that it is complete, Theorem 5.3.16 tells 
us that 𝐾  is isomorphic to ℝ or ℂ, and the resulting valuation on ℝ or ℂ is equivalent to the standard 
absolute value.

Remark 5.5.5. The term “local field” is often used to refer more specifically only to nonarchimedean 
local fields.

The definition we have given for a local field may not be that most familiar to algebraic number 
theorists, so let us work to classify such fields.

Proposition 5.5.6. Let 𝐾  be a complete discrete valuation field with valuation ring 𝒪 and maximal 
ideal 𝔪. The following are equivalent: 

i. 𝐾  is a local field,

ii. 𝒪 is compact, and

iii. 𝒪/𝔪 is finite.
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Proof. Let 𝜋 be a unfiormizer of 𝒪. If 𝐾  is locally compact, then 𝔪𝑛, being an open and closed 
neighborhood of 0 in 𝒪, must be compact for some 𝑛 ≥ 0. On the other hand, the map 𝒪 → 𝔪𝑛 given 
by multiplication by 𝜋𝑛 is a homeomorphism, since it is continuous with an apparent continuous 
inverse. So (i) implies (ii). Conversely, (ii) implies (i) since the neighborhood 𝑎 + 𝒪 of any 𝑎 ∈ 𝐾
will be compact if 𝒪 is.

If 𝒪 is compact, then since 𝒪 is the disjoint union of its open subsets 𝑎 + 𝔪 for 𝑎 in a set of coset 
representatives of 𝒪/𝔪, we have that the number of such representatives must be finite, so (ii) implies 
(iii). Conversely, if 𝒪/𝔪 is finite, then there exists a finite set 𝑇  of coset representatives of it in 𝒪. 
Suppose we have a sequence (𝛼𝑛)𝑛 in 𝒪, which we write for each 𝑛 as

𝛼𝑛 =
∞
∑
𝑖=0

𝑎𝑛,𝑖𝜋𝑖

for some 𝑎𝑛,𝑖 ∈ 𝑇  for all 𝑖 ≥ 0. Among the coefficients 𝑎𝑛,0, some element of 𝑇  must occur infinitely 
many times, so we may choose a subsequence (𝛼𝑘𝑛,0

)𝑛 of (𝛼𝑛)𝑛 such that the 𝑎𝑘𝑛,0,0 are all constant. 
We then repeat, choosing a subsequence (𝛼𝑘𝑛,1

)𝑛 of (𝛼𝑘𝑛,0
)𝑛 such that the 𝑎𝑘𝑛,1,1 are all constant, and 

so forth. Then the subsequence (𝛼𝑘𝑛,𝑛
)𝑛 of 𝛼𝑛 converges to

∞
∑
𝑖=0

𝑎𝑘𝑖,𝑖,𝑖𝜋
𝑖.

Therefore, 𝒪 is a sequentially compact metric space, and so it is compact. ∎

Proposition 5.5.7  (Krasner’s Lemma). Let 𝐾  be a complete nonarchimedean valuation field. We use 
| | denote the unique extension of the valuation on 𝐾  to an algebraic closure 𝐾  of 𝐾 . Let 𝛼, 𝛽 ∈ 𝐾 . 
If 𝛼 is separable over 𝐾(𝛽) and

|𝛽 − 𝛼| < |𝜎(𝛼) − 𝛼|

for every embedding 𝜎∶ 𝐾(𝛼) ↪ 𝐾  fixing 𝐾  but not 𝛼, then 𝐾(𝛼) ⊆ 𝐾(𝛽).

Proof. We must show that 𝐾(𝛼, 𝛽) = 𝐾(𝛽). So let 𝜎∶ 𝐾(𝛼, 𝛽) ↪ 𝐾  be a field embedding fixing 
𝐾(𝛽). We have

|𝜎(𝛼) − 𝛽| = |𝜎(𝛼) − 𝜎(𝛽)| = |𝛼 − 𝛽|,

the latter equality by the uniqueness of the extension, so

|𝜎(𝛼) − 𝛼| = |𝜎(𝛼) − 𝛽 + 𝛽 − 𝛼| ≤ max(|𝜎(𝛼) − 𝛽|, |𝛽 − 𝛼|) = |𝛽 − 𝛼|.

By assumption, this forces 𝜎 to fix 𝐾(𝛼), hence the result. ∎

We can derive the following from Krasner’s lemma.
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Proposition 5.5.8. Let 𝐾  be a complete nonarchimedean valuation field with valuation ring 𝒪. Let 
𝑓 ∈ 𝒪[𝑥] be monic, irreducible, and separable of degree 𝑛 ≥ 1. There exists an ideal 𝔞 of 𝒪 such 
that if 𝑔 ∈ 𝒪[𝑥] is monic of deg 𝑔 = 𝑛 and satisfies 𝑓 ≡ 𝑔 mod 𝔞𝒪[𝑥], and if 𝛽 is a root of 𝑔 in an 
algebraic closure 𝐾  of 𝐾 , then 𝑓  has a root 𝛼 in 𝐾  such that 𝐾(𝛼) = 𝐾(𝛽). In particular, any such 𝑔
is irreducible.

Proof. Write 𝑓 = ∑𝑛
𝑖=0 𝑎𝑖𝑥𝑖 and 𝑔 = ∑𝑛

𝑖=0 𝑏𝑖𝑥𝑖. Our assumption is that for some positive 𝛿 < 1, 
we have |𝑎𝑖 − 𝑏𝑖| ≤ 𝛿 for all 0 ≤ 𝑖 ≤ 𝑛, where | | is the valuation on 𝐾  (and its unique extension to 𝐾). 
By choosing 𝛿 small enough, we may insure that either |𝑎𝑖| = |𝑏𝑖| or |𝑏𝑖| ≤ 𝛿 (if 𝑎𝑖 = 0 or 𝑏𝑖 = 0) for 
each 𝑖. So, there exists 𝐶 > 0 with |𝑏𝑖| ≤ 𝐶 independent of the choice of 𝑔. If 𝛽 is a root of 𝑔, then

|𝛽|𝑛 ≤ max{|𝑏𝑖||𝛽|𝑖 ∣ 0 ≤ 𝑖 < 𝑛} ≤ 𝐶 max{1, |𝛽|𝑛−1},

so |𝛽| is bounded independent of 𝑔, say by 𝐷, which we take to be ≥ 1. We then have

|𝑓 (𝛽)| = |𝑓 (𝛽) − 𝑔(𝛽)| ≤ max{|𝑎𝑖 − 𝑏𝑖||𝛽|𝑖 ∣ 0 ≤ 𝑖 < 𝑛} ≤ 𝛿 max{1, |𝛽|}𝑛−1 ≤ 𝛿𝐷𝑛−1,

and so by choosing 𝛿 sufficiently small, we may make |𝑓 (𝛽)| arbitrarily small, independent of 𝛽, say 
less than 𝜖𝑛 for some 𝜖 > 0. Note that

|𝑓 (𝛽)| =
𝑛

∏
𝑖=1

|𝛽 − 𝛼𝑖| < 𝜖𝑛,

where 𝛼1, … , 𝛼𝑛 are the roots of 𝑓 . One must then have |𝛽−𝛼𝑖| < 𝜖 for some 𝑖. If we take 𝛿, and hence 
𝜖, small enough so that 𝜖 < |𝛼𝑖 − 𝛼𝑗 | for all 𝑗 ≠ 𝑖, and Krasner’s lemma tells us that 𝐾(𝛼𝑖) ⊆ 𝐾(𝛽), 
which tells us that 𝑔 is irreducible and 𝐾(𝛼𝑖) = 𝐾(𝛽). ∎

Theorem 5.5.9. The following are equivalent for a nonarchimedean valuation field 𝐾: 

i. 𝐾  is a local field,

ii. 𝐾  is complete, the valuation on 𝐾  is discrete, and the residue field of 𝐾  is finite,

iii. 𝐾  is isomorphic to a completion of a global field, and

iv. 𝐾  is isomorphic to a finite extension of ℚ𝑝 or 𝔽𝑝((𝑡)) for some prime 𝑝.

Proof. That (ii) implies (i) is part of Proposition 5.5.6. That (iii) implies (ii) is a consequence of 
Proposition 5.3.12 and Lemma 5.3.17.

Suppose that (iv) holds. Suppose that 𝐾  is a finite extension of ℚ𝑝 for some prime 𝑝. Then 
𝐾 = ℚ𝑝(𝛼) for some 𝛼 ∈ 𝐾 , and let 𝑓  be its minimal polynomial. Choose 𝑔 ∈ ℚ[𝑥] monic of 
degree that of 𝑓  and sufficiently close to 𝑓  so that we may apply Proposition 5.5.8 to see that 𝑔 is 
irreducible over ℚ𝑝, so ℚ𝑝(𝛽) = ℚ𝑝(𝛼) for some root 𝛽 of 𝑔. Since 𝛽 is algebraic over ℚ, we have 
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that 𝐾 = ℚ𝑝(𝛽) is the completion of ℚ(𝛽) in 𝐾 . Similarly, if 𝐾  is a finite extension of 𝔽𝑝((𝑡)), then 
it is a finite, separable extension of 𝔽𝑝((𝑡1/𝑝𝑘)) for some 𝑘 ≥ 1, which is itself isomorphic to 𝔽𝑝((𝑡)). 
Hence, we may assume that 𝐾 = 𝔽𝑝((𝑡))(𝛼) for some 𝛼 ∈ 𝐾 , and the above argument with 𝔽𝑝((𝑡))
replacing ℚ𝑝 yields (iii).

To see that (i) implies (iv), suppose that 𝐾  is a local field with residue field of characteristic a 
prime 𝑝. If 𝐾  has characteristic 0, then the restriction of the valuation to ℚ cannot be trivial as 
it would otherwise extend to the trivial valuation on 𝐾  by Theorem 6.1.4. It must therefore be a 
nonarchimedean valuation on ℚ with residue characteristic 𝑝, and Theorem 5.2.31 tells us that this 
valuation is equivalent to the 𝑝-adic valuation. But then the completion ℚ𝑝 embeds canonically into 
𝐾 , so 𝐾  is an extension of ℚ𝑝. If 𝐾  has characteristic 𝑝, then it cannot be an algebraic extension of 
𝔽𝑝 since the valuation is nontrivial, so it must contain an element 𝑇  that is transcendental over 𝔽𝑝. 
We have that 𝐾  is an extension of 𝔽𝑝(𝑇), and by Proposition 5.2.32, the restriction of the valuation 
on 𝐾  to 𝔽𝑝(𝑇) is the 𝑓 -adic valuation for some irreducible 𝑓 ∈ 𝔽𝑝[𝑇] or the ∞-adic valuation. The 
completion of 𝔽𝑝(𝑇) with respect to this valuation is isomorphic to 𝔽𝑞((𝑡)) for some 𝑞 and embeds in 
𝐾 , and the valuation on 𝐾  is the unique extension of this valuation to 𝐾 .

Next, suppose that 𝐾/𝐹 with 𝐹 = ℚ𝑝 or 𝔽𝑝((𝑡)) were an infinite extension. If 𝐾  contains a tran-
scendental element 𝑥 over 𝐹, then since the residue field of 𝐾  is finite, 𝑥 is still transcendental over the 
largest extension 𝐸 of 𝐹 in 𝐾  in which the valuation of 𝐹 is unramified. By Theorem 2.5.11, the field 
extensions 𝐸(𝑥)/𝐸(𝑥𝑛) all have ramification index 𝑛 at the unique prime of the valuation ring of 𝐸(𝑥). 
Let ℎ < 1 be the valuation of a uniformizer of 𝐸(𝑥) ⊆ 𝐾  under the unique extension of the valuation 
on 𝐹 to 𝐸(𝑥). Then the valuation of a uniformizer of 𝐸(𝑥𝑛) is ℎ𝑛. Since the valuation of a uniformizer 
of 𝐸 is then less than ℎ𝑛 for all 𝑛, it must be 0, which is impossible (in fact, it is 𝑝−1).

If 𝐾/𝐹 is algebraic, we can let (𝐾𝑛)𝑛 be an infinite tower of distinct subfields of 𝐾  with union equal 
to 𝐾 . As 𝐾  is a local field, its residue field is finite by Proposition 5.5.6. Therefore, the extension of 
residue fields for 𝐾𝑛+1/𝐾𝑛 is trivial for sufficiently large 𝑛. Since there is only one nonzero valuation 
on 𝐾𝑛+1 extending that of 𝐾𝑛, the degree formula then tells us that the ramification degree of the prime 
of the valuation ring is [𝐾𝑛+1 ∶ 𝐾𝑛], and in particular nontrivial. Consider any sequence (𝜋𝑛)𝑛, with 
𝜋𝑛 ∈ 𝐾𝑛 a uniformizer for each 𝑛. If | | is the valuation on 𝐾 , then we have that |𝜋𝑛 − 𝜋𝑚| = |𝜋𝑛|
for 𝑛 > 𝑚, with 𝑛 sufficiently large (independent of the choice of 𝑚). But |𝜋𝑛| has a limit of 1 as 𝑛
increases (as follows from Theorem 5.4.7), which means that the sequence (𝜋𝑛)𝑛 has no convergent 
subsequence. Therefore 𝐾  is not compact, and therefore the extension had to be finite. ∎

Definition 5.5.10. A 𝑝-adic field, or 𝑝-adic local field, is a finite extension of ℚ𝑝 for some prime 𝑝.

Definition 5.5.11. A Laurent series field (over a finite field) is a finite extension of 𝔽𝑝((𝑡)).

Remark 5.5.12. In fact, every finite extension 𝐾  of 𝔽𝑝((𝑡)) is isomorphic to 𝔽𝑞((𝑦)) for some power 𝑞
of 𝑝 under a map that takes a uniformizer of 𝐾  to 𝑦.



Chapter 6

Ramification theory

6.1 Semi-local theory

Notation 6.1.1. We often use a subscript 𝑣 to denote a valuation | |𝑣 on a field 𝐾 , even when that valua-
tion is archimedean. When | |𝑣 is nonarchimedean, 𝑣 also denotes an additive valuation corresponding 
to 𝑣, and when it is discrete, the additive valuation is chosen to have image ℤ ∪ {∞}.

Notation 6.1.2. We let 𝐾𝑣 denote the completion of 𝐾  with respect to a valuation denoted | |𝑣.

Remark 6.1.3. Let 𝐴 be a Dedekind domain and 𝔭 a prime ideal of 𝐴. Let | |𝔭 be a valuation on the 
quotient field 𝐾  of 𝐴 such that |𝑎|𝔭 = 𝑐−𝑣𝔭(𝑎) for some 𝑐 ∈ ℝ>1 and all 𝑎 ∈ 𝐾×. Then we may speak 
of the completion 𝐾𝔭 of 𝐾  with respect to this valuation.

The following theorem explores extensions of valuations in the case that the ground field is not 
complete. In this case, uniqueness of the extension need not hold, but we can classify the distinct 
extensions.

Theorem 6.1.4. Let 𝐾  be a field and 𝑣 a valuation on 𝐾 . Let ̄𝑣 be an extension of 𝑣 to a valuation 
on an algebraic closure 𝐾𝑣 of 𝐾𝑣. Let 𝐿 be an algebraic extension of 𝐾 . For any extension of 𝑣 to a 
valuation 𝑤 on 𝐿, there exists an embedding 𝜏∶ 𝐿 → 𝐾𝑣 fixing 𝐾  such that 𝑤 = ̄𝑣 ∘ 𝜏, by which we 
mean that

|𝛽|𝑤 = |𝜏(𝛽)|𝑣̄

for all 𝛽 ∈ 𝐿. If 𝜏′ ∶ 𝐿 → 𝐾𝑣 is another embedding fixing 𝐾 , then 𝑤′ = ̄𝑣 ∘ 𝜏′ is equal to 𝑤 if and only 
if 𝜏 and 𝜏′ are conjugate over 𝐾𝑣: i.e., 𝜏′ = 𝜎 ∘ 𝜏 for some automorphism 𝜎 of 𝐾𝑣 fixing 𝐾𝑣.

Proof. The valuation that 𝑤 induces on the completion 𝐿𝑤 can only be the unique valuation ex-
tending the valuation that 𝑣 induces on 𝐾𝑣. If 𝜏∶ 𝐿𝑤 → 𝐾𝑣 is any field embedding fixing 𝐾𝑣, then ̄𝑣 ∘𝜏
is a valuation on 𝐿𝑤 that extends 𝑣 on 𝐾𝑣, and hence it must be 𝑤.

113
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For the second statement, suppose first that 𝜏′ = 𝜎∘𝜏 with 𝜎 ∈ Aut𝐾𝑣
(𝐾𝑣). Again, ̄𝑣 is the unique 

valuation on 𝐾𝑣 extending the valuation on 𝐾𝑣, so ̄𝑣 ∘ 𝜎 = ̄𝑣. But then we have ̄𝑣 ∘ 𝜏′ = ̄𝑣 ∘ 𝜏, and 
restricting to 𝐿, this means that 𝑤′ = 𝑤.

Conversely, suppose that 𝑤′ = 𝑤. Note that 𝜏′ ∘ 𝜏−1 ∶ 𝜏(𝐿) → 𝜏′(𝐿) is an isomorphism fixing 𝐾 . 
Suppose that 𝐿/𝐾  is finite. As 𝐾  is dense in 𝐾𝑣 and 𝜏(𝐿) is also a finite extension of 𝐾 , we have that 
𝜏(𝐿) is dense in 𝜏(𝐿) ⋅ 𝐾𝑣 (and similarly for 𝜏′). Define

𝜎∶ 𝜏(𝐿) ⋅ 𝐾𝑣 → 𝜏′(𝐿) ⋅ 𝐾𝑣

by
𝜎(𝛼) = lim𝑛→∞ 𝜏′(𝛼𝑛)

for 𝛼 ∈ 𝜏(𝐿) ⋅ 𝐾𝑣, choosing a sequence (𝛼𝑛)𝑛 of elements of 𝐿 such that (𝜏(𝛼𝑛))𝑛 converges to 𝛼. 
Note that this is independent of choice, as if 𝛼′

𝑛 is another such sequence, then the limits of (𝜏′(𝛼𝑛))𝑛

and (𝜏′(𝛼′
𝑛))𝑛 are the same by continuity of 𝜏′. But then 𝜏′ = 𝜎∘𝜏, and 𝜎 is the unique isomorphism 

fixing 𝐾𝑣 with this property. We then extend 𝜎 to an element of Aut𝐾𝑣
(𝐾𝑣), obtaining the desired map.

In general, 𝐿 is a union of finite extensions 𝐸 of 𝐾 . For each such 𝐸, we have defined a unique 
isomorphism 𝜎𝐸 ∶ 𝜏(𝐸)𝐾𝑣 → 𝜏′(𝐸)𝐾𝑣 such that 𝜏′|𝐸 = 𝜎𝐸 ∘𝜏|𝐸. If 𝐸 and 𝐸′ are two finite extensions 
of 𝐾  in 𝐿, then 𝜎𝐸 and 𝜎𝐸′ agree on 𝜏(𝐸 ∩ 𝐸′)𝐾𝑣 ⊆ 𝜏(𝐸)𝐾𝑣 ∩ 𝜏(𝐸′)𝐾𝑣 by uniqueness. Together, 
the collection of maps 𝜎𝐸 defines an embedding of the compositum of the fields 𝜏(𝐸)𝐾𝑣 into 𝐾𝑣. We 
then extend this embedding to an automorphism of 𝐾𝑣 fixing 𝐾𝑣, and by definition, it has the property 
that 𝜏′ = 𝜎 ∘ 𝜏. ∎

Notation 6.1.5. If 𝐿/𝐾  is an extension of fields, 𝑣 is a valuation on 𝐾 , and 𝑤 is a valuation on 𝐿, then 
we write 𝑤 ∣ 𝑣 to denote that 𝑤 is equivalent to an extension of 𝑣. The set of 𝑤 ∣ 𝑣 will mean a set of 
representatives of the equivalence classes of the extensions of 𝑣 to 𝐿.

The following is in essence a consequence of Proposition 1.1.1.

Proposition 6.1.6. Let 𝐿/𝐾  be a finite separable extension of fields and 𝑣 a valuation on 𝐾 . Then 
there is an isomorphism

𝜅∶ 𝐿 ⊗𝐾 𝐾𝑣
∼⟶ ∏

𝑤∣𝑣
𝐿𝑤

such that 𝜅(𝛽 ⊗ 1) = (𝜄𝑤𝛽)𝑤 for all 𝛽 ∈ 𝐿, where 𝜄𝑤 ∶ 𝐿 → 𝐿𝑤 is the canonical embedding of a field 
in its completion.

Proof. As 𝐿/𝐾  is finite and separable, there exists an element 𝜃 ∈ 𝐿 such that 𝐿 = 𝐾(𝜃). Let 𝑓
be the minimal polynomial of 𝜃 over 𝐾 , and let 𝑓 = ∏𝑚

𝑖=1 𝑓𝑖 over 𝐾𝑣, where the 𝑓𝑖 are irreducible (and 
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necessarily distinct by separability of 𝑓 ). Choose a root 𝜃𝑖 of 𝑓𝑖(𝑥) for each 𝑖 inside a fixed algebraic 
closure 𝐾𝑣 of 𝐾 . Proposition 1.1.1 provides an isomorphism

𝐿 ⊗𝐾 𝐾𝑣
∼⟶

𝑚
∏
𝑖=1

𝐾𝑣(𝜃𝑖)

such that 𝜃 ⊗ 1 is sent to 𝜃𝑖 in the 𝑖th coordinate. By Theorem 5.4.7, the field 𝐾𝑣(𝜃𝑖) is necessarily 
complete with respect to a valuation 𝑤𝑖 extending 𝑣. The embedding 𝜏𝑖 ∶ 𝐿 → 𝐾𝑣(𝜃𝑖) sending 𝜃 to 𝜃𝑖

and fixing 𝐾  has dense image, so 𝐾𝑣(𝜃𝑖) is isomorphic to the completion of 𝐿 with respect to 𝑤𝑖.
If 𝑤 is any valuation on 𝐿 extending 𝑣, then Theorem 6.1.4 yields an embedding 𝜏 of 𝐿 into 𝐾𝑣

such that 𝑤 = ̄𝑣 ∘ 𝜏, where ̄𝑣 is the unique extension of 𝑣 from 𝐾𝑣 to 𝐾𝑣. Then 𝜏(𝜃) is the root of 𝑓𝑖
for some 𝑖, so there exists an automorphism 𝜎 over 𝐾𝑣 fixing 𝐾𝑣 such that 𝜏 = 𝜎 ∘ 𝜏𝑖 and therefore 
𝑤 = ̄𝑣 ∘ 𝜎 ∘ 𝜏𝑖 = ̄𝑣 ∘ 𝜏𝑖 = 𝑤𝑖. ∎

Corollary 6.1.7. Let 𝐿/𝐾  be a finite separable extension of fields and 𝑣 a valuation on 𝐾 . Then we 
have

[𝐿 ∶ 𝐾] = ∑
𝑤∣𝑣

[𝐿𝑤 ∶ 𝐾𝑣].

We can get more out of Proposition 6.1.6, which we will use later.

Definition 6.1.8. Let 𝐿/𝐾  be a finite separable extension of fields and 𝑣 a valuation on 𝐾 . 

a. The norm map for 𝐿/𝐾  at 𝑣 is the map

𝑁𝑣
𝐿/𝐾 ∶ ∏

𝑤∣𝑣
𝐿𝑤 → 𝐾𝑣

given by
𝑁𝑣

𝐿/𝐾((𝛽𝑤)𝑤) = ∏
𝑤∣𝑣

𝑁𝐿𝑤/𝐾𝑣
(𝛽𝑤).

b. The trace map for 𝐿/𝐾  at 𝑣 is the map

Tr𝑣
𝐿/𝐾 ∶ ∏

𝑤∣𝑣
𝐿𝑤 → 𝐾𝑣

given by
Tr𝑣

𝐿/𝐾((𝛽𝑤)𝑤) = ∑
𝑤∣𝑣

Tr𝐿𝑤/𝐾𝑣
(𝛽𝑤).

When 𝑣 is understood, these are denoted more simply by 𝑁𝐿/𝐾  and Tr𝐿/𝐾 .

We have the following, which says that 𝑁𝑣
𝐿/𝐾  and 𝑁𝐿/𝐾  coincide on 𝐿 (using its natural embedding 

in each 𝐿𝑤), and similarly for trace maps.
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Proposition 6.1.9.  Let 𝐿/𝐾  be a finite separable extension of fields, and let 𝑣 be a valuation on 𝐾 . 
For 𝛽 ∈ 𝐿, we may view it as an element of 𝐿𝑤 for each 𝑤 ∣ 𝑣, and as elements of 𝐾𝑣, we have

𝑁𝐿/𝐾(𝛽) = ∏
𝑤∣𝑣

𝑁𝐿𝑤/𝐾𝑣
(𝛽) and Tr𝐿/𝐾(𝛽) = ∑

𝑤∣𝑣
Tr𝐿𝑤/𝐾𝑣

(𝛽).

Proof. Let 𝑚𝛽 ∶ 𝐿 → 𝐿 be left multiplication. This indues a 𝐾𝑣-linear transformation 𝑚𝛽 ⊗ id𝐾𝑣

on 𝐾𝑣, and the characteristic polynomials of 𝑚𝛽 and 𝑚𝛽 ⊗ id𝐾𝑣
 agree. Noting that the isomorphism of 

Proposition 6.1.6 is one of 𝐿-vector spaces, the characteristic polynomial of 𝑚𝛽 ⊗ id𝐾𝑣
 coincides with 

the product of the characteristic polynomials of multiplication by 𝛽 on the 𝐿𝑤 for 𝑤 ∣ 𝑣. The result is 
then a consequence of Proposition 1.3.3. ∎

The following result on valuation rings will later be useful to us.

Proposition 6.1.10. Let 𝐿/𝐾  be a finite separable extension of fields and 𝑣 a discrete valuation on 𝐾 . 
Suppose that (𝛽1, … , 𝛽𝑛) is an ordered basis for 𝐿/𝐾  such that |𝛽𝑖|𝑤 ≤ 1 for all 1 ≤ 𝑖 ≤ 𝑛 and places 
𝑤 of 𝐿 lying over 𝑣, and |D(𝛽1, … , 𝛽𝑛)|𝑣 = 1. Then the isomorphism

𝜅∶ 𝐿 ⊗𝐾 𝐾𝑣
∼⟶ ∏

𝑤∣𝑣
𝐿𝑤

of Proposition 6.1.6 restricts to an isomorphism

𝜅′ ∶
𝑛

⨁
𝑖=1

𝒪𝑣(𝛽𝑖 ⊗ 1) ∼⟶ ∏
𝑤∣𝑣

𝒪𝑤,

where 𝒪𝑣 (resp., 𝒪𝑤) denotes the valuation ring of 𝐾𝑣 (resp., 𝐿𝑤).

Proof. First, we note that both the domain and codomain of 𝜅′ are free 𝒪𝑣-modules of rank 𝑛 =
[𝐿 ∶ 𝐾]. Moreover, 𝜅 is injective, so it suffices to show that 𝜅′ is surjective. For this, note that the 
trace pairing 𝜓∶ 𝐿 × 𝐿 → 𝐾  given by

𝜓(𝛼, 𝛽) = Tr𝐿/𝐾(𝛼𝛽)

extends to a unique 𝐾𝑣-bilinear pairing

𝜓𝑣 ∶ (𝐿 ⊗𝐾 𝐾𝑣) × (𝐿 ⊗𝐾 𝐾𝑣) → 𝐾𝑣,

which is given on simple tensors by the equation

𝜓𝑣(𝛼 ⊗ 𝑎, 𝛽 ⊗ 𝑏) = 𝑎𝑏 Tr𝐿/𝐾(𝛼𝛽).
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Let 𝑤1, … , 𝑤𝑔 be the places of 𝐿 lying over 𝑣. Since 𝒪𝑣 is a PID, each valuation ring 𝒪𝑤𝑖
 is a free 

𝒪𝑣-module of rank 𝑛𝑖 = [𝐿𝑤𝑖
∶ 𝐾𝑣]. So, for 1 ≤ 𝑖 ≤ 𝑔, let

𝑚𝑖 =
𝑖−1
∑
𝑗=1

𝑛𝑖,

and let (𝜆𝑚𝑖+1, … , 𝜆𝑚𝑖+1
) be an ordered basis of 𝒪𝑤𝑖

 as a free 𝒪𝑣-module. We view each 𝜆𝑖 as sitting 
in the product ∏𝑔

𝑖=1 𝒪𝑤𝑖
 by taking the other coordinates to be zero. Let 𝐴 = (𝑎𝑖,𝑗) ∈ GL𝑛(𝐾𝑣) be the 

matrix such that
𝜆𝑖 =

𝑛
∑
𝑗=1

𝜅(𝛽𝑗 ⊗ 𝑎𝑖,𝑗), (6.1.1)

for each 1 ≤ 𝑖 ≤ 𝑛. We must show that 𝐴 has entries in 𝒪𝑣.
Via 𝜅, the pairing 𝜓𝑣 gives rise to a pairing

𝜓̃ ∶
𝑔

∏
𝑖=1

𝐿𝑤𝑖
×

𝑔
∏
𝑖=1

𝐿𝑤𝑖
→ 𝐾𝑣

that is given on the basis (𝜆1, … , 𝜆𝑛) by

𝜓̃(𝜆𝑖, 𝜆𝑗) = 𝜓𝑣(𝜅−1(𝜆𝑖), 𝜅−1(𝜆𝑗))

=
𝑛

∑
𝑘=1

𝑛
∑
𝑙=1

𝜓𝑣(𝛽𝑘 ⊗ 𝑎𝑖,𝑘, 𝛽𝑙 ⊗ 𝑎𝑗,𝑙)

=
𝑛

∑
𝑘=1

𝑎𝑖,𝑘

𝑛
∑
𝑙=1

𝑎𝑗,𝑙 Tr𝐿/𝐾(𝛽𝑘𝛽𝑙)

=
𝑛

∑
𝑘=1

𝑎𝑖,𝑘

𝑛
∑
𝑙=1

𝑎𝑗,𝑙

𝑔
∑
ℎ=1

Tr𝐿𝑤ℎ
/𝐾𝑣

(𝛽𝑘𝛽𝑙)

= Tr𝑣
𝐿/𝐾(𝜆𝑖𝜆𝑗).

Here, of course, we have applied Proposition 6.1.9.
Note that 𝜆𝑖𝜆𝑗 has nontrivial component in 𝐿𝑤ℎ

 if and only if 𝑚ℎ + 1 ≤ 𝑖, 𝑗 ≤ 𝑚ℎ+1. If this is the 
case, then

𝜓̃(𝜆𝑖, 𝜆𝑗) = Tr𝐿𝑤ℎ
/𝐾𝑣

(𝜆𝑖𝜆𝑗),

and otherwise 𝜓̃(𝜆𝑖, 𝜆𝑗) = 0. It follows that the matrix 𝑀 = (𝜓̃(𝜆𝑖, 𝜆𝑗)) is block-diagonal with 
determinant 𝑔

∏
𝑖=1

D(𝜆𝑚𝑖+1, … , 𝜆𝑚𝑖+1
),

and this is exactly the discriminant of 𝜓̃ relative to the basis (𝜆1, … , 𝜆𝑛).
On the other hand, the discriminant of 𝜓̃ relative to the basis (𝛽1, … , 𝛽𝑛) is D(𝛽1, … , 𝛽𝑛) by 

definition, and we have by (6.1.1) and Lemma 1.4.6 that

D(𝛽1, … , 𝛽𝑛) = det(𝐴)2 det(𝑀) =
𝑔

∏
𝑖=1

D(𝜆𝑚𝑖+1, … , 𝜆𝑚𝑖+1
).
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Since D(𝜆𝑚𝑖+1, … , 𝜆𝑚𝑖+1
) ∈ 𝒪×

𝑣 for each 𝑖 and D(𝛽1, … , 𝛽𝑛) ∈ 𝒪×
𝑣 as well, we therefore have 

det(𝐴) ∈ 𝒪×
𝑣. Since the inverse of 𝐴 has coefficients in 𝒪𝑣, we therefore have that 𝐴 does as well. ∎

Finally, let us treat the special case of valuations on global fields and prove a product formula that 
generalizes the cases of ℚ and 𝔽𝑝(𝑡) for prime numbers 𝑝. The following modification of the complex 
absolute value is necessary to account for the fact that a complex embedding and its complex conjugate 
have the same valuation.

Notation 6.1.11. Let 𝐾  be a global field and 𝑣 a place 𝐾 . We set

‖ ‖𝑣 ∶ 𝐾×
𝑣 → ℝ≥0

by ‖ ‖𝑣 = | |𝑣 if 𝑣 is not complex, and ‖ ‖𝑣 = | |2𝑣  if 𝑣 is complex.

We have the following consequence of Proposition 6.1.9.

Lemma 6.1.12. Let 𝐿/𝐾  be a finite separable extension of global fields, and let 𝑣 be a place of 𝐾 . For 
𝛽 ∈ 𝐿, we have

‖𝑁𝐿/𝐾(𝛽)‖𝑣 = ∏
𝑤∣𝑣

‖ 𝛽‖𝑤.

Proof. Remark 5.4.2 and the definition of ‖ ‖𝑣 tell us that for a place 𝑤 of 𝐿 over 𝑣, we have

‖𝛼‖𝑤 = ‖𝛼‖[𝐿𝑤∶𝐾𝑣]
𝑣

for all 𝛼 ∈ 𝐾 . Noting Proposition 6.1.9, we then have

‖𝑁𝐿/𝐾(𝛽)‖𝑣 = ∏
𝑤∣𝑣

‖𝑁𝐿𝑤/𝐾𝑣
(𝛽)‖𝑣 = ∏

𝑤∣𝑣
‖𝑁𝐿𝑤/𝐾𝑣

(𝛽)‖[𝐿𝑤∶𝐾𝑣]−1
𝑤 = ∏

𝑤∣𝑣
‖𝛽‖𝑤.

∎

Theorem 6.1.13  (Product formula). Let 𝐾  be a global field, and let 𝛼 ∈ 𝐾×. Then

∏
𝑣∈𝑉𝐾

‖𝛼‖𝑣 = 1.

Proof. By Propositions 5.2.34 and  5.2.35, we have the result for ℚ and 𝔽𝑝(𝑡) for all primes 𝑝. 
The field 𝐾  is in the general case a finite extension of exactly one of these fields, which we denote by 
𝐹. By Lemma 6.1.12, we have

∏
𝑣∈𝑉𝐾

‖𝛼‖𝑣 = ∏
𝑢∈𝑉𝐹

∏
𝑣∣𝑢

‖𝛼‖𝑣 = ∏
𝑢∈𝑉𝐹

‖𝑁𝐾/𝐹(𝛼)‖𝑢 = 1.

∎
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We make the following definitions.

Definition 6.1.14. Suppose that 𝐿/𝐾  is a finite separable extension of complete discrete valuation 
fields. 

a. The ramification index 𝑒𝐿/𝐾  of 𝐿/𝐾  is the additive valuation on 𝐿 of a uniformizer of 𝐾 .

b. The residue degree 𝑓𝐿/𝐾  of 𝐿/𝐾  is the degree of its residue field of 𝐿 over the residue field of 
𝐾 .

Remark 6.1.15. In the case that 𝐿/𝐾  is a finite separable extension of complete discrete valuation 
fields for which 𝐾 = ℚ𝑝 or 𝐾 = 𝔽𝑝((𝑡)), we denote 𝑒𝐿/𝐾  and 𝑓𝐿/𝐾  by 𝑒𝐿 and 𝑓𝐿, respectively.

Remark 6.1.16. The latter definitions agree with those previously given. That is, let 𝐿/𝐾  be a finite 
extension of complete discrete valuation fields. Let 𝔪𝐿 be the maximal ideal of 𝐿 and 𝔪𝐾  that of 𝐾 . 
We then have 𝑒𝐿/𝐾 = 𝑒𝔪𝐿/𝔪𝐾

 and 𝑓𝐿/𝐾 = 𝑓𝔪𝐿/𝔪𝐾
.

For complete discrete valuation fields, the degree formula is rather simpler than before.

Lemma 6.1.17. Let 𝐿/𝐾  be a finite separable extension of complete discrete valuation fields. We have 
[𝐿 ∶ 𝐾] = 𝑒𝐿/𝐾 𝑓𝐿/𝐾 .

Proof. There is only one nonzero prime ideal in the valuation ring of 𝐿, and it lies over the maximal 
ideal of the valuation ring of 𝐾 . Theorem 2.5.11 then yields the result. ∎

Definition 6.1.18. We say that a finite separable extension 𝐿/𝐾  of complete discrete valuation fields 
is unramified, ramified, or totally ramified if the maximal ideal of the valuation ring of 𝐿/𝐾  is inert 
(𝑒𝐿/𝐾 = 1), ramified (𝑒𝐿/𝐾 > 1), or totally ramified (𝑒𝐿/𝐾 = [𝐿 ∶ 𝐾]) in the extension, respectively.

We compare these invariants with those defined previously.

Proposition 6.1.19. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , and let 𝐵 be the integral closure 
of 𝐴 in a finite, separable extension 𝐿 of 𝐾 . Let 𝔭 be a nonzero prime ideal of 𝐴, and let 𝔓 be a prime 
ideal of 𝐵 lying over 𝔭. Then 𝑒𝔓/𝔭 = 𝑒𝐿𝔓/𝐾𝔭

 and 𝑓𝔓/𝔭 = 𝑓𝐿𝔓/𝐾𝔭
.

Proof. We know that the residue field of 𝐾  for 𝔭 is isomorphic to the residue field of 𝐾𝔭, and 
similarly for 𝐿 and 𝐿𝔓. Therefore, the second equality holds. As for the first, note that the valuation 
on 𝐾𝔭 (resp., 𝐿𝔓) is just the unique extension of that on 𝐾  (resp., 𝐿). If 𝜋𝐾  (resp., 𝜋𝐿) is a uniformizer 
of 𝐾𝔭 (resp., 𝐿𝔓), and 𝒪 is the valuation ring of 𝐿𝔓 then we have

𝜋𝐾𝒪 = 𝔭𝒪 = 𝔓𝑒𝔓/𝔭𝒪 = (𝜋𝑒𝔓/𝔭
𝐿 ),

so the ramification index of 𝐿𝔓/𝐾𝔭 is 𝑣𝔓(𝜋𝐾) = 𝑒𝔓/𝔭. ∎
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Definition 6.1.20. Let 𝐾  be a field, let 𝐿 be a Galois extension of 𝐾 , and let 𝑤 be a valuation on 𝐿. 
For 𝜎 ∈ Gal(𝐿/𝐾), the conjugate valuation 𝜎(𝑤) is defined by

|𝛽|𝜎(𝑤) = |𝜎−1(𝛽)|𝑤

for 𝛽 ∈ 𝐿.

Remark 6.1.21. Definition 6.1.20 provides an action of the Galois group of 𝐿/𝐾  on the set of valua-
tions of 𝐿.

Remark 6.1.22. Suppose that 𝐿/𝐾  is an extension of global fields. Let 𝑣 be a valuation on 𝐾 , and let 
𝑤 be a valuation on 𝐿 lying over it (i.e., such that | |𝑤 extends | |[𝐿𝑤∶𝐾𝑣]

𝑣 ). 

a. If 𝑣 is the 𝔭-adic valuation of a finite prime 𝔭, then 𝑤 is the 𝔓-adic valuation of a prime 𝔓
lying over it, and 𝜎(𝑤) is just the 𝜎(𝔓)-adic valuation. If 𝑣 is an infinite prime of a finite extension of 
𝔽𝑝(𝑡), then it arises as a prime ideal of the integral closure of 𝔽𝑝[𝑡−1] in 𝐾 , and we have the analogous 
description.

b. If 𝑣 is an archimedean prime, then 𝑣 arises from a real or complex embedding 𝜏𝑣 of 𝐾 , and 
𝑤 arises from an embedding 𝜏𝑤 extending it. We then have |𝛽|𝜎(𝑤) = |𝜏𝑤 ∘ 𝜎−1(𝛽)|, and if 𝜏𝑤 is 
complex, the complex conjugate embedding 𝜏𝑤 yields the same absolute value.

Given all this, we may speak of decomposition and inertia groups almost as before.

Definition 6.1.23. Let 𝐿/𝐾  be a Galois extension of fields with Galois group 𝐺, and let 𝑤 be a valuation 
on 𝐿. 

a. The decomposition group 𝐺𝑤 of 𝑤 is the set of 𝜎 ∈ 𝐺 fixing 𝑤.

b. The inertia group 𝐼𝑤 of 𝑤 is the set of 𝜎 ∈ 𝐺𝑤 such that |𝜎(𝛽) − 𝛽|𝑤 < 1 for all 𝛽 ∈ 𝐿 with 
|𝛽|𝑤 ≤ 1 if 𝑤 is nonarchimedean and the decomposition group if 𝑤 is archimedean.

We leave the following simple check to the reader.

Lemma 6.1.24. Let 𝐿/𝐾  be a Galois extension of fields with Galois group 𝐺, and let 𝑤 be a valuation 
on 𝐿. The inertia group 𝐼𝑤 is a normal subgroup of the decomposition group 𝐺𝑤.

The following is an immediate consequence of Proposition 2.6.14 in the case of discrete valuation 
fields, but note that the analogous proof goes through in general.

Proposition 6.1.25. If 𝐿/𝐾  is a Galois extension of complete nonarchimedean valuation fields, then 
the decomposition group of the prime of 𝐾  is all of 𝐺 = Gal(𝐿/𝐾), and we have an exact sequence

1 → 𝐼 → 𝐺 → Gal(𝜅(𝐿)/𝜅(𝐾)) → 1,

where 𝐼  is the inertia group in 𝐺 and 𝜅(𝐿) (resp., 𝜅(𝐾)) is the residue field of 𝐿 (resp., 𝐾).
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For the valuations attached to nonzero prime ideals in Dedekind domains, the decomposition and 
inertia groups agree with Definitions 2.6.5 and  2.6.15, as seen from the following.

Proposition 6.1.26. Let 𝐿/𝐾  be a Galois extension of fields, and let 𝑤 be a valuation on 𝐿 extending 
a valuation 𝑣 of 𝐾 . Then the restriction map

Gal(𝐿𝑤/𝐾𝑣) → Gal(𝐿/𝐾), 𝜎 ↦ 𝜎|𝐿

is an injection with image the decomposition group of 𝑤. If 𝑤 is nonarchimedean, the image of the 
inertia subgroup of Gal(𝐿𝑤/𝐾𝑣) under this map is the inertia group of 𝑤.

Proof. Note that any 𝜎 ∈ Gal(𝐿𝑤/𝐾𝑣) acts continuously on 𝐿𝑤, since 𝑤 = 𝜎(𝑤), as there is 
a unique valuation on 𝐿𝑤 extending the restriction of 𝑤 to 𝐾𝑣. If 𝜎(𝛽) = 𝛽 for all 𝛽 ∈ 𝐿, then 
continuity forces 𝜎(𝛽) = 𝛽 for all 𝛽 ∈ 𝐿𝑤, since 𝐿 is dense in 𝐿𝑤. So, the restriction map is injective, 
and its image is by definition contained in the decomposition group 𝐺𝑤 of 𝐺 = Gal(𝐿/𝐾). Any 𝜏 in 
the decomposition group of 𝑤 in 𝐺 satisfies 𝑤 = 𝜏(𝑤) on 𝐿, so on 𝐿𝑤 as well by continuity. Therefore, 
𝜏∶ 𝐿 → 𝐿 is continuous, and its composite with the natural inclusion 𝐿 ↪ 𝐿𝑤 extends to a unique 
element of Gal(𝐿𝑤/𝐾𝑣) by continuity, as in Proposition 5.3.12. That is, the image of restriction is 𝐺𝑤.

For 𝑤 nonarchimedean, it remains to show that the image of the inertia group in Gal(𝐿𝑤/𝐾𝑣) is 
the inertia group 𝐼𝑤 in 𝐺. By definition, the image is contained in this group. Let 𝜏 ∈ 𝐼𝑤, and take 
𝛽 ∈ 𝒪𝑤. As 𝐿𝑤 is the completion of 𝐿, we have |𝛽 − 𝑏|𝑤 < 1 for some 𝑏 ∈ 𝐿 with |𝑏|𝑤 ≤ 1. Set 
𝛽′ = 𝛽 − 𝑏. Since 𝑤 is nonarchimedean and |𝜏(𝑏) − 𝑏|𝑤 < 1, we have |𝜏(𝛽) − 𝛽|𝑤 < 1 if and only if 
|𝜏(𝛽′) − 𝛽′|𝑤 < 1. But |𝜏(𝛽′) − 𝛽′|𝑤 ≤ |𝛽′|𝑤 < 1 as |𝜏(𝛽′)|𝑤 = |𝛽′|𝑤. Therefore, the extension of 
𝜏 to an element of Gal(𝐿𝑤/𝐾𝑣) lies in the inertia subgroup. ∎

6.2 Differents and discriminants

Lemma 6.2.1. Let 𝐴 be a integrally closed domain with quotient field 𝐾 , let 𝐿 be a finite separable 
extension of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. Let

ℭ = {𝛼 ∈ 𝐿 ∣ Tr𝐿/𝐾(𝛼𝛽) ∈ 𝐴 for all 𝛽 ∈ 𝐵}.

Then ℭ is a fractional ideal of 𝐵.

Proof. Let 𝛼1, … , 𝛼𝑛 be a basis of 𝐿 as a 𝐾-vector space that consists of elements of 𝐵. Let 
𝑑 = D(𝛼1, … , 𝛼𝑛). By Lemma 1.4.19, we have that 𝑑ℭ ⊆ 𝐵, so ℭ is a fractional ideal of 𝐵. ∎

Lemma 6.2.1 allows us to make this following definition.
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Definition 6.2.2. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable exten-
sion of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. The different 𝔇𝐵/𝐴 of 𝐵 over 𝐴 is the inverse of 
the fractional ideal

{𝛼 ∈ 𝐿 ∣ Tr𝐿/𝐾(𝛼𝛽) ∈ 𝐴 for all 𝛽 ∈ 𝐵}.

Remark 6.2.3. Since 𝐿/𝐾  is finite separable in Definition 6.2.2, the trace pairing of Example 1.4.4 
is nonnegenerate by Proposition 1.4.13. In particular, 𝔇𝐵/𝐴 is well-defined since it is the inverse of a 
submodule of 𝐿.

Remark 6.2.4. The inverse different 𝔇𝐵/𝐴 of Definition 6.2.2 is the smallest nonzero ideal of 𝐵 such 
that

Tr𝐿/𝐾(𝔇−1
𝐵/𝐴) ⊆ 𝐴,

and it is a nonzero ideal of 𝐵 since 𝔇−1
𝐵/𝐴 contains 𝐵 by definition.

Lemma 6.2.5. Let 𝐴 be a Dedekind domain with quotient field 𝐾 . Let 𝐿/𝐾  and 𝑀/𝐿 be finite separable 
extensions, let 𝐵 be the integral closure of 𝐴 in 𝐿, and let 𝐶 be the integral closure of 𝐴 in 𝑀. We then 
have

𝔇𝐶/𝐴 = 𝔇𝐶/𝐵 ⋅ 𝔇𝐵/𝐴.

Proof. We have

Tr𝑀/𝐾(𝔇−1
𝐶/𝐵𝔇−1

𝐵/𝐴) = Tr𝐿/𝐾(𝔇−1
𝐵/𝐴 Tr𝑀/𝐿(𝔇−1

𝐶/𝐵)) ⊆ Tr𝐿/𝐾(𝔇−1
𝐵/𝐴) ⊆ 𝐴,

which implies that 𝔇𝐶/𝐴 ⊆ 𝔇𝐶/𝐵𝔇𝐵/𝐴. On the other hand, we may compute

Tr𝐿/𝐾(Tr𝑀/𝐿(𝔇−1
𝐶/𝐴)) = Tr𝑀/𝐾(𝔇−1

𝐶/𝐴) ⊆ 𝐴,

so Tr𝑀/𝐿(𝔇−1
𝐶/𝐴) ⊂ 𝔇−1

𝐵/𝐴. We therefore have that

Tr𝑀/𝐿(𝔇𝐵/𝐴𝔇−1
𝐶/𝐴) = 𝔇𝐵/𝐴 Tr𝑀/𝐿(𝔇−1

𝐶/𝐴) ⊆ 𝐵,

so 𝔇𝐶/𝐵 ⊆ 𝔇−1
𝐵/𝐴𝔇𝐶/𝐴, which is to say that 𝔇𝐶/𝐵𝔇𝐵/𝐴 ⊆ 𝔇𝐶/𝐴. ∎

Lemma 6.2.6. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable extension 
of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. For any multiplicatively closed subset 𝑆 of 𝐴, one has

𝔇𝑆−1𝐵/𝑆−1𝐴 = 𝑆−1𝔇𝐵/𝐴.
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Proof. Note that
Tr𝐿/𝐾(𝑆−1𝔇−1

𝐵/𝐴) = 𝑆−1 Tr𝐿/𝐾(𝔇−1
𝐵/𝐴) ⊆ 𝑆−1𝐵,

so 𝔇𝑆−1𝐵/𝑆−1𝐴 ⊆ 𝑆−1𝔇𝐵/𝐴. On the other hand, we have

Tr𝐿/𝐾(𝔇𝑆−1𝐵/𝑆−1𝐴) ⊆ 𝑆−1𝐵,

so for each 𝛼 ∈ 𝔇−1
𝑆−1𝐵/𝑆−1𝐴, there exists 𝑠 ∈ 𝑆 such that Tr𝐿/𝐾(𝑠𝛼) = 𝑠 Tr𝐿/𝐾(𝛼) ∈ 𝐵, so 𝑠𝛼 ∈ 𝔇−1

𝐵/𝐴. 
Therefore, we have the other containment. ∎

Somewhat more involved is the following.

Lemma 6.2.7. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable extension 
of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. Let 𝔭 be a prime ideal of 𝐴, and let 𝔓 be a prime ideal of 
𝐵 lying over it. Let 𝒪𝔓 (resp., 𝒪𝔭) denote the valuation ring of 𝐿𝔓 (resp., 𝐾𝔭). Then

𝔇𝐵/𝐴𝒪𝔓 = 𝔇𝒪𝔓/𝒪𝔭
.

Proof. Let 𝛼 ∈ 𝔇−1
𝐵/𝐴, and let 𝛽 ∈ 𝒪𝔓. We claim that Tr𝐿𝔓/𝐾𝔭

(𝛼𝛽) ∈ 𝒪𝔭. Let 𝔓1, … , 𝔓𝑔 be the 
prime ideals of 𝐵 lying over 𝔭, taking 𝔓1 = 𝔓. For this, let (𝛽𝑛)𝑛 be a sequence in 𝐵 with limit 𝛽 in 
the 𝔓-adic topology and with limit 0 in the 𝔓𝑖-adic topology for 𝑖 ≥ 2, which exists by the Chinese 
remainder theorem. Since the trace map is continuous, we have

Tr𝐿𝔓/𝐾𝔭
(𝛼𝛽) = lim𝑛→∞ Tr𝐿𝔓/𝐾𝔭

(𝛼𝛽𝑛).

Moreover, we have by Proposition 6.1.9 that

Tr𝐿𝔓/𝐾𝔭
(𝛼𝛽𝑛) = Tr𝐿/𝐾(𝛼𝛽𝑛) −

𝑔
∑
𝑖=2

Tr𝐿𝔓𝑖/𝐾𝔭
(𝛼𝛽𝑛).

Note that Tr𝐿/𝐾(𝛼𝛽𝑛) ∈ 𝐴 and that, for 𝑖 ≥ 2, the sequence of elements Tr𝐿𝔓𝑖/𝐾𝔭
(𝛼𝛽𝑛) ∈ 𝐾𝔭 tends to 

0 in the 𝔭-adic topology, again by continuity of the trace map. Therefore, for sufficiently large 𝑛, the 
element Tr𝐿𝔓/𝐾𝔭

(𝛼𝛽𝑛) lies in 𝒪𝔭, proving the claim. In particular, we have 𝔇−1
𝐵/𝐴 ⊆ 𝔇−1

𝒪𝔓/𝒪𝔭
.

On the other hand, if 𝛼 ∈ 𝔇−1
𝒪𝔓/𝒪𝔭

, then we may write 𝛼 as the limit of a sequence (𝛼𝑛)𝑛 in 𝐿 that 
has limit 0 in 𝐿𝔓𝑖

 for 𝑖 ≥ 2. For 𝛽 ∈ 𝐵, we have

lim𝑛→∞ Tr𝐿/𝐾(𝛼𝑛𝛽) =
𝑔

∑
𝑖=1

lim𝑛→∞ Tr𝐿𝔓𝑖/𝐾𝔭
(𝛼𝑛𝛽) = Tr𝐿𝔓/𝐾𝔭

(𝛼𝛽) ∈ 𝒪𝔭.

Since 𝐾 ∩ 𝒪𝔭 = 𝐴𝔭, we have that Tr𝐿/𝐾(𝛼𝑛𝛽) ∈ 𝐴𝔭 for sufficiently large 𝑛. By Lemma 6.2.6, 
we therefore have 𝛼𝑛 ∈ 𝑆−1𝔇−1

𝐵/𝐴 for all such 𝑛, where 𝑆 is the complement of 𝔭 in 𝐴. But then 
𝛼 ∈ 𝔇−1

𝐵/𝐴𝒪𝔓 as the limit of these elements. We therefore have the reverse containment 𝔇−1
𝒪𝔓/𝒪𝔭

⊆
𝔇−1

𝐵/𝐴𝒪𝔓 and therefore equality. Since the these fractional ideals in 𝒪𝔓 agree, so do their inverses, 
proving the lemma. ∎

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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The following is an immediate corollary.

Corollary 6.2.8. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable extension 
of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. For any prime ideal 𝔓 of 𝐵, we will use 𝔭 to denote 𝔓 ∩ 𝐴
and 𝔇𝔓/𝔭 to denote the intersection with 𝐵 of the local different 𝔇𝒪𝔓/𝒪𝔭

, where 𝒪𝔓 (resp., 𝒪𝔭) is the 
valuation ring of 𝐿𝔓 (resp., 𝐾𝔭). We then have

𝔇𝐵/𝐴 = ∏
𝔓

𝔇𝔓/𝔭,

with the product taken over the nonzero prime ideals of 𝐵.

In the case that 𝐵/𝐴 is an extension Dedekind domains such that 𝐵 is generated by a single element 
as an 𝐴-algebra, we have the following explicit recipe for the different.

Proposition 6.2.9. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable 
extension of 𝐾 . Let 𝛽 ∈ 𝐿 be integral over 𝐴, let 𝑓 ∈ 𝐴[𝑥] be the minimal polynomial of 𝛽, and let 
𝑓 ′ ∈ 𝐴[𝑥] be the formal derivative of 𝑓 . Then 𝑓 ′(𝛽)−1 generates the 𝐴[𝛽]-module

{𝛼 ∈ 𝐿 ∣ Tr𝐿/𝐾(𝛼𝐴[𝛽]) ⊆ 𝐴}.

Proof. Write 𝑓 = ∑𝑛
𝑖=0 𝑎𝑖𝑥𝑖 for some 𝑎𝑖 ∈ 𝐴 with 𝑎𝑛 = 1. Let 𝛽1, … , 𝛽𝑛 be the roots of 𝑓  in an 

algebraic closure of 𝐿. We claim that for any nonnegative integer 𝑘 < 𝑛, we have
𝑛

∑
𝑖=1

𝑓
𝑥 − 𝛽𝑖

𝛽𝑘
𝑖

𝑓 ′(𝛽𝑖)
= 𝑥𝑘. (6.2.1)

To see this, note that the two sides of (6.2.1) are equal upon evaluation at each 𝛽𝑖, yet both sides are 
polynomials of degree less than 𝑛, so their difference is identically zero.

We have
𝑓

𝑥 − 𝛽 =
𝑛−1
∑
𝑗=0

𝑏𝑗𝑥𝑗

for some 𝑏𝑗 ∈ 𝐴[𝛽], so
𝑛−1
∑
𝑗=0

Tr𝐿/𝐾 (𝛽𝑘 𝑏𝑗
𝑓 ′(𝛽)) 𝑥𝑗 = 𝑥𝑘,

and therefore
Tr𝐿/𝐾 (𝛽𝑘 𝑏𝑗

𝑓 ′(𝛽)) = 𝛿𝑗,𝑘.

Now, the elements 𝑏𝑗

𝑓 ′(𝛽)  span {𝛼 ∈ 𝐿 ∣ Tr𝐿/𝐾(𝛼𝐴[𝛽]) ⊆ 𝐴} as an 𝐴-module. We therefore need 
only show that the 𝑏𝑗 span 𝐴[𝛽]. For this, note that

(𝑥 − 𝛽)
𝑛−1
∑
𝑖=0

𝑏𝑖𝑥𝑖 =
𝑛

∑
𝑖=0

𝑎𝑖𝑥𝑖,
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so 𝑏𝑛−1 = 1 and 𝑏𝑗 − 𝛽𝑏𝑗+1 = 𝑎𝑗+1 for each 0 ≤ 𝑗 ≤ 𝑛 − 1. Solving for the 𝑏𝑗, we obtain

𝑏𝑗 =
𝑛−𝑗−1
∑
𝑖=0

𝑎𝑖+𝑗+1𝛽𝑖,

for each 𝑗. Since the coefficients of the powers of 𝛽 in the latter expression 𝑏𝑗 form the columns of a 
unipotent matrix in 𝐴, each power 𝛽𝑖 of 𝛽 with 0 ≤ 𝑖 ≤ 𝑛−1 may be written as an 𝐴-linear combination 
of the 𝑏𝑗. Thus, the 𝑏𝑖 span 𝐴[𝛽]. ∎

Corollary 6.2.10. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite extension of 𝐾 . 
Suppose that the integral closure of 𝐴 in 𝐿 equals 𝐴[𝛽] for some 𝛽 ∈ 𝐿. Let 𝑓 ∈ 𝐴[𝑥] be the minimal 
polynomial of 𝛽, and let 𝑓 ′ ∈ 𝐴[𝑥] be the formal derivative of 𝑓 . Then 𝒟𝐵/𝐴 = (𝑓 ′(𝛽)).

We will require the following.

Lemma 6.2.11. Let 𝐾  be a complete discrete valuation field with valuation ring 𝒪𝐾 , and let 𝐿 be a 
finite extension of 𝐾 , with valuation ring 𝒪𝐿. Suppose that the corresponding extension 𝜅(𝐿)/𝜅(𝐾)
of residue fields is separable. Then there exists 𝛽 ∈ 𝒪𝐿 such that 𝒪𝐿 = 𝒪𝐾[𝛽]. Moreover, any 
𝛽′ ∈ 𝒪𝐿 sufficiently close to 𝛽 in the topology of 𝐿 also satisfies 𝒪𝐿 = 𝒪𝐾[𝛽′].

Proof. Since 𝜅(𝐿)/𝜅(𝐾) is separable, there exists 𝛽̄ ∈ 𝜅(𝐿) such that 𝜅(𝐿) = 𝜅(𝐾)(𝛽̄). Let 
̄𝑓 ∈ 𝜅(𝐾)[𝑥] be the minimal polynomial of 𝛽̄, and let 𝑓 ∈ 𝒪𝐾[𝑥] be any lift of ̄𝑓 . We claim that there 

exists a lift 𝛽 ∈ 𝒪𝐿 of 𝛽̄ to an element with 𝑓 (𝛽) a uniformizer of 𝐿. For any lift 𝛼, we must have at 
least that the valuation of 𝑓 (𝛼) is positive, since ̄𝑓 (𝛽̄) = 0. If it is not 1, then 𝛼 + 𝜋𝐿, where 𝜋𝐿 is a 
uniformizer of 𝐿 is another lift with

𝑓 (𝛼 + 𝜋𝐿) ≡ 𝑓 (𝛼) + 𝑓 ′(𝛼)𝜋𝐿 mod (𝜋𝐿)2.

Since ̄𝑓  is separable, we have that 𝑓 ′(𝛼) ∈ 𝒪×
𝐿. Therefore, we 𝑓 (𝛼 + 𝜋𝐿) does indeed have valuation 

1.
Now, with 𝛽 chosen, we set 𝜋𝐿 = 𝑓 (𝛽) and claim that the 𝛽𝑖𝜋𝑗

𝐿 = 𝛽𝑖𝑓 (𝛽)𝑗 with 0 ≤ 𝑖 ≤ 𝑓𝐿/𝐾 − 1
and 0 ≤ 𝑗 ≤ 𝑒𝐿/𝐾 − 1 form an 𝒪𝐾-basis of 𝒪𝐿, which will finish the proof, aside from the final 
statement. Given a uniformizer 𝜋𝐾  of 𝐾 , it suffices to show that the elements 𝛽𝑖𝜋𝑗

𝐿 are a basis of 
𝒪𝐿/𝜋𝐾𝒪𝐿 as an 𝜅(𝐾)-vector space. To see this, fix a set 𝑆𝐾  of representatives of 𝜅(𝐾) in 𝒪𝐾 , and 
note that the set 𝑆𝐿 of elements

𝑓𝐿/𝐾−1

∑
𝑖=0

𝑐𝑖𝛽𝑖

with 𝑐𝑖 ∈ 𝑆𝐾  is a set of representatives of 𝜅(𝐿). While 𝜋𝑒𝐿/𝐾
𝐿  is a multiple of 𝜋𝐾 , the elements

𝑒𝐿/𝐾−1

∑
𝑖=0

𝑎𝑖𝜋𝑖
𝐿
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with 𝑎𝑖 ∈ 𝑆𝐿 clearly have distinct image in the quotient, which has dimension 𝑒𝐿/𝐾 𝑓𝐿/𝐾 . Hence, we 
have the claim.

Finally, note that the proof that 𝒪𝐿 = 𝒪𝐾[𝛽] depended only on the facts that 𝛽 lifts 𝛽̄ and that 
𝑓 (𝛽) is a uniformizer. Since this holds true for any element in the congruence class of 𝛽 modulo 𝜋2

𝐿, 
we are done. ∎

The latter lemma helps to extend the recipe of Corollary 6.2.10 to the general case. We omit the 
proof of the following theorem.

Theorem 6.2.12. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable exten-
sion of 𝐾 , and let 𝐵 be the integral closure of 𝐴 in 𝐿. The 𝔇𝐵/𝐴 is the ideal generated by the elements 
𝑓 ′(𝛽) with 𝛽 ∈ 𝐵 such that 𝐿 = 𝐾(𝛽), for 𝑓 ∈ 𝐴[𝑥] the minimal polynomial of 𝛽.

containment, we consider the completion 𝒪𝔓 of 𝐵 with respect to a nonzero prime ideal
We may now show that the different detects ramification of primes.

Theorem 6.2.13. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite extension of 𝐾 , 
and let 𝐵 be the integral closure of 𝐴 in 𝐿. Let 𝔓 be a nonzero prime ideal of 𝐵, let 𝔭 = 𝐴 ∩ 𝔓, and 
suppose that the corresponding extension of residue fields is separable. Then 𝔓 is ramified over 𝐴 if 
and only if it divides 𝔇𝐵/𝐴.

Proof. By Lemma 6.2.7, we may replace 𝐵 by its completion at 𝔓 and 𝐴 by its completion at 𝔭. 
Therefore, we assume that 𝐴 is a complete discrete valuation ring, as is 𝐵. By Lemma 6.2.11, we have 
that 𝐵 = 𝐴[𝛽] for some 𝛽 ∈ 𝐵. Let 𝑓 ∈ 𝐴[𝑥] be the minimal polynomial of 𝛽. As 𝔇𝐵/𝐴 = (𝑓 ′(𝛽)), 
the prime 𝔓 does not divide 𝔇𝐵/𝐴 if and only if 𝑓 ′(𝛽) is a unit, which is to say if and only if the image 
𝛽̄ ∈ 𝐵/𝔓 of 𝛽 is a simple root of the image ̄𝑓  of 𝑓  in (𝐴/𝔭)[𝑥].

If 𝔓 is unramified, then 𝐵/𝔓 = (𝐴/𝔭)[𝛽̄] is of degree [𝐿 ∶ 𝐾] over 𝐴/𝔭, so ̄𝑓  is irreducible. Since 
the extension of residue fields is separable, ̄𝑓  is itself separable, so 𝑓 ′(𝛽) is a unit.

Conversely, suppose that 𝑓 ′(𝛽) is a unit. Then the minimal polynomial 𝑔̄ of 𝛽̄ is relatively prime 
to ̄𝑓 𝑔̄−1. By Theorem 5.3.33, there is a lift 𝑔 ∈ 𝐴[𝑥] of 𝑔̄ that divides 𝑓  and has the same degree as 
𝑔̄. As 𝑓  is irreducible, this forces deg 𝑔̄ = [𝐿 ∶ 𝐾], which means that ̄𝑓 = 𝑔̄ is irreducible. Thus, 𝔓 is 
unramified. ∎

The different is closely is closely related to the discriminant, which we now define in greater 
generality than before, though with slightly less specificity in the already defined case that the ground 
ring is ℤ, since the different we now consider is an ideal, not an integer.

Definition 6.2.14. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable 
extension of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. The discriminant 𝔡𝐵/𝐴 of 𝐵/𝐴 is the ideal 
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of 𝐴 generated by all discriminants D(𝛼1, … , 𝛼𝑛) of ordered bases (𝛼1, … , 𝛼𝑛) of 𝐿 over 𝐾  that are 
contained in 𝐵.

Proposition 6.2.15. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable 
extension of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. Then

𝔡𝐵/𝐴 = 𝑁𝐿/𝐾(𝔇𝐵/𝐴).

Proof. Let 𝔭 be a prime ideal of 𝐴 that divides 𝔡𝐵/𝐴. (By Proposition 2.5.15, the ideals of 𝐴 that 
ramify in 𝐵, hence lie below primes dividing 𝔇𝐵/𝐴, divide 𝔡𝐵/𝐴, so this suffices.) Let 𝑆 = 𝐴 − 𝔭, 
and consider the localizations 𝑆−1𝔇𝐵/𝐴 and 𝑆−1𝔡𝐵/𝐴. We know that 𝑆−1𝔇𝐵/𝐴 = 𝔇𝑆−1𝐵/𝑆−1𝐴 and that 
𝑆−1𝔡𝐵/𝐴 = 𝔡𝑆−1𝐵/𝑆−1𝐴 follows directly from the definition of the discriminant (since 𝑆 is contained in 
𝐴 and the discriminant function 𝐷 is 𝐾-multilinear). Therefore, we may assume that 𝐴 is a DVR, from 
which it follows that 𝐵 is a PID (as a Dedekind domain with only finitely many nonzero prime ideals).

Since 𝐵 is a torsion-free 𝐴-module of finite rank, it admits an 𝐴-basis (𝛼1, … , 𝛼𝑛), and we 
have 𝔡𝐵/𝐴 = D(𝛼1, … , 𝛼𝑛). Let (𝛽1, … , 𝛽𝑛) ∈ 𝐿𝑛 be the dual basis to (𝛼1, … , 𝛼𝑛) for which 
Tr𝐿/𝐾(𝛼𝑖𝛽𝑗) = 𝛿𝑖,𝑗 for 1 ≤ 𝑖, 𝑗 ≤ 𝑛. Then (𝛽1, … , 𝛽𝑛) is a free 𝐴-module basis of 𝔇−1

𝐵/𝐴. Let 𝛾 ∈ 𝐵
be such that (𝛾) = 𝔇𝐵/𝐴, and note that (𝛾−1𝛼1, … , 𝛾−1𝛼𝑛) is also an ordered basis of 𝔇−1

𝐵/𝐴 as an 
𝐴-module. We therefore have

(D(𝛽1, … , 𝛽𝑛)) = (D(𝛾−1𝛼1, … , 𝛾−1𝛼𝑛)) = (𝑁𝐿/𝐾(𝛾))−2(D(𝛼1, … , 𝛼𝑛)). (6.2.2)

Let 𝜎1, … , 𝜎𝑛 be the 𝐾-linear embeddings of 𝐿 in an algebraic closure 𝐾  of 𝐾 . Note that the 
product of the transpose of the matrix (𝜎𝑖𝛼𝑗)𝑖,𝑗 and the matrix (𝜎𝑖𝛽𝑗)𝑖,𝑗 has (𝑖, 𝑗)-entry

𝑛
∑
𝑘=1

𝜎𝑘(𝛼𝑖)𝜎𝑘(𝛽𝑗) = Tr𝐿/𝐾(𝛼𝑖𝛽𝑗),

so is the identity matrix. Therefore, we have that

D(𝛽1, … , 𝛽𝑛) = ±D(𝛼1, … , 𝛼𝑛)−1.

Combining this with (6.2.2), we have

(D(𝛼1, … , 𝛼𝑛))2 = (𝑁𝐿/𝐾(𝛾))2,

so we obtain 𝔡𝐵/𝐴 = 𝑁𝐿/𝐾(𝔇𝐵/𝐴). ∎

We derive a few corollaries.
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Corollary 6.2.16. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable ex-
tension of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. A prime ideal of 𝐴 ramifies in 𝐵 if and only if it 
divides 𝔡𝐵/𝐴.

Proof. This is immediate from Theorem 6.2.13 and Proposition 6.2.15. ∎

Remark 6.2.17. Corollary 6.2.16 tells us that the ideal 𝑝ℤ generated by a prime 𝑝 ramifies in 𝐾/ℚ
for a number field 𝐾  if and only if 𝑝 divides disc(𝐾).

Corollary 6.2.18. Let 𝐴 be a Dedekind domain with quotient field 𝐾 . Let 𝐿/𝐾  and 𝑀/𝐿 be finite 
extensions, let 𝐵 be the integral closure of 𝐾  in 𝐿, and let 𝐶 be the integral closure of 𝐾  in 𝑀. We then 
have

𝔡𝐶/𝐴 = 𝔡[𝑀∶𝐿]
𝐵/𝐴 𝑁𝐿/𝐾(𝔡𝐶/𝐵).

Proof. By Lemma 6.2.5 and Proposition 6.2.15, we have

𝔡𝐶/𝐴 = 𝑁𝑀/𝐾(𝔇𝐶/𝐴) = 𝑁𝑀/𝐾(𝔇𝐶/𝐵)𝑁𝐿/𝐾(𝔇𝐵/𝐴)[𝑀∶𝐿] = 𝑁𝐿/𝐾(𝔡𝐶/𝐵)𝔡[𝑀∶𝐿]
𝐵/𝐴 ,

as desired. ∎

Corollary 6.2.19. Let 𝐴 be a Dedekind domain with quotient field 𝐾 , let 𝐿 be a finite separable exten-
sion of 𝐾 , let 𝐵 be the integral closure of 𝐴 in 𝐿. For any prime ideal 𝔓 of 𝐵, we will use 𝔭 to denote 
𝔓 ∩ 𝐴 and 𝔡𝔓/𝔭 to denote the intersection with 𝐴 of the local discriminant 𝔡𝒪𝔓/𝒪𝔭

, where 𝒪𝔓 (resp., 
𝒪𝔭) is the valuation ring of 𝐿𝔓 (resp., 𝐾𝔭). We then have

𝔡𝐵/𝐴 = ∏
𝔓

𝔡𝔓/𝔭,

with the product taken over the nonzero prime ideals of 𝐵.

Proof. By Lemma 6.1.9, Proposition 6.2.15, and Lemma 6.2.7, we have

𝔡𝐵/𝐴𝒪𝔭 = 𝑁𝐿/𝐾(𝔇𝐵/𝐴)𝒪𝔭 = ∏
𝔓∣𝔭

𝑁𝐿𝔓/𝐾𝔭
(𝔇𝐵/𝐴𝒪𝔓) = ∏

𝔓∣𝔭
𝑁𝐿𝔓/𝐾𝔭

(𝔇𝒪𝔓/𝒪𝔭
) = ∏

𝔓∣𝔭
𝔡𝒪𝔓/𝒪𝔭

,

hence the result by intersection with 𝐴. ∎

In the case of global or complete discrete valuation fields, which come equipped with canonical 
subrings, the ring of integers and valuation ring in the respective cases, we can use the field as the 
subscript in the definition of the different and discriminant, which we will typically do below.

Definition 6.2.20. 
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a. The different 𝔇𝐿/𝐾  (resp., discriminant 𝔡𝐿/𝐾) of an extension 𝐿/𝐾  of global fields is the dif-
ferent (resp., discriminant) of the corresponding extension 𝒪𝐿/𝒪𝐾  of rings of integers.

b. The different 𝔇𝐿/𝐾  (resp., discriminant 𝔡𝐿/𝐾) of an extension 𝐿/𝐾  of complete discrete valu-
ation fields is the different (resp., discriminant) of the corresponding extension of valuation rings.

Combining the above results with Minkowski theory would allow us to derive the following fasci-
nating result, which we state without proof.

Theorem 6.2.21. Let 𝐾  be a number field and 𝑆 a finite set of prime ideals of 𝐾 . For each 𝑛 ≥ 1, 
there exist only finitely many extensions 𝐿/𝐾  of degree 𝑛 in which the prime ideals of 𝐾  that ramify in 
𝐿 are all contained in 𝑆.

As a consequence of Theorem 6.2.21 and Corollary 4.3.6, one has the following.

Theorem 6.2.22. For any 𝑁 ≥ 1, there exist only finitely many number fields 𝐾  with | disc(𝐾)| ≤ 𝑁 .

Definition 6.2.23. A separable algebraic extension 𝐿 of a global field 𝐾  is unramified if every place 
of 𝐾  is unramified in 𝐿.

We have the following corollary of Theorem 4.3.6.

Corollary 6.2.24. The field ℚ has no nontrivial extension that is unramified at all finite primes.

Proof. Corollary 4.3.6 tells us that if [𝐾 ∶ ℚ] ≥ 2, then

| disc(𝐾)| ≥ 22

2! ⋅ (𝜋
4 )

2
= 𝜋2

8 > 1,

so 𝐾  is not unramified. ∎

6.3 Multiplicative groups of local fields

In this section, we study the structure of multiplicative groups of local fields. For the rest of this 
chapter, “local field” should be taken to mean “nonarchimedean local field”. Let us make the following 
definition.

Definition 6.3.1. Let 𝐾  be a complete discrete valuation field with valuation ring 𝒪 and maximal 
ideal 𝔪. Then the 𝑖th unit group 𝑈𝑖 = 𝑈𝑖(𝐾) of 𝐾  is defined by 𝑈0 = 𝒪× for 𝑖 = 0 and 𝑈𝑖 = 1 + 𝔪𝑖

for 𝑖 ≥ 1.
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Notation 6.3.2. In this section, we let 𝐾  be a local field. We let 𝑝 be the characteristic of its residue 
field, 𝒪 its valuation ring, 𝔪 its maximal ideal, 𝜋 a fixed uniformizer, 𝜅 the residue field, and 𝑞 the 
order of 𝜅. We let 𝑒 = 𝑒𝐾  and 𝑓 = 𝑓𝐾 .

Lemma 6.3.3. The set of roots of unity of order prime to 𝑝 in a local field 𝐾  has order 𝑞 − 1, where 𝑞
is the order of the residue field of 𝐾 .

Proof. The polynomial 𝑥𝑞 − 𝑥 splits completely over the residue field 𝜅 of 𝐾 , so Hensel’s Lemma 
tells us that 𝜇𝑞−1(𝐾) has order 𝑞 and maps isomorphically onto 𝜅(𝐾)×. ∎

Proposition 6.3.4. Let 𝐾  be a local field with residue field of order 𝑞. The canonical map

⟨𝜋⟩ × 𝜇𝑞−1(𝐾) × 𝑈1(𝐾) ∼⟶ 𝐾×

is an isomorphism.

Proof. Since 𝐾  is a discrete valuation field with valuation we denote 𝑣, we may write any 𝑎 ∈ 𝐾×

uniquely as 𝑎 = 𝜋𝑣(𝑎)𝑏 for some 𝑏 ∈ 𝑈0. By Lemma 6.3.3, each 𝑏 ∈ 𝑈0 may then be written uniquely 
as 𝑏 = 𝜉 ⋅ 𝑢 with 𝜉 ∈ 𝜇𝑞−1 and 𝑢 ∈ 𝑈1. ∎

Lemma 6.3.5. Let 𝐾  be a local field. For 𝑎 ∈ 𝒪, let ̄𝑎 denote its image in 𝜅. We have isomorphisms 
of groups

𝑈0/𝑈1
∼⟶ 𝜅×, 𝑢𝑈1 ↦ 𝑢,

and
𝑈𝑖/𝑈𝑖+1

∼⟶ 𝜅, (1 + 𝜋𝑖𝑎)𝑈𝑖+1 ↦ 𝑎

for 𝑖 ≥ 1.

Proof. The first statement follows from Proposition 6.3.4. The bijectivity of the second map is 
clear, and that it is a homomorphism is simply that

(1 + 𝜋𝑖𝑎)(1 + 𝜋𝑖𝑏) ≡ 1 + 𝜋𝑖(𝑎 + 𝑏) mod 𝔪𝑖+1.

∎

Lemma 6.3.6. Let 𝐾  be a local field of residue characteristic 𝑝. We have an isomorphism of ℤ𝑝-
modules

𝑈1
∼⟶ lim←

𝑖
𝑈1/𝑈𝑖

via the map induced by the universal property of the inverse limit.
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Proof. Since ⋂𝑖 𝑈𝑖 = {1}, the map in question is injective. Any sequence (𝑎𝑖)𝑖 in 𝑈1 with 
𝑎𝑖+1𝑎−1

𝑖 ∈ 𝑈𝑖 for each 𝑖 ≥ 1 is the image of the limit of the sequence. ∎

Note also the following.

Lemma 6.3.7. Let 𝐾  be a 𝑝-adic field. Let 𝑒 = 𝑣(𝑝). For 𝑖 ≥ 1 and 𝑎 ∈ 𝒪×, we have

(1 + 𝜋𝑖𝑎)𝑝 ≡ 1 + 𝑝𝜋𝑖𝑎 + 𝜋𝑖𝑝𝑎𝑝 mod 𝔪2𝑖+𝑒.

In particular, we have

(1 + 𝜋𝑖𝑎)𝑝 ≡
{


1 + 𝜋𝑖𝑝𝑎𝑝 mod 𝔪𝑖+𝑒 if 𝑖 < 𝑒
𝑝−1 ,

1 + 𝑝𝜋𝑖𝑎 mod 𝔪𝑖+𝑒+1 if 𝑖 > 𝑒
𝑝−1 .

Proof. The first statement is an easy consequence of the binomial expansion

(1 + 𝜋𝑖𝑎)𝑝 =
𝑝

∑
𝑘=0

(𝑝
𝑘 ) 𝜋𝑖𝑘𝑎𝑘,

since 𝑝 exactly divides (𝑝
𝑘 ) for 0 < 𝑘 < 𝑝. The second follows from the fact that 𝑖 > 𝑒/(𝑝 − 1) if and 

only if
𝑣(𝑝𝜋𝑖) = 𝑖 + 𝑒 < 𝑖𝑝 = 𝑣(𝜋𝑖𝑝).

∎

Lemma 6.3.8. The 𝑝th power map is an isomorphism 𝑈𝑖
∼⟶ 𝑈𝑖+𝑒 for 𝑖 > 𝑒

𝑝−1 .

Proof. For any 𝛼 ∈ 𝑈𝑖+𝑒 and 𝑘 ≥ 1, suppose by induction that we have found 𝛽𝑘 ∈ 𝑈𝑖 with

𝛽𝑝
𝑘𝛼−1 = 1 + 𝑝𝜋𝑖+𝑘−1𝑎𝑘 mod 𝔪𝑖+𝑒+𝑘

for some 𝑎𝑘 ∈ 𝒪. Set 𝛽𝑘+1 = 𝛽𝑘(1 + 𝜋𝑖+𝑘−1𝑎𝑘) and

𝛽 = lim
𝑘→∞

𝛽𝑘.

Then 𝛽 ∈ 𝑈𝑖 with 𝛽𝑝 = 𝛼, and the 𝑝th power map 𝑈𝑖 → 𝑈𝑖+𝑒 is surjective.
Note that 𝑝ℤ𝑝[𝜇𝑝] = (1 − 𝜁𝑝)𝑝−1 for a primitive 𝑝th root of unity 𝜁𝑝 by Lemma 3.1.13. So, if 

𝜁𝑝 ∈ 𝐾 , then 𝑣(𝜁𝑝 − 1) = 𝑒/(𝑝 − 1). That is, 𝜁𝑝 ∉ 𝑈𝑒/(𝑝−1)+1, so the map is injective as well. ∎

As a pro-𝑝 group, 𝑈1(𝐾) for 𝐾  a local field of residue characteristic 𝑝 is generated by any lift of a 
set of generators of 𝑈1/𝑈𝑝

1 .
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Proposition 6.3.9. Let 𝐾  be a 𝑝-adic field, let 𝑞 be the order of the residue field of 𝐾 , let 𝜋𝐾  be a uni-
formizer of 𝐾 , and let 𝑝𝑛 be the number of 𝑝-power roots of unity in 𝐾 . Then we have an isomorphism

𝑈1(𝐾) ≅ ℤ[𝐾∶ℚ𝑝]
𝑝 × ℤ/𝑝𝑛ℤ,

of finitely generated ℤ𝑝-modules. In particular, there are isomorphisms of topological groups

𝐾× ≅ ⟨𝜋𝐾⟩ × 𝒪×
𝐾 ≅ ⟨𝜋𝐾⟩ × 𝜇𝑞−1(𝐾) × 𝑈1(𝐾) ≅ ℤ × ℤ/(𝑞 − 1)ℤ × ℤ/𝑝𝑛ℤ × ℤ[𝐾∶ℚ𝑝]

𝑝 ,

where 𝐾× has the subspace topology from 𝐾 , and the direct products are all given the product topology, 
with ⟨𝜋𝐾⟩, ℤ, and the finite groups involved given the discrete topology.

Proof. Lemma 6.3.8 tells us that 𝑈1/𝑈𝑝
1  is finite, so 𝑈1 is a finitely generated ℤ𝑝-module. Since 

the 𝑝-power torsion in 𝑈1 is the group of 𝑝-power roots of unity in 𝐾 , which is cyclic of order 𝑝𝑛, we 
have 𝑈1 ≅ ℤ𝑟

𝑝 × ℤ/𝑝𝑛ℤ for some 𝑟 ≥ 0, and this is a topological isomorphism.
No nontrivial 𝑝-power root of unity 𝜁 lies in 𝑈𝑗 for any integer 𝑗 > 𝑒

𝑝−1 , where 𝑒 = 𝑣(𝑝). Since 𝑈𝑗

has finite index in 𝑈1, we therefore have that 𝑈𝑗 ≅ ℤ𝑟
𝑝. By Lemma 6.3.8, we know that 𝑈𝑝

𝑗 = 𝑈𝑗+𝑒, 
so

𝑟 = dim𝔽𝑝
𝑈𝑗/𝑈𝑗+𝑒 =

𝑗+𝑒−1
∑
𝑘=𝑗

dim𝔽𝑝
𝑈𝑘/𝑈𝑘+1 = 𝑒𝑓 = [𝐾 ∶ ℚ𝑝],

noting that 𝑈𝑘/𝑈𝑘+1 ≅ 𝔽𝑝𝑓  for all 𝑘 ≥ 1, where 𝑓  is the residue degree of 𝐾/ℚ𝑝.
Finally, note that the 𝑈𝑖 form a basis of open neighborhoods of 1 in 𝐾× under both the subspace 

topology and topology induced by the product topology in the isomorphism with 𝐾× of the theorem. 
Therefore, these isomorphisms are of topological groups. ∎

Let us also mention the case of finite characteristic. We provide an outline of the proof.

Proposition 6.3.10. Let 𝐾 = 𝔽𝑞((𝑡)). Then there exists a continuous ℤ𝑝-linear isomorphism from 
𝑈1(𝐾) to a countable direct product of copies of ℤ𝑝.

Proof. Let 𝐵 be a basis of 𝔽𝑞 as an 𝔽𝑝-vector space. Let 𝐼  be the countable set

𝐼 = {(𝑐, 𝑖) ∣ 𝑐 ∈ 𝐵, 𝑖 ≥ 1, 𝑝 ∤ 𝑖}.

Define a homomorphism
𝜅∶ ∏

(𝑐,𝑖)∈𝐼
ℤ𝑝 → 𝑈1(𝐾)

by
𝜅((𝑎𝑐,𝑖)(𝑐,𝑖)) = ∏

(𝑐,𝑖)∈𝐼
(1 + 𝑐𝑡𝑖)𝑎𝑐,𝑖.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:struct_thm_fin_gen_ab_pro-p_gps


6.4. Tamely ramified extensions 133

This is easily seen to be well-defined, and one may check that every element of 𝑈1 has a unique 
expansion of this form.

The inverse image of 𝑈𝑗 under 𝜅 contains the open neighborhood of 1 that is the direct product of 
𝑝𝑛𝑖ℤ𝑝 is the (𝑐, 𝑖)-coordinate for each (𝑐, 𝑖) ∈ 𝐼 , where each 𝑛𝑖 ≥ 0 is minimal satisfying 𝑝𝑛𝑖𝑖 > 𝑗. On 
the other hand, the image of an open neighborhood

∏
𝑐,𝑖∈𝐼

𝑝𝑛𝑐,𝑖ℤ𝑝

with 𝑛𝑐,𝑖 = 0 for 𝑖 sufficiently large contains 𝑈𝑗 for 𝑗 with

𝑗 = max{𝑝𝑛𝑐,𝑖𝑖 ∣ (𝑐, 𝑖) ∈ 𝐼, 𝑛𝑐,𝑖 ≥ 1},

which we leave to the reader to check. Therefore, 𝜅 is in fact a topological isomorphism. ∎

6.4 Tamely ramified extensions

Before studying the larger class of tamely ramified extensions of a local field, let us first consider 
unramified extensions.

Lemma 6.4.1. Let 𝐾  be a local field. For each positive integer 𝑛, there exists a unique unramified 
extension of 𝐾  of degree 𝑛, equal to 𝐾(𝜇𝑞𝑛−1), where 𝑞 is the order of the residue field of 𝐾 .

Proof. Let 𝐿/𝐾  be an unramified extension of degree 𝑛. Then 𝜅(𝐿) is a degree 𝑛 extension of 
𝜅(𝐾) by the degree formula. That 𝐿 contains 𝐾(𝜇𝑞𝑛−1) is then simply Lemma 6.3.3. Moreover, 
𝐾(𝜇𝑞𝑛−1) is then by definition of degree 𝑛 over 𝐾 , so equals 𝐿. ∎

Definition 6.4.2. We say that an algebraic extension 𝐿 of a local field 𝐾  is unramified if it is separable 
and every finite degree subextension of 𝐾  in 𝐿 is unramified.

Similarly, we have the following.

Definition 6.4.3. We say that an algebraic extension 𝐿 of a local field 𝐾  is totally ramified if it is 
separable and every finite degree subextension of 𝐾  in 𝐿 is totally ramified.

Definition 6.4.4. A Frobenius automorphism in a Galois extension 𝐿/𝐾 , with 𝐾  a local field, is any 
lift of the Frobenius automorphism of the extension of residue fields to 𝐿.

Remark 6.4.5. If 𝐿/𝐾  is unramified in Definition 6.4.4, then there is a unique Frobenius automor-
phism in Gal(𝐿/𝐾).
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Proposition 6.4.6.  Let 𝐿 be an separable extension of a local field 𝐾 . Then there is a unique max-
imal unramified extension 𝐸 of 𝐾  in 𝐿, and Gal(𝐸/𝐾) is topologically generated by its Frobenius 
automorphism.

Proof. It suffices to consider the case that 𝐿/𝐾  is finite. Let 𝑞 be the order of the residue field of 
𝐿. Set 𝐸 = 𝐾(𝜇𝑞−1), which is unramified over 𝐾 . Any unramified extension of 𝐾  in 𝐿 is generated 
prime-to-𝑝 roots of unity, of which there are only 𝑞 in 𝐿. ∎

The following definition makes sense as the union of all finite unramified extensions of a local 
field (in a fixed separable closure).

Definition 6.4.7. The maximal unramified extension 𝐾ur of a local field is the unique largest unramified 
extension of 𝐾  inside a given separable closure of 𝐾 .

Proposition 6.4.8. The maximal unramified extension 𝐾ur of a local field 𝐾  is given by adjoining all 
prime-to-𝑝 roots of unity in a separable closure of 𝐾 . Its Galois group Gal(𝐾ur/𝐾) is isomorphic to 
ℤ̂ via the map that takes the Frobenius automorphism to 1.

Proof. By definition, 𝐾ur is the union of the finite unramified subextensions of 𝐾  in 𝐾sep, which 
is to say the fields 𝐾𝑛 = 𝐾(𝜇𝑞𝑛−1). Since any prime-to-𝑝 integer 𝑚 divides 𝑞𝑛 − 1 for some 𝑛, we have 
that 𝐾ur is given by adjoining all prime-to-𝑝 roots of 1. Recall that Gal(𝐾𝑛/𝐾) ≅ ℤ/𝑛ℤ via the map 
that takes the Frobenius automorphism to 1. Therefore, the isomorphism in question is the composite 
of the canonical maps

Gal(𝐾ur/𝐾) ≅ lim←𝑛
Gal(𝐾𝑛/𝐾) ≅ lim←𝑛

Gal(𝔽𝑞𝑛/𝔽𝑞) ≅ lim←𝑛
ℤ/𝑛ℤ ≅ ℤ̂.

∎

Definition 6.4.9. Let 𝐾  be a local field and 𝐿 a Galois extension of 𝐾 . The inertia subgroup of 
Gal(𝐿/𝐾) is the subgroup of elements fixing the maximal unramified extension of 𝐾  in 𝐿.

The following is analogous to Remark 6.1.25 and almost immediate from Proposition 6.4.8.

Proposition 6.4.10. Let 𝐾  be a local field, and let 𝐼𝐾  denote the inertia subgroup of 𝐺𝐾 . Then there 
is an exact sequence

1 → 𝐼𝐾 → 𝐺𝐾 → 𝐺𝜅(𝐾) → 1,

where 𝜅(𝐾) is the residue field of 𝐾 , and the map 𝐺𝐾 → 𝐺𝜅(𝐾) is the composition of restriction 
𝐺𝐾 → Gal(𝐾ur/𝐾) with the continuous isomorphism that takes a Frobenius element of Gal(𝐾ur/𝐾)
to the Frobenius element of 𝐺𝜅(𝐾).
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Definition 6.4.11. 

a. A separable extension 𝐿/𝐾  of local fields of residue characteristic 𝑝 is tamely ramified if 𝑝 ∤
𝑒𝐿/𝐾 .

b. A separable extension 𝐿 of a local field 𝐾  is tamely ramified if every finite extension 𝐸 of 𝐾  in 
𝐿 is tamely ramified.

Example 6.4.12. Let 𝐾  be a local field, 𝜋 a uniformizer, and 𝑒 an integer not divisible by the residue 
characteristic 𝑝 of 𝐾 . Then 𝐾(𝜋1/𝑒)/𝐾  is totally and tamely ramified, with ramification index 𝑒.

In fact, every tamely ramified extension is given in essentially this way.

Proposition 6.4.13. Let 𝐿/𝐾  be a tamely ramified extension of local fields of ramification index 𝑒. 
Then there exists a finite unramified extension 𝐸 of 𝐾  and a unifomizer 𝜆 of 𝐸 such that 𝐿 = 𝐸(𝜇) for 
an 𝑒th root 𝜇 of 𝜆.

Proof. Let 𝐸 be the maximal unramified subextension of 𝐾  in 𝐿. Then 𝐿/𝐸 is a totally ramified 
extension of degree 𝑒. Let 𝜋𝐿 be a uniformizer of 𝐿 and 𝜋𝐾  a uniformizer of 𝐾 . A simple check of 
valuations tells us that 𝜋𝑒

𝐿 = 𝜋𝐾𝛼 for some 𝛼 ∈ 𝒪×
𝐿. In turn, Proposition 6.3.4 allows us to write 

𝛼 = 𝜉 ⋅ 𝑢 with 𝜉 ∈ 𝐿 a root of unity of order prime-to-𝑝, where 𝑝 is the residue characteristic of 𝐾 , 
and 𝑢 ∈ 𝑈1(𝐿). Since 𝐿/𝐸 is totally ramified, we actually have that 𝜉 ∈ 𝐸. Since 𝑝 ∤ 𝑒 and 𝑈1(𝐿) is 
an abelian pro-𝑝 group, the element 𝑢 has an 𝑒th root 𝛽 in 𝐿. Set 𝜆 = 𝜋𝐾𝜉, which is a uniformizer in 
𝐸. We have (𝜋𝐿𝛽−1)𝑒 = 𝜆, so 𝐿 contains an 𝑒th root 𝜇 of 𝜆. Since the degree of 𝐸(𝜇)/𝐸 is 𝑒, we 
have 𝐿 = 𝐸(𝜇). ∎

Example 6.4.14. The extension ℚ𝑝(𝜇𝑝)/ℚ𝑝 is totally ramified of degree 𝑝−1, hence tamely ramified. 

In fact, we have that ℚ𝑝(𝜇𝑝) = ℚ𝑝((−𝑝)
1

𝑝−1 ). To see this, note that

𝑝 =
𝑝−1
∏
𝑖=1

(1 − 𝜁𝑖
𝑝) = (1 − 𝜁𝑝)𝑝−1

𝑝−1
∏
𝑖=1

(1 + 𝜁𝑝 + ⋯ + 𝜁𝑖−1
𝑝 ),

where 𝜁𝑝 is a primitive 𝑝th root of 1. We have

𝑝−1
∏
𝑖=1

(1 + 𝜁𝑝 + ⋯ + 𝜁𝑖−1
𝑝 ) ≡

𝑝−1
∏
𝑖=1

𝑖 ≡ (𝑝 − 1)! ≡ −1 mod (1 − 𝜁𝑝),

so −𝑝 = (1 − 𝜁𝑝)𝑝−1𝑢 for some 𝑢 ∈ 𝑈1(ℚ𝑝(𝜇𝑝)). Since any such 𝑢 is a (𝑝 − 1)st power, we have the 
claim.

If a separable extension of a local field is not tamely ramified, we say it is wildly ramified.
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Definition 6.4.15. A separable extension 𝐿 of a local field 𝐾  of residue characteristic 𝑝 is wildly 
ramified if 𝑝 divides the ramification index of some finite extension 𝐸 of 𝐾  in 𝐿.

Examples 6.4.16. Let 𝑝 be a prime number. 

a. The extension ℚ𝑝(𝑝1/𝑝)/ℚ𝑝 is wildly ramified.

b. The extension ℚ𝑝(𝜇𝑝2)/ℚ𝑝 is wildly ramified, since its ramification index is 𝑝(𝑝 − 1).

The compositum of any collection of tamely ramified extensions is tamely ramified, so we may 
speak of the maximal tamely ramified extension of a local field inside a separable algebraic closure.

Remark 6.4.17. We can make sense of exponentiation on ℤ×
𝑝 by elements ℤ̂ as follows: if 𝑢 ∈ ℤ𝑝

and 𝑎 ∈ ℤ̂, then we set
𝑢𝑎 = lim𝑛→∞ 𝑢𝑎𝑛,

where (𝑎𝑛)𝑛 is any sequence of integers with limit 𝑎. We leave it to the reader to check that the limit 
converges independently of the choice of sequence.

Proposition 6.4.18. The maximal tamely ramified extension 𝐿 of a local field 𝐾  of residue character-
istic 𝑝 is the Galois extension given by adjoining to 𝐾ur the roots 𝜋1/𝑚 of a uniformizer 𝜋 of 𝐾  for all 
𝑚 ≥ 1 with 𝑝 ∤ 𝑚. The Galois group Gal(𝐿/𝐾ur) is isomorphic to the direct product

ℤ̂
(𝑝)

= ∏
ℓ≠𝑝

ℤℓ,

where ℓ ranges over the prime numbers other than 𝑝. The Galois group Gal(𝐿/𝐾) is the semi-direct 
product of Gal(𝐿/𝐾ur) with Gal(𝐾ur/𝐾) ≅ ℤ̂ under the map ℤ̂ → Aut(ℤ̂

(𝑝)
) taking 𝑎 ∈ ℤ̂ to 

multiplication by 𝑞𝑎 in each coordinate of ℤ̂
(𝑝)

, where 𝑞 = |𝜅(𝐾)|.

Remark 6.4.19. The Galois group of any Galois extension of the maximal tamely ramified extension 
of a local field is a pro-𝑝 group, where 𝑝 is the residue characteristic. Any nontrivial such Galois 
extension is by necessity wildly ramified with no nontrivial tamely ramified subextension.

6.5 Ramification groups

Ramification groups provide a measure of the level of ramification in a Galois extension of a local 
field.

Notation 6.5.1. In this section, for a local field 𝐿, we use 𝑣𝐿 to denote its valuation, 𝒪𝐿 its valuation 
ring, and 𝜋𝐿 a uniformizer. If 𝔞 is a fractional ideal of 𝒪𝐿, it is generated by a power of 𝜋𝐿, and 𝑣𝐿(𝔞)
denotes that power.
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Definition 6.5.2. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. For an integer 
𝑖 ≥ −1, the 𝑖th (higher) ramification group of 𝐿/𝐾  is the subgroup of 𝐺 given by

𝐺𝑖 = {𝜏 ∈ 𝐺 ∣ 𝑣𝐿(𝜏(𝛼) − 𝛼) ≥ 𝑖 + 1 for all 𝛼 ∈ 𝒪𝐿}.

Remark 6.5.3. We have by definition that 𝐺−1 = 𝐺 and 𝐺0 is the inertia group of 𝐺. In particular, 
𝐺/𝐺0 is the Galois group of the maximal unramified subextension of 𝐿/𝐾 .

Remark 6.5.4. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. By Lemma 6.2.11, 
we have that 𝒪𝐿 = 𝒪𝐾[𝛽] for some 𝛽 ∈ 𝒪𝐿, so for any 𝑖 ≥ −1, we have

𝐺𝑖 = {𝜏 ∈ 𝐺 ∣ 𝑣𝐿(𝜏(𝛽) − 𝛽) ≥ 𝑖 + 1}.

Lemma 6.5.5. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. The ramification 
groups 𝐺𝑖 are normal subgroups of 𝐺.

Proof. This is easy: let 𝜎 ∈ 𝐺 and 𝜏 ∈ 𝐺𝑖. Then for any 𝛼 ∈ 𝒪𝐿, we have

𝜏(𝜎−1(𝛼)) ≡ 𝜎−1(𝛼) mod 𝜋𝑖+1
𝐿 ,

so
𝜎𝜏𝜎−1(𝛼) ≡ 𝛼 mod 𝜋𝑖+1

𝐿 .

∎

Lemma 6.5.6. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Let 𝜎 ∈ 𝐺0. Then 
𝜎 ∈ 𝐺𝑖 for 𝑖 ≥ 0 if and only if 𝜎(𝜋𝐿)

𝜋𝐿
∈ 𝑈𝑖(𝐿).

Proof. First, we note that for 𝜎 ∈ 𝐺𝑖, we have 𝜎(𝜋𝐿) ≡ 𝜋𝐿 mod 𝜋𝑖+1
𝐿 , so we have 𝜎(𝜋𝐿)

𝜋𝐿
∈ 𝑈𝑖(𝐿). 

Conversely, if 𝜎(𝜋𝐿)
𝜋𝐿

∈ 𝑈𝑖(𝐿), then for any 𝑎 ∈ 𝒪𝐿, we may write

𝑎 =
∞
∑
𝑘=0

𝑐𝑘𝜋𝑘
𝐿

for some 𝑐𝑘 ∈ 𝜇𝑞−1(𝐿) ∪ {0}, where 𝑞 = |𝜅(𝐿)|. Since 𝜎 ∈ 𝐺0, it fixes elements 𝜇𝑞−1(𝐿), so

𝜎(𝑎) =
∞
∑
𝑘=0

𝑐𝑘𝜎(𝜋𝐿)𝑘 ≡ 𝑎 mod 𝜋𝑖+1
𝐿 ,

the last step as 𝜎(𝜋𝐿) ≡ 𝜋𝐿 mod 𝜋𝑖+1
𝐿 . That is, 𝜎 is an element of 𝐺𝑖. ∎
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Lemma 6.5.7. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. For each 𝑖 ≥ 0, we 
have an injection

𝜌𝑖 ∶ 𝐺𝑖/𝐺𝑖+1 → 𝑈𝑖(𝐿)/𝑈𝑖+1(𝐿)

given by
𝜌𝑖(𝜎 ⋅ 𝐺𝑖+1) = 𝜎(𝜋𝐿)

𝜋𝐿
𝑈𝑖+1(𝐿).

Proof. Lemma 6.5.6 tells us immediately that 𝜌𝑖 is well-defined and sends only the coset 𝐺𝑖+1

to the coset 𝑈𝑖+1(𝐿). Therefore, it remains only to see that 𝜌𝑖 is a homomorphism. For this, let 
𝜎, 𝜏 ∈ 𝐺𝑖, and note that

𝜎𝜏(𝜋𝐿)
𝜋𝐿

= 𝜎(𝜋𝐿)
𝜋𝐿

⋅ 𝜎(𝜏(𝜋𝐿)
𝜋𝐿

) ≡ 𝜎(𝜋𝐿)
𝜋𝐿

⋅ 𝜏(𝜋𝐿)
𝜋𝐿

mod 𝜋𝑖+1
𝐿 ,

the last step following from 𝜎 ∈ 𝐺0 since 𝜏(𝜋𝐿)𝜋−1
𝐿 ∈ 𝑈𝑖(𝐿). ∎

Since the quotients 𝐺𝑖/𝐺𝑖+1 are abelian for all 𝑖 ≥ −1, we have the following corollary.

Corollary 6.5.8. The Galois group of any Galois extension of local fields is solvable.

The following lemma is immediate from the definition of ramification groups.

Lemma 6.5.9. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺, and let 𝐻 be a 
subgroup of 𝐺. Then 𝐻𝑖 = 𝐻 ∩ 𝐺𝑖 for all 𝑖 ≥ −1.

Lemma 6.5.10. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Then 𝐺/𝐺1 is the 
Galois group of the maximal tamely ramified subextension of 𝐿/𝐾 .

Proof. If 𝐿/𝐾  is tamely ramified, then each quotient 𝐺𝑖/𝐺𝑖+1 for 𝑖 ≥ 1 must be trivial. By 
Lemma 6.5.7, each quotient 𝐺𝑖/𝐺𝑖+1 for 𝑖 ≥ 1 is a 𝑝-group since since 𝑈𝑖(𝐿)/𝑈𝑖+1(𝐿) is one. Thus, 
𝐺1 = Gal(𝐿/𝐿𝐺1) is a 𝑝-group. As 𝐺1 is contained in the inertia subgroup 𝐺0 of 𝐺, the field 𝐿𝐺1 is to-
tally ramified over 𝐿𝐺0 and contains the maximal tamely ramified subextension of 𝐿/𝐾 . On the other 
hand, 𝐺0/𝐺1 injects into 𝑈0(𝐿)/𝑈1(𝐿), which has prime-to-𝑝 order, so 𝐿𝐺1/𝐿𝐺0 is in fact tamely 
ramified. As 𝐿𝐺0/𝐾  is unramified, 𝐿𝐺1/𝐾  is then tamely ramified. ∎

Definition 6.5.11. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. The subgroup 
of wild inertia for 𝐿/𝐾  is 𝐺1.

Proposition 6.5.12. Let 𝑝 be a prime and 𝑛 ≥ 1. Then

Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝)𝑖 =

{


Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝) if − 1 ≤ 𝑖 ≤ 0,

Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝(𝜇𝑝𝑘)) if 𝑝𝑘−1 ≤ 𝑖 ≤ 𝑝𝑘 − 1 with 1 ≤ 𝑘 ≤ 𝑛 − 1

1 if 𝑖 ≥ 𝑝𝑛−1.
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Proof. Let 𝐹0 = ℚ𝑝 and 𝐹𝑘 = ℚ𝑝(𝜇𝑝𝑘) for 𝑘 ≥ 1. Let 𝐺 = Gal(𝐹𝑛/ℚ𝑝). Fix a primitive 𝑝𝑘th 
root of unity 𝜁𝑝𝑘  for each 𝑘 ≥ 1 such that 𝜁𝑝

𝑝𝑘+1 = 𝜁𝑝𝑘  for each 𝑘. Let 𝜎 ∈ 𝐺 be nontrivial, let 𝑖 ∈ ℤ
be such that 𝜎(𝜁𝑝𝑛) = 𝜁𝑖

𝑝𝑛, and let 𝑘 ≥ 0 be maximal such that 𝑖 ≡ 1 mod 𝑝𝑘. Set 𝑐 = (𝑖 − 1)/𝑝𝑘. We 
then have

𝜎(𝜁𝑝𝑛) − 𝜁𝑝𝑛 = 𝜁𝑖
𝑝𝑛 − 𝜁𝑝𝑛 = 𝜁1+𝑐𝑝𝑘

𝑝𝑛 − 𝜁𝑝𝑛 = 𝜁𝑝𝑛(𝜁𝑐
𝑝𝑛−𝑘 − 1),

Since 𝑝 ∤ 𝑐, this has valuation 𝑝𝑘 in 𝐹𝑛. As the valuation ring of 𝐹𝑛 is ℤ𝑝[𝜁𝑝𝑛], we then have that 
𝜎 ∈ 𝐺𝑝𝑘−1 − 𝐺𝑝𝑘 . On the other hand, the fact that 𝑝𝑘 exactly divides 𝑖 − 1 (for 𝑘 < 𝑛) says that 𝜎 is an 
element of Gal(𝐹𝑛/𝐹𝑘) but not Gal(𝐹𝑛/𝐹𝑘+1). The result follows. ∎

Ramification groups have the following interesting property, which we state without proof.

Proposition 6.5.13. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺, and let 𝑖 and 𝑗
be positive integers. For any 𝜎 ∈ 𝐺𝑖 and 𝜏 ∈ 𝐺𝑗, the commutator [𝜎, 𝜏] = 𝜎𝜏𝜎−1𝜏−1 is an element 
of 𝐺𝑖+𝑗+1.

Let us make the following useful definition.

Definition 6.5.14. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Then we define 
a function 𝑖𝐿/𝐾 ∶ 𝐺 → ℤ≥0 ∪ {∞} by

𝑖𝐿/𝐾(𝜎) = min{𝑣𝐿(𝜎(𝛼) − 𝛼) ∣ 𝛼 ∈ 𝒪𝐿}

for 𝜎 ∈ 𝐺.

Remark 6.5.15. In Definition 6.5.14, we have 𝜎 ∈ 𝐺𝑖 if and only if 𝑖𝐿/𝐾(𝜎) ≥ 𝑖 + 1.

We now show how the ramification filtration determines the different of a Galois extension of local 
fields.

Proposition 6.5.16. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Then we have

𝑣𝐿(𝔇𝐿/𝐾) = ∑
𝜎∈𝐺−{1}

𝑖𝐿/𝐾(𝜎) =
∞
∑
𝑖=0

(|𝐺𝑖| − 1).

Proof. Let 𝛽 ∈ 𝒪𝐿 be such that 𝒪𝐿 = 𝒪𝐾[𝛽]. We let 𝑓 ∈ 𝒪𝐾[𝑥] be the minimal polynomial of 
𝛽. Then

𝑓 ′(𝛽) = ∏
𝜎∈𝐺−{1}

(𝛽 − 𝜎(𝛽))

generates 𝔇𝐿/𝐾  by Corollary 6.2.10, and so

𝑣𝐿(𝑓 ′(𝛽)) = ∑
𝜎∈𝐺−{1}

𝑖𝐿/𝐾(𝜎) =
∞
∑
𝑖=0

∑
𝜎∈𝐺−{1}

𝑖𝐿/𝐾(𝜎)=𝑖

𝑖 =
∞
∑
𝑖=0

𝑖(|𝐺𝑖−1| − |𝐺𝑖|) =
∞
∑
𝑖=0

(|𝐺𝑖| − 1).

∎
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Corollary 6.5.17. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Let 𝐻 be a 
subgroup and 𝐸 = 𝐿𝐻  its fixed field. Then

𝑣𝐸(𝔇𝐸/𝐾) = 1
𝑒𝐿/𝐸

∑
𝜎∈𝐺−𝐻

𝑖𝐿/𝐾(𝜎).

Proof. Note first that
𝑣𝐸(𝔇𝐸/𝐾) = 1

𝑒𝐿/𝐸
𝑣𝐿(𝔇𝐸/𝐾).

By Lemma 6.2.5 and Proposition 6.5.16, we have

𝑣𝐿(𝔇𝐸/𝐾) = 𝑣𝐿(𝔇𝐿/𝐾) − 𝑣𝐿(𝔇𝐿/𝐸) = ∑
𝜎∈𝐺−{1}

𝑖𝐿/𝐾(𝜎) − ∑
𝜏∈𝐻−{1}

𝑖𝐿/𝐸(𝜏) = ∑
𝜎∈𝐺−𝐻

𝑖𝐿/𝐾(𝜎)

noting for the last step that 𝑖𝐿/𝐸(𝜏) = 𝑖𝐿/𝐾(𝜏) for 𝜏 ∈ 𝐻 by definition. ∎

Let us extend the definition of the lower ramification groups to all real numbers in the interval 
[−1, ∞).

Definition 6.5.18. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Let 𝑡 ∈ [−1, ∞). 
The 𝑡th ramification group 𝐺𝑡 of 𝐿/𝐾  in the lower numbering is defined to be equal to the ramification 
group 𝐺⌈𝑡⌉, where ⌈ ⋅ ⌉ is the ceiling function.

We now define a function from [−1, ∞) to [−1, ∞) as follows.

Definition 6.5.19. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. We define

𝜙𝐿/𝐾 ∶ [−1, ∞) → [−1, ∞)

by 𝜙𝐿/𝐾(𝑡) = 𝑡 for 𝑡 < 0 and
𝜙𝐿/𝐾(𝑡) = ∫

𝑡

0
[𝐺0 ∶ 𝐺𝑥]−1𝑑𝑥

for 𝑡 ≥ 0.

Remarks 6.5.20. 

a. Definition 6.5.19 for an integer 𝑘 ≥ −1 may be written as

𝜙𝐿/𝐾(𝑘) = 1
|𝐺0|

𝑘
∑
𝑖=1

|𝐺𝑖|.

b. The function 𝜙 is continuous, piecewise linear, increasing, and concave down. Its slope between 
𝑘 − 1 and 𝑘 for an integer 𝑘 ≥ 0 is |𝐺𝑘 |/|𝐺0|, which is nonincreasing in 𝑘.
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Example 6.5.21. Let 𝐹𝑛 = ℚ𝑝(𝜇𝑝𝑛) for a prime 𝑝 and 𝑛 ≥ 1. By Proposition 6.5.12, we have

𝜙𝐹𝑛/ℚ𝑝
(𝑡) =

{


𝑡 if − 1 ≤ 𝑖 ≤ 0,
𝑡−𝑝𝑘−1+1
𝑝𝑘−1(𝑝−1) + 𝑘 − 1 if 𝑝𝑘−1 − 1 ≤ 𝑡 ≤ 𝑝𝑘 − 1 with 1 ≤ 𝑘 ≤ 𝑛 − 1,

𝑡−𝑝𝑛+1
𝑝𝑛−1(𝑝−1) + 𝑛 − 1 if 𝑡 ≥ 𝑝𝑛−1 − 1.

Note that 𝜙𝐹𝑛/ℚ𝑝
(𝑝𝑘 − 1) = 𝑘 for each 0 ≤ 𝑘 ≤ 𝑛.

We intend to show that 𝜙𝐿/𝐾  behaves well under composition in towers of extension, and to in-
vestigate the behavior of ramification groups in quotients. For this, we first require several lemmas.

Lemma 6.5.22. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺, and let 𝐸/𝐾  be a 
normal subextension. Set 𝑁 = Gal(𝐿/𝐸). For 𝛿 ∈ 𝐺/𝑁 , we have

𝑖𝐸/𝐾(𝛿) = 1
𝑒𝐿/𝐸

∑
𝜎∈𝐺

𝜎|𝐸=𝛿

𝑖𝐿/𝐾(𝜎).

Proof. Write 𝒪𝐿 = 𝒪𝐾[𝛽] for some 𝛽 ∈ 𝒪𝐿 and 𝒪𝐸 = 𝒪𝐾[𝛼] for some 𝛼 ∈ 𝒪𝐸. Let 
𝑔 ∈ 𝒪𝐸[𝑥] be the minimal polynomial of 𝛽 over 𝐸. We have

𝑔 = ∏
𝜏∈𝑁

(𝑥 − 𝜏(𝛽)),

so letting 𝑔𝜎 ∈ 𝒪𝐸[𝑥] denote the polynomial obtained by letting 𝜎 ∈ 𝐺 act on the coefficients of 𝑔, 
we have

𝑔𝜎 = ∏
𝜏∈𝑁

(𝑥 − 𝜎𝜏(𝛽)).

Each coefficient of 𝑔𝜎 − 𝑔 is the difference of values of a symmetric polynomial in |𝑁|-variables on 
the elements 𝜏(𝛽) and the elements 𝜎𝜏(𝛽). Since each coefficient of 𝑔 lies in 𝒪𝐸, it is a polynomial 
in 𝛼, and the coefficients of 𝑔𝜎 are the same polynomials in 𝜎(𝛼), so 𝜎(𝛼) − 𝛼 divides the coefficient 
of 𝑔𝜎 − 𝑔. In particular, 𝜎(𝛼) − 𝛼 divides 𝑔𝜎(𝛽) − 𝑔(𝛽) = 𝑔𝜎(𝛽).

Now, write 𝛼 = 𝑓 (𝛽) for some 𝑓 ∈ 𝒪𝐾[𝑥]. Note that 𝑓 (𝑥) − 𝛼 has 𝛽 as a root, so

𝑓 (𝑥) − 𝛼 = 𝑔(𝑥)ℎ(𝑥)

for some ℎ ∈ 𝒪𝐸[𝑥]. Then
𝑓 (𝑥) − 𝜎(𝛼) = 𝑔𝜎(𝑥)ℎ𝜎(𝑥).

Plugging in 𝛽, we obtain
𝛼 − 𝜎(𝛼) = 𝑔𝜎(𝛽) ⋅ ℎ𝜎(𝛽),
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so 𝑔𝜎(𝛽) divides 𝜎(𝛼) − 𝛼. In particular, they have the same valuation.
Now, let 𝛿 ∈ 𝐺/𝑁 , which we may assume is not 1, since for 𝛿 = 1 the result is obvious, with both 

sides of the equation in the statement being infinite. As we have seen, 𝛿(𝛼) − 𝛼 and 𝑔𝛿(𝛽) have the 
same valuation. Thus, we have

𝑒𝐿/𝐸𝑖𝐸/𝐾(𝛿) = 𝑣𝐿(𝛿(𝛼) − 𝛼) = 𝑣𝐿(𝑔𝛿(𝛼)) = 𝑣𝐿
(


∏
𝜎∈𝐺

𝜎|𝐸=𝛿

(𝛽 − 𝜎(𝛽)))


= ∑
𝜎∈𝐺

𝜎|𝐸=𝛿

𝑖𝐿/𝐾(𝜎).

∎

Lemma 6.5.23. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. For 𝑡 ≥ −1, we 
have

𝜙𝐿/𝐾(𝑡) + 1 = 1
|𝐺0| ∑

𝜎∈𝐺
min{𝑖𝐿/𝐾(𝜎), 𝑡 + 1}.

Proof. Note that both sides of the equation in the statement are equal to 1 for 𝑡 = 0. Also, both 
sides are piecewise linear and continuous, with slopes for any non-integral 𝑡 equal to

𝜙′
𝐿/𝐾(𝑡) = [𝐺0 ∶ 𝐺⌈𝑡⌉]−1 =

|𝐺⌈𝑡⌉|
|𝐺0|

and
1

|𝐺0| ∑
𝜎∈𝐺

𝑖𝐿/𝐾(𝜎)≥⌈𝑡⌉+1

1 =
|𝐺⌈𝑡⌉|
|𝐺0| .

Hence, we have the result. ∎

Lemma 6.5.24. Let 𝐿/𝐾  be a Galois extension of fields with Galois group 𝐺, and let 𝐸/𝐾  be a Galois 
subextension. For every 𝑡 ≥ −1 and 𝛿 ∈ Gal(𝐸/𝐾), we have

𝑖𝐸/𝐾(𝛿) − 1 = max{𝜙𝐿/𝐸(𝑖𝐿/𝐾(𝜎) − 1) ∣ 𝜎 ∈ 𝐺, 𝜎|𝐸 = 𝛿}.

Proof. Let 𝑁 = Gal(𝐿/𝐸). Let 𝛿 ∈ 𝐺/𝑁 . Let 𝜎 ∈ 𝐺 with 𝜎|𝐸 = 𝛿 be such that 𝑖 = 𝑖𝐿/𝐾(𝜎) − 1
is maximal. Let 𝛽 ∈ 𝒪𝐿 be such that 𝒪𝐿 = 𝒪𝐾[𝛽]. For any 𝜏 ∈ 𝑁 , we have

𝑖𝐿/𝐾(𝜎𝜏) = 𝑣𝐿(𝜎𝜏(𝛽) − 𝛽) ≥ min{𝑣𝐿(𝜎𝜏(𝛽) − 𝜎(𝛽)), 𝑣𝐿(𝜎(𝛽) − 𝛽)} = min{𝑖𝐿/𝐾(𝜏), 𝑖𝐿/𝐾(𝜎)}

with equality if 𝑖𝐿/𝐾(𝜏) ≠ 𝑖𝐿/𝐾(𝜎). In particular, if 𝜏 ∉ 𝑁𝑖, then 𝑖𝐿/𝐾(𝜎𝜏) = 𝑖𝐿/𝐾(𝜏), and if 𝜏 ∈ 𝑁𝑖, 
then 𝑖𝐿/𝐾(𝜎𝜏) ≥ 𝑖 + 1 and then in fact equality so by maximality of 𝑖. We therefore have

𝑖𝐿/𝐾(𝛿) = 1
|𝑁0| ∑

𝜏∈𝑁
𝑖𝐿/𝐾(𝜎𝜏) = 1

|𝑁0| ∑
𝜏∈𝑁

min{𝑖𝐿/𝐾(𝜏), 𝑖 + 1} = 𝜙𝐿/𝐸(𝑖) + 1,

the first step by Lemma 6.5.22 and the last step by Lemma 6.5.23. ∎
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The latter lemma has the following corollary.

Theorem 6.5.25  (Herbrand’s theorem). Let 𝐿/𝐾  be a Galois extension of fields with Galois group 𝐺, 
let 𝐸/𝐾  be a Galois subextension, and set 𝑁 = Gal(𝐿/𝐸). For any 𝑡 ≥ −1, one has

(𝐺/𝑁)𝜙𝐿/𝐸(𝑡) = 𝐺𝑡𝑁/𝑁.

Proof. Note that 𝛿 ∈ 𝐺/𝑁  lies in (𝐺/𝑁)𝜙𝐿/𝐸(𝑡) if and only if 𝑖𝐸/𝐾(𝛿)−1 ≥ 𝜙𝐿/𝐸(𝑡). This occurs 
by Lemma 6.5.24 if and only if there exists 𝜎 ∈ 𝐺 that restricts to 𝛿 such that

𝜙𝐿/𝐸(𝑖𝐿/𝐾(𝜎) − 1) ≥ 𝜙𝐿/𝐸(𝑡)

and so if and only if 𝑖𝐿/𝐾(𝜎) − 1 ≥ 𝑡 for some such 𝜎. In turn, this is exactly to say that 𝜎 ∈ 𝐺𝑡 for 
some lift 𝜎 ∈ 𝐺 of 𝛿, or in other words that 𝛿 ∈ 𝐺𝑡𝑁/𝑁 . ∎

Proposition 6.5.26. Let 𝐿/𝐾  be a Galois extension of local fields and 𝐸 a normal subextension of 𝐾
in 𝐿. Then

𝜙𝐿/𝐾 = 𝜙𝐸/𝐾 ∘ 𝜙𝐿/𝐸.

Proof. Note first that both sides agree at −1 and then that it suffices to consider the slope of both 
sides at non-integral values 𝑡 > −1. Let 𝐺 = Gal(𝐿/𝐾) and 𝑁 = Gal(𝐿/𝐸). The derivative of the 
right-hand side at 𝑡 is

𝜙′
𝐸/𝐾(𝜙𝐿/𝐸(𝑡)) ⋅ 𝜙′

𝐿/𝐸(𝑡) = [(𝐺/𝑁)0 ∶ (𝐺/𝑁)𝜙𝐿/𝐸(𝑡)]−1[𝑁0 ∶ 𝑁𝑡]−1

and that of the left is [𝐺0 ∶ 𝐺⌈𝑡⌉]−1, so it suffices to note by Lemma 6.5.9 and Theorem 6.5.25 that

[𝐺𝑠 ∶ 𝑁𝑠] = [𝐺𝑠 ∶ 𝐺𝑠 ∩ 𝑁] = [𝐺𝑠𝑁 ∶ 𝑁] = |(𝐺/𝑁)𝜙𝐿/𝐸(𝑠)|

for 𝑠 = 0 and 𝑠 = 𝑡. ∎
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Part II

Class field theory

145





147

The goal of class field theory is to describe the structure of the Galois group of the maximal abelian 
extension of a field in terms of the arithmetic of the field itself.

Remark 6.5.27. The term “class field theory” will at times be abbreviated “CFT”.
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Chapter 7

Global class field theory via ideals

In this chapter, we take the classical approach of comparing Galois groups of abelian extensions of a 
number field to generalizations of class groups of the field. We use zeta and 𝐿-functions in proving 
some of the key results.

7.1 Dedekind zeta functions

In this section, we shall be interested in the convergence of Dirichlet series.

Definition 7.1.1. The Dirichlet series of a sequence (𝑎𝑛)𝑛≥1 of complex numbers is the series

∞
∑
𝑛=1

𝑎𝑛𝑛−𝑠,

where 𝑠 is a complex variable.

The following trick can be proven by a simple induction.

Lemma 7.1.2. Let (𝑏𝑖)𝑖≥1 and (𝑐𝑖)𝑖≥1 be sequences of complex numbers. For 𝑛 ≥ 1, set 𝐵𝑛 = ∑𝑛
𝑖=1 𝑏𝑖. 

Then
𝑛

∑
𝑖=1

𝑏𝑖𝑐𝑖 = 𝐵𝑛𝑐𝑛 +
𝑛−1
∑
𝑖=1

𝐵𝑖(𝑐𝑖 − 𝑐𝑖+1).

In particular, for 𝑛 ≥ 𝑚 ≥ 1, we have

𝑛
∑

𝑖=𝑚+1
𝑏𝑖𝑐𝑖 = 𝐵𝑛𝑐𝑛 − 𝐵𝑚𝑐𝑚 +

𝑛−1
∑

𝑖=𝑚+1
𝐵𝑖(𝑐𝑖 − 𝑐𝑖+1)

149



150 CHAPTER 7.  GLOBAL CLASS FIELD THEORY VIA IDEALS

Proof. This is immediate for 𝑛 = 1. Suppose it for 𝑛. Then the difference of the right-hand side 
of the above equation for 𝑛 + 1 and 𝑛 is

𝐵𝑛+1𝑐𝑛+1 + 𝐵𝑛(𝑐𝑛 − 𝑐𝑛+1) − 𝐵𝑛𝑐𝑛 = 𝑏𝑛+1𝑐𝑛+1,

as required. ∎

Notation 7.1.3. For 𝑠0 ∈ ℂ, let 𝑍(𝑠0) = {𝑠 ∈ ℂ ∣ Re(𝑠) > Re(𝑠0)}.

Lemma 7.1.4. Suppose that a Dirichlet series ∑∞
𝑛=1 𝑎𝑛𝑛−𝑠 converges at some 𝑠0 ∈ ℂ. Then it con-

verges for all 𝑠 ∈ 𝑍(𝑠0), and it converges uniformly on every compact subset of 𝑍(𝑠0).

Proof. Let 𝑡0 = Re(𝑠0) and 𝑡 = Re(𝑠) for 𝑠 ∈ 𝑍(𝑠0), so 𝑡 > 𝑡0. For 𝑚 ≥ 1, let 𝐷𝑚 > 0 be the 
maximum of all | ∑𝑛

𝑘=1 𝑎𝑘𝑘−𝑠0 | ≤ 𝐷𝑚 with 𝑛 ≤ 𝑚. These are bounded by some 𝐷 > 0 since the partial 
sums converge. Applying Lemma 7.1.2 to the sequences (𝑎𝑛𝑛−𝑠0)𝑛≥1 and (𝑛𝑠0−𝑠)𝑛≥1, we obtain

|
𝑛

∑
𝑘=𝑚+1

𝑎𝑛𝑛−𝑠| ≤ 𝐷𝑛𝑛𝑡0−𝑡 + 𝐷𝑚𝑚𝑡0−𝑡 +
𝑛−1
∑

𝑘=𝑚+1
𝐷𝑘 |𝑘𝑠0−𝑠 − (𝑘 + 1)𝑠0−𝑠|

Note that
|𝑘𝑠0−𝑠 − (𝑘 + 1)𝑠0−𝑠| ≤ |𝑠 − 𝑠0| ∫

𝑘+1

𝑘
𝑥𝑡0−𝑡−1𝑑𝑥,

from which it follows that
𝑛−1
∑

𝑘=𝑚+1
𝐷𝑘 |𝑘𝑠0−𝑠 − (𝑘 + 1)𝑠0−𝑠| ≤ 𝐷𝑛−1|𝑠 − 𝑠0| ∫

𝑛−1

𝑚+1
𝑥𝑡0−𝑡−1𝑑𝑥

Taking the limit as 𝑛 → ∞, we obtain

|
∞
∑

𝑘=𝑚+1
𝑎𝑛𝑛−𝑠| ≤ 𝐷𝑚𝑡0−𝑡 + |𝑠 − 𝑠0| ∫

∞

𝑚+1
𝑥𝑡0−𝑡−1𝑑𝑥 ≤ 𝐷𝑚𝑡0−𝑡 + |𝑠 − 𝑠0|

𝑡 − 𝑡0
(𝑚 + 1)𝑡0−𝑡.

Thus ∑∞
𝑛=𝑚+1 𝑎𝑛𝑛−𝑠 approaches 0 uniformly as 𝑚 increases for 𝑠 in any fixed compact subset of 𝑍(𝑠0).

∎

Lemma 7.1.5. Let (𝑎𝑛)𝑛≥1 be a sequence in ℂ, and suppose that 𝐶 > 0 and 𝑢 ≥ 0 are such that 
| ∑𝑛

𝑘=1 𝑎𝑘 | ≤ 𝐶𝑛𝑢 for all 𝑛 ≥ 1. Then ∑∞
𝑛=1 𝑎𝑛𝑛−𝑠 converges absolutely uniformly on any compact 

subset of 𝑍(𝑡).

Proof. For 𝑡 = Re(𝑠), the computation of Lemma 7.1.4 with 𝑠0 = 0 and 𝐷𝑛 ≤ 𝐶𝑛𝑢 gives

|
𝑛

∑
𝑘=𝑚+1

𝑎𝑛𝑛−𝑠| ≤ 𝐶𝑛𝑢−𝑡 +𝐶𝑚𝑢−𝑡 +𝐶|𝑠|
𝑛−1
∑

𝑘=𝑚+1
𝑘𝑢 ∫

𝑘+1

𝑘
𝑥−𝑡−1𝑑𝑥 ≤ 𝐶𝑛𝑢−𝑡 +𝐶𝑚𝑢−𝑡 +𝐶|𝑠| ∫

𝑛

𝑚+1
𝑥𝑢−𝑡−1𝑑𝑥.

Taking the limit as 𝑛 → ∞, we obtain

|
∞
∑

𝑘=𝑚+1
𝑎𝑛𝑛−𝑠| ≤ 𝐶𝑚𝑢−𝑡 + 𝐶 |𝑠|

𝑢 − 𝑡 (𝑚 + 1)𝑢−𝑡,

which again converges uniformly in any bounded subset of 𝑍(𝑠). ∎
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We give an application to the Riemann zeta function.

Definition 7.1.6. The Riemann zeta series is the Dirichlet series

𝜁(𝑠) =
∞
∑
𝑛=1

𝑛−𝑠.

Theorem 7.1.7. The zeta series 𝜁(𝑠) defines an analytic function on 𝑠 ∈ ℂ with Re(𝑠) > 1, and it has 
a meromorphic continuation to Re(𝑠) > 0, in which region it is analytic aside from a simple pole at 
𝑠 = 1.

Proof. The first statement is an immediate consequence of Lemma 7.1.5, the condition of which 
holds for 𝐶 = 1 and 𝑡 = 1. Consider 𝜁2(𝑠) = ∑∞

𝑛=1(−1)𝑛−1𝑛−𝑠. We can again apply Lemma 7.1.5 for 
𝐶 = 1 and 𝑡 = 0 to see that the latter series converges uniformly and absolutely on Re(𝑠) > 0. Note 
that ∞

∑
𝑛=1

(−1)𝑛−1𝑛−𝑠 =
∞
∑
𝑛=1

𝑛−𝑠 − 2
∞
∑
𝑛=1

(−1)𝑛−1(2𝑛)−𝑠,

from which we see that 𝜁2(𝑠) = (1−21−𝑠)𝜁(𝑠) for 𝑠 ∈ 𝑍(0) aside from those with 2𝑠−1 = 1, i.e., those 
𝑠 of the form 1 + 2𝜋𝑛𝑖

log 2  for some 𝑛 ∈ ℤ. Similarly, the Dirichlet series 𝜁3(𝑠) attached to the sequence 
(𝑎𝑛)𝑛≥1 with 𝑎3𝑘+1 = 𝑎3𝑘+2 = 1 and 𝑎3𝑘+3 = −2 for all 𝑘 ≥ 0 converges for Re(𝑠) > 0 and satisfies 
𝜁3(𝑠) = (1 − 31−𝑠)𝜁(𝑠) on said region, aside from 𝑠 with 3𝑠−1 = 1, those 𝑠 of the form 1 + 2𝜋𝑛𝑖

log 3 . Thus 
𝜁(𝑠) is analytic outside 𝑠 = 1. Finally, we note that

1
𝑠 − 1 = ∫

∞

1
𝑥−𝑠𝑑𝑥 ≤

∞
∑
𝑛=1

𝑛−𝑠 ≤ 1 + ∫
∞

1
𝑥−𝑠𝑑𝑥 = 𝑠

𝑠 − 1.

Thus, lim𝑠→1(𝑠 − 1)𝜁(𝑠) = 1, so 𝜁(𝑠) has a simple pole with residue 1 at 𝑠 = 1. ∎

Terminology 7.1.8.  A product ∏𝔭(1 − 𝑎𝔭𝑁𝔭−𝑠)−1 over primes 𝔭 of a number field 𝐹 for complex 
numbers 𝑎𝔭 is known as an Euler product for 𝑠 ∈ ℂ such that it converges. The individual term 
(1 − 𝑎𝔭𝑁𝔭−𝑠)−1 for a prime 𝔭 is known as an Euler factor at 𝔭.

Proposition 7.1.9. For any 𝑠 ∈ ℂ with Re(𝑠) > 1, the Euler product ∏𝑝(1 − 𝑝−𝑠)−1 over all primes 
𝑝 converges to 𝜁(𝑠).

Proof. The logarithm of the Euler product is given by
∞
∑
𝑛=1

∑
𝑝

1
𝑛𝑝𝑛𝑠 ,

with the latter sum taken over all prime numbers 𝑝. For 𝑡 = Re(𝑠),we have
∞
∑
𝑛=2

∑
𝑝

1
𝑛𝑝𝑛𝑡 ≤

∞
∑
𝑛=2

∑
𝑝

𝑝−𝑛𝑡 ≤ 𝜁(𝑡),
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so converges uniformly on an closed interval inside the interval 𝑡 > 1
2 . In particular, the series 

∑∞
𝑛=1 ∑𝑝

1
𝑛𝑝𝑛𝑠  converges absolutely and uniformly on any compact subset of 𝑍(1

2) on which ∑𝑝 𝑝−𝑠

does. In particular, the Euler product defines an analytic function on 𝑍(1).
We can then compare finite products and sums. Let 𝑆 be a finite set of prime numbers and 𝐼𝑆 be 

the semigroup they generate. Then

∏
𝑝∈𝑆

(1 − 𝑝−𝑠)−1 = ∑
𝑛∈𝐼𝑆

𝑛−𝑠.

We then have 𝜁(𝑠) = ∏𝑝(1 − 𝑝−𝑠)−1 for Re(𝑠) > 1 by taking the limit over all 𝑆. ∎

Notation 7.1.10. For two meromorphic functions 𝑓  and 𝑔 on a neighborhood of 𝑠 = 1 in ℂ, or which 
have meromorphic continuation to such a neighborhood, we write 𝑓 ∼ 𝑔 if they differ by a function 
analytic at 1.

We now turn to zeta functions of number fields.

Definition 7.1.11. The Dedekind zeta series of a number field 𝐾  is Dirichlet series

𝜁𝐾(𝑠) = ∑
𝔞⊆𝒪𝐹

(𝑁𝔞)−𝑠,

where the sum runs over nonzero ideals 𝔞 of 𝒪𝐾 .

Theorem 7.1.12. For a number field 𝐾 , the series 𝜁𝐾(𝑠) = ∑𝔞⊆𝒪𝐾
(𝑁𝔞)−𝑠 converges absolutely for 

all 𝑠 ∈ ℂ with Re(𝑠) > 1. Moreover, for such 𝑠, we have

𝜁𝐾(𝑠) = ∏
𝔭

(1 − 𝑁𝔭−𝑠)−1,

where the product runs over all nonzero prime ideals 𝔭 of 𝒪𝐾 . It has a meromorphic continuation to 
𝑍(1 − [𝐾 ∶ ℚ]−1) that is analytic outside of a simple pole at 𝑠 = 1.

Proof. We sketch part of the proof. Again, we consider the logarithm of the Euler product, noting 
that

log 𝜁𝐾(𝑠) ∼ ∑
𝔭

𝑁𝔭−𝑠,

and the latter sum is at most [𝐾 ∶ ℚ] ∑𝑝 𝑝−𝑠 ∼ [𝐾 ∶ ℚ] log(𝑠 − 1)−1, from which we obtain conver-
gence of the Euler product on 𝑍(1) to an analytic function. We can then compare the Euler product 
over a finite sum of primes with the partial sum in the Dirichlet series over ideals divisible only by 
those primes to obtain equality in said region. We omit the argument regarding its meromorphic 
continuation and simple pole. ∎
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From this, we obtain the following statement on the density of completely split primes.

Definition 7.1.13.  Let 𝑆 be a set of prime ideals of a number field 𝐾 . The Dirichlet density 𝛿(𝑆) of 
𝑆, if it exists, is

𝛿(𝑆) = lim
𝑠→1+

∑𝔭∈𝑆 𝑁𝔭−𝑠

∑𝔭 𝑁𝔭−𝑠 ,

where the sum in the denominator is taken over all prime ideals of 𝐾 . The upper Dirichlet density 
(resp., lower Dirichlet density) is obtained by replacing the limit in the definition of Dirichlet density 
with the lim inf (resp., lim sup).

Theorem 7.1.14. Let 𝐿/𝐾  be a Galois extension of number fields. Then the Dirichlet density of the 
set 𝑆𝐿/𝐾  of primes of 𝐾  that split completely in 𝐾  is 1

[𝐿∶𝐾] .

Proof. As before, we have that log 𝜁𝐿(𝑠) ∼ ∑𝔓 𝑁𝔓−𝑠. At the same time, the sum over primes that 
are not completely split is bounded absolutely by the finite sum over primes of degree ≥ 2 at 𝑠 = 1, 
since |𝑁𝔓−𝑠| is for such 𝔓 is at least 𝑝2 for the prime 𝑝 with (𝑝) = 𝔓 ∩ ℤ. Since each prime over 𝐾
that is completely split in 𝐾  has [𝐿 ∶ 𝐾] primes over it of the same absolute norm, we then have

log 𝜁𝐿(𝑠) ∼ [𝐿 ∶ 𝐾] ∑
𝔭∈𝑆𝐿/𝐾

𝑁𝔭−𝑠

At the same time, since both 𝜁𝐿(𝑠) and 𝜁𝐾(𝑠) have a simple pole at 𝑠 = 1, we have

log 𝜁𝐿(𝑠) ∼ log(𝑠 − 1)−1 ∼ log 𝜁𝐾(𝑠) ∼ ∑
𝔭

𝑁𝔭−𝑠,

and therefore 𝛿(𝑆𝐿/𝐾) = [𝐿 ∶ 𝐾]−1. ∎

We can attach a Dirichlet series to a finite-dimensional representation of a Galois extension 𝐿/𝐾
of number fields as follows.

Definition 7.1.15. Let 𝐿/𝐾  be Galois, and let 𝜒 be a character of a finite-dimensional ℂ-
representation of Gal(𝐿/𝐾). Then the Artin 𝐿-function of 𝜒 is Euler product expansion

𝐿(𝜒, 𝑠) = ∏
𝔭

det(1 − 𝑥𝜑𝔭|𝑉 𝐼𝔭)−1|𝑥=𝑁𝔭−𝑠

on 𝑍(1), where 𝜑𝔭 denotes a Frobenius in Gal(𝐿/𝐾) of some prime 𝔓 of 𝐿 over 𝔭, and 𝐼𝔭 denotes the 
inertia group at 𝔓 in Gal(𝐿/𝐾).

Proposition 7.1.16. Let 𝐿/𝐾  be Galois, and let 𝜒 be a character of a finite-dimensional ℂ-
representation of Gal(𝐿/𝐾). The Artin 𝐿-function 𝐿(𝜒, 𝑠) converges to an analytic function on 
Re(𝑠) > 1. In this range, we have

𝜁𝐿(𝑠) = ∏
𝜒

𝐿(𝜒, 𝑠)𝜒(1),

where the product is taken over the characters of irreducible representations of Gal(𝐿/𝐾).
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Notation 7.1.17. If 𝜒∶ Gal(𝐿/𝐾) → ℂ× is an abelian character, we view 𝜒 as the unique multiplica-
tive function on the nonzero ideals of 𝒪𝐾  such that 𝜒(𝔭) = 0 for a prime ideal 𝔭 is 0 if 𝔭 ramifies in 
𝐿ker 𝜒/𝐾  and is 𝜒(𝜑𝔭) otherwise, where 𝜑𝔭 is a Frobenius in Gal(𝐿/𝐾) at any prime over 𝔭.

Proposition 7.1.18. Let 𝜒∶ Gal(𝐿/𝐾) → ℂ× be an abelian character of a Galois extension 𝐿/𝐾  of 
number fields. Then

𝐿(𝜒, 𝑠) = ∏
𝔭

(1 − 𝜒(𝔭)𝑁𝔭−𝑠)−1 = ∑
𝔞⊆𝒪𝐾

𝜒(𝔞)𝑁𝔞−𝑠

for Re(𝑠) > 1.

For 𝜒 abelian, it is known that 𝐿(𝜒, 𝑠) is analytic on ℂ (outside of a simple pole at 𝑠 = 1 if 𝜒 is 
trivial), but we require only something weaker. We provide a proof of the following result, assuming 
an input from the geometry of numbers.

Proposition 7.1.19.  Let 𝐿/𝐾  be an abelian extension of number fields, let 𝑚 ≥ 1, and let 𝜒 be 
a nontrivial, irreducible character of Gal(𝐿/𝐾). Then 𝐿(𝜒, 𝑠) has a unique analytic extension to 
𝑍(1 − [𝐾 ∶ ℚ]−1), and 𝐿(𝜒, 1) is nonzero.

Proof. Let 𝑛 ≥ 2 be the order of 𝜒, fix an 𝑛th root of unity 𝜁, and let 𝑑 = [𝐾 ∶ ℚ]. The geometry 
of numbers can be used to show that the number of ideals 𝔞 of 𝒪𝐾  with 𝑁𝔞 ≤ 𝑁  for 𝑁 ≥ 1 and 
𝜒(𝔞) = 𝜁 is 𝐶𝑁 + 𝑂(𝑁1−𝑑−1), where 𝐶 is a constant independent of 𝜁. Given this, we note that

∑
𝑁𝔞≤𝑁

𝜒(𝔞) = ∑
𝜁∈𝜇𝑛

|{𝑁𝔞 ≤ 𝑁 ∣ 𝜒(𝔞) = 𝜁}|𝜁 = ∑
𝜁∈𝜇𝑛

𝜁 ⋅ 𝐶𝑁 + 𝑂(𝑁1−𝑑−1) = 𝑂(𝑁1−𝑑−1).

By Lemma 7.1.5, we therefore have that ∑𝔞⊂𝒪𝐾
𝜒(𝔞)𝑁𝔞−𝑠 converges absolutely and uniformly on 

every compact subset of 𝑍(1 − 𝑑−1).
For the nonvanishing, write log 𝜁𝐿(𝑡) = ∑𝜒 log 𝐿(𝜒, 𝑡) and observe that, up to a bounded function 

as 𝑡 → 1+, the latter sum has absolute value at least (1 − ∑𝜒 𝑚𝜒) log(𝑡 − 1)−1, where 𝑚𝜒 is the order 
of vanishing of 𝐿(𝜒, 𝑠) at 𝑠 = 1. But if some 𝑚𝜒 ≥ 1, then 1 − ∑𝜒 𝑚𝜒 ≤ 0, which is impossible 
since log 𝜁𝐿(𝑠) ∼ log(𝑠 − 1)−1. ∎

7.2 Chebotarev density theorem

We prove Chebotarev’s density theorem in something close to the original manner in which it was 
proven, roughly following an exposition of Stevenhagen and Lenstra.

Proposition 7.2.1. Let 𝐾  be a number field, 𝑚 ≥ 1, and 𝐺 = Gal(𝐾(𝜇𝑚)/𝐾). For 𝜎 ∈ 𝐺, the 
Dirichlet density of primes 𝔭 of 𝐾  with Frobenius 𝜎 in 𝐺 is 1

|𝐺| .
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Proof. From Proposition 7.1.16 and Proposition 7.1.19, it follows that

𝜁𝐿(𝑠) = ∏
𝜒∶ 𝐺→ℂ×

𝐿(𝜒, 𝑠)

for Re(𝑠) > 1 − [𝐿 ∶ ℚ]−1. For a prime 𝔭 of 𝐾  unramified in 𝐿, we have that 𝜑𝔭(𝜁𝑚) = 𝜁𝑁𝔭
𝑚  for a 

primitive 𝑚th root of unity 𝜁𝑚, and therefore 𝜒(𝜑𝔭) depends only on 𝑁𝔭 modulo 𝔪.
Much as before, we have

log 𝐿(𝜒, 𝑠) ∼ ∑
𝔭

𝜒(𝔭)𝑁𝔭−𝑠

for Re(𝑠) > 1. Given 𝜎 ∈ Gal(𝐹(𝜇𝑚)/𝐹) with 𝜎(𝜁𝑚) = 𝜁𝑎
𝑚 for some 𝑎 prime to 𝑚, we have

∑
𝜒∶ 𝐺→ℂ×

𝜒(𝜎)𝜒(𝔭)−1 =
{


0 if 𝑎 ≢ 𝑁𝔭 mod 𝑚,

|𝐺| otherwise.

Now, on the one hand we have

∑
𝜒

𝜒(𝜎)−1 log 𝐿(𝜒, 𝑠) ∼ ∑
𝜒

∑
𝔭

𝜒(𝜎)−1𝜒(𝔭)𝑁𝔭−𝑠 ∼ |𝐺| ∑
𝑁𝔭≡𝑎 mod 𝑚

𝑁𝔭−𝑠,

whereas on the other we have

∑
𝜒

𝜒(𝜎)−1 log 𝐿(𝜒, 𝑠) ∼ log 𝜁𝐾(𝑠) ∼ log(𝑠 − 1)−1,

since we know that 𝐿(𝜒, 1) ≠ 0 for all nontrivial 𝜒. Comparing the two equations, we obtain that the 
Dirichlet density of 𝔭 with 𝜑𝔭 = 𝜎 is 1/|𝐺| ∎

Theorem 7.2.2  (Chebotarev). Let 𝐿/𝐾  be a Galois extension of number fields with Galois group 𝐺. 
Let 𝐶 be a conjugacy class in 𝐺. The Dirichlet density of prime ideals 𝔭 of 𝐾  such that the conjugacy 
class in 𝐺 of a Frobenius of a prime over 𝔭 in 𝐿 lies in 𝐶 is |𝐶|

|𝐺| .

Proof. With Proposition 7.2.1 already in hand, we divide the remainder of the proof into two steps.

Step 1. First, we shall show that the theorem for 𝐿/𝐾  and 𝐶 follows from the theorem for a cyclic 
subextension 𝐿/𝐸, where 𝐸 is the fixed field of an element of 𝐶. Let 𝑆 be the set of prime ideals of 𝐾
unramified in 𝐿 with class 𝐶. Let 𝜎 ∈ 𝐶 and 𝐸 = 𝐾 ⟨𝜎⟩ so that 𝐿/𝐸 is cyclic of degree 𝑓 = |⟨𝜎⟩|. Note 
that the latter order is independent of 𝜎.

Let 𝑇𝜎 be the set of primes 𝑃 of 𝐸 unramified in 𝐿 and over 𝐾  with Frobenius 𝜑𝑃 at a prime of 𝐿
over 𝑃 equal to 𝜎. If 𝑃 ∈ 𝑇𝜎, then 𝜑𝑃 = 𝜎 fixes 𝐸, so 𝑃 has degree one over 𝐹. As 𝑃 is by definition 
inert in 𝐿, there are exactly |𝐺|/𝑓  primes of 𝐿 over 𝑃 ∩ 𝐾 . As the Frobenius elements of such primes 
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are distributed evenly among the elements of the conjugacy class 𝐶 of 𝜎, exactly |𝐺|/𝑓 |𝐶| of these 
have Frobenius 𝜎.

We may then compute the Dirichlet density of 𝑆:

𝛿(𝑆) = lim
𝑠→1+

∑𝔭∈𝑆 𝑁𝔭−𝑠

∑𝔭 𝑁𝔭−𝑠 = 𝑓 |𝐶|
|𝐺| lim

𝑠→1+

∑𝑃∈𝑇𝜎
𝑁𝑃−𝑠

∑𝔭 𝑁𝔭−𝑠 = 𝑓 |𝐶|
|𝐺| 𝛿(𝑇𝜎),

recalling once again that ∑𝔭 𝑁𝔭−𝑠 ∼ ∑𝑃 𝑁𝑃−𝑠. Supposing the theorem for 𝐾/𝐸, we have 𝛿(𝑇𝜎) = 1
𝑓 , 

and we therefore obtain 𝛿(𝑆) = |𝐶|
|𝐺| , as desired.

Step 2. It remains to prove the theorem for cyclic extensions, and we shall actually make the 
weaker hypothesis that 𝐿/𝐾  is abelian. Choose 𝑚 ≥ 1 not dividing the discriminant of 𝐿 so that 𝐻 =
Gal(𝐿(𝜇𝑚)/𝐿) is isomorphic to (ℤ/𝑚ℤ)× via the mod 𝑚 cyclotomic character, and Gal(𝐿(𝜇𝑚)/𝐾) ≅
𝐺 × 𝐻. For 𝜎 ∈ 𝐺 and 𝜏 ∈ 𝐻, let 𝑆𝜎 be the set of primes of 𝐾  unramified in 𝐿 with Frobenius 𝜎 in 
𝐺, and let 𝑆𝜎,𝜏 be the set of primes of 𝐾  unramified in 𝐿(𝜇𝑚) with Frobenius (𝜎, 𝜏) ∈ 𝐺 × 𝐻. Then

𝛿inf(𝑆𝜎) = ∑
𝜏∈𝐻

𝛿inf(𝑆𝜎,𝜏).

Now suppose that |𝐺| divides the order of 𝜏. Then ⟨(𝜎, 𝜏)⟩∩(𝐺 ×{1}) = 1, which implies that 𝐿(𝜇𝑚)
is given by adjoining 𝜇𝑚 to 𝐹 = 𝐾(𝜇𝑚)⟨(𝜎,𝜏)⟩. Since we have previously shown the theorem for 
cyclotomic extensions such as 𝐹(𝜇𝑚)/𝐹, we have that the Dirichlet density of the set of unramified 
primes in this extension with Frobenius (𝜎, 𝜏) is 1

|⟨𝜏⟩| . From the argument of Step 1, we see that 
𝛿(𝑆𝜎,𝜏) exists and equals 1

|𝐺||𝐻| .
Now let 𝐻𝑛 be the set of elements 𝜏 ∈ 𝐻 of order divisible by 𝑛. By summing over all 𝜏 ∈ 𝐻𝑛, we 

see that 𝛿inf(𝑆𝜎) ≥ |𝐻𝑛|
|𝐺||𝐻| . Write 𝑛 = 𝑝𝑘1

1 ⋯ 𝑝𝑘𝑟𝑟  for distinct primes 𝑝1, … , 𝑝𝑟 and 𝑘1, … , 𝑘𝑟 ≥ 1. There 
exists a prime 𝑚 ≡ 1 mod 𝑛𝑗, since the Dirichlet density of completely split primes in ℚ(𝜇𝑛𝑗)/ℚ is 
positive. For such an 𝑚, let 𝑗𝑖 = 𝑣𝑝𝑖

(𝑚 − 1) ≥ 𝑗. We then have

|𝐻𝑛|
|𝐻| =

𝑟
∏
𝑖=1

(


1 −
𝑝𝑘𝑖−1

𝑖
𝑝𝑗𝑖𝑘𝑖

)


≥
𝑟

∏
𝑖=1

(1 − 1
𝑝(𝑗−1)𝑘𝑖+1 ) .

so |𝐻𝑛|
|𝐻|  tends to 1 as 𝑗 increases. It follows that 𝛿inf(𝑆𝜎) ≥ 1

|𝐺| . Since the sum of these over all 𝜎 ∈ 𝐺
is then at least 1, it must equal 1. Thus, we have that 𝛿(𝑆𝜎) exists and equals 1

|𝐺| . ∎

As a consequence, we obtain Dirichlet’s theorem on primes in arithmetic progressions.

Corollary 7.2.3  (Dirichlet). For 𝑛 ≥ 1 and 𝑎 ∈ ℤ≥1 with gcd(𝑎, 𝑛) = 1, the set {𝑎 + 𝑘𝑛 ∣ 𝑘 ≥ 0}
contains infinitely many prime numbers. In fact, the Dirichlet density of the set of such primes is 1

𝜑(𝑛) .
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Proof. The prime numbers with Frobenius 𝜑 in Gal(ℚ(𝜇𝑛)/ℚ) satisfying 𝜑(𝜁𝑛) = 𝜁𝑎
𝑛 for a 

primitive 𝑛th root of unity 𝜁𝑛 are exactly those in the arithmetic progression in question. Chebotarev’s 
theorem then tells us that the Dirichlet density is the reciprocal of the degree 𝜑(𝑛), as the extension is 
abelian. ∎

7.3 Ray class groups

Let us fix a number field 𝐾 .

Definition 7.3.1. A modulus 𝔪 for 𝐾  is a formal product 𝔪 = 𝔪𝑓 𝔪∞ consisting of a nonzero ideal 𝔪𝑓

of 𝒪𝐾  and a formal product 𝔪∞ of distinct real places of 𝐾 . We refer to 𝔪𝑓  and 𝔪∞ as the finite and 
infinite parts of 𝔪, respectively.

Remark 7.3.2. A formal product of symbols is a tuple (or list) of symbols, written in product notation.

Remark 7.3.3. In a modulus 𝔪, the product composing 𝔪∞ can be empty, in which case we simply 
write 𝔪 = 𝔪𝑓 .

We may define a notion of congruence modulo 𝔪.

Definition 7.3.4. Let 𝔪 be a modulus for 𝐾 . We say that 𝑎, 𝑏 ∈ 𝐾× are congruent modulo 𝔪, and write

𝑎 ≡∗ 𝑏 mod 𝔪

if 𝑎 ≡ 𝑏 mod 𝔪𝑓  and the image of 𝑎/𝑏 is positive under the real embedding attached to any real place 
in the formal product 𝔪∞.

We may now define ray class groups.

Definition 7.3.5. Let 𝔪 = 𝔪𝑓 𝔪∞ be a modulus for a number field 𝐾 . 

a. The 𝔪-ideal group 𝐼𝔪
𝐾  is the subgroup of the ideal group 𝐼𝐾  generated by the nonzero prime 

ideals of 𝒪𝐾  that do not divide 𝔪𝑓 .

b. The unit group at 𝔪 in 𝐾  is the subgroup 𝐾𝔪 of 𝐾× defined by

𝐾𝔪 = {𝑎 ∈ 𝐾× ∣ 𝑣𝔭(𝑎) = 0 for all primes 𝔭 ∣ 𝔪𝑓 }.

c. The ray modulo 𝔪 in 𝐾  is the subgroup 𝐾𝔪,1 of 𝐾× consisting of elements congruent to 1 modulo 
𝔪: that is,

𝐾𝔪,1 = {𝑎 ∈ 𝐾× ∣ 𝑎 ≡∗ 1 mod 𝔪}.
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d. The principal 𝔪-ideal group 𝑃𝔪
𝐾  is the subgroup of fractional ideals of 𝒪𝐾  generated by ele-

ments of 𝐾𝔪,1.

e. The ray class group Cl𝔪𝐾  of 𝐾  of modulus 𝔪 is the quotient group

Cl𝔪𝐾 = 𝐼𝔪
𝐾/𝑃𝔪

𝐾 .

f. The ray class [𝔞]𝔪 for the modulus 𝔪 of a fractional ideal 𝔞 ∈ 𝐼𝔪
𝐾  is the image of 𝔞 in Cl𝔪𝐾 .

Remark 7.3.6. The reason for the term “ray” is surely as follows. The ray ℚ∞,1, where ∞ is the 
unique real prime of ℚ, is equal to the set of positive rational numbers, which is dense in the ray 
[0, ∞) in ℝ.

Example 7.3.7. The class group of 𝐾  is in fact the ray class group with modulus (1). That is, taking 
𝔪 = (1), we have 𝐼𝔪

𝐾 = 𝐼𝐾  and 𝐾𝔪,1 = 𝐾×, so 𝑃𝔪
𝐾 = 𝑃𝐾  and Cl𝔪𝐾 = Cl𝐾 .

Remark 7.3.8. For any modulus 𝔪, we have the map 𝐼𝔪
𝐾 → Cl𝐾  that takes an ideal to its class. Despite 

the fact that 𝐼𝔪
𝐾  is not the full ideal group of 𝐾  unless 𝔪𝑓 = (1), this map is still surjective, with kernel 

the principal fractional ideals in 𝐼𝔪
𝐾 . To see this, first note that any fractional ideal of 𝒪𝐾  is a principal 

fractional ideal times an integral ideal 𝔞, and the Chinese remainder theorem tells us that we can find 
an element 𝑎 ∈ 𝒪𝐾  with exactly the same 𝔭-adic valuation as the maximal power of 𝔭 dividing 𝔞 for 
each 𝔭 dividing 𝔪𝑓 . Then 𝔞(𝑎−1) ∈ 𝐼𝔪

𝐾  has the same class of the original fractional ideal.

From now on, let us fix a modulus 𝔪 for 𝐾 . The following is immediate from the definitions.

Proposition 7.3.9. We have an exact sequence

1 → 𝒪×
𝐾 ∩ 𝐾𝔪,1 → 𝐾𝔪,1

𝜙
⟶ 𝐼𝔪

𝐾 → Cl𝔪𝐾 → 0,

where 𝜙∶ 𝐾× → 𝐼𝐾  takes an element to the fractional ideal it generates. In particular, we have 
𝜙(𝐾𝔪,1) = 𝑃𝔪

𝐾 .

We also have an exact sequence as in the following proposition.

Proposition 7.3.10. There is an exact sequence

1 → 𝒪×
𝐾/(𝒪×

𝐾 ∩ 𝐾𝔪,1) → 𝐾𝔪/𝐾𝔪,1 → Cl𝔪𝐾 → Cl𝐾 → 0,

where the first map is induced by the identity map on 𝐾×, the second is induced by the map that takes 
an element to its 𝔪-ray ideal class, and the last is the quotient by 𝑃𝐾 .

https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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Proof. Since Cl𝔪𝐾 = 𝐼𝔪
𝐾/𝑃𝔪

𝐾 . We saw in Remark 7.3.8 that the natural map 𝐼𝔪
𝐾 → Cl𝐾  is surjective 

with kernel 𝑃𝐾 ∩ 𝐼𝔪
𝐾 . Moreover, the natural map

𝐾𝔪 → (𝑃𝐾 ∩ 𝐼𝔪
𝐾)/𝑃𝔪

𝐾 ,

is by definition surjective. Since the elements of 𝐾𝔪 that generate classes in 𝑃𝔪
𝐾  are those in 𝒪×

𝐾𝐾𝔪,1, 
we have the result. ∎

We also have the following.

Proposition 7.3.11. The product of reduction modulo 𝔪𝑓  and the sign maps for each of the 𝑟 real 
places dividing 𝔪∞ induces a canonical isomorphism

𝐾𝔪/𝐾𝔪,1
∼⟶ (𝒪𝐾/𝔪𝑓 )× ×

𝑟
∏
𝑖=1

⟨−1⟩.

Proof. The kernel of the reduction modulo 𝔪𝑓  map on 𝐾𝔪 is 𝐾𝔪𝑓 ,1 and those elements of 𝐾𝔪𝑓 ,1

with trivial sign at all real places dividing 𝔪∞ constitute 𝐾𝔪,1. Therefore, we have an injective map 
as in the statement. That this map is surjective is an immediate corollary of weak approximation. ∎

The following is immediate from the exact sequence in Proposition 7.3.10, noting the finiteness of 
the class group and the finiteness of 𝐾𝔪/𝐾𝔪,1 implied by Proposition 7.3.11.

Corollary 7.3.12. The ray class group Cl𝔪𝐾  is finite.

Example 7.3.13. Let us consider the ray class groups of ℚ. Recall that Clℚ = (1) and that ℤ× = ⟨−1⟩. 
We will consider two cases for an 𝑓 ≥ 1: (i) 𝔪 = (𝑓 ) and (ii) 𝔪 = (𝑓 )∞. 

i. We have
ℚ(𝑓 )/ℚ(𝑓 ),1 ≅ (ℤ/𝑓 ℤ)×,

and if 𝑓 ≥ 3 so that this group is nontrivial, then −1 ∉ ℚ(𝑓 ),1. Propositions 7.3.10 and  7.3.11 then tell 
us for any 𝑓  that we have an isomorphism

𝜙′
𝑓 ∶ Cl(𝑓 )

ℚ
∼⟶ (ℤ/𝑓 ℤ)×/⟨−1⟩.

with 𝜙′
𝑓 ([(𝑎)](𝑓 )) the image of 𝑎 for any 𝑎 ∈ ℤ relatively prime to 𝑓 .

ii. We have
ℚ(𝑓 )∞/ℚ(𝑓 )∞,1 ≅ (ℤ/𝑓 ℤ)× × ⟨−1⟩,

and −1 ∉ ℚ(𝑓 )∞,1. Again by Propositions 7.3.10 and  7.3.11, we then have an exact sequence

0 → ⟨−1⟩ → (ℤ/𝑓 ℤ)× × ⟨−1⟩ → Cl(𝑓 )∞
ℚ → 0,
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where the first map takes −1 to (−1, −1). It follows that we have an isomorphism

𝜙𝑓 ∶ Cl(𝑓 )∞
ℚ

∼⟶ (ℤ/𝑓 ℤ)×

with 𝜙𝑓 ([(𝑎)](𝑓 )∞) = 𝑎 mod 𝑓  for 𝑎 ∈ ℤ relatively prime to 𝑓 .

We next show that norm maps descend to ray class groups.

Lemma 7.3.14. Let 𝐿/𝐾  be a finite extension of number fields and 𝔪 a modulus for 𝐾 . Then

𝑁𝐿/𝐾(𝐿𝔪,1) ⊆ 𝐾𝔪,1.

Proof. Let 𝛼 ∈ 𝐿𝔪,1. We have that 𝑁𝐿/𝐾(𝛼) is the product of the 𝜏(𝛼) over all embeddings 𝜏 of 𝐿
fixing 𝐾  in our fixed algebraic closure of 𝐾 . Since the ideal 𝔪𝑓  of 𝒪𝐾  is fixed under these embeddings, 
we have 𝑁𝐿/𝐾𝛼 ≡ 1 mod 𝔪𝑓 .

As for the infinite part, if 𝜎∶ 𝐾 → ℝ corresponds to a place dividing 𝔪∞ and 𝑆 is the set of 
embeddings 𝜏∶ 𝐿 → ℂ extending 𝜎, then

𝜎(𝑁𝐿/𝐾𝛼) = ∏
𝜏∈𝑆

𝜏(𝛼).

If 𝜏 ∈ 𝑆 is real, then 𝛼 ∈ 𝐿𝔪,1 tells us that 𝜏(𝛼) > 0. If 𝜏 ∈ 𝑆 is complex, then the complex conjugate 
embedding 𝜏̄ is also in 𝑆, and

𝜏(𝛼)𝜏̄(𝛼) = |𝜏(𝛼)|2 > 0.

As a product of positive numbers, 𝜎(𝑁𝐿/𝐾𝛼) is positive. ∎

Definition 7.3.15. Let 𝐿/𝐾  be a finite extension of number fields and 𝔪 a modulus for 𝐾 . The norm 
map 𝑁𝐿/𝐾 ∶ Cl𝔪𝐿 → Cl𝔪𝐾  is the map defined on 𝔞 ∈ 𝐼𝔪

𝐾  by

𝑁𝐿/𝐾([𝔞]𝔪) = [𝑁𝐿/𝐾(𝔞)]𝔪,

where 𝑁𝐿/𝐾(𝔞) is the norm from 𝐿 to 𝐾  of 𝔞.

Let us prove what is known as the first fundamental inequality of global class field theory.

Proposition 7.3.16. Let 𝐿/𝐾  be a finite abelian extension of number fields. For any modulus 𝔪 of 𝐾
divisible by the primes that ramify in 𝐿/𝐾 , we have

[Cl𝔪𝐾 ∶ 𝑁𝐿/𝐾 Cl𝔪𝐿] ≤ [𝐿 ∶ 𝐾].
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Proof. Let 𝐻 = 𝐼𝔪
𝐾/𝑃𝔪

𝐾𝑁𝐿/𝐾𝐼𝔪
𝐿 , and let Let 𝜒∶ 𝐻 → ℂ× be a nontrivial character. Much as with 

nontrivial characters of Gal(𝐿/𝐾), we can define an 𝐿-function

𝐿𝔪(𝜒, 𝑠) = ∏
𝔭∤𝔪

(1 − 𝜒(𝔭)𝑁𝔭−𝑠)−1 = ∑
𝔞⊆𝒪𝐾

𝔞+𝔪=𝒪𝐾

𝜒(𝔞)𝑁𝔞−𝑠

which converges to an analytic function on 𝑍(1 − [𝐾 ∶ ℚ]−1). Let 𝑚𝜒 be its order of vanishing at 
𝑠 = 1. On the one hand, we have

log 𝜁𝐾(𝑠) + ∑
𝜒≠1

log 𝐿𝔪(𝜒, 𝑠) ∼ (1 − ∑
𝜒

𝑚𝜒) log(𝑠 − 1)−1,

while on the other hand, we have

log 𝜁𝐾(𝑠) + ∑
𝜒≠1

log 𝐿𝔪(𝜒, 𝑠) ∼ ∑
𝜒

∑
𝐴∈𝐻

𝜒(𝐴) ∑
𝔭∈𝐴

𝑁𝔭−𝑠 ∼ |𝐻| ∑
𝔭∈𝑃𝔪

𝐾𝑁𝐿/𝐾𝐼𝔪
𝐿

𝑁𝔭−𝑠.

As the primes 𝔭 which are norms from 𝐿/𝐾  and unramified are the completely split primes 𝑆𝐿/𝐾 , the 
latter sum is, up to a constant (the sum of the reciprocals of the ramified primes), at least

|𝐻| ∑
𝔭∈𝑆𝐿/𝐾

𝑁𝔭−𝑠 = |𝐻|
[𝐿 ∶ 𝐾] log(𝑠 − 1)−1,

employing Theorem 7.1.14. We therefore have that every 𝑚𝜒 is zero and 1 ≥ |𝐻|
[𝐿∶𝐾] , which is what we 

aimed to show. ∎

As we shall see later, the first fundamental inequality is actually an equality.

7.4 Statements

Definition 7.4.1. Let 𝐾  be a number field and 𝔪 a modulus for 𝐾 . Let 𝐿 be a finite abelian extension 
of 𝐾  such that every place of 𝐾  that ramifies in 𝐿/𝐾  divides 𝔪. The Artin map for 𝐿/𝐾  with modulus 
𝔪 is the unique homomorphism

Ψ𝔪
𝐿/𝐾 ∶ 𝐼𝔪

𝐾 → Gal(𝐿/𝐾)

such that Ψ𝔪
𝐿/𝐾(𝔭) is the unique Frobenius element at 𝔭 in Gal(𝐿/𝐾) for every nonzero prime ideal 𝔭

of 𝒪𝐾  that does not divide 𝔪𝑓 .

Remarks 7.4.2. 



162 CHAPTER 7.  GLOBAL CLASS FIELD THEORY VIA IDEALS

a. The Artin map Ψ𝔪
𝐿/𝐾  is well-defined. To see this, note that 𝐼𝔪

𝐾  is freely generated by the prime 
ideals of 𝒪𝐾  not dividing 𝔪𝑓 , so it suffices to define it on these primes. Moreover, 𝐿/𝐾  is abelian 
and unramified at any such prime 𝔭, so there is a unqiue Frobenius element in Gal(𝐿/𝐾) at 𝔭. This 
Frobenius element is often written (𝔭, 𝐿/𝐾).

b. For any two moduli 𝔪 and 𝔪′ for 𝐾  such that every prime that ramifies in 𝐿 divide both 𝔪𝑓  and 
𝔪′

𝑓 , the Artin maps Ψ𝔪
𝐿/𝐾  and Ψ𝔪′

𝐿/𝐾  agree on the fractional ideals on which they are both defined.

Notation 7.4.3. Given a modulus 𝔪 for 𝐾  and a finite extension 𝐾′/𝐾 , we use 𝔪 also to denote the 
modulus 𝔪′ for 𝐾′ with 𝔪′

𝑓 = 𝔪𝑓 𝒪𝐾′ and 𝔪′
∞ the product of the real places of 𝐾′ lying over those of 

𝐾  that divide 𝔪∞.

Artin maps satisfy the following compatibilities, analogous to the case of the local reciprocity 
map.

Proposition 7.4.4. Let 𝐾  be a number field, and let 𝐾′/𝐾  be a finite extension. Let 𝔪 be a modulus 
for 𝐾 . Let 𝐿′ be a finite abelian extension of 𝐾′ such that every place of 𝐾′ that ramifies in 𝐿′/𝐾′

divides 𝔪, and set 𝐿 = 𝐿′ ∩ 𝐾ab. Then we have the following commutative diagrams: 

a.
where 𝑅𝐿/𝐾  denotes the restriction map on Galois groups,

b.
if 𝐿′/𝐾  is Galois, where the map 𝐼𝔪

𝐾 ↪ 𝐼𝔪
𝐾′ is the natural injection and 𝑉𝐾′/𝐾 ∶ Gal(𝐿/𝐾) →

Gal(𝐿′/𝐾′) is the transfer map, and

c.
where 𝜎 is an automorphism of the separable closure of 𝐾  and 𝜎∗ is the map 𝜎∗(𝜏) = 𝜎|𝐿∘𝜏∘𝜎−1|𝜎(𝐿), 
and where 𝜎(𝔪) is the modulus for 𝜎(𝐾) given by 𝜎(𝔪)𝑓 = 𝜎(𝔪𝑓 ) and 𝜎(𝔪∞) is the product of the 
applications of 𝜎 to the real places dividing 𝔪∞.
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Proof. We verify only part (a). It suffices to check commutativity on a prime ideal 𝔓 of 𝒪𝐾′ that 
does not divide 𝔪. In this case, Ψ𝔪

𝐿′/𝐾′(𝔓) is the Frobenius (𝔓, 𝐿′/𝐾′) and 𝔓, and its restriction to 
Gal(𝐿/𝐾) is (𝔭, 𝐿/𝐾)𝑓𝔓/𝔭, where 𝔭 = 𝔓 ∩ 𝒪𝐾 . On the other hand,

𝑁𝐾′/𝐾𝔓 = 𝔭𝑓𝔓/𝔭,

and Ψ𝔪
𝐿/𝐾  sends this to (𝔭, 𝐿/𝐾)𝑓𝔓/𝔭, so we are done. ∎

Note the following corollary.

Corollary 7.4.5. Let 𝐾  be a number field, and let 𝐿/𝐾  be a finite abelian extension. Let 𝔪 be modulus 
for 𝐾  that is divisible by every place of 𝐾  that ramifies in 𝐿/𝐾 . Then ker Ψ𝔪

𝐿/𝐾  contains 𝑁𝐿/𝐾𝐼𝔪
𝐿 .

Proof. Take 𝐾′ = 𝐿′ = 𝐿 in Proposition 7.4.4. Then the commutativity of the diagram in part (a) 
therein forces Ψ𝔪

𝐿/𝐾 ∘ 𝑁𝐿/𝐾 = 0 on 𝐼𝔪
𝐿 . ∎

Remark 7.4.6. Let 𝐾  be a number field. We may speak of a formal product of places dividing another 
such formal product in the obvious manner. Therefore, we say that a modulus 𝔪 for 𝐾  divides a 
modulus 𝔫 for 𝐾  if the divisibility occurs as formal products of places.

Definition 7.4.7. Let 𝐿/𝐾  be an abelian extension of number fields. A defining modulus for 𝐿/𝐾  is a 
modulus for 𝐾  that is divisible by the ramified places in 𝐿/𝐾  and is such that 𝑃𝔪

𝐾 ⊆ ker Ψ𝔪
𝐿/𝐾 .

Given a modulus 𝔪 for an extension 𝐿/𝐾  of number fields, the reciprocity map induces a reci-
procity map on the ray class group.

Definition 7.4.8. Let 𝐿/𝐾  be an abelian extension of number fields and 𝔪 a defining modulus for 𝐿/𝐾 . 
Then the map

𝜓𝔪
𝐿/𝐾 ∶ Cl𝔪𝐾 → Gal(𝐿/𝐾)

induced by Ψ𝔪
𝐿/𝐾  in the sense that

𝜓𝔪
𝐿/𝐾([𝔞]𝔪) = Ψ𝔪

𝐿/𝐾(𝔞)

for every 𝔞 ∈ 𝐼𝔪
𝐾  is also referred to as the the Artin reciprocity map for 𝐿/𝐾  (on Cl𝔪𝐾) with modulus 𝔪.

Remark 7.4.9. When the defining modulus 𝔪 for 𝐿/𝐾  is understood, we may at times denote 𝜓𝔪
𝐿/𝐾

more simply by 𝜓𝐿/𝐾 .

Remark 7.4.10. If 𝐿/𝐾  is a finite abelian extension with defining modulus 𝔪 and 𝐸 is a subextension, 
then 𝔪 is a defining modulus for 𝐸 as well.



164 CHAPTER 7.  GLOBAL CLASS FIELD THEORY VIA IDEALS

Let us state the main theorems of global class field theory. The first is due to Emil Artin.

Theorem 7.4.11  (Artin reciprocity). Every abelian extension 𝐿/𝐾  of number fields has a defining 
modulus 𝔪 divisible exactly by the places of 𝐾  that ramify in 𝐿. Moreover, 𝜓𝔪

𝐿/𝐾  is surjective with 
kernel 𝑁𝐿/𝐾(Cl𝔪𝐿), so induces an isomorphism

Cl𝔪𝐾 /𝑁𝐿/𝐾(Cl𝔪𝐿) ∼⟶ Gal(𝐿/𝐾).

The following is due to Teiji Takagi, building on work of Heinrich Weber.

Theorem 7.4.12  (Existence theorem of global CFT). Let 𝐾  be a number field, let 𝔪 be a modulus for 
𝐾 , and let 𝐻 be a subgroup of Cl𝔪𝐾 . Then there exists a (unique) finite abelian extension 𝐿 of 𝐾  with 
defining modulus 𝔪 such that 𝐻 = 𝑁𝐿/𝐾 Cl𝔪𝐿 .

In other words, every subgroup of Cl𝔪𝐾  for a number field 𝐾  and modulus 𝔪 is the norm group 
𝑁𝐿/𝐾 Cl𝔪𝐿  from a single finite abelian extension 𝐿 of 𝐾 . We have written “unique” in parentheses in 
the theorem, as it is sometimes excluded from the statement of the existence theorem.

Proposition 7.4.13. Let 𝐾  be a number field and 𝔪 a modulus for 𝐾 . For finite abelian extensions 𝐿
and 𝑀 of 𝐾  for which 𝔪 is a defining modulus, we have the following: 

a. 𝑁𝐿/𝐾 Cl𝔪𝐿 ∩𝑁𝑀/𝐾 Cl𝔪𝑀 = 𝑁𝐿𝑀/𝐾 Cl𝔪𝐿𝑀  (and 𝔪 is a defining modulus for 𝐿𝑀),

b. 𝑁𝐿/𝐾 Cl𝔪𝐿 ⋅𝑁𝑀/𝐾 Cl𝔪𝑀 = 𝑁(𝐿∩𝑀)/𝐾 Cl𝔪𝐿∩𝑀 , and

c. 𝑁𝑀/𝐾 Cl𝔪𝑀 ⊆ 𝑁𝐿/𝐾 Cl𝔪𝐿  if and only if 𝐿 ⊆ 𝑀.

Definition 7.4.14. Let 𝐾  be a number field and 𝔪 a modulus for 𝐾 . The ray class field for 𝐾  with 
modulus 𝔪 is the unique finite abelian extension 𝐿 of 𝐾  with modulus 𝔪 such that 𝔪 is a defining 
modulus for 𝐿/𝐾  and the Artin map 𝜓𝔪

𝐿/𝐾  is an isomorphism.

That is, the ray class field 𝐿 of 𝐾  for 𝔪 is the unique finite abelian extension of 𝐾  with defining 
modulus 𝔪 such that 𝑁𝐿/𝐾 Cl𝔪𝐿 = 1.

Remark 7.4.15. As a consequence of Proposition 7.4.13c, every finite abelian extension 𝐿 of 𝐾  for 
which a modulus 𝔪 for 𝐾  is a defining modulus is contained in the ray class field of 𝐾  with modulus 
𝔪.

Using the existence theorem, Proposition 7.4.13, and the surjectivity of Ψ𝔪
𝐿/𝐾  we may now demon-

strate a part of Artin reciprocity.
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Proof that 𝜓𝔪
𝐿/𝐾  has kernel 𝑁𝐿/𝐾(Cl𝔪𝐿). Let 𝑀 be the ray class field of 𝐾  with modulus 𝔪. Then 

𝑁𝑀/𝐾 Cl𝔪𝑀 = 1 by Artin reciprocity. It follows from Proposition 7.4.13c that 𝐿 ⊆ 𝑀. Consider the 
diagram

By Proposition 7.4.4a, the diagram commutes. As Gal(𝑀/𝐿) is a subgroup of Gal(𝑀/𝐾) and 𝜓𝔪
𝑀/𝐾

is an isomorphism, an element of 𝐼𝔪
𝐿  lies in the kernel of Ψ𝔪

𝑀/𝐿 if and only if its image in Cl𝔪𝐿  has 
trivial norm in Cl𝔪𝐾 . In particular, we have 𝑃𝔪

𝐿 ⊆ ker Ψ𝔪
𝑀/𝐿, so 𝔪 is a defining modulus for 𝑀/𝐿, and 

the dotted map in the diagram exists and is 𝜓𝔪
𝑀/𝐿.

Now, the kernel of 𝜓𝔪
𝐿/𝐾  consists of exactly those elements of Cl𝔪𝐾  with image in Gal(𝑀/𝐿) under 

𝜓𝔪
𝑀/𝐾 . Since Ψ𝔪

𝑀/𝐿 is assumed surjective, we have that 𝜓𝔪
𝑀/𝐿 is as well. Therefore, the composition

𝑁𝐿/𝐾 = (𝜓𝔪
𝑀/𝐾)−1 ∘ 𝜄 ∘ 𝜓𝔪

𝑀/𝐿 ∶ Cl𝔪𝐿 → Cl𝔪𝐾

has image ker 𝜓𝔪
𝐿/𝐾 , finishing the proof. ∎

Alternatively, we could have used the entire Artin reciprocity law and the existence theorem to 
prove Proposition 7.4.13 and the uniqueness of ray class fields, much as in the spirit of the case of 
local class field theory.

Example 7.4.16. We claim that the ray class field 𝐿 of ℚ(𝑖) with modulus (3) is ℚ(𝜇12). Note that 
only the primes over 3 ramify in ℚ(𝜇12)/ℚ(𝑖). To see the claim, suppose first that 𝑝 ≡ 3 mod 4 with 
𝑝 ≠ 3. Then (𝑝) is inert in ℚ(𝑖)/ℚ. Since the Frobenius at 𝑝 over ℚ(𝑖) will fix ℚ(𝜇12) if and only if 
it fixes 𝜇12, we have (𝑝, ℚ(𝜇12)/ℚ(𝑖)) = 1 if and only if 𝑝2 ≡ 1 mod 12. But the latter congruence 
holds for all 𝑝 ≠ 3. Since (𝑝) = (−𝑝), we actually have (𝑝) ∈ 𝑃(3)

𝐾  for all 𝑝 ≠ 3 as well.
If 𝑝 ≡ 1 mod 4, then 𝑝 splits in ℚ(𝑖). In fact, 𝑝 = 𝑎2 + 𝑏2 for some 𝑎, 𝑏 ∈ ℤ and

𝑝ℤ[𝑖] = (𝑎 + 𝑏𝑖)(𝑎 − 𝑏𝑖).

We have (𝑎 + 𝑏𝑖, ℚ(𝜇12)/ℚ(𝑖)) = 1 if and only if

𝑝 = 𝑁𝐿/𝐾(𝑎 + 𝑏𝑖) ≡ 1 mod 12.
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This will occur if and only if exactly one of 𝑎 and 𝑏 is nonzero modulo 3. For such a prime 𝑝, by 
multiplying 𝑎 + 𝑏𝑖 by 𝑖 if needed, we may assume that 3 ∣ 𝑏, and by multiplying 𝑎 + 𝑏𝑖 by −1 if needed, 
we may then assume that 𝑎 ≡ 1 mod 3. Conversely, a pair (𝑎, 𝑏) with 𝑎 ≡ 1 mod 3 and 3 ∣ 𝑏 yields a 
prime 𝑝 ≡ 1 mod 12. In other words, (𝑎 + 𝑏𝑖) ∈ 𝑃(3)

𝐾  for 𝑝 ≡ 1 mod 4 with 𝑝 = 𝑎2 + 𝑏2 if and only 
if (𝑎 + 𝑏𝑖) ∈ ker Ψℚ(𝜇12)/ℚ(𝑖). It follows by multiplicativity that the kernel of Ψℚ(𝜇12)/ℚ(𝑖) is exactly 
𝑃(3)

ℚ(𝑖). Therefore, we have 𝐿 = ℚ(𝜇12) by the uniqueness of ray class fields.

We now show that there is a defining modulus for any abelian extension that is minimal in a 
particular sense.

Proposition 7.4.17. Every abelian extension 𝐿/𝐾  of number fields has a defining modulus that divides 
all other defining moduli for 𝐿/𝐾 .

Proof. If {𝔪𝑖 ∣ 𝑖 ∈ 𝐼} is a nonempty set of moduli for a number field 𝐾 , where 𝐼  is some indexing 
set, then we define a modulus

𝔐 = ∑
𝑖∈𝐼

𝔪𝑖

such that 𝔐𝑓  is the sum of the finite ideals (𝔪𝑖)𝑓  over 𝑖 ∈ 𝐼  and 𝔐∞ equal to the product of all real 
primes dividing every (𝔪𝑖)∞. We then see from the definition that

𝐾𝔐,1 = ∏
𝑖∈𝐼

𝐾𝔪𝑖,1,

and so 𝑃𝔐
𝐾  is also the sum of the 𝑃𝔪𝑖

𝐾 .
Given an abelian extension 𝐿/𝐾  of number fields, we consider the set of moduli 𝔪 that are divisible 

by all places of 𝐾  that ramify in 𝐿 and for which 𝑃𝔪
𝐾  lies in the kernel of Ψ𝔪

𝐿/𝐾 . By Artin reciprocity, 
this set is nonempty. The sum of these moduli is by construction the unique modulus that is divisible 
by all places that ramify in 𝐿 and is contained in ker Ψ𝔐

𝐿/𝐾 . ∎

Definition 7.4.18. The conductor 𝔣𝐿/𝐾  of an abelian extension 𝐿/𝐾  of number fields is the unique 
defining modulus for 𝐿/𝐾  that divides all other defining moduli for 𝐿/𝐾 .

Remark 7.4.19. It is possible for two distinct finite abelian extensions of a number field 𝐾  to have 
the same conductor. On the other hand, not all moduli for 𝐾  need be conductors of finite abelian 
extensions of 𝐾 . In particular, the ray class field of 𝐾  with modulus 𝔪 is only guaranteed to have 
conductor dividing 𝔪, and if this conductor does not equal the modulus, then that modulus is not 
the conductor of any finite abelian extension of 𝐾  with defining modulus 𝔪, since any such field is 
contained in the ray class field.

Example 7.4.20. The conductor of the ray class field ℚ(𝜇12) of ℚ(𝑖) with modulus (3) is (3), since 
(3) ramifies in ℚ(𝜇12)/ℚ(𝑖).
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The following gives the comparison between the conductor of an extension of global fields and 
the conductors of the local extensions given by completion at a finite prime of the extension field.

Proposition 7.4.21. Let 𝐿/𝐾  be a finite abelian extension of number fields. Then

𝔣𝐿/𝐾,𝑓 = ∏
𝔭

(𝔣𝐿𝔓/𝐾𝔭
∩ 𝒪𝐾),

where the product runs over all nonzero prime ideals 𝔭 of 𝒪𝐾  and for each such 𝔭, we choose a prime 
ideal 𝔓 of 𝒪𝐿 lying over it.

7.5 Class field theory over ℚ

Definition 7.5.1. 

i. A number field is said to be totally real if all of its archimedean embeddings are real.

ii. A number field is said to be purely imaginary if all of its archimedean embeddings are complex.

Remark 7.5.2. A Galois extension of ℚ is either totally real or purely imaginary. On the other hand, by 
way of example, ℚ(3√2) has one real embedding and a pair of complex conjugate complex embeddings.

Example 7.5.3. For any 𝑛 ≥ 1, the field ℚ(𝜇𝑛)+ = ℚ(𝜁𝑛 + 𝜁−1
𝑛 ) for a primitive 𝑛th root of unity 𝜁𝑛

is a totally real field. In fact, it is the largest totally real subfield of the field ℚ(𝜇𝑛), which is purely 
imaginary if 𝑛 ≥ 3.

We consider the ray class fields of ℚ.

Example 7.5.4. Let 𝑓 ≥ 1. Let 𝜁𝑓  be a primitive 𝑓 th root of unity. 

i. We claim that the ray class field for ℚ with modulus (𝑓 )∞ is ℚ(𝜇𝑓 ). To see this, note that only 
the places dividing (𝑓 )∞ ramify in ℚ(𝜇𝑓 ). Let 𝑎 denote a positive integer relatively prime to 𝑓 , and 
let 𝜎𝑎 ∈ Gal(ℚ(𝜇𝑓 )/ℚ) be such that 𝜎𝑎(𝜁𝑓 ) = 𝜁𝑎

𝑓 . We then have that

Ψ(𝑓 )∞
ℚ(𝜇𝑓 )/ℚ((𝑎)) = 𝜎𝑎,

which is immediately seen by writing out the factorization of 𝑎 and noting that 𝜎𝑝 = (𝑝, ℚ(𝜇𝑓 )/ℚ)
for any prime 𝑝 not dividing 𝑓 . In particular, we see that

𝑃(𝑓 )∞
ℚ ⊆ Ψ(𝑓 )∞

ℚ(𝜇𝑓 )/ℚ,

so (𝑓 )∞ is a defining modulus for ℚ(𝜇𝑓 )/ℚ.
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Next, note that the cyclotomic character 𝜒𝑓  provides an isomorphism

𝜒𝑓 ∶ Gal(ℚ(𝜇𝑓 )/ℚ) ∼⟶ (ℤ/𝑓 ℤ)×

with 𝜒𝑓 (𝜎𝑎) = 𝑎. Recall also the isomorphism from Example 7.3.13(ii)

𝜙𝑓 ∶ Cl(𝑓 )∞
ℚ

∼⟶ (ℤ/𝑓 ℤ)×

such that 𝜙𝑓 ([(𝑎)](𝑓 )∞) = 𝑎 mod 𝑓 . The composition

(ℤ/𝑓 ℤ)×
𝜙−1

𝑓⟶ Cl(𝑓 )∞
ℚ

𝜓(𝑓 )∞
ℚ(𝜇𝑓 )/ℚ
⟶ Gal(ℚ(𝜇𝑓 )/ℚ)

𝜒𝑓⟶ (ℤ/𝑓 ℤ)×

is then the identity map. That is, we have

𝜒𝑓 ∘ 𝜓ℚ(𝜇𝑓 )/ℚ ∘ 𝜙−1
𝑓 (𝑎) = 𝜒𝑓 ∘ 𝜓(𝑓 )∞

ℚ(𝜇𝑓 )/ℚ([(𝑎)](𝑓 )∞) = 𝜒𝑓 (𝜎𝑎) = 𝑎.

ii. We next claim that the ray class field for ℚ with modulus (𝑓 ) is

ℚ(𝜇𝑓 )+ = ℚ(𝜁𝑓 + 𝜁−1
𝑓 ).

Note that the image of the cyclotomic character 𝜒 on Gal(ℚ(𝜇𝑓 )/ℚ(𝜇𝑓 )+) is ⟨±1⟩, so 𝜒 induces an 
isomorphism

𝜒′
𝑓 ∶ Gal(ℚ(𝜇𝑓 )+/ℚ) ∼⟶ (ℤ/𝑓 ℤ)×/⟨±1⟩

Recall also that Example 7.3.13(i) sets up an isomorphism

𝜙′
𝑓 ∶ Cl(𝑓 )

ℚ
∼⟶ (ℤ/𝑓 ℤ)×/⟨±1⟩.

Since the maps in question are all induced by those in part a, the composition

(ℤ/𝑓 ℤ)×/⟨−1⟩
(𝜙′

𝑓 )−1

⟶ Cl(𝑓 )
ℚ

𝜓(𝑓 )
ℚ(𝜇𝑓 )/ℚ
⟶ Gal(ℚ(𝜇𝑓 )+/ℚ)

𝜒′
𝑓⟶ (ℤ/𝑓 ℤ)×/⟨−1⟩

is the identity.

As a corollary of Example 7.5.4 and Artin reciprocity, we see that every abelian extension of ℚ
is contained in some cyclotomic field. In other words, we have ℚab = ℚ(𝜇∞). However, we can also 
see this directly from the local Kronecker-Weber theorem, as we now show.

Theorem 7.5.5  (Kronecker-Weber). Every finite abelian extension of ℚ is contained in ℚ(𝜇𝑛) for 
some 𝑛 ≥ 1.
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Proof. Let 𝐹 be a finite abelian extension of ℚ. For 𝑘 ≥ 0, let 𝑝1, … , 𝑝𝑘 be the distinct primes 
that ramify in 𝐹/ℚ, and choose primes 𝔭1, … , 𝔭𝑘 of 𝐹 such that 𝔭𝑖 lies over 𝑝𝑖 for each 1 ≤ 𝑖 ≤ 𝑘. By 
the local Kronecker-Weber theorem, we have for each 𝑖 that 𝐹𝔭𝑖

⊆ ℚ𝑝𝑖
(𝜇𝑛𝑖

) for some 𝑛𝑖 ≥ 1, and let 
us let 𝑟𝑖 ≥ 0 be maximal such that 𝑝𝑟𝑖 divides 𝑛𝑖. Set 𝑛 = 𝑝𝑟1

1 ⋯ 𝑝𝑟𝑘
𝑘 , and let 𝐾 = 𝐹(𝜇𝑛), an abelian 

extension of ℚ. We claim that 𝐾 = ℚ(𝜇𝑛), which will finish the proof.
Set 𝐺 = Gal(𝐾/ℚ), and let 𝐼𝑝𝑖

 be the inertia group at 𝑝𝑖 in 𝐺. The completion of 𝐾  at a prime 𝔓𝑖

over 𝔭𝑖 is
𝐾𝔓𝑖

= 𝐹𝔭𝑖
(𝜇𝑛) = ℚ𝑝𝑖

(𝜇lcm(𝑛,𝑛𝑖)).

Since 𝑝𝑟𝑖
𝑖  exactly divides 𝑚 = lcm(𝑛, 𝑛𝑖) by definition, we have

𝐼𝑝𝑖
≅ Gal(ℚ𝑝𝑖

(𝜇𝑚)/ℚ𝑝𝑖
(𝜇𝑚/𝑝𝑟𝑖

𝑖
)) ≅ Gal(ℚ𝑝𝑖

(𝜇𝑝𝑟𝑖
𝑖

)/ℚ𝑝𝑖
).

Let 𝐼  be the subgroup of 𝐺 generated by all its inertia subgroups: that is, 𝐼 = 𝐼𝑝1
⋯ 𝐼𝑝𝑘

. The order of 
𝐼  is

|𝐼 | ≤
𝑘

∏
𝑖=1

|𝐼𝑝𝑖
| =

𝑘
∏
𝑖=1

𝜑(𝑝𝑟𝑖
𝑖 ) = 𝜑(𝑛) = [ℚ(𝜇𝑛) ∶ ℚ].

However, since there is no nontrivial extension of ℚ that is unramified at all primes in ℤ, the inertia 
groups in 𝐺 must generate 𝐺, so we have that 𝐼 = 𝐺. Since ℚ(𝜇𝑛) ⊆ 𝐾 , this forces 𝐾 = ℚ(𝜇𝑛). ∎

Example 7.5.6. Let 𝐾  be a finite abelian extension of ℚ, and let 𝑛 be minimal such that 𝐾 ⊆ ℚ(𝜇𝑛). 
Note that ℚ(𝜇𝑛) = ℚ(𝜇𝑛/2) if 𝑛 is exactly divisible by 2, so the minimality of 𝑛 forces 𝑛 to be odd or 
divisible by 4. Then the smallest ray class field in which 𝐾  is contained is either ℚ(𝜇𝑛)+, the ray class 
field of modulus (𝑛), or ℚ(𝜇𝑛), the ray class field of modulus (𝑛)∞. Note that ℚ(𝜇𝑛) = ℚ(𝜇𝑛)+

only for 𝑛 = 1. Thus, if 𝐾  is totally real, its conductor 𝔣𝐾/ℚ is (𝑛). If 𝐾  is purely imaginary, then the 
conductor is (𝑛)∞. Note that (2𝑚) and (2𝑚)∞ for 𝑚 odd, as well as (∞), never occur as conductors 
of abelian extensions of ℚ.

7.6 The Hilbert class field

The most fundamental example of a ray class field is that with modulus (1), which was originally 
considered by Hilbert.

Definition 7.6.1. The Hilbert class field of a number field 𝐾  is the maximal abelian extension of 𝐾
that is unramified at all places of 𝐾 .

Remark 7.6.2. To see that the Hilbert class field of a number field 𝐾  is the ray class field of 𝐾  with 
conductor (1), note that the reciprocity law says that if 𝐿/𝐾  is finite abelian and unramified, then (1)
is a defining modulus, and the converse holds by definition. The ray class field with conductor (1) is 
the largest field with defining modulus (1), hence is the Hilbert class field.
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The following is immediate by Artin reciprocity.

Proposition 7.6.3. Let 𝐸 be the Hilbert class field of a number field 𝐾 . By the Artin reciprocity law, 
the Artin map

𝜓𝐸/𝐾 ∶ Cl𝐾 → Gal(𝐸/𝐾)

is an isomorphism.

We have the following interesting corollary.

Corollary 7.6.4. Let 𝐸 be the Hilbert class field of a number field 𝐾 . Then a nonzero prime ideal of 
𝒪𝐾  is principal if and only if it splits completely in 𝐸/𝐾 .

Proof. To say that a nonzero prime 𝔭 in 𝒪𝐾  is principal is exactly to say its class [𝔭] in Cl𝐾  is 
trivial, which is exactly to say that 𝜓𝐸/𝐾([𝔭]) = 1. In turn, this just says that the Frobenius (𝔭, 𝐸/𝐾)
is trivial, which means that the decomposition group at 𝔭 in Gal(𝐸/𝐾) is trivial, which is to say that 
𝔭 splits completely in the abelian extension 𝐸/𝐾 . ∎

Example 7.6.5. Let 𝐾 = ℚ(√−5). Then Cl𝐾  has order 2 and is generated by the class of 𝔭 =
(2, 1 + √−5). The Hilbert class field 𝐸 therefore has degree 2 over 𝐾 . In fact, 𝐸 = 𝐾(𝑖). For this, 
note that ℚ(𝑖)/ℚ ramifies only at 2, so the extension 𝐾(𝑖)/𝐾  can ramify only at the unique prime 𝔭
over 2 in 𝒪𝐾 . Note that 𝛼 = 1+√5

2  has minimal polynomial 𝑥2 − 𝑥 − 1 over 𝐾 , so 𝛼 ∈ 𝒪𝐾(𝑖). Since 
𝑥2 − 𝑥 − 1 is irreducible over 𝒪𝐾(𝑖)/𝔭 ≅ 𝔽2, the extension of this residue field in 𝐾(𝑖) is of degree 
2, so 𝔭 is inert in 𝐾(𝑖)/𝐾 . That is 𝐾(𝑖)/𝐾  is unramified, and it clearly has degree 2, so we must have 
𝐸 = 𝐾(𝑖).

Every nonzero ideal in the ring of integers of a number field generates a trivial ideal in the ring of 
integers of the Hilbert class field, as we will show. Key to this is the following lemma, which we state 
without proof.

Lemma 7.6.6. Let 𝐺 be a group with commutator subgroup [𝐺, 𝐺] of finite index in 𝐺. Then the 
transfer map 𝑉 ∶ 𝐺ab → [𝐺, 𝐺]ab is trivial.

We now prove the Hauptidealsatz of Emil Artin.

Theorem 7.6.7  (Principal ideal theorem). Let 𝐾  be a number field and 𝐸 its Hilbert class field. For 
every 𝔞 ∈ 𝐼𝐾 , the fractional ideal 𝔞𝒪𝐸 is principal.
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Proof. Let 𝑀 be the Hilbert class field of 𝐸, and note that

Gal(𝑀/𝐸) = [Gal(𝑀/𝐾), Gal(𝑀/𝐾)]

and Gal(𝐸/𝐾) = Gal(𝑀/𝐾)ab. By Lemma 7.6.6, the Verlagerung map

𝑉𝐸/𝐾 ∶ Gal(𝐸/𝐾) → Gal(𝑀/𝐸)

is trivial. The commutative diagram of Proposition 7.4.4(ii) then reads

which forces 𝜄𝐸/𝐾 = 0, as 𝜓𝑀/𝐸 is an isomorphism. ∎
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Chapter 8

Class formations

8.1 Reciprocity maps

Definition 8.1.1. Let 𝐾  be a field. A class formation (𝐴, inv) for 𝐾  is a discrete 𝐺𝐾-module 𝐴 such 
that for each finite separable extension 𝐿 of 𝐾 , we have 𝐻1(𝐺𝐿, 𝐴) = 0 and an isomorphism

inv𝐿 ∶ 𝐻2(𝐺𝐿, 𝐴) ∼⟶ ℚ/ℤ

such that for any intermediate field 𝐸, we have

inv𝐿 ∘ Res𝐿/𝐸 = [𝐿 ∶ 𝐸] inv𝐸,

where Res𝐿/𝐸 is the restriction map 𝐻2(𝐺𝐸, 𝐴) → 𝐻2(𝐺𝐿, 𝐴).

For the rest of this section, fix a field 𝐾  and a class formation (𝐴, inv) a class formation for 𝐾 .

Remark 8.1.2. A class formation over 𝐾  gives rise to a class formation over all finite separable ex-
tensions of 𝐾 . Thus, in several results below, we use 𝐾  as the base field where it may be replaced by 
a finite separable extension without actual loss of generality.

Notation 8.1.3. For a finite separable extension 𝐿 of 𝐾 , we set 𝐴𝐿 = 𝐴𝐺𝐿 . If 𝐸 is an intermediate 
extension, we let Cor𝐿/𝐸 and Res𝐿/𝐸 denote restriction and corestriction between 𝐺𝐿 and 𝐺𝐸. We 
write the corestriction map 𝐴𝐿 → 𝐴𝐸 more simply by 𝑁𝐿/𝐸.

Remark 8.1.4. For a Galois extension 𝐿/𝐾 , we have 𝐻1(Gal(𝐿/𝐾), 𝐴𝐿) = 0 and an isomorphism

inv𝐿/𝐾 ∶ 𝐻2(Gal(𝐿/𝐾), 𝐴𝐿) ∼⟶ 1
[𝐿∶𝐾]ℤ/ℤ

induced by the commutative diagram
173
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Remark 8.1.5. For all purposes below, we may weaken the statement that inv𝐿 is an isomorphism 
in the definition of a class formation to being an injection, so long as inv𝑀/𝐿 is supposed to be an 
isomorphism for all finite separable extensions 𝑀/𝐿.

Definition 8.1.6. The unique element 𝛼𝐿/𝐸 ∈ 𝐻2(Gal(𝐿/𝐸), 𝐴𝐿) with inv𝐿/𝐸(𝛼𝐿/𝐸) = 1
[𝐿∶𝐸]  is called 

the fundamental class for 𝐿/𝐸.

As a consequence of Remark 8.1.4, we may apply Tate’s theorem to obtain the following result.

Proposition 8.1.7. For any finite Galois extension 𝐿 of 𝐾 , there is an canonical isomorphism 
Gal(𝐿/𝐾)ab ∼⟶ 𝐴𝐾/𝑁𝐿/𝐾(𝐴𝐿) given by cup product with the fundamental class 𝛼𝐿/𝐾:

𝜃𝐿/𝐾 ∶ 𝐻̂−2(Gal(𝐿/𝐾), ℤ) → 𝐻̂0(Gal(𝐿/𝐾), 𝐴𝐿), 𝜃𝐿/𝐾(𝛽) = 𝛼𝐿/𝐾 ∪ 𝛽.

Definition 8.1.8. Let 𝐿 be a finite Galois extension of 𝐾 . The reciprocity map for 𝐿/𝐾  with respect 
to the class formation (𝐴, inv) for 𝐾  is the map

𝜌𝐿/𝐾 ∶ 𝐴𝐾 → Gal(𝐿/𝐾)ab

that factors through the inverse 𝐴𝐾/𝑁𝐿/𝐾𝐴𝐿 → Gal(𝐿/𝐾) of the isomorphism 𝜃𝐿/𝐾  of Proposi-
tion 8.1.7.

Lemma 8.1.9. Let 𝐺 be a finite group, let 𝜎 ∈ 𝐺 with image 𝜎̄ ∈ 𝐺ab, and let 𝜒∶ 𝐺 → ℚ/ℤ be a 
homomorphism. Viewing 𝜎̄ as an element of 𝐻̂−2(𝐺, ℤ) and 𝜒 ∈ 𝐻1(𝐺, ℚ/ℤ), we have

𝜎̄ ∪ 𝜒 = 𝜒(𝜎) ∈ ℚ/ℤ,

noting that 𝐻̂−1(𝐺, ℚ/ℤ) ≅ 1
|𝐺|ℤ/ℤ.

Proof. Consider the connecting homomorphisms 𝛿 and 𝛿∨ for the sequence

0 → 𝐼𝐺 → ℤ[𝐺] → ℤ → 0

and its ℚ/ℤ-dual

0 → ℚ/ℤ → Homℤ(ℤ[𝐺], ℚ/ℤ) → Homℤ(𝐼𝐺, ℚ/ℤ) → 0.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Tate's_thm
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The image of 𝜎̄ in 𝐻̂−1(𝐺, 𝐼𝐺) is the image of 𝜎 − 1 in 𝐼𝐺/𝐼2
𝐺, and the inverse image of 𝜒 in 

𝐻̂0(𝐺, Hom(𝐼𝐺, ℚ/ℤ)) is class of the homomorphism 𝑓  that takes 𝜏 − 1 for 𝜏 ∈ 𝐺 to 𝜒(𝜏). We 
then have

𝜎̄ ∪ 𝜒 = 𝛿(𝜎̄) ∪ (𝛿∨)−1(𝜒) = 𝑓 (𝜎 − 1) = 𝜒(𝜎).

∎

Proposition 8.1.10. Let 𝐿 be a finite Galois extension of 𝐾 , and let 𝛿 denote the connecting ho-
momorphism for the exact sequence 0 → ℤ → ℚ → ℚ/ℤ → 0 of Gal(𝐿/𝐾)-modules. For any 
homomorphism 𝜒∶ Gal(𝐿/𝐾) → ℚ/ℤ, we have

inv𝐿/𝐾(𝑎 ∪ 𝛿(𝜒)) = 𝜒(𝜌𝐿/𝐾(𝑎))

for all 𝑎 ∈ 𝐴𝐾 .

Proof. Note that 𝛼𝐿/𝐾 ∪ 𝜌𝐿/𝐾(𝑎) = ̄𝑎 by definition of 𝜌𝐿/𝐾 , viewing its image as the group 
𝐻̂−2(Gal(𝐿/𝐾), ℤ), where ̄𝑎 denotes the image of 𝑎 in 𝐴𝐾/𝑁𝐿/𝐾𝐴𝐿. By the associativity of cup 
products and property (iii) of their definition, we have

𝛼𝐿/𝐾 ∪ 𝛿(𝜌𝐿/𝐾(𝑎) ∪ 𝜒) = 𝛼𝐿/𝐾 ∪ 𝜌𝐿/𝐾(𝑎) ∪ 𝛿(𝜒) = ̄𝑎 ∪ 𝛿(𝜒).

The composition of the canonical maps

1
[𝐿∶𝐾]ℤ/ℤ ∼⟶ 𝐻̂−1(Gal(𝐿/𝐾), ℚ/ℤ) ∼⟶ 𝐻̂0(Gal(𝐿/𝐾), ℤ) ∼⟶ ℤ/[𝐿 ∶ 𝐾]ℤ

is the isomorphism induced by multiplication by [𝐿 ∶ 𝐾] (since the norm for Gal(𝐿/𝐾) acts as multi-
plication by [𝐿 ∶ 𝐾] on ℚ). By definition of 𝛼𝐿/𝐾  and the latter fact, we have

inv𝐿/𝐾(𝛼𝐿/𝐾 ∪ 𝛿(𝜌𝐿/𝐾(𝑎) ∪ 𝜒)) = 𝛿(𝜌𝐿/𝐾(𝑎) ∪ 𝜒) inv𝐿/𝐾(𝛼𝐿/𝐾) = 𝜌𝐿/𝐾(𝑎) ∪ 𝜒 = 𝜒(𝜌𝐿/𝐾(𝑎)),

the final step from Lemma 8.1.9. ∎

Corollary 8.1.11. Let 𝐿 ⊆ 𝑀 be finite Galois extensions of 𝐾 . Then

𝜌𝑀/𝐾(𝑎)|𝐿 = 𝜌𝐿/𝐾(𝑎)

for all 𝑎 ∈ 𝐴𝐾 .

Proof. Let 𝜒∶ Gal(𝐿/𝐾) → ℚ/ℤ be a homomorphism, which we may view as a homomor-
phism on Gal(𝑀/𝐾) (and its abelianization) as well. It suffices to show that for any such 𝜒, we have 
𝜒(𝜌𝑀/𝐾(𝑎)) = 𝜒(𝜌𝐿/𝐾(𝑎)). For this, it sufficient by Proposition 8.1.10 to show that

inv𝑀/𝐾(𝑎 ∪ 𝛿(𝜒)) = inv𝐿/𝐾(𝑎 ∪ 𝛿(𝜒)),

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:assoc_of_cup
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:assoc_of_cup
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:cup_product_properties
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where abusing notation. Since inv𝐿/𝐾 = inv𝑀/𝐾 ∘ Inf, where

Inf ∶ 𝐻 𝑖(Gal(𝐿/𝐾), 𝐴𝐿) → 𝐻 𝑖(Gal(𝑀/𝐾), 𝐴𝑀)

is inflation, this is clear from the compatibility of cup products with inflation. ∎

We may now define the reciprocity map.

Definition 8.1.12. The reciprocity map for 𝐾  with respect to the class formation (𝐴, inv) for 𝐾  is the 
map

𝜌𝐾 ∶ 𝐴𝐾 → 𝐺ab
𝐾

defined as the inverse limit of the reciprocity maps 𝜌𝐸/𝐾 ∶ 𝐴𝐾 → Gal(𝐸/𝐾)ab over finite Galois ex-
tensions of 𝐸 in a separable closure of 𝐾 .

The following theorem, which is immediate from the definitions, is called a reciprocity law.

Theorem 8.1.13  (Reciprocity law for class formations). Let 𝐾  be a field and (𝐴, inv) a class formation 
for 𝐾 , and let 𝜌𝐾 ∶ 𝐾× → 𝐺ab

𝐾 . For any finite Galois extension 𝐿/𝐾 , the composition of 𝜌𝐾  with 
restriction induces a surjective map 𝜌𝐿/𝐾 ∶ 𝐾× → Gal(𝐿/𝐾)ab with kernel 𝑁𝐿/𝐾𝐿×.

Remark 8.1.14. A class formation for 𝐾  gives rise to a class formation for any finite separable exten-
sion 𝐿 of 𝐾 , with the same module 𝐴 and with the subcollection of invariant maps for finite separable 
extensions of 𝐿. Therefore, we obtain reciprocity maps 𝜌𝐿 ∶ 𝐴𝐿 → 𝐺ab

𝐿  for all finite separable 𝐿/𝐾
from a class formation for 𝐾 .

We next turn to properties of the reciprocity map. First, we need to describe a certain abstract 
group homomorphism.

Lemma 8.1.15. Let 𝐺 be a group and 𝐻 a subgroup of finite index 𝑛. Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} be a set 
of left 𝐻-coset representatives in 𝐺. Given 𝑔 ∈ 𝐺 and 𝑥𝑖 ∈ 𝑋, let 1 ≤ 𝑔(𝑖) ≤ 𝑛 and 𝑡𝑖(𝑔) ∈ 𝐻 be such 
that

𝑔𝑥𝑖 = 𝑥𝑔(𝑖)𝑡𝑖(𝑔).

Then the element 𝑉(𝑔) of 𝐻ab that is represented by the element 𝑡1(𝑔)𝑡2(𝑔) ⋯ 𝑡𝑛(𝑔) is independent of 
all choices, and this induces a homomorphism 𝑉 ∶ 𝐺ab → 𝐻ab.

Proof. Note that 𝐺 acts on the set of left 𝐻-cosets by left multiplication. If we replace a single 𝑥𝑖

by 𝑥𝑖ℎ for some ℎ ∈ 𝐻, then 𝑔𝑥𝑖ℎ = 𝑥𝑗𝑡𝑖(𝑔)ℎ, so 𝑡𝑖(𝑔) is replaced by ℎ−1𝑡𝑖(𝑔)ℎ if 𝑔(𝑖) = 𝑖 and 𝑡𝑖(𝑔)ℎ
if 𝑔(𝑖) ≠ 𝑖. In the latter case, 𝑔𝑥𝑔−1(𝑖) = 𝑥𝑖𝑡𝑔−1(𝑖)(𝑔), and then 𝑡𝑔−1(𝑖)(𝑔) is replaced by ℎ−1𝑡𝑔−1(𝑖)(𝑔). 
For all other 𝑗, the quantity 𝑡𝑗(𝑔) is unchanged. As the product 𝑡1(𝑔)𝑡2(𝑔) ⋯ 𝑡𝑛(𝑔) is taken in 𝐻ab, it is 

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:cup_with_res_inf_cor
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unchanged since the overall effect of the change is multiplication by ℎ ⋅ ℎ−1. Similarly, if the ordering 
of the 𝑥𝑖 is changed, then the order of the 𝑡𝑖(𝑔) is likewise changed, but this does not matter in 𝐻ab. 
Thus 𝑉(𝑔) is well-defined.

To see that 𝑉  is a homomorphism, we merely note that

𝑔𝑔′𝑥𝑖 = 𝑔𝑥𝑔′(𝑖)𝑡𝑖(𝑔′) = 𝑥𝑔𝑔′(𝑖)𝑡𝑖(𝑔)𝑡𝑖(𝑔′)

and again that multiplication is commutative in 𝐻ab. ∎

Definition 8.1.16. Let 𝐺 be a group and 𝐻 be a subgroup of finite index. The homomorphism 
𝑉 ∶ 𝐺ab → 𝐻ab constructed in Lemma 8.1.15 is known as the transfer map (or Verlagerung) between 
𝐺 and 𝐻.

Lemma 8.1.17. Let 𝐺 be a group and 𝐻 a subgroup of finite index. We have a commutative diagram

where the vertical maps are the canonical isomorphisms and 𝑉  is the transfer map and a commutative 
diagram

where the lower horizontal map is induced by the inclusion map.

Proof. Recall that the vertical isomorphism is given by the series of canonical isomorphisms

𝐻1(𝐺, ℤ) ≅ 𝐻0(𝐺, 𝐼𝐺) ≅ 𝐼𝐺/𝐼2
𝐺 ≅ 𝐺ab.

As restriction is a 𝛿-functor, we have a commutative diagram
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That is, our restriction map factors through 𝐼𝐺/𝐼𝐺𝐼𝐻 . By the definition of restriction on 0th cohomol-
ogy groups, we have

Res(𝑔−1 − 1) =
𝑛

∑
𝑖=1

𝑥−1
𝑖 (𝑔−1 − 1) =

𝑛
∑
𝑖=1

((𝑔𝑥𝑖)−1 − 𝑥−1
𝑖 )

where {𝑥1, 𝑥2, … , 𝑥𝑛} is a set of left 𝐻-coset representatives in 𝐺. For 𝑡𝑖(𝑔) as in the definition of the 
transfer, this equals

𝑛
∑
𝑖=1

𝑡𝑖(𝑔)−1𝑥−1
𝑔(𝑖) −

𝑛
∑
𝑖=1

𝑥−1
𝑖 =

𝑛
∑
𝑖=1

(𝑡𝑖(𝑔)−1 − 1)𝑥−1
𝑔(𝑖) ≡

𝑛
∑
𝑖=1

(𝑡𝑖(𝑔)−1 − 1) ≡ 𝑉𝑖(𝑔)−1 − 1 mod 𝐼𝐺𝐼𝐻 .

Thus, the restriction map and the transfer agree.
The second statement follows easily from the commutative diagram

∎

The reciprocity maps attached to a class formation satisfy the following compatibilities.

Proposition 8.1.18. Let (𝐴, inv) be a class formation for 𝐾 , and let 𝐿 be a finite separable extension 
of 𝐾 . Then we have the following commutative diagrams: 

a.
where 𝑅𝐿/𝐾  denotes the restriction map on Galois groups,

b.
where the map 𝐴𝐾 → 𝐴𝐿 is the natural injection and 𝑉𝐿/𝐾 ∶ 𝐺ab

𝐾 → 𝐺ab
𝐿  is the transfer map, and

c.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#def:res_cor_H0
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for each embedding 𝜎∶ 𝐿 ↪ 𝐾sep, where 𝜎∗ denotes the map induced by conjugation 𝜏 ↦ 𝜎𝜏𝜎−1 for 
𝜏 ∈ 𝐺𝐿.

Proof. Fix a Galois extension 𝑀 of 𝐾  containing 𝐿. The norm 𝑁𝐿/𝐾 ∶ 𝐴𝐿 → 𝐴𝐾  induces corestric-
tion from Gal(𝑀/𝐿) to Gal(𝑀/𝐾) on zeroth Tate cohomology groups, and

𝑅𝐿/𝐾 ∶ Gal(𝑀/𝐿)ab → Gal(𝑀/𝐾)ab

coincides with corestriction on Tate cohomology groups of ℤ in degree −2 by Lemma 8.1.17. Part a 
then follows from Proposition c, which tells us that

Cor(𝛼𝑀/𝐿 ∪ 𝛽) = 𝛼𝑀/𝐾 ∪ Cor(𝛽)

for 𝛽 ∈ 𝐻̂0(Gal(𝑀/𝐿), 𝐴𝑀), since Res(𝛼𝑀/𝐾) = 𝛼𝑀/𝐿.
The injection 𝐴𝐾 → 𝐴𝐿 induces restriction on 𝐻̂0(Gal(𝑀/𝐾), 𝐴𝐿), and the transfer map 𝑉𝐿/𝐾

coincides with restriction on 𝐻̂−2(Gal(𝑀/𝐾), ℤ), again by Lemma 8.1.17. Part b then follows from 
Proposition a, which tells us that

Res(𝛼𝑀/𝐾 ∪ 𝛽) = 𝛼𝐿/𝐾 ∪ Res(𝛽)

for 𝛽 ∈ 𝐻̂0(Gal(𝑀/𝐾), 𝐴𝑀).
We leave part c as an exercise for the reader. ∎

8.2 Norm groups

Let us fix a field 𝐾  and a class formation (𝐴, inv) for 𝐾 .

Definition 8.2.1. A subgroup 𝒩 of 𝐴 is called a norm group for the class formation (𝐴, inv) if there 
exists a finite separable extension 𝐿 of 𝐾  with 𝒩 = 𝑁𝐿/𝐾𝐴𝐿.

Notation 8.2.2. For a finite extension 𝐿 of 𝐾 , let us set 𝒩𝐿 = 𝑁𝐿/𝐾𝐴𝐿.

Lemma 8.2.3. Let 𝑀 and 𝐿 be finite separable extensions of 𝐾  with 𝐿 ⊆ 𝑀. Then 𝒩𝑀 ⊂ 𝒩𝐿.

Proof. This is the following straightforward calculation using Proposition 1.3.6:

𝒩𝑀 = 𝑁𝑀/𝐾𝐴𝐿 = 𝑁𝑀/𝐿(𝑁𝐿/𝐾𝐴𝐿) ⊂ 𝑁𝑀/𝐿𝐴𝐾 = 𝒩𝐾 .

∎

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:cup_with_res_inf_cor
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Lemma 8.2.4. Let 𝐿 be a finite separable extension of 𝐾 , and let 𝐸 be the maximal abelian extension 
of 𝐾  in 𝐿. Then 𝒩𝐿 = 𝒩𝐸.

Proof. It suffices to show that any 𝑎 ∈ 𝒩𝐸 is contained in 𝒩𝐿. Let 𝑀 be a finite Galois extension 
of 𝐾  containing 𝐿. Set 𝐺 = Gal(𝑀/𝐾) and 𝐻 = Gal(𝑀/𝐿). By definition, we have 𝜌𝐸/𝐾(𝑎) = 1, so 
𝜏 = 𝜌𝑀/𝐾(𝑎) ∈ 𝐺ab maps trivially to Gal(𝐸/𝐾) = 𝐺/([𝐺, 𝐺]𝐻) by Corollary 8.1.11. In other words 
𝜏 is the image of some element 𝜎 in 𝐻ab. By the surjectivity of the reciprocity map 𝜌𝑀/𝐿 ∶ 𝐴𝐿 → 𝐻ab

and there exists 𝑏 ∈ 𝐴𝐿 such that 𝜌𝑀/𝐿(𝑏) = 𝜎. By Proposition 8.1.18a, we then have

𝜌𝑀/𝐾(𝑁𝐿/𝐾(𝑏)) = 𝜌𝑀/𝐾(𝑎),

so 𝑎 − 𝑁𝐿/𝐾(𝑏) = 𝑁𝑀/𝐾(𝑐) for some 𝑐 ∈ 𝐴𝑀 . It follows that 𝑎 = 𝑁𝐿/𝐾(𝑏 − 𝑁𝑀/𝐿(𝑐)), as desired. ∎

The following corollary is essentially immediate.

Corollary 8.2.5. Every norm group 𝒩 of (𝐴, inv) has finite index in 𝐴𝐾 , with [𝐴𝐾 ∶ 𝒩] ≤ [𝐿 ∶ 𝐾]
for 𝒩 = 𝒩𝐿, with equality if and only if 𝐿/𝐾  is abelian.

We next show that the map that takes a finite extension 𝐿 of 𝐾  to 𝑁𝐿/𝐾𝐴𝐿 is an inclusion-reversing 
bijection from finite abelian extensions of 𝐾  to norm groups.

Proposition 8.2.6. For any finite abelian extensions 𝐿 and 𝑀 of 𝐾 , we have the following: 

a. 𝒩𝐿 ∩ 𝒩𝑀 = 𝒩𝐿𝑀 ,

b. 𝒩𝐿 + 𝒩𝑀 = 𝒩𝐿∩𝑀 ,

c. 𝒩𝑀 ⊆ 𝒩𝐿 if and only if 𝐿 ⊆ 𝑀,

d. for any subgroup 𝒜 of 𝐴𝐾  containing 𝒩𝐿, there exists an intermediate field 𝐸 in 𝐿/𝐾  with 
𝒜 = 𝒩𝐸.

Proof. 

a. Let 𝑎 ∈ 𝐴𝐾 . We have 𝑎 ∈ 𝒩𝐿𝑀  if and only if 𝜌𝐾(𝑎)|𝐿𝑀  is trivial, which occurs if and only if 
𝜌𝐾(𝑎)|𝐿 and 𝜌𝐾(𝑎)|𝑀  are both trivial, and so if and only if 𝑎 ∈ 𝒩𝐿 and 𝑎 ∈ 𝒩𝑀 .

c. By Lemma 8.2.3, if 𝐿 ⊆ 𝑀, then 𝒩𝑀 ⊆ 𝒩𝐿. On the other hand, if 𝒩𝑀 ⊆ 𝒩𝐿, then by part 
(a) we have

𝒩𝐿𝑀 = 𝒩𝐿 ∩ 𝒩𝑀 = 𝒩𝑀 .

By Corollary 8.2.5, this implies that [𝐿𝑀 ∶ 𝐾] = [𝑀 ∶ 𝐾], so 𝐿𝑀 = 𝑀, and therefore 𝐿 ⊆ 𝑀.
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d. Let 𝐸 = 𝐿𝜌𝐿/𝐾(𝒜). Then 𝜌𝐿/𝐾  induces an injective homomorphism

𝒜/𝒩𝐿 → Gal(𝐿/𝐸)

that must be an isomorphism as 𝜌𝐿/𝐾(𝒜) does not fix any larger subfield of 𝐿 than 𝐸. The kernel of 
𝜌𝐸/𝐾 , being that 𝜌𝐸/𝐾  is the composite of 𝜌𝐿/𝐾  with restriction, is then 𝜌−1

𝐿/𝐾(Gal(𝐿/𝐸)) = 𝒜. But 
we know from the reciprocity law that the kernel is 𝒩𝐸.

b. By part (d), the group 𝒜 = 𝒩𝐿 + 𝒩𝑀  is equal to 𝒩𝐸 for some finite abelian 𝐸/𝐾  which 
by part (c) is contained in both 𝐿 and 𝑀. On the other hand, we clearly have that 𝒜 is contained in 
𝒩𝐿∩𝑀 , so again by (c), the field 𝐸 contains 𝐿 ∩ 𝑀 as well.

∎

The following corollary is nearly immediate from part (c) of Proposition 9.2.8.

Corollary 8.2.7  (Uniqueness theorem). For a norm subgroup 𝒩 of 𝐴𝐾 , there exists a unique finite 
abelian extension 𝐿/𝐾  such that 𝒩 = 𝒩𝐿.

Notation 8.2.8. For a finite separable extension 𝐿 of 𝐾 , we set 𝐷𝐿 = ker 𝜌𝐿.

Lemma 8.2.9. For any finite extension 𝐿 of 𝐾  in a fixed separable closure 𝐾sep, we have

𝐷𝐿 = ⋂
𝑀∈ℰ𝐿

𝑁𝑀/𝐿𝐴𝑀 ,

where ℰ𝐿 is the set of finite abelian (or separable) extensions of 𝐿 in 𝐾sep.

Proof. We have 𝑎 ∈ ker 𝜌𝐿 if and only if 𝜌𝑀/𝐿(𝑎) = 𝜌𝐿(𝑎)|𝑀 = 1 for all finite abelian 𝑀 over 𝐿, 
and ker 𝜌𝑀/𝐿 = 𝑁𝑀/𝐿𝐴𝑀 . ∎

Definition 8.2.10. We say that a class formation (𝐴, inv) for 𝐾  is topological if 𝐴 is given an ad-
ditional Hausdorff topology under which it becomes a topological 𝐺𝐾-module with the following 
properties: 

i. the norm map 𝑁𝑀/𝐿 ∶ 𝐴𝑀 → 𝐴𝐿 has closed image and compact kernel for each finite extension 
𝑀/𝐿 of finite separable extensions of 𝐾 ,

ii. for each prime 𝑝, there exists a finite separable extension 𝐾𝑝 over 𝐾  such that for all finite 
separable extensions 𝐿 of 𝐾𝑝, the kernel of 𝜙𝑝 ∶ 𝐴𝐿 → 𝐴𝐿 by 𝜙𝑝(𝑎) = 𝑝𝑎 for 𝑎 ∈ 𝐴𝐿 is compact and 
the image of 𝜙𝑝 contains 𝐷𝐿, and

iii. for each finite separable extension 𝐿 of 𝐾 , there exists a compact subgroup 𝑈𝐿 of 𝐴𝐿 such that 
every closed subgroup of finite index in 𝐴𝐿 that contains 𝑈𝐿 is a norm group.
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Remark 8.2.11. The norm map 𝑁𝑀/𝐿 ∶ 𝐴𝑀 → 𝐴𝐿 for a finite extension of finite separable extensions 
is continuous if 𝐴 is a topological 𝐺𝐾-module, since it is a sum of continuous maps induced by field 
embeddings of 𝑀 in its Galois closure over 𝐿.

The following proposition uses only the property (i) of a topological class formation.

Proposition 8.2.12. Let (𝐴, inv) be a topological class formation for 𝐾 . For any finite separable 
extension 𝐿 of 𝐾 , we have 𝑁𝐿/𝐾𝐷𝐿 = 𝐷𝐾 .

Proof. Let ℰ𝐿 be the set of finite abelian (or separable) extensions of 𝐿 in 𝐾sep (and likewise with 
𝐾). We have

𝑁𝐿/𝐾
(


⋂
𝑀∈ℰ𝐿

𝑁𝑀/𝐿𝐴𝑀
)


⊆ ⋂
𝑀∈ℰ𝐿

𝑁𝑀/𝐾𝐴𝑀 = ⋂
𝑀∈ℰ𝐾

𝑁𝑀/𝐾𝐴𝑀 ,

the last step noting Lemma 8.2.3, and thus 𝑁𝐿/𝐾𝐷𝐿 ⊆ 𝐷𝐾 .
Fix 𝑎 ∈ 𝐷𝐾 . For any finite separable 𝑀/𝐿, the set

𝑌𝑀 = 𝑁𝑀/𝐿𝐴𝑀 ∩ 𝑁−1
𝐿/𝐾(𝑎)

is compact since 𝑁𝑀/𝐾𝐴𝑀  is closed and 𝑁−1
𝐿/𝐾(𝑎) is compact by Definition 8.2.10(i). Since 𝑎 ∈ 𝐷𝐾 , 

there exists 𝑏 ∈ 𝐴𝑀  with 𝑁𝑀/𝐾(𝑏) = 𝑎, and then 𝑁𝑀/𝐿(𝑏) ∈ 𝑌𝑀 . Thus 𝑌𝑀  is nonempty. Note that if 
𝑀′/𝑀 is finite separable, then 𝑌𝑀′ ⊆ 𝑌𝑀 , and so the 𝑌𝑀  form a collection of subsets of the compact 
space 𝑌𝐿 that satisfy the finite intersection property. We therefore have that the intersection of all 𝑌𝑀

is nonempty, so contains an element 𝑏. Then 𝑁𝐿/𝐾(𝑏) = 𝑎 , and 𝑏 ∈ 𝐷𝐿 as it lies in every 𝑁𝑀/𝐿𝐴𝑀 . 
Thus, we have 𝑁𝐿/𝐾(𝐷𝐿) = 𝐷𝐾 . ∎

The next proposition uses properties (i) and (ii) of a topological class formation.

Proposition 8.2.13. Let (𝐴, inv) be a topological class formation for 𝐾 . Then 𝐷𝐾  is divisible, equal 
to ⋂∞

𝑛=1 𝑛𝐴𝐾 .

Proof. To see that 𝐷𝐾  is divisible, it suffices to show that 𝐷𝐾 = 𝑝𝐷𝐾  for all primes 𝑝. Fix 𝑎 ∈ 𝐷𝐾 . 
Let 𝐿 be a finite separable extension of 𝐾  containing 𝐾𝑝. Set

𝑋𝐿 = 𝒩𝐿 ∩ 𝜙−1
𝑝 (𝑎),

where 𝜙𝑝 ∶ 𝐴𝐿 → 𝐴𝐿 is the multiplication-by-𝑝 map. By (i) of Definition 8.2.10, the set 𝒩𝐿 is closed, 
and by (ii), the set 𝜙−1

𝑝 (𝑎) is compact, so 𝑋𝐿 is compact. By Proposition 8.2.12, there exists 𝑥 ∈ 𝐷𝐿

with 𝑎 = 𝑁𝐿/𝐾𝑥. By Definition 8.2.10(ii), there exists 𝑦 ∈ 𝐷𝐿 with 𝑝𝑦 = 𝑥, and we set 𝑏 = 𝑁𝐿/𝐾𝑦. 
Then 𝑏 ∈ 𝑋𝐿, so 𝑋𝐿 is nonempty. Again, if 𝑀/𝐿 is finite separable, then 𝑋𝑀 ⊆ 𝑋𝐿. It follows as in the 
proof of Proposition 8.2.12 that the intersection of all 𝑋𝐿 as 𝐿 varies is nonempty, so contains some 
element 𝑐. By definition, we have 𝑐 ∈ 𝐷𝐾  and 𝑝𝑐 = 𝑏. Thus 𝐷𝐾 = 𝑝𝐷𝐾 .
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Since 𝐷𝐾 ⊂ 𝐴𝐾 , we have

𝐷𝐾 =
∞
⋂
𝑛=1

𝑛𝐷𝐾 ⊆
∞
⋂
𝑛=1

𝑛𝐴𝐾 .

Suppose, on the other hand, that 𝑎 ∈ ⋂∞
𝑛=1 𝑛𝐴𝐾 . Let 𝑏 ∈ 𝐴𝐾  with 𝑛𝑏 = 𝑎 for 𝑛 ≥ 1. Take any finite 

separable extension 𝐿/𝐾 , and set 𝑛 = [𝐿 ∶ 𝐾] Then 𝑁𝐿/𝐾(𝑏) = 𝑛𝑏 = 𝑎, so 𝑎 ∈ 𝑁𝐿/𝐾𝐴𝐿. Since 𝐿 was 
arbitrary, we have 𝑎 ∈ 𝐷𝐿. ∎

We are now ready to prove the existence theorem for topological class formations, which tells us 
that given a closed subgroup 𝒩 of finite index in 𝐴𝐾 , there exists a finite separable extension 𝐿/𝐾
with 𝒩 = 𝒩𝐿. Since a topological class formation for 𝐾  gives rise to a topological class formation 
for any finite extension of 𝐾  (in that the existence of 𝑈𝐿 in condition (iii) is assumed for all finite 
separable 𝐿/𝐾 , and not just for 𝐾), this result for norm groups of 𝐾  implies the analogous result for 
norm groups over finite separable extensions.

Theorem 8.2.14  (Existence theorem). Let (𝐴, inv) be a topological class formation for 𝐾 . A subgroup 
of 𝐴𝐾  is a norm group if and only if it is closed of finite index in 𝐴𝐾 .

Proof. If a subgroup is a norm group, then it is of finite index by the reciprocity law and is closed 
in 𝐴𝐾  by Definition 8.2.10(i).

Conversely, if 𝒩 is a closed subgroup of 𝐴𝐾  of finite index, set 𝑛 = [𝐴𝐾 ∶ 𝒩]. Then 𝑛𝐴𝐾 ⊆ 𝒩, 
so 𝐷𝐾 ⊆ 𝒩 by Proposition 8.2.13. Let 𝑈𝐾  be as in Definition 8.2.10(iii). Then for any norm subgroup 
ℳ of 𝐴𝐾 , the sets ℳ ∩ 𝑈𝐾 are compact. The intersection of the ℳ ∩ 𝑈𝐾  over all norm groups ℳ is 
equal to 𝐷𝐾 ∩𝑈𝐾 , so is contained in the open set 𝒩. Since the intersection of all ℳ∩𝑈𝐾  with 𝐴𝐾 −𝒩
would be nonempty if each intersection were, there exists a norm group ℳ with ℳ ∩ 𝑈𝐾 ⊆ 𝒩.

Let 𝑎 ∈ ℳ ∩ (𝑈𝐾 + ℳ ∩ 𝒩), and write 𝑎 = 𝑢 + 𝑣 with 𝑢 ∈ 𝑈𝐾  and 𝑣 ∈ ℳ ∩ 𝒩. Then 
𝑢 = 𝑎 − 𝑣 ∈ ℳ, so 𝑢 ∈ 𝑈𝐾 ∩ ℳ, so 𝑢 ∈ 𝒩, and thus 𝑎 ∈ 𝒩. Thus, we have

ℳ ∩ (𝑈𝐾 + ℳ ∩ 𝒩) ⊆ 𝒩.

Since ℳ ∩ 𝒩 is closed of finite index, so is 𝑈𝐾 + ℳ ∩ 𝒩, and thus it is a norm group by Defini-
tion 8.2.10(iii). Then ℳ ∩ (𝑈𝐾 + ℳ ∩ 𝒩) is a norm group by Proposition 9.2.8a, and 𝒩 is a norm 
group by Proposition 9.2.8d. ∎

Proposition 8.2.15. Let (𝐴, 𝑖𝑛𝑣) be a topological class formation for 𝐾 . Then the reciprocity map

𝜌𝐾 ∶ 𝐴𝐾 → 𝐺ab
𝐾

is continuous with dense image.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:clsd_sgp_fin_index_open
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Proof. To see that 𝜌𝐾  is continuous, we need only note that the inverse image 𝒩𝐿 of the open 
neighborhood Gal(𝐾ab/𝐿) of 1, for 𝐿/𝐾  finite abelian, is open by property (i) of Definition 8.2.10.

The closure of the image of 𝜌𝐾  is obviously a closed subgroup of 𝐺ab
𝐾 ≅ lim←𝐿 Gal(𝐿/𝐾), so equal 

to Gal(𝐾ab/𝑀) for some 𝑀/𝐾  abelian. As it also surjects onto each of the finite quotients Gal(𝐿/𝐾)
since each 𝜌𝐿/𝐾  is surjective, we must have 𝑀 = 𝐾 . Thus, 𝜌𝐾  has dense image. ∎

8.3 Class field theory over finite fields

Class field theory for finite fields is rather simple, the reciprocity map being injection of ℤ into the 
absolute Galois group of the field that takes 1 to the Frobenius automorphism. However, it allows us 
to give a toy example of a class formation that illustrates the theory we have developed.

Proposition 8.3.1. For any prime 𝑝 and all powers 𝑞 of 𝑝, there are canonical isomorphisms 
inv ∶ 𝐻2(𝐺𝔽𝑞

, ℤ) ∼⟶ ℚ/ℤ for all powers 𝑞 of 𝑝 such that (ℤ, inv) is a class formation for 𝔽𝑝.

Proof. For positive 𝑛, we have

𝐻1(𝐺𝔽𝑞𝑛 , ℤ) = Homcts(𝐺𝔽𝑞𝑛 , ℤ),

and the latter group is zero since the image of any continuous homomorphism of a compact Hausdorff 
group with values in a discrete group is finite, and the only finite subgroup of ℤ is trivial.

Consider the exact sequence

0 → ℤ → ℚ → ℚ/ℤ → 0.

For 𝑖 ≥ 1, we have
𝐻 𝑖(𝐺𝔽𝑞𝑛 , ℚ) = lim→𝑚

𝐻 𝑖(Gal(𝔽𝑞𝑚/𝔽𝑞𝑛), ℚ) = 0,

where the direct limit is taken over multiples of 𝑛, since 𝐻 𝑖(Gal(𝔽𝑞𝑚/𝔽𝑞𝑛), ℚ) has exponent dividing 
𝑚
𝑛  but is also a ℚ-vector space. Thus, we have isomorphisms

𝐻2(𝐺𝔽𝑞𝑛 , ℤ) ∼⟵ 𝐻1(𝐺𝔽𝑞𝑛 , ℚ/ℤ) = Homcts(𝐺𝔽𝑞𝑛 , ℚ/ℤ) ∼⟶ Homcts(ℤ̂, ℚ/ℤ) ∼⟶ ℚ/ℤ, (8.3.1)

the latter map being given by evaluation at 1, and through these we obtain a map

inv𝔽𝑞𝑛 ∶ 𝐻2(𝐺𝔽𝑞𝑛 , ℤ) ∼⟶ ℚ/ℤ.

For 𝑛 ∣ 𝑚, we have a commutative diagram
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To see the commutativity of the lower square, note that the homomorphism that sends the Frobenius 
element 𝜑𝑛 in 𝐺𝔽𝑞𝑛  to 1 restricts to a homomorphism sending the Frobenius 𝜑𝑚 = 𝜑𝑚/𝑛

𝑛  to 𝑚𝑛 , and the 
invariant map for 𝑛 (resp., 𝑚) sends the homomorphism that takes 𝜑𝑛 (resp., 𝜑𝑚) to 1 to the element 
1 ∈ ℚ/ℤ. Thus, (ℤ, inv) is a class formation for 𝔽𝑞. ∎

Let us fix the class formation (ℤ, inv) of Proposition 8.3.1 each prime 𝑝 in order to discuss reci-
procity maps and norm groups.

Proposition 8.3.2. For a prime power 𝑞, the reciprocity map

𝜌𝔽𝑞
∶ ℤ → 𝐺𝔽𝑞

satisfies 𝜌𝔽𝑞
(1) = 𝜑, where 𝜑 is the Frobenius element in 𝐺𝔽𝑞

.

Proof. Let 𝑛 ≥ 1, and consider the homomorphism 𝜒∶ Gal(𝔽𝑞𝑛/𝔽𝑞) → ℚ/ℤ that takes (the 
restriction of) 𝜑 to 1

𝑛 . Let 𝛿 denote the connecting homomorphism arising from the sequence 0 →
ℤ → ℚ → ℚ/ℤ → 0. By Proposition 8.1.10, as required, we have

𝜒(𝜌𝔽𝑞𝑛/𝔽𝑞
(1)) = inv𝔽𝑞𝑛/𝔽𝑞

(1 ∪ 𝛿(𝜒)) = inv𝔽𝑞𝑛/𝔽𝑞
(𝛿(𝜒)) = 1

𝑛,

the last equality following from the construction of the invariant map in (8.3.1). ∎

The following should already be clear.

Proposition 8.3.3. Let 𝑞 be a prime power. 

a. For any 𝑛 ≥ 1, the reciprocity map

𝜌𝔽𝑞𝑛/𝔽𝑞
∶ ℤ → Gal(𝔽𝑞𝑛/𝔽𝑞)

is a surjection with kernel 𝑛ℤ.

b. The map 𝜌𝔽𝑞
 is injective with dense image. With respect to the discrete topology on ℤ, it is 

continuous.
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c. The map that takes 𝑛ℤ, for 𝑛 ≥ 1, to 𝔽𝑞𝑛 is a bijection between (closed) subgroups of ℤ (under 
the discrete topology) and finite (abelian) extensions of 𝔽𝑞 in an algebraic closure of 𝔽𝑞.

The third part of Proposition 8.3.3 does not provide such a great example of the theory of norm 
groups, in that the discrete topology makes the class formation (ℤ, inv) topological, with 𝐷𝔽𝑞

 and 
𝑈𝔽𝑞

 in Definition 8.2.10 both the zero group.



Chapter 9

Local class field theory

9.1 The Brauer group of a local field

Fix a local field 𝐾  and a separable closure 𝐾sep of 𝐾 . All separable extensions of 𝐾  will be supposed 
to lie in 𝐾sep. In this section, we construct invariant maps inv𝐿 ∶ Br(𝐿) → ℚ/ℤ for finite separable 
extensions 𝐿/𝐾  such that ((𝐾sep)×, inv) forms a class formation for 𝐾 .

Notation 9.1.1. For a Galois extension 𝐸/𝐹 of fields, we set

Br(𝐸/𝐹) = 𝐻2(Gal(𝐸/𝐹), 𝐸×).

We construct inv𝐾  by first defining it on the subgroup Br(𝐾ur/𝐾) of Br(𝐾) corresponding to the 
maximal unramified extension 𝐾ur of 𝐾 . For this, note that the unique extension 𝑤𝐾 ∶ (𝐾ur)× → ℤ of 
the additive valuation on 𝐾  to 𝐾ur is a map of Gal(𝐾ur/𝐾)-modules, hence induces a map

𝑤∗
𝐾 ∶ Br(𝐾ur/𝐾) → 𝐻2(Gal(𝐾ur/𝐾), ℤ),

where we identify Gal(𝐾ur/𝐾) with ℤ̂ via the isomorphism taking the Frobenius element to 1.

Definition 9.1.2. The invariant map inv𝐾ur/𝐾 ∶ Br(𝐾ur/𝐾) → ℚ/ℤ is the composition

Br(𝐾ur/𝐾)
𝑤∗

𝐾⟶ 𝐻2(Gal(𝐾ur/𝐾), ℤ) 𝛿−1
⟶ 𝐻1(Gal(𝐾ur/𝐾), ℚ/ℤ)

ev𝜑𝐾⟶ ℚ/ℤ,

where 𝛿 is the connecting homomorphism arising from 0 → ℤ → ℚ → ℚ/ℤ → 0, and ev𝜑𝐾
 is 

evaluation at the Frobenius 𝜑𝐾  in Gal(𝐾ur/𝐾).

We will show that inv𝐾ur/𝐾  is an isomorphism, which amounts to showing that 𝑤∗
𝐾  is an isomor-

phism. We require a preliminary lemma.
187
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Lemma 9.1.3. Let 𝐺 be a finite group, and let 𝑀 be a 𝐺-module such that there exists a decreasing 
sequence (𝑀𝑛)𝑛≥0 with 𝑀0 = 𝑀 of 𝐺-submodules of 𝑀 for which

𝑀 = lim←𝑛
𝑀/𝑀𝑛.

Let 𝑖 ≥ 0, and suppose that 𝐻 𝑖(𝐺, 𝑀𝑛/𝑀𝑛+1) = 0 for all 𝑛 ≥ 0. Then 𝐻 𝑖(𝐺, 𝑀) = 0 as well.

Proof. Let 𝑓 ∈ 𝑍 𝑖(𝐺, 𝑀). Suppose that we have inductively defined 𝑓𝑛 ∈ 𝑍 𝑖(𝐺, 𝑀𝑛) and ℎ𝑗 ∈
𝐶𝑖−1(𝐺, 𝑀𝑗) for 0 ≤ 𝑗 ≤ 𝑛 − 1 such that

𝑓 = 𝑓𝑛 +
𝑛−1
∑
𝑗=0

𝑑𝑖−1(ℎ𝑗).

(Note that we take 𝐶−1(𝐺, 𝑀𝑗) = 0.) The image of 𝑓𝑛 in 𝑍 𝑖(𝐺, 𝑀𝑛/𝑀𝑛+1) is a coboundary by as-
sumption, say of ̄ℎ𝑛 ∈ 𝐶𝑖−1(𝐺, 𝑀𝑛/𝑀𝑛+1). Lifting ̄ℎ𝑛 to any ℎ𝑛 ∈ 𝐶𝑖−1(𝐺, 𝑀𝑛), we then set 
𝑓𝑛+1 = 𝑓𝑛 − 𝑑𝑖−1(ℎ𝑖). Since 𝑀 = lim←𝑛 𝑀/𝑀𝑛, the sequence of partial sums ∑𝑛

𝑗=1 ℎ𝑗 converges to 
an element of 𝐶𝑖−1(𝐺, 𝑀) with coboundary 𝑓 . ∎

Proposition 9.1.4. Let 𝐿 be a finite Galois extension of 𝐾 . Then there exists an open Gal(𝐿/𝐾)-
submodule 𝑉  of 𝒪×

𝐿 that is cohomologically trivial.

Proof. Let 𝐺 = Gal(𝐿/𝐾). By the normal basis theorem, there exists 𝛼 ∈ 𝐿 such that {𝜎(𝛼) ∣
𝜎 ∈ 𝐺} forms a 𝐾-basis of 𝐿. By multiplying by an element 𝐾×, we may suppose that 𝛼 ∈ 𝒪𝐿. Let 
Λ′ be the 𝒪𝐾-lattice in 𝐿 spanned by the 𝜎(𝛼). Let 𝜋 be a uniformizer in 𝒪𝐾 . Then [𝒪𝐿 ∶ Λ′] is 
finite, so 𝜋𝑛𝒪𝐿 ⊆ Λ′ for 𝑛 sufficiently large. Set Λ = 𝜋𝑛+1Λ′. Then

Λ ⋅ Λ = 𝜋2(𝑛+1)Λ′ ⊆ 𝜋2(𝑛+1)𝒪𝐿 ⊆ 𝜋𝑛+2𝒪𝐿 ⊆ 𝜋Λ.

Then 𝑉 = 1 + Λ is a 𝐺-submodule of 𝒪×
𝐿, and 𝑉  in turn has a decreasing filtration 𝑉𝑖 = 1 + 𝜋𝑖Λ for 

𝑖 ≥ 0 of 𝐺-submodules. We have isomorphisms

𝑉𝑖/𝑉𝑖+1
∼⟶ Λ/𝜋Λ, (1 + 𝜋𝑖𝜆)𝑉𝑖+1 ↦ 𝜆 + 𝜋Λ.

Since Λ/𝜋Λ is a free 𝔽𝑝[𝐺]-module, it is induced, so cohomologically trivial. Lemma 9.1.3 then 
tells us, in particular, that 𝐻 𝑖(𝐺𝑝, 𝑉) = 0 for all 𝑖 ≥ 1 for each Sylow subgroup 𝐺𝑝 of 𝐺, and the 
cohomological triviality then follows from Theorem 1.11.11. ∎

We use Proposition 9.1.4 first to study the case of cyclic, and then more specifically, unramified 
extensions.

Corollary 9.1.5. Let 𝐿 be a finite cyclic extension of 𝐾 . Then the Herbrand quotient of 𝒪×
𝐿 with respect 

to group Gal(𝐿/𝐾) is 1.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#ex:exs_coh_triv
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:coh_triv_thm
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Proof. Let 𝑉  be as in Proposition 9.1.4. The exact sequence

1 → 𝑉 → 𝒪×
𝐿 → 𝒪×

𝐿/𝑉 → 1

gives rise to the identity of Herbrand quotients

ℎ(𝒪×
𝐿) = ℎ(𝑉)ℎ(𝒪×

𝐿/𝑉) = 1

since 𝒪×
𝐿/𝑉  is finite as 𝑉  is open. ∎

Corollary 9.1.6. Let 𝐿/𝐾  be a finite unramified extension. Then 𝒪×
𝐿 is a cohomologically trivial 

Gal(𝐿/𝐾)-module.

Proof. It clearly suffices to show that 𝐻̂ 𝑖(𝐺, 𝒪×
𝐿) = 0 for 𝐺 = Gal(𝐿/𝐾) and all 𝑖, since any 

subgroup of 𝐺 is the Galois group of an unramified extension of local fields. The additive valuation 
𝑣𝐿 on 𝒪𝐿 restricts to the valuation 𝑣𝐾  on 𝒪𝐿 since 𝐿/𝐾  is unramified. The short exact sequence

1 → 𝒪×
𝐿 → 𝐿× 𝑣𝐿⟶ ℤ → 0

then gives rise to a long exact sequence starting

1 → 𝒪×
𝐾 → 𝐾× 𝑣𝐾⟶ ℤ → 𝐻1(𝐺, 𝒪×

𝐿) → 𝐻1(𝐺, 𝐿×),

with the last group zero by Hilbert’s Theorem 90 and the map 𝑣𝐾  surjective. Thus 𝐻1(𝐺, 𝒪×
𝐿) = 0, and 

since 𝐿/𝐾  is cyclic, the result follows from the triviality of the Herbrand quotient and the periodicity 
of Tate cohomology. ∎

Proposition 9.1.7. The invariant map inv𝐾ur/𝐾 ∶ Br(𝐾ur/𝐾) → ℚ/ℤ is an isomorphism.

Proof. For any 𝑖 ≥ 1, Proposition 9.1.6 implies that

𝐻 𝑖(Gal(𝐾ur/𝐾), 𝒪×
𝐾ur) ≅ lim→𝑛

𝐻 𝑖(Gal(𝐾𝑛/𝐾), 𝒪×
𝐾𝑛

) = 0

where 𝐾𝑛 is the unique unramified extension of 𝐾  (in 𝐾sep) of degree 𝑛. The valuation map yields an 
exact sequence

1 → 𝒪×
𝐾ur → (𝐾ur)× 𝑤𝐾⟶ ℤ → 0,

we therefore have that
𝑤∗

𝐾 ∶ Br(𝐾ur/𝐾) → 𝐻2(Gal(𝐾ur/𝐾), ℤ)

is an isomorphism. The other maps in the definition of inv𝐾ur/𝐾  are clearly isomorphisms, so the result 
holds. ∎

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Tate_cohom_cyclic_gp_periodic
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Tate_cohom_cyclic_gp_periodic
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:prof_cohom_dir_lim
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Notation 9.1.8. For a finite separable extension 𝐿 of 𝐾 , we use Res𝐿/𝐾  to denote the map

Res𝐿/𝐾 ∶ Br(𝐾ur/𝐾) → Br(𝐿ur/𝐿)

defined by the compatible pair consisting of restriction Gal(𝐿ur/𝐿) → Gal(𝐾ur/𝐾) and the inclusion 
(𝐾ur)× → (𝐿ur)×.

Remark 9.1.9. For 𝐿/𝐾  finite separable, the map Res𝐿/𝐾  fits into a commutative diagram

The following describes how our invariant map behaves after finite extension of the base field.

Proposition 9.1.10. Let 𝐿 be a finite separable extension of 𝐾 . Then

inv𝐿ur/𝐿 ∘ Res𝐿/𝐾 = [𝐿 ∶ 𝐾] inv𝐾ur/𝐾 .

Proof. We claim that the diagram

commutes (where Res𝐿/𝐾  in the middle two arrows denotes the corresponding composition of restric-
tion and inflation), from which the result follows. The commutativity of the middle square is straight-
forward. Since the restriction of 𝑤𝐿 to (𝐾ur)× is 𝑒𝐿/𝐾𝑤𝐾 , the leftmost square commutes. Since the 
restriction of 𝜑𝐿 to 𝐾ur is the 𝑓𝐿/𝐾-power of 𝜑𝐾 , the rightmost square commutes. ∎

Having defined the invariant map on Br(𝐾ur/𝐾) and shown that it satisfied the desired property 
with respect to change of base field, our next goal is to show that the inflation map

Inf ∶ Br(𝐾ur/𝐾) → Br(𝐾)

is an isomorphism. At the finite level, we note the following.

Corollary 9.1.11. Let 𝐿/𝐾  be a finite Galois extension of local fields, and set

Br(𝐿/𝐾)ur = Br(𝐾ur/𝐾) ∩ Br(𝐿/𝐾) ≤ Br(𝐾).

Then Br(𝐿/𝐾)ur is cyclic of order [𝐿 ∶ 𝐾].
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Proof. By the inflation-restriction sequence for Brauer groups, we have

Br(𝐿/𝐾)ur = {𝛼 ∈ Br(𝐾ur/𝐾) ∣ Res𝐿/𝐾(𝛼) = 0}.

By Proposition 9.1.10, this coincides with the kernel of [𝐿 ∶ 𝐾] on Br(𝐾ur/𝐾), which is cyclic of 
order 𝑛. ∎

We require a special case of the following cohomological lemma.

Lemma 9.1.12. Let 𝐺 be a finite group, let 𝐴 be a 𝐺-module, and let 𝑖, 𝑟 ≥ 0. Suppose that for all 
subgroups 𝐻 of 𝐺, we have that 𝐻̂ 𝑗(𝐻, 𝐴) = 0 for all 1 ≤ 𝑗 ≤ 𝑖 − 1 and that the order 𝐻̂ 𝑖(𝐻/𝐾, 𝐴𝐾)
divides [𝐻 ∶ 𝐾]𝑟 for all normal subgroups 𝐾  of 𝐻 of prime index. Then the order of 𝐻̂ 𝑖(𝐺, 𝐴) divides 
|𝐺|𝑟.

Proof. If we replace 𝐺 by a Sylow 𝑝-subgroup for a prime 𝑝, then the conditions of the lemma are 
still satisfied. By Corollary 1.8.24, we see that |𝐻 𝑖(𝐺, 𝐴)| divides ∏𝑝 |𝐻 𝑖(𝐺𝑝, 𝐴)|, which if we prove 
the lemma for each 𝐺𝑝 will divide ∏𝑝 |𝐺𝑝|𝑟 = |𝐺|𝑟.

Thus, we can and do assume that 𝐺 is a 𝑝-group. Let 𝐻 be a normal subgroup of 𝐺 of index 𝑝. By 
hypothesis, we have that |𝐻̂ 𝑖(𝐺/𝐻, 𝐴𝐻)| divides 𝑝𝑟, and we may suppose by induction on the order of 
𝐺 that |𝐻̂ 𝑖(𝐻, 𝐴)| divides |𝐻|𝑟. If 𝑖 ≥ 1, then by the triviality of 𝐻 𝑗(𝐻, 𝐴) for 1 ≤ 𝑗 ≤ 𝑖 − 1, we have 
an exact inflation-restriction sequence

0 → 𝐻 𝑖(𝐺/𝐻, 𝐴𝐻) → 𝐻 𝑖(𝐺, 𝐴) → 𝐻 𝑖(𝐻, 𝐴),

so the order of 𝐻 𝑖(𝐺, 𝐴) divides |𝐺|𝑟 = (𝑝|𝐻|)𝑟. For 𝑖 = 0, we merely replace the inflation-restriction 
sequence with the exact sequence

𝐻̂0(𝐻, 𝐴) Cor⟶ 𝐻̂0(𝐺, 𝐴) → 𝐻̂0(𝐺/𝐻, 𝐴𝐻),

where we recall that corestriction in degree 0 coincides with the sum over left coset representatives of 
𝐺/𝐻. ∎

Theorem 9.1.13. The inflation map Inf ∶ Br(𝐾ur/𝐾) → Br(𝐾) is an isomorphism.

Proof. It suffices to see that Br(𝐿/𝐾)ur = Br(𝐿/𝐾) for every finite Galois extension 𝐿/𝐾 , since 
the union under (injective) inflation maps of the groups Br(𝐿/𝐾)ur is Br(𝐾ur/𝐾) and the union under 
inflation maps of the groups Br(𝐿/𝐾) is Br(𝐾). For this, it suffices by Corollary 9.1.11 to show that 
Br(𝐿/𝐾) has order dividing 𝑛 = [𝐿 ∶ 𝐾].

First, suppose that 𝐿/𝐾  is cyclic. We consider Herbrand quotients for 𝐺 = Gal(𝐿/𝐾). The exact 
sequence defined by the valuation on 𝐿 yields

ℎ(𝐿×) = ℎ(𝒪×
𝐿)ℎ(ℤ).

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_Brauer_gps
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:res_to_sylow_p
https://www.math.ucla.edu/~sharifi/notes/algebra-ch04.html#thm:first_sylow_thm
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_higher_deg
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_higher_deg
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#def:res_cor_H0
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_Brauer_gps
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We have ℎ(𝒪×
𝐿) = 1 by Lemma 9.1.5, while ℎ(ℤ) = 𝑛 since 𝐻̂0(𝐺, ℤ) ≅ ℤ/𝑛ℤ and 𝐻̂−1(𝐺, ℤ) = 0. 

Since ℎ1(𝐿×) = 1 by Hilbert’s Theorem 90, we have | Br(𝐿/𝐾)| = ℎ0(𝐿×) = 𝑛.
Now take 𝐿/𝐾  to be any finite Galois extension. With 𝐺 = Gal(𝐿/𝐾) and 𝐴 = 𝐿×, the hypotheses 

of Lemma 9.1.12 are satisfied with 𝑖 = 2 and 𝑟 = 1 by Hilbert’s Theorem 90 and the case of cyclic 
extensions. Consequently, Br(𝐿/𝐾) has order dividing 𝑛, as we aimed to show. ∎

By Theorem 9.1.13, we may make the following definition of the invariant map for 𝐾  (and hence 
for any local field).

Definition 9.1.14. The invariant map inv𝐾 ∶ Br(𝐾) → ℚ/ℤ for a local field 𝐾  is the composition

inv𝐾 ∶ Br(𝐾) Inf−1
⟶ Br(𝐾ur/𝐾)

inv𝐾ur/𝐾⟶ ℚ/ℤ.

Theorem 9.1.15. The pair ((𝐾sep)×, inv) is a class formation for 𝐾 .

Proof. For 𝐿/𝐾  finite separable, we have 𝐻1(𝐺𝐿, (𝐾sep)×) = 0 by Hilbert’s Theorem 90. The 
invariant map inv𝐿 is an isomorphism by Theorem 9.1.13 and Proposition 9.1.7. Moreover, we have

inv𝐿 ∘ Res𝐿/𝐾 = [𝐿 ∶ 𝐾] inv𝐾

as a consequence of Proposition 9.1.10, noting Remark 9.1.9. Thus, the axioms of a class formation 
are satisfied. ∎

9.2 Local reciprocity

We continue to let 𝐾  denote a local field and 𝐾sep a separable closure of 𝐾 .

Definition 9.2.1. The (local) reciprocity map for 𝐾  is the reciprocity map 𝜌𝐾 ∶ 𝐾× → 𝐺ab
𝐾  attached to 

the class formation ((𝐾sep)×, inv) of Theorem 9.1.15.

Let us proceed directly to the statement of the main theorem.

Theorem 9.2.2  (Local reciprocity). Let 𝐾  be a nonarchimedean local field. Then the local reciprocity 
map

𝜌𝐾 ∶ 𝐾× → 𝐺ab
𝐾

satisfies 

i. for each uniformizer 𝜋 of 𝐾 , the element 𝜌𝐾(𝜋) is a Frobenius element in 𝐺ab
𝐾 , and

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
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ii. for any finite abelian extension 𝐿 of 𝐾 , the map

𝜌𝐿/𝐾 ∶ 𝐾× → Gal(𝐿/𝐾)

defined by 𝜌𝐿/𝐾(𝑎) = 𝜌𝐾(𝑎)|𝐿 for all 𝑎 ∈ 𝐾× is surjective with kernel 𝑁𝐿/𝐾𝐿×.

Proof. By Theorem 8.1.13, the reciprocity map 𝜌𝐾  satisfies (ii). We show that it satisfies (i). For 
this, take any finite unramified extension 𝐿/𝐾 , and let 𝐺 = Gal(𝐿/𝐾). Let 𝜑 denote the Frobe-
nius element in 𝐺. Let 𝜒∶ 𝐺 → ℚ/ℤ be an injective homomorphism. It suffices to show that 
𝜒(𝜌𝐿/𝐾(𝜋)) = 𝜒(𝜑). By Proposition 8.1.10, we have

𝜒(𝜌𝐿/𝐾(𝜋)) = inv𝐿/𝐾(𝜋 ∪ 𝛿(𝜒)),

where 𝛿 is the connnecting homomorphisms for 0 → ℤ → ℚ → ℚ/ℤ → 0. For the valuation 𝑣𝐿 on 
𝐿, we have

𝑣∗
𝐿(𝜋 ∪ 𝛿(𝜒)) = 𝑣𝐿(𝜋) ∪ 𝛿(𝜒) = 𝛿(𝜒).

Since inv𝐿/𝐾 = ev𝜑 ∘𝛿−1 ∘ 𝑣∗
𝐿 by definition, we have

inv𝐿/𝐾(𝜋 ∪ 𝛿(𝜒)) = ev𝜑(𝜒) = 𝜒(𝜑).

∎

Remark 9.2.3. Theorem 9.2.2 is also referred to as the local reciprocity law.

We can quickly see a connection with class field theory over a finite field.

Proposition 9.2.4. Let 𝐾  be a nonarchimedean local field and 𝜋 a uniformizer of 𝐾 . Let

𝜄𝜋 ∶ ℤ → ⟨𝜋⟩

denote the isomorphism that sends 1 to 𝜋. Let

Res ∶ 𝐺ab
𝐾 → 𝐺𝜅(𝐾)

be induced by the restriction map to Gal(𝐾ur/𝐾) and its natural isomorphism with 𝐺𝜅(𝐾), as in Propo-
sition 6.4.10. Then

Res ∘𝜌𝐾 ∘ 𝜄𝜋 ∶ ℤ → 𝐺𝜅(𝐾)

is the reciprocity map 𝜌𝜅(𝐾) for the finite field 𝜅(𝐾).

Remark 9.2.5. Given a nonarchimedean local field 𝐾  and a finite abelian extension 𝐿 of 𝐾 , we at 
times also denote by 𝜌𝐿/𝐾 the induced isomorphism

𝜌𝐿/𝐾 ∶ 𝐾×/𝑁𝐿/𝐾𝐿× ∼⟶ Gal(𝐿/𝐾)

and refer to it also as the local reciprocity map for 𝐿/𝐾 .



194 CHAPTER 9.  LOCAL CLASS FIELD THEORY

Remark 9.2.6. In the case 𝐾  is ℝ or ℂ, we can also define a reciprocity map. In the case of ℂ, the 
group 𝐺ℂ is trivial, so the reciprocity map is trivial 𝜌ℂ ∶ ℂ× → 1. In the case of ℝ, it is the unique 
homomorphism

𝜌ℝ ∶ ℝ× → Gal(ℂ/ℝ)

with kernel the positive reals ℝ>0.

We remark that the following compatibilities among local reciprocity maps follow immediately 
from Proposition 8.1.18.

Proposition 9.2.7. Let 𝐾  be a local field, and let 𝐿/𝐾  be a finite separable extension. Then we have 
commutative diagrams

where 𝑅𝐿/𝐾  denotes the restriction map, 𝑖𝐿/𝐾  is the inclusion map, 𝑉𝐿/𝐾  is the transfer map, and for 
any embedding 𝜎∶ 𝐿 ↪ 𝐾sep, the map 𝜎∗ is induced by conjugation 𝜏 ↦ 𝜎𝜏𝜎−1 for 𝜏 ∈ 𝐺𝐿.

It follows immediately from Theorem 9.2.2(ii), or Corollary 8.2.5, that we have

[𝐿 ∶ 𝐾] = [𝐾× ∶ 𝑁𝐿/𝐾𝐿×] (9.2.1)

for any finite abelian extension 𝐿 of 𝐾  in 𝐾sep. Moreover, in the present context, Proposition 8.2.6 
says the following.

Proposition 9.2.8. Let 𝐾  be a local field, and let 𝐿 and 𝑀 finite abelian extensions of 𝐾 . Then we 
have the following: 

a. 𝑁𝐿/𝐾𝐿× ∩ 𝑁𝑀/𝐾𝑀× = 𝑁𝐿𝑀/𝐾(𝐿𝑀)×,

b. 𝑁𝐿/𝐾𝐿× ⋅ 𝑁𝑀/𝐾𝑀× = 𝑁(𝐿∩𝑀)/𝐾(𝐿 ∩ 𝑀)×,

c. 𝑁𝑀/𝐾𝑀× ⊆ 𝑁𝐿/𝐾𝐿× if and only if 𝐿 ⊆ 𝑀,

d. for any subgroup 𝐴 of 𝐾× containing 𝑁𝐿/𝐾𝐿×, there exists an intermediate field 𝐸 in 𝐿/𝐾  with 
𝐴 = 𝑁𝐸/𝐾𝐸×.

Remark 9.2.9. The equality of degrees and the statements of Proposition 9.2.8 quite obviously hold 
for archimedean local fields as well. The extension ℂ/ℝ is of course the only nontrivial extension in 
that setting, with norm group 𝑁ℂ/ℝℂ× = ℝ×

>0 of index 2 in ℝ×.
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9.3 Norm residue symbols

Notation 9.3.1. In this section, we fix an integer 𝑛 ≥ 1 and suppose that 𝐾  is a local field of charac-
teristic not dividing 𝑛 such that 𝐾  contains 𝜇𝑛, the 𝑛th roots of unity in a separable closure 𝐾sep of 
𝐾 .

Definition 9.3.2. The 𝑛th norm residue symbol (or Hilbert symbol, or Hilbert norm residue symbol) 
for the field 𝐾  is the pairing

( , )𝑛,𝐾 ∶ 𝐾× × 𝐾× → 𝜇𝑛

defined on 𝑎, 𝑏 ∈ 𝐾× by

(𝑎, 𝑏)𝑛,𝐾 = 𝜌𝐾(𝑏)(𝑎1/𝑛)
𝑎1/𝑛 ,

where 𝑎1/𝑛 is an 𝑛th root of 𝛼 in 𝐾ab.

Remark 9.3.3. Since 𝐾  contains 𝜇𝑛, the 𝑛th roots of 𝑎 lie in 𝐾ab, and every element of 𝐺ab
𝐾  acts 

trivially on 𝜇𝑛, so the quantity 𝜎(𝑎1/𝑛)𝑎−1/𝑛 for 𝜎 ∈ 𝐺ab
𝐾  is independent of the choice of 𝑛th root 𝑎1/𝑛

of 𝑎.

Proposition 9.3.4. The 𝑛th norm residue symbol for 𝐾  has the following properties: 

a. it is bimultiplicative: i.e., for all 𝑎, 𝑏, 𝑎′, 𝑏′ ∈ 𝐾×, we have

(𝑎𝑎′, 𝑏)𝑛,𝐾 = (𝑎, 𝑏)𝑛,𝐾(𝑎′, 𝑏)𝑛,𝐾 and (𝑎, 𝑏𝑏′)𝑛,𝐾 = (𝑎, 𝑏)𝑛,𝐾(𝑎, 𝑏′)𝑛,𝐾 ,

b. (𝑎, 𝑏)𝑛,𝐾 = 1 for 𝑎, 𝑏 ∈ 𝐾× if and only if 𝑏 ∈ 𝑁𝐾(𝑎1/𝑛)/𝐾𝐾(𝑎1/𝑛)×,

c. (𝑎, 1 − 𝑎)𝑛,𝐾 = 1 for all 𝑎 ∈ 𝐾 − {0, 1},

d. (𝑎, −𝑎)𝑛,𝐾 = 1 for all 𝑎 ∈ 𝐾×,

e. it is skew-symmetric: i.e., (𝑎, 𝑏)𝑛,𝐾 = (𝑏, 𝑎)−1
𝑛,𝐾  for all 𝑎, 𝑏 ∈ 𝐾×,

f. it induces a perfect pairing on 𝐾×/𝐾×𝑛: i.e., (𝑎, 𝑏)𝑛,𝐾 = 1 for a fixed 𝑎 ∈ 𝐾× (resp., 𝑏 ∈ 𝐾×) 
for all 𝑏 ∈ 𝐾× (resp., 𝑎 ∈ 𝐾×) if and only if 𝑎 ∈ 𝐾×𝑛 (resp., 𝑏 ∈ 𝐾×𝑛).

Proof. 

a. Note that we may choose (𝑎𝑎′)1/𝑛 to equal 𝑎1/𝑛(𝑎′)1/𝑛. Since 𝜌𝐾(𝑏) is a homomorphism, we 
have

(𝑎𝑎′, 𝑏)𝑛,𝐾 = 𝜌𝐾(𝑏)((𝑎𝑎′)1/𝑛)
(𝑎𝑎′)1/𝑛 = 𝜌𝐾(𝑏)(𝑎1/𝑛)

𝑎1/𝑛
𝜌𝐾(𝑏)((𝑎′)1/𝑛)

(𝑎′)1/𝑛 = (𝑎, 𝑏)𝑛,𝐾(𝑎′, 𝑏)𝑛,𝐾 ,

and since 𝜌𝐾  is a homomorphism and 𝜌𝐾(𝑏) ∈ 𝐺ab
𝐾  acts trivially on 𝜇𝑛, we have

(𝑎, 𝑏𝑏′)𝑛,𝐾 = 𝜌𝐾(𝑏𝑏′)(𝑎1/𝑛)
𝑎1/𝑛 = 𝜌𝐾(𝑏)(𝑎1/𝑛)

𝑎1/𝑛 ⋅ 𝜌𝐾(𝑏)(


𝜌𝐾(𝑏′)(𝑎1/𝑛)
𝑎1/𝑛

)


= (𝑎, 𝑏)𝑛,𝐾(𝑎, 𝑏′)𝑛,𝐾 .
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b. Note that (𝑎, 𝑏)𝑛,𝐾 = 1 if and only if 𝜌𝐾(𝑏)(𝑎1/𝑛) = 𝑎1/𝑛, so if and only if 𝜌𝐾(𝑏) fixes 𝐾(𝑎1/𝑛), 
and so if and only if 𝜌𝐾(𝑎1/𝑛)/𝐾(𝑏) = 1. But this occurs if and only if 𝑏 is a norm from 𝐾(𝑎1/𝑛) by 
local reciprocity.

c. For any 𝑐 ∈ 𝐾× and a primitive 𝑛th root 𝜁𝑛 of 1 in 𝐾 , we may write

𝑐𝑛 − 𝑎 =
𝑛−1
∏
𝑖=0

(𝑐 − 𝜁𝑖
𝑛𝑎1/𝑛) = 𝑁𝐾(𝑎1/𝑛)/𝐾(𝑐 − 𝑎1/𝑛).

We then take 𝑐 = 1 and apply (b).

d. Take 𝑐 = 0 in the proof of (c) and again apply (b).

e. By (d) and (a), we have

1 = (𝑎𝑏, −𝑎𝑏)𝑛,𝐾 = (𝑎, −𝑎)𝑛,𝐾(𝑎, 𝑏)𝑛,𝐾(𝑏, 𝑎)𝑛,𝐾(𝑏, −𝑏)𝑛,𝐾 = (𝑎, 𝑏)𝑛,𝐾(𝑏, 𝑎)𝑛,𝐾 .

f. If 𝑎 ∈ 𝐾×𝑛, then write 𝑎 = 𝑐𝑛 with 𝑐 ∈ 𝐾×, and note that (𝑎, 𝑏)𝑛,𝐾 = (𝑐, 𝑏)𝑛
𝑛,𝐾 = 1. On the other 

hand, if (𝑎, 𝑏)𝑛,𝐾 = 1 for all 𝑏 ∈ 𝐾×, then 𝜌𝐾(𝑎1/𝑛)/𝐾  is the trivial homomorphism by the argument of 
(a). Local reciprocity then tells us that 𝐾(𝑎1/𝑛) = 𝐾 , so 𝑎 ∈ 𝐾×𝑛. The analogous statement switching 
the variables now follows immediately from (e).

∎

Remark 9.3.5. Part (b) of the Proposition 9.3.4, says that (𝑎, 𝑏)𝑛,𝐾 = 1 for 𝑎, 𝑏 ∈ 𝐾× if and only if 𝑏
is a norm from 𝐾(𝑎1/𝑛). It is this property for which the norm residue symbol is named. Much less 
obvious from the definition is the fact then obtained using the skew-symmetry of the symbol in part 
(e) of said proposition: that is, we also have (𝑎, 𝑏)𝑛,𝐾 = 1 if and only if 𝑎 is a norm from 𝐾(𝑏1/𝑛). So, 
𝑎 is a norm from 𝐾(𝑏1/𝑛) if and only if 𝑏 is a norm from 𝐾(𝑎1/𝑛).

Let us compute the norm residue symbol for 𝑛 = 2, when 𝑝 = 2, which is sometimes simply 
referred to as the Hilbert symbol.

Proposition 9.3.6. Let 𝑎, 𝑏 ∈ ℤ×
2. Then (2, 2)2,ℚ2

= 1,

(𝑎, 𝑏)2,ℚ2
= (−1)(𝑎−1)(𝑏−1)/4 and (2, 𝑏)2,ℚ2

= (−1)(𝑏2−1)/8.

Proof. Note first that the expression 𝑓 (𝑎, 𝑏) = (𝑎 − 1)(𝑏 − 1) mod 8 for 𝑎, 𝑏 ∈ ℤ×
2 satisfies

𝑓 (𝑎𝑎′, 𝑏) ≡ (𝑎′(𝑎 − 1) + 𝑎′ − 1)(𝑏 − 1) ≡ 𝑓 (𝑎, 𝑏) + 𝑓 (𝑎′, 𝑏) mod 8

and the expression 𝑔(𝑏) = 𝑏2 − 1 mod 16 satisfies

𝑔(𝑏𝑏′) ≡ (𝑏𝑏′)2 − 1 ≡ (𝑏′)2(𝑏2 − 1) + ((𝑏′)2 − 1) ≡ 𝑔(𝑏) + 𝑔(𝑏′) mod 16,
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so the right-hand sides of the equations of interest are multiplicative in the variables 𝑎 and 𝑏. Since 
they are also continuous, it suffices to verify the formulas on a set of topological generators.

Recall that ℚ×
2 is topologically generated by −1, 2, and 5. First, we claim that −1 is not a norm 

from ℚ2(𝑖), which is to say an element of the form 𝑎2+𝑏2 with 𝑎, 𝑏 ∈ ℚ×
2. For this, note that it suffices 

to consider 𝑎, 𝑏 ∈ ℤ×
2 and then congruence modulo 4 eliminates the possibility. We therefore have

(−1, −1)2,ℚ2
= −1. Since 2 and 5 are norms from ℚ2(𝑖), we have (2, −1)2,ℚ2

= 1 and (5, −1)2,ℚ2
=

1. We then have (noting (d) of Proposition 9.3.4) that

(2, 2)2,ℚ2
= (2, −2)2,ℚ2

(2, −1)2,ℚ2
= 1

and similarly (5, 5)2,ℚ2
= 1. Finally we calculate (2, 5)2,ℚ2

. The question becomes whether 5 =
𝑎2 − 2𝑏2 for some 𝑎, 𝑏 ∈ ℤ×

2, but 𝑎2, 𝑏2 lie in {0, 1, 4} modulo 8, and a quick check shows that the 
equality cannot hold modulo 8 and therefore (2, 5)2,ℚ2

= −1. These values all agree with the stated 
values, as needed. ∎

In the case that 𝑛 and the residue characteristic of 𝐾  are coprime, the norm residue symbol is also 
not too difficult to compute. Note that in this case, the extensions 𝐾(𝑎1/𝑛) with 𝑎 ∈ 𝐾× are tamely 
ramified.

Definition 9.3.7. Suppose that 𝑛 is relatively prime to the residue characteristic of 𝐾 . Then ( , )𝑛,𝐾

is called a tame symbol.

Theorem 9.3.8. Suppose that 𝑛 is not divisible by the residue characteristic of 𝐾 . Let 𝑞 denote the 
order of the residue field 𝜅 of 𝐾 , and note that 𝑛 divides 𝑞 − 1 since 𝐾  is assumed to contain 𝜇𝑛. For 
𝑎, 𝑏 ∈ 𝐾×, let [𝑎, 𝑏]𝐾 ∈ 𝜅× be defined by

[𝑎, 𝑏]𝐾 = (−1)𝑣𝐾(𝑎)𝑣𝐾(𝑏) 𝑎𝑣𝐾(𝑏)

𝑏𝑣𝐾(𝑎) mod 𝜋𝐾 ,

where 𝜋𝐾  is a uniformizer of 𝐾 . We then have

(𝑎, 𝑏)𝑛,𝐾 = [𝑎, 𝑏](𝑞−1)/𝑛
𝐾 ∈ 𝜇𝑛,

identifying elements of 𝜇𝑛(𝜅) with their unique lifts to 𝑛th roots of unity in 𝐾 .

Proof. Let us first compute (𝑎, 𝜋𝐾)𝑛,𝐾  for a unit 𝑎 ∈ 𝒪×
𝐾 . Let 𝐿 = 𝐾(𝑎1/𝑛), and note that 𝐿/𝐾

is unramified. Therefore, 𝜌𝐿/𝐾(𝜋𝐾) is the unique Frobenius element in Gal(𝐿/𝐾). In particular, we 
have

𝜌𝐾(𝜋𝐾)(𝑎1/𝑛) ≡ (𝑎1/𝑛)𝑞 mod 𝜋𝐾𝒪𝐿,

so
(𝑎, 𝜋𝐾)𝑛,𝐾 ≡ 𝑎(𝑞−1)/𝑛 mod 𝜋𝐾 ,
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as desired. Note that if 𝑏 ∈ 𝒪×
𝐾  as well, then 𝜌𝐿/𝐾(𝑏) is trivial since 𝐿/𝐾  is unramified, so (𝑎, 𝑏)𝑛,𝐾 =

1.
In general, take 𝑎, 𝑏 ∈ 𝐾×, and write 𝑎 = 𝜋𝑣(𝑎)

𝐾 𝛼 and 𝑏 = 𝜋𝑣(𝑏)
𝐾 𝛽 with 𝛼, 𝛽 ∈ 𝒪×

𝐾 . Writing 
𝑣 = 𝑣𝐾  for short, the properties of the norm residue symbol and the cases already computed yield

(𝑎, 𝑏)𝑛,𝐾 = (𝜋𝐾 , 𝜋𝐾)𝑣(𝑎)𝑣(𝑏)
𝑛,𝐾 (𝛼, 𝜋𝐾)𝑣(𝑏)(𝛽, 𝜋𝐾)−𝑣(𝑎)

= (𝜋𝐾 , −1)𝑣(𝑎)𝑣(𝑏)𝛼𝑣(𝑏)(𝑞−1)/𝑛𝛽−𝑣(𝑎)(𝑞−1)/𝑛 = ((−1)𝑣(𝑎)𝑣(𝑏)𝑎𝑣(𝑏)𝑏−𝑣(𝑎))(𝑞−1)/𝑛,

as originally asserted. ∎

Remark 9.3.9. We may also speak of the 2nd norm residue symbol for ℝ, which is defined in the 
same manner as for nonarchimedean local fields. It satisfies

(𝑎, 𝑏)2,ℝ =
{


−1 if 𝑎, 𝑏 < 0,

1 if 𝑎, 𝑏 > 0,

since −1 is not a norm from ℂ to ℝ. We can also speak of 𝑛th norm residue symbols for ℂ for any 𝑛, 
but they are all of course trivial.

We end with a more cohomological description of norm residue symbols which can be useful. 
From now on, let us identify ℤ/𝑛ℤ with 1

𝑛ℤ/ℤ via the inverse of multiplication by 𝑛. We denote the 
resulting injection ℤ/𝑛ℤ ↪ ℚ/ℤ by 𝜄.

Lemma 9.3.10. The invariant map on Br(𝐾) induces a canonical isomorphism

𝐻2(𝐺𝐾 , 𝜇𝑛 ⊗ℤ 𝜇𝑛) ∼⟶ 𝜇𝑛.

Proof. First, note that 𝜇𝑛 is a trivial 𝐺𝐾-module since 𝜇𝑛 is contained in 𝐾 . Set 𝜇⊗2
𝑛 = 𝜇𝑛 ⊗ℤ 𝜇𝑛.

First, there is a canonical isomorphism

𝐻 𝑖(𝐺𝐾 , 𝜇𝑛) ⊗ℤ 𝜇𝑛 → 𝐻 𝑖(𝐺𝐾 , 𝜇⊗2
𝑛 )

for all 𝑖 ∈ ℤ that is induced by the map of complexes

𝐶⋅(𝐺𝐾 , 𝜇𝑛) ⊗ℤ 𝜇𝑛 → 𝐶⋅(𝐺𝐾 , 𝜇⊗2
𝑛 )

that takes an 𝑓 ⊗ 𝜁, where 𝑓 ∈ 𝐶𝑖(𝐺𝐾 , 𝜇𝑛) and 𝜁 ∈ 𝜇𝑛 to the cochain with value on 𝑥 ∈ 𝐺𝑖 given by 
𝑓 (𝑥) ⊗ 𝜁.

Secondly, recall from Proposition 2.5.4 that 𝐻2(𝐺𝐾 , 𝜇𝑛) ≅ Br(𝐾)[𝑛], and the invariant map in-
duces an isomorphism Br(𝐾)[𝑛] ∼⟶ 1

𝑛ℤ/ℤ 𝜄−1
⟶ ℤ/𝑛ℤ. In total, we have

𝐻 𝑖(𝐺𝐾 , 𝜇⊗2
𝑛 ) ≅ 𝜇𝑛 ⊗ ℤ/𝑛ℤ ≅ 𝜇𝑛,

hence the result. ∎

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_seq_isoms
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Recall that Kummer theory provides an isomorphism 𝐾×/𝐾×𝑛 ∼⟶ 𝐻1(𝐺𝐾 , 𝜇𝑛), hence a canonical 
surjection from 𝐾× to the latter group.

Proposition 9.3.11. The pairing ( , ) defined by the cup product through the composition

( , ) ∶ 𝐾× × 𝐾× ↠ 𝐻1(𝐺𝐾 , 𝜇𝑛) × 𝐻1(𝐺𝐾 , 𝜇𝑛) ∪⟶ 𝐻2(𝐺𝐾 , 𝜇𝑛 ⊗ℤ 𝜇𝑛) ∼⟶ 𝜇𝑛

is equal to the norm residue symbol for 𝐾 .

Proof. Let 𝑎, 𝑏 ∈ 𝐾×. Let 𝜒𝑎 ∶ 𝐺𝐾 → 𝜇𝑛 be the Kummer character attached to 𝑎. Fix a primitive 
𝑛th root of unity 𝜁𝑛, let 𝜒̃ ∶ 𝐺𝐾 → ℤ/𝑛ℤ be defined by 𝜒𝑎(𝜎) = 𝜁𝜒̃(𝜎)

𝑛 , and let 𝜒 = 𝜄 ∘ 𝜒̃ ∶ 𝐺𝐾 →
ℚ/ℤ. By definition and Proposition 8.1.10, we have

(𝑎, 𝑏)𝑛,𝐾 = 𝜒𝑎(𝜌𝐾(𝑏)) = 𝜁𝜄−1(inv𝐾(𝑏∪𝛿(𝜒)))
𝑛 ,

where 𝛿 is again the connecting homomorphism for 0 → ℤ → ℚ → ℚ/ℤ → 0. On the other hand,

𝜒𝑎 ∪ 𝜒𝑏 = (𝜒̃ ∪ 𝜒𝑏) ⊗ 𝜁𝑛,

and we see that
(𝑎, 𝑏) = 𝜁𝜄−1(inv𝐾(𝜒̃∪𝜒𝑏))

𝑛

by construction of the isomorphism in Lemma 9.3.10.
It thus suffices to see that 𝑏 ∪ 𝛿(𝜒) = 𝜒̃ ∪ 𝜒𝑏 in Br(𝐾)[𝑛]. We compare 2-cocycles representing 

these classes, noting the antisymmetry

𝜒̃ ∪ 𝜒𝑏 = −(𝜒𝑏 ∪ 𝜒̃).

Lift 𝜒̃ to a map 𝜒∶ 𝐺𝐾 → ℤ, and choose an 𝑛th root 𝛽 of 𝑏. Let 𝜎, 𝜏 ∈ 𝐺𝐾 . By construction of 𝛿, 
we have

𝛿(𝜒)(𝜎, 𝜏) = 1
𝑛(𝜓(𝜎) + 𝜓(𝜏) − 𝜓(𝜎𝜏)) ∈ ℤ,

from which it follows that

(𝑏 ∪ 𝛿(𝜒))(𝜎, 𝜏) = 𝑏𝛿(𝜒)(𝜎,𝜏) = 𝛽𝜓(𝜎)+𝜓(𝜏)−𝜓(𝜎𝜏)

while, via the identification 𝜇𝑛 ⊗ ℤ/𝑛ℤ = 𝜇𝑛, we have

(𝜒𝑏 ∪ 𝜒̃)(𝜎, 𝜏) = 𝜒𝑏(𝜎) ⊗ 𝜒̃(𝜏) = (𝜎(𝛽)
𝛽 )

𝜓(𝜏)
∈ 𝜇𝑛.

The product of these 2-cocycles in 𝑍2(𝐺𝐾 , (𝐾sep)×) is

𝛽𝜓(𝜎)𝛽−𝜓(𝜎𝜏)𝜎(𝛽)𝜓(𝜏),

which is the value on (𝜎, 𝜏) of the coboundary of the 1-cochain

𝜎 ↦ 𝛽𝜓(𝜎).

∎

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_seq_isoms
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9.4 The existence theorem

Let 𝐾  be a local field. We give its separable closure 𝐾sep the topology defined by the unique extension 
of the valuation on 𝐾  to 𝐾sep and then endow (𝐾sep)× with the subspace topology. We will show that 
((𝐾sep)×, inv) is a topological class formation. Note that the Galois group 𝐺𝐾  acts continuously on 
(𝐾sep)× since it its action preserves the valuation of elements.

Proposition 9.4.1. For any finite separable extension 𝐿 of 𝐾 , the norm map 𝑁𝐿/𝐾 ∶ 𝐿× → 𝐾× has 
closed image and compact kernel.

Proof. Recall from Proposition 5.5.6 that 𝒪×
𝐿 is compact. Since 𝑣𝐾 ∘ 𝑁𝐿/𝐾 = 𝑓𝐿/𝐾𝑣𝐿, the kernel 

of the continuous map 𝑁𝐿/𝐾  is a closed subgroup of 𝒪×
𝐿, hence is compact.

Since 𝒪×
𝐿 is compact, 𝑁𝐿/𝐾(𝒪×

𝐿) is a closed subset of 𝒪×
𝐾 . Note that

𝑁𝐿/𝐾𝒪×
𝐿 = 𝒪×

𝐾 ∩ 𝑁𝐿/𝐾𝐿×,

so
[𝒪×

𝐾 ∶ 𝑁𝐿/𝐾𝒪×
𝐿] ≤ [𝐾× ∶ 𝑁𝐿/𝐾𝐿×] = [𝐿 ∶ 𝐾]

is finite. Being of finite index in 𝒪×
𝐾 , the closed subgroup 𝑁𝐿/𝐾(𝒪×

𝐿) is open in 𝒪×
𝐾 . Since 𝒪×

𝐾  is 
open in 𝐾×, the group 𝑁𝐿/𝐾(𝒪×

𝐿) is open in 𝐾× as well. Finally, as a union of 𝑁𝐿/𝐾(𝒪×
𝐿)-cosets, the 

subgroup 𝑁𝐿/𝐾𝐿× is open in 𝐾×, hence closed. ∎

Proposition 9.4.2. Let 𝑝 be a prime, and suppose that the characteristic of 𝐾  is not 𝑝. For any 
finite separable extension 𝐿 of 𝐾(𝜇𝑝), the 𝑝th power map on 𝐿× has finite kernel 𝜇𝑝 and image 𝐿×𝑝

containing 𝐷𝐿 = ker 𝜌𝐿.

Proof. The first statement is obvious. If 𝑎 ∈ ker 𝜌𝐿, then 𝑎 ∈ 𝑁𝑀/𝐿𝑀× for every finite abelian 
extension 𝑀 of 𝐿. In particular, for all 𝑏 ∈ 𝐿×, we have that 𝑎 ∈ 𝑁𝐿(𝑏1/𝑝)/𝐿𝐿(𝑏1/𝑝)×, so (𝑎, 𝑏)𝑝,𝐿 = 1. 
Proposition 9.3.4f then implies that 𝑎 ∈ 𝐿×𝑝. ∎

Proposition 9.4.3. Every closed subgroup of 𝐾× of finite index that contains 𝒪×
𝐾  is a norm group.

Proof. Note that 𝐾×/𝒪×
𝐾 ≅ ℤ via the valuation map, which is in fact a homeomorphism if we 

give the left-hand side the quotient topology and the right-hand side the discrete topology. The closed 
subgroups of finite index in ℤ are the nontrivial subgroups, so the closed subgroups of finite index in 
𝐾× that contain 𝒪×

𝐾  are those of the form 𝒩𝑛 = ⟨𝜋𝑛⟩𝒪×
𝐾  for some 𝑛 ≥ 1 and a fixed uniformizer 𝜋. 

If 𝐾𝑛 is the unramified extension of 𝐾  of degree 𝑛, then every element of 𝐾×
𝑛  has the form for some 

𝑖 ∈ ℤ and 𝑢 ∈ 𝒪×
𝐾𝑛

, and we have

𝑁𝐾𝑛/𝐾(𝜋𝑖𝑢) = 𝜋𝑛𝑖𝑁𝐾𝑛/𝐾(𝑢) ∈ 𝒩𝑛.
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The indices of the two subgroups 𝑁𝐾𝑛/𝐾𝐾×
𝑛 ≤ 𝒩𝑛 of 𝒪×

𝐾  are both 𝑛, the former being the consequence 
(9.2.1) of local reciprocity, so they must be equal. ∎

Theorem 9.4.4  (Existence theorem of local CFT). The closed subgroups of 𝐾× of finite index are 
exactly the norm subgroups 𝑁𝐿/𝐾𝐿× with 𝐿 a finite abelian extension of 𝐾 .

We omit the proof of Theorem 9.4.4 for Laurent series fields and focus on the characteristic zero 
setting.

Proof for 𝑝-adic fields. The three properties of Definition 8.2.10 are satisfied by Propositions 9.4.1, 
 9.4.2,  9.4.3, so the result follows from Theorem 8.2.14. ∎

We also have the following, which is actually immediate from part (c) of Proposition 9.2.8.

Theorem 9.4.5  (Uniqueness theorem of local CFT). Let 𝐿 and 𝑀 be distinct finite abelian extensions 
of 𝐾 . Then 𝑁𝐿/𝐾𝐿× ≠ 𝑁𝑀/𝐾𝑀×.

Remark 9.4.6. Taken together, the existence and uniqueness theorems that there is a one-to-one corre-
spondence between finite abelian extensions 𝐿 of 𝐾  and open subgroups of finite index in 𝐾× given by 
taking 𝐿 to 𝑁𝐿/𝐾𝐿×. In part for historical reasons, we have stated them separately. We have seen addi-
tional properties of this (inclusion-reversing) correspondence in parts (a) and (b) of Proposition 9.2.8.

Next, we see that local reciprocity and the existence theorem imply the following.

Theorem 9.4.7.  Let 𝐾  be a nonarchimedean local field. 

a. The reciprocity map 𝜌𝐾  is continuous and injective with dense image.

b. The restriction of 𝜌𝐾  to 𝒪×
𝐾  provides a topological isomorphism between 𝒪×

𝐾  and the inertia 
subgroup of 𝐺ab

𝐾 .

Proof. That 𝜌𝐾  is continuous with dense image follows from Proposition 8.2.15. Recall that, by 
definition, the groups 𝑈𝑖(𝐾) with 𝑖 ≥ 1 form a basis of open neighborhoods of 1 in the topology on 
𝐾 . They are not, however, of finite index in 𝐾×. However, the subgroups ⟨𝜋𝑛⟩ × 𝑈𝑖(𝐾) with 𝑖, 𝑛 ≥ 1
are, and are clearly open. Moreover, their intersection is {1}. By the existence theorem, there exists a 
finite abelian extension 𝐿𝑛,𝑖/𝐾  such that 𝑁𝐿𝑛,𝑖/𝐾𝐿×

𝑛,𝑖 = ⟨𝜋𝑛⟩𝑈𝑖(𝐾). For 𝑎 ∈ 𝐾× with 𝑎 ≠ 1, we may 
then choose 𝑛 and 𝑖 large enough so that 𝑎 ∉ 𝑁𝐿𝑛,𝑖/𝐾𝐿×

𝑛,𝑖, and therefore local reciprocity tells us that 
𝜌𝐿𝑛,𝑖/𝐾(𝑎) is nontrivial, so 𝜌𝐾(𝑎) is nontrivial. That is, 𝜌𝐾  is injective. This proves (a).

That 𝜌𝐾  maps 𝒪×
𝐾  into the inertia group in 𝐺ab

𝐾  is as follows. Every element 𝑢 ∈ 𝒪×
𝐾  may be 

written as a quotient of two uniformizers 𝜋 and 𝜋′ by taking 𝜋′ = 𝑢𝜋 for any uniformizer 𝜋. By 
property (i) in the local reciprocity law, we have

𝜌𝐾(𝑢)|𝐾ur = 𝜌𝐾(𝜋′)|𝐾ur(𝜌𝐾(𝜋)|𝐾ur)−1 = 𝜑𝐾𝜑−1
𝐾 = 1,
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where 𝜑𝐾  is the Frobenius element of Gal(𝐾ur/𝐾). Hence, 𝜌𝐾(𝑢) lies in the inertia subgroup, and for 
the same reason, this occurs only when 𝑢 is a unit. As for surjectivity onto inertia, the element 𝜌𝐾(𝜋)
gives a choice of Frobenius, hence a splitting of the surjection 𝐺ab

𝐾 → Gal(𝐾ur/𝐾). Via this splitting, 
the reciprocity map is the direct product of the continuous maps from 𝒪×

𝐾  to inertia and the group 
generated by 𝜋 to Gal(𝐾ur/𝐾). Since 𝜌𝐾  has dense image, the image of 𝒪×

𝐾  in inertia is therefore 
dense as well, and it suffices to see that 𝜌𝐾(𝒪×

𝐾) is closed. But 𝜌𝐾  is continuous and 𝒪×
𝐾  is compact 

Hausdorff, so indeed this is the case, proving (b). ∎

We leave the following remark to the reader as an exercise.

Lemma 9.4.8. Let 𝐾  be a nonarchimedean local field, and let 𝜋 be a uniformizer of 𝐾 . Let 𝐾𝜋 denote 
the fixed field of 𝜌𝐾(𝜋) in 𝐾ab. Then 𝐾ab = 𝐾𝜋 ⋅ 𝐾ur. Moreover, 𝐾𝜋 is a maximal totally ramified 
extension of 𝐾  in 𝐾ab.

We next prove the uniqueness of the local reciprocity map to complete the proof of the local 
reciprocity law.

Theorem 9.4.9  (Uniqueness of the local reciprocity map). The reciprocity map 𝜌𝐾  is the unique map 
satisfying properties (i) and (ii) of Theorem 9.2.2.

Proof. We prove that if a homomorphism 𝜙∶ 𝐾× → 𝐺ab
𝐾  satisfies properties (i) and (ii) of The-

orem 9.2.2 with 𝜌𝐾  replaced by 𝜙, then it is 𝜌𝐾 . Consider the open subgroup 𝐴𝑛 = ⟨𝜋⟩𝑈𝑛(𝐾) of 
finite index in 𝐾×. By the existence theorem, there exists a finite abelian extension 𝐿𝑛 of 𝐾  with norm 
group equal to 𝐴𝑛. The union of the fields 𝐿𝑛 is the field 𝐾𝜋 of Lemma 9.4.8. Being that 𝜋 ∈ 𝐴𝑛 for 
all 𝑛, we have that by property (ii) of the local reciprocity law that 𝜙(𝜋)|𝐾𝜋

= 1,. On the other hand, 
by property (i), we have that 𝜙(𝜋)|𝐾ur is the Frobenius element of Gal(𝐾ur/𝐾). On the other hand, 
𝜌𝐾(𝜋) also has both of these properties and 𝐾ab = 𝐾𝜋 ⋅ 𝐾 , so 𝜌𝐾(𝜋) = 𝜙(𝜋). Since this holds for 
every uniformizer of 𝐾  and any 𝑎 ∈ 𝐾× can be written as 𝑎 = 𝜋𝑣𝐾(𝑎)−1 ⋅ 𝜋′ where 𝜋′ is a uniformizer 
defined by this equality, the two maps 𝜌𝐾  and 𝜙 are equal. ∎

We end with a few remarks on the topology of 𝐾×.

Proposition 9.4.10. Let 𝐾  be a 𝑝-adic field. Then every subgroup of 𝐾× of finite index is open.

Proof. Since 𝐴 be a subgroup of finite index in 𝐾×, and let 𝑚 be the exponent of 𝐾×/𝐴. Then 
𝐾×𝑚 ⊆ 𝐴, and Proposition 6.3.9 tells us that 𝐾×/𝐾×𝑚 is a finite abelian group (in fact, isomorphic to a 
subgroup of (ℤ/𝑚ℤ)[𝐾∶ℚ𝑝]+2). Thus 𝐾×𝑚 has finite index in 𝐾×. As the 𝑚th power map is continuous 
and 𝒪×

𝐾  is compact, 𝒪×𝑚
𝐾  is closed in 𝒪×

𝐾 . Letting 𝜋𝐾  denote a uniformizer for 𝐾 , we then have that 
𝐾×𝑚 = 𝒪×𝑚

𝐾 ⟨𝜋𝑚
𝐾⟩ is closed in 𝐾×, therefore open. As 𝐴 is a union 𝐾×-cosets, it is open as well. ∎
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Corollary 9.4.11. Let 𝐾  be a 𝑝-adic field. Then 𝜌𝐾  induces a topological isomoprhism

𝐾× ∼⟶ 𝐺ab
𝐾 ,

where 𝐾× is the profinite completion of 𝐾×.

Proof. By definition 𝐺ab
𝐾  is isomorphic to the inverse limit of the system of groups Gal(𝐿/𝐾) for 

𝐿/𝐾  finite abelian with respect to restriction maps. On the other hand, local reciprocity provides a 
series of isomorphisms

𝜌𝐿/𝐾 ∶ 𝐾×/𝑁𝐿/𝐾𝐿× ∼⟶ Gal(𝐿/𝐾)

that are compatible with the natural quotient maps on the left and restriction maps on the right. In 
other words, local reciprocity sets up an isomorphism

lim←
𝐿

𝐾×/𝑁𝐿/𝐾𝐿× → 𝐺ab
𝐾 , (9.4.1)

but as 𝐿 runs over the finite abelian extensions, Proposition 9.4.10 tells us that the groups 𝑁𝐿/𝐾𝐿×

run over all subgroups of finite index in 𝐾×. Therefore, the inverse limit in (9.4.1) is just the profinite 
completion of 𝐾×. ∎

Remarks 9.4.12. 

a. The converse to Proposition 9.4.10 is false: for instance, 𝒪×
𝐾  is open in 𝐾× but not of finite 

index.

b. If 𝐾  is a Laurent series field, then its multiplicative group has subgroups of finite index that are 
not closed. To see this, recall that 𝐾  is isomorphic to 𝔽𝑞((𝑡)) for some 𝑞. Recall from Proposition 6.3.10 
that 𝑈1(𝐾) and ∏∞

𝑖=1 ℤ𝑝 are topologically isomorphic. Note that ⨁∞
𝑖=1 ℤ𝑝 is dense in ∏∞

𝑖=1 ℤ𝑝 but 
not closed. Any subgroup of finite index in the latter group containing the former group will therefore 
not be closed. Choose such a group 𝑈, and consider ⟨𝑡⟩𝑈. (We leave it as an exercise to apply Zorn’s 
lemma to see that 𝑈 exists.) This is a subgroup of finite index in 𝐾× that is not closed.

c. For a Laurent series field 𝐾 , the isomorphism (9.4.1) still holds, but the inverse limit of the 
multiplicative group modulo norm groups, while a profinite group, is no longer isomorphic to the 
profinite completion of 𝐾×.

9.5 Class field theory over ℚ𝑝

In this section, we will determine the abelian extensions of ℚ𝑝 and make explicit the reciprocity law 
for ℚ𝑝. We shall not assume the results of the previous section.
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Lemma 9.5.1. Let 𝑝 be a prime, and let 𝐾  be a field of characteristic not equal to 𝑝. Let 𝑎 ∈ 𝐾(𝜇𝑝)×. 
For a generator 𝛿 of Gal(𝐾(𝜇𝑝)/𝐾), let 𝑐 ∈ ℤ be such that 𝛿(𝜁𝑝) = 𝜁𝑐

𝑝 for any generator 𝜁𝑝 of 𝜇𝑝. 
Then 𝑀 = 𝐾(𝜇𝑝, 𝑎1/𝑝) is abelian over 𝐾  if and only if

𝛿(𝑎)𝑎−𝑐 ∈ 𝐾(𝜇𝑝)×𝑝.

Proof. We may suppose without loss of generality that 𝑎 ∉ 𝐾(𝜇𝑝)×𝑝. Let 𝜏 ∈ Gal(𝑀/𝐾(𝜇𝑝)) be 
a generator such that 𝜏(𝑎1/𝑝) = 𝜁𝑝𝑎1/𝑝.

Suppose first that 𝑀/𝐾  is abelian. Lift 𝛿 to a generator of Gal(𝑀/𝐿), where 𝐿 is the unique abelian 
subextension in 𝑀/𝐾  of degree 𝑝 over 𝐾 , and denote this also by 𝛿. We have

𝜏(𝛿(𝑎1/𝑝)) = 𝛿(𝜏(𝑎1/𝑝)) = 𝛿(𝜁)𝛿(𝑎1/𝑝) = 𝜁𝑐
𝑝𝛿(𝑎1/𝑝).

In terms of Kummer duality, this says that the Kummer pairing of 𝜏 and 𝛿(𝑎) is 𝜁𝑐
𝑝. Since 𝑀/𝐾(𝜇𝑝)

is generated by a 𝑝th root of 𝑎 and 𝜏 pairs with 𝑎𝑐 to 𝜁𝑐
𝑝 as well, we have by the nondegeneracy of the 

Kummer pairing that 𝛿(𝑎)𝑎−𝑐 ∈ 𝐾(𝜇𝑝)×𝑝.
Now, suppose that 𝛿(𝑎)𝑎−𝑐 = 𝑥𝑝 for some 𝑥 ∈ 𝐾(𝜇𝑝)×. Extend 𝛿 to an embedding of 𝑀 in 𝐾 . 

Note that 𝛿(𝑎1/𝑝) is a 𝑝th root of 𝑎𝑐𝑥𝑝, hence of the form 𝜁𝑗
𝑝(𝑎1/𝑝)𝑐𝑥 for some 𝑗 ∈ ℤ, and this is an 

element of 𝑀. It follows that 𝑀/𝐾  is Galois. Moreover, we have

𝜏(𝛿(𝑎1/𝑝)) = 𝜏(𝜁𝑗
𝑝𝑎𝑐/𝑝𝑥) = 𝜁𝑗+𝑐

𝑝 𝑎𝑐/𝑝𝑥 = 𝜁𝑐
𝑝𝛿(𝑎1/𝑝) = 𝛿(𝜁𝑎1/𝑝) = 𝛿(𝜏(𝑎1/𝑝))

and
𝜏(𝛿(𝜁𝑝)) = 𝜁𝑐

𝑝 = 𝛿(𝜏(𝜁𝑝))

since 𝜏 fixes 𝜇𝑝. Thus, the generators 𝛿 and 𝜏 of Gal(𝑀/𝐾) commute, and so 𝑀/𝐾  is abelian. ∎

The following is a straightforward exercise using Lemma 6.3.7.

Lemma 9.5.2. For any prime 𝑝, we have

𝑈1(ℚ𝑝(𝜇𝑝)) ∩ ℚ𝑝(𝜇𝑝)×𝑝 = 𝑈𝑝+1(ℚ𝑝(𝜇𝑝)).

We also have the following.

Lemma 9.5.3. Let 𝑝 be an odd prime. Let 𝛿 be a generator of  Gal(ℚ𝑝(𝜇𝑝)/ℚ𝑝), and let 𝑐 ∈ ℤ be 
such that 𝛿(𝜁𝑝) = 𝜁𝑐

𝑝 for 𝜁𝑝 generating 𝜇𝑝. For any positive integer 𝑖 ≤ 𝑝 and 𝑎 ∈ 𝑈𝑖(ℚ𝑝(𝜇𝑝)) −
𝑈𝑖+1(ℚ𝑝(𝜇𝑝)), one has

𝛿(𝑎) ≡ 𝑎𝑐𝑖 mod (1 − 𝜁𝑝)𝑖+1.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_thy_perf_pair
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_thy_perf_pair
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_thy_perf_pair
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_thy_perf_pair


9.5. Class field theory over ℚ𝑝 205

Proof. Set 𝜆 = 1 − 𝜁𝑝. Note first that for any 𝑘 ≥ 1, one has

1 − 𝜁𝑘
𝑝 = 𝜆

𝑘−1
∑
𝑗=0

𝜁𝑗
𝑝 ≡ 𝑘𝜆 mod 𝜆2.

In particular, we have 𝛿(𝜆) ≡ 𝑐𝜆 mod 𝜆2. It follows from the binomial theorem that

𝛿(𝜆)𝑖 ≡ (𝑐𝜆 + (𝛿(𝜆) − 𝑐𝜆))𝑖 ≡ (𝑐𝜆)𝑖 mod 𝜆𝑖+1.

Write 𝑎 = 1 + 𝑢𝜆𝑖 for some 𝑢 ∈ ℤ[𝜇𝑝]×. One then has

𝛿(𝑎) ≡ 𝛿(1 + 𝑢𝜆𝑖) ≡ 1 + 𝑢𝛿(𝜆)𝑖 ≡ 1 + 𝑢𝑐𝑖𝜆𝑖 ≡ (1 + 𝑢𝜆𝑖)𝑐𝑖 ≡ 𝑎𝑐𝑖 mod 𝜆𝑖+1.

∎

Proposition 9.5.4. 

a. Let 𝑝 be an odd prime. The maximal abelian extension of ℚ𝑝 of exponent 𝑝 has Galois group 
isomorphic to (ℤ/𝑝ℤ)2.

b. The maximal abelian extension of ℚ2 of exponent 4 has Galois group isomorphic to (ℤ/4ℤ)2×
ℤ/2ℤ.

Proof. Let 𝑝 be a prime and 𝐿 be the maximal abelian extension of ℚ𝑝 of exponent 𝑝. The restric-
tion map

Gal(𝐿(𝜇𝑝)/ℚ𝑝(𝜇𝑝)) → Gal(𝐿/ℚ𝑝) (9.5.1)

is an isomorphism since [ℚ𝑝(𝜇𝑝) ∶ ℚ𝑝] and [𝐿 ∶ ℚ𝑝] are relatively prime,. By Kummer theory, 
there exists a unique subgroup Δ of 𝐿(𝜇𝑝)× containing 𝐿(𝜇𝑝)×𝑝 such that 𝐿(𝜇𝑝) = ℚ𝑝(𝜇𝑝, 𝑝√Δ). By 
Lemma 9.5.1, we have

Δ = {𝑎 ∈ ℚ𝑝(𝜇𝑝)× ∣ 𝛿(𝑎)𝑎−𝑐 ∈ ℚ𝑝(𝜇𝑝)×𝑝}.

Now suppose that 𝑝 is odd. Let us set 𝑈𝑖 = 𝑈𝑖(ℚ𝑝(𝜇𝑝)) for each 𝑖 ≥ 1. Note first that since the 
valuation of an element is unchanged by application of 𝛿, any element of Δ must lie in ⟨𝜆𝑝⟩ℤ𝑝[𝜇𝑝]×. 
Moreover, every element of 𝜇𝑝−1(ℚ𝑝) is a 𝑝th power, so

Δ = ℚ𝑝(𝜇𝑝)×𝑝 ⋅ (𝑈1 ∩ Δ). (9.5.2)

Now, it follows from Lemmas 9.5.1,  9.5.2, and  9.5.3, any non 𝑝th power in 𝑈1 ∩ Δ lies either in 
𝑈1 − 𝑈2 or 𝑈𝑝 − 𝑈𝑝+1. We know that 𝜇𝑝 ⊆ Δ, in that the group 𝜇𝑝2 generates an abelian extension of 
ℚ𝑝. If any other element 𝑥 of 𝑈1 −𝑈2 were in Δ, then there would exist a 𝑝th root of unity 𝜉 such that 
𝑥𝜉−1 ∈ 𝑈2 ∩ Δ, which would imply 𝑥𝜉−1 ∈ 𝑈𝑝. Moreover, since 𝑈𝑝+1 ≤ ℚ𝑝(𝜇𝑝)×𝑝, we have that 
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𝑈𝑝 itself is contained in Δ. It follows that 𝑈1 ∩ Δ = 𝜇𝑝𝑈𝑝. Recall that 𝑈𝑝/𝑈𝑝+1 ≅ ℤ/𝑝ℤ. Applying 
(9.5.2), we see that

Δ/ℚ𝑝(𝜇𝑝)×𝑝 ≅ (ℤ/𝑝ℤ)2.

Kummer theory tells us that

Gal(𝐿(𝜇𝑝)/ℚ𝑝(𝜇𝑝)) ≅ Hom(Δ/ℚ𝑝(𝜇𝑝)×𝑝, 𝜇𝑝) ≅ Hom((ℤ/𝑝ℤ)2, ℤ/𝑝ℤ) ≅ (ℤ/𝑝ℤ)2.

Recalling (9.5.1), this implies the result.
If 𝑝 = 2, then we note that Δ = ℚ×

2 has a minimal set of topological generators consisting of −1, 
2, and 3. Otherwise, we omit the proof of part b. ∎

We now turn to the local Kronecker-Weber theorem.

Theorem 9.5.5  (Local Kronecker-Weber). Let 𝑝 be a prime number. Then every finite abelian exten-
sion of ℚ𝑝 is contained in ℚ𝑝(𝜇𝑛) for some 𝑛 ≥ 1.

Proof. Since any finite abelian extension of ℚ𝑝 will be a compositum of such a finite abelian 
extension of 𝑝-power and a finite abelian extension of prime-to-𝑝 power degree, it suffices to consider 
such fields separately. We recall that finite abelian extensions of ℚ𝑝 of degree prime to 𝑝 are tamely 
ramified. The maximal tamely ramified abelian extension of ℚ𝑝 is equal to ℚur

𝑝 ((−𝑝)1/(𝑝−1)), since 
−𝑝 is a uniformizer of ℚ𝑝, and we know that ℚ𝑝((−𝑝)1/(𝑝−1)) = ℚ𝑝(𝜇𝑝) while ℚur

𝑝  is the field given 
by adjoining to ℚ𝑝 all prime-to-𝑝 roots of unity. Hence, we have the result for such fields.

So, let 𝐿 be an abelian extension of ℚ𝑝 of exponent 𝑝𝑟 for some 𝑟 ≥ 1, and set 𝐺 = Gal(𝐿/ℚ𝑝). 
First consider odd 𝑝. By Proposition 9.5.4a, the group 𝐺/𝐺𝑝 is a quotient of (ℤ/𝑝ℤ)2. By the 
structure theorem for finite abelian groups, 𝐺 is then isomorphic to a quotient of (ℤ/𝑝𝑟ℤ)2. On the 
other hand, ℚ𝑝(𝜇𝑝𝑟+1) is a totally ramified abelian extension of ℚ𝑝 with Galois group

Gal(ℚ𝑝(𝜇𝑝𝑟+1)/ℚ𝑝) ≅ ℤ/𝑝𝑟ℤ × (ℤ/𝑝ℤ)×,

and the field ℚ𝑝(𝜇𝑝𝑝𝑟−1) is an unramified abelian extension of ℚ𝑝 with Galois group isomorphic to 
ℤ/𝑝𝑟ℤ. It follows that ℚ𝑝(𝜇𝑝𝑟+1(𝑝𝑝𝑟−1)) has a subfield with Galois group (ℤ/𝑝𝑟ℤ)2 over ℚ𝑝, and so 
said field is 𝐿. The result follows for odd 𝑝.

In the case that 𝑝 = 2, Proposition 9.5.4b tells us that 𝐺/𝐺4 ≅ (ℤ/4ℤ)2 × ℤ/2ℤ. It follows that 
𝐺 is isomorphic to a quotient of (ℤ/2𝑟ℤ)2 × ℤ/2ℤ. Now, we know that

Gal(ℚ2(𝜇2𝑟+2)/ℚ2) ≅ ℤ/2𝑟ℤ × ℤ/2ℤ

As with 𝑝 odd, we have an unramified cyclotomic extension of ℚ2, linearly disjoint from the totally 
ramified ℚ2(𝜇2𝑟+2) over ℚ2, with Galois group ℤ/2𝑟ℤ. So, there exists a cyclotomic extension of 
ℚ2 with Galois group (ℤ/2𝑟ℤ)2 × ℤ/2ℤ, which must then be 𝐿. ∎

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Kummer_thy_perf_pair
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Corollary 9.5.6. For any prime 𝑝, the maximal abelian extension of ℚ𝑝 is given by adjoining all roots 
of unity in ℚ𝑝. That is, we have

ℚab
𝑝 = ℚ𝑝(𝜇∞),

where 𝜇∞ is the group of all roots of unity in ℚ𝑝.

With the knowledge of the maximal abelian extension of ℚ𝑝 in hand, we are now prepared to give 
an explicit construction of the reciprocity map for ℚ𝑝.

Remark 9.5.7. If 𝜁 is a 𝑝𝑘th root of unity in ℚ𝑝 for some prime 𝑝 and 𝑘 ≥ 1, then 𝜁𝑎 for any 𝑎 ∈ ℤ𝑝

is the well-defined root of unity equal to 𝜁𝑏 for any 𝑏 ∈ ℤ with 𝑏 ≡ 𝑎 mod 𝑝𝑘.

Proposition 9.5.8. For each 𝑛 ≥ 1, let 𝜁𝑛 denote a primitive 𝑛th root of unity in ℚab
𝑝 . There exists a 

unique homomorphism 𝜌∶ ℚ×
𝑝 → 𝐺ab

ℚ𝑝
 which, for 𝑚 ≥ 1 prime to 𝑝 and 𝑘 ≥ 1, satisfies 

i. 𝜌(𝑝)(𝜁𝑝𝑘) = 𝜁𝑝𝑘  and 𝜌(𝑝)(𝜁𝑚) = 𝜁𝑝
𝑚, and

ii. 𝜌(𝑢)(𝜁𝑝𝑘) = 𝜁𝑢−1

𝑝𝑘  and 𝜌(𝑢)(𝜁𝑚) = 𝜁𝑚 for every 𝑢 ∈ ℤ×
𝑝.

The map 𝜌 takes uniformizers in ℚ𝑝 to Frobenius elements, and its restriction to ℤ×
𝑝 is an isomorphism 

onto the inertia subgroup of 𝐺ab
ℚ𝑝

.

Proof. Recall that ℚur
𝑝  is given by adjoining all prime-to-𝑝 roots of unity in ℚ𝑝. Corollary 9.5.6 

then tells us that
ℚab

𝑝 = ℚur
𝑝 (𝜇𝑝∞) = ℚur

𝑝 ⋅ ℚ𝑝(𝜇𝑝∞),

where 𝜇𝑝∞ is the group of 𝑝-power roots of unity in ℚ𝑝. Since ℚ𝑝(𝜇𝑝∞)/ℚ𝑝 is totally ramified, we 
have

ℚur
𝑝 ∩ ℚ𝑝(𝜇𝑝∞) = ℚ𝑝,

and so
𝐺ab

ℚ𝑝
= Gal(ℚab

𝑝 /ℚ𝑝) ≅ Gal(ℚab
𝑝 /ℚur

𝑝 ) × Gal(ℚab
𝑝 /ℚ𝑝(𝜇𝑝∞))

≅ Gal(ℚ𝑝(𝜇𝑝∞)/ℚ𝑝) × Gal(ℚur
𝑝 /ℚ𝑝),

(9.5.3)

the latter isomorphism being the product of restriction maps.
We claim the automorphisms 𝜌(𝑝) and 𝜌(𝑢) for 𝑢 ∈ ℤ×

𝑝 of 𝜇∞ specified in the statement of 
the theorem are actually restrictions of elements of 𝐺ab

ℚ𝑝
. Given this, since every root of unity is the 

product of roots of unity of prime-to-𝑝 and 𝑝-power order and ℚ×
𝑝 ≅ ⟨𝑝⟩ × ℤ×

𝑝, it follows that 𝜌 is 
indeed a homomorphism to 𝐺ab

ℚ𝑝
, and it is uniquely specified by the given conditions.

For the claim, it suffices by (9.5.3) to see that these automorphisms define automorphisms of the 
prime-to-𝑝 and 𝑝-power roots of unity that are the restrictions of Galois elements in Gal(ℚur

𝑝 /ℚ𝑝) and 
Gal(ℚ𝑝(𝜇𝑝∞)/ℚ𝑝), respectively. First, we note that 𝜌(𝑝) has the same action as the trivial element 
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on 𝑝-power roots of unity and as the Frobenius element on prime-to-𝑝 roots of unity. In particular, 
𝜌(𝑝) does extend to a Frobenius element of 𝐺ab

ℚ𝑝
.

On the other hand, 𝜌(𝑢) acts trivially on 𝑝-power roots of unity, so we need only see that its action 
on 𝑝-power roots of unity is the restriction of a Galois element. Note that the cyclotomic character 
The cyclotomic character

𝜒∶ Gal(ℚ𝑝(𝜇𝑝∞)/ℚ𝑝) → lim←
𝑘

(ℤ/𝑝𝑘ℤ)× ≅ ℤ×
𝑝, 𝜒(𝜎)(𝜁𝑝𝑘) = 𝜁𝜒(𝜎)

𝑝𝑘

for ℚ𝑝 is an isomorphism in that [ℚ𝑝(𝜇𝑝𝑘) ∶ ℚ𝑝] = 𝑝𝑘−1(𝑝 − 1) for each 𝑘. Thus, we have that there 
exists 𝜎𝑢 ∈ Gal(ℚ𝑝(𝜇𝑝∞)/ℚ𝑝) with 𝜒(𝜎𝑢) = 𝑢. We then have that 𝜌(𝑢) as defined is indeed the 
restriction of 𝜎−1

𝑢  on 𝜇𝑝∞. That is 𝜌(𝑢) does extend to a well-defined element of Gal(ℚab
𝑝 /ℚ𝑝). with 

𝜌(𝑢)|ℚ𝑝(𝜇𝑝∞) = 𝜎−1
𝑢 . Moreover, as 𝜌 on ℤ×

𝑝 followed by restriction to ℚ𝑝(𝜇𝑝∞) is the inverse map to 
the map taking 𝜎 to 𝜒(𝜎)−1, we have that 𝜌|ℤ×

𝑝
 is an isomorphism to inertia in Gal(ℚab

𝑝 /ℚ𝑝).
Finally note that 𝜌(𝑝) is by definition a Frobenius element and 𝜌(𝑢) for 𝑢 ∈ ℤ×

𝑝 has image in iner-
tia, so 𝜌(𝑝𝑢) is a Frobenius element as well. Since 𝑢 was arbitrary, 𝜌 takes uniformizers to Frobenius 
elements. ∎

Though we omit the proof, it is possible to show using the uniqueness in Theorem 9.2.2 (after 
computations of norm groups of abelian extensions of ℚ𝑝) that the map 𝜌 of Proposition 9.5.8 must 
indeed be the local reciprocity map for ℚ𝑝.

Theorem 9.5.9. The map 𝜌 constructed in Proposition 9.5.8 is the local reciprocity map 𝜌ℚ𝑝
.

9.6 Ramification groups and the unit filtration

Definition 9.6.1. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. Then 
𝜓𝐿/𝐾 ∶ [−1, ∞) → [−1, ∞) be defined to be the inverse of the function 𝜙𝐿/𝐾  of Definition 6.5.19.

This allows us to define ramification groups in the upper numbering.

Definition 9.6.2. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. For any real 
number 𝑠 ≥ −1, we define the 𝑠th ramification group 𝐺𝑠 of 𝐿/𝐾  in the upper numbering (or upper 
ramification group) by 𝐺𝑠 = 𝐺𝜓𝐿/𝐾(𝑠).

Remarks 9.6.3. Suppose that 𝐿/𝐾  is a Galois extension of local fields with Galois group 𝐺. 

a. Since 𝜙𝐿/𝐾 = 𝜓−1
𝐿/𝐾 , we have 𝐺𝑡 = 𝐺𝜙𝐿/𝐾(𝑡) for all 𝑡 ≥ −1.
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b. For the same reason, we have

𝜓𝐿/𝐾(𝑠) = ∫
𝑠

0
[𝐺0 ∶ 𝐺𝑦]𝑑𝑦

for any 𝑠 ≥ 0.

Example 9.6.4. Let 𝐹𝑛 = ℚ𝑝(𝜇𝑝𝑛) for a prime 𝑝 and 𝑛 ≥ 1. As a consequence of Example 6.5.21, 
we have

𝜓𝐹𝑛/ℚ𝑝
(𝑠) =

{


𝑠 if − 1 ≤ 𝑠 ≤ 0,

𝑝𝑘−1(1 + (𝑝 − 1)(𝑠 − 𝑘 + 1)) − 1 if 𝑘 − 1 ≤ 𝑠 ≤ 𝑘 with 1 ≤ 𝑘 ≤ 𝑛 − 1,

𝑝𝑛−1(1 + (𝑝 − 1)(𝑠 − 𝑛 + 1)) − 1 if 𝑠 ≥ 𝑛 − 1

for all 𝑠 ≥ −1.

The following property of the 𝜓-function is immediate from Proposition 6.5.26.

Lemma 9.6.5. Let 𝐿/𝐾  be a Galois extension of local fields and 𝐸 a normal subextension of 𝐾  in 𝐿. 
Then

𝜓𝐿/𝐾 = 𝜓𝐿/𝐸 ∘ 𝜓𝐸/𝐾 .

We also see that ramification groups in the upper numbering are compatible with quotients.

Proposition 9.6.6. Let 𝐿/𝐾  be a Galois extension of fields with Galois group 𝐺, let 𝐸/𝐾  be a Galois 
subextension, and set 𝑁 = Gal(𝐿/𝐸). For any 𝑠 ≥ −1, one has

(𝐺/𝑁)𝑠 = 𝐺𝑠𝑁/𝑁.

Proof. By definition of the upper numbering and the function 𝜓𝐿/𝐸, Herbrand’s theorem, and 
Lemma 9.6.5, we have

(𝐺/𝑁)𝑠 = (𝐺/𝑁)𝜓𝐸/𝐾(𝑠) = 𝐺𝜓𝐿/𝐸(𝜓𝐸/𝐾(𝑠))𝑁/𝑁 = 𝐺𝜓𝐿/𝐾(𝑠)𝑁/𝑁 = 𝐺𝑠𝑁/𝑁.

∎

We therefore have the following example.

Proposition 9.6.7. Let 𝑝 be a prime and 𝑛 ≥ 1. Then for any 𝑠 ≥ −1, we have

Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝)𝑠 =

{


Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝) if − 1 ≤ 𝑠 ≤ 0,

Gal(ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝(𝜇𝑝𝑘)) if 𝑘 − 1 < 𝑠 ≤ 𝑘 with 1 ≤ 𝑘 ≤ 𝑛 − 1

1 if 𝑠 > 𝑛 − 1.
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Proof. This is quickly calculated using Proposition 6.5.12 and Example 9.6.4. ∎

Definition 9.6.8. Let 𝐿/𝐾  be a Galois extension of local fields with Galois group 𝐺. A real number 
𝑠 ∈ [−1, ∞) is said to be a jump in the ramification filtration of 𝐿/𝐾  (in the upper numbering) if 
𝐺𝑠 ≠ 𝐺𝑠+𝜖 for all 𝜖 > 0.

Example 9.6.9. The jumps in the ramification filtration of ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝 are 0, 1, 2, … , 𝑛 − 1.

Note that the jumps in the ramification filtration of ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝 for a prime 𝑝 and 𝑛 ≥ 1 are 
always integers, though there may seem to be no a priori reason for them to be so. In fact, the jumps 
in the ramification filtration of an abelian extension of local fields are always integers. The following 
related result is known as the Hasse-Arf theorem: in the form stated it is actually due to Hasse. We 
state it without proof.

Theorem 9.6.10  (Hasse). Let 𝐾  be a local field and 𝐿 be a finite abelian extension of 𝐾  with Galois 
group 𝐺. Then the jumps in the ramification filtration of 𝐺 (in the upper numbering) are all integers.

We next state, also without proof, the following remarkable connection between the reciprocity 
map and ramification groups in the upper numbering.

Theorem 9.6.11. Let 𝐾  be a local field and 𝐿 be a finite abelian extension of 𝐾  with Galois group 𝐺. 
Then 𝜌𝐿/𝐾(𝑈𝑖(𝐾)) = 𝐺𝑖 for all 𝑖 ≥ 0.

We have the following immediate corollary.

Corollary 9.6.12. Let 𝐿/𝐾  be a finite abelian extension of local fields with Galois group 𝐺. Then 𝐺𝑖

is trivial for some 𝑖 ≥ 1 if and only if

𝑈𝑖(𝐾) ⊆ 𝑁𝐿/𝐾𝐿×.

We make the following definition.

Definition 9.6.13. Let 𝐿/𝐾  be a finite abelian extension of local fields. The conductor 𝔣𝐿/𝐾  of the 
extension 𝐿/𝐾  is the ideal 𝔪𝑟

𝐾 , where 𝔪𝐾  is the maximal ideal of the valuation ring of 𝐾  and 𝑟 is the 
smallest positive integer such that 𝑈𝑟(𝐾) ⊆ 𝑁𝐿/𝐾𝐿×.

Remark 9.6.14. By Corollary 9.6.12, the conductor of a finite abelian extension 𝐿/𝐾  of local fields is 
𝔪𝑟

𝐾 , where 𝑟 is the smallest integer such that the upper ramification group Gal(𝐿/𝐾)𝑟 is trivial. This 
𝑟 is one more than the last jump in the ramification filtration of Gal(𝐿/𝐾), recalling the integrality of 
the jumps that is the Hasse-Arf theorem.
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We leave as an exercise to the reader the computation of the conductor of an arbitrary finite abelian 
extension of ℚ𝑝 using local Kronecker-Weber and the computation of the upper ramification groups 
of ℚ𝑝(𝜇𝑝𝑛)/ℚ𝑝. The result is as follows.

Example 9.6.15. The conductor of a finite abelian extension 𝐿 of ℚ𝑝 is (𝑝𝑛), where 𝑛 is maximal 
such that 𝐿 is contained in an unramified extension of ℚ𝑝(𝜇𝑝𝑛).

Let us consider one nontrivial example.

Proposition 9.6.16. Let 𝑝 be an odd prime and 𝐾 = ℚ𝑝(𝜇𝑝). Set 𝐿 = 𝐾((1 − 𝑝)1/𝑝). The conductor 
of the extension 𝐿/𝐾  is (1 − 𝜁𝑝)2.

Proof. Note that 𝐿/ℚ𝑝 is totally ramified of degree 𝑝(𝑝 − 1). Let 𝜁𝑝 be a primitive 𝑝th root of 
unity in 𝐾 . We have that

𝑝 = 𝑁ℚ𝑝((1−𝑝)1/𝑝)/ℚ𝑝
(1 − (1 − 𝑝)1/𝑝),

so 𝜋 = 1 − (1 − 𝑝)1/𝑝 is a uniformizer of ℚ𝑝((1 − 𝑝)1/𝑝). It follows that 𝑣𝐿(𝜋) = 𝑝 − 1 and then, 
since 𝑣𝐿(1 − 𝜁𝑝) = 𝑝, that 𝜆 = (1 − 𝜁𝑝)/𝜋 is a uniformizer of 𝐿.

For 𝜎 ∈ Gal(𝐿/𝐾) with 𝜎((1 − 𝑝)1/𝑝) = 𝜁𝑝(1 − 𝑝)1/𝑝, we have

𝜎(𝜆)
𝜆 = 𝜋

𝜎(𝜋).

and
𝜎(𝜋) = 1 − 𝜁𝑝(1 − 𝑝)1/𝑝 = 𝜋 + (1 − 𝜁𝑝)(1 − 𝑝)1/𝑝.

Thus, noting that 𝑣𝐿(1 − 𝜁𝑝) = 𝑝, we have

𝑣𝐿(𝜎𝜆
𝜆 − 1) = 1.

It follows that the first (and last) jump in the upper numbering in the ramification filtration of Gal(𝐿/𝐾)
is at 1, and therefore by Remark 7.4.19, we have 𝔣𝐿/𝐾 = (1 − 𝜁𝑝)2, as asserted. ∎

9.7 Lubin-Tate formal groups

Let 𝑅 denote a commutative ring.

Remark 9.7.1. Consider the power series ring 𝐴 = 𝑅⟦𝑥1, … , 𝑥𝑛⟧ in 𝑛 variables over 𝑅. The composi-
tion 𝑓 ∘ 𝑔 of 𝑓 , 𝑔 ∈ 𝐴 is well-defined in 𝐴 so long as 𝑔 has zero constant term, i.e., 𝑔 ∈ (𝑥1, … , 𝑥𝑛).

Lemma 9.7.2. The following are equivalent for a power series 𝑓 ∈ 𝑥𝑅⟦𝑥⟧: 
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i. 𝑓  has a left inverse under composition,

ii. 𝑓  has a right inverse under composition,

iii. 𝑓 ≡ 𝑢𝑥 mod (𝑥2) with 𝑢 ∈ 𝑅×.

Moreover, if 𝑓  has an inverse, then it is unique.

Proof. Suppose that 𝑓 ≡ 𝑢𝑥 mod (𝑥2) with 𝑢 ∈ 𝑅×. Let 𝑔1 = 𝑢−1𝑥, and suppose we have found 
𝑔𝑛 ∈ 𝑅[𝑥] of degree at most 𝑛 such that 𝑓 ∘ 𝑔𝑛 and 𝑔𝑛 ∘ 𝑓  are both 𝑥 in 𝑅[𝑥]/(𝑥𝑛+1). Write 𝑓 ∘ 𝑔𝑛 =
𝑥 + 𝑎𝑥𝑛+1 mod (𝑥𝑛+2) for some 𝑎 ∈ 𝑅. We then set 𝑔𝑛+1 = 𝑔𝑛 − 𝑢−1𝑎𝑥𝑛+1 and note that

𝑓 ∘ 𝑔𝑛+1 = 𝑓 ∘ (𝑔𝑛 − 𝑢−1𝑎𝑥𝑛+1) ≡ 𝑓 ∘ 𝑔𝑛 − 𝑎𝑥𝑛+1 ≡ 𝑥 mod (𝑥𝑛+2)

in that (𝑔𝑛 −𝑢−1𝑎𝑥𝑛+1)𝑘 ≡ 𝑔𝑘
𝑛 mod (𝑥𝑛+2) for any 𝑘 ≥ 2. Let 𝑔 = lim𝑛→∞ 𝑔𝑛 ∈ 𝑅⟦𝑋⟧ so that 𝑓 ∘𝑔 = 𝑥. 

Now, 𝑔 also has some right inverse ℎ, and so 𝑥 = 𝑔 ∘ ℎ = 𝑔 ∘ 𝑓 ∘ 𝑔 ∘ ℎ = 𝑔 ∘ 𝑓 . Moreover, note that 𝑔𝑛

specified recursively as above is unique with the property that 𝑓 ∘ 𝑔𝑛 ≡ 𝑥 mod (𝑥𝑛+1).
Finally, suppose that 𝑓 , 𝑔 ∈ 𝑥𝑅⟦𝑥⟧. If 𝑓 ≡ 𝑎𝑥 mod (𝑥2) and 𝑔 ≡ 𝑏𝑥 mod 𝑥2, then 𝑓 ∘ 𝑔 ≡ 𝑎𝑏𝑥 mod

𝑥2, so if 𝑓 ∘ 𝑔 = 𝑥, then 𝑎 and 𝑏 must both be units in 𝑅. ∎

Definition 9.7.3.  A (commutative) formal group law over 𝑅 is a polynomial 𝐹 ∈ 𝑅⟦𝑥, 𝑦⟧ such that 

i. 𝐹(𝑥, 𝑦) ≡ 𝑥 + 𝑦 mod (𝑥, 𝑦)2,

ii. 𝐹(𝐹(𝑥, 𝑦), 𝑧) = 𝐹(𝑥, 𝐹(𝑦, 𝑧)) in 𝑅⟦𝑥, 𝑦, 𝑧⟧, and

iii. 𝐹(𝑥, 𝑦) = 𝐹(𝑦, 𝑥).

Lemma 9.7.4. Let 𝐹 ∈ 𝑅⟦𝑥, 𝑦⟧ be a formal group law. Then 

a. 𝐹(𝑥, 𝑦) ≡ 𝑥 + 𝑦 mod (𝑥𝑦), and

b. there exists a unique 𝜄𝐹(𝑥) ∈ 𝑅⟦𝑥⟧ such that 𝐹(𝑥, 𝜄𝐹(𝑥)) = 0.

Proof. For part (a), set 𝑓 = 𝐹(𝑥, 0), so 𝑓 ≡ 𝑥 mod (𝑥2). We also have 𝐹(𝐹(𝑥, 0), 0) = 𝐹(𝑥, 0), so 
𝑓 ∘ 𝑓 = 𝑓 , which forces 𝑓 = 𝑥. For part (b), we leave it to the reader to check recursively that for any 
𝐹 ∈ 𝑅⟦𝑥, 𝑦⟧ having the form in part (a), there exists a unique 𝜄𝐹(𝑥) ≡ −𝑥 mod (𝑥2) with the desired 
property. ∎

Examples 9.7.5. 

a. We have the additive formal group law 𝐹(𝑥, 𝑦) = 𝑥 + 𝑦. Here, we have 𝜄𝐹(𝑥) = −𝑥.

b. We have the multiplicative formal group law 𝐺(𝑥, 𝑦) = 𝑥 +𝑦+𝑥𝑦. Note that 𝜄𝐺 = (𝑥 +1)−1 −1, 
as 𝐺(𝑥, 𝑦) = (𝑥 + 1)(𝑦 + 1) − 1.
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Definition 9.7.6. A homomorphism 𝑓 ∶ 𝐹 → 𝐺 of formal group laws 𝐹 and 𝐺 is a power series 𝑓 ∈
𝑥𝑅⟦𝑥⟧ such that 𝑓 (𝐹(𝑥, 𝑦)) = 𝐺(𝑓 (𝑥), 𝑓 (𝑦)). We write 𝑓 ∘ 𝐹 = 𝐺 ∘ 𝑓  for to denote that 𝑓  is such a 
homomorphism.

We can compose homomorphisms of formal group laws by composing the power series which 
define them, and we can add them as well.

Definition 9.7.7.  Let 𝐹 and 𝐺 be formal groups over 𝑅. 

a. The group of homomorphisms from 𝐹 to 𝐺 is the set Hom(𝐹, 𝐺) of homomorphisms from 𝐹 to 
𝐺 with the operation of addition of power series.

b. The ring of endomorphisms of 𝐹 is the set End(𝐹) of endomorphisms of 𝐹 with the operations 
of addition and composition of power series.

Remark 9.7.8. An isomorphism of formal group laws 𝑓 ∶ 𝐹 ∼⟶ 𝐺 is a homomorphism given by a 
power series with an inverse 𝑓 −1 under composition.

If 𝑅 is a complete local ring with maximal ideal 𝔪, any power series in 𝑅⟦𝑥⟧ converges on 𝔪. 
Given the existence of the inverse power series of Lemma 9.7.4(b), a commutative formal group law 
then defines the structure of an abelian group on 𝔪.

Definition 9.7.9. For a complete local ring 𝑅 with maximal ideal 𝔪, a formal group is 𝔪 together with 
the group law 𝑎 +𝐹 𝑏 = 𝐹(𝑎, 𝑏) for 𝑎, 𝑏 ∈ 𝔪, where 𝐹 ∈ 𝑅⟦𝑥, 𝑦⟧ is a formal group law.

Notation 9.7.10. 

a. The additive formal group, with formal group law 𝑥 + 𝑦. is denoted 𝔾𝑎.

b. The multiplicative formal group, with formal group law 𝑥 + 𝑦 + 𝑥𝑦, is denoted 𝔾𝑚.

Our interest is in a class of formal groups particularly useful for studying abelian extensions of 
local fields. Let 𝐾  denote a local field with valuation ring 𝒪, and maximal ideal 𝔪. Let 𝑞 denote the 
order of the residue field 𝜅 = 𝒪/𝔪.

Definition 9.7.11. A Lubin-Tate power series for 𝐾  is a power series 𝑓 ∈ 𝒪⟦𝑥⟧ such that 𝑓 (𝑥) ≡
𝑥𝑞 mod 𝜋 and 𝑓 (𝑥) ≡ 𝜋𝑥 mod (𝑥2), where 𝜋 is a uniformizer of 𝐾 .

Notation 9.7.12. For a uniformizer 𝜋 of 𝐾 , we let 𝔉𝜋 denote the set of Lubin-Tate power series over 
𝐾  with 𝑓 (𝑥) ≡ 𝜋𝑥 mod (𝑥2).

Let us fix a uniformizer 𝜋 of 𝐾 . We omit, for now, the proof of the following key result.
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Proposition 9.7.13. Let 𝑓 , 𝑔 ∈ ℱ𝜋. Let ℓ = ∑𝑛
𝑖=1 𝑎𝑖𝑥𝑖 with 𝑎𝑖 ∈ 𝒪 for 1 ≤ 𝑖 ≤ 𝑛, and where the 𝑥𝑖

are indeterminates. Then there exists a unique 𝐹 ∈ 𝒪⟦𝑥1, … , 𝑥𝑛⟧ such that 𝐹 ≡ ℓ mod (𝑥1, … , 𝑥𝑛)2

and 𝑓 (𝐹(𝑥1, … , 𝑥𝑛)) = 𝐹(𝑔(𝑥1), … , 𝑔(𝑥𝑛)).

Proof. Let 𝐼 = (𝑥1, … , 𝑥𝑛). Set ℓ1 = ℓ and 𝐹0 = 0, and suppose we have constructed 𝐹𝑘 =
𝐹𝑘−1 + ℓ𝑘 for some 𝑘, where ℓ𝑘 ∈ 𝒪[𝑥1, … , 𝑥𝑛] is homogeneous of degree 𝑘, such that

𝑓 ∘ 𝐹𝑘 ≡ 𝐹𝑘 ∘ 𝑔 mod 𝜋𝐼𝑘+1.

Let 𝐻 ≡ 0 mod 𝜋 be the homogeneous of degree 𝑘 + 1 part of 𝑓 ∘ 𝐹𝑘 = 𝐹𝑘 ∘ 𝑔, and set ℓ𝑘+1 =
−(𝜋 − 𝜋𝑘+1)−1𝐻 ∈ 𝒪[𝑥]. Set 𝐹𝑘+1 = 𝐹𝑘 + ℓ𝑘+1. Then

𝑓 ∘ 𝐹𝑘+1 ≡ 𝑓 ∘ 𝐹𝑘 + 𝜋ℓ𝑘+1 mod 𝐼𝑘+2,

while
𝐹𝑘+1 ∘ 𝑔 ≡ 𝐹𝑘 ∘ 𝑔 + 𝜋𝑘+1ℓ𝑘+1 mod 𝐼𝑘+2

so subtracting the two equations, we have

𝑓 ∘ 𝐹𝑘+1 − 𝐹𝑘+1 ∘ 𝑔 ≡ 𝐻 + (𝜋 − 𝜋𝑘+1)ℓ𝑘+1 ≡ 0 mod 𝐼𝑘+2.

Since 𝑓 , 𝑔 ≡ 𝑥𝑞 mod 𝜋, we also have

𝑓 ∘ 𝐹𝑘+1 − 𝐹𝑘+1 ∘ 𝑔 ≡ (𝐹𝑘+1)𝑞 − 𝐹𝑘+1(𝑥𝑞) ≡ 0 mod 𝜋,

where (𝐹𝑘+1)𝑞 denotes 𝑞th power in the power series ring. Thus, the difference lies in 𝜋𝐼𝑘+1, and we 
may continue the recursion. Setting 𝐹 = ∑∞

𝑘=1 ℓ𝑘, the uniqueness is clear from the uniqueness of 𝐻
at each step. ∎

Definition 9.7.14. A Lubin-Tate formal group law associated to 𝑓 ∈ ℱ𝜋 is a formal group law 𝐹𝑓 ∈
𝒪⟦𝑥, 𝑦⟧, where 𝑓 ∈ 𝒪[𝑥] is a Lubin-Tate power series which is an endomorphism for 𝐹𝑓 , which is to 
say 𝑓 ∘ 𝐹𝑓 = 𝐹𝑓 ∘ 𝑓 .

Taking the linear form in Proposition 9.7.13 to be 𝑥 + 𝑦, we see that 𝐹𝑓  is uniquely specified by 𝑓 .

Corollary 9.7.15. Given 𝑓 ∈ ℱ𝜋, there exists a unique Lubin-Tate formal group law associated to 𝑓 .

Proof. The proposition provides a power series 𝐹𝑓 ∈ 𝒪⟦𝑥, 𝑦⟧ with 𝐹𝑓 ≡ 𝑥 + 𝑦 mod (𝑥, 𝑦)2 such 
that 𝑓  is an endomorphism of 𝐹𝑓 . That 𝐹𝑓 (𝑥, 𝑦) = 𝐹𝑓 (𝑦, 𝑥) follows by the uniqueness therein, since 
𝑥 + 𝑦 = 𝑥 + 𝑦. Similarly, that 𝐹𝑓 (𝑥, 𝐹𝑓 (𝑦, 𝑧)) = 𝐹𝑓 (𝐹𝑓 (𝑥, 𝑦), 𝑧) follows as both commute with 𝑓  and 
have linear terms 𝑥 + 𝑦 + 𝑧. ∎
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We also have the following.

Corollary 9.7.16. Let 𝑓 ∈ ℱ𝜋. For any 𝑎 ∈ 𝒪, there exists a unique power series [𝑎]𝑓 ∈ 𝒪⟦𝑥⟧
with [𝑎]𝑓 ≡ 𝑎𝑥 mod (𝑥2) and which commutes with 𝑓  under composition. In particular, [𝜋]𝑓 = 𝑓 . 
Moreover, [𝑎]𝑓  is an endomorphism of 𝐹𝑓 , and the resulting map [ ]𝑓 ∶ 𝒪 → End(ℱ𝜋) is an injective 
ring homomorphism.

Proof. We take 𝑛 = 1, ℓ(𝑥) = 𝑎𝑥, and 𝑔 = 𝑓  in Proposition 9.7.13 to define [𝑎]𝑓 . To see that [𝑎]𝑓  is 
an endomorphism of 𝐹𝑓 , note that 𝐹𝑓 ∘ [𝑎]𝑓  and [𝑎]𝑓 ∘ 𝐹𝑓  both have linear terms 𝑎𝑥 + 𝑎𝑦 and commute 
with 𝑓 , so we can again use uniqueness in the proposition. The rest follows similarly by uniqueness 
of the power series [𝑎]𝑓 , aside from the injectivity of the ring homomorphism they determine, which 
follows as [𝑎]𝑓 ≡ 𝑎𝑥 mod 𝑥2, and 𝑎𝑥 ≡ 𝑏𝑥 mod 𝑥2 if and only if 𝑎 = 𝑏. ∎

Corollary 9.7.17. Let 𝑓 , 𝑔 ∈ ℱ𝜋 be Lubin-Tate power series for 𝐾 . Then 𝐹𝑓  and 𝐹𝑔 are isomorphic.

Proof. Suppose 𝑓 ∈ ℱ𝜋 and 𝑔 ∈ ℱ𝜋. Apply Proposition 9.7.13 with ℓ = 𝑥 to get a power 
series ℎ ∈ 𝒪⟦𝑥⟧ with 𝑓 ∘ ℎ = ℎ ∘ 𝑔. Then 𝐹𝑓 ∘ ℎ and ℎ ∘ 𝐹𝑔 both have linear terms 𝑥 + 𝑦. Since 
𝑓 ∘ (𝐹𝑓 ∘ℎ) = 𝐹𝑓 ∘ (𝑓 ∘ℎ) = (𝐹𝑓 ∘ℎ)∘𝑔 and similarly with ℎ∘𝐹𝑔, uniqueness gives that 𝐹𝑓 ∘ℎ = ℎ∘𝐹𝑔. 
As ℎ is invertible, we have that ℎ provides the isomorphism. ∎

Example 9.7.18. For 𝐾 = ℚ𝑝, set 𝑓 (𝑥) = (𝑥 + 1)𝑝 − 1 ∈ ℱ𝑝. Then the multiplicative formal group 
law 𝐺 = (𝑥 + 1)(𝑦 + 1) − 1 satisfies 𝑓 ∘ 𝐹 = (𝑥 + 1)𝑝(𝑦 + 1)𝑝 − 1 = 𝐹 ∘ 𝑓 , so 𝐺 = 𝐹𝑓 . That is, the 
associated Lubin-Tate formal group to 𝑓  is 𝔾𝑚. We have [𝑎]𝑓 = (𝑥 + 1)𝑎 − 1 ∈ ℤ𝑝⟦𝑥⟧ for 𝑎 ∈ ℤ𝑝.

The power series [𝑢]𝑓  associated to a unit 𝑢 ∈ 𝒪× is an isomorphism of 𝐹𝑓 , so it can have no zeros 
in the maximal ideal of the valuation ring of the completion of an algebraic closure of 𝐾 . On the other 
hand, [𝜋]𝑓  certainly can and does.

Definition 9.7.19.  For 𝑛 ≥ 0, the 𝜋𝑛-torsion in the formal group associated to 𝑓  is the kernel 𝑊𝑓 ,𝑛 of 
[𝜋𝑛]𝑓  on the maximal ideal in the completion of an algebraic closure of 𝐾 . We refer to 𝑊𝑓 ,𝑛 − 𝑊𝑓 ,𝑛−1

for 𝑛 ≥ 1 as the primitive 𝜋𝑛-torsion. The torsion in the formal group of 𝑓  is 𝑊𝑓 = ⋃∞
𝑛=1 𝑊𝑓 ,𝑛.

Theorem 9.7.20. For 𝑛 ≥ 1 and 𝑓 ∈ ℱ𝜋, we have the following. 

a. The field extension 𝐾𝜋,𝑛 = 𝐾(𝑊𝑓 ,𝑛) is a totally ramified Galois extension of 𝐾 , independent of 
𝑓 .

b. Any primitive 𝑛-torsion element 𝜛𝑛 ∈ 𝑊𝑛
𝑓  is a uniformizer in 𝐾𝑛.

c. The group 𝑊𝑛
𝑓  is a free (𝒪/𝔪𝑛)-module of rank 1 for the action of 𝒪 via [ ]𝑓 .

d. There is an isomorphism of groups 𝜒𝑓 ,𝑛 ∶ Gal(𝐾𝑛/𝐾) → (𝒪/𝔪𝑛)× with inverse taking the 
image of 𝑎 ∈ 𝒪× to the Galois element 𝜎 such that [𝑎]𝑓 (𝜛𝑛) = 𝜎(𝜛𝑛).
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Proof. Suppose that 𝑓 = 𝜋𝑥 + 𝑥𝑞, which is 𝑥 times an Eisenstein polynomial. In general, we see 
that [𝜋𝑛]𝑓 = 𝑓 ∘ 𝑓 ∘ ⋯ ∘ 𝑓  is [𝜋𝑛−1]𝑓  times an Eisenstein polynomial of degree 𝑞𝑛−1(𝑞 − 1) which 
has as its roots the primitive 𝜋𝑛-torsion of 𝐹𝑓 . Setting 𝐾𝑛 = 𝐾(𝑊𝑓 ,𝑛), this forces 𝐾𝑛/𝐾  to be not just 
algebraic, but Galois and totally ramified of degree 𝑞𝑛−1(𝑞 − 1), having any 𝜛𝑛 ∈ 𝑊𝑛

𝑓 − 𝑊𝑛−1
𝑓  as a 

uniformizer. As [𝑎]𝑓 (𝜛𝑛) ≡ 𝑎𝜛𝑛 mod 𝜛2
𝑛 for 𝑎 ∈ 𝒪×, we see that 𝑊𝑛

𝑓 − 𝑊𝑛−1
𝑓  is free of rank 1 over 

(𝒪/𝔪𝑛)× under the action of [ ]𝑓 . It follows that 𝜎(𝜛𝑛) ∈ 𝑊𝑛
𝑓  equals [𝑎]𝑓 (𝜛𝑛) for some 𝑎 ∈ 𝒪×, 

unique modulo 𝔪𝑛. It is then clear that 𝜒𝑓 ,𝑛 defines an isomorphism.
In general, let 𝑔 ∈ ℱ𝜋, and suppose that ℎ is an isomorphism from 𝐹𝑓  to 𝐹𝑔 so that ℎ ∘ 𝑓 = 𝑔 ∘ ℎ. 

Then [𝜋𝑛]𝑔(ℎ(𝜛𝑛)) = 0, and it follows ℎ defines an 𝒪-module isomorphism between 𝑊𝑓 ,𝑛 and 𝑊𝑔,𝑛. 
Since ℎ ∈ 𝒪⟦𝑥⟧ with ℎ ≡ 𝑥 mod 𝑥2, we have that ℎ(𝜛𝑛) ∈ 𝑊𝑔,𝑛 − 𝑊𝑔,𝑛−1 converges to a uniformizer 
in 𝐾(𝑊𝑓 ,𝑛), and therefore 𝐾𝑛 = 𝐾(𝑊𝑔,𝑛). For 𝜎 ∈ Gal(𝐾𝑛/𝐾), we have 𝜎(ℎ(𝜛𝑛)) = ℎ(𝜎(𝜛𝑛)), 
and if 𝜒𝑓 ,𝑛(𝜎) = 𝑎 mod 𝔪𝑛, then [𝑎]𝑔(ℎ(𝜛𝑛)) = ℎ([𝑎]𝑓 (𝜛𝑛)) ≡ ℎ(𝜎(𝜛𝑛)) ≡ 𝜎(ℎ(𝜛𝑛)) mod 𝔪𝑛. 
Thus, the proposition holds for 𝑔 as it holds for 𝑓 . ∎

Observing that 𝒪× ≅ lim←𝑛(𝒪/𝔪𝑛)×, we have the following.

Corollary 9.7.21. The field 𝐾𝜋,∞ = 𝐾(𝑊𝑓 ,∞) is a totally ramified Galois extension of 𝐾  with, inde-
pendent of 𝑓 ∈ ℱ𝜋, with Galois group isomorphic to 𝒪×.

We omit the proof of the following lemma.

Lemma 9.7.22. Let ℎ = ∑𝑛
𝑖=0 𝑎𝑖𝑥𝑖 ∈ 𝔽𝑞[𝑥] be monic of degree 𝑛 ≥ 1 with gcd(𝑞, 𝑛) = 1. Then there 

exists 𝑘 ≥ 1 and 𝑟 ∈ 𝔽𝑞[𝑥] with deg 𝑟 ≤ 𝑘 and 𝑟(0) = 1 such that 𝑔 = 𝑥𝑘ℎ + 𝑟 has no multiple zeros.

Proof. Let 𝑚 ≥ 1 be such that 𝑞𝑚 > 𝑛 and 𝔽𝑞𝑚 contains the roots of ℎ′. Then set 𝑘 = 𝑞𝑚+1 and 
𝑟 = −𝑥𝑞ℎ+1. We then have 𝑔 = (𝑥𝑞𝑚+1 −𝑥𝑞)ℎ+1 and 𝑔′ = (𝑥𝑞𝑚+1 −𝑥𝑞)ℎ′. If 𝛼 is a root of 𝑥𝑞𝑚+1 −𝑥𝑞, 
then 𝑔(𝛼) = 1. If 𝛼 is a root of ℎ′, then it lies in 𝔽𝑞𝑚, so 𝑔(𝛼) = (𝛼𝑞 − 𝛼𝑞)ℎ(𝛼) + 1 = 1 as well. ∎

Proposition 9.7.23. For 𝑛 ≥ 1, we have 𝑁𝐾𝜋,𝑛/𝐾𝐾×
𝜋,𝑛 = ⟨𝜋⟩𝑈𝑛(𝐾).

Proof. We know that 𝐾𝜋,𝑛 = 𝐾(𝑊𝑛
𝑓 ) with 𝑓 = 𝜋𝑥+𝑥𝑞. Moreover, [𝜋𝑛]𝑓 = [𝜋𝑛−1]𝑓 ⋅ℎ𝑛, where ℎ𝑛

is 𝜋 + [𝜋𝑛−1]𝑞−1
𝑓 . This has leading coefficient 𝜋, and its roots are the primitive 𝜋𝑛-torsion elements 

for 𝐹𝑓 . In particular, 𝜋 = 𝑁𝐾𝜋,𝑛/𝐾(𝜛𝑛) if 𝐾𝜋,𝑛/𝐾  is nontrivial (i.e., other than the case that 𝑞 even 
and 𝑛 = 1).

It is now enough to show that the norms of units from 𝐾𝜋,𝑛 are contained in 𝑈𝑛(𝐾) since local 
reciprocity implies that 𝑞𝑛−1(𝑞 − 1) = [𝐾× ∶ 𝑁𝐾𝜋,𝑛/𝐾𝐾×

𝜋,𝑛]. The norms of elements of 𝜇𝑞−1 are 
clearly trivial, so it suffices to consider norms of 1-units.

Let 𝑢 = 1 + ∑∞
𝑖=1 𝑎𝑖𝜛𝑖

𝑛 ∈ 𝑈1(𝐾𝜋,𝑛) with 𝑎𝑖 ∈ 𝒪𝐾 , and set 𝑎0 = 1. Let 𝑝 = ∑𝑚−1
𝑖=0 𝑎𝑛−𝑖𝑥𝑖, where 

𝑚 = 𝑞𝑛−1(𝑞 − 1)𝑛. Apply Lemma 9.7.22 to the reduction of 𝑝 modulo 𝜋, and then lift the result back 
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to 𝒪𝐾 , obtaining 𝑃 = 𝑥𝑘𝑝 + 𝑟 for some 𝑟 ∈ 𝒪𝐾  with 𝑟(0) = 1 and 𝑘 ≥ deg 𝑟. Since 𝑃 has no multiple 
zeros modulo 𝜋, its roots lie in 𝐾ur. Write 𝑃 = ∏𝑠

𝑖=1(𝑥 − 𝛼𝑖), where 𝑠 = 𝑚 + 𝑘 − 1.
Now, note that

𝑠
∏
𝑖=1

(1 − 𝛼𝑖𝜛𝑛) = 𝜛𝑠
𝑛𝑃(𝜛−1

𝑛 ) ≡ 1 +
∞
∑
𝑖=1

𝑎𝑖𝜛𝑖
𝑛 ≡ 𝑢 mod 𝜛𝑚

𝑛 ,

so there exists 𝑣 ∈ 𝑈𝑚(𝐾ur
𝜋,𝑛) with ∏𝑠

𝑖=1(1 − 𝛼𝑖𝜛𝑛)𝑣 = 𝑢. Since 𝑁𝐾ur
𝜋,𝑛/𝐾ur(𝑣) ∈ 𝑈𝑛(𝐾ur), it suffices 

to check that ∏𝑠
𝑖=1 𝑁𝐾ur

𝜋,𝑛/𝐾ur(1 − 𝛼𝑖𝜛𝑛) ∈ 𝑈𝑛(𝐾ur). Note that

𝑁𝐾ur
𝜋,𝑛/𝐾ur(1 − 𝛼𝑖𝜛𝑛) = 𝛼𝑞𝑛−1(𝑞−1)

𝑖
[𝜋𝑛]𝑓 (𝛼−1

𝑖 )
[𝜋𝑛−1]𝑓 (𝛼−1

𝑖 )
.

As 𝑃(0) = 1, we then have
𝑠

∏
𝑖=1

𝑁𝐾ur
𝜋,𝑛/𝐾ur(1 − 𝛼𝑖𝜛𝑛) =

𝑠
∏
𝑖=1

[𝜋𝑛]𝑓 (𝛼−1
𝑖 )

[𝜋𝑛−1]𝑓 (𝛼−1
𝑖 )

.

As [𝜋𝑛−1]𝑓 (𝑥) ≡ 𝑥𝑞𝑛−1 mod 𝜋, each [𝜋𝑛−1]𝑓 (𝛼−1
𝑖 ) is a unit, so it suffices to show that

𝑠
∏
𝑖=1

[𝜋𝑛]𝑓 (𝛼−1
𝑖 ) ≡

𝑠
∏
𝑖=1

[𝜋𝑛−1]𝑓 (𝛼−1
𝑖 ) mod 𝜋𝑛𝒪𝐾ur.

Note that in fact, both sides are contained in 𝒪, as the set of 𝛼𝑖 is a union of Frobenius conjugacy 
classes, and we have 𝑓 (𝛼−1

𝑖 ) ≡ 𝛼−𝑞
𝑖 ≡ 𝛼−1

𝑗 mod 𝜋𝒪𝐾ur for some 1 ≤ 𝑗 ≤ 𝑠. Thus,
𝑠

∏
𝑖=1

𝑓 (𝛼−1
𝑖 ) ≡

𝑠
∏
𝑖=1

𝛼−1
𝑖 mod 𝜋.

We then see that 𝑓  applied to both sides gives a congruence modulo 𝜋2, and recursively we have the 
desired congruence. ∎

We then have that the intersection of the norm groups for the 𝐾𝜋,𝑛 is ⟨𝜋⟩. The following is then 
an easy consequence.

Theorem 9.7.24. The maximal abelian extension of 𝐾  is equal to 𝐾ur𝐾𝜋,∞ for any uniformizer 𝜋 of 
𝐾 .

Theorem 9.7.25. Let 𝜋 be a uniformizer of 𝐾  and 𝑓 ∈ ℱ𝜋. The local reciprocity map 𝜌𝐾  for 𝐾  is 
the unique map such that 

i. the value 𝜌𝐾(𝜋) is the Frobenius element in Gal(𝐾ab/𝐾) fixing 𝐾𝜋,

ii. for 𝑢 ∈ 𝒪×, the value 𝜌𝐾(𝑢) is the unique element of Gal(𝐾ab/𝐾ur) such that 𝜌𝐾(𝑢)(𝜛) =
[𝑢−1]𝑓 (𝜛) for all 𝜛 ∈ 𝑊𝑓 ,∞.
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Chapter 10

Global class field theory via idèles

10.1 Restricted topological products

We begin by defining the notion of a restricted topological product.

Definition 10.1.1. Let 𝐼  be an indexing set. For each 𝑖 ∈ 𝐼 , let 𝑋𝑖 be a topological space and 𝐴𝑖 be an 
open subset. The restricted topological product of the spaces 𝑋𝑖 relative to the open subsets 𝐴𝑖 is the 
set

∏
𝑖∈𝐼

(𝑋𝑖, 𝐴𝑖) =
{

(𝑥𝑖)𝑖∈𝐼 ∈ ∏

𝑖∈𝐼
𝑋𝑖 ∣ 𝑥𝑖 ∈ 𝐴𝑖 for all but finitely many 𝑖 ∈ 𝐼

}

,

endowed with the topology which has as a (standard) basis the open sets of the form

{(𝑥𝑖)𝑖∈𝐼 ∣ 𝑥𝑖 ∈ 𝑈𝑖 for 𝑖 ∈ 𝐽  and 𝑥𝑖 ∈ 𝐴𝑖 for 𝑖 ∈ 𝐼 − 𝐽},

where 𝐽 ⊆ 𝐼  is finite and 𝑈𝑗 is an open subset of 𝑋𝑗 for each 𝑗 ∈ 𝐽 . This topology on the set ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖)
is referred to as the restricted product topology.

Remark 10.1.2. The standard basic open sets of a restricted topological product ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) have 
the form

∏
𝑗∈𝐽

𝑈𝑗 × ∏
𝑖∈𝐼−𝐽

𝐴𝑖

with 𝐽 ⊂ 𝐼  finite and 𝑈𝑗 open in 𝑋𝑗 for each 𝑗 ∈ 𝐽 . The subspace topology on these open sets is exactly 
the product topology for the subspace topology from the 𝑋𝑖 on the sets that form its product.

Remark 10.1.3. The restricted topological product ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) does not in general have the subspace 
topology of the product topology on ∏𝑖∈𝐼 𝑋𝑖. That is, a standard basic open neighborhood of ∏𝑖∈𝐼 𝑋𝑖

has the form
∏
𝑘∈𝐾

𝑉𝑘 × ∏
𝑖∈𝐼−𝐾

𝑋𝑖

219
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with 𝐾 ⊂ 𝐼  finite and 𝑉𝑘 open in 𝑋𝑘 for each 𝑘 ∈ 𝐾 . Any such set contains a basic open neighbor-
hood in the restricted product topology on ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖). On the other hand, no such set will have its 
intersection with ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) contained in any set of the form

∏
𝑗∈𝐽

𝑈𝑗 × ∏
𝑖∈𝐼−𝐽

𝐴𝑖

with 𝐽 ⊂ 𝐼  finite and 𝑈𝑗 open in 𝑋𝑗 for each 𝑗 ∈ 𝐽  so long as there are infinitely many 𝑖 ∈ 𝐼  for which 
𝐴𝑖 ≠ 𝑋𝑖. In other words, the restricted product topology on ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) is finer and can be strictly 
finer than the subspace topology for the product topology.

The following simple lemma is quite useful.

Lemma 10.1.4. Let 𝐼  be an indexing set, and for each 𝑖 ∈ 𝐼 , let 𝑋𝑖 and 𝑌𝑖 be topological spaces, let 𝐴𝑖

be an open subset of 𝑋𝑖, let 𝐵𝑖 be an open subset of 𝑌𝑖, and let 𝑓𝑖 ∶ 𝑋𝑖 → 𝑌𝑖 be a continuous function. 
Suppose that 𝑓𝑖(𝐴𝑖) ⊆ 𝐵𝑖 for all but finitely many 𝑖 ∈ 𝐼 . Then the product of the maps 𝑓𝑖 restricts to a 
continuous function

∏
𝑖∈𝐼

(𝑋𝑖, 𝐴𝑖) → ∏
𝑖∈𝐼

(𝑌𝑖, 𝐵𝑖).

Proof. For 𝑥 = (𝑥𝑖)𝑖∈𝐼 ∈ 𝑋, we have that 𝑥𝑖 ∈ 𝐴𝑖 for almost all 𝑖, so 𝑓𝑖(𝑥𝑖) ∈ 𝐴𝑖 for almost all 𝑖, 
and therefore ∏𝑖 𝑓𝑖(𝑥) ∈ ∏𝑖∈𝐼(𝑌𝑖, 𝐵𝑖). Thus, it makes sense to let 𝑓  denote the restriction of ∏𝑖 𝑓𝑖 to 
a map between the restricted topological products.

Consider a finite subset 𝐽 of 𝐼  and open subsets 𝑉𝑗 of 𝑌𝑗 for each 𝑗 ∈ 𝐽 , and suppose 𝑓 (𝑥) ∈
∏𝑗∈𝐽 𝑉𝑗 × ∏𝑖∈𝐼−𝐽 𝑌𝑖. For each 𝑗 ∈ 𝐽 , there exists an open neighborhood 𝑈𝑗 of 𝑥𝑗 in 𝑋 such that 
𝑓𝑗(𝑈𝑗) ⊆ 𝑉𝑗, as 𝑓𝑗 is continuous. Consequently, we have that 𝑓 (∏𝑗∈𝐽 𝑈𝑗 × ∏𝑖∈𝐼−𝐽 𝑋𝑖) is contained in 
∏𝑗∈𝐽 𝑉𝑗 × ∏𝑖∈𝐼−𝐽 𝑌𝑖. Thus, 𝑓  is continuous. ∎

Lemma 10.1.5. Let 𝐼  be an indexing set. For each 𝑖 ∈ 𝐼 , let 𝑋𝑖 be a Hausdorff topological space, and 
let 𝐴𝑖 be an open subset of 𝑋𝑖. Then the restricted topological product ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) is Hausdorff.

Proof. This is a consequence of either the discussion of Remark 10.1.3 or Lemma 10.1.5 applied 
to the case that 𝑌𝑖 = 𝐵𝑖 = 𝑋𝑖. The product ∏𝑖∈𝐼 𝑋𝑖 is Hausdorff, and if distinct 𝑥, 𝑦 ∈ ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖)
are contained in disjoint open neighborhoods in ∏𝑖∈𝐼 𝑋𝑖, then the intersection of these neighborhoods 
with ∏𝑖∈𝐼(𝑋𝑖, 𝐴𝑖) are disjoint open neighborhoods of 𝑥 and 𝑦 in the latter space. ∎

We are often interested in the case that our sets are topological groups or rings. In the proof, we 
treat only the case of groups, the case of rings being analogous.

Lemma 10.1.6. Let 𝐼  be an indexing set, and for each 𝑖 ∈ 𝐼 , let 𝐺𝑖 be a locally compact, Hausdorff 
topological group (resp., ring), and let 𝐾𝑖 an open subgroup (subring) of 𝐺𝑖 that is compact for almost 
all 𝑖. Then the restricted topological product ∏𝑖∈𝐼(𝐺𝑖, 𝐾𝑖) is a locally compact, Hausdorff topological 
group (resp., ring).



10.2. Adeles 221

Proof. That 𝒢 = ∏𝑖∈𝐼(𝐺𝑖, 𝐾𝑖) is a group is straightforward. That is, clearly 1 = (1)𝑖 ∈ 𝐺, and 
if 𝑎 = (𝑎𝑖)𝑖 and 𝑏 = (𝑏𝑖)𝑖 are elements of 𝒢, then 𝑎𝑖, 𝑏𝑖 ∈ 𝐾𝑖 for all but finitely many 𝑖 ∈ 𝐼 , so 
𝑎𝑏 ∈ 𝒢. Similarly, 𝑎−1 ∈ 𝒢 since 𝑎−1

𝑖 ∈ 𝐾𝑖 if 𝑎𝑖 ∈ 𝐾𝑖. It is then a topological group by applying 
Lemma 10.1.4 to the multiplication and inverse maps on 𝒢.

That 𝒢 is Hausdorff is Lemma 10.1.5. Let 𝐽  be a finite subset of 𝐼  such that 𝐾𝑖 is compact for 
𝑖 ∈ 𝐼 − 𝐽 , and let 𝑈𝑗 be a compact neighborhood of 1 in 𝐺𝑗 for 𝑗 ∈ 𝐽 . Then ∏𝑗∈𝐽 𝑈𝑗 × ∏𝑖∈𝐼−𝐽 𝐾𝑖 is 
an compact neighborhood of 1 in 𝒢 by Tychonoff’s theorem, so 𝒢 is locally compact. ∎

10.2 Adeles

We now define the ring of adeles of a global field 𝐾 .

Definition 10.2.1. Let 𝐾  be a global field. The ring of adeles (or adele ring) 𝔸𝐾  of 𝐾  is the restricted 
topological product

𝔸𝐾 = ∏
𝑣∈𝑉𝐾

(𝐾𝑣, 𝒪𝑣),

where 𝑉𝐾  is the set of all places of 𝐾 , where 𝐾𝑣 is the completion of 𝐾  at the place 𝑣, and where 𝒪𝑣

is the valuation ring of 𝐾𝑣, which we take to be 𝐾𝑣 if 𝑣 is archimedean. An element of 𝔸𝐾  is referred 
to as an adele.

Remark 10.2.2. Let 𝛼 be an adele in a global field 𝐾 . Then 𝛼𝑣 for some 𝑣 ∈ 𝑉𝐾  shall denote the 
𝑣-coordinate of 𝛼.

Lemma 10.2.3. Let 𝑎 ∈ 𝐾 . Then 𝑎 ∈ 𝒪𝑣 for all but finitely many places 𝑣 of 𝐾 .

Proof. It suffices to check this on the cofinite subset of finite places of 𝐾  in 𝑉𝐾 . Only those finitely 
many finite primes 𝔭 occur in the factorization of 𝑎𝒪𝐾 , so only finitely many have negative valuation 
𝑣𝔭(𝑎). The result follows. ∎

As an immediate consequence of Lemma 10.2.3, we see that every element of a global field gives 
rise to an element of its adele ring (since units are in particular integers).

Definition 10.2.4. The diagonal embedding 𝛿𝐾 ∶ 𝐾 → 𝔸𝐾  is the homomorphism 𝛿𝐾(𝑎) = (𝑎)𝑣∈𝑉𝐾
.

We note also that we have embeddings of adele rings into adele rings of extension fields.

Definition 10.2.5. For 𝐿/𝐾  finite, the canonical embedding of 𝔸𝐾  in 𝔸𝐿 is the map 𝜄𝐿/𝐾 ∶ 𝔸𝐾 → 𝔸𝐿

given by 𝜄𝐿/𝐾(𝛼)𝑤 = 𝛼𝑣 for every place 𝑤 of 𝐿 and the place 𝑣 of 𝑤 lying below it.
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We will show that the diagonal embedding has discrete image. This is rather straightforward for 
𝐾 = ℚ, for example, so we proceed by reduction to this case, using the following result. Note that the 
diagonal embedding provides 𝔸𝐾  with the structure of a 𝐾-vector space.

Proposition 10.2.6. Let 𝐿/𝐾  be a finite, separable extension of global fields. Then there is a canonical 
isomorphism of topological 𝐿-algebras

𝜅∶ 𝐿 ⊗𝐾 𝔸𝐾
∼⟶ 𝔸𝐿

given on simple tensors of 𝑏 ∈ 𝐿 and 𝛼 ∈ 𝔸𝐾  by

𝜅(𝑏 ⊗ 𝛼) = 𝛿𝐿(𝑏)𝜄𝐿/𝐾(𝛼) = (𝑏𝛼𝑣)𝑤,

where 𝑣 is used to denote the place of 𝐾  lying below a place 𝑤 of 𝐿. Here, a choice of 𝐾-basis of 𝐿
provides an isomorphism 𝔸𝐾 ⊗𝐾 𝐿 ≅ 𝔸[𝐿∶𝐾]

𝐾  of 𝔸𝐾-modules, and we give 𝔸𝐾 ⊗𝐾 𝐿 the topology 
induced via this isomorphism from the product topology on 𝔸[𝐿∶𝐾]

𝐾 .

Proof. Recall that Proposition 6.1.6 says that there is, for each place 𝑣 of 𝐾 , an isomorphism

𝜅𝑣 ∶ 𝐿 ⊗𝐾 𝐾𝑣
∼⟶ ∏

𝑤∣𝑣
𝐿𝑤,

and the map 𝜅 as defined is the restriction of the product of these to 𝐿 ⊗𝐾 𝔸𝐾 , which has image in 
𝔸𝐿 since both 𝛿𝐿 and 𝜄𝐿/𝐾  do.

Since the product of the maps 𝜅𝑣 is an isomorphism, the map 𝜅 is an injection that we claim is 
surjective. For this, let 𝑏1, … , 𝑏𝑛 be a 𝐾-basis for 𝐿. For all but finitely many finite primes 𝑣 of 𝐾 , we 
have for all places 𝑤 of 𝐿 over 𝑣 both that 𝑏𝑖 ∈ 𝒪𝑤 for 1 ≤ 𝑖 ≤ 𝑛 and that 𝑤(D(𝑏1, … , 𝑏𝑛)) = 0. For 
any such 𝑣, the map 𝜅𝑣 restricts to a map

𝜅′
𝑣 ∶

𝑛
⨁
𝑖=1

(1 ⊗ 𝒪𝑣)(𝑏𝑖 ⊗ 1) → ∏
𝑤∣𝑣

𝒪𝑤

of free 𝒪𝑣-modules of rank 𝑛, which by Proposition 6.1.10 is an isomorphism.
Given this, choose a finite set 𝑆 of places of 𝐾  containing the infinite places and those finite places 

𝑣 with 𝑏𝑖 ∉ 𝒪𝑤 for some 𝑖 or 𝑤(D(𝑏1, … , 𝑏𝑛)) ≠ 0 for some 𝑤 dividing 𝑣, and let 𝑇  be the finite set 
of places of 𝐿 above it. Since 𝜅𝑣 is surjective for all 𝑣 ∈ 𝑆 and 𝜅′

𝑣 is surjective for all 𝑣 ∉ 𝑆, the image 
of 𝜅 contains

∏
𝑤∈𝑇

𝐿𝑤 × ∏
𝑤∈𝑉𝐿−𝑇

𝒪𝑤.

Since any arbitrary finite set of places of 𝐿 is contained in some such set 𝑇 , it follows that 𝜅 is surjective.
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For continuity of 𝜅, note that each 𝑓𝑖 ∶ 𝔸𝐾 → 𝔸𝐿 defined by 𝑓𝑖(𝛼) = 𝛿𝐿(𝑏𝑖)𝜄𝐿/𝐾(𝛼) is continuous, 
noting that 𝜄𝐿/𝐾  is continuous by Lemma 10.1.4. Then 𝜅 viewed as a map

𝔸[𝐿∶𝐾]
𝐾 → 𝔸𝐿

using this basis is continuous as a sum of the continuous maps 𝑓𝑖, since 𝔸𝐿 is a topological group 
under addition. ∎

We next show that 𝐾  sits discretely in its adele ring.

Proposition 10.2.7. The diagonal embedding 𝛿𝐾 ∶ 𝐾 → 𝔸𝐾  has discrete image.

Proof. If 𝐾  is a number field, Proposition 10.2.6 for the extension 𝐾/ℚ identifies 𝜅−1 ∘ 𝛿𝐾  for 
the map 𝜅 therein with the map

id𝐾 ⊗𝛿ℚ ∶ 𝐾 ⊗ℚ ℚ → 𝐾 ⊗ℚ 𝔸ℚ.

Therefore, it suffices to show that 𝛿ℚ has discrete image. (Similarly, for function fields of characteristic 
𝑝, it suffices to consider 𝜄𝔽𝑝(𝑡), for which we omit the proof.)

We identify ℚ with its image in 𝔸ℚ under 𝛿ℚ and endow it with the subspace topology. The 
intersection of the open neighborhood

∏
𝑝 prime

ℤ𝑝 × {𝑎 ∈ ℝ ∣ |𝑎| < 1}

of 0 in 𝔸ℚ with ℚ consists of elements with nonnegative valuation at 𝑝 for every 𝑝, which to say 
integers, that also have absolute value less than 1. In other words, the intersection is {0}. Since 𝔸ℚ is 
a topological ring and ℚ is a subring, we have by translation that ℚ has discrete image. ∎

Notation 10.2.8. We use the diagonal embedding 𝛿𝐾  to identify a global field 𝐾  with a subring of 
𝔸𝐾 , denoted also by 𝐾 .

We also have the following.

Proposition 10.2.9. Let 𝐾  be a global field. Then there exists a finite set 𝑆 of places of 𝐾  including 
the archimedean places and positive real numbers 𝜖𝑣 for each 𝑣 ∈ 𝑆 such that

𝑋 = ∏
𝑣∈𝑉𝐾−𝑆

𝒪𝑣 × ∏
𝑣∈𝑆

{𝑎 ∈ 𝐾𝑣 ∣ |𝑎| ≤ 𝜖𝑣}. (10.2.1)

satisfies 𝔸𝐾 = 𝐾 + 𝑋.
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Proof. First consider the case 𝐾 = ℚ. In this case, we claim that the set

𝑌 = ∏
𝑝 prime

ℤ𝑝 × {𝑎 ∈ ℝ ∣ |𝑎| ≤ 1
2}

satisfies 𝔸ℚ = ℚ + 𝑌 . Let 𝛼 ∈ 𝔸ℚ. Let 𝑝1, … , 𝑝𝑛 be the finite list of prime numbers 𝑝 such that 
𝛼𝑝 ∉ ℤ𝑝. Let 𝑘𝑖 = −𝑣𝑝𝑖

(𝛼𝑝𝑖
) for each 𝑖 with 1 ≤ 𝑖 ≤ 𝑛. Let 𝑏 = 𝑝𝑘1

1 ⋯ 𝑝𝑘𝑛𝑛 . Let 𝑎 ∈ ℤ be the unique 
integer such that

−𝑏
2 < 𝑎 − 𝑏𝛼∞ ≤ 𝑏

2

and
𝑎 ≡ 𝑏𝛼𝑝𝑖

mod 𝑝𝑘𝑖
𝑖 ℤ𝑝𝑖

for each 𝑖. Then 𝛼 − 𝑎
𝑏 ∈ 𝑌 , as desired.

For an arbitrary number field, choose a basis 𝑏1, … , 𝑏𝑛 of 𝐾  as a ℚ-vector space, and note that 
Proposition 10.2.6 tells us that every element 𝛽 ∈ 𝔸𝐾  has the form

𝛽 =
𝑛

∑
𝑖=1

𝑏𝑖𝜄𝐾/ℚ(𝛼𝑖)

for some 𝛼1, … , 𝛼𝑛 ∈ 𝔸ℚ. In turn, each 𝛼𝑖 may be written as 𝛼𝑖 = 𝑦𝑖 + 𝑐𝑖 with 𝑦𝑖 ∈ 𝑌  and 𝑐𝑖 ∈ ℚ. 
We then have

𝛽 ∈ 𝐾 +
𝑛

∑
𝑖=1

𝑏𝑖𝜄𝐾/ℚ(𝑌),

and we let 𝑋′ denote the latter sum. We let 𝑆 be the set consisting of the archimedean places of 𝐾  and 
the nonarchimedean places of 𝐾  such that 𝑏𝑖 ∉ 𝒪𝑣 for some 𝑖, and we note that every element 𝛼 ∈ 𝑋′

satisfies 𝛼𝑣 ∈ 𝒪𝑣 for all 𝑣 ∉ 𝑆. For each nonarchimedean (resp., archimedean) 𝑣 ∈ 𝑆, let 𝜖𝑣 be such 
that |𝑏𝑖|𝑣 ≤ 𝜖𝑣 (resp., |𝑏𝑖|𝑣 ≤ 2𝜖𝑣) for all 1 ≤ 𝑖 ≤ 𝑛. Then 𝑋 as defined by (10.2.1) contains 𝑋′ and 
satisfies 𝔸𝐾 = 𝐾 + 𝑋.

The case of a function field is similarly derived from the case 𝐾 = 𝔽𝑝(𝑡), and the proof is left to 
the reader. ∎

Corollary 10.2.10. Let 𝐾  be a global field. Then the quotient 𝐾-vector space 𝔸𝐾/𝐾  is compact 
Hausdorff.

Proof. The compact (Hausdorff) set 𝑋 of Proposition 10.2.9 maps onto the quotient 𝔸𝐾/𝐾  under 
the continuous projection map from 𝔸𝐾 . The space 𝔸𝐾/𝐾  is Hausdorff as 𝐾  is closed in 𝔸𝐾 , so 
𝔸𝐾/𝐾  is compact as well. ∎

Since an adele necessarily has valuation less than or equal to 1 in all but finitely many places, the 
infinite product in the following definition converges.



10.2. Adeles 225

Definition 10.2.11. Let 𝐾  be a global field. Let 𝛼 ∈ 𝔸𝐾 . The content 𝑐𝐾(𝛼) of 𝛼 is defined to be

𝑐𝐾(𝛼) = ∏
𝑣∈𝑉𝐾

‖𝛼𝑣‖𝑣,

where we recall that ‖𝛼𝑣‖𝑣 = |𝛼𝑣|𝑣 unless 𝑣 is complex, in which case ‖𝛼𝑣‖𝑣 = |𝛼𝑣|2𝑣 .

Lemma 10.2.12. Let 𝐾  be a global field. Then there exists a positive real number 𝐶 such that for 
every 𝛼 ∈ 𝔸𝐾  with 𝑐𝐾(𝛼) > 𝐶, there exists an element 𝑎 ∈ 𝐾× with |𝑎|𝑣 ≤ |𝛼𝑣|𝑣 for all places 𝑣 of 𝐾 .

Sketch of proof. Since 𝔸𝐾  is a locally compact abelian group, it has an invariant Haar measure. 
Letting 𝑆 denote the set of archimedean places of 𝐾 , we set

𝑍 = ∏
𝑣∈𝑉𝐾−𝑆

𝒪𝑣 × ∏
𝑣∈𝑆

𝐵̄1/2(0)

where 𝐵1/2(0) denotes the closed ball of radius 1/2 around 0 under the usual absolute value corre-
sponding to 𝑣. We normalize our Haar measure so that 𝑍  has volume 1. As 𝔸𝐾/𝐾  is compact, it has 
finite quotient measure, and we take 𝐶 to be this measure.

Now let 𝛼 be as in the statement. The set 𝛼𝑍  has measure 𝑐𝐾(𝛼) > 𝐶 (which we leave to the 
reader to verify, using uniqueness of Haar measure and noting that local Haar measures will scale 
by the multiplicative valuation used in defining the content), so it follows that there exist two distinct 
elements 𝛽, 𝛽′ of 𝛼𝑍  with the same image in 𝔸𝐾/𝐾 , which is to say that the difference 𝑎 = 𝛽 − 𝛽′

lies in 𝐾 . For each 𝑣 ∈ 𝑉𝐾 , we clearly have |𝛽 − 𝛽′|𝑣 ≤ |𝛼|𝑣 by choice of 𝑍 , so the result holds. ∎

The lemma has the following corollary.

Corollary 10.2.13. Let 𝐾  be a global field and 𝑢 be a place of 𝐾 . Let 𝑆 be a finite set of places of 𝐾
not including 𝑢, and choose a real number 𝜖𝑣 > 0 for each 𝑣 ∈ 𝑆. Then there exists an element 𝑎 ∈ 𝐾×

such that |𝑎|𝑣 ≤ 𝜖𝑣 for all 𝑣 ∈ 𝑆 and |𝑎|𝑣 ≤ 1 for all 𝑣 ∉ 𝑆 with 𝑣 ≠ 𝑢.

Proof. Let 𝐶 be as in Lemma 10.2.12. Choose elements 𝛼𝑣 ∈ 𝐾𝑣 for each 𝑣 with |𝛼𝑣|𝑣 ≤ 𝜖𝑣 for 
each 𝑣 ∈ 𝑆 and |𝛼𝑣|𝑣 = 1 for all other places 𝑣 ≠ 𝑢 of 𝐾 . Let 𝛼𝑢 ∈ 𝐾𝑢 be such that

‖𝛼𝑢‖𝑢 > 𝐶 ∏
𝑣∈𝑆

‖𝛼𝑣‖−1
𝑣 .

Setting 𝛼 = (𝛼𝑣)𝑣 ∈ 𝔸𝐾 , we then have 𝑐𝐾(𝛼) > 𝐶, so there exists an element 𝑎 ∈ 𝐾× with |𝑎|𝑣 ≤ |𝛼𝑣|𝑣
for all 𝑣 and therefore |𝑎|𝑣 ≤ 𝜖𝑣 for all 𝑣 ∈ 𝑆 and |𝑎𝑣|𝑣 ≤ 1 for 𝑣 ∉ 𝑆 ∪ {𝑢}. ∎

While any global field 𝐾  sits discretely in 𝔸𝐾 , if we exclude one prime from 𝔸𝐾 , the result is 
very different.
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Theorem 10.2.14  (Strong Approximation). Let 𝐾  be a global field, and let 𝑢 be a place of 𝐾 . Set

𝔸≠𝑢
𝐾 = ∏

𝑣∈𝑉𝐾−{𝑢}
(𝐾𝑣, 𝒪𝑣).

Then 𝐾  is embedded diagonally as a dense subset of 𝔸≠𝑢
𝐾 .

Proof. Let 𝛼 ∈ 𝔸≠𝑢
𝐾 , let 𝛿 > 0, and let 𝑇  be a finite subset of 𝑉𝑘−{𝑢} that includes its archimedean 

places and places with 𝛼𝑣 ∉ 𝒪𝑣. We claim that there exists 𝑎 ∈ 𝐾  such that |𝑎−𝛼𝑣|𝑣 ≤ 𝛿 for all 𝑣 ∈ 𝑇
and |𝑎|𝑣 ≤ 1 for all 𝑣 ∉ 𝑇 , which will prove the result.

By Proposition 10.2.9, we have a set 𝑋 of the form in (10.2.1) such that 𝔸𝐾 = 𝐾 + 𝑋. We use the 
notation 𝑆 and 𝜖𝑣 for 𝑣 ∈ 𝑆 found therein. Setting 𝜖𝑣 = 1 for 𝑣 ∉ 𝑆, there exists by Corollary 10.2.13 
an element 𝑏 ∈ 𝐾× with

|𝑏|𝑣 ≤
{


𝜖−1
𝑣 𝛿 if 𝑣 ∈ 𝑇,

𝜖−1
𝑣 if 𝑣 ∉ 𝑇 ∪ {𝑢}.

Note that
𝔸𝐾 = 𝑏𝔸𝐾 = 𝑏𝑋 + 𝐾.

Viewing 𝔸≠𝑢
𝐾  as the subset of 𝔸𝐾  of elements with 𝑢-coordinate 0, we may then write 𝛼 = 𝑏𝑥 + 𝑎 for 

some 𝑥 ∈ 𝑋 and 𝑎 ∈ 𝐾 . Since |𝑏𝑥𝑣|𝑣 ≤ 𝛿 for all 𝑣 ∈ 𝑇  and |𝑏𝑥𝑣|𝑣 ≤ 1 for all 𝑣 ∉ 𝑇 ∪ {𝑢}, the element 
𝑎 = 𝛼𝑣 − 𝑏𝑥𝑣 for any 𝑣 ≠ 𝑢 has the desired properties. ∎

Let us record the rephrasing of the strong approximation theorem found in its proof. The statement 
is more clearly a direct generalization of weak approximation.

Corollary 10.2.15. Let 𝐾  be a global field, and let 𝑢 be a place of 𝐾 . Let 𝛼𝑣 ∈ 𝐾𝑣 for each place 
𝑣 ≠ 𝑢 of 𝐾  and suppose that 𝛼𝑣 ∈ 𝒪𝑣 for all but finitely many such 𝑣. Then for every 𝜖 > 0 and finite 
set of primes 𝑆 of 𝐾  with 𝑢 ∉ 𝑆, there exists 𝑎 ∈ 𝐾  such that |𝑎 − 𝛼𝑣|𝑣 < 𝜖 for all 𝑣 ∈ 𝑆 and |𝑎|𝑣 ≤ 1
for all finite places 𝑣 ∉ 𝑆 with 𝑣 ≠ 𝑢.

We next investigate how adele rings behave in extensions. For a finite extension of 𝐿 of 𝐾 , we 
identify 𝔸𝐾  with a closed subgroup of 𝔸𝐿 via the canonical embedding.

Lemma 10.2.16. Let 𝐿/𝐾  be a finite Galois extension of global fields. Then 𝔸Gal(𝐿/𝐾)
𝐿 = 𝔸𝐾 .

Proof. The Galois group 𝐺 = Gal(𝐿/𝐾) permutes the places of 𝐿 lying over a place 𝑣 of 𝐾 . Let

(𝛼𝑤)𝑤 ∈ ∏
𝑤∈𝑉𝐿

𝑤∣𝑣

𝐿𝑤
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be 𝐺-invariant. Since the decomposition group 𝐺𝑤 at 𝑤 ∣ 𝑣 preserves the 𝑤-coordinate, it fixes 𝛼𝑤. 
Thus, 𝛼𝑤 ∈ 𝐾𝑣, and this holds for all 𝑤 ∣ 𝑣. Moreover, 𝐺 acts on ∏𝑤∣𝑣 𝐾𝑣 by permuting the coordinates, 
and the action of 𝐺 on the set of places is transitive, so all of the 𝛼𝑤 must be equal. That is, (𝛼𝑤)𝑤 is 
in the image of some 𝑎 ∈ 𝐾𝑣 in the product ∏𝑤∣𝑣 𝐿𝑤. If, moreover, (𝛼𝑤)𝑤 ∈ ∏𝑤∣𝑣 𝒪𝑤, then clearly 
𝑎 ∈ 𝒪𝑣.

With respect to inclusion maps, we have

𝔸𝐾 = lim→
𝑆⊂𝑉𝐾

(


∏
𝑣∈𝑆

𝐾𝑣 × ∏
𝑣∈𝑉𝐾−𝑆

𝒪𝑣
)


,

where 𝑆 runs over the finite sets of places of 𝐾 . For such a set 𝑆, let 𝑆𝐿 be the subset of 𝑉𝐿 of places 
lying over places in 𝑆. Every finite set of places of 𝐿 is contained in some 𝑆𝐿, so

𝔸𝐺
𝐿 = lim→

𝑆⊂𝑉𝐾

(


∏
𝑤∈𝑆𝐿

𝐿𝑤 × ∏
𝑤∈𝑉𝐿−𝑆𝐿

𝒪𝑤
)


𝐺

= lim→
𝑆⊂𝑉𝐾

(


∏
𝑣∈𝑆

(


∏
𝑤∈𝑉𝐿

𝑤∣𝑣

𝐿𝑤
)


𝐺

× ∏
𝑣∈𝑉𝐾−𝑆

(


∏
𝑤∈𝑉𝐿

𝑤∣𝑣

𝒪𝑤
)


𝐺
)


= 𝔸𝐾 .

∎

Let us consider norm and trace maps on adeles.

Definition 10.2.17. Let 𝐿/𝐾  be an extension of global fields. 

a. The norm map 𝑁𝐿/𝐾 ∶ 𝔸𝐿 → 𝔸𝐾  is the multiplicative function defined by

𝑁𝐿/𝐾(𝛽) = (


∏
𝑤∣𝑣

𝑁𝐿/𝐾(𝛽𝑤))
𝑣

on 𝛽 ∈ 𝔸𝐿.

b. The trace map Tr𝐿/𝐾 ∶ 𝔸𝐿 → 𝔸𝐾  is the homomorphism

Tr𝐿/𝐾(𝛽) = (


∑
𝑤∣𝑣

Tr𝐿/𝐾(𝛽𝑤))
𝑣

.

on 𝛽 ∈ 𝔸𝐿.

Remarks 10.2.18. Let 𝐿/𝐾  be a finite extension of global fields. 

a. That the norm and trace for 𝐿/𝐾  on adeles have images inside the adeles follows from the fact 
that 𝛽 ∈ 𝔸𝐿 has 𝛽𝑤 in the valuation ring of 𝐿𝑤 for all but finitely many 𝑤, and hence for all 𝑤 dividing 
𝑣 for all but finitely many places 𝑣 of 𝐾 , and therefore 𝑁𝐿/𝐾(𝛽𝑤) and Tr𝐿/𝐾(𝛽𝑤) lie in the valuation 
ring of 𝐾𝑣 for all 𝑤 dividing 𝑣 for all but finitely many 𝑣.
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b. In the notation of Definition 6.1.8, the norm and trace maps on adeles have 𝑣-coordinates on 
𝛽 ∈ 𝔸𝐿 given by

𝑁𝐿/𝐾(𝛽)𝑣 = 𝑁𝑣
𝐿/𝐾((𝛽𝑤)𝑤) and Tr𝐿/𝐾(𝛽)𝑣 = Tr𝑣

𝐿/𝐾((𝛽𝑤)𝑤),

where 𝑤 runs over the places dividing 𝑣.

c. It follows form Lemma 10.1.4 that 𝑁𝐿/𝐾  and Tr𝐿/𝐾  are continuous maps on adeles.

10.3 Idèles

In this section, we define the idèles, the elements of which are the units in the adeles. We continue to 
let 𝐾  denote a global field.

Definition 10.3.1. Let 𝐾  be a global field. The group of idèles (or idèle group) 𝕀𝐾  of 𝐾  is the restricted 
topological product

𝕀𝐾 = ∏
𝑣∈𝑉𝐾

(𝐾×
𝑣 , 𝒪×

𝑣),

where 𝑉𝐾  is the set of all places of 𝐾 , where 𝐾𝑣 is the completion of 𝐾  at the place 𝑣, and where 𝒪𝑣 is 
the valuation ring of 𝐾𝑣, for which we set 𝒪×

𝑣 = 𝐾×
𝑣  if 𝑣 is archimedean. An element of 𝕀𝐾  is referred 

to as an idèle.

Remark 10.3.2. Note that 𝕀𝐾 = 𝔸×
𝐾  as sets, but 𝕀𝐾  does not have the subspace topology from 𝔸𝐾 . 

For each finite prime 𝑣, fix a uniformizer 𝜋𝑣 in 𝐾𝑣, and let 𝛼𝑣 be the adele that is 𝜋𝑣 in its 𝑣-coordinate 
and 1 in every other coordinate. Then every open neighborhood of 1 in 𝔸𝐾  contains all but finitely 
many 𝛼𝑣. On the other hand, the basic open neighborhood

∏
𝑣∈𝑉𝐾

𝒪×
𝑣

of 1 in 𝕀𝐾  contains not a single 𝛼𝑣. On the other hand, the intersection of a basic open neighborhood 
of 𝔸𝐾  with 𝕀𝐾  is an open neighborhood of 𝕀𝐾 , so the topology on 𝕀𝐾  is strictly finer than the subspace 
topology from 𝔸𝐾 .

We leave it to the reader to check the following.

Lemma 10.3.3. The restricted product topology on the idèle group 𝕀𝐾  of a global field agrees with 
the subspace topology induced by the injection

𝕀𝐾 → 𝔸𝐾 × 𝔸𝐾 , 𝛼 ↦ (𝛼, 𝛼−1).
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Remark 10.3.4. Note that the content 𝑐𝐾(𝛼) of an idèle 𝛼 is a positive real number, as all but finitely 
many coordinates of 𝛼 will have multiplicative valuation 1 and the valuations of the other coordinates 
will be nonzero. In fact, the property that of having nonzero content characterizes the idèles as a subset 
of the adeles, as the reader may quickly check.

We may then make the following definition.

Definition 10.3.5. Let 𝐾  be a global field. The content homomorphism 𝑐𝐾 ∶ 𝕀𝐾 → ℝ>0 is the function 
that takes an idèle 𝛼 to its content

𝑐𝐾(𝛼) = ∏
𝑣∈𝑉𝐾

‖𝛼𝑣‖𝑣.

Let 𝕀1
𝐾  denote the kernel of 𝑐𝐾 .

Proposition 10.3.6. Let 𝐾  be a global field. Then the content homomorphism 𝑐𝐾 ∶ 𝕀𝐾 → ℝ>0 is 
continuous.

Proof. We leave it to the reader to verify the following simple claim, which implies the state-
ment. For any 𝜖 > 0, there exists a sufficiently small 𝛿 > 0 such that 𝑐−1

𝐾 ((1 − 𝜖, 1 + 𝜖)) contains 
∏𝑣∈𝑉𝐾−𝑆 𝒪×

𝑣 × ∏𝑣∈𝑆 𝐵𝛿(1), where 𝑆 is the set of archimedean places of 𝐾  and 𝐵𝛿(1) ⊂ 𝐾×
𝑣  is a ball 

of radius 𝛿 about 1. ∎

Corollary 10.3.7. The group 𝕀1
𝐾  of idèles of content 1 is a closed subgroup of 𝕀𝐾

We have the following result on the kernel of the content homomorphism.

Lemma 10.3.8. The topology on 𝕀1
𝐾  from 𝕀𝐾  agrees with its subspace topology from 𝔸𝐾 .

Proof. By Remark 10.3.2, the subspace topology on 𝕀1
𝐾  from 𝕀𝐾  is finer than the subspace topol-

ogy from 𝔸𝐾 , so we need only show that the intersection of a basic open neighborhood of 1 in 𝕀𝐾

with 𝕀1
𝐾  contains the intersection of an open neighborhood of 1 in 𝔸𝐾  with 𝕀1

𝐾 .
Let 𝑆 be a finite set of places of 𝐾  containing the archimedean places, and for each 𝑣 ∈ 𝑆, let 𝑈𝑣

be an open subset of 𝐾×
𝑣  containing 1. Then

𝑈 = ∏
𝑣∈𝑆

𝑈𝑣 × ∏
𝑣∈𝑉𝐾−𝑆

𝒪×
𝑣

is a basic open in 𝕀𝐾  containing 1. We may suppose that the sets 𝑈𝑣 are chosen to be balls of sufficiently 
small radius such that the products of the (modified) valuations of any elements in ∏𝑣∈𝑆 𝑈𝑣 is less 
than 2. Since every element 𝒪𝑣 − 𝒪×

𝑣 has valuation at most 1
2 , we then have

𝑈 ∩ 𝕀1
𝐾 = (∏

𝑣∈𝑆
𝑈𝑣 × ∏

𝑣∈𝑉𝐾−𝑆
𝒪𝑣) ∩ 𝕀1

𝐾 ,

and ∏𝑣∈𝑆 𝑈𝑣 × ∏𝑣∈𝑉𝐾−𝑆 𝒪𝑣 is a basic open neighborhood of 1 in 𝔸𝐾 . ∎
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Note that we may think of 𝐾× as a subgroup of 𝕀𝐾  via the diagonal embedding. By the product 
formula for valuations on global fields, every element of 𝐾× lies in 𝕀1

𝐾 .

Proposition 10.3.9.  The image of 𝐾× in 𝕀1
𝐾  is discrete, and 𝕀1

𝐾/𝐾× is compact Hausdorff.

Proof. The first statement follows from Corollary 10.2.10, since Lemma 10.3.8 tells us that 𝕀1
𝐾  has 

the subspace topology from 𝔸𝐾 . For the second statement, let 𝛼 ∈ 𝔸𝐾  be an adele with 𝑐𝐾(𝛼) > 𝐶, 
where 𝐶 is as in the statement of Lemma 10.2.12. We define a compact subset of 𝔸𝐾  by

𝑋 = {𝛽 ∈ 𝕀1
𝐾 ∣ |𝛽𝑣|𝑣 ≤ |𝛼𝑣|𝑣 for all 𝑣 ∈ 𝑉𝐾},

where here we use the fact that 𝕀1
𝐾  is closed in 𝔸𝐾 . For an arbitrary 𝛾 ∈ 𝕀1

𝐾 , Lemma 10.2.12 tells 
us that there exists 𝑎 ∈ 𝐾× with |𝑎|𝑣 ≤ |𝛾−1

𝑣 𝛼𝑣|𝑣 for all places 𝑣 of 𝐾 . We then have 𝛾𝑎 ∈ 𝑋, so 𝑋
surjects onto the Hausdorff space 𝕀1

𝐾/𝐾×, and therefore the latter quotient is compact. ∎

Definition 10.3.10. The principal idèles of a global field 𝐾  are the elements of 𝕀𝐾  that lie in 𝐾× (under 
its diagonal embedding).

Definition 10.3.11. Let 𝐾  be a global field. Then the idèle class group ℂ𝐾  of 𝐾  is the quotient 
topological group 𝕀𝐾/𝐾×. The image [𝛼] of 𝛼 ∈ 𝕀𝐾  in ℂ𝐾  is the idèle class of 𝛼.

Notation 10.3.12.  For a global field 𝐾 , we shall use 𝑉𝐾,𝑓  to denote its set of finite places.

Definition 10.3.13. Let 𝐾  be a global field. The fractional ideal of 𝒪𝐾  defined by an idèle 𝛼 of 𝐾  is 
the finite product

∏
𝑣∈𝑉𝐾,𝑓

𝔭𝑣(𝛼)
𝑣 ,

where 𝔭𝑣 denotes the prime corresponding to a finite place 𝑣 of 𝐾 .

Proposition 10.3.14. Let 𝐾  be a number field. Let 𝜋𝐾 ∶ 𝕀𝐾 → 𝐼𝐾  be the homomorphism that takes an 
idèle to the fractional ideal it defines. Then 𝜋𝐾(𝕀1

𝐾) = 𝐼𝐾 , and 𝜋𝐾  is continuous if we endow 𝐼𝐾  with 
the discrete topology.

Proof. For the first statement, we need only show that every nonzero prime 𝔭 is the image of 
an element of 𝕀1

𝐾 . We may take an idèle 𝛼 of content 1 that is a uniformizer 𝜋𝔭 in the coordinate 
corresponding to 𝔭, that in a fixed archimedean place 𝑤 satisfies ‖𝛼𝑤‖𝑤 = |𝜋𝔭|−1

𝔭 , and which is 1 in all 
other coordinates.

For the second statement, we need only note that

𝜋−1
𝐾 ({(1)}) = ∏

𝑣∈𝑉𝐾

𝒪×
𝑣

is open in 𝕀𝐾 . ∎
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Remark 10.3.15. Proposition 10.3.14 enables us to give a second proof that Cl𝐾  is finite. That is, since 
𝜋𝐾  in the proposition takes 𝐾× onto 𝑃𝐾 , we have an induced continuous, surjective map 𝕀1

𝐾/𝐾× →
Cl𝐾 . It follows that Cl𝐾  is both compact as the continuous image of a compact space and discrete as 
a quotient of 𝐼𝐾 , and therefore Cl𝐾  is finite.

Notation 10.3.16. For a finite extension 𝐿/𝐾  of global fields, we use 𝜄𝐿/𝐾 ∶ ℂ𝐾 → ℂ𝐿 also to denote 
the map induced by the canonical embedding 𝜄𝐿/𝐾 ∶ 𝕀𝐾 → 𝕀𝐿.

Lemma 10.3.17. For a finite extension 𝐿/𝐾  of global fields, the map 𝜄𝐿/𝐾 ∶ ℂ𝐾 → ℂ𝐿 is injective.

Proof. Identifying 𝕀𝐾  and 𝐿× with their images in 𝕀𝐿, we need only see that 𝕀𝐾 ∩ 𝐿× = 𝐾×. Let 
𝑀 be a finite Galois extension of 𝐾  containing 𝐿. We claim that 𝕀𝐾 ∩ 𝑀× = 𝐾×, which will prove the 
result. But Lemma 10.2.16 gives us the first equality in

𝕀𝐾 ∩ 𝑀× = 𝕀Gal(𝑀/𝐾)
𝑀 ∩ 𝑀× = (𝑀×)Gal(𝑀/𝐾) = 𝐾×,

the second equality following from the compatibility of the Galois action on 𝑀× and 𝕀𝑀  under the 
diagonal embedding. ∎

Notation 10.3.18. We identify ℂ𝐾  with a (closed) subgroup of ℂ𝐿 via the embedding 𝜄𝐿/𝐾 , noting 
Lemma 10.3.17.

As a consequence of Lemma 10.2.16, we have that 𝕀Gal(𝐿/𝐾)
𝐿 = 𝕀𝐾  for any finite Galois extension 

𝐿/𝐾 . We claim that the same holds for idèle class groups.

Lemma 10.3.19. Let 𝐿/𝐾  be a finite Galois extension of global fields. Then ℂGal(𝐿/𝐾)
𝐿 = ℂ𝐾 .

Proof. We have an exact sequence of modules for 𝐺 = Gal(𝐿/𝐾) given by

0 → 𝐿× → 𝕀𝐿 → ℂ𝐿 → 0,

and this gives rise to a long exact sequence starting

0 → 𝐾× → 𝕀𝐾 → ℂ𝐺
𝐿 → 𝐻1(𝐺, 𝐿×).

Since the latter group is zero by Hilbert’s Theorem 90, the resulting short exact sequence yields the 
result. ∎

Since the idèles are the units in the adele ring, the norm map on adele ring is immediately seen to 
define a norm map on the idèle group. Continuity of the norm follows from Lemma 10.1.4, as with 
adeles.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
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Definition 10.3.20. Let 𝐿/𝐾  be an extension of global fields. The norm map 𝑁𝐿/𝐾 ∶ 𝕀𝐿 → 𝕀𝐾  is the 
homomorphism that is the restriction of 𝑁𝐿/𝐾 ∶ 𝔸𝐿 → 𝔸𝐾 .

Since the norms of principal idèles are principal, we may make the following definition.

Definition 10.3.21. The norm map 𝑁𝐿/𝐾 ∶ ℂ𝐿 → ℂ𝐾  is the map induced on quotient groups by the 
corresponding norm map on idèle groups.

Remark 10.3.22. The norm map is continuous on idèle groups and idèle class groups.

10.4 Statements

The reciprocity map in the idèle-theoretic approach to global class field theory is constructed out of the 
local reciprocity maps of the completions of the global fields in question. We provide the preliminary 
results to its construction.

Lemma 10.4.1. Let 𝐾  be a global field, let 𝐿 be a finite abelian extension of 𝐾 , and let 𝛼 ∈ 𝕀𝐾 . Then 
𝜌𝐿𝑤/𝐾𝑣

(𝛼𝑣) = 1 for all places 𝑤 lying over 𝑣 for all but finitely many places 𝑣 of 𝐾 .

Proof. All but finitely many 𝑣 are unramified in 𝐿/𝐾  and for all but finitely many 𝑣, the valuation 
𝑣 is nonarchimedean and 𝛼𝑣 is a unit in its valuation ring 𝒪𝑣. Since 𝜌𝐿𝑤/𝐾𝑣

(𝒪×
𝑣) is contained in 

the inertia subgroup of Gal(𝐿𝑤/𝐾𝑣) for any 𝑣 and this inertia subgroup is trivial in an unramified 
extension, we have the result. ∎

Remark 10.4.2. Suppose we start with a global field 𝐾  and a place 𝑣 of 𝐾 . Consider the canonical 
map from 𝐺ab

𝐾𝑣
 to a decomposition group 𝐷𝑣 in 𝐺ab

𝐾  at a place 𝑤 over 𝑣. (Note that, while the map 
𝐺𝐾𝑣

↪ 𝐺𝐾  identifying 𝐺𝐾𝑣
 with the decomposition group at a place of 𝐾sep is injective, the map 

𝐺ab
𝐾𝑣

→ 𝐺ab
𝐾  it induces may not be.) The resulting map 𝐺ab

𝐾𝑣
→ 𝐺ab

𝐾  is independent of the choice of 𝑤
since conjugation by an element of 𝐺ab

𝐾  is a trivial automorphism of 𝐺ab
𝐾 . We may then view the local 

reciprocity map as producing global elements via the composition

𝐾×
𝑣

𝜌𝐾𝑣⟶ 𝐺ab
𝐾𝑣

∼⟶ 𝐷𝑣 ↪ 𝐺ab
𝐾

that takes 𝛼 ∈ 𝐾×
𝑣  to 𝜌𝐾𝑣

(𝛼)|𝐾ab, and since all of the maps in the composition are independent of 𝑤, 
this map is as well.

The following lemma is now an immediate consequence of Remark 10.4.2.
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Lemma 10.4.3. Let 𝐿/𝐾  be a finite abelian extension of global fields, let 𝑣 be a place of 𝐾 , and let 
𝛼 ∈ 𝐾×

𝑣 . The quantity
𝜌𝐿𝑤/𝐾𝑣

(𝛼)|𝐿 ∈ Gal(𝐿/𝐾)

for a place 𝑤 of 𝐿 lying over 𝑣 is independent of 𝑤.

Lemmas 10.4.1 and  10.4.3 allow us to define the reciprocity map for a finite abelian extension of 
global fields.

Definition 10.4.4. Let 𝐿/𝐾  be a finite abelian extension of global fields. The (global) reciprocity map 
for 𝐿/𝐾  is the homomorphism Φ𝐿/𝐾 ∶ 𝕀𝐾 → Gal(𝐿/𝐾) defined by

Φ𝐿/𝐾(𝛼) = ∏
𝑣∈𝑉𝐾

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣)|𝐿,

where for each valuation 𝑣 of 𝐾 , we have chosen a valuation 𝑤 of 𝐿 lying over 𝑣.

We note the following compatibility among the global reciprocity maps.

Lemma 10.4.5. Let 𝐾  be a global field, and let 𝐿 and 𝑀 be finite abelian extensions of 𝐾  with 𝐿 ⊆ 𝑀. 
For every 𝛼 ∈ 𝕀𝐾 , we have Φ𝐿/𝐾(𝛼) = Φ𝑀/𝐾(𝛼)|𝐿.

Proof. For each 𝑣 ∈ 𝑉𝐾 , we choose 𝑤 ∈ 𝑉𝐿 lying over 𝑣 and 𝑢 ∈ 𝑃𝑀  lying over 𝑤. By property 
(ii) of local reciprocity, we have

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣) = 𝜌𝑀𝑢/𝐾𝑣

(𝛼𝑣)|𝐿𝑤
,

and the result is then an immediate consequence of the definition of the global reciprocity map. ∎

Corollary 10.4.6. Let 𝐾  be a global field. Then for each 𝛼 ∈ 𝕀𝐾 , the quantity

lim←
𝐿

Φ𝐿/𝐾(𝛼),

with the inverse limit taken over finite abelian extensions 𝐿 of 𝐾  with respect to restriction maps, is 
well-defined.

We may therefore make the following definition.

Definition 10.4.7. Let 𝐾  be a global field. The (global) reciprocity map for 𝐾  is the homomorphism 
Φ𝐾 ∶ 𝕀𝐾 → 𝐺ab

𝐾  given by
Φ𝐾 = lim←

𝐿
Φ𝐿/𝐾 ,

where the inverse limit is taken over finite abelian extensions 𝐿 of 𝐾  with respect to restriction maps.
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Remark 10.4.8. For 𝛼 ∈ 𝕀𝐾 , we have

Φ𝐾(𝛼) = lim←
𝐿

Φ𝐿/𝐾(𝛼) = lim←
𝐿

∏
𝑣∈𝑉𝐾

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣)|𝐿

= ∏
𝑣∈𝑉𝐾

( lim←
𝐿𝑤

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣))|𝐾ab = ∏

𝑣∈𝑉𝐾

𝜌𝐾𝑣
(𝛼𝑣)|𝐾ab,

where the first two inverse limits run over the finite abelian extensions of 𝐾  and the third runs over the 
completions of the finite abelian extensions of 𝐾  at a fixed prime of 𝐾ab over 𝑣.

Our key result is now a reworking of Artin reciprocity.

Theorem 10.4.9  (Global reciprocity). Let 𝐾  be a global field. 

a. We have Φ𝐾(𝑎) = 1 for all 𝑎 ∈ 𝐾×.

b. For every finite abelian extension 𝐿 of 𝐾 , the reciprocity map Φ𝐿/𝐾  is surjective with kernel 
𝐾×𝑁𝐿/𝐾(𝕀𝐿).

In other words, the global reciprocity map factors through the idèle class group.

Definition 10.4.10. Let 𝐾  be a global field. 

a. The global reciprocity map 𝜙𝐾 ∶ ℂ𝐾 → 𝐺ab
𝐾  is the homomorphism induced on the quotient ℂ𝐾

of 𝕀𝐾  by the global reciprocity map Φ𝐾  on idèles.

b. The global reciprocity map 𝜙𝐿/𝐾 ∶ ℂ𝐾 → Gal(𝐿/𝐾) for 𝐿/𝐾  is the composition of 𝜙𝐾  with 
restriction to Gal(𝐿/𝐾).

The following is then just a rewording of global reciprocity.

Theorem 10.4.11. Let 𝐿/𝐾  be a finite abelian extension of global fields. The global reciprocity map 
𝜙𝐿/𝐾  induces an isomorphism

ℂ𝐾/𝑁𝐿/𝐾ℂ𝐿
∼⟶ Gal(𝐿/𝐾).

Remark 10.4.12. For a number field 𝐾 , the reciprocity map 𝜙𝐾  is surjective, and its kernel is the 
connected component ℂ∘

𝐾  of 1 in ℂ𝐾 . This connected component is the closure of the image of the 
subgroup of 𝕀𝐾  consisting of idèles that are zero in all nonarchimedean coordinates and positive in all 
real coordinates.

We have the following compatibilities between reciprocity maps, which are quickly derived from 
the analogous result in local reciprocity.

Proposition 10.4.13. Let 𝐾  be a global field, and let 𝐿/𝐾  be a finite separable extension. Then we 
have the following commutative diagrams: 
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a.
where 𝑅𝐿/𝐾  is the restriction map on Galois groups,

b.
where the map 𝜄𝐿/𝐾  is induced by the natural injection map 𝕀𝐾 → 𝕀𝐿, and

c. for any embedding 𝜎∶ 𝐿 ↪ 𝐾sep,

where the map 𝜎∗ is induced by conjugation by 𝜎.

Proof. We prove only part a, in that parts b and c is similar. For 𝛽 ∈ ℂ𝐿, we have

𝜙𝐿(𝛽)|𝐾ab = ∏
𝑤∈𝑉𝐿

𝜌𝐿𝑤
(𝛽𝑤)|𝐾ab = ∏

𝑣∈𝑉𝐾

∏
𝑤∣𝑣

𝜌𝐿𝑤
(𝛽𝑤)|𝐾ab = ∏

𝑣∈𝑉𝐾

∏
𝑤∣𝑣

𝜌𝐾𝑣
(𝑁𝐿𝑤/𝐾𝑣

𝛽𝑤)|𝐾ab

= ∏
𝑣∈𝑉𝐾

𝜌𝐾𝑣
(𝑁𝑣

𝐿/𝐾((𝛽𝑤)𝑤∣𝑣))|𝐾ab = 𝜙𝐾(𝑁𝐿/𝐾𝛽),

where Remark 10.4.8 is used in the first and last equality and Proposition 9.2.7 is used in the third 
equality. ∎

Much as in the case of local class field theory, we have a one-to-one correspondence between norm 
subgroups of ℂ𝐾  and finite abelian extensions of 𝐾 . That norm subgroups are open follows by the 
same arguments as in the case of local fields.

Theorem 10.4.14  (Existence theorem of global CFT). The open subgroups of ℂ𝐾  of finite index are 
exactly the norm subgroups 𝑁𝐿/𝐾ℂ𝐿 with 𝐿 a finite abelian extension of 𝐾 .

The following consequences of the global reciprocity law and existence theorem can then be ob-
tained much as before.
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Proposition 10.4.15. Let 𝐾  be a global field. For finite abelian extensions 𝐿 and 𝑀 of 𝐾 , we have the 
following: 

a. 𝑁𝐿/𝐾ℂ𝐿 ∩ 𝑁𝑀/𝐾ℂ𝑀 = 𝑁𝐿𝑀/𝐾ℂ𝐿𝑀 ,

b. 𝑁𝐿/𝐾ℂ𝐿 ⋅ 𝑁𝑀/𝐾ℂ𝑀 = 𝑁(𝐿∩𝑀)/𝐾ℂ𝐿∩𝑀 , and

c. 𝑁𝑀/𝐾ℂ𝑀 ⊆ 𝑁𝐿/𝐾ℂ𝐿 if and only if 𝐿 ⊆ 𝑀.

Theorem 10.4.16  (Uniqueness theorem of global CFT). Let 𝐿 and 𝑀 be distinct finite abelian exten-
sions of a global field 𝐾 . Then 𝑁𝐿/𝐾ℂ𝐿 ≠ 𝑁𝑀/𝐾ℂ𝑀 .

10.5 Comparison of the approaches

In this section, we compare the ideal-theoretic and idèle-theoretic approaches to global class field 
theory for number fields. For this, we begin by comparing ideal groups with groups of idèles. This 
requires a good deal of notation.

Notation 10.5.1. Let 𝐾  be a number field, and let 𝔪 be a modulus for 𝐾 . For a finite place 𝑣 such that 
the associated prime ideal 𝔭 divides 𝔪𝑓 , set 𝑚𝑣 = 𝑣(𝔪𝑓 ). For a real place 𝑣 such that the associated 
absolute value divides 𝔪∞, set 𝑚𝑣 = 1, and let 𝑈1(𝐾𝑣) denote the positive real numbers in 𝐾𝑣 = ℝ. 
For exactly those 𝑣 of either sort, we say that 𝑣 divides 𝔪 and write 𝑣 ∣ 𝔪.

Definition 10.5.2. Let 𝐾  be a number field and 𝔪 a modulus for 𝐾 . 

a. The 𝔪-idèle group is the open subgroup 𝕀𝔪
𝐾  of 𝕀𝐾  given by

𝕀𝔪
𝐾 = {𝛼 ∈ 𝕀𝐾 ∣ 𝛼𝑣 ∈ 𝑈𝑚𝑣

(𝐾𝑣) for all 𝑣 ∣ 𝔪}.

b. The congruence subgroup of 𝕀𝔪
𝐾  with modulus 𝔪 is the open subgroup

𝑊𝔪 = ∏
𝑣∈𝑉𝐾

𝑣∣𝔪

𝑈𝑚𝑣
(𝐾𝑣) × ∏

𝑣∈𝑉𝐾

𝑣∤𝔪

𝒪×
𝑣.

Proposition 10.5.3. Let 𝐾  be a number field and 𝔪 be a modulus for 𝐾 . 

a. The homomorphism 𝜋𝔪
𝐾 ∶ 𝕀𝔪

𝐾 → 𝐼𝔪
𝐾  given by

𝜋𝔪
𝐾(𝛼) = ∏

𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

𝔭𝑣(𝛼𝑣)
𝑣 .

is surjective with kernel 𝑊𝔪.
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b. The inclusion of 𝕀𝔪
𝐾  in 𝕀𝐾  induces an isomorphism

𝜄𝔪
𝐾 ∶ 𝕀𝔪

𝐾/𝐾𝔪,1
∼⟶ ℂ𝐾 .

Proof. That 𝜋𝔪
𝐾  is surjective is immediate from the definitions, since elements of 𝕀𝔪

𝐾  have arbitrary 
coodinates (with all but finitely many unit coordinates) for 𝑣 ∤ 𝔪. The kernel is also clearly 𝑊𝔪, as the 
requirement that an element of 𝕀𝔪

𝐾  lie in the kernel is exactly that it be a unit in all finite 𝑣 not dividing 
𝔪. This proves part a.

As for part b, note that 𝐾× ∩ 𝕀𝔪
𝐾 = 𝐾𝔪,1, since the condition that 𝑎 ∈ 𝐾× lie in 𝕀𝔪

𝐾  is exactly that it 
lie in each 𝑈𝑚𝑣

(𝐾𝑣) for 𝑣 ∣ 𝔪, which is to say that it lies in 𝐾𝔪,1. For 𝛼 ∈ 𝕀𝐾 , we may choose 𝑏 ∈ 𝐾×

such that 𝛼𝑣𝑏−1 ∈ 𝑈𝑚𝑣
(𝐾𝑣) for all 𝑣 dividing 𝔪 by weak approximation. It follows that 𝛼𝑏−1 ∈ 𝕀𝔪

𝐾
and therefore that 𝛼 ∈ 𝕀𝔪

𝐾𝐾×. Since this tells us that 𝕀𝐾 = 𝕀𝔪
𝐾𝐾×, the map 𝜄𝔪

𝐾  is onto. ∎

Notation 10.5.4. Let us use 𝜂𝔪
𝐾  to denote the composition

𝜂𝔪
𝐾 = 𝜋̄𝔪

𝐾 ∘ (𝜄𝔪
𝐾)−1 ∶ ℂ𝐾 → Cl𝔪𝐾 ,

where 𝜋̄𝔪
𝐾 ∶ 𝕀𝔪

𝐾/𝐾𝔪,1 → Cl𝔪𝐾  is the surjection induced by 𝜋𝔪
𝐾 , and where 𝜋𝔪

𝐾  and 𝜄𝔪
𝐾  are as in Propo-

sition 10.5.3.

The following now gives the comparison between the Artin map 𝜓𝔪
𝐿/𝐾 ∶ Cl𝔪𝐾 → Gal(𝐿/𝐾) for 

an abelian extension 𝐿/𝐾  with defining modulus 𝔪 and the global reciprocity map 𝜙𝐿/𝐾 ∶ ℂ𝐾 →
Gal(𝐿/𝐾).

Theorem 10.5.5. Let 𝐿/𝐾  be a finite abelian extension of number fields and 𝔪 a defining modulus for 
𝐿/𝐾 . Then

𝜙𝐿/𝐾 = 𝜓𝔪
𝐿/𝐾 ∘ 𝜂𝔪

𝐾

as maps from ℂ𝐾  to Gal(𝐿/𝐾).

Proof. Choose an idèle class in ℂ𝐾 , let 𝛼 ∈ 𝕀𝔪
𝐾  represent it, and let 𝔞 ∈ 𝐼𝔪

𝐾  be the product

𝔞 = ∏
𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

𝔭𝑣(𝛼𝑣)
𝑣 ,

which implies that [𝔞]𝔪 = 𝜂𝔪
𝐾([𝛼]). We have

𝜓𝔪
𝐿/𝐾([𝔞]𝔪) = ∏

𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

𝜓𝔪
𝐿/𝐾([𝔭𝑣]𝔪)𝑣(𝛼𝑣) = ∏

𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

(𝔭𝑣, 𝐿/𝐾)𝑣(𝛼𝑣) = ∏
𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣). (10.5.1)
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Now, note that the conductor 𝔣𝐿/𝐾  divides 𝔪 and that, by Proposition 7.4.21, we have 𝔣𝐿/𝐾,𝑓 𝒪𝑣 =
𝔣𝐿𝑤/𝐾𝑣

. Since for any finite 𝑣 dividing 𝔪 and 𝑤 a place of 𝑣 lying over it we have by choice of 𝛼 that 
𝛼𝑣 ≡ 1 mod 𝔣𝐿𝑤/𝐾𝑣

, the definition of the local conductor tells us that 𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣) = 1. Moreover, if 

𝜏 is a real embedding such that | |𝜏 divides 𝔪, we have that 𝜏(𝛼𝑣) > 0, so 𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣) = 1 as well. 

Therefore, we have
∏

𝑣∈𝑉𝐾,𝑓

𝑣∤𝔪

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣) = ∏

𝑣∈𝑉𝐾

𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣) = Φ𝐿/𝐾(𝛼),

and this together with (10.5.1) yields the result. ∎

Remark 10.5.6. The global reciprocity map is defined a product of local reciprocity maps and com-
putes the Artin maps for all finite abelian extensions. The Artin maps avoid much of the difficulty of 
ramification, as they arise from ideal groups that exclude ramified primes. The connection with local 
reciprocity is then much weaker, as one only sees the local maps for unramified extensions, whereby 
any uniformizer is taken to the unique Frobenius in the Galois group of the local extension. In that 
sense, the Artin maps then miss much of the complexity of the maps of local class field theory, which 
on the other hand is seen in the idèlic viewpoint.

Let us end this section by examining the case of class field theory over ℚ.

Example 10.5.7. Let us verify the global reciprocity law for ℚ via our computation of the local 
reciprocity map over ℚ𝑝. The computation is given in Proposition 9.5.8, and we use it repeatedly.

Let 𝑝 be a prime and 𝑘 ≥ 1. By the Kronecker-Weber theorem, it suffices to demonstrate that each 
Φℚ carries −1 and each prime number ℓ to Galois elements that act trivially on a primitive 𝑝𝑘th root 
of unity 𝜁𝑝𝑘 .

For all primes 𝑞 ∉ {𝑝, ℓ}, we have that 𝜌ℚ𝑞
(ℓ) fixes 𝜁𝑝𝑘 . Also, since ℓ > 0, we have 𝜌ℝ(ℓ) = 1. 

If ℓ = 𝑝, then we have
Φℚ(ℓ)(𝜁𝑝𝑘) = 𝜌ℚℓ

(ℓ)(𝜁𝑝𝑘) = 𝜁𝑝𝑘 .

On the other hand, if ℓ ≠ 𝑝, then we have

Φℚ(ℓ)(𝜁𝑝𝑘) = 𝜌ℚℓ
(ℓ) ⋅ 𝜌ℚ𝑝

(ℓ)(𝜁𝑝𝑘) = 𝜌ℚℓ
(ℓ)(𝜁ℓ−1

𝑝𝑘 ) = 𝜁𝑝𝑘 ,

As for −1, we have that 𝜌ℚ𝑞
(−1) fixes 𝜁𝑝𝑘  for all 𝑞 ≠ 𝑝, that 𝜌ℚ𝑝

(−1) inverts 𝜁𝑝𝑘 , and that 𝜌ℝ(−1)
is complex conjugation, so

Φℚ(−1)(𝜁𝑝𝑘) = 𝜌ℝ(−1) ⋅ 𝜌ℚ𝑝
(−1)(𝜁𝑝𝑘) = 𝜌ℝ(−1)(𝜁−1

𝑝𝑘 ) = 𝜁𝑝𝑘 .
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Remark 10.5.8. Recall that we did not actually prove Theorem 9.5.9 that the map constructed in 
Proposition 9.5.8 equals the local reciprocity map 𝜌ℚ𝑝

. Via the argument of the last lemma, noting 
that local reciprocity maps for unramified extensions will be trivial on units and take uniformizers 
to the Frobenius element, we can actually use the global reciprocity law to give a short proof of this 
theorem.

Example 10.5.9. We refer to the subspace

𝕀𝑓
ℚ = ∏

𝑝 prime
(ℚ×

𝑝, ℤ×
𝑝)

of 𝕀ℚ as the group of finite idèles. Note that

𝕀ℚ = 𝕀𝑓
ℚ × ℝ×.

Since ℝ>0 is the kernel of 𝜌ℝ, the map Φℚ factors through 𝕀𝑓
ℚ × {±1}. We have

𝕀ℚ/ℚ×ℝ>0 ≅ (𝕀𝑓
ℚ × {±1})/ℚ× ≅ 𝕀𝑓

ℚ/ℚ>0.

Now, consider the map 𝕀𝑓
ℚ → ℚ>0 that takes a finite idèle to the unique positive generator of the ideal 

to which it gives rise: that is, 𝛼 is taken to ∏𝑝 𝑝𝑣𝑝(𝛼𝑝). This is surjective with kernel

ℤ̂
×

= ∏
𝑝

ℤ×
𝑝

and splits the natural inclusion ℚ>0 → 𝕀𝑓
ℚ. In other words, we have an identification

𝕀ℚ/ℚ×ℝ>0 ≅ ℤ̂
×
,

and the global reciprocity map 𝜙ℚ ∶ ℂℚ → 𝐺ab
ℚ  factors through ℤ̂

×
.

The resulting map 𝜙∶ ℤ̂
×

→ 𝐺ab
ℚ  is the inversion of the inverse map to the cyclotomic character 

𝜒∶ 𝐺ab
ℚ → ℤ̂

×
. That is, we have

𝜙(𝑎)(𝜁) = 𝜁𝑎−1

for all 𝑎 = (𝑎𝑝)𝑝 ∈ ℤ̂
×
 and roots of unity 𝜁. To see this, note that if 𝜁𝑝𝑘  is a primitive 𝑝𝑘th root of 

unity for some prime 𝑝 and 𝑘 ≥ 1, then Theorem 9.5.9 and our definition of 𝜙 imply that

𝜙(𝑎)(𝜁𝑝𝑘) = 𝜌ℚ𝑝
(𝑎𝑝)(𝜁𝑝𝑘) = 𝜁𝑎−1

𝑝𝑘 ,

where we may make sense of 𝑎−1 modulo 𝑝𝑘. In particular, 𝜙 is an isomorphism, so the image of ℝ>0

is the kernel of 𝜙ℚ.
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10.6 Cohomology of the idèles

Let 𝐿/𝐾  be a finite Galois extension of global fields with Galois group 𝐺. For a place 𝑤 of 𝐿, let 𝐺𝑤

denote the decomposition group of 𝑤 in 𝐺.

Lemma 10.6.1. Let 𝑣 be a place of 𝐾  and 𝑢 denote a fixed place of 𝐿 lying over it. We have isomor-
phisms of 𝐺-modules

Ind𝐺
𝐺𝑢

(𝐿×
𝑢) ≅ ∏

𝑤∣𝑣
𝐿×

𝑤 and Ind𝐺
𝐺𝑢

(𝒪×
𝑢) ≅ ∏

𝑤∣𝑣
𝒪×

𝑤.

Proof. The elements 𝜎 ∈ 𝐺 induce isomorphisms 𝜎∶ 𝐿𝑢 → 𝐿𝜎(𝑢) of 𝐾-algebras that in particular 
preserve valuations. The maps are then the restriction of the map

Ind𝐺
𝐺𝑢

(𝐿𝑢) = ℤ[𝐺] ⊗ℤ[𝐺𝑢] 𝐿𝑢 → ∏
𝑤∣𝑣

𝐿𝑤

induced by the biadditive map taking (𝜎, 𝛽) for 𝜎 ∈ 𝐺 and 𝛽 ∈ 𝐿𝑢 to 𝜎(𝛽) ∈ 𝐿𝜎(𝑢). That this is 
well-defined follows from the fact that if 𝜎 = 𝜎′𝜏 for some 𝜏 ∈ 𝐺𝑢, then (𝜎, 𝛽) and (𝜎′, 𝜏(𝛽))
map to the same element. It is then easily seen to be an isomorphism of 𝐺-modules, and then the 
restrictions are isomorphisms as well. ∎

By Lemma 10.6.1 and Shapiro’s lemma, we have isomorphisms

𝐻̂ 𝑖(𝐺𝑢, 𝐿×
𝑢) ≅ 𝐻̂ 𝑖(𝐺, ∏

𝑤∣𝑣
𝐿×

𝑤) and 𝐻̂ 𝑖(𝐺𝑢, 𝒪×
𝑢) ≅ 𝐻̂ 𝑖(𝐺, ∏

𝑤∣𝑣
𝒪×

𝑤)

for all 𝑖 ∈ ℤ. Together, these enable us to describe the Tate cohomology groups of the idèle group 𝕀𝐿.

Notation 10.6.2. For a finite set of places 𝑆 of 𝐾 , we set

𝕀𝐿,𝑆 = ∏
𝑣∈𝑆

∏
𝑤∣𝑣

𝐿×
𝑤 × ∏

𝑣∉𝑆
∏
𝑤∣𝑣

𝒪×
𝑤.

Remark 10.6.3. We have 𝕀𝐿 = lim→𝑆 𝕀𝐿,𝑆, where 𝑆 runs over all finite subsets of 𝑉𝐾 , with the injective 
maps induced by inclusions of sets of places. We can of course use any cofinal set of finite sets of 
places here.

Proposition 10.6.4. Let 𝑆 be a finite set of places of 𝐾  containing the archimedean places and those 
places that ramify in 𝐿/𝐾 . We have isomorphisms

𝐻̂ 𝑖(𝐺, 𝕀𝐿,𝑆) ≅ ⨁
𝑣∈𝑆

𝐻̂ 𝑖(𝐺𝑤, 𝐿×
𝑤)

for all 𝑖 ∈ 𝑍 , where 𝑤 denotes a choice of place over 𝑣 ∈ 𝑆.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Shapiro_lemma_tate_coh
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Proof. As Tate cohomology commutes with products by construction, we have

𝐻̂ 𝑖(𝐺, 𝕀𝐿,𝑆) ≅ ∏
𝑣∈𝑆

𝐻̂ 𝑖(𝐺, ∏
𝑤∣𝑣

𝐿×
𝑤) × ∏

𝑣∉𝑆
𝐻̂ 𝑖(𝐺, ∏

𝑤∣𝑣
𝒪×

𝑤)

≅ ∏
𝑣∈𝑆

𝐻̂ 𝑖(𝐺𝑤, 𝐿×
𝑤) × ∏

𝑣∉𝑆
𝐻̂ 𝑖(𝐺𝑤, 𝒪×

𝑤),

where in the latter step we have fixed a place 𝑤 over each place 𝑣 ∈ 𝑉𝐾 . Since each 𝑣 ∉ 𝑆 is unramified 
in 𝐿, we have 𝐻̂ 𝑖(𝐺𝑤, 𝒪×

𝑤) = 0 for all 𝑖 ∈ ℤ by Lemma 9.1.6. The result follows. ∎

By (9.2.1), Hilbert’s Theorem 90 and via the isomorphisms given by the local invariant maps, we 
have the following.

Corollary 10.6.5. Let 𝑆 be a finite set of places of 𝐾  containing the archimedean places and those 
places that ramify in 𝐿/𝐾 . We have |𝐻̂0(𝐺, 𝕀𝐿,𝑆)| = ∏𝑣∈𝑆 |𝐺𝑤|, the group 𝐻1(𝐺, 𝕀𝐿,𝑆) is trivial, and

𝐻2(𝐺, 𝕀𝐿,𝑆) = ⨁
𝑣∈𝑆

1
|𝐺𝑤|ℤ/ℤ

for any choice 𝑤 of place of 𝐿 over 𝑣 ∈ 𝑆.

Proposition 10.6.6. We have
𝐻̂ 𝑖(𝐺, 𝕀𝐿) ≅ ⨁

𝑣∈𝑉𝐾

𝐻̂ 𝑖(𝐺𝑤, 𝐿×
𝑤)

for all 𝑖 ∈ ℤ, where 𝑤 denotes a choice of place over 𝑣 ∈ 𝑉𝐾 .

Proof. It follows from Remark 10.6.3 that

𝐻̂ 𝑖(𝐺, 𝕀𝐿) ≅ lim→
𝑆

𝐻̂ 𝑖(𝐺, 𝕀𝐿,𝑆),

where 𝑆 runs over the finite sets of places of 𝐾  containing the archimedean places of 𝐾  and those 
places that ramify in 𝐿/𝐾 . By Proposition 10.6.4, we then have

𝐻̂ 𝑖(𝐺, 𝕀𝐿) ≅ lim→
𝑆

∏
𝑣∈𝑆

𝐻̂ 𝑖(𝐺𝑤, 𝐿×
𝑤) ≅ ⨁

𝑣∈𝑉𝐾

𝐻̂ 𝑖(𝐺𝑤, 𝐿×
𝑤).

∎

Again, we have the following.

Corollary 10.6.7. We have 𝐻1(𝐺, 𝕀𝐿) = 0 and

𝐻2(𝐺, 𝕀𝐿) ≅ ⨁
𝑣∈𝑉𝐾

1
|𝐺𝑤|ℤ/ℤ.

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
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10.7 The first inequality

We will restrict our proofs of the reciprocity laws of global class field theory to number fields. We 
remark that the proofs we give carry over with little-to-no change to the function field setting for 
extensions of degree prime to the characteristic, but the proof of the second inequality in the case of 
equal characteristic requires some additional work.

So, we now let 𝐿/𝐾  be a finite Galois extension of number fields, still with Galois group 𝐺. Our 
interest is in the 𝐺-cohomology of ℂ𝐿, in that we would like to define invariant maps that make it into 
a class formation. Recall that we have a surjection 𝕀𝐿 → 𝐼𝐿 taking an idèle to the fractional ideal it 
defines, and this map induces a surjection ℂ𝐿 → Cl𝐿.

We will use 𝑆 to denote a finite set of places of 𝐾 , which we consistently suppose contains the 
archimedean places of 𝐾 . (In the function field setting, 𝑆 should be taken to be nonempty and the 
class group considered below should be replaced by a certain divisor class group.)

Lemma 10.7.1. Suppose that 𝑆 contains a set of finite places generating the ideal class group of 𝒪𝐿. 
Then 𝕀𝐾 = 𝕀𝐾,𝑆𝐾×.

Proof. The kernel of the surjection 𝕀𝐾 → 𝐼𝐾  is generated by the product of the local units at finite 
places and local multiplicative groups at infinite places, so the kernel of ℂ𝐾 → Cl𝐾  is as well. We 
then note that the class group is generated by the classes of the chosen set of finite representatives 𝔭, 
and these are the images of idèles in 𝕀𝐾,𝑆 that are 1 in places but that for 𝔭 and the uniformizer at the 
prime. Thus 𝕀𝐾/𝕀𝐾,𝑆𝐾× = 0. (Since we take 𝒪×

𝑤 = 𝐿×
𝑤 for archimedean places 𝑤, it is not strictly 

necessary to include these places in our set.) ∎

Definition 10.7.2.  The ring of 𝑆-integers 𝒪𝐾,𝑆 of 𝐾  is the set of elements of 𝐾  that lie in the valuation 
ring at all nonarchimedean places of 𝐾  not in 𝑆. The 𝑆-unit group of 𝐾  is 𝒪×

𝐾,𝑆.

Remark 10.7.3. We have 𝕀𝐾,𝑆 ∩ 𝐾× = 𝒪×
𝐾,𝑆.

Notation 10.7.4. We use 𝒪𝐿,𝑆 to denote the 𝑆𝐿-integer ring of 𝒪𝐿, where 𝑆𝐿 denotes the set of places 
of 𝐿 lying over those in 𝑆.

We have the following extension of Dirichlet’s unit theorem. It also holds for function fields, 
though we restrict to the case of number fields.

Proposition 10.7.5. For a finite set 𝑆 of places of a number field 𝐾  containing its archimedean places, 
we have

rankℤ 𝒪×
𝐾,𝑆 = |𝑆| − 1.
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Proof. By Dirichlet’s unit theorem, we know that rankℤ 𝒪𝐾 = 𝑟1(𝐾) + 𝑟2(𝐾) − 1, one less than 
the number of archimedean places of 𝐾 . We have an exact sequence

1 → 𝒪×
𝐾 → 𝒪×

𝐾,𝑆

∑𝑣∈𝑆𝑓
𝑣

⟶ ⨁
𝑣∈𝑆𝑓

ℤ,

where 𝑆𝑓  denotes the set of finite places in 𝑆. It then suffices to exhibit an 𝑆-unit with nonzero additive 
valuation at a given 𝑣 ∈ 𝑆𝑓  and trivial valuation at all other finite places of 𝐾 . For this, note that 
some power of the prime 𝔭 corresponding to 𝑣 is principal, and any generator is then an 𝑆-unit with 
the desired property. ∎

As with local class field theory, much can be gained from the study of cyclic extensions.

Theorem 10.7.6. If 𝐿/𝐾  is cyclic, then ℎ(ℂ𝐿) = [𝐿 ∶ 𝐾], for 𝐺 = Gal(𝐿/𝐾).

Proof. Let 𝑆 contain the ramified places in 𝐿/𝐾  and a set of finite places lying below primes 
generating the ideal class group of 𝒪𝐿. We have ℂ𝐿 ≅ 𝕀𝐿,𝑆/𝒪×

𝐿,𝑆 by Lemma 10.7.1. Thus, we have

ℎ(ℂ𝐿) =
ℎ(𝕀𝐿,𝑆)
ℎ(𝒪×

𝐿,𝑆) .

Now, consider the ℝ-vector space 𝑉  with basis the elements of the set 𝑆𝐿 of places of 𝐿 over those 
in 𝑆. Let 𝐺 act on 𝑉  by its canonical permutation of the standard basis. Consider its ℤ[𝐺]-submodule 
𝐴 generated over ℤ by the standard basis of 𝑉 . We have 𝐴 ≅ ⨁𝑣∈𝑆 Ind𝐺

𝐺𝑤
(ℤ), where 𝑤 is again used 

to denote a place over 𝑣. Then

ℎ(𝐴) ≅ ∏
𝑣∈𝑆

ℎ(𝐺𝑤, ℤ) = ∏
𝑣∈𝑆

𝑛𝑣,

where 𝑛𝑣 denotes the local degree of 𝐿/𝐾  at a prime over 𝑣.
We define a second lattice as follows. We have the homomorphism ℓ𝐿,𝑆 ∶ 𝒪×

𝐿,𝑆 → 𝑉  given by

ℓ𝐿,𝑆(𝛽) = (log ‖𝛽‖𝑤)𝑤∈𝑆𝐿
.

By Corollary 4.4.2, we have that ker ℓ𝐿,𝑆 is finite and, by the product formula, the image 𝐵0 of ℓ𝐿,𝑆

is contained in the hyperplane 𝑉0 of elements that sum to zero. The 𝒪×
𝐿,𝑆 is the rank of 𝒪×

𝐿 plus 
the number of finite places in 𝑆, as some power of any finite prime is principal, and from this and 
Theorem 10.7.5, we see that 𝐵0 must be a complete lattice in the hyperplane 𝑉0.

Let 𝑥 = (1)𝑤∈𝑆𝐿
∈ 𝑉𝐺, and set

𝐵 = ℤ𝑥 + 𝐵0,

which is a complete lattice in 𝑉 . We have an exact sequence of 𝐺-modules

0 → 𝐵0 → 𝐵 → ℤ𝑥 → 0,
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so ℎ(𝐵) = ℎ(𝐵0)ℎ(ℤ) = 𝑛ℎ(𝒪×
𝐿,𝑆). On the other hand, any two complete lattices in a finite-

dimensional ℝ-vector space are isomorphic upon tensor product with ℚ, from which one can see 
that their Herbrand quotients are equal. Thus we have ℎ(𝐴) = ℎ(𝐵), which tells us upon application 
of Corollary 10.6.5 that

ℎ(𝒪×
𝐿,𝑆) = 1

𝑛ℎ(𝐴) = 1
𝑛 ∏

𝑣∈𝑆
𝑛𝑣.

Combining this with our computation of ℎ(𝕀𝐿,𝑆) yields the theorem. ∎

As a corollary of this, we obtain what is known as the first inequality of global class field theory.

Corollary 10.7.7  (The first inequality). For any finite cyclic extension 𝐿/𝐾 , we have [ℂ𝐾 ∶
𝑁𝐿/𝐾ℂ𝐿] ≥ [𝐿 ∶ 𝐾].

Proof. The quantity on the left-hand side of the inequality is the order of 𝐻̂0(𝐺, ℂ𝐿), which is a 
multiple of the Herbrand quotient. ∎

The following is a simple consequence of the much stronger Čebotarev density theorem. We prove 
it using the first inequality.

Corollary 10.7.8. Let 𝐿/𝐾  be finite abelian and 𝑆 be a finite set of places of 𝐾  containing the 
archimedean places and the ramified places in 𝐿/𝐾 . Then 𝐺 is generated by the Frobenius elements 
in 𝐺 of places not in 𝑆.

Proof. We may by enlarging 𝑆 suppose that it contains a set of representatives of the class group 
of 𝐾 . Let 𝐸 be the fixed field of the subgroup of 𝐺 generated by the Frobenius elements of nonar-
chimedean places not in 𝑆. Then for any 𝑣 ∉ 𝑆 and place 𝑤 lying over 𝑣 in 𝐺, we have that the local ex-
tension 𝐸𝑤/𝐾𝑣 is trivial, and in particular that 𝑁𝐸𝑤/𝐾𝑣

𝐸×
𝑤 = 𝐾×

𝑣 . Thus, we have that 𝑁𝐸/𝐾𝕀𝐸,𝑆 = 𝕀𝐾,𝑆, 
and by Lemma 10.7.1 we have that 𝐾×𝕀𝐾,𝑆 = 𝕀𝐾 , so 𝑁𝐸/𝐾ℂ𝐸 = ℂ𝐾 . This implies the same equality 
with 𝐸 replaced by any cyclic subextension, and then by the first inequality, such an extension must 
be trivial, so 𝐸 = 𝐾 . ∎

We leave it to the reader to prove the following additional consequences in a similar fashion, using 
Corollary 10.7.8.

Corollary 10.7.9. Let 𝐿/𝐾  be cyclic of prime power degree. Then there exist infinitely many primes 
of 𝐾  that remain inert in 𝐿/𝐾 .

Corollary 10.7.10. Let 𝐿1, … , 𝐿𝑡 be cyclic extensions of 𝐾  of prime degree 𝑝 such that each 𝐿𝑖 is 
disjoint from the compositum of the 𝐿𝑗 for 𝑗 ≠ 𝑖. Then there are infinitely many primes of 𝐾  that are 
inert in 𝐿1 and split completely in 𝐿𝑖 for 𝑖 ≥ 2.
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10.8 The second inequality

We turn to the opposite inequality, known as the second inequality, for general Galois extensions of 
number fields, beginning with Kummer extensions of prime exponent.

For now, let us fix 𝑛 ≥ 1. For a subset 𝑇  of 𝑆, we set

ℐ𝑇 = ∏
𝑣∈𝑆−𝑇

𝐾×
𝑣 × ∏

𝑣∈𝑇
𝐾×𝑛

𝑣 × ∏
𝑣∉𝑆

𝒪×
𝑣.

Lemma 10.8.1. Suppose that 𝜇𝑛 ⊂ 𝐾  and 𝑆 contains the primes dividing 𝑛. Let 𝑇  be a finite subset 
of 𝑆, and set Δ = 𝐾× ∩ ℐ𝑇  and 𝐿 = 𝐾(Δ1/𝑛). Then 𝐿/𝐾  is unramified outside of the places in 𝑆 − 𝑇
and completely split at the places in 𝑇 .

Proof. It suffices to see that for all 𝑎 ∈ Δ, the extension 𝐾𝑣(𝑎1/𝑛)/𝐾𝑣 is unramified if 𝑣 ∈ 𝑆 − 𝑇
and trivial if 𝑣 ∈ 𝑇 . If 𝑣 ∉ 𝑆, then 𝑎 ∈ 𝒪×

𝑣, so 𝐾𝑣(𝑎1/𝑛)/𝐾𝑣 is tamely ramified, being of prime-to-𝑝
degree. Its is moreover unramified as the group ⟨𝑎⟩𝐾×𝑛

𝑣  contains no 𝑚th power of a uniformizer of 𝐾𝑣

for 𝑚 properly dividing 𝑛. If 𝑣 ∈ 𝑇 , then 𝑎 ∈ 𝐾×𝑛
𝑣 , so clearly 𝐾𝑣(𝑎1/𝑛) = 𝐾𝑣. ∎

The following simple group-theoretic lemma will be of use to us shortly.

Lemma 10.8.2. For subgroups 𝐴, 𝐵, and 𝐶 of a group with 𝐴 ≤ 𝐵 of finite index, we have

[𝐴 ∶ 𝐵] = [𝐴𝐶 ∶ 𝐵𝐶][𝐴 ∩ 𝐶 ∶ 𝐵 ∩ 𝐶].

Proof. By the second and third isomorphism theorems and the fact that 𝐴 ≤ 𝐵, we have

𝐴𝐶
𝐵𝐶 ≅ 𝐴𝐶/𝐶

𝐵𝐶/𝐶 ≅ 𝐴/(𝐴 ∩ 𝐶)
(𝐴 ∩ 𝐵𝐶)/(𝐴 ∩ 𝐶) ≅ 𝐴

(𝐴 ∩ 𝐶)𝐵 ≅ 𝐴/𝐵
(𝐴 ∩ 𝐶)𝐵/𝐵,

and (𝐴 ∩ 𝐶)𝐵/𝐵 ≅ (𝐴 ∩ 𝐶)/(𝐵 ∩ 𝐶). ∎

Lemma 10.8.3. Suppose that 𝜇𝑛 ⊂ 𝐾  and 𝑆 contains the primes over 𝑛 and a set of representatives 
for Cl𝐾 . Let 𝑆1 be a subset of 𝑆 and 𝑆2 = 𝑆 − 𝑆1. Let Δ𝑖 = 𝐾× ∩ ℐ𝑆𝑖

 and 𝐿𝑖 = 𝐿(Δ1/𝑛
𝑖 ) for 𝑖 ∈ {1, 2}. 

Then 

a. ℐ𝑆1
⊆ 𝑁𝐿2/𝐾𝕀𝐿2

 and ℐ𝑆2
⊆ 𝑁𝐿1/𝐾𝕀𝐿1

, and

b. [ℂ𝐾 ∶ 𝐾×ℐ𝑆1
][ℂ𝐾 ∶ 𝐾×ℐ𝑆2

] = [𝐿1 ∶ 𝐾][𝐿2 ∶ 𝐾].

Proof. For part a, let 𝛼 = (𝛼𝑣)𝑣 ∈ ℐ𝑆𝑖
 with 𝑖 ∈ {1, 2}. Let 𝑗 be such that {𝑖, 𝑗} = {1, 2}, and let 

𝐸 = 𝐿𝑗 for brevity. For 𝑣 ∈ 𝑆𝑖, we have 𝛼𝑣 ∈ 𝐾×𝑛
𝑣 . By the the local reciprocity law, the quotient of 

𝐾×
𝑣  by the norm group 𝑁𝐸𝑤/𝐾𝑣

𝐸×
𝑤 for 𝑤 ∣ 𝑣 has exponent dividing 𝑛, so therefore 𝛼𝑣 lies in it. Any 

𝑣 ∈ 𝑆𝑗 splits completely in 𝐸/𝐾 , so 𝛼𝑣 is automatically a local norm for all places 𝑤 ∣ 𝑣. For all 𝑣 ∉ 𝑆, 
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the extension 𝐸/𝐾  is unramified at 𝑣, and 𝛼𝑣 ∈ 𝒪×
𝑣. Since the local extension is unramified, its norm 

group contains 𝒪×
𝑣 (and in fact is generated by it and the uniformizer of 𝐾𝑣 to the power of the residue 

degree of the extension). Thus, 𝛼 ∈ 𝑁𝐸/𝐾𝕀𝐸. That is, we have ℐ𝑆𝑖
⊆ 𝑁𝐸/𝐾𝕀𝐸.

As for part b, by Lemma 10.7.1 and the group-theoretic equality of indices that is Lemma 10.8.2, 
we have

[𝕀𝐾 ∶ 𝐾×ℐ𝑆1
] = [𝐾×𝕀𝐾,𝑆 ∶ 𝐾×ℐ𝑆1

] =
[𝕀𝐾,𝑆 ∶ ℐ𝑆1

]
[𝐾× ∩ 𝕀𝐾,𝑆 ∶ 𝐾× ∩ ℐ𝑆1

] =
[𝕀𝐾,𝑆 ∶ ℐ𝑆1

]
[𝒪×

𝐾,𝑆 ∶ Δ1] .

Note that
𝕀𝐾,𝑆/ℐ𝑆1

≅ ∏
𝑣∈𝑆1

𝐾×
𝑣 /𝐾×𝑛

𝑣 ,

For a place 𝑣 over 𝑝 we have
[𝐾×

𝑣 ∶ 𝐾×𝑛
𝑣 ] = 𝑛2 ⋅ ‖𝑛‖−1

𝑣 ,

since 𝐾×
𝑣 ≅ ℤ × 𝜇(𝐾𝑣) × ℤ[𝐾𝑣∶ℚ𝑝]

𝑝  by Propositions 6.3.4 and  6.3.9 and 𝜇𝑛 ⊆ 𝜇(𝐾𝑣). In fact, for 
any place 𝑣, we have we still have the equality, noting that the only archimedean places for 𝑛 ≥ 3 are 
complex. Letting 𝑠 = |𝑆|, we then have

[𝕀𝐾,𝑆 ∶ ℐ𝑆1
][𝕀𝐾,𝑆 ∶ ℐ𝑆2

] = 𝑛2𝑠 ∏
𝑣∈𝑆

‖𝑛‖−1
𝑣 = 𝑛2𝑠 ∏

𝑣∉𝑆
‖𝑛‖𝑣 = 𝑛2𝑠

by the product formula and the fact that every place that divides 𝑛 and all archimedean places lie in 𝑆.
We also have [𝒪𝐾,𝑆 ∶ 𝒪×𝑛

𝐾,𝑆] = 𝑛𝑠 by Proposition 10.7.5 (which says that 𝒪×
𝐾,𝑆 ≅ ℤ𝑠−1 × 𝜇(𝐾)), 

and [Δ1 ∶ 𝒪×𝑛
𝐾,𝑆] = [𝐿1 ∶ 𝐾] by Kummer theory. Thus,

[𝒪×
𝐾,𝑆 ∶ Δ1][𝒪×

𝐾,𝑆 ∶ Δ2] = 𝑛2𝑠([𝐿1 ∶ 𝐾][𝐿2 ∶ 𝐾])−1,

and we then have

[𝕀𝐾 ∶ 𝐾×ℐ𝑆1
][𝕀𝐾 ∶ 𝐾×ℐ𝑆2

] =
[𝕀𝐾,𝑆 ∶ ℐ𝑆1

][𝕀𝐾,𝑆 ∶ ℐ𝑆2
]

[𝒪×
𝐾,𝑆 ∶ Δ1][𝒪×

𝐾,𝑆 ∶ Δ2] = [𝐿1 ∶ 𝐾][𝐿2 ∶ 𝐾],

as claimed. ∎

We now specialize to the case that 𝑛 equals a prime 𝑝.

Proposition 10.8.4. Let 𝐾  be a number field that contains the 𝑝th roots of unity for a prime 𝑝. Let 
𝐿/𝐾  be finite abelian of exponent 𝑝. Then [ℂ𝐾 ∶ 𝑁𝐿/𝐾ℂ𝐿] divides [𝐿 ∶ 𝐾].

Proof. Let 𝑘 be such that [𝐿 ∶ 𝐾] = 𝑝𝑘, and let 𝑎1, … , 𝑎𝑘 ∈ 𝐾× be such that 𝐿 = 𝐾(𝑎1/𝑝
1 , … , 𝑎1/𝑝

𝑘 ). 
We aim to construct finite disjoint sets 𝑆1 and 𝑆2 of primes such that 𝑆 = 𝑆1∪𝑆2 satisfies the conditions 
of Lemma 10.8.3 with 𝐾×ℐ𝑆2

= 𝕀𝐾  and 𝐿2 = 𝐿. We will then have [ℂ𝐾 ∶ 𝑁𝐿1/𝐾ℂ𝐿1
] = 1, which by 

the first inequality forces 𝐿1 = 𝐾 , and Lemma 10.8.3 then implies the desired divisibility.
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To start, choose 𝑆1 to consist of the archimedean places, the primes over 𝑝, a set of representa-
tives of Cl𝐾 , and every finite place 𝑣 such that 𝑣(𝑎𝑖) ≠ 0 for 1 ≤ 𝑖 ≤ 𝑘. Then 𝐾×𝕀𝐾,𝑆1

= 𝕀𝐾  by 
Lemma 10.7.1, and 𝑎𝑖 ∈ 𝒪×

𝐾,𝑆1
 for 1 ≤ 𝑖 ≤ 𝑘. Let 𝑏1, … , 𝑏𝑡 ∈ 𝒪×

𝐾,𝑆1
 be such that the images 

of 𝑎1, … , 𝑎𝑘, 𝑏1, … , 𝑏𝑡 form a basis of 𝒪×
𝐾,𝑆1

/𝒪×𝑝
𝐾,𝑆1

. Now, by Corollary 10.7.10, we may choose 
𝑆2 = {𝑣1, … , 𝑣𝑡}, where for each 𝑣𝑖 splits completely in 𝐿/𝐾 , remains inert in 𝐾(𝑏1/𝑝

𝑖 )/𝐾 , and splits 
completely in 𝐾(𝑏1/𝑝

𝑗 )/𝐾  for 𝑗 ≠ 𝑖.
Recalling that we have set 𝑛 = 𝑝, we have

𝕀𝐾,𝑆1
∩ ℐ𝑆2

= ∏
𝑣∈𝑆1

𝐾×
𝑣 × ∏

𝑣∈𝑆2

𝒪×𝑝
𝑣 × ∏

𝑣∉𝑆
𝒪×

𝑣.

We then have

𝕀𝐾,𝑆1
/(𝕀𝐾,𝑆1

∩ ℐ𝑆2
) ≅

𝑡
∏
𝑖=1

𝒪×
𝑣𝑖

/𝒪×𝑝
𝑣𝑖 ,

and since the residue characteristic of 𝐾𝑣𝑖
 is not 𝑝 and 𝜇𝑝 ⊂ 𝐾×

𝑣𝑖
, we have 𝒪×

𝑣𝑖
/𝒪×𝑝

𝑣𝑖 ≅ ℤ/𝑝ℤ. Note 
that 𝑏𝑖 ∈ 𝕀𝐾,𝑆1

, and for 1 ≤ 𝑖, 𝑗 ≤ 𝑡, we have 𝑏𝑖 ∉ 𝒪×𝑝
𝑣𝑗  if and only if 𝑖 = 𝑗. Thus, the images of the 

𝑏𝑖 generate 𝕀𝐾,𝑆1
/(𝕀𝐾,𝑆1

∩ ℐ𝑆2
). Since the 𝑏𝑖 lie in 𝐾 , this tells us that 𝐾×ℐ𝑆2

= 𝐾×𝕀𝐾,𝑆1
= 𝕀𝐾 , as 

desired.
Next, note that

ℐ𝑆2
⊆ 𝕀𝐾,𝑆1

𝕀𝑝
𝐾 = 𝕀𝐾,𝑆1

(𝐾×𝕀𝐾,𝑆1
)𝑝 = 𝕀𝐾,𝑆1

𝐾×𝑝

by what we have just shown. In particular,

Δ2 = ℐ𝑆2
∩ 𝐾× ⊆ 𝒪×

𝐾,𝑆1
𝐾×𝑝,

and Δ2𝐾×𝑝/𝐾×𝑝 is generated by the 𝑆1-units that are locally 𝑝th powers at all 𝑣 ∈ 𝑆2. Recall that 
𝒪×

𝐾,𝑆1
𝐾×𝑝/𝐾×𝑝 is generated by the images of 𝑎1, … , 𝑎𝑘, 𝑏1, … , 𝑏𝑡. Since each 𝑣𝑗 splits completely in 

the subfield 𝐾(𝑎1/𝑝
𝑖 ) of 𝐿, we have that 𝑎𝑖 ∈ 𝒪×𝑝

𝑣𝑗 , so 𝑎𝑖 ∈ Δ2 for 1 ≤ 𝑖 ≤ 𝑘. On the other hand, any 
non-𝑝th-power in ⟨𝑏1, … , 𝑏𝑡⟩ has nontrivial image in 𝒪×

𝑣𝑗
/𝒪×𝑝

𝑣𝑗  for some 𝑗, so does not lie in Δ2𝐾×𝑝. 
Thus, the images of the 𝑎𝑖 generate Δ2𝐾×𝑝/𝐾×𝑝, which is to say that 𝐿2 = 𝐿. ∎

We now turn to more general extensions, no longer supposing 𝜇𝑛 ⊂ 𝐾 .

Lemma 10.8.5. For any finite extension 𝐿/𝐾 , the index [ℂ𝐾 ∶ 𝑁𝐿/𝐾ℂ𝐿] is finite and divisible only 
by primes dividing [𝐿 ∶ 𝐾].

Proof. Once we have finiteness, the divisibility statement follows from the fact that for any 𝛼 ∈
ℂ𝐾 , we have 𝛼[𝐿∶𝐾] ∈ 𝑁𝐿/𝐾ℂ𝐿. For finiteness, we may suppose that 𝐿/𝐾  is Galois, since the norms 
of idèle classes from the Galois closure of 𝐿 to 𝐾  will also be norms from 𝐿. By Lemma 10.7.1, we 
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may find a finite set of primes 𝑆 of 𝐾  containing the primes that ramify in 𝐿 such that 𝕀𝐿 = 𝕀𝐿,𝑆𝐿×

and 𝕀𝐾 = 𝕀𝐾,𝑆𝐾×. Then

[ℂ𝐾 ∶ 𝑁𝐿/𝐾ℂ𝐿] = [𝕀𝐾 ∶ 𝐾×𝑁𝐿/𝐾𝕀𝐿] = [𝐾×𝕀𝐾,𝑆 ∶ 𝐾×𝑁𝐿/𝐾𝕀𝐿,𝑆]

≤ [𝕀𝐾,𝑆 ∶ 𝑁𝐿/𝐾𝕀𝐿,𝑆] = ∏
𝑣∈𝑆

[𝐿𝑤 ∶ 𝐾𝑣],

where 𝑤 is any place of 𝐿 over 𝑣, with the last equality by Proposition 10.6.5. ∎

For brevity, for a finite extension 𝐸/𝐹 of number fields, we let 𝑛𝐸/𝐹 = [ℂ𝐹 ∶ 𝑁𝐸/𝐹ℂ𝐸].

Lemma 10.8.6. Let 𝑀/𝐾  be a finite Galois extension and 𝐿 an intermediate field. Then 𝑛𝑀/𝐾  divides 
𝑛𝑀/𝐿𝑛𝐿/𝐾 .

Proof. Note that
𝑛𝑀/𝐾 = [𝑁𝐿/𝐾ℂ𝐿 ∶ 𝑁𝑀/𝐾ℂ𝑀]𝑛𝐿/𝐾 .

The map 𝑁𝐿/𝐾  induces a surjective map

ℂ𝐿/𝑁𝑀/𝐿ℂ𝑀 → 𝑁𝐿/𝐾ℂ𝐿/𝑁𝑀/𝐾ℂ𝑀

so [𝑁𝐿/𝐾ℂ𝐿 ∶ 𝑁𝑀/𝐾ℂ𝑀] divides 𝑛𝑀/𝐿. ∎

The following is then immediate from the multiplicativity of degrees of field extensions.

Corollary 10.8.7. Let 𝑀/𝐾  be a finite Galois extension and 𝐿 an intermediate field. If 𝑛𝑀/𝐿 ∣ [𝑀 ∶ 𝐿]
and 𝑛𝐿/𝐾 ∣ [𝐿 ∶ 𝐾], then 𝑛𝑀/𝐾 ∣ [𝑀 ∶ 𝐾].

Theorem 10.8.8. Let 𝐿/𝐾  be a finite Galois extension of number fields with Galois group 𝐺. Then 
𝐻̂0(𝐺, ℂ𝐿) and 𝐻2(𝐺, ℂ𝐿) have order dividing [𝐿 ∶ 𝐾], and 𝐻1(𝐺, ℂ𝐿) = 0.

Proof. By Lemma 9.1.12 applied in the cases (𝑖, 𝑟) = (0, 1), (1, 0), (2, 1) in that order, the result 
follows for arbitrary Galois extensions from the case of cyclic extensions of prime degree. So, suppose 
that 𝐿/𝐾  is cyclic of degree a prime 𝑝. If we can show that 𝑛𝐿/𝐾 = |𝐻̂0(𝐺, ℂ𝐿)| divides 𝑝, then the 
2-periodicity of Tate cohomology and Theorem 10.7.6 give the result.

By Lemma 8.2.3, we have that 𝑛𝐿/𝐾 ∣ 𝑛𝐿(𝜇𝑝)/𝐾 , and by Lemma 10.8.6, we have that

𝑛𝐿(𝜇𝑝)/𝐾 ∣ 𝑛𝐿(𝜇𝑝)/𝐾(𝜇𝑝)𝑛𝐾(𝜇𝑝)/𝐾 .

Since 𝑛𝐾(𝜇𝑝)/𝐾  is prime to 𝑝 and 𝑛𝐿/𝐾  is a power of 𝑝 by Lemma 10.8.5, we have that 𝑛𝐿/𝐾  divides 
𝑛𝐿(𝜇𝑝)/𝐾(𝜇𝑝), which is 𝑝 by Proposition 10.8.4.

∎
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Corollary 10.8.9  (The second inequality). For any finite Galois extension 𝐿/𝐾 , we have

[ℂ𝐾 ∶ 𝑁𝐿/𝐾ℂ𝐿] ≤ [𝐿 ∶ 𝐾].

From the fact that 𝐻1(𝐺, ℂ𝐿) = 0, we obtain the interesting consequence that in cyclic extensions, 
global elements that are local norms everywhere are global norms.

Corollary 10.8.10. Suppose that 𝐿/𝐾  is cyclic. If 𝑎 ∈ 𝐾× and 𝑎 ∈ 𝑁𝐿𝑤/𝐾𝑣
𝐿×

𝑤 for some 𝑤 ∣ 𝑣 for all 
places 𝑣 ∈ 𝑉𝐾 , then 𝑎 ∈ 𝑁𝐿/𝐾𝐿×.

Proof. Since 𝐻1(𝐺, ℂ𝐿) = 0, the map

𝐻2(𝐺, 𝐿×) → 𝐻2(𝐺, 𝕀𝐿)

is an injection. Since 𝐺 is cyclic, we have that the corresponding map on 0th Tate cohomology groups 
is injective as well. In other words, the map

𝐾×/𝑁𝐿/𝐾𝐿× → ⨁
𝑣∈𝑉𝐾

𝐾×/𝑁𝐿𝑤/𝐾𝑣
𝐿×

𝑤

is injective, noting that the norm group for 𝐿𝑤/𝐾𝑣 is independent of the choice of 𝑤 ∣ 𝑣 (as 𝐿/𝐾  is 
Galois). This is exactly what was claimed. ∎

10.9 The reciprocity law

We continue to let 𝐾  denote a number field and 𝑆 a finite set of places of 𝐾  containing the archimedean 
places. In this section, we use 𝐿 to denote a finite abelian extension of 𝐾  with Galois group 𝐺.

As noted in the proof of the Corollary 10.8.10, the triviality of 𝐻1(𝐺, ℂ𝐿) implies that the map

Br(𝐿/𝐾) = 𝐻2(𝐺, 𝐿×) → 𝐻2(𝐺, 𝕀𝐿) ≅ ⨁
𝑣∈𝑆

Br(𝐿𝑤/𝐾𝑣)

is injective. In the direct limit over all Galois extensions 𝐿 of 𝐾 , we obtain an injective map

Br(𝐾) ↪ ⨁
𝑣∈𝑉𝐾

Br(𝐾𝑣).

Let us use inv𝑣 ∶ Br(𝐾) → ℚ/ℤ to denote the composition of the map Br(𝐾) → Br(𝐾𝑣) with the local 
invariant map inv𝐾𝑣

. (Here, invℝ is the unique injection of the group Br(ℝ) of order 2 in ℚ/ℤ.) We 
see from the fact that Br(𝐾) maps to the direct sum that

∑
𝑣∈𝑉𝐾

inv𝑣 ∶ Br(𝐾) → ℚ/ℤ
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is well-defined. We will show that this map is zero.
In the following, we also use the notation inv𝑣 to denote the composition

inv𝑣 ∶ 𝐻2(𝐺, 𝕀𝐿) → Br(𝐾𝑣)
inv𝐾𝑣⟶ ℚ/ℤ.

Lemma 10.9.1. For 𝛼 ∈ 𝕀𝐾  and 𝜒 ∈ Hom(𝐺, ℚ/ℤ), we have

∑
𝑣∈𝑉𝐾

inv𝑣(𝛼̄ ∪ 𝛿𝜒) = 𝜒(Φ𝐿/𝐾(𝛼)),

where 𝛿∶ 𝐻1(𝐺, ℚ/ℤ) → 𝐻2(𝐺, ℤ) is the connecting homomorphism for 0 → ℤ → ℚ → ℚ/ℤ → 0, 
and 𝛼̄ denotes the class of 𝛼 in 𝐻̂0(𝐺, 𝕀𝐿).

Proof. By definition and the compatibility of cup products with restriction, we have

inv𝑣(𝛼̄ ∪ 𝛿𝜒) = inv𝐾𝑣
(𝛼𝑣 ∪ 𝛿𝜒𝑣),

where 𝛼𝑣 denotes the image of 𝛼𝑣 in 𝐻̂0(𝐺𝑣, 𝐿×
𝑤) for a place 𝑤 over 𝑣, where 𝜒𝑣 ∈ 𝐻1(𝐺𝑣, ℚ/ℤ) is the 

restriction of 𝜒 to the decomposition group 𝐺𝑤, and where 𝛿 continues to denote the corresponding 
connecting homomorphism. By Proposition 8.1.10, we have that

inv𝐾𝑣
(𝛼𝑣 ∪ 𝛿𝜒𝑣) = 𝜒𝑣(𝜌𝐿𝑤/𝐾𝑣

(𝛼𝑣)).

By definition of Φ𝐿/𝐾  and the fact that 𝜒 is a homomorphism, we have that

𝜒(Φ𝐿/𝐾(𝛼)) = ∑
𝑣∈𝑉𝐾

𝜒𝑣(𝜌𝐿𝑤/𝐾𝑣
(𝛼𝑣)),

hence the result. ∎

From the global recirpocity law for ℚ, we may easily prove the global reciprocity law for cyclo-
tomic extensions.

Lemma 10.9.2. Let 𝐿 be an extension of 𝐾  contained in 𝐾(𝜇𝑁) for some 𝑁 ≥ 1. Then Φ𝐿/𝐾(𝑎) = 1
for all 𝑎 ∈ 𝐾×.

Proof. For 𝐸 = ℚ(𝜇𝑁), we have Φ𝐿/𝐾(𝑎)|𝐸 = Φ𝐸/ℚ(𝑁𝐾/ℚ(𝑎)) by part a of Proposition 10.4.13. 
Since the restriction map 𝐺 → Gal(𝐸/ℚ) is injective, we are reduced to the already proven reciprocity 
law for ℚ. ∎

Lemma 10.9.3. For any 𝑛 ≥ 1, let 𝑆 denote the set of places of 𝐾  dividing 𝑛 and all real places. Then 
there exists a cyclic extension 𝐿 of 𝐾  contained in 𝐾(𝜇𝑁) for some 𝑁 ≥ 1 such that the local degree 
of 𝐿/𝐾  is divisible by 𝑛 for all 𝑣 ∈ 𝑆𝑓  and is equal to 2 for all real places of 𝐾 .
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Proof. Without loss of generality, we may suppose that 2 divides 𝑛. Let 𝑛 = 𝑝𝑟1
1 ⋯ 𝑝𝑟𝑘

𝑘  be the 
prime factorization of 𝑛. If 𝑝𝑖 is odd, let 𝐿𝑖 be the maximal pro-𝑝 subextension of the field given by 
adjoining to 𝐾  all 𝑝𝑖-power roots of unity. Otherwise, let 𝐿𝑖 be the extension of 𝐾  given by adjoining 
𝜁 − 𝜁−1 for all 2-power roots of unity 𝜁. The unique degree 2 subextension of the latter field has no 
real places. For each 𝑖, the completions of the fields 𝐿𝑖 at places 𝑣 ∈ 𝑆𝑓  are infinite pro-𝑝𝑖 procyclic 
extensions. In particular, the compositum 𝐿 of the fields 𝐿𝑖 is a procyclic extension of 𝐾  that contains 
a finite degree extension that is the desired subfield. ∎

We require the following simple cohomological lemma, the proof of which is left to the reader.

Lemma 10.9.4. Let 𝐺 be a finite cyclic group of order 𝑛 and 𝜒∶ 𝐺 → ℚ/ℤ be an injective character. 
Let 𝛿 be the connecting map for 0 → ℤ → ℚ → ℚ/ℤ → 0. Let 𝑔 be a generator of 𝐺, and let 𝑢𝑔 ∈
𝐻̂−2(𝐺, ℤ) be as in Proposition 1.10.3. Viewing 𝐻̂0(𝐺, ℤ) and ℤ/𝑛ℤ, and letting 𝜒̃ ∶ 𝐺 → ℤ/𝑛ℤ
be the isomorphism obtained from 𝜒 by multiplication by 𝑛, we have

𝑢𝑔 ∪ 𝛿𝜒 = 𝜒̃(𝑔) ∈ ℤ/𝑛ℤ.

In other words, we have the following, the map being inverse to cup product with 𝑢𝑔 for a generator 
𝑔 ∈ 𝐺 with 𝜒(𝑔) = 1

𝑛 .

Corollary 10.9.5. Let 𝐺 be a finite cyclic group of order 𝑛 and 𝜒∶ 𝐺 → ℚ/ℤ be an injective character. 
Let 𝛿 be the connecting map for 0 → ℤ → ℚ → ℚ/ℤ → 0. For any 𝐺-module 𝐴 and and 𝑖 ∈ ℤ, the 
map

𝐻̂ 𝑖(𝐺, 𝐴) → 𝐻̂ 𝑖+2(𝐺, 𝐴), 𝑐 ↦ 𝛿𝜒 ∪ 𝑐

is an isomorphism.

Proposition 10.9.6. The map ∑𝑣∈𝑉𝐾
inv𝑣 ∶ Br(𝐾) → ℚ/ℤ is trivial.

Proof. Let 𝛽 ∈ Br(𝐾), and let 𝑛 be the least common multiple of the orders of the elements 
inv𝑣(𝛽) for 𝑣 ∈ 𝑉𝐾 . Let 𝑆 contain the places where inv𝑣(𝛽) is nonzero, and let 𝐿 be as in 
Lemma 10.9.3. Then for each 𝑣 ∈ 𝑆, the group Br(𝐿𝑤/𝐾𝑣) sits in Br(𝐾𝑣) as as a cyclic subgroup of 
order a multiple of 𝑛, and hence it contains the image of 𝛽. It follows that 𝛽 ∈ Br(𝐿/𝐾). Since 𝐿/𝐾
is cyclic, we have an injective character 𝜒∶ 𝐺 → ℚ/ℤ. Corollary 10.9.5 then tells us that there exists 
𝑏 ∈ 𝐾× such that such that 𝑏 ∪ 𝛿𝜒 = 𝛽. By Lemma 10.9.1, we have

∑
𝑣∈𝑉𝐾

inv𝑣(𝛽) = 𝜒(Φ𝐿/𝐾(𝑏)),

and Φ𝐿/𝐾(𝑏) = 0 by Lemma 10.9.2. ∎
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We can now prove that the global reciprocity map factors through ℂ𝐾 .

Corollary 10.9.7. We have Φ𝐾(𝑎) = 1 for all 𝑎 ∈ 𝐾×.

Proof. It suffices to show that Φ𝐿/𝐾(𝑎) = 1 for all finite abelian extensions 𝐿/𝐾 , and for this, it suf-
fices to show that 𝜒(Φ𝐿/𝐾(𝑎)) = 0 for all characters 𝜒∶ 𝐺 → ℚ/ℤ for all such 𝐿. By Lemma 10.9.1, 
the latter quantity equals ∑𝑣∈𝑉𝐾

inv𝑣( ̄𝑎 ∪ 𝛿𝜒), but this is zero by Proposition 10.9.6. ∎

Note that for any finite extension 𝐿 of 𝐾 , we have an injection ℂ𝐾 ↪ ℂ𝐿 by Lemma 10.3.17. We 
aim to construct an invariant map inv ∶ 𝐻2(𝐺𝐾 , ℂ𝐾sep) → ℚ/ℤ to show that ℂ𝐾sep = lim→𝐿 ℂ𝐿 together 
with the invariant maps associated for finite separable extensions of 𝐾  forms a class formation.

Since since 𝐻1(𝐺, ℂ𝐿) = 0 and

𝐻2(𝐺, 𝕀𝐿) ≅ ⨁
𝑣∈𝑉𝐾

Br(𝐿𝑤/𝐾𝑣),

the latter by Proposition 10.6.6, we have an exact sequence

0 → Br(𝐿/𝐾) → ⨁
𝑣∈𝑉𝐾

Br(𝐿𝑤/𝐾𝑣) → 𝐻2(𝐺, ℂ𝐿).

Recall that we have an isomorphism

inv𝐿𝑤/𝐾𝑣
∶ Br(𝐿𝑤/𝐾𝑣) ∼⟶ 1

|𝐺𝑤|ℤ/ℤ,

where 𝐺𝑤 is the decomposition group at any 𝑤 ∣ 𝑣. The sum of these local invariant maps

∑
𝑣∈𝑉𝐾

inv𝐿𝑤/𝐾𝑣
∶ ⨁

𝑣∈𝑆
Br(𝐿𝑤/𝐾𝑣) → 1

|𝐺|ℤ/ℤ

is surjective due to the existence of an inert prime 𝑤 over some 𝑣 ∈ 𝑉𝐾 . Let

ĩnv𝐿/𝐾 ∶ 𝐻2(𝐺, 𝕀𝐿) ↠ 1
|𝐺|ℤ/ℤ

denote the composite map. By Proposition 10.9.6, we have that Br(𝐿/𝐾) is contained in the kernel of 
ĩnv𝐿/𝐾 . That is, ĩnv𝐿/𝐾  factors through a surjective global invariant map

inv𝐿/𝐾 ∶ 𝐵𝐿/𝐾 ↠ 1
|𝐺|ℤ/ℤ

from the image 𝐵𝐿/𝐾  of 𝐻2(𝐺, 𝕀𝐿) → 𝐻2(𝐺, ℂ𝐿). We aim to show that 𝐻2(𝐺, 𝕀𝐿) → 𝐻2(𝐺, ℂ𝐿) is 
surjective so 𝐵𝐿/𝐾 = 𝐻2(𝐺, ℂ𝐾), and inv𝐿/𝐾  is an injective. We start with cyclic extensions.
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Lemma 10.9.8. Let 𝐿/𝐾  be finite cyclic. Then 𝐻2(𝐺, 𝕀𝐿) → 𝐻2(𝐺, ℂ𝐿) is surjective, and the invari-
ant map

inv𝐿/𝐾 ∶ 𝐻2(𝐺, ℂ𝐿) ∼⟶ 1
|𝐺|ℤ/ℤ

is an isomorphism.

Proof. We have 𝐻3(𝐺, 𝐿×) ≅ 𝐻1(𝐺, 𝐿×) = 0 by the periodicty of Tate cohomology, so 𝐵𝐿/𝐾 =
𝐻2(𝐺, ℂ𝐿). Since 𝐻2(𝐺, ℂ𝐿) has order |𝐺| by the first and second inequalities, the result follows. ∎

The next lemma shows that global invariant maps behave as expected under restriction.

Lemma 10.9.9. Let 𝐸 be a finite extension of 𝐾  contained in 𝐿, and set 𝐻 = Gal(𝐿/𝐸). The diagram

commutes.

Proof. Since the global invariant maps are sums of local invariant maps, this reduces to the com-
mutativity of the diagram

where 𝑣 ∈ 𝑉𝐾  and 𝑤 denotes a place of 𝐿 over 𝑣. By Lemma 10.6.1 and Shapiro’s lemma, this reduces 
to the commutativity of

where 𝑢 runs over the places over 𝑣 in 𝐸, we use 𝑤 to denote a place over 𝑢, and 𝑤0 denotes a fixed 
place of 𝐿 over 𝑣. Here, each 𝑤 is conjugate to 𝑤0 over 𝐾 , and the 𝑢-coordinate fo the restriction map 

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Tate_cohom_cyclic_gp_periodic
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Shapiro_lemma
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Res is induced by conjugation by 𝜎 ∈ 𝐺 with 𝜎(𝑤0) = 𝑤 followed by restriction. We remark that 
inv𝐿𝑤/𝐾𝑣

∘𝜎∗ = inv𝐿𝑤0/𝐾𝑣
 by definition. The local invariant maps have the property that

inv𝐿𝑤/𝐸𝑢
∘ Res𝐸𝑢/𝐾𝑣

= [𝐸𝑢 ∶ 𝐾𝑣] inv𝐿𝑤/𝐾𝑣
,

so we have

(


∑
𝑢∣𝑣

inv𝐿𝑤/𝐸𝑢
)


∘ Res𝐸𝑢/𝐾𝑣
= ∑

𝑢∣𝑣
[𝐸𝑢 ∶ 𝐾𝑣] inv𝐿𝑤/𝐾𝑣

= [𝐸 ∶ 𝐾] inv𝐿𝑤/𝐾𝑣
,

the latter step as the sum of local degrees is the global degree. ∎

We next treat the general case.

Proposition 10.9.10. The map 𝐻2(𝐺, 𝕀𝐿) → 𝐻2(𝐺, ℂ𝐿) is surjective, and the invariant map

inv𝐿/𝐾 ∶ 𝐻2(𝐺, ℂ𝐿) ∼⟶ 1
|𝐺|ℤ/ℤ

is an isomorphism.

Proof. Since 𝐻1(𝐺, 𝐴𝐿) = 0, where 𝐴𝐿 ∈ {𝐿×, 𝕀𝐿, ℂ𝐿}, the inflation maps 

Inf ∶ 𝐻2(𝐺, 𝐴𝐿) → 𝐻2(𝐺𝐾 , 𝐴𝐾sep)

 are injective, being part of the inflation-restriction sequences. The direct limit of the maps ĩnv𝐿/𝐾

over Galois extensions 𝐿/𝐾  provide a surjective map

ĩnv𝐾 ∶ 𝐻2(𝐺𝐾 , 𝕀𝐾sep) → ℚ/ℤ.

which factors through a surjective map

inv𝐾 ∶ 𝐵𝐾 → ℚ/ℤ,

where 𝐵𝐾 = lim→𝐿 𝐵𝐿/𝐾 . By Lemma 10.9.3,

𝐻2(𝐺𝐾 , 𝕀𝐾sep) ≅ ⨁
𝑣∈𝑉𝐾

Br(𝐾𝑣)

is the union of its subgroups 𝐻2(Gal(𝐹/𝐾), 𝕀𝐹), where 𝐹 runs over the set ℰ of cyclic cyclotomic 
extensions of 𝐾 . From the map of exact sequences

https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_prof_coh
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_prof_coh
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_prof_coh
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we see that Br(𝐾) = ⋃𝐹∈ℰ Br(𝐹/𝐾) is the kernel of ̃inv𝐾  and 𝐵𝐾 = ⋃𝐹∈ℰ 𝐻2(𝐺, ℂ𝐹). In particular, 
we have an induced isomorphism inv𝐾 ∶ 𝐵𝐾 → ℚ/ℤ.

Since 𝐵𝐿/𝐾  injects into 𝐵𝐾 ≅ ℚ/ℤ with image 1
|𝐺|ℤ/ℤ, we see that 𝐵𝐿/𝐾  has order [𝐿 ∶ 𝐾]. On 

the other hand, 𝐵𝐿/𝐾  divides the order of 𝐻2(𝐺, ℂ𝐿), which divides [𝐿 ∶ 𝐾] by Theorem 10.8.8. So 
𝐵𝐿/𝐾 = 𝐻2(𝐺, ℂ𝐿) is mapped isomorphically to 1

|𝐺|ℤ/ℤ by inv𝐿/𝐾 , as asserted. ∎

We have now constructed our global class formation.

Theorem 10.9.11. Given a number field 𝐾 , the pair (ℂ𝐾sep, inv), where inv is the collection of invari-
ant maps

inv𝐸 ∶ 𝐻2(𝐺𝐸, ℂ𝐾sep) → ℚ/ℤ

for finite separable extensions 𝐸 of 𝐾  in 𝐾sep forms a class formation for 𝐾 . Moreover, the reciprocity 
map defined by this class formation is the map 𝜙𝐾 ∶ ℂ𝐾 → 𝐺ab

𝐾  induced by the product Φ𝐾  of local 
reciprocity maps on the idèles.

Proof. That we have a global class formation is an immediate corollary of Proposition 10.9.9 and 
Lemma 10.9.10. Let 𝜙𝐿/𝐾  be the resulting reciprocity map. We know by Proposition 8.1.10 that

inv𝐿/𝐾( ̄𝑎 ∪ 𝛿(𝜒)) = 𝜒(𝜙𝐿/𝐾(𝑎))

for all 𝜒 ∈ Hom(𝐺, ℚ/ℤ) and 𝑎 ∈ ℂ𝐾 . On the other hand, we showed in Lemma 10.9.1 that

ĩnv𝐿/𝐾(𝛼̄ ∪ 𝛿𝜒) = 𝜒(Φ𝐿/𝐾(𝛼)),

for all such 𝜒 and 𝛼 ∈ 𝕀𝐾 . Since 𝜙𝐿/𝐾  and Φ𝐿/𝐾  are completely determined by their compositions 
with characters of 𝐺, we must have that Φ𝐿/𝐾  factors through ℂ𝐾  and induces 𝜙𝐿/𝐾  on the quotient.

∎

10.10 Power reciprocity laws

In this section, we consider higher reciprocity laws that generalize quadratic reciprocity. For this, we 
introduce the notion of an 𝑛th power residue symbol for a number field.

Notation 10.10.1. In this section, 𝑛 will denote a positive integer, and 𝐾  will denote a number field 
that contains the full group 𝜇𝑛 of 𝑛th roots of unity.

Definition 10.10.2. The 𝑛th power residue symbol for 𝐾  is a function with values

(𝑎
𝔟)

𝑛,𝐾
∈ 𝜇𝑛
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defined on pairs (𝑎, 𝔟) consisting of a nonzero element 𝑎 of 𝒪𝐾  and a nonzero ideal 𝔟 of 𝒪𝐾  such that 
𝔟 is relatively prime to (𝑛𝑎) defined as follows. For a prime 𝔭 not dividing (𝑛𝑎), its value is the unique 
𝑛th root of unity in 𝐾× satisfying the congruence

(𝑎
𝔭)

𝑛,𝐾
≡ 𝑎(𝑁𝔭−1)/𝑛 mod 𝔭,

and for an arbitrary 𝔟 with prime factorization 𝔟 = 𝔭𝑟1
1 ⋯ 𝔭𝑟𝑘

𝑘 , its value is given by

(𝑎
𝔟)

𝑛,𝐾
=

𝑘
∏
𝑖=1

( 𝑎
𝔭𝑖

)
𝑟𝑖

𝑛,𝐾
.

Notation 10.10.3. If 𝑎 and 𝑏 are nonzero elements of 𝒪𝐾  such that (𝑏) is relatively prime to (𝑛𝑎), 
then we set

(𝑎
𝑏)

𝑛,𝐾
= ( 𝑎

(𝑏))
𝑛,𝐾

.

Remark 10.10.4. The 2nd power residue symbol for ℚ is none other than the Jacobi symbol, since 
𝑁(𝑝) = 𝑝 for a prime (𝑝) of ℤ.

We will derive an 𝑛th power reciprocity law for the power residue symbols, generalizing quadratic 
reciprocity. To begin with, we have the following.

Lemma 10.10.5. Suppose that 𝔭 is a nonzero prime of 𝐾  not dividing 𝑛 and that 𝑎 ∈ 𝒪𝐾  with 
𝑣𝔭(𝑎) = 0. Let 𝜋𝔭 be a unifomizer of 𝐾𝔭. Then

(𝑎
𝔭)

𝑛,𝐾
= (𝑎, 𝜋𝔭)𝑛,𝐾𝔭

.

Proof. Since 𝑁𝔭 is the order of the residue field of 𝐾𝔭 and 𝑎 is a unit in the valuation ring of 𝐾𝔭, 
that the two sides are equal are an immediate consequence of our formula for the tame symbol. ∎

Corollary 10.10.6. Let 𝑎, 𝑏 ∈ 𝒪𝐾  be nonzero, and suppose that (𝑏) is relatively prime to (𝑛𝑎). Then

(𝑎
𝑏)

𝑛,𝐾
= ∏

𝔭∣(𝑏)
(𝑎, 𝑏)𝑛,𝐾𝔭

,

where the product is over nonzero primes of 𝒪𝐾  dividing (𝑏).

Proof. Write (𝑏) = 𝔭𝑟1
1 ⋯ 𝔭𝑟𝑘

𝑘  for distinct primes 𝔭1, … , 𝔭𝑘 and positive integers 𝑟𝑖 for some 𝑘 ≥ 0. 
Letting 𝜋𝔭𝑖

 denote a uniformizer for 𝐾𝔭𝑖
, we have by Lemma 10.10.5 that

(𝑎
𝑏)

𝑛,𝐾
=

𝑘
∏
𝑖=1

( 𝑎
𝔭𝑖

)
𝑟𝑖

𝑛,𝐾
=

𝑘
∏
𝑖=1

(𝑎, 𝜋𝑟𝑖𝔭𝑖)𝑛,𝐾𝔭𝑖
.
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Since 𝑏 is 𝜋𝑟𝑖𝔭𝑖 times a unit in the valuation ring of 𝐾𝔭𝑖
, we have (for instance by the formula for the 

tame symbol) that
(𝑎, 𝜋𝑟𝑖𝔭𝑖)𝑛,𝐾𝔭𝑖

= (𝑎, 𝑏)𝑛,𝐾𝔭𝑖

for each 𝑖, and the result follows. ∎

Note also that global reciprocity gives us the following product formula for norm residue symbols.

Lemma 10.10.7. For every 𝑎, 𝑏 ∈ 𝐾×, we have

∏
𝑣∈𝑉𝐾

(𝑎, 𝑏)𝑛,𝐾𝑣
= 1.

Proof. We have 𝜌𝐾𝑣(𝑎1/𝑛)/𝐾𝑣
(𝑏) = 1 outside of a finite set 𝑆 = {𝑣1, … , 𝑣𝑡} of places of 𝐾 , so the 

product is finite, and global reciprocity then says that

∏
𝑣∈𝑆

𝜌𝐾𝑣(𝑎1/𝑛)/𝐾𝑣
(𝑏) = 1.

It follows that

∏
𝑣∈𝑉𝐾

(𝑎, 𝑏)𝑛,𝐾𝑣
= ∏

𝑣∈𝑆
(𝑎, 𝑏)𝑛,𝐾𝑣

= ∏
𝑣∈𝑆

𝜌𝐾𝑣
(𝑏)(𝑎1/𝑛)
𝑎1/𝑛

=
𝑡

∏
𝑖=1

𝜌𝐾𝑣1
(𝑏) ⋯ 𝜌𝐾𝑣𝑖−1

(𝑏)(


𝜌𝐾𝑣𝑖
(𝑏)(𝑎1/𝑛)

𝑎1/𝑛
)


=
( ∏𝑣∈𝑆 𝜌𝐾𝑣(𝑎1/𝑛)/𝐾𝑣

(𝑏))(𝑎1/𝑛)

𝑎1/𝑛 = 1.

∎

We are now in a position to prove the 𝑛th power reciprocity law for 𝐾 .

Theorem 10.10.8  (Higher reciprocity law). Let 𝐾  be a number field containing the group 𝜇𝑛 of 𝑛th 
roots of unity. Let 𝑎, 𝑏 ∈ 𝒪𝐾  elements relatively prime to each other and to 𝑛. We then have

(𝑎
𝑏)

𝑛,𝐾
(𝑏

𝑎)
−1

𝑛,𝐾
= ∏

𝑣∣𝑛∞
(𝑏, 𝑎)𝑛,𝐾𝑣

,

where the product is over the places of 𝐾  extending a prime dividing 𝑛 or the real infinite place of ℚ. 
Moreover, if 𝑐 ∈ 𝒪𝐾  is relatively prime to 𝑎 and divisible only by primes dividing 𝑛, then

(𝑐
𝑏)

𝑛,𝐾
= ∏

𝑣∣𝑛∞
(𝑏, 𝑐)𝑛,𝐾𝑣

.
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Proof. Corollary 10.10.6 tells us that

(𝑎
𝑏)

𝑛,𝐾
(𝑏

𝑎)
−1

𝑛,𝐾
= ∏

𝔭∣(𝑏)
(𝑎, 𝑏)𝑛,𝐾𝔭

⋅ ∏
𝔭∣(𝑎)

(𝑏, 𝑎)−1
𝑛,𝐾𝔭

= ∏
𝔭∣(𝑎𝑏)

(𝑎, 𝑏)𝑛,𝐾𝔭
.

Note that (𝑎, 𝑏)𝑛,𝐾𝔭
= 1 unless the prime 𝔭 of 𝒪𝐾  divides one of 𝑎, 𝑏, or 𝑛, since otherwise the 

extension 𝐾𝔭(𝑎1/𝑛)/𝐾𝔭 is unramified and 𝑏 is a unit in 𝐾𝔭. Applying Lemma 10.10.7, we then have

∏
𝔭∣(𝑎𝑏)

(𝑎, 𝑏)𝑛,𝐾𝔭
= ( ∏

𝑣∣𝑛∞
(𝑎, 𝑏)𝑛,𝐾𝑣

)
−1

= ∏
𝑣∣𝑛∞

(𝑏, 𝑎)𝑛,𝐾𝑣
,

finishing the proof in this case. In the remaining case, the same argument, but now noting that 
(𝑎, 𝑏)𝑛,𝐾𝔭

= 1 unless 𝔭 divides 𝑏 or 𝑛, we have

(𝑐
𝑏)

𝑛,𝐾
= ∏

𝔭∣(𝑏)
(𝑐, 𝑏)𝑛,𝐾𝔭

= ∏
𝑣∣𝑛∞

(𝑏, 𝑐)𝑛,𝐾𝔭
.

∎

Example 10.10.9. Take the case that 𝐾 = ℚ and 𝑛 = 2. Let 𝑎 and 𝑏 be positive, odd integers. Then 
Theorem 10.10.8 implies that

(𝑎
𝑏) (𝑏

𝑎) = (𝑏, 𝑎)2,ℚ𝑝
(𝑏, 𝑎)2,ℝ.

The first symbol is (−1)(𝑎−1)(𝑏−1)/4 by Proposition 9.3.6, and the second symbol is trivial by Re-
mark 9.3.9. Similarly, we have

(−1
𝑏 ) = (−1)(𝑏−1)/2 and (2

𝑏) = (−1)(𝑝2−1)/8.

Thus, the power reciprocity law for 𝐾 = ℚ and 𝑛 = 2 is simply quadratic reciprocity.

The following special case of a result of the author serves as an entertaining example of the use of 
higher reciprocity laws.

Proposition 10.10.10. Let 𝑝 be an odd prime number, and let 𝑚 be an integer. Suppose that ℓ =
Φ𝑝(𝑝𝑚) is a prime number. Then every divisor of 𝑚 is a 𝑝th power residue modulo ℓ.

Proof. Let 𝑎 be a divisor of 𝑚. Note that

ℓ = 𝑁ℚ(𝜇𝑝)/ℚ(1 − 𝑝𝑚𝜁𝑝)

and can only be prime if 𝑚 is nonzero. The definition of the 𝑝th power residue symbol says that

( 𝑎
1 − 𝑝𝑚𝜁𝑝

)
𝑝,ℚ(𝜇𝑝)

≡ 𝑎(ℓ−1)/𝑝 mod (1 − 𝑝𝑚𝜁𝑝), (10.10.1)
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Since 𝑎 is an integer, this implies that the symbol in (10.10.1) is the unique 𝑝th root of unity congruent 
to 𝑎(ℓ−1)/𝑝 modulo ℓ. Thus, it will be trivial if and only if 𝑎 is a 𝑝th power residue modulo ℓ.

So, we compute the symbol. We have

( 𝑎
1 − 𝑝𝑚𝜁𝑝

)
𝑝,ℚ(𝜇𝑝)

= (
1 − 𝑝𝑚𝜁𝑝

𝑎 )
𝑝,ℚ(𝜇𝑝)

(1 − 𝑝𝑚𝜁𝑝, 𝑎)𝑝,ℚ𝑝(𝜇𝑝) = (1 − 𝑝𝑚𝜁𝑝, 𝑎)𝑝,ℚ𝑝(𝜇𝑝).

If 𝑝 divides 𝑚, then 1−𝑝𝑚𝜁𝑝 is a 𝑝th power in ℚ𝑝(𝜇𝑝), and we are done. If 𝑎 is a 𝑝th power in ℤ×
𝑝, we 

are done as well. So, we may assume that 𝑎 is not a 𝑝th power in ℤ×
𝑝. Then ℚ𝑝(𝜁𝑝, 𝑎1/𝑝) = ℚ𝑝(𝜁𝑝, (1−

𝑝)1/𝑝), and the conductor of the latter extension of ℚ𝑝(𝜇𝑝) is (1 − 𝜁𝑝)2 by Proposition 9.6.16. Since 
1 − 𝑝𝑚𝜁𝑝 ∈ 𝑈𝑝−1(ℚ𝑝(𝜇𝑝)) and 𝑝 − 1 ≥ 2, we then have that (1 − 𝑝𝑚𝜁𝑝, 𝑎)𝑝,ℚ𝑝(𝜇𝑝) = 1, which 
completes the proof. ∎
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