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   ℚ 


   2 


   3 


   4 


   5 


   𝐾 


   𝑓  ∈  𝐾  [  𝑥  ] 


   𝑀 


   𝑓 


     ∏    𝑖  =  1   𝑚     𝑓  𝑖    𝑒  𝑖   


   𝑀  [  𝑥  ] 


     𝑓  𝑖  


     𝑒  𝑖  


   𝜅          ∶    𝐾  [  𝑥  ]  /  (  𝑓  )    ⊗  𝐾   𝑀    ⟶  ∼     ∏    𝑖  =  1   𝑚   𝑀  [  𝑥  ]  /  (    𝑓  𝑖    𝑒  𝑖    ) 


   𝑔  ∈  𝐾  [  𝑥  ] 


   𝜅  (  (  𝑔  +  (  𝑓  )  )  ⊗  1  )  =  (  𝑔  +  (    𝑓  𝑖    𝑒  𝑖    )    )  𝑖  


   𝐾  [  𝑥  ]    ⊗  𝐾   𝑀    ⟶  ∼   𝑀  [  𝑥  ] 


   𝐾  [  𝑥  ]  /  (  𝑓  )    ⊗  𝐾   𝑀    ⟶  ∼   𝑀  [  𝑥  ]  /  (  𝑓  )    ⟶  ∼     ∏    𝑖  =  1   𝑚   𝑀  [  𝑥  ]  /  (    𝑓  𝑖    𝑒  𝑖    )  , 


   𝜅 


   𝐿  /  𝐾 


   𝜅          ∶    𝐿    ⊗  𝐾   𝑀    ⟶  ∼     ∏    𝜎        ∶    𝐿  ↪  𝑀    𝑀  , 


   𝐿 


   𝜅  (  𝛽  ⊗  1  )  =  (  𝜎  𝛽    )  𝜎  


   𝛽  ∈  𝐿 


   𝐿  =  𝐾  (  𝜃  ) 


   𝜃 


   𝐿    ⊗  𝐾   𝑀    ⟶  ∼     ∏    𝜎        ∶    𝐿  ↪  𝑀        𝑀  [  𝑥  ]     (  𝑥  −  𝜎  (  𝜃  )  )      ⟶  ∼     ∏    𝜎        ∶    𝐿  ↪  𝑀    𝑀  , 


   𝑥 


   𝜎  (  𝜃  ) 


   𝜎 


   𝑔  (  𝜃  ) 


   𝜎          ∶    𝐿  ↪  𝑀 


   𝑔 


   𝜅  (  𝛽  ⊗  1  ) 


   𝐿  ↪  𝐿    ⊗  𝐾   𝑀 


   𝛼  ∈  𝐿 


   𝛼  ⊗  1 


     𝜄  𝑀           ∶    𝐿  →    ∏    𝜎        ∶    𝐿  ↪  𝑀    𝑀 


   Ω 


   𝐿  ∩  𝑀  =  𝐾 


   𝑥  ∈  𝐿  ∩  𝑀 


   𝑥  ∉  𝐾 


   1 


   𝜑          ∶    𝐿    ⊗  𝐾   𝑀  →  𝐿  𝑀 


     𝛾  1   ,  …  ,    𝛾  𝑠   ∈  𝑀 


     ∑    𝑖  =  1   𝑠     𝛽  𝑖     𝛾  𝑖   =  0 


     𝛽  𝑖   ∈  𝐿 


   𝜑 


     ∑    𝑖  =  1   𝑠     𝛽  𝑖   ⊗    𝛾  𝑖   =  0 


     𝛾  𝑖  


   𝑥  =    ∑    𝑖  =  1   𝑠     𝛽  𝑖   ⊗    𝛾  𝑖   ∈   ker     𝜑 


     𝛾  𝑖   ∈  𝑀 


   𝑠 


   𝑥  ≠  0 


     𝛾  𝑠   +    ∑    𝑖  =  1     𝑠  −  1      𝛼  𝑖     𝛾  𝑖   =  0 


     𝛼  𝑖  


   𝑥  =    ∑    𝑖  =  0     𝑠  −  1    (    𝛽  𝑖   −    𝛼  𝑖     𝛽  𝑠   )  ⊗    𝛾  𝑖   , 


    ker     𝜑  =  0 


   𝐿    ⊗  𝐾   𝑀 


   𝐿  𝑀 


   𝐾  (  𝛼  ,  𝛽  ) 


   𝛽  ∈  𝑀 


   𝛼 


   𝛽 


   𝐾  (  𝛼  ,  𝛽  )  =  𝐾  [  𝛼  ,  𝛽  ] 


   [  𝐿  𝑀  ∶  𝐾  ]  =  [  𝐿  ∶  𝐾  ]  [  𝑀  ∶  𝐾  ] 


   [  𝐿  ∶  𝐾  ]  [  𝑀  ∶  𝐾  ] 


   𝐾  [  𝑥  ] 


   𝜃  ∈  𝐿 


    Gal   (  𝐿  𝑀  /  𝑀  )  ≅   Gal   (  𝐿  /  (  𝐿  ∩  𝑀  )  ) 


   [  𝐿  𝑀  ∶  𝑀  ]  =  [  𝐿  ∶  𝐾  ] 


   𝐿  𝑀  =  𝑀  (  𝜃  ) 


   𝐵  /  𝐴 


   𝐴 


   𝐵 


   𝛽  ∈  𝐵 


   𝐴  [  𝑥  ] 


   𝑎  ∈  𝐴 


   𝑎 


   𝑥  −  𝑎 


     2  


   ℚ  (    2   ) 


   ℤ 


     𝑥  2   −  2 


   𝛼  =      1  −    5    2  


   ℚ  (    5   ) 


     𝑥  2   −  𝑥  −  1 


   𝑛  ≥  0 


   {  1  ,  𝛽  ,  …  ,    𝛽  𝑛   } 


   𝐴  [  𝛽  ] 


   𝛽  𝑀  ⊆  𝑀 


   𝑔  ∈  𝐴  [  𝑥  ] 


   𝑓  ∈  𝐴  [  𝑥  ] 


   𝑓  =  𝑞  𝑔  +  𝑟 


   𝑞  ,  𝑟  ∈  𝐴  [  𝑥  ] 


   𝑟  =  0 


    deg     𝑟  <   deg     𝑔 


   𝑓  (  𝛽  )  =  𝑟  (  𝛽  ) 


   𝑓  (  𝛽  ) 


   {  1  ,  𝛽  ,  …  ,    𝛽     deg     𝑔  −  1    } 


   𝑀  =  𝐴  [  𝛽  ] 


   𝑀  =    ∑    𝑖  =  1   𝑛   𝐴    𝛾  𝑖   ⊆  𝐵 


   𝛽  ≠  0 


   𝛽    𝛾  𝑖   =    ∑    𝑗  =  1   𝑛     𝑎    𝑖  𝑗      𝛾  𝑗  


     𝑎    𝑖  𝑗    ∈  𝐴 


   1  ≤  𝑖  ≤  𝑛 


   1  ≤  𝑗  ≤  𝑛 


   𝑇          ∶      𝐵  𝑛   →    𝐵  𝑛  


   (    𝑎    𝑖  𝑗    ) 


   𝑓  (  𝑥  )  ∈  𝐴  [  𝑥  ] 


   𝑇 


   𝑓  (  𝛽  )  =  0 


     1  2   ∈  ℚ 


   ℤ  [  1  ,    2    −  1    ,  …  ,    2    −  𝑛    ] 


   ℤ  [    2    −  𝑛    ] 


     2    −  (  𝑛  +  1  )   


   ℤ  [    2   ] 


   𝛼  =  𝑎  +  𝑏    2  


   𝑎  ,  𝑏  ∈  ℤ 


     𝑥  2   −  2  𝑎  𝑥  +    𝑎  2   −  2    𝑏  2  


   {    𝑚  1   ,  …  ,    𝑚  𝑛   } 


   {    𝛽  1   ,  …  ,    𝛽  𝑘   } 


   {    𝛽  𝑖     𝑚  𝑗   ∣  1  ≤  𝑖  ≤  𝑘  ,    1  ≤  𝑗  ≤  𝑛  } 


   𝑚  ∈  𝑀 


   𝑚  =    ∑    𝑗  =  1   𝑛     𝑏  𝑗     𝑚  𝑗  


     𝑏  𝑗   ∈  𝐵 


     𝑏  𝑗   =    ∑    𝑖  =  1   𝑘     𝑎    𝑖  𝑗      𝛽  𝑖  


   1  ≤  𝑖  ≤  𝑘 


   𝑚  =    ∑    𝑖  =  1   𝑘     ∑    𝑗  =  1   𝑛     𝑎    𝑖  𝑗      𝛽  𝑖     𝑚  𝑗   , 


   𝐵  =  𝐴  [    𝛽  1   ,    𝛽  2   ,  …  ,    𝛽  𝑘   ] 


   𝑘  ≥  0 


     𝛽  𝑖   ∈  𝐵 


     𝛽  𝑖  


   𝐴  [    𝛽  1   ,  …  ,    𝛽  𝑗   ] 


   1  ≤  𝑗  ≤  𝑘 


   𝐴  [    𝛽  1   ,  …  ,    𝛽    𝑗  −  1    ] 


   {  1  ,    𝛽  𝑗   ,  …  ,    𝛽  𝑗    𝑛  𝑗    } 


     𝑛  𝑗   ≥  0 


   𝐴  [    𝛽  1   ,  …  ,    𝛽  𝑗   ]  =  𝐴  [    𝛽  1   ,  …  ,    𝛽    𝑗  −  1    ]  [    𝛽  𝑗   ] 


   𝛽  𝐵  ⊆  𝐵 


   𝐶  /  𝐵 


   𝐶  /  𝐴 


   𝛾  ∈  𝐶 


   𝑓  ∈  𝐵  [  𝑥  ] 


   𝛾 


     𝐵  ′  


     𝐵  ′   [  𝛾  ] 


   𝐵  [  𝛾  ] 


   𝐶 


   𝐴  [  𝛼  ,  𝛽  ] 


   𝛼  +  𝛽 


   𝛼  ⋅  𝛽 


   ℤ  [  𝑥  ] 


   𝑓  ∈  ℤ  [  𝑥  ] 


   𝑔  ∈  ℤ  [  𝑥  ] 


   𝑔  (  𝑓  (  𝑥  )  ) 


    deg     𝑔  ⋅   deg     𝑓 


   0 


     ℤ  ‾  


   ℂ 


     𝐾  ‾  


   𝑓  =    ∏    𝑖  =  1   𝑛   (  𝑥  −    𝛽  𝑖   ) 


     𝛽  𝑖   ∈    𝐾  ‾  


   𝑑  ∈  𝐾 


   𝑑  𝑓  ∈  𝐴  [  𝑥  ] 


   𝑑  𝑓 


   𝑑 


   𝑥  −  𝑎 


   𝑎  ∉  𝐴 


   ℤ  [     17    ] 


   𝛼  =      1  +     17     2  


     𝑥  2   −  𝑥  −  4 


     𝐴  ‾  


   𝑄 


   𝛼  ∈  𝑄 


     𝐴  ‾   [  𝛼  ] 


     𝑏  𝑑  


   𝑑  ∈  𝐴 


   𝑏  ∈  𝐵 


   𝑓  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   ∈  𝐾  [  𝑥  ] 


     𝑑  𝑛   𝑓  (    𝑑    −  1    𝑥  )  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑑    𝑛  −  𝑖      𝑥  𝑖   ∈  𝐴  [  𝑥  ] 


   𝑑  𝛽 


     ℚ  ‾  


     𝒪  𝐾  


   𝑑  ≠  1 


   ℚ  (    𝑑   ) 


     𝒪    ℚ  (    𝑑   )    =    {            ℤ      [      1  +    𝑑    2   ]            if    𝑑  ≡  1         mod         4  ,        ℤ  [    𝑑   ]           if    𝑑  ≡  2  ,  3         mod         4  .          


   𝛼  =  𝑎  +  𝑏    𝑑  


   𝑎  ,  𝑏  ∈  ℚ 


   𝑏  =  0 


   𝑎  ∈  ℤ 


   𝑏  ≠  0 


   𝑓  =    𝑥  2   −  2  𝑎  𝑥  +    𝑎  2   −    𝑏  2   𝑑 


   2  𝑎  ∈  ℤ 


     𝑎  2   −    𝑏  2   𝑑  ∈  ℤ 


   𝑏  ∈  ℤ 


   𝑎  ∉  ℤ 


   2  𝑎  =    𝑎  ′  


   2  𝑏  =    𝑏  ′  


     𝑎  ′   ,    𝑏  ′   ∈  ℤ 


   (    𝑎  ′     )  2   ≡  (    𝑏  ′     )  2   𝑑         mod         4 


   (  ℤ  /  4  ℤ    )  2   =  {  0  ,  1  } 


   𝑑  ≢  1         mod         4 


   𝑑  ≡  1         mod         4 


   𝑎  +  𝑏    𝑑  


     𝑑  


   (  1  +    𝑑   )  /  2 


     𝑚  𝛼           ∶    𝐿  →  𝐿 


     𝑁    𝐿  /  𝐾            ∶    𝐿  →  𝐾 


     𝑁    𝐿  /  𝐾    (  𝛼  )  =   det       𝑚  𝛼  


      Tr     𝐿  /  𝐾            ∶    𝐿  →  𝐾 


      Tr     𝐿  /  𝐾    (  𝛼  )  =   tr       𝑚  𝛼  


      Tr     𝐿  /  𝐾   


     𝑁    𝐿  /  𝐾   


     𝐾  ×  


     𝐿  ×  


   𝑑  =  [  𝐾  (  𝛼  )  ∶  𝐾  ] 


   𝑠  =  [  𝐿  ∶  𝐾  (  𝛼  )  ] 


     𝐾  ‾   [  𝑥  ] 


   𝑓  =    ∏    𝑖  =  1   𝑑   (  𝑥  −    𝛼  𝑖   ) 


     𝛼  1   ,  …  ,    𝛼  𝑑   ∈    𝐾  ‾  


     𝑚  𝛼  


     𝑓  𝑠  


     𝑁    𝐿  /  𝐾    (  𝛼  )  =    ∏    𝑖  =  1   𝑑     𝛼  𝑖  𝑠      and          Tr     𝐿  /  𝐾    (  𝛼  )  =  𝑠    ∑    𝑖  =  1   𝑑     𝛼  𝑖   . 


   𝐿  =  𝐾  (  𝛼  ) 


   {  1  ,  𝛼  ,  …  ,    𝛼    𝑑  −  1    } 


   𝐾  (  𝛼  ) 


   𝐴  =    (              0           −    𝑎  0         1     0         −    𝑎  1           ⋱     ⋱       ⋮            1     0     −    𝑎    𝑑  −  2                1     −    𝑎    𝑑  −  1            )   , 


     𝑎  𝑖   ∈  𝐾 


   1  ≤  𝑖  ≤  𝑑 


   𝑓  =    𝑥  𝑑   +    ∑    𝑖  =  0     𝑑  −  1      𝑎  𝑖     𝑥  𝑖   . 


   𝑥  𝐼  −  𝐴 


            char       𝑚  𝛼   =   det   (  𝑥  𝐼  −  𝐴  )     =  𝑥     det   (  𝑥  𝐼  −    𝐴  ′   )  +  (  −  1    )    𝑑  −  1      𝑎  0      det       (              −  1     𝑥              ⋱     ⋱              −  1     𝑥              −  1          )             =  𝑥     det   (  𝑥  𝐼  −    𝐴  ′   )  +    𝑎  0   ,    


     𝐴  ′  


   (  1  ,  1  ) 


    det   (  𝑥  𝐼  −    𝐴  ′   )  =    𝑥    𝑑  −  1    +    ∑    𝑖  =  0     𝑑  −  2      𝑎    𝑖  +  1      𝑥  𝑖   , 


    char       𝑚  𝛼   =  𝑓 


   𝑓  =    𝑥  𝑑   −   tr   (    𝑚  𝛼   )    𝑥    𝑑  −  1    +  ⋯  +  (  −  1    )  𝑑    det   (    𝑚  𝛼   )  , 


     𝑁    𝐿  /  𝐾    𝛼 


      Tr     𝐿  /  𝐾      𝛼 


   {    𝛽  1   ,  …  ,    𝛽  𝑠   } 


   𝐿  /  𝐾  (  𝛼  ) 


   {    𝛽  𝑖     𝛼  𝑗   ∣  1  ≤  𝑖  ≤  𝑠  ,    0  ≤  𝑗  ≤  𝑑  −  1  } 


   (  𝑖  ,  𝑗  ) 


    char       𝑚  𝛼  


   𝑚  =  [  𝐿  ∶  𝐾    ]  𝑖  


   𝔖 


     𝑁    𝐿  /  𝐾    (  𝛼  )  =    ∏    𝜎  ∈  𝔖    𝜎    𝛼  𝑚      and          Tr     𝐿  /  𝐾    (  𝛼  )  =  𝑚    ∑    𝜎  ∈  𝔖    𝜎  𝛼  . 


   𝜏  𝛼 


   𝜏 


   𝔗 


   [  𝐾  (  𝛼  )  ∶  𝐾    ]  𝑖  


   𝐾  (  𝛼  )  /  𝐾 


   [  𝐿  ∶  𝐾  (  𝛼  )    ]  𝑠  


   𝜎  ∈  𝔖 


   𝜏  (  𝛼  ) 


     𝑁    𝐿  /  𝐾    𝛼  =    ∏    𝜏  ∈  𝔗    (  𝜏  𝛼    )    [  𝐿  ∶  𝐾  (  𝛼  )  ]  [  𝐾  (  𝛼  )  ∶  𝐾    ]  𝑖     =    ∏    𝜎  ∈  𝔖    𝜎    𝛼    [  𝐿  ∶  𝐾    ]  𝑖     , 


     𝑁    𝐿  /  𝐾    (  𝛼  )  =    ∏    𝜎  ∈  𝔖    𝜎  𝛼     and          Tr     𝐿  /  𝐾    (  𝛼  )  =    ∑    𝜎  ∈  𝔖    𝜎  𝛼  . 


   𝑀  /  𝐾 


     𝑁    𝑀  /  𝐾    =    𝑁    𝐿  /  𝐾    ∘    𝑁    𝑀  /  𝐿       and          Tr     𝑀  /  𝐾    =     Tr     𝐿  /  𝐾    ∘     Tr     𝑀  /  𝐿    . 


   𝔘 


   [  𝑀  ∶  𝐾    ]  𝑖   =  [  𝑀  ∶  𝐿    ]  𝑖   ⋅  [  𝐿  ∶  𝐾    ]  𝑖  


     ∏    𝛿  ∈  𝔘    𝛿  𝛼  =    ∏    𝜎  ∈  𝔖    𝜎      (    ∏    𝜏  ∈  𝔗    𝜏  𝛼  )   . 


     𝜎  ˜  


     ∏    𝜎  ∈  𝔖    𝜎      (    ∏    𝜏  ∈  𝔗    𝜏  𝛼  )   =    ∏    𝜎  ∈  𝔖      ∏    𝜏  ∈  𝔗    (    𝜎  ˜   ∘  𝜏  )  𝛼  . 


   𝑋  =  {    𝜎  ˜   ∘  𝜏  ∣  𝜎  ∈  𝔖  ,  𝜏  ∈  𝔗  } 


   𝜎  ,    𝜎  ′   ∈  𝔖 


   𝜏  ,    𝜏  ′   ∈  𝔗 


          (1.3.1)               𝜎  ˜   ∘  𝜏  =      𝜎  ˜   ′   ∘    𝜏  ′   .    


     𝜎  ˜   ∘  𝜏    |  𝐿   =  𝜎    |  𝐿  


   𝜎  =    𝜎  ′  


   𝜏  =    𝜏  ′  


   |  𝔖  |  |  𝔗  |  =  |  𝔘  | 


   𝑋 


   ℚ  (    𝑑   )  /  ℚ 


       𝑁    ℚ  (    𝑑   )  /  ℚ    (  𝑥  +  𝑦    𝑑   )  =  (  𝑥  +  𝑦    𝑑   )  (  𝑥  −  𝑦    𝑑   )  =    𝑥  2   −  𝑑    𝑦  2   


   𝑥  ,  𝑦  ∈  ℚ 


   𝑎  ,  𝑏  ,  𝑐  ∈  ℚ 


             𝑁    ℚ  (    2  3   )  /  ℚ    (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )     =  (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )  (  𝑎  +  𝑏  𝜔    2  3   +  𝑐    𝜔  2     4  3   )  (  𝑎  +  𝑏    𝜔  2     2  3   +  𝑐  𝜔    4  3   )            =    𝑎  3   +  2    𝑏  3   +  4    𝑐  3   −  6  𝑎  𝑏  𝑐  ,    


   𝜔 


              Tr     ℚ  (    2  3   )  /  ℚ    (  𝑎  +  𝑏    2  3   +  𝑐    4  3   )  =  3  𝑎  .      


   𝐺 


   𝜒          ∶    𝐺  →    𝐾  ×  


   𝐺  →  𝐾 


   𝐺  →    𝐾  ×  


   𝑚  ≥  2 


   𝑚 


     𝜒  𝑖   ∈  𝑋 


   1  ≤  𝑖  ≤  𝑚 


     𝑎  1   ≠  0 


     ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   =  0  . 


   ℎ  ∈  𝐺 


     𝜒  1   (  ℎ  )  ≠    𝜒  𝑚   (  ℎ  ) 


     𝑏  𝑖   =    𝑎  𝑖   (    𝜒  𝑖   (  ℎ  )  −    𝜒  𝑚   (  ℎ  )  ) 


   1  ≤  𝑖  ≤  𝑚  −  1 


   𝑔  ∈  𝐺 


     ∑    𝑖  =  1     𝑚  −  1      𝑏  𝑖     𝜒  𝑖   (  𝑔  )  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖   (    𝜒  𝑖   (  ℎ  )  −    𝜒  𝑚   (  ℎ  )  )    𝜒  𝑖   (  𝑔  )  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   (  ℎ  𝑔  )  −    𝜒  𝑚   (  ℎ  )    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝜒  𝑖   (  𝑔  )  =  0  . 


     𝑏  1   ≠  0 


     ∑    𝑖  =  1     𝑚  −  1      𝑏  𝑖     𝜒  𝑖  


   𝑚  −  1 


    ker         𝑁    𝐿  /  𝐾    =    {      𝜎  (  𝛽  )   𝛽   ∣  𝛽  ∈    𝐿  ×   }   . 


   𝑛  =  [  𝐿  ∶  𝐾  ] 


     𝑁    𝐿  /  𝐾        (      𝜎  (  𝛽  )   𝛽   )   =    ∏    𝑖  =  0     𝑛  −  1          𝜎    𝑖  +  1    (  𝛽  )       𝜎  𝑖   (  𝛽  )    =        𝑁    𝐿  /  𝐾    (  𝛽  )       𝑁    𝐿  /  𝐾    (  𝛽  )    =  1  . 


   𝛼  ∈   ker         𝑁    𝐿  /  𝐾   


     𝑥  𝛾   =  𝛾  +  𝛼  𝜎  (  𝛾  )  +  𝛼  𝜎  (  𝛼  )    𝜎  2   (  𝛾  )  +  ⋯  +  𝛼  𝜎  (  𝛼  )  ⋯    𝜎    𝑛  −  2    (  𝛼  )    𝜎    𝑛  −  1    (  𝛾  ) 


   𝛾  ∈  𝐿 


    Gal   (  𝐿  /  𝐾  ) 


   𝛾  ∈    𝐿  ×  


     𝑥  𝛾   ≠  0 


   𝛼  𝜎  (    𝑥  𝛾   )  =  𝛼  𝜎  (  𝛾  )  +  𝛼  𝜎  (  𝛼  )    𝜎  2   (  𝛾  )  +  ⋯  +  𝛼  𝜎  (  𝛼  )  ⋯    𝜎    𝑛  −  2    (  𝛼  )    𝜎    𝑛  −  1    (  𝛾  )  +    𝑁    𝐿  /  𝐾    (  𝛼  )  𝛾  =    𝑥  𝛾   , 


     𝛼    −  1    =  𝜎  (    𝑥  𝛾   )    𝑥  𝛾    −  1   


    ker          Tr     𝐿  /  𝐾    =    {  𝜎  (  𝛽  )  −  𝛽  ∣  𝛽  ∈  𝐿  }   . 


     𝑁    𝐿  /  𝐾    (  𝛽  ) 


      Tr     𝐿  /  𝐾    (  𝛽  ) 


     𝐿  ¯  


   𝑉 


   𝜓          ∶    𝑉  ×  𝑉  →  𝐾 


   𝜓  (  𝑣  +    𝑣  ′   ,  𝑤  )  =  𝜓  (  𝑣  ,  𝑤  )  +  𝜓  (    𝑣  ′   ,  𝑤  )     and     𝜓  (  𝑣  ,  𝑤  +    𝑤  ′   )  =  𝜓  (  𝑣  ,  𝑤  )  +  𝜓  (  𝑣  ,    𝑤  ′   ) 


   𝜓  (  𝑎  𝑣  ,  𝑤  )  =  𝑎  𝜓  (  𝑣  ,  𝑤  )  =  𝜓  (  𝑣  ,  𝑎  𝑤  ) 


   𝑎  ∈  𝐾 


   𝑣  ,    𝑣  ′   ,  𝑤  ,    𝑤  ′   ∈  𝑉 


   𝜓 


   𝜓  (  𝑣  ,  𝑤  )  =  𝜓  (  𝑤  ,  𝑣  ) 


   𝑣  ,  𝑤  ∈  𝑉 


   𝑄  ∈    𝑀  𝑛   (  𝐾  ) 


     𝐾  𝑛  


   𝜓  (  𝑣  ,  𝑤  )  =    𝑣  𝑇   𝑄  𝑤 


   𝑣  ,  𝑤  ∈    𝐾  𝑛  


   𝜓          ∶    𝐿  ×  𝐿  →  𝐾 


   𝜓  (  𝛼  ,  𝛽  )  =     Tr     𝐿  /  𝐾    (  𝛼  𝛽  ) 


   𝛼  ,  𝛽  ∈  𝐿 


   (    𝑣  1   ,  …  ,    𝑣  𝑛   ) 


   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗   


   𝑛  ≥  1 


     𝑣  1   ,  …  ,    𝑣  𝑛   ∈  𝑉 


   𝑇          ∶    𝑉  →  𝑉 


    det   (  𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  (   det     𝑇    )  2   ⋅   det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    . 


     𝑣  𝑖  


   𝐴  =  (    𝑎    𝑖  𝑗    ) 


   𝑖 


   𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )  =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  𝑙    𝜓  (    𝑣  𝑘   ,    𝑣  𝑙   )  . 


   (  𝜓  (  𝑇    𝑣  𝑖   ,  𝑇    𝑣  𝑗   )  )  =  𝐴  (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )  )    𝐴  𝑇   , 


    det     𝑇  =   det     𝐴  =   det       𝐴  𝑇  


   (    𝑒  1   ,  …  ,    𝑒  𝑛   ) 


   𝑈          ∶    𝑉  →  𝑉 


   𝑈  (    𝑒  𝑖   )  =    𝑣  𝑖  


    det     𝑈  =  0 


    det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  (   det     𝑈    )  2    det   (  𝜓  (    𝑒  𝑖   ,    𝑒  𝑗   )    )    𝑖  ,  𝑗    =  0  . 


   𝑇    𝑣  1   ,  …  ,  𝑇    𝑣  𝑛  


   ±  1 


    det   (  𝜓  (    𝑣  𝑖   ,    𝑣  𝑗   )    )    𝑖  ,  𝑗    =  0 


   (  𝛼  ,  𝛽  )  ↦     Tr     𝐿  /  𝐾    (  𝛼  𝛽  ) 


     𝛽  1   ,  …  ,    𝛽  𝑛   ∈  𝐿 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (     Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )    )    𝑖  ,  𝑗    . 


   (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =  (   det     (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗      )  2   , 


   {    𝜎  1   ,  …  ,    𝜎  𝑛   } 


      Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )  =    ∑    𝑘  =  1   𝑛     𝜎  𝑘   (    𝛽  𝑖   )    𝜎  𝑘   (    𝛽  𝑗   )  , 


   (     Tr     𝐿  /  𝐾    (    𝛽  𝑖     𝛽  𝑗   )  ) 


     𝑄  𝑇   𝑄 


   𝑄  ∈    𝑀  𝑛   (  𝐿  ) 


     𝑄    𝑖  𝑗    =    𝜎  𝑖   (    𝛽  𝑗   ) 


     𝛼  1   ,  …  ,    𝛼  𝑛   ∈  𝐾 


   𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  =    (              1       𝛼  1      ⋯       𝛼  1    𝑛  −  1          1       𝛼  2      ⋯       𝛼  2    𝑛  −  1          ⋮     ⋮       ⋮        1       𝛼  𝑛      ⋯       𝛼  𝑛    𝑛  −  1            )  


     𝛼  1   ,  …  ,    𝛼  𝑛  


   𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


    det     𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  =    ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖   )  . 


   𝑛  =  1 


    det     𝑄  (  𝛼  )  =  1 


   𝛼  ∈  𝐾 


   𝑄  =  𝑄  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝛼  1  


   (  𝑖  +  1  ) 


   1  ≤  𝑖  ≤  𝑛  −  1 


            det     𝑄     =    |              1     0     ⋯     0        1       𝛼  2   −    𝛼  1      ⋯       𝛼  2    𝑛  −  2    (    𝛼  2   −    𝛼  1   )        ⋮     ⋮       ⋮        1       𝛼  𝑛   −    𝛼  1      ⋯       𝛼  𝑛    𝑛  −  2    (    𝛼  𝑛   −    𝛼  1   )          |   =    |                𝛼  2   −    𝛼  1      ⋯       𝛼  2    𝑛  −  2    (    𝛼  2   −    𝛼  1   )        ⋮       ⋮          𝛼  𝑛   −    𝛼  1      ⋯       𝛼  𝑛    𝑛  −  2    (    𝛼  𝑛   −    𝛼  1   )          |             =    ∏    𝑖  =  2   𝑛   (    𝛼  𝑖   −    𝛼  1   )  ⋅   det     𝑄  (    𝛼  2   ,  …  ,    𝛼  𝑛   )  ,    


   𝑛 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  =    ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖     )  2   ≠  0  , 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    ) 


   {  1  ,    𝑑   } 


   ±    𝑑  


   D  (  1  ,    𝑑   )  =  4  𝑑 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  =  (  −  1    )      𝑛  (  𝑛  −  1  )   2      𝑁    𝐿  /  𝐾    (    𝑓  ′   (  𝛼  )  )  , 


     𝑓  ′   ∈  𝐾  [  𝑥  ] 


     𝑓  ′   (  𝑥  )  =    ∑    𝑖  =  1   𝑛     ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (  𝑥  −    𝛼  𝑗   )  , 


     𝑓  ′   (    𝛼  𝑖   )  =    ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (    𝛼  𝑖   −    𝛼  𝑗   ) 


     𝑓  ′   (  𝛼  ) 


     𝑓  ′   (    𝛼  𝑖   ) 


     𝑁    𝐿  /  𝐾    (    𝑓  ′   (  𝛼  )  )  =    ∏    𝑖  =  1   𝑛     ∏          𝑗  =  1           𝑗  ≠  𝑖      𝑛   (    𝛼  𝑖   −    𝛼  𝑗   )  =  (  −  1    )    𝑛  (  𝑛  −  1  )  /  2      ∏    1  ≤  𝑖  <  𝑗  ≤  𝑛    (    𝛼  𝑗   −    𝛼  𝑖     )  2   . 


   (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    ) 


   𝑇          ∶    𝐿  →  𝐿 


   𝑇  (    𝛼    𝑖  −  1    )  =    𝛽  𝑖  


   D  (    𝛽  1   ,    𝛽  2   ,  …  ,    𝛽  𝑛   )  =  (   det     𝑇    )  2   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  . 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    𝑛  −  1    )  ≠  0 


     𝐾  ×   /    𝐾    ×  2   


   (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


      Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴 


   𝛼  ∈  𝐵 


   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  𝛽  ∈    ∑    𝑖  =  1   𝑛   𝐴    𝛼  𝑖   . 


   𝛽  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝛼  𝑖  


          (1.4.1)                Tr     𝐿  /  𝐾    (    𝛼  𝑖   𝛽  )  =    ∑    𝑗  =  1   𝑛     𝑎  𝑗        Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛼  𝑗   )  .    


   𝑄  =  (     Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛼  𝑗   )  ) 


     𝑎  𝑖  


   𝑑  =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝑄  ∗   ∈    𝑀  𝑛   (  𝐴  ) 


     𝑄  ∗   𝑄  =  𝑑    𝐼  𝑛  


   𝑑    𝑎  𝑖   ∈  𝐴 


     ∑    𝑖  =  1   𝑛   𝐴    𝛼  𝑖   ⊆  𝐵  ⊆    ∑    𝑖  =  1   𝑛   𝐴    𝑑    −  1      𝛼  𝑖   , 


   𝑑  =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


   𝑎  ∈  𝐴  −  {  0  } 


     𝛼  𝑖   =  𝑎    𝛽  𝑖   ∈  𝐵 


      Tr     𝐿  /  𝐾    (  𝐵  )  ⊆  𝐴 


      rank   𝐴   (  𝑀  )  =     dim   𝐾   (  𝐾    ⊗  𝐴   𝑀  )  . 


   [  𝐿  ∶  𝐾  ] 


     𝑀  ′  


   𝑀  ⊆  𝐵  ⊆    𝑀  ′  


   𝐾    ⊗  𝐴   𝑀  ⊆  𝐾    ⊗  𝐴   𝐵  ⊆  𝐾    ⊗  𝐴     𝑀  ′   . 


     𝐴  𝑛  


   𝐾    ⊗  𝐴   𝐵 


   𝛽  ∈    𝐿  ×  


   𝐵  →  𝐵  𝛽 


   𝐵  𝛽 


      rank   𝐴   (  𝑀  )  ≥     rank   𝐴   (  𝐵  ) 


   𝛼  𝑀  ⊆  𝐵 


      rank   𝐴   (  𝑀  )  ≤     rank   𝐴   (  𝐵  ) 


   𝑛  =  [  𝐾  ∶  ℚ  ] 


     𝛽  1   ,  …  ,    𝛽  𝑛  


   𝑇          ∶    𝐾  →  𝐾 


   𝑇  (    𝛼  𝑖   )  =    𝛽  𝑖  


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (  𝑇    )  2   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  , 


    det   (  𝑇  ) 


   {  ±  1  } 


    det   (  𝑇    )  2   =  1 


    disc   (  𝐾  ) 


   𝐾  =  ℚ  (    𝑑   ) 


    disc   (  𝐾  )  =    {            𝑑          𝑑  ≡  1         mod         4  ,        4  𝑑          𝑑  ≡  2  ,  3         mod         4  .          


     𝐿  ′  


     𝛾  1   ,  …  ,    𝛾  𝑚  


   𝑑  =  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   ) 


     𝑑  ′   =  D  (    𝛾  1   ,  …  ,    𝛾  𝑚   ) 


   𝐿    𝐿  ′  


     𝛽  𝑖     𝛾  𝑗  


     𝑑  𝑚   (    𝑑  ′     )  𝑛  


     𝐶  ′  


   (  𝑑  ,    𝑑  ′   )  𝐶  ⊆    𝐶  ′  


   [  𝐿  ∶  𝐾  ]  [    𝐿  ′   ∶  𝐾  ] 


   𝛼  ∈  𝐶 


   𝛼  =    ∑    𝑖  =  1   𝑛     ∑    𝑗  =  1   𝑚     𝑎    𝑖  𝑗      𝛽  𝑖     𝛾  𝑗  


     𝑎    𝑖  𝑗    ∈  𝐾 


     𝛿  𝑗   =    ∑    𝑖  =  1   𝑛     𝑎    𝑖  𝑗      𝛽  𝑖   ∈  𝐿 


   1  ≤  𝑗  ≤  𝑚 


   𝛼  =    ∑    𝑗  =  1   𝑚     𝛿  𝑗     𝛾  𝑗  


     𝜏  1   ,  …  ,    𝜏  𝑚  


   𝑀  =  (    𝜏  𝑖     𝛾  𝑗   )  ∈    𝑀  𝑚   (    𝐾  ‾   ) 


   𝑤  =  (    𝛿  1   ,  …  ,    𝛿  𝑚   )  ∈    𝐿  𝑚  


   𝑀  𝑤  =  𝑣 


   𝑣  =  (    𝜏  1   𝛼  ,  …  ,    𝜏  𝑚   𝛼  )  . 


     𝑀  ∗  


     𝑀  ∗   𝑣  =   det   (  𝑀  )  𝑤 


   𝑣 


    det   (  𝑀  )  𝑤  ∈    𝐾  ‾  


    det   (  𝑀    )  2   =    𝑑  ′  


     𝑑  ′   𝑤 


     𝐴  ‾   ∩  𝐿 


     𝑑  ′     𝛿  𝑗   ∈  𝐵 


   𝑗 


     𝑑  ′     𝑎    𝑖  𝑗    ∈  𝐴 


   𝑑    𝑎    𝑖  𝑗    ∈  𝐴 


   (  𝑑  ,    𝑑  ′   )  𝛼  ∈    𝐶  ′  


     𝜎  1   ,  …  ,    𝜎  𝑛  


   {    𝜎  𝑖     𝜏  𝑗   ∣  1  ≤  𝑖  ≤  𝑛  ,  1  ≤  𝑗  ≤  𝑚  } 


     𝑀    𝑛  𝑚    (    𝐾  ‾   ) 


     𝑛  2  


     𝜎  𝑖     𝛽  𝑗   𝑀 


   𝑁  =  (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗   


   (    𝑖  ′   ,    𝑗  ′   ) 


     𝜏    𝑖  ′      𝛾    𝑗  ′   


   D  (    𝛽  𝑖     𝛾  𝑗   ∣  1  ≤  𝑖  ≤  𝑛  ,  1  ≤  𝑗  ≤  𝑚  )  =   det   (  𝑄    )  2   =   det   (  𝑁    )    2  𝑚     det   (  𝑀    )    2  𝑛    =    𝑑  𝑚   (    𝑑  ′     )  𝑛   . 


   {  𝜎  (  𝛼  )  ∣  𝜎  ∈   Gal   (  𝐿  /  𝐾  )  } 


   {    𝛼  1   ,  …  ,    𝛼  𝑛   } 


   {  (    𝜎  1   (    𝛼  𝑗   )  ,  …  ,    𝜎  𝑛   (    𝛼  𝑗   )  )  ∣  1  ≤  𝑗  ≤  𝑛  } 


     𝐿  𝑛  


   𝐷  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


    det   (    𝜎  𝑖     𝛼  𝑗     )    𝑖  ,  𝑗   


   𝐾  [   Gal   (  𝐿  /  𝐾  )  ] 


   𝐾  [  𝑥  ]  /  (    𝑥  𝑛   −  1  ) 


     𝑥  𝑛   −  1 


   𝑓  =    ∑    𝑖  =  0     𝑛  −  1      𝑐  𝑖     𝑥  𝑖   ∈  𝐾  [  𝑥  ] 


     ∑    𝑖  =  0     𝑛  −  1      𝑐  𝑖     𝜎  𝑖   (  𝛼  )  =  0 


     𝜎  𝑖  


   (    𝑥  𝑛   −  1  ) 


   {  𝛼  ,  𝜎  (  𝛼  )  ,  …  ,    𝜎    𝑛  −  1    (  𝛼  )  } 


    Gal   (  𝐿  /  𝐾  )  =  {    𝜎  1   ,  …  ,    𝜎  𝑛   } 


     𝜎  1   =  1 


   D  (    𝜎  1   (  𝛽  )  ,  …  ,    𝜎  𝑛   (  𝛽  )  )  ≠  0 


   𝑝  ∈  𝐿  [    𝑥  1   ,  …  ,    𝑥  𝑛   ] 


   𝑝  (    𝑥  1   ,  …  ,    𝑥  𝑛   )  =   det   (    ∑    𝑘  =  1   𝑛     𝜎  𝑗    −  1      𝜎  𝑖   (    𝛼  𝑘   )    𝑥  𝑘     )  2   . 


   𝑝 


     𝛽  𝑗   ∈  𝐿 


     ∑    𝑗  =  1   𝑛     𝛽  𝑗   (    𝜎  1   (    𝛼  𝑗   )  ,    𝜎  2   (    𝛼  𝑗   )  ,  …  ,    𝜎  𝑛   (    𝛼  𝑗   )  )  =  (  1  ,  0  ,  …  ,  0  )  . 


   1  ≤  𝑖  ,  𝑗  ≤  𝑛 


     ∑    𝑘  =  1   𝑛     𝜎  𝑗    −  1      𝜎  𝑖   (    𝛼  𝑘   )    𝛽  𝑘   =    𝛿    𝑖  ,  𝑗    , 


   𝑝  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (    𝐼  𝑛     )  2   =  1 


   𝑝  ≠  0 


     𝑎  1   ,  …  ,    𝑎  𝑛   ∈  𝐾 


   𝑝  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ≠  0 


   𝛾  =    ∑    𝑗  =  1   𝑛     𝑎  𝑖     𝛼  𝑖  


   D  (    𝜎  1   (  𝛾  )  ,  …  ,    𝜎  𝑛   (  𝛾  )  )  =   det   (    𝜎  𝑗    −  1      𝜎  𝑖   (  𝛾  )    )  2   =  𝑝  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ≠  0  . 


   𝔞 


   𝑑  𝔞  ⊆  𝐴 


   𝑑  𝔞 


   𝔟 


     𝔞    −  1    =  {  𝑏  ∈  𝐾  ∣  𝑏  𝔞  ⊆  𝐴  } 


   {  𝑎  𝑏  ∣  𝑎  ∈  𝔞  ,  𝑏  ∈  𝔟  } 


     𝔞    −  1   


   𝔞  +  𝔟 


   𝔞  𝔟 


   𝔞  ∩  𝔟 


   𝑐  ,  𝑑  ∈  𝐴 


   𝑐  𝔞  ⊆  𝐴 


   𝑑  𝔟  ⊆  𝐴 


   𝑐  (  𝔞  ∩  𝔟  )  ⊆  𝐴 


   𝑐  𝑑  (  𝔞  +  𝔟  )  ⊆  𝐴 


   𝑐  𝑑  𝔞  𝔟  ⊆  𝐴 


   𝑑  𝔞  ⊂  𝐴 


   𝑎  ∈  𝔞 


   𝑒  ∈  𝐴 


   𝑒  ∈  𝔞 


   𝑐  ∈    𝔞    −  1   


   𝑐  𝑒  ∈  𝐴 


   𝑒    𝔞    −  1    ⊆  𝐴 


   𝔞  𝔟  =  𝐴 


   𝔞    𝔞    −  1    =  𝐴 


   𝔟  ⊆    𝔞    −  1   


   𝐴  =  𝔟  𝔞  ⊆    𝔞    −  1    𝔞  ⊆  𝐴  , 


     𝔞    −  1    𝔞  =  𝐴 


   (  𝑥  ,  𝑦  ) 


   ℚ  [  𝑥  ,  𝑦  ] 


   𝑓  ∈  ℚ  (  𝑥  ,  𝑦    )  ×  


   𝑓  𝑥  ∈  ℚ  [  𝑥  ,  𝑦  ] 


   𝑓  𝑦  ∈  ℚ  [  𝑥  ,  𝑦  ] 


   𝑦 


   (  𝑥  ,  𝑦    )    −  1    =  ℚ  [  𝑥  ,  𝑦  ] 


   (  𝑥  ,  𝑦  )  ⋅  (  𝑥  ,  𝑦    )    −  1    =  (  𝑥  ,  𝑦  )  ≠  ℚ  [  𝑥  ,  𝑦  ]  . 


   (  𝑎  ) 


   𝑑  𝔞  =  (  𝑏  ) 


   𝑏  ∈  𝐴 


     𝑏  𝑑   ∈  𝔞 


   𝑐  ∈  𝔞 


   𝑑  𝑐  =  𝑏  𝑎 


   𝑐  =  𝑎    𝑏  𝑑  


   𝔞  =  (    𝑏  𝑑   ) 


   (  𝑎    )    −  1    =  (    𝑎    −  1    ) 


   𝑥  ∈  (  𝑎    )    −  1   


   𝑥  𝑎  =  𝑏 


   𝑥  =  𝑏    𝑎    −  1    ∈  (    𝑎    −  1    ) 


   𝑥  ∈  (    𝑎    −  1    ) 


   𝑥  =    𝑎    −  1    𝑏 


   𝑧  ∈  (  𝑎  ) 


   𝑧  =  𝑦  𝑎 


   𝑦  ∈  𝐴 


   𝑥  𝑧  =    𝑎    −  1    𝑏  𝑦  𝑎  =  𝑏  𝑦  ∈  𝐴 


   (  𝑎  )  (  𝑎    )    −  1    =  (  𝑎  )  (    𝑎    −  1    )  =  (  𝑎    𝑎    −  1    )  =  𝐴  , 


   𝔟  ∩  𝐴 


   𝛽  ∈  𝔟 


   𝑔  =    𝑥  𝑛   𝑓 


   𝑓  (  𝛽  )  −  𝑓  (  0  )  ∈  𝔟 


   𝑓  (  0  )  ∈  𝔟 


   𝑓  (  0  )  ≠  0 


   𝔓 


   𝔭  =  𝔓  ∩  𝐴 


   𝐹  =  𝐴  /  𝔭 


   𝔭 


     𝑓  ¯   ∈  𝐹  [  𝑥  ] 


   𝐴  [  𝑥  ]  →  𝐹  [  𝑥  ] 


     𝛽  ¯  


   𝐵  /  𝔓 


     𝑓  ¯   (    𝛽  ¯   ) 


   𝐹 


   𝐵  /  𝔓  =  𝐹  [  {    𝛽  ¯   ∣  𝛽  ∈  𝐵  }  ] 


   𝑆 


     𝑆    −  1    𝐴 


   𝔞  =  𝐴  ∩  𝔟 


   𝔟  =    𝑆    −  1    𝔞 


     𝑆    −  1    𝔞 


     𝑆    −  1    𝐴  /  𝔟  ≅  𝐴  /  𝔞 


   𝑛  =   deg     𝑓 


   𝑑  ∈  𝑆 


     𝑑  𝑛   𝑓  (    𝑑    −  1    𝑥  )  ∈  𝐴  [  𝑥  ] 


   𝑑  𝛼  ∈  𝐾 


   𝑑  𝛼  ∈  𝐴 


   𝛼  ∈    𝑆    −  1    𝐴 


     𝔭  1   ,  …  ,    𝔭  𝑘  


     𝔭  1   ⋯    𝔭  𝑘   ⊆  𝔞 


   𝔭  =    𝔭  𝑖  


   𝑖  ≤  𝑘 


     𝔞  𝑖   ∈  𝐶 


   𝑖  ≥  1 


     𝔞  𝑖   ⊊    𝔞    𝑖  +  1   


   𝑎  ,  𝑏  ∈  𝐴  −  𝔞 


   𝑎  𝑏  ∈  𝔞 


   𝔞  +  (  𝑎  ) 


   𝔞  +  (  𝑏  ) 


     𝔮  1   ,  …  ,    𝔮  𝑙  


   𝑘  ,  𝑙  ≥  0 


     𝔭  1   ⋯    𝔭  𝑘   ⊆  𝔞  +  (  𝑎  ) 


     𝔮  1   ⋯    𝔮  𝑙   ⊆  𝔞  +  (  𝑏  ) 


     𝔭  1   ⋯    𝔭  𝑘     𝔮  1   ⋯    𝔮  𝑙   ⊆  (  𝔞  +  (  𝑎  )  )  (  𝔞  +  (  𝑏  )  )  ⊆  𝔞  , 


   𝔞  ∈  𝑋 


     𝔭  𝑖  


     𝑏  𝑖   ∈    𝔭  𝑖  


   𝑏  ∉  𝔭 


     𝑏  1   ⋯    𝑏  𝑘   ∉  𝔭 


     𝑏  1   ⋯    𝑏  𝑘   ∉  𝔞 


   𝔭    𝔭    −  1    =  𝐴 


   𝑎  ∈  𝔭 


   𝑘  ≥  1 


     𝔭  1   ⋯    𝔭  𝑘   ⊆  (  𝑎  ) 


     𝔭  𝑘   =  𝔭 


   𝑏  ∈    𝔭  1   ⋯    𝔭    𝑘  −  1   


   𝑏  ∉  (  𝑎  ) 


     𝑎    −  1    𝑏  ∉  𝐴 


     𝑎    −  1    𝑏  𝔭  ⊆    𝑎    −  1      𝔭  1   ⋯    𝔭  𝑘   ⊆  𝐴  , 


     𝑎    −  1    𝑏  ∈    𝔭    −  1   


     𝔭    −  1    𝔭  =  𝔭 


     𝑎    −  1    𝑏  𝔭  ⊆  𝔭 


     𝑎    −  1    𝑏 


   𝔭  ⊊    𝔭    −  1    𝔭  ⊆  𝐴 


     𝔭    −  1    𝔭  =  𝐴 


     𝑟  𝑖   ∈  ℤ 


   𝔞  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


     𝑟  𝑖  


     𝔮  1   ,  …  ,    𝔮  𝑚  


     𝔮  1   ⋯    𝔮  𝑚   ⊆  𝔞 


   𝑚  =  0 


   𝐴  ⊆  𝔞 


   𝔞  =  𝐴 


   𝑚  ≥  1 


   𝔭  =    𝔮  𝑖  


   𝑖  ≤  𝑚 


   𝑖  =  𝑚 


     𝔮  1   ⋯    𝔮    𝑚  −  1    ⊆    𝔮  1   ⋯    𝔮  𝑚     𝔭    −  1    ⊆  𝔞    𝔭    −  1    ⊆  𝐴  . 


     𝔮  1  ′   ,  …  ,    𝔮  ℓ  ′  


   ℓ  <  𝑚 


   𝔞    𝔭    −  1    =    𝔮  1  ′   ⋯    𝔮  ℓ  ′  


   𝑑  𝔞  =    𝔮  1   ⋯    𝔮  𝑚  


   𝑚  ≥  0 


     𝔮  𝑖  


   (  𝑑  )  =    𝔩  1   ⋯    𝔩  𝑛  


     𝔩  𝑖  


   𝔞  =  (  𝑑    )    −  1    (  𝑑  𝔞  )  =    𝔩  1    −  1    ⋯    𝔩  𝑛    −  1      𝔮  1   ⋯    𝔮  𝑚   . 


     𝔮  𝑖   =    𝔩  𝑗  


     𝔮  𝑖     𝔩  𝑗    −  1   


   𝔞  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘    =    𝔮  1    𝑠  1    ⋯    𝔮  𝑙    𝑠  𝑙   


     𝑟  1   ,  …  ,    𝑟  𝑘  


     𝑠  1   ,  …  ,    𝑠  𝑙  


     𝑟  𝑖   <  0 


     𝑠  𝑖   <  0 


     𝔭  𝑖    −    𝑟  𝑖    


     𝔮  𝔦    −    𝑠  𝑖    


     𝑠  𝑖  


   𝑡  =    ∑    𝑖  =  1   𝑘     𝑟  𝑖  


   𝑡  =  0 


   𝑘  =  0 


   𝑙 


     𝔮  1    𝑠  1    ⋯    𝔮  𝑙    𝑠  𝑙   


   𝑡 


     𝔭  𝑘  


     𝔭  𝑘   =    𝔮  𝑖  


   1  ≤  𝑖  ≤  𝑙 


     𝔭  𝑘    −  1   


   𝔠 


   𝔞  =  𝔟  𝔠 


   𝔟  ∣  𝔞 


   𝔞  +  𝔟  =  𝐴 


   𝔞  ⊆  𝔟 


   𝔭  ∣  𝔞 


   𝔭  ∣  𝔟 


   𝔭  ∣  (  𝔞  +  𝔟  ) 


   𝔞  +  𝔟  ≠  𝐴 


   𝔞  +  𝔟  =  𝐴 


   𝔞  =    𝔭  1   ⋯    𝔭  𝑘  


   𝔟  =    𝔮  1   ⋯    𝔮  𝑙  


     𝔮  𝑗  


     𝔭  𝑖   =    𝔮  𝑖  


   1  ≤  𝑖  ≤  𝑡 


   𝑡  ≤   min   (  𝑘  ,  𝑙  ) 


   𝑖  >  𝑡 


   𝔟  =  𝔞  +  𝔟  =    𝔮  1   ⋯    𝔮  𝑡   (    𝔭    𝑡  +  1    ⋯    𝔭  𝑘   +    𝔮    𝑡  +  1    ⋯    𝔮  𝑙   )  =    𝔮  1   ⋯    𝔮  𝑡   , 


   𝑡  =  𝑙 


   𝔞  +  𝔟 


   𝐼  (  𝐴  ) 


   𝔞  ∈  𝐼  (  𝐴  ) 


   𝑃  (  𝐴  ) 


    Cl   (  𝐴  )  =  𝐼  (  𝐴  )  /  𝑃  (  𝐴  ) 


    Cl   (  𝐴  ) 


   𝔞    𝔟    −  1   


   𝔞  =  (  𝑎  ) 


     𝐼  𝐾  


     𝑃  𝐾  


      Cl   𝐾  


   𝐾  =  ℚ  (      −  5    ) 


     𝒪  𝐾   =  ℤ  [      −  5    ] 


   𝔞  =  (  2  ,  1  +      −  5    ) 


     𝑁    𝐾  /  ℚ    (  2  )  =  4 


     𝑁    𝐾  /  ℚ    (  1  +      −  5    )  =  6 


     𝑁    𝐾  /  ℚ    (  𝑥  )  ∈  {  ±  1  ,  ±  2  } 


       𝑁    𝐾  /  ℚ    (  𝑎  +  𝑏      −  5    )  =    𝑎  2   +  5    𝑏  2   


   𝑥  =  ±  1 


   𝔞  =  ℤ  [      −  5    ] 


   𝜙          ∶    ℤ  [      −  5    ]  →  ℤ  /  6  ℤ 


   𝜙  (  𝑎  +  𝑏      −  5    )  =  𝑎  −  𝑏 


             𝜙  (  (  𝑎  +  𝑏      −  5    )  (  𝑐  +  𝑑      −  5    )  )  =  𝜙  (  𝑎  𝑐  −  5  𝑏  𝑑  +  (  𝑎  𝑑  +  𝑏  𝑐  )      −  5    )  =  𝑎  𝑐  −  5  𝑏  𝑑  −  𝑎  𝑑  −  𝑏  𝑐         =  𝑎  𝑐  +  𝑏  𝑑  −  𝑎  𝑑  −  𝑏  𝑐  =  (  𝑎  −  𝑏  )  (  𝑐  −  𝑑  )  .      


   𝜙  (  1  +      −  5    )  =  0 


   𝜙 


   (  1  +      −  5    ) 


   ℤ  [      −  5    ]  /  𝔞  →  ℤ  /  6  ℤ  /  (  2  )  →  ℤ  /  2  ℤ  , 


   𝔞  ≠  ℤ  [      −  5    ] 


      Cl     ℚ  (      −  5    )   


   𝜋 


   (  𝜋  ) 


   𝔭  =  (  𝜋  ) 


     𝔭  𝑛  


   𝜋  ∈  𝔭  −    𝔭  2  


     𝔭  𝑛   =  (    𝜋  𝑛   ) 


     𝐴  𝔭  


   𝐵  =    ⋂  𝔭     𝐴  𝔭  


     𝑐  𝑑   ∈  𝐵 


   𝑑  ≠  0 


   𝔞  =  {  𝑎  ∈  𝐴  ∣  𝑎  𝑐  ∈  (  𝑑  )  }  . 


     𝑐  𝑑   =    𝑟  𝑠  


   𝑟  ∈  𝐴 


   𝑠  ∈  𝐴  −  𝔭 


   𝑠  𝑐  =  𝑟  𝑑 


   𝑠  ∈  𝔞 


   𝔞  ⊈  𝔭 


   𝑐  ∈  (  𝑑  ) 


     𝑐  𝑑   ∈  𝐴 


   𝔮 


   𝔪 


   𝔮    𝐴  𝔪  


     𝐴  𝔪  


   𝔮    𝐴  𝔪   =  𝔪    𝐴  𝔪  


   𝔮  =  𝐴  ∩  𝔮    𝐴  𝔪   =  𝐴  ∩  𝔪    𝐴  𝔪   =  𝔪  . 


   ∞ 


   𝑥  +  𝑦  =  ∞ 


   𝑥  ,  𝑦  ∈  ℤ  ∪  {  ∞  } 


   𝑣          ∶    𝐾  →  ℤ  ∪  {  ∞  } 


   𝑣  (  𝑎  )  =  ∞ 


   𝑎  =  0 


   𝑣  (  𝑎  𝑏  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


   𝑎  ,  𝑏  ∈  𝐾 


   𝑣  (  𝑎  ) 


     𝑣  𝑝  


     𝑣  𝑝   (  0  )  =  ∞ 


     𝑣  𝑝   (  𝑎  )  =  𝑟 


   𝑎  ∈    ℚ  ×  


   𝑎  =    𝑝  𝑟     𝑎  ′  


   𝑟  ∈  ℤ 


     𝑎  ′   ∈    ℚ  ×  


     𝑎  ′  


   𝐹  (  𝑡  ) 


     𝑣  ∞   (    𝑔  ℎ   )  =   deg     ℎ  −   deg     𝑔 


   𝑔  ,  ℎ  ∈  𝐹  [  𝑡  ] 


   ℎ  ≠  0 


    deg     0  =  −  ∞ 


     𝑣  𝔭  


   𝑎  ∈    𝐾  ×  


   (  𝑎  )  =    𝔭      𝑣  𝑝   (  𝑎  )    𝔟    𝔠    −  1   


   𝐴  =  𝐾  [    𝑡    −  1    ] 


   𝔭  =  (    𝑡    −  1    ) 


     𝑣  ∞  


   (    𝑡    −  1    ) 


       𝑔  (  𝑡  )     ℎ  (  𝑡  )    =  (    𝑡    −  1      )     deg     ℎ  −   deg     𝑔        𝐺  (    𝑡    −  1    )     𝐻  (    𝑡    −  1    )    , 


   𝐺  (    𝑡    −  1    )  =    𝑡    −   deg     𝑔    𝑔  (  𝑡  ) 


   𝐻  (    𝑡    −  1    )  =    𝑡    −   deg     ℎ    ℎ  (  𝑡  ) 


     𝑡    −  1   


   (  𝑎  )  =    𝔭  𝑟   𝔞 


   (  𝑏  )  =    𝔭  𝑠   𝔟 


   𝑟  =    𝑣  𝔭   (  𝑎  ) 


   𝑠  =    𝑣  𝔭   (  𝑏  ) 


   (  𝑎  𝑏  )  =    𝔭    𝑟  +  𝑠    𝔞  𝔟 


     𝑣  𝑝   (  𝑎  𝑏  )  =  𝑟  +  𝑠 


   (  𝑎  +  𝑏  )  =    𝔭  𝑟   𝔞  +    𝔭  𝑠   𝔟  =    𝔭     min   (  𝑟  ,  𝑠  )    (    𝔭    𝑟  −   min   (  𝑟  ,  𝑠  )    𝔞  +    𝔭    𝑠  −   min   (  𝑟  ,  𝑠  )    𝔟  )  , 


     𝑣  𝔭   (  𝑎  +  𝑏  )  =   min   (  𝑟  ,  𝑠  )  +    𝑣  𝔭   (    𝔭    𝑟  −   min   (  𝑟  ,  𝑠  )    𝔞  +    𝔭    𝑠  −   min   (  𝑟  ,  𝑠  )    𝔟  )  ≥   min   (  𝑟  ,  𝑠  )  . 


   𝑣  (  −  𝑎  )  =  𝑣  (  𝑎  ) 


   2  𝑣  (  −  1  )  =  𝑣  (  1  )  =  0 


   𝑣  (  −  𝑎  )  =  𝑣  (  −  1  )  +  𝑣  (  𝑎  )  =  𝑣  (  𝑎  ) 


   𝑣  (  𝑎  +  𝑏  )  =   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


   𝑎  ,  𝑏  ∈  𝐾 


   𝑣  (  𝑎  )  ≠  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  )  <  𝑣  (  𝑏  ) 


   𝑣  (  𝑎  )  =  𝑣  (  (  𝑎  +  𝑏  )  −  𝑏  )  ≥   min   (  𝑣  (  𝑎  +  𝑏  )  ,  𝑣  (  𝑏  )  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )  =  𝑣  (  𝑎  )  , 


   𝑣  (  𝑎  )  =   min   (  𝑣  (  𝑎  +  𝑏  )  ,  𝑣  (  𝑏  )  ) 


   𝑣  (  𝑎  +  𝑏  )  =  𝑣  (  𝑎  ) 


     𝒪  𝑣   =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  0  } 


     𝒪  𝑣  


     𝔪  𝑣   =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  1  }  . 


   𝑎  ,  𝑏  ∈    𝒪  𝑣  


   𝑣  (  𝑎  𝑏  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑏  )  ≥  0 


   𝑣  (  −  𝑎  )  =  𝑣  (  𝑎  )  ≥  0 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )  ≥  0 


   𝑎  ∈    𝒪  𝑣  


   𝑥  ,  𝑦  ∈    𝔪  𝑣  


   𝑣  (  𝑥  +  𝑦  )  ≥   min   (  𝑣  (  𝑥  )  ,  𝑣  (  𝑦  )  )  ≥  1 


   𝑣  (  𝑎  𝑥  )  =  𝑣  (  𝑎  )  +  𝑣  (  𝑥  )  ≥  1 


     𝔪  𝑣  


   𝑎  ∈    𝒪  𝑣   −    𝔪  𝑣  


   𝑣  (    𝑎    −  1    )  =  𝑣  (  𝑎  )  +  𝑣  (    𝑎    −  1    )  =  𝑣  (  1  )  =  0 


   𝑎  ∈    𝒪  𝑣  ×  


   𝜋  ∈    𝒪  𝑣  


   𝑣  (  𝜋  )  =  1 


   𝑎  =    𝜋  𝑛   𝑢 


   𝑢  ∈    𝒪  𝑣  ×  


   𝑣  (  𝑢  )  =  0 


   (    𝜋  𝑛   )  ⊆  𝔞 


   𝔞  ⊆  (    𝜋  𝑛   ) 


     𝒪    𝑣  𝑝    =    ℤ    (  𝑝  )    =    {    𝑎  𝑏   ∣  𝑎  ,  𝑏  ∈  ℤ    such that    𝑝  ∤  𝑏  }   . 


   𝑅 


   𝐵  /  𝔟  𝐵 


     𝔣  𝑅  


     𝔣  𝑅   =  {  𝑎  ∈  𝐴  ∣  𝑎  𝐴  ⊆  𝑅  }  . 


   {    𝑎  1   ,  …  ,    𝑎  𝑚   } 


     𝑟  𝑖   ∈  𝑅  −  {  0  } 


     𝑟  𝑖     𝑎  𝑖   ∈  𝑅 


   𝑟  =    𝑟  1   ⋯    𝑟  𝑛  


   𝑟  ∈    𝔣  𝑅  


   𝑟 


   ℤ  [    𝑑   ] 


     𝒪    ℚ  (    𝑑   )   


   (  1  ) 


   𝑑  ≡  2  ,  3         mod         4 


   (  2  ) 


   𝐴  [  𝛼  ] 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ∈    𝔣    𝐴  [  𝛼  ]   


     𝑅  𝔭  


   𝔭  𝐴 


     𝑅  𝔭   →    𝐴    𝔭  𝐴   


     𝔣  𝑅   ⊈  𝔭 


   𝑥  ∈    𝔣  𝑅  


   𝑥  ∉  𝔭 


   𝑥  𝐴  ⊆  𝑅 


   𝑥  ∈    𝑅  𝔭  ×  


   𝐴  ⊆    𝑅  𝔭  


   𝔮  =  𝐴  ∩  𝔭    𝑅  𝔭  


   𝔭  =  𝔮  ∩  𝑅 


   𝔮  ∩  𝑅 


     𝑅  𝔭   ⊆    𝐴  𝔮  


     𝑎  𝑠   ∈    𝐴  𝔮  


   𝑠  ∈  𝐴  −  𝔮 


   𝑥  𝑎  ∈  𝑅 


   𝑥  𝑠  ∉  𝔭 


     𝑎  𝑠   ∈    𝑅  𝔭  


     𝑅  𝔭   =    𝐴  𝔮  


   𝔮  =  𝔭  𝐴 


     𝔮  ′  


     𝐴    𝔮  ′   


   𝔭  𝐴  =    𝔮  𝑒  


   𝑒  ≥  1 


   𝔭    𝑅  𝔭   =  𝔭    𝐴  𝔮   =    𝔮  𝑒     𝐴  𝔮  


   𝔮    𝐴  𝔮  


   𝑒  =  1 


   𝔭  =  𝔭  𝐴  ∩  𝑅 


   𝔭  =  𝔭    𝑅  𝔭   ∩  𝑅  ⊇  𝔭  𝐴  ∩  𝑅 


   {    𝑎  1   ,  …  ,    𝑎  𝑛   } 


     𝑎  𝑖   =      𝑦  𝑖     𝑠  𝑖   


     𝑦  𝑖   ∈  𝑅 


     𝑠  𝑖   ∈  𝑅  −  𝔭 


   𝑠  =    𝑠  1   ⋯    𝑠  𝑛  


   𝑠    𝑎  𝑖   ∈  𝑅 


   𝑠  ∈    𝔣  𝑅  


   𝑠  ∈  𝑅  −  𝔭 


   [  𝐾  ∶  ℚ  ] 


    disc   (  𝑅  ) 


    disc   (  𝑅  )  =  [    𝒪  𝐾   ∶  𝑅    ]  2    disc   (    𝒪  𝐾   )  . 


   𝑅  =    𝒪  𝐾  


   [    𝒪  𝐾   ∶  𝑅  ] 


     𝔣  𝑅   ∩  ℤ 


   𝑓  ≥  1 


   (  𝑓  )  =    𝔣  𝑅   ∩  ℤ 


   𝑓  ⋅    𝒪  𝐾   ⊆  𝑅 


     𝒪  𝐾   /  𝑅 


   𝑝  ∣  𝑓 


   𝔭  ∩    𝒪  𝐾   =  𝑝  ℤ 


   𝔤  =    𝔭    −  1      𝔣  𝑅  


   𝔤  (    𝒪  𝐾   /  𝑅  )  =  𝑝  𝔤  (    𝒪  𝐾   /  𝑅  )  =  (  𝑝    𝔭    −  1    )    𝔣  𝑅   (    𝒪  𝐾   /  𝑅  )  =  0  . 


   𝔤    𝒪  𝐾   ⊆  𝑅 


     𝔣  𝑅   ⊊  𝔤 


   𝔭  𝐵 


          (2.5.1)             𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔      


     𝔓  𝑖  


   1  ≤  𝑖  ≤  𝑔 


   𝑔  ≥  1 


   𝑔  =  1 


     𝑒  1   =  1 


   𝑔  >  1 


   𝐴  =  ℤ 


   𝐿  =  ℚ  (    2   ) 


   𝐵  =    𝒪  𝐿   =  ℤ  [    2   ] 


   𝔭  =  (  2  ) 


   ℚ  (    2   )  /  ℚ 


     2  ℤ  [    2   ]  =  (    2     )  2   .  


   𝔓  =  (    2   ) 


   ℤ  [    2   ]  /  (    2   )  ≅  ℤ  /  2  ℤ 


   𝑎  +  𝑏    2  


   𝑎         mod         2 


   (  3  ) 


   ℤ  [    2   ]  /  (  3  )  ≅    𝔽  3   [    2   ]  ≅    𝔽  9  


   7  ℤ  [    2   ] 


     7  ℤ  [    2   ]  =  (  3  +    2   )  (  3  −    2   )  ,  


   ℤ  [    2   ]  /  (  3  ±    2   ) 


   ℤ  /  7  ℤ 


   𝑎  ∓  3  𝑏 


   (  7  ) 


   𝐴  /  𝔭 


   𝐴  ↪  𝐵 


     𝑒    𝔓  /  𝔭   


     𝔓  𝑒  


     𝑓    𝔓  /  𝔭   


   [  𝐵  /  𝔓  ∶  𝐴  /  𝔭  ] 


   𝐴  ⊆  𝐵  ⊆  𝐶 


   𝑃 


     𝑒    𝔓  /  𝔭    =    𝑒    𝔓  /  𝑃      𝑒    𝑃  /  𝔭       and       𝑓    𝔓  /  𝔭    =    𝑓    𝔓  /  𝑃      𝑓    𝑃  /  𝔭    . 


   (    2   ) 


   2  ℤ 


   3  ℤ  [    2   ] 


   3  ℤ 


   (  3  ±    2   ) 


   7  ℤ 


   𝑖  ≥  0 


     𝔭  𝑖   /    𝔭    𝑖  +  1   


   𝑥  ∈    𝔭  𝑖   −    𝔭    𝑖  +  1   


   (  𝑥  )  =    𝔭  𝑖   𝔞 


   (  𝑥  )  +    𝔭    𝑖  +  1    =    𝔭  𝑖   (  𝔞  +  𝔭  )  =    𝔭  𝑖   , 


   𝑆  ∩  𝔭  =  ∅ 


   𝔭  ∈  𝑃 


   𝐴  /  𝔞  →    𝑆    −  1    𝐴  /    𝑆    −  1    𝔞 


   𝑏  ∈    𝑆    −  1    𝔞  ∩  𝐴 


   𝑏  =    𝑎  𝑠  


   𝑠  ∈  𝑆 


   𝑎  =  𝑏  𝑠 


   (  𝑠  ) 


   (  𝑏  ) 


   𝑏  ∈  𝔞 


   𝑐  ∈  𝐴 


   𝑡  ∈  𝑆 


   (  𝑡  ) 


   (  𝑡  )  +  𝔞  =  𝐴 


   𝑢  ∈  𝐴 


   𝑢  𝑡  −  1  ∈  𝔞 


   𝑐  𝑢  +  𝔞 


     𝑐  𝑡   +    𝑆    −  1    𝔞 


   𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔   


     𝑓  𝑖   =    𝑓      𝔓  𝑖   /  𝔭   


     ∑    𝑖  =  1   𝑔     𝑒  𝑖     𝑓  𝑖   =  [  𝐿  ∶  𝐾  ]  . 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵 


   𝐵  /  𝔭  𝐵  ≅    ∏    𝑖  =  1   𝑔   𝐵  /    𝔓  𝑖    𝑒  𝑖    , 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =    ∑    𝑖  =  1   𝑔      dim     𝐴  /  𝔭      𝐵  /    𝔓  𝑖    𝑒  𝑖    =    ∑    𝑖  =  1   𝑔     ∑    𝑗  =  0       𝑒  𝑖   −  1       dim     𝐴  /  𝔭        𝔓  𝑖  𝑗   /    𝔓  𝑖    𝑗  +  1    . 


     𝔓  𝑖  𝑗   /    𝔓  𝑖    𝑗  +  1   


   𝐵  /    𝔓  𝑖  


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =    ∑    𝑖  =  1   𝑔     𝑒  𝑖        dim     𝐴  /  𝔭      𝐵  /    𝔓  𝑖   =    ∑    𝑖  =  1   𝑔     𝑒  𝑖     𝑓  𝑖   . 


     𝑆    −  1    𝐴  =    𝐴  𝔭  


     𝑆    −  1    𝐵 


     𝑆    −  1    𝐵  /  𝔭    𝑆    −  1    𝐵 


     𝐴  𝔭   /  𝔭    𝐴  𝔭  


   𝑆  ∩    𝔓  𝑖   =  𝑆  ∩  𝐴  ∩    𝔓  𝑖   =  𝑆  ∩  𝔭  =  ∅ 


     𝑆    −  1    𝐵  /  𝔭    𝑆    −  1    𝐵  ≅  𝐵  /  𝔭  𝐵 


     𝐴  𝔭   /  𝔭    𝐴  𝔭   ≅  𝐴  /  𝔭 


      dim     𝐴  /  𝔭      𝐵  /  𝔭  𝐵  =  [  𝐿  ∶  𝐾  ] 


     𝔣    𝐴  [  𝛼  ]   


   ℎ  ∈  𝐴  [  𝑥  ] 


     ℎ  ¯   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     ℎ  ¯   =      ℎ  ¯   1    𝑒  1    ⋯      ℎ  ¯   𝑔    𝑒  𝑔   


       ℎ  ¯   𝑖   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     ℎ  𝑖   ∈  𝐴  [  𝑥  ] 


       ℎ  ¯   𝑖  


     𝔓  𝑖   =  𝔭  𝐵  +  (    ℎ  𝑖   (  𝛼  )  ) 


    deg         ℎ  ¯   𝑖  


   𝔭  𝐵  =    𝔓  1    𝑒  1    ⋯    𝔓  𝑔    𝑒  𝑔   


   𝐴  [  𝑥  ]  →  𝐹  [  𝑥  ]  →  𝐹  [  𝑥  ]  /  (    ℎ  ¯   ) 


   𝔭  𝐴  [  𝑥  ]  +  (  ℎ  ) 


   𝐴  [  𝑥  ]  /  (  𝔭  𝐴  [  𝑥  ]  +  (  ℎ  )  )  ≅  𝐴  [  𝛼  ]  /  𝔭  𝐴  [  𝛼  ] 


   𝐴  [  𝛼  ]  /  𝔭  𝐴  [  𝛼  ]  ≅  𝐹  [  𝑥  ]  /  (    ℎ  ¯   )  ≅    ∏    𝑖  =  1   𝑔   𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    )  , 


     𝑃  𝑖   =  𝔭  𝐴  [  𝛼  ]  +  (    ℎ  𝑖   (  𝛼  )  ) 


     𝑃  𝑖    𝑒  𝑖   


     𝜙  𝑖           ∶    𝐴  [  𝛼  ]  →  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    )  . 


     𝑃  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖   ≅  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖   )  , 


   𝐴  [  𝛼  ]  /    𝑃  𝑖  


     ℎ  𝑖      𝑒  𝑖   −  1   


     𝜙  𝑖  


    ker       𝜙  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    ≅  𝐴  [  𝛼    ]    𝑃  𝑖    /    𝑃  𝑖    𝑒  𝑖    𝐴  [  𝛼    ]    𝑃  𝑖    . 


     𝑃  𝑖   =    𝔓  𝑖   ∩  𝐴  [  𝛼  ] 


     𝔣    𝐴  [  𝛼  ]    ⊆  𝐴  [  𝛼  ] 


   𝐴  [  𝛼    ]    𝑃  𝑖   


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖   


     𝑃  𝑖  𝑚   /    𝑃  𝑖    𝑒  𝑖   


   0  ≤  𝑚  ≤    𝑒  𝑖  


   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    →  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    ) 


    ker       𝜙  𝑖   =    𝑃  𝑖    𝑒  𝑖   


     ∏    𝑖  =  1   𝑔   𝐴  [  𝛼  ]  /    𝑃  𝑖    𝑒  𝑖    →    ∏    𝑖  =  1   𝑔   𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖    𝑒  𝑖    ) 


   𝔭  𝐴  [  𝛼  ]  =    𝑃  1    𝑒  1    ⋯    𝑃  𝑔    𝑒  𝑔   


     𝐵    𝔓  𝑖    ≅    𝐴    𝑃  𝑖   


   𝐵  /    𝔓  𝑖   ≅  𝐹  [  𝑥  ]  /  (      ℎ  ¯   𝑖   ) 


   ℎ  (  𝑥  )  =    𝑥  3   +  𝑥  +  1  ∈  ℤ  [  𝑥  ] 


   ℚ  [  𝑥  ] 


   𝐿  =  ℚ  (  𝛼  ) 


   ℤ  [  𝛼  ] 


   −   31  


   ℎ  (  0  ) 


   ℎ  (  1  ) 


   ℎ  (  𝑥  ) 


   𝐿  /  ℚ 


   ℎ  (  𝑥  )  ≡  (    𝑥  2   +  𝑥  −  1  )  (  𝑥  −  1  )       mod         3  , 


   3  ℤ  [  𝛼  ]  =    𝔓  1     𝔓  2  


     𝔓  1   =  (  3  ,    𝛼  2   +  𝛼  −  1  ) 


     𝔓  2   =  (  3  ,  𝛼  −  1  ) 


   (  𝑝  ) 


   ℚ  (    𝑎   ) 


   ℤ  [    𝑎   ] 


     𝒪    ℚ  (    𝑎   )   


     𝑥  2   −  𝑎 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    ) 


     𝑓  ¯   ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝑓  ¯  


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ≡  0         mod         𝔭 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    )  ∈  𝐴 


   D  (  1  ,  𝛼  ,  …  ,    𝛼    [  𝐿  ∶  𝐾  ]  −  1    ) 


   𝑏  𝐵 


     𝑁    𝐿  /  𝐾    (  𝑏  )  𝐴 


     𝑁    𝐿  /  𝐾    𝑏  ∈  𝔭  =  𝔓  ∩  𝐴 


   (    𝑁    𝐿  /  𝐾    𝑏  ) 


   𝑏 


   𝜎  (  𝐵  ) 


   (  𝜎  (  𝑏  )  ) 


   (    𝑁    𝐿  /  𝐾    (  𝑏  )  ) 


   𝜎  (  𝑏  ) 


     𝑁    𝐿  /  𝐾    (  𝑏  )  ∈    𝐴  ×  


   𝐺  =   Gal   (  𝐿  /  𝐾  ) 


   𝜎  (  𝔓  ) 


   𝜎  ∈  𝐺 


   𝜎  (  𝔓  )  ∩  𝐴  =  𝜎  (  𝔓  ∩  𝐴  )  =  𝜎  (  𝔭  )  =  𝔭  . 


   𝔔 


   𝑏  ∈  𝔔 


   𝑏  ≡  1         mod         𝜎  (  𝔓  ) 


   𝜎  (  𝑏  )  ≡  1         mod         𝔓 


   𝑎  =    𝑁    𝐿  /  𝐾    (  𝑏  )  ∈  𝔭 


   𝑎  =    ∏    𝜎  ∈  𝐺    𝜎  (  𝑏  )  ≡  1         mod         𝔓  . 


   𝑎  ≡  1         mod         𝔭 


     𝐺  𝔓  


     𝐺  𝔓   =  {  𝜎  ∈  𝐺  ∣  𝜎  (  𝔓  )  =  𝔓  }  . 


   𝐺  /    𝐺  𝔓   →  {  𝔔    prime of    𝐵  ∣  𝔔  ∩  𝐵  =  𝔭  } 


   𝜎    𝐺  𝔓  


   𝜎  (  𝔔  ) 


     𝑒    𝜎  (  𝔓  )  /  𝔭    =    𝑒    𝔓  /  𝔭   


     𝑓    𝜎  (  𝔓  )  /  𝔭    =    𝑓    𝔓  /  𝔭   


   𝐺  /    𝐺  𝔓  


   𝔭  𝐵  =    ∏    𝜎  ∈  𝑆    (  𝜎  𝔓    )    𝑒    𝜎  (  𝔓  )  /  𝔭     . 


   𝜏  ∈  𝐺 


   𝜏  (  𝔭  𝐵  )  =  𝔭  𝜏  (  𝐵  )  =  𝔭  𝐵 


   𝔭  𝐵  =  𝜏  (  𝔭  𝐵  )  =    ∏    𝜎  ∈  𝑆    (  𝜎  𝔓    )    𝑒      𝜏    −  1    𝜎  (  𝔓  )  /  𝔭     . 


   𝐸 


     𝑒    𝜎  (  𝔓  )  /  𝔭   


   𝜎          ∶    𝐵  →  𝐵 


   𝜎  (  𝛽  ) 


   𝜎          ∶    𝐵  /  𝔓    ⟶  ∼   𝐵  /  𝜎  (  𝔓  ) 


     𝑓    𝜎  (  𝔓  )  /  𝔭   


     𝑒  𝔭   =    𝑒    𝔓  /  𝔭   


     𝑓  𝔭   =    𝑓    𝔓  /  𝔭   


   𝑒  =    𝑒    𝔓  /  𝔭   


   𝑓  =    𝑓    𝔓  /  𝔭   


   𝑔  =  [  𝐺  ∶    𝐺  𝔓   ] 


   𝔭  𝐵  =    ∏    𝑖  =  1   𝑔   (    𝜎  𝑖   𝔓    )  𝑒  


   {    𝜎  1   ,  ⋯  ,    𝜎  𝑔   } 


   𝑒  𝑓  𝑔  =  [  𝐿  ∶  𝐾  ]  . 


     𝐺    𝜎  (  𝔓  )    =  𝜎    𝐺  𝔓     𝜎    −  1    . 


   𝜏  ∈    𝐺  𝔓  


   𝜎  𝜏    𝜎    −  1    (  𝜎  𝔓  )  =  𝜎  (  𝜏  𝔓  )  =  𝜎  𝔓  , 


   𝜎  𝜏    𝜎    −  1    ∈    𝐺    𝜎  𝔓   


     𝐺    𝜎  (  𝔓  )    =    𝐺  𝔓  


     𝐺  𝔭  


   𝑃  =  𝐶  ∩  𝔓 


     𝑒    𝑃  /  𝔭    =    𝑓    𝑃  /  𝔭    =  1 


     𝑒    𝔓  /  𝔭    ≥    𝑒    𝔓  /  𝑃   


     𝑓    𝔓  /  𝔭    ≥    𝑓    𝔓  /  𝑃   


     𝑒    𝔓  /  𝑃      𝑓    𝔓  /  𝑃    =  [  𝐿  ∶  𝐸  ] 


   [  𝐸  ∶  𝐾  ] 


     𝑒    𝔓  /  𝑃      𝑓    𝔓  /  𝑃    𝑔  =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭      𝑓    𝔓  /  𝔭    𝑔  =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭    =    𝑒    𝔓  /  𝑃   


     𝑓    𝔓  /  𝔭    =    𝑓    𝔓  /  𝑃   


     𝜋  𝔓           ∶      𝐺  𝔓   →   Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  ) 


     𝜋  𝔓   (  𝜎  )  (  𝑏  +  𝔓  )  =  𝜎  (  𝑏  )  +  𝔓 


   𝜎  ∈    𝐺  𝔓  


     𝛼  ¯  


   (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝛼  ¯   ∈  𝐵  /  𝔓 


   𝑏  ,  𝑐  ∈  𝐵 


   𝑏  +  𝔓  =  𝑐  +  𝔓 


   𝑏  −  𝑐  ∈  𝔓 


   𝜎  (  𝔓  )  =  𝔓 


   𝜎  (  𝑏  −  𝑐  )  ∈  𝔓 


     𝜋  𝔓   (  𝜎  )  (  𝑏  +  𝔓  )  =    𝜋  𝔓   (  𝜎  )  (  𝑐  +  𝔓  ) 


     𝜋  𝔓   (  𝜎  ) 


   𝜎  (  𝑏  𝑐  )  +  𝔓  =  𝜎  (  𝑏  𝑐  +  𝔓  )  =  𝜎  (  (  𝑏  +  𝔓  )  (  𝑐  +  𝔓  )  )  =  (  𝜎  (  𝑏  )  +  𝔓  )  (  𝜎  (  𝑐  )  +  𝔓  ) 


   𝑏  ,  𝑐  ∈  𝔓 


     𝜋  𝔓  


     𝜎  ¯  


     𝜃  ¯   ∈  𝐵  /  𝔓 


   𝐴  /  𝔭  =  𝐶  /  𝑃 


   𝜃  ∈  𝐵 


     𝜃  ¯  


   𝑔  ∈  𝐶  [  𝑥  ] 


     𝑔  ¯  


   ℎ  ∈  (  𝐴  /  𝔭  )  [  𝑥  ] 


     𝜎  ¯   (    𝜃  ¯   ) 


   ℎ 


     𝜃  ′  


   𝜎  (  𝜃  )  =    𝜃  ′  


     𝜋  𝔓   (  𝜎  )  (    𝜃  ¯   )  =    𝜎  ¯   (    𝜃  ¯   ) 


     𝜋  𝔓   (  𝜎  )  =    𝜎  ¯  


     𝐼  𝔓  


     𝐺  𝔓   →   Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  ) 


   1  →    𝐼  𝔓   →    𝐺  𝔓     ⟶    𝜋  𝔭     Gal   (  (  𝐵  /  𝔓  )  /  (  𝐴  /  𝔭  )  )  →  1  . 


   𝐿  =  ℚ  (  𝜔  ,    2  3   ) 


   𝐾  =  ℚ  (  𝜔  ) 


   𝐺  =   Gal   (  𝐿  /  ℚ  ) 


   𝑁  =   Gal   (  𝐿  /  𝐾  ) 


   𝐷  (  1  ,    2  3   ,  (    2  3     )  2   )  =    𝑁    ℚ  (    2  3   )  /  ℚ    (  3  (    2  3     )  2   )  =   27   ⋅  4  =   108   , 


   ℤ  [    2  3   ] 


   ℚ  (    2  3   ) 


   𝐾  /  ℚ 


   2    𝒪  𝐿   =  (    2  3     )  3  


     𝐺    (    2  3   )    =  𝐺 


     𝐼    (    2  3   )    =  𝑁 


   3    𝒪  𝐾   =  (  1  −  𝜔    )  2  


     𝑁    𝐿  /  𝐾    (  1  +    2  3   )  =  3 


   1  +    2  3  


   (  1  −  𝜔  ) 


   3    𝒪  𝐿   =    𝔓  6  


   𝔓  =  (  1  +    2  3   ,  1  −  𝜔  )  =    (      1  −  𝜔     1  +    2  3     )   . 


     𝐺  𝔓   =    𝐼  𝔓   =  𝐺 


     3  3   ≡  2         mod         5 


     𝑥  3   −  2 


     𝔽   25   


   (  5  ) 


   5    𝒪  𝐿   =    𝔔  1     𝔔  2     𝔔  3  


     𝔔  𝑖   =  (  5  ,    𝜔    𝑖  −  1      2  3   −  3  ) 


     𝐺    𝔔  𝑖    =   Gal   (  𝐿  /    𝐸  𝑖   ) 


     𝐸  𝑖   =  ℚ  (    𝜔    𝑖  −  1      2  3   ) 


   1  ≤  𝑖  ≤  3 


   5    𝒪    𝐸  1    =    𝔮  1     𝔮  2  


     𝔔  1  


     𝔮  1   =  (  5  ,    2  3   −  3  ) 


     𝔔  2  


     𝔔  3  


     𝔮  2   =  (  5  ,  (    2  3     )  2   +  3    2  3   +  4  ) 


     𝑓      𝔮  1   /  (  5  )    =  1 


     𝑓      𝔮  2   /  (  5  )    =  2 


   𝑁  𝔞  =  [    𝒪  𝐾   ∶  𝔞  ] 


   𝑝  ℤ 


   𝑁  𝔭  =    𝑝  𝑓  


   𝑁          ∶      𝐼  𝐾   →    ℚ  ×  


   𝑁  (  𝔞    𝔟    −  1    )  =  𝑁  𝔞  ⋅  (  𝑁  𝔟    )    −  1   


   𝜑  ∈   Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   ) 


   𝑞 


   𝜑  (  𝑥  )  =    𝑥  𝑞  


   𝑥  ∈    𝔽  𝑞  


     𝜑  𝔓   ∈    𝐺  𝔓  


     𝜑  𝔓   (  𝛼  )  ≡    𝛼    𝑁  𝔭           mod         𝔓 


   𝛼  ∈    𝒪  𝐿  


     𝜑  𝔓  


     𝜇  𝑛   (  𝐾  ) 


     𝜇  𝑛  


   ℓ 


     𝜇  ℓ   (      𝔽  𝑝   ‾   ) 


     𝔽  𝑝  


   ℓ  ≠  𝑝 


   ℓ  =  𝑝 


     𝜇  ℓ   (    𝔽  𝑝   ) 


     𝜇  ℓ  


   𝑝  −  1 


   𝐾  (  𝑆  ) 


   ℚ  (    𝜇  𝑛   ) 


   𝐹  (    𝜇  𝑛   ) 


     𝜁  𝑛  


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜁  𝑛   ) 


     Φ  𝑛   ∈  ℤ  [  𝑥  ] 


     𝑥  𝑛   −  1  =    ∏    𝑑  ∣  𝑛      Φ  𝑑  


   𝜇          ∶      ℤ    ≥  1    →  ℤ 


   𝑛  =    𝑝  1    𝑟  1    ⋯    𝑝  𝑘    𝑟  𝑘   


     𝑝  𝑖  


   𝜇  (  𝑛  )  =    {            (  −  1    )  𝑘              if        𝑟  𝑖   =  1       for      all      1  ≤  𝑖  ≤  𝑘  ,        0               otherwise    .          


     Φ  𝑛   =    ∏    𝑑  ∣  𝑛    (    𝑥  𝑑   −  1    )    𝜇  (  𝑛  /  𝑑  )    . 


     Φ  1   =  𝑥  −  1 


     Φ  2   =  𝑥  +  1 


     Φ  3   =    𝑥  2   +  𝑥  +  1 


     Φ  4   =    𝑥  2   +  1 


     Φ  5   =    𝑥  4   +    𝑥  3   +    𝑥  2   +  𝑥  +  1 


     Φ  6   =    𝑥  2   −  𝑥  +  1 


     Φ   15    =    𝑥  8   −    𝑥  7   +    𝑥  5   −    𝑥  4   +    𝑥  3   −  𝑥  +  1 


     Φ    𝑝  𝑟    =    𝑥      𝑝    𝑟  −  1    (  𝑝  −  1  )    +  ⋯  +    𝑥    𝑝    𝑟  −  1     +  1 


   𝑟  ≥  1 


   𝑖  ,  𝑗  ∈  ℤ 


       1  −    𝜁  𝑛  𝑖      1  −    𝜁  𝑛  𝑗     ∈    𝒪    ℚ  (    𝜇  𝑛   )   ×   . 


   𝑘  ∈  ℤ 


   𝑗  𝑘  ≡  1         mod         𝑛 


       1  −    𝜁  𝑛  𝑖      1  −    𝜁  𝑛  𝑗     =      1  −    𝜁  𝑛    𝑖  𝑗  𝑘       1  −    𝜁  𝑛  𝑗     =  1  +    𝜁  𝑛  𝑗   +  ⋯  +    𝜁  𝑛    𝑗  (  𝑖  𝑘  −  1  )   


   ℤ  [    𝜇  𝑛   ] 


   ℤ  [    𝜇    𝑝  𝑟    ] 


   ℚ  (    𝜇    𝑝  𝑟    ) 


   (  1  −    𝜁    𝑝  𝑟    ) 


   [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  =    𝑝    𝑟  −  1    (  𝑝  −  1  ) 


   [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  ≤   deg       Φ    𝑝  𝑟    =    𝑝    𝑟  −  1    (  𝑝  −  1  ) 


     ∏          𝑖  =  1           𝑝  ∤  𝑖          𝑝  𝑟   −  1    (  1  −    𝜁    𝑝  𝑟   𝑖   )  =    Φ    𝑝  𝑟    (  1  )  =  𝑝  , 


   1  −    𝜁    𝑝  𝑟   𝑖  


   𝑝  ∤  𝑖 


   1  −    𝜁    𝑝  𝑟   𝑗  


   𝑝  ∤  𝑗 


     𝔭      𝑝    𝑟  −  1    (  𝑝  −  1  )   


   𝑝    𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =    𝔭      𝑝    𝑟  −  1    (  𝑝  −  1  )    =  (  1  −    𝜁    𝑝  𝑟      )      𝑝    𝑟  −  1    (  𝑝  −  1  )    . 


    disc   (    𝒪    ℚ  (    𝜇    𝑝  𝑟    )    )  ∣   disc   (  ℤ  [    𝜇    𝑝  𝑟    ]  )  , 


     𝜁    𝑝  𝑟   𝑖   −    𝜁    𝑝  𝑟   𝑗  


   𝑖  ≠  𝑗 


   𝔭  =  (  1  −    𝜁    𝑝  𝑟    ) 


   [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  =  𝜑  (  𝑛  ) 


     𝒪    ℚ  (    𝜇  𝑛   )   


     𝑟  𝑖   ≥  1 


    deg       Φ  𝑛   =    ∑    𝑑  ∣  𝑛    𝜇      (    𝑛  𝑑   )     𝑑  =    ∏    𝑖  =  1   𝑘     𝑝  𝑖      𝑟  𝑖   −  1    (    𝑝  𝑖   −  1  )  =  𝜑  (  𝑛  )  . 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇    𝑛  /  2    ) 


   𝜑  (  𝑛  )  =  𝜑  (  𝑛  /  2  ) 


   𝑘  =  1 


   𝑛  =  𝑚    𝑝  𝑟  


   𝑚  ,  𝑟  ≥  1 


   ℚ  (    𝜇  𝑚   ) 


   𝑘 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇  𝑚   )  ℚ  (    𝜇    𝑝  𝑟    ) 


   [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  =  [  ℚ  (    𝜇  𝑚   )  ∶  ℚ  ]  [  ℚ  (    𝜇    𝑝  𝑟    )  ∶  ℚ  ]  =  𝜑  (  𝑚  )  𝜑  (    𝑝  𝑟   )  =  𝜑  (  𝑛  )  . 


     𝜒  𝑛           ∶       Gal   (  𝐹  (    𝜇  𝑛   )  /  𝐹  )  →  (  ℤ  /  𝑛  ℤ    )  ×  


   𝜎  ∈   Gal   (  𝐹  (    𝜇  𝑛   )  /  𝐹  ) 


     𝑖  𝜎  


   𝜎  (  𝜁  )  =    𝜁    𝑖  𝜎   


   𝜁 


     𝜒  𝑛   (  𝜎  )  =    𝑖  𝜎          mod         𝑛 


     𝜒  𝑛  


   𝑎  ∈  ℤ  /  𝑛  ℤ 


     𝜁  𝑎  


     𝜁  𝑏  


     𝜒  𝑛   (  𝜎  )  =  1 


   𝐹  =  ℚ 


     𝜒  𝑛           ∶       Gal   (  ℚ  (    𝜇  𝑛   )  /  ℚ  )  →  (  ℤ  /  𝑛  ℤ    )  ×  


   ℚ  (    𝜇    𝑝  𝑟    )  /  ℚ 


   𝑛  =    𝑝  𝑟  


    disc   (  ℤ  [    𝜇    𝑝  𝑟    ]  ) 


     𝑝  𝑚  


     𝔣    ℤ  [    𝜇    𝑝  𝑟    ]   


   (    𝑝  𝑚   ) 


     𝜆  𝑟   =  1  −    𝜁    𝑝  𝑟   


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    /  (    𝜆  𝑟   )  ≅  ℤ  /  𝑝  ℤ  . 


          (3.1.1)               𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    .    


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )   


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟   (  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    )  =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝜆  𝑟  2     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    . 


     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    =  ℤ  [    𝜇    𝑝  𝑟    ]  +    𝑝  𝑚     𝒪    ℚ  (    𝜇    𝑝  𝑟    )    ,  =  ℤ  [    𝜇    𝑝  𝑟    ] 


   ℚ  (    𝜇    𝑝  𝑖    𝑟  𝑖     ) 


     𝜁    𝑝  1    𝑟  1      𝑖  1    ⋯    𝜁    𝑝  𝑘    𝑟  𝑘      𝑖  𝑘   


   0  ≤    𝑖  𝑡   ≤    𝑝  𝑡      𝑟  𝑡   −  1    (    𝑝  𝑡   −  1  )  −  1 


   1  ≤  𝑡  ≤  𝑘 


   𝑟  ≥  0 


     𝑝  𝑟  


   𝑚  =    𝑛    𝑝  𝑟   


   (  ℤ  /  𝑚  ℤ    )  ×  


   𝑝  ℤ  [    𝜇  𝑛   ]  =  (    𝔭  1   ⋯    𝔭  𝑔     )    𝜑  (    𝑝  𝑟   )    , 


   𝑔  =    𝑓    −  1    𝜑  (  𝑚  ) 


   𝜑  (    𝑝  𝑟   ) 


   ℤ  [    𝜇  𝑚   ] 


   𝐹  =  ℤ  [    𝜇  𝑚   ]  /  𝔮  =    𝔽  𝑝   (    𝜇  𝑚   )  . 


     𝐹  ×  


   |  𝐹  |  −  1 


   𝐹  =    𝔽    𝑝  𝑓   


   𝑚  ∣  (    𝑝  𝑓   −  1  ) 


     𝑓    −  1    𝜑  (  𝑚  ) 


   ℚ  (    𝜇  𝑛   )  /  ℚ 


   𝑝  ≡  1         mod         𝑛 


   𝜑  (    𝑝  𝑟   )  =  1 


   (  ℤ  /  (  𝑛  /    𝑝  𝑟   )  ℤ    )  ×  


   𝑝  =  2 


   𝑛  =  1 


   𝑛  =  2 


   ℚ  (    𝜇  𝑛   )  =  ℚ 


     𝑝  ∗   =  (  −  1    )    (  𝑝  −  1  )  /  2    𝑝 


   ℚ  (        𝑝  ∗     ) 


   ℚ  (    𝜇  𝑝   ) 


    Gal   (  ℚ  (    𝜇  𝑝   )  /  ℚ  ) 


   ℚ  (    𝜇  𝑝   )  /  ℚ 


   𝐾  =  ℚ  (      𝑝  ′    ) 


     𝑝  ′   =  ±  𝑝 


     𝑝  ′   ≡  3         mod         4 


   ℤ  [      𝑝  ′    ] 


   ℤ  [      𝑝  ′    ]  /  (  2  )  ≅    𝔽  2   [  𝑥  ]  /  (    𝑥  2   −    𝑝  ′   )  ≅    𝔽  2   [  𝑥  ]  /  (  𝑥  +  1    )  2   , 


     𝑝  ∗   ≡  1         mod         4 


     𝑝  ′   =    𝑝  ∗  


   ℚ  (      𝑝  ∗    ) 


     𝐺  𝑞  


   𝑞  ∤  𝑎 


   (    𝑎  𝑞   ) 


     (    𝑎  𝑞   )   =    {            1           if    𝑎    is a square mod    𝑞  ,        −  1           otherwise.           


     𝑎      𝑞  −  1   2    ≡    (    𝑎  𝑞   )          mod         𝑞  . 


     (    𝑝  𝑞   )       (    𝑞  𝑝   )   =  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2     . 


     𝑝      𝑞  −  1   2    ≡  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2          mod         𝑞  . 


   (    𝑝  ∗     )      𝑞  −  1   2    ≡  1         mod         𝑞  , 


   (      𝑝  ∗   𝑞   )  =  1 


     𝑎  2   ≡    𝑝  ∗          mod         𝑞  . 


     𝑥  2   −    𝑝  ∗  


   (  𝑞  ) 


   ℤ  [      𝑝  ∗    ] 


   ℤ  [    𝜇  𝑝   ] 


   (  𝑝  −  1  )  /  𝑓 


   (  𝑝  −  1  )  /  2 


     𝑞      𝑝  −  1   2    ≡  1         mod         𝑝  , 


   (    𝑝  𝑞   )  =  (  −  1    )        𝑝  −  1   2       𝑞  −  1   2    


   (    𝑞  𝑝   )  =  1 


     (      −  1   𝑝   )   =  (  −  1    )      𝑝  −  1   2    , 


     (    2  𝑝   )   =  (  −  1    )        𝑝  2   −  1   8   


     𝑥  𝑛   +    𝑦  𝑛   =    𝑧  𝑛  


   𝑥  𝑦  𝑧  ≠  0 


   𝑛  ≥  3 


   𝑛  =  4 


     𝜁  𝑝  


   𝑥  ,  𝑦  ∈  ℤ 


   𝑝  ∤  𝑥  +  𝑦 


   𝑥  +    𝜁  𝑝  𝑖   𝑦 


   0  ≤  𝑖  ≤  𝑝  −  1 


   𝑥  +    𝜁  𝑝  𝑗   𝑦 


   0  ≤  𝑖  <  𝑗  <  𝑝 


   (    𝜁  𝑝  𝑗   −    𝜁  𝑝  𝑖   )  𝑦 


   (    𝜁  𝑝  𝑗   −    𝜁  𝑝  𝑖   )  𝑥 


   (  1  −    𝜁  𝑝   ) 


   𝑥  +    𝜁  𝑝  𝑖   𝑦  ≡  𝑥  +  𝑦         mod       (  1  −    𝜁  𝑝   ) 


   𝑥  +  𝑦  ≡  0         mod         𝑝 


   𝑥  +  𝑦 


    Gal   (  ℚ  (    𝜇  𝑛   )  /  ℚ  ) 


   −  1 


   𝛼  ∈  ℚ  (    𝜇  𝑛   ) 


   𝜖  ∈  ℤ  [    𝜇  𝑝     ]  ×  


   𝑗  ∈  ℤ 


   𝜖    𝜁  𝑝  𝑗  


   𝜎  (    𝜖  ¯     𝜖    −  1    ) 


   𝜎  ∈   Gal   (  ℚ  (    𝜇  𝑝   )  /  ℚ  ) 


   ℝ 


   Λ 


   {    𝑣  1   ,  …  ,    𝑣  𝑛   } 


   𝐷  =    {    ∑    𝑖  =  1   𝑛     𝑐  𝑖     𝑣  𝑖     |      𝑐  𝑖   ∈  [  0  ,  1  )    for all    1  ≤  𝑖  ≤  𝑛  }   . 


   𝐷 


   𝑥  ∈  Λ 


   𝑦  ∈  𝐷 


   𝑉  ≅    ℝ  𝑛  


   𝑣  ∈  Λ 


   𝑈 


   𝑈  ∩  Λ  =  {  𝑣  } 


   Λ  =    ∑    𝑖  =  1   𝑚   ℤ    𝑣  𝑖  


     𝑣  𝑖   ∈  Λ 


   𝑚  ≤  𝑛 


     𝑣  1   ,  …  ,    𝑣  𝑛  


   𝑣  =    ∑    𝑖  =  1   𝑚     𝑎  𝑖     𝑣  𝑖   ∈  Λ 


     𝑎  𝑖   ∈  ℤ 


   𝑈  =    {  𝑣  +    ∑    𝑖  =  1   𝑛     𝑐  𝑖     𝑣  𝑖     |      𝑐  𝑖   ∈  (  −  1  ,  1  )    for all    1  ≤  𝑖  ≤  𝑛  }  


   𝑊 


     𝑣  1   ,  …  ,    𝑣  𝑚   ∈  Λ 


   Σ  =    ∑    𝑖  =  1   𝑚   ℤ    𝑣  𝑖   ≤  Λ 


   Σ 


   Λ  /  Σ 


   𝑆  ⊂  Λ  ∩  𝐷 


   Λ  ∩  𝐷 


   𝑑  =  [  Λ  ∶  Σ  ] 


   Λ  ⊆    1  𝑑   Σ 


     1  𝑑   Σ  ≅  Σ 


   𝐵  +  Λ 


   𝑣  ∈  𝑉 


   𝑘  𝑣  =    𝑏  𝑘   +    𝑥  𝑘  


     𝑏  𝑘   ∈  𝐵 


     𝑥  𝑘   ∈  Λ 


      lim     𝑘  →  ∞        1  𝑘     𝑏  𝑘   =  0  , 


   𝑣  =     lim     𝑘  →  ∞        1  𝑘     𝑥  𝑘   . 


     1  𝑘     𝑥  𝑘   ∈  𝑊 


   𝑣  ∈  𝑊 


   ⟨    ,    ⟩          ∶    𝑉  ×  𝑉  →  ℝ  . 


     𝜇  𝑉  


   ⟨    ,    ⟩ 


    Vol   (  Λ  ) 


     𝑒  1   ,  …  ,    𝑒  𝑛  


     𝑣  𝑖   =    ∑    𝑗  =  1   𝑛     𝑎    𝑖  𝑗      𝑒  𝑗   , 


    Vol   (  Λ  )  =  |   det     𝐴  |  =  |   det   (  ⟨    𝑣  𝑖   ,    𝑣  𝑗   ⟩  )    |    1  /  2    . 


   ⟨    𝑣  𝑖   ,    𝑣  𝑗   ⟩  =    ∑    𝑘  =  1   𝑛     ∑    𝑙  =  1   𝑛     𝑎    𝑖  𝑘      𝑎    𝑗  𝑙    ⟨    𝑒  𝑘   ,    𝑒  𝑙   ⟩  =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  𝑘      𝑎    𝑗  𝑘    =  (  𝐴    𝐴  𝑇     )    𝑖  𝑗    , 


    det   (  𝐴    𝐴  𝑇   )  =   det   (  𝐴    )  2  


   ℓ  =  {  (  1  −  𝑐  )  𝑣  +  𝑐  𝑤  ∣  𝑐  ∈  [  0  ,  1  ]  } 


   𝑣  ,  𝑤  ∈  𝑇 


   −  𝑣  ∈  𝑇 


   𝑣  ∈  𝑇 


     𝜇    𝐾    ⊗  ℚ   ℝ    (  𝑋  )  >    2  𝑛      Vol   (  Λ  )  . 


   𝑋  ∩  Λ  ≠  {  0  } 


   𝑌  =    1  2   𝑋  =    {    1  2   𝑥  ∣  𝑥  ∈  𝑋  }   . 


   𝑦  ∈  𝑌 


   2  𝑦  ∈  𝑋 


   −  2  𝑦  ∈  𝑋 


     𝑦  ′   ∈  𝑌 


     𝑦  ′   −  𝑦  =    1  2   (  2    𝑦  ′   )  +    1  2   (  −  2  𝑦  )  ∈  𝑋  , 


   𝑌 


     𝜇  𝑉   (  𝑌  )  =    1    2  𝑛      𝜇  𝑉   (  𝑋  )  >   Vol   (  Λ  ) 


   𝑣  +  𝑌 


    Vol   (  Λ  )  ≥    ∑    𝑣  ∈  Λ      𝜇  𝑉   (  𝐷  ∩  (  𝑣  +  𝑌  )  )  =    ∑    𝑣  ∈  Λ      𝜇  𝑉   (  (  𝐷  −  𝑣  )  ∩  𝑌  )  =    𝜇  𝑉   (  𝑌  )  , 


   𝐷  −  𝑣 


   𝑣  ,  𝑤  ∈  Λ 


   (  𝑣  +  𝑌  )  ∩  (  𝑤  +  𝑌  ) 


   𝑣  −  𝑤  ∈  𝑋 


   𝐾  ↪  𝐾    ⊗  ℚ   ℂ    ⟶  ∼     ∏    𝜎        ∶    𝐾  ↪  ℂ    ℂ 


   {  𝜎  ,    𝜎  ¯   } 


     𝜎  ¯   (  𝛼  )  =      𝜎  (  𝛼  )   ‾  


     𝑧  ¯  


   𝑧  ∈  ℂ 


     𝑟  1   (  𝐾  ) 


     𝑟  2   (  𝐾  ) 


     𝑟  1   (  𝐾  )  +  2    𝑟  2   (  𝐾  )  =  [  𝐾  ∶  ℚ  ] 


     𝜅  ℝ           ∶    𝐾    ⊗  ℚ   ℝ    ⟶  ∼     ℝ      𝑟  1   (  𝐾  )    ×    ℂ      𝑟  2   (  𝐾  )   


     𝜅  ℝ   (  𝛼  ⊗  1  ) 


   𝐾  =  ℚ  (  𝜃  ) 


   ℝ  [  𝑥  ] 


   𝑓  =    ∏    𝑖  =  1     𝑟  1    (  𝑥  −    𝛼  𝑖   )  ⋅    ∏    𝑗  =  1     𝑟  2      𝑓  𝑗   , 


     𝑟  1   ,    𝑟  2   ≥  0 


     𝑟  1   +  2    𝑟  2   =  [  𝐾  ∶  ℚ  ] 


     𝛼  𝑖   ∈  ℝ 


     𝑓  𝑗  


   ℝ  [  𝑥  ]  /  (    𝑓  𝑗   )  ≅  ℂ 


   1  ≤  𝑗  ≤    𝑟  2  


   𝑥  +  (    𝑓  𝑗   ) 


   𝐾    ⊗  ℚ   ℝ  ≅    ∏    𝑖  =  1     𝑟  1    ℝ  ×    ∏    𝑖  =  1     𝑟  2    ℂ 


   𝐾    ⊗  ℚ   ℝ 


     𝑟  1   =    𝑟  1   (  𝐾  ) 


     𝑟  2   =    𝑟  2   (  𝐾  ) 


   ℚ  (  𝑖  ) 


   ±  𝑖 


     2  3  


     𝜔    ±  1      2  3  


     𝜄  𝐾           ∶    𝐾  →    ∏    𝑖  =  1     𝑟  1    ℝ  ×    ∏    𝑖  =  1     𝑟  2    ℂ 


     𝜎  𝑖  


   1  ≤  𝑖  ≤    𝑟  1  


     𝜏  𝑖  


   1  ≤  𝑖  ≤    𝑟  2  


     ℝ    𝑟  1    ×    ℂ    𝑟  2   


     𝜇    𝐾    ⊗  ℚ   ℝ   


     ℝ  𝑛   ≅    ℝ    𝑟  1    ×    ℂ    𝑟  2   


   (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    )  ↦  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,   Re   (    𝑧  1   )  ,   Im   (    𝑧  1   )  ,  …  ,   Re   (    𝑧    𝑟  2    )  ,   Im   (    𝑧    𝑟  2    )  )  . 


     𝜄  𝐾   (  𝔞  ) 


    Vol   (    𝜄  𝐾   (  𝔞  )  )  =    2    −    𝑟  2     ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


   𝐴  ∈    𝑀  𝑛   (  ℂ  ) 


   (    𝜎  1   (    𝛼  𝑖   )  ,  …  ,    𝜎    𝑟  1    (    𝛼  𝑖   )  ,    𝜏  1   (    𝛼  𝑖   )  ,        𝜏  1   (    𝛼  𝑖   )   ‾   ,  …  ,    𝜏    𝑟  2    (    𝛼  𝑖   )  ,        𝜏    𝑟  2    (    𝛼  𝑖   )   ‾   ) 


   𝐵  ∈    𝑀  𝑛   (  ℝ  ) 


   (    𝜎  1   (    𝛼  𝑖   )  ,  …  ,    𝜎    𝑟  1    (    𝛼  𝑖   )  ,   Re   (    𝜏  1   (    𝛼  𝑖   )  )  ,   Im   (    𝜏  1   (    𝛼  𝑖   )  )  ,  …  ,   Re   (    𝜏    𝑟  2    (    𝛼  𝑖   )  )  ,   Im   (    𝜏    𝑟  2    (    𝛼  𝑖   )  )  )  . 


    det     𝐴  =  (  −  2  𝑖    )    𝑟  2     det     𝐵 


   |   det     𝐴  |  =  |  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )    |    1  /  2    =  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


    det     𝐵  ≠  0 


    Vol   (    𝜄  𝐾   (  𝔞  )  )  =  |   det     𝐵  | 


   𝐾    ⊗  ℚ   ℝ  ≅    ℝ    𝑟  1    ×    ℂ    𝑟  2   


   ‖  𝑣    ‖  𝐾   =    ∑    𝑖  =  1     𝑟  1    |    𝑥  𝑖   |  +  2    ∑    𝑗  =  1     𝑟  2    |    𝑧  𝑗   | 


   𝑣  =  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    ) 


   𝑡  >  0 


     𝐷  𝑡   =  {  𝑣  ∈  𝐾    ⊗  ℚ   ℝ  ∣  ‖  𝑣    ‖  𝐾   <  𝑡  }  . 


     𝐷  𝑡  


     𝜇    𝐾    ⊗  ℚ   ℝ    (    𝐷  𝑡   )  =    2      𝑟  1   −    𝑟  2       𝜋    𝑟  2        𝑡  𝑛     𝑛  !   


   𝑉  =    𝑅    𝑟  1    ×    ℂ    𝑟  2   


   𝑛  =    𝑟  1   +  2    𝑟  2  


     𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )   


     𝐷  𝑡   =    𝐷  𝑡    (    𝑟  1   ,    𝑟  2   )   


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )    )  =    2    −    𝑟  1       𝜇  𝑉   (    𝐷  𝑡    (    𝑟  1   ,    𝑟  2   )    ) 


     𝑟  2   =  0 


   (    𝑟  1   −  1  ,  0  ) 


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,  0  )    )  =    ∫    𝑥  =  0   𝑡     𝜇  𝑉   (    𝐵    𝑡  −  𝑥     (    𝑟  1   −  1  ,  0  )    )  𝑑  𝑥  =    ∫    𝑥  =  0   𝑡       𝑥    𝑛  −  1      (  𝑛  −  1  )  !    𝑑  𝑥  =      𝑡  𝑛     𝑛  !    . 


     𝑟  2   >  0 


   (    𝑟  1   ,    𝑟  2   −  1  ) 


     𝜇  𝑉   (    𝐵  𝑡    (    𝑟  1   ,    𝑟  2   )    )  =    ∫    𝑟  =  0     𝑡  /  2      ∫    𝜃  =  0     2  𝜋      𝜇  𝑉   (    𝐵    𝑡  −  2  𝑟     (    𝑟  1   ,    𝑟  2   −  1  )    )  𝑟  𝑑  𝑟  𝑑  𝜃  =  2  𝜋        (    𝜋  2   )       𝑟  2   −  1      ∫    𝑟  =  0     𝑡  /  2        (  2  𝑟    )    𝑛  −  2       (  𝑛  −  2  )  !    (  𝑡  −  2  𝑟  )  𝑑  𝑟  =      (    𝜋  2   )     𝑟  2          𝑡  𝑛     𝑛  !    . 


   𝛼  ∈  𝔞  −  {  0  } 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≤      (    4  𝜋   )     𝑟  2          𝑛  !     𝑛  𝑛    ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


          (4.3.1)               𝜇    𝐾    ⊗  ℚ   ℝ    (    𝐷  𝑡   )  >    2  𝑛      Vol   (    𝜄  𝐾   (  𝔞  )  )  .    


     𝜄  𝐾   (  𝛼  ) 


   𝛼  ∈  𝔞 


     𝑁    𝐾  /  ℚ    (  𝛼  ) 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  =  |    𝜎  1   (  𝛼  )  |  ⋯  |    𝜎    𝑟  1    (  𝛼  )  |  |    𝜏  1   (  𝛼  )    |  2   ⋯  |    𝜏    𝑟  2    (  𝛼  )    |  2   , 


     1  𝑛       (    ∑    𝑖  =  1     𝑟  1    |    𝜎  𝑖   (  𝛼  )  |  +  2    ∑    𝑗  =  1     𝑟  2    |    𝜏  𝑗   (  𝛼  )  |  )   . 


   𝛼  ∈    𝐷  𝑡  


     𝑡  𝑛  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  <  (    𝑡  𝑛     )  𝑛  


     2      𝑟  1   −    𝑟  2       𝜋    𝑟  2        𝑡  𝑛     𝑛  !    >    2    𝑛  −    𝑟  2     ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    . 


   𝐶  =      (    4  𝜋   )     𝑟  2          𝑛  !     𝑛  𝑛    ⋅  𝑁  𝔞  ⋅  |   disc   (  𝐾  )    |    1  /  2    , 


   (    𝑡  𝑛     )  𝑛   >  𝐶 


   (    𝑡  𝑛     )  𝑛  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  | 


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≤  𝐶 


     𝐵  𝐾  


     𝐵  𝐾   =      𝑛  !     𝑛  𝑛          (    4  𝜋   )     𝑟  2    |   disc   (  𝐾  )    |    1  /  2    . 


   |   disc   (  𝐾  )    |    1  /  2    ≥      (    𝜋  4   )     𝑟  2          𝑛  𝑛     𝑛  !   


   𝔞  =    𝒪  𝐾  


   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  ≥  1 


   𝛼  ∈    𝒪  𝐾  


   𝑁  𝔞  ≤    𝐵  𝐾  


   𝑑  ∈    𝐾  ×  


   𝔟  =  𝑑    𝔞    −  1   


   𝛽  ∈  𝔟  −  {  0  } 


   |    𝑁    𝐾  /  ℚ    (  𝛽  )  |  ≤    𝐵  𝐾   ⋅  𝑁  𝔟 


   (  𝛽  )  =  𝔟  𝔠 


     𝔟    −  1   


   |    𝑁    𝐾  /  ℚ    (  𝛽  )  |  =  𝑁  𝔟  ⋅  𝑁  𝔠 


   𝑁  𝔠  ≤    𝐵  𝐾  


   𝑁  𝔞  =    𝑝  1      𝑟  1     𝑓  1     ⋯    𝑝  𝑘      𝑟  𝑘     𝑓  𝑘     , 


   𝑁    𝔭  𝑖   =    𝑝  𝑖    𝑓  𝑖   


   𝑁  𝔞 


      log   2   (    𝐵  𝐾   ) 


     ℎ  𝐾  


    disc   (  𝐾  )  =  −   20  


     𝐵  𝐾   =    2  𝜋      20    <  3  . 


   ℤ  [      −  5    ] 


     ℎ  𝐾   ≥  2 


     ℎ  𝐾   =  2 


   𝐾  =  ℚ  (     17    ) 


    disc   (  𝐾  )  =   17  


     𝐵  𝐾   =    1  2      17    <  3  . 


   𝛼  =         17    +  1   2  


     𝒪  𝐾   =  ℤ  [  𝛼  ] 


   𝔭  ∩  ℤ  =  (  𝑝  ) 


     𝑥  2   −  𝑥  −  4 


   𝔭  =  (  𝛼  ) 


   𝑁  (  𝛼  )  =  ±  2 


     𝑁    𝐾  /  ℚ        (         17    +  5   2   )   =       25   −   17    4   =  2  , 


   𝑛  ,  𝑁  ≥  1 


   [  ℚ  (  𝛼  )  ∶  ℚ  ]  ≤  𝑛 


   |  𝜎  (  𝛼  )  |  ≤  𝑁 


   ℚ  (  𝛼  ) 


   𝑓  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖  


   ℂ  [  𝑥  ] 


   𝑓  =    ∏  𝜎   (  𝑥  −  𝜎  (  𝛼  )  ) 


   |    𝑎  𝑖   | 


   |    𝑎  𝑖   |  ≤    𝑁    𝑛  −  𝑖        (    𝑛  𝑖   )  


   |  𝜎  (  𝛼  )  |  =  1 


     𝛼  𝑛  


   ⟨  𝛼  ⟩ 


   𝛼  ∈  𝜇  (  𝐾  ) 


   𝜇  (  𝐾  )  =  𝑇 


     𝒪  𝐾  ×  


     ℓ  𝐾           ∶      𝐾  ×   →    ℝ      𝑟  1   +    𝑟  2    


   𝛼  ∈    𝐾  ×  


     ℓ  𝐾   (  𝛼  )  =  (   log   |    𝜎  1   (  𝛼  )  |  ,  …  ,   log   |    𝜎    𝑟  1    (  𝛼  )  |  ,   log   |    𝜏  1   (  𝛼  )  |  ,  …  ,   log   |    𝜏    𝑟  2    (  𝛼  )  |  )  , 


     𝜎  1   ,  …  ,    𝜎    𝑟  1   


     𝜏  1   ,  …  ,    𝜏    𝑟  2   


     ℓ  𝐾   (    𝒪  𝐾  ×   ) 


     ℝ      𝑟  1   +    𝑟  2    


   𝐻  =  {  (    𝑥  1   ,  …  ,    𝑥      𝑟  1   +    𝑟  2     )      |        ∑    𝑖  =  1     𝑟  1      𝑥  𝑖   +  2    ∑    𝑗  =  1     𝑟  2      𝑥    𝑗  +    𝑟  1     =  0  }  , 


    ker       ℓ  𝐾   =  𝜇  (  𝐾  ) 


   𝛼  ∈    𝒪  𝐾  ×  


     ∑    𝑖  =  0     𝑟  1     log   |    𝜎  𝑖   (  𝛼  )  |  +  2    ∑    𝑗  =  0     𝑟  2     log   |    𝜏  𝑗   (  𝛼  )  |  =   log   |    𝑁    𝐾  /  ℚ    (  𝛼  )  |  =  0  , 


     ℓ  𝐾   (  𝛼  )  ∈  𝐻 


   𝑁  ≥  0 


     𝐷  𝑁   =  {  (    𝑥  1   ,  …  ,    𝑥      𝑟  1   +    𝑟  2     )  ∈  𝐻  ∣  |    𝑥  𝑖   |  ≤  𝑁    for all    𝑖  } 


   𝐻 


     𝐷  𝑁  


   𝑈  ∩    ℓ  𝐾   (    𝒪  𝐾  ×   ) 


   {  0  } 


     ℓ  𝐾   (  𝛼  )  +  𝑈 


   {    ℓ  𝐾   (  𝛼  )  } 


   1  →  𝜇  (  𝐾  )  →    𝒪  𝐾  ×     ⟶    ℓ  𝐾      ℓ  𝐾   (    𝒪  𝐾  ×   )  →  0 


     𝑟  1   +    𝑟  2   −  1 


   𝐴  =  (    𝑎    𝑖  𝑗    )  ∈    𝑀  𝑘   (  ℝ  ) 


     𝑎    𝑖  𝑗    <  0 


     ∑    𝑗  =  1   𝑘     𝑎    𝑖  𝑗    >  0 


   𝑣  =  (    𝑣  1   ,  …  ,    𝑣  𝑘   )  ∈    ℝ  𝑘  


   𝐴  𝑣  =  0 


     𝑣  𝑗   =  1 


   |    𝑣  𝑖   |  ≤  1 


          (4.4.1)             0  =    ∑    𝑖  =  1   𝑘     𝑎    𝑗  𝑖      𝑣  𝑖   =    𝑎    𝑗  𝑗    +    ∑          𝑖  =  1           𝑖  ≠  𝑗      𝑘     𝑎    𝑗  𝑖      𝑣  𝑖   .    


     𝑎    𝑗  𝑖      𝑣  𝑖   ≥    𝑎    𝑗  𝑖   


     𝑎    𝑗  𝑖   


     𝑣  𝑖   ≤  1 


     ∑    𝑖  =  1   𝑘     𝑎    𝑖  𝑗    >  0 


     𝜅  ℝ  


   [    ⋅    ]          ∶    𝐾    ⊗  ℚ   ℝ  →  ℝ 


   [  (    𝑥  1   ,  …  ,    𝑥    𝑟  1    ,    𝑧  1   ,  …  ,    𝑧    𝑟  2    )  ]  =  |    𝑥  1   |  ⋯  |    𝑥    𝑟  1    |  |    𝑧  1     |  2   ⋯  |    𝑧    𝑟  2      |  2   , 


     𝑥  𝑖   ∈  ℝ 


     𝑧  𝑗   ∈  ℂ 


   𝐷  =  {  𝑣  ∈  𝐾    ⊗  ℚ   ℝ  ∣  1  /  2  ≤  [  𝑣  ]  ≤  1  }  . 


     𝜇  𝑉   (  𝑋  )  >    2      𝑟  1   +    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    . 


     𝛼  1   ,  …  ,    𝛼  𝑠   ∈    𝒪  𝐾  


   𝑠  ≥  1 


   𝑣  ∈  𝐷 


   𝜖  ∈    𝒪  𝐾  ×  


   1  ≤  𝑖  ≤  𝑠 


   𝑣    𝜄  𝐾   (  𝜖  )  ∈    𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋 


   𝑤  ∈  𝐾    ⊗  ℚ   ℝ 


   𝑤  ⋅    𝜄  𝐾   (    𝒪  𝐾   )  =  {  𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ∣  𝛼  ∈    𝒪  𝐾   } 


     2    −    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    ⋅  [  𝑤  ] 


   𝑤  ∈  𝐷 


   [  𝑤  ]  ≤  1 


     2  𝑛      Vol   (  𝑤  ⋅    𝜄  𝐾   (    𝒪  𝐾   )  )  ≤    2  𝑛      Vol   (    𝜄  𝐾   (    𝒪  𝐾   )  )  =    2      𝑟  1   +    𝑟  2     |   disc   (  𝐾  )    |    1  /  2    , 


   𝛼  ∈    𝒪  𝐾   −  {  0  } 


   𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ∈  𝑋 


   𝑀  >  0 


   [  𝑥  ]  ≤  𝑀 


   𝑥  ∈  𝑋 


   [  𝑤  ⋅    𝜄  𝐾   (  𝛼  )  ]  ≤  𝑀 


   [  𝑤  ]  ≥    1  2  


   [    𝜄  𝐾   (  𝛼  )  ]  ≤  2  𝑀 


   𝑁  (  𝛼    𝒪  𝐾   )  ≤  2  𝑀 


   2  𝑀 


   𝛼    𝒪  𝐾  


   𝑤  ⋅    𝜄  𝐾   (  𝛼    𝒪  𝐾   )  ∩  𝑋  ≠  {  0  } 


     𝛼  1     𝒪  𝐾   ,  …  ,    𝛼  𝑠     𝒪  𝐾  


   𝛽  ∈    𝒪  𝐾   −  {  0  } 


   𝑣  ⋅    𝜄  𝐾   (  𝛽  )  ∈  𝑋 


   𝛽    𝒪  𝐾   =    𝛼  𝑖     𝒪  𝐾  


   𝜖  =  𝛽    𝛼  𝑖    −  1    ∈    𝒪  𝐾  ×  


   𝑣  ⋅    𝜄  𝐾   (  𝜖  )  ∈    𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋 


     𝒪  𝐾  ×   ≅    ℤ      𝑟  1   (  𝐾  )  +    𝑟  2   (  𝐾  )  −  1    ×  𝜇  (  𝐾  )  . 


   𝑌  =    ⋃    𝑖  =  1   𝑠     𝜄  𝐾   (    𝛼  𝑖    −  1    )  𝑋  . 


   𝑁 


   (    𝜆  1   ,  …  ,    𝜆      𝑟  1   +    𝑟  2     )  ∈  𝑌 


   |    𝜆  𝑖   |  ≤  𝑁 


   1  ≤  𝑖  ≤    𝑟  1   +    𝑟  2  


     𝑣    (  𝑖  )    =  (    𝑣  1    (  𝑖  )    ,  …  ,    𝑣      𝑟  1   +    𝑟  2      (  𝑖  )    )  ∈  𝐾    ⊗  ℚ   ℝ 


   |    𝑣  𝑗    (  𝑖  )    |  >  𝑁 


   𝑗  ≠  𝑖 


   [    𝑣    (  𝑖  )    ]  =  1 


     𝑣    (  𝑖  )    ∈  𝐷 


     𝜖    (  𝑖  )    ∈    𝒪  𝐾  ×  


     𝑣    (  𝑖  )    ⋅    𝜄  𝐾   (    𝜖    (  𝑖  )    )  ∈  𝑌 


     𝜄  𝐾   (    𝜖    (  𝑖  )    )  =  (    𝜖  1    (  𝑖  )    ,  …  ,    𝜖      𝑟  1   +    𝑟  2      (  𝑖  )    )  =  (    𝜎  1   (    𝜖    (  𝑖  )    )  ,  …  ,    𝜎    𝑟  1    (    𝜖    (  𝑖  )    )  ,    𝜏  1   (    𝜖    (  𝑖  )    )  ,  …  ,    𝜏    𝑟  2    (    𝜖    (  𝑖  )    )  ) 


   |    𝜖  𝑗    (  𝑖  )    |  <  1 


     ℓ  𝐾   (    𝜖    (  𝑖  )    ) 


     𝑟  1   +    𝑟  2   >  1 


     𝑎    𝑖  ,  𝑗    =    {             log   |    𝜎  𝑗   (    𝜖    (  𝑖  )    )  |           for    1  ≤  𝑗  ≤    𝑟  1         2     log   |    𝜏    𝑗  −    𝑟  1     (    𝜖    (  𝑖  )    )  |           for      𝑟  1   +  1  ≤  𝑗  ≤    𝑟  1   +    𝑟  2   .          


   𝐴  =  (    𝑎    𝑖  ,  𝑗      )    𝑖  ,  𝑗    ∈    𝑀      𝑟  1   +    𝑟  2   −  1    (  ℝ  ) 


   𝑖  <    𝑟  1   +    𝑟  2  


     ∑    𝑗  =  1       𝑟  1   +    𝑟  2   −  1      𝑎    𝑖  ,  𝑗    =  −    𝑎    𝑖  ,    𝑟  1   +    𝑟  2     >  0 


     ℓ  𝐾   (    𝜖    (  𝑖  )    )  ∈  𝐻 


   𝑖  ≠    𝑟  1   +    𝑟  2  


   1  ≤  𝑖  <    𝑟  1   +    𝑟  2  


   𝑑  ∈  ℤ 


   𝑑  >  0 


     𝑟  1   (  𝐾  )  =  2 


     𝑟  2   (  𝐾  )  =  0 


     𝜁  2   =  1 


   𝜇  (  𝐾  )  =  {  ±  1  } 


     𝒪  𝐾  ×   ≅  ℤ  /  2  ℤ  ×  ℤ  . 


   𝑑  <  0 


     𝑟  1   (  𝐾  )  =  0 


     𝑟  2   (  𝐾  )  =  1 


   [  𝐾  ∶  ℚ  ]  =  2 


   6 


   ℚ  (  𝑖  )  =  ℚ  (      −  1    ) 


   ℚ  (  𝜔  )  =  ℚ  (      −  3    ) 


     𝒪  𝐾  ×   ≅  ℤ  /  2  ℤ 


   𝑑  =  −  1 


   𝑑  =  −  3 


     𝒪  𝐾  ×   ≅  ℤ  /  4  ℤ 


   ℤ  /  6  ℤ 


   𝐾  =  ℚ  (    2   ) 


   ±  𝜖 


   𝜖  =  𝑎  +  𝑏    2  


     𝑁    𝐾  /  ℚ    (  𝑎  +  𝑏    2   )  =    𝑎  2   −  2    𝑏  2   =  ±  1 


   𝜖 


   𝑎  ,  𝑏  >  0 


   {  ±  𝜖  ,  ±    𝜖    −  1    }  =  {  ±  𝑎  ±  𝑏    2   }  . 


     𝜖  𝑛   =    𝑎  𝑛   +    𝑏  𝑛     2  


   𝑛  >  1 


     𝑎  𝑛   >  𝑎 


     𝑏  𝑛   >  𝑏 


     𝑎  2   −  2    𝑏  2   =  ±  1 


   𝑎  >  0 


   𝑏  >  0 


   𝑎  =  𝑏  =  1 


   1  +    2  


   2  𝑛 


   ℤ  [    𝜇  𝑛     ]  ×   ≅    ℤ        𝜑  (  𝑛  )   2   −  1    ×    𝜇  𝑚   . 


   𝜇  (  𝐾  ) 


   2  𝑝 


         𝜖  ¯     𝜁  𝑝    −  𝑗       𝜖    𝜁  𝑝  𝑗     =    𝜁  𝑝    −  2  𝑗        𝜖  ¯   𝜖  


     𝜖  ¯     𝜖    −  1   


     𝜖  ¯     𝜖    −  1    =  −    𝜁  𝑝  𝑖  


   𝑖  ∈  ℤ 


   𝜖  ≡  𝑐         mod       (  1  −    𝜁  𝑝   ) 


   𝑐  ∈  ℤ 


     𝜖  ¯   ≡  𝑐         mod       (  1  −    𝜁  𝑝   ) 


     𝜖  ¯   =  −    𝜁  𝑝  𝑖   𝜖  ≡  −  𝜖  ≡  −  𝑐         mod       (  1  −    𝜁  𝑝   )  , 


   ℤ  [    𝜇  𝑝   ]  /  (  𝑝  ) 


   ℤ  [    𝜇  𝑝   ]  /  (  𝑝  )  ≅  ℤ  [  𝑥  ]  /  (    Φ  𝑝   ,  𝑝  )  ≅    𝔽  𝑝   [  𝑥  ]  /  (    Φ  𝑝   )  ≅    𝔽  𝑝   [  𝑥  ]  /  (  𝑥  −  1    )    𝑝  −  1    , 


   1  ,  𝑥  ,  …  ,    𝑥    𝑝  −  1   


      Cl     ℚ  (    𝜇  𝑝   )   


   𝑥  ,  𝑦  ,  𝑧 


   𝑝  ∤  𝑥  𝑦  𝑧 


     𝑥  𝑝   +    𝑦  𝑝   =    𝑧  𝑝  


     𝑥  𝑝   +    𝑦  𝑝   =    𝑧  𝑝  


   (  𝑥  ,  𝑦  )  =  (  1  ) 


   𝑝  =  3 


   9 


   𝑝  ≥  5 


   𝑥  ≡  𝑦  ≡  −  𝑧         mod         𝑝 


   2    𝑥  𝑝   ≡  −    𝑥  𝑝          mod         𝑝 


   3    𝑥  𝑝  


   𝑝  ∣  𝑥  −  𝑦 


   𝑝  ∤  𝑥  +  𝑧 


   −  𝑧 


     𝑥  𝑝   +  (  −  𝑧    )  𝑝   =  (  −  𝑦    )  𝑝  


   𝑝  ∤  𝑥  −  𝑦 


     𝑥  𝑝   +    𝑦  𝑝  


     ∏    𝑖  =  0     𝑝  −  1    (  𝑥  +    𝜁  𝑝  𝑖   𝑦  )  =    𝑧  𝑝   . 


   𝑧  ≡  𝑥  +  𝑦         mod         𝑝 


   (  𝑥  +    𝜁  𝑝  𝑖   𝑦  ) 


   (  𝑥  +    𝜁  𝑝   𝑦  )  =    𝔞  𝑝  


   𝛼  ∈  ℤ  [    𝜇  𝑝   ] 


   𝑥  +    𝜁  𝑝   𝑦  =  𝜖    𝛼  𝑝  


   𝛼  =  𝑐  +  𝑑  (  1  −  𝜁  ) 


   𝑑  ∈  ℤ  [    𝜇  𝑝   ] 


     𝛼  𝑝   ≡    𝑐  𝑝   +    𝑑  𝑝   (  1  −  𝜁    )  𝑝   ≡  𝑐         mod       (  𝑝  )  . 


     𝜖  ′   =    𝜁  𝑝  𝑗   𝜖 


   𝑥  +    𝜁  𝑝   𝑦  ≡    𝜁  𝑝    −  𝑗      𝜖  ′   𝑐         mod       (  𝑝  )  , 


   𝑥  +    𝜁  𝑝    −  1    𝑦  ≡    𝜁  𝑝  𝑗     𝜖  ′   𝑐         mod       (  𝑝  )  . 


     𝜁  𝑝    2  𝑗    (  𝑥  +    𝜁  𝑝   𝑦  )  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦         mod       (  𝑝  )  . 


     𝜁  𝑝    2  𝑗   


     𝜁  𝑝    2  𝑗  +  1   


     𝜁  𝑝    −  1   


   𝑝  −  1  ≥  4 


   1  =    𝜁  𝑝    2  𝑗   


     𝜁  𝑝    2  𝑗  +  2   


   𝑥  +    𝜁  𝑝   𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦         mod       (  𝑝  )  , 


     𝜁  𝑝    −  1    𝑥  +  𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦     mod       (  𝑝  )  , 


   𝑥  −  𝑦 


     𝜁  𝑝    −  2    𝑥  +    𝜁  𝑝    −  1    𝑦  ≡  𝑥  +    𝜁  𝑝    −  1    𝑦     mod       (  𝑝  )  , 


   𝑝  ∣  𝑥  𝑦  𝑧 


     𝔽  𝑝   (  𝑡  ) 


     𝔽  𝑝   (  𝑢  ) 


   𝑢  ∈  𝐾 


     𝔽  𝑝   [  𝑡  ] 


     𝑒  𝔭  


     𝑓  𝔭  


   𝔭  ∩  ℤ 


   𝔭  ∩    𝔽  𝑝   [  𝑡  ] 


   𝜎          ∶      𝔽  𝑝   (  𝑡  )  →    𝔽  𝑝   (  𝑡  ) 


     𝔽  𝑝   [    𝑡    −  1    ] 


   𝑢  =    𝑡    −  1   


   𝜎          ∶      𝔽  𝑝   [  𝑡  ,    𝑡    −  1    ]    ⟶  ∼     𝔽  𝑝   [  𝑢  ,    𝑢    −  1    ]  . 


    Spec       𝔽  𝑝   [  𝑡  ] 


    Spec       𝔽  𝑝   [    𝑡    −  1    ] 


     ℙ    𝔽  𝑝   1  


    Spec       𝔽  𝑝   [  𝑡  ,    𝑡    −  1    ] 


     𝑓  𝑔  


    deg     𝑔  −   deg     𝑓 


   (  𝑓  )  =  𝔭  ∩    𝔽  𝑝   [    𝑡    −  1    ] 


   𝑅  /  𝔭 


   (  𝑓  ) 


   𝑓  𝑅 


   |        |          ∶    𝐾  →    ℝ    ≥  0   


   |  𝑎  |  =  0 


   |  𝑎  𝑏  |  =  |  𝑎  |  |  𝑏  | 


   |  𝑎  +  𝑏  |  ≤  |  𝑎  |  +  |  𝑏  | 


   |        | 


   |  𝜁  |  =  1 


   𝜁  ∈    𝐾  ×  


   |  𝑎  |  =  1 


   𝑑  (  𝑎  ,  𝑏  )  =  |  𝑎  −  𝑏  | 


   |          |  1  


   |          |  2  


   |  𝑎    |  1   <  1 


   |  𝑎    |  2   <  1 


   𝑠  >  0 


   |  𝑎    |  2   =  |  𝑎    |  1  𝑠  


   𝑏  ∈  𝐾 


   |  𝑏    |  1   >  1 


     𝑏    −  𝑛   


     𝑎  𝑛  


   |    𝑎  𝑛     |  𝑖   =  |  𝑎    |  𝑖  𝑛  


   |  𝑎    |  𝑖   <  1 


   𝑠  =       log   |  𝑏    |  2       log   |  𝑏    |  1     >  0 


   |  𝑏    |  2   =  |  𝑏    |  1  𝑠  


   𝑡  =       log   |  𝑎    |  1       log   |  𝑏    |  1     ∈  ℝ 


   |  𝑎    |  1   =  |  𝑏    |  1  𝑡  


   𝑚  ,  𝑛  ∈  ℤ 


   𝑛  ≠  0 


   𝑡  <  𝑞  =    𝑚  𝑛  


   |  𝑎    |  1   =  |  𝑏    |  1  𝑡   <  |  𝑏    |  1  𝑞   , 


       |      𝑎  𝑛     𝑏  𝑚    |   1   <  1  , 


   |    𝑎  𝑛     𝑏    −  𝑚      |  2   <  1 


   |  𝑎    |  2   <  |  𝑏    |  2  𝑞  


   𝑞  >  𝑡 


   |  𝑎    |  2   ≤  |  𝑏    |  2  𝑡  


   𝑞  <  𝑡 


   |  𝑎    |  1   >  |  𝑏    |  1  𝑞  


   |    𝑎    −  𝑛      𝑏  𝑚     |  1   <  1 


   |    𝑎    −  𝑛      𝑏  𝑚     |  2   <  1 


   |  𝑎    |  2   >  |  𝑏    |  2  𝑞  


   |  𝑎    |  2   ≥  |  𝑏    |  2  𝑡  


   |  𝑎    |  2   =  |  𝑏    |  2  𝑡   =  |  𝑏    |  1    𝑠  𝑡    =  |  𝑎    |  1  𝑠   . 


   𝑖  ∈  {  1  ,  2  } 


     𝐵  𝑖   (  𝑎  ,  𝜖  )  =  {  𝑏  ∈  𝐾  ∣  |  𝑎  −  𝑏    |  𝑖   <  𝜖  } 


   𝜖  >  0 


     𝐵  1   (  𝑎  ,  𝜖  )  =    𝐵  2   (  𝑎  ,    𝜖  𝑠   ) 


   𝑠  >  1 


   |          |  𝑠  


   |          |  2  


     2  2   >    1  2   +    1  2  


   |  𝑎  +  𝑏  |  ≤   max   (  |  𝑎  |  ,  |  𝑏  |  ) 


   |  𝑛  ⋅  1  |  ≤  1 


   𝑛  ≥  2 


   𝑛  ⋅  1  ∈  𝐾 


   |  𝑛  |  ≤   max   (  |  1  |  ,  …  ,  |  1  |  )  =  1 


   |  𝑛  |  ≤  1 


   𝑛  ∈  ℤ 


   𝛼  ,  𝛽  ∈  𝐾 


   |  𝛼  +  𝛽    |  𝑘   ≤    ∑    𝑖  =  0   𝑘     |    (    𝑘  𝑖   )       𝛼  𝑖     𝛽    𝑘  −  𝑖    |   ≤    ∑    𝑖  =  0   𝑘     |    (    𝑘  𝑖   )   |      max   (  |  𝛼  |  ,  |  𝛽  |    )  𝑘   ≤  (  𝑘  +  1  )   max   (  |  𝛼  |  ,  |  𝛽  |    )  𝑘   . 


   |  𝛼  +  𝛽  |  ≤  (  1  +  𝑘    )    1  𝑘     max   (  |  𝛼  |  ,  |  𝛽  |  )  , 


   𝑣          ∶    𝐾  →  ℝ  ∪  {  ∞  } 


   𝑐  >  1 


   |  𝑎  |  =    𝑐    −  𝑣  (  𝑎  )   


   ( 


     𝑐    −  ∞    =  0  ) 


   𝑓  (  𝑥  )  =    𝑐    −  𝑥   


   𝑔  (  𝑥  )  =  −     log   𝑐   (  𝑥  ) 


   ℝ  ∪  {  ∞  } 


     ℝ    ≥  0   


     𝑐    −  (  𝑣  (  𝑎  )  +  𝑣  (  𝑏  )  )    =    𝑐    −  𝑣  (  𝑎  )      𝑐    −  𝑣  (  𝑏  )    , 


   𝑣  (  𝑎  +  𝑏  )  ≥   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  ) 


     𝑐    −  𝑣  (  𝑎  +  𝑏  )    ≤    𝑐    −   min   (  𝑣  (  𝑎  )  ,  𝑣  (  𝑏  )  )    =   max   (    𝑐    −  𝑣  (  𝑎  )    ,    𝑐    −  𝑣  (  𝑏  )    )  , 


   |  𝑎  +  𝑏  |  ≤   max   (  |  𝑎  |  +  |  𝑏  |  ) 


   𝑎  =  ∞ 


     𝑐    −  𝑎    =  0 


   |    𝐾  ×   | 


     ℝ  ×  


   |  𝑎  | 


   𝑐  ∈    ℝ    >  1   


   𝑣  (  𝑎  )  =     log   𝑐   (  |  𝑎  |  ) 


   ℤ  ∪  {  ∞  } 


      log   𝑐           ∶      ℝ    >  0    →  ℝ 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤  1  } 


   𝔪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  <  1  } 


   𝑎  ,  𝑏  ∈  𝒪 


   |  𝑎  𝑏  |  =  |  𝑎  |  ⋅  |  𝑏  |  ≤  1 


   |  𝑎  ±  𝑏  |  ≤   max   (  |  𝑎  |  ,  |  𝑏  |  )  ≤  1 


   𝒪 


   𝑎  ∈  𝒪  −  𝔪 


   |    𝑎    −  1    |  =  |  𝑎    |    −  1    =  1 


     𝑎    −  1    ∈  𝒪 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤  1  }  . 


   𝒪  =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  ≥  0  } 


   𝔪  =  {  𝑎  ∈  𝐾  ∣  𝑣  (  𝑎  )  >  0  } 


   𝜋  ∈  𝔪 


   |  𝜋  | 


   𝑎  ∈  𝔪 


   𝑎  =    𝜋  𝑘   𝑢 


   𝑢  ∈    𝒪  ×  


   𝔪  =  (  𝜋  ) 


   |  𝑎  |  =  |  𝜋    |  𝑘  


     𝔪  𝑛   =  {  𝑎  ∈  𝐾  ∣  |  𝑎  |  ≤    𝑟  𝑛   }  , 


   𝑟  <  1 


   𝑎  ∈  𝒪 


   𝑟  =  |  𝜋  | 


   𝑎  ∈    𝔪  𝑛  


   |  𝑎  |  ≤    𝑟  𝑛  


   |  𝑎    |  𝔭   =    𝑝    −    𝑓  𝔭     𝑣  𝔭   (  𝑎  )   


   |          |  𝔭  


   |          |  𝜋  


   |          |  𝑝  


   |  0    |  𝑝   =  0 


   |  𝑎    |  𝑝   =    𝑝    −    𝑣  𝑝   (  𝑎  )   


   |          |  ∞  


     𝔽  𝑞   (  𝑡  ) 


   |  0    |  ∞   =  0 


       |    𝑓  𝑔   |   ∞   =    𝑞     deg     𝑓  −   deg     𝑔   


   𝑓  ,  𝑔  ∈    𝔽  𝑞   [  𝑡  ] 


   𝜎          ∶    𝐾  ↪  ℂ 


   |          |  𝜎           ∶    𝐾  →    ℝ    ≥  0   


   |  𝑎    |  𝜎   =  |  𝜎  (  𝑎  )  | 


   𝜎  (  𝑎  ) 


   𝑚  ,  𝑛  ≥  2 


   𝑚  =    ∑    𝑖  =  0   𝑘     𝑎  𝑖     𝑛  𝑖  


   0  ≤    𝑎  𝑖   <  𝑛 


   0  ≤  𝑖  ≤  𝑘 


     𝑎  𝑘   ≠  0 


     𝑛  𝑘   ≤  𝑚 


   𝑘  ≤       log     𝑚      log     𝑛    . 


   𝑁  =   max   (  1  ,  |  𝑛  |  ) 


   |  1  |  =  1 


   |    𝑎  𝑖   |  <  𝑛 


   |  𝑚  |  <    ∑    𝑖  =  0   𝑘   𝑛  |  𝑛    |  𝑖   ≤  (  1  +  𝑘  )  𝑛    𝑁  𝑘   ≤    (  1  +       log     𝑚      log     𝑛    )     𝑛    𝑁       log     𝑚      log     𝑛     . 


     𝑚  𝑡  


   |  𝑚  |  <      (  1  +  𝑡       log     𝑚      log     𝑛    )     1  𝑡        𝑛    1  𝑡      𝑁       log     𝑚      log     𝑛     . 


   𝑡  →  ∞ 


          (5.2.1)             |  𝑚  |  ≤    𝑁       log     𝑚      log     𝑛     .    


   𝑁  =  1 


   |  𝑚  |  ≤  1 


   𝑚  ∈  ℤ 


   |  𝑝  |  <  1 


   𝔪  =  {  𝑎  ∈  ℤ  ∣  |  𝑎  |  <  1  }  . 


   |  𝑝  |  =    𝑝    −  𝑠   


   𝑞  ∈  ℚ 


   𝑞  =    𝑝      𝑣  𝑝   (  𝑞  )      𝑚  𝑛  


   𝑝  ∤  𝑚  𝑛 


   |  𝑞  |  =  |  𝑝    |      𝑣  𝑝   (  𝑞  )    =    𝑝    −  𝑠    𝑣  𝑝   (  𝑞  )    =  |  𝑞    |  𝑝  𝑠   . 


   |          |  ℓ  


   ℓ  ∉  𝔪 


   |  2    |  ∞   =  2  >  1 


   |  𝑛  |  >  1 


   |  𝑚    |    1     log     𝑚     ≤  |  𝑛    |    1     log     𝑛    


   |  𝑛    |    1     log     𝑛    


   |  𝑛  |  =    𝑠     log     𝑛    =    𝑛     log     𝑠   


   |  𝑞  |  =  |  𝑞    |  ∞     log     𝑠   


     𝔽  𝑞   [  𝑡  ] 


     𝑉  𝐾  


   𝐾  =  ℚ 


   𝐾  =    𝔽  𝑞   (  𝑡  ) 


   |          |  𝑣  


   |  𝑎    |  𝑝   =  1 


     ∏    𝑣  ∈    𝑉  ℚ     |  𝑎    |  𝑣   =  1  . 


   |  −  1    |  𝑣   =  1 


   𝑣  ∈    𝑉  ℚ  


   |  𝑝    |  ℓ   =  1 


   |  𝑝    |  𝑝   =    𝑝    −  1   


   |  𝑝    |  ∞   =  𝑝 


   ℎ  ∈    𝔽  𝑞   (  𝑡    )  ×  


   |  ℎ    |  𝑓   =  1 


   𝑓  ∈    𝔽  𝑞   [  𝑡  ] 


     ∏    𝑣  ∈    𝑉      𝔽  𝑞   (  𝑡  )      |  ℎ    |  𝑣   =  1  . 


   |          |  1   ,  |          |  2   ,  …  ,  |          |  𝑘  


   |  𝑎    |  𝑗   >  1 


   𝑗  ≥  2 


   𝑘  =  2 


   |  𝛼    |  1   <  1 


   |  𝛼    |  2   ≥  1 


   |  𝛽    |  1   ≥  1 


   |  𝛽    |  2   <  1 


   𝑐  =    𝛼  𝛽  


   |  𝑐    |  1   <  1 


   |  𝑐    |  2   >  1 


   𝑘  >  2 


   |  𝛼    |  𝑗   >  1 


   2  ≤  𝑗  ≤  𝑘  −  1 


   |  𝛽    |  1   <  1 


   |  𝛽    |  𝑘   >  1 


   |  𝛼    |  𝑘   >  1 


   𝑎  =  𝛼 


   |  𝛼    |  𝑘   =  1 


   |  𝛼    |  𝑗  𝑠   >  |  𝛽    |  𝑗    −  1   


   |  𝛼    |  1  𝑠   <  |  𝛽    |  1    −  1   


   𝑎  =    𝛼  𝑠   𝛽 


   |  𝛼    |  𝑘   <  1 


     𝑐  𝑚   =    𝛽    −  1    (  1  +    𝛼  𝑚     )    −  1   


   (  1  +    𝛼  𝑚     )    −  1   


   |          |  𝑖  


   |  𝛼    |  𝑖   <  1 


   |  𝛼    |  𝑖   >  1 


   |    𝑐  𝑚     |  1   →  |  𝛽    |  1    −  1   


   |    𝑐  𝑚     |  𝑗   →  0 


   |    𝑐  𝑚     |  𝑘   →  |  𝛽    |  𝑘    −  1   


   𝑎  =    𝑐  𝑚    −  1   


     𝑎  1   ,    𝑎  2   …  ,    𝑎  𝑘   ∈  𝐾 


   |    𝑎  𝑖   −  𝑏    |  𝑖   <  𝜖 


     𝛼  𝑖   ∈  𝐾 


   |    𝛼  𝑖     |  𝑖   <  1 


   |    𝛼  𝑖     |  𝑗   >  1 


   𝛿  >  0 


     𝛽  𝑖   =    1    1  +    𝛼  𝑖  𝑚    


   |    𝛽  𝑖   −  1    |  𝑖   <  𝛿 


   |    𝛽  𝑖     |  𝑗   <  𝛿 


   𝑏  =    ∑    𝑗  =  1   𝑘     𝑎  𝑗     𝛽  𝑗   , 


   |  𝑏  −    𝑎  𝑖     |  𝑖   ≤  |    𝑎  𝑖     |  𝑖   |    𝛽  𝑖   −  1    |  𝑖   +    ∑          𝑗  =  1           𝑗  ≠  𝑖      𝑘   |    𝑎  𝑗     |  𝑖   |    𝛽  𝑗     |  𝑖   <    ∑    𝑗  =  1   𝑘   |    𝑎  𝑗     |  𝑖   ⋅  𝛿  <  𝜖 


   𝛿 


   (  𝐾  ,  |        |  ) 


   𝜄          ∶    𝐾  →    𝐾  ′  


   (    𝐾  ′   ,  |          |  ′   ) 


   |  𝜄  (  𝛼  )    |  ′   =  |  𝛼  | 


   𝜄 


   (    𝐾  ˆ   ,  |        |  ) 


   𝜄          ∶    𝐾  →    𝐾  ˆ  


   𝜄  (  𝐾  ) 


     𝐾  ˆ  


   (    𝑎  𝑛     )  𝑛   ∈  𝑅 


   𝑁  ≥  1 


   |    𝑎  𝑛   −    𝑎  𝑚   |  <  𝜖 


   𝑛  ,  𝑚  ≥  𝑁 


   |  |    𝑎  𝑛   |  −  |    𝑎  𝑚   |  |  ≤  |    𝑎  𝑛   −    𝑎  𝑚   | 


   (  |    𝑎  𝑛   |    )  𝑛  


   ‖        ‖          ∶    𝑅  →    ℝ    ≥  0   


   ‖  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛   |  . 


   (    𝑎  𝑛     )  𝑛  


   (    𝑏  𝑛     )  𝑛   ∈  𝑅 


   |    𝑎  𝑛     𝑏  𝑛   −    𝑎  𝑚     𝑏  𝑚   |  ≤  |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   −    𝑏  𝑚   |  +  |    𝑏  𝑚   |  |    𝑎  𝑛   −    𝑎  𝑚   |  , 


   |    𝑎  𝑛   |  <  𝑀 


   |    𝑏  𝑛   |  <  𝑀 


   |    𝑎  𝑛   −    𝑎  𝑚   |  ,  |    𝑏  𝑛   −    𝑏  𝑚   |  <    𝜖    2  𝑀   


   𝔐 


   (    𝑏  𝑛     )  𝑛   ∈  𝔐 


   |    𝑎  𝑛     𝑏  𝑛   |  =  |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   |  <  𝜖 


   |    𝑏  𝑛   |  <    𝜖  𝑀  


   (    𝑎  𝑛     )  𝑛   ∈  𝑅  −  𝔐 


     𝑎  𝑛   ≠  0 


   (    𝑎  𝑛    −  1      )  𝑛  


   |    𝑎  𝑛   | 


   |    𝑎  𝑛    −  1    −    𝑎  𝑚    −  1    |  =      |    𝑎  𝑛   −    𝑎  𝑚   |     |    𝑎  𝑛   |  |    𝑎  𝑚   |    . 


   𝑅  /  𝔐 


     𝐾  ˆ   =  𝑅  /  𝔐 


   (  𝑎    )  𝑛  


   (    𝑎  𝑛     )  𝑛   ,  (    𝑏  𝑛     )  𝑛   ∈  𝑅 


   ‖  (    𝑎  𝑛   ⋅    𝑏  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛     𝑏  𝑛   |  =     lim     𝑛  →  ∞    |    𝑎  𝑛   |  ⋅  |    𝑏  𝑛   |  =  ‖  (    𝑎  𝑛     )  𝑛   ‖  ⋅  ‖  (    𝑏  𝑛     )  𝑛   ‖ 


   ‖  (    𝑎  𝑛   +    𝑏  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑛   +    𝑏  𝑛   |  ≤     lim     𝑛  →  ∞    (  |    𝑎  𝑛   |  +  |    𝑏  𝑛   |  )  =  ‖  (    𝑎  𝑛     )  𝑛   ‖  +  ‖  (    𝑏  𝑛     )  𝑛   ‖  . 


   ‖  (    𝑎  𝑛     )  𝑛   ‖  =  0 


   (    𝑎  𝑛     )  𝑛   ∈  𝔐 


   ‖        ‖ 


   |        | 


   (    𝑐  𝑚     )  𝑚  


     𝑐  𝑚   =  (    𝑐    𝑚  ,  𝑛      )  𝑛  


   𝑚  ≥  𝑘  ≥  𝑁 


   ‖    𝑐  𝑚   −    𝑐  𝑘   ‖  =     lim     𝑛  →  ∞    |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑘  ,  𝑛    |  <    𝜖  2   . 


     𝑁  𝑚   ≥  𝑁 


   𝑘  ≤  𝑚 


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑘  ,  𝑛    |  <    𝜖  2  


   𝑛  ≥    𝑁  𝑚  


     𝑐  𝑚  


     𝑙  𝑚   ≥   max   (    𝑁  𝑚   ,    𝑙    𝑚  −  1    ) 


     𝑙  1   ≥    𝑁  1  


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑚  ,    𝑛  ′     |  <    𝜖  2  


   𝑛  ,    𝑛  ′   ≥    𝑙  𝑚  


     𝑎  𝑛   =    𝑐    𝑛  ,    𝑙  𝑛    


   |    𝑎  𝑚   −    𝑎  𝑘   |  =  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑘     |  ≤  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑚     |  +  |    𝑐    𝑘  ,    𝑙  𝑚     −    𝑐    𝑘  ,    𝑙  𝑘     |  <  𝜖 


     ℓ  𝑚  


   ‖    𝑐  𝑚   −  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑛  ,    𝑙  𝑛     |  , 


   |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑛  ,    𝑙  𝑛     |  ≤  |    𝑐    𝑚  ,  𝑛    −    𝑐    𝑚  ,    𝑙  𝑚     |  +  |    𝑐    𝑚  ,    𝑙  𝑚     −    𝑐    𝑛  ,    𝑙  𝑛     |  <  𝜖 


   𝑛  ≥  𝑚  ≥  𝑁 


   𝑛  ≥    𝑙  𝑚  


   ‖    𝑐  𝑚   −  (    𝑎  𝑛     )  𝑛   ‖  ≤  𝜖 


   𝑚  ≥    𝑁  ′  


   ‖  (    𝑎  𝑚     )  𝑛   −  (    𝑎  𝑛     )  𝑛   ‖  =     lim     𝑛  →  ∞    |    𝑎  𝑚   −    𝑎  𝑛   |  , 


   |    𝑎  𝑚   −    𝑎  𝑛   |  <  𝜖 


   𝑚  ,  𝑛  ≥  𝑁 


   ‖  (    𝑎  𝑚     )  𝑛   −  (    𝑎  𝑛     )  𝑛   ‖  ≤  𝜖 


   (  𝜄  (    𝑎  𝑚   )    )  𝑚  


   𝜎          ∶    𝐾  →  𝐿 


     𝜎  ˆ           ∶      𝐾  ˆ   →  𝐿 


   |          |  ′   ) 


   𝜎  (    𝑎  𝑛     )  𝑛  


   |  𝜎  (    𝑎  𝑛   )  −  𝜎  (    𝑎  𝑚   )    |  ′   =  |    𝑎  𝑛   −    𝑎  𝑚   | 


     𝜎  ˆ   (  (    𝑎  𝑛     )  𝑛   )  =     lim     𝑛  →  ∞      𝜎  (    𝑎  𝑛   )  . 


   𝜏          ∶      𝐾  ˆ   →  𝐿 


   |  𝜏  (  (    𝑎  𝑛     )  𝑛   )  −  𝜎  (    𝑎  𝑚   )    |  ′   =     lim     𝑛  →  ∞    |    𝑎  𝑛   −    𝑎  𝑚   |  , 


   (  𝜎  (    𝑎  𝑚   )    )  𝑚  


   𝜏  (  (    𝑎  𝑛     )  𝑛   ) 


     𝜎  ˆ   (  (    𝑎  𝑛     )  𝑛   ) 


   𝜏  =    𝜎  ˆ  


   (    𝐾  ˆ   ,  |        |  ) 


     𝜄  ˆ           ∶      ℚ  ˆ   →  ℝ 


   (  ℝ  ,  |          |  𝑠   ) 


   (  ℂ  ,  |          |  𝑠   ) 


   𝑠  ∈  (  0  ,  1  ] 


   |          |  ∞  𝑠  


   𝑠  ∈    ℝ    >  0   


   𝑠  ≤  1 


   |  𝑎  |  =  |  𝑎    |  ∞  𝑠  


   𝑎  ∈  ℚ 


   (  ℝ  ,  |          |  ∞  𝑠   ) 


   𝑖  =      −  1    ∈  𝐾 


   𝜃  ∈  ℝ 


   |    𝑒    2  𝜋  𝑖  𝜃    |  ≤  |   cos     𝜃  |  +  |   sin     𝜃  |  ≤    2   , 


   |    𝑒    2  𝜋  𝑖  𝜃      |  𝑛   =  |    𝑒    2  𝜋  𝑖  𝑛  𝜃    |  ≤    2  


   |    𝑒    2  𝜋  𝑖  𝜃    |  =  1 


   𝑧  =  𝑟    𝑒    2  𝜋  𝑖  𝜃   


   |  𝑧  |  =  |  𝑧    |  ∞  𝑠  


   𝑧  ∈  ℂ  ⊆  𝐾 


   𝐾  (  𝑖  ) 


   |  𝑎  +  𝑏  𝑖  |  =      |  𝑎    |  2   +  |  𝑏    |  2    


   (  ℂ  ,  |          |  ∞  𝑠   ) 


   𝑤  ∈  ℂ 


   |  𝛼  −  𝑤  | 


   |  𝛼  |  +  𝑢 


   𝑢  >  𝑡 


   𝛼  ∉  ℂ 


   𝛼  −  𝑤 


   𝑤  =  0 


   𝑡  =  |  𝛼  |  ≤  |  𝛼  −  𝑧  | 


   |  𝑧    |  𝑛   +    𝑡  𝑛   ≥  |    𝛼  𝑛   −    𝑧  𝑛   |  =    ∏    𝑗  =  0     𝑛  −  1    |  𝛼  −    𝜁  𝑛  𝑗   𝑧  |  ≥    𝑡    𝑛  −  1    |  𝛼  −  𝑧  | 


     𝜁  𝑛   =    𝑒    2  𝜋  𝑖  /  𝑛   


   |  𝛼  −  𝑧  |  ≤  𝑡      (      |  𝑧    |  𝑛      𝑡  𝑛    +  1  )   . 


   𝑧 


   |  𝑧  |  <  𝑡 


   |  𝛼  −  𝑧  |  ≤  𝑡 


   |  𝛼  −  𝑧  |  =  𝑡 


   𝛼  −  𝑧 


   |  𝛼  −  𝑧  −  𝑤  |  =  𝑡 


   |  𝑤  |  <  𝑡 


   |  𝛼  −  𝑚  𝑧  |  =  𝑡 


   |  𝑧  |  ≤  𝛼 


   𝑚  𝑧 


   |  𝑧  |  ≤  |  𝑧  −  𝛼  |  +  |  𝛼  |  =  2  𝑡 


   |  𝑧    |  ∞  


   (    𝐾  ˆ   ,  |        |  ) 


     𝒪  ˆ  


     𝔪  ˆ  


     𝜄  ¯           ∶    𝒪  /  𝔪  →    𝒪  ˆ   /    𝔪  ˆ  


       𝜄  ¯   𝑛           ∶    𝒪  /    𝔪  𝑛   →    𝒪  ˆ   /      𝔪  ˆ   𝑛  


   |    𝑎  𝑛   −  𝑎  |  <  |  𝑎  | 


   |    𝑎  𝑛   |  =  |  (    𝑎  𝑛   −  𝑎  )  +  𝑎  |  =  |  𝑎  | 


   𝐾  →    𝐾  ˆ  


   𝔪  =  𝒪  ∩    𝔪  ˆ  


     𝜄  ¯  


   𝑎  ∈    𝒪  ˆ  


   |  𝑏  −  𝑎  |  <  1 


   𝑏  −  𝑎  ∈    𝔪  ˆ  


   𝑏  ∈    𝒪  ˆ   ∩  𝐾  =  𝒪 


     𝜄  ¯   (  𝑏  +  𝔪  )  =  𝑎  +    𝔪  ˆ  


       𝜄  ¯   𝑛  


     𝔪  𝑛   =  {  𝑎  ∈  𝐾  |  |  𝑎  |  ≤  |  𝜋    |  𝑛   }  , 


   𝑎  ∈      𝔪  ˆ   𝑛  


   |  𝑏  −  𝑎  |  <  |  𝜋    |  𝑛  


   |  𝑏  |  ≤  |  𝜋    |  𝑛  


   𝑏  ∈    𝔪  𝑛  


   𝒪  /  𝔪 


     𝑎  𝑛   =    ∑    𝑘  =  𝑚   𝑛     𝑐  𝑘     𝜋  𝑘  


     𝑐  𝑘   ∈  𝑇 


   𝑘  ≥  𝑚 


     𝑐  𝑚   ≠  0 


     𝑎  𝑛  


   𝑚  =  𝑣  (  𝑎  ) 


     𝑎    𝑚  −  1    =  0 


   𝑛  ≥  𝑚 


   𝑎  −    𝑎    𝑛  −  1    =    𝑏  𝑛     𝜋  𝑛  


     𝑏  𝑛   ∈  𝒪 


     𝑐  𝑛   ∈  𝑇 


     𝑐  𝑛   ≡    𝑏  𝑛          mod         𝔪 


   𝑎  −    𝑎  𝑛   =    𝑏  𝑛     𝜋  𝑛   −    𝑐  𝑛     𝜋  𝑛   ∈    𝔪    𝑛  +  1    , 


     𝑐  𝑛  


   𝑎  ≢    𝑎  𝑛          mod           𝔪    𝑛  +  1   


   𝑎  ≢    𝑎  𝑘          mod           𝔪    𝑛  +  1   


   𝑘  >  𝑛 


     ∑    𝑘  =  𝑚   ∞     𝑐  𝑘     𝜋  𝑘   ∈    𝐾  ˆ  


     𝑐  𝑘   ∈  𝒪 


   𝐾  (  𝑡  ) 


   𝐾  (      (  𝑡  )      ) 


   𝐾  ⟦  𝑡  ⟧ 


     ℚ  𝑝  


     ℤ  𝑝  


     ∑    𝑖  =  𝑚   ∞     𝑐  𝑖     𝑝  𝑖   , 


   0  ≤    𝑐  𝑖   ≤  𝑝  −  1 


   𝑖  ≥  𝑚 


   𝛼  =  1  +  𝑝  +    𝑝  2   +    𝑝  3   +  ⋯  ∈    ℤ  𝑝  


     1    1  −  𝑝   


   (  1  +  𝑝  +    𝑝  2   +  ⋯  +    𝑝  𝑛   )  (  1  −  𝑝  )  =  1  −    𝑝    𝑛  +  1    , 


   (  1  −    𝑝    𝑛  +  1      )  𝑛  


   −  1  =    ∑    𝑛  =  0   ∞   (  𝑝  −  1  )    𝑝  𝑛   ∈    ℤ  𝑝   . 


   𝜙          ∶    𝒪  →            (     lim    ←   𝑛       𝒪  /    𝔪  𝑛  


   (  𝑎  +    𝔪  𝑛     )  𝑛  


     𝑎  𝑛   +    𝔪  𝑛  


     𝑎  𝑛   ∈  𝒪 


     ∑    𝑘  =  0     𝑛  −  1      𝑐  𝑘     𝜋  𝑘  


     𝑐  𝑖   ∈  𝑇 


     𝑐  𝑖  


   𝑛  ≥  𝑖 


   𝑎  =    ∑    𝑘  =  0   ∞     𝑐  𝑘     𝜋  𝑘   ∈  𝒪 


   (    𝑎  𝑛   +    𝔪  𝑛     )  𝑛  


   𝐴  →            (     lim    ←   𝑛       𝐴  /    𝔭  𝑛   . 


   𝑓  =    ∑    𝑛  =  0   ∞     𝑎  𝑛     𝑥  𝑛   ∈  𝐾  ⟦  𝑥  ⟧ 


     𝑓    (  𝑘  )    ∈  𝐾  ⟦  𝑥  ⟧ 


     𝑓    (  𝑘  )    =    ∑    𝑛  =  0   ∞   (  𝑛  +  1  )  ⋯  (  𝑛  +  𝑘  )    𝑎    𝑛  +  𝑘      𝑥  𝑛   . 


   𝑓  ∈  𝒪  [  𝑥  ] 


     𝑓  ¯   ∈  𝒪  /  𝔪  [  𝑥  ] 


     𝛼  ¯   ∈  𝒪  /  𝔪 


     𝛼  0   ∈  𝒪 


   𝜋  =  𝑓  (    𝛼  0   )  ∈  𝔪 


     𝛼  𝑘   ∈  𝒪 


   0  ≤  𝑘  ≤  𝑛 


     𝛼  𝑛   ≡    𝛼  𝑘          mod           𝜋    2  𝑘   


   𝑓  (    𝛼  𝑛   )  ≡  0         mod           𝜋    2  𝑛   


   𝑓  =    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖     𝑥  𝑖  


     𝑎  𝑖   ∈  𝒪 


   𝑓  (    𝛼  𝑛   +  𝑥  )  −  (  𝑓  (    𝛼  𝑛   )  +    𝑓  ′   (    𝛼  𝑛   )  𝑥  )  =    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖   (    𝛼  𝑛   +  𝑥    )  𝑖   −    ∑    𝑖  =  0      deg     𝑓      𝑎  𝑖     𝛼  𝑛  𝑖   −    ∑    𝑖  =  0      deg     𝑓    𝑖    𝑎  𝑖     𝛼  𝑛    𝑖  −  1    𝑥 


   (    𝑥  2   ) 


   𝒪  [  𝑥  ] 


   𝑓  (    𝛼  𝑛   +  𝛽    𝜋    2  𝑛    )  ≡  𝑓  (    𝛼  𝑛   )  +    𝑓  ′   (    𝛼  𝑛   )  ⋅  𝛽    𝜋    2  𝑛           mod           𝜋    2    𝑛  +  1    


   𝛽  ∈  𝒪 


     𝑓  ′   (    𝛼  𝑛   )  ≢  0         mod         𝜋 


     𝑓  ′   (    𝛼  𝑛   ) 


     𝜋    2  𝑛   


   𝑓  (    𝛼  𝑛   ) 


   𝑓  (    𝛼  𝑛   +  𝛽    𝜋    2  𝑛    )  ≡  0         mod           𝜋    2    𝑛  +  1    


     𝛼    𝑛  +  1    =    𝛼  𝑛   +  𝛽    𝜋    2  𝑛   


     𝛼    𝑛  +  1    ≡    𝛼  𝑛          mod           𝜋    2  𝑛   


   𝑓  (    𝛼    𝑛  +  1    )  ≡  0         mod           𝜋    2    𝑛  +  1    


     𝛼    𝑛  +  1   


     𝜋    2    𝑛  +  1    


          (5.3.1)               𝛼    𝑛  +  1    ≡    𝛼  𝑛   −      𝑓  (    𝛼  𝑛   )       𝑓  ′   (    𝛼  𝑛   )           mod           𝜋    2    𝑛  +  1     .    


   𝛼  =     lim     𝑛  →  ∞        𝛼  𝑛   , 


   𝑓  (  𝛼  )  =     lim     𝑛  →  ∞      𝑓  (    𝛼  𝑛   )  =  0  , 


   𝑓  =    𝑥  2   −  2 


     𝔽  7  


     ℤ  7  


   3  −        3  2   −  2     2  ⋅  3    =  3  −    1  6   7  ≡   10          mod          49  


    49  


    10   −         10   2   −  2     2  ⋅   10     =   10   −    1   10      7  2   ≡  3  +  7  +  2  ⋅    7  2   +  6  ⋅    7  3   ≡   2166          mod           7  4  


    2401  


     𝑥    𝑝  −  1    −  1 


     𝔽  𝑝   [  𝑥  ] 


     𝔽  𝑝  ×  


     𝑥    𝑝  −  1    −  1 


     𝜇    𝑝  −  1    (    ℚ  𝑝   ) 


     𝜁  𝑛  𝑚  


     𝜁  𝑛  𝑚   −  1  ∈  𝑝    ℤ  𝑝  


   ℤ  [    𝜇  ℓ   ]  ⊆    ℤ  𝑝  


     𝜁  ℓ   −  1  ∈  𝑝    ℤ  𝑝  


     𝜁  ℓ   −  1 


   ℓ  ∈  𝑝    ℤ  𝑝  


     𝜁    2  𝑝    ∈    ℤ  𝑝  


     ℤ  𝑝   [    𝜇    2  𝑝    ] 


     𝑝    −  1    (    𝜁    2  𝑝    −  1    )    𝜑  (  2  𝑝  )    ∈    ℤ  𝑝  ×  


     𝑓  ¯   =    𝑔  ¯     ℎ  ¯  


     ℎ  ¯  


   𝑓  =  𝑔  ℎ 


    deg     𝑔  =   deg       𝑔  ¯  


     𝑔  ′   ,    ℎ  ′   ∈  𝒪  [  𝑥  ] 


    deg       𝑔  ′   =   deg       𝑔  ¯  


   𝑓  ≡    𝑔  ′     ℎ  ′          mod         𝔟 


   𝔟  ⊆  𝔪 


   𝑔  ≡    𝑔  ′          mod         𝔟 


   ℎ  ≡    ℎ  ′          mod         𝔟 


   𝑓  ≢  0         mod         𝔪 


    deg       𝑔  ¯  


     𝑔  0   ,    ℎ  0   ∈  𝒪  [  𝑥  ] 


    deg       𝑔  0   =  𝑘 


    deg       ℎ  0   ≤  𝑑  −  𝑘 


   𝑓  ≡    𝑔  0     ℎ  0          mod         𝔪  . 


     𝑎  ¯   ,    𝑏  ¯   ∈  𝒪  /  𝔪  [  𝑥  ] 


     𝑎  ¯     𝑔  ¯   +    𝑏  ¯     ℎ  ¯   =  1 


   𝑎  ,  𝑏  ∈  𝒪  [  𝑥  ] 


     𝑎  ¯  


     𝑏  ¯  


   𝑎    𝑔  0   +  𝑏    ℎ  0   ≡  1         mod         𝔪  . 


   𝔞  ⊆  𝔪 


   𝑎    𝑔  0   +  𝑏    ℎ  0   −  1 


   𝜋  ∈  𝔞 


   𝑚  ≤  𝑛  −  1 


     𝑔  𝑚  


     ℎ  𝑚  


    deg   (    𝑔  𝑚   −    𝑔  0   )  <  𝑘 


    deg       ℎ  𝑚   ≤  𝑑  −  𝑘 


   𝑓  ≡    𝑔  𝑚     ℎ  𝑚          mod           𝔞    𝑚  +  1    , 


     𝑔    𝑚  +  1    ≡    𝑔  𝑚          mod           𝔞    𝑚  +  1       and       ℎ    𝑚  +  1    ≡    ℎ  𝑚          mod           𝔞    𝑚  +  1   


   𝑚  ≤  𝑛  −  2 


     𝑓  𝑛   =    𝜋    −  𝑛    (  𝑓  −    𝑔    𝑛  −  1      ℎ    𝑛  −  1    )  ∈  𝒪  [  𝑥  ]  . 


     𝑔  0  


   𝑏    𝑓  𝑛   =    𝑞  𝑛     𝑔  0   +    𝑟  𝑛   , 


     𝑞  𝑛   ,    𝑟  𝑛   ∈  𝒪  [  𝑥  ] 


    deg       𝑟  𝑛   <  𝑘 


          (5.3.2)             (  𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0   )    𝑔  0   +    𝑟  𝑛     ℎ  0   =  𝑎    𝑓  𝑛     𝑔  0   +  𝑏    𝑓  𝑛     ℎ  0   ≡    𝑓  𝑛          mod         𝔞  .    


     𝑠  𝑛   ∈  𝒪  [  𝑥  ] 


   𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


     𝑔  𝑛   =    𝑔    𝑛  −  1    +    𝜋  𝑛     𝑟  𝑛      and       ℎ  𝑛   =    ℎ    𝑛  −  1    +    𝜋  𝑛     𝑠  𝑛   . 


             𝑔  𝑛     ℎ  𝑛      ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛   (    𝑟  𝑛     ℎ    𝑛  −  1    +    𝑠  𝑛     𝑔    𝑛  −  1    )            ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛   (    𝑟  𝑛     ℎ  0   +    𝑠  𝑛     𝑔  0   )            ≡    𝑔    𝑛  −  1      ℎ    𝑛  −  1    +    𝜋  𝑛     𝑓  𝑛             ≡  𝑓         mod           𝔞    𝑛  +  1    .    


    deg   (    𝑔    𝑛  −  1    −    𝑔  0   )  <  𝑘 


    deg   (    𝑔  𝑛   −    𝑔  0   )  <  𝑘 


    deg   (    𝑟  𝑛     ℎ  0   )  <  𝑑 


    deg       𝑓  𝑛   ≤  𝑑 


   (  𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0   )    𝑔  0  


   𝑎    𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


   𝑑  −  𝑘 


     𝑠  𝑛  


     𝑎  𝑛     𝑓  𝑛   +    𝑞  𝑛     ℎ  0  


    deg   (    𝑠  𝑛   )  ≤  𝑑  −  𝑘 


     𝑔  𝑛  


     ℎ  𝑛  


     ⋂    𝑛  ≥  1      𝔞  𝑛   =  (  0  ) 


   (    𝑔  𝑛     )  𝑛  


   (    ℎ  𝑛     )  𝑛  


   |          |  𝐾  


   |          |  𝐿  


   |  𝛼    |  𝐿   =  |  𝛼    |  𝐾  


   |  𝛼    |  𝔓   =    𝑝    −    𝑓  𝔓     𝑣  𝔓   (  𝛼  )    =    𝑝    −    𝑓  𝔓     𝑒    𝔓  /  𝔭      𝑣  𝔭   (  𝛼  )    =  |  𝛼    |  𝔭      𝑒    𝔓  /  𝔭      𝑓    𝔓  /  𝔭      . 


   (  𝑉  ,  |        |  ) 


   |  𝛼  𝑣  |  =  |  𝛼  |  |  𝑣  | 


   𝜙          ∶      𝐾  𝑛   →  𝑉 


     𝜙  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑣  𝑖  


   ‖  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ‖  =   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  ) 


   ‖    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   ‖  =   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  ) 


     𝑐  1   ,    𝑐  2   >  0 


     𝑐  1   ‖  𝑣  ‖  ≤  |  𝑣  |  ≤    𝑐  2   ‖  𝑣  ‖ 


     𝑐  2   =  |    𝑣  1   |  +  ⋯  +  |    𝑣  𝑛   | 


   |    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   |  ≤    ∑    𝑖  =  1   𝑛   |    𝑎  𝑖   |  |    𝑣  𝑖   |  ≤   max   (  |    𝑎  1   |  ,  …  ,  |    𝑎  𝑛   |  )  ⋅    ∑    𝑖  =  1   𝑛   |    𝑣  𝑖   |  =    𝑐  2   ‖    𝑎  1     𝑣  1   +  ⋯  +    𝑎  𝑛     𝑣  𝑛   ‖  . 


     𝑐  1  


     𝑐  1   =  |    𝑣  1   | 


     𝑊  𝑖  


   {    𝑣  1   ,  …  ,    𝑣    𝑖  −  1    ,    𝑣    𝑖  +  1    ,  …  ,    𝑣  𝑛   } 


   0  ∈  𝑉 


   𝐵  ∩  (    𝑣  𝑖   +    𝑊  𝑖   )  =  ∅ 


   𝑣  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑣  𝑖   ∈  𝑉 


   𝑣  ≠  0 


     𝑎  𝑗   ≠  0 


     𝑎  𝑗    −  1    𝑣  ∈    𝑣  𝑗   +    𝑊  𝑗  


   |    𝑎  𝑗    −  1    𝑣  |  ≥  𝜖 


   |  𝑣  |  ≥  𝜖  ‖  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ‖  =  𝜖  ‖  𝑣  ‖ 


     𝑐  1   =  𝜖 


   𝑓  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   ∈  𝐾  [  𝑥  ] 


   |    𝑎  0   | 


   0  ≤  𝑖  ≤  𝑛 


     𝑎  𝑗   ∈    𝒪  ×  


   𝑓  ≡  (    𝑎  𝑗   +    𝑎    𝑗  +  1    𝑥  +  ⋯  +    𝑎  𝑛     𝑥    𝑛  −  𝑗    )    𝑥  𝑗          mod         𝔪  . 


   𝑗  =  0 


   𝑗  =  𝑛 


   𝑓  (  0  ) 


   {  𝛽  ∈  𝐿  ∣    𝑁    𝐿  /  𝐾    (  𝛽  )  ∈  𝒪  }  . 


     𝑁    𝐿  /  𝐾    (  𝛽  )  ∈  𝒪 


     𝑁    𝐿  /  𝐾    (  𝛽  )  =  (  −  1    )  𝑛   𝑓  (  0    )    𝑛  /  𝑑    , 


   𝑑  =  [  𝐾  (  𝛽  )  ∶  𝐾  ] 


   𝑓  (  0  )  ∈  𝒪 


   (  𝐾  ,  |          |  𝐾   ) 


   |  𝛽    |  𝐿   =  |    𝑁    𝐿  /  𝐾    (  𝛽  )    |  𝐾    1  /  [  𝐿  ∶  𝐾  ]    . 


   |  𝛽    |  𝐿   =  |    𝑁    𝐿  /  𝐾    (  𝛽  )    |  𝐾    1  /  𝑛    . 


   |  𝛽    |  𝐿   =  0 


   𝛽  =  0 


   |  𝛼  𝛽    |  𝐿   =  |  𝛼    |  𝐿   |  𝛽    |  𝐿  


   𝛼  +  1  ∈  𝐵 


     𝑁    𝐿  /  𝐾    (  𝛼  )  ∈  𝐴 


     𝑁    𝐿  /  𝐾    (  𝛼  +  1  )  ∈  𝐴 


   |  𝛼    |  𝐿   ≤  1 


   |  𝛼  +  1    |  𝐿   ≤  1 


   |  𝛼    |  𝐿   ≤  |  𝛽    |  𝐿  


   |  𝛼    𝛽    −  1      |  𝐿   ≤  1 


   |  𝛼  +  𝛽    |  𝐿   =  |  𝛽    |  𝐿   |  𝛼    𝛽    −  1    +  1    |  𝐿   ≤  |  𝛽    |  𝐿   =   max   (  |  𝛼    |  𝐿   ,  |  𝛽    |  𝐿   )  . 


   ‖        ‖ 


   𝔫 


   𝐶  ⊆  𝐵 


   𝛾  ∈  𝐵  −  𝐶 


     𝛾    −  1    ∈  𝔫 


   −  1  =    𝛾    −   deg     𝑓    𝑓  (  𝛾  )  −  1 


     𝛾    −  1   


   𝐵  =  𝐶 


     𝔽  ℓ   (  𝑡  ) 


   |          |  𝑓  


   𝑓  ∈    𝔽  ℓ   (  𝑡  ) 


   𝔓  =  {  𝑥  ∈    𝒪  𝐾   ∣  |  𝑥  |  <  1  } 


   𝔓  =  {  𝑥  ∈  𝐴  ∣  |  𝑥  |  <  1  } 


     𝔽  ℓ   [    𝑡    −  1    ] 


   𝔭  =  (  𝑝  ) 


     𝐾  𝔓  


   |          |  𝔓  


   |        | 


   (  𝑖  ,  𝑣  (    𝑎  𝑖   )  ) 


   −  ∞  ≤    𝑚  1   <    𝑚  2   <  …  <    𝑚  𝑟  


     𝑡  1   ,  …  ,    𝑡  𝑟  


   1  ≤  𝑗  ≤  𝑟 


     𝑡  𝑗  


   −    𝑚  𝑗  


     𝜇  1   <  ⋯  <    𝜇  𝑠  


     𝑘  𝑖  


     𝜇  𝑖  


     ℓ  𝑖   =    ∑    𝑡  =  1   𝑖     𝑘  𝑡  


     ℓ  0   =  0 


     𝑎    𝑛  −  𝑗   


   0  ≤  𝑗  ≤  𝑛 


     𝛼  1   ⋯    𝛼  𝑗  


   𝑗  =    ℓ  𝑖  


     ℓ    𝑖  −  1    <  𝑗  ≤    ℓ  𝑖  


   𝑣  (    𝑎    𝑛  −  𝑗    )  ≥    ∑    𝑡  =  1     𝑖  −  1      𝑘  𝑡     𝜇  𝑡   +  (  𝑗  −    ℓ    𝑖  −  1    )    𝜇  𝑖   , 


   (  𝑛  −    ℓ    𝑠  −  𝑖    ,    ∑    𝑡  =  1     𝑠  −  𝑖      𝑘  𝑡     𝜇  𝑡   ) 


   0  ≤  𝑖  ≤  𝑠 


   𝑟  =  𝑠 


     𝑡  𝑖   =  (  𝑛  −    ℓ    𝑠  −  𝑖  −  1    )  −  (  𝑛  −    ℓ    𝑠  −  𝑖    )  =    ℓ    𝑠  −  𝑖    −    ℓ    𝑠  −  𝑖  −  1    =    𝑘    𝑠  −  𝑖   


     𝑚  𝑖   =        ∑    𝑡  =  1     𝑠  −  𝑖  −  1      𝑘  𝑡     𝜇  𝑡   −    ∑    𝑡  =  1     𝑠  −  𝑖      𝑘  𝑡     𝜇  𝑡      𝑡  𝑖    =      −    𝑘    𝑠  −  𝑖      𝜇    𝑠  −  𝑖       𝑘    𝑠  −  𝑖     =  −    𝜇    𝑠  −  𝑖    . 


   𝑓  =  8    𝑥  4   +   30     𝑥  3   −  4    𝑥  2   +  7  𝑥  −  2  ∈    ℚ  2   [  𝑥  ] 


   (  0  ,  3  ) 


   (  2  ,  2  ) 


   (  3  ,  0  ) 


   (  4  ,  1  ) 


   [  0  ,  4  ] 


   −  2 


   −    1  2  


     1  2  


     𝑥  𝑛   −  𝑝  ∈    ℚ  𝑝   [  𝑥  ] 


   (  0  ,  1  ) 


   (  𝑛  ,  0  ) 


   −    1  𝑛  


     𝑥  𝑛   −  𝑝 


     1  𝑛  


     ℚ  𝑝  


     𝜁  𝑛  𝑖     𝑝  𝑛  


   0  ≤  𝑖  <  𝑛 


   𝑓  =    𝑓  1   …    𝑓  𝑟  


     𝑓  𝑖   ∈  𝐾  [  𝑥  ] 


     𝑡  𝑖  


   −    𝑚  𝑖  


   𝑣  ∘  𝜎  =  𝑣 


   𝜎  ∈   Gal   (  𝐿  /  𝐾  ) 


   −    𝑐  𝑛  


   𝑐  ≥  1 


   𝑛  𝑣  (  𝛼  )  ∈  ℤ 


     𝛼  𝑗   ∉  𝐾 


   1  ≤  𝑗  <  𝑛 


     𝐾  𝔭  


     𝑈  𝑥  


   𝑁  >  0 


   |    𝑎  𝑛   −    𝑎  𝑁   |  <  𝜖 


   𝑛  ≥  𝑁 


   (    𝑎  𝑛     )    𝑛  ≥  𝑁   


     𝔪  𝑛  


   𝒪  →    𝔪  𝑛  


     𝜋  𝑛  


   𝑎  +  𝒪 


   𝑎  +  𝔪 


   (    𝛼  𝑛     )  𝑛  


     𝛼  𝑛   =    ∑    𝑖  =  0   ∞     𝑎    𝑛  ,  𝑖      𝜋  𝑖  


     𝑎    𝑛  ,  𝑖    ∈  𝑇 


     𝑎    𝑛  ,  0   


   (    𝛼    𝑘    𝑛  ,  0       )  𝑛  


     𝑎      𝑘    𝑛  ,  0    ,  0   


   (    𝛼    𝑘    𝑛  ,  1       )  𝑛  


     𝑎      𝑘    𝑛  ,  1    ,  1   


   (    𝛼    𝑘    𝑛  ,  𝑛       )  𝑛  


     𝛼  𝑛  


     ∑    𝑖  =  0   ∞     𝑎      𝑘    𝑖  ,  𝑖    ,  𝑖      𝜋  𝑖   . 


   𝛼  ,  𝛽  ∈    𝐾  ‾  


   𝐾  (  𝛽  ) 


   |  𝛽  −  𝛼  |  <  |  𝜎  (  𝛼  )  −  𝛼  | 


   𝜎          ∶    𝐾  (  𝛼  )  ↪    𝐾  ‾  


   𝐾  (  𝛼  )  ⊆  𝐾  (  𝛽  ) 


   𝐾  (  𝛼  ,  𝛽  )  =  𝐾  (  𝛽  ) 


   𝜎          ∶    𝐾  (  𝛼  ,  𝛽  )  ↪    𝐾  ‾  


   |  𝜎  (  𝛼  )  −  𝛽  |  =  |  𝜎  (  𝛼  )  −  𝜎  (  𝛽  )  |  =  |  𝛼  −  𝛽  |  , 


   |  𝜎  (  𝛼  )  −  𝛼  |  =  |  𝜎  (  𝛼  )  −  𝛽  +  𝛽  −  𝛼  |  ≤   max   (  |  𝜎  (  𝛼  )  −  𝛽  |  ,  |  𝛽  −  𝛼  |  )  =  |  𝛽  −  𝛼  |  . 


   𝑔  ∈  𝒪  [  𝑥  ] 


    deg     𝑔  =  𝑛 


   𝑓  ≡  𝑔         mod         𝔞  𝒪  [  𝑥  ] 


   𝐾  (  𝛼  )  =  𝐾  (  𝛽  ) 


   𝑔  =    ∑    𝑖  =  0   𝑛     𝑏  𝑖     𝑥  𝑖  


   𝛿  <  1 


   |    𝑎  𝑖   −    𝑏  𝑖   |  ≤  𝛿 


   |    𝑎  𝑖   |  =  |    𝑏  𝑖   | 


   |    𝑏  𝑖   |  ≤  𝛿 


     𝑎  𝑖   =  0 


     𝑏  𝑖   =  0 


   𝐶  >  0 


   |    𝑏  𝑖   |  ≤  𝐶 


   |  𝛽    |  𝑛   ≤   max   {  |    𝑏  𝑖   |  |  𝛽    |  𝑖   ∣  0  ≤  𝑖  <  𝑛  }  ≤  𝐶     max   {  1  ,  |  𝛽    |    𝑛  −  1    }  , 


   |  𝛽  | 


   ≥  1 


   |  𝑓  (  𝛽  )  |  =  |  𝑓  (  𝛽  )  −  𝑔  (  𝛽  )  |  ≤   max   {  |    𝑎  𝑖   −    𝑏  𝑖   |  |  𝛽    |  𝑖   ∣  0  ≤  𝑖  <  𝑛  }  ≤  𝛿     max   {  1  ,  |  𝛽  |    }    𝑛  −  1    ≤  𝛿    𝐷    𝑛  −  1    , 


   |  𝑓  (  𝛽  )  | 


     𝜖  𝑛  


   |  𝑓  (  𝛽  )  |  =    ∏    𝑖  =  1   𝑛   |  𝛽  −    𝛼  𝑖   |  <    𝜖  𝑛   , 


   |  𝛽  −    𝛼  𝑖   |  <  𝜖 


   𝜖  <  |    𝛼  𝑖   −    𝛼  𝑗   | 


   𝐾  (    𝛼  𝑖   )  ⊆  𝐾  (  𝛽  ) 


   𝐾  (    𝛼  𝑖   )  =  𝐾  (  𝛽  ) 


     𝔽  𝑝   (      (  𝑡  )      ) 


   𝐾  =    ℚ  𝑝   (  𝛼  ) 


   𝑔  ∈  ℚ  [  𝑥  ] 


     ℚ  𝑝   (  𝛽  )  =    ℚ  𝑝   (  𝛼  ) 


   𝐾  =    ℚ  𝑝   (  𝛽  ) 


   ℚ  (  𝛽  ) 


     𝔽  𝑝   (      (    𝑡    1  /    𝑝  𝑘     )      ) 


   𝐾  =    𝔽  𝑝   (      (  𝑡  )      )  (  𝛼  ) 


   ℭ  =  {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴       for      all      𝛽  ∈  𝐵  }  . 


   ℭ 


   𝑑  ℭ  ⊆  𝐵 


     𝔇    𝐵  /  𝐴   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  ∈  𝐴       for      all      𝛽  ∈  𝐵  }  . 


      Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆  𝐴  , 


     𝔇    𝐵  /  𝐴     −  1   


   𝑀  /  𝐿 


     𝔇    𝐶  /  𝐴    =    𝔇    𝐶  /  𝐵    ⋅    𝔇    𝐵  /  𝐴    . 


      Tr     𝑀  /  𝐾    (    𝔇    𝐶  /  𝐵     −  1      𝔇    𝐵  /  𝐴     −  1    )  =     Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1         Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐵     −  1    )  )  ⊆     Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆  𝐴  , 


     𝔇    𝐶  /  𝐴    ⊆    𝔇    𝐶  /  𝐵      𝔇    𝐵  /  𝐴   


      Tr     𝐿  /  𝐾    (     Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  )  =     Tr     𝑀  /  𝐾    (    𝔇    𝐶  /  𝐴     −  1    )  ⊆  𝐴  , 


      Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  ⊂    𝔇    𝐵  /  𝐴     −  1   


      Tr     𝑀  /  𝐿    (    𝔇    𝐵  /  𝐴      𝔇    𝐶  /  𝐴     −  1    )  =    𝔇    𝐵  /  𝐴         Tr     𝑀  /  𝐿    (    𝔇    𝐶  /  𝐴     −  1    )  ⊆  𝐵  , 


     𝔇    𝐶  /  𝐵    ⊆    𝔇    𝐵  /  𝐴     −  1      𝔇    𝐶  /  𝐴   


     𝔇    𝐶  /  𝐵      𝔇    𝐵  /  𝐴    ⊆    𝔇    𝐶  /  𝐴   


     𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    =    𝑆    −  1      𝔇    𝐵  /  𝐴    . 


      Tr     𝐿  /  𝐾    (    𝑆    −  1      𝔇    𝐵  /  𝐴     −  1    )  =    𝑆    −  1         Tr     𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴     −  1    )  ⊆    𝑆    −  1    𝐵  , 


     𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    ⊆    𝑆    −  1      𝔇    𝐵  /  𝐴   


      Tr     𝐿  /  𝐾    (    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴    )  ⊆    𝑆    −  1    𝐵  , 


   𝛼  ∈    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴     −  1   


      Tr     𝐿  /  𝐾    (  𝑠  𝛼  )  =  𝑠       Tr     𝐿  /  𝐾    (  𝛼  )  ∈  𝐵 


   𝑠  𝛼  ∈    𝔇    𝐵  /  𝐴     −  1   


     𝒪  𝔓  


     𝒪  𝔭  


     𝐿  𝔓  


     𝔇    𝐵  /  𝐴      𝒪  𝔓   =    𝔇      𝒪  𝔓   /    𝒪  𝔭     . 


   𝛼  ∈    𝔇    𝐵  /  𝐴     −  1   


   𝛽  ∈    𝒪  𝔓  


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  ∈    𝒪  𝔭  


     𝔓  1   ,  …  ,    𝔓  𝑔  


     𝔓  1   =  𝔓 


   (    𝛽  𝑛     )  𝑛  


   𝑖  ≥  2 


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  =     lim     𝑛  →  ∞         Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  . 


     𝐿  𝑤  


   𝑤  ∣  𝑣 


     𝐾  𝑣  


     𝑁    𝐿  /  𝐾    (  𝛽  )  =    ∏    𝑤  ∣  𝑣      𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )     and          Tr     𝐿  /  𝐾    (  𝛽  )  =    ∑    𝑤  ∣  𝑣       Tr       𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )  . 


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  =     Tr     𝐿  /  𝐾    (  𝛼    𝛽  𝑛   )  −    ∑    𝑖  =  2   𝑔      Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  . 


      Tr     𝐿  /  𝐾    (  𝛼    𝛽  𝑛   )  ∈  𝐴 


      Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (  𝛼    𝛽  𝑛   )  ∈    𝐾  𝔭  


      Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼    𝛽  𝑛   ) 


     𝔇    𝐵  /  𝐴     −  1    ⊆    𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1   


   𝛼  ∈    𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1   


     𝐿    𝔓  𝑖   


      lim     𝑛  →  ∞         Tr     𝐿  /  𝐾    (    𝛼  𝑛   𝛽  )  =    ∑    𝑖  =  1   𝑔      lim     𝑛  →  ∞         Tr       𝐿    𝔓  𝑖    /    𝐾  𝔭     (    𝛼  𝑛   𝛽  )  =     Tr       𝐿  𝔓   /    𝐾  𝔭     (  𝛼  𝛽  )  ∈    𝒪  𝔭   . 


   𝐾  ∩    𝒪  𝔭   =    𝐴  𝔭  


      Tr     𝐿  /  𝐾    (    𝛼  𝑛   𝛽  )  ∈    𝐴  𝔭  


     𝛼  𝑛   ∈    𝑆    −  1      𝔇    𝐵  /  𝐴     −  1   


   𝛼  ∈    𝔇    𝐵  /  𝐴     −  1      𝒪  𝔓  


     𝔇      𝒪  𝔓   /    𝒪  𝔭      −  1    ⊆    𝔇    𝐵  /  𝐴     −  1      𝒪  𝔓  


   𝔓  ∩  𝐴 


     𝔇    𝔓  /  𝔭   


     𝔇      𝒪  𝔓   /    𝒪  𝔭    


     𝔇    𝐵  /  𝐴    =    ∏  𝔓     𝔇    𝔓  /  𝔭    , 


     𝑓  ′   ∈  𝐴  [  𝑥  ] 


     𝑓  ′   (  𝛽    )    −  1   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝐴  [  𝛽  ]  )  ⊆  𝐴  }  . 


     𝑎  𝑖   ∈  𝐴 


     𝑎  𝑛   =  1 


   𝑘  <  𝑛 


          (6.2.1)               ∑    𝑖  =  1   𝑛     𝑓    𝑥  −    𝛽  𝑖         𝛽  𝑖  𝑘       𝑓  ′   (    𝛽  𝑖   )    =    𝑥  𝑘   .    


     𝑓    𝑥  −  𝛽    =    ∑    𝑗  =  0     𝑛  −  1      𝑏  𝑗     𝑥  𝑗  


     𝑏  𝑗   ∈  𝐴  [  𝛽  ] 


     ∑    𝑗  =  0     𝑛  −  1       Tr     𝐿  /  𝐾        (    𝛽  𝑘       𝑏  𝑗       𝑓  ′   (  𝛽  )    )       𝑥  𝑗   =    𝑥  𝑘   , 


      Tr     𝐿  /  𝐾        (    𝛽  𝑘       𝑏  𝑗       𝑓  ′   (  𝛽  )    )   =    𝛿    𝑗  ,  𝑘    . 


       𝑏  𝑗       𝑓  ′   (  𝛽  )   


   {  𝛼  ∈  𝐿  ∣     Tr     𝐿  /  𝐾    (  𝛼  𝐴  [  𝛽  ]  )  ⊆  𝐴  } 


     𝑏  𝑗  


   (  𝑥  −  𝛽  )    ∑    𝑖  =  0     𝑛  −  1      𝑏  𝑖     𝑥  𝑖   =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   , 


     𝑏    𝑛  −  1    =  1 


     𝑏  𝑗   −  𝛽    𝑏    𝑗  +  1    =    𝑎    𝑗  +  1   


   0  ≤  𝑗  ≤  𝑛  −  1 


     𝑏  𝑗   =    ∑    𝑖  =  0     𝑛  −  𝑗  −  1      𝑎    𝑖  +  𝑗  +  1      𝛽  𝑖   , 


     𝛽  𝑖  


   0  ≤  𝑖  ≤  𝑛  −  1 


     𝑏  𝑖  


     𝒟    𝐵  /  𝐴    =  (    𝑓  ′   (  𝛽  )  ) 


     𝒪  𝐿  


   𝜅  (  𝐿  )  /  𝜅  (  𝐾  ) 


   𝛽  ∈    𝒪  𝐿  


     𝒪  𝐿   =    𝒪  𝐾   [  𝛽  ] 


     𝛽  ′   ∈    𝒪  𝐿  


     𝒪  𝐿   =    𝒪  𝐾   [    𝛽  ′   ] 


     𝛽  ¯   ∈  𝜅  (  𝐿  ) 


   𝜅  (  𝐿  )  =  𝜅  (  𝐾  )  (    𝛽  ¯   ) 


     𝑓  ¯   ∈  𝜅  (  𝐾  )  [  𝑥  ] 


   𝑓  ∈    𝒪  𝐾   [  𝑥  ] 


   𝑓  (  𝛼  ) 


     𝑓  ¯   (    𝛽  ¯   )  =  0 


   𝛼  +    𝜋  𝐿  


     𝜋  𝐿  


   𝑓  (  𝛼  +    𝜋  𝐿   )  ≡  𝑓  (  𝛼  )  +    𝑓  ′   (  𝛼  )    𝜋  𝐿          mod       (    𝜋  𝐿     )  2   . 


     𝑓  ′   (  𝛼  )  ∈    𝒪  𝐿  ×  


   𝑓  (  𝛼  +    𝜋  𝐿   ) 


     𝜋  𝐿   =  𝑓  (  𝛽  ) 


     𝛽  𝑖     𝜋  𝐿  𝑗   =    𝛽  𝑖   𝑓  (  𝛽    )  𝑗  


   0  ≤  𝑖  ≤    𝑓    𝐿  /  𝐾    −  1 


   0  ≤  𝑗  ≤    𝑒    𝐿  /  𝐾    −  1 


     𝜋  𝐾  


     𝛽  𝑖     𝜋  𝐿  𝑗  


     𝒪  𝐿   /    𝜋  𝐾     𝒪  𝐿  


   𝜅  (  𝐾  ) 


     𝑆  𝐾  


     𝑆  𝐿  


     ∑    𝑖  =  0       𝑓    𝐿  /  𝐾    −  1      𝑐  𝑖     𝛽  𝑖  


     𝑐  𝑖   ∈    𝑆  𝐾  


   𝜅  (  𝐿  ) 


     𝜋  𝐿    𝑒    𝐿  /  𝐾    


     ∑    𝑖  =  0       𝑒    𝐿  /  𝐾    −  1      𝑎  𝑖     𝜋  𝐿  𝑖  


     𝑎  𝑖   ∈    𝑆  𝐿  


     𝑒    𝐿  /  𝐾      𝑓    𝐿  /  𝐾   


     𝜋  𝐿  2  


     𝑓  ′   (  𝛽  ) 


   𝐿  =  𝐾  (  𝛽  ) 


   𝔭  =  𝐴  ∩  𝔓 


   𝐵  =  𝐴  [  𝛽  ] 


     𝔇    𝐵  /  𝐴    =  (    𝑓  ′   (  𝛽  )  ) 


     𝛽  ¯   ∈  𝐵  /  𝔓 


   𝐵  /  𝔓  =  (  𝐴  /  𝔭  )  [    𝛽  ¯   ] 


     𝑓  ¯       𝑔  ¯     −  1   


    deg       𝑔  ¯   =  [  𝐿  ∶  𝐾  ] 


     𝑓  ¯   =    𝑔  ¯  


     𝔡    𝐵  /  𝐴   


   D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


     𝔡    𝐵  /  𝐴    =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    )  . 


   𝑆  =  𝐴  −  𝔭 


     𝑆    −  1      𝔇    𝐵  /  𝐴   


     𝑆    −  1      𝔡    𝐵  /  𝐴   


     𝑆    −  1      𝔇    𝐵  /  𝐴    =    𝔇      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴   


     𝑆    −  1      𝔡    𝐵  /  𝐴    =    𝔡      𝑆    −  1    𝐵  /    𝑆    −  1    𝐴   


     𝔡    𝐵  /  𝐴    =  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   ) 


   (    𝛽  1   ,  …  ,    𝛽  𝑛   )  ∈    𝐿  𝑛  


      Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛽  𝑗   )  =    𝛿    𝑖  ,  𝑗   


   1  ≤  𝑖  ,  𝑗  ≤  𝑛 


   𝛾  ∈  𝐵 


   (  𝛾  )  =    𝔇    𝐵  /  𝐴   


   (    𝛾    −  1      𝛼  1   ,  …  ,    𝛾    −  1      𝛼  𝑛   ) 


          (6.2.2)             (  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  )  =  (  D  (    𝛾    −  1      𝛼  1   ,  …  ,    𝛾    −  1      𝛼  𝑛   )  )  =  (    𝑁    𝐿  /  𝐾    (  𝛾  )    )    −  2    (  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )  )  .    


   (    𝜎  𝑖     𝛼  𝑗     )    𝑖  ,  𝑗   


   (    𝜎  𝑖     𝛽  𝑗     )    𝑖  ,  𝑗   


     ∑    𝑘  =  1   𝑛     𝜎  𝑘   (    𝛼  𝑖   )    𝜎  𝑘   (    𝛽  𝑗   )  =     Tr     𝐿  /  𝐾    (    𝛼  𝑖     𝛽  𝑗   )  , 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =  ±  D  (    𝛼  1   ,  …  ,    𝛼  𝑛     )    −  1    . 


   (  D  (    𝛼  1   ,  …  ,    𝛼  𝑛   )    )  2   =  (    𝑁    𝐿  /  𝐾    (  𝛾  )    )  2   , 


     𝔡    𝐵  /  𝐴    =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    ) 


     𝔡    𝐶  /  𝐴    =    𝔡    𝐵  /  𝐴     [  𝑀  ∶  𝐿  ]      𝑁    𝐿  /  𝐾    (    𝔡    𝐶  /  𝐵    )  . 


     𝔡    𝐶  /  𝐴    =    𝑁    𝑀  /  𝐾    (    𝔇    𝐶  /  𝐴    )  =    𝑁    𝑀  /  𝐾    (    𝔇    𝐶  /  𝐵    )    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴      )    [  𝑀  ∶  𝐿  ]    =    𝑁    𝐿  /  𝐾    (    𝔡    𝐶  /  𝐵    )    𝔡    𝐵  /  𝐴     [  𝑀  ∶  𝐿  ]    , 


     𝔡    𝔓  /  𝔭   


     𝔡      𝒪  𝔓   /    𝒪  𝔭    


     𝔡    𝐵  /  𝐴    =    ∏  𝔓     𝔡    𝔓  /  𝔭    , 


     𝔡    𝐵  /  𝐴      𝒪  𝔭   =    𝑁    𝐿  /  𝐾    (    𝔇    𝐵  /  𝐴    )    𝒪  𝔭   =    ∏    𝔓  ∣  𝔭      𝑁      𝐿  𝔓   /    𝐾  𝔭     (    𝔇    𝐵  /  𝐴      𝒪  𝔓   )  =    ∏    𝔓  ∣  𝔭      𝑁      𝐿  𝔓   /    𝐾  𝔭     (    𝔇      𝒪  𝔓   /    𝒪  𝔭     )  =    ∏    𝔓  ∣  𝔭      𝔡      𝒪  𝔓   /    𝒪  𝔭     , 


     𝔇    𝐿  /  𝐾   


     𝔡    𝐿  /  𝐾   


     𝒪  𝐿   /    𝒪  𝐾  


   |   disc   (  𝐾  )  |  ≤  𝑁 


   [  𝐾  ∶  ℚ  ]  ≥  2 


   |   disc   (  𝐾  )  |  ≥      2  2     2  !    ⋅  (    𝜋  4     )  2   =      𝜋  2   8   >  1  , 


     𝑈  𝑖   =    𝑈  𝑖   (  𝐾  ) 


     𝑈  0   =    𝒪  ×  


   𝑖  =  0 


     𝑈  𝑖   =  1  +    𝔪  𝑖  


   𝑒  =    𝑒  𝐾  


   𝑓  =    𝑓  𝐾  


   𝑞  −  1 


     𝑥  𝑞   −  𝑥 


     𝜇    𝑞  −  1    (  𝐾  ) 


   𝜅  (  𝐾    )  ×  


   ⟨  𝜋  ⟩  ×    𝜇    𝑞  −  1    (  𝐾  )  ×    𝑈  1   (  𝐾  )    ⟶  ∼     𝐾  ×  


   𝑎  =    𝜋    𝑣  (  𝑎  )    𝑏 


   𝑏  ∈    𝑈  0  


   𝑏  =  𝜉  ⋅  𝑢 


   𝜉  ∈    𝜇    𝑞  −  1   


   𝑢  ∈    𝑈  1  


     𝑈  0   /    𝑈  1     ⟶  ∼     𝜅  ×   ,    𝑢    𝑈  1   ↦    𝑢  ‾   , 


     𝑈  𝑖   /    𝑈    𝑖  +  1      ⟶  ∼   𝜅  ,    (  1  +    𝜋  𝑖   𝑎  )    𝑈    𝑖  +  1    ↦    𝑎  ‾  


   (  1  +    𝜋  𝑖   𝑎  )  (  1  +    𝜋  𝑖   𝑏  )  ≡  1  +    𝜋  𝑖   (  𝑎  +  𝑏  )       mod           𝔪    𝑖  +  1    . 


     𝑈  1     ⟶  ∼             (     lim    ←   𝑖         𝑈  1   /    𝑈  𝑖  


     ⋂  𝑖     𝑈  𝑖   =  {  1  } 


   (    𝑎  𝑖     )  𝑖  


     𝑈  1  


     𝑎    𝑖  +  1      𝑎  𝑖    −  1    ∈    𝑈  𝑖  


   𝑒  =  𝑣  (  𝑝  ) 


   𝑎  ∈    𝒪  ×  


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   ≡  1  +  𝑝    𝜋  𝑖   𝑎  +    𝜋    𝑖  𝑝      𝑎  𝑝          mod           𝔪    2  𝑖  +  𝑒    . 


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   ≡    {            1  +    𝜋    𝑖  𝑝      𝑎  𝑝          mod           𝔪    𝑖  +  𝑒               if      𝑖  <    𝑒    𝑝  −  1    ,        1  +  𝑝    𝜋  𝑖   𝑎         mod           𝔪    𝑖  +  𝑒  +  1               if      𝑖  >    𝑒    𝑝  −  1    .          


   (  1  +    𝜋  𝑖   𝑎    )  𝑝   =    ∑    𝑘  =  0   𝑝     (    𝑝  𝑘   )       𝜋    𝑖  𝑘      𝑎  𝑘   , 


   (    𝑝  𝑘   ) 


   0  <  𝑘  <  𝑝 


   𝑖  >  𝑒  /  (  𝑝  −  1  ) 


   𝑣  (  𝑝    𝜋  𝑖   )  =  𝑖  +  𝑒  <  𝑖  𝑝  =  𝑣  (    𝜋    𝑖  𝑝    )  . 


     𝑈  𝑖     ⟶  ∼     𝑈    𝑖  +  𝑒   


   𝑖  >    𝑒    𝑝  −  1   


   𝛼  ∈    𝑈    𝑖  +  𝑒   


     𝛽  𝑘   ∈    𝑈  𝑖  


     𝛽  𝑘  𝑝     𝛼    −  1    =  1  +  𝑝    𝜋    𝑖  +  𝑘  −  1      𝑎  𝑘          mod           𝔪    𝑖  +  𝑒  +  𝑘   


     𝑎  𝑘   ∈  𝒪 


     𝛽    𝑘  +  1    =    𝛽  𝑘   (  1  +    𝜋    𝑖  +  𝑘  −  1      𝑎  𝑘   ) 


   𝛽  =     lim     𝑘  →  ∞        𝛽  𝑘   . 


   𝛽  ∈    𝑈  𝑖  


     𝛽  𝑝   =  𝛼 


     𝑈  𝑖   →    𝑈    𝑖  +  𝑒   


   𝑝    ℤ  𝑝   [    𝜇  𝑝   ]  =  (  1  −    𝜁  𝑝     )    𝑝  −  1   


     𝜁  𝑝   ∈  𝐾 


   𝑣  (    𝜁  𝑝   −  1  )  =  𝑒  /  (  𝑝  −  1  ) 


     𝜁  𝑝   ∉    𝑈    𝑒  /  (  𝑝  −  1  )  +  1   


     𝑈  1   (  𝐾  ) 


     𝑈  1   /    𝑈  1  𝑝  


     𝑝  𝑛  


     𝑈  1   (  𝐾  )  ≅    ℤ  𝑝    [  𝐾  ∶    ℚ  𝑝   ]    ×  ℤ  /    𝑝  𝑛   ℤ  , 


     𝐾  ×   ≅  ⟨    𝜋  𝐾   ⟩  ×    𝒪  𝐾  ×   ≅  ⟨    𝜋  𝐾   ⟩  ×    𝜇    𝑞  −  1    (  𝐾  )  ×    𝑈  1   (  𝐾  )  ≅  ℤ  ×  ℤ  /  (  𝑞  −  1  )  ℤ  ×  ℤ  /    𝑝  𝑛   ℤ  ×    ℤ  𝑝    [  𝐾  ∶    ℚ  𝑝   ]    , 


   ⟨    𝜋  𝐾   ⟩ 


     𝑈  1   ≅    ℤ  𝑝  𝑟   ×  ℤ  /    𝑝  𝑛   ℤ 


     𝑈  𝑗  


   𝑗  >    𝑒    𝑝  −  1   


     𝑈  𝑗   ≅    ℤ  𝑝  𝑟  


     𝑈  𝑗  𝑝   =    𝑈    𝑗  +  𝑒   


   𝑟  =     dim     𝔽  𝑝        𝑈  𝑗   /    𝑈    𝑗  +  𝑒    =    ∑    𝑘  =  𝑗     𝑗  +  𝑒  −  1       dim     𝔽  𝑝        𝑈  𝑘   /    𝑈    𝑘  +  1    =  𝑒  𝑓  =  [  𝐾  ∶    ℚ  𝑝   ]  , 


     𝑈  𝑘   /    𝑈    𝑘  +  1    ≅    𝔽    𝑝  𝑓   


   𝐾  /    ℚ  𝑝  


     𝑈  𝑖  


   𝐾  =    𝔽  𝑞   (      (  𝑡  )      ) 


     𝔽  𝑞  


   𝐼 


   𝐼  =  {  (  𝑐  ,  𝑖  )  ∣  𝑐  ∈  𝐵  ,  𝑖  ≥  1  ,  𝑝  ∤  𝑖  }  . 


   𝜅          ∶      ∏    (  𝑐  ,  𝑖  )  ∈  𝐼      ℤ  𝑝   →    𝑈  1   (  𝐾  ) 


   𝜅  (  (    𝑎    𝑐  ,  𝑖      )    (  𝑐  ,  𝑖  )    )  =    ∏    (  𝑐  ,  𝑖  )  ∈  𝐼    (  1  +  𝑐    𝑡  𝑖     )    𝑎    𝑐  ,  𝑖     . 


     𝑝    𝑛  𝑖      ℤ  𝑝  


   (  𝑐  ,  𝑖  ) 


   (  𝑐  ,  𝑖  )  ∈  𝐼 


     𝑛  𝑖   ≥  0 


     𝑝    𝑛  𝑖    𝑖  >  𝑗 


     ∏      𝑐  ,  𝑖   ∈  𝐼      𝑝    𝑛    𝑐  ,  𝑖       ℤ  𝑝  


     𝑛    𝑐  ,  𝑖    =  0 


   𝑗  =   max   {    𝑝    𝑛    𝑐  ,  𝑖     𝑖  ∣  (  𝑐  ,  𝑖  )  ∈  𝐼  ,    𝑛    𝑐  ,  𝑖    ≥  1  }  , 


   𝐾  (    𝜇      𝑞  𝑛   −  1    ) 


    Gal   (  𝐸  /  𝐾  ) 


   𝐸  =  𝐾  (    𝜇    𝑞  −  1    ) 


     𝐾   ur   


    Gal   (    𝐾   ur    /  𝐾  ) 


     ℤ  ˆ  


     𝐾   sep   


     𝐾  𝑛   =  𝐾  (    𝜇      𝑞  𝑛   −  1    ) 


     𝑞  𝑛   −  1 


    Gal   (    𝐾  𝑛   /  𝐾  )  ≅  ℤ  /  𝑛  ℤ 


    Gal   (    𝐾   ur    /  𝐾  )  ≅            (     lim    ←   𝑛        Gal   (    𝐾  𝑛   /  𝐾  )  ≅            (     lim    ←   𝑛        Gal   (    𝔽    𝑞  𝑛    /    𝔽  𝑞   )  ≅            (     lim    ←   𝑛       ℤ  /  𝑛  ℤ  ≅    ℤ  ˆ   . 


   1  →  𝐼  →  𝐺  →   Gal   (  𝜅  (  𝐿  )  /  𝜅  (  𝐾  )  )  →  1  , 


     𝐺  𝐾  


   1  →    𝐼  𝐾   →    𝐺  𝐾   →    𝐺    𝜅  (  𝐾  )    →  1  , 


     𝐺  𝐾   →    𝐺    𝜅  (  𝐾  )   


     𝐺  𝐾   →   Gal   (    𝐾   ur    /  𝐾  ) 


     𝐺    𝜅  (  𝐾  )   


   𝑝  ∤    𝑒    𝐿  /  𝐾   


   𝑒 


   𝐾  (    𝜋    1  /  𝑒    )  /  𝐾 


   𝜆 


   𝐿  =  𝐸  (  𝜇  ) 


   𝜇 


   𝐿  /  𝐸 


     𝜋  𝐿  𝑒   =    𝜋  𝐾   𝛼 


   𝛼  ∈    𝒪  𝐿  ×  


   𝛼  =  𝜉  ⋅  𝑢 


   𝜉  ∈  𝐿 


   𝑢  ∈    𝑈  1   (  𝐿  ) 


   𝜉  ∈  𝐸 


   𝑝  ∤  𝑒 


     𝑈  1   (  𝐿  ) 


   𝑢 


   𝜆  =    𝜋  𝐾   𝜉 


   (    𝜋  𝐿     𝛽    −  1      )  𝑒   =  𝜆 


   𝐸  (  𝜇  )  /  𝐸 


     ℚ  𝑝   (    𝜇  𝑝   )  /    ℚ  𝑝  


     ℚ  𝑝   (    𝜇  𝑝   )  =    ℚ  𝑝   (  (  −  𝑝    )    1    𝑝  −  1     ) 


   𝑝  =    ∏    𝑖  =  1     𝑝  −  1    (  1  −    𝜁  𝑝  𝑖   )  =  (  1  −    𝜁  𝑝     )    𝑝  −  1      ∏    𝑖  =  1     𝑝  −  1    (  1  +    𝜁  𝑝   +  ⋯  +    𝜁  𝑝    𝑖  −  1    )  , 


     ∏    𝑖  =  1     𝑝  −  1    (  1  +    𝜁  𝑝   +  ⋯  +    𝜁  𝑝    𝑖  −  1    )  ≡    ∏    𝑖  =  1     𝑝  −  1    𝑖  ≡  (  𝑝  −  1  )  !  ≡  −  1         mod       (  1  −    𝜁  𝑝   )  , 


   −  𝑝  =  (  1  −    𝜁  𝑝     )    𝑝  −  1    𝑢 


   𝑢  ∈    𝑈  1   (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   (  𝑝  −  1  ) 


     ℚ  𝑝   (    𝑝    1  /  𝑝    )  /    ℚ  𝑝  


     ℚ  𝑝   (    𝜇    𝑝  2    )  /    ℚ  𝑝  


   𝑝  (  𝑝  −  1  ) 


     ℤ  𝑝  ×  


   𝑢  ∈    ℤ  𝑝  


   𝑎  ∈    ℤ  ˆ  


     𝑢  𝑎   =     lim     𝑛  →  ∞        𝑢    𝑎  𝑛    , 


     𝜋    1  /  𝑚   


   𝑝  ∤  𝑚 


    Gal   (  𝐿  /    𝐾   ur    ) 


       ℤ  ˆ     (  𝑝  )    =    ∏    ℓ  ≠  𝑝      ℤ  ℓ   , 


    Gal   (    𝐾   ur    /  𝐾  )  ≅    ℤ  ˆ  


     ℤ  ˆ   →   Aut   (      ℤ  ˆ     (  𝑝  )    ) 


     𝑞  𝑎  


       ℤ  ˆ     (  𝑝  )   


   𝑞  =  |  𝜅  (  𝐾  )  | 


     𝑣  𝐿  


     𝑣  𝐿   (  𝔞  ) 


   𝑖  ≥  −  1 


     𝐺  𝑖   =  {  𝜏  ∈  𝐺  ∣    𝑣  𝐿   (  𝜏  (  𝛼  )  −  𝛼  )  ≥  𝑖  +  1    for all    𝛼  ∈    𝒪  𝐿   }  . 


     𝐺    −  1    =  𝐺 


     𝐺  0  


   𝐺  /    𝐺  0  


     𝐺  𝑖   =  {  𝜏  ∈  𝐺  ∣    𝑣  𝐿   (  𝜏  (  𝛽  )  −  𝛽  )  ≥  𝑖  +  1  }  . 


     𝐺  𝑖  


   𝜏  ∈    𝐺  𝑖  


   𝜏  (    𝜎    −  1    (  𝛼  )  )  ≡    𝜎    −  1    (  𝛼  )       mod           𝜋  𝐿    𝑖  +  1    , 


   𝜎  𝜏    𝜎    −  1    (  𝛼  )  ≡  𝛼         mod           𝜋  𝐿    𝑖  +  1    . 


   𝜎  ∈    𝐺  0  


   𝜎  ∈    𝐺  𝑖  


       𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ∈    𝑈  𝑖   (  𝐿  ) 


   𝜎  (    𝜋  𝐿   )  ≡    𝜋  𝐿          mod           𝜋  𝐿    𝑖  +  1   


   𝑎  ∈    𝒪  𝐿  


   𝑎  =    ∑    𝑘  =  0   ∞     𝑐  𝑘     𝜋  𝐿  𝑘  


     𝑐  𝑘   ∈    𝜇    𝑞  −  1    (  𝐿  )  ∪  {  0  } 


   𝑞  =  |  𝜅  (  𝐿  )  | 


     𝜇    𝑞  −  1    (  𝐿  ) 


   𝜎  (  𝑎  )  =    ∑    𝑘  =  0   ∞     𝑐  𝑘   𝜎  (    𝜋  𝐿     )  𝑘   ≡  𝑎         mod           𝜋  𝐿    𝑖  +  1    , 


     𝜌  𝑖           ∶      𝐺  𝑖   /    𝐺    𝑖  +  1    →    𝑈  𝑖   (  𝐿  )  /    𝑈    𝑖  +  1    (  𝐿  ) 


     𝜌  𝑖   (  𝜎  ⋅    𝐺    𝑖  +  1    )  =      𝜎  (    𝜋  𝐿   )     𝜋  𝐿      𝑈    𝑖  +  1    (  𝐿  )  . 


     𝜌  𝑖  


     𝐺    𝑖  +  1   


     𝑈    𝑖  +  1    (  𝐿  ) 


   𝜎  ,  𝜏  ∈    𝐺  𝑖  


       𝜎  𝜏  (    𝜋  𝐿   )     𝜋  𝐿    =      𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ⋅  𝜎  (      𝜏  (    𝜋  𝐿   )     𝜋  𝐿    )  ≡      𝜎  (    𝜋  𝐿   )     𝜋  𝐿    ⋅      𝜏  (    𝜋  𝐿   )     𝜋  𝐿           mod           𝜋  𝐿    𝑖  +  1    , 


   𝜏  (    𝜋  𝐿   )    𝜋  𝐿    −  1    ∈    𝑈  𝑖   (  𝐿  ) 


     𝐺  𝑖   /    𝐺    𝑖  +  1   


     𝐻  𝑖   =  𝐻  ∩    𝐺  𝑖  


   𝐺  /    𝐺  1  


     𝑈  𝑖   (  𝐿  )  /    𝑈    𝑖  +  1    (  𝐿  ) 


     𝐺  1   =   Gal   (  𝐿  /    𝐿    𝐺  1    ) 


     𝐺  1  


     𝐿    𝐺  1   


     𝐿    𝐺  0   


     𝐺  0   /    𝐺  1  


     𝑈  0   (  𝐿  )  /    𝑈  1   (  𝐿  ) 


     𝐿    𝐺  1    /    𝐿    𝐺  0   


     𝐿    𝐺  0    /  𝐾 


     𝐿    𝐺  1    /  𝐾 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝     )  𝑖   =    {             Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   )             if      −  1  ≤  𝑖  ≤  0  ,         Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  )             if        𝑝    𝑘  −  1    ≤  𝑖  ≤    𝑝  𝑘   −  1       with      1  ≤  𝑘  ≤  𝑛  −  1        1             if      𝑖  ≥    𝑝    𝑛  −  1    .          


     𝐹  0   =    ℚ  𝑝  


     𝐹  𝑘   =    ℚ  𝑝   (    𝜇    𝑝  𝑘    ) 


   𝐺  =   Gal   (    𝐹  𝑛   /    ℚ  𝑝   ) 


     𝑝  𝑘  


     𝜁    𝑝  𝑘   


     𝜁    𝑝    𝑘  +  1    𝑝   =    𝜁    𝑝  𝑘   


   𝜎  (    𝜁    𝑝  𝑛    )  =    𝜁    𝑝  𝑛   𝑖  


   𝑖  ≡  1         mod           𝑝  𝑘  


   𝑐  =  (  𝑖  −  1  )  /    𝑝  𝑘  


   𝜎  (    𝜁    𝑝  𝑛    )  −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛   𝑖   −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛     1  +  𝑐    𝑝  𝑘     −    𝜁    𝑝  𝑛    =    𝜁    𝑝  𝑛    (    𝜁    𝑝    𝑛  −  𝑘    𝑐   −  1  )  , 


   𝑝  ∤  𝑐 


     𝐹  𝑛  


     ℤ  𝑝   [    𝜁    𝑝  𝑛    ] 


   𝜎  ∈    𝐺      𝑝  𝑘   −  1    −    𝐺    𝑝  𝑘   


   𝑖  −  1 


    Gal   (    𝐹  𝑛   /    𝐹  𝑘   ) 


    Gal   (    𝐹  𝑛   /    𝐹    𝑘  +  1    ) 


   𝜏  ∈    𝐺  𝑗  


   [  𝜎  ,  𝜏  ]  =  𝜎  𝜏    𝜎    −  1      𝜏    −  1   


     𝐺    𝑖  +  𝑗  +  1   


     𝑖    𝐿  /  𝐾            ∶    𝐺  →    ℤ    ≥  0    ∪  {  ∞  } 


     𝑖    𝐿  /  𝐾    (  𝜎  )  =   min   {    𝑣  𝐿   (  𝜎  (  𝛼  )  −  𝛼  )  ∣  𝛼  ∈    𝒪  𝐿   } 


     𝑖    𝐿  /  𝐾    (  𝜎  )  ≥  𝑖  +  1 


     𝑣  𝐿   (    𝔇    𝐿  /  𝐾    )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  =    ∑    𝑖  =  0   ∞   (  |    𝐺  𝑖   |  −  1  )  . 


     𝑓  ′   (  𝛽  )  =    ∏    𝜎  ∈  𝐺  −  {  1  }    (  𝛽  −  𝜎  (  𝛽  )  ) 


     𝑣  𝐿   (    𝑓  ′   (  𝛽  )  )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  =    ∑    𝑖  =  0   ∞     ∑          𝜎  ∈  𝐺  −  {  1  }             𝑖    𝐿  /  𝐾    (  𝜎  )  =  𝑖       𝑖  =    ∑    𝑖  =  0   ∞   𝑖  (  |    𝐺    𝑖  −  1    |  −  |    𝐺  𝑖   |  )  =    ∑    𝑖  =  0   ∞   (  |    𝐺  𝑖   |  −  1  )  . 


   𝐸  =    𝐿  𝐻  


     𝑣  𝐸   (    𝔇    𝐸  /  𝐾    )  =    1    𝑒    𝐿  /  𝐸       ∑    𝜎  ∈  𝐺  −  𝐻      𝑖    𝐿  /  𝐾    (  𝜎  )  . 


     𝑣  𝐸   (    𝔇    𝐸  /  𝐾    )  =    1    𝑒    𝐿  /  𝐸       𝑣  𝐿   (    𝔇    𝐸  /  𝐾    )  . 


     𝑣  𝐿   (    𝔇    𝐸  /  𝐾    )  =    𝑣  𝐿   (    𝔇    𝐿  /  𝐾    )  −    𝑣  𝐿   (    𝔇    𝐿  /  𝐸    )  =    ∑    𝜎  ∈  𝐺  −  {  1  }      𝑖    𝐿  /  𝐾    (  𝜎  )  −    ∑    𝜏  ∈  𝐻  −  {  1  }      𝑖    𝐿  /  𝐸    (  𝜏  )  =    ∑    𝜎  ∈  𝐺  −  𝐻      𝑖    𝐿  /  𝐾    (  𝜎  ) 


     𝑖    𝐿  /  𝐸    (  𝜏  )  =    𝑖    𝐿  /  𝐾    (  𝜏  ) 


   𝜏  ∈  𝐻 


   [  −  1  ,  ∞  ) 


   𝑡  ∈  [  −  1  ,  ∞  ) 


     𝐺  𝑡  


     𝐺    ⌈  𝑡  ⌉   


   ⌈    ⋅    ⌉ 


     𝜙    𝐿  /  𝐾            ∶    [  −  1  ,  ∞  )  →  [  −  1  ,  ∞  ) 


     𝜙    𝐿  /  𝐾    (  𝑡  )  =  𝑡 


   𝑡  <  0 


     𝜙    𝐿  /  𝐾    (  𝑡  )  =    ∫  0  𝑡   [    𝐺  0   ∶    𝐺  𝑥     ]    −  1    𝑑  𝑥 


   𝑡  ≥  0 


   𝑘  ≥  −  1 


     𝜙    𝐿  /  𝐾    (  𝑘  )  =    1    |    𝐺  0   |      ∑    𝑖  =  1   𝑘   |    𝐺  𝑖   |  . 


   𝑘  −  1 


   |    𝐺  𝑘   |  /  |    𝐺  0   | 


     𝐹  𝑛   =    ℚ  𝑝   (    𝜇    𝑝  𝑛    ) 


     𝜙      𝐹  𝑛   /    ℚ  𝑝     (  𝑡  )  =    {            𝑡           if    −  1  ≤  𝑖  ≤  0  ,            𝑡  −    𝑝    𝑘  −  1    +  1       𝑝    𝑘  −  1    (  𝑝  −  1  )    +  𝑘  −  1           if      𝑝    𝑘  −  1    −  1  ≤  𝑡  ≤    𝑝  𝑘   −  1    with    1  ≤  𝑘  ≤  𝑛  −  1  ,            𝑡  −    𝑝  𝑛   +  1       𝑝    𝑛  −  1    (  𝑝  −  1  )    +  𝑛  −  1           if    𝑡  ≥    𝑝    𝑛  −  1    −  1  .          


     𝜙      𝐹  𝑛   /    ℚ  𝑝     (    𝑝  𝑘   −  1  )  =  𝑘 


     𝜙    𝐿  /  𝐾   


   𝐸  /  𝐾 


   𝑁  =   Gal   (  𝐿  /  𝐸  ) 


   𝛿  ∈  𝐺  /  𝑁 


     𝑖    𝐸  /  𝐾    (  𝛿  )  =    1    𝑒    𝐿  /  𝐸       ∑          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿         𝑖    𝐿  /  𝐾    (  𝜎  )  . 


     𝒪  𝐸   =    𝒪  𝐾   [  𝛼  ] 


   𝛼  ∈    𝒪  𝐸  


   𝑔  ∈    𝒪  𝐸   [  𝑥  ] 


   𝑔  =    ∏    𝜏  ∈  𝑁    (  𝑥  −  𝜏  (  𝛽  )  )  , 


     𝑔  𝜎   ∈    𝒪  𝐸   [  𝑥  ] 


     𝑔  𝜎   =    ∏    𝜏  ∈  𝑁    (  𝑥  −  𝜎  𝜏  (  𝛽  )  )  . 


     𝑔  𝜎   −  𝑔 


   |  𝑁  | 


   𝜏  (  𝛽  ) 


   𝜎  𝜏  (  𝛽  ) 


     𝒪  𝐸  


     𝑔  𝜎  


   𝜎  (  𝛼  ) 


   𝜎  (  𝛼  )  −  𝛼 


     𝑔  𝜎   (  𝛽  )  −  𝑔  (  𝛽  )  =    𝑔  𝜎   (  𝛽  ) 


   𝛼  =  𝑓  (  𝛽  ) 


   𝑓  (  𝑥  )  −  𝛼 


   𝑓  (  𝑥  )  −  𝛼  =  𝑔  (  𝑥  )  ℎ  (  𝑥  ) 


   ℎ  ∈    𝒪  𝐸   [  𝑥  ] 


   𝑓  (  𝑥  )  −  𝜎  (  𝛼  )  =    𝑔  𝜎   (  𝑥  )    ℎ  𝜎   (  𝑥  )  . 


   𝛼  −  𝜎  (  𝛼  )  =    𝑔  𝜎   (  𝛽  )  ⋅    ℎ  𝜎   (  𝛽  )  , 


     𝑔  𝜎   (  𝛽  ) 


   𝛿  =  1 


   𝛿  (  𝛼  )  −  𝛼 


     𝑔  𝛿   (  𝛽  ) 


     𝑒    𝐿  /  𝐸      𝑖    𝐸  /  𝐾    (  𝛿  )  =    𝑣  𝐿   (  𝛿  (  𝛼  )  −  𝛼  )  =    𝑣  𝐿   (    𝑔  𝛿   (  𝛼  )  )  =    𝑣  𝐿   (    ∏          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿       (  𝛽  −  𝜎  (  𝛽  )  )  )  =    ∑          𝜎  ∈  𝐺           𝜎    |  𝐸   =  𝛿         𝑖    𝐿  /  𝐾    (  𝜎  )  . 


   𝑡  ≥  −  1 


     𝜙    𝐿  /  𝐾    (  𝑡  )  +  1  =    1    |    𝐺  0   |      ∑    𝜎  ∈  𝐺     min   {    𝑖    𝐿  /  𝐾    (  𝜎  )  ,  𝑡  +  1  }  . 


     𝜙    𝐿  /  𝐾   ′   (  𝑡  )  =  [    𝐺  0   ∶    𝐺    ⌈  𝑡  ⌉      ]    −  1    =      |    𝐺    ⌈  𝑡  ⌉    |     |    𝐺  0   |   


     1    |    𝐺  0   |      ∑          𝜎  ∈  𝐺             𝑖    𝐿  /  𝐾    (  𝜎  )  ≥  ⌈  𝑡  ⌉  +  1       1  =      |    𝐺    ⌈  𝑡  ⌉    |     |    𝐺  0   |    . 


   𝛿  ∈   Gal   (  𝐸  /  𝐾  ) 


     𝑖    𝐸  /  𝐾    (  𝛿  )  −  1  =   max   {    𝜙    𝐿  /  𝐸    (    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  )  ∣  𝜎  ∈  𝐺  ,  𝜎    |  𝐸   =  𝛿  }  . 


   𝜎    |  𝐸   =  𝛿 


   𝑖  =    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1 


   𝜏  ∈  𝑁 


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    𝑣  𝐿   (  𝜎  𝜏  (  𝛽  )  −  𝛽  )  ≥   min   {    𝑣  𝐿   (  𝜎  𝜏  (  𝛽  )  −  𝜎  (  𝛽  )  )  ,    𝑣  𝐿   (  𝜎  (  𝛽  )  −  𝛽  )  }  =   min   {    𝑖    𝐿  /  𝐾    (  𝜏  )  ,    𝑖    𝐿  /  𝐾    (  𝜎  )  } 


     𝑖    𝐿  /  𝐾    (  𝜏  )  ≠    𝑖    𝐿  /  𝐾    (  𝜎  ) 


   𝜏  ∉    𝑁  𝑖  


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    𝑖    𝐿  /  𝐾    (  𝜏  ) 


   𝜏  ∈    𝑁  𝑖  


     𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  ≥  𝑖  +  1 


     𝑖    𝐿  /  𝐾    (  𝛿  )  =    1    |    𝑁  0   |      ∑    𝜏  ∈  𝑁      𝑖    𝐿  /  𝐾    (  𝜎  𝜏  )  =    1    |    𝑁  0   |      ∑    𝜏  ∈  𝑁     min   {    𝑖    𝐿  /  𝐾    (  𝜏  )  ,  𝑖  +  1  }  =    𝜙    𝐿  /  𝐸    (  𝑖  )  +  1  , 


   (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )    =    𝐺  𝑡   𝑁  /  𝑁  . 


   (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )   


     𝑖    𝐸  /  𝐾    (  𝛿  )  −  1  ≥    𝜙    𝐿  /  𝐸    (  𝑡  ) 


     𝜙    𝐿  /  𝐸    (    𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  )  ≥    𝜙    𝐿  /  𝐸    (  𝑡  ) 


     𝑖    𝐿  /  𝐾    (  𝜎  )  −  1  ≥  𝑡 


   𝜎  ∈    𝐺  𝑡  


   𝛿  ∈    𝐺  𝑡   𝑁  /  𝑁 


     𝜙    𝐿  /  𝐾    =    𝜙    𝐸  /  𝐾    ∘    𝜙    𝐿  /  𝐸    . 


   𝑡  >  −  1 


     𝜙    𝐸  /  𝐾   ′   (    𝜙    𝐿  /  𝐸    (  𝑡  )  )  ⋅    𝜙    𝐿  /  𝐸   ′   (  𝑡  )  =  [  (  𝐺  /  𝑁    )  0   ∶  (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑡  )      ]    −  1    [    𝑁  0   ∶    𝑁  𝑡     ]    −  1   


   [    𝐺  0   ∶    𝐺    ⌈  𝑡  ⌉      ]    −  1   


   [    𝐺  𝑠   ∶    𝑁  𝑠   ]  =  [    𝐺  𝑠   ∶    𝐺  𝑠   ∩  𝑁  ]  =  [    𝐺  𝑠   𝑁  ∶  𝑁  ]  =  |  (  𝐺  /  𝑁    )      𝜙    𝐿  /  𝐸    (  𝑠  )    | 


   𝑠  =  0 


   𝑠  =  𝑡 


   |  𝑎    |  𝔭   =    𝑐    −    𝑣  𝔭   (  𝑎  )   


   𝑤 


   𝜏          ∶      𝐿  𝑤   →      𝐾  𝑣   ‾  


     𝑣  ¯   ∘  𝜏 


     𝜏  ′   =  𝜎  ∘  𝜏 


   𝜎  ∈     Aut     𝐾  𝑣    (      𝐾  𝑣   ‾   ) 


     𝑣  ¯  


       𝐾  𝑣   ‾  


     𝑣  ¯   ∘  𝜎  =    𝑣  ¯  


     𝑣  ¯   ∘    𝜏  ′   =    𝑣  ¯   ∘  𝜏 


     𝑤  ′   =  𝑤 


     𝜏  ′   ∘    𝜏    −  1            ∶    𝜏  (  𝐿  )  →    𝜏  ′   (  𝐿  ) 


   𝜏  (  𝐿  ) 


   𝜏  (  𝐿  )  ⋅    𝐾  𝑣  


     𝜏  ′  


   𝜎          ∶    𝜏  (  𝐿  )  ⋅    𝐾  𝑣   →    𝜏  ′   (  𝐿  )  ⋅    𝐾  𝑣  


   𝜎  (  𝛼  )  =     lim     𝑛  →  ∞        𝜏  ′   (    𝛼  𝑛   ) 


   𝛼  ∈  𝜏  (  𝐿  )  ⋅    𝐾  𝑣  


   (  𝜏  (    𝛼  𝑛   )    )  𝑛  


     𝛼  𝑛  ′  


   (    𝜏  ′   (    𝛼  𝑛   )    )  𝑛  


   (    𝜏  ′   (    𝛼  𝑛  ′   )    )  𝑛  


      Aut     𝐾  𝑣    (      𝐾  𝑣   ‾   ) 


     𝜎  𝐸           ∶    𝜏  (  𝐸  )    𝐾  𝑣   →    𝜏  ′   (  𝐸  )    𝐾  𝑣  


     𝜏  ′     |  𝐸   =    𝜎  𝐸   ∘  𝜏    |  𝐸  


     𝐸  ′  


     𝜎  𝐸  


     𝜎    𝐸  ′   


   𝜏  (  𝐸  ∩    𝐸  ′   )    𝐾  𝑣   ⊆  𝜏  (  𝐸  )    𝐾  𝑣   ∩  𝜏  (    𝐸  ′   )    𝐾  𝑣  


   𝜏  (  𝐸  )    𝐾  𝑣  


   𝜅          ∶    𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   𝜅  (  𝛽  ⊗  1  )  =  (    𝜄  𝑤   𝛽    )  𝑤  


     𝜄  𝑤           ∶    𝐿  →    𝐿  𝑤  


   𝑓  =    ∏    𝑖  =  1   𝑚     𝑓  𝑖  


     𝜃  𝑖  


     𝑓  𝑖   (  𝑥  ) 


   𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑖  =  1   𝑚     𝐾  𝑣   (    𝜃  𝑖   ) 


   𝜃  ⊗  1 


     𝐾  𝑣   (    𝜃  𝑖   ) 


     𝑤  𝑖  


     𝜏  𝑖           ∶    𝐿  →    𝐾  𝑣   (    𝜃  𝑖   ) 


   𝑤  =    𝑣  ¯   ∘  𝜏 


   𝜏  (  𝜃  ) 


   𝜏  =  𝜎  ∘    𝜏  𝑖  


   𝑤  =    𝑣  ¯   ∘  𝜎  ∘    𝜏  𝑖   =    𝑣  ¯   ∘    𝜏  𝑖   =    𝑤  𝑖  


   [  𝐿  ∶  𝐾  ]  =    ∑    𝑤  ∣  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]  . 


     𝑁    𝐿  /  𝐾   𝑣           ∶      ∏    𝑤  ∣  𝑣      𝐿  𝑤   →    𝐾  𝑣  


     𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  =    ∏    𝑤  ∣  𝑣      𝑁      𝐿  𝑤   /    𝐾  𝑣     (    𝛽  𝑤   )  . 


      Tr     𝐿  /  𝐾   𝑣           ∶      ∏    𝑤  ∣  𝑣      𝐿  𝑤   →    𝐾  𝑣  


      Tr     𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  =    ∑    𝑤  ∣  𝑣       Tr       𝐿  𝑤   /    𝐾  𝑣     (    𝛽  𝑤   )  . 


     𝑁    𝐿  /  𝐾   𝑣  


     𝑚  𝛽           ∶    𝐿  →  𝐿 


     𝑚  𝛽   ⊗     id     𝐾  𝑣   


     𝑚  𝛽  


   |    𝛽  𝑖     |  𝑤   ≤  1 


   |  D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )    |  𝑣   =  1 


     𝜅  ′           ∶      ⨁    𝑖  =  1   𝑛     𝒪  𝑣   (    𝛽  𝑖   ⊗  1  )    ⟶  ∼     ∏    𝑤  ∣  𝑣      𝒪  𝑤   , 


     𝒪  𝑤   ) 


     𝐿  𝑤   ) 


     𝜅  ′  


     𝜓  𝑣           ∶    (  𝐿    ⊗  𝐾     𝐾  𝑣   )  ×  (  𝐿    ⊗  𝐾     𝐾  𝑣   )  →    𝐾  𝑣   , 


     𝜓  𝑣   (  𝛼  ⊗  𝑎  ,  𝛽  ⊗  𝑏  )  =  𝑎  𝑏       Tr     𝐿  /  𝐾    (  𝛼  𝛽  )  . 


     𝑤  1   ,  …  ,    𝑤  𝑔  


     𝒪    𝑤  𝑖   


     𝑛  𝑖   =  [    𝐿    𝑤  𝑖    ∶    𝐾  𝑣   ] 


     𝑚  𝑖   =    ∑    𝑗  =  1     𝑖  −  1      𝑛  𝑖   , 


   (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     ) 


     𝜆  𝑖  


     ∏    𝑖  =  1   𝑔     𝒪    𝑤  𝑖   


   𝐴  =  (    𝑎    𝑖  ,  𝑗    )  ∈     GL   𝑛   (    𝐾  𝑣   ) 


          (6.1.1)               𝜆  𝑖   =    ∑    𝑗  =  1   𝑛   𝜅  (    𝛽  𝑗   ⊗    𝑎    𝑖  ,  𝑗    )  ,    


     𝜓  𝑣  


     𝜓  ˜           ∶      ∏    𝑖  =  1   𝑔     𝐿    𝑤  𝑖    ×    ∏    𝑖  =  1   𝑔     𝐿    𝑤  𝑖    →    𝐾  𝑣  


   (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


             𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )     =    𝜓  𝑣   (    𝜅    −  1    (    𝜆  𝑖   )  ,    𝜅    −  1    (    𝜆  𝑗   )  )            =    ∑    𝑘  =  1   𝑛     ∑    𝑙  =  1   𝑛     𝜓  𝑣   (    𝛽  𝑘   ⊗    𝑎    𝑖  ,  𝑘    ,    𝛽  𝑙   ⊗    𝑎    𝑗  ,  𝑙    )            =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  ,  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  ,  𝑙         Tr     𝐿  /  𝐾    (    𝛽  𝑘     𝛽  𝑙   )            =    ∑    𝑘  =  1   𝑛     𝑎    𝑖  ,  𝑘      ∑    𝑙  =  1   𝑛     𝑎    𝑗  ,  𝑙      ∑    ℎ  =  1   𝑔      Tr       𝐿    𝑤  ℎ    /    𝐾  𝑣     (    𝛽  𝑘     𝛽  𝑙   )            =     Tr     𝐿  /  𝐾   𝑣   (    𝜆  𝑖     𝜆  𝑗   )  .    


     𝜆  𝑖     𝜆  𝑗  


     𝐿    𝑤  ℎ   


     𝑚  ℎ   +  1  ≤  𝑖  ,  𝑗  ≤    𝑚    ℎ  +  1   


     𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  =     Tr       𝐿    𝑤  ℎ    /    𝐾  𝑣     (    𝜆  𝑖     𝜆  𝑗   )  , 


     𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  =  0 


   𝑀  =  (    𝜓  ˜   (    𝜆  𝑖   ,    𝜆  𝑗   )  ) 


     ∏    𝑖  =  1   𝑔   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  , 


     𝜓  ˜  


   (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  =   det   (  𝐴    )  2    det   (  𝑀  )  =    ∏    𝑖  =  1   𝑔   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  . 


   D  (    𝜆      𝑚  𝑖   +  1    ,  …  ,    𝜆    𝑚    𝑖  +  1     )  ∈    𝒪  𝑣  ×  


   D  (    𝛽  1   ,  …  ,    𝛽  𝑛   )  ∈    𝒪  𝑣  ×  


    det   (  𝐴  )  ∈    𝒪  𝑣  ×  


   ‖          ‖  𝑣           ∶      𝐾  𝑣  ×   →    ℝ    ≥  0   


   ‖          ‖  𝑣   =  |          |  𝑣  


   ‖          ‖  𝑣   =  |          |  𝑣  2  


   ‖    𝑁    𝐿  /  𝐾    (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝛽    ‖  𝑤   . 


   ‖          ‖  𝑣  


   ‖  𝛼    ‖  𝑤   =  ‖  𝛼    ‖  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]   


   ‖    𝑁    𝐿  /  𝐾    (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )    ‖  𝑣   =    ∏    𝑤  ∣  𝑣    ‖    𝑁      𝐿  𝑤   /    𝐾  𝑣     (  𝛽  )    ‖  𝑤    [    𝐿  𝑤   ∶    𝐾  𝑣     ]    −  1      =    ∏    𝑤  ∣  𝑣    ‖  𝛽    ‖  𝑤   . 


     ∏    𝑣  ∈    𝑉  𝐾     ‖  𝛼    ‖  𝑣   =  1  . 


     ∏    𝑣  ∈    𝑉  𝐾     ‖  𝛼    ‖  𝑣   =    ∏    𝑢  ∈    𝑉  𝐹       ∏    𝑣  ∣  𝑢    ‖  𝛼    ‖  𝑣   =    ∏    𝑢  ∈    𝑉  𝐹     ‖    𝑁    𝐾  /  𝐹    (  𝛼  )    ‖  𝑢   =  1  . 


     𝑒    𝐿  /  𝐾   


     𝑓    𝐿  /  𝐾   


   𝐾  =    ℚ  𝑝  


   𝐾  =    𝔽  𝑝   (      (  𝑡  )      ) 


     𝑒  𝐿  


     𝑓  𝐿  


     𝔪  𝐿  


     𝔪  𝐾  


     𝑒    𝐿  /  𝐾    =    𝑒      𝔪  𝐿   /    𝔪  𝐾    


     𝑓    𝐿  /  𝐾    =    𝑓      𝔪  𝐿   /    𝔪  𝐾    


   [  𝐿  ∶  𝐾  ]  =    𝑒    𝐿  /  𝐾      𝑓    𝐿  /  𝐾   


     𝑒    𝐿  /  𝐾    =  1 


     𝑒    𝐿  /  𝐾    >  1 


     𝑒    𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ] 


     𝑒    𝔓  /  𝔭    =    𝑒      𝐿  𝔓   /    𝐾  𝔭    


     𝑓    𝔓  /  𝔭    =    𝑓      𝐿  𝔓   /    𝐾  𝔭    


     𝜋  𝐾   𝒪  =  𝔭  𝒪  =    𝔓    𝑒    𝔓  /  𝔭     𝒪  =  (    𝜋  𝐿    𝑒    𝔓  /  𝔭     )  , 


     𝐿  𝔓   /    𝐾  𝔭  


     𝑣  𝔓   (    𝜋  𝐾   )  =    𝑒    𝔓  /  𝔭   


   𝜎  (  𝑤  ) 


   |  𝛽    |    𝜎  (  𝑤  )    =  |    𝜎    −  1    (  𝛽  )    |  𝑤  


   |          |  𝑤  


   |          |  𝑣    [    𝐿  𝑤   ∶    𝐾  𝑣   ]   


     𝜏  𝑣  


     𝜏  𝑤  


   |  𝛽    |    𝜎  (  𝑤  )    =  |    𝜏  𝑤   ∘    𝜎    −  1    (  𝛽  )  | 


     𝜏  ‾  


     𝐺  𝑤  


     𝐼  𝑤  


   𝜎  ∈    𝐺  𝑤  


   |  𝜎  (  𝛽  )  −  𝛽    |  𝑤   <  1 


   |  𝛽    |  𝑤   ≤  1 


    Gal   (    𝐿  𝑤   /    𝐾  𝑣   )  →   Gal   (  𝐿  /  𝐾  )  ,    𝜎  ↦  𝜎    |  𝐿  


    Gal   (    𝐿  𝑤   /    𝐾  𝑣   ) 


   𝜎  ∈   Gal   (    𝐿  𝑤   /    𝐾  𝑣   ) 


   𝑤  =  𝜎  (  𝑤  ) 


   𝜎  (  𝛽  )  =  𝛽 


   𝛽  ∈    𝐿  𝑤  


   𝑤  =  𝜏  (  𝑤  ) 


   𝜏          ∶    𝐿  →  𝐿 


   𝐿  ↪    𝐿  𝑤  


   𝜏  ∈    𝐼  𝑤  


   𝛽  ∈    𝒪  𝑤  


   |  𝛽  −  𝑏    |  𝑤   <  1 


   𝑏  ∈  𝐿 


   |  𝑏    |  𝑤   ≤  1 


     𝛽  ′   =  𝛽  −  𝑏 


   |  𝜏  (  𝑏  )  −  𝑏    |  𝑤   <  1 


   |  𝜏  (  𝛽  )  −  𝛽    |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )  −    𝛽  ′     |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )  −    𝛽  ′     |  𝑤   ≤  |    𝛽  ′     |  𝑤   <  1 


   |  𝜏  (    𝛽  ′   )    |  𝑤   =  |    𝛽  ′     |  𝑤  


   𝜏          ∶    𝐿  →      𝐾  𝑣   ‾  


   |  𝛽    |  𝑤   =  |  𝜏  (  𝛽  )    |    𝑣  ¯   


     𝜏  ′           ∶    𝐿  →      𝐾  𝑣   ‾  


     𝑤  ′   =    𝑣  ¯   ∘    𝜏  ′  


     𝔽  𝑝   (  𝑇  ) 


   𝑓  ∈    𝔽  𝑝   [  𝑇  ] 


     𝔽  𝑞   (      (  𝑡  )      ) 


   𝐾  /  𝐹 


   𝐹  =    ℚ  𝑝  


   𝐸  (  𝑥  )  /  𝐸  (    𝑥  𝑛   ) 


   𝐸  (  𝑥  ) 


   ℎ  <  1 


   𝐸  (  𝑥  )  ⊆  𝐾 


   𝐸  (    𝑥  𝑛   ) 


     ℎ  𝑛  


     𝑝    −  1   


   (    𝐾  𝑛     )  𝑛  


     𝐾    𝑛  +  1    /    𝐾  𝑛  


     𝐾    𝑛  +  1   


     𝐾  𝑛  


   [    𝐾    𝑛  +  1    ∶    𝐾  𝑛   ] 


   (    𝜋  𝑛     )  𝑛  


     𝜋  𝑛   ∈    𝐾  𝑛  


   |    𝜋  𝑛   −    𝜋  𝑚   |  =  |    𝜋  𝑛   | 


   𝑛  >  𝑚 


   |    𝜋  𝑛   | 


     𝔽  𝑞   (      (  𝑦  )      ) 


   (    𝑎  𝑛     )    𝑛  ≥  1   


     ∑    𝑛  =  1   ∞     𝑎  𝑛     𝑛    −  𝑠    , 


   (    𝑏  𝑖     )    𝑖  ≥  1   


   (    𝑐  𝑖     )    𝑖  ≥  1   


     𝐵  𝑛   =    ∑    𝑖  =  1   𝑛     𝑏  𝑖  


     ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝑐  𝑖   =    𝐵  𝑛     𝑐  𝑛   +    ∑    𝑖  =  1     𝑛  −  1      𝐵  𝑖   (    𝑐  𝑖   −    𝑐    𝑖  +  1    )  . 


   𝑛  ≥  𝑚  ≥  1 


     ∑    𝑖  =  𝑚  +  1   𝑛     𝑏  𝑖     𝑐  𝑖   =    𝐵  𝑛     𝑐  𝑛   −    𝐵  𝑚     𝑐  𝑚   +    ∑    𝑖  =  𝑚  +  1     𝑛  −  1      𝐵  𝑖   (    𝑐  𝑖   −    𝑐    𝑖  +  1    ) 


   𝑛  +  1 


     𝐵    𝑛  +  1      𝑐    𝑛  +  1    +    𝐵  𝑛   (    𝑐  𝑛   −    𝑐    𝑛  +  1    )  −    𝐵  𝑛     𝑐  𝑛   =    𝑏    𝑛  +  1      𝑐    𝑛  +  1    , 


     𝑠  0   ∈  ℂ 


   𝑍  (    𝑠  0   )  =  {  𝑠  ∈  ℂ  ∣   Re   (  𝑠  )  >   Re   (    𝑠  0   )  } 


     ∑    𝑛  =  1   ∞     𝑎  𝑛     𝑛    −  𝑠   


   𝑠  ∈  𝑍  (    𝑠  0   ) 


   𝑍  (    𝑠  0   ) 


     𝑡  0   =   Re   (    𝑠  0   ) 


   𝑡  =   Re   (  𝑠  ) 


   𝑡  >    𝑡  0  


     𝐷  𝑚   >  0 


   |    ∑    𝑘  =  1   𝑛     𝑎  𝑘     𝑘    −    𝑠  0     |  ≤    𝐷  𝑚  


   𝑛  ≤  𝑚 


   𝐷  >  0 


   (    𝑎  𝑛     𝑛    −    𝑠  0       )    𝑛  ≥  1   


   (    𝑛      𝑠  0   −  𝑠      )    𝑛  ≥  1   


     |    ∑    𝑘  =  𝑚  +  1   𝑛     𝑎  𝑛     𝑛    −  𝑠    |   ≤    𝐷  𝑛     𝑛      𝑡  0   −  𝑡    +    𝐷  𝑚     𝑚      𝑡  0   −  𝑡    +    ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝐷  𝑘   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    | 


   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    |  ≤  |  𝑠  −    𝑠  0   |    ∫  𝑘    𝑘  +  1      𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥  , 


     ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝐷  𝑘   |    𝑘      𝑠  0   −  𝑠    −  (  𝑘  +  1    )      𝑠  0   −  𝑠    |  ≤    𝐷    𝑛  −  1    |  𝑠  −    𝑠  0   |    ∫    𝑚  +  1     𝑛  −  1      𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥 


   𝑛  →  ∞ 


     |    ∑    𝑘  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐷    𝑚      𝑡  0   −  𝑡    +  |  𝑠  −    𝑠  0   |    ∫    𝑚  +  1   ∞     𝑥      𝑡  0   −  𝑡  −  1    𝑑  𝑥  ≤  𝐷    𝑚      𝑡  0   −  𝑡    +      |  𝑠  −    𝑠  0   |     𝑡  −    𝑡  0     (  𝑚  +  1    )      𝑡  0   −  𝑡    . 


     ∑    𝑛  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠   


   𝑢  ≥  0 


   |    ∑    𝑘  =  1   𝑛     𝑎  𝑘   |  ≤  𝐶    𝑛  𝑢  


   𝑍  (  𝑡  ) 


     𝑠  0   =  0 


     𝐷  𝑛   ≤  𝐶    𝑛  𝑢  


     |    ∑    𝑘  =  𝑚  +  1   𝑛     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐶    𝑛    𝑢  −  𝑡    +  𝐶    𝑚    𝑢  −  𝑡    +  𝐶  |  𝑠  |    ∑    𝑘  =  𝑚  +  1     𝑛  −  1      𝑘  𝑢     ∫  𝑘    𝑘  +  1      𝑥    −  𝑡  −  1    𝑑  𝑥  ≤  𝐶    𝑛    𝑢  −  𝑡    +  𝐶    𝑚    𝑢  −  𝑡    +  𝐶  |  𝑠  |    ∫    𝑚  +  1   𝑛     𝑥    𝑢  −  𝑡  −  1    𝑑  𝑥  . 


     |    ∑    𝑘  =  𝑚  +  1   ∞     𝑎  𝑛     𝑛    −  𝑠    |   ≤  𝐶    𝑚    𝑢  −  𝑡    +  𝐶      |  𝑠  |     𝑢  −  𝑡    (  𝑚  +  1    )    𝑢  −  𝑡    , 


   𝑍  (  𝑠  ) 


   𝜁  (  𝑠  )  =    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    . 


   𝜁  (  𝑠  ) 


   𝑠  ∈  ℂ 


    Re   (  𝑠  )  >  1 


    Re   (  𝑠  )  >  0 


   𝑠  =  1 


   𝐶  =  1 


   𝑡  =  1 


     𝜁  2   (  𝑠  )  =    ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1      𝑛    −  𝑠   


     ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1      𝑛    −  𝑠    =    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    −  2    ∑    𝑛  =  1   ∞   (  −  1    )    𝑛  −  1    (  2  𝑛    )    −  𝑠    , 


     𝜁  2   (  𝑠  )  =  (  1  −    2    1  −  𝑠    )  𝜁  (  𝑠  ) 


   𝑠  ∈  𝑍  (  0  ) 


     2    𝑠  −  1    =  1 


   1  +      2  𝜋  𝑛  𝑖      log     2   


     𝜁  3   (  𝑠  ) 


   (    𝑎  𝑛     )    𝑛  ≥  1   


     𝑎    3  𝑘  +  1    =    𝑎    3  𝑘  +  2    =  1 


     𝑎    3  𝑘  +  3    =  −  2 


     𝜁  3   (  𝑠  )  =  (  1  −    3    1  −  𝑠    )  𝜁  (  𝑠  ) 


     3    𝑠  −  1    =  1 


   1  +      2  𝜋  𝑛  𝑖      log     3   


     1    𝑠  −  1    =    ∫  1  ∞     𝑥    −  𝑠    𝑑  𝑥  ≤    ∑    𝑛  =  1   ∞     𝑛    −  𝑠    ≤  1  +    ∫  1  ∞     𝑥    −  𝑠    𝑑  𝑥  =    𝑠    𝑠  −  1    . 


      lim     𝑠  →  1    (  𝑠  −  1  )  𝜁  (  𝑠  )  =  1 


     ∏  𝔭   (  1  −    𝑎  𝔭   𝑁    𝔭    −  𝑠      )    −  1   


     𝑎  𝔭  


   (  1  −    𝑎  𝔭   𝑁    𝔭    −  𝑠      )    −  1   


     ∏  𝑝   (  1  −    𝑝    −  𝑠      )    −  1   


     ∑    𝑛  =  1   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑠      , 


     ∑    𝑛  =  2   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑡      ≤    ∑    𝑛  =  2   ∞     ∑  𝑝     𝑝    −  𝑛  𝑡    ≤  𝜁  (  𝑡  )  , 


   𝑡  >    1  2  


     ∑    𝑛  =  1   ∞     ∑  𝑝     1    𝑛    𝑝    𝑛  𝑠     


   𝑍  (    1  2   ) 


     ∑  𝑝     𝑝    −  𝑠   


   𝑍  (  1  ) 


     𝐼  𝑆  


     ∏    𝑝  ∈  𝑆    (  1  −    𝑝    −  𝑠      )    −  1    =    ∑    𝑛  ∈    𝐼  𝑆       𝑛    −  𝑠    . 


   𝜁  (  𝑠  )  =    ∏  𝑝   (  1  −    𝑝    −  𝑠      )    −  1   


   𝑠  =  1 


   𝑓  ∼  𝑔 


     𝜁  𝐾   (  𝑠  )  =    ∑    𝔞  ⊆    𝒪  𝐹     (  𝑁  𝔞    )    −  𝑠    , 


     𝜁  𝐾   (  𝑠  )  =    ∑    𝔞  ⊆    𝒪  𝐾     (  𝑁  𝔞    )    −  𝑠   


     𝜁  𝐾   (  𝑠  )  =    ∏  𝔭   (  1  −  𝑁    𝔭    −  𝑠      )    −  1    , 


   𝑍  (  1  −  [  𝐾  ∶  ℚ    ]    −  1    ) 


    log       𝜁  𝐾   (  𝑠  )  ∼    ∑  𝔭   𝑁    𝔭    −  𝑠    , 


   [  𝐾  ∶  ℚ  ]    ∑  𝑝     𝑝    −  𝑠    ∼  [  𝐾  ∶  ℚ  ]   log   (  𝑠  −  1    )    −  1   


   𝛿  (  𝑆  ) 


   𝛿  (  𝑆  )  =     lim     𝑠  →    1  +             ∑    𝔭  ∈  𝑆    𝑁    𝔭    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      , 


    lim inf  


    lim sup  


     𝑆    𝐿  /  𝐾   


     1    [  𝐿  ∶  𝐾  ]   


    log       𝜁  𝐿   (  𝑠  )  ∼    ∑  𝔓   𝑁    𝔓    −  𝑠   


   ≥  2 


   |  𝑁    𝔓    −  𝑠    | 


     𝑝  2  


   (  𝑝  )  =  𝔓  ∩  ℤ 


    log       𝜁  𝐿   (  𝑠  )  ∼  [  𝐿  ∶  𝐾  ]    ∑    𝔭  ∈    𝑆    𝐿  /  𝐾      𝑁    𝔭    −  𝑠   


     𝜁  𝐿   (  𝑠  ) 


     𝜁  𝐾   (  𝑠  ) 


    log       𝜁  𝐿   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1    ∼   log       𝜁  𝐾   (  𝑠  )  ∼    ∑  𝔭   𝑁    𝔭    −  𝑠    , 


   𝛿  (    𝑆    𝐿  /  𝐾    )  =  [  𝐿  ∶  𝐾    ]    −  1   


   𝜒 


   𝐿  (  𝜒  ,  𝑠  )  =    ∏  𝔭    det   (  1  −  𝑥    𝜑  𝔭   |    𝑉    𝐼  𝔭      )    −  1      |    𝑥  =  𝑁    𝔭    −  𝑠     


     𝜑  𝔭  


     𝐼  𝔭  


   𝐿  (  𝜒  ,  𝑠  ) 


     𝜁  𝐿   (  𝑠  )  =    ∏  𝜒   𝐿  (  𝜒  ,  𝑠    )    𝜒  (  1  )    , 


   𝜒          ∶       Gal   (  𝐿  /  𝐾  )  →    ℂ  ×  


   𝜒  (  𝔭  )  =  0 


     𝐿     ker     𝜒    /  𝐾 


   𝜒  (    𝜑  𝔭   ) 


     𝜑  𝔭  


   𝐿  (  𝜒  ,  𝑠  )  =    ∏  𝔭   (  1  −  𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠      )    −  1    =    ∑    𝔞  ⊆    𝒪  𝐾     𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝐿  (  𝜒  ,  1  ) 


   𝑑  =  [  𝐾  ∶  ℚ  ] 


   𝑁  𝔞  ≤  𝑁 


   𝜒  (  𝔞  )  =  𝜁 


   𝐶  𝑁  +  𝑂  (    𝑁    1  −    𝑑    −  1      ) 


     ∑    𝑁  𝔞  ≤  𝑁    𝜒  (  𝔞  )  =    ∑    𝜁  ∈    𝜇  𝑛     |  {  𝑁  𝔞  ≤  𝑁  ∣  𝜒  (  𝔞  )  =  𝜁  }  |  𝜁  =    ∑    𝜁  ∈    𝜇  𝑛     𝜁  ⋅  𝐶  𝑁  +  𝑂  (    𝑁    1  −    𝑑    −  1      )  =  𝑂  (    𝑁    1  −    𝑑    −  1      )  . 


     ∑    𝔞  ⊂    𝒪  𝐾     𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝑍  (  1  −    𝑑    −  1    ) 


    log       𝜁  𝐿   (  𝑡  )  =    ∑  𝜒    log     𝐿  (  𝜒  ,  𝑡  ) 


   𝑡  →    1  +  


   (  1  −    ∑  𝜒     𝑚  𝜒   )   log   (  𝑡  −  1    )    −  1   


     𝑚  𝜒  


     𝑚  𝜒   ≥  1 


   1  −    ∑  𝜒     𝑚  𝜒   ≤  0 


    log       𝜁  𝐿   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1   


   𝐺  =   Gal   (  𝐾  (    𝜇  𝑚   )  /  𝐾  ) 


     1    |  𝐺  |   


     𝜁  𝐿   (  𝑠  )  =    ∏    𝜒        ∶    𝐺  →    ℂ  ×     𝐿  (  𝜒  ,  𝑠  ) 


    Re   (  𝑠  )  >  1  −  [  𝐿  ∶  ℚ    ]    −  1   


     𝜑  𝔭   (    𝜁  𝑚   )  =    𝜁  𝑚    𝑁  𝔭   


     𝜁  𝑚  


   𝑁  𝔭 


    log     𝐿  (  𝜒  ,  𝑠  )  ∼    ∑  𝔭   𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠   


   𝜎  ∈   Gal   (  𝐹  (    𝜇  𝑚   )  /  𝐹  ) 


   𝜎  (    𝜁  𝑚   )  =    𝜁  𝑚  𝑎  


     ∑    𝜒        ∶    𝐺  →    ℂ  ×     𝜒  (  𝜎  )  𝜒  (  𝔭    )    −  1    =    {            0           if    𝑎  ≢  𝑁  𝔭         mod         𝑚  ,        |  𝐺  |           otherwise   .          


     ∑  𝜒   𝜒  (  𝜎    )    −  1     log     𝐿  (  𝜒  ,  𝑠  )  ∼    ∑  𝜒     ∑  𝔭   𝜒  (  𝜎    )    −  1    𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠    ∼  |  𝐺  |    ∑    𝑁  𝔭  ≡  𝑎       mod       𝑚    𝑁    𝔭    −  𝑠    , 


     ∑  𝜒   𝜒  (  𝜎    )    −  1     log     𝐿  (  𝜒  ,  𝑠  )  ∼   log       𝜁  𝐾   (  𝑠  )  ∼   log   (  𝑠  −  1    )    −  1    , 


   𝐿  (  𝜒  ,  1  )  ≠  0 


     𝜑  𝔭   =  𝜎 


   1  /  |  𝐺  | 


       |  𝐶  |     |  𝐺  |   


   𝜎  ∈  𝐶 


   𝐸  =    𝐾    ⟨  𝜎  ⟩   


   𝑓  =  |  ⟨  𝜎  ⟩  | 


     𝑇  𝜎  


     𝜑  𝑃  


   𝑃  ∈    𝑇  𝜎  


     𝜑  𝑃   =  𝜎 


   |  𝐺  |  /  𝑓 


   𝑃  ∩  𝐾 


   |  𝐺  |  /  𝑓  |  𝐶  | 


   𝛿  (  𝑆  )  =     lim     𝑠  →    1  +             ∑    𝔭  ∈  𝑆    𝑁    𝔭    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      =      𝑓  |  𝐶  |     |  𝐺  |         lim     𝑠  →    1  +             ∑    𝑃  ∈    𝑇  𝜎     𝑁    𝑃    −  𝑠         ∑  𝔭   𝑁    𝔭    −  𝑠      =      𝑓  |  𝐶  |     |  𝐺  |    𝛿  (    𝑇  𝜎   )  , 


     ∑  𝔭   𝑁    𝔭    −  𝑠    ∼    ∑  𝑃   𝑁    𝑃    −  𝑠   


   𝐾  /  𝐸 


   𝛿  (    𝑇  𝜎   )  =    1  𝑓  


   𝛿  (  𝑆  )  =      |  𝐶  |     |  𝐺  |   


   𝐻  =   Gal   (  𝐿  (    𝜇  𝑚   )  /  𝐿  ) 


    Gal   (  𝐿  (    𝜇  𝑚   )  /  𝐾  )  ≅  𝐺  ×  𝐻 


     𝑆  𝜎  


     𝑆    𝜎  ,  𝜏   


   𝐿  (    𝜇  𝑚   ) 


   (  𝜎  ,  𝜏  )  ∈  𝐺  ×  𝐻 


     𝛿   inf    (    𝑆  𝜎   )  =    ∑    𝜏  ∈  𝐻      𝛿   inf    (    𝑆    𝜎  ,  𝜏    )  . 


   |  𝐺  | 


   ⟨  (  𝜎  ,  𝜏  )  ⟩  ∩  (  𝐺  ×  {  1  }  )  =  1 


     𝜇  𝑚  


   𝐹  =  𝐾  (    𝜇  𝑚     )    ⟨  (  𝜎  ,  𝜏  )  ⟩   


   𝐹  (    𝜇  𝑚   )  /  𝐹 


   (  𝜎  ,  𝜏  ) 


     1    |  ⟨  𝜏  ⟩  |   


   𝛿  (    𝑆    𝜎  ,  𝜏    ) 


     1    |  𝐺  |  |  𝐻  |   


     𝐻  𝑛  


   𝜏  ∈    𝐻  𝑛  


     𝛿   inf    (    𝑆  𝜎   )  ≥      |    𝐻  𝑛   |     |  𝐺  |  |  𝐻  |   


   𝑛  =    𝑝  1    𝑘  1    ⋯    𝑝  𝑟    𝑘  𝑟   


     𝑝  1   ,  …  ,    𝑝  𝑟  


     𝑘  1   ,  …  ,    𝑘  𝑟   ≥  1 


   𝑚  ≡  1         mod           𝑛  𝑗  


   ℚ  (    𝜇    𝑛  𝑗    )  /  ℚ 


     𝑗  𝑖   =    𝑣    𝑝  𝑖    (  𝑚  −  1  )  ≥  𝑗 


       |    𝐻  𝑛   |     |  𝐻  |    =    ∏    𝑖  =  1   𝑟     (  1  −      𝑝  𝑖      𝑘  𝑖   −  1      𝑝      𝑗  𝑖     𝑘  𝑖      )   ≥    ∏    𝑖  =  1   𝑟     (  1  −    1    𝑝    (  𝑗  −  1  )    𝑘  𝑖   +  1     )   . 


       |    𝐻  𝑛   |     |  𝐻  |   


     𝛿   inf    (    𝑆  𝜎   )  ≥    1    |  𝐺  |   


   𝛿  (    𝑆  𝜎   ) 


   𝑎  ∈    ℤ    ≥  1   


    gcd   (  𝑎  ,  𝑛  )  =  1 


   {  𝑎  +  𝑘  𝑛  ∣  𝑘  ≥  0  } 


     1    𝜑  (  𝑛  )   


   𝜑  (    𝜁  𝑛   )  =    𝜁  𝑛  𝑎  


   𝜑  (  𝑛  ) 


   𝔪  =    𝔪  𝑓     𝔪  ∞  


     𝔪  𝑓  


     𝔪  ∞  


   𝔪  =    𝔪  𝑓  


   𝑎  ,  𝑏  ∈    𝐾  ×  


   𝑎    ≡  ∗   𝑏         mod         𝔪 


   𝑎  ≡  𝑏         mod           𝔪  𝑓  


   𝑎  /  𝑏 


     𝐼  𝐾  𝔪  


     𝐾  𝔪  


     𝐾  𝔪   =  {  𝑎  ∈    𝐾  ×   ∣    𝑣  𝔭   (  𝑎  )  =  0    for all primes    𝔭  ∣    𝔪  𝑓   }  . 


     𝐾    𝔪  ,  1   


     𝐾    𝔪  ,  1    =  {  𝑎  ∈    𝐾  ×   ∣  𝑎    ≡  ∗   1         mod         𝔪  }  . 


     𝑃  𝐾  𝔪  


      Cl   𝐾  𝔪  


      Cl   𝐾  𝔪   =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪   . 


   [  𝔞    ]  𝔪  


   𝔞  ∈    𝐼  𝐾  𝔪  


     ℚ    ∞  ,  1   


   [  0  ,  ∞  ) 


   𝔪  =  (  1  ) 


     𝐼  𝐾  𝔪   =    𝐼  𝐾  


     𝐾    𝔪  ,  1    =    𝐾  ×  


     𝑃  𝐾  𝔪   =    𝑃  𝐾  


      Cl   𝐾  𝔪   =     Cl   𝐾  


     𝐼  𝐾  𝔪   →     Cl   𝐾  


     𝔪  𝑓   =  (  1  ) 


   𝑎  ∈    𝒪  𝐾  


   𝔞  (    𝑎    −  1    )  ∈    𝐼  𝐾  𝔪  


   1  →    𝒪  𝐾  ×   ∩    𝐾    𝔪  ,  1    →    𝐾    𝔪  ,  1      ⟶  𝜙     𝐼  𝐾  𝔪   →     Cl   𝐾  𝔪   →  0  , 


   𝜙          ∶      𝐾  ×   →    𝐼  𝐾  


   𝜙  (    𝐾    𝔪  ,  1    )  =    𝑃  𝐾  𝔪  


   1  →    𝒪  𝐾  ×   /  (    𝒪  𝐾  ×   ∩    𝐾    𝔪  ,  1    )  →    𝐾  𝔪   /    𝐾    𝔪  ,  1    →     Cl   𝐾  𝔪   →     Cl   𝐾   →  0  , 


      Cl   𝐾  𝔪   =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪  


     𝑃  𝐾   ∩    𝐼  𝐾  𝔪  


     𝐾  𝔪   →  (    𝑃  𝐾   ∩    𝐼  𝐾  𝔪   )  /    𝑃  𝐾  𝔪   , 


     𝒪  𝐾  ×     𝐾    𝔪  ,  1   


     𝐾  𝔪   /    𝐾    𝔪  ,  1      ⟶  ∼   (    𝒪  𝐾   /    𝔪  𝑓     )  ×   ×    ∏    𝑖  =  1   𝑟   ⟨  −  1  ⟩  . 


     𝐾      𝔪  𝑓   ,  1   


     𝐾  𝔪   /    𝐾    𝔪  ,  1   


      Cl   ℚ   =  (  1  ) 


     ℤ  ×   =  ⟨  −  1  ⟩ 


   𝔪  =  (  𝑓  ) 


   𝔪  =  (  𝑓  )  ∞ 


     ℚ    (  𝑓  )    /    ℚ    (  𝑓  )  ,  1    ≅  (  ℤ  /  𝑓  ℤ    )  ×   , 


   𝑓  ≥  3 


   −  1  ∉    ℚ    (  𝑓  )  ,  1   


     𝜙  𝑓  ′           ∶         Cl   ℚ    (  𝑓  )      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩  . 


     𝜙  𝑓  ′   (  [  (  𝑎  )    ]    (  𝑓  )    ) 


     ℚ    (  𝑓  )  ∞    /    ℚ    (  𝑓  )  ∞  ,  1    ≅  (  ℤ  /  𝑓  ℤ    )  ×   ×  ⟨  −  1  ⟩  , 


   −  1  ∉    ℚ    (  𝑓  )  ∞  ,  1   


   0  →  ⟨  −  1  ⟩  →  (  ℤ  /  𝑓  ℤ    )  ×   ×  ⟨  −  1  ⟩  →     Cl   ℚ    (  𝑓  )  ∞    →  0  , 


   (  −  1  ,  −  1  ) 


     𝜙  𝑓           ∶         Cl   ℚ    (  𝑓  )  ∞      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×  


     𝜙  𝑓   (  [  (  𝑎  )    ]    (  𝑓  )  ∞    )  =  𝑎         mod         𝑓 


     𝑁    𝐿  /  𝐾    (    𝐿    𝔪  ,  1    )  ⊆    𝐾    𝔪  ,  1    . 


   𝛼  ∈    𝐿    𝔪  ,  1   


     𝑁    𝐿  /  𝐾    (  𝛼  ) 


     𝑁    𝐿  /  𝐾    𝛼  ≡  1         mod           𝔪  𝑓  


   𝜎          ∶    𝐾  →  ℝ 


   𝜏          ∶    𝐿  →  ℂ 


   𝜎  (    𝑁    𝐿  /  𝐾    𝛼  )  =    ∏    𝜏  ∈  𝑆    𝜏  (  𝛼  )  . 


   𝜏  ∈  𝑆 


   𝜏  (  𝛼  )  >  0 


     𝜏  ¯  


   𝜏  (  𝛼  )    𝜏  ¯   (  𝛼  )  =  |  𝜏  (  𝛼  )    |  2   >  0  . 


   𝜎  (    𝑁    𝐿  /  𝐾    𝛼  ) 


     𝑁    𝐿  /  𝐾            ∶         Cl   𝐿  𝔪   →     Cl   𝐾  𝔪  


     𝑁    𝐿  /  𝐾    (  [  𝔞    ]  𝔪   )  =  [    𝑁    𝐿  /  𝐾    (  𝔞  )    ]  𝔪   , 


     𝑁    𝐿  /  𝐾    (  𝔞  ) 


   [     Cl   𝐾  𝔪   ∶    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ]  ≤  [  𝐿  ∶  𝐾  ]  . 


   𝐻  =    𝐼  𝐾  𝔪   /    𝑃  𝐾  𝔪     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪  


   𝜒          ∶    𝐻  →    ℂ  ×  


     𝐿  𝔪   (  𝜒  ,  𝑠  )  =    ∏    𝔭  ∤  𝔪    (  1  −  𝜒  (  𝔭  )  𝑁    𝔭    −  𝑠      )    −  1    =    ∑          𝔞  ⊆    𝒪  𝐾            𝔞  +  𝔪  =    𝒪  𝐾        𝜒  (  𝔞  )  𝑁    𝔞    −  𝑠   


   𝑍  (  1  −  [  𝐾  ∶  ℚ    ]    −  1    ) 


    log       𝜁  𝐾   (  𝑠  )  +    ∑    𝜒  ≠  1     log       𝐿  𝔪   (  𝜒  ,  𝑠  )  ∼    (  1  −    ∑  𝜒     𝑚  𝜒   )      log   (  𝑠  −  1    )    −  1    , 


    log       𝜁  𝐾   (  𝑠  )  +    ∑    𝜒  ≠  1     log       𝐿  𝔪   (  𝜒  ,  𝑠  )  ∼    ∑  𝜒     ∑    𝐴  ∈  𝐻    𝜒  (  𝐴  )    ∑    𝔭  ∈  𝐴    𝑁    𝔭    −  𝑠    ∼  |  𝐻  |    ∑    𝔭  ∈    𝑃  𝐾  𝔪     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪     𝑁    𝔭    −  𝑠    . 


   |  𝐻  |    ∑    𝔭  ∈    𝑆    𝐿  /  𝐾      𝑁    𝔭    −  𝑠    =      |  𝐻  |     [  𝐿  ∶  𝐾  ]       log   (  𝑠  −  1    )    −  1    , 


   1  ≥      |  𝐻  |     [  𝐿  ∶  𝐾  ]   


     Ψ    𝐿  /  𝐾   𝔪           ∶      𝐼  𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     Ψ    𝐿  /  𝐾   𝔪   (  𝔭  ) 


     Ψ    𝐿  /  𝐾   𝔪  


   (  𝔭  ,  𝐿  /  𝐾  ) 


     𝔪  ′  


     𝔪  𝑓  ′  


     Ψ    𝐿  /  𝐾     𝔪  ′   


     𝐾  ′   /  𝐾 


     𝐾  ′  


     𝔪  𝑓  ′   =    𝔪  𝑓     𝒪    𝐾  ′   


     𝔪  ∞  ′  


      inv   𝐿           ∶       Br   (  𝐿  )  →  ℚ  /  ℤ 


   (  (    𝐾   sep      )  ×   ,   inv   ) 


   𝐸  /  𝐹 


    Br   (  𝐸  /  𝐹  )  =    𝐻  2   (   Gal   (  𝐸  /  𝐹  )  ,    𝐸  ×   )  . 


      inv   𝐾  


    Br   (    𝐾   ur    /  𝐾  ) 


    Br   (  𝐾  ) 


     𝑤  𝐾           ∶    (    𝐾   ur      )  ×   →  ℤ 


     𝑤  𝐾  ∗           ∶       Br   (    𝐾   ur    /  𝐾  )  →    𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  )  , 


      inv       𝐾   ur    /  𝐾            ∶       Br   (    𝐾   ur    /  𝐾  )  →  ℚ  /  ℤ 


    Br   (    𝐾   ur    /  𝐾  )    ⟶    𝑤  𝐾  ∗      𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  )    ⟶    𝛿    −  1       𝐻  1   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℚ  /  ℤ  )    ⟶     ev     𝜑  𝐾     ℚ  /  ℤ  , 


   0  →  ℤ  →  ℚ  →  ℚ  /  ℤ  →  0 


      ev     𝜑  𝐾   


     𝜑  𝐾  


      inv       𝐾   ur    /  𝐾   


     𝑤  𝐾  ∗  


   (    𝑀  𝑛     )    𝑛  ≥  0   


     𝑀  0   =  𝑀 


   𝑀  =            (     lim    ←   𝑛       𝑀  /    𝑀  𝑛   . 


     𝐻  𝑖   (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    )  =  0 


     𝐻  𝑖   (  𝐺  ,  𝑀  )  =  0 


   𝑓  ∈    𝑍  𝑖   (  𝐺  ,  𝑀  ) 


     𝑓  𝑛   ∈    𝑍  𝑖   (  𝐺  ,    𝑀  𝑛   ) 


     ℎ  𝑗   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑗   ) 


   𝑓  =    𝑓  𝑛   +    ∑    𝑗  =  0     𝑛  −  1      𝑑    𝑖  −  1    (    ℎ  𝑗   )  . 


     𝐶    −  1    (  𝐺  ,    𝑀  𝑗   )  =  0 


     𝑓  𝑛  


     𝑍  𝑖   (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    ) 


       ℎ  ¯   𝑛   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑛   /    𝑀    𝑛  +  1    ) 


       ℎ  ¯   𝑛  


     ℎ  𝑛   ∈    𝐶    𝑖  −  1    (  𝐺  ,    𝑀  𝑛   ) 


     𝑓    𝑛  +  1    =    𝑓  𝑛   −    𝑑    𝑖  −  1    (    ℎ  𝑖   ) 


   𝑀  =            (     lim    ←   𝑛     𝑀  /    𝑀  𝑛  


     ∑    𝑗  =  1   𝑛     ℎ  𝑗  


     𝐶    𝑖  −  1    (  𝐺  ,  𝑀  ) 


     𝒪  𝐿  ×  


   {  𝜎  (  𝛼  )  ∣  𝜎  ∈  𝐺  } 


     Λ  ′  


   [    𝒪  𝐿   ∶    Λ  ′   ] 


     𝜋  𝑛     𝒪  𝐿   ⊆    Λ  ′  


   Λ  =    𝜋    𝑛  +  1      Λ  ′  


   Λ  ⋅  Λ  =    𝜋    2  (  𝑛  +  1  )      Λ  ′   ⊆    𝜋    2  (  𝑛  +  1  )      𝒪  𝐿   ⊆    𝜋    𝑛  +  2      𝒪  𝐿   ⊆  𝜋  Λ  . 


   𝑉  =  1  +  Λ 


     𝑉  𝑖   =  1  +    𝜋  𝑖   Λ 


     𝑉  𝑖   /    𝑉    𝑖  +  1      ⟶  ∼   Λ  /  𝜋  Λ  ,    (  1  +    𝜋  𝑖   𝜆  )    𝑉    𝑖  +  1    ↦  𝜆  +  𝜋  Λ  . 


   Λ  /  𝜋  Λ 


     𝔽  𝑝   [  𝐺  ] 


     𝐻  𝑖   (    𝐺  𝑝   ,  𝑉  )  =  0 


     𝐺  𝑝  


   1  →  𝑉  →    𝒪  𝐿  ×   →    𝒪  𝐿  ×   /  𝑉  →  1 


   ℎ  (    𝒪  𝐿  ×   )  =  ℎ  (  𝑉  )  ℎ  (    𝒪  𝐿  ×   /  𝑉  )  =  1 


     𝒪  𝐿  ×   /  𝑉 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝒪  𝐿  ×   )  =  0 


     𝑣  𝐾  


   1  →    𝒪  𝐿  ×   →    𝐿  ×     ⟶    𝑣  𝐿    ℤ  →  0 


   1  →    𝒪  𝐾  ×   →    𝐾  ×     ⟶    𝑣  𝐾    ℤ  →    𝐻  1   (  𝐺  ,    𝒪  𝐿  ×   )  →    𝐻  1   (  𝐺  ,    𝐿  ×   )  , 


     𝐻  1   (  𝐺  ,    𝒪  𝐿  ×   )  =  0 


     𝐻  𝑖   (   Gal   (    𝐾   ur    /  𝐾  )  ,    𝒪    𝐾   ur    ×   )  ≅            (     lim    →   𝑛         𝐻  𝑖   (   Gal   (    𝐾  𝑛   /  𝐾  )  ,    𝒪    𝐾  𝑛   ×   )  =  0 


   1  →    𝒪    𝐾   ur    ×   →  (    𝐾   ur      )  ×     ⟶    𝑤  𝐾    ℤ  →  0  , 


     𝑤  𝐾  ∗           ∶       Br   (    𝐾   ur    /  𝐾  )  →    𝐻  2   (   Gal   (    𝐾   ur    /  𝐾  )  ,  ℤ  ) 


      Res     𝐿  /  𝐾   


      Res     𝐿  /  𝐾            ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (    𝐿   ur    /  𝐿  ) 


    Gal   (    𝐿   ur    /  𝐿  )  →   Gal   (    𝐾   ur    /  𝐾  ) 


   (    𝐾   ur      )  ×   →  (    𝐿   ur      )  ×  


      inv       𝐿   ur    /  𝐿    ∘     Res     𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ]     inv       𝐾   ur    /  𝐾    . 


     𝑤  𝐿  


   (    𝐾   ur      )  ×  


     𝑒    𝐿  /  𝐾      𝑤  𝐾  


     𝜑  𝐿  


    Inf           ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (  𝐾  ) 


    Br   (  𝐿  /  𝐾    )   ur    =   Br   (    𝐾   ur    /  𝐾  )  ∩   Br   (  𝐿  /  𝐾  )  ≤   Br   (  𝐾  )  . 


    Br   (  𝐿  /  𝐾    )   ur   


    Br   (  𝐿  /  𝐾    )   ur    =  {  𝛼  ∈   Br   (    𝐾   ur    /  𝐾  )  ∣     Res     𝐿  /  𝐾    (  𝛼  )  =  0  }  . 


   𝑖  ,  𝑟  ≥  0 


       𝐻  ˆ   𝑗   (  𝐻  ,  𝐴  )  =  0 


   1  ≤  𝑗  ≤  𝑖  −  1 


       𝐻  ˆ   𝑖   (  𝐻  /  𝐾  ,    𝐴  𝐾   ) 


   [  𝐻  ∶  𝐾    ]  𝑟  


       𝐻  ˆ   𝑖   (  𝐺  ,  𝐴  ) 


   |  𝐺    |  𝑟  


   |    𝐻  𝑖   (  𝐺  ,  𝐴  )  | 


     ∏  𝑝   |    𝐻  𝑖   (    𝐺  𝑝   ,  𝐴  )  | 


     ∏  𝑝   |    𝐺  𝑝     |  𝑟   =  |  𝐺    |  𝑟  


   |      𝐻  ˆ   𝑖   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  | 


   |      𝐻  ˆ   𝑖   (  𝐻  ,  𝐴  )  | 


   |  𝐻    |  𝑟  


     𝐻  𝑗   (  𝐻  ,  𝐴  ) 


   0  →    𝐻  𝑖   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  →    𝐻  𝑖   (  𝐺  ,  𝐴  )  →    𝐻  𝑖   (  𝐻  ,  𝐴  )  , 


     𝐻  𝑖   (  𝐺  ,  𝐴  ) 


   |  𝐺    |  𝑟   =  (  𝑝  |  𝐻  |    )  𝑟  


       𝐻  ˆ   0   (  𝐻  ,  𝐴  )    ⟶   Cor        𝐻  ˆ   0   (  𝐺  ,  𝐴  )  →      𝐻  ˆ   0   (  𝐺  /  𝐻  ,    𝐴  𝐻   )  , 


   𝐺  /  𝐻 


    Inf           ∶       Br   (    𝐾   ur    /  𝐾  )  →   Br   (  𝐾  ) 


    Br   (  𝐿  /  𝐾    )   ur    =   Br   (  𝐿  /  𝐾  ) 


    Br   (  𝐿  /  𝐾  ) 


   ℎ  (    𝐿  ×   )  =  ℎ  (    𝒪  𝐿  ×   )  ℎ  (  ℤ  )  . 


   ℎ  (    𝒪  𝐿  ×   )  =  1 


   ℎ  (  ℤ  )  =  𝑛 


       𝐻  ˆ   0   (  𝐺  ,  ℤ  )  ≅  ℤ  /  𝑛  ℤ 


       𝐻  ˆ     −  1    (  𝐺  ,  ℤ  )  =  0 


     ℎ  1   (    𝐿  ×   )  =  1 


   |   Br   (  𝐿  /  𝐾  )  |  =    ℎ  0   (    𝐿  ×   )  =  𝑛 


   𝐴  =    𝐿  ×  


   𝑖  =  2 


   𝑟  =  1 


      inv   𝐾           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


      inv   𝐾           ∶       Br   (  𝐾  )    ⟶     Inf     −  1      Br   (    𝐾   ur    /  𝐾  )    ⟶     inv       𝐾   ur    /  𝐾     ℚ  /  ℤ  . 


   (  (    𝐾   sep      )  ×   ,   inv   ) 


     𝐻  1   (    𝐺  𝐿   ,  (    𝐾   sep      )  ×   )  =  0 


      inv   𝐿  


      inv   𝐿   ∘     Res     𝐿  /  𝐾    =  [  𝐿  ∶  𝐾  ]     inv   𝐾  


   (  𝐴  ,   inv   ) 


     𝐴  𝐿   =    𝐴    𝐺  𝐿   


      Cor     𝐿  /  𝐸   


      Res     𝐿  /  𝐸   


     𝐺  𝐿  


     𝐺  𝐸  


     𝐴  𝐿   →    𝐴  𝐸  


     𝑁    𝐿  /  𝐸   


      inv     𝐿  /  𝐾            ∶      𝐻  2   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )    ⟶  ∼       1    [  𝐿  ∶  𝐾  ]     ℤ  /  ℤ 


      inv     𝑀  /  𝐿   


     𝛼    𝐿  /  𝐸    ∈    𝐻  2   (   Gal   (  𝐿  /  𝐸  )  ,    𝐴  𝐿   ) 


      inv     𝐿  /  𝐸    (    𝛼    𝐿  /  𝐸    )  =    1    [  𝐿  ∶  𝐸  ]   


     𝜃    𝐿  /  𝐾            ∶        𝐻  ˆ     −  2    (   Gal   (  𝐿  /  𝐾  )  ,  ℤ  )  →      𝐻  ˆ   0   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )  ,      𝜃    𝐿  /  𝐾    (  𝛽  )  =    𝛼    𝐿  /  𝐾    ∪  𝛽  . 


     𝜌    𝐿  /  𝐾            ∶      𝐴  𝐾   →   Gal   (  𝐿  /  𝐾    )   ab   


     𝜎  ¯   ∪  𝜒  =  𝜒  (  𝜎  )  ∈  ℚ  /  ℤ  , 


   0  →    𝐼  𝐺   →  ℤ  [  𝐺  ]  →  ℤ  →  0 


   0  →  ℚ  /  ℤ  →     Hom   ℤ   (  ℤ  [  𝐺  ]  ,  ℚ  /  ℤ  )  →     Hom   ℤ   (    𝐼  𝐺   ,  ℚ  /  ℤ  )  →  0  . 


     𝜎  ¯   ∪  𝜒  =  𝛿  (    𝜎  ¯   )  ∪  (    𝛿  ∨     )    −  1    (  𝜒  )  =  𝑓  (  𝜎  −  1  )  =  𝜒  (  𝜎  )  . 


      inv     𝐿  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  =  𝜒  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ) 


     𝛼    𝐿  /  𝐾    ∪  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )  =    𝛼    𝐿  /  𝐾    ∪    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝛿  (  𝜒  )  =    𝑎  ¯   ∪  𝛿  (  𝜒  )  . 


       1    [  𝐿  ∶  𝐾  ]     ℤ  /  ℤ    ⟶  ∼       𝐻  ˆ     −  1    (   Gal   (  𝐿  /  𝐾  )  ,  ℚ  /  ℤ  )    ⟶  ∼       𝐻  ˆ   0   (   Gal   (  𝐿  /  𝐾  )  ,  ℤ  )    ⟶  ∼   ℤ  /  [  𝐿  ∶  𝐾  ]  ℤ 


      inv     𝐿  /  𝐾    (    𝛼    𝐿  /  𝐾    ∪  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )  )  =  𝛿  (    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  )     inv     𝐿  /  𝐾    (    𝛼    𝐿  /  𝐾    )  =    𝜌    𝐿  /  𝐾    (  𝑎  )  ∪  𝜒  =  𝜒  (    𝜌    𝐿  /  𝐾    (  𝑎  )  )  , 


     𝜌    𝑀  /  𝐾    (  𝑎  )    |  𝐿   =    𝜌    𝐿  /  𝐾    (  𝑎  ) 


      inv     𝑀  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  =     inv     𝐿  /  𝐾    (  𝑎  ∪  𝛿  (  𝜒  )  )  , 


    Inf           ∶      𝐻  𝑖   (   Gal   (  𝐿  /  𝐾  )  ,    𝐴  𝐿   )  →    𝐻  𝑖   (   Gal   (  𝑀  /  𝐾  )  ,    𝐴  𝑀   ) 


     𝜌  𝐾           ∶      𝐴  𝐾   →    𝐺  𝐾   ab   


     𝜌  𝐾           ∶      𝐾  ×   →    𝐺  𝐾   ab   


     𝜌  𝐾  


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   →   Gal   (  𝐿  /  𝐾    )   ab   


     𝑁    𝐿  /  𝐾      𝐿  ×  


     𝜌  𝐿           ∶      𝐴  𝐿   →    𝐺  𝐿   ab   


   𝑔    𝑥  𝑖   =    𝑥    𝑔  (  𝑖  )      𝑡  𝑖   (  𝑔  )  . 


     𝑥  𝑖  


     𝑥  𝑖   ℎ 


   ℎ  ∈  𝐻 


   𝑔    𝑥  𝑖   ℎ  =    𝑥  𝑗     𝑡  𝑖   (  𝑔  )  ℎ 


     𝑡  𝑖   (  𝑔  ) 


     ℎ    −  1      𝑡  𝑖   (  𝑔  )  ℎ 


   𝑔  (  𝑖  )  =  𝑖 


     𝑡  𝑖   (  𝑔  )  ℎ 


   𝑔  (  𝑖  )  ≠  𝑖 


   𝑔    𝑥      𝑔    −  1    (  𝑖  )    =    𝑥  𝑖     𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     ℎ    −  1      𝑡      𝑔    −  1    (  𝑖  )    (  𝑔  ) 


     𝑡  𝑗   (  𝑔  ) 


   ℎ  ⋅    ℎ    −  1   


   𝑔    𝑔  ′     𝑥  𝑖   =  𝑔    𝑥      𝑔  ′   (  𝑖  )      𝑡  𝑖   (    𝑔  ′   )  =    𝑥    𝑔    𝑔  ′   (  𝑖  )      𝑡  𝑖   (  𝑔  )    𝑡  𝑖   (    𝑔  ′   ) 


     𝐻  1   (  𝐺  ,  ℤ  )  ≅    𝐻  0   (  𝐺  ,    𝐼  𝐺   )  ≅    𝐼  𝐺   /    𝐼  𝐺  2   ≅    𝐺   ab    . 


    Res   (    𝑔    −  1    −  1  )  =    ∑    𝑖  =  1   𝑛     𝑥  𝑖    −  1    (    𝑔    −  1    −  1  )  =    ∑    𝑖  =  1   𝑛   (  (  𝑔    𝑥  𝑖     )    −  1    −    𝑥  𝑖    −  1    ) 


     ∑    𝑖  =  1   𝑛     𝑡  𝑖   (  𝑔    )    −  1      𝑥    𝑔  (  𝑖  )     −  1    −    ∑    𝑖  =  1   𝑛     𝑥  𝑖    −  1    =    ∑    𝑖  =  1   𝑛   (    𝑡  𝑖   (  𝑔    )    −  1    −  1  )    𝑥    𝑔  (  𝑖  )     −  1    ≡    ∑    𝑖  =  1   𝑛   (    𝑡  𝑖   (  𝑔    )    −  1    −  1  )  ≡    𝑉  𝑖   (  𝑔    )    −  1    −  1         mod           𝐼  𝐺     𝐼  𝐻   . 


     𝑅    𝐿  /  𝐾            ∶       Gal   (  𝑀  /  𝐿    )   ab    →   Gal   (  𝑀  /  𝐾    )   ab   


    Cor   (    𝛼    𝑀  /  𝐿    ∪  𝛽  )  =    𝛼    𝑀  /  𝐾    ∪   Cor   (  𝛽  ) 


    Res   (    𝛼    𝑀  /  𝐾    ∪  𝛽  )  =    𝛼    𝐿  /  𝐾    ∪   Res   (  𝛽  ) 


     𝐻  1   (    𝐺  𝐿   ,  𝐴  )  =  0 


      inv   𝐿           ∶      𝐻  2   (    𝐺  𝐿   ,  𝐴  )    ⟶  ∼   ℚ  /  ℤ 


      inv   𝐿   ∘     Res     𝐿  /  𝐸    =  [  𝐿  ∶  𝐸  ]     inv   𝐸   , 


     𝐻  2   (    𝐺  𝐸   ,  𝐴  )  →    𝐻  2   (    𝐺  𝐿   ,  𝐴  ) 


   (        ,        )    𝑛  ,  𝐾            ∶      𝐾  ×   ×    𝐾  ×   →    𝜇  𝑛  


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     , 


     𝑎    1  /  𝑛   


     𝐾   ab   


     𝐺  𝐾   ab   


   𝜎  (    𝑎    1  /  𝑛    )    𝑎    −  1  /  𝑛   


   𝜎  ∈    𝐺  𝐾   ab   


   𝑎  ,  𝑏  ,    𝑎  ′   ,    𝑏  ′   ∈    𝐾  ×  


   (  𝑎    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾       and     (  𝑎  ,  𝑏    𝑏  ′     )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑎  ,    𝑏  ′     )    𝑛  ,  𝐾    , 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  1 


   𝑏  ∈    𝑁    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    𝐾  (    𝑎    1  /  𝑛      )  ×  


   (  𝑎  ,  1  −  𝑎    )    𝑛  ,  𝐾    =  1 


   𝑎  ∈  𝐾  −  {  0  ,  1  } 


   (  𝑎  ,  −  𝑎    )    𝑛  ,  𝐾    =  1 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑏  ,  𝑎    )    𝑛  ,  𝐾     −  1   


     𝐾  ×   /    𝐾    ×  𝑛   


   𝑏  ∈    𝐾  ×  


   𝑎  ∈    𝐾    ×  𝑛   


   𝑏  ∈    𝐾    ×  𝑛   


   (  𝑎    𝑎  ′     )    1  /  𝑛   


     𝑎    1  /  𝑛    (    𝑎  ′     )    1  /  𝑛   


     𝜌  𝐾   (  𝑏  ) 


   (  𝑎    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏  )  (  (  𝑎    𝑎  ′     )    1  /  𝑛    )     (  𝑎    𝑎  ′     )    1  /  𝑛      =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛           𝜌  𝐾   (  𝑏  )  (  (    𝑎  ′     )    1  /  𝑛    )     (    𝑎  ′     )    1  /  𝑛      =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (    𝑎  ′   ,  𝑏    )    𝑛  ,  𝐾    , 


     𝜌  𝐾   (  𝑏  )  ∈    𝐺  𝐾   ab   


   (  𝑎  ,  𝑏    𝑏  ′     )    𝑛  ,  𝐾    =        𝜌  𝐾   (  𝑏    𝑏  ′   )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     =        𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     ⋅    𝜌  𝐾   (  𝑏  )  (        𝜌  𝐾   (    𝑏  ′   )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     )  =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑎  ,    𝑏  ′     )    𝑛  ,  𝐾    . 


     𝜌  𝐾   (  𝑏  )  (    𝑎    1  /  𝑛    )  =    𝑎    1  /  𝑛   


   𝐾  (    𝑎    1  /  𝑛    ) 


     𝜌    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    (  𝑏  )  =  1 


   𝑐  ∈    𝐾  ×  


     𝑐  𝑛   −  𝑎  =    ∏    𝑖  =  0     𝑛  −  1    (  𝑐  −    𝜁  𝑛  𝑖     𝑎    1  /  𝑛    )  =    𝑁    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾    (  𝑐  −    𝑎    1  /  𝑛    )  . 


   𝑐  =  1 


   𝑐  =  0 


   1  =  (  𝑎  𝑏  ,  −  𝑎  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  −  𝑎    )    𝑛  ,  𝐾    (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑏  ,  𝑎    )    𝑛  ,  𝐾    (  𝑏  ,  −  𝑏    )    𝑛  ,  𝐾    =  (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    (  𝑏  ,  𝑎    )    𝑛  ,  𝐾    . 


   𝑎  =    𝑐  𝑛  


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (  𝑐  ,  𝑏    )    𝑛  ,  𝐾   𝑛   =  1 


     𝜌    𝐾  (    𝑎    1  /  𝑛    )  /  𝐾   


   𝐾  (    𝑎    1  /  𝑛    )  =  𝐾 


   𝐾  (    𝑏    1  /  𝑛    ) 


   𝑎  ,  𝑏  ∈    ℤ  2  ×  


   (  2  ,  2    )    2  ,    ℚ  2     =  1 


   (  𝑎  ,  𝑏    )    2  ,    ℚ  2     =  (  −  1    )    (  𝑎  −  1  )  (  𝑏  −  1  )  /  4       and     (  2  ,  𝑏    )    2  ,    ℚ  2     =  (  −  1    )    (    𝑏  2   −  1  )  /  8    . 


   𝑓  (  𝑎  ,  𝑏  )  =  (  𝑎  −  1  )  (  𝑏  −  1  )       mod         8 


   𝑓  (  𝑎    𝑎  ′   ,  𝑏  )  ≡  (    𝑎  ′   (  𝑎  −  1  )  +    𝑎  ′   −  1  )  (  𝑏  −  1  )  ≡  𝑓  (  𝑎  ,  𝑏  )  +  𝑓  (    𝑎  ′   ,  𝑏  )       mod         8 


   𝑔  (  𝑏  )  =    𝑏  2   −  1         mod          16  


   𝑔  (  𝑏    𝑏  ′   )  ≡  (  𝑏    𝑏  ′     )  2   −  1  ≡  (    𝑏  ′     )  2   (    𝑏  2   −  1  )  +  (  (    𝑏  ′     )  2   −  1  )  ≡  𝑔  (  𝑏  )  +  𝑔  (    𝑏  ′   )       mod          16   , 


     ℚ  2  ×  


     ℚ  2   (  𝑖  ) 


     𝑎  2   +    𝑏  2  


   𝑎  ,  𝑏  ∈    ℚ  2  ×  


   (  −  1  ,  −  1    )    2  ,    ℚ  2     =  −  1 


   (  2  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  5  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  2  ,  2    )    2  ,    ℚ  2     =  (  2  ,  −  2    )    2  ,    ℚ  2     (  2  ,  −  1    )    2  ,    ℚ  2     =  1 


   (  5  ,  5    )    2  ,    ℚ  2     =  1 


   (  2  ,  5    )    2  ,    ℚ  2    


   5  =    𝑎  2   −  2    𝑏  2  


     𝑎  2   ,    𝑏  2  


   {  0  ,  1  ,  4  } 


   8 


   (  2  ,  5    )    2  ,    ℚ  2     =  −  1 


   (        ,        )    𝑛  ,  𝐾   


   [  𝑎  ,  𝑏    ]  𝐾   ∈    𝜅  ×  


   [  𝑎  ,  𝑏    ]  𝐾   =  (  −  1    )      𝑣  𝐾   (  𝑎  )    𝑣  𝐾   (  𝑏  )        𝑎      𝑣  𝐾   (  𝑏  )      𝑏      𝑣  𝐾   (  𝑎  )            mod           𝜋  𝐾   , 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  [  𝑎  ,  𝑏    ]  𝐾    (  𝑞  −  1  )  /  𝑛    ∈    𝜇  𝑛   , 


     𝜇  𝑛   (  𝜅  ) 


   (  𝑎  ,    𝜋  𝐾     )    𝑛  ,  𝐾   


   𝑎  ∈    𝒪  𝐾  ×  


   𝐿  =  𝐾  (    𝑎    1  /  𝑛    ) 


     𝜌    𝐿  /  𝐾    (    𝜋  𝐾   ) 


     𝜌  𝐾   (    𝜋  𝐾   )  (    𝑎    1  /  𝑛    )  ≡  (    𝑎    1  /  𝑛      )  𝑞        mod           𝜋  𝐾     𝒪  𝐿   , 


   (  𝑎  ,    𝜋  𝐾     )    𝑛  ,  𝐾    ≡    𝑎    (  𝑞  −  1  )  /  𝑛           mod           𝜋  𝐾   , 


   𝑏  ∈    𝒪  𝐾  ×  


     𝜌    𝐿  /  𝐾    (  𝑏  ) 


   𝑎  =    𝜋  𝐾    𝑣  (  𝑎  )    𝛼 


   𝑏  =    𝜋  𝐾    𝑣  (  𝑏  )    𝛽 


   𝛼  ,  𝛽  ∈    𝒪  𝐾  ×  


   𝑣  =    𝑣  𝐾  


           (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =  (    𝜋  𝐾   ,    𝜋  𝐾     )    𝑛  ,  𝐾     𝑣  (  𝑎  )  𝑣  (  𝑏  )    (  𝛼  ,    𝜋  𝐾     )    𝑣  (  𝑏  )    (  𝛽  ,    𝜋  𝐾     )    −  𝑣  (  𝑎  )          =  (    𝜋  𝐾   ,  −  1    )    𝑣  (  𝑎  )  𝑣  (  𝑏  )      𝛼    𝑣  (  𝑏  )  (  𝑞  −  1  )  /  𝑛      𝛽    −  𝑣  (  𝑎  )  (  𝑞  −  1  )  /  𝑛    =  (  (  −  1    )    𝑣  (  𝑎  )  𝑣  (  𝑏  )      𝑎    𝑣  (  𝑏  )      𝑏    −  𝑣  (  𝑎  )      )    (  𝑞  −  1  )  /  𝑛    ,      


   (  𝑎  ,  𝑏    )    2  ,  ℝ    =    {            −  1           if    𝑎  ,  𝑏  <  0  ,        1           if    𝑎  ,  𝑏  >  0  ,          


   ℤ  /  𝑛  ℤ 


     1  𝑛   ℤ  /  ℤ 


   ℤ  /  𝑛  ℤ  ↪  ℚ  /  ℤ 


     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛   )    ⟶  ∼     𝜇  𝑛   . 


     𝜇  𝑛    ⊗  2    =    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛  


     𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⊗  ℤ     𝜇  𝑛   →    𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    ) 


     𝐶  ⋅   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⊗  ℤ     𝜇  𝑛   →    𝐶  ⋅   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    ) 


   𝑓  ⊗  𝜁 


   𝑓  ∈    𝐶  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛   ) 


   𝜁  ∈    𝜇  𝑛  


   𝑥  ∈    𝐺  𝑖  


   𝑓  (  𝑥  )  ⊗  𝜁 


     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛   )  ≅   Br   (  𝐾  )  [  𝑛  ] 


    Br   (  𝐾  )  [  𝑛  ]    ⟶  ∼     1  𝑛   ℤ  /  ℤ    ⟶    𝜄    −  1     ℤ  /  𝑛  ℤ 


     𝐻  𝑖   (    𝐺  𝐾   ,    𝜇  𝑛    ⊗  2    )  ≅    𝜇  𝑛   ⊗  ℤ  /  𝑛  ℤ  ≅    𝜇  𝑛   , 


     𝐾  ×   /    𝐾    ×  𝑛      ⟶  ∼     𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   ) 


   (        ,      ) 


   (        ,      )          ∶      𝐾  ×   ×    𝐾  ×   ↠    𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   )  ×    𝐻  1   (    𝐺  𝐾   ,    𝜇  𝑛   )    ⟶  ∪     𝐻  2   (    𝐺  𝐾   ,    𝜇  𝑛     ⊗  ℤ     𝜇  𝑛   )    ⟶  ∼     𝜇  𝑛  


     𝜒  𝑎           ∶      𝐺  𝐾   →    𝜇  𝑛  


     𝜒  ˜           ∶      𝐺  𝐾   →  ℤ  /  𝑛  ℤ 


     𝜒  𝑎   (  𝜎  )  =    𝜁  𝑛      𝜒  ˜   (  𝜎  )   


   𝜒  =  𝜄  ∘    𝜒  ˜           ∶      𝐺  𝐾   →  ℚ  /  ℤ 


   (  𝑎  ,  𝑏    )    𝑛  ,  𝐾    =    𝜒  𝑎   (    𝜌  𝐾   (  𝑏  )  )  =    𝜁  𝑛      𝜄    −  1    (     inv   𝐾   (  𝑏  ∪  𝛿  (  𝜒  )  )  )    , 


     𝜒  𝑎   ∪    𝜒  𝑏   =  (    𝜒  ˜   ∪    𝜒  𝑏   )  ⊗    𝜁  𝑛   , 


   (  𝑎  ,  𝑏  )  =    𝜁  𝑛      𝜄    −  1    (     inv   𝐾   (    𝜒  ˜   ∪    𝜒  𝑏   )  )   


   𝑏  ∪  𝛿  (  𝜒  )  =    𝜒  ˜   ∪    𝜒  𝑏  


    Br   (  𝐾  )  [  𝑛  ] 


     𝜒  ˜   ∪    𝜒  𝑏   =  −  (    𝜒  𝑏   ∪    𝜒  ˜   )  . 


     𝜒  ˜  


   𝜒          ∶      𝐺  𝐾   →  ℤ 


   𝜎  ,  𝜏  ∈    𝐺  𝐾  


   𝛿  (  𝜒  )  (  𝜎  ,  𝜏  )  =    1  𝑛   (  𝜓  (  𝜎  )  +  𝜓  (  𝜏  )  −  𝜓  (  𝜎  𝜏  )  )  ∈  ℤ  , 


   (  𝑏  ∪  𝛿  (  𝜒  )  )  (  𝜎  ,  𝜏  )  =    𝑏    𝛿  (  𝜒  )  (  𝜎  ,  𝜏  )    =    𝛽    𝜓  (  𝜎  )  +  𝜓  (  𝜏  )  −  𝜓  (  𝜎  𝜏  )   


     𝜇  𝑛   ⊗  ℤ  /  𝑛  ℤ  =    𝜇  𝑛  


   (    𝜒  𝑏   ∪    𝜒  ˜   )  (  𝜎  ,  𝜏  )  =    𝜒  𝑏   (  𝜎  )  ⊗    𝜒  ˜   (  𝜏  )  =      (      𝜎  (  𝛽  )   𝛽   )     𝜓  (  𝜏  )    ∈    𝜇  𝑛   . 


     𝑍  2   (    𝐺  𝐾   ,  (    𝐾   sep      )  ×   ) 


     𝛽    𝜓  (  𝜎  )      𝛽    −  𝜓  (  𝜎  𝜏  )    𝜎  (  𝛽    )    𝜓  (  𝜏  )    , 


   𝜎  ↦    𝛽    𝜓  (  𝜎  )    . 


   (    𝐾   sep      )  ×  


     𝑁    𝐿  /  𝐾            ∶      𝐿  ×   →    𝐾  ×  


     𝑣  𝐾   ∘    𝑁    𝐿  /  𝐾    =    𝑓    𝐿  /  𝐾      𝑣  𝐿  


     𝑁    𝐿  /  𝐾    (    𝒪  𝐿  ×   ) 


     𝑁    𝐿  /  𝐾      𝒪  𝐿  ×   =    𝒪  𝐾  ×   ∩    𝑁    𝐿  /  𝐾      𝐿  ×   , 


   [    𝒪  𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝒪  𝐿  ×   ]  ≤  [    𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝐿  ×   ]  =  [  𝐿  ∶  𝐾  ] 


     𝑁    𝐿  /  𝐾      𝐿  ×  


   𝐾  (    𝜇  𝑝   ) 


     𝜇  𝑝  


     𝐿    ×  𝑝   


     𝐷  𝐿   =   ker       𝜌  𝐿  


   𝑎  ∈   ker       𝜌  𝐿  


   𝑎  ∈    𝑁    𝑀  /  𝐿      𝑀  ×  


   𝑏  ∈    𝐿  ×  


   𝑎  ∈    𝑁    𝐿  (    𝑏    1  /  𝑝    )  /  𝐿    𝐿  (    𝑏    1  /  𝑝      )  ×  


   (  𝑎  ,  𝑏    )    𝑝  ,  𝐿    =  1 


   𝑎  ∈    𝐿    ×  𝑝   


     𝐾  ×   /    𝒪  𝐾  ×   ≅  ℤ 


     𝒩  𝑛   =  ⟨    𝜋  𝑛   ⟩    𝒪  𝐾  ×  


     𝐾  𝑛  ×  


   𝑢  ∈    𝒪    𝐾  𝑛   ×  


     𝑁      𝐾  𝑛   /  𝐾    (    𝜋  𝑖   𝑢  )  =    𝜋    𝑛  𝑖      𝑁      𝐾  𝑛   /  𝐾    (  𝑢  )  ∈    𝒩  𝑛   . 


     𝑁      𝐾  𝑛   /  𝐾      𝐾  𝑛  ×   ≤    𝒩  𝑛  


          (9.2.1)             [  𝐿  ∶  𝐾  ]  =  [    𝐾  ×   ∶    𝑁    𝐿  /  𝐾      𝐿  ×   ]    


     𝑁    𝐿  /  𝐾      𝐿  ×   ≠    𝑁    𝑀  /  𝐾      𝑀  ×  


     𝑈  𝑖   (  𝐾  ) 


   ⟨    𝜋  𝑛   ⟩  ×    𝑈  𝑖   (  𝐾  ) 


   𝑖  ,  𝑛  ≥  1 


   {  1  } 


     𝐿    𝑛  ,  𝑖    /  𝐾 


     𝑁      𝐿    𝑛  ,  𝑖    /  𝐾      𝐿    𝑛  ,  𝑖   ×   =  ⟨    𝜋  𝑛   ⟩    𝑈  𝑖   (  𝐾  ) 


   𝑎  ≠  1 


   𝑎  ∉    𝑁      𝐿    𝑛  ,  𝑖    /  𝐾      𝐿    𝑛  ,  𝑖   ×  


     𝜌      𝐿    𝑛  ,  𝑖    /  𝐾    (  𝑎  ) 


     𝜌  𝐾   (  𝑎  ) 


   𝑢  ∈    𝒪  𝐾  ×  


     𝜋  ′  


     𝜋  ′   =  𝑢  𝜋 


     𝜌  𝐾   (  𝑢  )    |    𝐾   ur     =    𝜌  𝐾   (    𝜋  ′   )    |    𝐾   ur     (    𝜌  𝐾   (  𝜋  )    |    𝐾   ur       )    −  1    =    𝜑  𝐾     𝜑  𝐾    −  1    =  1  , 


     𝜌  𝐾   (  𝑢  ) 


     𝜌  𝐾   (  𝜋  ) 


     𝐺  𝐾   ab    →   Gal   (    𝐾   ur    /  𝐾  ) 


     𝜌  𝐾   (    𝒪  𝐾  ×   ) 


     𝐾  𝜋  


     𝐾   ab    =    𝐾  𝜋   ⋅    𝐾   ur   


   𝜙          ∶      𝐾  ×   →    𝐺  𝐾   ab   


     𝐴  𝑛   =  ⟨  𝜋  ⟩    𝑈  𝑛   (  𝐾  ) 


     𝐿  𝑛  


     𝐴  𝑛  


   𝜋  ∈    𝐴  𝑛  


   𝜙  (  𝜋  )    |    𝐾  𝜋    =  1 


   𝜙  (  𝜋  )    |    𝐾   ur    


     𝐾   ab    =    𝐾  𝜋   ⋅  𝐾 


     𝜌  𝐾   (  𝜋  )  =  𝜙  (  𝜋  ) 


   𝑎  =    𝜋      𝑣  𝐾   (  𝑎  )  −  1    ⋅    𝜋  ′  


     𝐾  ×   /  𝐴 


     𝐾    ×  𝑚    ⊆  𝐴 


     𝐾  ×   /    𝐾    ×  𝑚   


   (  ℤ  /  𝑚  ℤ    )    [  𝐾  ∶    ℚ  𝑝   ]  +  2   


     𝐾    ×  𝑚   


     𝒪  𝐾    ×  𝑚   


     𝐾    ×  𝑚    =    𝒪  𝐾    ×  𝑚    ⟨    𝜋  𝐾  𝑚   ⟩ 


       𝐾  ×   ˆ     ⟶  ∼     𝐺  𝐾   ab    , 


       𝐾  ×   ˆ  


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×     ⟶  ∼    Gal   (  𝐿  /  𝐾  ) 


          (9.4.1)                       (     lim    ←   𝐿         𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×   →    𝐺  𝐾   ab    ,    


     ∏    𝑖  =  1   ∞     ℤ  𝑝  


     ⨁    𝑖  =  1   ∞     ℤ  𝑝  


     ∏    𝑖  =  1   ∞     ℤ  𝑝  


   ⟨  𝑡  ⟩  𝑈 


   𝑎  ∈  𝐾  (    𝜇  𝑝     )  ×  


    Gal   (  𝐾  (    𝜇  𝑝   )  /  𝐾  ) 


   𝛿  (    𝜁  𝑝   )  =    𝜁  𝑝  𝑐  


   𝑀  =  𝐾  (    𝜇  𝑝   ,    𝑎    1  /  𝑝    ) 


   𝛿  (  𝑎  )    𝑎    −  𝑐    ∈  𝐾  (    𝜇  𝑝     )    ×  𝑝    . 


   𝑎  ∉  𝐾  (    𝜇  𝑝     )    ×  𝑝   


   𝜏  ∈   Gal   (  𝑀  /  𝐾  (    𝜇  𝑝   )  ) 


   𝜏  (    𝑎    1  /  𝑝    )  =    𝜁  𝑝     𝑎    1  /  𝑝   


   𝜏  (  𝛿  (    𝑎    1  /  𝑝    )  )  =  𝛿  (  𝜏  (    𝑎    1  /  𝑝    )  )  =  𝛿  (  𝜁  )  𝛿  (    𝑎    1  /  𝑝    )  =    𝜁  𝑝  𝑐   𝛿  (    𝑎    1  /  𝑝    )  . 


   𝛿  (  𝑎  ) 


     𝜁  𝑝  𝑐  


   𝑀  /  𝐾  (    𝜇  𝑝   ) 


     𝑎  𝑐  


   𝛿  (  𝑎  )    𝑎    −  𝑐    ∈  𝐾  (    𝜇  𝑝     )    ×  𝑝   


   𝛿  (  𝑎  )    𝑎    −  𝑐    =    𝑥  𝑝  


   𝑥  ∈  𝐾  (    𝜇  𝑝     )  ×  


   𝛿  (    𝑎    1  /  𝑝    ) 


     𝑎  𝑐     𝑥  𝑝  


     𝜁  𝑝  𝑗   (    𝑎    1  /  𝑝      )  𝑐   𝑥 


   𝜏  (  𝛿  (    𝑎    1  /  𝑝    )  )  =  𝜏  (    𝜁  𝑝  𝑗     𝑎    𝑐  /  𝑝    𝑥  )  =    𝜁  𝑝    𝑗  +  𝑐      𝑎    𝑐  /  𝑝    𝑥  =    𝜁  𝑝  𝑐   𝛿  (    𝑎    1  /  𝑝    )  =  𝛿  (  𝜁    𝑎    1  /  𝑝    )  =  𝛿  (  𝜏  (    𝑎    1  /  𝑝    )  ) 


   𝜏  (  𝛿  (    𝜁  𝑝   )  )  =    𝜁  𝑝  𝑐   =  𝛿  (  𝜏  (    𝜁  𝑝   )  ) 


     𝑈  1   (    ℚ  𝑝   (    𝜇  𝑝   )  )  ∩    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    =    𝑈    𝑝  +  1    (    ℚ  𝑝   (    𝜇  𝑝   )  )  . 


    Gal   (    ℚ  𝑝   (    𝜇  𝑝   )  /    ℚ  𝑝   ) 


   𝑖  ≤  𝑝 


   𝑎  ∈    𝑈  𝑖   (    ℚ  𝑝   (    𝜇  𝑝   )  )  −    𝑈    𝑖  +  1    (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   𝛿  (  𝑎  )  ≡    𝑎    𝑐  𝑖           mod       (  1  −    𝜁  𝑝     )    𝑖  +  1    . 


   𝜆  =  1  −    𝜁  𝑝  


   1  −    𝜁  𝑝  𝑘   =  𝜆    ∑    𝑗  =  0     𝑘  −  1      𝜁  𝑝  𝑗   ≡  𝑘  𝜆         mod           𝜆  2   . 


   𝛿  (  𝜆  )  ≡  𝑐  𝜆         mod           𝜆  2  


   𝛿  (  𝜆    )  𝑖   ≡  (  𝑐  𝜆  +  (  𝛿  (  𝜆  )  −  𝑐  𝜆  )    )  𝑖   ≡  (  𝑐  𝜆    )  𝑖        mod           𝜆    𝑖  +  1    . 


   𝑎  =  1  +  𝑢    𝜆  𝑖  


   𝑢  ∈  ℤ  [    𝜇  𝑝     ]  ×  


   𝛿  (  𝑎  )  ≡  𝛿  (  1  +  𝑢    𝜆  𝑖   )  ≡  1  +  𝑢  𝛿  (  𝜆    )  𝑖   ≡  1  +  𝑢    𝑐  𝑖     𝜆  𝑖   ≡  (  1  +  𝑢    𝜆  𝑖     )    𝑐  𝑖    ≡    𝑎    𝑐  𝑖           mod           𝜆    𝑖  +  1    . 


   (  ℤ  /  𝑝  ℤ    )  2  


     ℚ  2  


   (  ℤ  /  4  ℤ    )  2   ×  ℤ  /  2  ℤ 


          (9.5.1)              Gal   (  𝐿  (    𝜇  𝑝   )  /    ℚ  𝑝   (    𝜇  𝑝   )  )  →   Gal   (  𝐿  /    ℚ  𝑝   )    


   [    ℚ  𝑝   (    𝜇  𝑝   )  ∶    ℚ  𝑝   ] 


   [  𝐿  ∶    ℚ  𝑝   ] 


   Δ 


   𝐿  (    𝜇  𝑝     )  ×  


   𝐿  (    𝜇  𝑝     )    ×  𝑝   


   𝐿  (    𝜇  𝑝   )  =    ℚ  𝑝   (    𝜇  𝑝   ,    Δ  𝑝   ) 


   Δ  =  {  𝑎  ∈    ℚ  𝑝   (    𝜇  𝑝     )  ×   ∣  𝛿  (  𝑎  )    𝑎    −  𝑐    ∈    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    }  . 


     𝑈  𝑖   =    𝑈  𝑖   (    ℚ  𝑝   (    𝜇  𝑝   )  ) 


   ⟨    𝜆  𝑝   ⟩    ℤ  𝑝   [    𝜇  𝑝     ]  ×  


          (9.5.2)             Δ  =    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ⋅  (    𝑈  1   ∩  Δ  )  .    


     𝑈  1   ∩  Δ 


     𝑈  1   −    𝑈  2  


     𝑈  𝑝   −    𝑈    𝑝  +  1   


     𝜇  𝑝   ⊆  Δ 


     𝜇    𝑝  2   


   𝜉 


   𝑥    𝜉    −  1    ∈    𝑈  2   ∩  Δ 


   𝑥    𝜉    −  1    ∈    𝑈  𝑝  


     𝑈    𝑝  +  1    ≤    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝   


     𝑈  𝑝  


     𝑈  1   ∩  Δ  =    𝜇  𝑝     𝑈  𝑝  


     𝑈  𝑝   /    𝑈    𝑝  +  1    ≅  ℤ  /  𝑝  ℤ 


   Δ  /    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ≅  (  ℤ  /  𝑝  ℤ    )  2   . 


    Gal   (  𝐿  (    𝜇  𝑝   )  /    ℚ  𝑝   (    𝜇  𝑝   )  )  ≅   Hom   (  Δ  /    ℚ  𝑝   (    𝜇  𝑝     )    ×  𝑝    ,    𝜇  𝑝   )  ≅   Hom   (  (  ℤ  /  𝑝  ℤ    )  2   ,  ℤ  /  𝑝  ℤ  )  ≅  (  ℤ  /  𝑝  ℤ    )  2   . 


   Δ  =    ℚ  2  ×  


     ℚ  𝑝   (    𝜇  𝑛   ) 


     ℚ  𝑝   ur    (  (  −  𝑝    )    1  /  (  𝑝  −  1  )    ) 


   −  𝑝 


     ℚ  𝑝   (  (  −  𝑝    )    1  /  (  𝑝  −  1  )    )  =    ℚ  𝑝   (    𝜇  𝑝   ) 


     ℚ  𝑝   ur   


   𝐺  =   Gal   (  𝐿  /    ℚ  𝑝   ) 


   𝐺  /    𝐺  𝑝  


   (  ℤ  /    𝑝  𝑟   ℤ    )  2  


     ℚ  𝑝   (    𝜇    𝑝    𝑟  +  1     ) 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝    𝑟  +  1     )  /    ℚ  𝑝   )  ≅  ℤ  /    𝑝  𝑟   ℤ  ×  (  ℤ  /  𝑝  ℤ    )  ×   , 


     ℚ  𝑝   (    𝜇      𝑝    𝑝  𝑟    −  1    ) 


   ℤ  /    𝑝  𝑟   ℤ 


     ℚ  𝑝   (    𝜇      𝑝    𝑟  +  1    (    𝑝    𝑝  𝑟    −  1  )    ) 


   𝐺  /    𝐺  4   ≅  (  ℤ  /  4  ℤ    )  2   ×  ℤ  /  2  ℤ 


   (  ℤ  /    2  𝑟   ℤ    )  2   ×  ℤ  /  2  ℤ 


    Gal   (    ℚ  2   (    𝜇    2    𝑟  +  2     )  /    ℚ  2   )  ≅  ℤ  /    2  𝑟   ℤ  ×  ℤ  /  2  ℤ 


     ℚ  2   (    𝜇    2    𝑟  +  2     ) 


   ℤ  /    2  𝑟   ℤ 


       ℚ  𝑝   ‾  


     ℚ  𝑝   ab    =    ℚ  𝑝   (    𝜇  ∞   )  , 


     𝜇  ∞  


   𝑎  ∈    ℤ  𝑝  


   𝑏  ≡  𝑎         mod           𝑝  𝑘  


     ℚ  𝑝   ab   


   𝜌          ∶      ℚ  𝑝  ×   →    𝐺    ℚ  𝑝    ab   


   𝜌  (  𝑝  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘   


   𝜌  (  𝑝  )  (    𝜁  𝑚   )  =    𝜁  𝑚  𝑝  


   𝜌  (  𝑢  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝑢    −  1    


   𝜌  (  𝑢  )  (    𝜁  𝑚   )  =    𝜁  𝑚  


   𝑢  ∈    ℤ  𝑝  ×  


   𝜌 


     ℤ  𝑝  ×  


     𝐺    ℚ  𝑝    ab   


     ℚ  𝑝   ab    =    ℚ  𝑝   ur    (    𝜇    𝑝  ∞    )  =    ℚ  𝑝   ur    ⋅    ℚ  𝑝   (    𝜇    𝑝  ∞    )  , 


     𝜇    𝑝  ∞   


     ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝  


     ℚ  𝑝   ur    ∩    ℚ  𝑝   (    𝜇    𝑝  ∞    )  =    ℚ  𝑝   , 


          (9.5.3)                     𝐺    ℚ  𝑝    ab    =   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   )  ≅   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   ur    )  ×   Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   (    𝜇    𝑝  ∞    )  )        ≅   Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   )  ×   Gal   (    ℚ  𝑝   ur    /    ℚ  𝑝   )  ,       


   𝜌  (  𝑝  ) 


   𝜌  (  𝑢  ) 


     ℚ  𝑝  ×   ≅  ⟨  𝑝  ⟩  ×    ℤ  𝑝  ×  


    Gal   (    ℚ  𝑝   ur    /    ℚ  𝑝   ) 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   ) 


   𝜒          ∶       Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   )  →            (     lim    ←   𝑘     (  ℤ  /    𝑝  𝑘   ℤ    )  ×   ≅    ℤ  𝑝  ×   ,    𝜒  (  𝜎  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝜒  (  𝜎  )   


   [    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  ∶    ℚ  𝑝   ]  =    𝑝    𝑘  −  1    (  𝑝  −  1  ) 


     𝜎  𝑢   ∈   Gal   (    ℚ  𝑝   (    𝜇    𝑝  ∞    )  /    ℚ  𝑝   ) 


   𝜒  (    𝜎  𝑢   )  =  𝑢 


     𝜎  𝑢    −  1   


    Gal   (    ℚ  𝑝   ab    /    ℚ  𝑝   ) 


   𝜌  (  𝑢  )    |      ℚ  𝑝   (    𝜇    𝑝  ∞    )    =    𝜎  𝑢    −  1   


     ℚ  𝑝   (    𝜇    𝑝  ∞    ) 


   𝜒  (  𝜎    )    −  1   


   𝜌    |    ℤ  𝑝  ×   


   𝜌  (  𝑝  𝑢  ) 


     𝜌    ℚ  𝑝   


     𝜓    𝐿  /  𝐾            ∶    [  −  1  ,  ∞  )  →  [  −  1  ,  ∞  ) 


   𝑠  ≥  −  1 


     𝐺  𝑠  


     𝐺  𝑠   =    𝐺      𝜓    𝐿  /  𝐾    (  𝑠  )   


     𝜙    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐾     −  1   


     𝐺  𝑡   =    𝐺      𝜙    𝐿  /  𝐾    (  𝑡  )   


     𝜓    𝐿  /  𝐾    (  𝑠  )  =    ∫  0  𝑠   [    𝐺  0   ∶    𝐺  𝑦   ]  𝑑  𝑦 


   𝑠  ≥  0 


     𝜓      𝐹  𝑛   /    ℚ  𝑝     (  𝑠  )  =    {            𝑠           if    −  1  ≤  𝑠  ≤  0  ,          𝑝    𝑘  −  1    (  1  +  (  𝑝  −  1  )  (  𝑠  −  𝑘  +  1  )  )  −  1           if    𝑘  −  1  ≤  𝑠  ≤  𝑘    with    1  ≤  𝑘  ≤  𝑛  −  1  ,          𝑝    𝑛  −  1    (  1  +  (  𝑝  −  1  )  (  𝑠  −  𝑛  +  1  )  )  −  1           if    𝑠  ≥  𝑛  −  1          


     𝜓    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐸    ∘    𝜓    𝐸  /  𝐾    . 


   (  𝐺  /  𝑁    )  𝑠   =    𝐺  𝑠   𝑁  /  𝑁  . 


     𝜓    𝐿  /  𝐸   


   (  𝐺  /  𝑁    )  𝑠   =  (  𝐺  /  𝑁    )      𝜓    𝐸  /  𝐾    (  𝑠  )    =    𝐺      𝜓    𝐿  /  𝐸    (    𝜓    𝐸  /  𝐾    (  𝑠  )  )    𝑁  /  𝑁  =    𝐺      𝜓    𝐿  /  𝐾    (  𝑠  )    𝑁  /  𝑁  =    𝐺  𝑠   𝑁  /  𝑁  . 


    Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝     )  𝑠   =    {             Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   )             if      −  1  ≤  𝑠  ≤  0  ,         Gal   (    ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝   (    𝜇    𝑝  𝑘    )  )             if      𝑘  −  1  <  𝑠  ≤  𝑘       with      1  ≤  𝑘  ≤  𝑛  −  1        1             if      𝑠  >  𝑛  −  1  .          


   𝑠  ∈  [  −  1  ,  ∞  ) 


     𝐺  𝑠   ≠    𝐺    𝑠  +  𝜖   


     ℚ  𝑝   (    𝜇    𝑝  𝑛    )  /    ℚ  𝑝  


   0  ,  1  ,  2  ,  …  ,  𝑛  −  1 


     𝜌    𝐿  /  𝐾    (    𝑈  𝑖   (  𝐾  )  )  =    𝐺  𝑖  


     𝐺  𝑖  


     𝑈  𝑖   (  𝐾  )  ⊆    𝑁    𝐿  /  𝐾      𝐿  ×   . 


     𝔣    𝐿  /  𝐾   


     𝔪  𝐾  𝑟  


     𝑈  𝑟   (  𝐾  )  ⊆    𝑁    𝐿  /  𝐾      𝐿  ×  


    Gal   (  𝐿  /  𝐾    )  𝑟  


   (    𝑝  𝑛   ) 


     ℚ  𝑝   (    𝜇    𝑝  𝑛    ) 


   𝐾  =    ℚ  𝑝   (    𝜇  𝑝   ) 


   𝐿  =  𝐾  (  (  1  −  𝑝    )    1  /  𝑝    ) 


   (  1  −    𝜁  𝑝     )  2  


   𝐿  /    ℚ  𝑝  


   𝑝  =    𝑁      ℚ  𝑝   (  (  1  −  𝑝    )    1  /  𝑝    )  /    ℚ  𝑝     (  1  −  (  1  −  𝑝    )    1  /  𝑝    )  , 


   𝜋  =  1  −  (  1  −  𝑝    )    1  /  𝑝   


     ℚ  𝑝   (  (  1  −  𝑝    )    1  /  𝑝    ) 


     𝑣  𝐿   (  𝜋  )  =  𝑝  −  1 


     𝑣  𝐿   (  1  −    𝜁  𝑝   )  =  𝑝 


   𝜆  =  (  1  −    𝜁  𝑝   )  /  𝜋 


   𝜎  (  (  1  −  𝑝    )    1  /  𝑝    )  =    𝜁  𝑝   (  1  −  𝑝    )    1  /  𝑝   


       𝜎  (  𝜆  )   𝜆   =    𝜋    𝜎  (  𝜋  )    . 


   𝜎  (  𝜋  )  =  1  −    𝜁  𝑝   (  1  −  𝑝    )    1  /  𝑝    =  𝜋  +  (  1  −    𝜁  𝑝   )  (  1  −  𝑝    )    1  /  𝑝    . 


     𝑣  𝐿   (      𝜎  𝜆   𝜆   −  1  )  =  1  . 


     𝔣    𝐿  /  𝐾    =  (  1  −    𝜁  𝑝     )  2  


   𝐴  =  𝑅  ⟦    𝑥  1   ,  …  ,    𝑥  𝑛   ⟧ 


   𝑓  ∘  𝑔 


   𝑓  ,  𝑔  ∈  𝐴 


   𝑔  ∈  (    𝑥  1   ,  …  ,    𝑥  𝑛   ) 


   𝑓  ∈  𝑥  𝑅  ⟦  𝑥  ⟧ 


   𝑓  ≡  𝑢  𝑥         mod       (    𝑥  2   ) 


   𝑢  ∈    𝑅  ×  


     𝑔  1   =    𝑢    −  1    𝑥 


     𝑔  𝑛   ∈  𝑅  [  𝑥  ] 


   𝑓  ∘    𝑔  𝑛  


     𝑔  𝑛   ∘  𝑓 


   𝑅  [  𝑥  ]  /  (    𝑥    𝑛  +  1    ) 


   𝑓  ∘    𝑔  𝑛   =  𝑥  +  𝑎    𝑥    𝑛  +  1           mod       (    𝑥    𝑛  +  2    ) 


   𝑎  ∈  𝑅 


     𝑔    𝑛  +  1    =    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1   


   𝑓  ∘    𝑔    𝑛  +  1    =  𝑓  ∘  (    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1    )  ≡  𝑓  ∘    𝑔  𝑛   −  𝑎    𝑥    𝑛  +  1    ≡  𝑥         mod       (    𝑥    𝑛  +  2    ) 


   (    𝑔  𝑛   −    𝑢    −  1    𝑎    𝑥    𝑛  +  1      )  𝑘   ≡    𝑔  𝑛  𝑘          mod       (    𝑥    𝑛  +  2    ) 


   𝑘  ≥  2 


   𝑔  =     lim     𝑛  →  ∞        𝑔  𝑛   ∈  𝑅  ⟦  𝑋  ⟧ 


   𝑓  ∘  𝑔  =  𝑥 


   𝑥  =  𝑔  ∘  ℎ  =  𝑔  ∘  𝑓  ∘  𝑔  ∘  ℎ  =  𝑔  ∘  𝑓 


   𝑓  ∘    𝑔  𝑛   ≡  𝑥         mod       (    𝑥    𝑛  +  1    ) 


   𝑓  ,  𝑔  ∈  𝑥  𝑅  ⟦  𝑥  ⟧ 


   𝑓  ≡  𝑎  𝑥         mod       (    𝑥  2   ) 


   𝑔  ≡  𝑏  𝑥         mod           𝑥  2  


   𝑓  ∘  𝑔  ≡  𝑎  𝑏  𝑥         mod           𝑥  2  


   𝐹  ∈  𝑅  ⟦  𝑥  ,  𝑦  ⟧ 


   𝐹  (  𝑥  ,  𝑦  )  ≡  𝑥  +  𝑦         mod       (  𝑥  ,  𝑦    )  2  


   𝐹  (  𝐹  (  𝑥  ,  𝑦  )  ,  𝑧  )  =  𝐹  (  𝑥  ,  𝐹  (  𝑦  ,  𝑧  )  ) 


   𝑅  ⟦  𝑥  ,  𝑦  ,  𝑧  ⟧ 


   𝐹  (  𝑥  ,  𝑦  )  =  𝐹  (  𝑦  ,  𝑥  ) 


   𝐹  (  𝑥  ,  𝑦  )  ≡  𝑥  +  𝑦         mod       (  𝑥  𝑦  ) 


     𝜄  𝐹   (  𝑥  )  ∈  𝑅  ⟦  𝑥  ⟧ 


   𝐹  (  𝑥  ,    𝜄  𝐹   (  𝑥  )  )  =  0 


   𝑓  =  𝐹  (  𝑥  ,  0  ) 


   𝑓  ≡  𝑥         mod       (    𝑥  2   ) 


   𝐹  (  𝐹  (  𝑥  ,  0  )  ,  0  )  =  𝐹  (  𝑥  ,  0  ) 


   𝑓  ∘  𝑓  =  𝑓 


   𝑓  =  𝑥 


     𝜄  𝐹   (  𝑥  )  ≡  −  𝑥         mod       (    𝑥  2   ) 


   𝐹  (  𝑥  ,  𝑦  )  =  𝑥  +  𝑦 


     𝜄  𝐹   (  𝑥  )  =  −  𝑥 


   𝐺  (  𝑥  ,  𝑦  )  =  𝑥  +  𝑦  +  𝑥  𝑦 


     𝜄  𝐺   =  (  𝑥  +  1    )    −  1    −  1 


   𝐺  (  𝑥  ,  𝑦  )  =  (  𝑥  +  1  )  (  𝑦  +  1  )  −  1 


   𝑓          ∶    𝐹  →  𝐺 


   𝑓  (  𝐹  (  𝑥  ,  𝑦  )  )  =  𝐺  (  𝑓  (  𝑥  )  ,  𝑓  (  𝑦  )  ) 


   𝑓  ∘  𝐹  =  𝐺  ∘  𝑓 


    Hom   (  𝐹  ,  𝐺  ) 


    End   (  𝐹  ) 


   𝑓          ∶    𝐹    ⟶  ∼   𝐺 


     𝑓    −  1   


   𝑅  ⟦  𝑥  ⟧ 


   𝑎    +  𝐹   𝑏  =  𝐹  (  𝑎  ,  𝑏  ) 


   𝑎  ,  𝑏  ∈  𝔪 


     𝔾  𝑎  


   𝑥  +  𝑦  +  𝑥  𝑦 


     𝔾  𝑚  


   𝜅  =  𝒪  /  𝔪 


   𝑓  ∈  𝒪  ⟦  𝑥  ⟧ 


   𝑓  (  𝑥  )  ≡    𝑥  𝑞          mod         𝜋 


   𝑓  (  𝑥  )  ≡  𝜋  𝑥         mod       (    𝑥  2   ) 


     𝔉  𝜋  


   𝑓  ,  𝑔  ∈    ℱ  𝜋  


   ℓ  =    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑥  𝑖  


   𝐹  ∈  𝒪  ⟦    𝑥  1   ,  …  ,    𝑥  𝑛   ⟧ 


   𝐹  ≡  ℓ         mod       (    𝑥  1   ,  …  ,    𝑥  𝑛     )  2  


   𝑓  (  𝐹  (    𝑥  1   ,  …  ,    𝑥  𝑛   )  )  =  𝐹  (  𝑔  (    𝑥  1   )  ,  …  ,  𝑔  (    𝑥  𝑛   )  ) 


   𝐼  =  (    𝑥  1   ,  …  ,    𝑥  𝑛   ) 


     ℓ  1   =  ℓ 


     𝐹  0   =  0 


     𝐹  𝑘   =    𝐹    𝑘  −  1    +    ℓ  𝑘  


     ℓ  𝑘   ∈  𝒪  [    𝑥  1   ,  …  ,    𝑥  𝑛   ] 


   𝑓  ∘    𝐹  𝑘   ≡    𝐹  𝑘   ∘  𝑔         mod         𝜋    𝐼    𝑘  +  1    . 


   𝐻  ≡  0         mod         𝜋 


   𝑘  +  1 


   𝑓  ∘    𝐹  𝑘   =    𝐹  𝑘   ∘  𝑔 


     ℓ    𝑘  +  1    =  −  (  𝜋  −    𝜋    𝑘  +  1      )    −  1    𝐻  ∈  𝒪  [  𝑥  ] 


     𝐹    𝑘  +  1    =    𝐹  𝑘   +    ℓ    𝑘  +  1   


   𝑓  ∘    𝐹    𝑘  +  1    ≡  𝑓  ∘    𝐹  𝑘   +  𝜋    ℓ    𝑘  +  1           mod           𝐼    𝑘  +  2    , 


     𝐹    𝑘  +  1    ∘  𝑔  ≡    𝐹  𝑘   ∘  𝑔  +    𝜋    𝑘  +  1      ℓ    𝑘  +  1           mod           𝐼    𝑘  +  2   


   𝑓  ∘    𝐹    𝑘  +  1    −    𝐹    𝑘  +  1    ∘  𝑔  ≡  𝐻  +  (  𝜋  −    𝜋    𝑘  +  1    )    ℓ    𝑘  +  1    ≡  0         mod           𝐼    𝑘  +  2    . 


   𝑓  ,  𝑔  ≡    𝑥  𝑞          mod         𝜋 


   𝑓  ∘    𝐹    𝑘  +  1    −    𝐹    𝑘  +  1    ∘  𝑔  ≡  (    𝐹    𝑘  +  1      )  𝑞   −    𝐹    𝑘  +  1    (    𝑥  𝑞   )  ≡  0         mod         𝜋  , 


   (    𝐹    𝑘  +  1      )  𝑞  


   𝜋    𝐼    𝑘  +  1   


   𝐹  =    ∑    𝑘  =  1   ∞     ℓ  𝑘  


   𝑓  ∈    ℱ  𝜋  


     𝐹  𝑓   ∈  𝒪  ⟦  𝑥  ,  𝑦  ⟧ 


     𝐹  𝑓  


   𝑓  ∘    𝐹  𝑓   =    𝐹  𝑓   ∘  𝑓 


     𝐹  𝑓   ≡  𝑥  +  𝑦         mod       (  𝑥  ,  𝑦    )  2  


     𝐹  𝑓   (  𝑥  ,  𝑦  )  =    𝐹  𝑓   (  𝑦  ,  𝑥  ) 


   𝑥  +  𝑦  =  𝑥  +  𝑦 


     𝐹  𝑓   (  𝑥  ,    𝐹  𝑓   (  𝑦  ,  𝑧  )  )  =    𝐹  𝑓   (    𝐹  𝑓   (  𝑥  ,  𝑦  )  ,  𝑧  ) 


   𝑥  +  𝑦  +  𝑧 


   [  𝑎    ]  𝑓   ∈  𝒪  ⟦  𝑥  ⟧ 


   [  𝑎    ]  𝑓   ≡  𝑎  𝑥         mod       (    𝑥  2   ) 


   [  𝜋    ]  𝑓   =  𝑓 


   [  𝑎    ]  𝑓  


   [        ]  𝑓           ∶    𝒪  →   End   (    ℱ  𝜋   ) 


   ℓ  (  𝑥  )  =  𝑎  𝑥 


   𝑔  =  𝑓 


     𝐹  𝑓   ∘  [  𝑎    ]  𝑓  


   [  𝑎    ]  𝑓   ∘    𝐹  𝑓  


   𝑎  𝑥  +  𝑎  𝑦 


   [  𝑎    ]  𝑓   ≡  𝑎  𝑥         mod           𝑥  2  


   𝑎  𝑥  ≡  𝑏  𝑥         mod           𝑥  2  


   𝑎  =  𝑏 


     𝐹  𝑔  


   𝑔  ∈    ℱ  𝜋  


   ℓ  =  𝑥 


   ℎ  ∈  𝒪  ⟦  𝑥  ⟧ 


   𝑓  ∘  ℎ  =  ℎ  ∘  𝑔 


     𝐹  𝑓   ∘  ℎ 


   ℎ  ∘    𝐹  𝑔  


   𝑓  ∘  (    𝐹  𝑓   ∘  ℎ  )  =    𝐹  𝑓   ∘  (  𝑓  ∘  ℎ  )  =  (    𝐹  𝑓   ∘  ℎ  )  ∘  𝑔 


     𝐹  𝑓   ∘  ℎ  =  ℎ  ∘    𝐹  𝑔  


   𝑓  (  𝑥  )  =  (  𝑥  +  1    )  𝑝   −  1  ∈    ℱ  𝑝  


   𝐺  =  (  𝑥  +  1  )  (  𝑦  +  1  )  −  1 


   𝑓  ∘  𝐹  =  (  𝑥  +  1    )  𝑝   (  𝑦  +  1    )  𝑝   −  1  =  𝐹  ∘  𝑓 


   𝐺  =    𝐹  𝑓  


   [  𝑎    ]  𝑓   =  (  𝑥  +  1    )  𝑎   −  1  ∈    ℤ  𝑝   ⟦  𝑥  ⟧ 


   [  𝑢    ]  𝑓  


   [  𝜋    ]  𝑓  


     𝑊    𝑓  ,  𝑛   


   [    𝜋  𝑛     ]  𝑓  


     𝑊    𝑓  ,  𝑛    −    𝑊    𝑓  ,  𝑛  −  1   


     𝑊  𝑓   =    ⋃    𝑛  =  1   ∞     𝑊    𝑓  ,  𝑛   


     𝐾    𝜋  ,  𝑛    =  𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝜛  𝑛   ∈    𝑊  𝑓  𝑛  


     𝑊  𝑓  𝑛  


   (  𝒪  /    𝔪  𝑛   ) 


   [        ]  𝑓  


     𝜒    𝑓  ,  𝑛            ∶       Gal   (    𝐾  𝑛   /  𝐾  )  →  (  𝒪  /    𝔪  𝑛     )  ×  


   [  𝑎    ]  𝑓   (    𝜛  𝑛   )  =  𝜎  (    𝜛  𝑛   ) 


   𝑓  =  𝜋  𝑥  +    𝑥  𝑞  


   [    𝜋  𝑛     ]  𝑓   =  𝑓  ∘  𝑓  ∘  ⋯  ∘  𝑓 


   [    𝜋    𝑛  −  1      ]  𝑓  


     𝑞    𝑛  −  1    (  𝑞  −  1  ) 


     𝐾  𝑛   =  𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝐾  𝑛   /  𝐾 


     𝜛  𝑛   ∈    𝑊  𝑓  𝑛   −    𝑊  𝑓    𝑛  −  1   


   [  𝑎    ]  𝑓   (    𝜛  𝑛   )  ≡  𝑎    𝜛  𝑛          mod           𝜛  𝑛  2  


     𝑊  𝑓  𝑛   −    𝑊  𝑓    𝑛  −  1   


   (  𝒪  /    𝔪  𝑛     )  ×  


   𝜎  (    𝜛  𝑛   )  ∈    𝑊  𝑓  𝑛  


   [  𝑎    ]  𝑓   (    𝜛  𝑛   ) 


     𝜒    𝑓  ,  𝑛   


   ℎ  ∘  𝑓  =  𝑔  ∘  ℎ 


   [    𝜋  𝑛     ]  𝑔   (  ℎ  (    𝜛  𝑛   )  )  =  0 


     𝑊    𝑔  ,  𝑛   


   ℎ  ≡  𝑥         mod           𝑥  2  


   ℎ  (    𝜛  𝑛   )  ∈    𝑊    𝑔  ,  𝑛    −    𝑊    𝑔  ,  𝑛  −  1   


   𝐾  (    𝑊    𝑓  ,  𝑛    ) 


     𝐾  𝑛   =  𝐾  (    𝑊    𝑔  ,  𝑛    ) 


   𝜎  ∈   Gal   (    𝐾  𝑛   /  𝐾  ) 


   𝜎  (  ℎ  (    𝜛  𝑛   )  )  =  ℎ  (  𝜎  (    𝜛  𝑛   )  ) 


     𝜒    𝑓  ,  𝑛    (  𝜎  )  =  𝑎         mod           𝔪  𝑛  


   [  𝑎    ]  𝑔   (  ℎ  (    𝜛  𝑛   )  )  =  ℎ  (  [  𝑎    ]  𝑓   (    𝜛  𝑛   )  )  ≡  ℎ  (  𝜎  (    𝜛  𝑛   )  )  ≡  𝜎  (  ℎ  (    𝜛  𝑛   )  )       mod           𝔪  𝑛  


     𝒪  ×   ≅            (     lim    ←   𝑛   (  𝒪  /    𝔪  𝑛     )  ×  


     𝐾    𝜋  ,  ∞    =  𝐾  (    𝑊    𝑓  ,  ∞    ) 


     𝒪  ×  


   ℎ  =    ∑    𝑖  =  0   𝑛     𝑎  𝑖     𝑥  𝑖   ∈    𝔽  𝑞   [  𝑥  ] 


    gcd   (  𝑞  ,  𝑛  )  =  1 


   𝑟  ∈    𝔽  𝑞   [  𝑥  ] 


    deg     𝑟  ≤  𝑘 


   𝑟  (  0  )  =  1 


   𝑔  =    𝑥  𝑘   ℎ  +  𝑟 


     𝑞  𝑚   >  𝑛 


     𝔽    𝑞  𝑚   


     ℎ  ′  


   𝑘  =    𝑞    𝑚  +  1   


   𝑟  =  −    𝑥  𝑞   ℎ  +  1 


   𝑔  =  (    𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞   )  ℎ  +  1 


     𝑔  ′   =  (    𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞   )    ℎ  ′  


     𝑥    𝑞    𝑚  +  1     −    𝑥  𝑞  


   𝑔  (  𝛼  )  =  1 


   𝑔  (  𝛼  )  =  (    𝛼  𝑞   −    𝛼  𝑞   )  ℎ  (  𝛼  )  +  1  =  1 


     𝑁      𝐾    𝜋  ,  𝑛    /  𝐾      𝐾    𝜋  ,  𝑛   ×   =  ⟨  𝜋  ⟩    𝑈  𝑛   (  𝐾  ) 


     𝐾    𝜋  ,  𝑛    =  𝐾  (    𝑊  𝑓  𝑛   ) 


   [    𝜋  𝑛     ]  𝑓   =  [    𝜋    𝑛  −  1      ]  𝑓   ⋅    ℎ  𝑛  


   𝜋  +  [    𝜋    𝑛  −  1      ]  𝑓    𝑞  −  1   


   𝜋  =    𝑁      𝐾    𝜋  ,  𝑛    /  𝐾    (    𝜛  𝑛   ) 


     𝐾    𝜋  ,  𝑛    /  𝐾 


     𝐾    𝜋  ,  𝑛   


     𝑈  𝑛   (  𝐾  ) 


     𝑞    𝑛  −  1    (  𝑞  −  1  )  =  [    𝐾  ×   ∶    𝑁      𝐾    𝜋  ,  𝑛    /  𝐾      𝐾    𝜋  ,  𝑛   ×   ] 


     𝜇    𝑞  −  1   


   𝑢  =  1  +    ∑    𝑖  =  1   ∞     𝑎  𝑖     𝜛  𝑛  𝑖   ∈    𝑈  1   (    𝐾    𝜋  ,  𝑛    ) 


     𝑎  𝑖   ∈    𝒪  𝐾  


     𝑎  0   =  1 


   𝑝  =    ∑    𝑖  =  0     𝑚  −  1      𝑎    𝑛  −  𝑖      𝑥  𝑖  


   𝑚  =    𝑞    𝑛  −  1    (  𝑞  −  1  )  𝑛 


   𝑃  =    𝑥  𝑘   𝑝  +  𝑟 


   𝑟  ∈    𝒪  𝐾  


   𝑘  ≥   deg     𝑟 


   𝑃  =    ∏    𝑖  =  1   𝑠   (  𝑥  −    𝛼  𝑖   ) 


   𝑠  =  𝑚  +  𝑘  −  1 


     ∏    𝑖  =  1   𝑠   (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    𝜛  𝑛  𝑠   𝑃  (    𝜛  𝑛    −  1    )  ≡  1  +    ∑    𝑖  =  1   ∞     𝑎  𝑖     𝜛  𝑛  𝑖   ≡  𝑢         mod           𝜛  𝑛  𝑚   , 


   𝑣  ∈    𝑈  𝑚   (    𝐾    𝜋  ,  𝑛    ur    ) 


     ∏    𝑖  =  1   𝑠   (  1  −    𝛼  𝑖     𝜛  𝑛   )  𝑣  =  𝑢 


     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  𝑣  )  ∈    𝑈  𝑛   (    𝐾   ur    ) 


     ∏    𝑖  =  1   𝑠     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  ∈    𝑈  𝑛   (    𝐾   ur    ) 


     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    𝛼  𝑖      𝑞    𝑛  −  1    (  𝑞  −  1  )        [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )     [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )    . 


   𝑃  (  0  )  =  1 


     ∏    𝑖  =  1   𝑠     𝑁      𝐾    𝜋  ,  𝑛    ur    /    𝐾   ur      (  1  −    𝛼  𝑖     𝜛  𝑛   )  =    ∏    𝑖  =  1   𝑠       [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )     [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )    . 


   [    𝜋    𝑛  −  1      ]  𝑓   (  𝑥  )  ≡    𝑥    𝑞    𝑛  −  1            mod         𝜋 


   [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    ) 


     ∏    𝑖  =  1   𝑠   [    𝜋  𝑛     ]  𝑓   (    𝛼  𝑖    −  1    )  ≡    ∏    𝑖  =  1   𝑠   [    𝜋    𝑛  −  1      ]  𝑓   (    𝛼  𝑖    −  1    )       mod           𝜋  𝑛     𝒪    𝐾   ur     . 


   𝑓  (    𝛼  𝑖    −  1    )  ≡    𝛼  𝑖    −  𝑞    ≡    𝛼  𝑗    −  1           mod         𝜋    𝒪    𝐾   ur    


   1  ≤  𝑗  ≤  𝑠 


     ∏    𝑖  =  1   𝑠   𝑓  (    𝛼  𝑖    −  1    )  ≡    ∏    𝑖  =  1   𝑠     𝛼  𝑖    −  1           mod         𝜋  . 


     𝜋  2  


   ⟨  𝜋  ⟩ 


     𝐾   ur      𝐾    𝜋  ,  ∞   


    Gal   (    𝐾   ab    /  𝐾  ) 


    Gal   (    𝐾   ab    /    𝐾   ur    ) 


     𝜌  𝐾   (  𝑢  )  (  𝜛  )  =  [    𝑢    −  1      ]  𝑓   (  𝜛  ) 


   𝜛  ∈    𝑊    𝑓  ,  ∞   


   𝜒  (    𝜌    𝐿  /  𝐾    (  𝜋  )  )  =  𝜒  (  𝜑  ) 


   𝜒  (    𝜌    𝐿  /  𝐾    (  𝜋  )  )  =     inv     𝐿  /  𝐾    (  𝜋  ∪  𝛿  (  𝜒  )  )  , 


     𝑣  𝐿  ∗   (  𝜋  ∪  𝛿  (  𝜒  )  )  =    𝑣  𝐿   (  𝜋  )  ∪  𝛿  (  𝜒  )  =  𝛿  (  𝜒  )  . 


      inv     𝐿  /  𝐾    =     ev   𝜑   ∘    𝛿    −  1    ∘    𝑣  𝐿  ∗  


      inv     𝐿  /  𝐾    (  𝜋  ∪  𝛿  (  𝜒  )  )  =     ev   𝜑   (  𝜒  )  =  𝜒  (  𝜑  )  . 


     𝜄  𝜋           ∶    ℤ  →  ⟨  𝜋  ⟩ 


    Res           ∶      𝐺  𝐾   ab    →    𝐺    𝜅  (  𝐾  )   


    Res   ∘    𝜌  𝐾   ∘    𝜄  𝜋           ∶    ℤ  →    𝐺    𝜅  (  𝐾  )   


     𝜌    𝜅  (  𝐾  )   


     𝜌    𝐿  /  𝐾            ∶      𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×     ⟶  ∼    Gal   (  𝐿  /  𝐾  ) 


     𝐺  ℂ  


     𝜌  ℂ           ∶      ℂ  ×   →  1 


     𝜌  ℝ           ∶      ℝ  ×   →   Gal   (  ℂ  /  ℝ  ) 


     ℝ    >  0   


     𝑅    𝐿  /  𝐾   


     𝑖    𝐿  /  𝐾   


   𝜎          ∶    𝐿  ↪    𝐾   sep   


     𝜎  ∗  


   𝜏  ↦  𝜎  𝜏    𝜎    −  1   


   𝜏  ∈    𝐺  𝐿  


   ℂ  /  ℝ 


     𝑁    ℂ  /  ℝ      ℂ  ×   =    ℝ    >  0   ×  


     𝐿  ′   /    𝐾  ′  


   𝐿  =    𝐿  ′   ∩    𝐾   ab   


     𝐿  ′   /  𝐾 


     𝐼  𝐾  𝔪   ↪    𝐼    𝐾  ′   𝔪  


     𝑉      𝐾  ′   /  𝐾            ∶       Gal   (  𝐿  /  𝐾  )  →   Gal   (    𝐿  ′   /    𝐾  ′   ) 


     𝜎  ∗   (  𝜏  )  =  𝜎    |  𝐿   ∘  𝜏  ∘    𝜎    −  1      |    𝜎  (  𝐿  )   


   𝜎  (  𝔪  ) 


   𝜎  (  𝐾  ) 


   𝜎  (  𝔪    )  𝑓   =  𝜎  (    𝔪  𝑓   ) 


   𝜎  (    𝔪  ∞   ) 


     𝒪    𝐾  ′   


     Ψ      𝐿  ′   /    𝐾  ′    𝔪   (  𝔓  ) 


   (  𝔓  ,    𝐿  ′   /    𝐾  ′   ) 


   (  𝔭  ,  𝐿  /  𝐾    )    𝑓    𝔓  /  𝔭    


   𝔭  =  𝔓  ∩    𝒪  𝐾  


     𝑁      𝐾  ′   /  𝐾    𝔓  =    𝔭    𝑓    𝔓  /  𝔭     , 


    ker       Ψ    𝐿  /  𝐾   𝔪  


     𝑁    𝐿  /  𝐾      𝐼  𝐿  𝔪  


     𝐾  ′   =    𝐿  ′   =  𝐿 


     Ψ    𝐿  /  𝐾   𝔪   ∘    𝑁    𝐿  /  𝐾    =  0 


     𝐼  𝐿  𝔪  


     𝑃  𝐾  𝔪   ⊆   ker       Ψ    𝐿  /  𝐾   𝔪  


     𝜓    𝐿  /  𝐾   𝔪           ∶         Cl   𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     𝜓    𝐿  /  𝐾   𝔪   (  [  𝔞    ]  𝔪   )  =    Ψ    𝐿  /  𝐾   𝔪   (  𝔞  ) 


   𝔞  ∈    𝐼  𝐾  𝔪  


     𝜓    𝐿  /  𝐾   𝔪  


     𝜓    𝐿  /  𝐾   


     𝑁    𝐿  /  𝐾    (     Cl   𝐿  𝔪   ) 


      Cl   𝐾  𝔪   /    𝑁    𝐿  /  𝐾    (     Cl   𝐿  𝔪   )    ⟶  ∼    Gal   (  𝐿  /  𝐾  )  . 


   𝐻  =    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ∩    𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =    𝑁    𝐿  𝑀  /  𝐾         Cl     𝐿  𝑀   𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   ⋅    𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =    𝑁    (  𝐿  ∩  𝑀  )  /  𝐾         Cl     𝐿  ∩  𝑀   𝔪  


     𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   ⊆    𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪  


     𝑁    𝐿  /  𝐾         Cl   𝐿  𝔪   =  1 


     𝑁    𝑀  /  𝐾         Cl   𝑀  𝔪   =  1 


     𝜓    𝑀  /  𝐾   𝔪  


     Ψ    𝑀  /  𝐿   𝔪  


      Cl   𝐿  𝔪  


     𝑃  𝐿  𝔪   ⊆   ker       Ψ    𝑀  /  𝐿   𝔪  


     𝜓    𝑀  /  𝐿   𝔪  


     𝑁    𝐿  /  𝐾    =  (    𝜓    𝑀  /  𝐾   𝔪     )    −  1    ∘  𝜄  ∘    𝜓    𝑀  /  𝐿   𝔪           ∶         Cl   𝐿  𝔪   →     Cl   𝐾  𝔪  


    ker       𝜓    𝐿  /  𝐾   𝔪  


   ℚ  (    𝜇   12    ) 


   ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  ) 


   𝑝  ≡  3         mod         4 


   𝑝  ≠  3 


   ℚ  (  𝑖  )  /  ℚ 


     𝜇   12   


   (  𝑝  ,  ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )  )  =  1 


     𝑝  2   ≡  1         mod          12  


   (  𝑝  )  =  (  −  𝑝  ) 


   (  𝑝  )  ∈    𝑃  𝐾    (  3  )   


   𝑝  ≡  1         mod         4 


   𝑝  =    𝑎  2   +    𝑏  2  


   𝑝  ℤ  [  𝑖  ]  =  (  𝑎  +  𝑏  𝑖  )  (  𝑎  −  𝑏  𝑖  )  . 


   (  𝑎  +  𝑏  𝑖  ,  ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )  )  =  1 


   𝑝  =    𝑁    𝐿  /  𝐾    (  𝑎  +  𝑏  𝑖  )  ≡  1         mod          12   . 


   𝑎  +  𝑏  𝑖 


   3  ∣  𝑏 


   𝑎  ≡  1         mod         3 


   (  𝑎  ,  𝑏  ) 


   𝑝  ≡  1         mod          12  


   (  𝑎  +  𝑏  𝑖  )  ∈    𝑃  𝐾    (  3  )   


   (  𝑎  +  𝑏  𝑖  )  ∈   ker       Ψ    ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )   


     Ψ    ℚ  (    𝜇   12    )  /  ℚ  (  𝑖  )   


     𝑃    ℚ  (  𝑖  )     (  3  )   


   𝐿  =  ℚ  (    𝜇   12    ) 


   {    𝔪  𝑖   ∣  𝑖  ∈  𝐼  } 


   𝔐  =    ∑    𝑖  ∈  𝐼      𝔪  𝑖  


     𝔐  𝑓  


   (    𝔪  𝑖     )  𝑓  


   𝑖  ∈  𝐼 


     𝔐  ∞  


   (    𝔪  𝑖     )  ∞  


     𝐾    𝔐  ,  1    =    ∏    𝑖  ∈  𝐼      𝐾      𝔪  𝑖   ,  1    , 


     𝑃  𝐾  𝔐  


     𝑃  𝐾    𝔪  𝑖   


    ker       Ψ    𝐿  /  𝐾   𝔐  


     𝔣    𝐿  /  𝐾  ,  𝑓    =    ∏  𝔭   (    𝔣      𝐿  𝔓   /    𝐾  𝔭     ∩    𝒪  𝐾   )  , 


   ℚ  (    𝜇  𝑛     )  +   =  ℚ  (    𝜁  𝑛   +    𝜁  𝑛    −  1    ) 


     𝜁  𝑓  


   (  𝑓  )  ∞ 


   ℚ  (    𝜇  𝑓   ) 


     𝜎  𝑎   ∈   Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  ) 


     𝜎  𝑎   (    𝜁  𝑓   )  =    𝜁  𝑓  𝑎  


     Ψ    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    (  (  𝑎  )  )  =    𝜎  𝑎   , 


     𝜎  𝑝   =  (  𝑝  ,  ℚ  (    𝜇  𝑓   )  /  ℚ  ) 


     𝑃  ℚ    (  𝑓  )  ∞    ⊆    Ψ    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    , 


   ℚ  (    𝜇  𝑓   )  /  ℚ 


     𝜒  𝑓  


     𝜒  𝑓           ∶       Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  )    ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×  


     𝜒  𝑓   (    𝜎  𝑎   )  =  𝑎 


   (  ℤ  /  𝑓  ℤ    )  ×     ⟶    𝜙  𝑓    −  1        Cl   ℚ    (  𝑓  )  ∞      ⟶    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞      Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  )    ⟶    𝜒  𝑓    (  ℤ  /  𝑓  ℤ    )  ×  


     𝜒  𝑓   ∘    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ    ∘    𝜙  𝑓    −  1    (  𝑎  )  =    𝜒  𝑓   ∘    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )  ∞    (  [  (  𝑎  )    ]    (  𝑓  )  ∞    )  =    𝜒  𝑓   (    𝜎  𝑎   )  =  𝑎  . 


   ℚ  (    𝜇  𝑓     )  +   =  ℚ  (    𝜁  𝑓   +    𝜁  𝑓    −  1    )  . 


    Gal   (  ℚ  (    𝜇  𝑓   )  /  ℚ  (    𝜇  𝑓     )  +   ) 


   ⟨  ±  1  ⟩ 


     𝜒  𝑓  ′           ∶       Gal   (  ℚ  (    𝜇  𝑓     )  +   /  ℚ  )    ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  ±  1  ⟩ 


     𝜙  𝑓  ′           ∶         Cl   ℚ    (  𝑓  )      ⟶  ∼   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  ±  1  ⟩  . 


   (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩    ⟶    (    𝜙  𝑓  ′     )    −  1         Cl   ℚ    (  𝑓  )      ⟶    𝜓    ℚ  (    𝜇  𝑓   )  /  ℚ     (  𝑓  )      Gal   (  ℚ  (    𝜇  𝑓     )  +   /  ℚ  )    ⟶    𝜒  𝑓  ′    (  ℤ  /  𝑓  ℤ    )  ×   /  ⟨  −  1  ⟩ 


     ℚ   ab    =  ℚ  (    𝜇  ∞   ) 


     𝑝  1   ,  …  ,    𝑝  𝑘  


   𝐹  /  ℚ 


     𝐹    𝔭  𝑖    ⊆    ℚ    𝑝  𝑖    (    𝜇    𝑛  𝑖    ) 


     𝑛  𝑖   ≥  1 


     𝑟  𝑖   ≥  0 


     𝑝    𝑟  𝑖   


     𝑛  𝑖  


   𝐾  =  𝐹  (    𝜇  𝑛   ) 


   𝐾  =  ℚ  (    𝜇  𝑛   ) 


   𝐺  =   Gal   (  𝐾  /  ℚ  ) 


     𝐼    𝑝  𝑖   


     𝐾    𝔓  𝑖    =    𝐹    𝔭  𝑖    (    𝜇  𝑛   )  =    ℚ    𝑝  𝑖    (    𝜇     lcm   (  𝑛  ,    𝑛  𝑖   )    )  . 


     𝑝  𝑖    𝑟  𝑖   


   𝑚  =   lcm   (  𝑛  ,    𝑛  𝑖   ) 


     𝐼    𝑝  𝑖    ≅   Gal   (    ℚ    𝑝  𝑖    (    𝜇  𝑚   )  /    ℚ    𝑝  𝑖    (    𝜇    𝑚  /    𝑝  𝑖    𝑟  𝑖      )  )  ≅   Gal   (    ℚ    𝑝  𝑖    (    𝜇    𝑝  𝑖    𝑟  𝑖     )  /    ℚ    𝑝  𝑖    )  . 


   𝐼  =    𝐼    𝑝  1    ⋯    𝐼    𝑝  𝑘   


   |  𝐼  |  ≤    ∏    𝑖  =  1   𝑘   |    𝐼    𝑝  𝑖    |  =    ∏    𝑖  =  1   𝑘   𝜑  (    𝑝  𝑖    𝑟  𝑖    )  =  𝜑  (  𝑛  )  =  [  ℚ  (    𝜇  𝑛   )  ∶  ℚ  ]  . 


   𝐼  =  𝐺 


   ℚ  (    𝜇  𝑛   )  ⊆  𝐾 


   𝐾  ⊆  ℚ  (    𝜇  𝑛   ) 


   ℚ  (    𝜇  𝑛     )  +  


   (  𝑛  ) 


   (  𝑛  )  ∞ 


   ℚ  (    𝜇  𝑛   )  =  ℚ  (    𝜇  𝑛     )  +  


     𝔣    𝐾  /  ℚ   


   (  2  𝑚  ) 


   (  2  𝑚  )  ∞ 


   (  ∞  ) 


     𝜓    𝐸  /  𝐾            ∶         Cl   𝐾   →   Gal   (  𝐸  /  𝐾  ) 


   [  𝔭  ] 


     𝜓    𝐸  /  𝐾    (  [  𝔭  ]  )  =  1 


   (  𝔭  ,  𝐸  /  𝐾  ) 


   𝔭  =  (  2  ,  1  +      −  5    ) 


   𝐸  =  𝐾  (  𝑖  ) 


   𝐾  (  𝑖  )  /  𝐾 


   𝛼  =      1  +    5    2  


     𝑥  2   −  𝑥  −  1 


   𝛼  ∈    𝒪    𝐾  (  𝑖  )   


     𝒪    𝐾  (  𝑖  )    /  𝔭  ≅    𝔽  2  


   [  𝐺  ,  𝐺  ] 


   𝑉          ∶      𝐺   ab    →  [  𝐺  ,  𝐺    ]   ab   


   𝔞  ∈    𝐼  𝐾  


   𝔞    𝒪  𝐸  


    Gal   (  𝑀  /  𝐸  )  =  [   Gal   (  𝑀  /  𝐾  )  ,   Gal   (  𝑀  /  𝐾  )  ] 


    Gal   (  𝐸  /  𝐾  )  =   Gal   (  𝑀  /  𝐾    )   ab   


     𝑉    𝐸  /  𝐾            ∶       Gal   (  𝐸  /  𝐾  )  →   Gal   (  𝑀  /  𝐸  ) 


     𝜄    𝐸  /  𝐾    =  0 


     𝜓    𝑀  /  𝐸   


     𝑋  𝑖  


     𝐴  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   )  =  {  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈    ∏    𝑖  ∈  𝐼      𝑋  𝑖   ∣    𝑥  𝑖   ∈    𝐴  𝑖     for all but finitely many    𝑖  ∈  𝐼  }  , 


   {  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∣    𝑥  𝑖   ∈    𝑈  𝑖     for    𝑖  ∈  𝐽    and      𝑥  𝑖   ∈    𝐴  𝑖     for    𝑖  ∈  𝐼  −  𝐽  }  , 


   𝐽  ⊆  𝐼 


     𝑋  𝑗  


   𝑗  ∈  𝐽 


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝐴  𝑖  


   𝐽  ⊂  𝐼 


     ∏    𝑖  ∈  𝐼      𝑋  𝑖  


     ∏    𝑘  ∈  𝐾      𝑉  𝑘   ×    ∏    𝑖  ∈  𝐼  −  𝐾      𝑋  𝑖  


   𝐾  ⊂  𝐼 


     𝑉  𝑘  


     𝑋  𝑘  


   𝑘  ∈  𝐾 


     𝐴  𝑖   ≠    𝑋  𝑖  


     𝑌  𝑖  


     𝐵  𝑖  


     𝑓  𝑖           ∶      𝑋  𝑖   →    𝑌  𝑖  


     𝑓  𝑖   (    𝐴  𝑖   )  ⊆    𝐵  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   )  →    ∏    𝑖  ∈  𝐼    (    𝑌  𝑖   ,    𝐵  𝑖   )  . 


   𝑥  =  (    𝑥  𝑖     )    𝑖  ∈  𝐼    ∈  𝑋 


     𝑥  𝑖   ∈    𝐴  𝑖  


     𝑓  𝑖   (    𝑥  𝑖   )  ∈    𝐴  𝑖  


     ∏  𝑖     𝑓  𝑖   (  𝑥  )  ∈    ∏    𝑖  ∈  𝐼    (    𝑌  𝑖   ,    𝐵  𝑖   ) 


     ∏  𝑖     𝑓  𝑖  


   𝐽 


     𝑉  𝑗  


     𝑌  𝑗  


   𝑓  (  𝑥  )  ∈    ∏    𝑗  ∈  𝐽      𝑉  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑌  𝑖  


     𝑥  𝑗  


     𝑓  𝑗   (    𝑈  𝑗   )  ⊆    𝑉  𝑗  


   𝑓  (    ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑋  𝑖   ) 


     ∏    𝑗  ∈  𝐽      𝑉  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝑌  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     𝑌  𝑖   =    𝐵  𝑖   =    𝑋  𝑖  


   𝑥  ,  𝑦  ∈    ∏    𝑖  ∈  𝐼    (    𝑋  𝑖   ,    𝐴  𝑖   ) 


     𝐾  𝑖  


     ∏    𝑖  ∈  𝐼    (    𝐺  𝑖   ,    𝐾  𝑖   ) 


   𝒢  =    ∏    𝑖  ∈  𝐼    (    𝐺  𝑖   ,    𝐾  𝑖   ) 


   1  =  (  1    )  𝑖   ∈  𝐺 


   𝑎  =  (    𝑎  𝑖     )  𝑖  


   𝑏  =  (    𝑏  𝑖     )  𝑖  


   𝒢 


     𝑎  𝑖   ,    𝑏  𝑖   ∈    𝐾  𝑖  


   𝑎  𝑏  ∈  𝒢 


     𝑎    −  1    ∈  𝒢 


     𝑎  𝑖    −  1    ∈    𝐾  𝑖  


     𝑎  𝑖   ∈    𝐾  𝑖  


   𝑖  ∈  𝐼  −  𝐽 


     𝐺  𝑗  


     ∏    𝑗  ∈  𝐽      𝑈  𝑗   ×    ∏    𝑖  ∈  𝐼  −  𝐽      𝐾  𝑖  


     𝔸  𝐾  


     𝔸  𝐾   =    ∏    𝑣  ∈    𝑉  𝐾     (    𝐾  𝑣   ,    𝒪  𝑣   )  , 


     𝛼  𝑣  


   𝑣  ∈    𝑉  𝐾  


   𝑎    𝒪  𝐾  


     𝑣  𝔭   (  𝑎  ) 


     𝛿  𝐾           ∶    𝐾  →    𝔸  𝐾  


     𝛿  𝐾   (  𝑎  )  =  (  𝑎    )    𝑣  ∈    𝑉  𝐾    


     𝔸  𝐿  


     𝜄    𝐿  /  𝐾            ∶      𝔸  𝐾   →    𝔸  𝐿  


     𝜄    𝐿  /  𝐾    (  𝛼    )  𝑤   =    𝛼  𝑣  


   𝜅          ∶    𝐿    ⊗  𝐾     𝔸  𝐾     ⟶  ∼     𝔸  𝐿  


   𝛼  ∈    𝔸  𝐾  


   𝜅  (  𝑏  ⊗  𝛼  )  =    𝛿  𝐿   (  𝑏  )    𝜄    𝐿  /  𝐾    (  𝛼  )  =  (  𝑏    𝛼  𝑣     )  𝑤   , 


     𝔸  𝐾     ⊗  𝐾   𝐿  ≅    𝔸  𝐾    [  𝐿  ∶  𝐾  ]   


     𝔸  𝐾     ⊗  𝐾   𝐿 


     𝔸  𝐾    [  𝐿  ∶  𝐾  ]   


     𝜅  𝑣           ∶    𝐿    ⊗  𝐾     𝐾  𝑣     ⟶  ∼     ∏    𝑤  ∣  𝑣      𝐿  𝑤   , 


   𝐿    ⊗  𝐾     𝔸  𝐾  


     𝛿  𝐿  


     𝜄    𝐿  /  𝐾   


     𝜅  𝑣  


     𝑏  1   ,  …  ,    𝑏  𝑛  


     𝑏  𝑖   ∈    𝒪  𝑤  


   𝑤  (  D  (    𝑏  1   ,  …  ,    𝑏  𝑛   )  )  =  0 


     𝜅  𝑣  ′           ∶      ⨁    𝑖  =  1   𝑛   (  1  ⊗    𝒪  𝑣   )  (    𝑏  𝑖   ⊗  1  )  →    ∏    𝑤  ∣  𝑣      𝒪  𝑤  


     𝑏  𝑖   ∉    𝒪  𝑤  


   𝑤  (  D  (    𝑏  1   ,  …  ,    𝑏  𝑛   )  )  ≠  0 


   𝑣  ∈  𝑆 


     𝜅  𝑣  ′  


   𝑣  ∉  𝑆 


     ∏    𝑤  ∈  𝑇      𝐿  𝑤   ×    ∏    𝑤  ∈    𝑉  𝐿   −  𝑇      𝒪  𝑤   . 


     𝑓  𝑖           ∶      𝔸  𝐾   →    𝔸  𝐿  


     𝑓  𝑖   (  𝛼  )  =    𝛿  𝐿   (    𝑏  𝑖   )    𝜄    𝐿  /  𝐾    (  𝛼  ) 


     𝔸  𝐾    [  𝐿  ∶  𝐾  ]    →    𝔸  𝐿  


     𝜅    −  1    ∘    𝛿  𝐾  


      id   𝐾   ⊗    𝛿  ℚ           ∶    𝐾    ⊗  ℚ   ℚ  →  𝐾    ⊗  ℚ     𝔸  ℚ   . 


     𝛿  ℚ  


     𝜄      𝔽  𝑝   (  𝑡  )   


     𝔸  ℚ  


     ∏    𝑝    prime       ℤ  𝑝   ×  {  𝑎  ∈  ℝ  ∣  |  𝑎  |  <  1  } 


     𝛿  𝐾  


     𝜖  𝑣  


          (10.2.1)             𝑋  =    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   ×    ∏    𝑣  ∈  𝑆    {  𝑎  ∈    𝐾  𝑣   ∣  |  𝑎  |  ≤    𝜖  𝑣   }  .    


     𝔸  𝐾   =  𝐾  +  𝑋 


   𝑌  =    ∏    𝑝    prime       ℤ  𝑝   ×  {  𝑎  ∈  ℝ  ∣  |  𝑎  |  ≤      1  2    } 


     𝔸  ℚ   =  ℚ  +  𝑌 


   𝛼  ∈    𝔸  ℚ  


     𝑝  1   ,  …  ,    𝑝  𝑛  


     𝛼  𝑝   ∉    ℤ  𝑝  


     𝑘  𝑖   =  −    𝑣    𝑝  𝑖    (    𝛼    𝑝  𝑖    ) 


   𝑏  =    𝑝  1    𝑘  1    ⋯    𝑝  𝑛    𝑘  𝑛   


   −      𝑏  2    <  𝑎  −  𝑏    𝛼  ∞   ≤      𝑏  2   


   𝑎  ≡  𝑏    𝛼    𝑝  𝑖           mod           𝑝  𝑖    𝑘  𝑖      ℤ    𝑝  𝑖   


   𝛼  −    𝑎  𝑏   ∈  𝑌 


   𝛽  ∈    𝔸  𝐾  


   𝛽  =    ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝜄    𝐾  /  ℚ    (    𝛼  𝑖   ) 


     𝛼  1   ,  …  ,    𝛼  𝑛   ∈    𝔸  ℚ  


     𝛼  𝑖   =    𝑦  𝑖   +    𝑐  𝑖  


     𝑦  𝑖   ∈  𝑌 


     𝑐  𝑖   ∈  ℚ 


   𝛽  ∈  𝐾  +    ∑    𝑖  =  1   𝑛     𝑏  𝑖     𝜄    𝐾  /  ℚ    (  𝑌  )  , 


     𝑋  ′  


     𝑏  𝑖   ∉    𝒪  𝑣  


   𝛼  ∈    𝑋  ′  


     𝛼  𝑣   ∈    𝒪  𝑣  


   |    𝑏  𝑖     |  𝑣   ≤    𝜖  𝑣  


   |    𝑏  𝑖     |  𝑣   ≤  2    𝜖  𝑣  


   𝐾  =    𝔽  𝑝   (  𝑡  ) 


     𝔸  𝐾   /  𝐾 


     𝑐  𝐾   (  𝛼  ) 


     𝑐  𝐾   (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾     ‖    𝛼  𝑣     ‖  𝑣   , 


   ‖    𝛼  𝑣     ‖  𝑣   =  |    𝛼  𝑣     |  𝑣  


   ‖    𝛼  𝑣     ‖  𝑣   =  |    𝛼  𝑣     |  𝑣  2  


     𝑐  𝐾   (  𝛼  )  >  𝐶 


   |  𝑎    |  𝑣   ≤  |    𝛼  𝑣     |  𝑣  


   𝑍  =    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   ×    ∏    𝑣  ∈  𝑆        𝐵  ¯     1  /  2    (  0  ) 


     𝐵    1  /  2    (  0  ) 


   1  /  2 


   𝑍 


   𝛼  𝑍 


     𝛽  ′  


   𝑎  =  𝛽  −    𝛽  ′  


   |  𝛽  −    𝛽  ′     |  𝑣   ≤  |  𝛼    |  𝑣  


     𝜖  𝑣   >  0 


   |  𝑎    |  𝑣   ≤    𝜖  𝑣  


   |  𝑎    |  𝑣   ≤  1 


   𝑣  ≠  𝑢 


     𝛼  𝑣   ∈    𝐾  𝑣  


   |    𝛼  𝑣     |  𝑣   ≤    𝜖  𝑣  


   |    𝛼  𝑣     |  𝑣   =  1 


     𝛼  𝑢   ∈    𝐾  𝑢  


   ‖    𝛼  𝑢     ‖  𝑢   >  𝐶    ∏    𝑣  ∈  𝑆    ‖    𝛼  𝑣     ‖  𝑣    −  1    . 


   𝛼  =  (    𝛼  𝑣     )  𝑣   ∈    𝔸  𝐾  


   |    𝑎  𝑣     |  𝑣   ≤  1 


   𝑣  ∉  𝑆  ∪  {  𝑢  } 


     𝔸  𝐾    ≠  𝑢    =    ∏    𝑣  ∈    𝑉  𝐾   −  {  𝑢  }    (    𝐾  𝑣   ,    𝒪  𝑣   )  . 


     𝔸  𝐾    ≠  𝑢   


   𝛼  ∈    𝔸  𝐾    ≠  𝑢   


     𝑉  𝑘   −  {  𝑢  } 


     𝛼  𝑣   ∉    𝒪  𝑣  


   |  𝑎  −    𝛼  𝑣     |  𝑣   ≤  𝛿 


   𝑣  ∉  𝑇 


     𝔸  𝐾   =  𝐾  +  𝑋 


     𝜖  𝑣   =  1 


   |  𝑏    |  𝑣   ≤    {              𝜖  𝑣    −  1    𝛿           if    𝑣  ∈  𝑇  ,          𝜖  𝑣    −  1             if    𝑣  ∉  𝑇  ∪  {  𝑢  }  .          


     𝔸  𝐾   =  𝑏    𝔸  𝐾   =  𝑏  𝑋  +  𝐾  . 


   𝛼  =  𝑏  𝑥  +  𝑎 


   |  𝑏    𝑥  𝑣     |  𝑣   ≤  𝛿 


   |  𝑏    𝑥  𝑣     |  𝑣   ≤  1 


   𝑣  ∉  𝑇  ∪  {  𝑢  } 


   𝑎  =    𝛼  𝑣   −  𝑏    𝑥  𝑣  


   𝑢  ∉  𝑆 


   |  𝑎  −    𝛼  𝑣     |  𝑣   <  𝜖 


     𝔸  𝐿     Gal   (  𝐿  /  𝐾  )    =    𝔸  𝐾  


   (    𝛼  𝑤     )  𝑤   ∈    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝐿  𝑤  


     𝛼  𝑤  


     𝛼  𝑤   ∈    𝐾  𝑣  


     ∏    𝑤  ∣  𝑣      𝐾  𝑣  


   (    𝛼  𝑤     )  𝑤  


   𝑎  ∈    𝐾  𝑣  


     ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   (    𝛼  𝑤     )  𝑤   ∈    ∏    𝑤  ∣  𝑣      𝒪  𝑤  


     𝔸  𝐾   =            (     lim    →     𝑆  ⊂    𝑉  𝐾         (    ∏    𝑣  ∈  𝑆      𝐾  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   )   , 


     𝑉  𝐿  


     𝔸  𝐿  𝐺   =            (     lim    →     𝑆  ⊂    𝑉  𝐾           (    ∏    𝑤  ∈    𝑆  𝐿       𝐿  𝑤   ×    ∏    𝑤  ∈    𝑉  𝐿   −    𝑆  𝐿       𝒪  𝑤   )   𝐺   =            (     lim    →     𝑆  ⊂    𝑉  𝐾     (    ∏    𝑣  ∈  𝑆    (    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝐿  𝑤     )  𝐺   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆    (    ∏          𝑤  ∈    𝑉  𝐿            𝑤  ∣  𝑣         𝒪  𝑤     )  𝐺   )  =    𝔸  𝐾   . 


     𝑁    𝐿  /  𝐾            ∶      𝔸  𝐿   →    𝔸  𝐾  


     𝑁    𝐿  /  𝐾    (  𝛽  )  =  (    ∏    𝑤  ∣  𝑣      𝑁    𝐿  /  𝐾    (    𝛽  𝑤   )    )  𝑣  


   𝛽  ∈    𝔸  𝐿  


      Tr     𝐿  /  𝐾            ∶      𝔸  𝐿   →    𝔸  𝐾  


      Tr     𝐿  /  𝐾    (  𝛽  )  =  (    ∑    𝑤  ∣  𝑣       Tr     𝐿  /  𝐾    (    𝛽  𝑤   )    )  𝑣   . 


     𝛽  𝑤  


     𝑁    𝐿  /  𝐾    (    𝛽  𝑤   ) 


      Tr     𝐿  /  𝐾    (    𝛽  𝑤   ) 


     𝑁    𝐿  /  𝐾    (  𝛽    )  𝑣   =    𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )     and          Tr     𝐿  /  𝐾    (  𝛽    )  𝑣   =     Tr     𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )  𝑤   )  , 


     𝕀  𝐾  


     𝕀  𝐾   =    ∏    𝑣  ∈    𝑉  𝐾     (    𝐾  𝑣  ×   ,    𝒪  𝑣  ×   )  , 


     𝒪  𝑣  ×   =    𝐾  𝑣  ×  


     𝕀  𝐾   =    𝔸  𝐾  ×  


     𝜋  𝑣  


     ∏    𝑣  ∈    𝑉  𝐾       𝒪  𝑣  ×  


     𝕀  𝐾   →    𝔸  𝐾   ×    𝔸  𝐾   ,    𝛼  ↦  (  𝛼  ,    𝛼    −  1    )  . 


     𝑐  𝐾           ∶      𝕀  𝐾   →    ℝ    >  0   


     𝑐  𝐾   (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾     ‖    𝛼  𝑣     ‖  𝑣   . 


     𝕀  𝐾  1  


     𝑐  𝐾  


     𝑐  𝐾    −  1    (  (  1  −  𝜖  ,  1  +  𝜖  )  ) 


     ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  ×   ×    ∏    𝑣  ∈  𝑆      𝐵  𝛿   (  1  ) 


     𝐵  𝛿   (  1  )  ⊂    𝐾  𝑣  ×  


     𝑈  𝑣  


     𝐾  𝑣  ×  


   𝑈  =    ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  ×  


     ∏    𝑣  ∈  𝑆      𝑈  𝑣  


     𝒪  𝑣   −    𝒪  𝑣  ×  


   𝑈  ∩    𝕀  𝐾  1   =  (    ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣   )  ∩    𝕀  𝐾  1   , 


     ∏    𝑣  ∈  𝑆      𝑈  𝑣   ×    ∏    𝑣  ∈    𝑉  𝐾   −  𝑆      𝒪  𝑣  


     𝕀  𝐾  1   /    𝐾  ×  


   𝑋  =  {  𝛽  ∈    𝕀  𝐾  1   ∣  |    𝛽  𝑣     |  𝑣   ≤  |    𝛼  𝑣     |  𝑣     for all    𝑣  ∈    𝑉  𝐾   }  , 


   𝛾  ∈    𝕀  𝐾  1  


   |  𝑎    |  𝑣   ≤  |    𝛾  𝑣    −  1      𝛼  𝑣     |  𝑣  


   𝛾  𝑎  ∈  𝑋 


     ℂ  𝐾  


     𝕀  𝐾   /    𝐾  ×  


   [  𝛼  ] 


   𝛼  ∈    𝕀  𝐾  


     𝑉    𝐾  ,  𝑓   


     ∏    𝑣  ∈    𝑉    𝐾  ,  𝑓        𝔭  𝑣    𝑣  (  𝛼  )    , 


     𝔭  𝑣  


     𝜋  𝐾           ∶      𝕀  𝐾   →    𝐼  𝐾  


     𝜋  𝐾   (    𝕀  𝐾  1   )  =    𝐼  𝐾  


     𝜋  𝔭  


   ‖    𝛼  𝑤     ‖  𝑤   =  |    𝜋  𝔭     |  𝔭    −  1   


     𝜋  𝐾    −  1    (  {  (  1  )  }  )  =    ∏    𝑣  ∈    𝑉  𝐾       𝒪  𝑣  ×  


     𝕀  𝐾  1   /    𝐾  ×   →     Cl   𝐾  


     𝜄    𝐿  /  𝐾            ∶      ℂ  𝐾   →    ℂ  𝐿  


     𝜄    𝐿  /  𝐾            ∶      𝕀  𝐾   →    𝕀  𝐿  


     𝕀  𝐿  


     𝕀  𝐾   ∩    𝐿  ×   =    𝐾  ×  


     𝕀  𝐾   ∩    𝑀  ×   =    𝐾  ×  


     𝕀  𝐾   ∩    𝑀  ×   =    𝕀  𝑀     Gal   (  𝑀  /  𝐾  )    ∩    𝑀  ×   =  (    𝑀  ×     )     Gal   (  𝑀  /  𝐾  )    =    𝐾  ×   , 


     𝑀  ×  


     𝕀  𝑀  


     ℂ  𝐿  


     𝕀  𝐿     Gal   (  𝐿  /  𝐾  )    =    𝕀  𝐾  


     ℂ  𝐿     Gal   (  𝐿  /  𝐾  )    =    ℂ  𝐾  


   0  →    𝐿  ×   →    𝕀  𝐿   →    ℂ  𝐿   →  0  , 


   0  →    𝐾  ×   →    𝕀  𝐾   →    ℂ  𝐿  𝐺   →    𝐻  1   (  𝐺  ,    𝐿  ×   )  . 


     𝑁    𝐿  /  𝐾            ∶      𝕀  𝐿   →    𝕀  𝐾  


     𝑁    𝐿  /  𝐾            ∶      ℂ  𝐿   →    ℂ  𝐾  


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =  1 


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝒪  𝑣  ×   ) 


     𝐺    𝐾  𝑣    ab   


     𝐷  𝑣  


     𝐺    𝐾  𝑣    ↪    𝐺  𝐾  


     𝐺    𝐾  𝑣   


     𝐺    𝐾  𝑣    ab    →    𝐺  𝐾   ab   


     𝐾  𝑣  ×     ⟶    𝜌    𝐾  𝑣       𝐺    𝐾  𝑣    ab      ⟶  ∼     𝐷  𝑣   ↪    𝐺  𝐾   ab   


   𝛼  ∈    𝐾  𝑣  ×  


     𝜌    𝐾  𝑣    (  𝛼  )    |    𝐾   ab    


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (  𝛼  )    |  𝐿   ∈   Gal   (  𝐿  /  𝐾  ) 


     Φ    𝐿  /  𝐾            ∶      𝕀  𝐾   →   Gal   (  𝐿  /  𝐾  ) 


     Φ    𝐿  /  𝐾    (  𝛼  )  =    ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )    |  𝐿   , 


     Φ    𝐿  /  𝐾    (  𝛼  )  =    Φ    𝑀  /  𝐾    (  𝛼  )    |  𝐿  


   𝑤  ∈    𝑉  𝐿  


   𝑢  ∈    𝑃  𝑀  


     𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    𝜌      𝑀  𝑢   /    𝐾  𝑣     (    𝛼  𝑣   )    |    𝐿  𝑤    , 


             (     lim    ←   𝐿         Φ    𝐿  /  𝐾    (  𝛼  )  , 


     Φ  𝐾           ∶      𝕀  𝐾   →    𝐺  𝐾   ab   


     Φ  𝐾   =            (     lim    ←   𝐿         Φ    𝐿  /  𝐾    , 


           Φ  𝐾   (  𝛼  )  =            (     lim    ←   𝐿         Φ    𝐿  /  𝐾    (  𝛼  )  =            (     lim    ←   𝐿       ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )    |  𝐿         =    ∏    𝑣  ∈    𝑉  𝐾     (            (     lim    ←     𝐿  𝑤          𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       𝜌    𝐾  𝑣    (    𝛼  𝑣   )    |    𝐾   ab     ,    


     Φ  𝐾   (  𝑎  )  =  1 


     Φ    𝐿  /  𝐾   


     𝐾  ×     𝑁    𝐿  /  𝐾    (    𝕀  𝐿   ) 


     𝜙  𝐾           ∶      ℂ  𝐾   →    𝐺  𝐾   ab   


     Φ  𝐾  


     𝜙    𝐿  /  𝐾            ∶      ℂ  𝐾   →   Gal   (  𝐿  /  𝐾  ) 


     𝜙  𝐾  


     ℂ  𝐾   /    𝑁    𝐿  /  𝐾      ℂ  𝐿     ⟶  ∼    Gal   (  𝐿  /  𝐾  )  . 


     ℂ  𝐾  ∘  


     𝕀  𝐾   →    𝕀  𝐿  


   𝛽  ∈    ℂ  𝐿  


             𝜙  𝐿   (  𝛽  )    |    𝐾   ab     =    ∏    𝑤  ∈    𝑉  𝐿       𝜌    𝐿  𝑤    (    𝛽  𝑤   )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       ∏    𝑤  ∣  𝑣      𝜌    𝐿  𝑤    (    𝛽  𝑤   )    |    𝐾   ab     =    ∏    𝑣  ∈    𝑉  𝐾       ∏    𝑤  ∣  𝑣      𝜌    𝐾  𝑣    (    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝛽  𝑤   )    |    𝐾   ab           =    ∏    𝑣  ∈    𝑉  𝐾       𝜌    𝐾  𝑣    (    𝑁    𝐿  /  𝐾   𝑣   (  (    𝛽  𝑤     )    𝑤  ∣  𝑣    )  )    |    𝐾   ab     =    𝜙  𝐾   (    𝑁    𝐿  /  𝐾    𝛽  )  ,      


     𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ∩    𝑁    𝑀  /  𝐾      ℂ  𝑀   =    𝑁    𝐿  𝑀  /  𝐾      ℂ    𝐿  𝑀   


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ⋅    𝑁    𝑀  /  𝐾      ℂ  𝑀   =    𝑁    (  𝐿  ∩  𝑀  )  /  𝐾      ℂ    𝐿  ∩  𝑀   


     𝑁    𝑀  /  𝐾      ℂ  𝑀   ⊆    𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝑁    𝐿  /  𝐾      ℂ  𝐿   ≠    𝑁    𝑀  /  𝐾      ℂ  𝑀  


     𝑚  𝑣   =  𝑣  (    𝔪  𝑓   ) 


     𝑚  𝑣   =  1 


     𝑈  1   (    𝐾  𝑣   ) 


     𝐾  𝑣   =  ℝ 


   𝑣  ∣  𝔪 


     𝕀  𝐾  𝔪  


     𝕀  𝐾  𝔪   =  {  𝛼  ∈    𝕀  𝐾   ∣    𝛼  𝑣   ∈    𝑈    𝑚  𝑣    (    𝐾  𝑣   )    for all    𝑣  ∣  𝔪  }  . 


     𝑊  𝔪   =    ∏          𝑣  ∈    𝑉  𝐾            𝑣  ∣  𝔪         𝑈    𝑚  𝑣    (    𝐾  𝑣   )  ×    ∏          𝑣  ∈    𝑉  𝐾            𝑣  ∤  𝔪         𝒪  𝑣  ×   . 


     𝜋  𝐾  𝔪           ∶      𝕀  𝐾  𝔪   →    𝐼  𝐾  𝔪  


     𝜋  𝐾  𝔪   (  𝛼  )  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝔭  𝑣    𝑣  (    𝛼  𝑣   )    . 


     𝑊  𝔪  


     𝜄  𝐾  𝔪           ∶      𝕀  𝐾  𝔪   /    𝐾    𝔪  ,  1      ⟶  ∼     ℂ  𝐾   . 


     𝜋  𝐾  𝔪  


   𝑣  ∤  𝔪 


     𝐾  ×   ∩    𝕀  𝐾  𝔪   =    𝐾    𝔪  ,  1   


     𝑈    𝑚  𝑣    (    𝐾  𝑣   ) 


     𝛼  𝑣     𝑏    −  1    ∈    𝑈    𝑚  𝑣    (    𝐾  𝑣   ) 


   𝛼    𝑏    −  1    ∈    𝕀  𝐾  𝔪  


   𝛼  ∈    𝕀  𝐾  𝔪     𝐾  ×  


     𝕀  𝐾   =    𝕀  𝐾  𝔪     𝐾  ×  


     𝜄  𝐾  𝔪  


     𝜂  𝐾  𝔪  


     𝜂  𝐾  𝔪   =      𝜋  ¯   𝐾  𝔪   ∘  (    𝜄  𝐾  𝔪     )    −  1            ∶      ℂ  𝐾   →     Cl   𝐾  𝔪   , 


       𝜋  ¯   𝐾  𝔪           ∶      𝕀  𝐾  𝔪   /    𝐾    𝔪  ,  1    →     Cl   𝐾  𝔪  


     𝜓    𝐿  /  𝐾   𝔪           ∶         Cl   𝐾  𝔪   →   Gal   (  𝐿  /  𝐾  ) 


     𝜙    𝐿  /  𝐾    =    𝜓    𝐿  /  𝐾   𝔪   ∘    𝜂  𝐾  𝔪  


   𝛼  ∈    𝕀  𝐾  𝔪  


   𝔞  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝔭  𝑣    𝑣  (    𝛼  𝑣   )    , 


   [  𝔞    ]  𝔪   =    𝜂  𝐾  𝔪   (  [  𝛼  ]  ) 


          (10.5.1)               𝜓    𝐿  /  𝐾   𝔪   (  [  𝔞    ]  𝔪   )  =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜓    𝐿  /  𝐾   𝔪   (  [    𝔭  𝑣     ]  𝔪     )    𝑣  (    𝛼  𝑣   )    =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪       (    𝔭  𝑣   ,  𝐿  /  𝐾    )    𝑣  (    𝛼  𝑣   )    =    ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  .    


     𝔣    𝐿  /  𝐾  ,  𝑓      𝒪  𝑣   =    𝔣      𝐿  𝑤   /    𝐾  𝑣    


     𝛼  𝑣   ≡  1         mod           𝔣      𝐿  𝑤   /    𝐾  𝑣    


   |          |  𝜏  


   𝜏  (    𝛼  𝑣   )  >  0 


     ∏          𝑣  ∈    𝑉    𝐾  ,  𝑓             𝑣  ∤  𝔪         𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    ∏    𝑣  ∈    𝑉  𝐾       𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  =    Φ    𝐿  /  𝐾    (  𝛼  )  , 


     Φ  ℚ  


   𝑞  ∉  {  𝑝  ,  ℓ  } 


     𝜌    ℚ  𝑞    (  ℓ  ) 


   ℓ  >  0 


     𝜌  ℝ   (  ℓ  )  =  1 


     Φ  ℚ   (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘    . 


     Φ  ℚ   (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  ⋅    𝜌    ℚ  𝑝    (  ℓ  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  ℓ    (  ℓ  )  (    𝜁    𝑝  𝑘     ℓ    −  1     )  =    𝜁    𝑝  𝑘    , 


     𝜌    ℚ  𝑞    (  −  1  ) 


   𝑞  ≠  𝑝 


     𝜌    ℚ  𝑝    (  −  1  ) 


     𝜌  ℝ   (  −  1  ) 


     Φ  ℚ   (  −  1  )  (    𝜁    𝑝  𝑘    )  =    𝜌  ℝ   (  −  1  )  ⋅    𝜌    ℚ  𝑝    (  −  1  )  (    𝜁    𝑝  𝑘    )  =    𝜌  ℝ   (  −  1  )  (    𝜁    𝑝  𝑘     −  1    )  =    𝜁    𝑝  𝑘    . 


     𝕀  ℚ  𝑓   =    ∏    𝑝    prime     (    ℚ  𝑝  ×   ,    ℤ  𝑝  ×   ) 


     𝕀  ℚ  


     𝕀  ℚ   =    𝕀  ℚ  𝑓   ×    ℝ  ×   . 


     𝜌  ℝ  


     𝕀  ℚ  𝑓   ×  {  ±  1  } 


     𝕀  ℚ   /    ℚ  ×     ℝ    >  0    ≅  (    𝕀  ℚ  𝑓   ×  {  ±  1  }  )  /    ℚ  ×   ≅    𝕀  ℚ  𝑓   /    ℚ    >  0    . 


     𝕀  ℚ  𝑓   →    ℚ    >  0   


     ∏  𝑝     𝑝      𝑣  𝑝   (    𝛼  𝑝   )   


       ℤ  ˆ   ×   =    ∏  𝑝     ℤ  𝑝  ×  


     ℚ    >  0    →    𝕀  ℚ  𝑓  


     𝕀  ℚ   /    ℚ  ×     ℝ    >  0    ≅      ℤ  ˆ   ×   , 


     𝜙  ℚ           ∶      ℂ  ℚ   →    𝐺  ℚ   ab   


       ℤ  ˆ   ×  


   𝜙          ∶        ℤ  ˆ   ×   →    𝐺  ℚ   ab   


   𝜒          ∶      𝐺  ℚ   ab    →      ℤ  ˆ   ×  


   𝜙  (  𝑎  )  (  𝜁  )  =    𝜁    𝑎    −  1    


   𝑎  =  (    𝑎  𝑝     )  𝑝   ∈      ℤ  ˆ   ×  


   𝜙  (  𝑎  )  (    𝜁    𝑝  𝑘    )  =    𝜌    ℚ  𝑝    (    𝑎  𝑝   )  (    𝜁    𝑝  𝑘    )  =    𝜁    𝑝  𝑘     𝑎    −  1     , 


     𝑎    −  1   


     𝜙  ℚ  


      Ind     𝐺  𝑢   𝐺   (    𝐿  𝑢  ×   )  ≅    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×      and          Ind     𝐺  𝑢   𝐺   (    𝒪  𝑢  ×   )  ≅    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   . 


   𝜎          ∶      𝐿  𝑢   →    𝐿    𝜎  (  𝑢  )   


      Ind     𝐺  𝑢   𝐺   (    𝐿  𝑢   )  =  ℤ  [  𝐺  ]    ⊗    ℤ  [    𝐺  𝑢   ]      𝐿  𝑢   →    ∏    𝑤  ∣  𝑣      𝐿  𝑤  


   (  𝜎  ,  𝛽  ) 


   𝛽  ∈    𝐿  𝑢  


   𝜎  (  𝛽  )  ∈    𝐿    𝜎  (  𝑢  )   


   𝜎  =    𝜎  ′   𝜏 


   𝜏  ∈    𝐺  𝑢  


   (    𝜎  ′   ,  𝜏  (  𝛽  )  ) 


       𝐻  ˆ   𝑖   (    𝐺  𝑢   ,    𝐿  𝑢  ×   )  ≅      𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   )     and         𝐻  ˆ   𝑖   (    𝐺  𝑢   ,    𝒪  𝑢  ×   )  ≅      𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   ) 


     𝕀    𝐿  ,  𝑆    =    ∏    𝑣  ∈  𝑆      ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   ×    ∏    𝑣  ∉  𝑆      ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   . 


     𝕀  𝐿   =            (     lim    →   𝑆         𝕀    𝐿  ,  𝑆   


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  ≅    ⨁    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   ) 


   𝑖  ∈  𝑍 


               𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )     ≅    ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝐿  𝑤  ×   )  ×    ∏    𝑣  ∉  𝑆        𝐻  ˆ   𝑖   (  𝐺  ,    ∏    𝑤  ∣  𝑣      𝒪  𝑤  ×   )            ≅    ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  ×    ∏    𝑣  ∉  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝒪  𝑤  ×   )  ,    


       𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝒪  𝑤  ×   )  =  0 


   |      𝐻  ˆ   0   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  |  =    ∏    𝑣  ∈  𝑆    |    𝐺  𝑤   | 


     𝐻  1   (  𝐺  ,    𝕀    𝐿  ,  𝑆    ) 


     𝐻  2   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  =    ⨁    𝑣  ∈  𝑆      1    |    𝐺  𝑤   |    ℤ  /  ℤ 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾         𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   ) 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅            (     lim    →   𝑆           𝐻  ˆ   𝑖   (  𝐺  ,    𝕀    𝐿  ,  𝑆    )  , 


       𝐻  ˆ   𝑖   (  𝐺  ,    𝕀  𝐿   )  ≅            (     lim    →   𝑆       ∏    𝑣  ∈  𝑆        𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾         𝐻  ˆ   𝑖   (    𝐺  𝑤   ,    𝐿  𝑤  ×   )  . 


     𝐻  1   (  𝐺  ,    𝕀  𝐿   )  =  0 


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾       1    |    𝐺  𝑤   |    ℤ  /  ℤ  . 


     𝕀  𝐿   →    𝐼  𝐿  


     ℂ  𝐿   →     Cl   𝐿  


     𝕀  𝐾   =    𝕀    𝐾  ,  𝑆      𝐾  ×  


     𝕀  𝐾   →    𝐼  𝐾  


     ℂ  𝐾   →     Cl   𝐾  


     𝕀    𝐾  ,  𝑆   


     𝕀  𝐾   /    𝕀    𝐾  ,  𝑆      𝐾  ×   =  0 


     𝒪  𝑤  ×   =    𝐿  𝑤  ×  


     𝒪    𝐾  ,  𝑆   


     𝒪    𝐾  ,  𝑆   ×  


     𝕀    𝐾  ,  𝑆    ∩    𝐾  ×   =    𝒪    𝐾  ,  𝑆   ×  


     𝒪    𝐿  ,  𝑆   


      rank   ℤ       𝒪    𝐾  ,  𝑆   ×   =  |  𝑆  |  −  1  . 


      rank   ℤ       𝒪  𝐾   =    𝑟  1   (  𝐾  )  +    𝑟  2   (  𝐾  )  −  1 


   1  →    𝒪  𝐾  ×   →    𝒪    𝐾  ,  𝑆   ×     ⟶      ∑    𝑣  ∈    𝑆  𝑓     𝑣      ⨁    𝑣  ∈    𝑆  𝑓     ℤ  , 


     𝑆  𝑓  


   𝑣  ∈    𝑆  𝑓  


   ℎ  (    ℂ  𝐿   )  =  [  𝐿  ∶  𝐾  ] 


     ℂ  𝐿   ≅    𝕀    𝐿  ,  𝑆    /    𝒪    𝐿  ,  𝑆   ×  


   ℎ  (    ℂ  𝐿   )  =      ℎ  (    𝕀    𝐿  ,  𝑆    )     ℎ  (    𝒪    𝐿  ,  𝑆   ×   )    . 


   ℤ  [  𝐺  ] 


   𝐴  ≅    ⨁    𝑣  ∈  𝑆       Ind     𝐺  𝑤   𝐺   (  ℤ  ) 


   ℎ  (  𝐴  )  ≅    ∏    𝑣  ∈  𝑆    ℎ  (    𝐺  𝑤   ,  ℤ  )  =    ∏    𝑣  ∈  𝑆      𝑛  𝑣   , 


     𝑛  𝑣  


     ℓ    𝐿  ,  𝑆            ∶      𝒪    𝐿  ,  𝑆   ×   →  𝑉 


     ℓ    𝐿  ,  𝑆    (  𝛽  )  =  (   log     ‖  𝛽    ‖  𝑤     )    𝑤  ∈    𝑆  𝐿     . 


    ker       ℓ    𝐿  ,  𝑆   


     𝐵  0  


     ℓ    𝐿  ,  𝑆   


     𝑉  0  


     𝒪    𝐿  ,  𝑆   ×  


   𝑥  =  (  1    )    𝑤  ∈    𝑆  𝐿     ∈    𝑉  𝐺  


   𝐵  =  ℤ  𝑥  +    𝐵  0   , 


   0  →    𝐵  0   →  𝐵  →  ℤ  𝑥  →  0  , 


   ℎ  (  𝐵  )  =  ℎ  (    𝐵  0   )  ℎ  (  ℤ  )  =  𝑛  ℎ  (    𝒪    𝐿  ,  𝑆   ×   ) 


   ℎ  (  𝐴  )  =  ℎ  (  𝐵  ) 


   ℎ  (    𝒪    𝐿  ,  𝑆   ×   )  =    1  𝑛   ℎ  (  𝐴  )  =    1  𝑛     ∏    𝑣  ∈  𝑆      𝑛  𝑣   . 


   ℎ  (    𝕀    𝐿  ,  𝑆    ) 


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  ≥  [  𝐿  ∶  𝐾  ] 


       𝐻  ˆ   0   (  𝐺  ,    ℂ  𝐿   ) 


     𝐸  𝑤   /    𝐾  𝑣  


     𝑁      𝐸  𝑤   /    𝐾  𝑣       𝐸  𝑤  ×   =    𝐾  𝑣  ×  


     𝑁    𝐸  /  𝐾      𝕀    𝐸  ,  𝑆    =    𝕀    𝐾  ,  𝑆   


     𝐾  ×     𝕀    𝐾  ,  𝑆    =    𝕀  𝐾  


     𝑁    𝐸  /  𝐾      ℂ  𝐸   =    ℂ  𝐾  


   𝐸  =  𝐾 


     𝐿  1   ,  …  ,    𝐿  𝑡  


     𝐿  𝑖  


     𝐿  𝑗  


     𝐿  1  


     ℐ  𝑇   =    ∏    𝑣  ∈  𝑆  −  𝑇      𝐾  𝑣  ×   ×    ∏    𝑣  ∈  𝑇      𝐾  𝑣    ×  𝑛    ×    ∏    𝑣  ∉  𝑆      𝒪  𝑣  ×   . 


     𝜇  𝑛   ⊂  𝐾 


   Δ  =    𝐾  ×   ∩    ℐ  𝑇  


   𝐿  =  𝐾  (    Δ    1  /  𝑛    ) 


   𝑆  −  𝑇 


   𝑎  ∈  Δ 


     𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣  


   𝑣  ∈  𝑆  −  𝑇 


   ⟨  𝑎  ⟩    𝐾  𝑣    ×  𝑛   


   𝑎  ∈    𝐾  𝑣    ×  𝑛   


     𝐾  𝑣   (    𝑎    1  /  𝑛    )  =    𝐾  𝑣  


   𝐴  ≤  𝐵 


   [  𝐴  ∶  𝐵  ]  =  [  𝐴  𝐶  ∶  𝐵  𝐶  ]  [  𝐴  ∩  𝐶  ∶  𝐵  ∩  𝐶  ]  . 


       𝐴  𝐶     𝐵  𝐶    ≅      𝐴  𝐶  /  𝐶     𝐵  𝐶  /  𝐶    ≅      𝐴  /  (  𝐴  ∩  𝐶  )     (  𝐴  ∩  𝐵  𝐶  )  /  (  𝐴  ∩  𝐶  )    ≅    𝐴    (  𝐴  ∩  𝐶  )  𝐵    ≅      𝐴  /  𝐵     (  𝐴  ∩  𝐶  )  𝐵  /  𝐵    , 


   (  𝐴  ∩  𝐶  )  𝐵  /  𝐵  ≅  (  𝐴  ∩  𝐶  )  /  (  𝐵  ∩  𝐶  ) 


     𝑆  1  


     𝑆  2   =  𝑆  −    𝑆  1  


     Δ  𝑖   =    𝐾  ×   ∩    ℐ    𝑆  𝑖   


     𝐿  𝑖   =  𝐿  (    Δ  𝑖    1  /  𝑛    ) 


     ℐ    𝑆  1    ⊆    𝑁      𝐿  2   /  𝐾      𝕀    𝐿  2   


     ℐ    𝑆  2    ⊆    𝑁      𝐿  1   /  𝐾      𝕀    𝐿  1   


   [    ℂ  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  [    ℂ  𝐾   ∶    𝐾  ×     ℐ    𝑆  2    ]  =  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ] 


   𝛼  =  (    𝛼  𝑣     )  𝑣   ∈    ℐ    𝑆  𝑖   


   {  𝑖  ,  𝑗  }  =  {  1  ,  2  } 


   𝐸  =    𝐿  𝑗  


   𝑣  ∈    𝑆  𝑖  


     𝛼  𝑣   ∈    𝐾  𝑣    ×  𝑛   


     𝑁      𝐸  𝑤   /    𝐾  𝑣       𝐸  𝑤  ×  


   𝑣  ∈    𝑆  𝑗  


     𝛼  𝑣   ∈    𝒪  𝑣  ×  


     𝒪  𝑣  ×  


   𝛼  ∈    𝑁    𝐸  /  𝐾      𝕀  𝐸  


     ℐ    𝑆  𝑖    ⊆    𝑁    𝐸  /  𝐾      𝕀  𝐸  


   [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  =  [    𝐾  ×     𝕀    𝐾  ,  𝑆    ∶    𝐾  ×     ℐ    𝑆  1    ]  =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]     [    𝐾  ×   ∩    𝕀    𝐾  ,  𝑆    ∶    𝐾  ×   ∩    ℐ    𝑆  1    ]    =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]     [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]    . 


     𝕀    𝐾  ,  𝑆    /    ℐ    𝑆  1    ≅    ∏    𝑣  ∈    𝑆  1       𝐾  𝑣  ×   /    𝐾  𝑣    ×  𝑛    , 


   [    𝐾  𝑣  ×   ∶    𝐾  𝑣    ×  𝑛    ]  =    𝑛  2   ⋅  ‖  𝑛    ‖  𝑣    −  1    , 


     𝐾  𝑣  ×   ≅  ℤ  ×  𝜇  (    𝐾  𝑣   )  ×    ℤ  𝑝    [    𝐾  𝑣   ∶    ℚ  𝑝   ]   


     𝜇  𝑛   ⊆  𝜇  (    𝐾  𝑣   ) 


   𝑠  =  |  𝑆  | 


   [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]  [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  2    ]  =    𝑛    2  𝑠      ∏    𝑣  ∈  𝑆    ‖  𝑛    ‖  𝑣    −  1    =    𝑛    2  𝑠      ∏    𝑣  ∉  𝑆    ‖  𝑛    ‖  𝑣   =    𝑛    2  𝑠   


   [    𝒪    𝐾  ,  𝑆    ∶    𝒪    𝐾  ,  𝑆     ×  𝑛    ]  =    𝑛  𝑠  


     𝒪    𝐾  ,  𝑆   ×   ≅    ℤ    𝑠  −  1    ×  𝜇  (  𝐾  ) 


   [    Δ  1   ∶    𝒪    𝐾  ,  𝑆     ×  𝑛    ]  =  [    𝐿  1   ∶  𝐾  ] 


   [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]  [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  2   ]  =    𝑛    2  𝑠    (  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ]    )    −  1    , 


   [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  1    ]  [    𝕀  𝐾   ∶    𝐾  ×     ℐ    𝑆  2    ]  =      [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  1    ]  [    𝕀    𝐾  ,  𝑆    ∶    ℐ    𝑆  2    ]     [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  1   ]  [    𝒪    𝐾  ,  𝑆   ×   ∶    Δ  2   ]    =  [    𝐿  1   ∶  𝐾  ]  [    𝐿  2   ∶  𝐾  ]  , 


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ] 


   [  𝐿  ∶  𝐾  ]  =    𝑝  𝑘  


     𝑎  1   ,  …  ,    𝑎  𝑘   ∈    𝐾  ×  


   𝐿  =  𝐾  (    𝑎  1    1  /  𝑝    ,  …  ,    𝑎  𝑘    1  /  𝑝    ) 


     𝑆  2  


   𝑆  =    𝑆  1   ∪    𝑆  2  


     𝐾  ×     ℐ    𝑆  2    =    𝕀  𝐾  


     𝐿  2   =  𝐿 


   [    ℂ  𝐾   ∶    𝑁      𝐿  1   /  𝐾      ℂ    𝐿  1    ]  =  1 


     𝐿  1   =  𝐾 


   𝑣  (    𝑎  𝑖   )  ≠  0 


     𝐾  ×     𝕀    𝐾  ,    𝑆  1     =    𝕀  𝐾  


     𝑎  𝑖   ∈    𝒪    𝐾  ,    𝑆  1    ×  


     𝑏  1   ,  …  ,    𝑏  𝑡   ∈    𝒪    𝐾  ,    𝑆  1    ×  


     𝑎  1   ,  …  ,    𝑎  𝑘   ,    𝑏  1   ,  …  ,    𝑏  𝑡  


     𝒪    𝐾  ,    𝑆  1    ×   /    𝒪    𝐾  ,    𝑆  1      ×  𝑝   


     𝑆  2   =  {    𝑣  1   ,  …  ,    𝑣  𝑡   } 


   𝐾  (    𝑏  𝑖    1  /  𝑝    )  /  𝐾 


   𝐾  (    𝑏  𝑗    1  /  𝑝    )  /  𝐾 


   𝑛  =  𝑝 


     𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    =    ∏    𝑣  ∈    𝑆  1       𝐾  𝑣  ×   ×    ∏    𝑣  ∈    𝑆  2       𝒪  𝑣    ×  𝑝    ×    ∏    𝑣  ∉  𝑆      𝒪  𝑣  ×   . 


     𝕀    𝐾  ,    𝑆  1     /  (    𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    )  ≅    ∏    𝑖  =  1   𝑡     𝒪    𝑣  𝑖   ×   /    𝒪    𝑣  𝑖     ×  𝑝    , 


     𝐾    𝑣  𝑖   


     𝜇  𝑝   ⊂    𝐾    𝑣  𝑖   ×  


     𝒪    𝑣  𝑖   ×   /    𝒪    𝑣  𝑖     ×  𝑝    ≅  ℤ  /  𝑝  ℤ 


     𝑏  𝑖   ∈    𝕀    𝐾  ,    𝑆  1    


   1  ≤  𝑖  ,  𝑗  ≤  𝑡 


     𝑏  𝑖   ∉    𝒪    𝑣  𝑗     ×  𝑝   


   𝑖  =  𝑗 


     𝕀    𝐾  ,    𝑆  1     /  (    𝕀    𝐾  ,    𝑆  1     ∩    ℐ    𝑆  2    ) 


     𝐾  ×     ℐ    𝑆  2    =    𝐾  ×     𝕀    𝐾  ,    𝑆  1     =    𝕀  𝐾  


     ℐ    𝑆  2    ⊆    𝕀    𝐾  ,    𝑆  1       𝕀  𝐾  𝑝   =    𝕀    𝐾  ,    𝑆  1     (    𝐾  ×     𝕀    𝐾  ,    𝑆  1       )  𝑝   =    𝕀    𝐾  ,    𝑆  1       𝐾    ×  𝑝   


     Δ  2   =    ℐ    𝑆  2    ∩    𝐾  ×   ⊆    𝒪    𝐾  ,    𝑆  1    ×     𝐾    ×  𝑝    , 


     Δ  2     𝐾    ×  𝑝    /    𝐾    ×  𝑝   


   𝑣  ∈    𝑆  2  


     𝒪    𝐾  ,    𝑆  1    ×     𝐾    ×  𝑝    /    𝐾    ×  𝑝   


     𝑣  𝑗  


   𝐾  (    𝑎  𝑖    1  /  𝑝    ) 


     𝑎  𝑖   ∈    𝒪    𝑣  𝑗     ×  𝑝   


     𝑎  𝑖   ∈    Δ  2  


   ⟨    𝑏  1   ,  …  ,    𝑏  𝑡   ⟩ 


     𝒪    𝑣  𝑗   ×   /    𝒪    𝑣  𝑗     ×  𝑝   


     Δ  2     𝐾    ×  𝑝   


   𝛼  ∈    ℂ  𝐾  


     𝛼    [  𝐿  ∶  𝐾  ]    ∈    𝑁    𝐿  /  𝐾      ℂ  𝐿  


     𝕀  𝐿   =    𝕀    𝐿  ,  𝑆      𝐿  ×  


     𝕀  𝐾   =    𝕀    𝐾  ,  𝑆      𝐾  ×  


         [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  =  [    𝕀  𝐾   ∶    𝐾  ×     𝑁    𝐿  /  𝐾      𝕀  𝐿   ]  =  [    𝐾  ×     𝕀    𝐾  ,  𝑆    ∶    𝐾  ×     𝑁    𝐿  /  𝐾      𝕀    𝐿  ,  𝑆    ]        ≤  [    𝕀    𝐾  ,  𝑆    ∶    𝑁    𝐿  /  𝐾      𝕀    𝐿  ,  𝑆    ]  =    ∏    𝑣  ∈  𝑆    [    𝐿  𝑤   ∶    𝐾  𝑣   ]  ,    


     𝑛    𝐸  /  𝐹    =  [    ℂ  𝐹   ∶    𝑁    𝐸  /  𝐹      ℂ  𝐸   ] 


     𝑛    𝑀  /  𝐾   


     𝑛    𝑀  /  𝐿      𝑛    𝐿  /  𝐾   


     𝑛    𝑀  /  𝐾    =  [    𝑁    𝐿  /  𝐾      ℂ  𝐿   ∶    𝑁    𝑀  /  𝐾      ℂ  𝑀   ]    𝑛    𝐿  /  𝐾    . 


     ℂ  𝐿   /    𝑁    𝑀  /  𝐿      ℂ  𝑀   →    𝑁    𝐿  /  𝐾      ℂ  𝐿   /    𝑁    𝑀  /  𝐾      ℂ  𝑀  


   [    𝑁    𝐿  /  𝐾      ℂ  𝐿   ∶    𝑁    𝑀  /  𝐾      ℂ  𝑀   ] 


     𝑛    𝑀  /  𝐿   


     𝑛    𝑀  /  𝐿    ∣  [  𝑀  ∶  𝐿  ] 


     𝑛    𝐿  /  𝐾    ∣  [  𝐿  ∶  𝐾  ] 


     𝑛    𝑀  /  𝐾    ∣  [  𝑀  ∶  𝐾  ] 


     𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


     𝐻  1   (  𝐺  ,    ℂ  𝐿   )  =  0 


   (  𝑖  ,  𝑟  )  =  (  0  ,  1  )  ,  (  1  ,  0  )  ,  (  2  ,  1  ) 


     𝑛    𝐿  /  𝐾    =  |      𝐻  ˆ   0   (  𝐺  ,    ℂ  𝐿   )  | 


     𝑛    𝐿  /  𝐾    ∣    𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾   


     𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾    ∣    𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾  (    𝜇  𝑝   )      𝑛    𝐾  (    𝜇  𝑝   )  /  𝐾    . 


     𝑛    𝐾  (    𝜇  𝑝   )  /  𝐾   


     𝑛    𝐿  /  𝐾   


     𝑛    𝐿  (    𝜇  𝑝   )  /  𝐾  (    𝜇  𝑝   )   


   [    ℂ  𝐾   ∶    𝑁    𝐿  /  𝐾      ℂ  𝐿   ]  ≤  [  𝐿  ∶  𝐾  ]  . 


   𝑎  ∈    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝐿  𝑤  ×  


   𝑎  ∈    𝑁    𝐿  /  𝐾      𝐿  ×  


     𝐻  2   (  𝐺  ,    𝐿  ×   )  →    𝐻  2   (  𝐺  ,    𝕀  𝐿   ) 


     𝐾  ×   /    𝑁    𝐿  /  𝐾      𝐿  ×   →    ⨁    𝑣  ∈    𝑉  𝐾       𝐾  ×   /    𝑁      𝐿  𝑤   /    𝐾  𝑣       𝐿  𝑤  ×  


     𝐿  𝑤   /    𝐾  𝑣  


     𝐻  1   (  𝐺  ,    ℂ  𝐿   ) 


    Br   (  𝐿  /  𝐾  )  =    𝐻  2   (  𝐺  ,    𝐿  ×   )  →    𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈  𝑆     Br   (    𝐿  𝑤   /    𝐾  𝑣   ) 


    Br   (  𝐾  )  ↪    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐾  𝑣   )  . 


      inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


    Br   (  𝐾  )  →   Br   (    𝐾  𝑣   ) 


      inv     𝐾  𝑣   


      inv   ℝ  


    Br   (  ℝ  ) 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


      inv   𝑣  


      inv   𝑣           ∶      𝐻  2   (  𝐺  ,    𝕀  𝐿   )  →   Br   (    𝐾  𝑣   )    ⟶     inv     𝐾  𝑣     ℚ  /  ℤ  . 


   𝜒  ∈   Hom   (  𝐺  ,  ℚ  /  ℤ  ) 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (    𝛼  ¯   ∪  𝛿  𝜒  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  , 


   𝛿          ∶      𝐻  1   (  𝐺  ,  ℚ  /  ℤ  )  →    𝐻  2   (  𝐺  ,  ℤ  ) 


       𝐻  ˆ   0   (  𝐺  ,    𝕀  𝐿   ) 


      inv   𝑣   (    𝛼  ¯   ∪  𝛿  𝜒  )  =     inv     𝐾  𝑣    (      𝛼  𝑣   ‾   ∪  𝛿    𝜒  𝑣   )  , 


       𝛼  𝑣   ‾  


       𝐻  ˆ   0   (    𝐺  𝑣   ,    𝐿  𝑤  ×   ) 


     𝜒  𝑣   ∈    𝐻  1   (    𝐺  𝑣   ,  ℚ  /  ℤ  ) 


      inv     𝐾  𝑣    (      𝛼  𝑣   ‾   ∪  𝛿    𝜒  𝑣   )  =    𝜒  𝑣   (    𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )  . 


   𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  =    ∑    𝑣  ∈    𝑉  𝐾       𝜒  𝑣   (    𝜌      𝐿  𝑤   /    𝐾  𝑣     (    𝛼  𝑣   )  )  , 


   𝐾  (    𝜇  𝑁   ) 


     Φ    𝐿  /  𝐾    (  𝑎  )  =  1 


   𝐸  =  ℚ  (    𝜇  𝑁   ) 


     Φ    𝐿  /  𝐾    (  𝑎  )    |  𝐸   =    Φ    𝐸  /  ℚ    (    𝑁    𝐾  /  ℚ    (  𝑎  )  ) 


   𝐺  →   Gal   (  𝐸  /  ℚ  ) 


   𝜁  −    𝜁    −  1   


     𝑢  𝑔   ∈      𝐻  ˆ     −  2    (  𝐺  ,  ℤ  ) 


       𝐻  ˆ   0   (  𝐺  ,  ℤ  ) 


     𝜒  ˜           ∶    𝐺  →  ℤ  /  𝑛  ℤ 


     𝑢  𝑔   ∪  𝛿  𝜒  =    𝜒  ˜   (  𝑔  )  ∈  ℤ  /  𝑛  ℤ  . 


     𝑢  𝑔  


   𝜒  (  𝑔  )  =    1  𝑛  


       𝐻  ˆ   𝑖   (  𝐺  ,  𝐴  )  →      𝐻  ˆ     𝑖  +  2    (  𝐺  ,  𝐴  )  ,    𝑐  ↦  𝛿  𝜒  ∪  𝑐 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣           ∶       Br   (  𝐾  )  →  ℚ  /  ℤ 


   𝛽  ∈   Br   (  𝐾  ) 


      inv   𝑣   (  𝛽  ) 


    Br   (    𝐿  𝑤   /    𝐾  𝑣   ) 


    Br   (    𝐾  𝑣   ) 


   𝛽  ∈   Br   (  𝐿  /  𝐾  ) 


   𝑏  ∪  𝛿  𝜒  =  𝛽 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (  𝛽  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝑏  )  )  , 


     Φ    𝐿  /  𝐾    (  𝑏  )  =  0 


   𝜒  (    Φ    𝐿  /  𝐾    (  𝑎  )  )  =  0 


     ∑    𝑣  ∈    𝑉  𝐾        inv   𝑣   (    𝑎  ¯   ∪  𝛿  𝜒  ) 


     ℂ  𝐾   ↪    ℂ  𝐿  


    inv           ∶      𝐻  2   (    𝐺  𝐾   ,    ℂ    𝐾   sep     )  →  ℚ  /  ℤ 


     ℂ    𝐾   sep     =            (     lim    →   𝐿         ℂ  𝐿  


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ≅    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐿  𝑤   /    𝐾  𝑣   )  , 


   0  →   Br   (  𝐿  /  𝐾  )  →    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐿  𝑤   /    𝐾  𝑣   )  →    𝐻  2   (  𝐺  ,    ℂ  𝐿   )  . 


      inv       𝐿  𝑤   /    𝐾  𝑣             ∶       Br   (    𝐿  𝑤   /    𝐾  𝑣   )    ⟶  ∼     1    |    𝐺  𝑤   |    ℤ  /  ℤ  , 


     ∑    𝑣  ∈    𝑉  𝐾        inv       𝐿  𝑤   /    𝐾  𝑣             ∶      ⨁    𝑣  ∈  𝑆     Br   (    𝐿  𝑤   /    𝐾  𝑣   )  →    1    |  𝐺  |    ℤ  /  ℤ 


        inv   ˜     𝐿  /  𝐾            ∶      𝐻  2   (  𝐺  ,    𝕀  𝐿   )  ↠    1    |  𝐺  |    ℤ  /  ℤ 


        inv   ˜     𝐿  /  𝐾   


      inv     𝐿  /  𝐾            ∶      𝐵    𝐿  /  𝐾    ↠    1    |  𝐺  |    ℤ  /  ℤ 


     𝐵    𝐿  /  𝐾   


     𝐻  2   (  𝐺  ,    𝕀  𝐿   )  →    𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


     𝐵    𝐿  /  𝐾    =    𝐻  2   (  𝐺  ,    ℂ  𝐾   ) 


      inv     𝐿  /  𝐾   


      inv     𝐿  /  𝐾            ∶      𝐻  2   (  𝐺  ,    ℂ  𝐿   )    ⟶  ∼     1    |  𝐺  |    ℤ  /  ℤ 


     𝐻  3   (  𝐺  ,    𝐿  ×   )  ≅    𝐻  1   (  𝐺  ,    𝐿  ×   )  =  0 


     𝐵    𝐿  /  𝐾    =    𝐻  2   (  𝐺  ,    ℂ  𝐿   ) 


   𝐻  =   Gal   (  𝐿  /  𝐸  ) 


     𝑤  0  


    Res  


   𝜎  (    𝑤  0   )  =  𝑤 


      inv       𝐿  𝑤   /    𝐾  𝑣     ∘    𝜎  ∗   =     inv       𝐿    𝑤  0    /    𝐾  𝑣    


      inv       𝐿  𝑤   /    𝐸  𝑢     ∘     Res       𝐸  𝑢   /    𝐾  𝑣     =  [    𝐸  𝑢   ∶    𝐾  𝑣   ]     inv       𝐿  𝑤   /    𝐾  𝑣     , 


     (    ∑    𝑢  ∣  𝑣       inv       𝐿  𝑤   /    𝐸  𝑢     )   ∘     Res       𝐸  𝑢   /    𝐾  𝑣     =    ∑    𝑢  ∣  𝑣    [    𝐸  𝑢   ∶    𝐾  𝑣   ]     inv       𝐿  𝑤   /    𝐾  𝑣     =  [  𝐸  ∶  𝐾  ]     inv       𝐿  𝑤   /    𝐾  𝑣     , 


     𝐻  1   (  𝐺  ,    𝐴  𝐿   )  =  0 


     𝐴  𝐿   ∈  {    𝐿  ×   ,    𝕀  𝐿   ,    ℂ  𝐿   } 


    Inf           ∶      𝐻  2   (  𝐺  ,    𝐴  𝐿   )  →    𝐻  2   (    𝐺  𝐾   ,    𝐴    𝐾   sep     ) 


        inv   ˜   𝐾           ∶      𝐻  2   (    𝐺  𝐾   ,    𝕀    𝐾   sep     )  →  ℚ  /  ℤ  . 


      inv   𝐾           ∶      𝐵  𝐾   →  ℚ  /  ℤ  , 


     𝐵  𝐾   =            (     lim    →   𝐿         𝐵    𝐿  /  𝐾   


     𝐻  2   (    𝐺  𝐾   ,    𝕀    𝐾   sep     )  ≅    ⨁    𝑣  ∈    𝑉  𝐾      Br   (    𝐾  𝑣   ) 


     𝐻  2   (   Gal   (  𝐹  /  𝐾  )  ,    𝕀  𝐹   ) 


   ℰ 


    Br   (  𝐾  )  =    ⋃    𝐹  ∈  ℰ     Br   (  𝐹  /  𝐾  ) 


        inv   ˜   𝐾  


     𝐵  𝐾   =    ⋃    𝐹  ∈  ℰ      𝐻  2   (  𝐺  ,    ℂ  𝐹   ) 


      inv   𝐾           ∶      𝐵  𝐾   →  ℚ  /  ℤ 


     𝐵  𝐾   ≅  ℚ  /  ℤ 


     1    |  𝐺  |    ℤ  /  ℤ 


   (    ℂ    𝐾   sep     ,   inv   ) 


    inv  


      inv   𝐸           ∶      𝐻  2   (    𝐺  𝐸   ,    ℂ    𝐾   sep     )  →  ℚ  /  ℤ 


      inv     𝐿  /  𝐾    (    𝑎  ¯   ∪  𝛿  (  𝜒  )  )  =  𝜒  (    𝜙    𝐿  /  𝐾    (  𝑎  )  ) 


   𝑎  ∈    ℂ  𝐾  


        inv   ˜     𝐿  /  𝐾    (    𝛼  ¯   ∪  𝛿  𝜒  )  =  𝜒  (    Φ    𝐿  /  𝐾    (  𝛼  )  )  , 


       (    𝑎  𝔟   )     𝑛  ,  𝐾    ∈    𝜇  𝑛  


   (  𝑎  ,  𝔟  ) 


   (  𝑛  𝑎  ) 


       (    𝑎  𝔭   )     𝑛  ,  𝐾    ≡    𝑎    (  𝑁  𝔭  −  1  )  /  𝑛           mod         𝔭  , 


   𝔟  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


       (    𝑎  𝔟   )     𝑛  ,  𝐾    =    ∏    𝑖  =  1   𝑘       (    𝑎    𝔭  𝑖    )     𝑛  ,  𝐾     𝑟  𝑖    . 


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =      (    𝑎    (  𝑏  )    )     𝑛  ,  𝐾    . 


   𝑁  (  𝑝  )  =  𝑝 


     𝑣  𝔭   (  𝑎  )  =  0 


       (    𝑎  𝔭   )     𝑛  ,  𝐾    =  (  𝑎  ,    𝜋  𝔭     )    𝑛  ,    𝐾  𝔭     . 


   𝑎  ,  𝑏  ∈    𝒪  𝐾  


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     , 


   (  𝑏  )  =    𝔭  1    𝑟  1    ⋯    𝔭  𝑘    𝑟  𝑘   


     𝜋    𝔭  𝑖   


     𝐾    𝔭  𝑖   


       (    𝑎  𝑏   )     𝑛  ,  𝐾    =    ∏    𝑖  =  1   𝑘       (    𝑎    𝔭  𝑖    )     𝑛  ,  𝐾     𝑟  𝑖    =    ∏    𝑖  =  1   𝑘   (  𝑎  ,    𝜋    𝔭  𝑖     𝑟  𝑖      )    𝑛  ,    𝐾    𝔭  𝑖      . 


     𝜋    𝔭  𝑖     𝑟  𝑖   


   (  𝑎  ,    𝜋    𝔭  𝑖     𝑟  𝑖      )    𝑛  ,    𝐾    𝔭  𝑖      =  (  𝑎  ,  𝑏    )    𝑛  ,    𝐾    𝔭  𝑖     


     ∏    𝑣  ∈    𝑉  𝐾     (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =  1  . 


     𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  =  1 


   𝑆  =  {    𝑣  1   ,  …  ,    𝑣  𝑡   } 


     ∏    𝑣  ∈  𝑆      𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  =  1  . 


             ∏    𝑣  ∈    𝑉  𝐾     (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =    ∏    𝑣  ∈  𝑆    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣     =    ∏    𝑣  ∈  𝑆          𝜌    𝐾  𝑣    (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛           =    ∏    𝑖  =  1   𝑡     𝜌    𝐾    𝑣  1     (  𝑏  )  ⋯    𝜌    𝐾    𝑣    𝑖  −  1      (  𝑏  )  (        𝜌    𝐾    𝑣  𝑖     (  𝑏  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     )  =      (    ∏    𝑣  ∈  𝑆      𝜌      𝐾  𝑣   (    𝑎    1  /  𝑛    )  /    𝐾  𝑣     (  𝑏  )  )  (    𝑎    1  /  𝑛    )     𝑎    1  /  𝑛     =  1  .      


       (    𝑎  𝑏   )     𝑛  ,  𝐾          (    𝑏  𝑎   )     𝑛  ,  𝐾     −  1    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝑣     , 


   𝑐  ∈    𝒪  𝐾  


       (    𝑐  𝑏   )     𝑛  ,  𝐾    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑐    )    𝑛  ,    𝐾  𝑣     . 


       (    𝑎  𝑏   )     𝑛  ,  𝐾          (    𝑏  𝑎   )     𝑛  ,  𝐾     −  1    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     ⋅    ∏    𝔭  ∣  (  𝑎  )    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝔭      −  1    =    ∏    𝔭  ∣  (  𝑎  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     . 


   (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =  1 


     𝐾  𝔭   (    𝑎    1  /  𝑛    )  /    𝐾  𝔭  


     ∏    𝔭  ∣  (  𝑎  𝑏  )    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =  (    ∏    𝑣  ∣  𝑛  ∞    (  𝑎  ,  𝑏    )    𝑛  ,    𝐾  𝑣       )    −  1    =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑎    )    𝑛  ,    𝐾  𝑣     , 


       (    𝑐  𝑏   )     𝑛  ,  𝐾    =    ∏    𝔭  ∣  (  𝑏  )    (  𝑐  ,  𝑏    )    𝑛  ,    𝐾  𝔭     =    ∏    𝑣  ∣  𝑛  ∞    (  𝑏  ,  𝑐    )    𝑛  ,    𝐾  𝔭     . 


     (    𝑎  𝑏   )       (    𝑏  𝑎   )   =  (  𝑏  ,  𝑎    )    2  ,    ℚ  𝑝     (  𝑏  ,  𝑎    )    2  ,  ℝ    . 


   (  −  1    )    (  𝑎  −  1  )  (  𝑏  −  1  )  /  4   


     (      −  1   𝑏   )   =  (  −  1    )    (  𝑏  −  1  )  /  2       and         (    2  𝑏   )   =  (  −  1    )    (    𝑝  2   −  1  )  /  8    . 


   ℓ  =    Φ  𝑝   (  𝑝  𝑚  ) 


   ℓ  =    𝑁    ℚ  (    𝜇  𝑝   )  /  ℚ    (  1  −  𝑝  𝑚    𝜁  𝑝   ) 


          (10.10.1)                 (    𝑎    1  −  𝑝  𝑚    𝜁  𝑝     )     𝑝  ,  ℚ  (    𝜇  𝑝   )    ≡    𝑎    (  ℓ  −  1  )  /  𝑝           mod       (  1  −  𝑝  𝑚    𝜁  𝑝   )  ,    


     𝑎    (  ℓ  −  1  )  /  𝑝   


       (    𝑎    1  −  𝑝  𝑚    𝜁  𝑝     )     𝑝  ,  ℚ  (    𝜇  𝑝   )    =      (      1  −  𝑝  𝑚    𝜁  𝑝    𝑎   )     𝑝  ,  ℚ  (    𝜇  𝑝   )    (  1  −  𝑝  𝑚    𝜁  𝑝   ,  𝑎    )    𝑝  ,    ℚ  𝑝   (    𝜇  𝑝   )    =  (  1  −  𝑝  𝑚    𝜁  𝑝   ,  𝑎    )    𝑝  ,    ℚ  𝑝   (    𝜇  𝑝   )    . 


   1  −  𝑝  𝑚    𝜁  𝑝  


     ℚ  𝑝   (    𝜇  𝑝   ) 


     ℚ  𝑝   (    𝜁  𝑝   ,    𝑎    1  /  𝑝    )  =    ℚ  𝑝   (    𝜁  𝑝   ,  (  1  −  𝑝    )    1  /  𝑝    ) 


   1  −  𝑝  𝑚    𝜁  𝑝   ∈    𝑈    𝑝  −  1    (    ℚ  𝑝   (    𝜇  𝑝   )  ) 
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Introduction

At its core, the ancient subject of number theory is concerned with the arithmetic of the integers.
The Fundamental Theorem of Arithmetic, which states that every positive integer factors uniquely
into a product of prime numbers, was contained in Euclid’s Elements, as was the infinitude of the set
of prime numbers. Over the centuries, number theory grew immensely as a subject, and techniques
were developed for approaching number-theoretic problems of a various natures. For instance, unique
factorization may be viewed as a ring-theoretic property of Z, while Euler used analysis in his own
proof that the set of primes is infinite, exhibiting the divergence of the infinite sum of the reciprocals
of all primes.

Algebraic number theory distinguishes itself within number theory by its use of techniques from
abstract algebra to approach problems of a number-theoretic nature. It is also often considered, for this
reason, as a subfield of algebra. The overriding concern of algebraic number theory is the study of the
finite field extensions of Q, which are known as number fields, and their rings of integers, analogous
to Z.

The ring of integers @ of a number field F is the subring of F' consisting of all roots of all monic
polynomials in Z[x]. Unlike Z, not all integer rings are UFDs, as one sees for instance by considering
the factorization of 6 in the ring Z|[ V-5 ]. However, they are what are known as Dedekind domains,
which have the particularly nice property that every nonzero ideal factors uniquely as a product of
nonzero prime ideals, which are all in fact maximal. In essence, prime ideals play the role in @ that
prime numbers do in Z.

A Dedekind domain is a UFD if and only if it is a PID. The class group of a Dedekind domain is
roughly the quotient of its set of nonzero ideals by its nonzero principal ideals, and it thereby serves
as something of a measure of how far a Dedekind domain is from being a principal ideal domain. The
class group of a number field is finite, and the classical proof of this is in fact a bit of analysis. This
should not be viewed as an anomalous encroachment: algebraic number theory draws heavily from
the areas it needs to tackle the problems it considers, and analysis and geometry play important roles
in the modern theory.

Given a prime ideal p in the integer ring © of a number field F, one can define a metric on F that
measures the highest power of p dividing the difference of two points in F. If the finite field @ /p has

7
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characteristic p, then the completion F,, of F' with respect to this metric is known as a p-adic field,
and the subring @ that is the completion of @ is called its valuation ring. In the case that F = Q,
one obtains the p-adic numbers Q,, and p-adic integers Z,. The archimedean fields R and C are also
completions of number fields with respect to the more familiar Euclidean metrics, and are in that sense
similar to p-adic fields, but the geometry of p-adic fields is entirely different. For instance, a sequence
of integers converges to 0 in Z, if and only it is eventually congruent to zero modulo arbitrarily high
powers of p.

It is often easier to work with p-adic fields, as solutions to polynomial equations can be found in
them by successive approximation modulo increasing powers of a prime ideal. The “Hasse principle”
asserts that the existence of a solution to polynomial equations in a number field should be equivalent
to the existence of a solution in every completion of it. (The Hasse principle does not actually hold in
such generality, which partially explains the terminology.)

Much of the formalism in the theory of number fields carries over to a class of fields of finite
characteristic, known as function fields. The function fields we consider are the finite extensions of
the fields of rational functions F,(7) in a single indeterminate 7, for some prime p. Their “rings of
integers”, such as ]Fp[t] in the case of IFp(t), are again Dedekind domains. Since function fields
play a central role in algebraic geometry, the ties here with geometry are much closer, and often help
to provide intuition in the number field case. For instance, instead of the class group, one usually
considers the related Picard group of divisors of degree 0 modulo principal divisors. The completions
of function fields are fields of Laurent series over finite fields. We use the term “global field” refer to
number fields and function fields in general, while the term “local field” refers to their nonarchimedean
completions.

An introductory course in algebraic number theory can only hope to touch on a minute but essential
fraction of the theory as it is today. Much more of this beautiful edifice can be seen in some of the
great accomplishments in the number theory of recent decades. Chief among them, of course, is the
proof of Fermat’s last theorem, the statement of which is surely familiar to you. Wiles’ proof of FLT
is actually rather round-about. It proceeds first by showing that a certain rational elliptic curve that
can be constructed out of a solution to Fermat’s equation is not modular, and then that all (or really,
enough) rational elliptic curves are modular. In this latter aspect of the proof are contained advanced
methods in the theory of Galois representations, modular forms, abelian varieties, deformation theory,

Iwasawa theory, and commutative ring theory, none of which we will be able to discuss.

Notation 0.0.1. Throughout these notes, we will use the term ring to refer more specifically to a

nonzero ring with unity.
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Algebraic number theory






Chapter 1
Abstract algebra

In this chapter, we introduce the many of the purely algebraic results that play a major role in algebraic
number theory, pausing only briefly to dwell on number-theoretic examples. When we do pause, we
will need the definition of the objects of primary interest in these notes, so we make this definition

here at the start.

Definition 1.0.1. A number field (or algebraic number field) is a finite field extension of Q.

We have the following names for extensions of Q of various degrees.

Definition 1.0.2. A quadratic (resp., cubic, quartic, quintic, ...) field is a degree 2 (resp., 3, 4, 5, ...)

extension of Q.

1.1 Tensor products of fields

Proposition 1.1.1. Let K be a field, and let f € K|[x] be monic and irreducible. Let M be a field
extension of K, and suppose that f factors as H:’i 1 ff" in M[x], where the f; are irreducible and

distinct and each e; is positive. Then we have an isomorphism
nm
- e.
i KIx]/(f) @x M = | | MIx1/ ()
i=1

of M-algebras such that if g € K[x], then x((g + (f)) ® 1) = (g + (7)),

Proof. Note that we have a canonical isomorphism K[x] ® x M — M [x] that gives rise to the first

map in the composition
KIx]/(f) @x M = M[x1/(f) = [ | MIx1/ (),
i=1

the second isomorphism being the Chinese remainder theorem. The composition is #. ]
11
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We have the following consequence.

Lemma 1.1.2. Let L/K be a finite separable extension of fields, and let M be an algebraically closed

field containing K. Then we have an isomorphism of M -algebras
K: L ®[( M ;) l_[ M7
o: LM

where the product is taken over field embeddings of L in M fixing K, such that

k(B®1) = (P,
forall B € L.

Proof. Write L = K(6), and let f € K[x] be the minimal polynomial of §. Then we define % as
the composition
Legm = [ 2= 17 m,
oiron X00) Gy
where the first isomorphism is that of Proposition 1.1.1 and the second takes x to ¢ () in the coordinate
corresponding to ¢. Any B € L has the form g(8) for some g € K[x], and since any o: L < M fixing
K fixes the coeflicients of g, we have (S ® 1) is as stated. [l

Remark 1.1.3. If we compose x of Lemma 1.1.2 with the natural embedding L < L ® ¢ M that takes
a € Lto a ® 1, then the composition

iy L - n M
o: LM

is the product of the field embeddings ¢ of L in M fixing K.

Definition 1.1.4. Let K be a field and L and M be extensions of K both contained in some field 2. We
say that L and M are linearly disjoint over K if every K-linearly independent subset of L is M-linearly

independent.

Lemma 1.1.5. Let K be a field and L and M be extensions of K both contained in some field Q. If L
and M are linearly disjoint over K, then L " M = K.

Proof. If x € Ln M with x ¢ K, then x and 1 are elements of L that are K-linearly independent
but not M-linearly independent, so L and M are not linearly disjoint over K. [

From the definition, it may not be clear that the notion of linear disjointness is a symmetric one.
However, this follows from the following.


https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:prim_elt_thm
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Proposition 1.1.6. Let K be a field and L and M be extensions of K both contained in some field
Q. Then L and M are linearly disjoint over K if and only if the map ¢: L @ x M — LM induced by

multiplication is an injection.

Proof. Suppose that ¥4, ..., ¥, € M are L-linearly dependent, and write Zle B;v; = 0 for some
B; € L. If ¢ is injective, then we must have Zle B; ® v; = 0, which means that the y; are K-linearly
dependent.

Conversely, let L and M be linearly disjoint over K. Suppose that we have a nonzero

S
x:Z,Bi@)yiekerqo
i=1

for some B; € L and y; € M, with s taken to be minimal. If x # 0, then the y; are L-linearly
dependent, so they are K-linearly dependent. In this case, without loss of generality, we may suppose
that

s—1
Vst Z a;y;=0
i=1

for some a; in K. Then

—

s—

x= (Bi—a;Bs) ® 7,

Il
(=)

contradicting minimality. Thus ker ¢ = 0. ]

Corollary 1.1.7. Let K be a field and L and M be extensions of K both contained in a given algebraic
closure of K. Then L and M are linearly disjoint over K if and only if L ® x M is a field.

Proof. Note that LM is a union of subfields of the form K («, ) with @ € L and g € M. Since
a and B are algebraic over K, we have K(a, B) = K[a, ], and every element of the latter ring is a
K-linear combination of monomials in @ and B. Thus ¢ of Proposition 1.1.6 is surjective, and the
result follows from the latter proposition. [

Corollary 1.1.8. Let K be a field and L and M be finite extensions of K inside a given algebraic closure
of K. Then [LM : K] = [L : K][M : K] if and only if L and M are linearly disjoint over K.

Proof. Again, we have the surjection ¢: L @, M — LM given by multiplication which is an
injection if and only if L and M are linearly disjoint by Proposition 1.1.6. As L ® ¢ M has dimension
[L: K][M : K] over K, the result follows. O

Remark 1.1.9. Suppose that L = K () is a finite extension of K. To say that L is linearly disjoint
from a field extension M of K is by Propostion 1.1.1 exactly to say that the minimal polynomial of 6
in K[x] remains irreducible in M[x].


https://www.math.ucla.edu/~sharifi/notes/algebra-ch08.html#thm:tensor_prod_free_mods_free
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We prove the following in somewhat less generality than possible.

Lemma 1.1.10. Let L be a finite Galois extension of a field K inside an algebraic closure Q of K, and
let M be an extension of K in Q. Then L and M are linearly disjoint if and only if LN M = K.

Proof. We write L = K(0) for some 6 € L, and let f € K[x] be the minimal polynomial of 6. As
Gal(LM /M) = Gal(L/(LnM)) by restriction, we have LnM = K if and only if [LM : M] = [L : K].
Since LM = M (0), this occurs if and only if f is irreducible in M[x]. The result then follows from
Remark 1.1.9. O

1.2 Integral extensions

Definition 1.2.1. We say that B/A is an extension of commutative rings if A and B are commutative

rings such that A is a subring of B.

Definition 1.2.2. Let B/A be an extension of commutative rings. We say that g € B is integral over
A if B is the root of a monic polynomial in A[x].

Examples 1.2.3.

a. Every element a € A is integral over A, in that a is a root of x — a.

b. If L/K is a field extension and ¢ € L is algebraic over K, then « is integral over K, being a root
of its minimal polynomial, which is monic.
c. If L/K is a field extension and a € L is transcendental over K, then ¢ is not integral over K.
d. The element \/5 of Q( \/5) is integral over Z, as it is a root of x% = 2.
1-v5

e. The element a = - of Q(\/g) is integral over Z, as it is a root of x2—x-1.

Proposition 1.2.4. Let B/A be an extension of commutative rings. For B € B, the following conditions

are equivalent:
i. the element p is integral over A,
ii. there exists n > 0 such that {1, B, ..., p"} generates A[ B] as an A-module,
iii. the ring A[B] is a finitely generated A-module, and

iv. there exists a finitely generated A-submodule M of B that such that BM C M and which is
faithful over A[ B].


https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:prim_elt_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:Gal_gp_compos_restr_isom
https://www.math.ucla.edu/~sharifi/notes/algebra-ch06.html#thm:Gal_gp_compos_restr_isom
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:subring
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#def:monic_poly
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:poly_ring
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#def:ring_adjoin_elt
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Proof. Suppose that (i) holds. Then g is a root of a monic polynomial g € A[x]. Given any
f € Alx], the division algorithm tells us that f = gg + r with ¢,r € A[x] and either r = 0 or
degr < degg. It follows that f () = r(B), and therefore that () is in the A-submodule generated
by {1, B, ..., %81} so (ii) holds. Since this set is independent of f, it generates A[ 8] as an A-
module, so (iii) holds. Suppose that (iii) holds. Then we may take M = A[ B8], which being free over
itself has trivial annihilator.

Finally, suppose that (iv) holds. Let

n
M = ZA)/Z CcB
i=1

be such that M C M, and suppose without loss of generality that g # 0. We have
n
Bri= Z ai;y;
J=1

for some a;; € Awith 1 <7 <nand1 <j < n. Consider A-module homomorphism 7': B" —» B"
represented by (a;;). The characteristic polynomial f (x) € A[x] of T is monic, and () acts as zero

on M. Since M is a faithful A[ #]-module, we must have f () = 0. Thus, g is integral. ]

Example 1.2.5. The element % € Q is not integral over Z, as Z[1, 271 ...,27"] forn > Ois equal to
Z.[27"], which does not contain 2~ "+1).

Definition 1.2.6. Let B/A be an extension of commutative rings. We say that B is an integral extension

of A if every element of B is integral over A.

Example 1.2.7. The ring Z[V2] is an integral extension of Z. Given ¢ = a + bV2 with a,b € Z,
note that « is a root of x> — 2ax + a> — 2b?.

Lemma 1.2.8. Suppose that B/A is an extension of commutative rings such that B is finitely generated
as an A-module, and let M be a finitely generated B-module. Then M is a finitely generated A-module.

Proof. Let {m,,...,m,} be a set of generators of M as a B-module, and let {§, ..., B;} be a set
of generators of B as an A-module. We claim that {#;m; | | <i <k, 1 <j < n} is a set of generators

of M as an A-module. To see this, let m € M and write

~
Il
—_


https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:div_algor_for_1_var_polys
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with a;; € A for I <7 < k. We then have

k n
m=y Y aypm.

i=1j=1

as desired. ]

We now give a criterion for a finitely generated algebra over a ring to be finitely generated as a

module.

Proposition 1.2.9. Let B/A be an extension of commutative rings and suppose that

B =A[B1, B2, ---» Bkl

for some k > 0 and B; € Bwith 1 <i < k. Then the following are equivalent.

i. the ring B is integral over A,
ii. each B;with1 <i <k isintegral over A, and

iii. the ring B is finitely generated as an A-module.

Proof. Clearly, (i) implies (ii), so suppose that (ii) holds. By definition, each f; is then integral
over any commutative ring containing A. By Proposition 1.2.4, each A[B,..., B;] with | <j < k
is a finitely generated A[By, ..., B;_;]-module, generated by {1, B;, ..., /37:’} for some n; > 0. As-
suming recursively that A[ B, ..., B;_] is finitely generated as an A-module, Lemma 1.2.8 implies
that A[ B4, ..., ﬂj] = A[By,..., ,Bj_l][,Bj] is finitely generated as an A-module as well. Therefore,
(iii) holds. Finally, if (iii) holds and g € B, then since BB C B, the element g is integral over a by
Proposition 1.2.4. Thus (i) holds. O

We derive the following important consequence.

Proposition 1.2.10. Suppose that C/B and B/A are integral extensions of commutative rings. Then

C/A is an integral extension as well.

Proof. Let y € C, and let f € B[x] be a monic polynomial which has y as a root. Let B’
be the subring of B generated over A by the coefficients of f, which is integral over A as B is. By
Proposition 1.2.9, the ring B’ is then finitely generated over A. As B'[y] is finitely generated over B’
as well, we have B’[y] is finitely generated over A. Hence, B[y ] is itself an integral extension of A.
By definition of an integral extension, the element y is integral over A. Since y € C was arbitrary,

we conclude that C is integral over A. [

Definition 1.2.11. Let B/A be an extension of commutative rings. The integral closure of A in B is
the set of elements of B that are integral over A.
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Proposition 1.2.12. Let B/A be an extension of commutative rings. Then the integral closure of A in
B is a subring of B.

Proof. If « and g are elements of B that are integral over A, then A[a, ] is integral over A by
Proposition 1.2.9. Therefore, every element of A[«a, B8], including ¢ + B and « - f, is integral over
A as well. That is, the integral closure of A in B is closed under addition, additive inverses, and

multiplication, and it contains 1, so it is a ring. L]

Example 1.2.13. The integral closure of Z in Z[x] is Z, since if f € Z[x] is of degree at least 1 and
g € Z[x] is nonconstant, then g(f (x)) has degree deg g - degf in x, hence cannot be 0.

Definition 1.2.14.

a. The ring of algebraic integers is the integral closure Z of Z inside C.

b. An algebraic integer is an element of Z.

Definition 1.2.15. Let B/A be an extension of commutative rings. We say that A is integrally closed

in B if A is its own integral closure in B.

Definition 1.2.16. We say that an integral domain A is integrally closed if it is integrally closed in its
quotient field.

Example 1.2.17. Every field is integrally closed.

Proposition 1.2.18. Let A be an integrally closed domain, let K be the quotient field, and let L be a
field extension of K. If p € L is integral over A with minimal polynomial f € K[x], then f € A[x].

Proof. Since B € L is integral, it is the root of some monic polynomial g € A[x] such that f
divides g in K[x]. As g is monic, every root of g in an algebraic closure K containing K is integral
over K. As every root of f is a root of g, the same is true of the roots of f. Write f = ]_[?:1 (x—=B;)
for B; € K integral over A. As the integral closure of A in K is a ring, it follows that every coefficient
of f is integral over A, being sums of products of the elements ;. Since f € K[x] and A is integrally
closed, we then have f € A[x]. O

The following holds in the case of UFDs.

Proposition 1.2.19. Let A be a UFD, let K be the quotient field of A, and let L be a field extension of
K. Suppose that B € L is algebraic over K with minimal polynomial f € K[x]. If B is integral over
A, thenf € Alx].
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Proof. Let g € L be integral over A, let g € A[x] be a monic polynomial of which it is a root, and
let f € K[x] be the minimal polynomial of 8. Since f divides g in K[x] and A is a UFD with quotient
field K, there exists d € K such that df € A[x] and df divides g in A[x]. Since f is monic, d must be
an element of A (and in fact may be taken to be a least common denominator of the coefficients of f).
The coefficient of the leading term of any multiple of df will be divisible by d, so this forces d to be
a unit, in which case f € A[x]. ]

Corollary 1.2.20. Every unique factorization domain is integrally closed.

Proof. The minimal polynomial of an element a of the quotient field K of a UFD A is x — a. If
a ¢ A, it follows from Proposition 1.2.19 that a is not integral over A. O]

Examples 1.2.21. The ring Z is integrally closed.

Example 1.2.22. The ring Z[\/ﬁ ] is not integrally closed, since a = %ﬁ is a root of the monic
polynomial x2 — x — 4. In particular, Z[V17] is not a UFD.

Proposition 1.2.23. Let B/A be an extension of commutative rings, and suppose that B is an integrally

closed domain. Then the integral closure of A in B is integrally closed.

Proof. Let A denote the integral closure of A in B, and let Q denote the quotient field of A. Let
a € Q, and suppose that « is integral over A. Then A[«] is integral over A, so A[«] is integral over

A, and therefore a is integral over A. That is, a is an element of A, as desired. O
Example 1.2.24. The ring Z of algebraic integers is integrally closed.

Proposition 1.2.25. Let A be an integral domain with quotient field K, and let L be an algebraic
extension of K. Then the integral closure B of A in L has quotient field equal to L inside L. In fact,

every element of L may be written as % for somed € A and b € B.

Proof. Any B € L is the root of a monic polynomial f = Z?ZO a;x' € K[x]. Letd € A be such
that df € A[x]. Then

n
d'f(d~'x) = Zaid”‘ixi € Alx]
i=0
is both monic and has d § as a root. In other words, d 8 is contained in B, as desired. ]
Example 1.2.26. The quotient field of Z is Q.

Definition 1.2.27. The ring of integers (or integer ring) O g of a number field K is the integral closure
of Z in K.


https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:factor_in_poly_ring_over_UFD_quot_field
https://www.math.ucla.edu/~sharifi/notes/algebra-ch05.html#thm:factor_in_poly_ring_over_UFD_quot_field
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The prototypical examples of rings of integers arise in the setting of quadratic fields.

Theorem 1.2.28. Let d # 1 be a square-free integer. The ring of integers of Q(\/E ) is

Z[“ﬁ] ifd =1 mod 4,

Q(Vd)

Z[Vdl  ifd =2,3 mod 4.

Proof. Suppose that @ = a + bVd is integral for a,b € Q. If b = 0, then we must have a € Z.
If b # 0, then the minimal polynomial of a is f = x> — 2ax + a® — b*d. Since « is integral, we must
have f € Z[x],so2a € Z. If a € Z, then since a®> — b*>d € Z and d is square-free, we have b € Z
as well. If a & Z, then 2a = ¢’ and 2b = b’ for some odd a’,b’ € Z, and (a’)? = (b')?d mod 4. As
(Z./47)% = {0, 1}, this is impossible if d # 1 mod 4. If d = 1 mod 4, then a + b\/g lies in the claimed
ring, since it contains vd, and clearly (1 + Vd) /2 is integral. ]

1.3 Norm and trace

Definition 1.3.1. Let L/K be a finite extension of fields. For ¢ € L, let m,: L — L denote the linear
transformation of K-vector spaces defined by left multiplication by «.

a. The norm map Ny ;k: L — K is defined by Ny x (a) = detm, for a € L.

b. The trace map Try x: L — K is defined by Try ;x (a) = trm,, for a € L.

Remark 1.3.2. For a finite field extension L/K, the trace map Try g is a homomorphism, and the

norm map Ny g is a homomorphism to K* upon restriction to L*.

Proposition 1.3.3. Let L/K be a finite extension of fields, and let a« € L. Let f € K[x] be the minimal
polynomial of a over K, letd = [K(a) : K], lets = [L : K(a)], and let K be an algebraic closure of
K. Suppose that f factors in K[x] as

d
f=]]e-a
i=1

for some ay,...,a,; € K. Then the characteristic polynomial of m,, is *, and we have

d
NL/K(a) = l_[ af and TrL/K(a) =S a;.
i=1

I
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Proof. We claim that the characteristic polynomial of the K-linear transformation m,, is f*. First
suppose that L = K(«). Note that {1, a, ..., a9-1} forms a K-basis of K (a), and with respect to this

basis, m,, is given by the matrix

0 )
1 0 —aq
A=| - |
1 0 —ag_»
I —ay,
where a; € K for 1 <i < d are such that
d-1
f=x%+ Z ax’
i=0

Expanding the determinant of x/ — A using its first row, we see that

charm, = det(x] — A) = xdet(x] — A") + (=1)?"1qay det

= xdet(xl —A") + ay,

where A’ is the (1, 1)-minor of A. By induction on the dimension of A, we may assume that

d-2
det(x] —A”) = x4 1 4 Z a; 1x',
i=0
so charm, = f. Since

f=x4—tr(my)x4 1 + - + (=1)?det(m,),

we have by expanding out the factorization of f in K [x] that N, k@ and Try g a are as stated in this
case.

In general, if {B, ..., B,} is a basis for L/K(a), then {;0/ | 1 <i <s,0<j <d ~ 1} is a basis
for L/K. The matrix of m, with respect to this basis (with the lexicographical ordering on the pairs
(i,7)) is the block diagonal matrix consisting of s copies of A. In other words, char m,, is the f*, from

which the result now follows easily. ]

We can also express the norm as a power of a product of conjugates and the trace as a multiple of

a sum of conjugates.
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Proposition 1.3.4. Let L/K be a finite extension of fields, and let m = [L : K]; be its degree of
inseparability. Let S denote the set of embeddings of L fixing K in a given algebraic closure of K.
Then, for a € L, we have

Npk(a) = l—[ oa™ and Trpg(a)=m Z oa.

ged ged

Proof. The distinct conjugates of a in a fixed algebraic closure K of K are exactly the Ta for T
in the set ¥ of distinct embeddings of K (a) in K. These ta are the distinct roots of the minimal
polynomial of & over K, each occuring with multiplicity the degree [K (a) : K]; of inseparability of
K(a)/K. Now, each of these embeddings extends to [L : K(a)], distinct embeddings of L into K,

and each extension ¢ € S of T sends « to T(a). By Proposition 1.3.3, we have

Npxa = l_[ (ta)LK(@]K(a):K]; - l_[ oallKli

TelT oed

and similarly for the trace. [

We have the following immediate corollary.

Corollary 1.3.5. Let L/K be a finite separable extension of fields. Let S denote the set of embeddings
of L fixing K in a given algebraic closure of K. Then, for a € L, we have

Npk(a l—[ oa and Trpg(a)= Z oa.

ced oed
We also have the following.

Proposition 1.3.6. Let M /K be a finite field extension and L be an intermediate field in the extension.

Then we have

NM/K:NL/K ONM/L and TI‘M/KZTI‘L/KOTI‘M/L.

Proof. We prove this for norm maps. Let & denote the set of embeddings of L into K that fix K,
let ¥ denote the set of embeddings of M into K that fix L, and let 1l denote the set of embeddings of
M into K that fix K. Since [M : K]; = [M : L], [L : K];, it suffices by Proposition 1.3.4 to show that

[Toa-T]< (1] ve).
sell ced Tel
We extend each ¢ to an automorphism & of K fixing K. We then have

(1) L oo

oeS tel
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For the trace map, we simply replace the products by sums.
We claim that the subset X = {6 o7 | 0 € &,7 € T} of U is exactly U, which will finish the
proof. Let 0, 0" € S and 7,7’ € ¥, and suppose that

GoTr=6 o1, (1.3.1)

Since G o T|; = 0|y, we have that ¢ = ¢’. Since & is an automorphism, we then apply its inverse to
(1.3.1) to obtain T = t’. As there are then |S||2| = |ll| elements of X, we have the resullt. O]

Example 1.3.7. The norm for the extension Q( Vd )/ Q, where d is a square-free integer, is given by
_ _ 2 _ 2
No o @+ V) = (x+ d) (x = yVd) = 2 —dy
forx,y € Q.
Example 1.3.8. For a,b,c € Q, we have
032)/0 (a + bv— 2+ CV_) (a + b3\/§ + c%)(a + bw3\/§ + ca)23\/zl)(a + bcuz% + caﬁ/Z)
= a3 + 2b3 + 4¢3 - 6abc,
for w a primitive cube root of unity. The trace is simpler:

3 3 _
TrQ(%)/Q(a + b‘/a + C\/Z) = 3a.

Definition 1.3.9. A K-valued linear character of a group G is a group homomorphism y: G - K*,
where K is a field.

Definition 1.3.10. We say that a set of K-valued linear characters X of a group G is K-linearly inde-
pendent if it is linearly independent as a subset of the K-vector space of functions G - K.

Theorem 1.3.11. Any set of K-valued linear characters G - K* of a group G is K-linearly indepen-
dent.

Proof. Let X be a set of linear characters G — K*. Suppose by way of contradiction that m > 2
is minimal such that there m distinct, linearly dependent elements of G. Choose a; € K and y; € X
with 1 < i < m for which a; # 0 and

m

Z a;x;=0.

i=1
Also, let h € G be such that y(h) # y,,(h). Setb; = a;(y;(h) — y,,(h)) for 1 <i <m — 1. For
any g € G, we then have

m—1 m
Y bixi(g) Za(){, n() 21(8) = a;x:(hg) - Zam
i=1 i=1

Since b # 0 and Zfi_l b; y ; has only m — 1 terms, this contradicts the existence of m. [
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In the case of cyclic extensions, the kernel of the norm map bears a simple description.

Theorem 1.3.12 (Hilbert’s Theorem 90). Let L/K be a finite cyclic extension of fields, and let o be a

generator of its Galois group. Then

ker Ny x = {% | B ELX}.

Proof. Setn = [L: K]. Let g € L, and note that

= 1.

N (J(ﬁ)) = 1B _ Nr/k(B)
LK\ B o (B Npx(B)

Next, suppose that a € ker Ny k., and set
X}, =y + aa(y) + ao(a)g2(},) 4o aa(a) o-n—Z(a)o_n—] ()/)

for y € L. The elements of Gal(L/K), which is to say the powers of ¢, are distinct L-valued characters
on L*, and therefore they are L-linearly independent. Thus, there exists y € L* such that x,, # 0. We
then note that

ao(x,) = ao(y) +ac(a)o?(y) + - +ao(a) " 2(a)d" ' (y) + Ny x(a)y =x,.

-1

soa” =o(x, )x)‘,l, finishing the proof. O]

There is also an additive form of Hilbert’s Theorem 90, which describes the kernel of the trace.
We leave the proof to the reader.

Proposition 1.3.13 (Additive Hilbert’s Theorem 90). Let L/K be a finite cyclic extension of fields,

and let o be a generator of its Galois group. Then

kerTrL/K:{o(ﬁ)_ﬁlﬁEL}'

Lemma 1.3.14. Let B/A be an integral extension of domains, and suppose that A is integrally closed in
its quotient field K. Let L denote the quotient field of B, and suppose that L/K is finite. Then Ny ;x (B)
and Trp x (B) are elements of A for every B € B.

Proof. Since f is integral over A, so are all of its conjugates in an algebraic closure L of L, since
they are also roots of the monic polynomial of which g is a root. It follows from Proposition 1.3.4
and the fact that the integral closure of A in L is a ring that N, /k(B) and Try k() are elements of K
integral over A, so A is integrally closed. [
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1.4 Discriminants

Definition 1.4.1. Let K be a field and V a finite-dimensional K-vector space. A K-bilinear form (or
simply, bilinear form) w: V xV — K on V is a function satisfying

y+v,w) =ww) +y(,w) and w,w+w) =y,w) +y,w)

and

y(av,w) = ay (v,w) = y(v,aw)

foralla e K andv,v,w,w’ € V.

Definition 1.4.2. A K-bilinear form y on a K-vector space V is said to be symmetric if
w(v,w) =w(w,v)

forallv,w e V.

Example 1.4.3. Given a matrix Q € M,,(K), we can define a bilinear form on K" by
w(v,w) =vIQw

for v,w € K", where we use a superscript T to denote the transpose. It is symmetric if and only if Q

is.

Example 1.4.4. If L/K is a finite extension of fields, then y: L x L - K defined by
v(a, B) = Try x(ap)

for a, B € L is a symmetric K-bilinear form on L.

Definition 1.4.5. The discriminant of a bilinear form y on a finite dimensional K-vector space V

relative to an ordered basis (v, ...,v,) of V is the determinant of the matrix (y (v;, Vi)

Lemma 1.4.6. Let w: V x V - K be a K-bilinear form on a finite-dimensional vector space V of

dimensionn > 1. Let vy, ...,v, € V,and let T: V — V be a linear transformation. Then

det(l//(TVl', Tv]))lJ = (det T)2 . det(l[/(vi, Vj))i’j.
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Proof. Suppose first that the v; form a basis of V. Let A = (a;;) denote the matrix of 7" with

respect to the ordered basis (vq,...,v,,). for each i. We may then write

n n
w(Tv;, Tv;) = Z ax Z ajy (Vi, vyp).
k=1 =1

As matrices, we then have
(w (Tv;, Tv))) = Ay (v, v;)AT,

and the result follows as det 7 = detA = detA”.
If the v; do not form a basis of V, then there is an ordered basis (eq,...,e,) of V and a linear
transformation U: V — V of with U(e;) = v; for all i. AsdetU = 0, we have

det(y (v;,v)));; = (detU)* det(y (e;,¢;));; = 0.
As the Tvy, ..., Tv, cannot be a basis, we have that both sides in the formula are zero. [

Remarks 1.4.7. Let y: V x V — K be a K-bilinear form on a finite-dimensional vector space V of
dimension n > 1. Then Lemma 1.4.6 implies the following.

a. The discriminant of y to a basis is independent of its ordering, since a permutation matrix has

determinant +1.

b. We have det(y (v;,v;));; = 0if vy, ..., v, € V are linearly dependent.

Definition 1.4.8. Let L/K be a finite extension of fields. The discriminant of L/K relative to a basis

of L as a K-vector space is the discriminant of the bilinear form

(a, B) » Try x(apB)

relative to the basis.
Notation 1.4.9. If L/K is a finite extension of fields and S, ..., §8,, € L are arbitrary, we set

D(ﬁl, ceey 'Bn) = det(TrL/K(:Bl:B]))lJ

If (B4,..., B,) is an ordered basis of L/K, then D(S1, ..., §,,) is its discriminant.

Proposition 1.4.10. Let L/K be a finite separable extension of fields. Then for any B,..., B, € L,

we have

D(ﬂl,---’ﬁn) = (det(aiﬁj)iJ)z,

where {01, ..., d,} is the set of embeddings of L in an algebraic closure of K that fix K.
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Proof. Note that
Trr ik (BiB) = ) ox(B)or(B)),
=1

so the matrix (Trr,x (BiB;)) equals Q7 Q, where Q € M, (L) satisfies Qi = 0:(B)). O]

Definition 1.4.11. Let K be a field, and let ¢, ..., «,, € K. Then the matrix

1 a; - at!
-1
Olay,...,a,) = Lay - ag'
1 a, - aZ‘l
is called the Vandermonde matrix for a4, ..., a,,.

Lemma 1.4.12. Let K be a field, and let Q(ay,...,a,) be the Vandermonde matrix for elements
ay,...,a, of K. Then
detQ(al,...,an) = l—[ (aj—ai).

1<i<j<n

Proof. We work by induction onn > 1, the case n = 1 asserting the obvious fact thatdet Q(a) = 1
for any ¢ € K. To compute the determinant of Q = Q(ay, ..., a,,), subtract @; times its ith column
from its (i + 1)th column for each 1 < i < n — 1, which leaves the determinant unchanged. We then
obtain

1 0 0 n-2 )

_ G —ay - 0y “(dp —

1 ar—a; - a’2%(a,—a

: a, —a; - a"*a,—ay)

1 a,-a, - a'?(a,—-ay) no Ul " no 7l

n

= l—[(ai —ay)-detQ(as,...,a,),

i=2

and the result now follows by induction. O]

Proposition 1.4.13. Suppose that L/K is a separable extension of degree n, and let « € L be such
that L = K(a). Then

D(la,....a" )y = [] (a;-a)?+0,

1<i<j<n

where a1y, ..., a,, are the conjugates of a in an algebraic closure of K.

Proof. By Proposition 1.4.10, we have that D(1, a, ..., a1 is the square of the determinant of
the Vandermonde matrix Q(aq, ..., @,), and the result then follows from Lemma 1.4.12. ]
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Example 1.4.14. Let d be a square-free integer with d # 1. Consider the basis {1, \/E } of Q(\/E )asa
Q-vector space. Since the distinct conjugates of \/E are i\/z, we have D(1, \/E ) =4d.

The following is basically a rephrasing of Proposition 1.4.13.

Corollary 1.4.15. Suppose that L/K is a separable extension of degree n, and let a € L be such that
L =K(a), and let f € K[x] be the minimal polynomial of a. Then

n(n-1)

D(laaa"'?an_]) = (_1) 2 NL/K(f,(a))a

where f' € K[x] is the derivative of f.

Proof. Let ay, ..., a, be the conjugates of « in an algebraic closure K of K. Then
n n
f(x) = Zl [Tex-ap.
=1
J#i
so we have

fa) =[] -a)
J=1
J#i

for each i, and the conjugates of f/(a) in K are the f’ (a;). We then have

[T@i-ap =002 T (@) -a)®

1<i<j<n

N (f (@) =[]
=i
J#I

O]

Corollary 1.4.16. Let L/K be a finite separable extension of fields. Then the discriminant of L/ K

relative to an ordered basis (f1, ..., B,,) of L is nonzero.

Proof. Since L/K is separable, there exists @ € L such that L = K(«a). Then (1, «,..., a1
is an ordered basis of L/K, and there exists an invertible K-linear transformation 7: L — L with
T(a"!) = B, for 1 <i < n. By Lemma 1.4.6, we have that

D(B1,Ba.-... B,) = (detT)?D(1, a,...,a™ ).

It follows Proposition 1.4.13 that D(1, «, ..., a" 1) + 0, so we have the result. ]
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Remark 1.4.17. Together, Lemma 1.4.6 and Corollary 1.4.16 tell us that the discriminant of a finite
separable field extension L/K (relative to an ordered basis) reduces to an element of K*/K *2 that is

independent of the choice of basis.

Definition 1.4.18. Let B/A be an integral extension of domains such that A is integrally closed, and
suppose that B is free of rank n as an A-module. Let (f4,..., §,,) be an ordered basis of B as a free
A-module. The discriminant B over A relative to the basis (S84, ..., 8,) isD(B1, ..., B,,)-

Lemma 1.4.19. Let A be an integrally closed domain with quotient field K. Let L be a finite separable
extension of K, and let B denote the integral closure of A in L. Let (a,..., a,) be any ordered basis
of L as a K-vector space that is contained in B. Let B € L be such that Try g (a B) € A forall a € B.
Then

n
D(ay,....a,) B € Y Aa;.
i=1

Proof. Since f € L, we may write
n
p = Z a;a;
i=1

for some a; € K for 1 < i < n. For any i, we have that
n
Trp x(a;B) = Zaj Try x(a;a)). (1.4.1)
j=1

The right-hand side of (1.4.1) is the ith term of the product of the matrix Q = (Try x (a;a 7)) times the
column vector with ith entry a;. Since the determinantof Qisd = D(a,, ..., a,,), letting Q* € M, (A)
denote the adjoint matrix to Q, we have Q*Q = dI,,. Thus, we have da; € A for each i. In other words,
d B lies in the A-module generated by the «;, so we are done. [

Proposition 1.4.20. Let A be an integrally closed domain with quotient field K. Let L be a finite
separable extension of K, and let B denote the integral closure of A in L. There exists an ordered basis

(ay,...,a,) of L as a K-vector space contained in B. Moreover, for any such basis, we have

iAal- CBC iAd‘lai,
i=1 i=1

whered = D(ay, ..., a,).

Proof. First, take any ordered basis (S, ..., §,,) of L/K. By Proposition 1.2.25, there exists a €
A — {0} such that @; = af; € Bforeach1 < i < n. Clearly, (ay,...,a,) is a basis of L/K, so
in particular, the A-module generated by the «; is free and contained in B. The other containment is
simply a corollary of Lemma 1.4.19 and the fact that Tr; x (B) C A. [
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The following notion of rank is most interesting for finitely generated modules, though we shall

have occasion to use it without this assumption.
Definition 1.4.21. The rank of a module M over a domain A is

rank, (M) = dimg (K @4 M).

Corollary 1.4.22. Let A be an integrally closed Noetherian domain with quotient field K. Let L be
a finite separable extension of K, and let B denote the integral closure of A in L. Then B is a finitely
generated, torsion-free A-module of rank [L : K].

Proof. By Proposition 1.4.20, we have free A-modules M and M’ of rank n = [L : K] such that
M C B C M’. Since M’ has no A-torsion, neither does B. We have

K, MCK®,BCK®, M.

As M and M’ are both isomorphic to A”, their tensor products over A with K are n-dimensional K -
vector spaces, which forces K ® 4 B to have K-dimension n as well. Moreover, B is finitely generated

being a submodule of a finitely generated module over A, as A is Noetherian. ]

Proposition 1.4.23. Let A be an integrally closed Noetherian domain with quotient field K. Let L be
a finite separable extension of K, and let B denote the integral closure of A in L. Then any finitely

generated, nonzero B-submodule of L is a torsion-free A-module of rank [L : K].

Proof. Let M be a finitely generated, nonzero B-submodule of L. If § € L*, then the
multiplication-by- 8 map B — Bp is an isomorphism of B-modules, so B has rank [L : K] as an
A-module. In particular, rank, (M) > rank, (B), taking g € M. Since M is B-finitely generated and
contained in the quotient field of B, there exists ¢ € B such that M C B. Since multiplication by «

is an isomorphism, rank 4 (M) < rank, (B). The result now follows from Corollary 1.4.22. O]

Corollary 1.4.24. Let A be a PID with quotient field K, let L be a finite separable extension of K, and

let B denote the integral closure of K in L. Then any finitely generated, nonzero B-submodule of L is
a free A-module of rank [L : K].

Proof. By the structure theorem for modules over a PID, any torsion-free rank n module over A is

isomorphic to A”. The result is then immediate from Proposition 1.4.23. [

We have the following application to number fields.

Lemma 1.4.25. Let K be a number field. Then the discriminant of © g over Z. is independent of the

choice of ordered basis of O g as a free Z.-module.
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Proof. By Corollary 1.4.24, the ring O is free of rank n = [K : Q] over Z. If B4,..., B,, and
ay,...,a, arebases of O as afree Z-module, then there exists a Q-linear homomorphism 7: K —» K
such that T (a;) = g, for all i. Then

D(B4,..., B,) = det(T)*D(ay, ..., a,,),

and det(7') is a unit in Z, so in {+1}, which is to say that det(T)? = 1. ]

Definition 1.4.26. If K is a number field, the discriminant disc(K) of K is the discriminant of O
over Z, relative to any basis of O g as a free Z-module.

Noting Theorem 1.2.28, the case of quadratic fields is immediately calculated as in Example 1.4.14.
Proposition 1.4.27. Let K = Q( Vd ), where d # 1 is a square-free integer. Then

d d=1mod4,
4d d =2,3 mod 4.

disc(K) =

We end with the following general result.

Proposition 1.4.28. Let A be an integrally closed domain with quotient field K. Let L and L’ be finite
separable extensions of K that are linearly disjoint, and let B and B’ denote the integral closures of A
in these fields, respectively. Suppose that B is A-free with basis B, ..., B, and that B" is A-free with
basis y |, ..., Y . Setd =D(B,..., B,) andd’" =D(y, ...,y ). Then the K-basis of LL" consisting
of the elements B;y; for 1 <i <mand 1 < j < n has discriminant d" (d")". Moreover, if we let C
denote the integral closure of A in LL" and C’ denote the A-algebra that is the A-span of the B,y 7
then (d,d’")C c C’.

Proof. Since L and L’ are linearly disjoint, LL’ is a field extension of K of degree [L : K][L’ : K]
with K-basis the B;7;. Let a € C, and write

n m
a = Z Z%’.Bi)’j
i=1j=1
for some a;; € K. Set

n
CSJ‘ = Zaijﬁi el
i=1

foreachl <j<m,soa = Zjn; 8,7
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Let K be an algebraic closure of K containing L, and let T4, ..., T . be the distinct field embeddings
of LL" in K that fix L. Let M = (t;7;) € M,,(K), and letw = (8,...,5,,) € L™. Then Mw = v,
where

v=(T10a,...,T,a).

Let M* be the adjoint matrix to M, so we have M*v = det(M)w. As the entries of M and v are
contained in the integral closure A of A in K, the vector det(M)w € K" has entries in A as well. Note
that det(M)2 = d’ by Proposition 1.4.10, so in fact d’w has entries in A n L, which is to say that
d'8; € B foreach ). Since the f; form a basis for B over A, we have that d’a;; € A for all i and j. The
analogous argument tells us that daij € A for all i and j as well, so (d,d")a € C’, as we set out to
prove.

Finally, we compute the discriminant of the basis g,7;. Let gy, ..., o, be the field embeddings of

LL’ in an algebraic closure K of K that fix L', so

is the set of field embeddings of LL” in K that fix K. Let Q be the matrix in M,,,,,(K) which we think of
as consisting of n? square blocks of size m by m each, the (i, j)th of which is the matrix ¢, M. Then
Q is a product of two matrices, the first of which is block diagonal with m copies of N = (o, 8;); ;, and
the second of which consists of n? square blocks, the (i’,j”)th of which is the identity times T,y Iz

Letting M be as before, a simple computation then tells us that

D(Biy; |1 <i<n1<j<m)=det(Q)* = det(N)>" det(M)>" = d™(d")".

1.5 Normal bases

Definition 1.5.1. A normal basis of a finite Galois extension L/K is a basis of L as a K-vector space
of the form {o(a) | ¢ € Gal(L/K)} for some a € L.

The goal of this section is to prove E. Noether’s theorem that every finite Galois extension has a

normal basis. We start with the following lemma.

Lemma 1.5.2. Let L/K be afinite Galois extension with Galois group {c {, ..., 7,,}, wheren = [L : K].

Let{ay,...,a,} be a basis of L as a K-vector space. Then the set

((01(a)),.c.0,(a) [ 1<) <n)

is an L-basis of L".
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Proof. By Corollary 1.4.16, the discriminant D(«, ..., a,,) is nonzero. By Proposition 1.4.10,
this discriminant is the square of det(o;«;), ;. Since the latter determinant is therefore nonzero, the

vectors in question are linearly independent over L. [

Lemma 1.5.3. Every finite cyclic extension of fields has a normal basis.

Proof. Let L/K be finite cyclic of degree n, generated by an element ¢. Then K[Gal(L/K)] is
isomorphic to K[x]/(x" — 1) via the unique K-algebra homomorphism that takes o to x. As L is a
K[Gal(L/K)]-module, it becomes a K[x]-module annihilated by x" — 1. If f = Zlnz_ol c;x' € K[x]
annihilates L, then Z::Ol c;o'(a) = 0forall @ € L, which by the linear independence of the o’ forces
f to be zero. Thus, the annihilator of L is (x” — 1), and by the structure theorem for finitely generated
modules over the PID K[x], this means that L has a K[x]-summand isomorphic to K[x]/(x" — 1),
generated by some ¢ € L. Since the latter module has K-dimension n, as does L, the elements
{a,0(a),...,o" Y(a)) form a K-basis of L.

[

Theorem 1.5.4 (Normal basis theorem). Every finite Galois extension of fields has a normal basis.

Proof. Let L/K be a finite Galois extension of degree n. Since any finite extension of finite fields
is cyclic, we may by Lemma 1.5.3 suppose that K is infinite. Write Gal(L/K) = {o{,...,0,} and
o, = 1. Let{ay,...,a,} be a basis of L as a K-vector space. It suffices to find f§ € L with
D(o{(p),...,0,(B)) # 0 by Corollary 1.4.16.

Define an element p € L[xy,...,x,] by

2
n

P(Xys.eiyXy,) = det(z aj‘la,-(ak)xk) .
k=1

Note that the coefficients of p are fixed by the elements of Gal(L/K), since they permute the columns
of the matrix. By Lemma 1.5.2, we can find ; € L for 1 <j < n be such that

Y Biloi(ay).02(a)), ... 0,(a)) = (1,0,....,0).
J=1
Then for all 1 <i,j < n, we have
Z C’j_lai(ak)ﬁk =8
k=1

so p(By,.... B,) = det(I,)> = 1, s0 p # 0. Since K is infinite, there exist ay,...,a, € K with
play,...,a,) #0. For y = 27:1 a;a;, we have by Proposition 1.4.10 the first equality in

D(01 (), 0,(7)) = det(o; ' 0:(y))? = play,...,a,) # 0.
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Chapter 2

Dedekind domains

2.1 Fractional ideals

We make the following general definition.

Definition 2.1.1. A fractional ideal of a domain A is a nonzero A-submodule a of the quotient field
of A for which there exists a nonzero d € A such that da C A.

Remark 2.1.2. Every nonzero ideal in a domain A is a fractional ideal, which is sometimes referred

to as an integral ideal. Every fractional ideal of A that is contained in A is an integral ideal.

Example 2.1.3. The fractional ideals of 7 are exactly the Z-submodules of Q generated by a nonzero

rational number.

Lemma 2.1.4. Let A be a Noetherian domain. A nonzero A-submodule of the quotient field of A is a
fractional ideal if and only if it is finitely generated.

Proof. If a is a finitely generated A-submodule of the quotient field of A, then let d € A denote
the product of the denominators of a set of generators. Then da C A. Conversely, suppose that a is
a fractional ideal and d € A is nonzero and satisfies da C A. Then da is an ideal of A, hence finitely

generated. Moreover, the multiplication-by-d map carries a isomorphically onto da. [l

Definition 2.1.5. Let A be a domain with quotient field K, and let a and b be fractional ideals of A.

a. Theinverse of ais a~! = {b € K | ba C A)}.
b. The product of a and b is the A-submodule of K generated by the set {ab | a € a,b € b}.
Remark 2.1.6. By definition, multiplication of fractional ideals is an associative (and commutative)

operation.
33
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Lemma 2.1.7. Let A be a domain, and let a and b be fractional ideals of A. Then a~!, a +b, ab, aNb
are fractional ideals of A as well.
Proof. Let K denote the quotient field of A. Let ¢,d € A be nonzero such that ca € A and db C A.
Thenc(aNnb) CA,cd(a+b) CA, and cdab C A.

Note that a~! is an A-submodule of K which is nonzero since there exists d € A with da C A in

that a is a fractional ideal. Let a € a be nonzero, and let e € A be its numerator in a representation

1

of a as a fraction, so e € a as well. For any ¢ € a™', we have ce € A by definition, so ea”l C A, and

therefore a~! is a fractional ideal. ]

Definition 2.1.8. We say that a fractional ideal a of a domain A is invertible if there exists a fractional
ideal b of A such that ab = A.

Lemma 2.1.9. A fractional ideal a of a domain A is invertible if and only if aa~! = A.

Proof. For the nonobvious direction, suppose that b is an ideal of A such that ab = A. Then we
must have b € a~! by definition of a=!'. On the other hand,

A=baCalacCA,
so we must have a~1a = A. ]

Example 2.1.10. Consider the maximal ideal (x,y) of Q[x,y]. If f € Q(x,y)* is such that fx €
QI[x,y] (resp., fy € QI[x,y]) then its denominator is a divisor of x (resp., y). Therefore (x,y)™! =
Q[x,y], and we have

(x,y) - (6, )71 = (x,y) # Qlx,y].

Thus, (x,y) is not invertible as a fractional ideal.

Definition 2.1.11. A principal fractional ideal of A is an A-submodule (a) generated by a nonzero
element a of the quotient field of A.

Lemma 2.1.12. Let a be a fractional ideal of a PID. Then a is principal.

Proof. There exists d € A such that da = (b) for some b € A. Then g € a and given any ¢ € q,
we have dc = ba for some a € A, so ¢ = ag. That is, a = (g). O]

Lemma 2.1.13. Let A be a domain, and let a be a nonzero element of its quotient field. Then (a) is

invertible, and (a)~! = (a7 1).

Proof. If x € (a)"!, thenxa = bforsome b € A, sox = ba™! € (a!). If x € (a”!), then
x = a~'b for some b € A. On other hand, any z € (a) has the form z = ya for some y € A, and we
have xz = a~'bya = by € A, so x € (a)~'. We then have

(@) (@)~ =(a)(@!) = (aa™!) = A,

completing the proof. ]
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2.2 Dedekind domains

Definition 2.2.1. A Dedekind domain is a Noetherian, integrally closed domain, every nonzero prime
ideal of which is maximal.

We have the following class of examples.

Lemma 2.2.2. Every PID is a Dedekind domain.

Proof. A PID is Noetherian, and it is a UFD, so it is integrally closed. Its nonzero prime ideals
are maximal, generated by its irreducible elements. [
Examples 2.2.3.

a. The ring Z is a Dedekind domain by Lemma 2.2.2, since Z is a PID.
b. If K is a field, then K[x] is a Dedekind domain, since K[x] is a PID.

Lemma 2.2.4. Let A be an integral domain, and let B be a commutative ring extension of A that is
integral over A. If b is an ideal of B that contains a nonzero element which is not a zero divisor, then

b N A is a nonzero ideal of A.

Proof. That b N A is an ideal is clear, so it suffices to show that b N A is nonzero. Let § € b be
nonzero and not a zero divisor. Then S is a root of some monic polynomial g € A[x]. Write g = x"f
for some nonzero f € A[x] with nonzero constant term. Since g € b, we have f(f) — f(0) € b, and
as f(B) = 0 given that g is not a zero divisor, we have f(0) € b. But f(0) # 0, so b has a nonzero
element. 0

The following proposition allows us to produce many more examples of Dedekind domains.

Proposition 2.2.5. Let A be an integral domain in which every nonzero prime ideal is maximal, and

let B be a domain that is an integral extension of A. Then every nonzero prime ideal in B is maximal.

Proof. Let P be a nonzero prime ideal in B, and let p = P N A. Note that ' = A/p is a field as p
is a nonzero (prime) ideal of A by Lemma 2.2.4. For 8 € B, let f € A[x] be a monic polynomial such
that 8 is aroot of f. Let f € F[x] denote the image of f under the natural quotient map A[x] — F[x].
Let B denote the image of 8 in B/P. Then f(B) is the image of f(B) = 0 in B/ so is itself 0. In
other words, f is algebraic over F. Thus, B/ = F[{B | B € B}] is a field. In other words, P is

maximal. O

Corollary 2.2.6. Let A be a Dedekind domain, and let B be the integral closure of A in a finite,
separable extension of the quotient field of A. Then B is a Dedekind domain.
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Proof. Note that B is a finitely generated A-module by Corollary 1.4.22. If b is an ideal of B,
then b is an A-submodule of B, and as A is Noetherian, it is therefore finitely generated. Thus, B is
Noetherian. That B is integrally closed is just Proposition 1.2.23. That every nonzero prime ideal in
A is maximal is Proposition 2.2.5. [

We have the following immediate corollary.

Corollary 2.2.7. The ring of integers of any number field is a Dedekind domain.

More examples of Dedekind domains can be produced as follows.

Proposition 2.2.8. Let A be a Dedekind domain, and let S be a multiplicatively closed subset of A.
Then S~'A is also a Dedekind domain.

Proof. Given an ideal b of S™1A, set a = A N b. Then a is an ideal of A, and b = S~ !a. It follows
that any set of generators of a as an ideal of A generates S~!a as an ideal of S~!'A. Hence S™'A is
Noetherian. If, moreover, b is a nonzero prime, then clearly a is as well, and a is maximal since A is
a Dedekind domain. Then S™1A/b = A/a is a field, so b is maximal as well.

Let K be the quotient field of A. Any a € K that is integral over S~! A satisfies a monic polynomial
f with coefficients in S™!A. Set n = degf. If d € S is the product of the denominators of these
coefficients, then d"'f (d~1x) € A[x] is monic with da € K as a root. Since A is integrally closed, we
have da € A, so a € S™'A. That is, S™'A is integrally closed. O

Lemma 2.2.9. Let A be a Noetherian domain, and let a be a nonzero ideal of A.

a. There exist k > 0 and nonzero prime ideals v, ..., p; of A such that py --- p; C a.

b. Suppose that every nonzero prime ideal of A is maximal. If vy, ..., py are as in part a and p is

a prime ideal of A containing a, then p = p; for some positive i < k.

Proof. Consider the set X of nonzero ideals of A for which the statement of the first part of the
lemma fails, and order X by inclusion. Suppose by way of contradiction that X is nonempty. Let C be
a chain in X. Either C has a maximal element or there exist a; € C fori > 1 with a; € a;,; for each
i. The latter is impossible as A is a Noetherian. By Zorn’s lemma, X contains a maximal element a.
Now a is not prime since it lies in X, so leta,b € A — a with ab € a. Then a + (a) and a + (b) both
properly contain a, so by maximality of a, there exist prime ideals py, ..., p; and qq,...,q; of A for
some k,/ > 0 such that p; ---px € a + (a) and q --- q; € a + (b). We then have

preprar - € (a+ (a))(a+ (b)) Ca,

a contradiction of a € X. This proves part a.
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Now, suppose that a is proper, and let p be a prime ideal containing a. Assume that every nonzero
prime ideal of A is maximal. If no p; equals p, then since p; is maximal, there exist b; € p; with b & p
foreach 1 < i < k. We then have b, ---b; ¢ p as p is prime, so by --- b, ¢ a, a contradiction. Hence
we have part b. [

Lemma 2.2.10. Let A be a Dedekind domain, and let p be a nonzero prime ideal of A. Then pp~! = A.

Proof. Leta € p be nonzero. Noting Lemma 2.2.9a, we let k > 1 be minimal such that there exist
nonzero prime ideals pq, ..., p; of A with p; - p; € (a). By Lemma 2.2.9b, we may without loss of
generality suppose that p;, = p. Let b € py --- p;_; be such that b ¢ (a). Then a~'b ¢ A, but we have

a'bp Calp, - p; CA,

which implies that a='b € p~!. Moreover, if p~!p = p, then a~!bp C p. Since p is finitely generated,
Proposition 1.2.4 tells us that a~!b is integral over A. But A is integrally closed, so we have a contra-
diction. That is, we must have p € p~!p C A, from which it follows that p~1p = A by maximality of
p. O

Theorem 2.2.11. Let A be a Dedekind domain, and let a be a fractional ideal of A. Then there exist
k > 0, distinct nonzero prime ideals pq, ..., py, unique up to ordering, and unique nonzero r; € 7. for

1 <i <k such that a = p? p,rck. Moreover, a is an ideal of A if and only if every r; is positive.

Proof. First suppose that a is a nonzero ideal of A. We work by induction on a nonnegative integer
m such that there are nonzero prime ideals q, ..., q,, of a (not necessarily distinct) with q; ---q,, C a,
which exists by Lemma 2.2.9a. If m = 0, then A C a, so a = A. For m > 1, we may suppose that a
is proper, so there exists a nonzero prime ideal p that contains a and p = ¢; for some i < m. Without
loss of generality, we take i = m. Then

a1 Qo1 S A a,p ! Capt CA

By induction, there exist nonzero prime ideals q’1 yeens qé of A for some ¢ < m such that ap~!

= o) )
The desired factorization is given by multiplying by p, applying Lemma 2.2.10, and gathering together
nondistinct primes.

In general, for a fractional ideal a, we let d € A be such that da € A. We write da = qq -+ q,, for
some m > 0 and prime ideals q; for 1 < i < m. We also write (d) = [, ---[,, for some n > 0 and prime

ideals [; for 1 < i < n. By Lemma 2.2.10, we then have
a = (d)—l(da) — [Il [I;lql Qe

If q; = [; for some i and j, then we may use Lemma 2.2.10 to remove q ,-[j‘l from the product. Hence
we have the desired factorization.
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Now suppose that

Sy

r S

— Tk _ [
=Py P =4
for some k, [ > 0, distinct primes pq, ..., py, distinct primes qy, ..., q;, nonzero ry, ..., ry, and nonzero

S1s.-s 8. If r; < 0 (resp., s; < 0) for some i, we multiply both sides by p;"’ (resp., qi_si) and obtain
an equality of two products that involve only integral ideals. So, we assume without loss of generality
that all r; and s; are positive. We may suppose that t = Zle r; is minimal among all factorizations of
a. If r = 0, then k = 0, and then / must be zero so that qil qf’ is non-proper. If ¢ is positive, then p;
contains a, so Lemma 2.2.9b tells us that p;, = q; for some 1 <7 < [. Multiplying both sides by p,:l,
the quantity ¢ is decreased by one. By induction, we have that the remaining terms are the same up to

reordering, hence the result. ]

Definition 2.2.12. We say that an ideal b of a commutative ring A divides an ideal a of A if there exists

an ideal ¢ of A such that a = bc. We write b | a to denote that b divides a.

Corollary 2.2.13. Let a and b be nonzero ideals in a Dedekind domain A.

a. The ideals a and b are not divisible by a common prime ideal if and only if a + b = A.

b. Suppose that a C b. Then b divides a.

Proof. For part a, note that if p | a and p | b for some prime ideal p, then p | (a +b),s0a +b # A.
On the other hand, if there is no such p, then a and b are not contained in any common maximal ideal
(since p divides a if and only if it occurs in its factorization), so a + b = A.

For part b, using Theorem 2.2.11, write a = py -+ p; (resp., b = qq -+ q;) for some nonzero prime
ideals p; (resp., q;) of A. Suppose without loss of generality that p; = q; for all 1 < i < 7 for some

nonnegative t < min(k, /) and that p; (resp., q;) does not occur in the factorization of b (resp., a) for
i > t. Then

b=a+b=q1 P P+ Qe 0) = a1y

the last step using part a. We therefore have t = [, so b divides a. ]

Definition 2.2.14. Let A be a Dedekind domain, and let a and b be ideals of A. The greatest common
divisor of a and b is a + b.

Remark 2.2.15. By Lemma 2.2.13, a + b contains and hence divides both a and b and is the smallest
ideal that does so. (The use of the word “greatest”, as opposed to “smallest”, is in analogy with greatest

common divisors of pairs of integers.)

Definition 2.2.16. Let A be a Dedekind domain. The set /(A) of fractional ideals of A is called the
ideal group of A.
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We have the following immediate corollary of Theorem 2.2.11.

Corollary 2.2.17. The ideal group 1(A) of a Dedekind domain A is a group under multiplication of

fractional ideals with identity A, the inverse of a € 1(A) being a=1.

Definition 2.2.18. Let A be a Dedekind domain. Then we let P(A) denote the set of its principal
fractional ideals. We refer to this as the principal ideal group.

Corollary 2.2.19. Let A be a Dedekind domain. The group P(A) is a subgroup of I (A).

Definition 2.2.20. The class group (or ideal class group) of a Dedekind domain A is CI(A) =
I(A)/P(A), the quotient of the ideal group by the principal ideal group.

Lemma 2.2.21. A Dedekind domain A is a PID if and only if C1(A) is trivial.

Proof. Every element of /(A) has the form ab~! where a and b are nonzero ideals of A. If A is a
PID, then both a and b are principal and, therefore, so is ab~1. On the other hand, if a is a nonzero
ideal of A with a = (a) for some a € K, then clearly a € A, so Cl(A) being trivial implies that A is a
PID. [l

Notation 2.2.22. Let K be a number field. We let I, Pg, and Clg denote the ideal group, principal
ideal group, and class group of O, respectively. We refer to these as the ideal group of K, the
principal ideal group of K, and the class group of K, respectively.

Example 2.2.23. Let K = Q(\/—_S). Then O = Z[\/—_S]. The ideal a« = (2,1 + \/—_5) is non-
principal. To see this, note that N, (2) = 4 and Ng (1 + \/—_5) = 6, so any generator x of a must
satisfy Ng g (x) € {+1, +2}. But

Ngjq(a+bV=5) = a® + 5p?

fora,b € 7, which forces x = +1. This would mean that a = Z[ \/—_5 ]. To see that this cannot happen,
define ¢ : Z[\/—_S] - Z./6Z by ¢(a+ b\/—_S) =a — bfora,b € Z. This is a ring homomorphism as

¢ ((a+bV=5)(c +dV-5)) = ¢(ac — 5bd + (ad + bc)V-5) = ac — 5bd — ad — be
=ac+bd—-ad —-bc =(a-b)(c-4d).

Moreover, ¢ (1 + \/—_5 ) = 0, so the kernel of ¢ contains (and is in fact equal to) (1 + \/—_5 ). Therefore,

¢ induces a surjection (in fact, isomorphism),
ZIV-51/a » Z/6Z/(2) - Z/22Z,

SO a # Z[\/—_S], and x does not exist. Therefore, CI 00 is nontrivial.
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We end with the following important theorem.

Theorem 2.2.24. A Dedekind domain is a UFD if and only if it is a PID.

Proof. We need only show that a Dedekind domain that is a UFD is a PID. Let A be such a
Dedekind domain. By Theorem 2.2.11, it suffices to show that each nonzero prime ideal p of A is
principal. Since p is prime and A is a UFD, any nonzero element of p is divisible by an irreducible

element in p. If 77 is such an element, then (s7) is maximal and contained in p, so p = (7). O

2.3 Discrete valuation rings

Definition 2.3.1. A discrete valuation ring, or DVR, is a principal ideal domain that has exactly one

nonzero prime ideal.

Lemma 2.3.2. The following are equivalent conditions on a principal ideal domain A.

i. Aisa DVR,
ii. A has a unique nonzero maximal ideal,
iii. A has a unique nonzero irreducible element up to associates.

Proof. This is a simple consequence of the fact that in a PID, every nonzero prime ideal is maximal

generated by any irreducible element it contains. ]

Definition 2.3.3. A uniformizer of a DVR is a generator of its maximal ideal.

Moreover, we have the following a priori weaker but in fact equivalent condition for a domain to
be a DVR.

Proposition 2.3.4. A domain A is a DVR if and only if it is a local Dedekind domain that is not a field.

Proof. A DVR is a PID, hence a Dedekind domain, and it is local by definition. Conversely,
suppose that A is Noetherian, integrally closed, and has a unique nonzero prime ideal p. We must
show that A is a PID. Since nonzero ideals factor uniquely as products of primes in A, every ideal of
A has the form p” for some n. In particular, p = () for any 7 € p — p2, and then p” = (77) for all
n. Therefore, A is a PID and hence a DVR. ]

Theorem 2.3.5. A Noetherian domain A is a Dedekind domain if and only if its localization at every

nonzero prime ideal is a DVR.
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Proof. We have seen in Proposition 2.2.8 that A, is a Dedekind domain for all nonzero prime
ideals p. By Proposition 2.3.4, each such localization is therefore a DVR.

Conversely, suppose A is a Noetherian integral domain such that A, is a DVR for every nonzero
prime ideal p. We can and do assume that A is not a field and consider the intersection B = (1) A,
over all nonzero prime ideals p of A, taken inside the quotient field K of A. Clearly, B contains A, and
if% € B for some c¢,d € A with d # 0, then we set

a={a€A|ac e (d)}.

By definition of B, we may write 5 = { withr € Aand s € A-p, and we see that sc = rd, sos € a. In
other words, we have a € p for all prime ideals p of A, which forces a = A. This implies that ¢ € (d),
s0 5 € A

Next, suppose that q is a nonzero prime ideal of A, and let m be a maximal ideal containing it.
Then gA,, is a nonzero prime ideal of A,,, which is a DVR, so ¢A,, = mA,,. Since q and m are prime
ideals contained in m, we therefore have

9=ANgA, =AnNnmA, =m.

Thus, every nonzero prime ideal is maximal.

Finally, each A, is integrally closed in K by Corollary 1.2.20, and then the intersection A is as well,
since any element of K that is integral over A is integral over each A, hence contained in each A,.
That is, A satisfies the conditions in the definition of a Dedekind domain. L]

To make some sense of the name “discrete valuation ring”, we define the notion of a discrete
valuation. For this purpose, we adjoin an element oo to Z which is considered larger than any element

of Z,and we set x + y = oo if x,y € Z U {oco} and either x or y equals co.

Definition 2.3.6. Let K be a field. A discrete valuation on K is a surjective map v: K — Z U {co}
such that

i. v(a) = oo ifand only a = 0,
ii. v(ab) = v(a) + v(b), and
iii. v(a + b) = min(v(a),v(b))

foralla,b € K.

Definition 2.3.7. If v is a discrete valuation on a field K, then the quantity v(a) for a € K is said to

be the valuation of a with respect to v.

The following are standard examples of discrete valuations.
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Example 2.3.8. Let p be a prime number. Then the p-adic valuation v,, on Q is defined by v,,(0) = oo
and v,(a) = rfora € Q*if a = p"a’ for some r € Z and @’ € Q* such that p divides neither the

numerator nor denominator of a’ in reduced form.

Example 2.3.9. Let F be a field, and consider the function field F(¢). The valuation at co on F(t) is
defined by voo(%) =degh — deg g for g, h € F[t] with h # 0, taking deg(0 = —oco.

More generally, we have the following.

Definition 2.3.10. Let A be a Dedekind domain with quotient field K, and let p be a nonzero prime
ideal of A. The p-adic valuation v, on K is defined on a € K* as the unique integer such that (a) =

p"7@pc1 for some nonzero ideals b and ¢ of A that are not divisible by p.

Example 2.3.11. For the valuation at co on F(¢), where F is a field, we may take A = K [+~1] and
p = (t~1). Then the valuation v, on F(¢) is the (z~1)-adic valuation. To see this, note that for nonzero
g,h € F[t], one has

& — (l‘_l )degh—degg—
h(t) H(t™ 1)’

where G(t~!) = t~9€8g(¢) and H(+™') = +~98"(¢) are polynomials in ~! which have nonzero

constant term.

Lemma 2.3.12. Let A be a Dedekind domain with quotient field K, and let p be a prime ideal of A.

The p-adic valuation on K is a discrete valuation.

Proof. Let a,b € K be nonzero (without loss of generality). Write (a) = p”a and (b) = p®b for
r =v,(a) and s = v, (b) and fractional ideals a and b of A. Note that (ab) = p""*ab, so vp(ab) =r+s.
We have

(a + b) — pra + psb — pmin(r,s)(pr—min(r,s)a + ps—min(r,s)b),

SO

v,(a+b) = min(r,s) + v, (p" M08 q 4 ps~MINrS) ) > min(r, s).
O
Lemma 2.3.13. Let v be a discrete valuation on a field K. Then we have v(—a) = v(a) for all a € K.
Proof. Note that 2v(—1) = v(1) = 0, so we have v(—-a) = v(-1) + v(a) = v(a). O]

Lemma 2.3.14.
v(a + b) = min(v(a),v(b))

forall a,b € K withv(a) # v(b).
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Proof. If v(a) < v(b), then

v(a) =v((a +b) — b) > min(v(a + b),v(b)) = min(v(a),v(b)) = v(a),
so we have v(a) = min(v(a + b), v(b)), which forces v(a + b) = v(a). O]
Definition 2.3.15. Let K be a field, and let v be a discrete valuation on K. Then
O, ={aeK|v(a) =0}
is called the valuation ring of v.

Lemma 2.3.16. Let K be a field, and let v be a discrete valuation on K. Then O, is a DVR with
maximal ideal
m,={aeK|v(a) > 1}.

Proof. That @, is a ring follows from the fact that if a,b € @, then v(ab) = v(a) + v(b) = 0,
v(—a) = v(a) = 0, and v(a + b) = min(v(a),v(b)) = 0. Fora € @, and x,y € m,, we have
v(x +y) = min(v(x),v(y)) = 1 and v(ax) = v(a) + v(x) > 1, so m,, is an ideal. It is also the unique
maximal ideal: givena € @, — m,,, we have via) =v(a) +v@!) =v(l) =0,s0a € O©%. Given
an ideal a of @, let a € a be an element of minimal valuation n. Let 7 € @, with v(s1) = 1, and
write a = 7" u for some u € O3. Thenv(u) = 0,sou € O3. Therefore, (7)) C a. On the other hand,
since n is minimal, we have a C (77""), and therefore a is a principal. By Lemma 2.3.2, we conclude
that @, is a DVR. [

Example 2.3.17. In Q, we have

{% la,b e Zsuchthatp*b}.

2.4 Orders

In this section, we investigate rings that would be Dedekind domains but for the removal of the hy-
pothesis of integral closedness. The following definition is perhaps nonstandard outside of the context

of number fields, but it works well for our purposes.

Definition 2.4.1. A Noetherian domain R in which every nonzero prime ideal is maximal is called
is called an order. For a Dedekind domain A, an order in A is an order contained in A with integral
closure A in its quotient field.



44 CHAPTER 2. DEDEKIND DOMAINS

By Lemma 2.2.5, we have the following.

Lemma 2.4.2. Let R be an order, and let B be an integral extension of R that is a domain and finitely

generated as an R-algebra. Then B is an order.

We omit the proof of the following theorem.

Theorem 2.4.3 (Krull-Akizuki). If A is a Noetherian domain in which every nonzero prime ideal is
maximal and L is finite extension of the quotient field K of A, then every subring B of L containing A is
also a Noetherian domain in which every nonzero prime ideal is maximal. Moreover, for any nonzero

ideal b of R, the quotient ring B/bB is a finitely generated A-module.

The following corollary generalizes Theorem 2.2.6 by both by removing the condition of separa-

bility of the extension and by removing the condition that the ground ring be integrally closed.

Corollary 2.4.4. Let A be an order, let K denote the quotient field of A, let L be a finite extension of
K, and let B be the integral closure of A in L. Then B is a Dedekind domain.

Definition 2.4.5. Let R be an order, and let A be the integral closure of R in its quotient field. The
conductor of R is the ideal f of A defined by

fr={a€A|aA CR}.

Remark 2.4.6. The conductor of R is the largest ideal of A that is contained in R. In particular, it is
also an ideal of R.

Lemma 2.4.7. Let R be an order, and let A be the integral closure of R in its quotient field. Then A is

a finitely generated R-module if and only if the conductor of R is nonzero.

Proof. Let {a,,...,a,,} be a set of generators of A as an R-module, and for eachi < m, let r; €
R — {0} be such that r;a; € R. Note that r; exists as A is contained in the quotient field of R. Then
r =ry - r, is anonzero element of fg.

Conversely, let r € fp be nonzero. Then multiplication by 7 is an R-module isomorphism from A

to an ideal of R, which is finitely generated as R is noetherian. ]

Example 2.4.8. The conductor of Z[\/E] as a subring of © WD) is (1) ifd = 2,3 mod 4 and (2) if
d = 1 mod 4.

Lemma 2.4.9. Let A be a Dedekind domain with quotient field K. Let L be a finite separable extension
of K, and let B be the integral closure of A in K. Suppose that L = K (a) for some a € B. Then Al a]
is an order in B, and D(1, a, ..., a!F K171y € f 41 1.
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Proof. This is a direct consequence of Proposition 1.4.20. [

Proposition 2.4.10. Let R be an order, and let p be a nonzero prime ideal of R. Let A denote the
integral closure of R in its quotient field. Suppose that the conductor fg is nonzero. Then p does not
contain f g if and only if R, is a DVR. In this case, pA is a prime ideal and the inclusion map R, - A4

is an isomorphism.

Proof. First, suppose that fg & p, and let x € fg with x ¢ p. We have that xA C R and x € R},
soA C R,. Let g = A n pR,, which is a prime ideal of A containing p. We must then have p = q N R,
since g N R is a prime ideal of R. Note that R, C A,. On the other hand, if % € A, forsomea € A
and s € A — q, then note that xa € Rand xs & p, so 5 € R, as well. Thus, R, = A, is a DVR by
Proposition 2.3.4.

We claim that ¢ = pA. Clearly, q occurs in the factorization of pA, and if any other prime ideal
q” occurred in said factorization, then Aq/ would contain R, = A, contradicting the fact that q’ is
maximal. So pA = q¢ for some e > 1, but pR, = pA; = q°A, is the maximal ideal of R, = A, so it
equals qu, which forces e = 1.

Conversely, suppose that R, is a DVR, hence integrally closed. Since A is integral over R, every
element of A is integral over the larger ring R,,. In other words, we have that A C R,. Note that this
also implies that p = pA N R since p = pR, N R 2 pA N R, while the other containment is immediate.
Let {ay,...,a,} be a set of generators of A as an R-module, and write a; = i—: for some y; € R and
si€ R—pforeachl <i <n.Lets =s,-5,. Thensa; € R foreach i, so s € fi. Since s € R — p,
we have that fg € p. O

Let us focus now on the setting of number fields. The following is immediate from the definition

of integral closure.

Lemma 2.4.11. Every subring of a number field K that is finitely generated as an abelian group is

contained in O .

We note the following.

Lemma 2.4.12. A subring of K is an order in O g if and only if it is finitely generated of rank [K : Q]
as a Z.-module.

Proof. Let R be a finitely generated Z-submodule of K of rank [K : Q]. That R is an order is an
immediate corollary of Lemma 2.4.2. On the other hand, if R is an order in O g, then its quotient field
is K, so its rank as a Z-module is [K : Q]. O

Remark 2.4.13. The ring of integers of a number field K is often referred to as the maximal order of
K.
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Along with the notion of conductor, we also have a notion of discriminant of an order in a number
field.

Definition 2.4.14. Let K be a number field, and let R be an order in O g. The discriminant disc(R) of
R is the discriminant of R relative to a basis of R as a Z-module.

Remark 2.4.15. That the discriminant of R is well-defined follows by the same argument as in Propo-
sition 1.4.25.

The following is a consequence of Lemma 1.4.6 and the fact that a Z-linear transformation that
carries one subgroup of rank » in an n-dimensional Q-vector space to another in which it is contained

has determinant equal to the index of the first subgroup in the second.
Lemma 2.4.16. Let R be an order in O for a number field K. Then

disc(R) = [Ok : R]?disc(Ok).

Corollary 2.4.17. Let K be a number field and R be an order in its ring of integers. If disc(R) is a
square-free integer, then R = O g.

Lemma 2.4.18. Let K be a number field, and let R be an order in Q. Then the prime numbers
dividing [O g : R] are exactly those that divide the unique positive generator of fp N Z.

Proof. Let f > 1 be such that (f) = fp N Z. Since f - O C R, we have that f is a multiple
of the exponent of @ /R. On the other hand, suppose that some prime number p divides f but not
[Ok : R]. Since p | f, there exists a nonzero prime ideal p of O g with p N O = pZ that divides fg.

Let g = p~!fg, which is an ideal of @ . Since multiplication by p is invertible on © g /R, we have
§(Ok/R) = pg(Ok/R) = (pp~")fr(Ok/R) = 0.

In other words, we have ¢©@ g C R. But fg C g, which is a contradiction. [l

2.5 Ramification of primes

The integral closure B of a Dedekind domain A in a finite extension L of its quotient field K is also
a Dedekind domain. If p is a nonzero prime ideal of A, then we can consider the ideal pB of B. This

ideal may no longer be prime. Instead, it has a factorization

pB = PSPt (2.5.1)

for some distinct nonzero prime ideals P); of B and positive integers e;, for 1 <i < g for some g > 1.
We make the following definitions.
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Definition 2.5.1. Let B/A be an extension of commutative rings. We say that a prime ideal P of B
lies over (or above) a prime ideal p of A if p = P N A. We then say that p lies under (or below) Y.

In (2.5.1), the prime ideals of B lying over p are exactly the P; for 1 <i < g.

Definition 2.5.2. Let A be a Dedekind domain, and let B be the integral closure of A in a finite extension
L of the quotient field K of A. Let p be a nonzero prime ideal of A.
a. We say that p ramifies (or is ramified) in L/K if pB is divisible by the square of a prime ideal

of B. Otherwise, it is said to be unramified.
b. We say that p is inert in L/K if pB is a prime ideal.

c. We say that p is split in L/K if there exist two distinct prime ideals of B lying over p. Otherwise,

p is non-split.

It follows directly that p is ramified in L/K if some e; in (2.5.1) is at least 2. On the other hand,
p is inert in L/K if there is exactly one prime ideal of B lying over p and its ramification index is 1,
which is to say that g = 1 and e; = 1 in (2.5.1). Finally, p is splitin L/K if g > 1.

Example 2.5.3. LetA = Z and L = Q(\/E). The integral closure of Ain Lis B = O = Z[\/E]. The
prime p = (2) ramifies in Q(\/E)/Q, since

2Z V2] = (V2)2.

Moreover, P = (\/5) is a prime ideal of Z[\/E], since Z[ﬁ]/(ﬁ) = 7/./27. via the map that takes
a+ b\/i to a mod 2. Therefore, p is ramified and non-split.

Next, consider the prime ideal (3) of Z. We have Z[\/E]/(3) = IF3[\/§] = [Fg, so (3) is inert in
Q( \/5)/ Q. On the other hand, the prime factorization of 77 \/E] is exactly

TZ[V2] = G +V2)(3 - V2),

since Z[\/E]/(?) + \/5) is isomorphic to Z. /77, via the map that takes a + b\/§ to a ¥ 3b. That is, (7)
splits in Q(\E)/Q.

Definition 2.5.4. Let A be a Dedekind domain, and let p be a nonzero prime ideal of A. The residue
field of pis A/p.

Remark 2.5.5. Let A be a Dedekind domain, and let B be the integral closure of A in a finite extension
L the quotient field K of A. Let p be a nonzero prime ideal of A, and let P be a prime ideal of L lying
over K. Then B/ Y is a field extension of A/p via the natural map induced on quotients by the inclusion
A< B
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Definition 2.5.6. Let A be a Dedekind domain, and let B be the integral closure of A in a finite extension
L of the quotient field K of A. Let p be a nonzero prime ideal of A, and let P be a prime ideal of B
lying over p.

a. The ramification index ey, of P over p is the largest e > 1 such that P¢ divides pB.

b. The residue degree fy,, of a prime ideal of P lying over p is [B/P : A/p].

Remark 2.5.7. It follows quickly from the definitions that ramification indices and residue degrees
are multiplicative in extensions. That is, if A € B C C are Dedekind domains with the quotient field
of C a finite extension of that of A and P is a prime ideal of C lying over P of B and p of A, then

epsy = eppepyy and  fy 0 = fy,pfpy-

Example 2.5.8. In Example 2.5.3, the residue degree of (\/E) over 27 is 1, the residue degree of
3Z[\/§] over 37 is 2, and the residue degrees of (3 + \/5) over 77 are each 1. The ramification

indices are 2, 1, and 1, repsectively.

We shall require the following lemmas.

Lemma 2.5.9. Let p be a nonzero prime ideal in a Dedekind domain A. For eachi > 0, the A/ p-vector
space p'/p

+1 js one-dimensional.

Proof. Letx € p/ —pi*! for some i > 0. (Such an element exists by unique factorization of ideals.)
We need only show that the image of x spans p?/p’*!. For this, note that (x) = p’a for some nonzero
ideal of A not divisible by p. Then

(x) + ph = pli(a+p) = p,
the last step by the Chinese remainder theorem. [

Lemma 2.5.10. Let A be a Dedekind domain and P be a set of nonzero prime ideals of A. Let S a
multiplicatively closed subset of A such that S n'p = @ for all p € P. Let a be a nonzero ideal of A
that is divisible only by prime ideals in P. Then the natural map

Ala > S71A/57a
is an isomorphism.

Proof. Suppose that b € S~1a N A, and write b = £ for some a € a and s € S. Then a = bs, and
since a divides (a) while (s) is relatively prime to a, we must have that a divides (). In other words,
b € a, and therefore the map is injective. Given c € A and ¢ € S, the ideals (¢) and a have no common
prime factor, so in that A is a Dedekind domain, satisfy (¢) + a = A. Thus, there exists u € A such that
ut — 1 € a. Then cu + a maps to < + S~!a, so the map is surjective. [
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The ramification indices and residue degrees of the primes over p satisfy the following degree
formula.

Theorem 2.5.11. Let A be a Dedekind domain, and let B be the integral closure of A in a finite
separable extension L the quotient field K of A. Let p be a nonzero prime ideal of A, and write

pB = P Pyt

for some distinct nonzero prime ideals V; of B and positive integers e;, for 1 <i < g and some g > 1.

For each i, let f; =f1,i/p. Then
g

Y efi=[L: K]

i=1

Proof. We prove that dim, ,, B/pB equals both quantities in the desired equality. By the Chinese
remainder theorem, we have a canonical isomorphism

g
B/vB = [ | B/¥;".
i=1

of A/p-vector spaces, so

el-—l

g 8 . .
dimy, B/pB =) dimy, B/D{ =) > dimy, /P
i=1

i=1 j=0
By Lemma 2.5.9, each vf / (Dé:” is a 1-dimensional B/Y;-vector space, and we therefore have

g g
dimy,, B/pB = Zl e;dimy ,, B/D; = Zl eif;.
Let S denote the complement of p in A. Then S™'A = A, and S~1B are Dedekind domains, and
A, is a DVR, hence a PID. Moreover, S ~1B is the integral closure of A, in L, being both integrally
closed and contained in said integral closure. Thus, Corollary 1.4.24 tells us that S™!B is free of rank
[L : K] over A,. In particular, S~!B/pS~!Bis an [L : K]-dimensional A, /vA,-vector space. On the
other hand, note that
SNP,=SNAnP;=Snp=0

foreach 1 <i < g. Therefore, Lemma 2.5.10 tells us that
S~'B/pS~'B = B/pB

and A,/pA, = A/p. We thus have that dim,,, B/pB = [L : K], as required. [l
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In other words, Theorem 2.5.11 tells us that the sum over all primes lying over p of the products
of their ramification indices with their residue degrees equals the degree of the field extension L/K.

The following theorem provides a very useful method for determining prime factorizations in
extensions of Dedekind domains.

Theorem 2.5.12 (Kummer-Dedekind). Let A be a Dedekind domain, let K be the field of fractions of
A, let L be a finite separable extension of K, and let B be the integral closure of A in L. Write L = K(a)
for some a € B. Let p be a nonzero prime ideal of A such that pB is prime 10 f4[,). Let h € A[x] be
the minimal polynomial of a, and let h € (A/p)|[x] be its reduction modulo p. Write

— ~e

h=hi'hg

where the h; € (A/p)[x] are distinct nonconstant, irreducible polynomials and the e; are positive

integers for 1 < i < g, for some g > 1. Let h; € A[x] be any lift of h;. Then the ideals
P; =pB+ (h(a))

of B are distinct prime ideals over p of ramification index e; and residue degree deg h;. In particular,

we have the prime factorization pB = %‘i‘ Q}:,g .
Proof. Set F = A/p. The canonical composite map
Alx] - F[x] > F[x]/(h)

has kernel pA[x] + (h), and
Al[x]/(pAlx] + (h)) = Ala]/pAla]

by the third isomorphism theorem. Combining this with the Chinese remainder theorem, we have
g
Alal/pAla] = Flx]/(h) = [ | FIx]/(B).
i=1

Set P; = pAla] + (h;(a)). We claim that Pf" is the kernel of the surjective map
¢;: Alal - Fx]/(h;").
By definition, the P; are distinct and coprime, and we have

Alal/P; = Flx]/(hy),

so A[a]/P; is a field extension of F of degree deg h;, which is to say that P; is maximal. The image of
i ~!is notin the kernel of ¢ so P;’ is the smallest power of P; contained in ker ¢;, which is contained

in P;. In that P; is maximal, we have

Alal/P¢ = Alalp, /PSiALalp.
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Note that A[«] is an order by Lemma 2.4.2. The prime ideal P; = P; N A[«] is relatively
prime to f4,] € Ala] as P, does not divide f4(,; in B. Thus, we have thatA[a]Pl_ is a DVR by
Proposition 2.4.10. So, the only ideals of A[a]/P{" are P"/P; for 0 < m < e;. The kernel of

Ala] /Pf" - Flx]/ (E?) can then only be zero, which means that ker ¢; = Pff , as claimed.

Since the product of the induced maps

g g

[TALal/P{ = [ FLxl/ (")

i=1 i=1

is injective, we have pA[a] = Pil ---P;g , and then by definition, we have pB = ”,071 ‘D;g as well.
Proposition 2.4.10 tells us that each P; is prime, By = Ap , and P; = P; n A[a]. In particular, the
P; are distinct, and as they are the only primes occuring in the factorization of pB, they are the only
primes of B lying over p. Since B/Y; = F[x]/(h;), the residue degree of Y, is deg /;, and by the
factorization of pB, the ramification index of P; over p is e;. O

Example 2.5.13. Let h(x) = x> + x + 1 € Z[x]. Note that it is irreducible in Q[x] since it is monic
with no integral roots (or since it has no roots modulo 2). Let L = Q(«a) for a root & of F in C. Then
Z[a] is integral over Z and has discriminant —31 (which of course one should check), so must be the
ring of integers of L. Since 4(0) and A(1) are both odd, &(x) remains irreducible modulo (2), so (2)
is inert in L/Q. On the other hand,

h(x) = x2+x—1)(x = 1) mod 3,

S0
3Z[a]l =P P2

where P, = (3, a? + a — 1) has residue degree 2 and P, = (3, a — 1) has residue degree 1.

Corollary 2.5.14. Let p be an odd prime number, and let a € 7, be square-free and not divisible by
p. Then a is a square modulo p if and only if (p) splits in Q(Va).

Proof. Since the conductor of Z[Va] divides (2), Theorem 2.5.12 applies. We may therefore
determine the decomposition of (p) in O g 4 via the factorization of x? — a modulo p. Since p does
not divide a, the polynomial x2 — a is not a square modulo p. Therefore, (p) will split if and only if
the polynomial splits, which is to say exactly when a is a square modulo p. ]

Proposition 2.5.15. Let A be a Dedekind domain, let K be the field of fractions of A, let L be a finite
separable extension of K, and let B be the integral closure of A in L. Write L = K (a) for some a € B.
If a nonzero prime ideal of A is ramified in B, then it divides D(1, a, ..., ¢!L*K1=1),
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Proof. Let f € A[x] be the minimal polynomial of «. Let p be a nonzero prime ideal of A such
that pB is relatively prime to f4(,;. By Theorem 2.5.12, the prime p is ramified in B if and only if the
reduction f € (A/p)[x] is divisible by the square of an irreducible polynomial. For this to occur, f
would have to have a multiple root in any algebraic closure of A/p. By Proposition 1.4.13, this means
that D(1, a, ..., a!&ZK1=1)y = 0 mod p.

Finally, note that f 4, divides D(1, a, ..., alLK1-1)

€ A by Lemma 2.4.9, so any prime p of A for
which pB is not relatively prime to f 4, divides D(1, a, ..., alLK]-1) ]

Corollary 2.5.16. Let A be a Dedekind domain and B the integral closure of A in a finite separable
extension of the quotient field of A. Then only finitely many prime ideals of A are ramified in B.

The following is also useful.

Lemma 2.5.17. Let A be a Dedekind domain, K its quotient field, L a finite separable extension of K,
and B the integral closure in K. Let b € B. Every nonzero prime ideal of B dividing bB lies above a
prime ideal of A dividing Ny, (b)A. Conversely, every prime ideal of A dividing Ny, (b)A lies below
a prime ideal of B dividing bB.

Proof. If P divides (), then Ny kb € p = P N A, so p divides (Ny xb). Conversely, if no prime
over p divides b, then for any field embedding ¢ of L in an algebraic closure of K fixing L, no prime
over p in ¢ (B) divides (o (b)). But then no prime over p in the integral closure C of B in the Galois
closure of L divides (N, g (b)), which is to say the ideal generated by the product of the elements
o (D). Hence p cannot divide (N k(b)) either. O]

We have the following immediate corollary.

Corollary 2.5.18. Let A be a Dedekind domain, K its quotient field, L a finite separable extension of
K, and B the integral closure in K. An element b € B is a unit if and only if Ny ;x (b) € A*.

2.6 Decomposition groups

Throughout this section, we let A be a Dedekind domain with quotient field K. We let L be a finite

Galois extension of K, and we let B denote the integral closure of A in L. Moreover, set G = Gal(L/K).
Terminology 2.6.1. We frequently refer to a nonzero prime ideal of a Dedekind domain as a prime.
Definition 2.6.2. A conjugate of a prime P of B is () for some o € G.

Lemma 2.6.3. Let p be a prime of A, and let P be a prime of B lying over p. Then any conjugate of P

is also a prime of B lying over p.
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Proof. Since any o € G is an automorphism, P is an ideal. The rest is simply that

c(P)nA=0a(PNnA)=o(p)=rp.

Clearly, we have an action of the group G on the set of primes of B lying over a prime p of A.

Proposition 2.6.4. The action of G on the set of primes of B lying over a prime p of A is transitive.

Proof. Let P and © be primes of B lying over p. Suppose by way of contradiction that Q is not
a conjugate of P). By the Chinese Remainder Theorem, we may choose b € B such that b € Q but
b = 1 mod o(P) for all ¢ € G. The latter condition may be rewritten as o(b) = 1 mod P for all
o € G. Thena = Ny k(b) € p since b € Q, but

a= na(b)zlmod‘b.

oeG

Since a € A, this tells us that « = 1 mod p, which is a contradiction. O

Definition 2.6.5. Let P be a prime of B. The decomposition group Gy, of P is the stabilizer of P under
the action of G. That is,

Gy={oceGla(P) =D

Corollary 2.6.6. Let p be prime of A, and let V) be a prime of B lying over p. Then there is a bijection
G/Gy » {Q primeof B| Q N B = p}
that takes a left coset 0 Gy to 0 (Q).

Proposition 2.6.7. Let P be a prime of B lying over a prime p of A, and let 0 € G. Then e, y);, = €y,
and fo )1y = fo/p-

Proof. Let S be a set of Gy-coset representatives of G/Gy. By Corollary 2.6.6, we have
pB = l—[ (aP)omirn,
(=N
Since T € G acts trivially on p, we have that T (pB) = pt(B) = pB. We therefore have
B =1(pB) = [[ (o)~ o,
oges

By unique factorization of ideals in E, this forces all e, (4, for o € G to be equal.
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Moreover, any o € G restricts to an isomorphism ¢: B — B (since for g € B, the element o ()

has the same monic minimal polynomial over K) that fixes A. It then induces an isomorphism

o:B/Y — B/o(D)

of residue fields fixing the subfield A/p. In particular, this is an isomorphism of A/p-vector spaces,
so all f,; (y),, are equal. ]

Remark 2.6.8. For L/K Galois, and P lying over p, we often set e, = ey, and f, = fy -

Corollary 2.6.9. Let p be a prime of A, and let P be a prime of B lying above p. Set e = ey, f = fy )y
and g = [G : Gy]. Then

g
pB =[] (o; M)
i=1

Jor{oy, -, 04} aset of Gy-coset representatives of G|/Gy. Moreover, we have

efg = [L:K].

Lemma 2.6.10. Let P be a prime of B. Let 0 € G. Then

GO’(ZD) = O'GrDO'_l.

Proof. Since G is finite, it suffices to show one containment. Let T € Gy. Then we have
ool (oP) =o(zP) =0,

sootol e Gﬂ,, as needed. L]

Corollary 2.6.11. Suppose that L/K is an abelian extension and Y is a prime of B. Then G, () = Gy
forall o € G.

Remark 2.6.12. One often writes G, for the decomposition group of a prime P of B lying above a
prime p of A, and this is independent of the choice of P if L/K is abelian.

Lemma 2.6.13. Let p be a prime of A, and let P be a prime of B lying above p. Let E be the fixed
field of Gy, and let C be the integral closure of A in E. Then P is the only prime of B lying above
P=Cn (p, andep/p :fP/p =1.
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Proof. Since Gy fixes P and the action of Gy on the primes of B lying above P is transitive, P is
the unique prime over P. Note that ey, > ey, p and fy,, = fyy,p. We have ey, pfyy,p = [L : E], while
the number of primes g above p in L equals [E : K], so ey, pfy,pg = [L : K]. On the other hand,
Corollary 2.6.9 tells us that ey,,fy,,& = [L : K], so we must have ey, = ey,p and fy,, = fy,p. In
other words ep,, = fp,, = 1. [

Proposition 2.6.14. Let p be a prime of A, and let V) be a prime of B lying over p. Then the extension
B/Y of A/p is normal, and the map

my: Gy = Gal((B/P)/(A/p))
with wy(0) (b + D) = a(b) + P for o € Gy is a well-defined, surjective homomorphism.

Proof. Let a € B, and let a denote its image in B/ ). Let f € A[x] be the minimal polynomial for
a over K, and let f be its image in (A/p)[x]. Clearly, @ € B/ is aroot of f. Since f splits completely
over L, with roots in B, its reduction f splits completely over B/P. Since the minimal polynomial of
a divides f, we have that B/ is a normal extension of A/p.

Leto € Gy, andletb,c € B. If b+ P = c+ P, thenb — c € P. Since o(P) = P, we have that
o(b—c) e Paswell,so gy (0)(b+P) = my(0o)(c+ P). The image (o) is also easily seen to be
a field isomorphism by such computations as

obc) +P=0bc+P)=0c((b+P)(c+ D)) =(a(b)+P)(a(c)+P)

for any b, c € P, and it clearly fixes A/p. That 4 is a homomorphism is similarly easily checked.

It remains to show surjectivity. Let o be an automorphism of B/Y fixing A/p. Let E be the fixed
field of Gy, let C be the integral closure of A in E, and let P = Cn'P. Suppose that 6 € B/ generates
the maximal separable subextension of B/P over A/p = C/P. Let 8 € B be alift of 6. Let g € C[x]
be the minimal polynomial of 6, let g be its reduction modulo P, and let 2 € (A/p)[x] be the minimal
polynomial of . Since & () is also a root of h, it is a root of g, and therefore there exists a root 6’
of g such that 6’ reduces to G(0). Let 0 € Gy, be such that o(0) = ’. Then 74(0)(8) = 6(6), so
my(0) = o by choice of 6. O]

Definition 2.6.15. Let P be a prime of B. The inertia group Iy of P is the kernel of the map Gy -
Gal((B/P)/(A/p)).

Corollary 2.6.16. Let p be a prime of K and V) a prime of B lying over p. Then there is an exact
sequence of groups
Jar
1= Iy > Gy — Gal((B/P)/(A/p)) - 1.
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Remark 2.6.17. The inertia group is a normal subgroup of the decomposition group of a prime. If
the corresponding extension of residue fields is separable, then its order is the ramification index of

the prime.

Example 2.6.18. Let L = Q(w, 3\/5), where w is a primitive cube root of 1. Let K = Q(w). Let
G = Gal(L/Q) and N = Gal(L/K). Note that

3 3[A\2y 3[A\2y _ A —
D(1,32, 32) >—NQ(%/Q<3<\E> ) =27-4 =108,

so 2 and 3 are the only primes that can divide the conductor of Z[3\/§] (which is in fact the ring of
integers of Q (3\/5), though we shall not use this).

* The prime 2 is inert in K/Q and ramifies in L/K; the decomposition is 20; = (3\/5)3. We
therefore have G(%) =G and 1(3‘5) =N.

* The prime 3 is totally ramified in L/Q. To see this, note first that it ramifies as 30k = (1 — w)?>
in K. Moreover, Ny g (1 + 3\/5) =3, while 1 + VE is congruent to its conjugates modulo (1 — w).
This tells us that 30, = P° for

1l-w
1>=<1+3ﬁ,1—w>=( )
1+§/§

Then Gv = Irp =G.

The prime 5 is inert in K/Q and splits in L/K: for the latter, we may apply the Kummer-Dedekind
criterion, noting that 33 = 2 mod 5, so x> — 2 splits completely over the residue field F,5 of K at (5).
We then have 5O; = 99,95 for primes

Q, = (50" 132-3)

with Gy, = Gal(L/E;), where E; = Q(w~132) for 1 < i < 3. We have 50, = q19, where 9 lies
over q; = (5, 3\/5 —3) and 9, and Q3 lie over q, = (5, (3\/5)2 + 33\/5 + 4), which havefql/(5) =1and
Josis) =2

Terminology 2.6.19. If K is a number field, then we often refer to a nonzero prime ideal of O as a
prime of K.

Definition 2.6.20. Let K be a number field and a be a nonzero ideal in @ g. The absolute norm of a
is the integer Na = [Ok : a].

Remark 2.6.21. If p is a prime in the ring of integers of a number field K lying above pZ, then
Np = p/, where f is the residue degree of p over pZ.
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Remark 2.6.22. The absolute norm extends to a homomorphism N: I — Q* with N(ab™!) =
Na - (Nb)~! for any nonzero ideals a and b of O .

For number fields, the residue fields of primes are finite. Recall that the Frobenius element ¢ €
Gal(IFqn/IFq) for g a power of a prime and n > 1 is defined by ¢(x) = x4 for all x € IFq. That
is, we have canonical generators of Galois groups of extensions of residue fields. Since the map of

Proposition 2.6.14 is surjective, these lift to elements of decomposition groups.

Definition 2.6.23. Let L/K be a finite Galois extension of number fields with G = Gal(L/K). Let
p be a prime of K and P a prime of L lying over p. A Frobenius element of Gy is an automorphism
@y € Gy satisfying

ppla) = a™* mod P

forall a € Oy.

Remark 2.6.24. If p is unramified in L/K, then ¢ is unique given a choice of P. If, in addition, L/K
is abelian, then ¢4 is independent of the choice of P.
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Chapter 3

Applications

3.1 Cyclotomic fields

Let n be a positive integer.

Notation 3.1.1. Let n be a positive integer and K a field. The group y,,(K) will denote the group of

nth roots of unity in K.

Remark 3.1.2. Let n be a positive integer and K a field of characteristic not divisible by n. The group
1, to denote the group of nth roots of unity in an algebraic closure of K, fixed beforehand. This group

always has order n.

Example 3.1.3. Let ¢ and p be prime numbers.

a. The group ((F ) of €th roots of unity in an algebraic closure of F, has order ¢ for ¢ # p and
is trivial if € = p.

b. The group uo(F)) is p, for € dividing p — 1 and 1 for all other .

Notation 3.1.4. Let K be a field and L be an extension of K. If S is a set of elements of L, then the
field K (S) is the subfield of L given by adjoining to K all elements of S.

Definition 3.1.5. The field Q(y,,) is the nth cyclotomic field.

Remark 3.1.6. More generally, if F is a field of characteristic not dividing n, we let F(,,) denote the
field obtained from F by adjoining all nth roots of unity in an algebraic closure of F'.

Remark 3.1.7. The field Q(y,,) is Galois over Q, as it is the splitting field of x” — 1. All nth roots of
unity are powers of any primitive nth root of unity ¢,,, so Q(y,,) = Q(¢,,).
59
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Definition 3.1.8. The nth cyclotomic polynomial ®,, € Z[x] is the polynomial which has as its roots

the primitive nth roots of unity.

Note that x” — 1 = [] ain ®a- We recall the definition of the Mobius function.

Definition 3.1.9. The Mébius function p: Zs, — Z is defined as follows. Let n = p!'---p;* for

distinct primes p; and positive integers r; for 1 < i < k for some k > 0. Then

(-Hk ifr,=1forall 1 <i <k,
p(n) =
0 otherwise.

We omit the proof of the following, which uses the Mobius inversion formula.

Lemma 3.1.10. For alln > 1, we have

¢, = n(xd — 1)#n/d)
din

Examples 3.1.11.

a &, =x-1,0, =x+1, &5 = x>

4 3 2 2

+x+1, @, =x2+1, @5 =x* +x3+x%+x+1, &g = x2—x+1.

4 3

b. &5 =x8—x7+x —x*+x3 —x+ 1.

r—1 r—1 :
c. &, =xP =1 4 ... 4 x" + 1 for every prime p and r > 1.

For n > 1, we will use ¢, to denote a primitive nth root of unity in an algebraic closure of Q.

Lemma 3.1.12. Letn > 1 and let i,j € Z be relatively prime to n. Then

1-¢;
-~ e OF .
l_é/]n Q(ﬂn)

Proof. Let k € Z with jk = 1 mod n. Then

i ijk
L=l 1o =1+ &t g GIUED
l-¢,  1-¢,

is an algebraic integer since §,, is. The same being true after reversing i and j, we have the result. [

We let Z[ p,,] denote the ring generated over Z by the nth roots of unity.

Lemma 3.1.13. Let p be a prime number and r > 1. Then the absolute value of the discriminant of
2 py,r] is a power of p, and (p) is the only prime of Z that ramifies in Q (). It is totally ramified
and lies below (1 = ¢ ,r). Moreover, [Q(,upr) :Ql=p~'(p-1).
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Proof. Note that [Q(p,r) : Q] < deg®,,- = p"Hp—-1). We have

r

p -1 .
[Ta-¢i)=2,0) =p,
i=1

pli

which forces 1 — ¢ };r to be divisible by a prime p over p for some i with p { i. By Lemma 3.1.12, this
implies that each 1 — §{7r with p } j is divisible by p. Therefore, pPPl (r=1) divides (p), which forces

[Q(pr) : Q1 =p"H(p—1) and
POQu,n = PP = (1 - ép’)pr_l(p_l)'

Finally, note that
disc(@Q(upr)) | diSC(Z[ﬂpr]),

which is a product of terms of the form g’;r - C{,r for i # j both not divisible by p, which from what
we have seen is only divisible by the prime p = (1 — ¢,,-). In other words, no prime other than p can

ramify. O]

Proposition 3.1.14. The nth cyclotomic polynomial is irreducible for all n > 1. In other words,
[Q(u,) : Q] = ¢(n), where ¢ is Euler’s phi-function. Moreover, the prime ideals of Z. that ramify
in O, are the odd primes dividing n and, if n is a multiple of 4, the prime 2.

Proof. If we write n = p}' - p;* for distinct primes p; and r; > 1, then

k

deg®, =) u (Z)d =[] wi-1 = 0m.
din i=1

Hence, the second statement implies the first. In n is even and not divisible by 4, then Q(y,,) =

Q(,un/z) and ¢ (n) = ¢(n/2), so we may assume that either n is odd or divisible by 4.

The result holds for k = 1 by Lemma 3.1.13. Write n = mp” for some m,r > 1 and prime p not
dividing m. As p does not not ramify in Q (y,,) by induction on k but is totally ramified in Q (,,-) by
Lemma 3.1.13, the fields Q(p,,,) and Q(p,,r) are linearly disjoint. So by induction, the primes which
divide n are exactly those which ramify in Q (x,,) = Q(p,,)Q(p,,-), and we have

[Q(u,) : Q1 = [Q(uy) : QIQ(pyr) : Ql = @(m)p(p") = ¢(n).

For an arbitrary field of good characteristic, let us make the following definition.



62 CHAPTER 3. APPLICATIONS

Definition 3.1.15. Let F be a field of characteristic not dividing n > 1. Define a homomorphism
Xni Gal(F(p,)/F) > (Z/nZ)"

on o € Gal(F(u,)/F) as follows. If i, is the unique integer with 1 <7 < n such that ¢ (&) = o for
all nth roots of unity ¢ in F, then y, (o) = i, mod n. Then y,, is called the nth cyclotomic character
for F.

Notation 3.1.16. If a € Z/nZ, then (¢ for ¢ an nth root of unity denotes ¢” for any b € Z with

image a modulo n.

Remark 3.1.17. The homomorphism y,, is always injective, as any element such that y, (o) = 1 for
all 0 € Gal(F(u,)/F) fixes u,, and hence F(p,,).

We have the following corollary of Proposition 3.1.14, since y,, for F = Q is an injective homo-
morphism between groups of equal order.

Corollary 3.1.18. The nth cyclotomic character y,: Gal(Q(u,)/Q) - (Z/nZ)* is an isomor-
phism.

Remark 3.1.19. In particular, Q(y,,-)/Q for an odd prime p and r > 1 has cyclic Galois group.

Proposition 3.1.20. The ring Z[ u,,] is the ring of integers of Q(p,,).

Proof. We first consider n = p” for a prime p and r > 1. In this case, we know that the absolute
value of disc(Z[ u,-]) is a power of p, say p™. In particular, fZ[ﬂpr] divides (p™). Let 1, = 1 = &,
which generates the unique prime over (p) in Q(u pr)e Since (p) is totally ramified in Q (u )/ Q, we
have that

OQup/ (%) = ZIpZ.

In particular,
@Q(ﬂpr) =7+ AF@Q(MP;’) = Z[/Jpr] + AF@Q(MP}’)' (311)

Replacing O g jtpr) ON the right-hand side of (3.1.1) using the formula for O g fpr) given by (3.1.1)

itself, we have
OQuy) = Lkl + 2 (Ll ppr] + 2,0q(p,) = Zlptpr] + 270 Q-
Repeatedly replacing O g f1,r) O the right, we eventually obtain

@Q(ﬂpr) = Z[l,tpr] +pm@Q(ﬂpr)’= Z[l,tpr]
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the latter step by definition of the conductor.

For the general case, we write n = p? p,rc" for distinct primes p; and r; > 1. Then Q(p,,) is the
compositum of the Q( yp(,-) and the discriminants of the fields Q( ,upf,-) are relatively prime, we have

by Proposition 1.4.28 that the elements
&y e O

it Cpy
with 0 < i, < ptr’_l(pt — 1) = 1foreach 1 <t < k form an integral basis of O ¢, . Since these
elements are all contained in the order Z [y, ] in Q(y,,), we have the result. [l

The factorization in Q(y,,) of the ideals generated by prime numbers is rather easy to describe.

Proposition 3.1.21. Let p be a prime, and let r > 0 be such that p” exactly divides n. Let m = [%, and
let f be the order of p in (Z./mZ.)*. Then

PZLpy] = (py - pg)?P"),

where ¢ is the Euler phi-function, g = f~'¢(m) and the p; are distinct primes of Z.[ j,,] of residue
degree f.

Proof. First, we note that p is totally ramified in Q(yu,-) of degree ¢(p") and unramified in
Q(u,,). It follows from Remark 2.5.7 that the ramification index of p in Q(p,,) is then ¢ (p”), and the
residue degree of p in Q(y,,) is the residue degree of p in Q(p,,).

So, let q be a prime ideal over p in Z[ u,,]. Its residue field is

F=Zpnlla=F,(ty).

As F* is cyclic of order |F| — 1, we have F = IFPf for the smallest f > 1 such that m | (pf - 1),
which is to say that the order of p in (Z/mZ)*. Finally, g is constrained to be f~! ¢ (m) by the degree
formula. O

We have the following corollary.

Corollary 3.1.22. An odd prime p splits completely in Q(p,,)/Q if and only if p = 1 mod n. The

prime 2 does not split completely in a nontrivial cyclotomic extension of Q.

Proof. By Proposition 3.1.21, to say that a prime p splits completely is exactly to say that ¢ (p”) =
1 and the order of p in (Z/(n/p")Z)* is 1. If p is odd, then this means r = 0 and p = 1 mod n. If
p = 2, this forces n = 1 or n = 2, which is to say that Q(y,,) = Q. [
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3.2 Quadratic reciprocity

In this section, we briefly explore the relationship between cyclotomic and quadratic fields.

Definition 3.2.1. For an odd prime p, we set p* = (—1)?~1)/2p,

The reason for this definition is the following.

Lemma 3.2.2. Let p be an odd prime. The field Q(\/E ) is the unique quadratic field contained in
Q(pp)-

Proof. Recall that Gal(Q (u p) /Q) is cyclic of order p — 1, so it has a unique quotient of order 2.
As p is totally ramified in Q(p,,)/Q, it is ramified in K, so K = Q(\/I?), where p” = +p. Moreover,
no other prime is ramified in Q(y,,)/Q. If p’ =3 mod 4, then K has ring of integers 7 \/17 ], and we

have
ZIp'1/(2) = Fylx1/ (% - p') = Folx]/(x + )2,

which means that 2 ramifies in K. Since p* = 1 mod 4, we must have p’ = p*. [

We prove the following consequence of results of Proposition 3.1.21.

Proposition 3.2.3. Let p and q be odd prime numbers. Then q splits in Q(yp*) if and only if q splits

into an even number of primes in Q(p,,).

Proof. The prime g splits into an even number of primes in Q(y,,) if and only if the decomposition
group G, of any prime over g has even index in Gal(Q(p,,) /Q). Since the latter Galois group is cyclic
with unique subgroup of index 2 having fixed field Q(yp*) by Lemma 3.2.2, this occurs if and only
if G, fixes Q(yp*), which is to say, if and only if g splits in Q(yp*). O

Definition 3.2.4. Let a be an integer and ¢ be an odd prime number with g } a. The Legendre symbol
(g) is defined to be

(a) {1 if a is a square mod g,

—1 otherwise.

In other words, (ﬁ—l’) is the unique unit in Z such that

a-1 a)
a? =[=)modag.
() moda

Gauss’ law of quadratic reciprocity is the following.
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Theorem 3.2.5 (Quadratic reciprocity). If p and q are distinct odd prime numbers, then

Proof. Note that
if and only if

which is to say if and only if (%*) = 1. This says exactly that there exists a € Z such that
a? = p* mod q.

But then x> — p* factors modulo ¢, so (g) splits in Z[p*]. Now, Proposition 3.2.3 tells us that this
happens if and only if (g) splits in Z[ x,,] into an even number of primes. By Proposition 3.1.21, the
prime (g) splits into (p — 1) /f primes in Q(p,,), where f is the order of ¢ modulo p. So, it splits into
an even number if and only if f divides (p — 1)/2, which is to say that

p-1

g 2 =1 modp,

p-1g-1
2

In other words, (g) = (-1) 2 "= if and only if (%) = 1, as desired. O

Remark 3.2.6. To complete the law of quadratic reciprocity, we note that the definitions imply that

)0

and we note without proof that

3.3 Fermat’s last theorem

Recall that Fermat’s last theorem (or FLT) asserts the nonexistence of integer solutions to x” +y" = 7"
with xyz # O for all n > 3. Fermat proved this conjecture for n = 4, and given this it clearly suffices
to show the nonexistence for odd prime exponents. While FLT was proven by Wiles in 1995 using
methods far beyond the scope of these notes, we are able to prove here the following so-called “first
case” of Fermat’s last theorem for odd prime exponents of a special form.

Fix an odd prime p and a primitive pth root of unity ¢, in Q(x,,). We require a couple of lemmas.
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Lemma 3.3.1. Let x,y € Z be relatively prime, and suppose that p | x +y. Then the elements x + ¢ ;y

of Zpp] for 0 < i < p — 1 are pairwise relatively prime.

Proof. If q is a prime ideal of Z[ u,,] dividing both x + §1",y and x + g“{,y for0 <i <j<p,thenq
divides both (¢, — ¢ %)y and (&h—¢ £)x. If q does not lie over p, then it must divide both x and y, which
is impossible. Thus, q lies over p, soitequals (1-¢,). On the other hand, x+ g;',y =x+ymod (1-¢,),

which implies that x + y = 0 mod p, since x + y is an integer. Thus, no such ¢ can exist. O]

Terminology 3.3.2. For any n > 3, we refer to the unique element of Gal(Q(y,,)/Q) with image —1
under the nth cyclotomic character as complex conjugation, and we write a to denote the image of

a € Q(p,,) under this element.

Lemma3.3.3. Let¢ € Z[p,]". Thenthere existsj € Z suchthat 64{, is fixed by complex conjugation.

Proof. Note that o (€¢~!) has absolute value 1 for every o € Gal(Q( 1p)/Q), so it is a root of
unity by Corollary 4.4.2 below, hence a 2pth root of unity. If the lemma did not hold, then each
e e

€& €

Y

would have to be nontrivial for every j, which means that €e~! would not be a pth root of unity. Thus,

we would have ee~! = —g“f, for some i € Z. We may write ¢ = ¢ mod (1 - ¢,,) for some ¢ € Z, and

so€ =cmod (1 -¢ p) as well. On the other hand,
¢ =-¢he=-€e=-cmod (1-¢,),
so(l1-¢ p)in fact divides ¢, which is a contradiction as ¢ is a unit. O

Lemma 3.3.4. The images of any p — 1 of the pth roots of unity in Z[u,]/(p) are F ,-linearly inde-
pendent.

Proof. We have
Z[:up]/(p) £ Z[X]/(q)p’p) £ IF:p[x]/(q)p) £ ]Fp[x]/(x - l)p_la
and the images of any p — 1 among 1,x, ..., x"~! are F,-linearly independent in the last term. [

We now prove the result.

Theorem 3.3.5 (Kummer). Let p be an odd prime such that Clg, 1) contains no elements of order p.
Then there do not exist integers x,y,z with p | xyz such that xP + yP = zP.
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Proof. Suppose that x” +yP = z for some integers x, y, z with p { xyz and (x,y) = (1). Forp = 3,
we note that the set of nonzero cubes modulo 9 is {+1}, and no sum of two elements of this set equals
a third element modulo 9. Thus, we may assume that p > 5 from now on.

Note that if x = y = —z mod p, then 2x? = —x” mod p, so p divides 3x”. As p | xyz, this
cannot happen. Therefore, if p | x — y, then p | x + z. Switching the roles of y and —z by writing
xP + (=z)? = (—y)? if needed, we may therefore assume that p { x — y.

In Z[p,], the quantity x” + y” factors, and we have

-1
n (x+py) = 2P
i=0

Note that z = x + y mod p, so p does not divide x + y. By Lemma 3.3.1, we have that the ideals
(x+¢ ll;y) are coprime, so in order that their product be a pth power of an ideal, each must itself be a
pth power. Write

(x+Jpy) =a”

for some ideal a of Z[p,,]. Since we have assumed that Clg, 1) has no elements of order p, the ideal

a is principal, so let @ € Z[ u,] be a generator of a. We then have
x+ &,y = caP

for some ¢ € Z[up]x.
Now, note that we may write & = ¢ + d(1 - {) forsome ¢ € Z andd € Z[p,], and

al =cP +dP(1 - ¢)P = cmod (p).

By Lemma 3.3.3, we that there exists j € Z such that ¢’ = d,e is fixed by complex conjugation. We
thus have

X+ ¢,y = g“;,je’c mod (p),
SO
x+ ¢ty = ghe’cmod (p).
We therefore have
7 (x+¢,y) = x+ ¢y mod (p).

If ; g“ Z*+1 1and g ;‘ are distinct pth roots of unity, then since p—1 > 4, they are linearly independent
modulo p. This would force both x and y to be divisible by p, a contradiction.
It follows that 1 = ¢/, ¢! or £*2. In the first of these cases, we have

x+&,y=x+ {;1y mod (p),
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so p divides y, a contradiction. In the second case, we have
g;lx +y=x+ cjl;ly mod (p),
so p divides x — y, again a contradiction. In the final case, we have
-2 -1y, = -1
é/px+§py:x+€py mOd(P),
so p divides x, a contradiction, finishing the proof. [

Remark 3.3.6. The “first case” of FLT refers to the nonexistence of solutions to x” + y? = z” with
p 1 xyz. The “second case” refers to the nonexistence of solutions with p | xyz and xyz # O.
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Geometry of numbers

4.1 Lattices

Definition 4.1.1. A [attice in an finite-dimensional R-vector space V is an abelian subgroup of V that
is generated by a finite set of R-linearly independent vectors.

Definition 4.1.2. A lattice in a finite-dimensional R-vector space V is said to be complete, or full, if

its elements span V.

The following is an immediate consequence of the definitions.

Lemma 4.1.3. If A is a complete lattice in a finite-dimensional R -vector space V, then A is generated
by a basis of V.

Definition 4.1.4. Let A be a complete lattice in a finite-dimensional vector space V. The fundamental

domain of A relative to a Z-basis {vq,...,v,} of A is the set

n
D = {Zcivi c; €[0,1) forall 1 SiSn}.
i=1

The following is essentially immediate.

Lemma 4.1.5. If D is a fundamental domain of a complete lattice A in a vector space V, then every

element of V may be written uniquely in the form x + y for some x € A and some y € D.

Of course, a finite-dimensional R-vector space V has a Euclidean metric with respect to any basis
of V (as such a basis defines an isomorphism V = R” for some n). Though the metric depends upon
the choice of basis, the resulting topology is independent of the choice of basis.

69
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Definition 4.1.6. We say that a subgroup of an finite-dimensional R-vector space V is discrete if it

has the discrete topology as a subspace of V.

In other words, a subgroup A of a finite-dimensional real vector space V is discrete if for every
v € A there exists an open neighborhood U of v in V such that U n A = {v}. The following is

elementary.
Lemma 4.1.7. A discrete subgroup of a finite-dimensional R -vector space V is a closed subset of V.

Proposition 4.1.8. A subgroup of a finite-dimensional R -vector space is discrete if and only if it is a

lattice.

Proof. Let V be an n-dimensional R-vector space for some n > 0, and let A be a subgroup. If A
is a lattice, then A = ZZI Zv; for some linearly independent v; € A and m < n. Extend these to an
ordered basis vy, ...,v, of V. Letv = Z:’;l a;v; € A for some a; € Z. Then

n
U= {v + Zcivi
i=1

is an open neighborhood in V' containing v but no other elements of A. Thus A is discrete.

c,e(-1,1)foralll <i< n}

Conversely, suppose A is discrete. Let W be the subspace of V spanned by A, and letvy,...,v,, €
A be linearly independent with m maximal, so that the v; necessarily span W. Let X = Z:’il Zv; < A.
We claim that X is of finite index in A. By definition, X is a complete lattice in W, so so we may
choose a system § of representatives of the cosets A /X inside the fundamental domain D of X in W.
That is, S ¢ A n D. However, A is discrete and closed and D is a bounded set, so the intersection of
A with the closure of D is discrete and compact, hence finite. Since A N D is then finite, S has only
finitely many elements.

Now setd = [A : X]. Then A C 52, and 52 = ¥ is a free abelian group of rank m, so A is free

of rank (at most) m. In other words, A is a lattice. L]

Lemma 4.1.9. A lattice A in V is complete if and only if there exists a bounded subset B of V such

that every element of V is the sum of an element of B and an element of A.

Proof. If A is a complete lattice, we may let B be the fundamental domain of V relative to a basis,
and in fact every element of V may in that case be written uniquely as an element of B + A.

Suppose that there exists a B as in the statement of the lemma. Let W be the R-span of A, and let
v € V. For each k > 1, write kv = b, + x;, with b, € B and x;, € A. As B is bounded, we have

lim lbk = 0,

k— oo
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SO
= lim |
V= k—o0 Y-
But %xk € W for all k and W is closed, sov € W. [

We will suppose now that our finite-dimensional vector space V comes equipped with a symmetric,
positive definite inner product
(,):VxV->R.

In other words, V is an finite-dimensional real inner product space. The Euclidean metric defined by a
choice of an orthonormal basis of V is independent of the choice. The resulting Lebesgue measure puy,
on V has the property that the cube defined by an orthonormal basis of V has volume (i.e., measure)
one.

Definition 4.1.10. Let V be an finite-dimensional real vector space with a symmetric, positive definite
inner product (, ). Let A be a complete lattice in V. The volume Vol(A) of lattice is the volume of

the fundamental domain of A relative to a Z-basis of A.

Remark 4.1.11. That the volume of A is indepedendent of the choice of basis is a consequence of the
following lemma.

Lemma 4.1.12. Let V be an n-dimensional real inner product space. Let ey, ..., e, be an orthonormal
basis of V. Let A be a complete lattice in V with basis vy, ..., v, write
v, = ) aje

i)

n
J=1
and let A = (a;)- Then

Vol(A) = |detA| = [det({v;, v;))|'/2.

Proof. The first equality is a standard statement of linear algebra. The second is the fact that
n n
(vi,v;) = Z Zaikaj'l<ek’el> = Z agay = (AAT),
k=11=1 k=1
since det(AAT) = det(A)2. O
Definition 4.1.13. Let T be a subset of a finite-dimensional vector space V.

a. We say that T is convex if it contains the line segment
C={(1-c)v+ew]|ce[0,1]}

between any two vectors v,w € T.
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b. We say that T is symmetric about the origin if —v € T forallv e T.

Now we come to the main theorem of this subsection.

Theorem 4.1.14 (Minkowski’s theorem). Let V be an n-dimensional real inner product space, and
let A be a complete lattice in V. Let X be a convex, measurable subset of V that is symmetric about
the origin, and suppose that

Higyr (X) >2" Vol(A).

Then X N A # {0}.

Proof. Let

1 1
Y—EX—{§X|X€X}.

If y € Y, then 2y € X, so —2y € X as X is symmetric about the origin. If y’ € Y as well, then

, L,
Yy -y= 5(2y)+§(—2y) eX,

since X is convex. We therefore have that the difference of any two points of Y is in X. Note also that
py(Y) = 37ty (X) > Vol(A).
Let D a the fundamental domain for A. Suppose that the sets v + Y for v € A were pairwise

disjoint. Then we would have

Vol(A) 2 ) uy@n@+Y) =) uy((D=v)nY)=py(Y),
veEA veA

the latter equality following since the sets D — v cover V. This does not hold by assumption, so there
existdistinct v, w € A suchthat (v+Y)Nn(w+Y) isnonempty. Butthenv—w € X,soXnA # {0}. [

4.2 Real and complex embeddings

Let K be an number field of degree n over Q. Then, since K/Q is separable and C is algebraically

closed, then we obtain the product

K‘—>K®Q(C;> n C
o: KosC

of embeddings of K in C.

Definition 4.2.1. Let K be a number field.
a. A real embedding (or real prime) of K is a field embedding of K in R.
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b. A complex embedding of K is a field embedding of K in C that does not have image contained
in R.

c. A complex prime of K is an unordered pair {o, o} of complex embeddings such that o (a) =
o(a) for @ € K, where 7 denotes the complex conjugate of z € C.

d. An archimedean prime of K is either a real prime or a complex prime.

Notation 4.2.2. The number of real (resp., complex) primes of a number field K is denoted r; (K)
(resp., 5 (K)).
We can also apply Proposition 1.1.1 to obtain the following.

Theorem 4.2.3. Let K be a number field. Then r{(K) + 2r,(K) = [K : Q]. In fact, we have an
isomorphism of R-algebras
kr: K ®g R = R1K) x Cr2K)

where kg (a ® 1) for a € K is the product of the real embeddings of K applied to a and one complex
embedding from each complex prime of Q applied to a.

Proof. Let K = Q(0) and f € K[x] be the minimal polynomial of #. In R[x], we may write

f=]lw-a-[14
i=1 j=1

for some ry,r, > 0 with r; + 2r, = [K : Q], where a; € R and f; is irreducible quadratic. Note
that R[x]/(f;) = C foreach 1 < j < r, via maps that take x + (f;) to a chosen root of f; in C. By
Proposition 1.1.1, we then have

8! 2
K ®q R = ﬂ R x n C
i=1 i=1
and the composition of the natural inclusion of K in K ® ¢ R is the product of the real embeddings of

K and one choice of complex embedding of K among pairs of complex conjugate embeddings (i.e.,
complex primes). We therefore have r; = r; (K) and r, = r,(K). ]

Examples 4.2.4.

a. The field Q(7) has one complex prime, corresponding to the two complex embeddings of Q (i)
taking i to +i.

b. The field Q( 32) has one real prime and that takes V2 to V2 one complex prime corresponding
to the two complex embeddings taking 2 to w12,

Remark 4.2.5. Given a number field K, Theorem 4.2.3 provides us with a product of embeddings
Iy 2
1x: K - H R x l—[ C
i=1 i=1

corresponding to the real and complex primes of K.
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4.3 Finiteness of the class group

Throughout this section, we let K be a number field of degree n over Q. We set r; = r;(K) and
r, = 1,(K). Welet o, for 1 <i < r; be the real embeddings of K, and we let 7, for 1 <i < r, be a
choice of complex embedding from each complex prime of K. We identify K ® g R with R"t x C"2
as in Theorem 4.2.3.

We endow K ® R with the Lebesgue measure p K@gR ON R” = R"t x C"2, where the inverse

of said isomorphism is defined by

(X1s oo s X5 205 oee s Zpy) P (X, o, X, s Re(z), Im(zy), ..., Re(z,, ), Im(z,.)).

Proposition 4.3.1. Let a be a nonzero ideal of O g. Then 1g(a) is a complete lattice in K ® g R and

Vol(1x(a)) = 27" - Na - | disc(K)|1/2.

Proof. Let aq,...,a, be a Z-basis of a. Consider the matrix A € M, (C) with ith row

(o1(a;),....,0, (a;), T (a;),t(a;), ..., T, (), T, (a;))
and the matrix B € M,,(R) with ith row
(o1(a;), ..., 0, (a;),Re(ty(a;)),Im(7(a;)),...,Re(T,, (a;)), Im(7,, (a;))).
Simple column operations yield that detA = (-2i)"2 det B, and Lemmas 1.4.10 and 1.4.6 imply that
|detA| = D(ay,...,a,)|""? = Na - |disc(K)|!/2.

In particular, det B # 0, so the rows of images of the ¢; in K ® g R are R-linearly independent, which
is to say that 15 (a) is complete. Since Lemma 4.1.12 implies that Vol(1x (a)) = | det B|, we have the
result. =

Notation 4.3.2. We define anormon K ® g R = R x C"2 by

I 2
Wik =) Il +2) Izl
i=1 j=1

forv = (X1seee s Xp 5 205 wee s Zpy) Fort > 0, let

D, ={veK®gR|IVIg <1}
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We compute the volume of D,.

Lemma 4.3.3. We have

n

_ t
/‘K@QR(Dt) = 2" rzj.,.rzH

Proof. We treat this as a problem about the real inner product space V = Rt x C"2 of dimension
n = ry +2r,. Let B be the subset of D, = D!""""2) inside V of elements with nonnegative real
coordinates. Then py (B"""2)) = 2771 41, (D'""2)). Suppose first that r, = 0 and the result holds for
(ry — 1,0). Then we have

-1 n
(=100, ;.. _ ¢ X" _t
wy (B )dx = fx:O e 1)!dx =T

.0 ?
uV(Blgrl )) = J‘x:()

Next, suppose that r, > 0 and the result holds for (r,r, — 1). By elementary calculation, we obtain

(rira) s (2 (27 (rira—1) ~ a2l a2 202 NEAEE
po B = [0 [, S e B rdrdo =27 (3 )7 [ - 2ndr = (3)
O

Proposition 4.3.4. For any nonzero ideal o of O, there exists a € a — {0} such that

4\"2 n! _
Nejq(@l < (5) o Na-dise(K)I' 2,
Proof. Let ¢ be such that

HrgRr (Dy) > 2" Vol(1g (a)). (4.3.1)

Since 1 (a) is a lattice, Minkowski’s theorem ensures that D, contains 1 () for some nonzero a € a.
Note that Ng g (@) is the product of images of & under the distinct field embeddings of K in C. Hence,

we have

Ng (@)l = lo1 (@)l -+ lo, (@)llT) () |7, (@),

and since the arithmetic mean bounds the geometric mean, this is at most the nth power of

1 8 r
- lo;(a)] +2 IT-(a)I).

On the other hand, since a € D,, the latter quantity is less than % so we have [Ng,q(a)| < (%)”.

Now, Lemma 4.3.3 and Proposition 4.3.1 allow us to rewrite (4.3.1) as
n

2r1—r2nr2% > 2"""2 . Na - |disc(K)|!/2.

Set 42
n! .
C = (;) T -Na - |disc(K)|'/2,

SO (,51)” > C. We can and do choose (%)” to be less than the smallest integer greater than C. Since
INkq ()] is an integer, we must then have that [Ng g ()| < C. O]
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Definition 4.3.5. Let K be a number field of degree n over Q. The Minkowski bound B is the quantity

| (4"
BK:”—(;) | disc(K)|1/2.

nl’l

Proposition 4.3.4 has the following interesting corollary

n

Corollary 4.3.6. The discriminant of a number field K satisfies | disc(K)|'/? > (%)rz L

n!

Proof. Take a = Ok in Proposition 4.3.4, and note that [Ng g (a)| > 1 forall a € Ok. [l

Theorem 4.3.7 (Minkowski). Let K be a number field of degree n over Q. Then there exists a set of

representatives for the ideal class group of K consisting of integral ideals a with Na < Bg.

Proof. Let a be a fractional ideal of ©. Let d € K* be such that b = da~! is an integral ideal.
By Proposition 4.3.4, there exists g € b — {0} with [Ng,q(B)| < Bg - Nb. Now, note that () = be
for some ideal ¢ of @, and the ideal class of ¢ is the ideal class of b~!, which is the ideal class of a.
Furthermore, we have that [Ng,q (8)| = Nb - N¢, so N¢ < Bk, as desired. ]

As a consequence, we have the following theorem.

Theorem 4.3.8. The class group of a number field is finite.

Proof. In fact, the set of nonzero integral ideals a with Na < By is finite. To see this, write

a=pi-- pZ" for distinct prime ideals p; and r; > 1 for some 1 < i < k. Then

Na :pglfl __,plrckfk’

where Np; = p’;’ with p; prime. Since there are only finitely many positive integers less than By, there
are only finitely many primes that could divide Na, and the exponents of these primes are bounded
(e.g., by log, (Bg)). Since each prime (p) of Z has only finitely many primes of Ok lying over it, we
are done. []

Definition 4.3.9. The class number hg of a number field K is the order of the class group Clg.

The Minkowski bound allows us to actually give bounds on the class number of a number field

and sometimes, to actually compute the class group.
Example 4.3.10. Consider K = Q(\/—_S ). Note that disc(K) = —20, so the Minkowski bound is

By = 220 <3,
JT

Since Z[\/—_S] is not a UFD, it is not a PID, so hg > 2. Since 2 ramifies in Z[\/—_S], the class of the
prime over it in K is the only nontrivial element in Clg. We therefore have hgx = 2.



4.4. Dirichlet’s unit theorem 77

Example 4.3.11. Consider K = Q(\/ﬁ ). In this case disc(K) = 17, and the Minkowski bound is

By = 5317 <3.
Set a = ‘/1_;“ so that O = Z[a]. Since the norm of any prime p of Z[a] is at least the prime p
with p N Z = (p), there exists a set of representatives for Clg dividing 2. The minimal polynomial of
a is x> — x — 4, which splits modulo 2. Therefore, the class group Clg is generated by the two primes

over 2. Their classes are inverse to each other, so Clg is generated any one of them, which we denote
p. For @ € Ok, we have p = («) if and only if N(a) = +2. Note that

\/ﬁ+5)

Nk/Q ( 3

so p is principal and K is a UFD.

25 -17
==7—=2

4.4 Dirichlet’s unit theorem

Lemma 4.4.1. Letn, N > 1. The set of algebraic integers a suchthat [Q(a) : Q] < nand|o(a)| <N
for all archimedean embeddings o of Q(a) is finite.

Proof. Let a be such an integer, and let f = Z?:o a,;x' be its minimal polynomial in Z[x]. In C[x],
we have f = [] » (X — a(a)), the product being taken over the archimedean embeddings. Then |a;| is
bounded: e.g., it satisfies |a;| < N~ (") for all i. As each q; is an integer, the number of minimal

polynomials of elements in the stated set, and hence the order of the set, is finite. [

Corollary 4.4.2. Let K be a number field. Then 11(K) is a finite group, equal to the set of all a € Ok
such that |o (a)| = 1 for all archimedean embeddings o of K.

Proof. If @ € O satisfies |[o(a)| = 1 for all g, then so does «” for all n. Since the set T of
such « is finite by Lemma 4.4.1, the group (a) is finite, and hence ¢ € u(K). In particular, since a
root of unity has complex absolute value 1 under any archimedean embeddings, the set u(K) = T is
finite. 0

Definition 4.4.3. The unit group of a number field K is the group @% of units in O .
Definition 4.4.4. For a number field K, we let €x: K* — R”1772 be defined on ¢ € K* as
Cg(a) = (logloy(a)l,...,loglo, (a)l,log|t((a)l,...,loglT, (a)]),

where 71, ..., 0, are the real embeddings of K and 7, ..., 7, are the complex embeddings of K.
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Proposition 4.4.5. For a number field K, the set Lx (O%) is a lattice in R"1""2 that sits in the hyper-

1 ]
H:{(X],...,.xrl+r2) | in+22xj+r1 :0},
i=1 j=1

plane

and ker g = pu(K).

Proof. That ker €x = p(K) is just a rewording of Corollary 4.4.2. For a € O%., we have that

1 ]
Y loglo;(a)l +2 ) log|t;(a)| = log|INgq(a)| =0,
i=0 Jj=0

the latter equality by Corollary 2.5.18, so g (a) € H. For N > 0, consider the bounded subset
Dy = {(x1, .-, Xy 4,) € H | Ix;| < N for all i}

of H. By Lemma 4.4.1, the set of elements of @% contained in D, is finite, which means that there
exists an open neighborhood U in R"1*"2 such that the intersection U N €k (O% ) is {0}. This implies
that €x (O%) is a discrete group: the set €x (a) + U is also open and its intersection with €x (O%) is
{€x (@) }. Finally, recall that a discrete subgroup of R”1*"2 is a lattice. O]

Proposition 4.4.5 implies that the sequence
0
1 - p(K) » O% = 0 (O%) > 0

is exact and that the set €x (O%) is a free abelian group of finite rank. In particular, ©% is a finitely
generated abelian group of rank that of € (©% ), and the sequence is split. If €5 (O%) is a complete
lattice in H, then we know that the rank of ©O% is r; + r, — 1. Dirichlet’s unit theorem tells us that this

is in fact the case. For this, we require the following lemma.

Lemma 4.4.6. Let A = (a;) € My(R) for some k > 1 satisfy a;; < 0 forall i # jand ¥;_; a;; > 0
for all i. Then A is invertible.

Proof. Suppose by way of contradication that v = (v, ..., v;) € R¥isasolution to Av = 0, scaled

so that v = 1 for some j and |v;| < 1 for all i # j. Then

k k

0= Z ajivi = aJ:]' + Z ajivi. (441)
=1 i=1
i#]

Note that a;;v; > a;; for i # j since a;; is negative and v; < 1. Thus, the right-hand side of (4.4.1) is at

least Zle a;; > 0, which is the desired contradiction. []
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For a number field K, let us use x to identify K ® g R and R"t x C'2 as rings. We can then

make the following definition.
Notation 4.4.7. For a number field K, we let
[-: K®gR->R
denote the multiplicative function given by
[0 wve s Xy 215 eees 2] = gL g g P oo P2 2
forx; e Rwithl <i<rjandz; € Cwithl <j<r,.
The following rather complicated lemma is useful in showing the completeness of €x (O%) in H.
Lemma 4.4.8. Let K be a number field of degree n. Set
D={veK®gR|1/2<[v] <1}
Let X be a bounded, convex subset of K ® g R that is symmetric about the origin and has volume

iy (X) > 21172 disc(K)|1/2.

There exist ay,...,a; € Ok for some s > 1 such that for each v € D, there exists some € € O% and
1 <i < ssuchthatvig(e) € lK(ai_l)X.

Proof. Forw € K ®q R, the set
w-ig(Og) ={w-1x(a) |a € Ok}
is a complete lattice with volume 27"2| disc(K)|Y/2 - [w]. Suppose w € D. Since [w] < 1, we have
2" Vol(w - 15 (O k)) < 2" Vol(1x(Ok)) = 2"1772| disc(K)|!/2,

the latter equality by Proposition 4.3.1. Minkowski’s theorem then tells us that there exists a € O g —
{0} such that w - 1 () € X.

Since X is bounded, there exists M > 0 such that [x] < M for all x € X. In particular, we have
[w-1g(a)] <M, which since [w] > % forces [1x(a)] < 2M and then N(aO ) < 2M. As there are
only finitely many ideals of absolute norm at most 2M, there are only finitely many ideals a © g such
that w - 1x (@Og) N X # {0} forsome w € D. Let a| Ok, ..., a,0 g be these ideals.

Finally, given v € D, let f € O — {0} have the property that v- 15 (f) € X. Then O = a;0
forsome 1 <i<s,s0¢=Ba;! € O%andv-1x(e) € 1x(a;)X. O
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Theorem 4.4.9 (Dirichlet’s unit theorem). Let K be a number field. Then we have an isomorphism

@;{ = Zrl )+ra(K)-1 o ﬂ(K)

Proof. LetD,X,and ay,...,a;, € Ok be as in Lemma 4.4.8. Set

)
Y = |Jgla;HX
i=1

Since Y is bounded, we may let N be such that if (4{,..., 4, ,,,) € ¥, then |4,/ < Nforall 1 <i <
ri+ry. Forl <i<r+r,let

v = P, ) e K®g R

be an element such that Iv](.i)l > N forj # i but [v\?] = 1. Then v\?) € D, so there exists ¢!} € O%
such that v - 15 (¢(D) € Y. In particular, we must have

(D) = (el ... e))) = (01(eD), ..., 0, (€D),T1(eD), ..., T, (e))

with Iej(.i )I < 1 for all j # i. In other words, €k (e?) has negative coordinates for j # i.
Assume without loss of generality that r{ + r, > 1. Set

loglo;(e'D)] forl <j<r

210g|17j_r1(€("))| forrp+1<j<r +nr.

Consider the matrix A = (a;;);; € M, .,,-1(R). Fori <ry + ry, we have that the sum of the ith row

is
ri+ry—1

Z ai,j zr1+r2 >0

j=1
as g (e)) € Handi # r| + r,. Lemma 4.4.6 then tells us that A is invertible, so the € (¢'?)) for
1 <i < ry+r, formasystem of r| +r, — 1 linearly independent vectors in H. In other words, ¢ (O%)

is a complete lattice. O]

Example 4.4.10. Let K = Q(\/g ) for some square-free integer d € Z, d # 1. If K is a real quadratic
field, which is to say that d > 0, then r{(K) = 2 and r,(K) = 0. Since the complex conjugate of a
root of unity ¢ equals ¢ if and only if {2 = 1, we have in this case that u(K) = {+1} and

O% =722 x Z.

If K is an imaginary quadratic field, which is to say thatd < O, then r; (K) = 0 and r, (K) = 1. In this
case, since [K : Q] = 2, the field K cannot contain any roots of unity aside from 4th and 6th roots of
1. But Qi) = Q(\/_ and Q(w) = Q( \/_) for w a primitive 3rd root of 1, so for d < 0, we have
O% = Z/27 unlessd = —1 or d = =3, in which case O = Z /47 and Z /67, respectively.
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Example 4.4.11. Let K = Q( \/5). In this case, we know that O g is generated by +¢ for some ¢ € O%
of infinite order. To find @, b € Z such that ¢ = a+ b2, we note that Nk g la +by2) = a®—2b2 = +1.
Suppose we choose € with a, b > 0, which can be done since

{(+e, 4671} = {+a + b2},

The € is known as the fundamental unit for K.

If we consider ¢ = a,, + b, V2 forn > 1, it is not hard to check that a, > aand b, > b. Therefore,
we must find a solution to a2 — 2b% = +1 witha > 0 or » > 0 minimal (and therefore both), e.g.,
a=>b=1.Thatis, 1+ \/5 is a fundamental unit for K.

Example 4.4.12. Let n > 3 be a positive integer, and let m be n or 2n according to whether n is even

or odd, respectively. We have
@(n)
-1

Llp, > =22 x .
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Chapter 5

Valuations and completions

5.1 Global fields

Definition 5.1.1. A global function field, or a function field in one variable over a finite field, is a finite

extension of F »(0) for some prime p.

Remark 5.1.2. A function field K in one variable over the finite field IF,, is actually isomorphic to
a finite separable extension of F,(u) for some u € K, so we always suppose that such a field is a
separable extension of [F p(f) in what follows.

Remark 5.1.3. In these notes, we will often refer to a function field in one variable over a finite field

more simply as a function field.

Definition 5.1.4. A field K is said to be a global field if it is either a number field or a function field
in one variable over a finite field.

Definition 5.1.5. The ring of integers O g of a finite extension K of I, (¢) for a prime p is the integral
closure of F,[7] in K.

Definition 5.1.6. Let p be a nonzero prime ideal in the ring of integers of a global field K. Its rami-
fication index (resp., residue degree) e, (resp., f,) is its ramification index (resp., residue degree) over

p N Z if K is a number field and over p N F p[t]if K is a function field of characteristic p.

In the case of function fields, the choice of ring of integers is not really canonical. For instance,
under the field isomorphism o : F () - F,(¢) taking 7 to t~1, the ring of integers IF,[#] is carried to

F p[t“ ]. In particular, if we write u = t~!, then o restricts to an isomorphism

o: IFp[t,t‘l] - ]Fp[u,u‘l].

83
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This gives a one-to-one correspondence between the nonzero prime ideals of I ,[#] aside from (7) and
the nonzero prime ideals of ]Fp[t‘l] aside from (t71).

To phrase this in terms of algebraic geometry, one should view Spec IF,[7] and Spec ]Fp[t‘l] as
two affine open neighborhoods of and covering the projective line IP’%FP over F, that have intersection
Spec F, [z, t~1]. The transition, or gluing map, between the two affine spaces along the intersection
is that induced by ¢. The point of P]%p that is not contained in Spec I, (1] is the prime ideal (t71) in
SpecF,, [#~1], and this is known as the point o at infinity.

Definition 5.1.7. Let K be a global field of characteristic p. A prime of K over <o is a prime ideal of
the integral closure of I¥ p[t‘l] that lies over (¢71).

Definition 5.1.8. Let K be a global function field. The primes of K are the nonzero prime ideals of
O k, which are called finite primes, and the primes above co in K, which are also known as infinite

primes.

We compare this with the case of number fields.

Definition 5.1.9. Let K be a number field. The finite primes of K are the nonzero prime ideals in O .
The infinite primes of K are the archimedean primes of K. The primes of K are the finite and infinite

primes of K.

The finite primes of a global field are exactly the nonzero prime ideals of its ring of integers.
However, the infinite primes of number fields and function fields are quite different. In the next section,
we shall see another classification of the primes that reflects this. For now, note the following.

Every finite prime in a global field K of characteristic p gives rise to a discrete valuation on K, as
does every infinite prime, being a prime ideal in a Dedekind ring that is the integral closure of I, [+
in K.

Example 5.1.10. The valuation attached to the prime oo of I ,(z) for a prime p takes a quotient g of
nonzero polynomials in I ,[#] to deg g — deg f by definition, so it equals v.

Remark 5.1.11. As with nonzero prime ideals in O, we can speak of the ramification index e, and
residue degree f, of a prime p of K over co. In fact, if R is the integral closure of F N [+~1]in K, then p
is a prime ideal of R lying over some prime ideal (f) = p N IFp[t‘l] of ]Fp[t‘l]. The residue field of
p is R/p, and so we may speak of its residue degree over (f). Similarly, the ramification index is the
highest power of p dividing fR.
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5.2 Valuations

Definition 5.2.1. A (multiplicative) valuation (or absolute value) on a field K is a function | |: K —
R such that

i. lal = 0if and only if a = 0,
ii. |ab| = |a||b|, and
iii. |a + b| < |a| + |b|

forall a,b € K.
Remark 5.2.2. Every valuation | | on a field K satisfies |{| = 1 for all roots of unity { € K*.

Definition 5.2.3. We say that a valuation | | on a field K is trivial if |a| = 1 for all a € K*, and

nontrivial otherwise.

Valuations on fields give rise to metrics. That is, given a valuation | | on a field K, it defines a
distance function d on K by
d(a,b) = |a — b|

for a,b € K. We can then give K the topology of the resulting metric space. For instance, the trivial

valuation on a field gives rise to the discrete topology on K.

Definition 5.2.4. We say that two multiplicative valuations on a field K are equivalent if they define
the same topology on K.

Proposition 5.2.5. Let | |; and | |, be valuations on a field K. The following are equivalent:

i. the valuations | |; and| |, are equivalent,
ii. anya € K satisfies lal; < 1 if and only if lal, < 1 as well,

iii. there exists s > 0 such that |al, = |al{ for all a € K.

Proof. If | |; is nontrivial, then there exists b € K with |b|; > 1, and the sequence b~" converges

to 0, so the topology | |; induces on K is not discrete. Therefore, the trivial valuation is equivalent only

to itself. By a check of conditions (ii) and (iii), we may assume that our two valuations are nontrivial.
If the two valuations are equivalent, then a sequence a” converges to 0 in the common topology if

and only if |a"|; = |al” converges to 0, which is to say exactly that |a|; < 1. Hence (i) implies (ii).
Suppose that (ii) holds. Let b € K be such that [b|; > 1, and set

_ log ||,
log bl
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so that |b|, = |bl]. Choose a € K*, and let

_ log|al,
log |b

so that |al; = |bl}. Let m,n € Z with n # 0 be such that 7 < g = 7. Then
laly = 1bl} < |bl%,

SO
a”

o <1,

1
which implies |a"b~""|, < 1 and then |a|, < Iblg as well. Since this holds for all rational g > ¢, we
have |al, < |b|’2. On the other hand, if we assume instead that g < ¢, then we get |a|; > |b|?, which
implies in turn that |a 0|y < 1, that |a™"0""|, < 1, that |a|, > |b|§, and finally that |a|, > |b|’2. We
therefore have that

laly = bly = Bl = lal}.

Hence, (ii) implies (iii).
For i € {1,2}, consider the ball

Bi(a,e) ={be K |la—-Db|; < €}

of radius € > 0 about a € K. If s is as in (iii), then B (a, €) = B, (a, €*), so the topologies defined by
the two valuations are equivalent. That is, (iii) implies (i). [l

Remark 5.2.6. If | |is a valuation and s > 1, then | |* need not be a valuation. For instance, let | |
be the usual absolute value on R. Then| |? is not a valuation, as 2% > 1% + 12,

Definition 5.2.7. A nonarchimedean valuation | |on afield K is a nontrivial multiplicative valuation
such that
la + b] < max(|al, |b])

forall a,b € K.

For our purposes, the following ad-hoc definition of an archimedean valuation will suffice.

Notation 5.2.8. An archimedean valuation on K is a nontrivial valuation on K that is not nonar-

chimedean.

Remark 5.2.9. Every valuation in the equivalence class of a nonarchimedean valuation is also nonar-

chimedean.
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The following is a useful equivalent condition for a valuation to be nonarchimedean.

Lemma 5.2.10. A nontrivial valuation | |on a field K is nonarchimedean if and only if |n - 1| < 1 for
all integers n > 2.

Proof. We write n - 1 € K more simply as n. If | | is nonarchimedean, then
|n| < max(|1],...,|1]) =1

for n > 2. Conversely, suppose that [n| < 1 for n > 2 (and hence for all n € Z). Let a, § € K. For an
integer k > 1, note that

la + BIF < :io‘(lf) al pr-

Taking kth roots, we obtain

IN

f ‘(l;)‘max(mhml)k < (k + 1) max(lal, | B))*.

i=0

1
la + Bl < (1 + k)* max(lal,|Bl),
and taking the limit as k tends to infinity provides the result. ]

As the integer multiples of 1 in a field of positive characteristic are units and 0, Lemma 5.2.10

yields the following.

Corollary 5.2.11. Every nontrivial valuation on a field of positive characteristic is nonarchimedean.

We also have the following notion, generalizing that of a discrete valuation.

Definition 5.2.12. An additive valuation v on a field K is a function v: K - R U {co} satisfying
i. v(a) = oo ifand only a = 0,
ii. v(ab) = v(a) + v(b), and
iii. v(a + b) = min(v(a),v(b))

forall a,b € K.

The following gives the comparison between additive valuations and nonarchimedean valuations.

Lemma 5.2.13. Let K be a field. Letv: K - R U {oc}and| |: K - R be such that there exists a

real number ¢ > 1 such that |a| = ¢™'9 for a € K (taking c=*° = 0). Then v is an additive valuation

on K if and only if | | is a nonarchimedean valuation on K.
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Proof. Note that f(x) = ¢~ and g(x) = —log_(x) are inverse functions between R U {oo} and
R.o. So,v(ab) = v(a) + v(b) if and only if

c—W@+v(b)) = -via),.—v(b)

so if and only if |ab| = |a||b|. Moreover,
v(a + b) = min(v(a),v(b))

if and only if

c—v(a+b) < c—min(v(a),v(b)) — maX(c—v(a) C—v(b))

9 2

so if and only if |[a + b| < max(|a| + |b|). Moreover, a = oo if and only if ¢c™* = 0, the property
that v(a) = oo if and only if a = O holds if and only if the property that |a| = 0 holds if and only if
a=0. O

Definition 5.2.14. The value group |K*| of a valuation on a field K is the subgroup of R* consisting

of elements |a| for a € K*.

Definition 5.2.15. A valuation on a field K is discrete it and only if its value group is a discrete subset

of R* (with respect to the subspace topology on R).
Remark 5.2.16. It is not so hard to show that any discrete valuation on a field is nonarchimedean.

Remark 5.2.17. A nonarchimedean valuation | | on a field K is discrete if and only if there exists
ce€ R, suchthatv: K » R U {co} defined by v(a) = log_(la]) for a € K is discrete (i.e., has image
Z, U {co}). In other words, a discrete (additive) valuation v corresponds to an equivalence class of

discrete, nonarchimedean valuations on K.

Remark 5.2.18. Since log.: R,y — R is an isomorphism for any ¢ > 1 and a subgroup of R is
discrete if and only if it is a lattice, hence cyclic, a nonarchimedean valuation is discrete if and only if

its value group is cyclic.

As with discrete valuations, nonarchimedean valuations give rise to a number of structures on a
field.

Lemma 5.2.19. Let K be a field and | | a nonarchimedean valuation on K. The set
O={aeK]||a <1}

is a subring of K that is local with maximal ideal m = {a € K | |a|] < 1}.
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Proof. Ifa,b € O,then |ab| = |a|-|b| < 1 and |a + b| < max(|al,|b]) < 1, so @ is aring. Similarly,
m is an ideal. To see that it is maximal, note thatif a € @ — m, then |a!| = la|™! = 1,s0a”! € O.

Thus a is a unit, so @ is a local ring with maximal ideal m. ]

Definition 5.2.20. The valuation ring of a nonarchimedean valuation | | on a field K is the subring
© of K defined by
O ={aeK|la <1}.

Remark 5.2.21. Similarly, we can speak of the valuation ring of an additive valuation v of K. It is
O = {a € K |v(a) = 0}, and its maximal ideal is m = {a € K | v(a) > 0}.

Lemma 5.2.22. Let K be a field and | | a nonarchimedean valuation on K. Then the valuation | | is

discrete if and only if its valuation ring O is a discrete valuation ring.

Proof. If| |is discrete, then let 7 € m be an element for which |s7| is maximal. Then || generates
the value group of | |, so any @ € m may be written as a = sr¥u for some k > 1 and u € ©*. In
particular, m = (o7), so @ is a DVR.

Conversely, if @ is a DVR, let 7 € m be a uniformizer. Then any a € K* may be written
a = 7%u for some k € Z and u € ©*, and we have |a| = |77|¥, so the value group K* is cyclic, hence

discrete. ]

Lemma 5.2.23. Let K be a field and | | a discrete valuation on K. Let m be the maximal ideal of the
valuation ring O of K. Then

m"={aeK|la <r"},
forall n > 1, where r is the maximal value of | | withr < 1.

Proof. That m is as stated follows Lemma 5.2.19 and the fact that | | is discrete. Conversely, let
7 € m be auniformizer. For any a € ©, we have a = 7¥u for some k > 0 and u € ©*, and |a| = | ¥,

sor = |m|,and a € m" if and only if |a| < r". O]

It is useful to pick a canonical, or normalized, multiplicative valuation attached to some of the
discrete valuations we have studied. We define the p-adic absolute value for any nonzero finite prime
p of a global field.

Definition 5.2.24. Let K be a global field, and let p be a finite prime of K, or an infinite prime of K if
K is a function field. Let p be the characteristic of the residue field of p, and let f, denote the residue
degree of p. The p-adic absolute value on K is the unique multiplicative valuation on K that satisfies

lal, = po @

fora € K*.
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Remark 5.2.25. If p is a finite prime of a global field K that is a principal ideal (77) of O, then we

denote | |, by | |, as well.

Example 5.2.26. The p-adic absolute value | |, on Q is defined by IOIP =0and

al, = p*'

for a € Q*. Note that it is discrete with valuation ring consisting of reduced fractions with denomi-

nator not divisible by p.

Example 5.2.27. Let g be a prime power. The absolute value | |, at infinity on F(7) is defined by
0], = 0 and
Ji’ _ leaf—degg

for nonzerof, g € F[1].

As for archimedean valuations, we have the following.

Definition 5.2.28. Let K be a number field, and let 6: K < C be an archimedean embedding of K.
Then the absolute value with respect to ¢ is the multiplicative valuation | |,: K - R defined by
lal, = |o(a)| (the complex absolute value of o (a)) fora € K.

In other words, archimedean primes give rise to archimedean valuations. We now make the fol-

lowing definition.
Definition 5.2.29. A place of a global field K is an equivalence class of nontrivial valuations on K.

Definition 5.2.30. A finite place (resp., infinite place) of a global field K is the equivalence class of
the absolute value attached to a finite (resp., infinite) prime of K.

We will see that every place of a global field is either finite or infinite. At present, let us prove this

for Q.

Theorem 5.2.31 (Ostrowski). The places of Q are exactly the equivalence classes of the p-adic ab-

solute values on Q for a prime number p and of the usual absolute value on Q.

Proof. Let| |be a nontrivial valuation on Q. Let m,n > 2 be integers, and write m as

k .
m = Z a;n'
i=0
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for some integers 0 < a; < nfor 0 < i < k and some k > 0, with a; # 0. Note that nk < m, so

< logm.
~ logn

Let N = max(1, |n]). We also have |1| = 1, so |a;| < n, and we have

logm

k
ml <Y nlnlf < (1 +k)nN* < (1 + k’ﬂ) nN e
= logn

Replacing m by m’ for some ¢ > 0 and taking rth roots of both sides, we have

1

1 7 logm

Im| < (1 +t Ogm) nTN e
logn

As we let t — oo, we obtain

logm

Im| < NToer (5.2.1)

If |n| < 1 for some integer n > 2, then N = 1, and (5.2.1) with this n implies that |m| < 1 for

all m > 2, and hence for all m € Z. Since | | is multiplicative and nontrivial, and Z is a unique

factorization domain, we must then have |p| < 1 for some prime number p. Consider the set
m={ae€Z]|la <1}

Since | | is nonarchimedean by Lemma 5.2.10, the set m is an ideal of Z. Since it contains p and is
not Z, it must equal (p). Let s > 0 be such that [p| = p~>. Any ¢ € Q can be expressed as g = p"»?' ™

for some m,n € 7 with p } mn. We then have

gl = [pI'""'? = p™ D = |gps.

In other words, | |is equivalentto| | s and moreover, it is not equivalent to | |, for any prime number
¢ # p, since ¢ ¢ m, nor is it equivalent to | |, since 2|, =2 > 1.
If |n| > 1 for all integers n > 2, then (5.2.1) implies that

1 1
Im|em < |p|loen

1
for all m,n > 2. Switching their roles of m and n gives the opposite inequality. In other words, |n|'°¢"

is constant for n > 2, equal to some s > 1. We then have

In| = Slogn — nlogs

for all n > 2, and multiplicativity then forces |g| = IqIL%gs for all ¢ € Q, where | |, denotes the usual
absolute value on Q. Proposition 5.2.5 implies that | | is equivalentto | |... O]
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We also have the following, which we leave as an exercise.

Proposition 5.2.32. Let g be a prime power. The places of F ,(t) are exactly the equivalence classes

of the f-adic absolute values, for f an irreducible polynomial in F (1], and the absolute value at o.

Remark 5.2.33. We often index the set Vi of places of a global field K by a subscript, such as v.
Each place in Vi, as we have seen already for K = Q and stated for K = F(¢), is represented by the
multiplicative valuation attached to a unique prime (as in Definitions 5.2.24 and 5.2.28). We write

| |, for for this valuation.

We note the following consequence of Theorem 5.2.31.

Proposition 5.2.34. For any a € Q*, we have lal,, = 1 for all but finitely many prime numbers p, and

we have
[T lal, = 1.
ve VQ
Proof. Since valuations are multiplicative, it suffices to prove this for —1 and every prime number

p- But| - 1|, = 1forallv € Vg, and |p|, = 1 for primes € # p, while |p|, = p~! and |p|, = p. O

We have a similar consequence of Proposition 5.2.32.

Proposition 5.2.35. Let q be a power of a prime number. Let h € F,(1)*. Then |hl; = 1 for all but
finitely many irreducible polynomials f € F ,[t], and we have

[T =1

ve V]Fq(t)

We end the section with the weak approximation theorem, which is an analogue of the Chinese

remainder theorem for valuations. This requires a lemma.

Lemma 5.2.36. Let| |{,| |,...,| |x be nontrivial, inequivalent valuations on a field K. Then there
exists an element a € K such that |a|; < 1 and lal; > 1 forallj > 2.

Proof. In the case k = 2, note that Proposition 5.2.5 provides one with elements «, § € K with
lal; < 1,lal, = 1,|Bl; = 1,and ||, < 1. Then ¢ = % satisfies |c]; < 1 and [c|, > 1.

For k > 2, suppose by induction that we have found an element a such that |a]; < | and |a|; > 1
forall 2 <j < k — 1 and an element g such that |B|; < 1 and |B|; > 1. If |a]; > 1, then we simply
take a = a. If |a|; = 1, then choose s > O sufficiently large so that Ialjs. > Iﬂlj‘1 forall2 <j<k-1

and |al$ < |BI7!. Thena = a* B works.


https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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Finally, if |a|; < 1, let
cw =B 1A +am!

for every integer m > 1. The sequence (1 + a™)~! has a limit of 1 under the topology of | |, if
— O for2 <j < k-1, and that

Il = | ,BI,;I. We then take a = c;,! for a sufficiently large value of m. [

lal; < 1and 0 if |a]; > 1. So, we have that |c,,[; = [B]7, that |c,,|;

Theorem 5.2.37 (Weak Approximation). Let| |,| |,....| |x be nontrivial, inequivalent valuations
on a field K, and let ay,a, ...,a; € K. For every € > 0, there exists an element b € K such that
la; —bl; < eforalll <i<k.

Proof. It follows from Lemma 5.2.36 that there exists for each i an element «; € K with |a,;]; < 1
and lal; > 1 for all j # i. For each i and a chosen § > O, let g, = ﬁ for a value of m which is
sufficiently large in order that |8; — 1|; < & and |B;|; < & forj # i. We then set
k
b = Z aj ﬁj’
j=1

which satisfies

k k
b= agl; < laglil i = 1 + D lajli\Bjli < Y lajl;- 8 < €
. J=1
J=1

J#i
for a good choice of §. O

5.3 Completions
Definition 5.3.1. A pair consisting of a field K and a valuation | | on K is called a valued field.
Remark 5.3.2. When the valuation is understood, a valued field (K, | |) is often simply denoted K.

Definition 5.3.3. A ropological field K is a field endowed with a topology with respect to which the
binary operations of addition and multiplication are continuous, as are the maps that take an element
to its additive inverse and a nonzero element to its multiplicative inverse, the latter with respect to the
subspace topology on K*.

Remark 5.3.4. A topological field is in particular a topological group with respect to addition, and its
multiplicative group is a topological group with respect to multiplication. Moreover, multiplication is

continuous on the entire field.

We leave the proof of the following to the reader.
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Proposition 5.3.5. A valued field is a topological field with respect to the topology defined by its

valuation.

Remark 5.3.6. A nonarchimedean valued field K has a valuation ring @. Terminology is often abused
between the two. For instance, the unit group of K would usually be taken to mean the unit group of

©. Or, if @ is discrete, a uniformizer of K would mean a uniformizer of ©.

Definition 5.3.7. A valued field K is said to be complete if it K is complete with respect to the topology

defined by its valuation.
Example 5.3.8. The fields R and C are complete with respect to their usual topologies.

Definition 5.3.9. A field embedding 1: K — K’, where (K,| |) and (K’,| |") are valued fields, is
an embedding of valued fields if |1(a)|” = |a|forall « € K. If 1: K —» K’ is an embedding of valued

fields, we say that 1 preserves the valuation on K.

Definition 5.3.10. An isomorphism of valued fields is a field isomorphism that is an embedding of
valued fields.

We wish to study completions of a valued field K. The completion is a larger field that essentially
consists of the limits of Cauchy sequences in K, with field operations determined by the fact that they

should be continuous.

Theorem 5.3.11. Let (K,| |) be a valued field. Then there exists a complete valued field (K,| |) and
a embedding 1: K — K of valued fields such that the image 1(K) is dense in K.

Proof. Let R be the set of Cauchy sequences on K. By definition, if (a,,),, € R, then for any ¢ > 0,
there exists N > 1 such that |a, — a,,| < € for all n,m > N. Thus, But |la,| — |a,,| < la, — a,,l,
so (la,l), is a Cauchy sequence in R, which therefore converges. In other words, we may define a
function || [|: R - R by

Note that, in particular (|a,l),, is bounded for any (a,,),, € R. It is easy to check that R is a ring: in
particular, if (a,),, (b,),, € R, then

la,b,, —a,,b,| <la,|-1b,, — b,,| +|b,lla, —a,,l,

and if |a,|] < M and |b,| < M for all n, then given ¢ > 0 we choose m, n sufficiently large so that

€

557> and the right-hand side is less than €.

|an - am|’ |bn - bm| <
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Let M be the set of (Cauchy) sequences on K that converge to 0. We check that M is a maximal
ideal of R. Clearly, the sum of any two sequences that converges to 0 does as well. If (a,,),, € R and
(b)), € M, then for any € > 0, we have that

|anbn| = |an| : |bn| <€

for n large enough so that || < %, where |a,| < M for all n. If (a,), € R — M, then a,, # O forn
sufficiently large, so we can add an eventually O sequence (which necessarily lies in M) to it to make
a,, # 0 for all n. The sequence (a,;l ),, is then defined, and it is Cauchy, as |a,,| is bounded below, and
|an - am|

_1 _ ™n  "ml
la,lla,,|

-1 —
|an am | -

In other words, R/ is a field.

Set K = R/9M. We have a natural field embedding i: K — K that takes a € K to the coset of the
constant sequence (a),,.

For (a,), (b,), € R, note that

1@ - byl = Jim la, byl = 1imla,| - 1B,] = (@)l - 1(5,) ]
and
@, +b,),ll = lim la, + b, < lim (la,| + 1b,1) = (a,) Il + 1(6,,) -
Moreover, |(a,,),|l = 0if and only if (a,),, € M. Thus, | | induces a valuation | |on K, and it clearly

preserves the valuation on K.
To see that K is complete with respect to | ||, let (c,,),, with ¢,, = (c,, ,,),, be a Cauchy sequence
in R. If it has a limit in R, its image in K has a limit as well. For € > 0, there exists N > 1 such that

form > k > N, we have

€

z.

There then exists N,, > N such that for k < m, we have |c,, , — ¢, ,| < 5 foralln > N,,. On

”Cm - Ck” = ’,}1_)11010 |Cm,n - Ck,n| <

the other hand, since each c,, is Cauchy, there exist /,, > max(N,,,[,,_1) (with [; > N;) such that
lCmn = Crl < % for n,n” > 1,,. Consider the sequence (a,,), of elements a,, = Cn,1, Of K. For

m >k > N, we have )
lay —arl =y, — Crp ) < lemy, = €k, |+ 1cky, — Crpl <€
by our condition on ¢,,, so (a,), € R. Moreover,
lem = (@)l = M lcp = €yl

and

Cm,n - Cn,l,l| < |Cm,n - Cm,lm| + |Cm,lm - Cn,ln| <€
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forn > m > N and n > 1,,, which means that |c,, — (a,),| < ¢ form > N’. That is, the sequence
(¢,n)n Of sequences converges to (a,,),, in R.

Finally, we show that the image of 1 is dense. That is, let (a,,),, € R. For each m > 1, we have
”(am)n - (an)n” = r}lengo |am - anlv
and we saw that |a,, — a,| < € for m,n > N. But then

”(am)n - (an)n” <€
so the sequence (1(a,,)),, in K converges to the image of (a,,),,. ]

Proposition 5.3.12. Let K be a valued field and K a complete valued field for which there exists a
dense embedding 1: K — K that preserves the valuation on K. If L is a complete valued field and

o: K — L is an embedding of valued fields, then there is a unique extension of o to an embedding
6: K - L of valued fields.

Proof. Let| | (resp.,| |") denote the valuation on K and K (resp., L). For any Cauchy sequence
(a,), in K, the sequence o (a,), is Cauchy as |o(a,) — o(a,,)|" = la, — a,,|, and therefore it is
convergent. Define 6: K — L by

o((a,),) = lim o(a,).

n— oo
This is clearly a nonzero ring homomorphism, hence a field embedding, and it extends ¢. By defini-
tion, it preserves the valuation on K. Moreover, if T: K — L is any field embedding extending ¢ and

preserving the valuation on K, then for any m > 1, we have
|T((an)n) - a(am)l, = nhanélo |an - am|a

which since (a,,),, is Cauchy implies that the sequence (o (a,,)),, converges to T((a,),,) in L. On the

other hand, this limit is by definition o ((a,,),), s0 T = 0. ]
This allows us to make the following definition.

Definition 5.3.13. Let (K,| |) be a valued field. Any complete valued field (K,| |) as in Theo-
rem 5.3.11 is called the completion of K.

Remark 5.3.14. The completion of a valued field is unique up to unique isomorphism fixing K by
Theorem 5.3.11.

Example 5.3.15. The completion of Q with respect to the usual absolute value is isomorphic to R. To
see this, define 7: Q — R via the map that takes the class of a Cauchy sequence in Q to its limit. This
is clearly a field embedding preserving the valuation, and it is surjective since, for every real number,
there exists a sequence of rationals converging to it.
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In fact, any complete archimedean valued field K is topologically isomorphic (i.e., isomorphic via
fields via a map which is a homeomorphism) to R or C. In other words, K is isomorphic as a valued

field to R or C with valuation given by some power of the usual absolute value.

Theorem 5.3.16 (Ostrowski). Let K be a complete valued field with respect to an archimedean valua-
tion. Then K is isomorphic as a valued field to either (R,| |°) or (C,| |*) for some s € (0, 1], where

| | denotes the usual absolute value on R or C.

Proof. By Corollary 5.2.11, the field K must have characteristic zero. Let | | denote the valuation

on K, and in the proof let us use | |, to denote the absolute value on C. By Ostrowski’s theorem on

Q, the restriction of | | to Q is equivalent to the usual absolute value. Note that | |5, satisfies the

triangle inequality for a given s € R, if and only s < 1. Let s € (0, 1] be such that |a| = |al, for all

a € Q. As K is complete, it must then contain the completion (R, | [5,) of Q with respectto| |.
Ifi = \/—_1 € K, then for 0 € R, we have

12719 < | cos O] + |sin 0] < V2,

but since this is true for all 6, we get [e270]" = [¢27n0| < \[2 for all n € Z. Thus [¢>7%%| = 1. Since
we can write z € C as z = re27% withr > 0 and € R, we have |z] = |z[5, forallz € C C K.

In general, we can replace K by K (i) and extend | | to K(i) by |a + bi| = \Hal2 + |b|2, so we may
assume that in fact K contains (C,| [5,) as valued fields. Now let ¢ € K, and let w € C be such that
|a — w| is minimal: this exists since the infimum ¢ occurs as a limit in the closed ball of radius |a| + u
about 0 in C for any u > 1.

Now suppose a ¢ C, which is to say that # > 0. Replacing a by a — w, we may as well assume
thatw = 0. Thent = |a| < |a — z| forall z € C. Forz € C and n > 1, note that

n-1

2" + 1" = |a" = 2" = l—[ la — $hal = 1" Ha — 2
J=0

where ¢, = e?7/". We then have
="
Ia—ZISt(t—n+l .

Thus, taking z such that |z| < # and the limit as # tends to oo, we obtain that |¢ — z| < t. By minimality
of ¢, this forces |a — z| = ¢.

By the same argument with « — z replacing «, we see then that | — z — w| = ¢ for all w € C with
lw| < t. Recursively, we then see in particular that |@ — mz| = ¢ forallm > 1 and z € C with 7] < a.
The set of all such mz being C, we see that |@ — z| = ¢ for all z € C. But then |z| < |z — a| + |a| = 2¢
for all z € C which contradicts |z| = |z|3, for any z € C with sufficiently large |z|... In other words, a
does not exist. ]



98 CHAPTER 5. VALUATIONS AND COMPLETIONS

Lemma 5.3.17. Let (K, | |) be a nonarchimedean valued field, and let (K,| |) beits completion. Then
| | is a nonarchimedean valuation on K with the same value group as its restriction to K. If © (resp.,
O ) denotes the valuation ring of K (resp., K) and m (resp., i) denotes its the maximal ideal, then the
canonical map

1: O/m > © /m

is an isomorphism. Moreover, if | | is discrete on K, then it is on K as well, and
1,: O/m" - O/m"
is an isomorphism for every n > 1.

Proof. That K is nonarchimedean is an immediate corollary of Lemma 5.2.10 (and can also be
seen directly). If a is nonzero, then |a,, —a| < |a| for all sufficiently large n, so |a,,| = |(a,,—a) +a| = |al,
and thus the value groups of | | on K and K are equal.

Since the embedding K — K preserves the valuation, we have m = © n fi, so 7 is injective. If
a € O, then since K is dense in K, there exists b € K with |b —a| < 1, so b — a € @, which in
particular implies b € © N K = O with 7(b + m) = a + fii. In other words, 7 is surjective.

If | |is discrete on K, then any Cauchy sequence in K has valuation that is eventually constant or
heads to 0. As a uniformizer 7 of K is also one of K, it follows immediately that 7,, is injective. We
have

m" = {a € Kl|la| < |m7|"},

and so if a € m" and we choose b € K with |b — a| < |7r|", then |b| < ||, so b € m”". That is, 7,, is

surjective. [

Remark 5.3.18. A discrete additive valuation v on a field K extends to a discrete valuation on K,

usually denoted v as well.

Definition 5.3.19. A valued field is said to be discretely valued if its valuation is discrete. A complete

discrete valuation field is a complete discretely valued field.

Proposition 5.3.20. Let K be a complete discrete valuation field. Let O be its valuation ring, and
m the maximal ideal of ©. Let T be a set of representatives of O [m that includes 0, and let 7 be a

uniformizer of ©. Every element a € K is a limit of a unique sequence of partial sums of the form
n
a, = Z cpak
k=m

forme Zandcy €T forallk > m, with c,, # 0. Moreover, the additive valuation of such an element

aism.



5.3. Completions 99

Proof. Since each a,, must have valuation m and the a,, must converge to a, we musthave m = v(a).
So, we take a,,_; = 0 and, inductively, for any n > m, we write a — a,,_; = b,,or" for some b,, € O,
and let ¢, € T be the unique element such that ¢, = b,, mod m. (Note that ¢,, # 0.) Then

a-a,=b,m" —c,m" € m"!

and c¢,, € T is unique such that this holds. By definition, a is then the limit of the a,,, and the choice
of each c,, is the only possibility for which this happens, as if a # a, mod m”"*!, then since a %

a; mod m™*! for all k > n, the sequence (a,,),, would not converge to a. [

Notation 5.3.21. Let (K,| |) be a complete discrete valuation field. The element

with ¢; € O is the limit of the corresponding sequence of partial sums.

Example 5.3.22. By Proposition 5.3.20, the completion a field K (¢) with respect to the 7-adic valuation
on K is isomorphic to the field K () of Laurent series in ¢. The valuation ring of K (¢) is the ring K [¢]

of power series in K.

Definition 5.3.23. The field Q, of p-adic numbers is the completion of Q with respect to its p-adic

valuation. Its valuation ring Z, is the ring of p-adic integers.

Remark 5.3.24. An arbitrary element of Q,, has the unique form

(o]
D e’
i=m

where m € Z and 0 < ¢; < p — 1 foreach i > m, with ¢,,, # 0. It is a p-adic integer (resp., unit) if and

only if m > O (resp., m = 0).
Example 5.3.25. Theelementa = 1 +p+p> +p> + - € 2, is ﬁ. To see this, note that
(I+p+p>+--+pH(1-p)=1-p™,

and the sequence (1 — p**1), converges to 1. In particular,

(o)

-1 = Z(p— Hp" € Z,.
n=0

Taking into account Lemma 5.3.17, the following gives an alternate description of the valuation
ring of the completion of a discrete valuation field.
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Proposition 5.3.26. Let K be a complete discrete valuation field, let © be its valuation ring, and let
m be the maximal ideal of ©. Then the map

¢: O - lim O/m"
n
that takes a € O to the compatible sequence (a + m™),, is an isomorphism of rings.

Proof. This is actually a corollary of Proposition 5.3.20, in that a,, + m” for a,, € © has a unique
representative of the form

n—1
Z CkJTk
k=0
with ¢; € T, where T is a set of representatives of @ /m and u is a fixed uniformizer of @, and the c;

are independent of n > i. The element
a= Z ke O
k=0
is the unique element of @ mapping to (a,, + m"),,. U

Definition 5.3.27. Let A be a discrete valuation ring, and let p be its maximal ideal. We say that A is

complete if the canonical map
A - lim A/p".
n

is an isomorphism.

The reader will verify the following.

Lemma 5.3.28. Let A be a DVR, and let K be its quotient field. Then K is complete with respect to

the discrete valuation induced by the valuation on A if and only if A is complete.

Definition 5.3.29. Let K be a field, and let f = ZZOZO a,x" € K[x]. For k > 1, the kth derivative of f
is the power series fX) € K[x] defined by

FO =3 +1) - (n+ k), 1"
n=0

Theorem 5.3.30 (Hensel’s Lemma). Let K be a complete nonarchimedean valuation field with valu-
ation ring © having maximal ideal m. Let f € O[x], and letf € O [ m[x] be the image of f. Suppose
that @ € O/m is a simple root of f. Then there exists a unique root a of f in O that reduces to

modulo m.



5.3. Completions 101

Proof. Let ap € O be any lifting of @, and let 7 = f(ag) € m. (If @ is a DVR, we can instead
take o7 to be a uniformizer.) Suppose by induction that we have found a; € © for 0 < k < n such that
a, = a; mod 72" for all such k and f(a,) = 0 mod r2". Writing f = Z?i%f ax' with a; € ©, we
see that

degf degf degf
flay+2) = (@) +f (@) = Y ajla, +x0)' = Y aa)~ ) iaal'x
=0 =0 =0

is an element of (x2) inside @[x]. We therefore have that

fla, + Bx?") =f(a,) +f (a,) - B?" mod 72"

for any B € ©. Note that f'(a,) # 0 mod 7 (and in fact is a unit), since @ is a simple foot of f
in ©/m. As f’(a,) is invertible and ;72" divides f(a,), we may choose g € © such that f(a, +
pr?") =0 mod 2", and this choice is unique modulo 72", We then set a,,,; = a, + %" so that
a,.1 = a, mod ;r>", and again we have f(a,_;) = 0 mod 72" Note that a,.1 is unique modulo

72" with this property: in fact,

f ( an) on+l
a =a, — mod s (5.3.1)
n+1 n f/ ( an)
Finally, letting
a = lim @y,
we note that f defines a continuous function on @, so
fla) = lim f(a,) =0,

and « is by construction unique with this property among roots reducing to a. ]

Example 5.3.31. The polynomial f = x> — 2 has two simple roots in IF, which are 3 and 4. Hensel’s
Lemma tells us that it has two roots in Z- as well. We may approximate such a root recursively using
(5.3.1) in the proof of said result. For instance,

3 - 3;_32 :3-%7 = 10 mod 49
is a root of f modulo 49, and
10—E S 10— 7223474272467 = 2166 mod 74
2-10 10
is a root of f modulo 2401.

The following lemma provides another nice application of Hensel’s Lemma.
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Lemma 5.3.32. The group of roots of unity in Q,, has order p — 1 for an odd prime p and 2 for p = 2.

Proof. The polynomial x”~! — 1 splits completely into distinct linear factors F,[x], since F} is
cyclic of order p — 1. By Hensel’s Lemma, we see that each root of x’~! — 1in F p lifts uniquely to a
root of x*~1 — 1 in Z,. Thatis, u,_1(Q,) contains p — 1 elements.

Suppose that ¢, is a primitive nth root of unity ¢,, in Q,, (hence in Z,) forn > 1. Then ¢,, reduces
to a root of unity in IF,. If the order m of this root of unity is less than n, then &} is trivial in F,, so
¢w — 1 € pZ,. In particular, there exists a prime € such that Z[p,] € Z, and { — 1 € pZ,,. Since
¢y — 1 divides ¢, this would imply € € pZ,,, forcing ¢ = p. On the other hand, if ,, € Z,, then Z,,
contains Z,[ 15,1, and so p~1(¢,, — 1)?1?P) € Zx which contradicts the fact that p is a uniformizer
in Z,. O

The following is a strong form of Hensel’s lemma (without the uniqueness statement) that is some-

times also referred to as Hensel’s lemma.

Theorem 5.3.33 (Hensel). Let K be a complete nonarchimedean valuation field with valuation ring
© and maximal ideal m. Iff € ©|[x] is primitive and its image f € O /m|[x] factors as f = gh, where
g and h are relatively prime, then f factors as f = gh in ©[x], where g and h reduce to g and h, and
degg = degg.

Moreover, if g',h' € O[x] with deg g’ = deg g satisfy f = g’h’ mod b for some ideal b C m and
reduce to g and h respectively, then g and h can be chosen so that g = g’ mod b and h = h’ mod b.

Proof. Note that f € @[x] is primitive if and only if f # 0 mod m. Let k be the degree of deg g,
and let d be the degree of . Let g, hy € ©[x] be lifts of g and 4, respectively, such that deg g, = k
and deghy < d — k, so

f = gohg mod m.

Since g and h are relatively prime, there exist a, b € © /m[x] such that ag + bh = 1. Leta,b € O[x]

be lifts of @ and b, respectively, so we have
ago + bhp = 1 mod m.

Let a C m be the ideal of @ generated by the coefficients of agq + bhy — 1, which will be generated by
an element 7 € a that can be taken as the coefficient of maximal valuation. (We use a in the argument
below to deal with the possibility that the valuation on K is not discrete.)

Suppose by induction that for n > 1 and m < n — 1, we have found polynomials g,, and A,,, with
deg(g,, — g&o) < k and and deg h,,, < d — k such that

f = g,,h,, mod a”*1,
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form < n — 1 and both
Zm+1 = &u mod a1 and  h,,,, = h,, mod a"*!

form <n-2. Let
fn = ”_noc - gn—lhn—l) € @[X]

Since g is a lift of g with degg, = k, its leading coeflicient is a unit. Hence, using the division

algorithm, we may write
bfn = dn80 t n>
where ¢,,, 7, € O[x] and degr,, < k. Then

(af,, + q,ho) g0 + r,ho = af,80 + bf,ho = f,, mod a. (5.3.2)

Let s,, € @O[x] be the polynomial with coefficients that agree with those coefficients of af,, + g,,h
that have nonzero reduction modulo a and which are 0 otherwise. Then set

8n=8n1+a"r, and h, =h, | + s,
Note that

gnhn = gn—lhn—l + Wn(rnhn—l + Sngn—l)
= gn—lhn—l + ”"(rnho + sngO)
= gn—lhn—l + ﬂnfn

= f mod a"*!.

Since deg(g,,_1 — go) < k and degr,, < k, we have deg(g,, — go) < k. Since deg(r,hy) < d and
degf, < d, we have by (5.3.2) that the reduction of (af,, + g,,hy)go modulo a has degree at most d.
Since deg g = k, we therefore have that the reduction of af,, + g,,hy has degree at most d — k. As the
nonzero coefficients of s,, which is congruent to a,f, + q,hy modulo a, are all units, we then have
deg(s,) < d — k. Hence, we have completed the induction.

Now, since the degree of g, is k, the degree of 4,, is bounded by d — k, and ﬂnz 1 a' = (0), it makes
sense to consider the limits of these sequences of polynomials by taking the limits of their coefficients,
with the resulting quantity an actual polynomial. Defining g and 4 to be the limits of the sequences
(8,), and (h,,), respectively, we obtain f = gh, as desired. The last statement follows easily from the
above argument. ]

Remark 5.3.34. A valuation ring satisfying Hensel’s lemma (without the uniqueness statement) is
called a Henselian ring. One may check that any Henselian ring satisfies the strong form of Hensel’s

lemma as well.
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5.4 Extension of valuations

In this section, we study the extension of a valuation on a (complete) field to a larger field.

Definition 5.4.1. Let K be a field, and let| [z be a valuation on K. If L is a field extension of K, then
an extension | |; of | |g to L is a valuation on L such that |a|; = |a|g for all @ € K.

In the case of global fields, we note the following.

Remark 5.4.2. Let L/K be an extension of global fields, let p be a nonarchimedean prime of K and
P a prime lying above it. The normalized P-adic valuation is equivalent, but not always equal to, an

extension of the normalized p-adic valuation. That is, for ¢ € K, we have

ey

“Hvpl@) = phepnv(@) o lal;

laly = p
In the case that the extension field is of finite degree, the following proposition restricts the possi-
bilities for an extension of the valuation below to the extension field, up to equivalence.

Proposition 5.4.3. Let (K,| |) be a complete valuation field, and let (V,| |) be a finite-dimensional
normed vector space over K such that |av| = |a||v| for all « € K andv € V. Then V is complete with

respect to | |, and if vy, ...,v,, is an ordered basis of V, then the isomorphism ¢ : K" — V with

¢(ay,...,a,) = iaivi

i=1

is a homemorphism.

Proof. The topology defined on K" by the maximum norm
I(ay,...,a,)|l = max(lal,...,l|a,l)
foray,...,a, € K agrees with the product topology. Via the map ¢, this induces a norm
la;vy + -+ + a,v,|l = max(la;|, ..., la,l)

on V that we must show agrees with topology defined by the original norm | |on V.

It suffices to show that there exists real numbers ¢, c, > 0 such that
cilvl = vl < ealivl

forallv € V. Take ¢; = |v¢| + --- + |v,,|. Then we have

n n
@y + o @l < lagllvl < max(lagl, ... lagl) - Y Vil = callagvy + o+ @yl
i=1 i=1



5.4. Extension of valuations 105

Suppose by the induction that we have the existence of ¢; for all vector spaces of dimension
less than n. The case n = 1 is covered by taking ¢; = |v;|. In general, let W; be the K-span of
{Vi,.-esVi_1,Vis15---» v, }. Then each W; is complete with respect to | |, hence is a closed subspace of

V. Let B be an open ball of radius ¢ > 0 about 0 € V such that Bn (v;,+ W;) = Q forall 1 <i < n. Let

V= 2?21 a;v; € Vwithv # 0. Forany 1 <j < n with a; # 0, we have aj‘lv €v;+ W, so Iaj‘lvl > €.

In particular, we have |v| > €|(ay, ..., a,)ll = €[v|, so we may take c¢; = €. ]

We will require the following lemma.

Lemma 5.4.4. Let (K,| |) be a complete nonarchimedean valuation field. Let

n

f= Zaixi € K[x]

i=0

be irreducible with a,, # 0. Then either |ag| or |a,| is maximal among the values |a;| with 0 <1 < n.

Proof. By multiplying f by an element of K, we may assume that f € ©[x], where @ is the
valuation ring of K, and at least one coefficient of f is a unit. Let j be minimal such that a; € O*. If

m denotes the maximal ideal of @, then
fE(ag+ajqx+-+ a,x"7)x/ mod m.
Unless j = 0 orj = n, this contradicts Theorem 5.3.33, since f would be reducible in ©[x]. O]
The following corollary of Lemma 5.4.4 is immediate.

Corollary 5.4.5. Let (K,| |) be a complete nonarchimedean valuation field. Let f be a monic, irre-
ducible polynomial in K[x] such that f (0) lies in the valuation ring © of | |. Then f € O|[x].

This in turn, has the following corollary.

Corollary 5.4.6. Let (K, | |) be a complete nonarchimedean valuation field. Let L be a finite extension
of K. Let O be the valuation ring of K. Then the integral closure of O in L is equal to

{BELINLK(B) € O).

Proof. Letn = [L: K]. Let B € L*, and let f € K[x] be its minimal polynomial. Lemma 1.3.14
tells us that Ny x (B) € O for every integral f € L. On the other hand, we have

Ny (B) = (=1)"'f(0)"/4,

where d = [K(B) : K]. So, if Ny ;x(B) € O, then f(0) € O, and Corollary 5.4.5 tells us that
f € O[x], which means that g is integral. ]
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We now prove that an extension of a valuation in an algebraic extension of a complete field exists

and is unique.

Theorem 5.4.7. Let (K,| |g) be a complete valuation field, and let L be an algebraic extension of K.
Then there is a unique extension of | |g to a valuation| |; on L. The valuation | |; is nonarchimedean

ifand only if | | is. If L/K is finite, then L is complete with respect to | |7, and this extension satisfies

1Bl = INL k(B 1K,

Proof. If the valuation on K is archimedean, then by Theorem 5.3.16, we have that (K,| |) is
isomorphic to (R,| |*¥) or (C,| |*) with s € (0, 1], and the only extension of | |on R to Cis| .
So, suppose that the valuation on K is nonarchimedean. First, we note that it suffices to assume
that the degree of L/K is finite, as any algebraic extension is the union of its finite subextensions. Let
n = [L: K], and for g € L, define
1Bl = |NL/K(,B)|}{/H.

Clearly, |Bl;, = Oif and only if 8 = 0, and |a B, = |a| |B|, for a, B € L.

Let A be the valuation ring of K, and let B be the integral closure of Ain L. Let « € L. We
obviously have a € B if and only if  + 1 € B. By Corollary 5.4.6, this tells us that Ny /x (a) € A if
and only if Ny x(a + 1) € A, which says that by definition that |a|;, < 1if and only if @ + 1|, < 1.
If B € L™ with (without loss of generality), |a|; < |B];, then Iaﬂ_llL <1,s0

la + Bl = |BllaB™t + 11, < |Bl, = max(lalg,|BlL).

Hence | |; is a nonarchimedean valuation, and it clearly extends | |x. Moreover, L is complete with
respect to this valuation by Proposition 5.4.3.

If | |l is any other valuation on L extending that on K, then let us let C be its valuation ring and
n be its maximal ideal. Note that the norm of any element of C lies in A, so C C B. Suppose that
y € B - C. Let f be the minimal polynomial of ¥ over A, so f € A[x]. Moreover, y ~' € n since C

—1 with no constant

is a valuation ring. But then —1 = y~ 92/ () — 1 is an A-linear polynomial in y
coeflicient that therefore lies in n, a contradiction. That is, B = C. By Proposition 5.2.5, we have that

| lland | [; are equivalent. ]

We have the following immediate corollary of the definition of the extended valuation in Theo-
rem 5.4.7.

Corollary 5.4.8. Let K be a complete discrete valuation field, and let L be an finite extension of K.

Then the extension to L of the valuation on K is discrete.

Let us consider the specific case of global fields.
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Proposition 5.4.9. The places of a global field are exactly its finite and infinite places.

Proof. Let K be a global field. Theorem 5.3.16 tells us that any archimedean prime on L must
arise from a real or complex embedding of L, so represents an infinite place. So, suppose | |is a
nonarchimedean valuation of K and note that its restriction to Q in the case that K has characterstic O
or F¢(2) in the case that K has characteristic a prime ¢ must be equivalent to | |, for some prime p in
the former case and to either | If for some irreducible f € Fy(¢) or| |, in the latter case. So, if the
latter restriction yields a finite place, coming from a finite prime p, consider P = {x € O | |x|] < 1},
and otherwise consider P = {x € A | |x| < 1}, where A is the integral closure of IFQ[t‘l] in K. Then
P is a prime lying over p = (p), (f), or (t~1) in the respective cases. Note that the valuation | |,
extends uniquely to the completion of Q or [Fy(#) at p by continuity and then to a valuation on Ky, that
is equivalent to | [y by Theorem 5.4.7. But then the latter valuation is equivalent to | | by uniqueness

of the extension, as desired. O]

We mention in passing the useful notion of a Newton polygon, as it relates to Lemma 5.4.4.

Definition 5.4.10. Let K be a complete nonarchimedean valuation field with additive valuation v, and

letf = Z?:o a;x' € K[x] with a,, # 0. The Newton polygon of f is the lower convex hull of the points
(i,v(a;)).

We omit the proof of the following.

Proposition 5.4.11. Let K be a complete nonarchimedean valuation field with additive valuation v,
and let f = Z?ZO ax' € K[x] with a, # 0. Let —c0 < m| < my < ... < m, be the slopes of the line
segments of the Newton polygon of f, and let t1, ... ,t, be their respective horizontal lengths. Then for
eachjwith 1 < j < r, the polynomial f has exactly t; roots in an algebraic closure of K with valuation

—m; under the extension of v.

Proof. Let u; < -+ < ug be the valuations of the roots of f, and let k; be the number of roots of
valuation y; for 1 <i <s. For such i, set ¢; = > |_, k,, and set ¢ = 0.

n—j for
0 <j < nis, up to sign, the sum of all products of j distinct roots of f, its additive valuation is at least

Label the roots of f with multiplicity a, ..., @,, in order of increasing valuation. Since a

that of @ --- a;. The latter valuation will be less than all other valuations of products of j distinct roots

if and only if j = €, for some 1 <7 < s. In other words, if ¢;_; <j < ¢,, then

i—1
v(an_j) > Zktﬂt + (G = o)y
t=1

with equality guaranteed if j = €,. It then follows that the lower convex hull of the Newton polygon
consists of the line segments between the points (n — €;_;, Z:;i k;u,) for 0 < i < s. It follows then
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that r = s, and the ith line segment has length
ti=m=C ) = (=0 ) =0 =€y = ks

and slope

i N
X ke =Xl ke —kgipi
m; = t: - k. . = T Hs—i
l S—1

]

Example 5.4.12. Consider the polynomial f = 8x* + 30x? — 4x? + 7x — 2 € Q,[x]. Its Newton
polygon is the lower convex hull of the points (0, 3), (1, 1), (2,2), (3,0), and (4, 1), which means the
area above the piecewise linear function on [0, 4] consisting of the three line segments between the
points (0,3), (1,1), (3,0), and (4, 1). The line segments have lengths 1, 2, and 1 and slopes -2, —%,
and 1, respectively, so f has one root of 2-adic valuation 2, two roots of valuation %, and one root of
valuation —1.

Example 5.4.13. For n > 1 and a prime number p, the function x" — p € Q,[x] has a Newton

polygon with lower boundary the single line segment from (0, 1) to (n,0) of length n and slope —%.

Thus, x" — p has n roots of p-adic valuation ,ll in an algebraic closure of Q,,, and these are of course
t4p for 0 < i < n, where ¢, is a primitive nth root of unity.

We provide some useful corollaries.

Corollary 5.4.14. In the notation of Proposition 5.4.11, the polynomial f factors asf = f; ...f,, where

i € K[x] has degree t; and the valuations of its roots are all —m,;.

Proof. By uniqueness of the extension v of the valuation on K to the splitting field field L of K,
we have that v o ¢ = v for any ¢ € Gal(L/K). Therefore, any two roots of an irreducible factor of f
must have the same valuation, hence the corollary. ]

Corollary 5.4.15. Suppose that K is a complete discrete valuation field with corresponding discrete

additive valuation v. If f € K|[x] is monic of degree n and has a Newton polygon with lower boundary

a single line segment of slope —%, where ¢ > 1 is relatively prime to n, then f is irreducible.
Proof. Let a be a root of f in an algebraic closure of K. Since 7 is the minimal integer such that
nv(a) € Z, we have that o/ ¢ K for 1 < j < n, and therefore L/K has degree n. O

This gives a less-standard proof of the following well-known result.

Corollary 5.4.16. Let K be a global field, and let f € K[x] be an Eisenstein polynomial for a nonar-
chimedean prime p of K. Then f is irreducible. Moreover, the prime p is totally ramified in the

extension of K generated by a root of f.
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Proof. Suppose that f* is Eisenstein for p, and consider the completion K, of K at p. Then f is
still Eisenstein for the ideal generated by p in the valuation ring of K, and therefore irreducible by the
previous corollary. Since f is irreducible over K, it is irreducible in K'[x]. The last statement follows
as every root of f has valuation %, as in the proof of Corollary 5.4.15. ]

5.5 Local fields

Definition 5.5.1. A Hausdorff topological space X is locally compact if for every x € X, there exists

an open neighborhood U, of x such that the closure of U, is compact.

Let us make the following definition.

Definition 5.5.2. A local field is a valuation field that is locally compact with respect to the topology
defined by the valuation.

Lemma 5.5.3. Local fields are complete valuation fields.

Proof. Let (K,| |) be alocal field. Let ¢ > 0 be such that the closed ball of radius ¢ around 0
is compact, and note that by translation this applies to balls around every point. If (a,,), is a Cauchy
sequence in K, then of course there exists N > 0 such that |a,, — ay| < € for all n > N. Therefore all

a, with n > N lie in a compact set, and the Cauchy sequence (a,,),,»n has a limit. [

Remark 5.5.4. If K is an archimedean local field, then being that it is complete, Theorem 5.3.16 tells
us that K is isomorphic to R or C, and the resulting valuation on R or C is equivalent to the standard
absolute value.

Remark 5.5.5. The term “local field” is often used to refer more specifically only to nonarchimedean
local fields.

The definition we have given for a local field may not be that most familiar to algebraic number

theorists, so let us work to classify such fields.

Proposition 5.5.6. Let K be a complete discrete valuation field with valuation ring © and maximal

ideal m. The following are equivalent:

i. Kisalocal field,
ii. O is compact, and

iii. O/m is finite.
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Proof. Let o7 be a unfiormizer of @. If K is locally compact, then m”, being an open and closed
neighborhood of 0 in @, must be compact for some n > 0. On the other hand, the map @ — m” given
by multiplication by 7" is a homeomorphism, since it is continuous with an apparent continuous
inverse. So (i) implies (ii). Conversely, (ii) implies (i) since the neighborhood a + @ of any a € K
will be compact if O is.

If O is compact, then since @ is the disjoint union of its open subsets a + m for a in a set of coset
representatives of @ /m, we have that the number of such representatives must be finite, so (ii) implies
(iii). Conversely, if @ /m is finite, then there exists a finite set T of coset representatives of it in O@.

Suppose we have a sequence (a,,),, in @, which we write for each n as

(oo
- i
a, = Z ay, ;T
i=0

for some a,, ; € T for all i > 0. Among the coefficients a,, ;, some element of 7" must occur infinitely
many times, s0 we may choose a subsequence (ay ), of (a,), such that the a; o are all constant.
We then repeat, choosing a subsequence (a k1 I of (a ko0 such that the a, .1 are all constant, and

so forth. Then the subsequence (a; ), of a, converges to

0 .
Z A joi .
i=0
Therefore, O is a sequentially compact metric space, and so it is compact. [

Proposition 5.5.7 (Krasner’s Lemma). Let K be a complete nonarchimedean valuation field. We use
| | denote the unique extension of the valuation on K to an algebraic closure K of K. Let a, B € K.
If a is separable over K () and

B -al<l|o(a) - al

for every embedding o : K(a) < K fixing K but not a, then K (a) C K(B).

Proof. We must show that K (a, 8) = K(B). Soleto: K(a, B) < K be a field embedding fixing
K(B). We have

lo(a) = Bl =lo(a) —o(B)=la - Bl
the latter equality by the uniqueness of the extension, so
lo(a) —al=lo(a) — B+ B —al <max(lo(a) — B,IB—«al) =B — «al.
By assumption, this forces o to fix K (a), hence the result. ]

We can derive the following from Krasner’s lemma.
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Proposition 5.5.8. Let K be a complete nonarchimedean valuation field with valuation ring ©. Let
f € O[x] be monic, irreducible, and separable of degree n > 1. There exists an ideal a of © such
that if g € O[x] is monic of deg g = n and satisfies f = g mod aO|[x], and if B is a root of g in an
algebraic closure K of K, then f has a root a in K such that K (a) = K(B). In particular, any such g

is irreducible.

Proof. Write f = Z?:o a;x' and g = Z?:o b;x'. Our assumption is that for some positive § < 1,
we have |a; — b;| < & forall 0 < i < n, where | |is the valuation on K (and its unique extension to K).
By choosing § small enough, we may insure that either |a;| = |b;| or |b;| < & (if a; = 0 or b; = 0) for
each i. So, there exists C > 0 with [b;| < C independent of the choice of g. If § is a root of g, then

181" < max{|b,||B' |0 <i < n} < Cmax{l,|B""!},
so | B8] is bounded independent of g, say by D, which we take to be > 1. We then have
F(B) = If(B) — g(B)l < max{la; — bl fI" | 0 < i < n} < Smax{l,|p)y*! < 6D,

and so by choosing § sufficiently small, we may make |f (8)| arbitrarily small, independent of S, say
less than €” for some ¢ > 0. Note that

) =[]18-ail<e",

i=1

where a1, ..., a,, are the roots of f. One must then have | — «;| < € for some i. If we take §, and hence
€, small enough so that € < |a; — ajl for all j # i, and Krasner’s lemma tells us that K (a;) € K(f),
which tells us that g is irreducible and K («;) = K(p). O]

Theorem 5.5.9. The following are equivalent for a nonarchimedean valuation field K :

i. Kisalocal field,
ii. K is complete, the valuation on K is discrete, and the residue field of K is finite,
iii. K is isomorphic to a completion of a global field, and

iv. K is isomorphic to a finite extension of Q,, or F,(t) for some prime p.

Proof. That (ii) implies (i) is part of Proposition 5.5.6. That (iii) implies (ii) is a consequence of
Proposition 5.3.12 and Lemma 5.3.17.

Suppose that (iv) holds. Suppose that K is a finite extension of Q, for some prime p. Then
K = Qp(a) for some ¢ € K, and let f be its minimal polynomial. Choose g € Q[x] monic of
degree that of f and sufficiently close to f so that we may apply Proposition 5.5.8 to see that g is
irreducible over Q,,, so Q,(B) = Q,(«) for some root  of g. Since B is algebraic over Q, we have
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that K = Qp( B) is the completion of Q () in K. Similarly, if K is a finite extension of ]Fp(t), then
it is a finite, separable extension of IFp(tl/Pk) for some k > 1, which is itself isomorphic to IFp(t).
Hence, we may assume that K = F p(0)(a) for some ¢ € K, and the above argument with F p(1)
replacing Q,, yields (iii).

To see that (i) implies (iv), suppose that K is a local field with residue field of characteristic a
prime p. If K has characteristic 0, then the restriction of the valuation to Q cannot be trivial as
it would otherwise extend to the trivial valuation on K by Theorem 6.1.4. It must therefore be a
nonarchimedean valuation on Q with residue characteristic p, and Theorem 5.2.31 tells us that this
valuation is equivalent to the p-adic valuation. But then the completion Q, embeds canonically into
K, so K is an extension of Qp. If K has characteristic p, then it cannot be an algebraic extension of
F p since the valuation is nontrivial, so it must contain an element 7 that is transcendental over F P
We have that K is an extension of [ (1), and by Proposition 5.2.32, the restriction of the valuation
on K to IFp(T) is the f-adic valuation for some irreducible f € ]Fp[T ] or the co-adic valuation. The
completion of ¥ p(T) with respect to this valuation is isomorphic to IF q(1) for some g and embeds in
K, and the valuation on K is the unique extension of this valuation to K.

Next, suppose that K/F with F' = Qp or F (1) were an infinite extension. If K contains a tran-
scendental element x over F, then since the residue field of K is finite, x is still transcendental over the
largest extension E of F in K in which the valuation of F is unramified. By Theorem 2.5.11, the field
extensions E(x)/E(x") all have ramification index n at the unique prime of the valuation ring of E(x).
Let 4 < 1 be the valuation of a uniformizer of E(x) € K under the unique extension of the valuation
on F to E(x). Then the valuation of a uniformizer of E (x") is A". Since the valuation of a uniformizer
of E is then less than A" for all n, it must be 0, which is impossible (in fact, it is p‘l).

If K/ F is algebraic, we can let (K,,),, be an infinite tower of distinct subfields of K with union equal
to K. As K is a local field, its residue field is finite by Proposition 5.5.6. Therefore, the extension of
residue fields for K,,, ; /K,, is trivial for sufficiently large n. Since there is only one nonzero valuation
on K, extending that of K,,, the degree formula then tells us that the ramification degree of the prime
of the valuation ring is [K,,,; : K,,], and in particular nontrivial. Consider any sequence (r,,),,, with
m, € K, auniformizer for each n. If | | is the valuation on K, then we have that |r,, — ,,| = |7,
for n > m, with n sufficiently large (independent of the choice of m). But |,| has a limit of 1 as n
increases (as follows from Theorem 5.4.7), which means that the sequence (r,,),, has no convergent

subsequence. Therefore K is not compact, and therefore the extension had to be finite. ]
Definition 5.5.10. A p-adic field, or p-adic local field, is a finite extension of Q,, for some prime p.
Definition 5.5.11. A Laurent series field (over a finite field) is a finite extension of F,(z).

Remark 5.5.12. In fact, every finite extension K of IFp(t) is isomorphic to F ¢ () for some power g

of p under a map that takes a uniformizer of K to y.
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Ramification theory

6.1 Semi-local theory

Notation 6.1.1. We often use a subscript v to denote a valuation | |, on a field K, even when that valua-
tion is archimedean. When | |, is nonarchimedean, v also denotes an additive valuation corresponding

to v, and when it is discrete, the additive valuation is chosen to have image Z. U {oo}.
Notation 6.1.2. We let K, denote the completion of K with respect to a valuation denoted | |,,.

Remark 6.1.3. Let A be a Dedekind domain and p a prime ideal of A. Let | |, be a valuation on the
quotient field K of A such that |a|, = ¢ for some ¢ € R, and all a € K*. Then we may speak

of the completion K, of K with respect to this valuation.

The following theorem explores extensions of valuations in the case that the ground field is not
complete. In this case, uniqueness of the extension need not hold, but we can classify the distinct

extensions.

Theorem 6.1.4. Let K be a field and v a valuation on K. Let v be an extension of v to a valuation
on an algebraic closure K, of K. Let L be an algebraic extension of K. For any extension of v to a
valuation w on L, there exists an embedding T: L — K, fixing K such that w = v o T, by which we

mean that
1Bl = 1T (B
forall B € L. If t’: L - K, is another embedding fixing K, thenw’ = v o T’ is equal to w if and only

if T and T/ are conjugate over K ,: i.e., T’ = o o T for some automorphism o of K, fixing K,,.

Proof. The valuation that w induces on the completion L,, can only be the unique valuation ex-
tending the valuation that v induces on K,,. If : L,, — K, is any field embedding fixing K,,, then v o T
is a valuation on L,, that extends v on K,,, and hence it must be w.

113
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For the second statement, suppose first that T/ = o o T with ¢ € Aut K, (K,). Again, v is the unique
valuation on E extending the valuation on K, so v o ¢ = v. But then we have v o v/ = v o 7, and
restricting to L, this means that w’ = w.

Conversely, suppose that w” = w. Note that T/ o v~!: (L) - /(L) is an isomorphism fixing K .
Suppose that L/K is finite. As K is dense in K, and 7 (L) is also a finite extension of K, we have that
T(L) is dense in (L) - K,, (and similarly for ”). Define

o:t(L)-K, > t/(L)-K,

by

o(a) = lim ' (a,)

fora € T(L) - K, choosing a sequence («,),, of elements of L such that (t(«,)), converges to a.
Note that this is independent of choice, as if a), is another such sequence, then the limits of (t’(«,,)),,
and (t’(a,,)),, are the same by continuity of ’. Butthen t” = ¢ o 7, and ¢ is the unique isomorphism
fixing K, with this property. We then extend ¢ to an element of Autg (K,,), obtaining the desired map.

In general, L is a union of finite extensions £ of K. For each such E, we have defined a unique
isomorphism o : T(E)K, —» t'(E)K, suchthat t’|p = ogot|g. If E and E’ are two finite extensions
of K in L, then o and o agree on T(E n E")K, C T(E)K, n T(E")K, by uniqueness. Together,
the collection of maps o defines an embedding of the compositum of the fields 7 (E)K, into K,,. We
then extend this embedding to an automorphism of K, fixing K,,, and by definition, it has the property
that v/ = o o 7. O

Notation 6.1.5. If L/K is an extension of fields, v is a valuation on K, and w is a valuation on L, then
we write w | v to denote that w is equivalent to an extension of v. The set of w | v will mean a set of

representatives of the equivalence classes of the extensions of v to L.

The following is in essence a consequence of Proposition 1.1.1.

Proposition 6.1.6. Let L/K be a finite separable extension of fields and v a valuation on K. Then

there is an isomorphism
: Leg K, > []L,

wly
suchthat (B ®1) = (1,,8),, forall B € L, where 1,,: L — L,, is the canonical embedding of a field

in its completion.

Proof. As L/K is finite and separable, there exists an element § € L such that L = K(0). Let f
be the minimal polynomial of 8 over K, and let f = ]_[l’.'i1 f; over K,,, where the f; are irreducible (and
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necessarily distinct by separability of ). Choose a root 6; of f;(x) for each i inside a fixed algebraic

closure K, of K. Proposition 1.1.1 provides an isomorphism

m
Loy K, > []K,0))
i=1

such that 6 ® 1 is sent to 6, in the ith coordinate. By Theorem 5.4.7, the field K,(8;) is necessarily
complete with respect to a valuation w; extending v. The embedding 7,;: L - K, (8;) sending 6 to 6;
and fixing K has dense image, so K,,(6;) is isomorphic to the completion of L with respect to w;.

If w is any valuation on L extending v, then Theorem 6.1.4 yields an embedding 7 of L into K|,
such that w = v o 7, where v is the unique extension of v from K,, to K,,. Then t(0) is the root of f;
for some i, so there exists an automorphism o over K,, fixing K,, such that T = ¢ o 7; and therefore

W=VogoT;=VoT; =W, [

Corollary 6.1.7. Let L/K be a finite separable extension of fields and v a valuation on K. Then we

have
[L:K]=) [L,:K,]

wlv

We can get more out of Proposition 6.1.6, which we will use later.

Definition 6.1.8. Let L/K be a finite separable extension of fields and v a valuation on K.
a. The norm map for L/K at v is the map
Nrjk: an - K,
wiv
given by
Nk (B = [N, ik, (Bw)-

wlv
b. The trace map for L/K at v is the map
TrZ/K: HLW - KV
wlv

given by
Tey ik ((Buw)w) = D Trp ik, (Byy)-

wlv

When v is understood, these are denoted more simply by Ny g and Tr k.

We have the following, which says that N7, and Ny g coincide on L (using its natural embedding
in each L), and similarly for trace maps.
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Proposition 6.1.9. Let L/K be a finite separable extension of fields, and let v be a valuation on K.

For B € L, we may view it as an element of L,,, for each w | v, and as elements of K, we have

Npx(B) = Ne,x,(B) and  Trpp(B) =) Trp k. (B).

wlv wlv

Proof. Letmg: L — L be left multiplication. This indues a K| -linear transformation mg ® idg
on K, and the characteristic polynomials of mz and m g ® idg agree. Noting that the isomorphism of
Proposition 6.1.6 is one of L-vector spaces, the characteristic polynomial of m g ® idg  coincides with
the product of the characteristic polynomials of multiplication by g on the L,, for w | v. The result is
then a consequence of Proposition 1.3.3. [

The following result on valuation rings will later be useful to us.

Proposition 6.1.10. Let L/K be a finite separable extension of fields and v a discrete valuation on K.
Suppose that (B4, ..., B,) is an ordered basis for L/ K such that |B;|,, < 1 forall 1 <i < nand places
w of L lying over v, and |D(B1, ..., B,)|, = 1. Then the isomorphism

i Log K, = [ L,

wlv

of Proposition 6.1.6 restricts to an isomorphism

e Dosen o,
i=1

wlv

where O, (resp., O,,) denotes the valuation ring of K,, (resp., L,,).

Proof. First, we note that both the domain and codomain of x” are free @ ,-modules of rank n =
[L : K]. Moreover, x is injective, so it suffices to show that x” is surjective. For this, note that the

trace pairing y : L x L — K given by
w(a, B) =Tryx(ap)
extends to a unique K -bilinear pairing
w,: (L®kK,) x (L®kK,) > K,,
which is given on simple tensors by the equation

wy,(a®a,Bb)=abTry g(ap).
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Letwy,...,w, be the places of L lying over v. Since O, is a PID, each valuation ring @, is a free
O©,-module of rank n; = [L,, : K,]. So, for 1 <i < g, let

i—1

ml' = an-,

j=1
andlet (4,, 41, -5 4, ) be an ordered basis of @, as a free O, -module. We view each 1; as sitting
in the product Hle O,,. by taking the other coordinates to be zero. Let A = (q;;) € GL, (K,) be the

matrix such that i

A=) k(B ®a), 6.1.1)
j=1
for each 1 < i < n. We must show that A has entries in O,,.

Via 1, the pairing y,, gives rise to a pairing
g g
g [[Lw, x[]Lw, > K,
i=1 i=1
that is given on the basis (44, ..., 4,,) by
¥ (2 2)) =y (e (A, k71 (2))

Z Z'l/v(ﬂk®alk’ﬁl®

i ik Z aj; Trp k(B B1)
24

Z lZTrLW 1k, (BrBo)

=1
Tz k(i 2)).

Here, of course, we have applied Proposition 6.1.9.
Note that 4;4; has nontrivial component in L,, if and only if mj, + 1 <i,j < my,, . If this is the
case, then

(A, A5) =Trg K, (Ai4)),

and otherwise g (4;, 4;) = 0. It follows that the matrix M = (y(4;, 4;)) is block-diagonal with

determinant

g
nD(/lmH_l, [EXIK) Ami+l)’
i=1

and this is exactly the discriminant of y relative to the basis (14, ..., 4,,).
On the other hand, the discriminant of y relative to the basis (B4, ..., 8,,) is D(B81,..., 8,) by
definition, and we have by (6.1.1) and Lemma 1.4.6 that

D(B1,..., B,) = det(A)2 det(M) = ]—[D(zmﬂ,..., ).

m;q
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Since D(4,,.415--s A,,,) € OF for each i and D(By,..., B,) € OF as well, we therefore have
det(A) € O3. Since the inverse of A has coefficients in @, we therefore have that A does as well. [

Finally, let us treat the special case of valuations on global fields and prove a product formula that
generalizes the cases of Q and IF,(¢) for prime numbers p. The following modification of the complex
absolute value is necessary to account for the fact that a complex embedding and its complex conjugate

have the same valuation.
Notation 6.1.11. Let K be a global field and v a place K. We set
I ly: K = Ryg
by | [, =1 |, if vis not complex, and || |, = | |§ if v is complex.
We have the following consequence of Proposition 6.1.9.

Lemma 6.1.12. Let L/K be a finite separable extension of global fields, and let v be a place of K. For
B € L, we have

INLig (Bl = [ ]I Bl

wlv
Proof. Remark 5.4.2 and the definition of || ||, tell us that for a place w of L over v, we have
lal, = el

for all @ € K. Noting Proposition 6.1.9, we then have

INL kBl = [TINL, e, (Bl = [TINL, e, (BIE5T = TT 1Bl

wlv wlv wlv

Theorem 6.1.13 (Product formula). Let K be a global field, and let « € K*. Then

[T llel, = 1.

ve VK

Proof. By Propositions 5.2.34 and 5.2.35, we have the result for Q and F,(¢) for all primes p.
The field K is in the general case a finite extension of exactly one of these fields, which we denote by
F. By Lemma 6.1.12, we have

[T el = T] [Thel, = [T INg/p(@)l, = 1.

veVg ueVe viu ueVr
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We make the following definitions.

Definition 6.1.14. Suppose that L/K is a finite separable extension of complete discrete valuation
fields.

a. The ramification index ey ;x of L/K is the additive valuation on L of a uniformizer of K.

b. The residue degree f ;x of L/K is the degree of its residue field of L over the residue field of
K.

Remark 6.1.15. In the case that L/K is a finite separable extension of complete discrete valuation

fields for which K = Q,, or K = F,(¢), we denote ek and f; ;¢ by e; and f;, respectively.

Remark 6.1.16. The latter definitions agree with those previously given. That is, let L/K be a finite
extension of complete discrete valuation fields. Let m; be the maximal ideal of L and mg that of K.

We then have e; jx = €y, jm, a0d f7/k = fu, jmp-

For complete discrete valuation fields, the degree formula is rather simpler than before.

Lemma 6.1.17. Let L/K be a finite separable extension of complete discrete valuation fields. We have
[L:K]=erkfLk

Proof. There is only one nonzero prime ideal in the valuation ring of L, and it lies over the maximal
ideal of the valuation ring of K. Theorem 2.5.11 then yields the result. ]

Definition 6.1.18. We say that a finite separable extension L/K of complete discrete valuation fields
is unramified, ramified, or totally ramified if the maximal ideal of the valuation ring of L/K is inert

(er,x = 1), ramified (er,x > 1), or totally ramified (e ,x = [L : K]) in the extension, respectively.
We compare these invariants with those defined previously.

Proposition 6.1.19. Ler A be a Dedekind domain with quotient field K, and let B be the integral closure
of A in a finite, separable extension L of K. Let p be a nonzero prime ideal of A, and let P be a prime
ideal of B lying over p. Then ey, = €Ly /K, and fy ), :fLi\/Kp'

Proof. We know that the residue field of K for p is isomorphic to the residue field of K, and
similarly for L and Ly. Therefore, the second equality holds. As for the first, note that the valuation
on K, (resp., Ly) is just the unique extension of that on K (resp., L). If o ¢ (resp., 771 ) is a uniformizer

of K, (resp., Lb)’ and @ is the valuation ring of Ly then we have
7kO = pO = PO = (7,""),

so the ramification index of Ly /K, is vy () = eq . O]



120 CHAPTER 6. RAMIFICATION THEORY

Definition 6.1.20. Let K be a field, let L be a Galois extension of K, and let w be a valuation on L.
For ¢ € Gal(L/K), the conjugate valuation o (w) is defined by

1Bloowy =107 (B
for g € L.

Remark 6.1.21. Definition 6.1.20 provides an action of the Galois group of L/K on the set of valua-
tions of L.

Remark 6.1.22. Suppose that L/K is an extension of global fields. Let v be a valuation on K, and let
w be a valuation on L lying over it (i.e., such that | |,, extends | IE,LW:Kv]).

a. If v is the p-adic valuation of a finite prime p, then w is the P-adic valuation of a prime P
lying over it, and o (w) is just the o (P)-adic valuation. If v is an infinite prime of a finite extension of

F p(1), then it arises as a prime ideal of the integral closure of [F » [#~1]in K, and we have the analogous

description.

b. If v is an archimedean prime, then v arises from a real or complex embedding 7, of K, and
w arises from an embedding 7, extending it. We then have |8, = IT,, © o~ 1(B)l, and if T, is

complex, the complex conjugate embedding T, yields the same absolute value.

Given all this, we may speak of decomposition and inertia groups almost as before.

Definition 6.1.23. Let L/K be a Galois extension of fields with Galois group G, and let w be a valuation
on L.

a. The decomposition group G,, of w is the set of o € G fixing w.

b. The inertia group I,, of w is the set of ¢ € G,, such that [c(B) — Bl,, < 1 forall g € L with

|Bl,, < 1if wis nonarchimedean and the decomposition group if w is archimedean.

We leave the following simple check to the reader.

Lemma 6.1.24. Let L/K be a Galois extension of fields with Galois group G, and let w be a valuation

on L. The inertia group 1,, is a normal subgroup of the decomposition group G,,,.

The following is an immediate consequence of Proposition 2.6.14 in the case of discrete valuation

fields, but note that the analogous proof goes through in general.

Proposition 6.1.25. If L/K is a Galois extension of complete nonarchimedean valuation fields, then

the decomposition group of the prime of K is all of G = Gal(L/K), and we have an exact sequence
1-1->G-Gal(x(L)/x(K)) -1,

where 1 is the inertia group in G and x (L) (resp., i (K)) is the residue field of L (resp., K).
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For the valuations attached to nonzero prime ideals in Dedekind domains, the decomposition and

inertia groups agree with Definitions 2.6.5 and 2.6.15, as seen from the following.

Proposition 6.1.26. Let L/K be a Galois extension of fields, and let w be a valuation on L extending

a valuation v of K. Then the restriction map
Gal(L,,/K,) - Gal(L/K), o ol

is an injection with image the decomposition group of w. If w is nonarchimedean, the image of the

inertia subgroup of Gal(L,,/K,) under this map is the inertia group of w.

Proof. Note that any ¢ € Gal(L,,/K,) acts continuously on L,,, since w = o(w), as there is
a unique valuation on L, extending the restriction of w to K,,. If ¢(8) = pB forall § € L, then
continuity forces o (f) = p forall g € L,,, since L is dense in L. So, the restriction map is injective,
and its image is by definition contained in the decomposition group G,, of G = Gal(L/K). Any 7 in
the decomposition group of w in G satisfies w = 7(w) on L, so on L,, as well by continuity. Therefore,
T7: L — L is continuous, and its composite with the natural inclusion L < L,, extends to a unique
element of Gal(L,,/K,,) by continuity, as in Proposition 5.3.12. That is, the image of restriction is G,,,.

For w nonarchimedean, it remains to show that the image of the inertia group in Gal(L,,/K,) is
the inertia group /,, in G. By definition, the image is contained in this group. Let T € [, and take
B € O,. As L, is the completion of L, we have |8 — b|,, < 1 for some b € L with |p|,, < 1. Set
B’ = B — b. Since w is nonarchimedean and |t (b) — b|,, < 1, we have |t (8) — Bl,, < 1 if and only if
lt(B") - B'l,, < 1. But|t(B") = B'l,, <1B’l,, < 1as|t(B)l, = |B’l,,. Therefore, the extension of

7 to an element of Gal(L,,/K,) lies in the inertia subgroup. [

6.2 Differents and discriminants

Lemma 6.2.1. Let A be a integrally closed domain with quotient field K, let L be a finite separable
extension of K, and let B be the integral closure of A in L. Let

C={a€L|Tryg(ap) € Aforall B € B}.
Then C is a fractional ideal of B.

Proof. Let aq,...,a, be a basis of L as a K-vector space that consists of elements of B. Let
d =D(ay,...,a,). By Lemma 1.4.19, we have that d€ C B, so (€ is a fractional ideal of B. ]

Lemma 6.2.1 allows us to make this following definition.
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Definition 6.2.2. Let A be a Dedekind domain with quotient field K, let L be a finite separable exten-
sion of K, and let B be the integral closure of A in L. The different ©p,4 of B over A is the inverse of
the fractional ideal

{a € L|Tryx(ap) € Aforall B € B}.

Remark 6.2.3. Since L/K is finite separable in Definition 6.2.2, the trace pairing of Example 1.4.4
is nonnegenerate by Proposition 1.4.13. In particular, ®p, 4 is well-defined since it is the inverse of a

submodule of L.

Remark 6.2.4. The inverse different ® 5,4 of Definition 6.2.2 is the smallest nonzero ideal of B such
that
TI‘L/K((E)_T;}A) CA,

and it is a nonzero ideal of B since %1_3} 4 contains B by definition.

Lemma 6.2.5. Let A be a Dedekind domain with quotient field K. Let L/ K and M | L be finite separable
extensions, let B be the integral closure of A in L, and let C be the integral closure of A in M. We then

have

Dcia = D¢/ Op/a-
Proof. We have
Trar k(D) pDpia) = Trr ke (Dpha Trar/r (Dehp)) € Try g (Dgla) € A,
which implies that ®¢/4 € D¢/pDp 4. On the other hand, we may compute
Try x (Trpg) 1 (D¢)a)) = Trag ke (Dha) € A,
50 Trpg . (Deha) € D) 4. We therefore have that
TYM/L(SDB/A%EI/A) = Dp/a TrM/L(Q’)Zjl/A) C B,
80 O¢/p C %g}A‘DC/A, which is to say that ©¢/5Dp/a € Dc)a- O

Lemma 6.2.6. Let A be a Dedekind domain with quotient field K, let L be a finite separable extension
of K, let B be the integral closure of A in L. For any multiplicatively closed subset S of A, one has

@S—IB/S—IA = S_I(EB/A.
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Proof. Note that
TrL/K(S_l(bl_;}A) =51 TI'L/K(%&}A) - S_IB,

50 Dg-15/5-14 € S Dpja. On the other hand, we have
Trp k (Dg-1p/5-14) € S-!B,

so for each & € D! there exists s € S such that Try x (sa) = s Try jx (¢) € B,s0sa € Djj,.

IB/S 1A
Therefore, we have the other containment. O]

Somewhat more involved is the following.

Lemma 6.2.7. Let A be a Dedekind domain with quotient field K, let L be a finite separable extension
of K, let B be the integral closure of A in L. Let p be a prime ideal of A, and let V) be a prime ideal of
B lying over it. Let Oy (resp., O ) denote the valuation ring of Ly (resp., K,). Then

®B/A@"D = %@n/@p.

Proof. Leta € S’DE}A, and let § € Oy. We claim that Tr, /g (¢ ) € O,. Let Py, ..., D, be the
prime ideals of B lying over p, taking Py = P. For this, let (3,,),, be a sequence in B with limit 8 in
the P-adic topology and with limit O in the P;-adic topology for i > 2, which exists by the Chinese

remainder theorem. Since the trace map is continuous, we have

Ter/Kp(aﬁ) = }L%TrL%/Kv(aﬁn)'

Moreover, we have by Proposition 6.1.9 that

Trp, k(@ By) =Ty (apy) - ZTTLI\ /K, (@ By).

Note that Tr; x (¢ B,)) € A and that, for i > 2, the sequence of elements Trp, ik, (aB,) € K, tends to
0 in the p-adic topology, again by continuity of the trace map. Therefore, for sufficiently large n, the
element Terp /K, (aBp) lies in O, proving the claim. In particular, we have %l}} 4 C 5)5}1\ 10,
On the other hand, if a € %gb X then we may write a as the limit of a sequence («,,),, in L that
has limit O in L%f for i > 2. For B € B, we have
’}Lr& TrL/K(anﬁ) = Z lim TrL /Kp(anﬁ) = Ter/Kp(aﬂ) c @p.

n—oo

Since K n O, = A,, we have that Try ¢ (@, ) € A, for sufficiently large n. By Lemma 6.2.6,
we therefore have a,, € S™1D3! /a for all such n, Where S is the complement of p in A. But then
a € S’)g} 40y as the limit of these elements. We therefore have the reverse containment %5}» /0, c
i’);}} 40y and therefore equality. Since the these fractional ideals in @4 agree, so do their inverses,

proving the lemma. O


https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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The following is an immediate corollary.

Corollary 6.2.8. Let A be a Dedekind domain with quotient field K, let L be a finite separable extension
of K, let B be the integral closure of A in L. For any prime ideal V) of B, we will use p to denote P N A
and D+, to denote the intersection with B of the local different S’)@% 10, where Oy (resp., O ) is the
valuation ring of Ly (resp., K,). We then have

Dp/a = l;[ Dy

with the product taken over the nonzero prime ideals of B.

In the case that B/A is an extension Dedekind domains such that B is generated by a single element
as an A-algebra, we have the following explicit recipe for the different.

Proposition 6.2.9. Let A be a Dedekind domain with quotient field K, let L be a finite separable
extension of K. Let B € L be integral over A, let f € A[x] be the minimal polynomial of B, and let
f’ € A[x] be the formal derivative of f. Then f’(B)~ generates the A[ B]-module

{a el | TrL/K(aA[ﬁ]) QA}

Proof. Write f = Y7 a;x' for some a; € A witha, = 1. Let B, ..., B, be the roots of f in an
algebraic closure of L. We claim that for any nonnegative integer k < n, we have

Lof BE
l-;x— Bif (B (6.2.1)

To see this, note that the two sides of (6.2.1) are equal upon evaluation at each f;, yet both sides are

polynomials of degree less than n, so their difference is identically zero.
We have

for some b; € A[B], so

and therefore

TI‘LK(ﬂk bJ ):5'1('
T\ rp)
Now, the elements f,lzjk) span {a € L | Try x(aA[B]) C A} as an A-module. We therefore need

only show that the b; span A[ #]. For this, note that

n—1 n
(x—=pB) Z bix' = Zaixi,
i=0 i=0



6.2. Differents and discriminants 125

sob,_ =1landb; — Bb;,; = a;; foreach 0 <j < n— 1. Solving for the b;, we obtain

n—j—1

b; = Z Aivji1 B

i=0
for each j. Since the coefficients of the powers of f in the latter expression b; form the columns of a
unipotent matrix in A, each power B? of g with 0 < i < n—1 may be written as an A-linear combination
of the b;. Thus, the b; span A[B]. U

Corollary 6.2.10. Let A be a Dedekind domain with quotient field K, let L be a finite extension of K.
Suppose that the integral closure of A in L equals A[ B] for some B € L. Let f € A[x] be the minimal
polynomial of B, and let f € A[x] be the formal derivative of f. Then Dpia = (f"(B)).

We will require the following.

Lemma 6.2.11. Let K be a complete discrete valuation field with valuation ring O, and let L be a
finite extension of K, with valuation ring O;. Suppose that the corresponding extension x (L) /1 (K)
of residue fields is separable. Then there exists B € O such that O; = Og[B]). Moreover, any
B’ € O sufficiently close to B in the topology of L also satisfies O; = Og[B’].

Proof. Since (L) /% (K) is separable, there exists § € (L) such that (L) = x(K)(B). Let
f € x(K)[x] be the minimal polynomial of B, and let f € © g[x] be any lift of . We claim that there
exists a lift # € @, of B to an element with f () a uniformizer of L. For any lift &, we must have at
least that the valuation of f(«) is positive, since f(B) = 0. If it is not 1, then a + 7, where 77, is a

uniformizer of L is another lift with
fla+mp) =f(a)+f (a)m, mod ()2

Since f is separable, we have that f’(a) € @7 . Therefore, we f (a + ) does indeed have valuation
1.

Now, with 8 chosen, we set o7, = f(f8) and claim that the g7s, = Bif(B)Y with0 <i < f; x — 1
and 0 < j < ¢; /g — 1 form an Og-basis of @, which will finish the proof, aside from the final
statement. Given a uniformizer g of K, it suffices to show that the elements g’ ar’i are a basis of
O /7O as an x (K)-vector space. To see this, fix a set Sg of representatives of x (K) in O, and

note that the set S; of elements
fL/K_ 1

Z ¢;

i=0
with ¢; € Sk is a set of representatives of  (L). While sr;*/% is a multiple of g, the elements

eL/K—l

S ar

i=0
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with a; € Sy clearly have distinct image in the quotient, which has dimension e ,xf; /x. Hence, we
have the claim.

Finally, note that the proof that ©; = O[] depended only on the facts that g lifts 8 and that
f(B) is a uniformizer. Since this holds true for any element in the congruence class of  modulo 77,

we are done. L]

The latter lemma helps to extend the recipe of Corollary 6.2.10 to the general case. We omit the
proof of the following theorem.

Theorem 6.2.12. Let A be a Dedekind domain with quotient field K, let L be a finite separable exten-
sion of K, and let B be the integral closure of A in L. The D 4 is the ideal generated by the elements
f/(B) with B € B such that L = K(p), for f € A[x] the minimal polynomial of p.

containment, we consider the completion @y of B with respect to a nonzero prime ideal

We may now show that the different detects ramification of primes.

Theorem 6.2.13. Let A be a Dedekind domain with quotient field K, let L be a finite extension of K,
and let B be the integral closure of A in L. Let V) be a nonzero prime ideal of B, let p = AN P, and
suppose that the corresponding extension of residue fields is separable. Then V) is ramified over A if

and only if it divides Dp 4.

Proof. By Lemma 6.2.7, we may replace B by its completion at P and A by its completion at p.
Therefore, we assume that A is a complete discrete valuation ring, as is B. By Lemma 6.2.11, we have
that B = A[B] for some B € B. Let f € A[x] be the minimal polynomial of . As ©g,4 = (f'(B)),
the prime P does not divide D4 if and only if f’ () is a unit, which is to say if and only if the image
B € B/Y of B is a simple root of the image f of f in (A/p)[x].

If P is unramified, then B/P = (A/p)[B] is of degree [L : K] over A/p, so f is irreducible. Since
the extension of residue fields is separable, f is itself separable, so f' () is a unit.

Conversely, suppose that /() is a unit. Then the minimal polynomial g of f is relatively prime
to fg~!. By Theorem 5.3.33, there is a lift ¢ € A[x] of g that divides f and has the same degree as
g. Asf is irreducible, this forces deg g = [L : K], which means that f = g is irreducible. Thus, P is

unramified. L]

The different is closely is closely related to the discriminant, which we now define in greater
generality than before, though with slightly less specificity in the already defined case that the ground

ring is Z, since the different we now consider is an ideal, not an integer.

Definition 6.2.14. Let A be a Dedekind domain with quotient field K, let L be a finite separable
extension of K, let B be the integral closure of A in L. The discriminant dg,4 of B/A is the ideal
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of A generated by all discriminants D(a, ..., «,,) of ordered bases (¢, ..., a,,) of L over K that are

contained in B.

Proposition 6.2.15. Let A be a Dedekind domain with quotient field K, let L be a finite separable
extension of K, let B be the integral closure of A in L. Then

dp/a = Nk (Dpa)-

Proof. Let p be a prime ideal of A that divides dg,4. (By Proposition 2.5.15, the ideals of A that
ramify in B, hence lie below primes dividing ©p 4, divide dg 4, so this suffices.) Let § = A — p,
and consider the localizations S~! Dp,a and s-1 dp/4- We know that s-1 Dpja = Dg-1p5/5-14 and that
S~1bg /A = dg-1p,5-14 follows directly from the definition of the discriminant (since S is contained in
A and the discriminant function D is K-multilinear). Therefore, we may assume that A is a DVR, from
which it follows that B is a PID (as a Dedekind domain with only finitely many nonzero prime ideals).

Since B is a torsion-free A-module of finite rank, it admits an A-basis (a,...,,), and we
have dg 4 = D(ay,...,a,). Let (By,...,B,) € L" be the dual basis to (ay,...,a,) for which
Trp x(a;B;) = 6;jforl <i,j <n. Then (By,..., B,) is a free A-module basis of %l}}A. Lety € B
be such that (y) = Dpg,4, and note that (yYai,....,7 'a,) is also an ordered basis of ‘DZ;}A as an

A-module. We therefore have

(D(B1ses B)) = Dy~ tay, ...y lay) = N k(7)) 2(D(ay, ..., ay)). (6.2.2)

Let 6, ..., 0, be the K-linear embeddings of L in an algebraic closure K of K. Note that the
product of the transpose of the matrix (o;a;); ; and the matrix (o;8;); ; has (i,j)-entry

kii or(a))or(B;) =Ty x(a;B;),
so is the identity matrix. Therefore, we have that
D(B1,..., By) = tD(ay, ..., a,) "L
Combining this with (6.2.2), we have
(D(ay,.r ay))* = (Np g (7))2,
so we obtain dg,4 = Ny /x (Dp/a)- [

We derive a few corollaries.
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Corollary 6.2.16. Let A be a Dedekind domain with quotient field K, let L be a finite separable ex-
tension of K, let B be the integral closure of A in L. A prime ideal of A ramifies in B if and only if it
divides bB/A‘

Proof. This is immediate from Theorem 6.2.13 and Proposition 6.2.15. [

Remark 6.2.17. Corollary 6.2.16 tells us that the ideal pZ generated by a prime p ramifies in K/Q
for a number field K if and only if p divides disc(K).

Corollary 6.2.18. Let A be a Dedekind domain with quotient field K. Let L/K and M /L be finite
extensions, let B be the integral closure of K in L, and let C be the integral closure of K in M. We then

have

deja = b%AfAL]NL/K(bC/B)-
Proof. By Lemma 6.2.5 and Proposition 6.2.15, we have

desa = Nyyk (Dcja) = Nppyg (Deyp)Np g (Dgya) M = NL/K(bC/B)DE;A;I/;L]’
as desired. [

Corollary 6.2.19. Let A be a Dedekind domain with quotient field K, let L be a finite separable exten-
sion of K, let B be the integral closure of A in L. For any prime ideal P of B, we will use p to denote
P N A and dy,, to denote the intersection with A of the local discriminant bo,/0, where Oy (resp.,
©,) is the valuation ring of Ly (resp., K,)). We then have

dpja = l—[ Dy /ps
P

with the product taken over the nonzero prime ideals of B.

Proof. By Lemma 6.1.9, Proposition 6.2.15, and Lemma 6.2.7, we have

dp/a0y = Nk (Dpja) Oy = HNLI\/KD((DB/A@%) = l—[NLp/Kv(%@I\/@p) =11 6,/0,s
Plv Plv Plp

hence the result by intersection with A. [

In the case of global or complete discrete valuation fields, which come equipped with canonical

subrings, the ring of integers and valuation ring in the respective cases, we can use the field as the

subscript in the definition of the different and discriminant, which we will typically do below.

Definition 6.2.20.
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a. The different © g (resp., discriminant by g ) of an extension L/K of global fields is the dif-

ferent (resp., discriminant) of the corresponding extension @ /O g of rings of integers.

b. The different ©, x (resp., discriminant dy k) of an extension L/K of complete discrete valu-

ation fields is the different (resp., discriminant) of the corresponding extension of valuation rings.

Combining the above results with Minkowski theory would allow us to derive the following fasci-

nating result, which we state without proof.

Theorem 6.2.21. Let K be a number field and S a finite set of prime ideals of K. For each n > 1,
there exist only finitely many extensions L/ K of degree n in which the prime ideals of K that ramify in

L are all contained in S.

As a consequence of Theorem 6.2.21 and Corollary 4.3.6, one has the following.
Theorem 6.2.22. For any N > 1, there exist only finitely many number fields K with |disc(K)| < N.

Definition 6.2.23. A separable algebraic extension L of a global field K is unramified if every place
of K is unramified in L.

We have the following corollary of Theorem 4.3.6.

Corollary 6.2.24. The field Q has no nontrivial extension that is unramified at all finite primes.

Proof. Corollary 4.3.6 tells us that if [K : Q] > 2, then

) 22 aN\2 g2
|d1sc(K)|zf-<Z) = > 1L

so K is not unramified. L]

6.3 Multiplicative groups of local fields

In this section, we study the structure of multiplicative groups of local fields. For the rest of this
chapter, “local field” should be taken to mean “nonarchimedean local field”. Let us make the following

definition.

Definition 6.3.1. Let K be a complete discrete valuation field with valuation ring @ and maximal
ideal m. Then the ith unit group U; = U;(K) of K is defined by Uy = ©* fori = 0and U; = 1 + m’

fori > 1.
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Notation 6.3.2. In this section, we let K be a local field. We let p be the characteristic of its residue
field, @ its valuation ring, m its maximal ideal, ;7 a fixed uniformizer, # the residue field, and g the

order of k. We let e = ex and f = fx.

Lemma 6.3.3. The set of roots of unity of order prime to p in a local field K has order g — 1, where q
is the order of the residue field of K.

Proof. The polynomial x4 — x splits completely over the residue field x of K, so Hensel’s Lemma

tells us that p2,_; (K) has order ¢ and maps isomorphically onto # (K)*. [l

Proposition 6.3.4. Let K be a local field with residue field of order q. The canonical map
() pg1 (K) x U (K) — K~
is an isomorphism.

Proof. Since K is a discrete valuation field with valuation we denote v, we may write any a € K*
uniquely as a = 77V b for some b € Uy. By Lemma 6.3.3, each b € U, may then be written uniquely
asb=¢ -uwithé € p, andu € U;. O]

Lemma 6.3.5. Let K be a local field. For a € O, let a denote its image in x. We have isomorphisms

of groups
Uo/Ul%K'X, MUIHE,
and
Ui/Ui-f-l;K’ (1+.77ia)Ul'+1 > a
fori>1.
Proof. The first statement follows from Proposition 6.3.4. The bijectivity of the second map is

clear, and that it is a homomorphism is simply that
(1+ mia)(1+ 7'b) = 1 + 7r'(a + b) mod m™*1.

]

Lemma 6.3.6. Let K be a local field of residue characteristic p. We have an isomorphism of Z,-
modules
Uy — lim U, /U;
i

via the map induced by the universal property of the inverse limit.
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Proof. Since (); U; = {1}, the map in question is injective. Any sequence (a;); in U, with

a;.1a;1 € U; for each i > 1 is the image of the limit of the sequence. O]

Note also the following.

Lemma 6.3.7. Let K be a p-adic field. Let e = v(p). Fori > 1 and a € O, we have
(1 + 7a)? = 1 + pria + 7PaP mod m?i*e,
In particular, we have

d )7 1 + 7PaP mod mi*te  ifi < p—fl,

+ la)P =

1 + prria mod mi*e+l ifi> &
p-1

Proof. The first statement is an easy consequence of the binomial expansion

p
(1 + mta)P = aha”,
S
since p exactly divides (ﬁ) for 0 < k < p. The second follows from the fact that i > e¢/(p — 1) if and
only if
vipr) =i+e<ip=v(mP).

Lemma 6.3.8. The pth power map is an isomorphism U; — U,,, fori > p%l

Proof. For any a € U;,, and k > 1, suppose by induction that we have found g, € U; with
ﬂga—l =1 +pﬂi+k'1ak mod miterk
for some a;, € O. Set By,q = Br(1 + 7+*"1a;) and
p= b

Then B € U; with B” = «, and the pth power map U; - U,,, is surjective.
Note that pZ ,[p,] = (1 - ép)l"l for a primitive pth root of unity §, by Lemma 3.1.13. So, if
{p €K, then v(§,-1)=e/(p-1). That is, $p € Uejp-1)+1> 5O the map is injective as well. O]

As a pro-p group, U; (K) for K alocal field of residue characteristic p is generated by any lift of a
set of generators of Uy /UY.
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Proposition 6.3.9. Let K be a p-adic field, let q be the order of the residue field of K, let i g be a uni-

formizer of K, and let p" be the number of p-power roots of unity in K. Then we have an isomorphism

U (K) = 2S5 < 2102,

of finitely generated 7. ,-modules. In particular, there are isomorphisms of topological groups
X ~ X A~ ~ n [K:Qp]
K* = (mg) x Of = () x iy (K) x Uy (K) = Zx Z)(q = VZ x ZJp"Z x 7= 7,

where K* has the subspace topology from K, and the direct products are all given the product topology,
with (i g ), 7., and the finite groups involved given the discrete topology.

Proof. Lemma 6.3.8 tells us that U, /U is finite, so U, is a finitely generated Z p-module. Since
the p-power torsion in U is the group of p-power roots of unity in K, which is cyclic of order p, we
have U, = Zj, x Z/p"’Z for some r > 0, and this is a topological isomorphism.

No nontrivial p-power root of unity ¢ lies in U; for any integer j > p%, where e = v(p). Since U;
has finite index in U}, we therefore have that U; = Z]. By Lemma 6.3.8, we know that UJ’-7 = Ujie»

SO
jre—1

r = dimpp l]j/Uj+e = Z dlmIFp Uk/Uk+1 = ef = [K : Qp],
k=j

noting that U, /U, = Ipr for all k > 1, where f is the residue degree of K/Q,,.
Finally, note that the U; form a basis of open neighborhoods of 1 in K* under both the subspace
topology and topology induced by the product topology in the isomorphism with K* of the theorem.

Therefore, these isomorphisms are of topological groups. O]

Let us also mention the case of finite characteristic. We provide an outline of the proof.

Proposition 6.3.10. Let K = F (1). Then there exists a continuous Z,-linear isomorphism from

U, (K) to a countable direct product of copies of Z.,,.

Proof. Let B be a basis of I, as an I ,-vector space. Let I be the countable set
I ={(c,i)|ceB,i>1,pti}.

Define a homomorphism
e[| Z, - U(K)
(c,i)el
by
(e ) en) = [] (1+cth).

(c,i)el
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This is easily seen to be well-defined, and one may check that every element of U; has a unique
expansion of this form.

The inverse image of U; under x contains the open neighborhood of 1 that is the direct product of
p"iZ, is the (c, i)-coordinate for each (c,7) € I, where each n; > 0 is minimal satisfying p"ii > j. On

the other hand, the image of an open neighborhood

[[r"z,

c,iel

with n.; = 0 for i sufficiently large contains U; for j with
j =max{p"i| (c,i) € l,n.; > 1},

which we leave to the reader to check. Therefore, « is in fact a topological isomorphism. ]

6.4 Tamely ramified extensions

Before studying the larger class of tamely ramified extensions of a local field, let us first consider
unramified extensions.

Lemma 6.4.1. Let K be a local field. For each positive integer n, there exists a unique unramified

extension of K of degree n, equal to K (pgn_1), where q is the order of the residue field of K.

Proof. Let L/K be an unramified extension of degree n. Then x (L) is a degree n extension of
x (K) by the degree formula. That L contains K (j,»_1) is then simply Lemma 6.3.3. Moreover,
K (pyn_y) is then by definition of degree n over K, so equals L. O]

Definition 6.4.2. We say that an algebraic extension L of a local field K is unramified if it is separable
and every finite degree subextension of K in L is unramified.

Similarly, we have the following.

Definition 6.4.3. We say that an algebraic extension L of a local field K is totally ramified if it is
separable and every finite degree subextension of K in L is totally ramified.

Definition 6.4.4. A Frobenius automorphism in a Galois extension L/K, with K a local field, is any
lift of the Frobenius automorphism of the extension of residue fields to L.

Remark 6.4.5. If L/K is unramified in Definition 6.4.4, then there is a unique Frobenius automor-
phism in Gal(L/K).
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Proposition 6.4.6. Let L be an separable extension of a local field K. Then there is a unique max-
imal unramified extension E of K in L, and Gal(E/K) is topologically generated by its Frobenius

automorphism.

Proof. It suffices to consider the case that L/K is finite. Let g be the order of the residue field of
L. Set E = K(p4-1), which is unramified over K. Any unramified extension of K in L is generated

prime-to-p roots of unity, of which there are only ¢ in L. O]

The following definition makes sense as the union of all finite unramified extensions of a local

field (in a fixed separable closure).

Definition 6.4.7. The maximal unramified extension K"* of alocal field is the unique largest unramified

extension of K inside a given separable closure of K.

Proposition 6.4.8. The maximal unramified extension K" of a local field K is given by adjoining all
prime-to-p roots of unity in a separable closure of K. Its Galois group Gal(K" /K) is isomorphic to

Z via the map that takes the Frobenius automorphism to 1.

Proof. By definition, K" is the union of the finite unramified subextensions of K in K*P, which
is to say the fields K, = K(p4»_1). Since any prime-to-p integer m divides ¢" — 1 for some n, we have
that K" is given by adjoining all prime-to-p roots of 1. Recall that Gal(K,,/K) = Z /nZ via the map
that takes the Frobenius automorphism to 1. Therefore, the isomorphism in question is the composite
of the canonical maps

Gal(K"/K) = lim Gal(K,,/K) = lim Gal(F./F,) = lim Z/nZ = Z.
O

Definition 6.4.9. Let K be a local field and L a Galois extension of K. The inertia subgroup of
Gal(L/K) is the subgroup of elements fixing the maximal unramified extension of K in L.

The following is analogous to Remark 6.1.25 and almost immediate from Proposition 6.4.8.

Proposition 6.4.10. Let K be a local field, and let Iy denote the inertia subgroup of Gg. Then there
is an exact sequence

IQIK%GK%GK(K)QI,

where 1 (K) is the residue field of K, and the map Gx - G, (k) is the composition of restriction
Gg — Gal(K"/K) with the continuous isomorphism that takes a Frobenius element of Gal(K" /K)
to the Frobenius element of G, k).
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Definition 6.4.11.

a. A separable extension L/K of local fields of residue characteristic p is tamely ramified if p |
er K-

b. A separable extension L of a local field K is tamely ramified if every finite extension E of K in

L is tamely ramified.

Example 6.4.12. Let K be a local field, 7 a uniformizer, and e an integer not divisible by the residue

characteristic p of K. Then K (1/¢)/K is totally and tamely ramified, with ramification index e.

In fact, every tamely ramified extension is given in essentially this way.

Proposition 6.4.13. Let L/K be a tamely ramified extension of local fields of ramification index e.
Then there exists a finite unramified extension E of K and a unifomizer A of E such that L = E(pu) for
an eth root u of .

Proof. Let E be the maximal unramified subextension of K in L. Then L/E is a totally ramified
extension of degree e. Let sr; be a uniformizer of L and 7 g a uniformizer of K. A simple check of
valuations tells us that 7¢ = g a for some a € OF. In turn, Proposition 6.3.4 allows us to write
a = & -uwith & € L aroot of unity of order prime-to-p, where p is the residue characteristic of K,
and u € U, (L). Since L/E is totally ramified, we actually have that £ € E. Since p { e and U, (L) is
an abelian pro-p group, the element u has an eth root g in L. Set A = 7 g £, which is a uniformizer in
E. We have (JTLﬁ_l)e = A, so L contains an eth root p of A. Since the degree of E(u)/E is e, we
have L = E(pu). O

Example 6.4.14. The extension Q,(12,,)/ Q,, is totally ramified of degree p—1, hence tamely ramified.
1
In fact, we have that Qp(up) = Qp((—p)!’*‘ ). To see this, note that

p—1 p-1
p=[10-¢h) == [+, +—+5h,
i=1 i=1
where ¢, is a primitive pth root of 1. We have
r-1 p-1
[Ta+¢,++¢h=[]i=@-D=-1mod (1-¢,),
i=1 i=1

so-p=(1- g“p)p‘lu for some u € U, (Qp(,up)). Since any such u is a (p — 1)st power, we have the
claim.

If a separable extension of a local field is not tamely ramified, we say it is wildly ramified.
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Definition 6.4.15. A separable extension L of a local field K of residue characteristic p is wildly

ramified if p divides the ramification index of some finite extension E of K in L.

Examples 6.4.16. Let p be a prime number.
a. The extension Q,,(p'/?)/Q,, is wildly ramified.

b. The extension Q,, (u 2)/ Q,, is wildly ramified, since its ramification index is p(p — 1).

The compositum of any collection of tamely ramified extensions is tamely ramified, so we may

speak of the maximal tamely ramified extension of a local field inside a separable algebraic closure.

Remark 6.4.17. We can make sense of exponentiation on Z; by elements Z as follows: if u € Z,
and a € Z, then we set
u? = lim u%»,
n—>oo

where (a,,),, is any sequence of integers with limit a. We leave it to the reader to check that the limit

converges independently of the choice of sequence.

Proposition 6.4.18. The maximal tamely ramified extension L of a local field K of residue character-
istic p is the Galois extension given by adjoining to K" the roots /™ of a uniformizer  of K for all

m > 1 with p t m. The Galois group Gal(L/K") is isomorphic to the direct product

Z(P) _ l_[ Zg,
Ctp

where € ranges over the prime numbers other than p. The Galois group Gal(L/K) is the semi-direct
product of Gal(L/K") with Gal(K"/K) = 7. under the map 7 - Aut(Z(p)) taking a € 7 to

multiplication by g% in each coordinate on(”), where q = |k (K)|.

Remark 6.4.19. The Galois group of any Galois extension of the maximal tamely ramified extension
of a local field is a pro-p group, where p is the residue characteristic. Any nontrivial such Galois

extension is by necessity wildly ramified with no nontrivial tamely ramified subextension.

6.5 Ramification groups

Ramification groups provide a measure of the level of ramification in a Galois extension of a local
field.

Notation 6.5.1. In this section, for a local field L, we use v; to denote its valuation, @ its valuation
ring, and s7; a uniformizer. If a is a fractional ideal of @, it is generated by a power of 777, and v; (a)
denotes that power.
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Definition 6.5.2. Let L/K be a Galois extension of local fields with Galois group G. For an integer
i > —1, the ith (higher) ramification group of L/K is the subgroup of G given by

={treG|vi(t(a)—a) =i+ 1foralla € Of}.

Remark 6.5.3. We have by definition that G_; = G and G, is the inertia group of G. In particular,

G /Gy is the Galois group of the maximal unramified subextension of L/K.

Remark 6.5.4. Let L/K be a Galois extension of local fields with Galois group G. By Lemma 6.2.11,
we have that O; = O[] for some € Oy, so for any i > —1, we have

—(teGlv(t(B)-B) i+l

Lemma 6.5.5. Let L/K be a Galois extension of local fields with Galois group G. The ramification

groups G; are normal subgroups of G.

Proof. This is easy: let ¢ € G and T € G;. Then for any ¢ € @O, we have
(671 (a)) = 67! (a) mod il

SO

oto ! (a) = a mod 7il.

]

Lemma 6.5.6. Let L/K be a Galois extension of local fields with Galois group G. Let 0 € G. Then
o € G, fori >0 ifand only if = ”L e U;(L).

Proof. Flrst we note thatfor o € G;, we have o (7)) = r; mod 7i+!, so we have 2L € U;(L).

Conversely, if Z

€ U;(L), then for any a € O, we may write

a = Z CkJT]Ii
k=0
for some ¢; € Kg-1(L) U {0}, where g = |k (L)|. Since 0 € Gy, it fixes elements Hg-1(L), s0

o( cha ()% = a mod 77”1

k=0

the last step as o (7r;) = 77, mod 51, That is, o is an element of G;. [
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Lemma 6.5.7. Let L/K be a Galois extension of local fields with Galois group G. For eachi > 0, we
have an injection

pi: Gi/Giyy > Ui (L)/Ujq (L)

given by
o(my)

pi(0-Giyy) = Uis1 (L).

Proof. Lemma 6.5.6 tells us immediately that p; is well-defined and sends only the coset G,
to the coset U,,;(L). Therefore, it remains only to see that p,; is a homomorphism. For this, let
o, T € G;, and note that

ot (i) _ o(my) 'O_(T(JTL)) _ o(my) . T(my) mod ”Tl’
TL TL TL TL TL
the last step following from o € G since 7 (7, )77! € U;(L). ]

Since the quotients G;/G,, | are abelian for all i > —1, we have the following corollary.

Corollary 6.5.8. The Galois group of any Galois extension of local fields is solvable.

The following lemma is immediate from the definition of ramification groups.

Lemma 6.5.9. Let L/K be a Galois extension of local fields with Galois group G, and let H be a
subgroup of G. Then H; = H N G, forall i > —1.

Lemma 6.5.10. Let L/K be a Galois extension of local fields with Galois group G. Then G/G is the

Galois group of the maximal tamely ramified subextension of L/K.

Proof. If L/K is tamely ramified, then each quotient G,;/G;,; for i > 1 must be trivial. By
Lemma 6.5.7, each quotient G,;/G;,; fori > 1 is a p-group since since U;(L)/U,, (L) is one. Thus,
G, = Gal(L/L®1) is ap-group. As G is contained in the inertia subgroup G, of G, the field L1 is to-
tally ramified over L% and contains the maximal tamely ramified subextension of L/K. On the other
hand, G,/G, injects into Uy(L)/U, (L), which has prime-to-p order, so LE1 /L% is in fact tamely
ramified. As LY /K is unramified, L¢1 /K is then tamely ramified. O

Definition 6.5.11. Let L/K be a Galois extension of local fields with Galois group G. The subgroup
of wild inertia for L/K is G;.

Proposition 6.5.12. Let p be a prime and n > 1. Then
Gal(Q,, (1,2)/Q)) if —1<i<0,

Gal(Q), (ppn)/Qp)i = 1Gal(Q,, (ppn) Q) if pFl <i<p* —Twithl <k<n-1
1 ifi > p1.
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Proof. Let Fy = Qp and F), = Qp(upk) fork > 1. Let G = Gal(Fn/Qp). Fix a primitive pFth
root of unity ¢ Pk for each k > 1 such that gZ k1 = Epk for each k. Let 0 € G be nontrivial, leti € Z
be such that o (Spn) = é;;n, and let k > 0 be maximal such thati = 1 modpk. Setc = (i — 1)/pk. We

then have
(L) = Epn = Llin = Lo = Epi " = L = Epn (L = 1),
Since p | c, this has valuation pX in F,. As the valuation ring of F,, is Z,[¢ ,n], we then have that

0 € G,i_1 — G,k On the other hand, the fact that p* exactly divides i — 1 (for k < n) says that ¢ is an
element of Gal(F,,/F}) but not Gal(F,,/F, ). The result follows. O]

Ramification groups have the following interesting property, which we state without proof.

Proposition 6.5.13. Let L/K be a Galois extension of local fields with Galois group G, and let i and j

be positive integers. For any o € G; and T € Gj, the commutator [0, T] = oto~ Yt~V isan element

OfGi+j+1~

Let us make the following useful definition.

Definition 6.5.14. Let L/K be a Galois extension of local fields with Galois group G. Then we define
a function i g : G - Zy U {0} by

ir k(o) =min{vy(c(a) —a) | a € O}
foro € G.
Remark 6.5.15. In Definition 6.5.14, we have ¢ € G, if and only if i k(o) =i + 1.

We now show how the ramification filtration determines the different of a Galois extension of local
fields.

Proposition 6.5.16. Let L/K be a Galois extension of local fields with Galois group G. Then we have

v (D k) = Z ip/k(o) = Z(lG |—1).
oeG-{1}
Proof. Let B € O be such that O; = Og[B]. Weletf € O g[x] be the minimal polynomial of
B. Then

=[] B-0p)

ceG-{1}
generates D x by Corollary 6.2.10, and so

v (BN =) ipk(o) = Z Yo Z i(1G;—q| - |G|>—Z<|G|—1>

oeG-{1} i=0 veG-{1) i=0

ipxl(o)=i
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Corollary 6.5.17. Let L/K be a Galois extension of local fields with Galois group G. Let H be a
subgroup and E = LY its fixed field. Then

1 .
VE(DEg/k) = Fap ;HZL/K(U)-
oelG—

Proof. Note first that
1
VE(DEg/k) = EVL(QE/K)‘

By Lemma 6.2.5 and Proposition 6.5.16, we have

vi(Dp/k) = v (D k) = v (D E) = Z ik (0) = Z ipe(T) = Z ik (0)
oeG-{1} TeH~(1} 0EG-H

noting for the last step that iy ;g (T) = iy x (7) for T € H by definition. U

Let us extend the definition of the lower ramification groups to all real numbers in the interval
[_ 1 » ) .

Definition 6.5.18. Let L/K be a Galois extension of local fields with Galois group G. Lett € [—1, o).
The tth ramification group G, of L/K in the lower numbering is defined to be equal to the ramification

group Gy, where [ - ] is the ceiling function.

We now define a function from [—1, o0) to [—1, co) as follows.
Definition 6.5.19. Let L/K be a Galois extension of local fields with Galois group G. We define
¢k [-1,00) > [-1,00)

by ¢,k (1) =t fort <0and
t
$Lik () = [ [Go : Gyl dx

fort > 0.

Remarks 6.5.20.

a. Definition 6.5.19 for an integer k > —1 may be written as
1 k
k) = —= > |Gl
Prixk) = 1o Zl Gil

b. The function ¢ is continuous, piecewise linear, increasing, and concave down. Its slope between
k — 1 and k for an integer k > 0 is |G|/|Gyl, which is nonincreasing in k.
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Example 6.5.21. Let F,, = Q,(,,») for a prime p and n > 1. By Proposition 6.5.12, we have

t if —1<i<0,
_ k-1
¢r,q,(1) = ;kﬁ(—pjl‘)ﬁuk—l ifpk-1—1<r<pt—lwithl <k<n-1,
t-p"+1 _ . n—-1 _
oo tn—1 ifr2p 1.

Note that ¢F,,/Qp(l?k —1) =kforeach0 <k < n.

We intend to show that ¢,k behaves well under composition in towers of extension, and to in-
vestigate the behavior of ramification groups in quotients. For this, we first require several lemmas.

Lemma 6.5.22. Let L/K be a Galois extension of local fields with Galois group G, and let E /K be a
normal subextension. Set N = Gal(L/E). For § € G/N, we have

Y ipx(o).

oeG

ig/k(8) = L

U\E:é'

Proof. Write O; = O[] for some f € Op and O = Ogl[a] for some ¢ € Of. Let
g € Og[x] be the minimal polynomial of g over E. We have

g=[]«-7B).

TeN

so letting g? € Of[x] denote the polynomial obtained by letting ¢ € G act on the coefficients of g,

we have

g7 =[] x-o7(p)).

TeN
Each coeflicient of g7 — g is the difference of values of a symmetric polynomial in |N|-variables on

the elements 7 () and the elements o T (). Since each coefficient of g lies in O, it is a polynomial
in a, and the coefficients of g2 are the same polynomials in o (@), so o (a) — a divides the coefficient
of g7 — g. In particular, o (a) — a divides g7 (8) — g(B) = g% (B).

Now, write a = f () for some f € Og[x]. Note that f(x) — « has g as a root, so

f(x) —a = gx)h(x)

for some h € Og[x]. Then

f(x) —oa(a) = g7 (x)h (x).
Plugging in B, we obtain

a—ol(a)=g%(B)-h?(p),
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so g7 (pB) divides o (a) — «. In particular, they have the same valuation.
Now, let § € G/N, which we may assume is not 1, since for § = 1 the result is obvious, with both
sides of the equation in the statement being infinite. As we have seen, 5(a) — a and g% () have the

same valuation. Thus, we have

eL/EiE/K(é)=vL(5(0!)—0!)=VL(g5(01))=VL( I1 <ﬂ—a<ﬁ>>)= Y ipk(o).
oeG oeG

olg=6 olg=46

]

Lemma 6.5.23. Let L/K be a Galois extension of local fields with Galois group G. Fort > —1, we

have :
Grixt)+1= TN Y min{iz g (o).t +1).

oeG

Proof. Note that both sides of the equation in the statement are equal to 1 for r = 0. Also, both

sides are piecewise linear and continuous, with slopes for any non-integral ¢ equal to

By (1) = (G s Gyl ~1 = 0
L/K 0 [1] Gy
and | G|
— Y 1=
|Gy |G
oeG
Hence, we have the result. ]

Lemma 6.5.24. Let L/K be a Galois extension of fields with Galois group G, and let E/K be a Galois
subextension. For everyt > —1 and § € Gal(E/K), we have

lE/K(é) -1= maX{¢L/E(iL/I((O') — 1) | g € G,0'|E = 6}

Proof. Let N = Gal(L/E). Let § € G/N. Let 0 € G with o|g = & be such thati = iy k(o) — 1
is maximal. Let B € @ be such that O; = Og[p]. For any T € N, we have
ipx(ot) =vp(ot(B) — B) zmin{vy(6T(B) —a(pB)),ve(a(B) — B)} = min{iy )k (7), ik (0)}

Wlthequahty lflL/K(T) 75 lL/K(O') InpartiCUIar, if T $ Ni’ then iL/K(O'T) = iL/K(T)’ andif T € Ni’
then iy x(oT) =i+ 1 and then in fact equality so by maximality of i. We therefore have

. 1 . 1 L . .
lL/K((S) = m Z;VZL/K(O'T) = m valn{lL/K<T),l+1}: ¢L/E(l)+1’
TE TE

the first step by Lemma 6.5.22 and the last step by Lemma 6.5.23. ]
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The latter lemma has the following corollary.

Theorem 6.5.25 (Herbrand’s theorem). Let L/K be a Galois extension of fields with Galois group G,
let E/K be a Galois subextension, and set N = Gal(L/E). For anyt > —1, one has

(G/N)ch/E(t) = G,N/N.

Proof. Note that § € G/N lies in (G/N)¢L/E(,) ifand only if ig )k (8) =1 = ¢, (¢). This occurs
by Lemma 6.5.24 if and only if there exists ¢ € G that restricts to § such that

$relipx(o) = 1) = ¢ (1)

and so if and only if i; x (6) — 1 > 1 for some such o. In turn, this is exactly to say that o € G, for
some lift 0 € G of §, or in other words that § € G,N/N. O]

Proposition 6.5.26. Let L/K be a Galois extension of local fields and E a normal subextension of K
in L. Then

bk = PE/k° PLIE-

Proof. Note first that both sides agree at —1 and then that it suffices to consider the slope of both
sides at non-integral values + > —1. Let G = Gal(L/K) and N = Gal(L/E). The derivative of the
right-hand side at ¢ is

Prik(Pr/e®) - @10 = [(G/N)g: (G/N)y, .n] ™ [No : N1~
and that of the left is [Gy, : Gm]‘l, so it suffices to note by Lemma 6.5.9 and Theorem 6.5.25 that
[Gs :Ns‘] = [Gs : Gs nN] = [GsN : N] = |(G/N)¢L/E(S)|

fors =0and s = t. [
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Part 11

Class field theory

145
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The goal of class field theory is to describe the structure of the Galois group of the maximal abelian

extension of a field in terms of the arithmetic of the field itself.

Remark 6.5.27. The term “class field theory” will at times be abbreviated “CFT”.
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Chapter 7
Global class field theory via ideals

In this chapter, we take the classical approach of comparing Galois groups of abelian extensions of a
number field to generalizations of class groups of the field. We use zeta and L-functions in proving

some of the key results.

7.1 Dedekind zeta functions

In this section, we shall be interested in the convergence of Dirichlet series.

Definition 7.1.1. The Dirichlet series of a sequence (a,,),>; of complex numbers is the series

o0
a,n®,
n=1

where s is a complex variable.

The following trick can be proven by a simple induction.

Lemma 7.1.2. Let (b;) ;> and (c;) ;1 be sequences of complex numbers. Forn > 1, set B,, = 2?21 b;.
Then

n

n—1
Z bic; = B,c, + Z Bi(c; = ciyy).
i=1 i=1

In particular, for n > m > 1, we have

n n—1
Y bic; =By, —Buc, + Y Bilci— i)

i=m+1 i=m+1

149
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Proof. This is immediate for n = 1. Suppose it for n. Then the difference of the right-hand side

of the above equation for n + 1 and n is

Bn+1cn+1 + Bn(cn - Cn+1) - Bncn = bn+lcn+1’
as required. ]
Notation 7.1.3. For 5y € C, let Z(sg) = {s € C | Re(s) > Re(sq)}.

Lemma 7.1.4. Suppose that a Dirichlet series 220:1 a,n~* converges at some so € C. Then it con-

verges for all s € Z(sy), and it converges uniformly on every compact subset of Z(sg).

Proof. Let t; = Re(sg) and t = Re(s) for s € Z(sgy), sot > to. Form > 1, let D,, > 0 be the

maximum of all | ZZ:I agk™0] < D, with n < m. These are bounded by some D > 0 since the partial

S

sums converge. Applying Lemma 7.1.2 to the sequences (a,,n"%°),,-; and (n*0™"), -, we obtain

n n-1
Y an S| < Duno 4 Dymio 4 Y Dk = (k + 1)%07
k=m+1 k=m+1

Note that
- - kel i1
k50~ — (k + 1)%075] < |s—s0|fk xfo~1= 1y,

from which it follows that
n=1 n-1

Dy k%07 — (k + 1)%075| < D,,_yls = s¢| f xlo~t=1gx

k=m mt

Taking the limit as n — oo, we obtain

(o]
-
>

to—t © to-t-1 to—t . 15 = Sol to—t
< Dm'o~" +|s — 5ol [ x0T ldx < Dm0~ + =—L(m + 1)1o~"
o= m+1 t—t

-0

Thus Z;O: m+1 @nn~° approaches 0 uniformly as m increases for s in any fixed compact subset of Z(s).
[

Lemma 7.1.5. Let (a,),>1 be a sequence in C, and suppose that C > 0 and u > 0 are such that
| ZZ:l ail < Cn" foralln > 1. Then Z:;l a,n~" converges absolutely uniformly on any compact
subset of Z(t).

Proof. For t = Re(s), the computation of Lemma 7.1.4 with s; = 0 and D,, < Cn* gives

n
> an

k=m+1

n—1
k+1 n
< Cn* '+ Cm"* "+ Cls| E k* fk x " ldx < Cn* '+ Cm*~ ' + Clslf lx”‘"ldx.
m+

k=m+1

Taking the limit as n — oo, we obtain

(o]

-5
S

k=m+1

< Cm%* 1t + Cﬂ(m + 1)u 1,
u-—t

which again converges uniformly in any bounded subset of Z(s). []
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We give an application to the Riemann zeta function.

Definition 7.1.6. The Riemann zeta series is the Dirichlet series

{(s) = i ns.
n=1

Theorem 7.1.7. The zeta series ¢ (s) defines an analytic function on s € C withRe(s) > 1, and it has
a meromorphic continuation to Re(s) > 0, in which region it is analytic aside from a simple pole at

s = 1.

Proof. The first statement is an immediate consequence of Lemma 7.1.5, the condition of which
holds for C = 1 and ¢ = 1. Consider {,(s) = Z;OZI (=1)"~'n=. We can again apply Lemma 7.1.5 for
C =1 and ¢ = 0 to see that the latter series converges uniformly and absolutely on Re(s) > 0. Note

that - - -
Y (=D lams =y a2y (=D 2n),
n=1 1 n=1

from which we see that {5 (s) = (1 - 21-9) & (s) for s € Z(0) aside from those with 25-1 =1, i.e., those

s of the form 1 + 22

for some n € Z. Similarly, the Dirichlet series {5 (s) attached to the sequence

log2
(ay) =1 With azgq = azg,r = 1 and azy,3 = =2 for all k > 0 converges for Re(s) > 0 and satisfies
¢5(s) = (1-317%)£(s) on said region, aside from s with 35~! = 1, those s of the form 1 + %;’;i. Thus

£ (s) is analytic outside s = 1. Finally, we note that

1 e —-S N -5 e —-s —
s—l_fl)Cdxsr;n §1+f]xdx—s_1.
Thus, limg_,; (s — 1){(s) = 1, so £ (s) has a simple pole with residue 1 ats = 1. O]

Terminology 7.1.8. A product [ N (1 —a,N p~%)~! over primes p of a number field F for complex
numbers a, is known as an Euler product for s € C such that it converges. The individual term
(1- apr‘S)‘1 for a prime p is known as an Euler factor at p.

Proposition 7.1.9. For any s € C with Re(s) > 1, the Euler product ]_[p(l —p~5)~1 over all primes

p converges to § (s).

Proof. The logarithm of the Euler product is given by

i Z n 1’15 ’
n=1 P P
with the latter sum taken over all prime numbers p. For t = Re(s),we have

IDIPTTEED 3 WL E s
n=2 p P n=2'p
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so converges uniformly on an closed interval inside the interval ¢ > % In particular, the series

Z:;l Y » # converges absolutely and uniformly on any compact subset of Z (%) on which ) » p~*
does. In particular, the Euler product defines an analytic function on Z(1).
We can then compare finite products and sums. Let S be a finite set of prime numbers and I be

the semigroup they generate. Then

n(l _p—S)—l — Z ns.

PES nelg

We then have { (s) = ]_[p(l - p‘s)‘l for Re(s) > 1 by taking the limit over all S. L]

Notation 7.1.10. For two meromorphic functions f and g on a neighborhood of s = 1 in C, or which
have meromorphic continuation to such a neighborhood, we write f ~ g if they differ by a function

analytic at 1.

We now turn to zeta functions of number fields.

Definition 7.1.11. The Dedekind zeta series of a number field K is Dirichlet series

(x(9) =) (N,

ag@F

where the sum runs over nonzero ideals a of Og.

Theorem 7.1.12. For a number field K, the series { (s) = Zag@x (Na)~* converges absolutely for

all s € C with Re(s) > 1. Moreover, for such s, we have

Cr(s) =[] =Np=)~1,

p

where the product runs over all nonzero prime ideals p of O k. It has a meromorphic continuation to
Z(1 = [K : Q1Y) that is analytic outside of a simple pole at s = 1.

Proof. We sketch part of the proof. Again, we consider the logarithm of the Euler product, noting
that

log { g (s) ~ ZNp‘S,
P

and the latter sum is at most [K : Q] pr‘s ~ [K : Q]log(s — 1)~1, from which we obtain conver-
gence of the Euler product on Z(1) to an analytic function. We can then compare the Euler product
over a finite sum of primes with the partial sum in the Dirichlet series over ideals divisible only by
those primes to obtain equality in said region. We omit the argument regarding its meromorphic
continuation and simple pole. ]
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From this, we obtain the following statement on the density of completely split primes.

Definition 7.1.13. Let S be a set of prime ideals of a number field K. The Dirichlet density §(S) of
S, if it exists, is ;
5(5) = tim 2=
s—>1* Zp Np~s
where the sum in the denominator is taken over all prime ideals of K. The upper Dirichlet density
(resp., lower Dirichlet density) is obtained by replacing the limit in the definition of Dirichlet density
with the lim inf (resp., lim sup).

Theorem 7.1.14. Let L/K be a Galois extension of number fields. Then the Dirichlet density of the

set Sy x of primes of K that split completely in K is _[Lle]'

Proof. As before, we have that log {; (s) ~ Z’D NP~5. At the same time, the sum over primes that
are not completely split is bounded absolutely by the finite sum over primes of degree > 2 ats = 1,
since [IND 9| is for such P is at least p? for the prime p with (p) = P n Z. Since each prime over K

that is completely splitin K has [L : K] primes over it of the same absolute norm, we then have

log$r(s) ~[L:K] Y Np~*

PESL /K

At the same time, since both {; (s) and { g (s) have a simple pole at s = 1, we have
log &y (s) ~ log(s — 1)™! ~ log ¢ g (s) ~ ZNP_S,
P
and therefore (S k) = [L: K]7L. O

We can attach a Dirichlet series to a finite-dimensional representation of a Galois extension L/K
of number fields as follows.

Definition 7.1.15. Let L/K be Galois, and let y be a character of a finite-dimensional C-
representation of Gal(L/K). Then the Artin L-function of y is Euler product expansion

L(x.s) = [ det(l —xp V) M oyys
b

on Z(1), where ¢, denotes a Frobenius in Gal(L/K) of some prime P of L over p, and /, denotes the
inertia group at P in Gal(L/K).

Proposition 7.1.16. Let L/K be Galois, and let y be a character of a finite-dimensional C-
representation of Gal(L/K). The Artin L-function L(y,s) converges to an analytic function on

Re(s) > 1. In this range, we have
£ =[] 07W,
X

where the product is taken over the characters of irreducible representations of Gal(L/K).
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Notation 7.1.17. If y: Gal(L/K) —» C* is an abelian character, we view y as the unique multiplica-
tive function on the nonzero ideals of @ g such that y (p) = O for a prime ideal p is O if p ramifies in

L*er X /K and is X (¢,) otherwise, where ¢, is a Frobenius in Gal(L/K) at any prime over p.

Proposition 7.1.18. Let y: Gal(L/K) —» C* be an abelian character of a Galois extension L/K of
number fields. Then

Liz.9) =[]0 = x(Np)"'= Y y(a)Na™

b QQ@K

for Re(s) > 1.

For y abelian, it is known that L( y, s) is analytic on C (outside of a simple pole at s = 1 if y is
trivial), but we require only something weaker. We provide a proof of the following result, assuming

an input from the geometry of numbers.

Proposition 7.1.19. Let L/K be an abelian extension of number fields, let m > 1, and let y be
a nontrivial, irreducible character of Gal(L/K). Then L(y,s) has a unique analytic extension to
Z(1 - [K :Q]™YY, and L( x,1) is nonzero.

Proof. Let n > 2 be the order of y, fix an nth root of unity ¢, and letd = [K : Q]. The geometry
of numbers can be used to show that the number of ideals a of Ok with Na < N for N > 1 and
y(a) =¢isCN + O(N 1-a-! ), where C is a constant independent of £. Given this, we note that

Y x@= Y KNa<N|x(@=¢HS =) ¢-CN+ON'=4")=oW'=4").
NasN fep, feu,
By Lemma 7.1.5, we therefore have that ) _ Ox x (a)Na~* converges absolutely and uniformly on
every compact subset of Z(1 —d~1).
For the nonvanishing, write log £ (1) = ). ¥ log L( y,t) and observe that, up to a bounded function
ast — 1%, the latter sum has absolute value at least (1 — ) xm Z) log(t - 1)1, where m 218 the order
of vanishing of L( y,s) at s = 1. But if some m, = 1, then 1 — Z){ m, < 0, which is impossible

since log ¢ (s) ~ log(s — 1)1 O

7.2 Chebotarev density theorem

We prove Chebotarev’s density theorem in something close to the original manner in which it was
proven, roughly following an exposition of Stevenhagen and Lenstra.

Proposition 7.2.1. Let K be a number field, m > 1, and G = Gal(K(u,,)/K). For o € G, the

Dirichlet density of primes p of K with Frobenius o in G is é
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Proof. From Proposition 7.1.16 and Proposition 7.1.19, it follows that

sy =[] Lix.s

x: G-C~

for Re(s) > 1 — [L : Q]~!. Fora prime p of K unramified in L, we have that ¢, ({,,) = g“%p for a
primitive mth root of unity ¢,,, and therefore y (¢,) depends only on Np modulo m.

Much as before, we have
logL(y,s) ~ Z x(p

for Re(s) > 1. Given ¢ € Gal(F(u,,)/F) with ¢(&,,,) = {4, for some a prime to m, we have

Y x@xpmt= 0 ifa# Npmodm,

2: GoCx |G| otherwise.

Now, on the one hand we have

Z){ (0)"'logL(x,s) ~ ZZ;( XNy ~1GI Y Np,

Np=a mod m

whereas on the other we have
Y x(0) ' logL(y,s) ~ log{k(s) ~ log(s = 1)~",
X

since we know that L( y, 1) # O for all nontrivial y. Comparing the two equations, we obtain that the
Dirichlet density of p with ¢, = ¢ is 1/|G| L]

Theorem 7.2.2 (Chebotarev). Let L/K be a Galois extension of number fields with Galois group G.

Let C be a conjugacy class in G. The Dirichlet density of prime ideals p of K such that the conjugacy

class in G of a Frobenius of a prime over p in L lies in C is IG\

Proof. With Proposition 7.2.1 already in hand, we divide the remainder of the proof into two steps.

Step 1. First, we shall show that the theorem for L/K and C follows from the theorem for a cyclic
subextension L/E, where E is the fixed field of an element of C. Let S be the set of prime ideals of K
unramified in L with class C. Let 0 € C and E = K‘9) so that L/E is cyclic of degree f = |(c)|. Note
that the latter order is independent of o.

Let T, be the set of primes P of E unramified in L and over K with Frobenius ¢ p at a prime of L
over Pequalto o. If P € T, then ¢ p = o fixes E, so P has degree one over F. As P is by definition
inert in L, there are exactly |G|/f primes of L over P N K. As the Frobenius elements of such primes



156 CHAPTER 7. GLOBAL CLASS FIELD THEORY VIA IDEALS

are distributed evenly among the elements of the conjugacy class C of o, exactly |G|/f|C| of these
have Frobenius o.

We may then compute the Dirichlet density of S:

Z,,est‘s _ficr - Zeer, NPT pic

5(S = im = 6(Ty),
( ) Z Np |G| s—>1+ Zpr_s |G| ( U)
recalling once again that Z Np~* ~ 3., NP~*. Supposing the theorem for K /E, we have 5 (T,) = 7
and we therefore obtain §(S) = :g:, as desired.

Step 2. It remains to prove the theorem for cyclic extensions, and we shall actually make the
weaker hypothesis that L/K is abelian. Choose m > 1 not dividing the discriminant of L so that H =
Gal(L(u,,)/L) is isomorphic to (Z/mZ.)* via the mod m cyclotomic character, and Gal(L(y,,)/K) =
G xH. Foro € Gand T € H, let S, be the set of primes of K unramified in L with Frobenius o in
G, and let S, . be the set of primes of K unramified in L(y,,) with Frobenius (o, ) € G x H. Then

Sint(Sp) = Y 8int(Sy o).

TeEH

Now suppose that |G| divides the order of . Then ((o, T)) N (G x{1}) = 1, which implies that L(y,,)
is given by adjoining p,, to F = K(pu,,)(?>7). Since we have previously shown the theorem for
cyclotomic extensions such as F'(u,,)/F, we have that the Dirichlet density of the set of unramified

primes in this extension With Frobenius (o, 7) is From the argument of Step 1, we see that

1
KTl
5(S,.,) exists and equals IGHHI

Now let H,, be the set of elements T € H of order divisible by n. By summing overall T € H,,, we
see that §;,¢(S,) = Hfl,'
exists a prime m = 1 mod #/, since the Dirichlet density of completely split primes in Q(z,,)/Q is

m — 1) > j. We then have

Write n = p1 -plﬁ’ for distinct primes py, ...,p, and ky, ..., k. > 1. There

positive. For such an m, letj; = v, (

|H| r p'l r 1
= [1 (1 s ) >[] (1 ‘p—g_1>k,.+1)-

i=1

|H
IHI

is then at least 1, it must equal 1. Thus, we have that § (S, ) exists and equals - ]

inf(Sy) = |G| Since the sum of these over all 0 € G

As a consequence, we obtain Dirichlet’s theorem on primes in arithmetic progressions.

Corollary 7.2.3 (Dirichlet). For n >

1l and a € Z-, with gcd(a,n) = 1, the set {a + kn | k > 0}

contains infinitely many prime numbers. In fact, the Dirichlet density of the set of such primes is ﬁ.
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Proof. The prime numbers with Frobenius ¢ in Gal(Q(y,)/Q) satisfying ¢(¢£,,) = ¢4 for a
primitive nth root of unity ¢, are exactly those in the arithmetic progression in question. Chebotarev’s
theorem then tells us that the Dirichlet density is the reciprocal of the degree ¢ (n), as the extension is
abelian. [

7.3 Ray class groups
Let us fix a number field K.

Definition 7.3.1. A modulus m for K is a formal product m = mym,, consisting of a nonzero ideal m
of O g and a formal product m, of distinct real places of K. We refer to m and m, as the finite and
infinite parts of m, respectively.

Remark 7.3.2. A formal product of symbols is a tuple (or list) of symbols, written in product notation.

Remark 7.3.3. In a modulus m, the product composing m., can be empty, in which case we simply

write m = mg.
We may define a notion of congruence modulo m.
Definition 7.3.4. Let m be a modulus for K. We say that a, b € K* are congruent modulo m, and write
a =* bmod m

if a = b mod m, and the image of a/b is positive under the real embedding attached to any real place

in the formal product m,.

We may now define ray class groups.

Definition 7.3.5. Let m = mym, be a modulus for a number field K.

a. The m-ideal group I¢ is the subgroup of the ideal group Ix generated by the nonzero prime

ideals of O that do not divide m,.

b. The unit group at m in K is the subgroup K, of K* defined by

K, ={a € K*|v,(a) = 0 for all primes p | mf}.

c. The ray modulo m in K is the subgroup K, | of K* consisting of elements congruent to 1 modulo
m: that is,
K,1={a€eK*|a="1mod m}.
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d. The principal m-ideal group P is the subgroup of fractional ideals of @ g generated by ele-

ments of K, ;.

e. The ray class group Clg of K of modulus m is the quotient group
Clg = Ip/PR.
f. The ray class [a],, for the modulus m of a fractional ideal a € I} is the image of a in Cl.

Remark 7.3.6. The reason for the term “ray” is surely as follows. The ray Q, ;, where co is the
unique real prime of Q, is equal to the set of positive rational numbers, which is dense in the ray
[0, c0) in R.

Example 7.3.7. The class group of K is in fact the ray class group with modulus (1). That is, taking
m = (1), we have I} = Ix and K,, | = K*, so P} = P and Clg = Cl.

Remark 7.3.8. For any modulus m, we have the map /g — Clg that takes an ideal to its class. Despite
the fact that I is not the full ideal group of K unless m, = (1), this map is still surjective, with kernel
the principal fractional ideals in /¢. To see this, first note that any fractional ideal of @ g is a principal
fractional ideal times an integral ideal a, and the Chinese remainder theorem tells us that we can find
an element a € O with exactly the same p-adic valuation as the maximal power of p dividing a for
each p dividing mp. Then a(a~!) eI ¢ has the same class of the original fractional ideal.

From now on, let us fix a modulus m for K. The following is immediate from the definitions.
Proposition 7.3.9. We have an exact sequence
15 0% N Ky 1 = Kn1 518 5 CIE -0,

where ¢: K* — Ik takes an element to the fractional ideal it generates. In particular, we have
¢(Km,l) =P [né

We also have an exact sequence as in the following proposition.
Proposition 7.3.10. There is an exact sequence
1> O/ (OxnK, ) > Ky /Ky = Clg — Clg - 0,

where the first map is induced by the identity map on K*, the second is induced by the map that takes

an element to its m-ray ideal class, and the last is the quotient by Pg.


https://www.math.ucla.edu/~sharifi/notes/algebra-ch03.html#thm:chinese_rem_thm
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Proof. Since Clg = I2/P%. We saw in Remark 7.3.8 that the natural map I} — Cl is surjective
with kernel Pg n Ig. Moreover, the natural map

K, - (Px NID)/PL,

is by definition surjective. Since the elements of K, that generate classes in Pg are those in O K, |,
we have the result. [

We also have the following.

Proposition 7.3.11. The product of reduction modulo my and the sign maps for each of the r real

places dividing m, induces a canonical isomorphism

Ku/Ky1 = (Og/mp) x [ J(=D.
=1

1

Proof. The kernel of the reduction modulo m; map on K, is Ky 1 and those elements of Ky 1
with trivial sign at all real places dividing m, constitute K, ;. Therefore, we have an injective map

as in the statement. That this map is surjective is an immediate corollary of weak approximation. [

The following is immediate from the exact sequence in Proposition 7.3.10, noting the finiteness of
the class group and the finiteness of K,, /K, | implied by Proposition 7.3.11.

Corollary 7.3.12. The ray class group Cl¥ is finite.

Example 7.3.13. Let us consider the ray class groups of Q. Recall that Clg = (1) and that Z* = (~1).
We will consider two cases for an f > 1: (i) m = (f) and (ii) m = (f)oo.

i. We have
Qp/ Q1 = (ZIf2)7,

and if f > 3 so that this group is nontrivial, then —1 ¢ Q 4, ;. Propositions 7.3.10 and 7.3.11 then tell
us for any f that we have an isomorphism

¢ Q1Y) = (Z/fZ)*/-1).

with ¢ ([(a)]s)) the image of a for any a € Z relatively prime to f.

ii. We have
Qf)oo/ Qfyoo1 = (Z/fZ)" x (-1),

and -1 ¢ Q) 1. Again by Propositions 7.3.10 and 7.3.11, we then have an exact sequence

0 (=1) > (Z/fZ)* x (~1) - CIY)™ > 0,
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where the first map takes —1 to (=1, —1). It follows that we have an isomorphism
. (freo ~ X
¢p: Clg ™ — (Z/f7)
with ¢, ([(a)](f)) = @ mod f for a € Z relatively prime to f.

We next show that norm maps descend to ray class groups.

Lemma 7.3.14. Let L/K be a finite extension of number fields and m a modulus for K. Then

NL/K(Lm,l) c Km,l'

Proof. Leta € L, ;. We have that Ny k() is the product of the T (a) over all embeddings T of L
fixing K in our fixed algebraic closure of K. Since the ideal my of O ¢ is fixed under these embeddings,
we have Ny jga = 1 mod my.

As for the infinite part, if 0: K — R corresponds to a place dividing m, and S is the set of

embeddings 7: L —» C extending o, then

o(Npxa) =[] T(a).

TES

If T € Sisreal, thena € L, ; tellsus that T (a) > 0. If T € § is complex, then the complex conjugate
embedding T is also in S, and
T(a)T(a) =It(a)? > 0.

As a product of positive numbers, o (N, g a) is positive. U

Definition 7.3.15. Let L/K be a finite extension of number fields and m a modulus for K. The norm
map Ny g+ Clj — Clg is the map defined on a € I} by

Npjk(laln) = [Npjk(a) ]y,
where Ny g (a) is the norm from L to K of a.

Let us prove what is known as the first fundamental inequality of global class field theory.

Proposition 7.3.16. Let L/K be a finite abelian extension of number fields. For any modulus m of K
divisible by the primes that ramify in L/K, we have

[Clg : Nk CIL] < [L: K].
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Proof. Let H = Ig/PgNy kI, and let Let y: H — C* be a nontrivial character. Much as with

nontrivial characters of Gal(L/K), we can define an L-function

Ly(z.9) =[]0 = x(Np™) 1= Y y(a)Na™*

p*m QQ@K

a+m=0g

which converges to an analytic function on Z(1 — [K : Q]7!). Letm  be its order of vanishing at

s = 1. On the one hand, we have
log { g (s) + Z logL, (x,s) ~ (1 - Zml)log(s— -1,
x#1 X

while on the other hand, we have

log ¢k (s) + Y 1ogLy(x,8) ~ Y Y x(A) Y Ny ~[Hl Y  Np™

771 27 AeH peA pEPEN kI

As the primes p which are norms from L/K and unramified are the completely split primes Sy /g, the
latter sum is, up to a constant (the sum of the reciprocals of the ramified primes), at least

H]

—s _ _1)-1
HI D Np™ = gy log(s = 7,
PESL /K
employing Theorem 7.1.14. We therefore have that every m ,, is zero and 1 > %, which is what we
aimed to show. U

As we shall see later, the first fundamental inequality is actually an equality.

7.4 Statements

Definition 7.4.1. Let K be a number field and m a modulus for K. Let L be a finite abelian extension
of K such that every place of K that ramifies in L/K divides m. The Artin map for L/K with modulus
m is the unique homomorphism

V1 ki Ig > Gal(L/K)

such that ¥ / x (p) is the unique Frobenius element at p in Gal(L/K) for every nonzero prime ideal p

of Ok that does not divide m.

Remarks 7.4.2.
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a. The Artin map W}, is well-defined. To see this, note that I is freely generated by the prime
ideals of Ok not dividing mg, so it suffices to define it on these primes. Moreover, L/K is abelian
and unramified at any such prime p, so there is a ungiue Frobenius element in Gal(L/K) at p. This
Frobenius element is often written (p, L/K).

b. For any two moduli m and m” for K such that every prime that ramifies in L divide both my and
m}, the Artin maps 7' ;- and \PE; x agree on the fractional ideals on which they are both defined.

Notation 7.4.3. Given a modulus m for K and a finite extension K’ /K, we use m also to denote the
modulus m” for K with m;. = m;O g and m, the product of the real places of K” lying over those of
K that divide m .

Artin maps satisfy the following compatibilities, analogous to the case of the local reciprocity

map.

Proposition 7.4.4. Let K be a number field, and let K' /K be a finite extension. Let m be a modulus
for K. Let L be a finite abelian extension of K’ such that every place of K’ that ramifies in L' /K’
divides m, and set L = L’ 0 K®. Then we have the following commutative diagrams:

‘*’27 /K

I, —— Gal(L'/K")

Ny /KJ/ lRL/K
l{l‘n

®—% Gal(L/K),
a.

where Ry k denotes the restriction map on Galois groups,

3

I} —— Gal(L/K)

J JVK’ /K
\Pm

IR K Gal(L! /K
if L' /K is Galois, where the map Ig < Ig is the natural injection and Vg x: Gal(L/K) —
Gal(L’/K') is the transfer map, and

\Pm
m—"%  Gal(L/K)

GJ, [o*
o(m)

by
125 7% Gal(o (L) /o (K)).

where o is an automorphism of the separable closure of K and o* is the map o*(T) = ol oTo0™!|, (L)
and where o (m) is the modulus for o (K) given by o(m)y = o(my) and o (my,) is the product of the

applications of o to the real places dividing m .
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Proof. We verify only part (a). It suffices to check commutativity on a prime ideal P of @y that

does not divide m. In this case, \IJZ, K’ (D) is the Frobenius (P, L’ /K’) and P, and its restriction to

Gal(L/K) is (p,L/K)f”/P, where p = P N O . On the other hand,
Ngr g P = F’fw”,
and \If}‘j/,( sends this to (p,L/K)fWP, so we are done. [l

Note the following corollary.

Corollary 7.4.5. Let K be a number field, and let L/K be a finite abelian extension. Let m be modulus
for K that is divisible by every place of K that ramifies in L/K. Then ker ¥}, contains N kI]'.

Proof. Take K’ = L” = L in Proposition 7.4.4. Then the commutativity of the diagram in part (a)
therein forces Wy - o Ny g = 0onlj. U

Remark 7.4.6. Let K be a number field. We may speak of a formal product of places dividing another
such formal product in the obvious manner. Therefore, we say that a modulus m for K divides a

modulus n for K if the divisibility occurs as formal products of places.

Definition 7.4.7. Let L/K be an abelian extension of number fields. A defining modulus for L/K is a
modulus for K that is divisible by the ramified places in L/K and is such that Pg € ker ¥} ..

Given a modulus m for an extension L/K of number fields, the reciprocity map induces a reci-

procity map on the ray class group.

Definition 7.4.8. Let L/K be an abelian extension of number fields and m a defining modulus for L/K.
Then the map
Wik Clg — Gal(L/K)

induced by ¥ ;- in the sense that
l//g/[(([a]m) = \Ijg/]((a)
for every a € I} is also referred to as the the Artin reciprocity map for L/K (on Clg) with modulus m.

Remark 7.4.9. When the defining modulus m for L/K is understood, we may at times denote y/ ;' x
more simply by y; k.

Remark 7.4.10. If L/K is a finite abelian extension with defining modulus m and E is a subextension,
then m is a defining modulus for E as well.
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Let us state the main theorems of global class field theory. The first is due to Emil Artin.

Theorem 7.4.11 (Artin reciprocity). Every abelian extension L/K of number fields has a defining
modulus m divisible exactly by the places of K that ramify in L. Moreover, y|' i is surjective with

kernel Ny, (Cly), so induces an isomorphism

The following is due to Teiji Takagi, building on work of Heinrich Weber.

Theorem 7.4.12 (Existence theorem of global CFT). Let K be a number field, let m be a modulus for
K, and let H be a subgroup of Clg. Then there exists a (unique) finite abelian extension L of K with

defining modulus m such that H = Ny ¢ CIy.

In other words, every subgroup of Clg for a number field K and modulus m is the norm group
Ny ,k Cl. from a single finite abelian extension L of K. We have written “unique” in parentheses in

the theorem, as it is sometimes excluded from the statement of the existence theorem.

Proposition 7.4.13. Let K be a number field and m a modulus for K. For finite abelian extensions L
and M of K for which m is a defining modulus, we have the following:

a. Npjx CIf NNy x Cliyy = Npagyx Cliag (and wm is a defining modulus for LM),
b. NL/K CIZ NM/K Clg} = N(L(']M)/K ClzlmM, and
¢. Ny Clyy € Ny i Clp if and only if L € M.

Definition 7.4.14. Let K be a number field and m a modulus for K. The ray class field for K with
modulus m is the unique finite abelian extension L of K with modulus m such that m is a defining

modulus for L/K and the Artin map y ' ; is an isomorphism.

That is, the ray class field L of K for m is the unique finite abelian extension of K with defining

modulus m such that Ny ;¢ Clj = 1.

Remark 7.4.15. As a consequence of Proposition 7.4.13c, every finite abelian extension L of K for
which a modulus m for K is a defining modulus is contained in the ray class field of K with modulus

m.

Using the existence theorem, Proposition 7.4.13, and the surjectivity of ¥} .- we may now demon-
strate a part of Artin reciprocity.
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Proof that w7}, has kernel Ny, x (CI7). Let M be the ray class field of K with modulus m. Then
Ny Clyy = 1 by Artin reciprocity. It follows from Proposition 7.4.13c that L C M. Consider the
diagram

P

i Gal(M/L)

2
-
e
-
-

Nyx  CIf l

m ‘ Gal(M /K) —— Gal(L/K)

cIm

By Proposition 7.4.4a, the diagram commutes. As Gal(M /L) is a subgroup of Gal(M /K) and y j;, K
is an isomorphism, an element of /;" lies in the kernel of Wj, , if and only if its image in Cl; has
trivial norm in Clg. In particular, we have P} C ker Wy, /> SO M is a defining modulus for M /L, and
the dotted map in the diagram exists and is y/; ;.

Now, the kernel of /', ;- consists of exactly those elements of Clg with image in Gal(M /L) under

Wy k- Since W, is assumed surjective, we have that y; ; is as well. Therefore, the composition

Npjk = i)~ eroyhy+ CIf - Clg
has image ker y/}' ., finishing the proof. [
Alternatively, we could have used the entire Artin reciprocity law and the existence theorem to

prove Proposition 7.4.13 and the uniqueness of ray class fields, much as in the spirit of the case of

local class field theory.

Example 7.4.16. We claim that the ray class field L of Q (i) with modulus (3) is Q(u;,). Note that
only the primes over 3 ramify in Q(u1,)/Q (7). To see the claim, suppose first that p = 3 mod 4 with
p # 3. Then (p) is inertin Q(#)/Q. Since the Frobenius at p over Q(7) will fix Q (p,) if and only if
it fixes p1,, we have (p, Q(p1,)/Q(i)) = 1 if and only ifp2 = 1 mod 12. But the latter congruence
holds for all p # 3. Since (p) = (—p), we actually have (p) € P}?) for all p # 3 as well.

If p = 1 mod 4, then p splits in Q(i). In fact, p = a® + b? for some a,b € Z and

pZli] = (a + bi)(a - bi).
We have (a + bi, Q(pt15)/Q(i)) = 1 if and only if

p = Np,g(a+bi) =1mod 12.
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This will occur if and only if exactly one of a and b is nonzero modulo 3. For such a prime p, by
multiplying a + bi by i if needed, we may assume that 3 | b, and by multiplying a + bi by —1 if needed,
we may then assume that a = 1 mod 3. Conversely, a pair (a,b) witha = 1 mod 3 and 3 | b yields a
prime p = 1 mod 12. In other words, (a + bi) € P for p = 1 mod 4 with p = a? + b? if and only
if (a + bi) € ker W, ,,)/Q()- It follows by multiplicativity that the kernel of W, ,)/Q() is exactly
PS ()l.). Therefore, we have L = Q(pu;,) by the uniqueness of ray class fields.

We now show that there is a defining modulus for any abelian extension that is minimal in a

particular sense.

Proposition 7.4.17. Every abelian extension L /K of number fields has a defining modulus that divides
all other defining moduli for L/K.

Proof. If {m; | i € I} is a nonempty set of moduli for a number field K, where I is some indexing
set, then we define a modulus
Mm = Z m;
iel

such that M is the sum of the finite ideals (m;), over i € I and M, equal to the product of all real
primes dividing every (m;).,. We then see from the definition that

Kap,1 = H Ky, 15
iel
and so P is also the sum of the Py'.
Given an abelian extension L/K of number fields, we consider the set of moduli m that are divisible
by all places of K that ramify in L and for which Py lies in the kernel of ¥} ;. By Artin reciprocity,
this set is nonempty. The sum of these moduli is by construction the unique modulus that is divisible

by all places that ramify in L and is contained in ker \II%R/ K- ]

Definition 7.4.18. The conductor fy ;k of an abelian extension L/K of number fields is the unique
defining modulus for L/K that divides all other defining moduli for L/K.

Remark 7.4.19. It is possible for two distinct finite abelian extensions of a number field K to have
the same conductor. On the other hand, not all moduli for K need be conductors of finite abelian
extensions of K. In particular, the ray class field of K with modulus m is only guaranteed to have
conductor dividing m, and if this conductor does not equal the modulus, then that modulus is not
the conductor of any finite abelian extension of K with defining modulus m, since any such field is
contained in the ray class field.

Example 7.4.20. The conductor of the ray class field Q(u,) of Q (i) with modulus (3) is (3), since
(3) ramifies in Q(1,)/Q(P).
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The following gives the comparison between the conductor of an extension of global fields and
the conductors of the local extensions given by completion at a finite prime of the extension field.
Proposition 7.4.21. Let L/K be a finite abelian extension of number fields. Then

fuiky = | [Fryx, 0 Ox),
b

where the product runs over all nonzero prime ideals p of O g and for each such p, we choose a prime
ideal P of O lying over it.

7.5 Class field theory over Q

Definition 7.5.1.

i. A number field is said to be totally real if all of its archimedean embeddings are real.

ii. A number field is said to be purely imaginary if all of its archimedean embeddings are complex.

Remark 7.5.2. A Galois extension of Q is either totally real or purely imaginary. On the other hand, by

way of example, Q( 32) has one real embedding and a pair of complex conjugate complex embeddings.

Example 7.5.3. For any n > 1, the field Q(y,,)* = Q(¢,, + ¢;;') for a primitive nth root of unity ¢,
is a totally real field. In fact, it is the largest totally real subfield of the field Q(,,), which is purely

imaginary if n > 3.
We consider the ray class fields of Q.

Example 7.5.4. Letf > 1. Let {; be a primitive fth root of unity.

i. We claim that the ray class field for Q with modulus (f)oo is Q (). To see this, note that only
the places dividing (f) oo ramify in Q (). Let a denote a positive integer relatively prime to f, and
let o, € Gal(Q(pr)/Q) be such that 0,(f) = g“f‘f. We then have that

(f)ee —

which is immediately seen by writing out the factorization of a and noting that ¢ » = (D Q( Kr)/ Q)
for any prime p not dividing f. In particular, we see that

(oo — g1
P S ¥ Q-

0 (f)oo is a defining modulus for Q(pf)/Q.
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Next, note that the cyclotomic character y, provides an isomorphism
xrt Gal(Q(pp)/Q) = (ZfZ)"
with y(o,) = a. Recall also the isomorphism from Example 7.3.13(ii)
¢r: CIY~ S (Z/f2)"

such that dr(l(a)]ir)e0) = a mod f. The composition

(f) oo
¢7! YQ(u
@iz L ad= "H a1 2 2z

is then the identity map. That is, we have
Zr Va8 @ = zp o wlin, oU@lpe) = 20, = a
ii. We next claim that the ray class field for Q with modulus (f) is

Qup)* = Q& + gfl)-

Note that the image of the cyclotomic character y on Gal(Q( Ke)/ Q( ,uf)+) is (1), so y induces an
isomorphism
Z}’ Gal(Q(ur)*/Q) — (ZIfZ)]{£1)

Recall also that Example 7.3.13(i) sets up an isomorphism
¢ CIY = (Z/FZ7)*/(+1).

Since the maps in question are all induced by those in part a, the composition

)
(7)1 YQuu ;
@izy-n S ad S GaQun /) 2 zirzy -

is the identity.

As a corollary of Example 7.5.4 and Artin reciprocity, we see that every abelian extension of Q
is contained in some cyclotomic field. In other words, we have Q% = Q(u.,). However, we can also

see this directly from the local Kronecker-Weber theorem, as we now show.

Theorem 7.5.5 (Kronecker-Weber). Every finite abelian extension of Q is contained in Q(u,,) for
somen > 1.
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Proof. Let F be a finite abelian extension of Q. For k > 0, let py, ..., p; be the distinct primes
that ramify in F/Q, and choose primes py, ..., p; of F such that p; lies over p; foreach 1 <i < k. By
the local Kronecker-Weber theorem, we have for each i that F° b € Q pf( ,Un,-) for some n; > 1, and let
us let r; > 0 be maximal such that p divides n;. Setn = p'---pi*, and let K = F(p,,), an abelian
extension of Q. We claim that K = Q(g,,), which will finish the proof.

Set G = Gal(K/Q), and let /,, be the inertia group at p; in G. The completion of K at a prime P;
over p; is

Ky, =F, (u,) = Qp,.(,ulcm(n,n,-))-

Since p;’ exactly divides m = lcm(n, n;) by definition, we have

I, = Gal(Qy, (f) Qp, () = Gal(Qp, (11,71) Q).

Let I be the subgroup of G generated by all its inertia subgroups: thatis, I = I, ---1, . The order of
lis
k k
<[, =]ew@ =em =1Qu, : Ql.
i=1 i=1

However, since there is no nontrivial extension of Q that is unramified at all primes in Z, the inertia

groups in G must generate G, so we have that I = G. Since Q(p,,) € K, this forces K = Q(u,,). O

Example 7.5.6. Let K be a finite abelian extension of QQ, and let n be minimal such that K € Q(g,,).
Note that Q(p,,) = Q(p,,/2) if n is exactly divisible by 2, so the minimality of n forces n to be odd or
divisible by 4. Then the smallest ray class field in which K is contained is either Q(y,,) ", the ray class
field of modulus (n), or Q(y,,), the ray class field of modulus (n)co. Note that Q(p,,) = Q(u,)"*
only for n = 1. Thus, if K is totally real, its conductor fx g is (n). If K is purely imaginary, then the
conductor is (n)co. Note that (2m) and (2m)co for m odd, as well as (co), never occur as conductors

of abelian extensions of Q.

7.6 The Hilbert class field

The most fundamental example of a ray class field is that with modulus (1), which was originally
considered by Hilbert.

Definition 7.6.1. The Hilbert class field of a number field K is the maximal abelian extension of K
that is unramified at all places of K.

Remark 7.6.2. To see that the Hilbert class field of a number field K is the ray class field of K with
conductor (1), note that the reciprocity law says that if L/K is finite abelian and unramified, then (1)
is a defining modulus, and the converse holds by definition. The ray class field with conductor (1) is
the largest field with defining modulus (1), hence is the Hilbert class field.
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The following is immediate by Artin reciprocity.

Proposition 7.6.3. Let E be the Hilbert class field of a number field K. By the Artin reciprocity law,
the Artin map

is an isomorphism.

We have the following interesting corollary.

Corollary 7.6.4. Let E be the Hilbert class field of a number field K. Then a nonzero prime ideal of
O i is principal if and only if it splits completely in E /K.

Proof. To say that a nonzero prime p in O is principal is exactly to say its class [p] in Clg is
trivial, which is exactly to say that w gk ([p]) = 1. In turn, this just says that the Frobenius (p, E/K)
is trivial, which means that the decomposition group at p in Gal(E/K) is trivial, which is to say that
p splits completely in the abelian extension E/K. ]

Example 7.6.5. Let K = Q(\/—_S). Then Clg has order 2 and is generated by the class of p =
2,1+ \/—_5 ). The Hilbert class field E therefore has degree 2 over K. In fact, E = K(i). For this,

note that Q (i) /Q ramifies only at 2, so the extension K (i) /K can ramify only at the unique prime p

over 2 in Ok. Note that a = 1+2‘/§
x? — x — 1 is irreducible over © k(i)/p = [y, the extension of this residue field in K (i) is of degree

has minimal polynomial x> —x — 1 over K, so a € © K(i)- Since

2,s0 p isinertin K(i)/K. That is K (i) /K is unramified, and it clearly has degree 2, so we must have
E =K(®).

Every nonzero ideal in the ring of integers of a number field generates a trivial ideal in the ring of
integers of the Hilbert class field, as we will show. Key to this is the following lemma, which we state

without proof.

Lemma 7.6.6. Let G be a group with commutator subgroup (G, G] of finite index in G. Then the
transfer map V: G = [G, G1? is trivial.

We now prove the Hauptidealsatz of Emil Artin.

Theorem 7.6.7 (Principal ideal theorem). Let K be a number field and E its Hilbert class field. For
every a € Iy, the fractional ideal a O, is principal.
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Proof. Let M be the Hilbert class field of E, and note that

Gal(M /E) = [Gal(M /K),Gal(M /K)]
and Gal(E/K) = Gal(M/K)?. By Lemma 7.6.6, the Verlagerung map
Vek: Gal(E/K) —» Gal(M /E)
is trivial. The commutative diagram of Proposition 7.4.4(ii) then reads

Cly 2%, Gal(E/K)

lg /KJ lVE k=0
Yum/E

Clg —5 Gal(M/E),

which forces 1z, x = 0, as y /g is an isomorphism. [
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Chapter 8

Class formations

8.1 Reciprocity maps

Definition 8.1.1. Let K be a field. A class formation (A,inv) for K is a discrete Gg-module A such

that for each finite separable extension L of K, we have H!(G;,A) = 0 and an isomorphism
inv, : H*(G;,A) = Q/Z
such that for any intermediate field £, we have
invy oResy g = [L: E]invg,
where Res; /g is the restriction map H?(Gg,A) - H*(G.,A).
For the rest of this section, fix a field K and a class formation (A, inv) a class formation for K.

Remark 8.1.2. A class formation over K gives rise to a class formation over all finite separable ex-
tensions of K. Thus, in several results below, we use K as the base field where it may be replaced by
a finite separable extension without actual loss of generality.

Notation 8.1.3. For a finite separable extension L of K, we set A, = A%L. If E is an intermediate
extension, we let Cory r and Res; g denote restriction and corestriction between G and Gg. We

write the corestriction map A; — Ag more simply by Ny /.
Remark 8.1.4. For a Galois extension L/K, we have H! (Gal(L/K), A 1) = 0 and an isomorphism

invy x: H*(Gal(L/K),Ap) — 7|7

1
[L:K]

induced by the commutative diagram
173
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0 —— H2(Gal(L/K),AL) 25 H2(Gk,A) X5 H2(G,A)

|
linvy g linv K linvL
[L:K]

<
0 TrZ/Z Q/Z Q/Z.

Remark 8.1.5. For all purposes below, we may weaken the statement that inv; is an isomorphism
in the definition of a class formation to being an injection, so long as inv,,,,, is supposed to be an
isomorphism for all finite separable extensions M /L.

Definition 8.1.6. The unique element a; 5 € H?(Gal(L/E),A,) with invy g(ap/g) = —_is called

[L:E]
the fundamental class for L/E.

As a consequence of Remark 8.1.4, we may apply Tate’s theorem to obtain the following result.

Proposition 8.1.7. For any finite Galois extension L of K, there is an canonical isomorphism

Gal(L/K)® = Ag /N k(Ar) given by cup product with the fundamental class oy k-
=2 ~ 0
0k H (Gal(L/K),Z) - H (Gal(L/K),Ar), 0p,x(B)=ap/xVUpB.
Definition 8.1.8. Let L be a finite Galois extension of K. The reciprocity map for L/K with respect
to the class formation (A, inv) for K is the map
prik: Ag = Gal(L/K)®

that factors through the inverse Agx /Ny, gkA; — Gal(L/K) of the isomorphism 6; x of Proposi-
tion 8.1.7.

Lemma 8.1.9. Let G be a finite group, let 0 € G with image G € G®, and let y: G - Q/Z be a
homomorphism. Viewing & as an element ofﬁ_z(G, Z) and y € H'(G,Q/Z), we have

duy=yx(o)eQ/Z,
noting thatl:l_l (G,Q/7Z) = ﬁZ/Z.
Proof. Consider the connecting homomorphisms & and 8" for the sequence
0-15->Z[G]>Z -0
and its Q/Z-dual

0 - Q/Z - Homy(Z[G],Q/Z) - Homy (I, Q/Z) - 0.
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The image of ¢ in H_l(G,IG) is the image of ¢ — 1 in IG/Ié, and the inverse image of y in
I:IO(G, Hom(/;,Q/7Z)) is class of the homomorphism f that takes T — 1 for T € G to y (7). We
then have

guUx=8@)u(8) () =flo-1) = x(o).
[]

Proposition 8.1.10. Let L be a finite Galois extension of K, and let § denote the connecting ho-
momorphism for the exact sequence 0 - 7, - Q - Q/Z — 0 of Gal(L/K)-modules. For any
homomorphism y: Gal(L/K) - Q/Z, we have

invy k(au d(x)) = x(prk(a)
foralla € Ag.

Proof. Note that a; ,x U pr,x(a) = a by definition of p; g, viewing its image as the group
)

H “(Gal(L/K),”Z), where a denotes the image of a in Ag /Ny ,xA;. By the associativity of cup
products and property (iii) of their definition, we have

ar/K U 5(pL/K(a) U ){) =arp /K U pL/K(a) U 5(}() =au 5(}()
The composition of the canonical maps
e Z/Z = B (Gal(L/K),Q/Z) = A" (Gal(L/K).Z) = Z/[L : K]Z

is the isomorphism induced by multiplication by [L : K] (since the norm for Gal(L/K) acts as multi-

plication by [L : K] on Q). By definition of a  x and the latter fact, we have

invy g(apxk VS(prx(a)V x)) =6(prxa)V y)invy x(ap k) = pryx(a)V x = x(prx(a)),

the final step from Lemma 8.1.9. [
Corollary 8.1.11. Let L € M be finite Galois extensions of K. Then

Pmk (@ = prik(a)
foralla € Ag.

Proof. Let y: Gal(L/K) - Q/Z be a homomorphism, which we may view as a homomor-
phism on Gal(M /K) (and its abelianization) as well. It suffices to show that for any such y, we have

X (ppx(a@)) = x(pr,k(a)). For this, it sufficient by Proposition 8.1.10 to show that

inVM/K(a V] 5(){)) = inVL/K(a U 6(%)),


https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:assoc_of_cup
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:assoc_of_cup
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where abusing notation. Since inv; g = invy,, g o Inf, where
Inf: H (Gal(L/K),A;) - H (Gal(M /K),A,,)
is inflation, this is clear from the compatibility of cup products with inflation. ]

We may now define the reciprocity map.

Definition 8.1.12. The reciprocity map for K with respect to the class formation (A, inv) for K is the
map

Pk Ak = G'}l{b

defined as the inverse limit of the reciprocity maps pg/x: Ax = Gal(E/K ) over finite Galois ex-

tensions of E in a separable closure of K.

The following theorem, which is immediate from the definitions, is called a reciprocity law.

Theorem 8.1.13 (Reciprocity law for class formations). Let K be a field and (A, inv) a class formation
for K, and let pg: K* — G’}<b. For any finite Galois extension L/K, the composition of pg with
restriction induces a surjective map py g+ K* — Gal(L/K)® with kernel NpkL*.

Remark 8.1.14. A class formation for K gives rise to a class formation for any finite separable exten-
sion L of K, with the same module A and with the subcollection of invariant maps for finite separable
extensions of L. Therefore, we obtain reciprocity maps p;: A; — G for all finite separable L/K

from a class formation for K.

We next turn to properties of the reciprocity map. First, we need to describe a certain abstract

group homomorphism.

Lemma 8.1.15. Let G be a group and H a subgroup of finite index n. Let X = {x1,X,, ..., X, } be a set
of left H-coset representatives in G. Given g € Gand x; € X, let 1 < g(i) < nandt;(g) € H be such
that

8Xx; = Xg(iy1i(8).

Then the element V(g) of H® that is represented by the element t|(g)t,(g) -+~ t,,(g) is independent of

all choices, and this induces a homomorphism V : G - Heb,

Proof. Note that G acts on the set of left H-cosets by left multiplication. If we replace a single x;
by x;h for some h € H, then gx;h = x;1;(g)h, so 1;(g) is replaced by h='t;(g)hif g(i) = i and t;,(g)h
if g(i) # i. In the latter case, 8Xg-1(i) = xl-tg_l(l-)(g), and then Te-1(i) (g) is replaced by h‘ltg_l(,-)(g).
For all other j, the quantity 7;(g) is unchanged. As the product 7;(g)#,(g) -~ 1,(g) is taken in H ab_jt is


https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:cup_with_res_inf_cor

8.1. Reciprocity maps 177
unchanged since the overall effect of the change is multiplication by / - A=, Similarly, if the ordering
of the x; is changed, then the order of the 7;(g) is likewise changed, but this does not matter in H ab_
Thus V(g) is well-defined.
To see that V is a homomorphism, we merely note that
88'X; = gxy it (8") = Xgg (1) 1:(8)1;(8")

and again that multiplication is commutative in H2b, ]
Definition 8.1.16. Let G be a group and H be a subgroup of finite index. The homomorphism
V: G® - H® constructed in Lemma 8.1.15 is known as the transfer map (or Verlagerung) between
G and H.

Lemma 8.1.17. Let G be a group and H a subgroup of finite index. We have a commutative diagram

H,(G,Z) = H)(H,Z)

I |

b 4 b
Ga Ha ,

where the vertical maps are the canonical isomorphisms and V is the transfer map and a commutative
diagram

H\(H,Z) <> H,(G,Z)

| |
Hab ; Gab
where the lower horizontal map is induced by the inclusion map.
Proof. Recall that the vertical isomorphism is given by the series of canonical isomorphisms
H{(G,Z) = Hy(G,Ig) = I5/1% = G®.
As restriction is a §-functor, we have a commutative diagram

Hl(GaZ)&)HI(Hvz):HI(Haz)

| | |

Ho(G,Ig) = Ho(H Ig) «—— Ho(H, Ip).
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That is, our restriction map factors through /5 /151 . By the definition of restriction on Oth cohomol-
ogy groups, we have

Res(g™! - ix, i ((gx) ™t =x71)

i=
where {x;, x5, ...,x,} is a set of left H-coset representatives in G. For #;(g) as in the definition of the
transfer, this equals

n n
Y il gl =) it =
i=1 [

i=1 i

(1;(8) 7" = Dxgly —Z(t(g) L-1) = Vi(g)~' = 1 mod Il

M:

1]
—_

Thus, the restriction map and the transfer agree.
The second statement follows easily from the commutative diagram

Hy(H,7) =—=H,(H,7) - H, (G, Z.)

| | |

Ho(H 1ir) — Ho(H, Ig) = Ho(G, Ig).

The reciprocity maps attached to a class formation satisfy the following compatibilities.

Proposition 8.1.18. Let (A,inv) be a class formation for K, and let L be a finite separable extension

of K. Then we have the following commutative diagrams:

where Ry jk denotes the restriction map on Galois groups,

Ax G

T

where the map Ag — Ay is the natural injection and Vi : G%® — G is the transfer map, and

PL ab
AL —P s G

\G JG*
pO'(L

As(t) — Goiy»
C.
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for each embedding o : L < K*P, where o* denotes the map induced by conjugation T ~ oto~! for
T € GL'

Proof. Fix a Galois extension M of K containing L. The norm Ny g : A; — Ag induces corestric-
tion from Gal(M /L) to Gal(M/K) on zeroth Tate cohomology groups, and

Ry x: Gal(M/L)® - Gal(M/K)®

coincides with corestriction on Tate cohomology groups of Z in degree —2 by Lemma 8.1.17. Part a
then follows from Proposition ¢, which tells us that

Cor(ay L U B) = ap g U Cor(p)

for ﬁ S I:IO(Gal(M/L),AM>, since ReS(aM/K) = AL
The injection Ax — A; induces restriction on H 0(Gall(M /K),Apr), and the transfer map V x
coincides with restriction on H _Z(Gal(M /K), 7)), again by Lemma 8.1.17. Part b then follows from

Proposition a, which tells us that
Res(ay kU B) = apjx URes(B)
for g € A (Gal(M/K),Ay,).
We leave part ¢ as an exercise for the reader. [
8.2 Norm groups

Let us fix a field K and a class formation (4, inv) for K.

Definition 8.2.1. A subgroup /" of A is called a norm group for the class formation (A, inv) if there
exists a finite separable extension L of K with /" = N xA;.

Notation 8.2.2. For a finite extension L of K, let us set /') = N xAf.

Lemma 8.2.3. Let M and L be finite separable extensions of K with L € M. Then N j; C N}

Proof. This is the following straightforward calculation using Proposition 1.3.6:

Ny = NpgykAr = Nagyp (NpyjArp) € NpygjpAg = Vg
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Lemma 8.2.4. Let L be a finite separable extension of K, and let E be the maximal abelian extension
of KinL. Then N'| = N'E.

Proof. It suffices to show that any a € /' is contained in /' ;. Let M be a finite Galois extension
of K containing L. Set G = Gal(M/K) and H = Gal(M/L). By definition, we have pg, g (a) = 1, so
T =pykla) € G2b maps trivially to Gal(E/K) = G/([G, G]H) by Corollary 8.1.11. In other words
T is the image of some element o in H*®. By the surjectivity of the reciprocity map p,, L Ap > H ab

and there exists b € Ay, such that p,,; (D) = 0. By Proposition 8.1.18a, we then have

Pumixk Npyjx (b)) = pagjx (@),

s0a—Np,g(b) = Ny i (c) for some ¢ € Ay,. It follows thata = Ny g (b — Nyy 1. (c)), as desired. [

The following corollary is essentially immediate.

Corollary 8.2.5. Every norm group N of (A,inv) has finite index in Ag, with [Ag : V'] < [L : K]
for &' = N[, with equality if and only if L/K is abelian.

We next show that the map that takes a finite extension L of K to Ny ,xA; is an inclusion-reversing

bijection from finite abelian extensions of K to norm groups.

Proposition 8.2.6. For any finite abelian extensions L and M of K, we have the following:
a NpoNy=Niu
b. Ny +Ny=Nrom
c. Ny €N pifandonlyif L C M,

d. for any subgroup A of Ax containing N |, there exists an intermediate field E in L/K with
J% = '/S/.E

Proof.

a. Leta € Ag. We have a € N[, if and only if pg (a)l;, is trivial, which occurs if and only if
pr(a)l; and pg(a)ly, are both trivial, and so if and only if a € /", anda € N,.

c. By Lemma 8.2.3, if L € M, then /", C N ;. On the other hand, if /", C N, then by part
(a) we have

JVLM:NLDJVM:NM'

By Corollary 8.2.5, this implies that [LM : K] = [M : K], so LM = M, and therefore L C M.
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d. Let E = LPt/c“*) Then p; sk induces an injective homomorphism
AJ N - Gal(L/E)

that must be an isomorphism as p; k() does not fix any larger subfield of L than E. The kernel of
PE/ k- being that pp, x is the composite of p; gk with restriction, is then pZ}K(Gal(L/E)) = /. But
we know from the reciprocity law that the kernel is A .

b. By part (d), the group A = N[ + N, is equal to N g for some finite abelian £/K which
by part (c) is contained in both L and M. On the other hand, we clearly have that 4 is contained in
N 1 am» SO again by (c), the field E contains L N M as well.

]

The following corollary is nearly immediate from part (c) of Proposition 9.2.8.

Corollary 8.2.7 (Uniqueness theorem). For a norm subgroup N of Ak, there exists a unique finite
abelian extension L/K such that N = N[.

Notation 8.2.8. For a finite separable extension L of K, we set D; = ker p;.

Lemma 8.2.9. For any finite extension L of K in a fixed separable closure K*°P, we have

Dy = () NyiAum,
Meé€,

where € is the set of finite abelian (or separable) extensions of L in K5°P.

Proof. We have a € ker p;, if and only if p,, ;. (a) = pp(a)ly, = 1 for all finite abelian M over L,
andkerpM/L:NM/LAM. ]

Definition 8.2.10. We say that a class formation (A, inv) for K is topological if A is given an ad-
ditional Hausdorff topology under which it becomes a topological Gg-module with the following
properties:

i. the norm map Ny, : Ay — Ay has closed image and compact kernel for each finite extension
M /L of finite separable extensions of K,

ii. for each prime p, there exists a finite separable extension K,, over K such that for all finite
separable extensions L of K, the kernel of ¢,: A; — Ay by ¢,(a) = pa fora € Ay is compact and
the image of ¢, contains Dy, and

iii. for each finite separable extension L of K, there exists a compact subgroup U; of A; such that
every closed subgroup of finite index in A; that contains U, is a norm group.
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Remark 8.2.11. The norm map Ny, : Ay, — Ay for a finite extension of finite separable extensions
is continuous if A is a topological Gg-module, since it is a sum of continuous maps induced by field

embeddings of M in its Galois closure over L.

The following proposition uses only the property (i) of a topological class formation.

Proposition 8.2.12. Let (A,inv) be a topological class formation for K. For any finite separable
extension L of K, we have Ny gDy = Dk.

Proof. Let &; be the set of finite abelian (or separable) extensions of L in K*°P (and likewise with
K). We have
Nk ( ﬂ NM/LAM) < m NyjkAm = ﬂ Ny kAms
Meé€, Meé&; Meé€g
the last step noting Lemma 8.2.3, and thus Ny ,xD; C Dg.
Fix a € Dg. For any finite separable M /L, the set

Yy = NygyrAy 0 NE (@)

is compact since Ny, gAyy is closed and N /IK(a) is compact by Definition 8.2.10(i). Since a € Dy,
there exists b € Ay, with Ny, x (b) = a, and then Ny, (b) € Yy,. Thus Y, is nonempty. Note that if
M’ /M is finite separable, then Y,,, C Y,,, and so the Y,, form a collection of subsets of the compact
space Y; that satisfy the finite intersection property. We therefore have that the intersection of all Y,
is nonempty, so contains an element b. Then Ny x(b) = a,and b € Dy as it lies in every Ny; /1Ay,
Thus, we have Ny x (Dy) = Dg. [

The next proposition uses properties (i) and (ii) of a topological class formation.

Proposition 8.2.13. Let (A, inv) be a topological class formation for K. Then D is divisible, equal
to (), nAk.

Proof. To see that D is divisible, it suffices to show that Dg = pDy for all primes p. Fixa € Dg.

Let L be a finite separable extension of K containing K,,. Set
X, =HNpngy'(a),

where ¢,: A; — A; is the multiplication-by-p map. By (i) of Definition 8.2.10, the set "/ is closed,
and by (ii), the set gl)l;l (a) is compact, so X, is compact. By Proposition 8.2.12, there exists x € D,
with @ = Ny ,gx. By Definition 8.2.10(ii), there exists y € Dy with py = x, and we set b = Ny k.
Then b € X;, so X; is nonempty. Again, if M /L is finite separable, then X, C X; . It follows as in the
proof of Proposition 8.2.12 that the intersection of all X; as L varies is nonempty, so contains some
element c. By definition, we have ¢ € Dg and pc = b. Thus Dg = pDg.
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Since Dg C Ag, we have

n=1 n=1
Suppose, on the other hand, thata € (), nAg. Let b € Ag with nb = a for n > 1. Take any finite
separable extension L/K, and setn = [L : K] Then Ny jx(b) = nb = a,soa € Ny ,gA;. Since L was

arbitrary, we have a € D;. ]

We are now ready to prove the existence theorem for topological class formations, which tells us
that given a closed subgroup /" of finite index in Ag, there exists a finite separable extension L/K
with /" = A";. Since a topological class formation for K gives rise to a topological class formation
for any finite extension of K (in that the existence of U; in condition (iii) is assumed for all finite
separable L/K, and not just for K), this result for norm groups of K implies the analogous result for

norm groups over finite separable extensions.

Theorem 8.2.14 (Existence theorem). Let (A, inv) be a topological class formation for K. A subgroup
of Ag is a norm group if and only if it is closed of finite index in Ag.

Proof. If a subgroup is a norm group, then it is of finite index by the reciprocity law and is closed
in Ag by Definition 8.2.10(i).

Conversely, if A" is a closed subgroup of Ag of finite index, setn = [Ag : /']. ThennAg C N,
so Dg C A by Proposition 8.2.13. Let Ug be as in Definition 8.2.10(iii). Then for any norm subgroup
Mb of Ak, the sets Mb N Uk are compact. The intersection of the /6 N Uk over all norm groups b is
equal to DgNUkg, so is contained in the open set //°. Since the intersection of all /6N Uk with Ag — N
would be nonempty if each intersection were, there exists a norm group /b with 46 N Uxg C N .

Leta e Mo (Ug + M N), and writea = u + v withu € Ug andv € b n N'. Then
u=a-ve M,souecUgn M,souc /N,and thus a € A". Thus, we have

Mo (Ug + Mo\ N)CN.

Since b6 N N is closed of finite index, so is Ux + 46 N /", and thus it is a norm group by Defini-
tion 8.2.10(iii). Then 46 N (Ug + Mb N N°) is a norm group by Proposition 9.2.8a, and ./ is a norm
group by Proposition 9.2.8d. [l

Proposition 8.2.15. Let (A, inv) be a topological class formation for K. Then the reciprocity map
Pk Ak = G%b

is continuous with dense image.
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Proof. To see that pg is continuous, we need only note that the inverse image /4", of the open
neighborhood Gal(K?®/L) of 1, for L/K finite abelian, is open by property (i) of Definition 8.2.10.
The closure of the image of pg is obviously a closed subgroup of G?}’ = lim, Gal(L/K), so equal
to Gal(K2/M) for some M /K abelian. As it also surjects onto each of the finite quotients Gal(L/K)
since each py g is surjective, we must have M = K. Thus, px has dense image. ]

8.3 C(lass field theory over finite fields

Class field theory for finite fields is rather simple, the reciprocity map being injection of Z into the
absolute Galois group of the field that takes 1 to the Frobenius automorphism. However, it allows us

to give a toy example of a class formation that illustrates the theory we have developed.

Proposition 8.3.1. For any prime p and all powers q of p, there are canonical isomorphisms
inv: H2(G]Fq, Z,) — Q/Z for all powers q of p such that (Z,inv) is a class formation for .

Proof. For positive n, we have
H'(Gp,,.Z) = Homy (G, Z),

and the latter group is zero since the image of any continuous homomorphism of a compact Hausdorff
group with values in a discrete group is finite, and the only finite subgroup of 7 is trivial.

Consider the exact sequence
0-2-Q-Q/Z - 0.

Fori > 1, we have
Hi(G]Fqn’ Q) = m Hi(Gal(Pq’"/IFq”)a Q) = Oa

where the direct limit is taken over multiples of n, since H* (Gal(F g/ Fgn), Q) has exponent dividing

2 but is also a Q-vector space. Thus, we have isomorphisms
H?(Gg,,. Z) < H'(Gg,,, Q/Z) = Hom(Gg,,. Q/Z) = Homy(2,Q/Z) = Q/Z, (8.3.1)
the latter map being given by evaluation at 1, and through these we obtain a map
invg, ,: HZ(G]Fqn,Z) = Q/Z.

For n | m, we have a commutative diagram
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Res]qu /]Fqn

H*(Gr,,,Z)

| |

Hl (GFqn ) Q/Z) HZ(GFq"’ ? @/Z)

zrnV]Fqn zfﬂqum
m

Q/Z - Q/Z.

HZ(G]qu ) Z)

ReSqum /]Fqn

To see the commutativity of the lower square, note that the homomorphism that sends the Frobenius
element ¢,, in GIFqn to 1 restricts to a homomorphism sending the Frobenius ¢,, = ¢7/" to 2, and the
invariant map for n (resp., m) sends the homomorphism that takes ¢,, (resp., ¢,,,) to 1 to the element
1 € Q/Z. Thus, (Z,inv) is a class formation for F . O

Let us fix the class formation (Z,inv) of Proposition 8.3.1 each prime p in order to discuss reci-

procity maps and norm groups.

Proposition 8.3.2. For a prime power q, the reciprocity map
P, Z - G,

satisfies p]pq(l) = @, where @ is the Frobenius element in GFq.

Proof. Let n > 1, and consider the homomorphism y: Gal(F 7/ F q) Q/7Z that takes (the
restriction of) ¢ to % Let § denote the connecting homomorphism arising from the sequence 0 —

Z. - Q - Q/Z - 0. By Proposition 8.1.10, as required, we have

. . 1
x(p¥, e, (1)) =invg g (LU S(x)) =invg ,/p, (8(x) =,

the last equality following from the construction of the invariant map in (8.3.1). [

The following should already be clear.

Proposition 8.3.3. Let g be a prime power.

a. For any n > 1, the reciprocity map
qu”/Fq : 7 - Gal(]Fqn/]Fq)

is a surjection with kernel nZ.

b. The map PE, is injective with dense image. With respect to the discrete topology on 7, it is

continuous.
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c¢. The map that takes n’Z, forn > 1, to F . is a bijection between (closed) subgroups of Z (under

the discrete topology) and finite (abelian) extensions of ¥, in an algebraic closure of F .

The third part of Proposition 8.3.3 does not provide such a great example of the theory of norm
groups, in that the discrete topology makes the class formation (Z,inv) topological, with DFq and

UFq in Definition 8.2.10 both the zero group.
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Local class field theory

9.1 The Brauer group of a local field

Fix a local field K and a separable closure K5 of K. All separable extensions of K will be supposed
to lie in K*P. In this section, we construct invariant maps inv; : Br(L) — Q/Z for finite separable

extensions L/K such that ((K%°P)*, inv) forms a class formation for K.
Notation 9.1.1. For a Galois extension E/F of fields, we set
Br(E/F) = H*(Gal(E/F),E*).
We construct invg by first defining it on the subgroup Br(K"/K) of Br(K) corresponding to the

maximal unramified extension K"" of K. For this, note that the unique extension wg : (K")* - Z of
the additive valuation on K to K" is a map of Gal(K""/K)-modules, hence induces a map

wi: Br(KY/K) - H*(Gal(K“"/K), Z),
where we identify Gal(K"/K) with Z via the isomorphism taking the Frobenius element to 1.
Definition 9.1.2. The invariant map invgu, g : Br(K"/K) — Q/’Z is the composition
Br(K"/K) 5 H2(Gal(K™/K), Z) %5 H'(Gal(K" /K), Q/Z) ¥ Q/z,

where § is the connecting homomorphism arising from 0 - Z - Q » Q/Z - 0, and ev,, _ is
evaluation at the Frobenius ¢ in Gal(K"/K).

We will show that invgur g is an isomorphism, which amounts to showing that wk is an isomor-
phism. We require a preliminary lemma.
187
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Lemma 9.1.3. Let G be a finite group, and let M be a G-module such that there exists a decreasing
sequence (M,,),,o with My = M of G-submodules of M for which

M =lim M/M,,.
n
Let i > 0, and suppose that Hi(G,Mn/Mn+1) =0foralln > 0. Then H{(G,M) =0 as well.

Proof. Let f € Z'(G,M). Suppose that we have inductively defined f, € Z'(G,M,) and h; €
C=1(G,M;) for 0 < j < n — 1 such that

n—1
f=fu+ ) d™hy).
j=0

(Note that we take C~! (G,M;) = 0.) The image of f,, in Z{(G,M, /M, ) is a coboundary by as-
sumption, say of h, € C~'(G,M,/M,.,). Lifting h, to any h, € C~1(G,M,), we then set
Jos1 = fu — d‘.‘.1 (h;). Since M = lim M /M, the sequence of partial sums Z]n: | hj converges to
an element of C'~! (G, M) with coboundary f. [l

Proposition 9.1.4. Let L be a finite Galois extension of K. Then there exists an open Gal(L/K)-
submodule V of O7F that is cohomologically trivial.

Proof. Let G = Gal(L/K). By the normal basis theorem, there exists @ € L such that {o(a) |
o € G} forms a K-basis of L. By multiplying by an element K*, we may suppose that @ € ©@;. Let
A’ be the O g-lattice in L spanned by the o (a). Let 7 be a uniformizer in @ . Then [© : A’] is
finite, so 7@, € A’ for n sufficiently large. Set A = 7"+ A’. Then

A-A=g2mt DA ¢ 72D @) C 7420, C T A.

Then V = 1 + A is a G-submodule of @7, and V in turn has a decreasing filtration V; = 1 + i A for

i > 0 of G-submodules. We have isomorphisms
Vi/Vi+1;>A/7TA, (1+.77l.2,)vi+1|—>2,+.7TA.

Since A/ A is a free F,[G]-module, it is induced, so cohomologically trivial. Lemma 9.1.3 then
tells us, in particular, that H i(Gp, V) = 0 for all i > 1 for each Sylow subgroup Gp of G, and the

cohomological triviality then follows from Theorem 1.11.11. [

We use Proposition 9.1.4 first to study the case of cyclic, and then more specifically, unramified

extensions.

Corollary 9.1.5. Let L be a finite cyclic extension of K. Then the Herbrand quotient of O with respect
to group Gal(L/K) is 1.
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Proof. Let V be as in Proposition 9.1.4. The exact sequence
1-V->0;->0;/V->1
gives rise to the identity of Herbrand quotients
h(OF) = h(V)h(OF]V) =1
since @7 /V is finite as V is open. O

Corollary 9.1.6. Let L/K be a finite unramified extension. Then O7F is a cohomologically trivial
Gal(L/K)-module.

Proof. It clearly suffices to show that H i(G, ©7) = 0for G = Gal(L/K) and all i, since any
subgroup of G is the Galois group of an unramified extension of local fields. The additive valuation

vy on @ restricts to the valuation vg on @ since L/K is unramified. The short exact sequence
v
1-0; L= 7Z-0
then gives rise to a long exact sequence starting
1> 0% > K57 H\ (G 0}) - H(G,L,

with the last group zero by Hilbert’s Theorem 90 and the map v surjective. Thus H! (G, ©%) = 0, and
since L/K is cyclic, the result follows from the triviality of the Herbrand quotient and the periodicity
of Tate cohomology. ]

Proposition 9.1.7. The invariant map invguw g : Br(K"/K) — Q/Z is an isomorphism.

Proof. For any i > 1, Proposition 9.1.6 implies that
H'(Gal(K"/K), Okw) = lim H'(Gal(K,,/K),O% ) = 0
n n

where K, is the unique unramified extension of K (in K*°P) of degree n. The valuation map yields an
exact sequence
15 0% > (K 25 7 0,

we therefore have that
wi: Br(K"/K) - H?(Gal(K™/K), Z)

is an isomorphism. The other maps in the definition of inv gur x are clearly isomorphisms, so the result
holds. -
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Notation 9.1.8. For a finite separable extension L of K, we use Res; ,x to denote the map
Res; x: Br(K"/K) - Br(L"/L)

defined by the compatible pair consisting of restriction Gal(L" /L) — Gal(K"/K) and the inclusion
(Kur)x N (Lur)x.

Remark 9.1.9. For L/K finite separable, the map Res; x fits into a commutative diagram

RCSL/K

Br(K" /K) —% Br(L /L)

Jlnf J/Inf

ReSL/K
Br(K) ——— Br(L).

The following describes how our invariant map behaves after finite extension of the base field.
Proposition 9.1.10. Let L be a finite separable extension of K. Then

inVLur/L OReSL/K = [L : K] inVKur/K .

Proof. We claim that the diagram

Br(K"/K) 5 12(Gal (K™ /K), Z) —> ' (Gal (K™ /K),Q/Z) =% /7,

lReSL/K J{eL/KReSL/K JVEL/KRCSL/K l[LK}

Br(L"/L) — H3(Gal(L* /L), Z) —*= H' (Gal(L"/K), Q/Z) " Q/7

commutes (where Res; g in the middle two arrows denotes the corresponding composition of restric-
tion and inflation), from which the result follows. The commutativity of the middle square is straight-
forward. Since the restriction of wy to (K")* is ey ,xwg, the leftmost square commutes. Since the

restriction of ¢ to K" is the f; ,x-power of ¢, the rightmost square commutes. [

Having defined the invariant map on Br(K"/K) and shown that it satisfied the desired property
with respect to change of base field, our next goal is to show that the inflation map

Inf: Br(K"/K) - Br(K)
is an isomorphism. At the finite level, we note the following.
Corollary 9.1.11. Let L/K be a finite Galois extension of local fields, and set
Br(L/K)" = Br(K"/K) n Br(L/K) < Br(K).

Then Br(L/K)"™ is cyclic of order [L : K].
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Proof. By the inflation-restriction sequence for Brauer groups, we have
Br(L/K)" = {a € Br(K"/K) | Res ;x (a) = 0}.

By Proposition 9.1.10, this coincides with the kernel of [L : K] on Br(K"/K), which is cyclic of
order n. [l

We require a special case of the following cohomological lemma.

Lemma 9.1.12. Let G be a finite group, let A be a G-module, and let i,r > 0. Suppose that for all
subgroups H of G, we have that H (H,A) = Oforall1 <j <i—1 and that the order.I:Il (H/K,AK)
divides [H : K" for all normal subgroups K of H of prime index. Then the order ofI:Il(G,A) divides
IGI".

Proof. If we replace G by a Sylow p-subgroup for a prime p, then the conditions of the lemma are
still satisfied. By Corollary 1.8.24, we see that |H I(G,A)| divides I b |H' (Gp,A)I, which if we prove
the lemma for each Gp will divide [ | » IGPIV =|G|".

Thus, we can and do assume that G is a p-group. Let H be a normal subgroup of G of index p. By
hypothesis, we have that \H'(G/H,AM)| divides p", and we may suppose by induction on the order of
G that II:IZ (H,A)| divides |H|". If i > 1, then by the triviality of H/ (H,A) for 1 <j < i — 1, we have
an exact inflation-restriction sequence

0 - H{(G/H,A") > H(G,A) - H'(H,A),

so the order of H'(G,A) divides |G|” = (p|H|)". For i = 0, we merely replace the inflation-restriction
sequence with the exact sequence

G2 H.A) S E(G.A) > B (G/H,AH),

where we recall that corestriction in degree O coincides with the sum over left coset representatives of
G/H. O

Theorem 9.1.13. The inflation map Inf: Br(K“/K) — Br(K) is an isomorphism.

Proof. It suffices to see that Br(L/K)" = Br(L/K) for every finite Galois extension L/K, since
the union under (injective) inflation maps of the groups Br(L/K)"" is Br(K""/K) and the union under
inflation maps of the groups Br(L/K) is Br(K). For this, it suffices by Corollary 9.1.11 to show that
Br(L/K) has order dividing n = [L : K].

First, suppose that L/K is cyclic. We consider Herbrand quotients for G = Gal(L/K). The exact
sequence defined by the valuation on L yields

h(L*) = h(O})h(Z).


https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_Brauer_gps
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:res_to_sylow_p
https://www.math.ucla.edu/~sharifi/notes/algebra-ch04.html#thm:first_sylow_thm
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_higher_deg
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_seq_higher_deg
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#def:res_cor_H0
https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:infl_res_Brauer_gps

192 CHAPTER 9. LOCAL CLASS FIELD THEORY

We have 4(07) = 1 by Lemma 9.1.5, while /(Z) = n since A (G, Z) = Z/nZ and H ' (G,Z) = 0.
Since h; (L*) = 1 by Hilbert’s Theorem 90, we have | Br(L/K)| = hy(L*) = n.

Now take L/K to be any finite Galois extension. With G = Gal(L/K) and A = L*, the hypotheses
of Lemma 9.1.12 are satisfied with i = 2 and r = 1 by Hilbert’s Theorem 90 and the case of cyclic
extensions. Consequently, Br(L/K) has order dividing n, as we aimed to show. U

By Theorem 9.1.13, we may make the following definition of the invariant map for K (and hence
for any local field).

Definition 9.1.14. The invariant map invg : Br(K) - Q/Z for a local field K is the composition

VKur/K

) Inf ! in
invg: Br(K) — Br(K"/K) — Q/Z.

Theorem 9.1.15. The pair ((K*°P)*,inv) is a class formation for K.

Proof. For L/K finite separable, we have H 1 (G, (K®®P)*) = 0 by Hilbert’s Theorem 90. The

invariant map inv; is an isomorphism by Theorem 9.1.13 and Proposition 9.1.7. Moreover, we have
invy oResy x = [L: K]invg

as a consequence of Proposition 9.1.10, noting Remark 9.1.9. Thus, the axioms of a class formation
are satisfied. [

9.2 Local reciprocity

We continue to let K denote a local field and K*°P a separable closure of K.

Definition 9.2.1. The (local) reciprocity map for K is the reciprocity map pg: K* — G attached to
the class formation ((K%°P)*,inv) of Theorem 9.1.15.

Let us proceed directly to the statement of the main theorem.

Theorem 9.2.2 (Local reciprocity). Let K be a nonarchimedean local field. Then the local reciprocity
map

pr: K* o G
satisfies

i. for each uniformizer  of K, the element p g () is a Frobenius element in G?}’, and
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ii. for any finite abelian extension L of K, the map
prix: K* - Gal(L/K)
defined by py x(a) = px(a)lg for all a € K* is surjective with kernel Ny g L™

Proof. By Theorem 8.1.13, the reciprocity map pg satisfies (ii). We show that it satisfies (i). For
this, take any finite unramified extension L/K, and let G = Gal(L/K). Let ¢ denote the Frobe-
nius element in G. Let y: G - Q/Z be an injective homomorphism. It suffices to show that

X(pr/k(m)) = x (). By Proposition 8.1.10, we have

X(ppk(m)) =invy g (71U S(x)),

where § is the connnecting homomorphisms for 0 - Z - Q - Q/Z — 0. For the valuation v; on

L, we have
vi(rud(y)) =vp(m)ud(y)=26(x).

Since invy g = ev, o8 ~1 o v¥ by definition, we have

(00

invy g (U S(y)) =evy,(x) = x(p).

Remark 9.2.3. Theorem 9.2.2 is also referred to as the local reciprocity law.
We can quickly see a connection with class field theory over a finite field.
Proposition 9.2.4. Let K be a nonarchimedean local field and i a uniformizer of K. Let
1, L — ()
denote the isomorphism that sends 1 to . Let
Res: G¥ - G, )

be induced by the restriction map to Gal(K"' /K and its natural isomorphism with G, k), as in Propo-
sition 6.4.10. Then
Res °OPpg Ooly: Z — GK(K)

is the reciprocity map p . k) for the finite field wx (K).

Remark 9.2.5. Given a nonarchimedean local field K and a finite abelian extension L of K, we at

times also denote by p; x the induced isomorphism
Pk K*/NpgL* — Gal(L/K)

and refer to it also as the local reciprocity map for L/K.
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Remark 9.2.6. In the case K is R or C, we can also define a reciprocity map. In the case of C, the
group G is trivial, so the reciprocity map is trivial pc: C* — 1. In the case of R, it is the unique
homomorphism

pr: R* - Gal(C/R)

with kernel the positive reals R .

We remark that the following compatibilities among local reciprocity maps follow immediately

from Proposition 8.1.18.

Proposition 9.2.7. Let K be a local field, and let L/K be a finite separable extension. Then we have

commutative diagrams

L b
x _PL ab x Pk ab L ——G*
L* —— G K* — G% L
JVNL/K lRL/K JriL/K JVL/K JG lc*
«  Px b % PL b L) Po(t) G2b
K* —— G¥ L ——GY o ULy

where Ry x denotes the restriction map, iy ;i is the inclusion map, Vy g is the transfer map, and for

any embedding o: L < K*P, the map o* is induced by conjugation T ~ oto~! for T € G;.
It follows immediately from Theorem 9.2.2(ii), or Corollary 8.2.5, that we have
[L:K]=[K":Np L] (9.2.1)

for any finite abelian extension L of K in K*P. Moreover, in the present context, Proposition 8.2.6

says the following.

Proposition 9.2.8. Let K be a local field, and let L and M finite abelian extensions of K. Then we
have the following:

a. Np gL* 0Ny gM* = Ny g (LM)*,

b. Ny xkL* - NppjgM* = Npony g (LOM),

¢. NyjykM™* C N gL™ ifand only if L C M,

d. for any subgroup A of K* containing Ny kL, there exists an intermediate field E in L/ K with

A = NE/KEX

Remark 9.2.9. The equality of degrees and the statements of Proposition 9.2.8 quite obviously hold
for archimedean local fields as well. The extension C/R is of course the only nontrivial extension in
that setting, with norm group N¢,g C* = R% of index 2 in R*.
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9.3 Norm residue symbols

Notation 9.3.1. In this section, we fix an integer n > 1 and suppose that K is a local field of charac-
teristic not dividing n such that K contains p,,, the nth roots of unity in a separable closure K*°P of
K.

Definition 9.3.2. The nth norm residue symbol (or Hilbert symbol, or Hilbert norm residue symbol)
for the field K is the pairing

(5 I KX xK* > p,
defined on a,b € K* by

px (b)(al/™)
al/n

2

(aa b)n,K =

1/n

where al/” is an nth root of « in K2,

Remark 9.3.3. Since K contains f,,, the nth roots of a lie in K, and every element of G}b acts

trivially on 1,,, so the quantity o (a'/")a=1/" for ¢ € G% is independent of the choice of nth root a!/”

of a.
Proposition 9.3.4. The nth norm residue symbol for K has the following properties:

a. it is bimultiplicative: i.e., for all a,b,a’,b’ € K*, we have

(aa/’b)n,[( = (a9b)n,[((a,7b)n,[( and (Cl, bb,)n,K = (a9b)n,[((a9b,)n,[(’

b. (a,b), x = 1fora,b € K* ifand only if b € NK(al/n)/KK(al/”)x,
c. (a,1-a),g=1forallaeK -{0,1},

d. (a,—a), g =1foralla € K*,

e. it is skew-symmetric: ie., (a,b), x = (b,a),;,leor alla,b € K*,

J- it induces a perfect pairing on K*/K™": i.e., (a,D), ¢ = 1 for a fixed a € K* (resp., b € K*)
forall b € K* (resp., a € K*) if and only if a € K*" (resp., b € K*").

Proof.

1/n

a. Note that we may choose (aa’)!/" to equal a'/?(a’)!/". Since pg (b) is a homomorphism, we

have

_ px)(@ad)'")  pg(b) (@) pr(b) (@)
(aa/)l/n al/n (a’)l/”

(aa/’b)n,[( (aab)n,K(a/ab)n,Ka

and since pg is a homomorphism and pg (b) € G’}{b acts trivially on p,,, we have

_ px @) (@™ pg(b)(a'") px(b')(@'/™)

(a,bb"), g = SUn LUn 'PK(M(T) = (a,b), x(a,b"), k.
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b. Note that (a,b), x = lifandonly if px (b) (a'/") = a'/", soif and only if px (b) fixes K (a'/™),
and so if and only if pg 1/ (b) = 1. But this occurs if and only if b is a norm from K(a'/™) by
local reciprocity.

c. For any ¢ € K* and a primitive nth root ,, of 1 in K, we may write
n—1 )
c"—a-= H(C - éilal/n) = NK(al/n)/K(C - al/n).
i=0

We then take ¢ = 1 and apply (b).
d. Take ¢ = 0 in the proof of (c) and again apply (b).
e. By (d) and (a), we have

1 = (ab’ _ab)n,K = (a’ _a)n’K(a’ b)n,K(ba a)n,K(ba _b)n,K = (aab)n,K(b’ a)n,K*

f. Ifa € K*", then write a = ¢"* with ¢ € K*, and note that (a,b), x = (c,b)Z’K = 1. On the other
hand, if (a,b),, x = 1 forall b € K*, then p K(a\/m) /K 18 the trivial homomorphism by the argument of
(a). Local reciprocity then tells us that K (a!/") = K, so a € K*". The analogous statement switching

the variables now follows immediately from (e).

]

Remark 9.3.5. Part (b) of the Proposition 9.3.4, says that (a, b), x = 1 for a,b € K* if and only if b
is a norm from K (a'/"). It is this property for which the norm residue symbol is named. Much less
obvious from the definition is the fact then obtained using the skew-symmetry of the symbol in part
(e) of said proposition: that is, we also have (a, b), x = 1 if and only if a is a norm from K(b'/™). So,

a is a norm from K (b'/") if and only if b is a norm from K (a'/").

Let us compute the norm residue symbol for n = 2, when p = 2, which is sometimes simply
referred to as the Hilbert symbol.

Proposition 9.3.6. Leta,b € 7. Then (2,2)2@2 =1,

(a’b)szz = (—1)(0—1)(1’)—1)/4 and (2’b)2’Q2 — (_l)(bz_l)/g-

Proof. Note first that the expression f(a,b) = (a — 1) (b — 1) mod 8 for a, b € Z satisfies
flaa’,b) = (d’(a-1)+d - 1)(b-1) =f(a,b) +f(a’,b) mod 8
and the expression g(b) = b? — 1 mod 16 satisfies

g(bb') = (bb")2 1= (b)2(b%> - 1)+ ()2 -1) = g(b) + g(b") mod 16,
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so the right-hand sides of the equations of interest are multiplicative in the variables a and b. Since
they are also continuous, it suffices to verify the formulas on a set of topological generators.

Recall that Q3 is topologically generated by —1, 2, and 5. First, we claim that —1 is not a norm
from Q, (i), which is to say an element of the form a2 + b2 witha, b € Q3. For this, note that it suffices
to consider a,b € 77 and then congruence modulo 4 eliminates the possibility. We therefore have
(-1, —1)2,Q2 = —1. Since 2 and 5 are norms from Q, (i), we have (2, —1)2,Q2 =1 and (5, —1)2,(@2 =
1. We then have (noting (d) of Proposition 9.3.4) that

(2.2)2,0, = (2.-2)2,,2.:~D2g, = 1

and similarly (5,5), g, = 1. Finally we calculate (2,5); g,. The question becomes whether 5 =
a? — 2b? for some a,b € ZE, but a2, b? lie in {0, 1,4} modulo 8, and a quick check shows that the
equality cannot hold modulo 8 and therefore (2,5), g, = —1. These values all agree with the stated

values, as needed. O

In the case that n and the residue characteristic of K are coprime, the norm residue symbol is also
not too difficult to compute. Note that in this case, the extensions K (a!/”) with a € K* are tamely

ramified.

Definition 9.3.7. Suppose that 7 is relatively prime to the residue characteristic of K. Then ( , ), g
is called a tame symbol.

Theorem 9.3.8. Suppose that n is not divisible by the residue characteristic of K. Let q denote the
order of the residue field « of K, and note that n divides q — 1 since K is assumed to contain p,. For
a,b € K*, let [a,b]g € k™ be defined by

vk (D)
_ (_1\vk(@vgb) ¢
[a’b]K ( 1) bVK(a)

mod 77 g,
where 11 i is a uniformizer of K. We then have
-1
(a7b)n’[( = [a7b]([(q yn S ,una

identifying elements of p,(1c) with their unique lifts to nth roots of unity in K.

Proof. Let us first compute (a, g ), g for aunita € O%. Let L = K(a!/"), and note that L/K
is unramified. Therefore, p; k(77 k) is the unique Frobenius element in Gal(L/K). In particular, we
have

pr ()@’ = (a'")4 mod m O,
SO

(a, 7). = a9 D/" mod g,
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as desired. Note thatif b € OF% as well, then p; ,x (b) is trivial since L/K is unramified, so (a, b), x =
1.

In general, take a,b € K>, and write a = J-r‘;((“)a and b = a-r;((b),B with a, B € O%. Writing

v = vg for short, the properties of the norm residue symbol and the cases already computed yield

b _
(@.b) i = (g, w0 (@, )P (B, 7 )@

= (7g, _1)v(a)v(b)av(b)(q—l)/nﬁ—v(a)(q—l)/n — ((_1)V(a)v(b)av(b)b—v(a))(q—l)/n’

as originally asserted. [

Remark 9.3.9. We may also speak of the 2nd norm residue symbol for R, which is defined in the

same manner as for nonarchimedean local fields. It satisfies
-1 ifa,b<O,
(a’ b)z,R =
1 ifa,b >0,

since —1 is not a norm from C to R. We can also speak of nth norm residue symbols for C for any n,

but they are all of course trivial.

We end with a more cohomological description of norm residue symbols which can be useful.
From now on, let us identify Z /nZ with %Z / Z. via the inverse of multiplication by n. We denote the

resulting injection Z/nZ. < Q/Z by 1.
Lemma 9.3.10. The invariant map on Br(K) induces a canonical isomorphism
H?(Gk, 1y ®7 ln) = fn-
Proof. First, note that y,, is a trivial G x-module since y,, is contained in K. Set u®? = 1, ®4 11,,.
First, there is a canonical isomorphism

H(Gk, pt,) ®7 pty = H (Gg, p3?)
for all i € Z that is induced by the map of complexes

C (G, fty) ®7 ity = C (G, p?)

that takes an f ® £, where f € C'(Gg, p,,) and { € p,, to the cochain with value on x € G given by

fx)®¢.
Secondly, recall from Proposition 2.5.4 that H? (G, u,,) = Br(K)[n], and the invariant map in-

duces an isomorphism Br(K)[n] — %Z/Z 5 Z./nZ. In total, we have
H (G, p§?) = pt, ® Z/nZ = p,,

hence the result. [
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Recall that Kummer theory provides an isomorphism K*/K*" = H'(Gg, p,,), hence a canonical

surjection from K* to the latter group.

Proposition 9.3.11. The pairing ( , ) defined by the cup product through the composition
(. ): K*xK* = HY(Gg, j1,) x H (G, 1) ~> H2(G, 1, ®7 1) = iy

is equal to the norm residue symbol for K.

Proof. Leta,b € K*. Let y,: Gx — u,, be the Kummer character attached to a. Fix a primitive
nth root of unity ¢, let 7 : Gx — Z/nZ be defined by y,(o) = g”n ,andlet y =10 y: Gg =
Q/7Z. By definition and Proposition 8.1.10, we have

(@b)px = yalpg(b)) = ¢l VKEUECD)

’

where § is again the connecting homomorphism for 0 - Z - Q - Q/Z — 0. On the other hand,

Zaulb:(jfuxb)®§n’

and we see that
(Cl b) é,l l(va(){U;(b))

by construction of the isomorphism in Lemma 9.3.10.
It thus suffices to see that b U §(y) = ¥ U y,, in Br(K)[n]. We compare 2-cocycles representing
these classes, noting the antisymmetry
XY xp==(XpY X

Lift ¥ toamap y: Gx — Z, and choose an nth root B of b. Let o, T € Gg. By construction of &,

we have |
S(x)a,7) = —(y(o) +y(7) —y(oT)) € Z,
from which it follows that

(bud(y)) (o, T) = pdx)lo,7) ﬂl// -y(oT)

while, via the identification u, ® Z/nZ = pu,,, we have

(xpVU x)(0,7T) = xp(0) ® y(7) = ( 1
The product of these 2-cocycles in Z2 (Gg, (K5P)™) is
Igw(a)’g—l//(ar)d(ﬂ)w(r)
which is the value on (o, T) of the coboundary of the 1-cochain

o pYo)
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9.4 The existence theorem

Let K be alocal field. We give its separable closure K*°P the topology defined by the unique extension
of the valuation on K to K*°P and then endow (K*°P)* with the subspace topology. We will show that
((K®®P)*,inv) is a topological class formation. Note that the Galois group Gg acts continuously on

(K®°P)* since it its action preserves the valuation of elements.

Proposition 9.4.1. For any finite separable extension L of K, the norm map Ny ;x: L* - K* has

closed image and compact kernel.

Proof. Recall from Proposition 5.5.6 that @O is compact. Since vg o Ny g = fr,x Vv, the kernel
of the continuous map Nk is a closed subgroup of @7, hence is compact.

Since O7 is compact, Ny, (O7) is a closed subset of O. Note that
NL/K@;, = @;( N NL/KLX,

S0
[Ok : NpykO71 < [K*: NpjgL*] = [L: K]

is finite. Being of finite index in O%, the closed subgroup Ny x (O7) is open in O%. Since O is
open in K*, the group Ny x (O7F) is open in K™ as well. Finally, as a union of Ny ¢ (O7 )-cosets, the
subgroup Ny kL™ is open in K*, hence closed. O]

Proposition 9.4.2. Let p be a prime, and suppose that the characteristic of K is not p. For any
finite separable extension L of K(p,,), the pth power map on L* has finite kernel p,, and image L™P

containing D; = ker p;.

Proof. The first statement is obvious. If a € ker p;, then a € N, ,; M* for every finite abelian
extension M of L. In particular, for all b € L*, we have that a € NL(bl/,,)/LL(bl/P)x, so (a, b)p,L =1.
Proposition 9.3.4f then implies that a € L*P. [

Proposition 9.4.3. Every closed subgroup of K* of finite index that contains O% is a norm group.

Proof. Note that K*/O% = 7 via the valuation map, which is in fact a homeomorphism if we
give the left-hand side the quotient topology and the right-hand side the discrete topology. The closed
subgroups of finite index in Z are the nontrivial subgroups, so the closed subgroups of finite index in
K* that contain O% are those of the form &°,, = (7")O% for some n > 1 and a fixed uniformizer .
If K, is the unramified extension of K of degree n, then every element of K, has the form for some
ieZandu e @xn, and we have

NKn/K(JTiM) = ﬂnlNKn/K(M) S JVn
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The indices of the two subgroups Ng ¢ K;; < N, of O are both n, the former being the consequence

(9.2.1) of local reciprocity, so they must be equal. O]

Theorem 9.4.4 (Existence theorem of local CFT). The closed subgroups of K* of finite index are

exactly the norm subgroups Ny kL with L a finite abelian extension of K.

We omit the proof of Theorem 9.4.4 for Laurent series fields and focus on the characteristic zero

setting.

Proof for p-adic fields. The three properties of Definition 8.2.10 are satisfied by Propositions 9.4.1,
9.4.2,9.4.3, so the result follows from Theorem 8.2.14. ]

We also have the following, which is actually immediate from part (c) of Proposition 9.2.8.

Theorem 9.4.5 (Uniqueness theorem of local CFT). Let L and M be distinct finite abelian extensions
OfK Then NL/KLX 7é ]\[1‘4/1{M><

Remark 9.4.6. Taken together, the existence and uniqueness theorems that there is a one-to-one corre-
spondence between finite abelian extensions L of K and open subgroups of finite index in K™ given by
taking L to Ny ;g L*. In part for historical reasons, we have stated them separately. We have seen addi-

tional properties of this (inclusion-reversing) correspondence in parts (a) and (b) of Proposition 9.2.8.

Next, we see that local reciprocity and the existence theorem imply the following.

Theorem 9.4.7. Let K be a nonarchimedean local field.

a. The reciprocity map pg is continuous and injective with dense image.

b. The restriction of pg to O% provides a topological isomorphism between O% and the inertia
subgroup of G‘}?.

Proof. That pg is continuous with dense image follows from Proposition 8.2.15. Recall that, by
definition, the groups U;(K) with i > 1 form a basis of open neighborhoods of 1 in the topology on
K. They are not, however, of finite index in K*. However, the subgroups (7") x U;(K) with i,n > 1
are, and are clearly open. Moreover, their intersection is {1}. By the existence theorem, there exists a
finite abelian extension L,, ;/K such that NLW_/KL;J. = (m™")U;(K). For a € K* with a # 1, we may

X

then choose n and i large enough so thata & Ny /xLy ;»

and therefore local reciprocity tells us that
Pr, k(@) is nontrivial, so pk (a) is nontrivial. Thatis, p is injective. This proves (a).

That pgx maps O% into the inertia group in G?{b is as follows. Every element u € O% may be
written as a quotient of two uniformizers ;7 and 7’ by taking o7/ = usr for any uniformizer 7. By

property (i) in the local reciprocity law, we have

P W)lgu = pr (") |gu (pg () |gu) ! = proi! =1,
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where ¢ g is the Frobenius element of Gal(K" /K). Hence, p g (u) lies in the inertia subgroup, and for
the same reason, this occurs only when u is a unit. As for surjectivity onto inertia, the element p g (1)
gives a choice of Frobenius, hence a splitting of the surjection Gﬁ(b — Gal(K"/K). Via this splitting,
the reciprocity map is the direct product of the continuous maps from O% to inertia and the group
generated by s to Gal(K"'/K). Since pg has dense image, the image of O% in inertia is therefore
dense as well, and it suffices to see that p g (O%) is closed. But pg is continuous and @% is compact

Hausdorff, so indeed this is the case, proving (b). ]

We leave the following remark to the reader as an exercise.

Lemma 9.4.8. Let K be a nonarchimedean local field, and let 71 be a uniformizer of K. Let K ,, denote
the fixed field of pg () in K®. Then K® = K, - K". Moreover, K, is a maximal totally ramified

extension of K in K®.

We next prove the uniqueness of the local reciprocity map to complete the proof of the local

reciprocity law.

Theorem 9.4.9 (Uniqueness of the local reciprocity map). The reciprocity map p is the unique map
satisfying properties (i) and (ii) of Theorem 9.2.2.

Proof. We prove that if a homomorphism ¢: K* — G satisfies properties (i) and (ii) of The-
orem 9.2.2 with pg replaced by ¢, then it is pg. Consider the open subgroup A, = (m)U,(K) of
finite index in K*. By the existence theorem, there exists a finite abelian extension L, of K with norm
group equal to A,,. The union of the fields L, is the field K, of Lemma 9.4.8. Being that 7 € A,, for
all n, we have that by property (ii) of the local reciprocity law that ¢ (;7)|x_ = 1,. On the other hand,
by property (i), we have that ¢ (77)|gw is the Frobenius element of Gal(K"'/K). On the other hand,
px () also has both of these properties and K® = K - K, so pg () = ¢ (7). Since this holds for
every uniformizer of K and any a € K* can be written as a = '@ ~1. 7" where s’ is a uniformizer

defined by this equality, the two maps pg and ¢ are equal. ]

We end with a few remarks on the topology of K*.

Proposition 9.4.10. Let K be a p-adic field. Then every subgroup of K* of finite index is open.

Proof. Since A be a subgroup of finite index in K*, and let m be the exponent of K*/A. Then
K*™ C A, and Proposition 6.3.9 tells us that K™ /K> is a finite abelian group (in fact, isomorphic to a
subgroup of (Z/mZ.) LK :QPHZ). Thus K" has finite index in K*. As the mth power map is continuous
and O% is compact, O " is closed in O%. Letting 7 g denote a uniformizer for K, we then have that
K" = OF"(m'%) is closed in K*, therefore open. As A is a union K*-cosets, it is open as well. [
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Corollary 9.4.11. Let K be a p-adic field. Then pg induces a topological isomoprhism
K* = G2,
where K* is the profinite completion of K*.

Proof. By definition G is isomorphic to the inverse limit of the system of groups Gal(L/K) for
L/K finite abelian with respect to restriction maps. On the other hand, local reciprocity provides a
series of isomorphisms

Pk K*/NpxL* — Gal(L/K)

that are compatible with the natural quotient maps on the left and restriction maps on the right. In

other words, local reciprocity sets up an isomorphism
lim K*/Np xL* - G, (9.4.1)
L

but as L runs over the finite abelian extensions, Proposition 9.4.10 tells us that the groups Ny xL*
run over all subgroups of finite index in K*. Therefore, the inverse limit in (9.4.1) is just the profinite
completion of K*. ]

Remarks 9.4.12.

a. The converse to Proposition 9.4.10 is false: for instance, O% is open in K* but not of finite

index.

b. If K is a Laurent series field, then its multiplicative group has subgroups of finite index that are
not closed. To see this, recall that K is isomorphic to F  (7) for some g. Recall from Proposition 6.3.10
that U; (K) and [];-, Z,, are topologically isomorphic. Note that @;°, Z,, is dense in [];-, Z,, but
not closed. Any subgroup of finite index in the latter group containing the former group will therefore
not be closed. Choose such a group U, and consider (#)U. (We leave it as an exercise to apply Zorn’s

lemma to see that U exists.) This is a subgroup of finite index in K™ that is not closed.

c. For a Laurent series field K, the isomorphism (9.4.1) still holds, but the inverse limit of the
multiplicative group modulo norm groups, while a profinite group, is no longer isomorphic to the

profinite completion of K*.

9.5 Class field theory over Q,

In this section, we will determine the abelian extensions of Q,, and make explicit the reciprocity law
for Q,,. We shall not assume the results of the previous section.
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Lemma 9.5.1. Let p be a prime, and let K be a field of characteristic not equal to p. Leta € K (p,)*.
For a generator § of Gal(K (u,,)/K), let ¢ € Z be such that §(§,,) = ¢}, for any generator &, of w,,.
Then M = K (u,,, al'/P) is abelian over K if and only if

Sla)a™® € K(u,)™.

Proof. We may suppose without loss of generality thata ¢ K (p,)*?. Let T € Gal(M /K (p,,)) be
a generator such that 7 (a!/?) = ¢,a'/P.

Suppose first that M /K is abelian. Lift § to a generator of Gal(M /L), where L is the unique abelian
subextension in M /K of degree p over K, and denote this also by §. We have

T(8(a'P)) = 8(r(a/P)) = 8(5)8(a'P) = §58(allP).

In terms of Kummer duality, this says that the Kummer pairing of T and 8 (a) is ¢ - Since M /K ()
is generated by a pth root of a and 7 pairs with a“ to {7, as well, we have by the nondegeneracy of the
Kummer pairing that 5 (a)a™“ € K(u,)*?.

Now, suppose that §(a)a™¢ = x” for some x € K( Hp)™. Extend & to an embedding of M in K.
Note that 5(a'/?) is a pth root of a“x”, hence of the form ¢/, (a'/?)<x for some j € Z, and this is an
element of M. It follows that M /K is Galois. Moreover, we have

T(8(a'’P)) = T(¢halPx) = ¢} CaclPx = £58(al/P) = 8(¢allP) = S(x(allP))

and
T(8(£p)) = ¢5 = 8(x(S),))

since T fixes Kp- Thus, the generators § and 7 of Gal(M/K) commute, and so M /K is abelian.  []

The following is a straightforward exercise using Lemma 6.3.7.

Lemma 9.5.2. For any prime p, we have

UH(Qp (1) 0 Q)P = Uyt (Qp (1))

We also have the following.

Lemma 9.5.3. Let p be an odd prime. Let & be a generator of Gal(Q,,(1,,)/Q,,), and let ¢ € Z be
such that 8(&,,) = &5, for &, generating p,,. For any positive integer i < p and a € U;(Q,(p,)) —
Ui1(Q,(1p)), one has

8(a) = a* mod (1-¢,)™*".
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Proof. Set 4 =1 - ¢,,. Note first that for any k > 1, one has

k=1
1—§§=i;)§§,zklmod12.
j:

In particular, we have §(1) = ¢4 mod 22, Tt follows from the binomial theorem that
S(A) = (cA+ (8(1) —cA)) = (cA) mod A1+,
Write a = 1 + uA’ for some u € Z[,up]x. One then has

S =81+ur)=1+ud(A) =1+uc2i= (1 +urH) =a mod Ai+1.

Proposition 9.5.4.

a. Let p be an odd prime. The maximal abelian extension of Q,, of exponent p has Galois group
isomorphic to (Z./pZ.)>.

b. The maximal abelian extension of Q, of exponent 4 has Galois group isomorphic to (Z./47.)% x
Z.]27.

Proof. Let p be a prime and L be the maximal abelian extension of Q,, of exponent p. The restric-
tion map

Gal(L(y1,)/Qp (1)) — Gal(L/Q,) 9.5.1)

is an isomorphism since [Q,(p,,) : Q,] and [L : Q] are relatively prime,. By Kummer theory,
there exists a unique subgroup A of L(,,)* containing L(p,,)*P such that L(p,) = Q,, (1, ’VK). By
Lemma 9.5.1, we have

A =faeQ,(u,) |8@a™ e Q")

Now suppose that p is odd. Let us set U; = U;(Q,,(p,,)) for each i > 1. Note first that since the
valuation of an element is unchanged by application of §, any element of A must lie in (17)Z [, ]*.

Moreover, every element of yu,,_; (Q,,) is a pth power, so
A=Q,(u,) " - (UpnA). (9.5.2)

Now, it follows from Lemmas 9.5.1, 9.5.2, and 9.5.3, any non pth power in U; N A lies either in
Uy -UyorU,—U,, . Weknow that y1,, C A, in that the group 1> generates an abelian extension of
Q,. If any other element x of U; — U, were in A, then there would exist a pth root of unity & such that
x&~1 € U, n A, which would imply x£~! € U,. Moreover, since U, < Q,(p,,)P, we have that
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U, itself is contained in A. It follows that Uy n A = p,U,,. Recall that U,,/U,,.| = Z/p’Z. Applying
(9.5.2), we see that

A/Q,(1y)P = (Z/pZ)>.

Kummer theory tells us that

Gal(L(pp,)/Qp(pp)) = Hom(A/Qp (1), ) = Hom((Z/pZ)?, Z[pZ) = (Z/pZ)>.

Recalling (9.5.1), this implies the result.
If p = 2, then we note that A = Q3 has a minimal set of topological generators consisting of —1,
2, and 3. Otherwise, we omit the proof of part b. ]

We now turn to the local Kronecker-Weber theorem.

Theorem 9.5.5 (Local Kronecker-Weber). Let p be a prime number. Then every finite abelian exten-

sion of Q,, is contained in Q,,(y,,) for some n > 1.

Proof. Since any finite abelian extension of Q,, will be a compositum of such a finite abelian
extension of p-power and a finite abelian extension of prime-to-p power degree, it suffices to consider
such fields separately. We recall that finite abelian extensions of Q,, of degree prime to p are tamely
ramified. The maximal tamely ramified abelian extension of Q » is equal to ngr((_p)l/(p—l)), since
—p is a uniformizer of Q,,, and we know that Q,,((-p)!/?~1) = Q,,(,,) while QY is the field given
by adjoining to Q,, all prime-to-p roots of unity. Hence, we have the result for such fields.

So, let L be an abelian extension of Qp of exponent p” for some r > 1, and set G = Gal(L/Qp).
First consider odd p. By Proposition 9.5.4a, the group G/GP” is a quotient of (Z/pZ)?. By the
structure theorem for finite abelian groups, G is then isomorphic to a quotient of (Z/p”Z)?. On the

other hand, Q,, (u pr+1) is a totally ramified abelian extension of Q,, with Galois group

Gal(Q), (pt,r1)/Qp) = Z/p"Z x (Z/pZ)*,

and the field Q,, ( l‘pP’—l) is an unramified abelian extension of Q,, with Galois group isomorphic to
Z,|p" 7. 1t follows that Qp(ﬂpm (p,,r_l)) has a subfield with Galois group (Z/p” Z.)? over Qp, and so
said field is L. The result follows for odd p.

In the case that p = 2, Proposition 9.5.4b tells us that G/G* = (Z/47)? x Z./27Z. 1t follows that
G is isomorphic to a quotient of (Z/ 277)?% x 7,/27.. Now, we know that

Gal(Qy(pipr+2)/ Q) = Z/2" 7 x Z./27

As with p odd, we have an unramified cyclotomic extension of Q,, linearly disjoint from the totally
ramified Q, (p,-+2) over Q,, with Galois group Z/2"Z. So, there exists a cyclotomic extension of
Q, with Galois group (Z/2"Z)? x Z./27., which must then be L. O
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Corollary 9.5.6. For any prime p, the maximal abelian extension of Q,, is given by adjoining all roots
of unity in QTP That is, we have
3= Q,(feo)

where ., is the group of all roots of unity in (QTP.

With the knowledge of the maximal abelian extension of Q,, in hand, we are now prepared to give

an explicit construction of the reciprocity map for Q,,.

Remark 9.5.7. If £ is a p¥th root of unity in QTP for some prime p and k > 1, then {“ forany a € Z,
is the well-defined root of unity equal to ¢? for any b € Z with b = a mod p*.

Proposition 9.5.8. For each n > 1, let {,, denote a primitive nth root of unity in Q;‘,b. There exists a

unique homomorphism p: Qp — Gg’ which, for m > 1 prime to p and k > 1, satisfies
§2]

i, p(P)(& k) = ppand p(p)(S,) = S, and
ii. pu) () = £ and p()($y) = & for everyu € Zj,
The map p takes uniformizers in Q,, to Frobenius elements, and its restriction to Z.; is an isomorphism

onto the inertia subgroup of G%? .
p

Proof. Recall that Q} is given by adjoining all prime-to-p roots of unity in QTP. Corollary 9.5.6
then tells us that

Ia)b = ;lyr(,upm) = ;1)1‘ : Qp(llp‘”)»

where f1,~ is the group of p-power roots of unity in QTP. Since Q,,(u,~)/Q),, is totally ramified, we

have
;l)r N Qp(ﬂpm) = Qp’

and so

G = Gal(Qi/Q,) = Gal(QE/Qy) x Gal(QEP/Qy (1))

= Gal(Q, (p1,~)/Q,) x Gal(QY/Q,),

the latter isomorphism being the product of restriction maps.

(9.5.3)

We claim the automorphisms p(p) and p(u) for u € Z;, of u., specified in the statement of
the theorem are actually restrictions of elements of G2 . Given this, since every root of unity is the
product of roots of unity of prime-to-p and p-power orpder and Q) = (p) x Z, it follows that p is
indeed a homomorphism to Ggfp, and it is uniquely specified by the given conditions.

For the claim, it suffices by (9.5.3) to see that these automorphisms define automorphisms of the
prime-to-p and p-power roots of unity that are the restrictions of Galois elements in Gal(Q}/Q,,) and

Gal(Qp(upoo) /Qp), respectively. First, we note that p(p) has the same action as the trivial element
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on p-power roots of unity and as the Frobenius element on prime-to-p roots of unity. In particular,
p(p) does extend to a Frobenius element of G?Ql?p.

On the other hand, p(u) acts trivially on p-power roots of unity, so we need only see that its action
on p-power roots of unity is the restriction of a Galois element. Note that the cyclotomic character

The cyclotomic character
2+ Gal(Qy (=) Q) = B (ZIP L) = T 2(9)(Ep0) = A

for Q,, is an isomorphism in that [Qp(ﬂpk) :Q,] = p*~1(p — 1) for each k. Thus, we have that there
exists o, € Gal(Qp(upoc)/Qp) with y(o,) = u. We then have that p(u) as defined is indeed the
restriction of a,;l On fipe. That is p(u) does extend to a well-defined element of Gal(Q;‘,b /Q p)- with
p(u)lQp( fp) = o;,'. Moreover, as p on Z.;, followed by restriction to Q,, (=) is the inverse map to
the map taking o to y (o)~ !, we have that Pl Z is an isomorphism to inertia in Gal(nyb / Qp).
Finally note that p(p) is by definition a Frobenius element and p (u) for u € Z} has image in iner-
tia, so p(pu) is a Frobenius element as well. Since u was arbitrary, p takes uniformizers to Frobenius

elements. OJ

Though we omit the proof, it is possible to show using the uniqueness in Theorem 9.2.2 (after
computations of norm groups of abelian extensions of Q,,) that the map p of Proposition 9.5.8 must

indeed be the local reciprocity map for Q,,.

Theorem 9.5.9. The map p constructed in Proposition 9.5.8 is the local reciprocity map PQ,:

9.6 Ramification groups and the unit filtration

Definition 9.6.1. Let L/K be a Galois extension of local fields with Galois group G. Then
wrk: [—1,00) = [~1, 00) be defined to be the inverse of the function ¢ g of Definition 6.5.19.

This allows us to define ramification groups in the upper numbering.

Definition 9.6.2. Let L/K be a Galois extension of local fields with Galois group G. For any real
number s > —1, we define the sth ramification group G* of L/K in the upper numbering (or upper

ramification group) by G* = G, Lk ($)"

Remarks 9.6.3. Suppose that L/K is a Galois extension of local fields with Galois group G.

a. Since ¢y g = ‘//Z}K’ we have G, = G?/x" forall t > —1.
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b. For the same reason, we have

N

wik(s) = [[[G°: Gdy
for any s > 0.

Example 9.6.4. Let F,, = Q,,(y,,») for a prime p and n > 1. As a consequence of Example 6.5.21,
we have

K if —1<s5s<0,
Wr,Q,(9) =1pF A+ (p-D(s—k+1)) -1 ifk-1<s<kwithl <k<n-1,
Pl +(p-(s—n+1) -1 ifs>n-1

forall s > —1.

The following property of the y-function is immediate from Proposition 6.5.26.

Lemma 9.6.5. Let L/K be a Galois extension of local fields and E a normal subextension of K in L.
Then

YK =YL/E°YEIK-
We also see that ramification groups in the upper numbering are compatible with quotients.

Proposition 9.6.6. Let L/K be a Galois extension of fields with Galois group G, let E/K be a Galois

subextension, and set N = Gal(L/E). For any s > —1, one has

(G/N)* = G°N/N.

Proof. By definition of the upper numbering and the function y; ,z, Herbrand’s theorem, and
Lemma 9.6.5, we have

(GIN)* = (G/N)y, c(5) = G WNIN =G, (oN/N=GN/N.

Vi EWEK(S VLK

We therefore have the following example.
Proposition 9.6.7. Let p be a prime and n > 1. Then for any s > —1, we have

Gal(Q, (p1pn)/Q,) if —1<s<0,
Gal(Q), (1pn)/Qp)* = {Gal(Q,y (pn) /Qp(ppp)) ifk—1<s<kwithl <k<n-1

1 ifs>n-1.
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Proof. This is quickly calculated using Proposition 6.5.12 and Example 9.6.4. [l

Definition 9.6.8. Let L/K be a Galois extension of local fields with Galois group G. A real number
s € [—1,00) is said to be a jump in the ramification filtration of L/K (in the upper numbering) if
GS +# G5*¢ forall € > 0.

Example 9.6.9. The jumps in the ramification filtration of Q,,(,»)/Q,, are 0, 1,2, ...,n — 1.

Note that the jumps in the ramification filtration of Q,,(1,»)/Q,, for a prime p and n > 1 are
always integers, though there may seem to be no a priori reason for them to be so. In fact, the jumps
in the ramification filtration of an abelian extension of local fields are always integers. The following
related result is known as the Hasse-Arf theorem: in the form stated it is actually due to Hasse. We

state it without proof.

Theorem 9.6.10 (Hasse). Let K be a local field and L be a finite abelian extension of K with Galois
group G. Then the jumps in the ramification filtration of G (in the upper numbering) are all integers.

We next state, also without proof, the following remarkable connection between the reciprocity

map and ramification groups in the upper numbering.

Theorem 9.6.11. Let K be a local field and L be a finite abelian extension of K with Galois group G.
Then pr g (U;(K)) = G' foralli > 0.

We have the following immediate corollary.

Corollary 9.6.12. Let L/K be a finite abelian extension of local fields with Galois group G. Then G'

is trivial for some i > 1 if and only if

U (K) € Ny xL*.

We make the following definition.

Definition 9.6.13. Let L/K be a finite abelian extension of local fields. The conductor f; g of the
extension L/K is the ideal m/%, where my is the maximal ideal of the valuation ring of K and r is the

smallest positive integer such that U,.(K) C Ny g L*.

Remark 9.6.14. By Corollary 9.6.12, the conductor of a finite abelian extension L/K of local fields is
mY%, where r is the smallest integer such that the upper ramification group Gal(L/K)" is trivial. This
r is one more than the last jump in the ramification filtration of Gal(L/K), recalling the integrality of
the jumps that is the Hasse-Arf theorem.
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We leave as an exercise to the reader the computation of the conductor of an arbitrary finite abelian
extension of Q,, using local Kronecker-Weber and the computation of the upper ramification groups
of Q,(,n)/Q,. The result is as follows.

Example 9.6.15. The conductor of a finite abelian extension L of Q,, is (p"), where n is maximal
such that L is contained in an unramified extension of Qp( Hpn)-

Let us consider one nontrivial example.

Proposition 9.6.16. Let p be an odd prime and K = Qp(,up). Set L = K((1 — p)'/P). The conductor
of the extension L/K is (1 — §p)2.

Proof. Note that L/Q,, is totally ramified of degree p(p — 1). Let ¢, be a primitive pth root of
unity in K. We have that

P =Ng, 1wy g, (1= (L=p)1/P),
so = 1— (1 -p)!/P is a uniformizer of Q,((1 — p)!/P). It follows that v; (;r) = p — 1 and then,

since vy (1 - gp) =p,that 1 = (1 — g“p)/yr is a uniformizer of L.
For ¢ € Gal(L/K) with o ((1 - p)!/?) = £,,(1 - p)!/P, we have

o(A) I

A o(m)’

and
g(m) =1-4,(1-p)P =7+ (1-¢,)(1-p)P.

Thus, noting that v; (1 — {p) =p, we have

vL(%— 1) - 1.

It follows that the first (and last) jump in the upper numbering in the ramification filtration of Gal(L/K)
is at 1, and therefore by Remark 7.4.19, we have f; x = (1 - gp)z, as asserted. ]
9.7 Lubin-Tate formal groups

Let R denote a commutative ring.

Remark 9.7.1. Consider the power series ring A = R[xy, ..., x,,] in n variables over R. The composi-
tion f o g of f, g € A is well-defined in A so long as g has zero constant term, i.e., g € (xq,...,x,,).

Lemma 9.7.2. The following are equivalent for a power series f € xR[x]:
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i. f has a left inverse under composition,
ii. f has a right inverse under composition,
iii. f = ux mod (x2) withu € R*.

Moreover, if f has an inverse, then it is unique.

Proof. Suppose that f = ux mod (x?) with u € R*. Let g; = u~'x, and suppose we have found

g, € R[x] of degree at most n such that f o g, and g, o f are both x in R[x]/(x"*!). Write f o g, =

1

x + ax™! mod (x**?) for some a € R. We thenset g,,,; = g,, — u~'ax"*! and note that

fogui1=fo(g,—ulax"!) =fog,—ax"! =xmod (x"+?)

in that (g,, —u~'ax"* 1)k = gk mod (x"*2) forany k > 2. Letg = lim,,,, g, € R[X] sothatfog = x.
Now, g also has some right inverse 4, and sox = goh = gof o goh = go f. Moreover, note that g,
specified recursively as above is unique with the property that f o g, = x mod (x"*1).

Finally, suppose that f, g € xR[x]. If f = ax mod (x?) and g = bx mod x2, then f o g = abx mod
x2, so if f o g = x, then a and b must both be units in R. ]

Definition 9.7.3. A (commutative) formal group law over R is a polynomial F' € R[x, y] such that
i. F(x,y) =x+ymod (x,y)2,
ii. F(F(x,y),z) =F((x,F(y,z)) in R[x,y,z], and
iii. F(x,y) = F(y,x).

Lemma 9.7.4. Let F € R[x,y] be a formal group law. Then
a. F(x,y) =x+ymod (xy), and

b. there exists a unique 1 (x) € R[x] such that F(x,15(x)) =0

Proof. For part (a), set f = F(x,0), sof = x mod (x 2). We also have F(F(x,0),0) = F(x,0), so
f of =f, which forces f = x. For part (b), we leave it to the reader to check recursively that for any

F € R[x,y] having the form in part (a), there exists a unique 1z (x) = —x mod (x?) with the desired
property. ]
Examples 9.7.5.

a. We have the additive formal group law F (x,y) = x + y. Here, we have 1y (x) = —

b. We have the multiplicative formal group law G(x,y) = x+y+xy. Note that 1 = (x+1)~1 -1,
asGx,y)=x+D1Hy+1) -1
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Definition 9.7.6. A homomorphism f: F — G of formal group laws F and G is a power series f €
xR[x] such that f(F(x,y)) = G(f(x),f(y)). We write f o F = G o f for to denote that f is such a

homomorphism.

We can compose homomorphisms of formal group laws by composing the power series which

define them, and we can add them as well.

Definition 9.7.7. Let F and G be formal groups over R.

a. The group of homomorphisms from F to G is the set Hom(F, G) of homomorphisms from F to

G with the operation of addition of power series.

b. The ring of endomorphisms of F is the set End(F') of endomorphisms of F with the operations

of addition and composition of power series.

Remark 9.7.8. An isomorphism of formal group laws f: F — G is a homomorphism given by a

power series with an inverse f~! under composition.

If R is a complete local ring with maximal ideal m, any power series in R[x] converges on m.
Given the existence of the inverse power series of Lemma 9.7.4(b), a commutative formal group law

then defines the structure of an abelian group on m.

Definition 9.7.9. For a complete local ring R with maximal ideal m, a formal group is m together with
the group law a + b = F(a,b) for a,b € m, where F € R[x,y] is a formal group law.

Notation 9.7.10.

a. The additive formal group, with formal group law x + y. is denoted G,.

b. The multiplicative formal group, with formal group law x + y + xy, is denoted G,,,.

Our interest is in a class of formal groups particularly useful for studying abelian extensions of
local fields. Let K denote a local field with valuation ring ©, and maximal ideal m. Let g denote the
order of the residue field x = @ /m.

Definition 9.7.11. A Lubin-Tate power series for K is a power series f € O[x] such that f(x) =

x4 mod s and f(x) = 7rx mod (x2), where i is a uniformizer of K.

Notation 9.7.12. For a uniformizer 7 of K, we let § . denote the set of Lubin-Tate power series over
K with f (x) = 7x mod (x2).

Let us fix a uniformizer ;7 of K. We omit, for now, the proof of the following key result.
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Proposition 9.7.13. Letf,g € ¥ ,,. Let ¢ = Z?zl a;x; with a; € O for 1 < i < n, and where the x;

are indeterminates. Then there exists a unique F € O[xy,...,x,] such that F = € mod (xq, ... ,)cn)2
and f (F(xy,...,x,)) = F(g(x1),...,8(x,)).

Proof. Let I = (xy,...,x,). Set ¢, = €and F; = 0, and suppose we have constructed F;, =
Fi_q + € for some k, where ¢, € O[xy,...,x,] is homogeneous of degree k, such that

foF, =F,ogmod wI**!,

Let H = 0 mod 7 be the homogeneous of degree k + 1 part of f o F}, = F; o g, and set €, =
—( — 7 H~1H € O[x]. Set Fy,; = F; + ;.. Then

JoF =f o Fp+ mod 7%+2,

while

Fii08=Fpog+ %10, mod I¥+2
so subtracting the two equations, we have
foFi —Fropog=H+ (7 —ak1)0,, = 0mod I**2,
Since f, g = x4 mod s, we also have
foFi —Frip08= (Fiy)? = Fry (x9) = 0 mod 7,

where (Fy, )9 denotes gth power in the power series ring. Thus, the difference lies in 777%*!, and we
may continue the recursion. Setting F' = ZIO::I ¢), the uniqueness is clear from the uniqueness of H

at each step. ]

Definition 9.7.14. A Lubin-Tate formal group law associated to f € F _ is a formal group law Fy €

O[x,y], where f € @[x] is a Lubin-Tate power series which is an endomorphism for F' rs which is to
say foFr=Frof.

Taking the linear form in Proposition 9.7.13 to be x + y, we see that F is uniquely specified by .

Corollary 9.7.15. Given f € ¥ _,, there exists a unique Lubin-Tate formal group law associated to f.

Proof. The proposition provides a power series Fy € O[x,y] with Fy = x + y mod (x, y)? such
that f is an endomorphism of F r- That F r (%, y) = F r (v,x) follows by the uniqueness therein, since
X +y = x +y. Similarly, that Fr(x,Fp(y,2)) = Fp(Fp(x,y),2) follows as both commute with f and
have linear terms x + y + z. ]
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We also have the following.

Corollary 9.7.16. Let f € ¥ ,. For any a € O, there exists a unique power series [a]; € O[x]
with laly = ax mod (x2) and which commutes with f under composition. In particular, (], = f.
Moreover, [a]y is an endomorphism of Fy, and the resulting map [ ]¢: @ — End(¥ ) is an injective

ring homomorphism.

Proof. We take n = 1, €(x) = ax, and g = f in Proposition 9.7.13 to define [a];. To see that [a] is
an endomorphism of F, note that F' ro [a]f and [a] o Fy both have linear terms ax + ay and commute
with f, so we can again use uniqueness in the proposition. The rest follows similarly by uniqueness
of the power series [a]y, aside from the injectivity of the ring homomorphism they determine, which

follows as [a]; = ax mod x2, and ax = bx mod x? if and only if a = b. O

Corollary 9.7.17. Let f,g € ¥ , be Lubin-Tate power series for K. Then Fy and F, are isomorphic.

Proof. Suppose f € ¥, and g € F . Apply Proposition 9.7.13 with ¢ = x to get a power
series h € O[x] with f o h = h o g. Then Fy o h and & o F, both have linear terms x + y. Since
Sfo(Froh) =Fpo(foh) = (Ffoh)ogandsimilarly with 4o F, uniqueness gives that Fyoh = ho Fl,.

As h is invertible, we have that /& provides the isomorphism. ]

Example 9.7.18. For K = Q,,, setf(x) = (x + 1)” — 1 € ¥ ,. Then the multiplicative formal group
law G = (x+ 1)(y+ 1) — Il satisfiesf o F = (x + 1)P(y+ 1) =1 =Fof,50G = Fy. That is, the
associated Lubin-Tate formal group to f is G,,. We have l[alp = (x+ 1) =-1¢€ Zl, [x] fora € Zp.

The power series [u], associated to a unit u € @™ is an isomorphism of F, so it can have no zeros
in the maximal ideal of the valuation ring of the completion of an algebraic closure of K. On the other

hand, [7]; certainly can and does.

Definition 9.7.19. For n > 0, the sr"-torsion in the formal group associated to f is the kernel Wy ,, of
[s7"]; on the maximal ideal in the completion of an algebraic closure of K. We refer to Wy, — Wy,

for n > 1 as the primitive 7" -torsion. The torsion in the formal group of f is Wy = U;OZI W -

Theorem 9.7.20. Forn > 1 and f € ¥ ., we have the following.

a. The field extension K, , = K(Wy ,,) is a totally ramified Galois extension of K, independent of
I

b. Any primitive n-torsion element @, € Wiisa uniformizer in K,,.

c. The group Wf” is a free (O /m™)-module of rank 1 for the action of O via [ ]y.

X

d. There is an isomorphism of groups Xfn' Gal(K,,/K) —= (O/m™)* with inverse taking the

image of a € O to the Galois element o such that lalf(@,) = o(T,).
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Proof. Suppose that f = 7x + x4, which is x times an Eisenstein polynomial. In general, we see
that [7"]; = fof o-ofis [yrn‘l]f times an Eisenstein polynomial of degree ¢"~!(g — 1) which
has as its roots the primitive s7"-torsion of Fy. Setting K,, = K (W, ,,), this forces K,,/K to be not just
algebraic, but Galois and totally ramified of degree ¢"~!(g — 1), having any @,, € Wi - W}l‘l as a
uniformizer. As [a]s(@,) = aw, mod w? fora € ©*, we see that WJ? - W;l‘l is free of rank 1 over
(@ /m"™)* under the action of [ ]f. It follows that o (w,,) € WJ? equals [a]f(wn) for some a € O,
unique modulo m”. It is then clear that y ,, defines an isomorphism.

In general, let g € ¥ ., and suppose that / is an isomorphism from F to Fy so thatho f = g o h.
Then [7"]4(h(w,)) = 0, and it follows h defines an @-module isomorphism between Wy pand W .
Since & € ©[x] with & = x mod x2, we have that h(w,,) € W n — W, n—1 converges to a uniformizer
in K(W; ), and therefore K, = K(W,,). For ¢ € Gal(K,/K), we have o (h(w,)) = h(o(w,)),
and if Xrnlo) =a mod m”, then [a]g(h(wn)) = h([a]f(wn)) = h(o(w,)) = o(h(w,)) mod m”.
Thus, the proposition holds for g as it holds for f. ]

Observing that O = mn(@ /m™)*, we have the following.

Corollary 9.7.21. The field K, . = K(W; ) is a totally ramified Galois extension of K with, inde-
pendent of f € ¥ ., with Galois group isomorphic to O*.

We omit the proof of the following lemma.

Lemma 9.7.22. Let h = Z?:o a;x' € F,[x] be monic of degree n > 1 with gcd(q,n) = 1. Then there
existsk > 1 and r € F [x] with degr < k and r(0) = 1 such that g = xkh + r has no multiple zeros.

Proof. Let m > 1 be such that ¢” > n and F » contains the roots of h’. Then set k = ¢™*! and
r=—x3h+1. Wethenhave g = (x¢"" —x?)h+1andg’ = (x4 —x9)i’. If @ isaroot of x4 — x4,

then g(a) = 1. If a is a root of /', then it lies in ]qu, sog(a) =(a?—a%)h(a) +1 =1aswell. [J

Proposition 9.7.23. Forn > 1, we have Ny kK7 , = (m)U,(K).

Proof. We know that K, ,, = K(W]?) withf = mx+x9. Moreover, [7"], = [ﬂ"‘l]f-hn, where h,,
is o + [ ! ]}1_1. This has leading coeflicient s, and its roots are the primitive 77" -torsion elements
for Fy. In particular, 7 = N K, K (@) if K, ,,/K is nontrivial (i.e., other than the case that g even
andn = 1).

It is now enough to show that the norms of units from K, ,, are contained in U,,(K) since local
reciprocity implies that ¢"'(¢g — 1) = [K* : Nk _ kK% »]. The norms of elements of p,_; are
clearly trivial, so it suffices to consider norms of -units.

Letu=1+Y ", a,w, € Uy (K,,) witha; € O, andsetay = 1. Let p = Z;’Z)l a,_;x', where
m = q"'(q — 1)n. Apply Lemma 9.7.22 to the reduction of p modulo s, and then lift the result back
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to O g, obtaining P = x¥p + r for some r € @ with 7(0) = 1 and k > deg r. Since P has no multiple
zeros modulo s, its roots lie in K". Write P = Hle (x —a;),wheres =m+k — 1.

Now, note that

S o0 )
n(l ~a,m,) = wiP(w,') =1+ Za,-w"n = u mod @,
i=1 i=1

so there exists v € U, (K3 ) with Hls-:l(l - a;@,)v = u. Since Nguw gu(v) € U, (K™), it suffices
to check that [T;_; Ngw kw1 — a;@,) € U,(K"). Note that

iy L p(arh)
N ur ur 1—013' :aq (q ])—l.
K Kl i) = [r My a7 )

As P(0) = 1, we then have

s [ (a7t
N ur ur 1_ l' n = - - 1 _ -
1 ku kel —a;@,) ll:! @)

S
=
As [7" 1, (x) = x4""" ‘mod s, each [~ Ip(a;!) is a unit, so it suffices to show that

S s
l—[[””lﬂa;l) = [ [[7" '] (a7") mod 7" O k.

=1 i=1
Note that in fact, both sides are contained in @, as the set of «; is a union of Frobenius conjugacy

;7= a;! mod 7 O g for some 1 < j < 5. Thus,

ﬁf(a;l) =
i=1

We then see that f applied to both sides gives a congruence modulo 772, and recursively we have the

classes, and we have f (a;!) = a

S
ai‘l mod J.
i=1

desired congruence. ]

We then have that the intersection of the norm groups for the K ,, is (7). The following is then

an €asy consequence.

Theorem 9.7.24. The maximal abelian extension of K is equal to K"K . ., for any uniformizer i of
K.

Theorem 9.7.25. Let  be a uniformizer of K and f € ¥ ... The local reciprocity map pg for K is

the unique map such that

i. the value py () is the Frobenius element in Gal(K®/K) fixing K ,,,

ii. foru € O, the value py (u) is the unique element of Gal(K*® /K"™) such that pg(u)(w) =
[u‘l]f(w)for allm € Wy .
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Chapter 10

Global class field theory via ideles

10.1 Restricted topological products

We begin by defining the notion of a restricted topological product.

Definition 10.1.1. Let / be an indexing set. For each i € I, let X; be a topological space and A; be an
open subset. The restricted topological product of the spaces X; relative to the open subsets A; is the
set

H(Xi,Ai) = {(xi)iel € nX,- | x; € A; for all but finitely many i € I},

iel iel
endowed with the topology which has as a (standard) basis the open sets of the form

{(.xl')l'e[ |Xl' S Ui for i EJanXm' EAI' for i EI—J},

where J C Iis finite and U, is an open subset of X; for eachj € J. This topology on the set [ [, (X;, A;)

iel
is referred to as the restricted product topology.

Remark 10.1.2. The standard basic open sets of a restricted topological product []._,(X;,A;) have

[Tu= [T 4

jeJ iel-J
with J c [ finite and U; open in X; for eachj € J. The subspace topology on these open sets is exactly

the form

the product topology for the subspace topology from the X; on the sets that form its product.

Remark 10.1.3. The restricted topological product [ |,_, (X;,A;) does not in general have the subspace
topology of the product topology on Hl. <; X;. That is, a standard basic open neighborhood of || er Xi

[Tvi< ] x

kekK iel-K
219

has the form



220 CHAPTER 10. GLOBAL CLASS FIELD THEORY VIA IDELES

with K C [ finite and V} open in X, for each k € K. Any such set contains a basic open neighbor-
hood in the restricted product topology on [],_,(X;,A;). On the other hand, no such set will have its
intersection with []._,(X;,A;) contained in any set of the form

[Tz [T 4

jeJ iel-J
with J C [ finite and U; open in X; for each j € J so long as there are infinitely many i € I for which

A; # X;. In other words, the restricted product topology on []._,(X;,A;) is finer and can be strictly

r (
iel
finer than the subspace topology for the product topology.

The following simple lemma is quite useful.

Lemma 10.1.4. Let I be an indexing set, and for each i € I, let X; and Y; be topological spaces, let A;
be an open subset of X;, let B; be an open subset of Y;, and let f;: X; - Y; be a continuous function.

Suppose that f;(A;) C B, for all but finitely many i € 1. Then the product of the maps f; restricts to a

continuous function
[1X:. A0 = [](¥:.By).
iel iel
Proof. For x = (x;);c; € X, we have that x; € A, for almost all 7, so f;(x;) € A; for almost all i,

and therefore [].f;(x) € [],.,(Y;, B;). Thus, it makes sense to let f denote the restriction of []. f; to
a map between the restricted topological products.

Consider a finite subset J of I and open subsets V; of Y; for each j € J, and suppose f(x) €
Hje ; Vi x1l;e;_, Yi- Foreachj € J, there exists an open neighborhood U; of x; in X such that
Ji(U;) €V}, as f; is continuous. Consequently, we have that f (Hj ey Ui x I'1;e;_; X;) is contained in
Hje] Vi x [1,e;_; Yi- Thus, f is continuous. [

Lemma 10.1.5. Let I be an indexing set. For eachi € I, let X; be a Hausdor{f topological space, and
let A; be an open subset of X;. Then the restricted topological product | |,_,(X;,A;) is Hausdorff.

Proof. This is a consequence of either the discussion of Remark 10.1.3 or Lemma 10.1.5 applied
to the case that ¥; = B; = X;. The product []._, X; is Hausdorff, and if distinct x,y € [],_,(X;,A;)
are contained in disjoint open neighborhoods in [ ],_, X;, then the intersection of these neighborhoods
with []._,(X;,A;) are disjoint open neighborhoods of x and y in the latter space. []

iel
We are often interested in the case that our sets are topological groups or rings. In the proof, we

treat only the case of groups, the case of rings being analogous.

Lemma 10.1.6. Let I be an indexing set, and for each i € I, let G; be a locally compact, Hausdorff
topological group (resp., ring), and let K; an open subgroup (subring) of G, that is compact for almost
alli. Then the restricted topological product [ ]._,(G;, K;) is a locally compact, Hausdorff topological
group (resp., ring).
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Proof. That ¢ = [],.,(G;,K;) is a group is straightforward. That is, clearly 1 = (1); € G, and
ifa = (a;); and b = (b;); are elements of &, then a;,b; € K; for all but finitely many i € I, so
ab € . Similarly, a! € & since a;! € K, if a; € K;. It is then a topological group by applying
Lemma 10.1.4 to the multiplication and inverse maps on & .

That ¥ is Hausdorff is Lemma 10.1.5. Let J be a finite subset of / such that K; is compact for
i €1 —J, and let U; be a compact neighborhood of 1 in G; for j € J. Then HJ.EJ U x [1;e;_y Ki is
an compact neighborhood of 1 in & by Tychonoft’s theorem, so ¢ is locally compact. ]

10.2 Adeles

We now define the ring of adeles of a global field K.

Definition 10.2.1. Let K be a global field. The ring of adeles (or adele ring) A g of K is the restricted
topological product

Ag = [] k..0,).

veVg
where Vi is the set of all places of K, where K|, is the completion of K at the place v, and where O,
is the valuation ring of K,,, which we take to be K, if v is archimedean. An element of A g is referred

to as an adele.

Remark 10.2.2. Let @ be an adele in a global field K. Then «, for some v € Vi shall denote the

v-coordinate of «.

Lemma 10.2.3. Let a € K. Then a € O, for all but finitely many places v of K.

Proof. It suffices to check this on the cofinite subset of finite places of K in V. Only those finitely
many finite primes p occur in the factorization of a@ g, so only finitely many have negative valuation
v, (a). The result follows. O]

As an immediate consequence of Lemma 10.2.3, we see that every element of a global field gives

rise to an element of its adele ring (since units are in particular integers).

Definition 10.2.4. The diagonal embedding Sk : K > A is the homomorphism Sk (a) = (a) ey, -

We note also that we have embeddings of adele rings into adele rings of extension fields.

Definition 10.2.5. For L/K finite, the canonical embedding of A g in Aj isthemap iy x: Ag — Ap
given by 1; x(a),, = a, for every place w of L and the place v of w lying below it.
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We will show that the diagonal embedding has discrete image. This is rather straightforward for
K = Q, for example, so we proceed by reduction to this case, using the following result. Note that the

diagonal embedding provides A g with the structure of a K-vector space.

Proposition 10.2.6. Let L/K be a finite, separable extension of global fields. Then there is a canonical

isomorphism of topological L-algebras
k:LQxg Agp —> A
given on simple tensors of b € L and a € A by
Kk(b®a)=26p(b)ik(a) = (ba,),,

where v is used to denote the place of K lying below a place w of L. Here, a choice of K-basis of L
provides an isomorphism A g Q@ L = AB(L:K Vof A x-modules, and we give A g ® L the topology

induced via this isomorphism from the product topology on A[KL:K I

Proof. Recall that Proposition 6.1.6 says that there is, for each place v of K, an isomorphism

ic,: Leg K, = [| Ly
wiv
and the map « as defined is the restriction of the product of these to L ® ¢ A g, which has image in
A since both ; and 1,/ do.
Since the product of the maps #, is an isomorphism, the map # is an injection that we claim is
surjective. For this, let by, ..., b, be a K-basis for L. For all but finitely many finite primes v of K, we
have for all places w of L over v both that b; € O, for 1 < i < n and that w(D(by, ..., b,)) = 0. For

any such v, the map x, restricts to a map

, n
i e o,)bel) - []0,
i=1 wlv
of free @, -modules of rank n, which by Proposition 6.1.10 is an isomorphism.
Given this, choose a finite set S of places of K containing the infinite places and those finite places
v with b; ¢ O, for some i or w(D(by,...,b,)) # 0 for some w dividing v, and let T be the finite set
of places of L above it. Since #x, is surjective for all v € S and x/, is surjective for all v ¢ S, the image

[TL.x [ Ow

weT weV;-T

of x contains

Since any arbitrary finite set of places of L is contained in some such set 7', it follows that « is surjective.
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For continuity of x, note thateachf;: Ag — A, definedbyf;(a) = 8, (b;)1 k(@) is continuous,

noting that 17 g is continuous by Lemma 10.1.4. Then % viewed as a map
A% oAy

using this basis is continuous as a sum of the continuous maps f;, since A; is a topological group

under addition. ]

We next show that K sits discretely in its adele ring.

Proposition 10.2.7. The diagonal embedding S : K — A g has discrete image.

Proof. If K is a number field, Proposition 10.2.6 for the extension K/Q identifies x~! o 8 for
the map #x therein with the map

Therefore, it suffices to show that &  has discrete image. (Similarly, for function fields of characteristic
p, it suffices to consider UF,(1)> for which we omit the proof.)
We identify Q with its image in A g under 8¢ and endow it with the subspace topology. The

intersection of the open neighborhood

[l 2, xtaeR|lal <1}

p prime

of 0 in Ag with Q consists of elements with nonnegative valuation at p for every p, which to say
integers, that also have absolute value less than 1. In other words, the intersection is {0}. Since AQ is

a topological ring and Q is a subring, we have by translation that Q has discrete image. [

Notation 10.2.8. We use the diagonal embedding & g to identify a global field K with a subring of
A g, denoted also by K.

We also have the following.

Proposition 10.2.9. Let K be a global field. Then there exists a finite set S of places of K including

the archimedean places and positive real numbers €, for each v € S such that

x= [] O0,x[Jlack,lla<e,). (10.2.1)

veVr-S ves

satisfies Ag = K + X.
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Proof. First consider the case K = Q. In this case, we claim that the set

Y= [] 2,xtaeR|la <1
p prime
satisfies Ag = Q + Y. Leta € Ag. Letpy,...,p, be the finite list of prime numbers p such that
a, & Zp. Letk; = —vp.(a,) foreachiwith1 <i <n. Letbh = plf‘ ---pf{‘. Let a € Z be the unique

integer such that

[STASy

b
-5 <a-bay <

and
— ki

a =ba, modp;'Z,

a

b
For an arbitrary number field, choose a basis by, ..., b, of K as a Q-vector space, and note that

foreach i. Then ¢ — = € Y, as desired.

Proposition 10.2.6 tells us that every element 8 € A g has the form

B = Z biigg(a;)
=1

for some a4, ..., @, € Ag. In turn, each a; may be written as a; = y; + ¢; withy; € Y and ¢; € Q.
We then have

BeK+ baggY),
i=1

and we let X’ denote the latter sum. We let S be the set consisting of the archimedean places of K and
the nonarchimedean places of K such that b; ¢ O, for some i, and we note that every element a € X’
satisfies a,, € @, for all v ¢ S. For each nonarchimedean (resp., archimedean) v € §, let ¢, be such
that |b;], < €, (resp., |b;l, < 2¢,) forall 1 < i < n. Then X as defined by (10.2.1) contains X’ and
satisfies Ag = K + X.

The case of a function field is similarly derived from the case K = F p(t), and the proof is left to
the reader. []

Corollary 10.2.10. Let K be a global field. Then the quotient K-vector space A /K is compact
Hausdorff.

Proof. The compact (Hausdorft) set X of Proposition 10.2.9 maps onto the quotient A x /K under
the continuous projection map from A . The space A /K is Hausdorff as K is closed in A g, so

A g /K is compact as well. O

Since an adele necessarily has valuation less than or equal to 1 in all but finitely many places, the
infinite product in the following definition converges.
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Definition 10.2.11. Let K be a global field. Let @ € A g. The content cx(a) of « is defined to be

c(a) =[] layl,

ve VK

where we recall that ||, |, = ||, unless v is complex, in which case |, ||, = Iavlg.

Lemma 10.2.12. Let K be a global field. Then there exists a positive real number C such that for

every a € A with cx(a) > C, there exists an element a € K* with |a|, < |a,|, for all places v of K.

Sketch of proof. Since A is a locally compact abelian group, it has an invariant Haar measure.

Letting S denote the set of archimedean places of K, we set

z= [] O,x[]Bi0
veVr-S vesS
where By, (0) denotes the closed ball of radius 1/2 around O under the usual absolute value corre-
sponding to v. We normalize our Haar measure so that Z has volume 1. As A g /K is compact, it has
finite quotient measure, and we take C to be this measure.

Now let a be as in the statement. The set aZ has measure cx (@) > C (which we leave to the
reader to verify, using uniqueness of Haar measure and noting that local Haar measures will scale
by the multiplicative valuation used in defining the content), so it follows that there exist two distinct
elements B, B’ of aZ with the same image in A g /K, which is to say that the difference a = g — g’
lies in K. For each v € Vg, we clearly have |8 — B’|, < |al, by choice of Z, so the result holds. [

The lemma has the following corollary.

Corollary 10.2.13. Let K be a global field and u be a place of K. Let S be a finite set of places of K
not including u, and choose a real number €, > 0 for eachv € S. Then there exists an element a € K*
such that |a|, < €, forallv € S and |a|, < 1 forall v ¢ S withv # u.

Proof. Let C be as in Lemma 10.2.12. Choose elements «, € K, for each v with ||, < €, for
eachv € S and ||, = 1 for all other places v # u of K. Let «,, € K,, be such that

-1
la,l, > C [ llel5t.
veS

Setting @ = (a,), € Ag, wethenhave cx (a) > C, so there exists an elementa € K* with |a|, < |a,|,

for all v and therefore |a|, < ¢, forallv € Sand |a,|, < 1forv ¢ S U {u}. O]

While any global field K sits discretely in A g, if we exclude one prime from A g, the result is
very different.
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Theorem 10.2.14 (Strong Approximation). Let K be a global field, and let u be a place of K. Set

AR = [] (K,,0,).

veVr—{u}
Then K is embedded diagonally as a dense subset of Af(“.

Proof. Leta € Af(”, let § > 0, and let T be a finite subset of V; —{u} that includes its archimedean
places and places with a,, € ©,. We claim that there exists a € K such that|a—a,|, < dforallv € T
and |a|, < 1 for all v ¢ T, which will prove the result.

By Proposition 10.2.9, we have a set X of the form in (10.2.1) such that A x = K + X. We use the
notation S and €, for v € S found therein. Setting €, = 1 for v ¢ S, there exists by Corollary 10.2.13

an element b € K* with
;18 ifver,
plo<i
€5 ifveTu{ul.
Note that

AK:bAK:bX'i‘K.

Viewing A}é" as the subset of A g of elements with u-coordinate 0, we may then write @ = bx + a for

some x € X and a € K. Since |bx,|, < d forallv € T and |bx,|, < 1 forall v ¢ T U {u}, the element
a = a, — bx,, for any v # u has the desired properties. ]

Let us record the rephrasing of the strong approximation theorem found in its proof. The statement

is more clearly a direct generalization of weak approximation.

Corollary 10.2.15. Let K be a global field, and let u be a place of K. Let a, € K, for each place
v # u of K and suppose that a,, € O, for all but finitely many such v. Then for every ¢ > 0 and finite
set of primes S of K with u & S, there exists a € K such that |a — a,|, < € forallv € S and |a|, < 1
for all finite places v & S with v # u.

We next investigate how adele rings behave in extensions. For a finite extension of L of K, we

identify A g with a closed subgroup of A; via the canonical embedding.

Lemma 10.2.16. Let L/K be a finite Galois extension of global fields. Then A(L}al(L/ K= Ag.

Proof. The Galois group G = Gal(L/K) permutes the places of L lying over a place v of K. Let

(@) e [] Ln
WEVL

wlv
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be G-invariant. Since the decomposition group G,, at w | v preserves the w-coordinate, it fixes «,,,.

Thus, a,, € K,, and this holds forall w | v. Moreover, G actson [ ]. .= K, by permuting the coordinates,

wlv
and the action of G on the set of places is transitive, so all of the «,, must be equal. That is, («,,),, is
in the image of some a € K, in the product ]_[W|v L,,. If, moreover, (a,,),, € ]_[W|v O,,, then clearly
aecO,.

With respect to inclusion maps, we have

Ag = lim (HKVX [1 @v),

ScVk \ves veVg-S

where S runs over the finite sets of places of K. For such a set S, let S; be the subset of V; of places
lying over places in S. Every finite set of places of L is contained in some S;, so

G G G
ag=tm ([T eax [T ou) =tm(T1( TTe) < T (TTeu) )-ax
ScVk \wes, weV, -8, SCVi \ ves e veVg-S\
L L

wlv wlv

Let us consider norm and trace maps on adeles.

Definition 10.2.17. Let L/K be an extension of global fields.

a. The norm map Ny g+ A — A is the multiplicative function defined by

Npik(B) = ( nNL/K(.Bw))

wlv
on e A;.

b. The trace map Try ;= A — Ag is the homomorphism

Trp x(B) = (ZTrL/K(ﬁW)) -

wlv

on e A;.

Remarks 10.2.18. Let L/K be a finite extension of global fields.

a. That the norm and trace for L/K on adeles have images inside the adeles follows from the fact
that § € A} has B,, in the valuation ring of L,, for all but finitely many w, and hence for all w dividing
v for all but finitely many places v of K, and therefore N g (B,,) and Trz ;x (B,,) lie in the valuation
ring of K|, for all w dividing v for all but finitely many v.
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b. In the notation of Definition 6.1.8, the norm and trace maps on adeles have v-coordinates on
B € A, given by

Npk(B)y = NE e ((By)yw) and  Trp g (B), = Tr g ((By)w),

where w runs over the places dividing v.

c. It follows form Lemma 10.1.4 that N; /x and Try g are continuous maps on adeles.

10.3 Ideles

In this section, we define the ideles, the elements of which are the units in the adeles. We continue to
let K denote a global field.

Definition 10.3.1. Let K be a global field. The group of idéles (or idéle group) 1 ¢ of K is the restricted
topological product

Ik = [] k5.0,

veVg
where Vi is the set of all places of K, where K, is the completion of K at the place v, and where @, is
the valuation ring of K, for which we set @} = K} if v is archimedean. An element of [ is referred

to as an idéele.

Remark 10.3.2. Note that [, = A% as sets, but I does not have the subspace topology from A .
For each finite prime v, fix a uniformizer s, in K, and let «,, be the adele that is s, in its v-coordinate
and 1 in every other coordinate. Then every open neighborhood of 1 in A g contains all but finitely
many «,. On the other hand, the basic open neighborhood
[] o
ve V[(

of 1 in [x contains not a single «,. On the other hand, the intersection of a basic open neighborhood
of A g with [ is an open neighborhood of I, so the topology on I g is strictly finer than the subspace
topology from A .

We leave it to the reader to check the following.

Lemma 10.3.3. The restricted product topology on the idéle group Lg of a global field agrees with
the subspace topology induced by the injection

I » Ag x Ag, av (a,a™ ).
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Remark 10.3.4. Note that the content cg () of an idele «a is a positive real number, as all but finitely
many coordinates of « will have multiplicative valuation 1 and the valuations of the other coordinates
will be nonzero. In fact, the property that of having nonzero content characterizes the idéles as a subset
of the adeles, as the reader may quickly check.

We may then make the following definition.

Definition 10.3.5. Let K be a global field. The content homomorphism cg : 1 - R is the function

that takes an idéle « to its content

c(a) =[] layl,.

ve VK

Let I} denote the kernel of c.

Proposition 10.3.6. Let K be a global field. Then the content homomorphism cg: Ix — R is

continuous.

Proof. We leave it to the reader to verify the following simple claim, which implies the state-
ment. For any ¢ > 0, there exists a sufficiently small § > 0 such that c,}l((l —¢,1 + ¢€)) contains
HveVK—S O3 x [1,e5 Bs(1), where S is the set of archimedean places of K and Bs (1) C K7 is a ball
of radius & about 1. []

Corollary 10.3.7. The group 1} of idéles of content 1 is a closed subgroup of 1

We have the following result on the kernel of the content homomorphism.

Lemma 10.3.8. The topology on 1 from L agrees with its subspace topology from A .

Proof. By Remark 10.3.2, the subspace topology on I }{ from [ g is finer than the subspace topol-
ogy from A, so we need only show that the intersection of a basic open neighborhood of 1 in Ig
with I} contains the intersection of an open neighborhood of 1 in A g with 1.

Let S be a finite set of places of K containing the archimedean places, and for each v € §, let U,
be an open subset of K;; containing 1. Then

v=[luv.x ] o

veS veEVE-S
is abasic openin [ containing 1. We may suppose that the sets U, are chosen to be balls of sufficiently
small radius such that the products of the (modified) valuations of any elements in [] _¢ U, is less
than 2. Since every element @, — @} has valuation at most %, we then have

Unlk=(Ju,x [] o@,nIk

vesS veVg-S

and [, ¢ U, x l_[veVK—S O, is a basic open neighborhood of 1 in A . [
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Note that we may think of K* as a subgroup of Ix via the diagonal embedding. By the product

formula for valuations on global fields, every element of K* lies in I}.

Proposition 10.3.9. The image of K* in 1 }< is discrete, and 1 }(/K * is compact Hausdorff.

Proof. The first statement follows from Corollary 10.2.10, since Lemma 10.3.8 tells us that I[}< has
the subspace topology from A . For the second statement, let @ € A g be an adele with cx(a) > C,
where C is as in the statement of Lemma 10.2.12. We define a compact subset of A x by

X ={pelkl|Ip,l, <la,l, forallve Vg},

where here we use the fact that I} is closed in Ag. For an arbitrary y € 1k, Lemma 10.2.12 tells
us that there exists a € K* with |a|, < |y;'a,l, for all places v of K. We then have ya € X, so X

surjects onto the HausdorfT space 1% /K>, and therefore the latter quotient is compact. O]

Definition 10.3.10. The principal idéles of a global field K are the elements of I x that lie in K* (under
its diagonal embedding).

Definition 10.3.11. Let K be a global field. Then the idéle class group Cg of K is the quotient
topological group Ix/K*. The image [a] of @ € [ in Cg is the idele class of a.

Notation 10.3.12. For a global field K, we shall use Vg  to denote its set of finite places.

Definition 10.3.13. Let K be a global field. The fractional ideal of @ defined by an idele a of K is
the finite product
[T »',

ve VKJ

where p,, denotes the prime corresponding to a finite place v of K.

Proposition 10.3.14. Let K be a number field. Let g : 1 — Ix be the homomorphism that takes an
idéle to the fractional ideal it defines. Then 7 (1) = I, and 7 g is continuous if we endow I with

the discrete topology.

Proof. For the first statement, we need only show that every nonzero prime p is the image of

an element of I}. We may take an idele a of content 1 that is a uniformizer s, in the coordinate

p
corresponding to p, that in a fixed archimedean place w satisfies |la,,|l,, = |7Tp|_l , and which is 1 in all
other coordinates.

For the second statement, we need only note that

ey =[] o3

ve VK

is open in I g. []
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Remark 10.3.15. Proposition 10.3.14 enables us to give a second proof that Cl is finite. That s, since
g in the proposition takes K onto Py, we have an induced continuous, surjective map I /K* —
Clg. It follows that Clg is both compact as the continuous image of a compact space and discrete as
a quotient of /g, and therefore Clg is finite.

Notation 10.3.16. For a finite extension L/K of global fields, we use 1 ,x : Cx — C; also to denote

the map induced by the canonical embedding 1 x: Tx — I;.

Lemma 10.3.17. For a finite extension L/K of global fields, the map 1, x: Cx — C is injective.

Proof. Identifying I and L* with their images in I;, we need only see that [ N L* = K*. Let
M be a finite Galois extension of K containing L. We claim that [ n M* = K*, which will prove the
result. But Lemma 10.2.16 gives us the first equality in

]IK nM* = ]I](‘}/[al(M/K) AM* = (MX)Gal(M/K) = K*,

the second equality following from the compatibility of the Galois action on M* and I,, under the
diagonal embedding. ]

Notation 10.3.18. We identify Cg with a (closed) subgroup of C; via the embedding 1, g, noting
Lemma 10.3.17.

As a consequence of Lemma 10.2.16, we have that ]Igal(” K) = 1 for any finite Galois extension
L/K. We claim that the same holds for ide¢le class groups.

Lemma 10.3.19. Let L/K be a finite Galois extension of global fields. Then Cgal(u K) = Cg.
Proof. We have an exact sequence of modules for G = Gal(L/K) given by
0-L*->1, >C; -0,
and this gives rise to a long exact sequence starting
0-K*—>Ig->C¢->HYG,L.

Since the latter group is zero by Hilbert’s Theorem 90, the resulting short exact sequence yields the
result. =

Since the ideles are the units in the adele ring, the norm map on adele ring is immediately seen to
define a norm map on the idele group. Continuity of the norm follows from Lemma 10.1.4, as with
adeles.


https://www.math.ucla.edu/~sharifi/notes/groupcoh.html#thm:Hilbert_thm_90_cohom
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Definition 10.3.20. Let L/K be an extension of global fields. The norm map Ny jx: 1; — Ik is the

homomorphism that is the restriction of Ny g : Ay —» Ag.

Since the norms of principal ideles are principal, we may make the following definition.

Definition 10.3.21. The norm map Nk : C; — Cg is the map induced on quotient groups by the

corresponding norm map on idele groups.

Remark 10.3.22. The norm map is continuous on idele groups and idele class groups.

10.4 Statements

The reciprocity map in the idele-theoretic approach to global class field theory is constructed out of the
local reciprocity maps of the completions of the global fields in question. We provide the preliminary

results to its construction.

Lemma 10.4.1. Let K be a global field, let L be a finite abelian extension of K, and let a € Lg. Then
P, k,(@,) = 1forall places w lying over v for all but finitely many places v of K.

Proof. All but finitely many v are unramified in L/K and for all but finitely many v, the valuation
v is nonarchimedean and «, is a unit in its valuation ring ©,. Since p; ,k (O7) is contained in
the inertia subgroup of Gal(L,,/K,) for any v and this inertia subgroup is trivial in an unramified

extension, we have the result. ]

Remark 10.4.2. Suppose we start with a global field K and a place v of K. Consider the canonical
map from G%‘v to a decomposition group D,, in G& at a place w over v. (Note that, while the map
Gk, < G identifying Gg ~with the decomposition group at a place of K*P is injective, the map
G - GR it induces may not be.) The resulting map G — G¥ is independent of the choice of w
since conjugation by an element of G‘}{b is a trivial automorphism of G&%. We may then view the local

reciprocity map as producing global elements via the composition

PK ~
K = G® 5D, GP
v

that takes @ € K to p Kk, (@), and since all of the maps in the composition are independent of w,

this map is as well.

The following lemma is now an immediate consequence of Remark 10.4.2.
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Lemma 10.4.3. Let L/K be a finite abelian extension of global fields, let v be a place of K, and let
a € K. The quantity

Pk, (@)L € Gal(L/K)

for a place w of L lying over v is independent of w.

Lemmas 10.4.1 and 10.4.3 allow us to define the reciprocity map for a finite abelian extension of
global fields.

Definition 10.4.4. Let L/K be a finite abelian extension of global fields. The (global) reciprocity map
for L/K is the homomorphism ®; g : Ix — Gal(L/K) defined by

b xa) =[] ok, (@)L,

veVg

where for each valuation v of K, we have chosen a valuation w of L lying over v.

We note the following compatibility among the global reciprocity maps.

Lemma 10.4.5. Let K be a global field, and let L and M be finite abelian extensions of K with L C M.
For every a € g, we have @ g (a) = &y k()L

Proof. For each v € Vg, we choose w € V; lying over v and u € P,; lying over w. By property

(ii) of local reciprocity, we have

PrL,k, (@) = Py, ik, (@)L s

and the result is then an immediate consequence of the definition of the global reciprocity map. [
Corollary 10.4.6. Let K be a global field. Then for each a € g, the quantity
m ¢ L /K((X),
L

with the inverse limit taken over finite abelian extensions L of K with respect to restriction maps, is

well-defined.

We may therefore make the following definition.

Definition 10.4.7. Let K be a global field. The (global) reciprocity map for K is the homomorphism
$p: Ix —> G given by
g = % @k

where the inverse limit is taken over finite abelian extensions L of K with respect to restriction maps.
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Remark 10.4.8. For ¢ € [, we have

Py (a) = % ®;/k(a) =lim n Pr,/k, (@)L

veVg
= n (m pLW/KV(aV))lKab: n Pk, ()|,
veVg L, veVg

where the first two inverse limits run over the finite abelian extensions of K and the third runs over the
completions of the finite abelian extensions of K at a fixed prime of K over v.

Our key result is now a reworking of Artin reciprocity.

Theorem 10.4.9 (Global reciprocity). Let K be a global field.
a. We have ®g (a) =1 forall a € K*.

b. For every finite abelian extension L of K, the reciprocity map ®; k is surjective with kernel
K*Np g (Ip).

In other words, the global reciprocity map factors through the idele class group.

Definition 10.4.10. Let K be a global field.

a. The global reciprocity map ¢ : Cx — G is the homomorphism induced on the quotient C g
of [ x by the global reciprocity map ®x on ideles.

b. The global reciprocity map ¢,k Cx — Gal(L/K) for L/K is the composition of ¢ with
restriction to Gal(L/K).

The following is then just a rewording of global reciprocity.

Theorem 10.4.11. Let L/K be a finite abelian extension of global fields. The global reciprocity map

¢ 1k induces an isomorphism

Remark 10.4.12. For a number field K, the reciprocity map ¢ is surjective, and its kernel is the
connected component C of 1 in Cg. This connected component is the closure of the image of the
subgroup of I x consisting of ideles that are zero in all nonarchimedean coordinates and positive in all

real coordinates.

We have the following compatibilities between reciprocity maps, which are quickly derived from

the analogous result in local reciprocity.

Proposition 10.4.13. Let K be a global field, and let L/K be a finite separable extension. Then we

have the following commutative diagrams:
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Cy, L) Gib

JVNL/K JRL/K

Cx 2 G,
a.

where Ry i is the restriction map on Galois groups,

where the map 1y k is induced by the natural injection map 1y — 1, and

c. for any embedding o: L - K*P,

cL—2 G

Jo ¢ o

o(L)
Co() — G,

where the map o* is induced by conjugation by o.

Proof. We prove only part a, in that parts b and c is similar. For 8 € C;, we have

¢LBlgw = ] pr,Blxw = [] [0, Bk =[] 10k, Ve, sk, Bk

weV, veVg wly veVig wly

= ] px, N2 ((Bu)win)) g = ¢x (N B),
VEV[(
where Remark 10.4.8 is used in the first and last equality and Proposition 9.2.7 is used in the third
equality. ]

Much as in the case of local class field theory, we have a one-to-one correspondence between norm
subgroups of Cg and finite abelian extensions of K. That norm subgroups are open follows by the
same arguments as in the case of local fields.

Theorem 10.4.14 (Existence theorem of global CFT). The open subgroups of Cg of finite index are

exactly the norm subgroups Ny ,x C; with L a finite abelian extension of K.

The following consequences of the global reciprocity law and existence theorem can then be ob-
tained much as before.
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Proposition 10.4.15. Let K be a global field. For finite abelian extensions L and M of K, we have the
following:

a. NpjkCpnNykCar = NeprixCrms
b. NpjkCr - NyykCar = Nk CrLam, and
¢. NpkCpr € NpxCypifand only if L € M.

Theorem 10.4.16 (Uniqueness theorem of global CFT). Let L and M be distinct finite abelian exten-
sions of a global field K. Then Ny ;x C; # Ny gk Cyy.

10.5 Comparison of the approaches

In this section, we compare the ideal-theoretic and idele-theoretic approaches to global class field
theory for number fields. For this, we begin by comparing ideal groups with groups of ideles. This

requires a good deal of notation.

Notation 10.5.1. Let K be a number field, and let m be a modulus for K. For a finite place v such that
the associated prime ideal p divides mg, set m,, = v(my). For a real place v such that the associated
absolute value divides m,, set m,, = 1, and let U; (K,) denote the positive real numbers in K, = R.

For exactly those v of either sort, we say that v divides m and write v | m.
Definition 10.5.2. Let K be a number field and m a modulus for K.
a. The m-idéle group is the open subgroup I¢ of I given by

Ig ={a €lgla, €U, K,) foralv|m}

b. The congruence subgroup of 1} with modulus m is the open subgroup

Wy =[] Un (&) x [] O
veVg veVg

v|m vim

Proposition 10.5.3. Let K be a number field and m be a modulus for K.

a. The homomorphism i : Ig — I¢ given by

ey =[] o'

ve VKJ

vim

is surjective with kernel W.,.



10.5. Comparison of the approaches 237

b. The inclusion of 1¢ in I g induces an isomorphism

llné: ]I[n%/Km,l ; (CK

Proof. That 7 ¢ is surjective is immediate from the definitions, since elements of I ¢ have arbitrary
coodinates (with all but finitely many unit coordinates) for v } m. The kernel is also clearly W, , as the
requirement that an element of I lie in the kernel is exactly that it be a unit in all finite v not dividing
m. This proves part a.

As for part b, note that K* n I = K, |, since the condition that @ € K* lie in I¢ is exactly that it
lie in each U,, (K,) forv | m, which is to say that it lies in K, ;. For a € I, we may choose b € K*
such that a,b~! € U, (K,) for all v dividing m by weak approximation. It follows that ab™! € I
and therefore that a € IgK™. Since this tells us that [ = IR K™, the map 1} is onto. ]

Notation 10.5.4. Let us use ng to denote the composition
ng=age(p) ! Cx - Clg,

where 7 : I /K, | - Clg is the surjection induced by 7%, and where 7% and 1} are as in Propo-
sition 10.5.3.

The following now gives the comparison between the Artin map y/ ' x : Clg - Gal(L/K) for
an abelian extension L/K with defining modulus m and the global reciprocity map ¢, x: Cx —
Gal(L/K).

Theorem 10.5.5. Let L/K be a finite abelian extension of number fields and m a defining modulus for
L/K. Then

¢L/K = W?/[( ° 77]”}

as maps from Cg to Gal(L/K).

Proof. Choose an idele class in Cg, let o € I represent it, and let a € I¢ be the product
a = l—[ px(a‘})’
VEVK‘f
vim

which implies that [a], = nE([a]). We have

vl = [] wixed¥ @ = [] ¢nLiK) @ = [ pr (@), (105.1)

VEVKJC VGVKJC VEVKJ‘

vim vim vim
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Now, note that the conductor 7, x divides m and that, by Proposition 7.4.21, we have f; x O, =
fr,/k,- Since for any finite v dividing m and w a place of v lying over it we have by choice of a that
a, = 1 mod f; ;g ., the definition of the local conductor tells us that p; ,x (a,) = 1. Moreover, if
T is a real embedding such that | |, divides m, we have that t(«a,) > 0, so PrL,/k, (@) = 1 as well.

Therefore, we have
l—[ pr/Kv(av) = l_[ pr/Kv(av) =&, k(a),

VEVKJ. ve VK
vim
and this together with (10.5.1) yields the result. [

Remark 10.5.6. The global reciprocity map is defined a product of local reciprocity maps and com-
putes the Artin maps for all finite abelian extensions. The Artin maps avoid much of the difficulty of
ramification, as they arise from ideal groups that exclude ramified primes. The connection with local
reciprocity is then much weaker, as one only sees the local maps for unramified extensions, whereby
any uniformizer is taken to the unique Frobenius in the Galois group of the local extension. In that
sense, the Artin maps then miss much of the complexity of the maps of local class field theory, which
on the other hand is seen in the idelic viewpoint.

Let us end this section by examining the case of class field theory over Q.

Example 10.5.7. Let us verify the global reciprocity law for Q via our computation of the local
reciprocity map over Q,,. The computation is given in Proposition 9.5.8, and we use it repeatedly.
Let p be a prime and k > 1. By the Kronecker-Weber theorem, it suffices to demonstrate that each
$ carries —1 and each prime number ¢ to Galois elements that act trivially on a primitive p¥th root
of unity & .
For all primes g ¢ {p, ¢}, we have that qu(Q) fixes épk. Also, since € > 0, we have pg (¢) = 1.
If € = p, then we have

B (0)(S ) = P, (0)(E k) = i
On the other hand, if ¢ # p, then we have

PO (G0 = pa,(0) - pg, (O(£p0) = o, (05 = ¢,

As for —1, we have that qu(—l) fixes ¢« for all g # p, that pQP(—l) inverts ¢, and that pg (—1)
is complex conjugation, so

P (=1)(5p) = pr(=1) - pg, (=D(&p0) = pr(=D() = § .
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Remark 10.5.8. Recall that we did not actually prove Theorem 9.5.9 that the map constructed in
Proposition 9.5.8 equals the local reciprocity map PQ, Via the argument of the last lemma, noting
that local reciprocity maps for unramified extensions will be trivial on units and take uniformizers
to the Frobenius element, we can actually use the global reciprocity law to give a short proof of this

theorem.

Example 10.5.9. We refer to the subspace

of I as the group of finite ideles. Note that
1 x
Ig = ]IQ x R*.
Since R is the kernel of pg, the map ®¢ factors through ]I{(CQ x {+1}. We have
Ig/Q Ry = (I x {+1})/Q* = 1,/Qs,.

Now, consider the map ]% - Q. that takes a finite id¢le to the unique positive generator of the ideal

to which it gives rise: that is, « is taken to [ | » pVP(aI’). This is surjective with kernel

z =[]z

P

and splits the natural inclusion Q. — HJZ}' In other words, we have an identification

HQ/QXR>O = ZX’

and the global reciprocity map ¢q: Cq - G'?Q!3 factors through 7"

~ X
The resulting map ¢: Z - G%ﬁ is the inversion of the inverse map to the cyclotomic character

Ve G%’ — 7. That is, we have
$a)(¢) = ¢a

foralla = (a e 7" and roots of unity ¢. To see this, note that if £« is a primitive pkth root of

)
p'p
unity for some prime p and k > 1, then Theorem 9.5.9 and our definition of ¢ imply that

(@) (£ ) = pa, (@) (§0) = ¢4

pk

where we may make sense of a~! modulo p¥. In particular, ¢ is an isomorphism, so the image of R,
is the kernel of ¢q.
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10.6 Cohomology of the ideles

Let L/K be a finite Galois extension of global fields with Galois group G. For a place w of L, let G,,

denote the decomposition group of w in G.

Lemma 10.6.1. Let v be a place of K and u denote a fixed place of L lying over it. We have isomor-
phisms of G-modules

Indg (Ly) = [[L; and Indg (OF) =[]0O5.

wlv wlv

Proof. The elements o € G induce isomorphisms o : L, = L, of K-algebras that in particular

preserve valuations. The maps are then the restriction of the map
Indgu (L,) = ZIG] ®z6,) Lu > HLW
wlv

induced by the biadditive map taking (o, B) for o € Gand g € L, to 6(B) € L,,). That this is
well-defined follows from the fact that if ¢ = ¢t for some T € G, then (o, ) and (¢’, T(B))
map to the same element. It is then easily seen to be an isomorphism of G-modules, and then the

restrictions are isomorphisms as well. ]

By Lemma 10.6.1 and Shapiro’s lemma, we have isomorphisms

A(G, L = I:Ii(G, [Tes) and (G, 0% = Hi(G, [To:)
wlv
for alli € Z. Together, these enable us to describe the Tate cohomology groups of the idele group I; .

Notation 10.6.2. For a finite set of places S of K, we set

Is=[1]12s <[] ]]O%

veS wlv VES wlv

Remark 10.6.3. We have I; = lim I; g, where S runs over all finite subsets of Vi, with the injective
maps induced by inclusions of sets of places. We can of course use any cofinal set of finite sets of
places here.

Proposition 10.6.4. Let S be a finite set of places of K containing the archimedean places and those

places that ramify in L/K. We have isomorphisms

H(G, 1,5 = PHG,,L)

veS

foralli € Z, where w denotes a choice of place over v € S.
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Proof. As Tate cohomology commutes with products by construction, we have

H(G 19 = []8 (6] L)< [1#'(c.]]1o3)
vesS wlv V¢S wlv

= [[& (G L) x [ H (G O3,
vesS VES
where in the latter step we have fixed a place w over each place v € V. Since each v ¢ § is unramified
in L, we have i (G,,,Or,) =0foralli € Z by Lemma 9.1.6. The result follows. O]

By (9.2.1), Hilbert’s Theorem 90 and via the isomorphisms given by the local invariant maps, we

have the following.

Corollary 10.6.5. Let S be a finite set of places of K containing the archimedean places and those
places that ramify in L/ K. We have II:IO(G, ]IL’S)I = Hves |G,, |, the group H(G, ]IL’S) is trivial, and

1

H?(G,1 = —
(G, 1) @|GW|

vesS

7|7
for any choice w of place of L over v € §.

Proposition 10.6.6. We have . _
H(G.1I)= @ H(G,.L;)

ve VK

foralli € 7, where w denotes a choice of place over v € V.

Proof. It follows from Remark 10.6.3 that

A'(G.1;) =lim A'(G. 1, ).
S
where S runs over the finite sets of places of K containing the archimedean places of K and those

places that ramify in L/K. By Proposition 10.6.4, we then have
H'(G.1) =lim [[B' (GwLy) = @ H(G,.L).
veS veVg
Again, we have the following.

Corollary 10.6.7. We have H' (G, 1 1) = 0and

H*(G, 1) = P %Z/Z.
veVg Mw
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10.7 The first inequality

We will restrict our proofs of the reciprocity laws of global class field theory to number fields. We
remark that the proofs we give carry over with little-to-no change to the function field setting for
extensions of degree prime to the characteristic, but the proof of the second inequality in the case of
equal characteristic requires some additional work.

So, we now let L/K be a finite Galois extension of number fields, still with Galois group G. Our
interest is in the G-cohomology of C; , in that we would like to define invariant maps that make it into
a class formation. Recall that we have a surjection I; — I; taking an idele to the fractional ideal it
defines, and this map induces a surjection C; — Cl;.

We will use S to denote a finite set of places of K, which we consistently suppose contains the
archimedean places of K. (In the function field setting, S should be taken to be nonempty and the

class group considered below should be replaced by a certain divisor class group.)

Lemma 10.7.1. Suppose that S contains a set of finite places generating the ideal class group of O .
Then I[K = I[K,SKX.

Proof. The kernel of the surjection [ — Ix is generated by the product of the local units at finite
places and local multiplicative groups at infinite places, so the kernel of Cx — Clg is as well. We
then note that the class group is generated by the classes of the chosen set of finite representatives p,
and these are the images of ideles in [ x ¢ that are 1 in places but that for p and the uniformizer at the
prime. Thus Ix/Ix ¢K* = 0. (Since we take O}, = L;, for archimedean places w, it is not strictly
necessary to include these places in our set.) [

Definition 10.7.2. The ring of S-integers O g of K is the set of elements of K that lie in the valuation

ring at all nonarchimedean places of K not in S. The S-unit group of K is O .
Remark 10.7.3. We have [x ¢ n K* = O% .

Notation 10.7.4. We use @ ¢ to denote the S, -integer ring of @, where S; denotes the set of places
of L lying over those in S.

We have the following extension of Dirichlet’s unit theorem. It also holds for function fields,
though we restrict to the case of number fields.

Proposition 10.7.5. For a finite set S of places of a number field K containing its archimedean places,

we have
rank, @;(’S =15] - 1.
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Proof. By Dirichlet’s unit theorem, we know that ranky O = r{(K) + r,(K) — 1, one less than

the number of archimedean places of K. We have an exact sequence

ZveSf v
1> 0% > 0ks — P z,
VESy
where Sy denotes the set of finite places in S. It then suffices to exhibit an S-unit with nonzero additive
valuation at a given v € Sy and trivial valuation at all other finite places of K. For this, note that
some power of the prime p corresponding to v is principal, and any generator is then an S-unit with

the desired property. [
As with local class field theory, much can be gained from the study of cyclic extensions.
Theorem 10.7.6. If L/K is cyclic, then h(C;) = [L : K], for G = Gal(L/K).

Proof. Let S contain the ramified places in L/K and a set of finite places lying below primes

generating the ideal class group of © ;. We have C; = I; /O] ¢ by Lemma 10.7.1. Thus, we have

Now, consider the R-vector space V with basis the elements of the set S; of places of L over those
in S. Let G act on V by its canonical permutation of the standard basis. Consider its Z[G]-submodule
A generated over Z by the standard basis of V. We have A = P
to denote a place over v. Then

ves Indgw (Z.), where w is again used

h(A) = [ 1(G,. Z) = [] n..

veS vesS

where n,, denotes the local degree of L/K at a prime over v.

We define a second lattice as follows. We have the homomorphism ¢; ¢: O} ¢ — V given by

QL,S(ﬂ) = (1Og "ﬁ”w)weSL'

By Corollary 4.4.2, we have that ker ¢; g is finite and, by the product formula, the image BO of ¢ LS
is contained in the hyperplane V° of elements that sum to zero. The O] s is the rank of OF plus
the number of finite places in S, as some power of any finite prime is principal, and from this and
Theorem 10.7.5, we see that BY must be a complete lattice in the hyperplane V.
Letx = (1),es5, € VG, and set
B=17Zx+B°,

which is a complete lattice in V. We have an exact sequence of G-modules

0-BY>B->Zx-0,
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so h(B) = h(BOh(Z) = ”h(@z,s)- On the other hand, any two complete lattices in a finite-
dimensional R-vector space are isomorphic upon tensor product with Q, from which one can see
that their Herbrand quotients are equal. Thus we have h(A) = h(B), which tells us upon application
of Corollary 10.6.5 that
hO} g) = %h(A) = % [Tn-
vesS

Combining this with our computation of 4(I; ) yields the theorem. O]

As a corollary of this, we obtain what is known as the first inequality of global class field theory.

Corollary 10.7.7 (The first inequality). For any finite cyclic extension L/K, we have [Cg
NpgCpl=I[L: K]

Proof. The quantity on the left-hand side of the inequality is the order of A O(G, C.), which is a
multiple of the Herbrand quotient. [

The following is a simple consequence of the much stronger Cebotarev density theorem. We prove
it using the first inequality.

Corollary 10.7.8. Let L/K be finite abelian and S be a finite set of places of K containing the
archimedean places and the ramified places in L/K. Then G is generated by the Frobenius elements

in G of places not in S.

Proof. We may by enlarging S suppose that it contains a set of representatives of the class group
of K. Let E be the fixed field of the subgroup of G generated by the Frobenius elements of nonar-
chimedean places not in S. Then for any v ¢ S and place w lying over v in G, we have that the local ex-
tension E,, /K, is trivial, and in particular that Ng g E;, = K. Thus, we have that Ng x I g = Ig g,
and by Lemma 10.7.1 we have that K*I g ¢ = I, so Ng;xCg = Cg. This implies the same equality
with E replaced by any cyclic subextension, and then by the first inequality, such an extension must
be trivial, so E = K. OJ

We leave it to the reader to prove the following additional consequences in a similar fashion, using
Corollary 10.7.8.

Corollary 10.7.9. Let L/K be cyclic of prime power degree. Then there exist infinitely many primes
of K that remain inert in L/K.

Corollary 10.7.10. Let Ly, ...,L, be cyclic extensions of K of prime degree p such that each L; is
disjoint from the compositum of the L; for j # i. Then there are infinitely many primes of K that are
inert in L and split completely in L; for i > 2.
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10.8 The second inequality

We turn to the opposite inequality, known as the second inequality, for general Galois extensions of
number fields, beginning with Kummer extensions of prime exponent.

For now, let us fix n > 1. For a subset 7" of S, we set

gr=[] Kxx[]| K" <[] O

veS-T veT VES

Lemma 10.8.1. Suppose that p,, C K and S contains the primes dividing n. Let T be a finite subset
of S, and set A = K* NIy and L = K(AY"). Then L/K is unramified outside of the places in S — T
and completely split at the places in T.

Proof. It suffices to see that for all a € A, the extension Kv(al/ ")/K, is unramified if v e S - T
and trivial if v € T. If v ¢ S, then a € O%, so K,,(a'/")/K,, is tamely ramified, being of prime-to-p
degree. Its is moreover unramified as the group (a)K,"* contains no mth power of a uniformizer of K,

for m properly dividing n. If v € T, then a € K", so clearly K, (a'/") = K,,. [
The following simple group-theoretic lemma will be of use to us shortly.
Lemma 10.8.2. For subgroups A, B, and C of a group with A < B of finite index, we have

[A:B] =[AC:BC][AnC:BnC].

Proof. By the second and third isomorphism theorems and the fact that A < B, we have
AC _AC/C _ A/(ANnC) N A N A/B
BC  BC/C  (AnBC)/(AnC) (AnC)B  (AnC)B/B’
and AN C)B/B=(AnC)/(Bn (). []

Lemma 10.8.3. Suppose that p,, C K and S contains the primes over n and a set of representatives
Jor Clg. Let S be a subset of S and S, = S = Sy. Let A; = K*nJ g and L; = L(A}/”)fori e {1,2}.
Then

a. 5751 QNLZ/KI[Lz and E7S2 QNLI/K]ILI"md

b. [CKZKXgSI][CKZKngz]:[LI K][LzK]
Proof. For part a, let ¢ = (), € Wsi with i € {1,2}. Letj be such that {i,j} = {1,2}, and let
E = L; for brevity. Forv € §;, we have a,, € K;". By the the local reciprocity law, the quotient of

K7 by the norm group N g Ey, for w | v has exponent dividing n, so therefore a,, lies in it. Any
v € §; splits completely in E/K, so a,, is automatically a local norm for all places w | v. Forall v ¢ S,
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the extension E/K is unramified at v, and a, € @},. Since the local extension is unramified, its norm
group contains @} (and in fact is generated by it and the uniformizer of K, to the power of the residue
degree of the extension). Thus, @ € Ng, g Ig. Thatis, we have 75 C Ng k1.

As for part b, by Lemma 10.7.1 and the group-theoretic equality of indices that is Lemma 10.8.2,

we have

[lks:Ts,] ks : s,
g : KT ] = [KTgg: K*Tg ] = — 7 [0 AT
[Tg 5,1 =K1k 51 [K*nlgs:K*NnTg] [Okg: Al

Note that
Ixs/Ts, =[] K:/K",

VES]
For a place v over p we have
(K} K3"] = n? - |51,

since K); = Z x u(K,) x ZLKV:Q”] by Propositions 6.3.4 and 6.3.9 and p,, € p(K,). In fact, for
any place v, we have we still have the equality, noting that the only archimedean places for n > 3 are

complex. Letting s = |S|, we then have
Mg Tsgs: T, =n2 [[Inlyt =n2 [ Inl, = n?
vesS veS

by the product formula and the fact that every place that divides n and all archimedean places lie in S.
We also have [O s : O'¢] = n® by Proposition 10.7.5 (which says that O% ¢ = 75"V x u(K)),
and [A : O'] = [L; : K] by Kummer theory. Thus,

[O%.s: M1O% s Ayl =n>([Ly : KI[L, : K17,

and we then have

HIxs:Ts ks Ts,]
[@;(,S : Al][@;(,s P A,

[Ig : K*T g 11g : K*Tg,] = = [L; : K][L, : K],

as claimed. ]

We now specialize to the case that n equals a prime p.

Proposition 10.8.4. Let K be a number field that contains the pth roots of unity for a prime p. Let
L/K be finite abelian of exponent p. Then [Cg : Ny ,xC, ] divides [L : K].

Proof. Let k be such that [L : K] = pX, and letay, ...,a; € K* be such that L = K(ai/p, ,a,lc/p).
We aim to construct finite disjoint sets §; and S, of primes such that § = S; US, satisfies the conditions
of Lemma 10.8.3 with K*7g, = I and L, = L. We will then have [Cg : Ny ,xCy ] =1, which by
the first inequality forces L; = K, and Lemma 10.8.3 then implies the desired divisibility.
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To start, choose S to consist of the archimedean places, the primes over p, a set of representa-
tives of Clg, and every finite place v such that v(a;) # O for I < i < k. Then K*Ix g = Ig by
Lemma 10.7.1, and a; € Ok ¢ for 1 < i < k. Letby,...,b, € Ok ¢ be such that the images

of ay,...,ay, by,...,b, form a basis of @;(’Sl /@;551' Now, by Corollary 10.7.10, we may choose
S> = {vy,...,v;}, where for each v; splits completely in L/K, remains inert in K (bi1 /p )/K, and splits

completely in K(b} IPyJK forj # i.
Recalling that we have set n = p, we have

— xp
I[K,SlmgSz_ l_[K:;x l—[ @v Xn@:
vesS, veS, veS

We then have
t
Igs, /(Iks, NTs,) = n O3 /10,
i=1

and since the residue characteristic of K, is not p and u,, ¢ K7, we have O / O = Z/pZ. Note
that b; € Ig s, and for 1 < i,j < ¢, we have b; ¢ @\x,f’ if and only if i = j. Thus, the images of the
b; generate I ¢ /(Ix g N Tg,). Since the b; lie in K, this tells us that K*T g = K*[g g = g, as
desired.

Next, note that

gSz c I[K,SI]III){ = ]IK,SI (KX]IK’SI)p - I[K’SIKXP

by what we have just shown. In particular,
Ay =T5, NK*C @;(’SIKXP,

and A,K*P/K*P is generated by the S;-units that are locally pth powers at all v € §,. Recall that

K., K*P/K*P is generated by the images of a, ..., a, by, ..., b;. Since each v; splits completely in
the subfield K(a} /Py of L, we have that a; € ©,F,s0a; € A, for 1 <i < k. On the other hand, any
non-pth-power in (bq, ..., b,) has nontrivial image in @“:j/ @:f for some j, so does not lie in A, K*P.
Thus, the images of the a; generate A, K*”/K*P, which is to say that L, = L. ]

We now turn to more general extensions, no longer supposing y,, C K.

Lemma 10.8.5. For any finite extension L/K, the index [Cg : Ny ,xC, ] is finite and divisible only
by primes dividing [L : K].

Proof. Once we have finiteness, the divisibility statement follows from the fact that for any a €
Ck, we have oK1 € Ny, C; . For finiteness, we may suppose that L/K is Galois, since the norms
of idele classes from the Galois closure of L to K will also be norms from L. By Lemma 10.7.1, we
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may find a finite set of primes S of K containing the primes that ramify in L such that I, = I, ¢L*
and [x = [x ¢K*. Then

[Ck ‘NL/K(CL] = [Ig - KXNL/K]IL] = [KX]IK,S : KXNL/K]IL,S]
<[Igs:Npxlpsl = l—[[Lw Ky,

veS

where w is any place of L over v, with the last equality by Proposition 10.6.5. ]

For brevity, for a finite extension E/F of number fields, we let ng,r = [Cp : Ng,pCgl.

Lemma 10.8.6. Let M /K be a finite Galois extension and L an intermediate field. Then ny; g divides
My Ll K-
Proof. Note that

nyk = [INLikCr  Nyyx Cylng k-

The map Ny g induces a surjective map
Cr/NyjrCpr = Nk Cr/Nayyk Cag
SO [NL/KCL NM/KCM] diVidesnM/L. D

The following is then immediate from the multiplicativity of degrees of field extensions.

Corollary 10.8.7. Let M /K be a finite Galois extension and L an intermediate field. If npy,p | [M : L]
andnL/K | [L : K], then nM/K | [M : K]

Theorem 10.8.8. Let L/K be a finite Galois extension of number fields with Galois group G. Then
I:IO(G, C,) and H?>(G, C;) have order dividing [L : K], and H' (G, C,) = 0.

Proof. By Lemma 9.1.12 applied in the cases (i,r) = (0,1), (1,0), (2, 1) in that order, the result
follows for arbitrary Galois extensions from the case of cyclic extensions of prime degree. So, suppose
that L/K is cyclic of degree a prime p. If we can show that n; x = IFIO(G, C;)| divides p, then the
2-periodicity of Tate cohomology and Theorem 10.7.6 give the result.

By Lemma 8.2.3, we have that ny g | ML) /Ko and by Lemma 10.8.6, we have that

L) /K L (,) 1K () K () K

Since MK () /K is prime to p and n; g is a power of p by Lemma 10.8.5, we have that n; ,x divides
nL(#p)/K(”p), which is P by PropOSition 10.8.4.
[]
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Corollary 10.8.9 (The second inequality). For any finite Galois extension L/K, we have

[Ck : Nk Crl < [L:K].

From the fact that H' (G, C,) = 0, we obtain the interesting consequence that in cyclic extensions,

global elements that are local norms everywhere are global norms.

Corollary 10.8.10. Suppose that L/K is cyclic. If a € K* and a € Ny Ly, for some w | v for all
places v € Vi, thena € N ;g L”.

Proof. Since H' (G, C;) = 0, the map
H*(G,L*) » H*(G,I;)

is an injection. Since G is cyclic, we have that the corresponding map on Oth Tate cohomology groups

is injective as well. In other words, the map

KX/NL/KLX g @ KX/NLW/KVL;(V

VEVK

is injective, noting that the norm group for L,, /K, is independent of the choice of w | v (as L/K is

Galois). This is exactly what was claimed. ]

10.9 The reciprocity law

We continue to let K denote a number field and S a finite set of places of K containing the archimedean
places. In this section, we use L to denote a finite abelian extension of K with Galois group G.
As noted in the proof of the Corollary 10.8.10, the triviality of H! (G, C, ) implies that the map

Br(L/K) = H*(G,L*) - H*(G,1;) = ®Br(L, /K,)
veS
is injective. In the direct limit over all Galois extensions L of K, we obtain an injective map

Br(K) - & Br(k,).

ve VK
Letususeinv,: Br(K) — Q/Z to denote the composition of the map Br(K) — Br(K,) with the local
invariant map invg . (Here, invg is the unique injection of the group Br(R) of order 2 in Q/Z.) We
see from the fact that Br(K) maps to the direct sum that
Z inv,: Br(K) » Q/Z

ve V[(
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is well-defined. We will show that this map is zero.

In the following, we also use the notation inv,, to denote the composition

invg,,
inv,: H>(G,1,) - Br(K,) —" Q/Z.

Lemma 10.9.1. For a € [ and y € Hom(G, Q/Z), we have

Z inv,(a Udy) = x(®r,k(a)),

veVg
where §: H' (G, Q/7Z) = H?(G, Z) is the connecting homomorphism for0 - 7. - Q - Q/Z - 0,

and a denotes the class of a in H 0(G, I;).

Proof. By definition and the compatibility of cup products with restriction, we have
inv (@ Udy) =invg (@, Udy,),

-0
where @, denotes the image of &, in H (G,,, Ly,) for a place w over v, where y,, € H'(G,, Q/Z) is the
restriction of y to the decomposition group G,,, and where § continues to denote the corresponding

connecting homomorphism. By Proposition 8.1.10, we have that

invg (@, Udx,) = xv(pL, ik, (@)

By definition of ¢, x and the fact that y is a homomorphism, we have that

X(@pk(@) = Y xupr, (@),

veVg

hence the result. [

From the global recirpocity law for Q, we may easily prove the global reciprocity law for cyclo-

tomic extensions.

Lemma 10.9.2. Let L be an extension of K contained in K (uuy) for some N > 1. Then @ k(a) = 1
forall a e K*.

Proof. For E = Q(pp), we have ¢ ,k(a)lg = ®Pr/g(Nk,q(a)) by part a of Proposition 10.4.13.
Since the restriction map G — Gal(E/Q) is injective, we are reduced to the already proven reciprocity
law for Q. O]

Lemma 10.9.3. Foranyn > 1, let S denote the set of places of K dividing n and all real places. Then
there exists a cyclic extension L of K contained in K (uy) for some N > 1 such that the local degree
of L/K is divisible by n for all v € Sy and is equal to 2 for all real places of K.
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Proof. Without loss of generality, we may suppose that 2 divides n. Let n = p? ka be the
prime factorization of n. If p; is odd, let L; be the maximal pro-p subextension of the field given by
adjoining to K all p;-power roots of unity. Otherwise, let L; be the extension of K given by adjoining
¢ — ¢~ for all 2-power roots of unity . The unique degree 2 subextension of the latter field has no
real places. For each i, the completions of the fields L; at places v € S, are infinite pro-p; procyclic
extensions. In particular, the compositum L of the fields L; is a procyclic extension of K that contains

a finite degree extension that is the desired subfield. [

We require the following simple cohomological lemma, the proof of which is left to the reader.

Lemma 10.9.4. Let G be a finite cyclic group of order nand y : G - Q/Z be an injective character.
Let 8 be the connecting map for 0 -» Z - Q - Q/Z — 0. Let g be a generator of G, and let u, €
I:I_z(G, Z.) be as in Proposition 1.10.3. Viewing I:IO(G, Z) and 7. |nZ., and letting y: G - Z/nZ

be the isomorphism obtained from y by multiplication by n, we have

ugUSy = x(g) € Z|nZ.

In other words, we have the following, the map being inverse to cup product with u, for a generator
g € Gwith y(g) = %

Corollary 10.9.5. Let G be a finite cyclic group of ordernand y : G —» Q/Z be an injective character.
Let § be the connecting map for 0 - 7. - Q - Q/Z — 0. For any G-module A and and i € 7., the
map

H(GA) - BG4, co-dyuc

is an isomorphism.

Proposition 10.9.6. The map ) VeV, inv,: Br(K) - Q/Z is trivial.

Proof. Let § € Br(K), and let n be the least common multiple of the orders of the elements
inv,(B) for v € Vg. Let S contain the places where inv,(f) is nonzero, and let L be as in
Lemma 10.9.3. Then for each v € S, the group Br(L,,/K,) sits in Br(K,,) as as a cyclic subgroup of
order a multiple of n, and hence it contains the image of g. It follows that g € Br(L/K). Since L/K
is cyclic, we have an injective character y : G - Q/Z. Corollary 10.9.5 then tells us that there exists
b € K* such that such thatb U § y = . By Lemma 10.9.1, we have

Y v, (B) = x(®pk (D)),

and ®; /x (b) = 0 by Lemma 10.9.2. [
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We can now prove that the global reciprocity map factors through Cg-.

Corollary 10.9.7. We have ®g(a) = 1 forall a € K*.

Proof. It suffices to show that ®; ,x (a) = 1 for all finite abelian extensions L/K, and for this, it suf-
fices to show that y (@, ,k(a)) = O for all characters y : G — Q/Z for all such L. By Lemma 10.9.1,
the latter quantity equals ), v, vy (@au éy), but this is zero by Proposition 10.9.6. [

Note that for any finite extension L of K, we have an injection Cx - C; by Lemma 10.3.17. We
aim to construct an invariant map inv: H?(Gg, Cgs) = Q/7Z to show that C gsep = lim, C, together
with the invariant maps associated for finite separable extensions of K forms a class formation.

Since since H!' (G, C;) = 0 and

H*(G,1;) = P Br(L,/K,),

veVg

the latter by Proposition 10.6.6, we have an exact sequence

0 - Br(L/K) > P Br(L,/K,) - H*(G,Cy).

ve VK
Recall that we have an isomorphism

1

—7 /7,
TNt

inVLW/Kv: Br(Lw/Kv) =

where G,, is the decomposition group at any w | v. The sum of these local invariant maps

1
Z inv, /x : E@Br(L,/K,) - @Z/Z
vesS

veVg

is surjective due to the existence of an inert prime w over some v € V. Let

— 1
anL/K: HZ(G, ]IL) - @Z/Z

denote the composite map. By Proposition 10.9.6, we have that Br(L/K) is contained in the kernel of

inv, k- That is, inv, sk factors through a surjective global invariant map
. 1
anL/K: BL/K —>> @Z/Z

from the image By ;g of H*(G,1;) - H*(G,Cp). We aim to show that H*(G,I;) - H*(G,Cp) is
surjective S0 By jx = H 2(G,Cg), and inv, sk 18 an injective. We start with cyclic extensions.
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Lemma 10.9.8. Let L/K be finite cyclic. Then H*(G, 1 ) > H 2G,C 1) is surjective, and the invari-

ant map

invy x: H*(G,Cp) > Z/Z

Gl

is an isomorphism.

Proof. We have H3(G,L*) = H'(G,L*) = 0 by the periodicty of Tate cohomology, so By jx =
H?*(G,C ). Since H?(G, C, ) has order |G| by the first and second inequalities, the result follows. [

The next lemma shows that global invariant maps behave as expected under restriction.

Lemma 10.9.9. Let E be a finite extension of K contained in L, and set H = Gal(L/E). The diagram

HY(G, ) /% SZ/Z
Res [E:K]
L/E
commutes.
Proof. Since the global invariant maps are sums of local invariant maps, this reduces to the com-

mutativity of the diagram

Zw v inv w/ Ky
HY(G Ty L) =15 52,7,

J'Res JV[E:K}

Zw| ylnvy, /Ky

Hz(H>Hw|vL$) E— |1-1|Z/Z

where v € Vi and w denotes a place of L over v. By Lemma 10.6.1 and Shapiro’s lemma, this reduces
to the commutativity of

lnvaO /KV

Br(Luy/Ky) —— 2 52/2

J/Res J[EK}
Zu\\ i

Lw/Ey

inv;
Dy Br(Ly[Ey) =% L7/,

where u runs over the places over v in E, we use w to denote a place over u, and wq denotes a fixed

place of L over v. Here, each w is conjugate to w, over K, and the u-coordinate fo the restriction map
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Res is induced by conjugation by ¢ € G with o(wy) = w followed by restriction. We remark that

invy g oo® =invy gk by definition. The local invariant maps have the property that
w v W() v

anLw/Eu OResEu/Kv = [Eu : KV] 1nVLW/KV,

so we have

(Zinva/Eu) o ReSEu/KV = Z[Eu ZKV] inVLW/KV = [E : K] inVLw/Kva

uly uly

the latter step as the sum of local degrees is the global degree. ]

We next treat the general case.
Proposition 10.9.10. The map H?(G, 1 1) > H 2(G,C 1) is surjective, and the invariant map

invy g H?*(G,C,) = éZ/Z

is an isomorphism.

Proof. Since H! (G,Ar) =0, where A; € {L*,1;,C,}, the inflation maps
Inf: H>(G,A;) - H*(Gg,Ags»)

are injective, being part of the inflation-restriction sequences. The direct limit of the maps inv, /K
over Galois extensions L/K provide a surjective map

invg: H*(Gg, Igsew) —» Q/Z.
which factors through a surjective map
invg: Bg > Q/Z,
where Bg = lim, B k. By Lemma 10.9.3,

H?(Gg,Igw) = €P Br(K,)

ve VK

is the union of its subgroups H 2(Gal(F/K), I r), Where F runs over the set & of cyclic cyclotomic

extensions of K. From the map of exact sequences

0 —— Upeg Br(F/K) —— Upegs H*(Gal(F /K),Ir) —— Upee H*(Gal(F /K),Cr) —— 0

|

O%BT(K) HZ(GK,]IKSGP) HZ(GK’(CKsep),
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we see that Br(K) = (.« Br(F/K) is the kernel ofin\~/K and By = Upcg H? (G, Cpg). In particular,
we have an induced isomorphism invg : Bx = Q/Z.
Since By /g injects into Bg = Q/Z with image l—aZ/Z, we see that By g has order [L : K]. On
the other hand, B; /k divides the order of H 2(G,C 1), which divides [L : K] by Theorem 10.8.8. So
1

Br,k = H? (G, C;) is mapped isomorphically to G

Z,|Z by invy g, as asserted. O

We have now constructed our global class formation.

Theorem 10.9.11. Given a number field K, the pair (C gsep, inv), where inv is the collection of invari-
ant maps
inVE : HZ(GE, CKsep) d Q/Z

for finite separable extensions E of K in K*°P forms a class formation for K. Moreover, the reciprocity
map defined by this class formation is the map ¢g: Cxg — G';‘}’ induced by the product ® of local
reciprocity maps on the idéles.

Proof. That we have a global class formation is an immediate corollary of Proposition 10.9.9 and

Lemma 10.9.10. Let ¢, g be the resulting reciprocity map. We know by Proposition 8.1.10 that

invy g@ué(y)) = x(¢pkla)

for all y € Hom(G,Q/Z) and a € Cg. On the other hand, we showed in Lemma 10.9.1 that

i-ﬁ;L/K(a U 5){) = )((q)L/K(a))’

for all such y and a € Ig. Since ¢k and @, x are completely determined by their compositions
with characters of G, we must have that ¢, & factors through Cg and induces ¢, /x on the quotient.
[]

10.10 Power reciprocity laws

In this section, we consider higher reciprocity laws that generalize quadratic reciprocity. For this, we

introduce the notion of an nth power residue symbol for a number field.

Notation 10.10.1. In this section, n will denote a positive integer, and K will denote a number field
that contains the full group p,, of nth roots of unity.

Definition 10.10.2. The nth power residue symbol for K is a function with values

(5, < 1o
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defined on pairs (a, b) consisting of a nonzero element a of O g and a nonzero ideal b of @ g such that
b is relatively prime to (na) defined as follows. For a prime p not dividing (na), its value is the unique

nth root of unity in K* satisfying the congruence

(ﬁ) = aVr=D/" mod p,
p n,K

and for an arbitrary b with prime factorization b = p)' --- pzk, its value is given by

(), -T1(L)

i=1 n,K

Notation 10.10.3. If a and b are nonzero elements of @ g such that (b) is relatively prime to (na),

(%)n,K - ((%)n[(

Remark 10.10.4. The 2nd power residue symbol for Q is none other than the Jacobi symbol, since

then we set

N (p) = p for a prime (p) of Z.

We will derive an nth power reciprocity law for the power residue symbols, generalizing quadratic

reciprocity. To begin with, we have the following.
Lemma 10.10.5. Suppose that p is a nonzero prime of K not dividing n and that a € Oy with
vy(a) = 0. Let 7, be a unifomizer of K. Then

a

— =(a,,) .
(5),, - 0

Proof. Since Np is the order of the residue field of K, and a is a unit in the valuation ring of K,,

that the two sides are equal are an immediate consequence of our formula for the tame symbol. [

Corollary 10.10.6. Let a,b € O g be nonzero, and suppose that (b) is relatively prime to (na). Then
5) =11
T = (a$ b)n,K s
(b )”’K ol(b) '
where the product is over nonzero primes of O g dividing (b).

Proof. Write (b) = p}' -+ p;* for distinct primes p, ..., p; and positive integers r; for some k > 0.

Letting o7, denote a uniformizer for K, , we have by Lemma 10.10.5 that

k ri k )
(%)n,K - n (J%) - n(a, ﬂgli)”’l(w'

i=1 n,K i=1
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Since b is 7T;’l times a unit in the valuation ring of K, , we have (for instance by the formula for the

tame symbol) that

7
(Cl, yTpll-)n’Kpi = (aa b)n,Kp'

l

for each i, and the result follows. ]

Note also that global reciprocity gives us the following product formula for norm residue symbols.

Lemma 10.10.7. For every a,b € K*, we have

[] @b, =1

ve VK

Proof. We have pKV(al/n,)/KV(b) = 1 outside of a finite set S = {v{,...,v,} of places of K, so the
product is finite, and global reciprocity then says that

l—l pKv(al/”)/Kv(b) = 1

veS
It follows that
px. (b)(@'/m)

[1 @b, = [T@b, =[] == m—
veVi ves ves

t PKvi(b)(al/n) (HVES pKV(al/n)/Kv(b))(al/n)

=[] ek, ® - pk, @ — _ il L
i=1 i a a
]

We are now in a position to prove the nth power reciprocity law for K.

Theorem 10.10.8 (Higher reciprocity law). Let K be a number field containing the group p,, of nth

roots of unity. Let a,b € O g elements relatively prime to each other and to n. We then have

-1

(3) (S)K =[] k.

vinoo

where the product is over the places of K extending a prime dividing n or the real infinite place of Q.

Moreover, if c € O g is relatively prime to a and divisible only by primes dividing n, then

(6), - TT0ehn,

v|noo
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Proof. Corollary 10.10.6 tells us that

(%) () = [T@hh, [Tk = TT @b,

v|(ab)

Note that (a,b)n,[(p = 1 unless the prime p of Ok divides one of a, b, or n, since otherwise the
extension K, (a'/")/K, is unramified and b is a unit in K,. Applying Lemma 10.10.7, we then have

1

[T @bk, =( ﬂ @bg,) = []®B@nk,

pl(ab) vlnoo vinoco

finishing the proof in this case. In the remaining case, the same argument, but now noting that

(a, b)n,Kp = 1 unless p divides b or n, we have

() n(can—l_[(bc

pl(D) vlnoo

]

Example 10.10.9. Take the case that K = Q and n = 2. Let a and b be positive, odd integers. Then
Theorem 10.10.8 implies that

51(2) -z bons

The first symbol is (—1)@=D®=1D/4 by Proposition 9.3.6, and the second symbol is trivial by Re-
mark 9.3.9. Similarly, we have

Thus, the power reciprocity law for K = Q and n = 2 is simply quadratic reciprocity.

The following special case of a result of the author serves as an entertaining example of the use of

higher reciprocity laws.

Proposition 10.10.10. Let p be an odd prime number, and let m be an integer. Suppose that ¢ =

®,(pm) is a prime number. Then every divisor of m is a pth power residue modulo €.
Proof. Let a be a divisor of m. Note that
€= Nou, ol —pmép)

and can only be prime if m is nonzero. The definition of the pth power residue symbol says that

a =q¢-D/p -
=a mod (1 - pm{,), 10.10.1
( I - pm¢ D) ( p) ( )
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Since a is an integer, this implies that the symbol in (10.10.1) is the unique pth root of unity congruent
to a'*~1/P modulo €. Thus, it will be trivial if and only if a is a pth power residue modulo €.
So, we compute the symbol. We have

a ) (1 _pm‘:p)
Ep—— =(——=2 (1 =pm&y,a)pq,(u,) = (1 =PMEp,@)p.q,(u,)-
(1 pmep P-Q(up) “ PQ(pp) o o

If p divides m, then 1 —pm{ , is a pth power in Q,, (p2,,), and we are done. If a is a pth power in Z 7, we
are done as well. So, we may assume that a is nota pth powerin Z ;. Then Q, (¢, allPy = Q,(&p, (1-
p) 1/p), and the conductor of the latter extension of Q p(1p) is (1-¢ p)2 by Proposition 9.6.16. Since
1 —pm, € U, 1(Q,(p,)) and p — 1 > 2, we then have that (1 = pmé . a)p g, n,) = b which
completes the proof. O
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