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1 Introduction

1.1 Duality

In [Nek], Nekovai gave formulations of analogues of Tate and Poitou-Tate duality for
finitely generated modules over a complete commutative local Noetherian ring R with
finite residue field of characteristic a fixed prime p. In the usual formulation of these
dualities, one takes the Pontryagin dual, which does not in general preserve the prop-
erty of finite generation. Nekovar takes the dual with respect to a dualizing complex
of Grothendieck so as to have a duality between bounded complexes of R-modules with
finitely generated cohomology groups. This paper is devoted to a generalization of this
result to the setting of nonabelian p-adic Lie extensions.

Recall that a dualizing complex wg is a bounded complex of R-modules with cohomol-
ogy finitely generated over R that has the property that for every complex M of finitely
generated R-modules, the Grothendieck dual RHompg(M,wg) in the derived category
of R-modules D(Modg) has finitely generated cohomology, and moreover, the canonical
morphism

M — RHOIHR(RHOIHR(M7 wR),wR)

is an isomorphism in D(Modg). Such a complex exists and is unique up to quasi-
isomorphism and translation (see [Harl]).

One can choose wg to be a bounded complex of injectives, in which case the derived
homomorphism complexes are represented by the complexes of homomorphisms them-
selves. If R is regular, then R itself, as a complex concentrated in degree 0, is a dualizing
complex, but R is not in general R-injective. If R = 7Z,, for instance, then the complex



Q, — Qp/Z,) concentrated in degrees 0 and 1 provides a complex of injective Z,-modules
quasi-isomorphic to Z,.

Let us explain Nekovai’s theorem, and our generalization of it, in the setting of Poitou-
Tate duality. Let F' be a global field with characteristic not equal to p. Let S be a finite set
of primes of F' that, if ' is a number field, contains all primes over p and any real places,
and let Gpg denote the Galois group of the maximal unramified outside S extension
of F. We remark that a finitely generated R-module has a canonical topology arising
from its filtration by powers of the maximal ideal of R. Let 7" be a bounded complex
in the category of finitely generated (topological) R-modules with R-linear continuous
Grs-actions. We use RI'(Gfg,T) to denote the object in D(Modpg) corresponding to the
complex of continuous G g-cochains with coefficients in 7', and we use RI'()(Gps,T)
to denote the derived object attached to the complex of continuous compactly supported
cochains (using Tate groups for real places in its definition as a cone: see Section .

There exists a bounded complex T™ of finitely generated R-modules with R-linear
continuous G g-actions that represents RHompg(T,wg) in the derived category of such
modules. Nekovdi’s duality theorem is then as follows (see [Nek| Proposition 5.4.3(ii)])[]

Theorem (Nekovar). We have an isomorphism
RI(Grs, T) — RHomp (R (o (Grs, T* (1)), wr) 3]
in the derived category of finitely generated R-modules.

In this paper, we consider a generalization of this to the setting of noncommutative
Iwasawa theory. Suppose that Fl is a p-adic Lie extension of F' contained in Fg. We
denote by I' the Galois group of the extension F,,/F, and we let A = R[I'] denote the
resulting Iwasawa algebra over R. For a finitely generated R-module T" with a continuous
R-linear G g-action, we define a finitely generated A-module .Z(T") with a continuous
A-linear G'r g-action by

FIr(T) =N ®rT,
where the superscript ¢ denotes that an element of I' in A acts here on A by right mul-
tiplication by its inverse, and where G'p g acts on A through the quotient map Grpg — I'
by left multiplication and then diagonally on the tensor product.

The Gpg-cohomology of .#r(T') is interesting in that a version of Shapiro’s lemma
provides natural isomorphisms of continuous cohomology groups

H"(Grs, Fr(T)) = lim H"(Gr, 5,T)

L Actually, Nekovéi’s longer treatise is particularly concerned with a generalization of this duality
that takes place between Selmer complexes, which we do not address in this article.
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for every n > 0, where the limit is taken over « indexing the finite Galois extensions F}, of
F that are contained in F, (cf. [Lim2, Lemma 5.3.1]). That is, the cohomology groups of
Zr(T) are the Iwasawa cohomology groups of the module 7 itself for the extension Fy,/F,
and this identification is one of A-modules. We also have the analogous statements for
compactly supported cohomology, as seen in [Lim2, Proposition 5.3.3]. Therefore, we can
reduce the question of finding dualities among Iwasawa cohomology groups of compact
modules to that of obtaining dualities among cohomology groups for Grg itself. Note
that, however, it is not even a priori clear in this setting that H"(Grg, Zr(T)) is a
finitely generated A-module, let alone that we can find such a duality of A-modules.
The following is our main theorem (cf. Theorem [4.5.1)).

Theorem. We have isomorphisms

RI(Grs, Zr(T)) — RHomy: (R (o (Grs, Zr(T") (1)), A @} wr ) (3]

RI(o(Grs, #r(T)) — RHomye (RI(Grs, (") (1)), A @} wr ) 3]
in the derived category of finitely generated A-modules.

Nekovér proves the above theorem in the case that I' is abelian [Nek, Theorem 8.5.6].
In fact, in that case, it is an almost immediate consequence of his above-mentioned the-
orem. That is, suppose for instance that I' & Z7 for some r > 1. Then A is a complete
commutative Noetherian local ring with finite residue field of characteristic p. Moreover,
its dualizing complex is isomorphic to A®@%wg in the derived category of A-modules [Nek|
Lemma 8.4.5.6]. Therefore, the commutative theory described above applies to A, and
Nekovar is able to deduce the result from this. On the other hand, since we are working
with nonabelian I and hence noncommutative A, we do not know that there exists a (nice
enough) dualizing complex, and so the proof of our main theorem takes a different route.
The idea is a simple one, though the proof is rather involved: after reducing to the case
that R is regular and Z,-flat, we perform an inductive argument, using the grading on A
arising from the powers of its augmentation ideal, to deduce our result from Nekovai’s.

We remark that, in their manuscript on the noncommutative main conjecture, Fukaya
and Kato stated an analogue of our main theorem, with A replacing A ®% wg [FKI
(1.6.12)], which in turn generalized a result of Burns and Flach [BF, Lemma 12(b)] for a
narrower class of rings. The result of Fukaya-Kato applies to a more general class of (adic)
rings A than ours and replaces .Zr(T") and Zr(17)" by a bounded complex of A[Grg]-
modules X and its A-dual Hom, (X, A). However, in order to be able to work with the
A-dual, they assume that X consists of (finitely generated) projective A-modules. In the

3



case of Iwasawa cohomology that we study, the complex T" need not be quasi-isomorphic
to a bounded complex of R[Gfs]-modules that are projective and finitely generated over
R. Moreover, if R is Gorenstein, then R serves as an R-dualizing complex, and our result
reduces to a duality with respect to A itself, as in the result of Fukaya-Kato. We also
note that Vauclair proved a noncommutative duality theorem for induced modules in the
case that R = Z, and T is Z,-free, via a rather different method [Vau, Theorem 6.4].

1.2 An application

Since applications of our main result are not discussed in the body of this paper, we end
the introduction with an indication of one setting in which our results naturally apply.
Fix N > 1 not divisible by p, and suppose that p > 5. Let Z, y denote the inverse
limit of the rings Z/Np"Z over r > 1. Hida’s ordinary cuspidal Z,-Hecke algebra b of
level Np*> is a direct product of local rings that is free of finite rank over the subalgebra
Q = 7Z,[1+ pZ,)] of the algebra Z,[Z /{—1)] of diamond operators in b [Hid, Theorem
3.1]. Hida showed that the h-module § of Q-adic cusp forms is 2-dual to b (see [Ohtl
Theorem 2.5.3] for a proof), from which it follows that S is a dualizing complex for b.
The inverse limit

A =l B (X, (N jq, Zy (1)

of ordinary parts of étale cohomology groups of modular curves is an h[Gq s]-module for
the dual action of h, where S is the set of primes dividing Npoo. As an h-module, Ohta
showed in [Oht2] that # is an extension of S by h. Since b is not always Gorenstein (in
Eisenstein components: see |Oht3, Corollary 4.2.13] for conditions), it is not at all clear
that . is quasi-isomorphic to a bounded complex of h[Gq s]-modules that are finitely
generated and projective over h, precluding the use of the duality result of Fukaya-Kato.
On the other hand, there is a perfect, h-bilinear pairing 7 x 5 — S(1) which is Gq -
equivariant for the action of 0 € G on S via the diamond operator (x(o)), where
x: Ggs — Z; ~ 1s the cyclotomic character (see [FK2, Section 1.6], where it is quickly
derived from a pairing of Ohta’s [Ohtll Definition 4.1.17]).

Now fix a p-adic Lie extension F,, of @ that is unramified outside S and contains
Q(pnp), and set I' = Gal(Fio/Q). The complex RI'()(Gq,s, #1(S)) is the subject of
the noncommutative Tamagawa number conjecture of Fukaya and Kato for s# (though
to be precise, said conjecture is only formulated in the case that J# is h-projective),
which is directly related to the noncommutative main conjecture for ordinary 2-adic cusp
forms (see [FKIl, Sections 2.3 and 4.2]). It is also perhaps worth remarking that, in the
commutative setting, the first Iwasawa cohomology group H'(Gq.s, %r(7)) contains
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zeta elements constructed out of Kato’s Euler system (see [Katl Section 12] or [FK2|
Section 3.2]).

For a finitely generated A = h[I']-module A, let us use A(x) to denote the A-module
that is A as an h-module but for which the original h-linear action of v € I' on A has
been twisted by multiplication by the diamond operator (x (7)), for any lift ¥ € G s of 7.
Using the pairing on ¢, our main result can be seen to yield two interesting isomorphisms
in the derived category of finitely generated modules over, including

RF(C)(GQ’S, yp(%)) L) RHOIIIAO (RF(Gst, yp(%)b), A ®g" S) <X>[—3]
Perhaps more concretely, we have a spectral sequence
Exth, (H* (G, Zr()), A @y S ) () = H( (Gas, Fr ().

We remark that one has a similar result with X;(Np") replaced by Y;(Np"): in this
case, the pairing on 7 to S is replaced by a pairing between ordinary parts of cohomology
and compactly supported cohomology groups to ordinary (2-adic modular forms. We also
note that Fouquet has constructed an analogue of Ohta’s pairing for towers of Shimura
curves attached to indefinite quaternion algebras over totally real fields [Fou, Proposition
2.8], providing a related setting for an application of our main result.
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2 Preliminaries

In this section, we lay out some facts regarding modules over profinite rings that we
shall require later in the paper. Elsewhere in the paper, we use some of the standard
terminology and conventions regarding complexes, cones, shifts, total complexes of homo-
morphisms and tensor products, and derived categories, as can be found in [Nek], or in



[Lim2] off of which this paper builds. In particular, all sign conventions will be as in the
latter two papers. For further background on derived categories, we suggest the excellent
book [Wei|, as well as the more advanced text [KS].

2.1 Tensor products and homomorphism groups

In this subsection, R is a commutative ring. By an R-algebra, we will mean a ring with a
given homomorphism from R to its center. In this section, we construct derived bifunctors
of homomorphism groups and tensor products for bimodules over R-algebras and study
a few isomorphisms that result from these constructions.

We use A° to denote the opposite ring to an R-algebra A. Given two R-algebras A
and X, we are interested in a subclass of the class of A-¥-bimodules, namely, the class of
A-3-bimodules with the extra property that the left R-action coincides with the right R-
action. We can (and shall) identify the category of such A-¥-bimodules with the category
of A ®g X°-modules, and there are natural exact forgetful functors

resy: Modpg,se — Mody and resyo: Modpg,se — Modse,

which extend to exact functors on the derived categories. One observes that the categories
Modpg,re and Mod, are equivalent, as are Modgg, s> and Mods.. We have following
lemma, which extends that of [Ye, Lemma 2.1].

Lemma 2.1.1.

(a) If ¥ is a projective (resp., flat) R-algebra, then resy preserves projective (resp., flat)
modules. Similarly, if A is a projective (resp., flat) R-algebra, then resso preserves
projective (resp., flat) modules.

(b) If ¥ is a flat R-algebra, then res, preserves injectives. Similarly, if A is a flat
R-algebra, then resso preserves injectives.

Proof. (a) We prove the statements of the first sentence, those of the second being a
consequence. Suppose that ¥ is a projective R-algebra. Since projective modules are the
summands of free modules, it suffices to show that A®zX° is a projective A-module. Since
Y is a central R-algebra, we have ¥ = ¥° as R-modules. Therefore, we have ¥X° @& P = L
for some projective R-module P and free R-module L. Then A®gY° is a direct summand
of A ®g L, which is a free A-module. Hence, A ®g 3° is a projective A-module.

Now suppose that ¥ is flat over R. Since flat modules are direct limits of finitely
generated free modules (see [Laml, Theorem 4.34]) and tensor products preserve direct
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limits, it suffices to show that A @z >° is a flat A-algebra. Since X is flat over R, we have
that X is a direct limit of finitely generated free R-modules, which implies that A @ >°
is a direct limit of finitely generated free A-modules.

(b) We shall prove this for res,, the case of resgo being a consequence. The functor
from Mody to Modag,s- sending M to M ®pg X° is exact by our assumption and is left
adjoint to the functor resy. The conclusion then follows from [Wei, Prop. 2.3.10]. ]

Let us briefly introduce the notions of g-projective and g-injective complexes of A-
modules and several facts regarding them arising from the work of Spaltenstein, as can be
found in [Spa], [Kell, |[Lip, Section 2.3], and [KS, Chapter 14]. A complex P of A-modules
is called g-projective if for every map ¢g: P — B and quasi-isomorphism s: A — B of
complexes of A-modules, there exists a map f: P — A of complexes of A-modules such
that ¢ and s o f are homotopy equivalent. We remark that P is g-projective if and
only if it is homotopy equivalent to a direct limit of bounded above complexes P, of
projective A-modules via maps ¢,,: P, — P, that are split injective in each degree with
quotients P,1/t,(P,) having zero differentials. In particular, bounded above complexes
of projectives are g-projective. If A is a complex of A-modules, then there exists a quasi-
isomorphism P — A with P g-projective.

We also have the dual notion of g-injective complexes. A complex I of A-modules is
g-injective if for every map f: A — I and quasi-isomorphism s: A — B of complexes of
A-modules, there exists a map g: B — I such that f and gos are homotopy equivalent. A
complex I of A-modules is g-injective if and only if it is homotopy equivalent to an inverse
limit of bounded below complexes I,, of injective A-modules via maps 7,: L,y1 — I,
that are split surjective in each degree with kernels ker 7, having zero differentials. In
particular, bounded below complexes of injective A-modules are g-injective. If A is a
complex of A-modules, then there exists a quasi-isomorphism A — I with I g-injective.

In addition to A and X, we now let 2 be an R-algebra. If A is a A ®g Q2°-module and
B is a A ®g X°-module, we give Homy (A, B) the structure of an Q @ 3°-module via the
left 2 and right ¥-actions

(w-f)a) = flaw) and (f-0)(a) = f(a)o

for f € Homy(A,B),a € A, w € Q, and 0 € .
Moreover, if A is a complex of A®z€2°-modules and B is a complex of A® g °-modules,
we define a complex Homy (A, B) of Q2 ®x ¥°-modules by

Hom{ (A, B) = H Homy (AY, B™™),

iE€EZ
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with the usual differentials, as in [Lim2l, Section 2].

Proposition 2.1.2. Let A be a complex of A ®g Q2°-modules, and let B be a complex of
A ®g X°-modules. If 2 is a projective R-algebra or ¥ is a flat R-algebra, then we have a
derived bifunctor

RHOIIIA(—, _): D(MOdA@RQO)O X D(MOdA®R20> — D(MOdQ®R20>7

and Homy (A, B) represents RHomy (A, B) if A is g-projective as a complex of A-modules
and Q) is R-projective or B is q-injective as a complex of A-modules and 3 is R-flat.

Proof. Let us first assume that 2 is a projective R-algebra. Since every complex of
A ®p Q2°-modules is quasi-isomorphic to a g-projective complex of A ®p Q2°-modules, we
have a derived functor

RHOIHA(—, B) D(MOdA®RQo)O — D(MOdQ@REO)

(see [Lipl, Corollary 2.3.2.3]). Suppose that f: B — B’ is a quasi-isomorphism of com-
plexes of A ®p X°-modules. Let ¢: P — A be a quasi-isomorphism of complexes of
A ®p Q°-modules, where P is g-projective. Then RHomy (P, B) (resp., RHomy (P, B')) is
represented by Homy (P, B) (resp., Homy (P, B')). Applying Lemma [2.1.1[a), we see that
P is also a g-projective complex of A-modules, so by [Lip, Proposition 2.3.8], the induced
map

f«: Homp (P, B) — Homy (P, B')

is a quasi-isomorphism of complexes of abelian groups. Since f, is a morphism of com-
plexes of 2 ®p ¥ °-modules, it is a quasi-isomorphism of such complexes. Hence, f induces
isomorphisms

RHom, (A, B) — RHom, (A, B'),

proving the existence of the derived bifunctor. Moreover, if A is g-projective as a complex
of A-modules, then
.. Homy (A, B) — Hom, (P, B)

is a quasi-isomorphism of complexes of ¥°-modules, hence of 2 ®x >°-modules as well.
Thus, Homy (A, B) represents RHomy (A, B), as desired.

If ¥ is R-flat, the argument for the existence of the derived bifunctor and its com-
putation by Homy (A, B) in the case that B is g-injective as a complex of A-modules is
the direct analogue of the above argument, employing Lemma (b) To see that the
resulting derived functor agrees with that constructed above in the case that both €2 is
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R-projective and X is R-flat, consider a quasi-isomorphism ¢: P — A as above and a
quasi-isomorphism 6: B — [ with I a g-injective complex of A ®p ¥°-modules. As we
have quasi-isomorphisms

Hom, (P, B) —2 Homy (P, I) +=— Homy (A, I)
of complexes of 2 ®g ¥°-modules, the derived functors coincide. m

Note that one always has a map Homj(A, B) — RHomy (A, B) (canonical up to
isomorphism in the derived category), induced either by a quasi-isomorphism P — A
with P g-projective or a quasi-isomorphism B — [ with I g-injective.

Corollary 2.1.3. If Q) is a projective R-algebra, then we have a commutative diagram

RHomA(_z_)

D(MOdA@RQO)O X D(MOdA@REO) D(MOdQ@REo)
resp XidJ lreszo
D(Mod,)° x D(Modag,se) — 2 C7 L py(Mody).

In the case that X is a flat R-algebra, we have a commutative diagram

RHomy (—,—)

D(MOdA®RQo)O X D(MOdA@)REo) D(MOdQ@Rzo)
ieresAl lresn
D(Mod e 00 )° x D(Mod,) — L py(Nody,).

If A is a complex of 2 ® A°~-modules and B is a complex of A ®p X°-modules, we
define a complex A ®, B of Q ®pz ¥°-modules by

(A®y B)" @AZ@) B"

€L

again with the usual differentials, as in [Lim2, Section 2].

We also have a notion of a ¢-flat complex of A°-modules (see [Lip, Section 2.5]
Section 5] in the case of commutative rings, the proofs being identical); that is, a complex
of A°-modules A is said to be g-flat if for every quasi-isomorphism B — C' of complexes
of A-modules, the resulting map A ®y B — A ®, C is also a quasi-isomorphism. In
particular, g-projective complexes of A°-modules are g-flat, any bounded above complex
of flat A°-modules is g-flat, and any filtered direct limit of g-flat complexes is g-flat. As in
the case of homomorphism complexes, the total tensor product induces derived bifunctors
as follows. We omit the analogous proof.



Proposition 2.1.4. Let A and B be complezes of QQRg A°-modules and A ®g >°-modules,
respectively. If either & or X is a flat R-algebra, then we have a derived bifunctor

— ®% —: D(Modggae) X D(Modpg,se) — D(Modag 5o ),

and A®y B represents A @Y% B if A is q-flat as a complex of A°-modules and € is R-flat
or if B is q-flat as a complex of A-modules and ¥ is R-flat.

Proposition has the following direct corollary.

Corollary 2.1.5. If Q) is a flat R-algebra, then we have a commutative diagram

—@L —
D(MOdQ@RAo> X D(MOdA®R20> A D(MOdQ®R20>
resyo Xidl lreszo
— L _
D (Modys) x D(Modyg,s) oA D (Mods),

and if 3 1s a flat R-algebra, we have a commutative diagram

,®L,
D(MOdQ@RAo) X D(MOdA@)REo) A D(MOdQ@Rzo)
id x resAl lressz
_ L _
D(Modgg,a¢) x D(Mod,) oA D(Mody).

We end this section with some general lemmas regarding the passing of tensor products
through homomorphism groups and the resulting isomorphisms in the derived categories.
Let us use m to denote the degree of an element m of a term of a complex M of modules
over a ring. We fix a fourth R-algebra =.

Lemma 2.1.6. Suppose that = is a flat R-algebra and X is a projective R-algebra. Let
A be a complex of Q ®r A°-modules, let B be a compler of A @ X°-modules, and let
C be a complex of Q2 g Z°-modules. Fix a quasi-isomorphism (Q — A of complezes
of Q ®gr A°-modules with QQ q-flat over A°, a quasi-isomorphism P — B of complexes of
A®grY°-modules with P q-projective over A, and a quasi-isomorphism C — I of complezes
of Q ®gr =°-modules with I g-injective over ). Then the adjunction isomorphism

Homg (A ®, P, 1) — Homy (P, Homg (A, I))
f=p= (=)"fla®p))

induces an isomorphism

RHomg(A ®% B,C) — RHom, (B, RHomg (4, C))
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in D(Modgg,z0), as does the adjunction isomorphism

Homg(Q ®a B, 1) — Homy (B, Homg(Q, I)).

Proof. By Propositions[2.1.2/and [2.1.4] Homg (A ®, P, I) represents RHomgq (A ®% B, C),
and Homa (P, Homg (A, I)) represents RHomu (B, RHomg (A, C')). Therefore, we are re-
duced for the first part to showing that the adjunction map is an isomorphism of com-

plexes, and this is standard (see [Lim2, Lemma 2.2]). The second part follows easily from
the first part and the commutative diagram

Homg(Q ®a B, 1) —— Homy (B, Homg(Q, 1))
Homg(Q ®, P, I) —— Homy (P, Homq(Q, I)),
in that the left-hand vertical map is a quasi-isomorphism. O

We consider the next isomorphism first on the level of complexes.

Lemma 2.1.7. Let A be a bounded complex of Q) Qg X°-modules that are flat as 3°-
modules, let B be a complex of =g A°-modules that are finitely presented as A°-modules,
and let C' be a complex of ¥ Qg A°-modules. Suppose also that either the terms of A are
finitely presented as X°-modules or at least one of B and C' is bounded above and at least
one is bounded below. Then the map

A (59> HOHIAo(B, C) — HOHIAo(B, A X5 C)
a® fr (b a® f(b))
s an isomorphism of complexes of {2 g Z°-modules.

Proof. That the stated map is a map of complexes is an easy check of the actions and
signs. To see that it is an isomorphism, consider first the case that A, B, and C' are
concentrated in degree 0 and take a presentation

FrL—F,—B—0

with [} and F; finitely generated free A°~-modules. Then the two rightmost vertical arrows
in the commutative diagram with exact (noting the ¥°-flatness of A) rows

0— A (20> HOon(B,C) — A X5 HOon(FQ, C) — A (20> HOIIle(Fl, C)

| | J

0 — Hompe (B, A ®s C) — Hompe (Fy, A ®yx, C') — Homyo (F, A @5 C)
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are isomorphisms of {2-modules by universal property of the direct sum and the commu-

tativity of direct sums and tensor products, so the other is as well. Since the latter map is

a morphism of complexes of 2 ®r =°-modules, we have the result in the case of modules.
In the general setting, we have that

Hom}. (B, A ®s C) = [ | Homy (Bj, P A o C’H‘ﬂ').
JEZ €L
Since B is finitely presented over A°, the argument given above implies that the latter
group is naturally isomorphic to

H @ AZ (240 HOon (Bj7 On_i+j).

JEZ icZ

On the other hand, we have

(A @5 Homye (B, O)" = @D A @y, ( [ Homye (B, O”‘”j)).
i€ JEZ
If the terms of A are finitely presented over >°, then we can use a finite presentation of
A? to see that the latter term is naturally isomorphic to

P [[ A* @x Hompe (B, Cm9),

i€Z jEZ.
and the boundedness of A allows us to commute the direct product and direct sum.
Finally, if at least one of B and C' is bounded above and at least one is bounded below,
then the products over j € Z involve only finitely many nonzero terms (again using that
A is bounded), and the result follows as direct sums commute with tensor products and
each other. O]

In the derived category, we have the following generalization of [Ven, Proposition 6.1].

Lemma 2.1.8. Suppose that €2 is a flat R-algebra and = is a projective R-algebra. Let A
be a bounded above complex of Q @ X°-modules, let B be a complex of = ®pr A°-modules,
and let C be a bounded below complex of ¥ ®gr A°-modules. Suppose that there exists
a quasi-isomorphism QQ — A of Q Qg X°-modules, where ) is bounded and has terms
that are flat as ¥°-modules. Suppose also that there is a quasi-isomorphism P — B of
complezes of = ®@r A°-modules, where P is g-projective as a complex of A°-modules with
terms that are finitely presented over A°. We assume also that either C is bounded, P is
bounded above, or the terms of Q) are finitely presented as X°-modules. Then the map

Q Ry Hoon (P, C) — Hoon(P, Q Ry C)
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gives rise to an isomorphism
A ®y RHomys (B, C) — RHomys (B, A ®%, O)
m D(MOdQ®R30>.

Proof. By Propositions[2.1.2(and [2.1.4) Q®@sHomy. (P, C) represents A@LZRHom o (B, C)
and Hom o (P, Q ®yx, C) represents RHomy. (B, A ®% C). That the stated map is an iso-
morphism follows from Lemma [2.1.7] O

Remark 2.1.9. In this article, we need only compute derived tensor products in the
case that at least one of the complexes is bounded above and derived homomorphism
complexes in the case that the target complex is bounded below. However, in Section
4.5 we will nevertheless be forced to represent derived homomorphism complexes using
g-projective resolutions in an unbounded first variable. Hence, we have given a general
treatment.

2.2 Modules over group rings

In this subsection, we preserve the notation of Section 2.1 and in addition, let G be a
group. We begin by extending the notions of derived bifunctors of homorphism groups
and tensor products to incorporate an additional action of G.

If Ais a complex of A[G]-modules and B is a complex of (A ®p 3°)[G]-modules, we
give Homy (A, B) the structure of a complex of ¥°[G]-modules via the standard G-action

(9-f)a)=g- flg"a)

for g € G, a € A, and f € Homy (A, B). The following is then a slight weakening of the
natural analogue of Proposition [2.1.2] written in condensed form.

Proposition 2.2.1. There is a derived bifunctor
RHOIHA(—, —)Z D(MOdA[G])O X D(MOdA®RE°[G}) — D(Modgo[g}).

Moreover, RHomy (A, B) can be represented by Homy (A, B) if A is g¢-projective as a
complex of A-modules or, if ¥ is R-flat, B is q-injective as a complex of A-modules.

Proof. Proposition (with €2 replaced by R[G]° and ¥ replaced by ¥°[G]) implies the
existence of derived bifunctors with the desired properties that take values in the category
D(ModR[G}o(@REO[G}). There is a natural exact functor

MOdR[G]O@REO[G] — MOdEo[G]
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taking M to the same »°-module with new G-action
g-m=(9"'®g) -m

for g € G and m € M. This in turn induces a functor on derived categories, and
composition of the above derived functor with this functor yields the result. m

Next, if A is a complex of (2 ® g A°)[G]-modules and B is a complex of (A ®@g X°)[G]-
modules, we give A ®, B the structure of a complex of (2 ®g X°)[G]-modules via the
G-action defined by g(a ® b) = ga ® gb for a € A, b € B, and g € G. We state a very
slight weakening (for brevity) of the analogue of Proposition .

Proposition 2.2.2. If Q) or X is a flat R-algebra, then we have a derived bifunctor
— ®k — D(MOdQ@RAO[G}) X D<MOdA®RZO[G}) — D(MOdQ@RZO[G}).

Moreover, A @y B represents A @% B if either Q is R-flat and A is a q-flat as a complex
of A°-modules or X2 is R-flat and B is q-flat as a complex of A-modules.

Proof. Proposition with Q replaced by Q[G] and X° replaced by ¥°[G] yields the

existence of a derived bifunctor
— ®y —: D(Modag ac(c)) X D(Modag re(q) — D(Modgigjeseia))
which has the desired properties. There is a natural exact functor
Modggiezseia) — Mod (g gse)a
that takes an module M to the same 2 ® >°-module with new G-action
g-m=(g®g)-m

for g € G and m € M, and the desired bifunctor is the resulting composition of derived
functors. [

Suppose now that A is an R-algebra and that we are given a homomorphism y: G —
Autyo(A), allowing us to endow A with the structure of a A°[G]-module. We denote the
resulting module by ,A. (If x is trivial, then we continue to write A for , A.) We also have
amap x ' G — Auty(A) defined by x71(g)(A\) = X x(g7)(1) for g € G and X € A,
so the resulting object A, is a A[G]-module. The relationship between ,A and A, can be
expressed by the evaluation-at-1 maps

Homy (A,,A) — A and Hompo (LA, A) — A,,

which are isomorphisms of A°[G] and A[G]-modules, respectively.
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Lemma 2.2.3. Suppose that A is a flat R-algebra, and let x: G — Autyo(A) be a homo-
morphism. For any bounded above complex A of R[G]-modules that are finitely presented
over R and any bounded below complex B of R-modules, the two maps

0: XA KRR I’IOHIRCA7 B) — HOHIA(AX KRR A, A KR B)
0 AX KRR HOIHR(A, B) — Hompo (XA Rr A, A Qg B)

defined by O(AR f)(n®@x) = pA® f(z) and @'\ f)(n®@x) = Au® f(x) are isomorphisms
of complexes of A°[|G]-modules and of complexes of A[G]-modules, respectively.

Proof. We focus on the case of 0, as the other case follows from it. Since , A is R-flat,

Lemma (with Q = A°[G] and = = R[G]) implies that the natural map
XA KRR HOHIR(A, B) ;> HOHIR(A, XA KR B)

is an isomorphism of complexes of A°[G] ®x R[G]-modules if we take the actions of G
independently, and hence of A°[G]-modules if we take the G-actions prescribed earlier in
this subsection. The inverse of the isomorphism provided by the evaluation map provides
the first of the isomorphisms of complexes of A°[G]-modules

A ®r B— Homu(A,,A) ®g B — Homy (A, A ®r B),

the canonical second map being an isomorphism as A, is free of rank 1 over A. We
therefore have an isomorphism

Hompg(A, A ®g B) — Homg(A, Homy (A, A ®r B)).
Finally, the inverse of the adjoint morphism is an isomorphism
Homp (A, Homp (A, A ®% B)) — Homp (A, ®r A, A ®r B)
of complexes of A°[G]-modules, and the resulting composite of three isomorphisms is easily

computed to be 6. n

2.3 Projective modules over a profinite ring

Let A be a profinite ring, and fix a directed fundamental system Z of open neighborhoods
of zero consisting of two-sided ideals of A. We say that a topological A-module M is
endowed with the Z-adic topology if the collection {AM }yc7 forms a fundamental system
of neighborhoods of zero. It was shown in [Lim2, Section 3.1] that any finitely generated
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compact (Hausdorff) A-module necessarily has the Z-adic topology, and, moreover, any
homomorphism between such modules is necessarily continuous.

In this subsection, we recall several facts about projective A-modules that will be of
use to us. We denote the abelian category of compact A-modules by Cy. The free profinite
A-module on a set X is canonically isomorphic to the topological direct product of one
copy of A for each element of X [Wil, Proposition 7.4.1], and a profinite A-module P is
projective if and only if it is continuously isomorphic to a direct summand of the free
profinite module on a set of generators of P [Wil, Proposition 7.4.7]. In particular, the
category Cy has enough projectives. Any projective object in C, that is finitely generated
over A is a projective A-module, and conversely, any finitely generated projective A-
module endowed with the Z-adic topology is a projective object in Cy [Lim2, Proposition
3.1.8].

Recall that the projective dimension of an abstract A-module M is the minimum
integer n (if it exists) such that there is a resolution of M by projective A-modules

0—P"— ... —P' =P M-—0.

The topological projective dimension of a compact A-module is defined similarly, replacing
projective A-modules by projective objects in Cy. The notions of projective dimension
and topological projective dimension coincide on finitely generated (compact) A-modules.

For the remainder of the subsection, we suppose that A is left Noetherian. Note
that any projective resolution P of a finitely generated A-module M is quasi-isomorphic
to a projective resolution ) of M by finitely generated A-modules via a map Q — P
compatible with the augmentations to M. In particular, the projective dimension of M
is the length of its shortest resolution by projectives in the category of finitely generated
A-modules.

In general, if € is a category with objects that are A-modules, we will use €A~ to
denote the full subcategory of objects that are finitely generated (i.e., of finite type)
over A. Since Modﬁ_ft has enough projectives, the equivalent category Cfx\_f“ also has
enough projectives. Denote by D (Mod,) the full subcategory of the bounded above
derived category D~ (Mod,) which has as its objects those bounded above complexes X
of A-modules for which all of the H*(X) are finitely generated A-modules. The following
standard lemma tells us that any such complex is quasi-isomorphic to a complex of finitely
generated modules. (See [Nekl Proposition 3.2.6] for an analogous statement, which has
a similar proof.)

Lemma 2.3.1. Let €2 be a left Noetherian ring. Fvery bounded above compler X of Q-
modules for which every H'(X) is a finitely generated Q2-module has a quasi-isomorphic
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subcomplex of finitely generated Q2-modules.

In sum, we have equivalences of categories
D (C2~ ™) = D™ (Mod}™) =5 Dy _(Mod,),

the first being induced by the forgetful functor and the second by the inclusion of categories
Modﬁfft — Mod,. We use these equivalences to identify these categories with each other.

2.4 Completed tensor products

In this subsection, we review some basic facts about completed tensor products and briefly
study their derived functors. Let R be a commutative profinite ring, and let A, €2, and
> be profinite R-algebras, by which we shall mean that they are profinite and the maps
from R to their centers are continuous.

Let Z (resp., J) denote a directed fundamental system of open neighborhoods of zero
consisting of two-sided ideals of A (resp., ©2). We then define a completed tensor product
algebra by

QoprA° = lim  Q/B g (A/A)°.
AT, BeJ
This is clearly a profinite R-algebra.

We shall denote the category of compact € &z A°-modules by Co_a. Let M be an
object of Cq_x, and let N be an object of Cy—x. By [RZ, Lemma 5.1.1(a)], we have that
the set of open, finite index ) ®z A°-submodules (resp., A @ X°-submodules) of M (resp.,
N) forms a basis of neighborhoods of zero on M (resp., V). We define the completed
tensor product to be the compact Q @z X°-module

M&yN = lim M/M' @5 N/N',

M/,N/

where M’ and N’ run through the respective bases for M and N, with the topology defined
by the inverse limit. The completed tensor product is associative and commutative (i.e.,
M @A N 2 N @po M) in the same sense as the usual tensor product.

Note that the canonical A-balanced map

t: M x N — M&yN

induces a homomorphism
M@y N — M &y N
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of Q ®g X°-modules that has dense image. The completed tensor product of M and
N then satisfies the following universal property (see [RZ, Section 5.5] in the case that
Q=3=R).

Lemma 2.4.1. For any compact Q@4 X°-module L and any continuous, A-balanced, left

Q-linear and right Y-linear map f: M x N — L, there is a unique continuous map
f: M&xN — L of Q&4 X°-modules such that fot = f.

It follows that, in defining the completed tensor product, it suffices to run through a
basis of neighborhoods of zero consisting of open Q @z A°-submodules of M and a basis
of neighborhoods of zero consisting of open A ®p X°-submodules of N.

The following is also standard.

Lemma 2.4.2. Let M and N be objects of Cq_p and Cp_x, respectively.

(a) Suppose that M = @nMa and N = l'&nNﬁ, where each M, (resp., Ng) is a compact
Q&g A°-module (resp., compact A @ X.°-module). Then there is an isomorphism

M®AN§1£1MQ®AN5
a,p

of compact Q ®p X°-modules.

(b) The canonical map M @y N — M @, N is an isomorphism if either M is finitely
generated as a A°-module or N is finitely generated as a A-module.

(¢) The functor
M &p—: Chy — Ca_ys

1s right exact.

The next lemma describes connections between projective objects in different cate-
gories of compact modules and flat objects in categories of abstract modules. A ring is
said to be left (resp., right) coherent if all its finitely generated left (resp., right) ideals
are finitely presented.

Lemma 2.4.3.

(a) If A is left (resp., right) coherent, then every projective object in Cpo (resp., Cp) is
flat with respect to the usual left (resp., right) tensor product over A.

(b) If Q (resp., N) is a projective object of Cr, then every projective object in Co_p is a
projective object in Cpo (resp., Cq).
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Proof. (a) Since every projective object in Cpo is continuously isomorphic to a direct
summand of a direct product of copies of A°, it suffices to show that any direct product of
copies of A is flat as an abstract A°-module. By a theorem of Chase (cf. [Laml, Theorem
4.47]), this is equivalent to the fact that A is left coherent.

(b) Suppose that 2 is projective in Cg, so 2 is continuously isomorphic to a direct
summand of a direct product of copies of R. Lemma[2.4.2(a) then tells us that Q @p A° is
topologically a direct summand of a direct product of copies of A°; hence is projective. []

Let G be a profinite group. We use C, ¢ to denote the category of compact A-modules
with a continuous commuting action of GG, the morphisms being continuous homomor-
phisms of A[G]-modules. Note the following.

Remark 2.4.4. The category C, ¢ is equivalent to the category Cyjep, where A[G] is
given the profinite topology defined by

ALG] = lim lim(A/20)[G/N],

Ael

where N runs over the open normal subgroups of G.

Consequently, Cy ¢ is an abelian category with enough projectives, and every element
of Cj ¢ is an inverse limit of finite A[G]-quotients (see also [Lim2, Section 3.2]). Moreover,
A[G] is a projective object of Cy by [RZ, Lemma 5.3.5(d)], so the forgetful functor Cy ¢ —
Ca takes projective objects to projective objects. To shorten notation, we use Co_j ¢ to
denote the category Cqg . o -

We remark that if M and N are, respectively, objects of Co_j ¢ and Ca_x ¢, possibly
with trivial G-actions, we may give M ®, N the structure of an object of Cq_ 5 ¢ via
the diagonal action of (G. That is, the G-action is defined by choosing bases of open
(Q &g A°)[G]-submodules of M (resp., (A ®@gX°)[G]-submodules of N) and taking the
inverse limits of the tensor products of the finite quotients.

Remark 2.4.5. The analogous result to Lemma holds, as a consequence of said
lemma, if we take M and N to be objects of Co_p ¢ and Cy_yx ¢, respectively. (That
is, in part (a), one must take M, and Nz to be objects of these categories to attain an
isomorphism in Co_yx ¢, and in part (c), the functor is now a functor from Cy_x ¢ to

Co-s.c-)

Note that we may form completed tensor products of bounded above complexes, or of
a bounded complex with any complex, as with the usual tensor products.
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Proposition 2.4.6. If € is projective in Cr, then the completed tensor product induces
the following derived bifunctor

— QN =D (Cang) x D (Cr_sq) — D (Co_s0),

where A@x B represents A®Y B if the terms of A are projective as objects in Cpo. Fur-
thermore, there is a commutative diagram

_GL
D™ (Co-ac) x D™ (Ca-xc) o D~ (Cao-sc)
D_<CAo7g) X D_(CA_Eg) S D_(CEO’G)

in which the vertical arrows are induced by forgetful functors, and if A is left Noetherian,
there is a commutative diagram

— @l

D™ (Cao-arc) X D™ (Ca—sc)

T

D~ (Co-ac) x D™(CA78 )

|

D™ (MOd(Q®RA°)[G]) x D~ (MOd(A®REO)[G])

D™ (Co-xc)

,®k,

D~ (Mod(ogzse)a))
in which the vertical arrows are induced by forgetful functors and embeddings of categories.

Proof. The proof of the first part and the commutativity of the first set of diagrams follow
by similar arguments to those of Propositions [2.1.2] and [2.2.2] making use of Lemma

2.4.3(b) (using bounded above complexes of projective objects in place of g-projective
complexes). The commutativity of the final diagram then follows from Lemmas [2.4.2(b)
and 2.4.3 O

Let Chi’\o,perf(CQ_ Ac) denote the category of bounded complexes in Co_p ¢ that are
quasi-isomorphic to bounded complexes in Co_, ¢ of objects that are projective in Cye,
and let D}._ . +(Cao—p¢) denote its derived category.

Proposition 2.4.7. If Q) is projective in Cg, then we have a derived bifunctor
—®% —: Dhe_Lei(Cang) x D(Ca—s,c) — D(Ca-sc),

where A ®@x B represents A®QY B if A is a bounded complex with terms that are projectives
m CAO .
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Proof. Let B be a complex of objects of Co_s . Since every object of Ch}e_pe(Co-n.c)
is by definition quasi-isomorphic to a bounded complex of objects that are acyclic for
the functor — ®, B, we have a derived functor —®% B. Let A be a bounded complex
in Co_n ¢ of projectives in Cpo and f: B — B’ be a quasi-isomorphism. Then f induces
isomorphisms between the Fs-terms of the convergent spectral sequence

EY(B) = H(A&) H (B)) = H (A&, B)

and its analogue for B’, and therefore it induces isomorphisms on the abutments. O

2.5 Ind-admissible modules

The notion of an ind-admissible R|G]-module was introduced in [Nekl Section 3.3] for a
complete commutative Noetherian local ring R with finite residue field and a profinite
group G. An R|G]-module is ind-admissible if it can be written as a union of R[G]-
submodules that are finitely generated over R and on which G acts continuously with
respect to the topology defined by the maximal ideal of R. In this section, we discuss an
analogous construction of ind-admissible modules over noncommutative profinite rings.

As in Nekovai’s treatment, we do not consider the seemingly delicate issue of placing
topologies on ind-admissible modules, as it proves unnecessary. In particular, it is still
possible to define the continuous cochain complex of an ind-admissible module as a direct
limit.

We maintain the notation of Section 2.4, Moreover, we suppose that €2 is left Noethe-
rian and A is right Noetherian. For an (2 ® g A°)[G]-module M, we denote by S(M) the
set of (2 ®g A°)[G]-submodules of M that are finitely generated as A°-modules and on
which €2 and G act continuously with respect to the Z-adic topology. The following is a
straightforward generalization of [Nek, Lemma 3.3.2].

Lemma 2.5.1. Let M be an (2 ®g A°)[G]-module.
(a) If M' € S(M), then N € S(M) for every (Q ®g A°)[G]-submodule N of M'.

(b) If f: M — N is a homomorphism of (2 ®g A°)[G]-modules and M' € S(M), then
f(M') € S(N).

() If M', M" € 8(M), then M' + M" € S(M).

Proof. For part (a), Corollary 3.1.6 and Proposition 3.1.7 of [Lim2] imply that the sub-
space topology on N from the Z-adic topology on M’ agrees with the Z-adic topology on
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N, which implies that 2 and G act continuously on N. In (b), the continuity of the 2 and
G-actions on the finitely generated A°-module f(M’) is a consequence of the fact that the
map M’ — f(M’) is a continuous quotient map with respect to the Z-adic topology (as
follows from Corollary 3.1.5 and Proposition 3.1.7 of [Lim2]). Part (c) follows from (b),
using the addition map M x M — M. O]

Note that Lemma(2.5.1|(c) implies that S(M) is a directed set with respect to inclusion.
We say that an (Q ®@g A°)[G]-module M is (right) ind-admissible if

M= |J N

NeS(M)

We list some basic properties of the full subcategory #n_s ¢ of Mod(qg a0 With objects
the ind-admissible (2 @z A°)[G]-modules.

Lemma 2.5.2.

(a) The category Fo_nc is abelian and stable under subobjects, quotients and colimits.

(b) The embedding functor
7 fQ,AG — MOd(Q®RAo)[G]

1s exact and is left adjoint to the functor
J: Mod(agao)ia) = Fa-sa
that takes a module M to the union of the elements of S(M).
(¢) The category Fo_p ¢ has enough injectives.

(d) Let M be an ind-admissible (2 @ g A°)[G]|-module, and let N be a finitely generated
A°-submodule of M. Then (Q@grA°)[G]-N is an ind-admissible (Q@rA°)[G]|-module
which is a finitely generated A°-module.

(e) Let M be an (Q ®pg A°)[G]-module. Then M € S(M) if and only if M is an ind-
admissible (2 ® g A°)[G]-module which is finitely generated as a A°-module.

Proof. For parts (a), (b) and (c), similar arguments to those of [Nekl, Proposition 3.3.5]
apply. The “only if” direction of (e) is obvious. For (d), since N is A°-finitely generated,
we can find a finite subset {My, ..., M,} of S(M) such that

NC M+ -+ M,.
The assertion then follows from Lemma [2.5.1fc) and the “only if” direction of (e). The
“if” direction of (e) follows from (d), since M = (2 ®r A°)[G] - M. O
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If G is trivial, we write fo_p for Fo_pc. We leave to the reader the proof of the
following.

Lemma 2.5.3.

(a) Let M be an (2 @ A°)[G]|-module. If N is an (2 ®g A°)[G]-submodule of M, then
N € §(M) if and only if N is an object of Céj\ftc

(b) The category Jo_a ¢ is equivalent to the ind-category of Cgo_j\ftg
(¢) The category Fo_, is equivalent to the full subcategory of Fo_a ¢ with objects the
modules on which G acts trivially.

Remark 2.5.4. In the case that {2 = R, we denote #r_, ¢ by Fro, and the latter
category is equivalent to the ind-category of Cﬁzbﬁ. The subcategory Zjo is simply

MOdAo .

Lemma 2.5.5. Let A be an object of CS’_G&, and let B be an object of Céo_j\ftG Then
Homgq (A, B) with the Z-adic topology is an object of CA;_G&.

Proof. Since A is finitely generated over 2 and B is a compact 2-module, we have by
[Lim2, Lemma 3.1.4(3)] that Homqg(A, B) = Homg «s(A, B), where the latter group is
the group of continuous homomorphisms of {2-modules. Note that A° acts continuously
on Homg(A, B) with respect to the compact-open topology by [E, Proposition 3(a)l,
and similarly G acts continuously on it as a consequence of [E, Lemma 2]. We have a
continuous isomorphism of A°[G]-modules

Homg(A, B) — I&H Homg (A, Bg),
B

where Bj runs over the finite Hausdorff (Q @z A°)[G]-quotients of B. As By is finite and
therefore discrete, the group Homg (A, By) is finite and discrete as well, so Homg(A, B)
is compact.

Note that Homg(A, B) injects into Homg(Q2", B) = B" for some r > 0, since A is Q-
finitely generated. We therefore have that Homg (A, B) is A°-finitely generated. Finally,
[Lim2, Proposition 3.1.7] then implies that the compact-open topology on Homg (A, B)
agrees with the Z-adic topology. O]

We define
Homg cts(—, —): Cac X a—rc — Fre-
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by
Homgcis(A, B) = lim lim Homg (A, Bs),
a8

with A = l'&nAa, where A, runs over the quotients of A in C&‘Gft, and B = 1‘113 Bg, where

Bg runs over the elements of S(B), i.e., by Lemma [2.5.3| the subobjects of B that lie in

Céj\ftG Note that it actually suffices to let A, and Bg run over cofinal subsets.

Remark 2.5.6. We note that
HomQ,cts(A7 B) = hﬂ HomQ,Cts(Aa Bﬁ)a
B
where Homg cts(A, Bg) here is the (2 ®pz A°)[G]-module of continuous Q2-module homo-
morphisms in the usual sense.

We also note the following.

Lemma 2.5.7. Let A be an object of ngt, and let B be an object of Sq_n . Then we
have

Homg s(A, B) = Homg(A, B).
Proof. This follows from the computation
HOIIlQ,CtS(A, B) &= @HomQ,CtS(A, Bﬁ) = lléﬂHOHlQ(A, Bﬁ) &= HOIIlQ(A, B),
B B
the latter isomorphism following from the case in which A is free of finite rank, since A
is finitely presented over ). O]

As usual, we may extend our definition to consider the complex of continuous homo-
morphisms from a complex of compact modules to a complex of ind-admissible modules,

supposing that at least one of these complexes is bounded above and at least one is
bounded below.

Proposition 2.5.8. There is a derived bifunctor

RHOIIlQ,CtS(—, —)Z D_(ng)o X D+<jQ_A7G) — D+(jAo’G),
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and RHomg «ts(A, B) can be represented by Homg os(A, B) if the terms of A are projective
as objects of Cq. Moreover, we have a commutative diagram

_ o RHomg cts(—,—)
D (ng) X D+(jQ_A7G') - D+(on7g>
D~ (CH ") x DY (SFa_a )
D- o J'+ RHomg (—,—) +
(MOdQ[G]) x D (MOd(Q@RAO)[G]> D (MOdAo[G])

in which the vertical arrows arise from forgetful functors and the natural embeddings of
abelian categories.

Proof. The existence of the derived bifunctor in question follows from an argument similar
to that of Proposition and the second statement is a consequence of the fact that a
projective object in Cq ¢ is a projective object of Cq, noting Remark .

Let A be a bounded above complex of objects of ngcft, and let B be a bounded below
complex of objects of Zn_, ¢. Choose bounded above complexes L, P and (), consisting
of projective objects in Cq ¢, Modgjg and Modg_ft (i.e., Cg_ft) respectively, with quasi-
isomorphisms to A of complexes in the respective categories. Projectivity yields natural
maps Q — L, Q — P and P — L of complexes in Cq, Modg and Modgg), respectively.
We then have a commutative diagram

HomQ,cts(Lu B) — Homﬂ,cts(Q7 B)

| |

Homgq (P, B) — Homgq(Q, B).

Here, the right-hand vertical arrow is the identity map by Lemma (viewing @ as a
complex of objects in C&‘Gft with trivial G-action), and the lower horizontal map is a quasi-
isomorphism as a consequence of Proposition 2.2.1] as Q[G] is Q-free. We want to show
that the left-hand vertical arrow is a quasi-isomorphism of complexes of A°[G]-modules,
and we will be done if we can show the upper horizontal arrow is a quasi-isomorphism of
complexes of A°-modules.

In the case that B is a module, exactness of direct limit reduces us to the case that
B is an object of CQ;{E, hence of Cq. In this case, since both L and () are complexes of
projectives in Cq, we obtain that the map is a quasi-isomorphism.
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In the general setting, since L and @ are bounded above and B is bounded below, we

have
Homy, (X, B) = @) Homg,eis (X7, BI™)
jEZ

for X = L and X = @, and the direct sum commutes with direct limits. As B is the
direct limit of its truncations 7<; B (with ith terms ker d;), we may therefore assume that
B is bounded with BY = 0 for j > i. In this case, brutal truncations (i.e., 0<; B having
ith term B') provide an exact triangle

(0<i1B)li = 1] — B' — (04B)[i] — (o<1 B)]d],
and we are reduced recursively to the above-proven case of a module. O
The following analogue of Lemma will be of later use.

Lemma 2.5.9. Suppose that A is a flat, Noetherian R-algebra, and let x: G — Autpo(A)
be a homomorphism. Let A be a bounded above complex of objects in Cr, and let B be
a bounded below complex of R-modules. Then there are isomorphisms

0: A @pHompg s(A, B) — Homy os(A, @ A, A ®% B)
0': A, ®@g Homp es(A, B) — Hompo ois(LA ®r A, A @R B)

that arise as direct limits of the maps in Lemma [2.2.5,

Proof. Write A = lim A, with A, an object of Cﬁ‘Gﬁ and B = lim Bg with Bg an object
of CE~™. Note that
Ay ©rA=lim (A, ® Aa),

so, applying Lemma [2.2.3] we have
HomA,cts(Ax ®R A, A ®R B) = LHEHOIHA(AX ®R Aa, A ®R Bﬂ)
a,B
&~ ligqu ®@r Hompg(A,, Bp)
a,B
= XA ®R HomR,CtS(A, B)

This yields the first isomorphism, and the argument for the second is similar. m
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Let M be an ind-admissible (2 ® g A°)[G]-module. The continuous cochain complex
of G with values in M is the complex of 2 ®r A°-modules that is the direct limit of
complexes

C(G,M) = hﬂ C(G,N),
Nes(M)
where C(G, N) is the usual complex of (inhomogeneous) continuous cochains, with N
given the Z-adic topology.

We remark that, in this definition, it clearly suffices to take the direct limit over a
cofinal subset of S(M). In particular, if M itself is finitely generated over A°, then by
Lemmal[2.5.2(e) the above definition of C'(G, M) as a direct limit agrees with its definition
as continuous cochains, considering M as an object of Co_p . Finally, we can extend the
above definition to consider the total cochain complex of a complex M of ind-admissible
modules, which has kth term

cHG, M) = € (G, M)

i+j=k
and differentials as in [Nek| (3.4.1.3)], and the cochain functor induces a functor
RP(G, _) . D+(JQ—A,G> — D+<MOdQ®RAo)

between derived categories.

3 Cohomology groups of induced modules

In this paper, we are interested in the case that our profinite ring A is the Iwasawa algebra
of a compact p-adic Lie group. With this in mind, we introduce some notation that will be
used from this point forward. Fix a prime p. Let R be a commutative complete Noetherian
local ring with maximal ideal m and residue field k, where k is finite of characteristic p.
We let I" denote a compact p-adic Lie group. We are interested in the completed group
ring A = R[I'].

We note that A is a profinite ring, endowed with the topology given by the canonical
isomorphism

A= @ @R/m"[F/U],
Ue# n>1

where % denotes the set of open normal subgroups of I'. In fact, it is a projective object
in Cg (cf. [RZ, Lemma 5.3.5(d)]). Moreover, we have the following (cf. [Wil, Theorem
8.7.8]).
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Proposition 3.0.1. The ring A is Noetherian.

Proof. As R is a complete local Noetherian ring with finite residue field k£, the Cohen
structure theorem [Cohl, Theorem 12| implies that it is isomorphic to a quotient of a
power series ring S in n = dimy m/m? variables over the ring of Witt vectors O of k.
Therefore, R[I'] is a quotient of S[I'], so it suffices to prove that S[I'] is Noetherian.
Since S[I'] = O[Z} x I'] and Z7 x I" is a compact p-adic Lie group, we have that S[I']
is Noetherian by a mild extension of a classical theorem of Lazard’s (cf. [Ven2l Corollary
2.4] and [Laz, Proposition V.2.2.4]). O

Since Noetherian rings are necessarily coherent, we may apply Lemma [2.4.3(a) to
conclude from Proposition that A is a flat R-algebra.

3.1 Induced modules and descent

In this subsection, we will exhibit an interesting spectral sequence relating the cohomology
of an induced module over an Iwasawa algebra to the cohomology of the module itself.
We start work in a more general setting.

Let GG be a profinite group. Let X be a left coherent and right Noetherian profinite
R-algebra. For a complex M of objects in Cy, i, we let C(G, M) denote its total direct sum
complex of continuous G-cochains (cf. the end of Section 2.5)), we let R['(G, M) denote
the corresponding object in D(Modsy), and we let H'(G, M) denote its ith continuous
G-cohomology (or, more precisely, hypercohomology) group. As in [Lim2, Proposition
3.2.11], the functor

RI(G,—): D"(Csq) — D" (Mody)

is well-defined and exact. (While Cy ¢ may not have enough injectives, the treatment of
[KS|] asserts the existence of DT (Cy ) and D(Cx ) under certain set-theoretic assump-
tions, which we make here.)

In the case that G has finite p-cohomological dimension, we can do better. For a double
complex X (or, by abuse of notation, its total complex) and n € Z, we let Téfl(X ) (resp.,
Tghb(X )) be the total complex of the quotient complex (resp., subcomplex) of X with jth
row equal to 75,(X*) (resp., T7<,(X*/)). For lack of a sufficiently precise reference, we

provide a short proof of the following.

Lemma 3.1.1. Suppose that G has finite p-cohomological dimension. Then we have a
convergent hypercohomology spectral sequence

Ey = H'(G,H'(M)) = H"(G, M)
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for any complex M of objects in Cx .

Proof. Since G has finite cohomological dimension, for sufficiently large & we have a
convergent hypercohomology spectral sequence

By = HY(G, HI(M)) = H™ (r2.C(G, M)

arising from the filtration on rows of the indicated truncation of the double G-cochain com-
plex of M (cf. [NSW], §11.2]). As C(G, M) is the direct limit of the complexes 74, C(G, M)
under maps that are quasi-isomorphisms by the above convergence, the natural map

H™(r5,0(G, M) — H™ (G, M)
is an isomorphism by exactness of the direct limit. O

As quasi-isomorphisms of complexes induce isomorphisms on the FEs-terms of their
hypercohomology spectral sequences, we have the following corollary.

Corollary 3.1.2. Suppose that G has finite p-cohomological dimension. The functor
C(G, —) preserves quasi-isomorphisms of chain complexes and induces an exact functor

RF(G, —)I D(CE’G> — D(Modz)

Fix a profinite R-algebra (2 that is a projective object of Cg for the remainder of the
section. We now derive the following spectral sequence.

Proposition 3.1.3. Let Y be a complex of objects in Cx, i, and let N be a bounded above
complex of objects in C5 5'. Consider the conditions

(1) G has finite p-cohomological dimension,
(2) N is bounded with terms of finite projective dimension over %°.

If (1) holds and Y is bounded above, (2) holds and Y is bounded below, or both (1) and
(2) hold, then we have an isomorphism

N @%RI(G,Y) = RI(G, N @%Y)
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Proof. Let L be a bounded above complex of projective objects in Cq_y, mapping quasi-
isomorphically to N. If (1) holds and Y is bounded above, we set P = L, and we have by
Proposition m that P ®y Y represents N ®%Y in D™(Cqq). Otherwise, there exists a
quasi-isomorphic bounded quotient complex P = 7>, L of L of objects in Cq_y, through
which the quasi-isomorphism L — N factors, such that the terms of P are projective in
Cso. Proposition m then tells us that P ®xY represents N @%Y in D(Co). In all
cases, the terms of P are flat >°-modules by Lemma [2.4.3] so Proposition tells us
that P ®x C(G,Y) represents N ®@% RI'(G,Y) in D(Modg).
We have a map of complexes of {2-modules

P®s C(G,Y) — C(G,P&sY)

with sign conventions as in [Nekl Proposition 3.4.4]. (The continuity of the cochains in
the image is insured, for instance, by the fact that any term of P is a topological direct
summand of a direct product of copies of ¥.) It suffices to show that this map is a
quasi-isomorphism.

Let @ be a bounded above complex of finitely generated projective >:°-modules map-
ping quasi-isomorphically to N, which we take to be bounded if (2) holds. We then have
a map of complexes of R-modules

Qs C(GY)— C(G,QesY)

that, much as in [Nekl Proposition 3.4.4], is an isomorphism. (To see that it is an isomor-
phism, note that it is immediate if () is a finitely generated free ¥°-module, and therefore
also for direct summands of such, i.e., the finitely generated projective ¥°-modules. The
case of a complex is then immediate.) By the projectivity of @) in both the categories of
abstract and compact >°-modules, we have a commutative diagram

Qs CGY)— C(G,Q®sY)

| J

Py C(G,Y)——C(G,P&sY)

in which the vertical arrows are quasi-isomorphisms of complexes of R-modules, noting
Lemma 2.4.2(b) and, when (1) holds, Corollary [3.1.2 It follows that the lower horizontal

arrow is a quasi-isomorphism as well. O

We make a couple of remarks.
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Remark 3.1.4. Suppose that G is a finite group. The proof of Proposition [3.1.3| under
condition (2) then goes through word-for-word for bounded Y, with Tate cochains and the
resulting derived complexes replacing the usual cochains of G and its derived complexes.

Remark 3.1.5. In [FK1| Proposition 1.6.5(3)], an identical isomorphism to that of Propo-
sition [3.1.3] is proved for a very general class of “adic” rings €2 and A, with stronger
conditions on G, N, and Y.

From now on, we focus on case that ¥ is the Iwasawa algebra A = R[[']. Fix a
continuous homomorphism x: G — I' of profinite groups. Since I' may be viewed as a
subgroup of Auty.(A) by left multiplication, we may define the A°[G]-module , A as in
Section If Aisa A®pA°-module, we then set ,A = ,A®y A and A, = A®x A,,
which are A°[G] and A[G]-modules, respectively.

Let M be a R[G]-module. As in [Lim2| Section 5.1}, we define a A[G]-module .Z(M)
by

Fr(M) = lim (RIT/U], & M)
Uew

with G acting diagonally and A acting on the left on the terms in the inverse limit. This

construction applied to compact modules provides a functor

Fr: Cra — Crq,

which is exact as R[['/U] is R-flat and the inverse limit is exact on inverse systems in
Ca,c- We extend this to an exact functor on complexes in the obvious fashion.

Given an complex 7' of objects in Cr ¢, we have, noting Lemma (a), a natural
continuous isomorphism

Fr(T) =2 A, &rT

of complexes in Cp,. We may therefore use Lemma [2.4.2[b) to note that Fr takes a
complex T of objects in in Cfj o' to the complex A, ®x T of objects in Cﬁfot. We make
the latter identification freely.

We now supply a key ingredient for descent.

Lemma 3.1.6. Let T be a complex in Cr . Let I be a quotient of I' by a closed normal
subgroup, and set N = R[I']. Let N be a bounded above complex of objects of Co_p.
Then N can be viewed as a complex of objects in Co_p via the quotient map w: A — N,
Suppose either that T is bounded above or that N is bounded and its terms have finite
projective dimension in Cho and in Cipryo. Then 7 induces an isomorphism

N &% F0(T) = N &% Zn(T)
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m D_<Cg7g).

Proof. Let Q — N be a quasi-isomorphism, where () is a bounded above complex of Co_ /-
projectives, and note that its terms are projective objects of C(zryo by Lemma m(b) It
the terms of N have finite projective dimension in C(ass, then for sufficiently small n, the
truncation 7>, also consists of projectives in Cias)o, so we may assume in that case that
@ is bounded. Next, and similarly, let P — @ be a quasi-isomorphism in Cqo_, with P a
bounded above complex in Cq_ 5 of projectives in Cpo, and suppose that P is bounded if the
terms of N have finite projective dimension in Cyo. The derived completed tensor products
in question are then represented by P®y A, @pT and Q @y A ®r T, respectively, by
Propositions |2.4.6| and |2.4.7L Since the induced map P®@y A, — Q@ Al is clearly a
quasi-isomorphism and the terms of these complexes are projective in Cr, we have by the

same propositions the desired quasi-isomorphism between the two complexes. O

We are particularly interested in the case that the complex N above is the Iwasawa
algebra of a quotient of I', for which lemma the following is crucial.

Lemma 3.1.7. Let I'y be a closed normal subgroup of I' with no elements of order p. Set
I"=T/Ty and A" = R[I""]. Then A’ has finite projective dimension over A.

Proof. Let c-Tors(—, —) denote the ith derived bifunctor of the completed tensor product
over a profinite R-algebra =. A standard argument yields a convergent spectral sequence

H;(T, c-Torf (N, Z)) = c-Torly (A, Z)

for any compact A-module Z, as in [NSW, §V.2, Exercise 3]. Since A’ is a projective
object in Cg, the spectral sequence degenerates to yield isomorphisms

H,(T',N ®p Z) = c-Tor (N, Z).
Moreover, by a standard extension of Shapiro’s lemma [RZ, Theorem 6.10.9], we have
H,(Ty, Z) = H,(T',N ®r 7).

Since T'y has finite p-cohomological dimension by [Se, Corollaire 1], there then exists
no > 0 independent of Z such that c-Tor2(A’, Z) = 0 for every n > ng. It follows from
[NSW,, Proposition 5.2.11] that A" has finite topological projective dimension as a compact
A-module, so it has finite projective dimension over A by the discussion of Section 2.3, O

The following descent spectral sequence is reduced by the above results to a special
case of Proposition [3.1.3]
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Theorem 3.1.8. Let T be a complex in Cr . LetI" be a quotient of I' by a closed normal
subgroup Iy, and set N' = R[I"']. Consider the conditions

(1) G has finite cohomological dimension,

(2) Ty contains no elements of order p.

Suppose that (1) holds and T is bounded above, (2) holds and T is bounded below, or both
(1) and (2) hold. Then we have an isomorphism

N &% RI(G, Zp(T)) = RING, Zr(T))
m D(MOdA/).

Proof. This is simply Proposition for N =A"and Y = Zp(T), noting Lemma
and applying the isomorphism of Lemma [3.1.6] O

3.2 Finite generation of cohomology groups

In this subsection, we shall show that the cohomology groups of induced modules are
finitely generated under a certain assumption on the group. We maintain the notation of
the previous subsection. In particular, I' is a compact p-adic Lie group, R is a complete
commutative local Noetherian ring with finite residue field of characteristic p, and A =
RJ[[I']]. Moreover, we are given a continuous homomorphism y: G — I' from a profinite
group G.

Lemma 3.2.1. Suppose that I" is pro-p. Let M be a compact A-module. Then M is
finitely generated over A if and only if R ®x M 1is finitely generated over R.

Proof. Since I is pro-p, the Jacobson radical 9 of A is mA+1, where [ is the augmentation
ideal of A (see [NSWJ, Proposition 5.2.16(iii)]). This implies that

M/mM = Mp/mMp,

where My = M/IM. Therefore, Nakayama’s lemma tells us that Mr is finitely generated
over R if and only if M /9% M is finite. On the other hand, Nakayama’s lemma for compact
A-modules (cf. [NSW| Lemma 5.2.18(ii)]) tells us that M is finitely generated over A if
and only if M/9MM is finite. O

Lemma [3.2.1| requires a compact A-module. Therefore, we give a sufficient condition
for an abstract A-module to be a compact A-module under an appropriate topology.
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Lemma 3.2.2. Suppose that M is an abstract A-module which is the inverse limit of an
inverse system of finite quotient modules. Then M is a compact A-module with respect to
the resulting profinite topology.

Proof. We need only to show that the A-action

0: Ax M —M

is continuous with respect to the topology given by the inverse limit. Suppose first that
M is finite. Let 9 denote the Jacobson radical of A. Then 9" M stabilizes, and it follows
from Nakayama’s lemma that we have 9" M = 0 for large enough n. By [NSW. Corollary
5.2.19], there exist r > 0 and U € % such that m"A + I(U) C 9", where I(U) denotes
the ideal of A generated by the augmentation ideal in R[U]. Hence, 6 is continuous with
respect to the discrete topology on M.

In general, we can write M = @M/Ma, where {M,} is a directed system of A-
submodules of finite index. Let (\,z) € 7' (y + M,) for A € A and z,y € M. Since
M /M, is finite, it follows from the above discussion that there exist r and U such that

A+m" A+ 1)) - (2 + Ma) Sy + Ma,
as desired. ]

We shall also require the following lemma.

Lemma 3.2.3. If M is a finitely generated A-module, then Tor® (R, M) is finitely gener-
ated over R for every i > 0.

Proof. To see this, we first choose a resolution P of M consisting of finitely generated
projective A-modules. Then R®, P is a complex of finitely generated R-modules. There-
fore, the homology groups Tor?(R, M) of the latter complex are finitely generated over
R. O

We recall from [Nekl Proposition 4.2.3] that if G is a profinite group such that
H(G, M) is finite for every finite G-module M of p-power order and i > 0, then H(G, T
is a finitely generated R-module for every T' € CﬁfGﬁ and ¢ > 0. We will refer to a profinite
group G as p-cohomologically finite if there exists an integer n such that, for every finite
G-module M of p-power order, H'(G, M) = 0 for all i > n and H'(G, M) is finite for all
1. We remark that if GG is p-cohomologically finite, then so is every open subgroup of G,

as follows directly from Shapiro’s lemma.
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Theorem 3.2.4. Suppose that G is p-cohomologically finite. Let T be a complex of objects
in ngt. Then the cohomology groups H'(G, Fr(T)) are finitely generated over A for all
i. That is, RT'(G, Zr(T)) is an object of Dp_g(Mody).

Proof. Suppose for now that T is concentrated in degree 0. Let I'y be an open uniform
normal pro-p subgroup of ', and set H = x~!(T'y). Fix a set of double coset representatives
Y1, -7 of To\I'/x(G). For each i, define x;: G — I' by x;(9) = g7, . The reader
may check that

t

EB (Z[G] Qz[H) R[WOH)@) — Ay

=1

(9@ Xo)i = Aovix(g)™!

is an isomorphism of R[I'o][G]-modules. Given this, Shapiro’s lemma induces isomor-
phisms

t
HY(G, Zv(T)) = @ H(H, R[]y, ®r T)
i=1

of R[Tg]-modules. The finite generation of H/(G, #r(T)) over A then reduces to the
finite generation of each HY(H, R[]y, ®r T) over R[T]. Thus, we can and do assume
that I' has no elements of finite order.

Since R has finite projective dimension over A by Lemma|3.1.7], Theorem provides
the convergent spectral sequence

Ey* = Tor! (R, H*(G, 7r(T))) = H"™*(G,T).

Since G has finite p-cohomological dimension, say n, we may suppose inductively that
H'(G, Zr(T)) is a finitely generated A-module for all i greater than some j < n. Note
that E%J is a quotient of EY” and that H7(G,T) is a finitely generated R-module by [Nek|
Proposition 4.2.3]. Since E%J is a subquotient of H/(G,T), it is also a finitely generated
R-module. On the other hand, it follows from the definition of E2J that the kernel of the
surjective map Eg T E%J is isomorphic to a subquotient of the finite direct sum

P B = @ Tork (R, H(G, Fo(T))).

i=j+1 i=j+1

By our induction hypothesis and Lemma the above module is a finitely generated
R-module. It follows that
Ey) = Rey H (G, Fr(T))
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is a finitely generated R-module. As H’(G, Zr(T)) is an inverse limit of finite A-modules
by [Lim2, Proposition 5.2.4], Lemma gives it the structure of a compact A-module,
and we may therefore apply Lemma to conclude that H7(G, %r(T)) is finitely gen-
erated over A.

Now let us work without condition on I' or the complex 7. By Lemma |3.1.1| and the
exactness of .Zr(—), we have the convergent spectral sequence of A-modules

H'(G, Fr(H(T))) = H"(G, Fr(T)).

Thus, H(G, Zr(T)) has a filtration consisting of subquotients of the finitely generated
A-modules HY (G, Zr(H"(T))) with 0 < j < n. Hence, H'(G, %r(T)) is also a finitely
generated A-module. O

Remark 3.2.5. In the case that I' is abelian, Theorem for bounded below T is
essentially [Nekl Proposition 4.2.3], as R[] for an open pro-p, torsion-free subgroup T'g
is itself a commutative complete local Noetherian ring with finite residue field. In the

case that T' is a bounded complex of R-projectives, it is a corollary of [FKIl Proposition
1.6.5(2)].

3.3 Duals of induced modules

In this subsection, we describe the pairings and the resulting cup products that will be
used in proving a duality theorem for the cohomology of induced modules. Key to our
discussion is the following lemma, which we record for convenience. We let 2 and X
denote auxiliary Iwasawa algebras: e.g., Q = R[®] for some compact p-adic Lie group ®.

Lemma 3.3.1. Suppose that M is a bounded above complex of objects of Co_nq, let N
be a bounded above complex of objects of Co_x, ¢, and let L be a bounded above complex of
objects of Co_x.¢. Then any map

o M@AN — L
of complezxes in Co_x. ¢ gives rise to a cup product morphism
U: C(G,M)®y C(G,N) — C(G, L)

of complexes of 2 @, X°-modules.
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Proof. Briefly, the point is that to give such a map ¢ is equivalent to producing a collection
of continuous, A-balanced, G-equivariant, left ()-linear, and right ¥-linear pairings

(= =mn: M™ x N — [™7

that are compatible with coboundaries in the sense of [Lim2], Section 3.3]. The cup product
U then arises from the induced cup products

Ui CHG, M™) @, CF(G, N™) —s CFH (G, L)

by combining them to a map of the total complexes with appropriate signs as in [Nek|
(3.4.5.2)]: U= ((—1)"™U¥ ). O

Let us fix some notation. Let ¢:: A — A denote the unique continuous R-algebra
homomophism that satisfies ¢(y) = v7! for all v € T. If A is a A[G]-module, we let
A" denote the A°[G]-module that is A as an R[G]-module but on which any A € A
now acts by left multiplication by ¢(A). We extend this to complexes in the obvious
fashion. Of particular interest to us is % (T)* for a complex T of objects in Cg . Since ¢
induces a continuous isomorphism of A°[G]-modules yA = A’ we can and will make the
identification

Fr(T) = AQgrT,

of complexes in Cpo ¢ from this point forward.
Lemma 3.3.2. For objects M and N in Cr¢, the pairing
<—,—>I tg\p(]\/[) X Lg}*(A]\f)L — A®R (M®RN>
A@m,u@n)— Apu@maen

s continuous, R-balanced, G-equivariant with respect to the trivial action on A in the
target, and is left and right A-linear. Moreover, if M and N are bounded above complexes
of objects in Cr ¢, we have a morphism

¢Z gF(M) ®RﬁF(N)L — A®R (M®RN)
of complezxes in Ch_p .

Proof. We begin by remarking that by Lemma [2.4.1] it makes sense to define the pairing
on pairs of tensors, identified with their images in the completed tensor product. The
pairing is clearly R-balanced, and the reader can check the statements on the A, A°,
and G-actions. The continuity of the pairing reduces immediately to the continuity of
multiplication on A. The second statement follows easily. m
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We next apply these pairings to study a duality between induced modules. As de-
scribed in the introduction, the dualizing complex for R is an object wg of D% (Modg)
with the property that for every object M of D(Mod%™™), the object RHompg (M, wg) lies
in Dg_g(Modg) and the canonical morphism

M — RHomg(RHompg(M,wg), wr)

is an isomorphism in D(Modg). A dualizing complex exists for R and is unique up to
translation and isomorphism in DY, . (Modg) (see [Harll, Ch. V]). We choose a bounded
complex Jg of injective R-modules which represents a choice of the dualizing complex in
D(Modg). (See [Nek, Section 0.4], or Section below, for the construction of such a
complex.)

Let T" be a bounded complex of objects in CR ft. Then Hompg (T, Jr) is a bounded
complex of “admissible” R[G]-modules with cohomology groups that are finitely gener-
ated over R (see [Nek, (4.3.2)]). By |Nekl Proposition 3.3.9], there is a subcomplex T™*
of Homg(T, Jg) which is a complex of objects in CR ' (giving said objects the m-adic
topology) and is quasi-isomorphic to Homg (T, Jr) via the inclusion map.

We have a composite morphism

T T®R T — T®R HOHIR(T, JR) — JR

of complexes of R[G]-modules, the first morphism being induced by the inclusion and the
second being the usual evaluation map. By Lemma|3.3.2] this in turn induces a composite
map

T 1497 id®7

7 Fr(T) ®p Fr(TF) i>/\®RT®R A®r Jr

of complexes of (A ®g AO)[G] modules. Twisting 7 by the identity map on an auxilliary
complex of objects of CQ Aft, Lemma now provides the cup product morphisms of
the following lemma, which will be used in the next section. For a continuous character
k: G — R* and an R[G]-module M, we let M (k) denote the R-module M with the new
commuting G-action given by the twist of the original by . (In addition, M (k) will be

taken to maintain any topology and actions of profinite R-algebras with which M may
be endowed.)

Lemma 3.3.3. Let A be a bounded above complex of objects in CQ At, and let k: G — R*
be a continuous homomorphism. The map T defined above induces a map

7Ta: A@p Fr(T) &r Fr(T*) — AQp Jr
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and, in turn, a well-defined cup product
C(G7 A A LQ\F(jj)) ) C(G7 yF(T*)LOi)) — C(G7 A QR JR(K))v
which is a map of complexes of 2 ®r A°-modules.

Note that, by definition, the adjoint maps (defined as in [Lim2, Lemma 2.2])
adj(r): T* — Homg(T, Jg) and adj(7): T — Homg(T", Jr)

of m are quasi-isomorphisms, the first being simply the inclusion of complexes already
defined. Since the terms of Jg are injective R-modules, it follows from Proposition [2.2.1
that the derived adjoint maps

adj(m): T* — RHomp(T,wr) and adj'(w): T — RHompz(T™*, wg)

are isomorphisms in DY_g (Modpgg)), hence in D}_; (Fg ), considering the restriction of
RHompg(—, —) to a bifunctor

D‘(Cﬁfot)o x Dt (Modg) — D (Fr¢),

(see [Nekl (3.5.9)]).

Though we shall not use it later, we feel it important to note that the derived adjoint
maps of 7T are also isomorphisms. While this is easy enough to prove in the bounded
below derived category D™ (Modae(q)) of abstract modules (in the case of adj(7)), we are
interested in G-cohomology groups, so we want such an isomorphism in D* (% ).

Theorem 3.3.4. For any bounded complexes T and T* of objects in Cﬁaﬁ such that T
sits quasi-isomorphically as a subcomplex of the dual Hompg (T, Jg), the derived adjoint
maps
adj(7): Fr(T*)" — RHomp os(Zr(T), A @% wr)
(resp., adj'(7): Fr(T) — RHompe cs(Fr(T7)", A ®F wr))
are isomorphisms in DY (Fpo i) (resp., DY(Fn ). Moreover, we have that the derived

object RHomy s (Zr(T), A @% wr) (resp., RHompo o (Fr(T7)", A @% wr)) can be repre-
sented by Homy (Fr(T), A ®@g Jgr) (resp., Hompe (Fr(T*)", A Qg JR)).

Proof. Let X = RHomy o(Zr(T), A ®% wg). Since Jg is a complex of R-injectives and
v\ is flat over R, Lemma implies that the functor F' given by

Homy cis(Ay ®r — A @ Jr): Ch™(Crea)® — Ch™(Fro )
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is exact. In particular, if P — T is a quasi-isomorphism with P a bounded above complex
of projective objects in Cr g, then F(T) — F(P) is a quasi-isomorphism. As A, &g P is
a complex of objects in Cy ¢ that are projective in Cp, we then have that F'(T) represents
X by Proposition [2.5.8]

By Lemmas (b) and the functor F agrees with Homy (A, ®p —, A ®p Jg)
on Ch™ (Cﬁ’G&)o. Therefore, X is represented by Homy (Zr(T), A ®g Jr) in DT (Hpe ).
Finally, since the map

T* — Hompg(T, Jg)

is a quasi-isomorphism, the adjoint map of complexes
XA Xpr T — HOI’HA(AX XRpr T, A XRpr JR)

is a quasi-isomorphism of complexes of A°[G]-modules by Lemma Therefore, we
have the result for adj(7), and the proof for adj'(7) is analogous. O

4 Duality over p-adic Lie extensions

We now turn to arithmetic. Here, we fix the notation that we shall use throughout this
section. To start, let p be a prime. We let F' be a global field of characteristic not equal to
p. Let S be a finite set of primes of F' that, in the case that F' is a number field, contains
all primes above p and all real places. Let Sy (resp., Sg) denote the set of finite places
(resp., real places) in S. Let Grg denote the Galois group of the maximal unramified
outside S extension of F. For a place v of F', let F), denote the completion of F' at v, and
let GG, denote a fixed decomposition group for v in the absolute Galois group of F'.

We fix a p-adic Lie extension F, of F' that is unramified outside .S, and we let [ denote
its Galois group. We let R denote a complete commutative local Noetherian ring with
finite residue field of characteristic p, and we set A = R[I']. We take the homomorphism
X: Grg — I' of Section [3.1] to be restriction.

4.1 Iwasawa cohomology

We recall the following facts, all of which can all be found in [NSW|, Chapters VII-VIII].
The Grg-cohomology groups of a finite G g-module of p-power order are all finite. If p
is odd or F' has no real places, then Gpg has p-cohomological dimension at most 2 and
so is p-cohomologically finite in the sense of Section If v is a nonarchimedean place
of F', then G, has p-cohomological dimension equal to 2, and the G,-cohomology groups

40



of a finite G,-module of p-power order are finite as well. Of course, the G,-cohomology
groups of a finite module are also finite for archimedean v, since G, is of order dividing 2
for such places.

Recall (e.g., from [Nekl (5.7.2)]) that, for any profinite ring €2, the (Tate) compactly
supported G'rs-cochain complex of a complex of objects M in Cq g, ¢ is defined as

Ce)(Gr.s, M) = Cone (C(GRS, M) — PG, M) e P C(G., M)) [—1],

UESf VESR

where C (G, M) is defined as in [Lim2, Section 3.4] and denotes the standard complete
complex of Tate GG,-cochains for M.

We remark that, in Nekovéi’s notation, C(.(Grs, M) is denoted ac(GF,S, M). We
use the notation of [FK1], where parentheses are used to distinguish the latter group from
the compactly supported cochains C.(Grg, M), for which one uses the usual cohomology
groups at real places. For archimedean v, we will abuse notation and use RI'(G,, M) to
denote the derived object of the Tate cochains C (Gy, M). These cochains may as well
be taken to be zero for complex places or for real places if p is odd, RI'(G,, M) being
a zero object in the derived category. We denote the derived object corresponding to
C)(Grs, M) by RI'()(GF,s, M) and its ith cohomology group by H(ic)(GRS,M). By
definition, we have an exact triangld’]

RI((Grs, M) — RI(Grs, M) — D RI(G,, M)

veES

in D(Modg). The results of and methods used in Section allow us to prove the
following descent result for such an exact triangle with induced coefficients.

Proposition 4.1.1. Let IV = Gal(F. /F) be a quotient of T by a closed normal subgroup,
and set A" = R[I"]. Let T be a bounded above complex of objects in Cr g, . Suppose
that at least one of the following holds: (i) p is odd, (i) F., has no real places, or (iii)
T is bounded and F'_ has no real places that become complex in F,. Then we have an

2We write an exact triangle A — B — C — A[1] more compactly as A — B — C throughout.

41



isomorphism of exact triangles

N @% R () (Grs, ZFr(T)) ——— R (Grs, Zr (T))

J |

N ®k RF(GES, cg‘\F(T)) — RF(GF,S, yp/ (T))

| |

N @% B,.s RI(G,, Fr(T)) —== B,cs RT(Go, Fr(T))
m D(MOdA/).

Proof. We need only show that the lower and upper horizontal morphisms are isomor-
phisms. The upper morphism exists and is an isomorphism for 7" bounded above without
additional assumption. That is, recall that the compactly supported cohomology groups
of a module vanish in dimension greater than 3 [Nekl Lemma 5.7.3]. The hypercoho-
mology spectral sequence for compactly supported cohomology therefore converges for
bounded above complexes, yielding the existence of a functor

RF(C) (GF,S7 _): D_(CA,GF,S) — D_(MOdA).

The analogous result to Proposition m then holds by the original argument (in the
case that (1) holds and Y is bounded above). That the upper morphism exists and is an
isomorphism follows immediately as in Theorem [3.1.8

The summands of the lower morphism corresponding to nonarchimedean v are iso-
morphisms, again for 7" bounded above without further assumption, by Theorem [3.1.8|
For a real place v of F, the functor RI'(G,, —) is well-defined only on the bounded de-
rived category. However, if v becomes complex in F!_, then the relevant hypercohomology
spectral sequence implies that the composite functor RI'(G,, % (—)) is both well-defined
and zero on D(Cr¢,). So, the v-summand of the lower horizontal morphism is trivially
an isomorphism. If v splits completely in F,,/F', then the modules A, and , A have trivial
G,-actions, so we have isomorphisms Z(T) 2 A @z T and Fr(T*)" =2 A @g T* of com-
plexes in Cy ¢, and Cpo g, , respectively. Since G, is finite, the terms of a(Gv, M) for a
G,-module M are each naturally isomorphic to a finite direct sum of copies of M. With
these identifications, the canonical map

A®r C(Gy, T) =5 C(Gy, A®g T)

agrees with the identity map, so is an isomorphism. Of course, we have the corresponding
result for A’, and the isomorphism

N @ (Aog C(G,, T)) = N @} C(G,,T)
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in D(Mody/) provides the v-summand of the lower isomorphism. O

Remark 4.1.2. Proposition holds with “bounded above” removed if we suppose
that the kernel of I' — I has no elements of order p. This follows quickly if p is odd or F’
has no real places, but it requires some work in the remaining case that F  has no real
places but F' does. We omit this for purposes of brevity.

The next proposition shows in particular that if 7" is a bounded complex of objects of
Cg,_cf;,y then the global, local, and compactly supported cohomology groups of Z-(T) are
finitely generated A-modules. (Here, we implicitly identify cochain complexes with their

quasi-isomorphic truncations in the derived category.)

Proposition 4.1.3. Let T be a complex of objects of Cﬁfo;S.
(a) The complex R (o)(Grs, Fr(T)) lies in Dy_g(Moda) if Fu has no real places or p
is odd and in Dy _,(Mody) if T is bounded above.

(b) The complex RI'(Grg, Fr(T)) for v € Sy lies in Dy_g(Mody) if Foo has no real
places or p is odd and in DY _,(Mody) if T is bounded below.

(¢) IfT is bounded and either Fy has no real places or p is odd, then RI' () (G s, #r(T))
and RI(Grs, Zr(T)) lie in D4 _; (Mody).

(d) Forv € S}, the complex RT(G,, Zr(T)) lies in Dp_g(Moda) and in DY (Mod, )
of T is bounded.

(e) The complex RI'(G,, Zr(T)) for v € Sy lies in Dy_g(Mody) if T is bounded.

Proof. For real v, any ¢ € Z and T concentrated in degree 0, the Tate cohomology group
Hi(G,, Fr(T)) is a 2-torsion subquotient of .Zp(T), as G, has order 2. Hence, it is finitely
generated over A as Zr(T) is. The hypercohomology spectral sequence allows one to pass
to the case of a bounded complex T', and therefore RI'(G,, %1 (T)) lies in Dp_g(Moda),
hence (e). Recall also that RI'(G,,, %1 (7)) is a zero object for all complexes T if v extends
to a complex place of Fj.

If v € S is nonarchimedean, then G, is p-cohomologically finite by our above remarks,
and hence Theorem implies that RI'(G,, #1(T)) lies in Dy_g(Mody). In the case
that p is odd or Fis has no real places, Theorem [3.2.4]again implies that RT'(Gps, Zr(T))
lies in Dp_g(Mody). (For this, note that if p = 2 and F' has a real place that becomes
complex in F, it will already have become complex in any extension with Galois group
['/T, where 'y is an open uniform pro-p subgroup of I'.) In this case, it follows from
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the above-mentioned exact triangle that RI'()(Gps, Z#r(T)) is in Dy_g(Mody). If T is
bounded, then clearly all of the above complexes will additionally lie in the bounded
derived category. In particular, we have (c) and (d) and part of each of (a) and (b).
The analogue of Theorem [3.2.4] for compactly supported cohomology holds for bounded
above T since H (ic)(G r.s,-Zr(T)) vanishes for sufficiently large i. The proof is essentially
identical but uses the semilocal version of Shapiro’s lemma [Nekl, (8.5.3.2)] in the first
step and the relevant hypercohomology spectral sequence in the last. Thus we have (a).
Finally, if T"is concentrated in degree 0, the exact triangle tells us that H (G s, #r(T))
is finitely generated over Zr(T') for sufficiently large i. Thus, we are still able to perform
the inductive step in the proof of Theorem to obtain that RI'(Grg, #r(T)) sits in
Dy ;. (Mod,) for such 7', and then for bounded below 7' via the hypercohomology spectral
sequence. Thus, we have (b). O

Remark 4.1.4. Part (d) of Proposition makes sense and holds more generally for
any complex T" in Cﬁ‘éf, as A, has a G,-action through the composite with the canonical
map G, = Grg.

Remark 4.1.5. We may also consider the setting in which we take F itself to be a
nonarchimedean local field of characteristic not equal to p. We then let Gz be its absolute
Galois group, let I' denote the Galois group of a p-adic Lie extension of F', and as before, set
A = R[I']. In this case, we obtain immediately from Theorem m that the cohomology
groups H’(Gp, Zr(T)) are finitely generated A-modules for all j and any complex of
objects of T" of Cﬁfo;, and consequently, that RI'(Gp, Zr(T)) is an object of Dy _g(Mod,)

for any complex T of objects in Cﬁaf;.

4.2 Duality over local fields

In this subsection, we will state a version of Tate duality for I'-induced modules with
A ®% wg for a dualizing complex wg replacing Q,/Z,. Fix a nonarchimedean prime
v € S. We continue to suppose that I' is a compact p-adic Lie group that is a quotient of
G defining an extension [, though as we remark later, we could just as well assume
it to be a quotient of G,. Let T" be a bounded complex of objects in ng;fj. As before,
we let Ji denote a complex of injective R-modules that represents wg, and we let T™ be
a quasi-isomorphic subcomplex of Hompg (7T, Jg) consisting of objects of ng:'
The cup product of Lemma yields a map

C(Go, Fr(T)) ®r C(Go, Fr(17)'(1)) — 7250(Go, A @R Jr(1))
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of A ®g A°-modules. Taking adjoints, we have the following maps of complexes of A-
modules and A°-modules, respectively:

C(Gy, Fr(T)) — Homye (C(G,,, Fr(T*) (1)), 7AC(G, A @ JR(l))>,
C(G Fo(T*) (1)) — Hom (C(Gu, (1)), HC (G A & Jr(1)) ).

From now on, we use MV to denote the Pontryagin dual of a locally compact abelian
group M. We have the following analogue of [Nek, (5.2.1)].

Lemma 4.2.1. Let A be a bounded compler in Cy 3 with terms that are flat as R-
modules. Then there exists a quasi-isomorphism

ga: (A QR JR)[—Q] — TéIQC(GU, A KRR JR(l)),
natural in A, of chain complexes of A ® g A°-modules.

Proof. We first note that if M is any finitely generated R-module with a trivial action of
G, then Tate local duality as in [Lim2, Theorem 4.1.2] yields isomorphisms

H*(Gyy, A®r M(1)) =2 HYG,,(A@r M)")Y =2 Az M,

of A®gA°-modules. Now suppose that M is any (ind-admissible) R|[G,]-module with triv-
ial G,-action, and write M = |J M, where the M, are finitely generated R-submodules
of M. Since the terms of A are R-flat, A* ®z M is the union of the A* ® M, for any
1€ 72, s0

H*(G,, A®r M(1)) = lim H*(Gy, A®p Mo (1)) 2 lim A ®p My = A@g M.
As G, is of p-cohomological dimension 2, we therefore have a quasi-isomorphism
A®p M[-2] — 7LC(G,, A g M(1)),

of complexes of A ®g A°-modules. The case of a bounded complex M of ind-admissible R-
modules, e.g. M = Jg, then follows easily. Naturality is immediate from the construction.

[]

Combining Lemma for A = A with the morphisms constructed above and passing
to the derived category, we obtain morphisms as in the following theorem.
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Theorem 4.2.2. Let T be a bounded complex in Cg”Gf:. Then the morphisms

RI(G,, Zr(T)) — RHomye (RP(GU, Fr(T) (1)), A @% wR> =)
RI(G,, Zr(T*)(1)) — RHom, <RF(GU, Fr(T)), A % wR> =)
in Dp_g(Mody) and Dp_g(Modyo), respectively, are isomorphisms.

Over the course of the next two subsections, we will show that the first of the mor-
phisms of Theorem is an isomorphism. The proof that the second is an isomorphism
is completely analogous. By an argument similar to that in [Nekl Lemma 5.2.5], it suffices
to prove the theorem for a particular translate of the dualizing complex. In view of this,
we will assume that our choice of the dualizing complex satisfies [Nek, (2.5)(i)] throughout
the next two subsections.

Remark 4.2.3. In the setting that F' is a nonarchimedean local field of characteristic not
equal to p, that F is any p-adic Lie extension of F', and that T is a bounded complex

of objects in Cﬁg;, the argument we are about to describe also carries over as in Remark

to prove the direct analogue of Theorem with G, replaced by Gp.

4.3 Change of rings

Recall that R is a complete commutative local Noetherian ring with maximal ideal m and
finite residue field k. In this subsection, we shall show that it suffices to prove Theorem
for any complete commutative local Noetherian ring S that has R as a quotient. (In
this subsection only, S denotes such a ring, rather than the set of primes chosen above,
which is used only implicitly.)

We suppose given a surjection ¥: S — R, which necessarily induces an isomorphism
on residue fields. We use mg to denote the maximal ideal of S, and we set

d = dimy mg/m% — dimj, m/m?*,

Note that if A is any complex of S-modules, then Homg(R, A) is isomorphic to the
subcomplex of A with terms the torsion submodules under ker¢). In particular, if B is a
complex of R-modules, then the resulting inclusion map induces an isomorphism

Hompz(B, Homg(R, A)) — Homg(B, A),
as is easy enough to see by the usual adjointness principle. In particular, we have

HOHIR(B, Rv) ;> HOIIls<B, Sv)
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With this comparison of Matlis duals with respect to R and S in hand, we now compare
Grothendieck duals with respect to these rings (see also [Har2]). For this, we choose
particular dualizing complexes Ji and Jg of injectives as follows. Let zy,...,Z, € m with
images forming a k-basis of m/m?. Recall (cf. [Nek, Section 0.4]) that we may take Jx to
be the Matlis dual of Cg[r|, where Cf is defined to be the complex

R— @Rx — @ij — oo — Rz .z,
i i<j
in degrees [0, 7], with the usual Cech differentials, which is to say that

JR = HOHIR(CR[T], RV)
Note that Jg is a complex of R-injectives by the R-flatness of the terms of C'z and the
R-injectivity of RY.

We lift Z4,...,Z, to elements z1,...,x, of mg and extend to a sequence z1,...,x,
such that the images of x1, ...,z form a basis of mg/m§ and the elements z,,q,..., %
map trivially to m/m?. Modifying each z; with 7 > r by an element of m% if necessary, we
may choose these elements so that they in fact map trivially to m. We use this sequence
to define Cg, and we set Jg = Homg(Cg[s], SY).

Lemma 4.3.1. Let T be a bounded complex in Cg,_sz’ which we view also as a complex in

Cgafvt via v. Then v induces a natural map Jgp — Js[d] and in turn an isomorphism
HOIDR(T, JR) ;> HomS(T, JS>[d]
of complexes in Fs g, .

Proof. The natural map Cs — Cpg factors through an isomorphism R ®g Cg = Cx. This
induces an isomorphism

JR ;) HOHIS(R, JS)[d],
which is given by the following composition of isomorphisms
Hompg(Cg[r], RY) — Homg(Cg[r], ") — Homg(R ®g5 Cs[r], S)
s Homg (R, Homg(Cs[r], S")) — Homg(R, Homg(Cjs[s], S¥))[d],

where the latter natural map is defined as in [Nekl (1.2.15)] (noting [Nekl (1.2.5)]). The
result then follows from the isomorphisms

Homg (T, Jr) — Hompg (T, Homg(R, Js))[d] — Homg(T, Js)[d].
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We now proceed to the reductive step.
Proposition 4.3.2. Let T be a bounded complex in Cﬁgﬁ. Setting Q2 = S[T'], there is a

commutative diagram of natural morphisms

RI(G,, Z0(T)) — RHomye <RF(GU, Fr(T%)(1)), A 9% wR) 2]

Jz |
RI(G,,Q, @5 T) — RHomg (RF(GU, Q@5 T*(1)),Q @k ws[d]> =)
in which the horizontal morphisms are as in Theorem and the vertical arrows are
isomorphisms in D(Modg). In particular, Theorem holds for R if it holds for S.
Proof. Note that we have
QX ®S T = AX ®R T (resp., XQ ®S T* = XA ®R T*)

so RI'(Gy, Zr(T)) (resp., RI'(G,, #r(T*)(1))) is the same complex for R and for S.
By Lemma [1.3.1] and employing the S-flatness of 2 in applying Lemma [2.1.7, we have

canonical isomorphisms
A®gr Jg =0 ®g Jp =0 XRg HOms(R, Js)[d] = HOHIS(R, QO ®g Js)[d],

of complexes of 2°®g¢ R = A°-modules, and the composition of the composite isomorphism
with the natural inclusion

HOms(R, Q XRg Js)[d] — ) Xg Jg[d]

induces the right-hand vertical map in the proposition. That the diagram commutes then
follows directly from the definition of the cup product in Lemma |3.3.3|

Let us fix a quasi-isomorphism ¢: Q®gJs — K, where K is a bounded below complex
of injective €2°-modules. We check that the map

LR: HOms<R, Q Rg Js) — HOms(R, K)

induced by ¢ is a quasi-isomorphism, which implies that Homg(R,Q ®g Jg) represents
RHomg(R, ) ®% wg) in D(Modye). Let e: P — R be a resolution of R by a complex P
of finitely generated free S-modules. We have a commutative diagram

Q ®5 Homg(R, Js) 2% Homg (R, Q@ @5 Js) — Homg (R, K) % Home (Q @5 R, K)

lid@ej IE;S@J le’;( l(id@s)}‘(

Q @5 Homg (P, Js) ~22 Homg (P, Q ®g Js) 2 Homg(P, K) 2+ Homee (Q ®5 P, K)
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in which the vertical maps are all induced by . Moreover, note that the upper horizontal
morphisms are of complexes of A°~-modules and the others are of complexes of 2°~-modules.
The maps ¢p and ¢p are isomorphisms, and the map id®e% is a quasi-isomorphism by the
S-injectivity of Jg and the S-flatness of €1, so £, ; is also a quasi-isomorphism. The maps
1r and Yp are isomorphisms by the usual adjointness of Hom and the tensor product,
and the map (id®e)3} is a quasi-isomorphism by the Q°-injectivity of K, so €}, is a quasi-
isomorphism as well. Finally, the map ¢p is a quasi-isomorphism by the S-projectivity of
P, and it follows that ¢y is a quasi-isomorphism.
To finish the proof, we need only show that the morphism

RHom,. <X, RHomg(R, Q @L ws)) — RHomg: (X, Q &L wg)

is an isomorphism for X = C(G,, #r(T%)"(1)) . It is easy to see that Homg(R, K) is a
complex of injective A°~-modules. Moreover, every 2°~-homomorphism from the complex
X of A°~-modules to K must factor through

HOon (A, K) = HOHlQo (Q Rs R, K) = HOms(R, K)
of K, so the map
Hom s (X, Homg(R, K)) — Homge (X, K)

induced by inclusion is an isomorphism, as desired. O

4.4 Duality over flat Z -algebras

In this subsection, we will prove Theorem [4.2.2] As remarked in the proof of Proposition
3.0.1) every complete commutative Noetherian local ring with finite residue field is a
quotient of a power series ring in finitely many variables over an unramified extension of
Z,. Proposition then allows us to reduce Theorem to the case of such power
series rings. We therefore can and do assume that R is Z,-flat throughout this subsection.

We will require a bit more general of a derived adjoint map than the one we wish to
prove is an isomorphism. The construction is found in the following easy lemma.

Lemma 4.4.1. Let A be a bounded complex of R-flat objects in C//\\ij\ft. Then we have a
morphism

RI(G,, A @p Zr(T)) — RHomye <RF(GU, Fr(T) (1)), AL wR> (2]

in D(Mody) that is natural in the complex A.
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Proof. This is simply the derived adjoint of the composition of the cup product in Lemma
with the map to the truncation 72,C(G.,, A ®g Jr(1)), which is quasi-isomorphic to
(A ®pg Jr)[—2] by Lemma {4.2.1} Naturality is immediate. O

We will mostly be interested in complexes of length 2, so we introduce the following
notation. Suppose that B is an object in C’j\\o_ft and that A is a subobject of B, which is
to say that it is a closed A ®x A°-submodule with the subspace topology. Then for any

bounded complex T' of objects in Cﬁ‘sz, we define a complex

Fpu(T) = [A — B)® Fr(T),

of objects in Cy ¢,, where A and B are in degree -1 and 0 respectively.
Let I = I(I") denote the augmentation ideal of A. We then have the following lemmas.
Recall for the first that we assume that R is Z,-flat in this subsection.

Lemma 4.4.2. The following statements hold for any n > 0.
(a) The ideal I" is a flat R-module.
(b) The module I" /1" is finitely generated and of finite projective dimension over R.

Proof. (a) Suppose first that I is finite, and let Z denote the augmentation ideal in Z,[I'].
As Z,[I'] is finitely generated and free over Z,, so is Z". Since R is Z,-flat, the natural
surjection R ®z, I — I" is an isomorphism, and therefore I" is free over R.

In the general case, I' = lim IV, where I'" runs over the Galois groups of the finite Galois
extensions of F'in F,, and I™ is the inverse limit of the nth powers of the augmentation
ideals I(I") of the R[I]. As I(I'")* = I™ ®, R[], an application of Lemma yields
an isomorphism

I"®r B = @(I(F,)n ®gr B)
o
for any ideal B of R. The left exactness of the inverse limit and the R-flatness of I(I")"
then imply that the canonical map I" ®r B — " is an injection, proving the flatness of
1.

(b) Let Z denote the augmentation ideal in Z,[I']. For each n, the composition

R®z, IT" — R®g, Z,[I'] — R[]
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induces a surjection R ®Zp I™ — I™ that fits into the following commutative diagram with

exact rows:
R&yz, I —— R®y It —— R&y, (I"/I"') —— 0
0 It " I”/I”+14>0.

Since the two vertical maps on the left are surjections, so is the one on the right. Note
that Z"/Z"*! is a quotient of nth tensor power of the maximal abelian pro-p quotient
of I', a finitely generated Z,-module. Therefore, the existence of the above surjection
implies that I"/I"*! is finitely generated over R. To see that the last assertion holds, we
note that it follows from (a) that I™/I"! has finite flat dimension. Since flat dimension
coincides with projective dimension for every finitely generated module over a Noetherian
ring (see [Wei, Proposition 4.1.5]), we have our assertion. O

Lemma 4.4.3. Let T be a bounded complex of objects in Cﬁfoj. Then we have a quasi-

1somorphism

Cone (%n e (T) — Ty (T)) s Py (T)
of complexes in Cﬁz;f: Moreover, we have an exact triangle

"/ I @ wp — AT @% wp — AT @% wi
in D*(Modgpae)-

Proof. Since the powers of I are R-flat by Lemma |4.4.2(a), it suffices in both cases to
show that there is a quasi-isomorphism

Cone ([["' — I"] — [I"™" = A]) = [I" — Al
Note that the latter cone is precisely the complex
InJrl i> [nJrl @In i> A,

where f(x) = (z,—x) and g(x,y) = x +y for x € I""! and y € I". One can now easily
check that the diagram

In—l—l f In+1 o) " 9 A
0 VAL A

commutes, where v is given by v(z,y) = z +y for x € I"*! and y € I", and the vertical
maps induce isomorphisms on cohomology. O]
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We are now able to prove the following proposition, which is an important ingredient
in the proof of Theorem [4.2.2

Proposition 4.4.4. Let T be a bounded complex of objects in ng:. Then we have the

following morphism of exact triangles

RI(G,, Fp )i (T)) — RHome <RF(GU, Fr(T) (1)), 17/ I @k WR) (2]

RI(G,, Fx v (T)) —— RHom,e (RP(Gv, Fe(T)H(1), A/ I @k wR) (2]

RI(G,, Z/1(T)) — RHom,e (RF(GU, Fr(T*) (1)), A/ I &L wR> (2]

in D(Mod,).

Proof. By Lemma [4.4.2)(a), we see that I"/I""' ®@% wp and A/I" @% wg are represented
by [I"™! — I"] @ Jg and [I" — A] ®r Jg respectively. Therefore, the commutativity of
the diagram in the proposition follows from the naturality in Lemma [4.4.1. By Lemma
[4.4.3] both columns are exact triangles. O

We now describe the idea of the proof of Theorem [4.2.2, We shall first prove that the
morphism

RI(Gy, Za 1 (T)) — RHomys <RF(GU, Fr(T) (1)), A/T" @ WR) (2]

is an isomorphism for all n. Then, Theorem [4.2.2| will follow from this by a limit argument.
To show that above morphism is an isomorphism, we will utilize Proposition [4.4.4] Note
that if any two of the horizontal morphisms in Proposition [£.4.4] is a quasi-isomorphism,
so is the third one. Therefore, by an inductive argument, we are reduced to showing that
the morphism

RI(G., Fpjpos (T)) — REomye (RF(GU, Fr(THH (1)), [/ 1"+ @k wR> (2]

is an isomorphism for all n > 0.
Note that I' acts trivially on I"/I"!. Therefore, one may view I"/I""! as a A°-module

via the augmentation map A — R. We now have the following lemma.
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Lemma 4.4.5. Let T be a bounded complex of objects in Cg‘foZ. Then we have the following

1somorphisms
Fpnypr(T) < 1"/ I QY Fr(T) = 1"/ QR T
in D°(Cpq,). Therefore, we have an isomorphism
RI(Gy, Fpnjnii (T)) —= RI(G,, I" /I &5 T)
in D(Mod,).

Proof. Let P be a resolution of I"/I™*! consisting of projective objects in Cy_». Then
there is a quasi-isomorphism P — [I""! — I"] of complexes in Cy_, which lifts the identity
map on ["/I""!. By Lemmas [2.4.3| and [4.4.2(a) this induces a quasi-isomorphism

PRAAN @rT — 1" = " @y A, @ T

of bounded above complexes in Cp ¢,, proving the first isomorphism. The second iso-
morphism is a special case of Lemma with N = I"/I"* and T” trivial. Note that
both quasi-isomorphisms of complexes factor through a quasi-isomorphic truncation of
P @y A, ®r T, so they may be seen in the bounded derived category. O]

Lemma 4.4.6. For each n, there is a commutative diagram

1"/ @ RI(Gy, T) ———— I/ @) RHom (RD(G,, T(1),wr ) 2]
t t
RI(G,, ["/I"' Q% T) ——— RHomp (RF(GU, T*(1)), I" /1" @k wR) [—2]
l
z RHomp (RF(GU, Fr(T%) (1)) @F R, I"/ 1" @ LuR> 2]

l

RI(Gy, Fpogont (T) ——— RHomy: (RT(Gy, Fr(T*) (1), 1"/ I 0 o ) [-2],

where the vertical morphisms are isomorphisms in D(Modg).
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Proof. By Lemma [4.4.2(b), we may choose a bounded resolution @ of I™/I"*! by finitely
generated projective R-modules. By [Nekl, Proposition 3.4.4], we have an isomorphism of
complexes

a: QeprC(G,,T) — C(Gy,Q2rT)

that fits into the commutative diagram

Q®@rC(Gy,T) ®@p C(Gy, T*(1)) —— Q @r C(Gy, Jr(1))

a®idJ/ la/

C(G’Ua Q ®R T) ®R C(Gva T*<1)) — C(Gva Q ®R JR(I))7

where o is defined analogously to a and is also an isomorphism. Since Jg is a bounded
complex of R-injectives, we may find homotopy inverses to the quasi-isomorphisms qg
and ¢gg of Lemma that fit in a commutative diagram

Q ®r C(Gy, Jr(1)) — Q @ T24C(Gy, Jr(1)) —— Q ®r Jr[—2]

|- J

C(Gy, Q ®r Jr(1)) — T25C(Gy, Q ® Jr(1)) — Q ®r Jr[-2].

We obtain the top commutative square in the lemma and the fact that the vertical mor-
phisms therein are isomorphisms, the one on the right by Lemma and [Nekl Propo-
sition 4.2.3].

Let P be a resolution of I"/I"*! consisting of finitely generated projective A°-modules.
We may view () as a resolution of A°-modules via the augmentation map A — R. Then,

by Proposition [2.4.6 the map
Py Fr(T)=PAN T — QNN QrT =ZQ®rT

is a quasi-isomorphism of complexes of objects in Cr ¢,, and we let f denote its induced
map on cochains. Let L be a resolution of R consisting of finitely generated projective
A-modules. Then, by an opposite version of Theorem [3.1.8, we have a quasi-isomorphism

g: C(Gy, Zr(T*) (1)) ®@r L — C(G,,, T*(1))
of complexes of R-modules. Noting Lemma [3.3.3] we have a commutative diagram

C(Gy, P Fr(T)) @r C(Gy, Fr(T*)'(1)) @p L — C(Gy, P ®r Jr(1)) @A L

f®gl le

C(Gy,Q@RT) ®r C(Gy, T*(1)) —————— C (G, Q @r Jr(1)),
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where ¢ is induced by the augmentation . — R and the map P — Q.
Taking adjoints and applying the homotopy inverse to gg as above, we obtain the
commutative diagram

C(Gu, Q@R T) Homp (C(Gy T*(1), Q @5 Jr ) -2

T l

C(Go, P @5 Fr(T)) — Homg(C(Gu, Fo(1")(1) @4 L, Q ©r J) [-2

L

C(Gy, P @ Zr(T)) — Hompe (C(Gv, Zr(T7)4(1)), Homg(L,Q ®r JR)) [—2],

which yields upon passage to the derived category the lower part of the diagram in the
statement of the lemma, the vertical morphisms therein being isomorphisms by Theorem

Lemma and Lemma [2.1.6] O]
B.1§

Lemma 4.4.7. The morphisms
RI(Gy, Fpnjpos (T)) — RHomys (RF(Gv, Fr(TH)H(1)), I/ I+ @k wR> =)
in D(Mody) are isomorphisms for every n > 0.

Proof. By Corollary [2.1.3] it suffices to show that the above morphism is an isomorphism
in D(Modg). The morphism

RI(G,,T) — RHomp (RF(GU, T*(l)),wR> =)

in D(Modg) is an isomorphism by [Nekl Proposition 5.2.4(ii)], and so the top morphism
of the diagram in Lemma[4.4.6]is an isomorphism. Since all the vertical morphisms in the
diagram are isomorphisms, it follows that the bottom morphism is also an isomorphism,
as required. O]

Proposition 4.4.8. The morphisms
RI(Gy, Zpy1(T)) — RHomye (RI(Gy, Zr(T°) (1)), A/ " @ o ) 2]
in D(Mody) are isomorphisms for every n > 1.

Proof. As seen in the above discussion, the preceding lemma allows us to perform an
inductive argument using the morphism of exact triangles in Proposition to obtain
the required conclusion. O
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We finish the proof of Theorem by passing to the inverse limit.
Proof of Theorem[{.2.4. By Remark [4.1.4] there exists a quasi-isomorphism
W — C(G,, Zr(T%)"(1)).

with W a bounded above complex of finitely generated projective A°-modules. Since Jg
has cohomology groups which are finitely generated over R, Lemma [2.3.1| implies the
existence of a subcomplex C of Ji such that C' is a complex of finitely generated R-
modules and the inclusion i : C' — Jg is a quasi-isomorphism. We fix such a C' and write
X, for [I" — A]. The complex Homyo (W, X, ®g C') represents

RHom s (RF(Gv, Fr(T) (1)), A/T" @ wR> ,
and Hompe (W, A @ C') represents
RHom e (RF(GU, Fr(TH) (1)), A @ wR>,

since X, is a complex of flat R-modules by Lemma m(a) Now, for each n, we have a
commutative diagram

RI(G,, Z0(T)) — RHomye <RF(GU, Fr(T) (1)), A @ wR> =)
RI(Gu, F1(T)) — RHomae (RI(Go, Fi(T)(1), A/ 1" @ wr )2
which induces a commutative diagram

H%Gwﬂr(T)) —>H27i(HOon(I/V,A KRR C))

| J

HY(Gy, Zp o (T)) — H?i(Homye (W, X,, @5 C))

of cohomology groups. Since the maps in this diagram are compatible as we vary n, we
obtain the commutative diagram

Hi(Gv, cg.r(T')) E— H2_i(H0on (I/V, A ®r C))

| J

lim HY Gy, Fryn(T)) — lim H> " (Hompo (W, X,, @5 O)).
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It remains to show that the upper horizontal map in the latter diagram is an isomor-
phism. By Proposition [4.4.8, we know that the lower horizonal map is one. Noting that
the maps X, 11 ®r C — X,, ®g C are injections of complexes with intersection A @z C
over all n, we have an isomorphism

@HOon(W, Xn QR C) = I‘IOIIle(I/V7 A Rr C)

of complexes of finitely generated A-modules. Since inverse limits are exact for finitely
generated A-modules (being that they are compact), after taking cohomology groups, we
have that the vertical map on the right is an isomorphism. On the other hand, we also
have an isomorphism

lim (X, @y Fr(T)) = Fr(T)

of complexes of objects in Cf\\af: and hence an isomorphism

lim C(G., X, ® Zr(T)) = C(Gy, Fr(T)).

By [Lim2, Proposition 3.2.13|, we then have

@HJ(GU, X, @x Zr(T)) = H (G, Zr(T)).

Therefore, the vertical map on the left is also an isomorphism. Hence, the top map is an
isomorphism, as required. O

4.5 Duality over global fields

We end this paper by describing the global analog of Theorem that is our main

result. Let T" be a bounded complex of objects in ng;s, and we choose T™ in Cﬁg};s as

in Section [3.3] As in [NeK, (5.3.3)], we define two morphisms of complexes of A ®p A°-
modules

U C(c)(GF,S, Fr(T)) ®r O(GF,Sa Fr(T*) (1)) — C(c)(GF,S, A®g Jr(1))
Ue: C(Grs, Zr(T)) ®r Co)(Grs, Fr(T%) (1)) — Cio)(Grs, A @r Jr(1))

which are given by the formulas

(a,ag) Ub=(aUb,as Ug resg(b))
a U, (b, bs) = (CL U b, (_1)& l"eSS(CL) Usg bs),
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where a denotes the degree of a, the direct sum of the restrictions to the primes in S is
denoted resg, the symbol U is the total cup product

C(Gﬂs, ﬁr(T)) XRpr O(Gﬂs, ﬁr(T*)L(l)) — C(GRS, A KRR JR(l))

of Lemma [3.3.3] and Ug is the direct sum of the corresponding local cup products.
Much as in Lemma (but now analogously to [Nekl Lemma 5.7.3]), we have a quasi-
isomorphism

A®p Jp — TiéC(c)(Gpjs, A ®pg JR(l))
of complexes of A ®zr A°-modules, which allows us to use adjoints to define the morphisms
in the following theorem.

Theorem 4.5.1. Let T" be a bounded complex of objects in Cg,_cfls' Then we have an

isomorphism

RI((Grs, #r(T)) —— RHomye (RI(Grs, Zr(T7)(1)), A @k wr ) -3

RI(Grs, #r(T) — RHomye (RE( (Grs, Zr(T7) (1), A @ wr ) -3

D RI(G,, Fr(T)) — @D RHomy (RF(GU, Fr(T) (1)), A @ wR> =)

veES veES
of exact triangles in Dp_g(Mody).

Proof. The morphism of exact triangles can be constructed as in [Lim2, Theorem 4.2.6].
We remark that it suffices to prove that any two of the three horizontal morphisms is an
isomorphism, and we focus on the second and third. By an analogous result to Proposition
, we may assume that R is regular and Z,-flat. That the second of the morphisms
is an isomorphism follows as in proof of Theorem [£.2.2] In fact, aside from the obvious
changes of notation for cochains and other objects, there are no significant changes to the
proof. As for the third, note that for a nonarchimedean prime v in S, the map

AC(Go A @p Jr(1) — 74 (Clo(Grs, A @r Jr(1) 1))

is a quasi-isomorphism that induces the identity maps on the cohomology groups of each
complex. Under this identification, the map on the v-summand in the lower horizontal
morphism in the statement is exactly the first isomorphism of Theorem [4.2.2]
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It remains to prove that, for a real place v, the morphisms
RI(Gy, 1(T)) — RHomye (RI(Gy, Fr(T) (1)), A @ wr ) [-2]

are isomorphisms in Dj_g(Mody). There are two cases: either v extends to a complex
place or splits completely in F,,. However, if v becomes complex, then both C (Gy, Zr(T))
and C(G,, Fr(T*)" (1)) are acyclic, and there is nothing to prove.

If v splits completely in F,, then the adjoint map of interest is identified (as in the
proof of Proposition with

A 5 C(Gy, T) — Homyo (A @r C(Go, T*(1)), A 05 T ) -2,
AR f=> (p®g—=Au® fug),

where

U: C(Gy, T) @5 C(Gy, T*(1)) — Jp[—2]
is given by cup product followed by the maps

C(Goy Jr(1)) — TH4C (G, Tn(1)) — 75 (Clo(Grs, Tn(D)[1]) — Jal=2)

the latter being a homotopy inverse to the inclusion of complexes.
Suppose now that we have a quasi-isomorphism D — C(G,,T*(1)) with D a g-
projective complex of finitely generated R-modules. In the commutative diagram

Hom o (A @r C(Gy, T*(1)), A ® JR> s Hompe (A @ D, A @r Jg)
l {
Homp (@(G@, T(1)), A ®g JR) L Homa(D,A®g Jg)

l

A Xpr HOHlR (6(GU, T*(l)), JR> — A Xnr HOIHR(D, JR),

of canonical maps, the lower right vertical map is an isomorphism by Lemma m (the
terms of D being finitely generated over R), and the lower horizontal morphism is a quasi-
isomorphism by the R-injectivity of the terms of Jr and the R-flatness of A. It follows
that the derived adjoint morphism is represented by a morphism

A®r C(Gy, T) — A @5 Homp (6(@,, (1)), JR> (2]
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that by construction takes A ® f to A® (g — f U g), which is the tensor product of the
identity map with the derived adjoint that is already known to be a quasi-isomorphism
by [Nekl (5.7.5)].

We are left to construct D, the existence of which is not so obvious as C(G,, T*(1))
need not have bounded cohomology. However, as is seen in [Spa, Lemma 3.3] (see also
[Kel, Appendix]), such a complex may be constructed as a direct limit liﬂDn using maps
an: D, — D, that are split injective in each degree, and where

Dy — tHC(G,, T*(1))

is a quasi-isomorphism from a bounded above complex of finitely generated R-projectives
and E, = D, /a,_1(D,_1) for n > 1 is chosen to be quasi-isomorphic to

Cone (741, C(Gy, T (1) — 718Gy, T (1)) ),

which has bounded, R-finitely generated cohomology. Since R has finite global dimension,
we may choose the F,, as bounded complexes of finitely generated projective R-modules
such that, for each k, only finitely many E* are nonzero, which is what was needed. [J

We end with a straightforward remark.

Remark 4.5.2. There is also an analogous diagram and isomorphisms for the other
adjoint, with morphisms as in the second map in Theorem [4.2.2] and this follows, for
instance, by a nearly identical argument.
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