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Abstract

Let F be a global field, let S be a nonempty finite set of places of F which contains
the archimedean places of F, let d > 1, and let X = ]_[ ves Xy where X, is the symmet-
ric space (resp., Bruhat-Tits building) associated to PGL,(F,) if v is archimedean (resp.,
non-archimedean). In this paper, we construct compactifications I'\ X of the quotient
spaces I'\ X for S-arithmetic subgroups I" of PGL;(F). The constructions make delicate
use of the maximal Satake compactification of X, (resp., the polyhedral compactifica-
tion of X, of Gérardin and Landvogt) for v archimedean (resp., non-archimedean). We
also consider a variant of X in which we use the standard Satake compactification of X,

(resp., the compactification of X, due to Werner).

1 Introduction

1.1. Letd > 1, and let X = PGL;(R)/PO,(R) = SL;(R)/SO4(R). The Borel-Serre space (resp.,
reductive Borel-Serre space) X contains X as a dense open subspace [3] (resp., [26]). If T is a
subgroup of PGL,(Z) of finite index, this gives rise to a compactification T\ X of I'\ X.

1.2. Let F be a global field, which is to say either a number field or a function field in one
variable over a finite field. For a place v of F, let F, be the local field of F at v. Fixd > 1.

In this paper, we will consider the space X, of all homothety classes of norms on de anda
certain space X, which contains X, as a dense open subset. For F = Q and v the real place,
X, is identified with PGL4(R)/PO,4(R), and X, is identified with the reductive Borel-Serre
space associated to PGL,(F,). We have the following analogue of



Theorem 1.3. Let F be a function field in one variable over a finite field, let v be a place of F,
and let O be the subring of F consisting of all elements which are integral outside v. Then for
any subgroup T of PGL4(O) of finite index, the quotientT\X,, is a compact Hausdorff space
which contains T\ X, as a dense open subset.

1.4. Our space Xy, is not a very new object. In the case that v is non-archimedean, X, is
identified as a topological space with the Bruhat-Tits building of PGL,(F,). In this case, X,
is similar to the polyhedral compactification of X, of Gérardin [7] and Landvogt [19], which
we denote by X,. To each element of X, is associated a parabolic subgroup of PGL,, - We
define X, as the subset of X, consisting of all elements for which the associated parabolic
subgroup is F-rational. We endow Xy, with a topology which is different from its topology
as a subspace of X,.

In the case d =2, the boundary X, \ X, of X, is P!(F,), whereas the boundary X, \ X, of
Xg,, is P1(F). Unlike X, the space X, is not compact, but the arithmetic quotient as in[L.1]

and|[1.3is compact (see([1.6).

1.5. In §4} we derive the following generalization of[I.1]and[1.3]

Let F be a global field. For a nonempty finite set S of places of F, let X, s be the subspace
of [ [ s XF,, consisting of all elements (x,),s such that the F-parabolic subgroup associated
X, of Xp5.

Let S, be a nonempty finite set of places of F containing all archimedean places of F, let
S, be a finite set of places of F which is disjoint from S;, and let S = S, U S,. Let Og be the
subring of F consisting of all elements which are integral outside S.

to x, is independent of v. Let X denote the subspace [ |

veS

Our main result is the following theorem (see Theorem 4.1.4).

Theorem 1.6. LetT be a subgroup of PGL,(Os) of finite index. Then the quotientT\(Xp s, x Xs,)
is a compact Hausdorff space which contains '\ X as a dense open subset.

1.7. If F is anumber field and S, coincides with the set of archimedean places of F, then the
space Xy is the maximal Satake space of the Weil restriction of PGL,  from F to Q. In this
case, the theorem is known for S = S, through the work of Satake [23]] and in general through
the work of Ji, Murty, Saper, and Scherk [14, 4.4].

1.8. We also consider a variant X?, = of X, and a variant X, ¢ of X, s with continuous surjec-
tions
z o z b
XF,V_)XF,U’ XF,S_)XF’S'

In the case v is non-archimedean (resp., archimedean), X}y is the part with “F-rational
boundary” in Werner’s compactification (resp., the standard Satake compactification) Xz of
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X, [24}125] (resp., [22]), endowed with a new topology. We will obtain an analogue of|1.6|for
this variant.

To grasp the relationship with the Borel-Serre compactification [3], we also consider a
variant X}, of Xy, which has a continuous surjection X},, — X, and we show that in the
case that F =Q and v is the real place, X, ! » coincides with the Borel-Serre space associated
to PGL; g . If v is non-archimedean, the space Xﬁjy is not Hausdorff |i and does
not seem useful.

1.9. What we do in this paper is closely related to what Satake did in [22] and [23]. In [22],
he defined a compactification of a symmetric Riemannian space. In [23], he took the part
of this compactification with “rational boundary” and endowed it with the Satake topology.
Then he showed that the quotient of this part by an arithmetic group is compact. We take
the part X, of X, with “F -rational boundary” to have a compact quotient by an arithmetic
group. So, the main results and their proofs in this paper might be evident to the experts in
the theory of Bruhat-Tits buildings, but we have not found them in the literature.

1.10. We intend to apply the compactification[1.3]to the construction of toroidal compactifi-
cations of the moduli space of Drinfeld modules of rank d in a forthcoming paper. In Section
we give a short explanation of this plan, along with two other potential applications, to
asymptotic behavior of heights of motives and to modular symbols over function fields.

1.11. We plan to generalize the results of this paper from PGL, to general reductive groups
in another forthcoming paper. The reason why we separate the PGL,;-case from the general
case is as follows. For PGL,, we can describe the space X}, via norms on finite-dimensional
vector spaces over F, (this method is not used for general reductive groups), and these norms
play an important role in the analytic theory of toroidal compactifications.

1.12. In §2] we review the compactifications of Bruhat-Tits buildings in the non-archimedean
setting and symmetric spaces in the archimedean setting. In §3|and §4} we discuss our com-
pactifications.

1.13. We plan to apply the results of this paper to the study of Iwasawa theory over a func-
tion field F. We dedicate this paper to John Coates, who has played a leading role in the
development of Iwasawa theory.

Acknowledgments. The work of the first two authors was supported in part by the National
Science Foundation under Grant No. 1001729. The work of the third author was partially
supported by the National Science Foundation under Grant Nos. 1401122/1661568 and 1360583,
and by a grant from the Simons Foundation (304824 to R.S.).
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2 Spaces associated to local fields

In this section, we briefly review the compactification of the symmetric space (resp., of the
Bruhat-Tits building) associated to PGL, of an archimedean (resp., non-archimedean) local
field. See the papers of Satake [22]] and Borel-Serre [3] (resp., Gérardin [7], Landvogt [19], and
Werner [24], 25]) for details.

Let E be alocal field. This means that E is a locally compact topological field with a non-
discrete topology. That is, E is isomorphic to R, C, a finite extension of Q,, for some prime
number p, or F,((T)) for a finite field F,.

Let | |: E — R, be the normalized absolute value. If E = R, this is the usual absolute
value. If E = C, this is the square of the usual absolute value. If E is non-archimedean, this is
the unique multiplicative map E — R, such that |a| =§(Og/a Og)™" if a is a nonzero element
of the valuation ring Oy of E.

Fix a positive integer d and a d-dimensional E-vector space V.

2.1 Norms

2.1.1. We recall the definitions of norms and semi-norms on V.
A norm (resp., semi-norm) on V is a map u: V — R, for which there exist an E-basis
(e)1<i<a of V and an element (r;),<;<4 of RY (resp., RY ) such that

(rla,?---+r3laqs)"? if E=R,
ula, e +---+age;)=1 nla|+--+ryla,l if E2C,

max(rn|ail,..., rylasl)  otherwise.
forall a,,...,a, € E.

2.1.2. We will call the norm (resp., semi-norm) u in the above, the norm (resp., semi-norm)
given by the basis (e;); and by (r;);.

2.1.3. We have the following characterizations of norms and semi-norms.

(1) If E = R (resp., E = C), then there is a one-to-one correspondence between semi-

norms on V and symmetric bilinear (resp., Hermitian) forms( , )on V such that(x, x) >
172 (resp.,
u(x) = (x, x)). This restricts to a correspondence between norms and forms that are

Oforall x € V. The semi-norm u correspondingto ( , ) is given by u(x) =(x, x)

positive definite.



(2) If E isnon-archimedean, then (asin[9]) amap u: V — R, isanorm (resp., semi-norm)
if and only if u satisfies the following (i)-(iii) (resp., (i) and (ii)):

(i) ulax)=|alu(x)forallac E and xeV,
(i) w(x+y)<max(u(x),u(y)) forall x,y € V,and
(iii) u(x)>0if x € V\{0}.
These well-known facts imply that if u is a norm (resp., semi-norm) on V and V’is an E-

subspace of V, then the restriction of u to V' is a norm (resp., semi-norm) on V’.

2.1.4. We say that two norms (resp., semi-norms) y and y’ on V are equivalent if u’ = c u for
some ¢ €R.,.

2.1.5. The group GLy(E) acts on the set of all norms (resp., semi-norms) on V: for g €
GLy(E) and a norm (resp., semi-norm) u on V, gu is defined as o g='. This action pre-
serves the equivalence in|2.1.4

2.1.6. Let V* be the dual space of V. Then there is a bijection between the set of norms on
V and the set of norms on V*. That is, for anorm u on V, the corresponding norm y* on V*
is given by

u(p)= sup(% | x € V\{O}) forp e V*.

For a norm u on V associated to a basis (e;); of V and (r;); € RZO, the norm y* on V* is
associated to the dual basis (e); of V* and (rl._l) ;- This proves the bijectivity.

2.1.7. Foranorm y on V and for g € GL/(E), we have

1

(uog) =u o(g"),

which is to say (gu)* = (g*)'u*, where g* € GLy.(E) is the transpose of g.

2.2 Definitions of the spaces

2.2.1. Let Xy, denote the set of all equivalence classes of norms on V (as in[2.1.4). We endow
Xy with the quotient topology of the subspace topology on the set of all norms on V inside
RY.

2.2.2. In the case that E is archimedean, we have

12

M {PGLd(R)/POd(R) ~SI,(R)/SO,4(R) if EER
\%4

PGL,(C)/PU(d) = SL,(C)/SU(d) it E=C.
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In the case E is non-archimedean, X is identified with (a geometric realization of) the
Bruhat-Tits building associated to PGLy, [4] (see also [5} Section 2]).

2.2.3. Recall that for a finite-dimensional vector space H # 0 over a field I, the following four

objects are in one-to-one correspondence:

(i) a parabolic subgroup of the algebraic group GLy over I,
(ii) a parabolic subgroup of the algebraic group PGLy over I,
(iii) a parabolic subgroup of the algebraic group SLy over I, and

(iv) a flag of I-subspaces of H (i.e., a set of subspaces containing {0} and H and totally
ordered under inclusion).

The bijections (ii) — (i) and (i) — (iii) are the taking of inverse images. The bijection (i) — (iv)
sends a parabolic subgroup P to the set of all P-stable I-subspaces of H, and the converse
map takes a flag to its isotropy subgroup in GLj.

2.2.4. Let X, be the set of all pairs (P, u), where P is a parabolic subgroup of the algebraic
group PGLy over E and, if
0=V,cW&CV,=V

denotes the flag corresponding to P (2.2.3), then yu is a family (u;)y<;<,»» Wwhere u; is an equiv-
alence class of norms on V;/V,_,.
We have an embedding X, — X, which sends u to (PGLy, ).

2.2.5. Let X!, be the set of all equivalence classes of nonzero semi-norms on the dual space
V*of V . We have an embedding X — X;, which sends u to u* .

This set XI“, is also identified with the set of pairs (W, u) with W a nonzero E-subspace
of V and u an equivalence class of a norm on W. In fact, u corresponds to an equivalence
class u* of a norm on the dual space W* of W (2.1.6), and u* is identified via the projection
V* — W* with an equivalence class of semi-norms on V*.

We call the understanding of X, as the set of such pairs (W, 1) the definition of X!, in
the second style. In this interpretation of X/, the above embedding X, — X, is written as

u—(V,u).

2.2.6. In the case that E is non-archimedean, X, is the polyhedral compactification of the
Bruhat-Tits building X, by Gérardin [7] and Landvogt [19] (see also [11, Proposition 19]), and
X}, is the compactification of X, by Werner [24, 25]. In the case that E is archimedean, X
is the maximal Satake compactification, and X‘“, is the minimal Satake compactification for



the standard projective representation of PGLy, (E), as constructed by Satake in [22] (see also
[2, 1.4]). The topologies of X, and X!, are reviewed in Section|2.3|below.

2.2.7. We have a canonical surjection X, — X‘V/ which sends (P, u) to (V;, uy), where V} is as
in[2.2.4} and where we use the definition of X, of the second style in This surjection is
compatible with the inclusion maps from Xy, to these spaces.

2.2.8. We have the natural actions of PGLy(E) on Xy, Xy and X!, by[2.1.5| These actions are
compatible with the canonical maps between these spaces.

2.3 Topologies

2.3.1. We define a topology on X,,.
Take a basis (e;); of V. We have a commutative diagram

PGLv(E) X RZO_I —> XV
¢ L
PGLy(E)xRY" —— Xy.

Here the upper arrow is (g, t) — gu, where u is the class of the norm on V associated to
((e;);,(r;);) with r; = l_[lsj<i tj_l, and where gu is defined by the action of PGLy(E) on Xy
. The lower arrow is (g, t) — g(P, u), where (P, u) € Xy is defined as follows, and g(P, u)
is then defined by the action of PGL(E) on X, (2.2.8). Let

Iz{jltj:O}c{l,...,d—l},
and write
I={c(i)|0<i<m—1},

where m =l and 1< c(0)<---<c(m—1)<d—1. Ifwe also let c(—1)=0 and c¢(m)=d, then
the set of

c

—~

i)
‘/i: Fe]
J

Il
—

with —1 < i < m forms a flag in V, and P is defined to be the corresponding parabolic
subgroup of PGLy (2.2.3). For 0 < i < m, we take u; to be the equivalence class of the
norm on V;/V;_, given by the basis (e;).;—1)<j<c;) and the sequence (r;)c(i—1)<j<c() With r; =
Hc(i—1)<k<j f

Both the upper and the lower horizontal arrows in the diagram are surjective, and the

topology on X, coincides with the topology as a quotient space of PGL/(E) x Rfo‘l via the
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upper horizontal arrow. The topology on X, is defined as the quotient topology of the topol-
ogy on PGLy/(E) x Rgo_l via the lower horizontal arrow. It is easily seen that this topology is
independent of the choice of the basis (¢;);.

2.3.2. The space X‘“, has the following topology: the space of all nonzero semi-norms on V*
has a topology as a subspace of the product RV", and X‘“, has a topology as a quotient of it.

2.3.3. Both X, and X‘V/ are compact Hausdorff spaces containing X, as a dense open subset.
This is proved in [7, 19} 24} 25] in the case that E is non-archimedean and in [22} 2] in the
archimedean case.

2.3.4. The topology on X {’, coincides with the image of the topology on X, . In fact, it is easily
seen that the canonical map X, — XI”, is continuous (using, for instance, [25, Theorem 5.1]).
Since both spaces are compact Hausdorff and this continuous map is surjective, the topology
on X!, is the image of that of X .

3 Spaces associated to global fields

Let F be a global field, which is to say, either a number field or a function field in one variable
over a finite field. We fix a finite-dimensional F-vector space V of dimension d > 1. For
a place v of F, let V, = F,®; V. We set X, = X, and X’ = X‘“,U for brevity. If v is non-
archimedean, we let O,, k,, g,, @, denote the valuation ring of F,, the residue field of O,,
the order of k,, and a fixed uniformizer in O,, respectively.

In this section, we define sets X 1, containing X, for« € {8, ,b}, which serve as our rational
partial compactifications. Here, X, (resp., X ;,v) is defined as a subset of X,, (resp., X’), and
ng has X;, as a quotient. In by way of example, we describe these sets and various
topologies on them in the case that d = 2, F = Q, and v is the real place. For » # f, we
construct more generally sets X;ys for a nonempty finite set S of places of F. In we
describe X}, asasubsetof [ [, s X, -

In §3.3Jand we define topologies on these sets. That is, in we define the “Borel-
Serre topology”, while in we define the “Satake topology” on X, and, assuming S con-
tains all archimedean places of F, on le?,S' In \_ we prove results on Xz,. In we
compare the following topologies on Xy, (resp., X ;“,v): the Borel-Serre topology, the Satake
topology, and the topology as a subspace of X,, (resp., Xf}). In we describe the relation-
ship between these spaces and Borel-Serre and reductive Borel-Serre spaces.



3.1 Definitions of the spaces

3.1.1. Let Xz, = Xy 5, be the subset of X, consisting of all elements (P, ) such that P is F-
rational. If P comes from a parabolic subgroup P’ of PGLy over F, we also denote (P, u) by

(P’, ).

3.1.2. Let X;'U be the subset of X z consisting of all elements (W, u) such that W is F -rational
(using the definition of X’ in the second style in[2.2.5). If W comes from an F-subspace W’
of V, we also denote (W, u) by (W’, u).

3.1.3. Let )_(gu be the set of all triples (P, u, s) such that (P, u) € X, and s is a splitting

m
s P wi/vii), =V,

i=0
over F, of the filtration (V;)_,<;<,, of V corresponding to P.
We have an embedding X, — X ln,,,, that sends u to (PGLy, u, s), where s is the identity
map of V,.

3.1.4. We have a diagram with a commutative square
i, — Xp, —> X2,
: ¢
X, —» X).
Here, the first arrow in the upper row forgets the splitting s, and the second arrow in the

upper row is (P, u) — (V}, Uo), as is the lower arrow (2.2.7).

3.1.5. The group PGLy/(F) acts on the sets Xy, X}, and X}, in the canonical manner.
3.1.6. Now let S be a nonempty finite set of places of F.

e Let X;sbethesubsetof] |
subgroup of G = PGL,, associated to x, is independent of v.

o Let X, ; be the subset of [ [, s X,
subspace of V associated to x, is independent of v.

,s X, consisting of all elements (x,),s such that the parabolic

consisting of all elements (x,),cs such that the F-

We will denote an element of X as (P, u), where P is a parabolic subgroup of G and u €
I Loeso<icm Xwisvi ), With (V;); the flag corresponding to P. We will denote an element of X}, ;

as (W, u), where W is a nonzero F-subspace of V and u €[] . We have a canonical

veS
surJ ective map

Ve Y
Xps = Xps

which commutes with the inclusion maps from X to these spaces.
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3.2 Example: Upper half-plane

3.2.1. Suppose that F =Q, v is the real place, and d =2.

In this case, the sets X, X, = Xf}, Xow = X&’U, and X(é,y are described by using the upper
half-plane. In §2, we discussed topologies on the first two spaces. The remaining spaces also
have natural topologies, as will be discussed in and \ the space X, J » isendowed with
the Borel-Serre topology, and X , has two topologies, the Borel-Serre topology and Satake
topology, which are both different from its topology as a subspace of X,. In this section, as
a prelude to and we describe what the Borel-Serre and Satake topologies look like
in this special case.

3.2.2. LetH={x+yi|x,y €R,y >0} be the upper half-plane. Fix a basis (e;);-; , of V. For
z € 9, let u, denote the class of the norm on V corresponding to the class of the norm on
V* given by aef + be; — |az + b| for a,b € R. Here (e}),<;<, is the dual basis of (e;);, and
| | denotes the usual absolute value (not the normalized absolute value) on C. We have a
homeomorphism

H>X, zoU,

which is compatible with the actions of SL,(R).
For the square root i € §) of —1, the norm ae, + be, — (a®?+ b?)'/? has class u;. For z =

Y *|,
(] o

-1 0
The action of( 0 1) € GL,(R) on X, correspondsto x + yi——x+ yion$.

x +yi, we have

3.2.3. The inclusions
X, cXgpCX,

can be identified with

HCTHUP(Q)CcHUP'(R).

Here z € P'(R) = RU{o0o} corresponds to the class in X’ = X, of the semi-norm ae’+be; —
laz + b| (resp., ae/+ be; — |al) on V*if z € R (resp., z = 00). These identifications are
compatible with the actions of PGL (Q).

The topology on X, ofis the topology as a subspace of P!(C).
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3.2.4. Let B be the Borel subgroup of PGLy, consisting of all upper triangular matrices for the
basis (¢;);, andlet 0= V_; € V; =Qe, S V; = V be the corresponding flag. Then co € P}(Q) is
understood as the point (B, u) of Xg ,, where p is the unique element of X(y;), X Xy, -

Let Xg ,(B)=$Hu{oo} c X;,, and let Xg)U(B) be the inverse image of X, ,(B) in X! - Then
for the Borel-Serre topology defined in we have a homeomorphism

X’é’v(B)é{xﬂ—yilxeR,O<y§oo}:>5§.

Here x + ooi corresponds to (B, u, s) where s is the splitting of the filtration (V; ,); given by
the embedding (V /1), — V, that sends the class of e, to xe; + e,.
The Borel-Serre topology on X, ! . is characterized by the properties that

(i) the action of the discrete group GL/(Q) on Xéyv is continuous,
(ii) the subset X ,(B)is open, and
(iii) as asubspace, e »(B)is homeomorphicto {x +yi|x €R,0< y < oo} as above.
3.2.5. The Borel-Serre and Satake topologies on X, , (defined in and \i are charac-
terized by the following properties:

(i) The subspace topology on X, C XQ,U coincides with the topology on $3.
(i) The action of the discrete group GLy(Q) on X, is continuous.

(iii) The followingsets (a) (resp., (b)) form a base of neighborhoods of oo for the Borel-Serre
(resp., Satake) topology:
(@) thesets Uy={x+yi€fH|y = f(x)}u{oo} for continuous f: R —R,
(b) thesetsU,={x+yie$H|y>c}u{oo}with c eR.,.

The Borel-Serre topology on X, , is the image of the Borel-Serre topology on X, ] v

3.2.6. For example, theset {x+yie$H|y > x}U{oo}is a neighborhood of co for the Borel-
Serre topology, but it is not a neighborhood of oo for the Satake topology.

3.2.7. For any subgroup I' of PGL,(Z) of finite index, the Borel-Serre and Satake topologies
induce the same topology on the quotient space X (I') =T'\ X, ,. Under this quotient topology,
X(I') is compact Hausdorff. If T is the image of a congruence subgroup of SL,(Z), then this is
the usual topology on the modular curve X(I).

11



3.3 Borel-Serre topology

3.3.1. For a parabolic subgroup P of PGLy, let X ,(P) (resp., ng(P)) be the subset of X,
(resp., X'}u, ) consisting of all elements (Q, u) (resp., (Q, u, s)) such that Q > P.

The action of PGLy(F,) on X, induces an action of P(F,) on X,(P). We have also an
action of P(F,) on XgU(P) given by

gla,s)=(ga,gosog™)
for g € P(F,), @ € X, (P), and s a splitting of the filtration.

3.3.2. Fix a basis (¢;); of V. Let P be a parabolic subgroup of PGL,, such that

e if0=V,CV,<--CV, =V denotes the flag of F-subspaces corresponding to P, then
each V; is generated by the e; with 1 < j < ¢(i), where ¢(i) = dim(V;).

This condition on P is equivalent to the condition that P contains the Borel subgroup B of
PGLy, consisting of all upper triangular matrices with respect to (e;);. Where useful, we will
identify PGL over F with PGL, over F via the basis (¢;);.
Let
A(P)={dim(V;)|0< j<m—1}c{l,...,d—1},

and let A’(P) be the complement of A(P)in {1,...,d —1}. Let Rgo_l(P) be the open subset of
RZ;! given by
R (P)={(t:)i<icar €RE [ 1;>0for all i € A'(P)}.

In particular, we have
RYN(P)=REP) x REV)

3.3.3. With P as in[3.3.2) the map PGLy(F,) x Ré;! — X, in[2.3.1|induces a map
Tty P(E,) x RIS (P)— X, (P),

which restricts to a map
. d—
Tpy: P(F) xR — Xp,.

The map 7, is induced by a map

. P(E,) x Rggl(P) — X} (P)

v*

defined as (g,t) — g(P,u,s) where (P,u) is as in[2.3.1]and s is the splitting of the filtration
(Vi)_1<i<m defined by the basis (¢;);. For this sphttlng s, we set

VO=s(Vi/Va)= Y. Fe

c(i—1)<j<c(i)
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for0<i<msothat V;=V,_,®VWand V=@ V. If P =B, then we will often omit the
subscript B from our notation for these maps.

3.3.4. Wereview the Iwasawa decomposition. For v archimedean (resp., non-archimedean),
let A, < PGL,(F,)be the subgroup of elements of that lift to diagonal matrices in GL;(F,) with
positive real entries (resp., with entries that are powers of @ ,). Let K, denote the standard
maximal compact subgroup of PGL,(F,) given by

PO,(R) if v is real,
K,=1{PU, if v is complex,
PGL,(O,) otherwise.

Let B, denote the upper-triangular unipotent matrices in the standard Borel B. The Iwasawa
decomposition is given by the equality

PGLd(Fv) = Bu(Fv)Ava

3.3.5. If v is archimedean, then the expression of a matrix in PGL,(F,) as a product in the
Iwasawa decomposition is unique.

3.3.6. If v is non-archimedean, then the Bruhat decomposition is PGL,(k,) = B(k,)S; B(k,),
where the symmetric group S, of degree d is viewed as a subgroup of PGL, over any field
via the permutation representation on the standard basis. This implies that PGL;(0O,) =
B(0,)S;Iw(0,), where Iw(0O,) is the Iwahori subgroup consisting of those matrices in with
upper triangular image in PGL,(k,). Combining this with the Iwasawa decomposition (in
the notation of[3.3.4), we have

PGLd(Fv) = Bu(Fv)AVSd IW(OV)
This decomposition is not unique, since B,(F,)NIw(0O,) = B,(O,).

3.3.7. If v is archimedean, then there is a bijection R;* — A, given by

diag(ry,..., )" if v is real,
t=(lh<k<ar—a=y 12 Voot e
diag(r,"",...,r,/7)" if v is complex,

where r, =[], t;" as inm

Proposition 3.3.8.
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(1) Let P be a parabolic subgroup of PGLy as in[3.3.2 Then the maps

fipy: P(F)xRYGYP)— X, (P) and #,: P(F,)xR%Y(P)— X} (P)

of(3.3.3 are surjective.
(2) For the Borel subgroup B 0f{3.3.2, the maps

m,: B,(F) xR4T — X, 7t,: B,(F,) x Rdo_l — Xp,(B),
and 7 : B,(F,)x R4 — X} (B).

of[3.3.3 are all surjective.

(3) Ifv is archimedean, then i, and ﬁﬁy are bijective.
(4) Ifv is non-archimedean, then 7, induces a bijection
(Bu(F,) xRN/~ — X, (B)

where(g,(t;);)~(g’,(t));) if and only if

(i) t;=rt] foralli and
(i) I(g7'g")i;l < (Hl<k<] ~! foralll <i< j<d, considering any c €R to be less than
0 !'=o0.

Proof. If ¥ is surjective, then for any parabolic P containing B, the restriction of 7 to
B,(F,) x Rd‘l(P) has image Xﬁ, (P). Since B,(F,) c P(F,), this forces the surjectivity of ﬁﬂ‘%v,

hence of 775, as well. So, we turn our attention to (2)-(4). If r e R? , we let u”) € X,, denote

>0’
the class of the norm attached to the basis (¢;); and r.

Suppose first that v is archimedean. By the Iwasawa decomposition 3.3.4, and noting

3.3.5/and [2.2.2] we see that B,(F,)A, — X, given by g — gu'V is bijective, where u'") denotes
the class of the norm attached to (e;); and 1 =(1,...,1) e RY . For r e R%!, let a € A, be its
image under the bijection in[3.3.7 Since pau™ = pu, for p € B,(F,) and r as in[2.3.1} we
have the bijectivity of .

Consider the third map in (2). For ¢ € RZO 1 let P be the parabolic that contains B and
is determined by the set A(P) of k € {1,...,d — 1} for which ¢, = 0. Let (V;)_,<;<,» be the
corresponding flag. Let M denote the Levi subgroup of P. (It is the quotient of H:’io GLyo <
GLy by scalars, where V =@ V@ as in and M N B,, is isomorphic to the product of
the upper-triangular unipotent matrices in each PGLy.) The product of the first maps in

(2) for the blocks of M is a bijection

m
(M B,)E)xREP S| [ X0 € Xp(P),



such that (g, t’) is sent to (P,gu) in Xy, where u is the sequence of classes of norms deter-
mined by ¢" and the standard basis. The stabilizer of u in B, is the unipotent radical P, of P,
and this P, acts simply transitively on the set of splittings for the graded quotients (V;/V,_,),.
Since B, = (M N B,)P,, and this decomposition is unique, we have the desired bijectivity of
it , proving (3).

Suppose next that v is non-archimedean. We prove the surjectivity of the first map in (2).

d
>0’

with r satisfying

Using the natural actions of A, and the symmetric group S; on R

d
>0’

we see that any norm on
V, can be written as gu(”, where g e PGL,(F,) and r =(r;); €R

n<n<---<r;<q,n.

For such an r, the class u'” is invariant under the action of Iw(0O,). Hence for such an r, any
element of S, Iw(O, )u!” = S;u" is of the form "), where 1’ = (r,;)); for some o € S,;. Hence,
any element of A, S, Iw(O,)u'”) for such an r is of the form u(") for some r’ = (r/); € R%,. This
proves the surjecivity of the first map of (2). The surjectivity of the other maps in (2) is then
shown using this, similarly to the archimedean case.

Finally, we prove (4). It is easy to see that the map 7, factors through the quotient by
the equivalence relation. We can deduce the bijectivity in question from the bijectivity of
(Bu(Fl,)fo(j1 )/~— X, replacing V by V;/V,_, asin the above arguments for the archimedean
case. Suppose that 7 ,(g,t) = m,(1,t’) for g € B,(F,) and t,¢t’ € Rfo‘l. We must show that
(g, 1)~ (1, ¢"). Write 7r,(g, £) = gu'” and 7, (1, t') = u'") with r = (r;); and r’ = (r/); € R¢, such
that , =1and r;/r; = (]_[igkq. te) M forall 1 <i< j<d,and similarly for " and #’. It then
suffices to check that 1’ = r and r;|g;;| < r; forall i < j. Since u"' = g7, there exists
¢ €R,, such that

max{r;|x;||1<i<d}=cmax{r/|(gx);]||1<i<d}

for all x = (x;); € de. Taking x = e;, we have gx = e, as well, so ¢ = 1. Taking x = ¢;, we
obtain r; > r/, and taking x = g'e;, we obtain r; < r/. Thus r = 1/, and taking x = e; yields
r;=max{r;|g;;||1<i< j}, which tells us that r; > r;|g;;| for i < j. O

Proposition 3.3.9. There is a unique topology on X, (resp., X}n;,v ) satisfying the following
conditions (i) and (ii).
(i) For every parabolic subgroup P of PGLy, the set Xy ,(P) (resp., Xf;y,,(P) ) is open in Xg,
(resp., ng ).

(i) For every parabolic subgroup P of PGLy and basis (e;); of V such that P contains the
Borel subgroup with respect to (e;);, the topology on X, ,(P) (resp., Xﬁ_y(P) ) is the topol-
ogy as a quotient of P(F,) x Rgo_l(P) under the surjection o( 1).
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This topology is also characterized by (i) and the following (ii)"

(ii)’ If B is a Borel subgroup of PGLy, consisting of upper triangular matrices with respect to a
basis (e; )l of V, then the topology on X ,(B) (resp., Xﬁ-,y(B )) is the topology as a quotient
of B,(F,) x Rd U under the surjection 0(2).

Proof. The uniqueness is clear if we have existence of a topology satisfying (i) and (ii). Let
(e;); be a basis of V, let B be the Borel subgroup of PGL, with respect to this basis, and
let P be a parabolic subgroup of PGLy containing B. It suffices to prove that for the topol-
ogy on X ,(B) (resp., ng(B)) as a quotient of B,(F,) x Rgo_l(B), the subspace topology on
X5, (P) (resp., X ﬁ (P)) coincides with the quotient topology from P(F,) x R4 *(P). For this, it
is enough to show that the action of the topological group P(F,) on X ,(P) (resp., X ﬁ (P))is
continuous with respect to the topology on X, (P) (resp., X f;y,,(P)) as a quotient of B,(F,) x
R‘ZIO_I(P). We must demonstrate this continuity.

Let (V;)_1<;<m be the flag corresponding to P, and let c(i) = dim(V;). For 0 < i < m, we
regard GLy as a subgroup of GLy via the decomposition V =@’ %48 of

Suppose first that v is archimedean. For 0 < i < m, let K; be the compact subgroup of
GLy«(F,) that is the isotropy group of the norm on V) glven by the basis (e;)¢(;—1)<j<c(;) and
(1,...,1)e nc(i—1)<jSC(i)R>0' We identify R? ! with A, as 1n 7 By the Iwasawa decompo—
sition[3.3.4)and its uniqueness in[3.3.5} the product on P(F,) induces a homeomorphism

(a,b,c): P(F,)— B,(F,) x ]RZO_1 X (ﬂ K,)/{z €FE"||z|=1}.

We also have a product map ¢: P(F,) x B,(F,) x RMP) — P(F,), where we identify t’ € RMP)
with the diagonal matrix diag(r,, .. rd) Lif v is real and diag(r, r? 2)_ if v is complex,
with 17 =T, yyene; B for e(i—1) < j < c(i) as 1n These maps ﬁt in a commutative
diagram

(id,7tp,)

d) / , _
P(E)xRAP « 0 p(g)x B(F)xREP « RAP 2% p(gyx X, (P)

l l

T w _
B,(F,)xR4;Y(P) : % Xp,o(P)

in which the right vertical arrow is the action of P(F,) on Xy ,(P), and the left vertical arrow
is the continuous map

(u,t)—(a(u), b(u)-(1,t)), (u,t)eP(F )x]RA

for (1, ¢) the element of Rgol(P) with R -component 1 and R>0 -component t. (To see
the commutativity, note that c(u) commutes with the block-scalar matrix determined by
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(1,%).) We also have a commutative diagram of the same form for X ﬁ,v. Since the surjective
horizontal arrows are quotient maps, we have the continuity of the action of P(F,).
Next, we consider the case that v is non-archimedean. For 0 < i < m, let S%) be the group
of permutations of the set
Li={jeZ]c(i-1)<j<c(i)}

and regard it as a subgroup of GLy(F). Let A, be the subgroup of the diagonal torus of
PGLy (F,) with respect to the basis (e;); with entries powers of a fixed uniformizer, as in|3.3.4
Consider the action of A, [ [}, S%) c P(F,) on R%;!(P) that is compatible with the action
of P(F,) on Xy ,(P) via the embedding R?;'(P) — X, ,(P). This action is described as follows.
Any matrix a = diag(a,,...,a,) € A, sends t € R '(P) to (t;la;,.lla;[™); € R4 (P). The
action of [ |2, S on R4 }(P) is the unique continuous action which is compatible with the
evident action of [ |}", S on R  via the map R?  — R%;'(P) that sends (r;); to (¢;);, where

tj=r;/rjz1. Thatis, for "
0 =(0)osism € ﬂS(i),
i=0

let f € S, be the unique permutation with f|; = o' for all i. Then o sends t € Rggl(P) to
the element ¢’ = (t]’.) j given by

J

= {nf(j)sk<f(j+1) i i f(<f+1)
[rGenererp et LG+ <FG)

Let C be the compact subset of RZO_I(P) given by
C= {t =(1;);€RGPINO ][] g2, forallo<i< m}
c(i—1)<j<c(i)

We claim that for each x € R%;'(P), there is a finite family (), of elements of A, [ ]}, S®
such that the union | J, 1 C is a neighborhood of x. This is quickly reduced to the following
claim.

Claim. Consider the natural action of H = A,S; ¢ PGL,, on the quotient space Rfo /R0,
with the class of (a;); in A, acting as multiplication by (|a;|);. Let C be the image of

{reRy |n<n<-<r,<q,n)

in R? /R.,. Then for each x € RY /R.,, there is a finite family (k) of elements of H such
that( J, 1 C is a neighborhood of x.
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Proof of Claim. This is a well-known statement in the theory of Bruhat-Tits buildings: the
quotient RZO /R, is called the apartment of the Bruhat-Tits building X, of PGLy,, and the set
C is a (d —1)-simplex in this apartment. Any (d —1)-simplex in this apartment has the form
hC for some h € H, for any x e R? /R, there are only finitely many (d —1)-simplices in this
apartment which contain x, and the union of these is a neighborhood of x in RZO /Ry

By compactness of C, the topology on the neighborhood | J, /;C of x is the quotient
topology from | [, k4 C. Thus, it is enough to show that foreach h € A, [ |-, S, the compo-
sition

P(E) % B(F,)x hC =% P(F,) x Xy, (P) = X, (P)
(where the second map is the action) and its analogue for X ,n?,v are continuous.

For 0 < i < m, let Iw; be the Iwahori subgroup of GLy«(F,) for the basis (e;)c(i—1)<j<c(i)-

By the the Iwasawa and Bruhat decompositions as in[3.3.6} the product on P(F,) induces a

m m
B,(F)x A, | |8 x[ [1w;— P(F,)
i=0 i=0

and it admits continuous sections locally on P(F,). (Here, the middle group A ]_[m S has

continuous surjection

the discrete topology.) Therefore, there exist an open covering (U,), of P(F,) and, for each
A, a subset %, of the above product mapping homeomorphically to U,, together with a con-
tinuous map

(ay, by, C2): Uy, — B,(E,) % A, ]_[5 ]_[1w

such that its composition with the above product map is the map %, — U,. Let U, denote
the inverse image of U, under

P(F,)x B,(F,)— P(F,), (8.8)—88&h,

so that (U}), is an open covering of P(F,) x B,(F,). For any 7 in the indexing set of the cover,
let %;(’y be the inverse image of U, in %, x B,(F,). Then the images of the OZZM form an open
cover of P(F,) x B,(F,) as well. Let (a;w, b)’w,) be the composition

m
U, — U~ B (F)x A, [ ]2

i=0

As ]_[:’lo Iw; fixes every element of C under its embedding in X, ,(P), we have a commutative
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diagram
52//{7 xhC «— P(F,)x B,(F,)xhC

l !

Bu(Fv)XRgo_l(P) —_— XF,U(P)
in which the left vertical arrow is
(u, hx)—(aj (), by (u)x)

for x € C. We also have a commutative diagram of the same form for X }L,V. This proves the
continuity of the action of P(F,). O

3.3.10. We call the topology on X, (resp., X}.,) inthe Borel-Serre topology. The Borel-
Serre topology on X, coincides with the quotient topology of the Borel-Serre topology on
ng. This topology on X, is finer than the subspace topology from X, .

We define the Borel-Serre topology on X}'V as the quotient topology of the Borel-Serre
topology of X,,. This topology on X}, , is finer than the subspace topology from X;.

For a nonempty finite set S of places of F, we define the Borel-Serre topology on X
(resp., X} ¢) as the subspace topology for the product topologyon [ [ s X, (resp., [ [ s X}.,)
for the Borel-Serre topology on each X, (resp., X;'U).

3.4 Satake topology

3.4.1. For a nonempty finite set of places S of F, we define the Satake topology on X and,
under the assumption S contains all archimedean places, on X ;’S.

The Satake topology is coarser than the Borel-Serre topology of[3.3.10} On the other hand,
the Satake topology and the Borel-Serre topology induce the same topology on the quotient
space by an arithmetic group (4.1.8). Thus, the Hausdorff compactness of this quotient space
can be formulated without using the Satake topology (i.e., using only the Borel-Serre topol-
ogy). However, arguments involving the Satake topology appear naturally in the proof of
this property. One nice aspect of the Satake topology is that each point has an explicit base
of neighborhoods (3.2.5}(3.4.9} 4.4.9).

3.4.2. Let H be a finite-dimensional vector space over a local field E. Let H and H” be E-
subspaces of H such that H' > H”. Then a norm y on H induces a norm v on H'/H” as
follows. Let u’ be the restriction of u to H’'. Let (u’)* be the norm on (H’)* dual to u’. Let v* be
the restriction of (u’)* to the subspace (H’/H”)* of (H’)*. Let v be the dual of v*. This norm »
isgiven on x € H'/H"” by

W(x)=inf{u(%)| X € H such that X + H” = x}.
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3.4.3. For a parabolic subgroup P of PGLy, let (V;)_,<;<,, be the corresponding flag. Set
Xps(P)={(P’,u) € Xps | P’ > P}.

For a place v of F, let us set

3e0P)=] [ X, and 3ps(P)=] [3r.(P).

i=0 ves

Welet P(F,)acton 3p,(P) through P(F,)/P,(F,), using the PGL(y, v, ) (F,)-actionon Xy . )
for 0 <i < m. We define a P(F,)-equivariant map

v

¢P,u: XF,V(P) - 3F,U(P)

with the product of these over v € S giving rise to a map ¢ps: Xgs(P) — 355(P).

Let (P, u) € X, (P). Then the spaces in the flag0=V’, ¢ V/ ¢ --- ¢ V/ =V correspond-
ing to P’ form a subset of {V; | -1 <i < m}. The image v=(¥;)o<i<n of (P’,u) under ¢p, is as
follows: there is a unique j with 0 < j < m’ such that

/ /
V/2Vi2Via o VL,

and v; is the norm induced from u; on the subquotient (V;/V;_,;), of ( Vj’ / Vj’_ v, in the sense
of The P(F,)-equivariance of ¢ p, is easily seen using the actions on norms of and

Though the following map is not used in this subsection, we introduce it here by way of
comparison between X and X, .

3.4.4. Let W be a nonzero F-subspace of V, and set
X, (W) ={(W' weX, | W>o>W}
For a place v of F, we have a map
(pz/v,v : X;,V(W) - XWU

which sends (W, u) € X bF'U(W) to therestriction of u to W,. Themap ¢ bw)v is P(F,)-equivariant,
for P the parabolic subgroup of PGLy consisting of all elements that preserve W. Setting
s(W)=T1,cs Xw,, the product of these maps over v € S provides a map ¢, ;: X}, (W) —

3, (W),
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3.4.5. For a finite-dimensional vector space H over a local field E, a basis e =(e;),<;<4 of H,
and a norm u on H, we define the absolute value |u : e| € R, of u relative to e as follows.
Suppose that u is defined by a basis e’ =(e/),<;<4 and a tuple (r;),<;<4 €R?. Let h € GLy(E)
be the element such that e’ = he. We then define

u:el=|det(h)™

1

d
I;.
=1

This is independent of the choice of e’ and (7;);. Note that we have

lgu: el =|det(g) " u: el
for all g € GLy(E).

3.4.6. Let P and (V}); be as in and let v be a place of F. Fix a basis e') of (V;/V;_,), for
each 0 <i < m. Then we have a map

¢, Xpo(P)—RY, (P, ) = (tih<izm

where (t;),<;<,, is defined as follows. Let (Vj’)_lgjgm, be the flag associated to P’. Let1 < i < m.
If V,_, belongs to (Vj’) j»lett; =0. If V;_; does not belong to the last flag, then there is a unique
j such that Vj’ DV,oV_,D Vj’_ .- Let fi; be anorm on (Vj’/ Vj’_ J» which belongs to the class
uj, and let &i;; and {;,;; be the norms induced by u; on the subquotients (V;/V,_;), and
(Vi_1/Vi_,),, respectively. We then let

(i—l)ll/d i)l_l/di

ti=0j:e el e'
where d; :=dim(V;/V,_,).

The map ¢ ;y , 18 P(F,)-equivariant for the following action of P(F,) on RYj. For g € P(F,),
let § € GLy(F,) be alift of g, and for 0 < i < m, let g; € GLy,,y,_,(F,) be the element induced

by §. Then g € P(F,) sends ¢ € R to t’ € RZ where
t = | det(g,)|V - |det(g;_)| ™V - ;.

If we have two families e = (e'!); and f = (fV); of bases e’ and f of (V;/V,_;),, and if
the map ¢,  defined by e (resp., f) sends an element to ¢ (resp., t), then the same formula
also describes the relationship between ¢ and t’, in this case taking g; to be the element of
GLy,,y,_, such that e =g, f1.

3.4.7. Fixabasis e'’) of V;/V,_, for each 0 < i < m. Then we have a map
(P;,SZ Xps(P)— RY, (P, ) = (tiicicm

where t; =[], £, with (z,,;); the image of (P/, u,,) under the map ¢, , of[3.4.6

veS
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3.4.8. We define the Satake topology on X s as follows.
For a parabolic subgroup P of PGLy, consider the map

Yps:=(Pps, ‘P;,S)i Xps(P)— 355(P) x R7,

from(3.4.3|and|3.4.7, which we recall depends on a choice of bases of the V;/V;_,. We say that
a subset of X ¢(P) is P-open if it is the inverse image of an open subset of 3 s(P) x R, By
the property of being P-open is independent of the choice of bases.

We define the Satake topology on X ¢ to be the coarsest topology for which every P-open

set for each parabolic subgroup P of PGLy, is open.
By this definition, we have:

3.4.9. Let a € X be of the form (P, u) for some u. As U ranges over neighborhoods of the
image (u,0) of a in 3;5(P) x RYj, the inverse images of the U in Xps(P) under i g form a
base of neighborhoods of a in X .

3.4.10. In and we explain that the Satake topology on X is strictly coarser than
the Borel-Serre topology for d > 2.

3.4.11. The Satake topology on X can differ from the subspace topology of the product
topology for the Satake topology on each X, with v € S.

Example. Let F be a real quadratic field, let V = F?, and let S = {v;, 1,} be the set of real
places of F. Consider the point (0o, 00) € (HU{oo}) x (HU{oco}) C X, x X,, (see §3.2), which
we regard as an element of X;¢. Then the sets

UC = {(x1+y1i,x2+y2i)€f3 ij | ylyZZ C}U{(OO’OO)}

with ¢ € R, form abase of neighborhoods of (00, 00) in X s for the Satake topology, whereas
the sets

U'={x+ni, o+ pi)eHxHlyn=c,pn>cluiloco,00)}

for ¢ € R, form a base of neighborhoods of (00, 00) in X;: ¢ for the topology induced by the
product of Satake topologies on Xy, and Xp,,.

3.4.12. Let G =PGLy, and let I be a subgroup of G(F).

e For a parabolic subgroup P of G, let I}») be the subgroup of I' N P(F) consisting of all
elements with image in the center of (P/P,)(F).

e For anonzero F-subspace W of V, let [}, denote the subgroup of elements of I that
can be lifted to elements of GL/(F) which fix every element of W.

22



3.4.13. Welet A, denote the adeles of F, let A} denote the adeles of F outside of S, and let
Aps=]],c F, sothat Ay = A; x Ars. Assume that S contains all archimedean places of F.
Let G =PGLy, let K be a compact open subgroup of G(A}), and let Iy < G(F) be the inverse
image of K under G(F)— G(A3).

The following proposition will be proved in[3.5.15]

Proposition 3.4.14. ForS, G, K andTy as in|3.4.13, the Satake topology on Xy s is the coarsest
topology such that for every parabolic subgroup P of G, a subset U of X s(P) is open if

(i) it is open for Borel-Serre topology, and
(ii) it is stable under the action of Ty (p) (see|3.4.12).

The following proposition follows easily from the fact that for any two compact open
subgroups K and K’ of G(Af;), the intersection I'y NIy, is of finite index in both I'y and Ik..

Proposition 3.4.15. For S, K andTy as in consider the coarsest topology on X}, ; such
that for every nonzero F -subspace W, a subset U of X;' (W) is open if

(i) it is open for Borel-Serre topology, and

(ii) it is stable under the action of T ) (see[3.4.12).
Then this topology is independent of the choice of K .

3.4.16. We call the topology in(3.4.15|the Satake topology on X I”:,S.

Proposition 3.4.17.

(1) Let P be a parabolic subgroup of PGL,,. For both the Borel-Serre and Satake topologies
on Xy, the set Xy 5(P) is open in Xy s, and the action of the topological group P(A ) on
Xps(P) is continuous.

(2) The actions of the discrete group PGLy,(F) on the following spaces are continuous: Xp g
and X}y s with their Borel-Serre topologies, Xy s with the Satake topology, and assuming
S contains all archimedean places, X ;S with the Satake topology.

Proposition 3.4.18. Let W be a nonzero F -subspace of V. Then for the Borel-Serre topology,
and for the Satake topology if S contains all archimedean places of F, the subset X ;'S(W) is
openin X .

Part (1) of[3.4.17|was shown in for the Borel-Serre topology, and the result for the
Satake topology on Xy follows from it. The rest of|3.4.17|and [3.4.18|is easily proven.
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3.5 Properties of X g
Let S be a nonempty finite set of places of F.

3.5.1. Let P and (V;)_,<;<,, be as before. Fix a basis e” of V;/V,_, for each i. Set

Yo = (R U{(0)yes})™ € (R,)™.

The maps Y5, := (@py, Pp,): Xro(P) = 35,(P) x RZ of[3.4.3/and 3.4.6/for v € S combine to

give the map
wP,S: XF,S(P) - BF,s(P) x Y.

3.5.2. In addition to the usual topology on Y, we consider the weak topology on Y; that is
the product topology for the topology on RS U{(0),<s} which extends the usual topology on
R3S, by taking the sets

{(ry)ves erS I [t < c} U{(0),es}

veS
for c R, as a base of neighborhoods of (0),.s. In the case that S consists of a single place,

we have Y, =R”

I and the natural topology and the weak topology on Y; coincide.

Proposition 3.5.3. The map {'ps 0 induces a homeomorphism
Py (Aps\XEs(P)= 3ps(P)x Y,

for the Borel-Serre topology (resp., Satake topology) on Xy s and the usual (resp., weak) topol-
ogy on Y,. This homeomorphism is equivariant for the action of P(Ars), with the action of

P(Agg) on Y, being that of[3.4.6

This has the following corollary, which is also the main step in the proof.
Corollary 3.5.4. For any place v of F, the map
Pu(F\X 0 (P) = 35, (P) xR,
is a homeomorphism for both the Borel-Serre and Satake topologies on Xy .
We state and prove preliminary results towards the proof of

3.5.5. Fixabasis (e;); of V and a parabolic subgroup P of PGL, which satisfies the condition
in for this basis. Let (V;)_,<;<,, be the flag corresponding to P, and for each i, set c(i) =
dim(V;). We define two maps

&,&": Py(F,)) % 35,(P) x RIj — X, (P).
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3.5.6. First, we define the map &.
Set A(P)={c(0),...,c(m—1)}. Let A;,={j€Z|c(i—1)< j < c(i)} for 0 <i < m. We then
clearly have

{1,....d—1}=A(P)II Al-).
=0

i

ForO<i<m,letV@W=3 . . . FejsoV;=V_ &V Wehave

m
RI1(P)=RAP) HR>6ZRm | &S
i=0

Let B be the Borel subgroup of PGL, consisting of all upper triangular matrices for the
basis (e;);. Fix a place v of F. We consider two surjections

B,(F,)xRIN(P)—» Xz, (P) and B,(F,)xRI(P)— Py(F,) x 35,(P) xR

The first is induced by the surjection 7, of

The second map is obtained as follows. For 0 < i < m, let B; be the image of B in PGLy«»
under P — PGLy, )y, =PGLy«. Then B, is a Borel subgroup of PGLy ), and we have a canon-
ical bijection

P.F)x | | BiulF) = Bu(F,).

By we have surjections B,-,M(F,,)X]Rfé —» Xy v, for0 < i < m. The second (continuous)
surjection is then the composite

B,(F,) xR%(P) > (Pu(F,,) <[] Bi,u(Fu)) x (R;z x ﬂRfé)
i=0

i=0

m
— P,(F,) x (]_[X(V,./V,.I)U) X R = P,(F,) % 35,(P) xR,

i=0

Proposition 3.5.7. There is a unique surjective continuous map
5: Pu(Fy) X 3F,U(P) X R;no - XF,V(P)

for the Borel-Serre topology on Xy ,(P) that is compatible with the surjections from B,(F,) x
Rggl(P) to these sets. This map induces a homeomorphism

3F,U(P) X R;ng ; Pu(Fv)\XF,v(P)

that restricts to a homeomorphism of 3 ,(P) x RZj with P,(F,)\X,.
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This follows from[3.3.8

3.5.8. Next, we define the map &*.
For g € P,(F,), (u:)i € (X, /v,_), Jo<i<m> and (£;)1<i<p € RZ, we let

>0’
5*(8»(.“1')1',(%)1') = g(P/r V)!
where P’ and v are as in (1) and (2) below, respectively.

(1) Let J={c(i—1)|1<i<m, t; =0}. Write J = {c’(0),...,c’(m'—1)} with ¢’(0) < --- <
c¢'(m’—1).Letc¢’(—1)=0and ¢’'(m’)=d. For—1<i<m/,let

C/

—~

i)
/
Vi=)> Fe;CV.
J

Il
—

Let P’ > P be the parabolic subgroup of PGLy, corresponding to the flag (V');.
(2) For0<i<m/, set
Ji={jlci-D<c(H< Dy cl,..., m}.

We identify V// V" with@ ., V') via the basis (e;)c/—1)<k<c()- We define anorm »; on
V//V/  asfollows. Let fi; be the unique norm on V) which belongs to u; and satisfies
|2 : (ex)e(j—n<k<e(nl = 1. For x =3, x; with x; € VI, set

Zje][(rjz‘aj(xj)z)l/z if v is real,
vi(x)= Zje]i rif;(x;) if v is complex,

max;e; (r;f;(x;))  if v is non-archimedean,

where for j € J;, we set

Let v; € Xvv ), be the class of the norm 7;.
We omit the proofs of the following two lemmas.

Lemma 3.5.9. The composition

& l/Jg,,

Pu(Fv) XSF,V(P) XRZZOL)XF,U(P)—)BF,U(P) x R;no

coincides with the canonical projection. Here, the definition of the second arrow uses the basis
(e; mod Vi_)c(i—1)<j<e(iy Of Vi/ Viea-
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Lemma 3.5.10. We have a commutative diagram

£ _

Pu(Fv)X?)F,V(P)XR;no e XF,U(P)
I 3 [

P,(F)% 35, (P) xR —— X ,(P)

inwhich the leftvertical arrowis(u, u, t)— (u, u, t'), for t’ defined as follows. LetI;: Xy v, —
Rfé be the unique continuous map for which the composition

Ai Ii Ai
B; u(F)) xRS = Xvyv_), — RS

is projection onto the second factor, and for j € A;, let I; ;: Xy, v, ), — Rs denote the compo-
sition of I; with projection onto the factor ofRfé corresponding to j. Then

, l—[ 2 l—[ _elirj
ti — ti . Ii—l,j(‘l'l’i)c(l_l)_c(l_ZJ . Il.,j(ul.)l:(l)_c“_l)
jeA NEAY;
for1<i<m.

3.5.11. Proposition is quickly reduced to Corollary[3.5.4} which now follows from[3.5.7
3.5.9/and[3.5.10L

3.5.12. For two topologies T;, T, on a set Z, we use T; > T, to denote that the identity map
of Z is a continuous map from Z with T; to Z with T, and T; > T, to denote that 7, > T, and
T, # T,. In other words, T, > T, if T, is finer than T, and T, > T if T is strictly finer than T,.

By the map Y ps: X s(P) — 355(P) x Y, is continuous for the Borel-Serre topology
on Xy and usual topology on Y. On X5, we therefore have

Borel-Serre topology > Satake topology.

Corollary 3.5.13. For any nonempty finite set S of places of F, the map ¢bW,S: X;’S(W) —
'},, (W) 0 is continuous for the Borel-Serre topology on X ;,3' IfS contains all archimedean

places of F, it is continuous for the Satake topology.

Proof. The continuity for the Borel-Serre topology follows from the continuity of ¢/ pg, not-
ing that the Borel-Serre topology on X}y ¢ is the quotient topology of the Borel-Serre topology
on X ;. Suppose that S contains all archimedean places. As (/)?M s 18 T (w)-equivariant, and
I'x (w) acts trivially on 33;,5(W)> the continuity for the Satake topology is reduced to the con-
tinuity for the Borel-Serre topology. O
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Remark 3.5.14. We remark that the map ¢, : Xj,(P)— 3,(P) of need not be contin-
uous for the topology on X, as a subspace of X,. Similarly, the map ¢}, ,: X}, (W) — Xy,
of[3.4.4/need not be continuous for the subspace topology on X}, ¢ X, . See(3.6.6(and 3.6.7}

3.5.15. We prove Proposition(3.4.14

Proof. Leta=(P,u)€ Xys. Let U be a neighborhood of « for the Borel-Serre topology which
is stable under the action of T (). By[3.5.12} it is sufficient to prove that there is a neighbor-
hood W of « for the Satake topology such that W c U.

Let (V;)_1<;<,» be the flag corresponding to P, and let V) be as before. Let I} =Ty N P,(F),
and let I be the subgroup of I’y consisting of the elements that preserve V() and act on V!
as a scalar for all i. Then I is a normal subgroup of Iy p) and I} I is a subgroup of I p) of
finite index.

Let

Y= { Joes €RS 1| @ —1}1
ves

and set s =S. We have a surjective continuous map
R X V> Y, (00— (6] o

The composition R x ¥} — ¥, — R

% Where the second arrow is (¢,,;),,; — (I I,<s tv,i)i> coin-

cides with projection onto the first coordinate.
Let

®=P,(Aps)xY; and W=3p4(P)xRJ

Consider the composite map

veS =

[:@xW— P (Apg)x 35s(P)x Yo Xps(P).

The map f is I [;-equivariant for the trivial action on ¥ and the following action on ®: for
(g, t)€®, r, €I} and 7y, €1, we have
7170 (8 1) = (TlTogVEerO t),

where 7, acts on Y; via the embedding I'y — P(Afs) and the actions of the P(F,) described

in The composition

&x L Xy (P) LS w

coincides with the canonical projection.
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There exists a compact subset C of ® such that ® =I[,C for the above action of I} I}, on
®. Let f = (u,0) € ¥ be the image of « under ¢ps. For x € ®, we have f(x, f) = a. Hence,
there is an open neighborhood U’(x) of x in ® and an open neighborhood U”(x) of  in ¥
such that U’(x) x U”(x) c f~Y(U). Since C is compact, there is a finite subset R of C such
that C c | J,., U'(x). Let U” be the open subset (), U”(x) of ¥, which contains . The
P-openset W = I/J;}S(U ") € X s(P) is by definition an open neighborhood of @ in the Satake

X€R X€R

topology on X 5. We show that W c f~}(U). Since the map ® x ¥ — X, 4(P) is surjective, it is
sufficient to prove that the inverse image ® x U” of W in ® x ¥ is contained f~'(U). For this,
we note that

dxU"=N,CxU" =0T, (U U'(x) % U”) chLf(U)= YU,

X€R
thelast equality by the stability of U under the action of Iy () D I} [ and the I3 I;-equivariance
of f. O

3.5.16. In the case d = 2, the canonical surjection Xg — X} ; is bijective. It is a home-
omorphism for the Borel-Serre topology. If S contains all archimedean places of F, it is a
homeomorphism for the Satake topology by|3.4.14

3.6 Comparison of the topologies

When considering X, we assume that all places of F other than v are non-archimedean.

3.6.1. For X, (resp., X}’D’U), we have introduced several topologies: the Borel-Serre topology,
the Satake topology, and the subspace topology from X, (resp., X’), which we call the weak
topology. We compare these topologies below; note that we clearly have

Borel-Serre topology > Satake topology and Borel-Serre topology > weak topology.
3.6.2. For both Xy, and X}, , the following hold:
(1) Borel-Serre topology > Satake topology if d > 2,
(2) Satake topology > weak topology if d =2,
(3) Satake topology # weak topology if d > 2.

We do not give full proofs of these statements. Instead, we describe some special cases
that give clear pictures of the differences between these topologies. The general cases can
be proven in a similar manner to these special cases.

Recall fromthat in the case d =2, the sets X, and X;,y are equal, their Borel-Serre
topologies coincide, and their Satake topologies coincide.
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3.6.3. We describe the case d =2 of[3.6.2](1).

Take a basis (e;);—;, of V. Consider the point @ = (B, u) of Xj,, where B is the Borel
subgroup of upper triangular matrices with respect to (e;);, and u is the unique element of
3ru(B)=Xp,e, X Xv, /e,

Let 77, be the surjection of[3.3.8(2), and identify B, (F,) with F, in the canonical manner.
The images of the sets

{(x’t)EFvXRZ(JltSC}CBu(Fv)XRZO

in X, (B) for ¢ € R, form a base of neighborhoods of a for the Satake topology. Thus, while
the image of the set
{(x,1)€ F, xRy | £ <|x[™'}

is a neighborhood of a for Borel-Serre topology, it is not a neighborhood of « for the Satake
topology.
3.6.4. We prove(2) in the case that v isnon-archimedean. The proofin the archimedean
case is similar. Since all boundary points of X, = X}'V are PGLy(F)-conjugate, to show
3.6.2/(2), it is sufficient to consider any one boundary point. We consider a of[3.6.3|for a fixed
basis (e;);—;, of V.

For x € F, and y €R,,, let u, , be the norm on V, defined by

Uy (ae +be)=max(la—xb|,y|bl).

The class of u,, . is the image of (x, y 1) € B,(F,) x R.,. Any element of X,, is the class of the
norm u, , for some x, y. If we vary x € F,, and y €R.,, the classes of u, , in Xy, converge
under the Satake topology to the point « if and only if y approaches co. In X,,, the point
is the class of the semi-norm v on V* defined by »(ae; + be;)=|al. By[2.1.7}

. 1 —x\ . (10
Hra =\ Bro®lo 1 ) THe® (k1)

u, (aef +bey)=max(lal, y~'|xa+Dbl).

from which we see that

Then My is equivalent to the norm v, , on V* defined by
v, (ae; +be})=min(l, y|x| ") max(|al, y'|xa+ b)),

and the classes of the v, , converge in X, to the class of the semi-norm v as y — oco. There-
fore, the Satake topology is finer than the weak topology.
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Now, the norm 7 | is equivalent to the norm v, , on V* defined above, which for suffi-
ciently large x satisfies

" x(ae;+be,)=max(la/x|,|a+(b/x)).

Thus, as |x| — oo, the sequence u, , converges in X, = )_(f) to the class of the semi-norm ».

However, the sequence of classes of the norms y, , does not converge to @ in X, =X } , for

the Satake topology, so the Satake topology is strictly finer than the weak topology.

3.6.5. We explain the case d =3 of[3.6.23) in the non-archimedean case.
Take a basis (e;),<;<3 of V. For y €R.,, let u, be the norm on V, defined by

u,(ae +be,+ ce)=max(|al, y|bl, y*|c]).

For x € F,, consider the norm Uy © 8y, where

8x =

o O -
S = O
— 8 O

If we vary x € F,, and let y € R,, approach oo, then the class of u, o g, in X, converges
under the Satake topology to the class a € X, of the pair that is the Borel subgroup of upper
triangular matrices and the unique element of H?:o X vi_p,» where (V;)_,;<, is the corre-
sponding flag. The quotient topology on X } , of the Satake topology on Xy, is finer than the
Satake topology on X}, by(3.4.14/and 3.4.15| Thus, if the Satake topology is finer than the
weak topology on X, or X, , then the composite u, o g, should converge in X} to the class

of the semi-norm v on V* that satisfies (ae/ + be; + ce;) = |a|. However, if y — oo and
y72|x| — oo, then the class of u, o g, in X, converges in X’ to the class of the semi-norm
ael+be;+cef— |b|. Infact, by[2.1.7|we have

(uyog.)(ae +be; +cej)=u, o(g) (aei+Dbe; +ce;)

=max(|al, y7'|bl, y*l-bx+c))=y|x|v, .
where v, , is the norm
ae’+be;+cel—max(y?|x|al, ylx|7'bl, |-b+x""¢cl)

on V*. The norms v, , converge to the semi-norm ae;+ be; + ce; — |b|.
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3.6.6. Let W be a nonzero subspace of V. We demonstrate that the map qbbwvvz X;,U(W) —
Xy, of given by restriction to W, need not be continuous for the weak topology, even
though by[3.5.13] it is continuous for the Borel-Serre topology and (if all places other than v
are non-archimedean) for the Satake topology.

For example, suppose that v is non-archimedean and d = 3. Fixa basis (¢;);<;<; of V, and
let W = Fe, + Fe,. Let u be the class of the norm

ae, + be, — max(|a|,|b|)

on W, and consider the element (W,u) € X}, . For x € F, and € € R., let i, . € X, be the
class of the norm
ae,+be,+ ce;— max(|al,|b|,e " |c+ bx|)

on V,. Then u* _is the class of the norm
ael+be;+ce;—max(|lal,|b—xc| €|cl)
on V*. When x — 0 and € — 0, the last norm converges to the semi-norm
ae; +be; + ce; — max(|al,|b|)

on V¥, and this implies that u, . converges to (W, u) for the weak topology. However, the
restriction of u, . to W, is the class of the norm

ae; +be,— max(lal,|b|,e"|x||b]).

If x - 0and € = r!|x| — 0 for a fixed r > 1, then the latter norms converge to the norm
ae, + be, — max(|a|, r|b|), the class of which does not coincide with u.

3.6.7. Let P be a parabolic subgroup of PGLy (F). We demonstrate that the map ¢, : X;,(P) —
3r.,(P) of3.4.3]is not necessarily continuous for the weak topology, though by[3.5.4} it is con-
tinuous for the Borel-Serre topology and for the Satake topology.
Let d =3 and W be as in[3.6.6} and let P be the parabolic subgroup of PGL, correspond-
ing to the flag
o=V,cVyy=wWcV =V,

In this case, the canonical map Xp,,(P)— X}, (W) is a homeomorphism for the weak topol-
ogy on both spaces. Itis also a homeomorphism for the Borel-Serre topology, and for the Sa-
take topology ifall places other than v are non-archimedean. Since 3, (P) = Xy, X Xv /), =
Xy, , the argument of shows that ¢ p, is not continuous for the weak topology.

3.6.8. For d > 3, the Satake topology on X ;V does not coincide with the quotient topology
for the Satake topology on X, which is strictly finer. This is explained in|4.4.12
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3.7 Relations with Borel-Serre spaces and reductive Borel-Serre spaces

3.7.1. In this subsection, we describe the relationship between our work and the theory of
Borel-Serre and reductive Borel-Serre spaces (see Proposition . We also show that X ﬁ-,y
is not Hausdorff if v is a non-archimedean place.

3.7.2. Let G be a semisimple algebraic group over Q. We recall the definitions of the Borel-
Serre and reductive Borel-Serre spaces associated to G from [3] and [26, p. 190], respectively.

Let % be the space of all maximal compact subgroups of G(R). Recall from [3, Proposition
1.6] that for K € %, the Cartan involution 8¢ of Gg := R®,G corresponding to K is the unique
homomorphism G — Gy such that

K={geG(R)|0k(g)=g}

Let P be a parabolic subgroup of G, let Sp be the largest Q-split torus in the center of
P/P,, and let Ap be the connected component of the topological group Sp(R) containing the
origin. We have

Ap =R, C Sp(R)=(R*)'

for some integer r. We define an action of A, on % as follows (see [3} Section 3]). For K € %,
we have a unique subtorus Spx of Pr = R®g P over R such that the projection P — P/P,
induces an isomorphism

Spx — (Sp)r =R ®¢ Sp

and such that the Cartan involution 0y : Gg — Gy, of K satisfies Ox(t)=t"" forall ¢ € Sp¢(R).
For t € Ap, let tx € Spx(R) be the inverse image of . Then Ap acts on % by

Ap X - ¥, (t,K)— te Kt

The Borel-Serre space is the set of pairs (P, Z) such that P is a parabolic subgroup of G
and Z is an Ap-orbitin %. The reductive Borel-Serre space is the quotient of the Borel-Serre
space by the equivalence relation under which two elements (P, Z) and (P’, Z’) are equivalent
if(P’,Z')=g(P,Z) (thatis, P= P’ and Z’ = g Z) for some g € P,(R).

3.7.3. Now assume that F =Q and G =PGLy. Let v be the archimedean place of Q.

We have a bijection between X, and the set % of all maximal compact subgroups of G(R),
whereby an element of X, corresponds to its isotropy group in G(R), which is a maximal
compact subgroup.
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Suppose that K € % corresponds to u € X, with u the class of a norm that in turn cor-
responds to a positive definite symmetric bilinear form ( , ) on V,. The Cartan involution
Ok : Gg — Gy is induced by the unique homomorphism 6 : GL,, — GL,, satisfying

(gx,0k(g)y)=(x,y) forallgeGLy(R)and x,y €V,.

For a parabolic subgroup P of G corresponding to a flag (V;)_,<;<,,, we have

Sp= ( ﬁ Gm,Q)/Gm,Q’

i=0
where the ith term in the product is the group of scalars in GLy,, |, and where the last G, o

is embedded diagonally in the product. The above description of 8y shows that Spy is the
lifting of (Sp) to P obtained through the orthogonal direct sum decomposition

D /v,

=0

12

v,

with respect to (, ).

Proposition 3.7.4. Ifv is the archimedean place of Q, then X, J v (resp., Xq,) is the Borel-Serre
space (resp., reductive Borel-Serre space) associated to PGL,,.

Proof. Denote the Borel-Serre space by (Xévv)’ in this proof. We define a canonical map
Xg,,, - (Xé,y)’, (Pu,s)—(PZ),

where Z is the subset of % corresponding to the following subset Z’ of X,,. Let (V;)_,<;<,, be
the flag corresponding to P. Recall that s is an isomorphism

m
St @(‘/l/‘/l—l)v l) Vv-
=0

1

Then Z’ is the subset of X, consisting of classes of the norms

m 1/2
g x - (Zﬂi(s_l(x)i)z)
i=0

on V,, where s7!(x); € (V;/V,_;), denotes the ith component of s~}(x) for x € V,, and g =
({;)o<i<m ranges over all families of norms [; on (V;/V;_,), with class equal to u;. It follows
from the description of Sy in[3.7.3|that Z is an Ap-orbit.

For a parabolic subgroup P of G, let

(X5,)(P)=1{(Q.2)e(X},) Q> P
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By [3, 7.1], the subset (X, ,J(P)is open in (Xéyv)’.
Take a basis of V, and let B denote the Borel subgroup of PGL, of upper-triangular ma-
trices for this basis. By|(3.3.8|(3), we have a homeomorphism

B,([R) xR 5 X¢ (B).
It follows from [3} 5.4] that the composition
B,(R) xR, — (X5, V(B)
induced by the above map
XL, (B)—(X5,Y(B),  (Pus)—(PZ)

is also a homeomorphism. This proves that the map X, ! b (X J ) Testricts to a homeomor-

phism X/ L(B) > (X, ] ,V(B). Therefore, Xé@,y — (Xé,v)’ is a homeomorphism as well. It then

follows directly from the definitions that the reductive Borel-Serre space is identified with

Xo.0- O
Q,v

3.7.5. Suppose that F is anumber field, let S be the set of all archimedean places of F, and let
G be the Weil restriction Resy o PGLy, which is a semisimple algebraic group over Q. Then
% is identified with Xy, and Xy is related to the reductive Borel-Serre space associated to
G but does not always coincide with it. We explain this below.

Let (ng)’ and X 1.s be the Borel-Serre space and the reductive Borel-Serre space asso-

ciated to G, respectively. Let ng be the subspace of [ ,.; X}, consisting of all elements

ves
(x,)es such that the parabolic subgroup of G associated to x, is independent of v. Then by
similar arguments to the case F = QQ, we see that % is canonically homeomorphic to X

and this homeomorphism extends uniquely to surjective continuous maps
(Xﬁ’,s)/ - X?:,s’ X;:,s — Xgs.
However, these maps are not bijective unless F is Q or imaginary quadratic. We illustrate the
differences between the spaces in the case that F is a real quadratic field and d = 2.
Fix a basis (¢;);-; , of V. Let P be the Borel subgroup of upper triangular matrices in PGLy,

for this basis, and let P be the Borel subgroup Resy /Qﬁ of G. Then P/P, = Resy oG, r and
Sp =G,n,g C P/P,. We have the natural identifications % = X5 = § x §. For a € R, the set

Zy={(yi,ayi)eHxH|y R}

isan Ap-orbit. If a # b, theimages of (P, Z,) and (P, Z,)) in (X rs) donot coincide. On the other
hand, both the images of (P, Z,) and (P, Z,)) in ng coincide with (x,),cs, where x, = (P, u,, s,)
with u, the unique element of X , x Xy, . . and s, the splitting given by e,.
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In the case that v is non-archimedean, the space X Iﬁ;,v is not good in the following sense.
Proposition 3.7.6. If v is non-archimedean, then X ,n;,,, is not Hausdorff.

Proof. Fix a, b € B,(F,) with a # b, for a Borel subgroup B of PGL;. When ¢ € ngl is suffi-
ciently near to 0 =(0,...,0), the images of (a, t) and (b, t) in X, coincide by(4) applied
to B,(F,) x ngl — X,. We denote this element of X, by c(¢). The images f(a) of (a,0) and
f(b)of(b,0)in Xf:,,, are different. However, c(t) converges to both f(a)and f(b) as t tends
to 0. Thus, X}, is not Hausdorff. O

3.7.7. Let F be a number field, S its set of archimedean places, and G = Res. /oPGLy, as in
Then X may be identified with the maximal Satake space for G of [23]. Its Satake
topology was considered by Satake (see also 2} I11.3]), and its Borel-Serre topology was con-
sidered by Zucker [27] (see also [14} 2.5]). The space X ;'S is also a Satake space corresponding
to the standard projective representation of G on V viewed as a Q-vector space.

4 Quotients by S-arithmetic groups

As in §3} fix a global field F and a finite-dimensional vector space V over F.

4.1 Results on S-arithmetic quotients

4.1.1. Fix a nonempty finite set S, of places of F which contains all archimedean places of
F, fix a finite set S, of places of F which is disjoint from §;, and let S =S, US,.

4.1.2. In the following, we take X to be one of the following two spaces:
() X :=Xgs,
(i) X=X}

We endow X with either the Borel-Serre or the Satake topology.

4.1.3. Let G =PGLy, and let K be a compact open subgroup of G(A3}), with A} as in(3.4.13
We consider the two situations in which (X, X) is taken to be one of the following pairs of
spaces (for either choice of X):

D X:=XgxG(A})/K c X=X x X5, x G(AS)/K,
I) X:=X; Cc X:=X x X,

We now come to the main result of this paper.
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Theorem 4.1.4. Let the situations and notation be as in

(1) Assume we arein situation (I). LetT be a subgroup of G(F). Then the quotient space r\Xx
is Hausdorff. It is compact if T = G(F).

(2) Assume we areinsituation (II). LetTy C G(F) be the inverseimage of K under the canon-
ical map G(F)— G(A3), and letT be a subgroup of Ty.. Then the quotient space T\X is
Hausdorff. It is compact if T is of finite index inT.

4.1.5. The case I = {1} of Theorem shows that Xy and X}, ; are Hausdorff.

4.1.6. Let Og be the subring of F consisting of all elements which are integral outside S.
Take an Og-lattice L in V. Then PGL;(Os) coincides with Iy for the compact open subgroup
K=]], ¢s PGLL(O,) of G (A%). Hence Theorem of the introduction follows from Theorem

4.1.7. In the case that F is anumber field and S (resp., §,) is the set of all archimedean places
of F, Theorem[4.1.4]in situation (II) is a special case of results of Satake [23] (resp., of Ji, Murty,
Saper, and Scherk [14), Proposition 4.2]).

4.1.8. Ifin Theorem[4.1.4lwe take I = G(F) in part (1), or I of finite index in Ix in part (2), then
the Borel-Serre and Satake topologies on X induce the same topology on the quotient space
I'\X. This can be proved directly, but it also follows from the compact Hausdorff property.

4.1.9. We show that some modifications of Theorem[4.1.4]are not good.

Consider the case F = Q, S = {p, oo} for a prime number p, and V = Q?, and consider
the S-arithmetic group PGLZ(Z[%]). Note that PGLQ(Z[%])\(XQOo x X,,) is compact Hausdorff,
as is well known (and follows from Theorem [4.1.4). We show that some similar spaces are
not Hausdorff. That is, we prove the following statements:

(1) PGLZ(Z[%])\(XQJ, x X,,) is not Hausdorff.
(2) PGLy(Z[5])\(Xg,00 X PGL,(Q,)) is not Hausdorff.

(3) PGLy(Q)\(Xg,c0 X PGL,(Ag’)) is not Hausdorff.

Statement (1) shows that it is important to assume in that §;, not only S, contains all
archimedean places. Statement (3) shows that it is important to take the quotient G(A3})/K

in situation (I) of
Our proofs of these statements rely on the facts that the quotient spaces Z| % N\R, Z[ % NQ,,

and Q\Ag’ are not Hausdorff.
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Proof of statements (1)-(3). For an element x of aring R, let

(' *\epaL(r)
gx_ 0 1 2 .

In (1), for b €R, let h;, be the point i + b of the upper half plane $ = X,. In (2), for b € Q,),
let hy, = g, € PGL,(Q,). In (3), for b € Ag’, let h, =g, € PGLZ(A(‘S’). In (1) (resp., (2) and (3)),
let oo € Xg,, (resp., Xg o0) be the boundary point corresponding to the the Borel subgroup
of upper triangular matrices.

In (1) (resp., (2), resp., (3)), take an element b of R (resp., Q,, resp., Ag) which does
not belong to Z[;] (resp., Z[3], resp., Q). Then the images of (00, hp) and (00, k) in the
quotient space are different, but they are not separated. Indeed, in (1) and (2) (resp., (3)),
some sequence of elements x of Z[%] (resp., Q) will converge to b, in which case g, (00, hy)
converges to (00, h;,) since g,00 = 00. O

4.2 Review of reduction theory

We review important results in the reduction theory of algebraic groups: and a
variant of More details may be found in the work of Borel [1] and Godement [8]
in the number field case and Harder [12,[13]] in the function field case.

Fix a basis (e;);<;<q of V. Let B be the Borel subgroup of G = PGL, consisting of all upper
triangular matrices for this basis. Let S be a nonempty finite set of places of F containing all
archimedean places.

4.2.1. For b =(b,)€ A}, set|b|=]],|b,|. Let A, beasin3.3.4 Weleta €[], A, denote the
image of a diagonal matrix diag(a,, ..., a,) in GL,(Af). The ratios a;a;}, are independent of
the choice. For c e R, , we let B(c) = B,(Ar)A(c), where

Alc)= {a el_[AyﬂPGLd(AF) | Iaiai_jll >cforall1<i< d—l}.

Let K°=]], K® < G(Af), where K? is identified via (¢;); with the standard maximal com-
pact subgroup of PGL,(F,) of3.3.4} Note that B,(F,)A, K. = B(F,)K? = G(F,) for all v.

We recall the following known result in reduction theory: see [8, Theorem 7] and [12, Satz
2.1.1].

Lemma 4.2.2. For sufficiently small c € R., one has G(Ap)= G(F)B(c)K°.
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4.2.3. Let the notation be as in For a subset I of {1,...,d — 1}, let P; be the parabolic
subgroup of G corresponding to the flag consisting of 0, the F-subspaces > _ j<iFejforiel,

.....

For ¢’ e R.,, let B,(c,c¢’)= B,(Ar)A,(c, c¢’), where
Allc,c)={acA(c)|la;a;||> ¢ forall i e I}.
Note that B;(c,c’)=B(c)ifc > ¢’.
The following is also known [12} Satz 2.1.2] (see also [8, Lemma 3]):
Lemma 4.2.4. Fix c € R, and a subset I of{1,...,d —1}. Then there exists ¢’ € R, such that

{y € G(F)| By(c,c)K°ny ' B(c)K° # @} C P,(F).

4.2.5. We will use the following variant of
Let Ag =[] ,csA,- For c €R., let

A(c)s=AsNA(c) and B(c)s=B,(Ags)A(c)s.

For ¢y, ¢, €R,,, set

Alcy,0)s={acAg|forallveSand1<i<d-—1,

1

- —1 -1
la,a,; . |=zcandla,;a,; 1= cla,a,;,,|foral we S}

Note that A(¢,, ¢,)s is empty if ¢, > 1. For a compact subset C of B, (Af), we then set
B(C; ¢, 6,)s=C - Alcy, 6)s-

Let Ds=]],.s D,, where D, = Kl? < G(F,))if visarchimedean, and D, < G(F,)isidentified
with S; Iw(O, ) < PGL,(F,) using the basis (e;); otherwise. Here, S, is the symmetric group of
degree d and Iw(O,) is the Iwahori subgroup of PGL,(O, ), as in[3.3.6]

ves

Lemma 4.2.6. Let K be a compact open subgroup of G(A}), let Ty be the inverse image of K
under G(F)— G(A%), and letT be a subgroup of T of finite index. Then there exist ¢, ¢,, C as
above and a finite subset R of G(F) such that

G(AF,S) =TR- B(C, Cyy CZ)SDS'
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Proof. This can be deduced from by standard arguments in the following manner. By
the Iwasawa decomposition [3.3.4) we have G(A}) = B(A3)K®S where K°® is the non-S-
component of K°. Choose a set E of representatives in B(Afg) of the finite set

B(F)\B(A})/(B(AS)NK®®).

Let D° = Dy x K%, and note that since Ag N Dy = 1, we can (by the Bruhat decomposition
3.3.6) replace K° by D° in Lemma Using the facts that E is finite, |a| =1 for all a € F*,
and D° is compact, we then have that there exists ¢ € R., such that

G(Ar)=G(F)(B(c)s x E)D".

For any finite subset R of G(F) consisting of one element from each of those sets G(F)N
K%Se~! with e € E that are nonempty, we obtain from this that

G(AF,S):FKR'B(C)SDS-

As Ty is a finite union of right I'-cosets, we may enlarge R and replace I'y by I'. Finally, we can
replace B(c)s by C - A(c)s for some C by the compactness of the image of

B, (Aps) = T\G(Ags)/Ds
and then by B(C; ¢y, ¢,)s for some ¢y, ¢, € R, by the compactness of the cokernel of
LN B(Ags)— (B/B,)(Ags),
where (B/B,)(Af;s); denotes the kernel of the homomorphism

av,i

av,i+1

(B/B,)(Ags) - R, aB,(Aps)— (]_I

vesS

)ISiSd—l

4.3 Xpsand reduction theory

4.3.1. Let S be a nonempty finite set of places of F containing all archimedean places. We
consider X;¢. From the results and of reduction theory, we will deduce results
4.3.4/and |4.3.10/on Xy, respectively. We will also discuss other properties of X s related to
reduction theory. Let G, (¢;);, and B be as in

For ¢, ¢, € R, with ¢, > 1, we define a subset ¥(c,, ¢,) of(Rgo)d‘1 by

T(Cl, 02) = {t E(Rgo)d_l | tv,i < Cy tv,i < Cy tw,i fOI‘ all v, W e S and 1< i < d_ 1}
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Let Y, = (RS ,U{(0),es})?" as in[3.5.1| (for the parabolic B), and note that ¥(c,, ¢,) C ¥;. Define
the subset &(cy, ¢,) of X (B) as the image of B,(As) x T(c,, ¢,) under the map

s = (7)) pes: Bu(Apg) x Y5 — XF,S(B);

with 7, as in For a compact subset C of B,(Ars), we let 5(C; ¢y, ¢,) € S(¢, ¢,) denote
the image of C x %(¢,, ¢,) under 7.

4.3.2. We give an example of the sets of

Example. Consider the case that F = Q, the set S contains only the real place, and d =2, as
in Fix a basis (e;),<;<, of V. Identify B,(R) with R in the natural manner. We have

S(Cie,0)={x+yien|xeC,y > cl_l}U{oo},
which is contained in
Sle,e)={x+yicH|xeR,y>c 'tufoo}.

4.3.3. Fix a compact open subgroup K of G(A}), and let Ty C G(F) be the inverse image of
K under G(F) — G(A3).

Proposition 4.3.4. LetT be a subgroup ofTy of finite index. Then there exist c,, c,, C asin[4.3.1]
and a finite subset R of G(F) such that

XF,S =IR-6(C; ¢, c).
Proof. 1t suffices to prove the weaker statement that there are c;, ¢,, C and R such that
XS =IR- (XS N G(C, Cy, Cz)).

Indeed, we claim that the proposition follows from this weaker statement for the spaces in
the product [ [,cs X(v./v._,),» where P; is as infor asubset of {1,...,d—1}and (V;)_1<i<pm
isthe corresponding flag. To see this, first note that there is a finite subset R’ of G(F) such that
every parabolic subgroup of G has the form yP;y~! for some I and y € TR’. It then suffices
to consider a = (P, u) € X5, where P = P, for some I, and u € 3 5(P). We use the notation of
[B.5.6/and3.5.1] By Proposition[3.5.7} the set X;5(P)N&(C; ¢, ;) is the image under & of the
image of C x %(cy, ¢,) in P,(Ags) x 35s(P) x Yy. Note that a has image (1, 4, 0) in the latter set

(for 1 the identity matrix of P,(Af;)), and £(1, u,0) = a. Since the projection of T(¢,, c,) (resp.,
C)to (Rio)Af (resp., B; ,(Af;)) is the analogous set for ¢; and c, (resp., a compact subset), the
claim follows.
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For v € S, we define subsets Q, and Q/ of X,, as follows. If v is archimedean, let Q, = Q/
be the one point set consisting of the element of X, given by the basis (¢;); and (r;); with
r; = 1forall i. If v is non-archimedean, let Q, (resp., Q)) be the subset of X, consisting of
elements given by (e;); and (r;); suchthat1=r, <---<r;<q, (tesp, n=1and 1< r; < g, for
1<i<d). Then X, = G(E,)Q, for each v € S. Hence by there exist ¢/, c;, C as inm

and a finite subset R of G(F) such that

Xs=TR-B(C;c|,c,)s DsQs,

where Qs =], Q.-

We have DsQs = Q; for Q =] [, Q. noting for archimedean (resp., non-archimedean)
v that KV0 (resp., Iw(O,)) stabilizes all elements of Q,. We have B(C; ¢/, ¢,)sQ; € &(C; ¢, ¢y),
where

c=max{q, | veS}c))"' and c,=max{q.|veS}c,)",

with S the set of all non-archimedean places in S (and taking the maxima to be 1 if §; =
D). O

4.3.5. ForveSand1<i<d-1,lett,;: &(c, ¢,) = Ryobe the map induced by ¢, X, (B)—
RY;! (see[3.4.6) and the ith projection R%;' — R.,. Note that t,,; is continuous.

4.3.6. Fix a subset I of {1,...,d —1}, and let P; be the parabolic subgroup of G defined in
For ¢, ¢, c3 € R, let

S(ey, 6, 63)={x €6(cy, ¢;) |min{z, ;(x)| v € S} < 3 foreach i € I'}.
4.3.7. For an element a € X, we define the parabolic type of a to be the subset
{dim(V;)|0<i<m—1}

of {1,...,d — 1}, where (V;)_,<;<,, is the flag corresponding to the parabolic subgroup of G
associated to a.

Lemma 4.3.8. Let a € X 4(B), and let ] be the parabolic type of a. Then the parabolic sub-
group of G associated to a is P;.

This is easily proved.

4.3.9. In the following, we will often consider subsets of G(F) of the form R,IxR,, Ix R, or
RTy, where R, R,, R are finite subsets of G(F). These three types of cosets are essentially the
same thingwhen we vary K. For finite subsets R;, R, of G(F), we have R, T R, = R'Ty, =T, R”
for some compact open subgroups K’ and K” of G(A3}) contained in K and finite subsets R’
and R” of G(F).
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Proposition 4.3.10. Given c, € R, and finite subsets R,, R, of G(F), there exists c; € R, such
that for all ¢, e R, we have

{r e Rilx R, | S (1, 2, c3)NS(cy, ¢) #@} C Py(F).

Proof. First we prove the weaker version that c; exists if the condition on y € R|Ix R, is re-
placed by Y& ;(cy, ¢, c3)NS(cy, )N Xg #D.
Let Q) for v € S and Qj be as in the proof of[4.3.4

Claim 1. If ¢, € R, is sufficiently small (independent of ¢,), then we have
XsN&(cy, ) C B(CI/)SQ;-

Proof of Claim 1. Any x € X3N&(cy, ¢,) satisfies £, ;(x) < ¢, for 1 <i < d—1. Moreover, if
I1,<s t.i(x) is sufficiently small relative to (¢;)" for all such i, then x € B(c/)sQ;. The claim
follows.

Let C, denote the compact set

C,={g<€G(F,)I1gQ nQ #}.

If v is archimedean, then C, is the maximal compact open subgroup K? of Set Cs =
[ 1,<s C,- We use the decomposition G(Ar) = G(Ags) x G(A}) to write elements of G(Ar) as
pairs.

Claim 2. Fix ¢/ € R.,. The subset B(c,)sCs X R K R, of G(A[) is contained in B(c)K? for
sufficiently small ¢ e R,

Proof of Claim 2. This follows from the compactness of the C, for v € S and the Iwasawa
decomposition G(Ap) = B(Ap)K°.

Claim 3. Let ¢/ beasin Claim 1, and let ¢ < ¢|. Let ¢’ € R,,. If ¢c; € R, is sufficiently small
(independent of ¢,), we have

XS n 6I(Cl) G, CS) - BI(C! C/)SQ;v
where B;(c, c’)s = B(Ags)N B;(c,c’).

Proof of Claim 3. An element x € B(c)sQq lies in By(c, ¢’)sQyg if I1,cst0i(x) < (/)" for all
i € 1. An element x € XsNS(cy, ¢,) lies in XsNS;(cy, ¢, ¢3) if min{z, ;(x) | v € S} < ¢; for all

i € I. In this case, x will lie in B;(c, ¢')sQ{ if ¢ < (¢’)™' ¢/, with s =4§S.
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Let ¢, be as in Claim 1, take ¢ of Claim 2 for this ¢, such that ¢ < ¢/, and let ¢’ € R,,. Take
¢y satisfying the condition of Claim 3 for these ¢/, ¢, and c’.

Claim 4. If X;NS,(cy, ¢, ¢3)NY1S(¢, ¢,) is nonempty for some y € R, TR, C G(F), then
B;(c,c’)Ny ' B(c)K" contains an element of G(Afs) x {1}.

Proof of Claim 4. By Claim 3, any x € X5 N &;(c;, ¢, ¢3) Ny 'S(cy, ¢,) lies in gQg for some
g € B/(c, ¢’)s. By Claim 1, we have yx € g'Q; for some g’ € B(c/)s. Since yx € ygQsN g’ Qy,
we have (g')'ryg € Cs. Henceyg € B(c])sCs, and therefore y(g,1)=(yg,y) € B(c)K° by Claim
2.

We prove the weaker version of [4.3.10} let x € XsN&;(cy, ¢, ¢3) N7 'S(cy, ¢;) for some
v € RiTR,. Then by Claim 4 and Lemmal4.2.4} with ¢’ satisfying the condition off4.2.4for the
given c, we have y € P;(F).

We next reduce the proposition to the weaker version, beginning with the following.

Claim 5. Let ¢}, ¢, €R,. If y € G(F) and x € &(¢y, )Ny ' S(cy, ¢,), then y € P;(F), where
] is the parabolic type of x.

Proof of Claim 5. By Lemmaf4.3.8} the parabolic subgroup associated to x is P; and that as-
sociated to yx is P;. Hence yP;y~! = P;. Since a parabolic subgroup coincides with its nor-
malizer, we have y € P;(F).

Fix J c{1,...,d—1},£€R;,and n €R,.

Claim 6. There exists ¢; € R, such thatif y €Ty and x € §,(cy, ¢, ¢3)N(EYN) ' S(cy, ¢,) is
of parabolic type J, then £yn € P;(F).

Proof of Claim 6. Let(V;)_i<;<,, be the flag corresponding to P;. Suppose that we have y, € I'x
and x, € &(c;, ¢,) N (Eron) ' S(¢y, ¢,) of parabolic type J. By Claim 5, we have Eyyn,Eyn €
P;(F). Hence
Ern =&y, )E Eron €T,

where K’ is the compact open subgroup EKE'NP;(A) of Py(A3), and )’ = £y € P;(F). The
claim follows from the weaker version of the proposition in which V is replaced by V;/V,_,
(for 0 < i < m), the group G is replaced by PGLy, ., the compact open subgroup K is re-
placed by the image of EK&' N Pj(A}) in PGLy, v, (A}), the set R, is replaced by {1}, the
set R, is replaced by the image of {1’} in PGLy, ;. (F), and P,(F) is replaced by the image of
P,(F)N P,(F)in PGLy, . (F).

By Claim 6 for all J, £, and 7, the result is proven. O
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Lemma4.3.11. Let1<i<d-—1,andlet V' = 2 Fe;. Let x € X, for some v € S, and let
g €GLy(F,)) besuch thatgV’'=V’'. For1<i<d—1, we have

ﬁ e(i, j) ~ |det(g,: Vy/ N VV/)|(d_i)/i
V](x |det(g,: V,/ V! = V,/ V)

j=1

where

N e e e
e(i, j)= o
d—j ifj>i.

Proof. By the Iwasawa decomposition [3.3.4| and [3.4.5} it suffices to check this in the case

that g is represented by a diagonal matrix diag(a,, ..., a,). It follows from the definitions that
t,j(gx)t, ;(x) =la; a; —! |, and the rest of the verification is a simple computation. ]

Lemma 4.3.12. Let i and V' be as in|4.3.11, Let R, and R, be finite subsets of G(F). Then
there exist A, B € R, such that for all y € GLy/(F) with image in R,y R, C G(F) and for which
yV'=V’, we have

l_[ |det(y: V’—>V)|
|det(y: V,/V/— V,/V/| —

Proof. We may assume that R, and R, are one point sets {£} and {n}, respectively. Suppose
that an element 7y, with the stated properties of y exists. Then for any such 7, the image of
77" in G(F) belongs to ETx &~ N P;(F), and hence the image of yy;' in G(A}) belongs to
the compact subgroup K &' N P;(A3) of Py (A%). Hence

det(yy,": V- V) =|det(yy,": V,/ V! - V,/ V)| =1

for every place v of F which does not belong to S. By Lemma4.3.11|and the product formula,
we have

| [adetry: v, = v Adettryy: ViV, = Vo VI =1,

veS
so the value of the product in the statement is constant under our assumptions, proving the
result. O

Proposition 4.3.13. Fix ¢, ¢, € R, and finite subsets R,, R, of G(F). Then there exists A > 1
such that if x € S(c;, )Ny 1S(¢y, ¢,) for somey € R\Tx R,, then

A_l tv,i(x) < tv,i(rx) < Atv,i(x)

forallveSand1<i<d-—1.
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Proof. By a limit argument, it is enough to consider x € X;N&(¢,, ¢,). Fix v € S. For x,x’ €
XsNS(c,c)and 1<i<d—1,lets;(x,x")=t,,(x)t,;(x)".

For each 1 <i < d —1, take ¢;(i) € R, satisfying the condition in[4.3.10|for the set I = {i}
and both pairs of finite subsets R, R, and R; ', R, of G(F). Let

c;=min{cs;(i)|1<i<d-—1}

For a subset I of {1,...,d —1}, let Y(I) be the subset of (X; N S&(c,, ¢,))* consisting of all pairs
(x, x’) such that x’ =y x for some y € R,y R, and such that

I={1<i<d—1]min(t,,(x), 1,,(x') < cs}.
For the proof of|4.3.13] it is sufficient to prove the following statement (S,), fixing I.
(S;) There exists A> 1 such that A~ <s;(x,x")<Aforall (x,x)eY(I)and1<i<d-—1.

By Proposition [4.3.10} if y € R, Tx R, is such that there exists x € X5 with (x,yx) € Y(I),
then y € P(F)forall i € I. Lemmas4.3.11|and |4.3.12| then imply the following for all i € I,
noting that ¢; ' t,,;(y) < t,;(y) < ¢, t,,:(y) forall w € S and y € XsNS(cy, ¢).

(T;) There exists B; > 1 such that for all (x, x’) € Y(I), we have

-1

B <[ 500,20 < B,
J

QU

Il
—

where e(i, j)isasin4.3.11

We prove the following statement (S;) for 0 <i < d —1 by induction on i.

(S;) There exists A; > 1 such that A;' < s;(x, x") < A, for all (x, x’) € Y(I) and all j such that
1< j<iand jisnotthelargest element of I N{l,...,i} (if it is nonempty).

That (S,) holds is clear. Assume that (S;_;) holds for some i > 1. If i ¢ I, then since
;< t,(x)<cand ;< ¢, ;(x) < ¢y, we have

1 C3
and hence (S;) holds with A; := max(A;_;, ¢;¢; ).

Assume thati € I. If IN{l1,...,i—1} = @, then (S;) is evidently true with A; := A,_,. If
IN{l,...,i—1} # @, then let i’ be the largest element of this intersection. We compare (T;)
and (T;,). We have e(i, j)=e(i’, j)if j > i and e(i, j) < e(i’, j) if j < i, so taking the quotient
of the equations in (7;,) and (7;), we have

i—1
(B:B) ™ <[ [sj(x, x)0" () < B, B,
j=1
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Since (S;_,) is assumed to hold, there then exists a € R, such that

(B;By) 'A% < sp(x, x0T < BB, AG

i—1 —

As the exponent e(i’,i’)—e(i, i’) is nonzero, this implies that (S;) holds.
By induction, we have (S,_;). To deduce (S;) from it, we may assume that I is nonempty,
and let i be the largest element of I. Then (S,_,) and (T;) imply (S,). O

Proposition 4.3.14. Let ¢;, ¢, € R, and a € Xy 5. Let I be the parabolic type ofa. Fixa
finite subset R of G(F)and1<i<d—1.

(1) Ifi € 1, then for any € > 0, there exists a neighborhood U of a in Xy for the Satake
topology such that max{t,;(x)| v €S} <e forall x € TxR)'UNGS(c,, ¢).

) Ifi ¢ 1, then there exist a neighborhood U of a in X s for the Satake topology and ¢ € R,
such that min{t, ;(x)| v € S} > ¢ forall x € Tx R) U NS(cy, ¢,).

Proof. The first statement is clear by continuity of ¢, ; and the fact that ¢, ;(y*a) = 0 for all
v € G(F), and the second follows from[4.3.13} noting[4.3.4] O

Proposition 4.3.15. Leta € X, and let P be the parabolic subgroup of PGL,, associated to a.
LetTy (py CIx beasin|3.4.12, Then thereare c,, ¢, € R, and p € G(F) such thatTx p)@&(cy, ¢,)
is a neighborhood of a in Xy for the Satake topology.

Proof. This holds by definition of the Satake topology with ¢ =1 if a € X 4(B). In general,
let I be the parabolic type of a. Then the parabolic subgroup associated to a has the form
@ P! for some ¢ € G(F). We have p~'a € XF'S(PI) C Xp,s(B)- By that already proven case,
there exists y € Iy p,) such that Iy pyp7S(¢y, ¢,) is a neighborhood of a for the Satake topool-

ogy. O]
The following result can be proved in the manner of for X I”: ¢ below, replacing R by
{¢}, and I (w) by Ik (p).

Lemma 4.3.16. Let the notation be as in Let U’ be a neighborhood of p™'a in Xy s for
the Satake topology. Then there is a neighborhood U of a in Xy for the Satake topology such
that

U CTx p)@(S(c1, )N U).
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- .
4.4 X, andreduction theory

4.4.1. Let S be a finite set of places of F containing the archimedean places. In this subsec-
tion, we consider lec,s- Fix a basis (e;),<;<q of V. Let B ¢ G = PGLy, be the Borel subgroup of
upper triangular matrices for (e;);. Let K be a compact open subgroup of G(A3).

4.4.2. Let ¢}, c; € R,o. We let &(cy, ¢;) denote the image of (¢, ¢;) under X5 — X, ¢. For
re{l,...,d—1}, we then define

Gbr(cl) CZ) = {(W,‘U) € Gb(cl) CZ) | dlm(W) 2 r}'
Then the maps ¢,,; of|[4.3.5/for v € S and 1 < i < r induce maps
Ly 6‘;(01, c)—R,, (1<i<r—1) and ¢,,: Gbr(cl, c,) — Ry,
For ¢; € R, we also set
& (c1, ¢ ¢)={x €& (c1, ¢) | min{z,,(x)| v €S} < ca}.

Proposition 4.4.3. Fix ¢, € R, and finite subsets R,, R, of G(F). Then there exists c; € R,
such that for all c, € R, we have

{re Rilx R, | 7’6[;(01» Ca» 03)06br(cl, C) # @} C Py

Proof. Take (W,u) € Y& (¢, ¢, ;)N S (1, ¢,), and let 1’ = dim W. Let P be the parabolic
;::,H Fe;for0<i<

d—r'. Let u’ € 3;5(P)be the unique element such that a = (P, u’) € X maps to (W, u). Then
a€y&y,(c, ¢, c3)NG(cy, ¢,), so we can apply[4.3.10] ]

Proposition 4.4.4. Fix c,,c, € R, and finite subsets R,, R, of G(F). Then there exists A > 1
such that if x € & (¢, ¢,)N Y& (¢y, ¢,) for somey € R\Ix Ry, then

subgroup of V corresponding to the flag (V;)_<;<q_,» with V; = W +>

AT, (x) < 1,(r %) < Aty (x)
forallveSand1<i<r.
Proof. This follows from[4.3.13] O
We also have the following easy consequence of Lemma4.3.8

Lemma 4.4.5. Let a be in the image of Xys(B) — X} ¢, and let r be the dimension of the F -

subspace of V associated to a. Then the F -subspace of V associated to a is Z;zl Fe,.

48



Proposition 4.4.6. Leta € X } s and let r be the dimension of the F -subspace of V associated
toa. Let ¢, c, € R.. Fix a finite subset R of G(F).

(1) For any € > 0, there exists a neighborhood U of a in X’ES for the Satake topology such
thatmax{t, ,(x)| v €S} <e€ forall x e [k R)'U NS (¢}, cy).

(2) If1<i<r, then there exist a neighborhood U of a in X;,s for the Satake topology and
c €R, such thatmin{t, ,(x)| v €S} > ¢ forall x e TxR)'UN G”r(cl, Cy).

Proof. This follows from[4.4.4} as in the proof of O

Proposition 4.4.7. Let W be an F -subspace of V of dimension r > 1. Let ® be set of ¢ € G(F)
suchthat (3., Fe)=W.

(1) There exists a finite subset R of ® such that for any a € X}IS(W), there exist ¢}, ¢, € R,
for which the set Ty (y R G“r(cl, ¢,) is a neighborhood of a in the Satake topology.

(2) Foranype®anda € Xl"c_ ¢ With associated subspace W , there exist ¢,, ¢, € R, such that
a €& (c,c,) and Ty )9 &’ (cy, ;) is a neighborhood of a in the Satake topology.

Proof. We may suppose without loss of generality that W = Z;=1 Fej, in which case ¢ =
G(F)w) (see . Consider the set 2 of all parabolic subgroups Q of G such that W is
contained in the smallest nonzero subspace of V preserved by Q. Any Q € £ has the form
Q = pP,¢! for some ¢ € G(F)yy) and subset I of J :={i € Z | r <i < d —1}. There exists a
finite subset R of G(F ).y such that we may always choose ¢ €Tk )R.

By[4.4.5, an element of X;;5(B) has image in X}, (W) if and only if the parabolic subgroup
associated to it has the form P; for some I C J. The intersection of the image of X;s(B) —
X, with X}, (W) is the union of the &’ (c;, ¢;) with ¢}, ¢, € R,,. By the above, for any a €
Xl‘;_ S(W), we may choose £ € Iy (1R such that & ~la isin this intersection, and part (1) follows.
Moreover, if W is the subspace associated to a, then ¢ 'a € X ;'S(W) is in the image of X 4(B)
for all ¢ € G(F)), from which (2) follows. O

Lemma 4.4.8. Let W, ®, R be as in fixa e X})S(W), and let c,, c, € R, be as in(l)
for this a. For each ¢ € R, let U, be a neighborhood of ¢~"a in X },S for the Satake topology.
Then there is a neighborhood U of a in X lb:,S for the Satake topology such that

U | Tk e (e, )N U,).

PER

Proof. We may assume that each ¢(U,) is stable under the action of I (1. Let

U =Tx )RS, (e, )N [ ] ¢(U,).

PER
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Then U is a neighborhood of a by[4.4.7(1). Let x € U. Take y € Ty () and ¢ € R such that
x €79& (¢, c,). Since ¢(U,) is I (w)-stable, ' x € p(U,) and hence ¢ 'y 'x € & (¢;, ;)N

U,. O
Proposition 4.4.9. Leta =(W,u) € X}, and let r = dim(W). Take ¢ € G(F) and c,, ¢, € R

as in|4.4. 7(2) such that Ty (w9 &' (c1, ¢;) is a neighborhood of a. Let ¢}, ;= X}, (W) — 3, (W)
be as in 3.4.34r For any neighborhood U of u = q)”W,S(a) in BQ,S(W) and any € € R, set

(U, €)= (9 ) (U)NTi @ (x €8 (c1, 0) | 1, (x) <€ forall v € S).
Then the set of all®(U , €) forms a base of neighborhoods of a in X } ¢ under the Satake topology.

Proof. We may suppose that W = 2:21 Fe; without loss of generality, in which case ¢ €
G(F)w). Let P be the smallest parabolic subgroup containing B with flag (V;)_,<;<,, such
that V, = W and m =d —r. Let Q be the parabolic of all elements that preserve W. We then
have G D Q D P D B. Let B’ be the Borel subgroup of PGLy, that is the image of P and
which we regard as a subgroup of G using (e, ;)1<i<,m tosplit V—-V/W.

Let

Joi Qu(F,)x XV/W,F,U(B/) X Xy, XxRyo— XF,U(P)

be the unique surjective continuous map such that £ = f, o h, where & is as in and h is
defined as the composition

Pu(F)) % Xy, X R 5 Qu(F,) X BJ(F,) X Xu, X Rog X RIS = Qu(E,) % Xy (B) % Xuy, X Rsg

of the map induced by the isomorphism P,(F,) — Q,(F,) x B/ (F,) and the map induced by
the surjection T, ,: B/ (F,) xR — Xy, ,,(B’) of3.3.8(2). The existence of f, follows from

3.3.8(4).
Set Y, =R3,U{(0),cs}, and let

fs: Qu(AF,S) X XV/W,F,S(B/) X 3;,5(W) X Yy— XF,S(P)
be the product of the maps f,. Let 1, ,.: Xz, (P) — Ry, denote the composition

- ~ sy _
Xp,(P)— X, (B)—5 R 5 Ry,

where the last arrow is the rth projection. The composition of fs with (7, ,),cs is projection
onto Y, by[3.5.7|and [3.4.6|
Let Xj; (W) denote the inverse image of X}, (W) under the canonical surjection Ils: X5s —

X.s- Combining f; with the action of G(F);yy), we obtain a surjective map
132 G(F)w) % (Qu(Ags) x Xy, rs(B') X 32;5(W) x Yp) = Xps(W), fi(g,2) =g fs(2).

50



The composition of f; with ¢}, ; oIl is projection onto 3’, (W) by[3.5.9/and3.5.10|

Applying [4.3.4 with V /W in place of V, there exists a compact subset C of Q,(Ar;s) x
Xy w,rs(B’)and a finite subset R of G(F ) such that f{(Tx ()R x C x 3, ((W)x Y5) = Xps(W).
Consider the restriction of Il o f{ to a surjective map

A’S: rK,(W)R x C x 3;‘,S(W) X YO — X}I):,S(W)

We may suppose that R contains ¢, since it lies in G(F ).

Now, let U’ be a neighborhood of a in X Ib?,S(W) for the Satake topology. It is sufficient
to prove that there exist an open neighborhood U of u in SZDYS(W) and € € R, such that
®(U,e)cU’.ForeeR.y, set Y. ={(t,),es € Yo | t, < € for all v € S}.

For any x € C, we have A4(a, x,u,0) = (W,u) € U’ for all @ € R. By the continuity of
As, there exist a neighborhood D(x) € Q,(Ars) X Xy ,w rs(B’) of x, a neighborhood U(x) c

(W) of u, and €(x) € R, such that

As(Rx D(x)x U(x)x Y y)c U".

Since C is compact, some finite collection of the sets D(x) cover C. Thus, there exist a neigh-
borhood U of u in 3'},,U(W) and € e R, such that A;(R x C x U x Y;) c U". Since U is T (-
stable by[3.4.15, we have As(Tx )R x C x U x ¥, ) U".

Let y € ®(U,€), and write y = gx with g €Iy (y)p and x € G”V(cl, c,)such that ¢, (x)<e€
forall v €S. Since ®(U,€) C X;'S(W), we may by our above remarks write y = Ag(g,c, v, t) =
glis(fs(c, v, 1)), where ¢ € C, v = ¢}, (), and ¢ = (t,,,(x)),es. Since v € U and t € Y, by
definition, y is contained in U’. Therefore, we have ®(U,e)c U’. O

Example 4.4.10. Consider the case F =Q, S = {v} with v the archimedean place, and d = 3.
We construct a base of neighborhoods of a point in X&yy for the Satake topology.

Fix a basis (¢,)1<i<s of V. Let a = (W,u) € Xy, ,, where W = Qe,, and y is the unique
element of X, .

For c eR., let U, be the subset of X, = PGL;(R)/POs(R) consisting of the elements

1 0 I x5 X3 ny 0 0
( ) 0 1 x4 0O » O
0 v

0 0 1 0 0 1

such that y € PGL,(Z), x;; €R, y 2 ¢, and y, > ‘/7§ When 7, x;; and y, are fixed and y; — oo,

these elements converge to a in X&V under the Satake topology. When, x;;, and y, are fixed

J?
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and ), — oo, they converge in the Satake topology to

1 o 1 x5, O
uly, X2, 1) == (O ) 0 1 0 fun)
0 0 1

where u(y,) is the class in X&’U of the semi-norm a, e} + aye; + aze; — (a’y? +a?)"? on V*.
The set of
U, :={a}u{ulr,x,y)|y €PGLy(Z), x €R,y > c}UU,.

is a base of neighborhoods for a in X(”Q_U under the Satake topology. Note that $ =SL,(Z){z €
H|Im(z) > ﬁ}, which is the reason for the appearance of @ It can of course be replaced by
any b e R, such that b < ‘/7§

4.4.11. We continue with Example|4.4.10| Under the canonical surjection Xg, — X, , the
inverseimage of a = (W, u)in XQ,U is canonically homeomorphic to Xy, = HUP'(Q) under
the Satake topology on both spaces. Thishomeomorphism sends x+y,i € § (x €R, 3, €R.)

to the limit for the Satake topology of

1 0 0Y({»ny»y O O
01 x 0 » 0]ePGL;(R)/POs(R)
0 01 0 0 1

as y; — 00. (This limit in X, depends on x and y,, but the limit in X&,u isa.)

4.4.12. In the_example of{4.4.10, we explain that the quotie_nt topology on X’ém of the Satake
topology on Xg, , is different from the Satake topology on X&,y-
For a map

Z
[ PGL,y(Z)/ ((1) 1) — Ry,

define a subset Uy of X, as in the definition of U, but replacing the condition on v, x;;, y; by
¥ €PGL,(Z), x;; €R, 31> f(y), and 3, > L. Let

Up={a}u{u(y, x,y)|y €PGLy(Z), x €R, y > f(y)} U U}.

When f varies, the Uy form a base of neighborhoods of a in ng,v for the quotient topology
of the Satake topology on XQ,U' On the other hand, if inf{ f(y) | y € PGL,(Z)} = 0, then Uf is
not a neighborhood of a for the Satake topology on X , .
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4.5 Proof of the main theorem

In this subsection, we prove Theorem We begin with the quasi-compactness asserted
therein. Throughout this subsection, we set Z = X, x G(A;)/ K in situation (I) and Z = X,
in situation (II), so X =X x Z.

Proposition4.5.1. Insituation (I) 0 the quotient G(F)\X is quasi-compact. In situation
(D), the quotientT\X is quasi-compact for any subgroupT of Ty of finite index.

Proof. We may restrict to case (i) of that X = Xy, as ler,s] of case (ii) is a quotient of
Xpg, (under the Borel-Serre topology). In situation (I), we claim that there exist ¢, ¢, € R, a
compact subset C of B,(A ), and a compact subset C’ of Z such that X = G(F)(&(C; ¢y, ¢;) %
C’). In situation (II), we claim that there exist ¢, ¢,, C, C’ as above and a finite subset R of
G(F) such that X =TR(S&(C; ¢y, ¢,) x C’). It follows that in situation (I) (resp., (ID), there is a
surjective continuous map from the compact space C xT(c;, ¢,) x C’ (resp., R x C x%(c¢y, ¢,) X
C’) onto the quotient space under consideration, which yields the proposition.

For any compact open subgroup K’ of G(A‘;‘), the set G(F )\G(Afé)/ K’ is finite. Each X,
for v € S, may be identified with the geometric realization of the Bruhat-Tits building for
PGLy,, the set of i-simplices of which for a fixed i can be identified with G(F,)/ K] for some
K’. So, we see that in situation (I) (resp., (II)), there is a compact subset D of Z such that
Z =G(F)D (resp., Z=TID,).

Now fix such a compact open subgroup K’ of G(Af’;). By there are c¢;,c, € R, a
compactsubset C of P,(A g ), and a finite subset R’ of G(F) such that XF,S =Ix.R'S(C;cy, ).
We consider the compact subset C’:=(R')"'K’D of Z.

Let (x,y)€ X, where x € X5 and y € Z. Write y =z for some z € D and y € G(F) (resp.,
y €T) in situation (I) (resp., (I)). In situation (II), we write I'Ty, R’ =TR for some finite subset
R of G(F). Write y'x =y’ps where ' €Tk, ¢ €R’, s € 5(C; ¢, ;). We have

(x,Y)=rr"'x,2)=1(r'¢s,2)=(ry' ©)s, ¢ (1) ' 2).
As ry’p lies in G(F) in situation (I) and in I'R in situation (II), we have the claim. O

4.5.2. To prove Theorem4.1.4} it remains only to verify the Hausdorff property. For this, it is
sufficient to prove the following.

Proposition 4.5.3. LetT = G(F) in situation (I) of[4.1.3, and letT = Ty in situation (II). For
everya,a’ € X, thereexist neighborhoods U ofa and U’ of a’ such thatify €T andyUNU’ # @,
thenya=a’.
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In the rest of this subsection, let the notation be as in It is sufficient to prove |4.5.3

for the Satake topology on X. In 4.5.8, we prove in situation (II) for S = S,. That is,
we suppose that ¥ = X. In[4.5.9/and |4.5.10, we deduce in general from this case.

Lemma 4.5.4. Assume that X = X 5. Suppose that a,a’ € X have distinct parabolic types
(4.3.7). Then there exist neighborhoods U ofa and U’ of a’ such thatyUNU’ =@ forally €T.

Proof. Let I (resp., I) be the parabolic type of a (resp., a’). We may assume that there exists
anielwithi¢l'.

By[4.3.15} there exist ¢, € G(F) and ¢, ¢, € Ry such that Iy ¢ S(c,, ¢,) is a neighborhood
of a and Ty S(cy, ¢,) is a neighborhood of a’. By(2), there exist a neighborhood U’
IxyY&(cy, c,) of a’ and ¢ € R, with the property that min{z,;(x) | v € S} > c forall x €
(Txy)'U’'N&(cy, ). Let A€R,, be as in[4.3.13|for these ¢y, ¢, for R, = {¢~'} and R, = {1}
Take € € R, such that Ae < ¢. By[4.3.14[(1), there exists a neighborhood U c Iy ¢&(cy, ¢,) of
a such that max{z, ;,(x)| v €S} <eforall x € (Tr ) 'UNGS(c, ).

We prove that YU N U’ =@ for all y eTk. If x e yU N U’, then we may take 0,6’ € Iy such
that (6¢) 'y 'x € S(¢,, ;) and (6'Y) ' x € S(c, ¢,). Since

(B) "y x =0 (6O WG Y x €9 k- (8Y)
we have by[4.3.13]that
¢ <, ((6'Y) " x) < A, i((5p) 'y x) < Ae,
for all v € S and hence ¢ < Ae, a contradiction. O

Lemma 4.5.5. Assume that X = X);. Let a,a’ € X and assume that the dimension of the F -
subspace associated to a is different from that of a’. Then there exist neighborhoods U of a
and U’ of a’ such thatyUNU’ =@ forally €T.

Proof. The proofis similar to that of In place of}4.3.13}[4.3.14] and[4.3.15| we use[4.4.4]
14.4.6, and [4.4.7, respectively. O

Lemma 4.5.6. Let P be a parabolic subgroup of G. Let a,a’ € 3p5(P) (see[3.4.3), and let R,
and R, be finite subsets of G(F). Then there exist neighborhoods U of a and U’ of a’ in 3 s(P)
such thatya = a’ for everyy € R\Ix R, N P(F) for whichyUNU’ #@.

Proof. For each & € R, and 1) € R,, the set E[xn N P(F) is a ETx &~ N P(F)-orbit for the left
action of ETx 1. Hence its image in HZO PGLy, v, ,(Agg) is discrete, for (V;)_;<;<,, the flag
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corresponding to P, and thus the image of R, IR, N P(F)in ]_[ o PGLy, v, (Apg) is discrete
as well. On the other hand, for any compact neighborhoods U of a and U’ of a’, the set

{g e[ [PGLyv.(Ars) gUNU’ #@}

i=0
is compact. Hence the intersection M :={y € R\[xR,NP(F)|yU NU’ # @} is finite. If y e M
and ya # a’, then replacing U and U’ by smaller neighborhoods of a and a’, respectively,
we have yU N U’ = @. Hence for sufficiently small neighborhoods U and U’ of a and a’,
respectively, we have that if y € M, then ya =a’. O

Lemma 4.5.7. Let W be an F -subspace of V. Leta,a’ € 51},5(W) (see, and let R, and
R, be finite subsets of G(F). Let P be the parabolic subgroup of G consisting of all elements
which preserve W. Then there exist neighborhoods U of a and U’ of a’ in 3;,5(W) such that
ya =a’ foreveryy € R\IxR,NP(F) for whichyUNU’#@.

Proof. This is proven in the same way as O

4.5.8. We prove in situation (II), supposing that S = §;.

In case (i) (that is, X = X = X;5), we may assume by that a and a’ have the same
parabolic type I. In case (ii) (that is, X = X = X, ), we may assume by that the dimen-
sion r of the F-subspace of V associated to a coincides with that of a’. In case (i) (resp.,
(i), take ¢;, ¢, € R, and elements ¢ and Y (resp., finite subsets R and R’) of G(F) such that
c1, Gy, @ (resp., ¢y, ¢y, R) satisty the condition in [4.3.15| (resp., for a and ¢, ¢,y (resp.,
c1, Gy, R') satisfy the condition in[4.3.15| (resp., for a’. In case (i), we set R = {¢} and

={y}.

Fix a basis (e;);<;<4 of V. In case (i) (resp., (ii)), denote &(¢,, ¢,) (resp., & '(¢1,¢,)) by &. In
case (i), let P = P;, and let (V;)_,<;<,, be the associated flag. In case (ii), let W = Z Fe;, and
let P be the parabolic subgroup of G consisting of all elements which preserve W.

Note that in case (i) (resp., (ii)), for all ¢ € R and Y € R’, the parabolic subgroup P is
associated to ¢ 'a and to Y'a’ (resp., W is associated to ¢~'a and to y)"'a’) and hence
these elements are determined by their images in 35 5(P) (resp. 33:, s(W)).

In case (i) (resp., case (ii)), apply[4.5.6] (resp., to the images of ¢'a and y~'a’ for
¢ €R, Y € R"in 3p¢(P) (resp., SQ'S(W)). By this, and byfor case (i) andfor case
(i), we see that there exist neighborhoods U, of ¢~'a for each ¢ € R and UU/J of y~ta’ for
each y € R’ for the Satake topology with the following two properties:

A) {ye®)'IxR|r(6NU,)N(GSN u,) # @ for some ¢ € R,y € R’} c P(F),

(B) ify (R 'TxRNP(F)and yU,nU; #@forp € Rand y €R’, thenyp~la=y~'a’,
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In case (i) (resp., (i), take a neighborhood U of a satisfying the condition in[4.3.16|(resp.,
for (U,),<r, and take a neighborhood U’ of a’ satisfying the condition in[4.3.16] (resp.,
for (U))yer- Let y €Tk and assume yU N U’ # @. We prove ya = a’. Take x € U and
x’ € U’ such that yx = x’. By (resp., , there are ¢ € R, 1 € R/, and € € T (,p,)
and 6 € T (ppy1y in case (i) (resp., € €T ,w) and 6 € Tk (pwy In case (ii)) such that p~'e lx e
&NU,andy~'6"'x'€SNU. Since

W 'e'rep)p e T x =y 167 X,
we have )16 1yep € P(F) by property (A). By property (B), we have
W6 rep)pta=ya’.
Since ea =a and 6a’ = a’, this proves ya =a’.

We have proved in situation (II) under the assumption S = §,. In the following
and (4.5.10, we reduce the general case to that case.

Lemma 4.5.9. Leta,a’ € Z. In situation (I) (resp., (II)), let H = G(A‘;‘) (resp., H = G(Aggs,)).
Then there exist neighborhoods U of a and U’ of a’ in Z such that ga = a’ for all g € H for
whichgUuNU’' #@.

Proof. For any compact neighborhoods U of a and U’ of a’, theset M :={g € H | gUnN
U’ # @} is compact. By definition of Z, there exist a compact open subgroup N of H and a
compact neighborhood U of a such that gx = x forall g € N and x € U. For such a choice
of U, the set M is stable under the right translation by N, and M /N is finite because M is
compact and N is an open subgroup of H. If g € M and if ga # a’, then by shrinking the
neighborhoods U and U’, we have that gU N U’ =@. As M /N is finite, we have sufficiently
small neighborhoods U and U’ such thatifge M and gU NU’' # @, thenga =a’. O

4.5.10. We prove Proposition{4.5.3

Let H be as in Lemma@ Write a = (as,az) and a’ = (agl, a,) as elements of X x Z. By
there exist neighborhoods Uy of a, and U, of a, in Z such thatif g € H and gU,NU, #
@, then ga=a’. Theset K':={g <€ H|ga, = a,} is a compact open subgroup of H. Let I’
be the inverse image of K’ under I' — H, where I' = G(F) in situation (I). In situation (II),
the group I" is of finite index in the inverse image of the compact open subgroup K’ x K
under G(F) — G(Af’;). In both situations, the set M := {y €I'| ya, = a,} is either empty or a
I["-torsor for the right action of I".

Assume first that M # @, in which case we may choose 6 €T such that M = 0T”. Since
we have provenin situation (II) for §; = S, there exist neighborhoods Us, of ag and US’l
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of 0‘1ag1 such that if y € I satisfies yUs N U # @, then yag, = H‘Iagl. Let U = U, x Uy and

=0 US’1 x U,, which are neighborhoods of a and a’ in X, respectively. Suppose thaty €T
satisfies yU N U’ # @. Then, since yU, N U, # @, we have ya, = a;, and hence y = 0y’ for
some 1’ €1I". Since 07'Us NOU;, # @, we have y'Us NUg #@, and hence y'ag, = 67" ag . That
is, we have yag = agl, sora=a'.

In the case that M = g, take any neighborhoods Us, of ag and Ug ! of a’ and set U =
Us, x Uz and U’ =Ug x Uy. Any y €I'such thatyUNU’ # Qs contalned in M so no such y
exists.

4.6 Supplements to the main theorem

We use the notation of §4.1]throughout this subsection. We suppose that I' = G(F) in situa-
tion (I), and we let I be a subgroup of Iy of finite index in situation (II). For a € X, letl, <T
denote the stabilizer of a.

Theorem 4.6.1. Fora € X (with either the Borel-Serre or the Satake topology), there is an open
neighborhood U of the image of a inT,\X such that the image U’ of U under the quotient map
[,\X —T\X is open and the map U — U’ is a homeomorphism.

Proof. By the case a = a’ of Proposmon 3} there is an open neighborhood U” C X of a
such that if y € Ty and yU” N U” # @, then ya = a. Then the subset U :=T,\I,U” of T,\X is
open and has the desired property. O

Proposition 4.6.2. Suppose thatS=S,, and leta € X.

(1) Take X = Xp,s; and let P be the parabolic subgroup associated to a. Then Iy (as in
is a normal subgroup of T, of finite index.

2) TakeX = F s and let W be the F -subspace of V associated to a. Then Ty (as in
is a normal subgroup of T, of finite index.

Proof. We prove (1), the proof of (2) being similar. Let (V;)_,<;<,, be the flag corresponding to
P. The image of TNP(F)in[]" i—o PGLy, v, (Agg)is discrete. On the other hand, the stabilizer
in HZO PGLy, v, ,(Apg) of the image of a in 354(P) is compact. Hence the image of I, in
HZO PGLy,y._,(F), which is isomorphic to I, /Tip), is finite. O

Theorem 4.6.3. Assume that F is a function field and X = X, where S, consists of a single
place v. Then the inclusion map T'\X — T'\X is a homotopy equivalence.
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Proof. Let a € X. In situation (I) (resp., (I)), write a = (a,,a") with a, € Xz, and a’ € X, %
G(A?F)/K (resp., Xs,). Let K’ be the isotropy subgroup of a” in G(A},) (resp., ]_[Wes2 G(E,)),
and letI" <T be the inverse image of K’ under the map I' — G(A}) (resp., ' — ]_[wes2 G(E,)).

Let P be the parabolic subgroup associated to a. Let I, be the isotropy subgroup of a in
', which is contained in P(F) and equal to the isotropy subgroup I“;U of a, inT”. In situation
(D) (resp., (I)), take a T, -stable open neighborhood D of a” in X5, x G(A})/K (resp., Xg,) that
has compact closure.

Claim 1. The subgroup I';, :={y €I, | yx = x for all x € D} of I, is normal of finite index.

Proof of Claim 1. Normality follows from the I,-stability of D. For any x in the closure D of
D, there exists an open neighborhood V, of x and a compact open subgroup N, of G(A})
(resp., ]_[wesl G(F,)) in situation (I) (resp., (II)) such that gy = y forallg € N, and y € V,.
For a finite subcover {V, ,..., V, } of D, the group I, is the inverse image in I, of ﬂ?zl Ny, so
is of finite index.

Claim 2. The subgroup H =1, N P,(F) of I, is normal of finite index.

Proof of Claim 2. Normality is immediate from Claim 1 as P,(F)is normal in P(F). Let H' =
l“(’P) N P,(F), which has finite index in 1“(’P) and equals I" N P,(F) by definition of 1“(’1,). Since
1"(’P) cI’ cIandI =TI,, we have H' =TI, N P,(F) as well. By Claim 1, we then have that H’
contains H with finite index, so H has finite index in 1“(’P). Proposition (1) tells us that
;. - o

17y is of finite index in I =1

Let (V;)_i<;< be the flag corresponding to P. By Corollary|3.5.4, we have a homeomor-
phism

2+ PlF\X 5o (P) = 31,(P) x RL

on quotient spaces arising from the P(F,)-equivariant homeomorphism ¢ p, =(¢p,, ¢},) of
[3.5.1|(see(3.4.3|and [3.4.6).

Claim 3. For a sufficiently small open neighborhood U 0of 0=(0,...,0) in R”, the map y

>0’
induces a homeomorphism

ZUZH\XF,U(P)U;’BF,V(P)X U,

where Xp,,(P)y denotes the inverse image of U under ¢, : X, (P) — RZ,.

Proof of Claim 3. By definition, y restricts to a homeomorphism

P (FE\Xp,(P)y — 35,(P)x U
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for any open neighborhood U of 0. For a sufficiently large compact open subset C of P,(F,),
we have P,(F,) = HC. For U sufficiently small, every g € C fixes all x € Xj,(P)y, which
yields the claim.

Claim 4. The map y and the identity map on D induce a homeomorphism

Kv.a: T\(Xgu(P)y x D)= (T,\(35,(P)x D)) x U.

Proof of Claim 4. The quotient group I,/ H is finite by Claim 2. Since the determinant of an
automorphism of V;/V,_, of finite order has trivial absolute value at v, the I;-action on R
is trivial. Since H acts trivially on D, the claim follows from Claim 3.

Now let ¢ €RZ[, and set U ={r eRY[ | ; < c forall 1 <i <m}. Set(X,)y =X, NXg,(P)y.

If ¢ is sufficiently small, then
(L \BEo(P)x D)) x (U NRE) = (L\(3F,(P) x D)) x U
isahomotopy equivalence, and we can apply )(E}a to both sides to see that the inclusion map
L \(X,)y x D) = T \(Xp,(P)y x D)
is also a homotopy equivalence. By Theorem[4.6.1} this proves Theorem[4.6.3 O

Remark 4.6.4. Theorem is well-viewed as a function field analogue of the homotopy
equivalence for Borel-Serre spaces of [3]].

4.6.5. Theorem[4.1.4)remains true if we replace G = PGLy by G =SLy in[d.1.3Jand[4.1.4] It
also remains true if we replace G = PGL,, by G = GL,, and we replace X in in situation
(D) (resp., (II)) by

X x X, x (RS, x G(AS)/K), (resp., X x X5, x (R%,))),
where ( ), denotes the kernel of

((av)ves’ g) — |det(g)| l_[ a, (resp., (av)ves — l_[ av)r

ves ves

and y € GLy(F) (resp., y € I'x) acts on this kernel by multiplication by ((|det(y)|,),es, ¥) (resp.,

(|det(7’)|v)v€8)-
Theorems 14.6.1l and 4.6.3| also remain true under these modifications. These modified

versions of the results are easily reduced to the original case G = PGLy,.

59



4.7 Subjects related to this paper

4.7.1. In this subsection, as possibilities of future applications of this paper, we describe
connections with the study of

e toroidal compactifications of moduli spaces of Drinfeld modules (4.7.2H4.7.5)

¢ the asymptotic behavior of Hodge structures and p-adic Hodge structures associated
to a degenerating family of motives over a number field (4.7.6,[4.7.7), and

e modular symbols over function fields (4.7.8}[4.7.9).

4.7.2. In [21], Pink constructed a compactification of the moduli space of Drinfeld modules
that is similar to the Satake-Baily-Borel compactification of the moduli space of polarized
abalian varieties. In a special case, it had been previously constructed by Kapranov [15].

In [20], Pink, sketched a method for constructing a compactification of the moduli space
of Drinfeld modules that is similar to the toroidal compactification of the moduli space of
polarized abelian varieties (in part, using ideas of K. Fujiwara). However, the details of the
construction have not been published. Our plan for constructing toroidal compactifications
seems to be different from that of [20].

4.7.3. We give a rough outline of the relationship that we envision between this paper and
the analytic theory of toroidal compactifications. Suppose that F is a function field, and fix
aplace v of F. Let O be the ring of all elements of F which are integral outside v. In [6], the
notion of a Drinfeld O-module of rank d is defined, and the moduli space of such Drinfeld
modules is constructed.

Let C, be the completion of an algebraic closure of F, and let| |: C, — R, be the absolute
value which extends the normalized absolute value of F,. Let Q c P4~(C,) be the (d —1)-
dimensional Drinfeld upper half-space consisting of all points (z, : --- : z;) € P4"}(C,) such
that (z;),<;<4 is linearly independent over F,.

For a compact open subgroup K of GL,;(A},), the set of C,-points of the moduli space M
of Drinfeld O-modules of rank d with K-level structure is expressed as

My (C,)=GLa(F)\(2 x GL4(A})/K)

(see [6]).

Consider the case V = F¢ in and We have amap Q2 — X, which sends (z,:---: z4) €
Q to the class of the the norm V, = de — R, given by (ay,...,a,) — IZ?Z1 a;z;| for a; € F,.
This map induces a canonical continuous map

(1) Mg(C,)=GLa(FO\(2x GL4(AL)/K) = GLy(F)\(X, x GL4(AL)/K).

60



The map (1) extends to a canonical continuous map
(2) M"(C,)— GL4(F)\(X},, x GL4(A})/K),

where MX? denotes the compactification of Kapranov and Pink of M. In particular, MXP is
related to Xl"g_y. On the other hand, the toroidal compactifications of My should be related to
X, If we denote by M!“" the projective limit of all toroidal compactifications of My, then
the map of (1) should extend to a canonical continuous map

(3) MP(C,) = GL4(F)\(XE, x GL4(A})/K).

that fits in a commutative diagram

MP"(C,) — GLy(F)\(Xg, x GL(A})/K)

1 1
MEP((CU) — GLd(F)\(Xl';,U X GLd(Al’;)/K).

4.7.4. The expected map of[4.7.3](3) is the analogue of the canonical continuous map from
the projective limit of all toroidal compactifications of the moduli space of polarized abelian
varieties to the reductive Borel-Serre compactification (see [10, 16]).

From the point of view of our study, the reductive Borel-Serre compactification and X,
are enlargements of spaces of norms. A polarized abelian variety A gives a norm on the po-
larized Hodge structure associated to A (the Hodge metric). This relationship between a
polarized abelian variety and a norm forms the foundation of the relationship between the
toroidal compactifications of a moduli space of polarized abelian varieties and the reductive
Borel-Serre compactification. This is similar to the relationship between My and the space
of norms X, given by the map of (1), as well as the relationship between M°" and X,

given by[4.7.3(3).

4.7.5. In the usual theory of toroidal compactifications, cone decompositions play an im-
portantrole. In the toroidal compactifications of[4.7.3} the simplices of Bruhat-Tits buildings
(more precisely, the simplices contained in the fibers of X, — X;’U) should play the role of
the cones in cone decompositions.

4.7.6. We are preparing a paper in which our space X s with F a number field and with S
containing a non-archimedean place appears in the following way.
Let F be a number field, and let Y be a polarized projective smooth variety over F. Let
m >0, and let V = H{;(Y) be the de Rham cohomology. For a place v of F,let V, = F, ® V.
For an archimedean place v of F, it is well known that V, has a Hodge metric. For v non-
archimedean, we can under certain assumptions define a Hodge metric on V, by the method
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illustrated in the example of below. The [F, : Q,]-powers of these Hodge metrics for
v € S are norms and therefore provide an element of [ [,.; Xv,. When Y degenerates, this
element of | [, Xy, can converge to a boundary point of Xgs-

4.7.7. Let Y be an elliptic curve over a number field F, and take m =1.

Let v be anon-archimedean place of F, and assume that F, ® Y is a Tate elliptic curve of
q-invariant q, € F* with |q,| < 1. Then the first log-crystalline cohomology group D of the
special fiber of this elliptic curve is a free module of rank 2 over the Witt vectors W (k,) with a
basis (e;, e,) on which the Frobenius ¢ acts as ¢(e;) = e; and ¢(e,) = pe,, where p =chark,.
The first £-adic étale cohomology group of this elliptic curve is a free module of rank 2 over Z,
with a basis (e, 4, e,¢) such that the inertia subgroup of Gal(F,/F,) fixes e,. The monodromy
operator N satisfies

/ /
N62=§Vel, Nel=0, Nezygzgvel,g, Nelyg:()

where £’ = ordg, (q,) > 0. The standard polarization ( , ) of the elliptic curve satisfies (e;, e,) =
1 and hence

(NeZ) €2> = gll,! (el!N_l el) = l/glv (NeZ,Zr e2,£) = glv’ (el,er_l el,ﬂ> = ]‘/g/y

For V = H},(Y), we have an isomorphism V, = F, ®y,) D. The Hodge metric | |, on V, is
defined by
la, e, +a,e,|, = maX(ijl/zlallp, 511,/2|6l2|p)

1

for a,, a, € F,, where | |, denotes the absolute value on F, satisfying [p|, = p~ and

£,==¢, log(l@,|,)=—logllq,|,) >,

where @, is a prime element of F,. That is, to define the Hodge metric on V,, we modify
the naive metric (coming from the integral structure of the log-crystalline cohomology) by
using &, which is determined by the polarization (, ), the monodromy operator N, and the
integral structures of the log-crystalline and ¢-adic cohomology groups (for £ # p).

This is similar to what happens at an archimedean place v. We have Y (C) = C*/q” with
g, € FX. Assume for simplicity that we can take |g,| < e”*" where | | denotes the usual
absolute value. Then g, is determined by F, ® Y uniquely. Let & :=—log(|g,|) > 2n. If v is
real, we further assume that g, > 0 and that we have an isomorphism Y (F,) = F*/ qUZ which
is compatible with Y(C)=C*/ qVZ. Then in the case v is real (resp., complex), there is a basis
(e;, e;,) of V, such that(e;,(27i) ' e,) is a Z-basis of H'(Y (C), Z) and such that the Hodge metric
|1, on V satisfies |e,|, =&, and |e,|, = Y/ (resp,, |lesl, — £V < &, %),
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Consider for example the elliptic curves y? = x(x —1)(x —t)with t e F =Q, t #0,1. As
t approaches 1 € Q, for all v € S, the elliptic curves F, ® Y satisfy the above assumptions
for all v € S, and each g, approaches 0, so £, tends to co. The corresponding elements of
[ I,<s Xv, defined by the classes of the | |, for v € S converge to the unique boundary point
of X ¢ with associated parabolic equal to the Borel subgroup of upper triangular matrices in
PGLy for the basis (e, ,).

We hope that this subject about X ¢ is an interesting direction to be studied. It may be
related to the asymptotic behaviors of heights of motives in degeneration studied in [18].

4.7.8. Suppose that F is a function field and let v be a place of F. LetT be asin|1.3

Kondo and Yasuda [17] proved that the image of H,_,(I'\X,,Q)— H ;_MI(I"\XU, Q) is gener-

ated by modular symbols, where H*™ denotes Borel-Moore homology. Our hope is that the
compactification I'\ Xy, of T\ X, is useful in further studies of modular symbols.
Let 8 := Xj, \ X,. Then we have an isomorphism

HM(T\X,, Q)= H,(\X;,,I'\2,Q)
and an exact sequence
R Hi(r\XF,wQ) - Hi(r\XF,vrr\a’Q) — H; ,(I'\2,Q)— Hi—l(r\XF,wQ) EREEEE
Since I'\X, — '\ X}, is a homotopy equivalence by Thm. we have

H*(F\Xw Q) ;) H*(F\XF,U’ Q)

Hence the result of Kondo and Yasuda shows that the kernel of
H;_Ni(r\Xw Q) = Hd—l(r\XF,vvr\a! Q) - Hd—Z(r\a! Q)

is generated by modular symbols.
If we want to prove that H}™(I'\ X,, Q) is generated by modular symbols, it is now suffi-
cient to prove that the kernel of H,; ,(I'\8,Q) — H,_,(I'\X,,Q) is generated by the images

(i.e., boundaries) of modular symbols.

4.7.9. In[4.7.8} assume d = 2. Then we can prove that H™(I'\ X,,, Q) is generated by modular
symbols. In this case, the map Hy(I'\d,Q) = Map(I'\2, Q) — Hy(X},,, Q) = Q is just summa-
tion, and it is clear that the kernel of it is generated by the boundaries of modular symbols.
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