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Abstract

The prime-gap argument in this paper has two distinct tasks: make a quadratic sieve form
exceed its mass, and ensure that its coefficients lie in the arithmetic domains on which the
distribution estimates apply. We explain both tasks for a fixed profile in 39 coordinates. The
profile is described by 726 rational coefficients. Its larger, easily integrated support gives a
surplus greater than 0.0002766919371; all corrections needed to restore the arithmetic support
cost at most 0.000211478178. The remaining surplus exceeds 0.000065213759. The resulting
assertion is DHL[39, 2], which gives a consecutive-prime gap at most 182 infinitely often.

We develop the fragment measure, the sharp five-prime minorant, the exceptional-square
estimate, the signed hybrid inequality, and the support-restoration argument before describing
their finite certificate. The incidence Type II and finite-exceptional Type III estimates are proved
in the two companion papers. A Lean formalization verifies the analytic-to-prime-gap implication
under explicit numerical and finite-field premises. The local Fourier proposition remains outside
the formal proof; Section 13 describes the precise scope.
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1 The statement and the structure of the proof
Let pn denote the n-th prime. We use the customary notation

H1 = lim inf
n→∞

(pn+1 − pn).

An integer set H = {h1, . . . , hk} is admissible if its image modulo each prime p omits at least
one residue. This is the local obstruction relevant to simultaneous primality: a translate of an
inadmissible set always has one entry divisible by a particular prime.

Definition 1.1. The assertion DHL[k, 2] means that every admissible set of k distinct integer shifts
has infinitely many translates containing at least two primes.

Theorem 1.2. One has DHL[39, 2]. Consequently H1 ≤ 182.

The proof of the first assertion occupies most of the paper. The second is a finite consequence of
the known admissible 39-tuple in Section 12. There is no assertion that all its entries become prime,
or that a particular pair of entries is known in advance to be prime infinitely often.

1.1 Why a quadratic inequality proves a statement about primes

For a fixed admissible tuple, we construct a real sieve sum A(n). Its square is a nonnegative weight.
If, on arbitrarily large intervals,

∑
n

(
k∑

i=1
1P(n+ hi) − 1

)
A(n)2 > 0, (1.1)

then at least one n in the interval has two prime entries. Indeed, if every translate had at most one
prime entry, each summand would be nonpositive. The analytic problem is therefore to compare
two weighted sums. The comparison is homogeneous in A: the absolute size of the coefficients has
no significance.

The Maynard sieve turns these sums into quadratic forms of a profile F . Its norm I(F ) describes
the total mass of the sieve. Integrating out a coordinate describes detecting a prime in that
coordinate. A ratio greater than one gives (1.1). The present argument uses the individual prime
factors of coefficient divisors, as well as their sizes. This extra information allows use of distribution
estimates on suitable densely divisible moduli. It also makes the permitted support of F more
complicated.
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1.2 The arithmetic support and its computable enlargement

The true arithmetic domain will be denoted by O. For calculation we first work in a larger domain
HO, specified by simple radius and largest-fragment bounds. A good quotient on HO is only an
intermediate result: the coefficients outside O must be removed. This is done by the orthogonal
projection

PF = 1OF.

The removal changes both the norm and the erased-coordinate forms. Consequently its cost is not
just the mass of F outside O. Sections 8–9 give a quantitative operator argument that controls this
change and retains the favorable change in the denominator.

The proof can be read in the following order.

Ingredient Its role in the argument

Distribution estimates Evaluate prime and minorant correlations on the actual
coefficient moduli; see Section 3.

Sharp minorant and aux-
iliary sieve

Bound the exceptional contribution that remains when the
minorant replaces the prime indicator; see Sections 4–5.

Signed hybrid Convert the available mixed correlations into a lower
quadratic form; see Section 6.

Support restoration Transfer the computed form from F on HO to PF on O;
see Section 8.

Finite certificate Enclose every quantity in that transfer for one fixed rational
profile; see Sections 7 and 10.

The two companion papers address the first row. Their results are substantive analytic inputs,
not conclusions of the numerical checker. The remaining rows are developed here. The digital
supplement supplies the lengthy rational coefficient and source tables. A reader can follow the proof
without interpreting the implementation’s file names.

Section 13 gives the hypotheses of the Lean formalization and derives its positive margin from
the numerical certificate using a convexity bound for the minorant’s mean deficit.

1.3 Conventions

Every terminating decimal used as an exact parameter is a rational number. Bounds displayed with
<,≤, >, or ≥ are directed bounds, not rounded equalities. The parameter x tends to infinity; the
tuple, profile, grid, and auxiliary partitions are fixed first. All implied constants may depend on
these fixed objects. In prime and minorant sums, the bounded endpoint intervals are trimmed so
that every n+ hi lies in [x, 2x]. This removes only OH(1) integers and has negligible cost under the
fixed divisor-power coefficient bounds. We suppress this trimming when displaying interval sums.

We distinguish ρ∗, the logarithmic scaling of sieve divisors, from the Dickman function ρD and
from the minorant ϱx. The cap domains use calligraphic H∗, to distinguish them from the prime-gap
constant H1. The domain C is a set of retained roots; the sans-serif C is an operator. A prime-factor
density parameter δ is different from the operator bound δop.
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2 Prime fragments and the quadratic sieve

2.1 What a fragment records

Put R = xρ∗ , where 0 < ρ∗ < 1 is fixed. If r is a squarefree coefficient divisor, each prime p | r
contributes the fragment

u = logR p = log p
ρ∗ log x.

The sum of its fragments is logR r. A bound on this sum controls the size of the divisor; a bound
on every individual fragment controls its largest prime factor. The two bounds provide different
information. For example, two divisors can have the same logarithmic size while having very different
collections of large prime factors.

We impose a fixed largest-fragment cutoff ζ > 0. A fragment configuration X is a locally finite
multiset in (0, ζ], with finite total

|X| =
∑
u∈X

u.

There may be infinitely many fragments accumulating at zero, but only finitely many above any
positive cutoff. The configurations used in finite-dimensional proofs can instead be written

X = (t0;u1, . . . , um), t0 ≥ 0, uj > u0,

where t0 collects the fragments at most u0. This description makes every fixed-cutoff integral an
ordinary integral in finitely many real variables.

2.2 The measure and its normalization

Let Πζ be the Poisson process of intensity du/u on (0, ζ], and let γE be Euler’s constant. Define

νζ = eγEζ Law(Πζ). (2.1)

Thus νζ is a finite measure, of total mass eγEζ. It is not a probability measure. This convention is
dictated by the harmonic divisor sums in the sieve. Changing to a probability measure in only some
of the forms would change their ratio.

For completeness, let ρD be the continuous Dickman function:

ρD(t) = 1 (0 ≤ t ≤ 1), tρ′
D(t) = −ρD(t− 1) (t > 1).

In the description with a cutoff u0, the measure is

ρD(t0/u0) dt0
1
m!

m∏
j=1

duj

uj
, u0 < uj ≤ ζ, (2.2)

summed over m ≥ 0. The factorial accounts for unordered fragments. The image of νζ under
X 7→ |X| is

ρD(t/ζ) dt. (2.3)

These identities, including compatibility as u0 decreases, are the Poisson–Dickman formulas used in
[2, §3.3]; see also [9, 10].

There is a useful consistency check. For 0 < c ≤ ζ,

νζ

∣∣
{max X≤c} = νc. (2.4)

5



Indeed, the Poisson probability of no fragment in (c, ζ] is exp(−
∫ ζ

c du/u) = c/ζ, and the configuration
below c remains a Poisson process. Multiplying by the mass eγEζ in (2.1) leaves eγEc. This explains
why there is no further c/ζ factor in a largest-fragment cap integral.

If a function depends only on the total t = |X|, integration on a cap c uses ρD(t/c) dt. In
particular, the measure has nonzero mass at totals greater than c; several small fragments can have
a large sum. Replacing this density by 1t≤c would impose a different restriction.

2.3 Profiles, erasure, and shared coordinates

A profile in k coordinates is a real function F (X1, . . . , Xk). In the final construction it is bounded
and supported on a domain with

∑
i |Xi| ≤ S. Initially one may use smooth profiles in the finite-

cutoff coordinates of (2.2). The fixed discontinuous profile used in the certificate is reached by the
approximation argument in Section 11.

Write dνk for the product measure and define

I(F ) =
∫

|F |2 dνk, (2.5)

(EiF )(X̂i) =
∫
F (X1, . . . , Xi−1, X,Xi+1, . . . , Xk) dν(X), (2.6)

Ji(F ) =
∫

|EiF |2 dνk−1. (2.7)

The hat means that the i-th coordinate has been omitted. Erasure is an integral, not a conditional
expectation.

The square in (2.7) is worth writing out:

Ji(F ) =
∫
Y

∫
X

∫
X′
F (Y ⊕i X)F (Y ⊕i X

′) dν(X) dν(X ′) dνk−1(Y ). (2.8)

Here Y ⊕iX inserts X into the missing coordinate. The two erased coordinates X,X ′ are independent
integration variables. The retained configuration Y is shared. This distinction is responsible for
several cross terms in the numerical calculation. It also explains why one must add the signed
components of F before squaring an erased profile.

2.4 The arithmetic sums represented by a profile

Fix an admissible H, and choose a presieving modulus W =
∏

p≤w p and a residue b0 mod W for
which all b0 + hi are coprime to W . Take w large enough to contain every prime dividing a nonzero
hi − hj . As in the source sieve, w grows sufficiently slowly with x. Put

Bx = φ(W )
W

log x, BR = ρ∗Bx.

A diagonal array yr is indexed by tuples for which r1 · · · rd is squarefree, coprime to W , and has all
prime factors at most Rζ . Sampling F on their fragment configurations gives such an array.

The canonical coefficient transform is

λ
(d)
d (y) = B−d

R

 d∏
j=1

µ(dj)dj

 ∑
r

dj |rj (1≤j≤d)

yr∏
j φ(rj) . (2.9)
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The associated sieve sum is
AF (n) =

∑
di|n+hi

1≤i≤k

λ
(k)
d (y[F ]).

The coefficients are real and can have either sign. The final weight is AF (n)2.
A support condition is hereditary if deleting prime factors preserves it. Formula (2.9) only

replaces roots by divisors, so hereditary conditions pass from the diagonal array to the coefficient
array. No hereditary condition is required of the sign pattern, or of the set on which the profile is
nonzero inside the permitted domain.

The normalizing constants for unweighted and prime-weighted sums are

Cx = x

W
B−k

R , Px = x

φ(W ) log xB
−(k−1)
R = ρ∗Cx. (2.10)

Under the counting and distribution hypotheses stated below,∑
x≤n≤2x

n≡b0 (mod W )

AF (n)2 = Cx
(
I(F ) + o(1)

)
.

The prime-weighted counterpart is controlled in units of Px. Consequently the final comparison is
ρ∗ times a face form versus I(F ). The factor ρ∗ is supplied by (2.10), not by numerical optimization.

2.5 The exact erased array and its limiting profile

For a k-coordinate array y, define

y
(i)
r̂i

= 1
BR

∑
a≥1

yr1,...,ri−1,a,ri+1,...,rk

φ(a) . (2.11)

The zero extension of y retains its original squarefree and coprimality conditions; an a sharing
a prime with another coordinate contributes zero. Let A0

i = By(i),i be the canonical sum in the
remaining k − 1 coordinates. Setting di = 1 in (2.9) gives this exact array and its factor B−1

R .
Therefore AF = A0

i whenever every nontrivial coefficient divisor in the detected coordinate is
excluded by roughness.

The arithmetic-to-continuous marginal statement uses the harmonic norm

∥y∥2
R,d = 1

Bd
R

∑
r

|yr|2∏
j φ(rj) .

For a fixed smooth bounded profile, the realization lemmas of [2, Proposition 3.7 and Lemma 3.8]
give

∥y[F ]∥2
R,k −→ I(F ), ∥y(i)[F ] − y[EiF ]∥2

R,k−1 −→ 0. (2.12)
They also give the corresponding inner-product limits for finite fixed combinations.

The mechanism behind (2.12) is useful to keep in view. Harmonic sums of the small cofactor have
the Dickman limit, while each recorded prime contributes du/u; their product is (2.2). Excluding
primes shared by different coordinates costs a vanishing bounded-form error after presieving, because
their local contribution is Ok(p−2). Expanding the square in the second limit gives two independently
summed erased coordinates and shared retained coordinates, exactly as in (2.8). Its three terms
converge to Ji(F ),−2Ji(F ), Ji(F ). This proves mean-square convergence of the marginal; it does
not assert pointwise convergence of the array entries.

These are the realization facts used by the hybrid pairing identities. The passage from smooth
profiles to the fixed bounded grid profile is made at the end of the argument, with all supports and
approximation choices held fixed before the arithmetic limit.
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2.6 A uniform bound for all erasure operators

The following elementary estimate will bound the error operators. It uses only the total support
radius, so it remains valid after compressing to a smaller fragment domain.

Lemma 2.1. On profiles supported in
∑

i |Xi| ≤ S, one has

k∑
i=1

∥EiF∥2
2 ≤ Sk log k

k − 1 ∥F∥2
2.

Proof. Write ti = |Xi| and ŝi =
∑

j ̸=i tj . For fixed retained coordinates with ŝi < S, use the positive
weight

wi = S − ŝi + (k − 1)ti.

Since ρD(ti/ζ) ≤ 1, the integral of w−1
i over the permitted erased configurations is at most

∫ S−ŝi

0

dt

S − ŝi + (k − 1)t = log k
k − 1 .

Weighted Cauchy–Schwarz bounds |EiF |2 by this number times
∫
wi|F |2 dν(Xi). Integrating over

the retained coordinates and summing over i proves the claim because
∑

iwi = kS. The boundary
ŝi = S has zero fiber measure. Extra cap restrictions only decrease the first integral.

In operator notation, on L2(HO, ν
k) with functions extended by zero outside HO, this says

∑
i

E∗
i Ei ≤ CEId, CE = Sk log k

k − 1 . (2.13)

The adjoints are compressed back to HO. For the present S and k = 39, CE < 4. An entirely
rational verification uses

∑32
j=0(367/100)j/j! > 39, hence log 39 < 3.67.

3 Distribution estimates and the actual domains

3.1 What a source estimate must say

For a sequence f supported on the relevant dyadic interval, define

∆(f ; q, a) =
∑

n≡a (mod q)
f(n) − 1

φ(q)
∑

(n,q)=1
f(n).

A distribution estimate controls a sum of |∆(f ; q, a(q))| over a specified family of squarefree moduli,
with an arbitrarily large logarithmic saving. Here the residues a(q) form a coherent primitive system:
for a prime dividing two moduli, the prescribed local residue is the same, and is nonzero. The
estimates retain the fixed divisor-power weights needed by the coefficient transform.

This is the uniformity required by the sieve. Expanding a mixed coefficient sum produces moduli
W [D,E] and residue classes determined by the shifts. Presieving makes these classes primitive.
Their coordinate assignments can vary with the coefficient pair, so they do not immediately form a
single coherent system. The reduction in [2, Proposition 3.5] averages over global primitive classes
whose residue at a prime belongs to {hi − hj : j ̸= i}, for the detected coordinate i. It costs at most
[3(k − 1)2]ν(q/W ), where ν(m) counts distinct prime factors. This is one of the fixed divisor-power
weights retained in the source estimate. The modulus family is independent of the global residue
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choice. In this way the coherent-class theorem supplies the required mixed sums without asserting a
maximum over unrelated residue choices inside the modulus sum.

For orientation, a Type II estimate treats a convolution αM ∗ βN with MN ≍ x. Its coefficients
are divisor bounded and one specified factor satisfies the Siegel–Walfisz condition. A Type III
estimate treats a residual divisor-bounded sequence convolved with three smooth sequences. The
labels describe which factors can supply cancellation. They do not mean that the three primes
detected by a sieve are being counted; only two primes are sought here.

3.2 Dense divisibility and the source orders

An integer is Y -smooth if all its prime factors are at most Y . The weaker notion used here preserves
the ability to choose divisors in prescribed ranges.

Definition 3.1. Put D (0)(Y ) = Z>0. For r ≥ 1, an integer q belongs to D (r)(Y ) if, for every j, l ≥ 0
with j + l = r − 1 and every 1 ≤ U ≤ Y q, there is a factorization

q = uv, U/Y ≤ v ≤ U, u ∈ D (j)(Y ), v ∈ D (l)(Y ).

At order one this asks for a divisor near every target size. At order three it asks, in particular,
for the allocation (j, l) = (1, 1): both selected factors are singly densely divisible. The definition
requires every allocation. This strong recursive class is essential in the application of the new Type
II estimate.

Every smooth integer belongs to every such class, but a theorem stated only for smooth moduli
cannot be applied to a dense class without an additional argument. The incidence companion [4]
provides that argument for the source family used here. We spell out its required divisor choices
below.

3.3 The new analytic estimates

Write the distribution level as θ = 1
2 + 2ω. The incidence Type II estimate is applied to αM ∗ βN ,

where MN ≍ x, the coefficients are divisor bounded, and βN has the source theorem’s Siegel–Walfisz
property. With N = xγ , its strict conditions are

12ω + 6δ < γ < 1
2 − 2ω, 2γ + 4ω + 2δ < 1,

γ > 16ω + 7δ, 5γ > 3
2 + 40ω + 16δ.

(3.1)

The companion proves the estimate by an incidence-operator bound inside the original positive
dispersion square. The dependence of Fourier coefficients on a short modulus variable must be
separated before that bound is applied. The divisor and residue masks also remain in the calculation.
These issues explain why the source theorem has more content than a bound for an isolated
exponential sum.

The Type III input concerns α ∗ ψ1 ∗ ψ2 ∗ ψ3, where α is divisor bounded and each ψi is smooth.
It requires

MN1N2N3 ≍ x, x2σ ≪ Ni ≪ x1/2−σ,

NiNj ≫ x1/2+σ (i ̸= j), 0 < σ < 1
6 ,

(3.2)

together with
σ > 1

30 + 56
15ω + 4

15δ, 108ω + 2δ > 1. (3.3)
It applies to squarefree singly densely divisible moduli. The finite-exceptional Fourier estimate
proved in [5] is what improves this range. The restrictions on all three individual lengths and on all
pair products in (3.2) are part of the theorem; a bound on their product alone would not suffice.
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The old ladder uses genuine-prime distribution rather than minorant distribution. Its source is
[2, Corollary 2.19], with the following sufficient conditions on the corresponding strong dense class:

108ω + 30δ < 1, order 1,
280ω + 80δ < 3, order 2,
240ω + 80δ < 3, order 3.

(3.4)

That statement includes uniformity on subintervals of [x, 2x]. The old rows in the digital table
satisfy the appropriate line of (3.4). The two additional order-two sources needed for the inner
pairings are checked separately in Section 3.7.

The final application fixes

a = .41361, I0 = .34941, c = .41364, τ = 10−10. (3.5)

Here I0 is a cutoff in the arithmetic decomposition, not the norm I(F ). The new order-three Type
II band is

a− τ ≤ γ ≤ .45.
An existing order-two estimate covers the remaining band up to 1/2, including the handoff. Smooth
Type I uses I0 − τ > 1/4 + 7ω + 2δ. The lower-order Type II conditions are

54ω + 15δ + 5σm < 1, 56ω + 16δ + 4σm < 1, σm = 1
2 − a+ τ,

at orders one and two respectively. The Type III choice is σ = 1
2 − c − τ , with ω̄ = max(ω, .01)

when necessary. The enlargement of ω is used only where all conditions of that Type III source are
checked at the enlarged value.

3.4 Why these estimates apply to the dense source family

For a retained order-three row, the geometric conditions give q ∈ D (3)(xδg ), where

δg = ρ∗
ρ
δ < δ.

Choose an intermediate δ′ and then a small positive ε, both fixed. The allocation (1, 1) in
Definition 3.1 supplies q = r(q/r) with both factors singly dense and

xγ−3ε−δ′ ≤ r ≤ xγ−3ε.

The two further targets in the dispersion argument are

u | q/r : U = x1−γ−6ε

q
, d1 | r : D1 = r2x2−γ−52ε

q4 . (3.6)

The source proof uses precisely these extractions. It does not require every divisor encountered in
the proof to remain densely divisible with an unchanged parameter.

Here are the size checks that make the targets legal. For q ≥ x1/2−ε, their ratios to the available
factors are at most x−7ε and x−51ε. For q ≤ x1/2+2ω, their lower exponents are at least

1
2 − γ − 2ω − 6ε, γ − 8ω − 2δ′ − 58ε.

Both are positive on every actual row, after choosing ε sufficiently small. Thus the targets lie inside
the ranges where the two singly dense factors can be used. The companion source-transfer argument
retains the same local estimates after these choices.

The strict gaps between ρ∗ and ρ, and between δg, δ
′, δ, absorb the presieving factor, fixed divisor

weights and fixed subdivisions. Below the initial half-level range the required Bombieri–Vinogradov
input is used instead. There is no need to extend the new dispersion argument to a target of size
less than one.
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3.5 Writing the arithmetic domains as explicit predicates

All fragments of a multi-coordinate configuration are collected into one multiset for the following
tests. Write s for their total. For a cutoff ξ, put

Mξ = max
(
{u : u > ξ} ∪ {0}

)
.

If ϕ is nonnegative, nondecreasing and vanishes at zero, define

Hϕ,ξ = max
u>ξ

∑
v≥u

v + ϕ(u)

 , (3.7)

with an empty maximum equal to zero. The sum includes the marked fragment and retains
multiplicities. We abbreviate Hm,ξ = Hϕ,ξ for ϕ(u) = (m− 1)u. Deleting fragments decreases all
these quantities.

The meaning of (3.7) is straightforward: a large prime is permitted when enough of the divisor’s
logarithmic mass lies below it to support the required factorization. Exponentiating a tail inequality
converts it into a prime-factor criterion for dense divisibility.

A source row contains ωprev, ω, δ, an order r ∈ {1, 2, 3}, and the two radius bounds S, T . Put

B = 1/2 + 2ωprev
ρ

, ξ = δ

ρ
, ar = B − T, br = B − S,

η =
{
ξ, r = 1, 2,
(ξ + S + T −B)/2, r = 3,

Ar = ar + η, Cr = br + η.

The subscript on ar distinguishes this row threshold from the fixed five-prime cutoff a.
At orders one and two the outer predicate is

Or = {s ≤ ar} ∪ {H2,ξ ≤ Ar}. (3.8)

At order one there is no additional inner predicate. At order two it is

Ir = {s ≤ br} ∪ {H2,ξ ≤ Cr}. (3.9)

The first alternative in each formula is important: below the activation size the extra fragment
test is unnecessary. The lower-order transfer also has the size guards in [2, Lemma 4.1]; these are
checked on each row.

At order three use

ϕD(u) = min(3u/2, L), ϕE(u) = 3u− ϕD(u).

Both functions are nondecreasing and sum to 3u. The outer and inner predicates become

Or = {s ≤ ar} ∪ {HϕD,ξ ≤ Ar, ϕE(Mξ) ≤ Cr}, (3.10)
Ir = {s ≤ br} ∪ {HϕE ,ξ ≤ Cr, ϕD(Mξ) ≤ Ar}. (3.11)

The opposite-root conditions involving Mξ are needed when only one of the two divisors contains
a large prime. They are not optional largest-prime simplifications. The budget Ar + Cr ≤ B + ξ
makes [2, Proposition 4.2] applicable.
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The old ladder uses genuine-prime sources and the new ladder uses the sharp minorant. Their
order-three plateaux differ:

Λold,r = clip
(3Ar − Cr

4 ; 3 max(Ar, Cr)
7 ,

3 min(Ar, Cr)
5

)
,

Λnew,r = 23
40Cr,

where L is chosen as the corresponding Λold,r or Λnew,r, and clip(z; l, u) = min(u,max(l, z)). All
intervals used here have legal endpoints. The active order-three outer largest-fragment bound is
min(Ar − L, (Cr + L)/3); the inner bound is (Cr + L)/4. Retaining only one term in the outer
minimum would describe a larger domain.

3.6 The four domains used in the proof

Let Oold, Onew be the intersections of the retained outer predicates in the two ladders, with the
global radius and prime caps. Let Lold, Lnew be the corresponding raw inner domains. The finite
grid provides cap domains

H0 ⊂ H1 ⊂ HC , HO

whose exact construction is given in Section 7. Define

O = HO ∩Oold ∩Onew,

L0 = H0 ∩ Lold ∩ Lnew,

L1 = H1 ∩ Lnew,

C = HC ∩ Craw
14 .

(3.12)

The last domain is the subtraction domain. Its common order-two source is the specified row-14
source and its physical radius is

.2607860319243637 . . . .

The exact row data and inward cap intersections give

L0 ⊂ L1 ⊂ C.

The raw old and new inner domains need not be nested. Their intersection in L0 is what makes the
first inclusion immediate.

The following table states precisely the arithmetic information used later. A pairing refers to all
moduli generated by coefficient roots in the two indicated domains.

Pairing Required sequence Purpose

O ×O ordinary counting Mass of the sieve square
O × L0 prime indicator Base prime correlation
O × L1 sharp minorant Additional mixed correlation
L1 × L1 both Inner prime and exceptional self forms
C × L1 both Canonical subtraction against the correc-

tion

The last row includes the fourth because L1 ⊂ C. We list the fourth separately to identify the
self forms in the hybrid proof. There is no use of a C × C distribution estimate.
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There are 43 retained old rows and 55 retained new rows. For each ladder the first level is
Bfirst = 1/(2ρ). If

B+
r = 1/2 + 2ωr

ρ

is the upper level of a retained row, the next row has Bnext = B+
r . Thus there is no gap between

successive modulus ranges. At the last row the exact rational data satisfy

B+
last ≥ h [(N − 1) + min(⌊T/h⌋, N − 2)] , T =

{
T0, old ladder,
T1, new ladder.

(3.13)

The right side is the largest permitted sum of the two whole-cell root bounds on the fine grid in
Section 7: the outer total is at most (N − 1)h, and the retained total is at most the indicated
minimum. Hence every mixed modulus above the initial Bombieri–Vinogradov range is covered by
a row. The hereditary predicates and the two-root transfer put its least common multiple in that
row’s dense class. The strict scaling ρ∗ < ρ leaves room for the presieving factor W , including at an
upper endpoint.

Checking the displayed analytic inequalities and transfer guards on their exact rational parameters
is a finite task. The current interface check has 638 scalar source inequalities and 31 explicit order-
three extraction witnesses. These counts describe the coverage of the application; they are not
substitutes for the distribution theorems or for the transfer arguments just stated.

3.7 The self source and the subtraction domain

We now justify the two inner pairings in the preceding table. This also proves the inclusion L1 ⊂ C
used by the hybrid inequality. A largest-fragment cap alone would not establish these statements:
the full activated tail predicate must be retained.

For a pooled fragment configuration of total s, abbreviate

Q(c0, ξ, U) = {s ≤ c0} ∪ {H2,ξ ≤ U}.

There is a simple monotonicity principle:

c′
0 ≥ c0, ξ′ ≥ ξ, U ′ ≥ U =⇒ Q(c0, ξ, U) ⊂ Q(c′

0, ξ
′, U ′). (3.14)

Indeed, the core alternative is preserved by increasing its endpoint. Otherwise, increasing the
activation removes possible witnesses from the maximum defining H2,ξ, and increasing the threshold
weakens the remaining test. This argument applies to configurations, not merely to their largest
fragments.

Here are the exact parameters needed for the present application. Use the ρ, ρ∗ of (7.1), and put

T1 = 1262625033
1312494500 , B0 = 1

2ρ, ϵr = 10−7, Un = T1 + ϵr
ρ
.

The new ladder’s rows numbered 13 and 14 both have order two. Their inner predicates are
Q(bj , ξj , Un), with

b13 = 37058221276498005595947498293
40868109574262446536646110000 , ξ13 = Un − b13, (3.15)

b14 = 260700046797786617627841743303
286076767019837125756522770000 , ξ14 = Un − b14. (3.16)

The row numbers here are those of the supplied rational ladder, starting at zero. Every element of
L1 satisfies both predicates because L1 ⊂ Lnew.
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The common self source. Take

ωs = 21
5000 , δs = 2279

100000 , ξs = δs

ρ
= 22790

262499 , cs = B0 − T1.

The required order-two predicate on either root of radius T1 is Q(cs, ξs, cs + ξs). The following
directed bounds follow from the displayed rationals:

difference strict lower bound strict upper bound
cs − b13 .035989096083 .035989096084
ξs − ξ13 .031590949551 .031590949552

cs + ξs − Un .067580045635 .067580045636

Thus (3.14) shows that new row13 implies the self-source predicate. The lower-order transfer guard
and level checks are

B0 + ξs > T1, 2ρT1 <
1
2 + 2ωs.

The first difference exceeds 1.02958; the second has margin greater than .00334979. The actual
physical level has the still larger margin

1
2 + 2ωs − 2ρ∗T1 = .0033499868.

Consequently the order-two transfer applies to every pair of roots in L1, with strict size and density
retreats.

The larger subtraction source. Its exact radius and source parameters can be given economically
in terms of row14:

SC = B0 − b14 − ϵr
ρ∗
, ωC = ρ(SC + T1) − 1/2 + ϵr

2 ,

σ0 = .100001, δC = 1 − 4σ0
16 − 7

2ωC − ϵr, ξC = δC

ρ
.

(3.17)

These are fixed rational definitions. For orientation,

.2607860319243 < ρ∗SC < .2607860319244,

.0066556670361 < ωC < .0066556670362,

.0142048153735 < δC < .0142048153736.

Set
aC = B0 − T1 = cs, bC = B0 − SC .

The raw subtraction domain and its actual inward version are

Craw
14 = {s ≤ SC , M0 ≤ ζ} ∩ Q(aC , ξC , aC + ξC),

C = HC ∩ Craw
14 .

(3.18)

The complementary predicate required of the root from L1 is Q(bC , ξC , bC + ξC). It follows from
new row14: the three differences in (3.14) satisfy

bC − b14 = 1
2624989 > 0,

.003403370303 < ξC − ξ14 < .003403370304,

.003403751257 < bC + ξC − Un < .003403751258.
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The required lower-order guard is also strict:

B0 + ξC > max(2SC − T1, 2T1 − SC). (3.19)

Its margin exceeds .93393748. The other size and density checks are

1
2 + 2ωC − ρ(SC + T1) = 10−7, (3.20)

1
2 + 2ωC − ρ∗(SC + T1) > 2.9554 · 10−7,

δC − ρ∗ξC > 5.411 · 10−9,

1
2 − ρ∗B0 = 1

5249980 > 0.

They allow the presieving factor and all fixed subdivisions in the usual order of limits.
For clarity, the order-two source estimates used for these two pairs of parameters are the following.

For genuine primes they require

56ω + 16δ + 4σ0 < 1, 68ω + 14δ < 1, σ0 >
1
18 + 28

9 ω + 2
9δ.

For the sharp minorant put σm = 1/2 − a+ τ , σ3 = 1/2 − c− τ , and ω̄ = max(ω, .01). In addition
to the common Harman cutoff conditions, the requirements are

56ω + 16δ + 4σm < 1, 68ω + 14δ < 1, a+ 1
2 + 2ω < 1,

I0 − τ > 1
4 + 7ω + 2δ,

σ3 >
1
30 + 56

15 ω̄ + 4
15δ, 108ω̄ + 2δ > 1.

At the self source the first genuine-prime inequality has margin 39/250000; at the subtraction source
it has margin 1/625000. Every other listed inequality has margin greater than .0096 at both sources.
These assertions are direct rational substitutions into the displayed formulas, so they can be checked
independently of an integration program.

We can now conclude both the support inclusions and the arithmetic pairings. We have
T1 < SC < S, hence aC > bC . Increasing both the core and threshold from bC to aC shows that
the complementary predicate also implies the predicate in (3.18). Since L1 has radius at most T1,
respects the global prime cap, and is contained in H1 ⊂ HC , this proves

L1 ⊂ C.

Applying the two-root order-two transfer to (3.18) and its complementary predicate, using (3.19)–
(3.20), gives both the genuine-prime and sharp-minorant estimates on C × L1. The self-source
argument gives the same two estimates on L1 × L1. Only these pairings are claimed: no source
estimate on C × C is needed.

4 The sharp five-prime minorant

4.1 Its support and its exact meaning

Set
λ = 1 − 2a = .17278.
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On x ≤ n ≤ 2x, let S5(a;x) consist of products of five distinct primes such that every pair product is
less than xa. Equivalently, order the primes decreasingly and require only p1p2 < xa. The minorant
is the literal arithmetic function

ϱx(n) = 1P(n) − bx(n), bx(n) = 241S5(a;x)(n). (4.1)

It is at most the prime indicator pointwise. Its exceptional part bx is nonnegative and supported on
composites.

Every exceptional integer is xλ-rough. To see this, fix one of its five primes pi. Partition the
other four into two pairs. Their product is less than x2a, so

pi = n∏
j ̸=i pj

>
x

x2a
= xλ.

The inequality uses n ≥ x. It would not be a statement about all positive integers independently of
the interval.

The global coefficient-prime cap is strictly below x.17277. Therefore a coefficient prime cannot
divide a prime n+ hi, or an exceptional n+ hi, at the large scales in question. The detected divisor
coordinate is exactly one on both supports. This is why the same erased-coordinate identity can be
used for the prime and exceptional weights.

4.2 How the coefficient 24 arises

The Harman construction in the incidence companion initially has two ordered five-prime errors
E1, E2. The first has the labeling

n = p1p2p3p4p5, xλ < p4 < p3 < p2 < p1 < xa,

p1p2 < xa, p2p3p4 > x1−a, p5 > p4.

The second has
n = p2p3p4p5p6, xλ < pi < x8a−3 (2 ≤ i ≤ 6),
p2, p4 > p3, p2p4 < xa, p3p4p5 > x1−a, p6 > p5.

The original minorant is 1P − E1 − E2.
Call a pair eligible if its product is at least xa. Partition each error according to the first eligible

pair in a fixed lexicographic order on the labels. If there is no such pair, place the tuple in a residual
class. Denote the eligible and residual counts by Aj , Bj . Then

Ej = Aj +Bj , 1P − E1 − E2 +A1 +A2 = 1P −B1 −B2.

The choice of a first pair assigns every tuple once.
The eligible pair is a Type II factor. All five primes exceed xλ, hence its product lies in

[xa, 2x1−3λ] = [xa, 2x6a−2].

Here 6a − 2 = .48166 < 1/2. The endpoint padding and the handoff at .45 in Section 3 put this
whole range in the available Type II band. Thus A1, A2 can be added back without losing the
distribution estimate.

On a residual tuple every pair is below xa, so every complementary triple exceeds x1−a. In
addition,

np3
i =

∏
j ̸=i

(pipj) < x4a, pi < x(4a−1)/3.
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The inequalities a > 2/5 and 3I0 + 7a < 4 imply

4a− 1
3 < min(a, 8a− 3, 1 − I0 − a).

Consequently the original individual caps and triple conditions are automatic on the residual set.
For a fixed set of five distinct primes, B1 has four labelings: p4 is the smallest, p5 can be any of

the other four, and the other labels are then ordered. The count B2 has twenty labelings: choose
the three primes at labels 2, 3, 4 in ten ways, put their minimum at label 3, and assign the other
two in either order. The last two primes have a forced order at labels 5 and 6. Therefore

(B1 +B2)1squarefree = 241S5(a;x).

This proves the coefficient in (4.1); there is no unrecorded factorial.

4.3 Why the addback has the required distribution

The eligible-pair argument must control progression discrepancies, not just the unweighted number
of discarded tuples. Here are the relevant details. Partition each prime variable into intervals
of relative length (log x)−B0 , with B0 fixed and sufficiently large. Inside a box lying entirely in
a selected-pair region, all order and product indicators are fixed. The pair and its complement
give prime-product convolution coefficients. Their positive polynomial scales supply the required
Siegel–Walfisz property.

Boundary boxes lie in finitely many thin product or ratio strips. Fixing the other variables
confines a variable with nonzero boundary coefficient to a short relative interval. Positive box
majorants stay inside the padded Type II range. Applying Type II to both the interior boxes and
these majorants controls their summed progression discrepancies. Increasing B0 and the requested
logarithmic saving absorbs the polynomial number of boxes and

∑
q≤xθ 1/φ(q) ≪ log x. In particular,

a possible pair in [xa, 2xa) in E1 is treated by the same argument. It is not deleted by replacing
logx n with one.

Repeated-prime tuples have a prime square p2 | n with p > xλ. For primitive residues their
progression and coprime mean contributions vanish when p | q; otherwise CRT applies. With the
fixed divisor-power factors absorbed into xo(1), the discrepancy sum is at most

x1−λ+o(1) + xθ+a+o(1).

Both are power savings on every row, since θ + a < 1. These terms can also be added back. This
establishes the literal sharp minorant with the same distribution inputs.

4.4 The mass deficit

Its exact limiting deficit has a simple integral description. Let

Pa =

(α1, . . . , α4) : α1 > · · · > α5 > 0, α5 = 1 −
4∑

j=1
αj , α1 + α2 < a

 .
Then

κtrue = 24
∫

Pa

dα1 dα2 dα3 dα4
α1α2α3α4α5

. (4.2)
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The inequalities force αi ≥ λ on the closure of the region, so there is no singularity at a zero prime
exponent. The prime number theorem and partial summation give∑

x≤n≤2x

ϱx(n) = (1 − κtrue + o(1)) x

log x.

The ordering in Pa counts a distinct factorization once. The factor 24 is the multiplicity just proved.
Exact polytope integration with outward rational bounds gives

.000093307088324061 < κtrue < .000093307088324062.

The proof uses the convenient upper bound

κ̄ = 46653544162031
500000000000000000 . (4.3)

The same arithmetic function and the same κtrue occur at every source row; changing a density
parameter does not change the minorant. Since coefficient primes lie below its roughness threshold,
the coprime mean on these moduli equals the full mean.

4.5 A reproducible enclosure of the sharp mass

We give the calculation behind (4.3). It is a four-dimensional integral with a uniformly convergent
series; it does not use a quadrature error estimate inferred from successive meshes.

Let κ5,1 denote the limiting mass of the first labeled error E1. On the hyperplane
∑

i αi = 1,
its two pair constraints are α1 + α2 < a and α1 + α5 < a, the latter being equivalent to its
complementary triple constraint. Along with the order of labels 1 through 4, they imply that every
pair sum is below a. Thus this limiting region is exactly four labeled copies of the ordered region in
(4.2). Permuting five coordinates on

∑
i αi = 1 has absolute Jacobian one in the four independent

coordinates, and the density is symmetric. Hence

κmtrue = 6κ5,1. (4.4)

This is an identity of limiting integrals. The preceding addback argument handles the literal interval
endpoints of the integer counts; it is not replaced by this hyperplane argument.

Put
u = a− 2

5 = 1361
100000 , αi = 1

5 + uzi, z5 = −z1 − z2 − z3 − z4.

The closure of the first labeled region becomes the fixed polytope PE ⊂ R4 defined by

zi ≥ −2 (1 ≤ i ≤ 5), z1 ≥ z2 ≥ z3 ≥ z4,

z1 + z2 + z3 + 2z4 ≤ 0, z1 + z2 ≤ 1, z2 + z3 + z4 ≥ −1.
(4.5)

The original upper cap on α1 is redundant here; it also follows immediately from the vertices below.
The integral is

κmtrue = 6u4
∫

PE

dz1 dz2 dz3 dz4∏5
i=1(1/5 + uzi)

. (4.6)

The factor u4 is the coordinate Jacobian. There is no additional factor 5!, or Euclidean hyperplane-
area factor.
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For explicit geometric data, the vertices are

j vj

0 −1/3 −1/3 −1/3 −1/3
1 0 0 0 0
2 1/2 1/2 −3/4 −3/4
3 1/2 1/2 −1/3 −1/3
4 1/2 1/2 1/2 −2
5 1/2 1/2 1/2 −3/4
6 4/3 −1/3 −1/3 −1/3

and a triangulation is

Σ1 = (0, 1, 3, 5, 6), Σ2 = (0, 2, 3, 5, 6), Σ3 = (0, 2, 4, 5, 6).

One way to check the partition is to cut PE by z3 + 2z4 = −1 and z2 + 2z4 = −1. Since z2 ≥ z3,
the three resulting regions are respectively

z3 + 2z4 ≥ −1, z3 + 2z4 ≤ −1 ≤ z2 + 2z4, z2 + 2z4 ≤ −1.

Their vertex sets are precisely those of Σ1,Σ2,Σ3; the interiors are disjoint. Determinants divided
by 4! give the volumes

V1 = 125
5184 , V2 = 625

20736 , V3 = 625
6912 ,

∑
j

Vj = 125
864 . (4.7)

Fix a simplex Σ, and write t0, . . . , t4 for its barycentric coordinates. Each zi(t), including z5(t),
is a linear form. The forms Bi(t) = −12zi(t) have integer coefficients. With v = 5u/12, expand

5∏
i=1

(1/5 + uzi)−1 = 55
5∏

i=1
(1 − vBi)−1 = 55

∞∑
n=0

vnhn(B1, . . . , B5), (4.8)

where hn is the complete homogeneous polynomial of degree n. Its coefficients can be computed by
the finite recurrence

Hi,n = Hi−1,n +BiHi,n−1, Hi,0 = 1, H0,n = 0 (n > 0), hn = H5,n.

For the uniform probability measure on a four-simplex, the exact Dirichlet moment formula is

EΣ[tb0
0 · · · tb4

4 ] =
4!
∏4

j=0 bj !
(n+ 4)! ,

4∑
j=0

bj = n. (4.9)

Combining the two formulas computes every integrated coefficient in (4.8) by integer and rational
arithmetic.

For the error bound put
rΣ = 5u max

z a vertex of Σ
max

i
|zi|.

Linearity bounds |5uzi(t)| by rΣ everywhere in the simplex. The three values are

rΣ1 = rΣ2 = 1361
15000 , rΣ3 = 1361

10000 .
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In particular all are less than one. There are
(n+4

4
)

monomials in hn, counted with multiplicity in
the expansion of the product of five geometric series. Thus after degree D its uniform absolute tail,
before the factor 55, is at most

TD(r) = 1
(1 − r)5 −

D∑
n=0

(
n+ 4

4

)
rn. (4.10)

This proves absolute uniform convergence and justifies termwise integration. Let

AΣ =
22∑

n=0
vnEΣ[hn(B1, . . . , B5)].

Equations (4.6)–(4.10) give the explicit rational enclosure

κmtrue ∈ 6 · 55u4
3∑

j=1
Vj [AΣj − T22(rΣj ), AΣj + T22(rΣj )]. (4.11)

Its width is less than 3 · 10−20, and outward comparison with terminating rationals yields

.000093307088324061 < κmtrue < .000093307088324062 = κ̄.

The supplied digital table sharp_mass_moments.json records the 23 rational moments, partial sum
and tail for each of these three simplices, together with their rational contribution intervals. Those
lengthy values are data for the explicit finite calculation above. Its normalization, convergence and
tail estimate do not depend on trusting a numerical quadrature routine.

5 An upper bound for the exceptional square
Knowing the mean of bx does not bound its correlation with a sieve square. A separate positive
upper-bound sieve is needed. This section explains the bound and specifies the finite kernel actually
used in the certificate.

5.1 A fixed positive weight on prime pairs

For a fixed t < 2/5, with t ≥ 2λ, put

wt(s) = 12
5

(s− t)+
2/5 − t

.

On an exceptional integer n = p1 · · · p5, all ten pairs have logarithmic sizes sij = logx(pipj) < a, and∑
i<j

sij = 4 logx n ≥ 4.

It follows that ∑
i<j

(sij − t)+ ≥ 4 − 10t.

Multiplication by 12/(5(2/5 − t)) gives 24. Off the exceptional set the right-hand side below is
nonnegative. Thus, pointwise on the interval,

bx(n) ≤
∑

p<q, pq|n
p,q>xλ, pq<xa

wt(logx(pq)). (5.1)
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We use t = .38 throughout the profile.
The threshold is fixed. It is not selected separately for different retained roots inside a signed

square. Such a selection would change the mixed products of their coefficients and would require a
different Gram inequality.

5.2 The auxiliary sieve on a retained root

Fix a detected coordinate i, and put d = k − 1. For a retained configuration Y , let

q(Y ) = ρ∗
∑
j ̸=i

|Yj |.

This is its physical logarithmic total, in base x. The largest possible value in this proof is

rc = ρ∗S = .2758746934.

For a pair bin with upper endpoint sj , choose

zj(q) = min{λ− ε0, (1 − sj)/2 − q − ε0}, ε0 = 10−4. (5.2)

All these radii are positive. At the worst endpoint,

(1 − a)/2 − rc − ε0 = .0172203066 > 0.

The reason for the second term in (5.2) is that a marked pair and two auxiliary-augmented roots
must fit inside an ordinary CRT counting range:

sj + 2
(
q + zj(q)

)
≤ 1 − 2ε0.

The first term ensures that every auxiliary prime lies below the roughness threshold.
We recall the exact identity behind this construction, since a root-dependent auxiliary radius is

otherwise easy to misunderstand. For a prime p ∤W , define

Up,l(n) =
1 − p1p|n+hl

p− 1 .

A retained canonical sum can be written

By(n) = B−d
R

∑
r
yr
∏
l ̸=i

∏
p|rl

Up,l(n).

Let qr = logx

∏
l ̸=i rl, and put

Zr = xzj(qr), Gr =
∑

b≤Zr
(b,W )=1

µ2(b)
φ(b) .

The auxiliary sum is

Tj(n) = B−d
R

∑
r

yr
Gr

∑
b≤Zr

(b,W )=1

µ2(b)
∏
l ̸=i

∏
p|rl

Up,l(n)
∏
p|b
Up,i(n).

(5.3)

If n+ hi is xλ-rough, every auxiliary contrast in the last product is 1/(p − 1). The inner sum is
then exactly Gr, and

Tj(n) = By(n).
This identity holds for signed y and for each root’s own auxiliary radius. It also holds when an
auxiliary prime divides a retained root. Those shared-prime terms must remain in (5.3).
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5.3 Why the resulting bound is a quadratic-form bound

Expand Tj(n)2 after marking a pair p < q. The CRT modulus is bounded by x1−2ε0 , so ordinary
counting gives a power-saving remainder after the fixed divisor factors are included. No distribution
theorem for primes is used in this step.

The comparison with independent local roots is the Gram calculation in [2, Propositions 3.10–
3.11]. Its local structure can be displayed explicitly. At an unmarked prime put ap = p− 1. Each
root’s state is one of

∅, {i}, {l}, {i, l} (l ̸= i).
The actual and independent kernels are

Kp(S, T ) = 1 − |S ∪ T | + ap|S ∩ T |
a

|S|+|T |
p

, Dp(S, T ) = 1S=Ta
−|S|
p .

The total absolute entrywise discrepancy is Ok(p−2). Tensor telescoping after presieving therefore
gives a vanishing normalized error, since

∑
p>w p

−2 → 0. The comparison uses a uniform bound for
the whole coefficient array, not a factorization of the coefficients into independent functions of the
retained and auxiliary roots.

In the independent model the retained indices and the auxiliary indices must match. Its energy
is exactly

B−2d
R

∑
r

|yr|2∏
l ̸=i φ(rl)

1
Gr

.

Uniformly on the retained support, Gr = (zj(qr) + o(1))Bx. After the normalizations in (2.10), the
limit is ∫ |H(Y )|2

zj(q(Y )) dν
k−1(Y )

when H is the retained limiting profile. Weighted L2 convergence suffices, since 1/zj(q) is bounded
on the support. This also covers exact erased arrays and their fixed finite signed combinations with
canonical arrays.

The unordered harmonic pair density is
1
s

log s− λ

λ
ds.

Combining it with (5.1) gives the continuous upper kernel

Kt(q) = 12
5(2/5 − t)

∫ a

t

(s− t) log((s− λ)/λ)
smin{λ, (1 − s)/2 − q}

ds. (5.4)

There is no additional factor of two: the density already counts unordered pairs. In this display the
auxiliary retreat has been allowed to tend to zero: one first proves the estimate with an arbitrary
fixed positive retreat, then takes its decreasing limit. The finite calculation below instead retains
the fixed retreat ϵ0 = 10−4; its kernel is correspondingly larger.

5.4 The finite step kernel used in the calculation

The certificate uses a slightly larger, explicit step kernel. Its bin convention is part of the fixed trial.
Partition the whole interval [2λ, a] into 1024 equal bins, with upper endpoints sj . Set

L21(v) =
21∑

m=1
(−1)m+1 v

m

m
, vj = sj − 2λ

λ
.
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Here 0 ≤ vj < 1, so the odd alternating sum bounds log(1 + vj) above. Round the following
nonnegative quantity upward to a multiple of 10−25:

W+
j ≥ (sj − sj−1) wt(sj)

sj
L21(vj). (5.5)

The weight is zero below the hinge except possibly on the bin straddling it, where an upper-
endpoint bound is used. The pair density is increasing on this interval, as a < 3λ; the hinge is also
nondecreasing. Thus (5.5) is a valid upper bin mass.

For the fine grid in Section 7, put n0 = N − k. Divide retained sum indices into blocks of length
⌈n0/512⌉ = 768. If the last index in a block is rmax, use the physical upper total

q+ = ρ∗(rmax + k − 1)h.

The value of K on that entire block is

K =
1024∑
j=1

W+
j

zj(q+) . (5.6)

The numerator rounding, auxiliary retreat and upper total all act in the direction of an upper bound.
They give

0 ≤ K ≤ 2.194 (5.7)

on the whole retained domain. The same K is used in the cap form and in all restoration terms.
It is useful to summarize the result in the form needed next. For a retained sum BH , or a fixed

finite combination including an exact erased sum,

lim sup
x→∞

1
Px

∑
x≤n≤2x

n≡b0 (mod W )

bx(n+ hi)BH(n)2 ≤
∫
K(q(Y ))|H(Y )|2 dνk−1(Y ). (5.8)

All cross terms of the finite combination are included in its square. The bound controls a quadratic
form, which is stronger than separately bounding the mean of each summand.

6 The signed hybrid inequality
The purpose of this section is to use the minorant only where its distribution gives extra information.
The prime indicator remains the nonnegative weight whose square is being estimated.

6.1 The pairing identities

Fix a detected coordinate i, an arithmetically allowed profile U supported on O, and write

V = EiU, V0 = 1L0V, v = 1L1\L0V, VC = 1CV, g = 1CcV.

Complements are taken in the retained-root ambient space. They are not new independently capped
domains. Let A = AU , and let B0, BC , BH be the canonical retained sums with profiles V0, VC , H,
where suppH ⊂ L1 \ L0.
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In this subsection Mx(fQ) denotes the sum of f(n+ hi)Q(n) on the presieved interval, divided
by Px. The table in Section 3.6 and the canonical-array realization give

Mx(1PAB0) −→ ∥V0∥2, Mx(1PB
2
0) −→ ∥V0∥2, (6.1)

Mx(1PB0BH) −→ 0, Mx(1PB
2
H) −→ ∥H∥2, (6.2)

Mx(ϱxABH) −→ (1 − κtrue)⟨V,H⟩, Mx(bxBCBH) −→ κtrue⟨V,H⟩. (6.3)

Also Mx(bxB
2
H) → κtrue∥H∥2. The zero in (6.2) comes from the disjoint supports of V0 and H.

These limits follow from the harmonic marginal limit and the arithmetic pairings; they do not
require pointwise convergence of an erased array.

6.2 Subtracting the full available canonical face

Let A0
i be the exact erased sum. The roughness argument in Section 4 gives A = A0

i on both the
prime and exceptional supports. Set

Ti = A0
i −BC .

Its limiting profile is g. Since A = BC + Ti on the support of bx, (6.3) gives

Mx(1PABH) = ⟨v,H⟩ + Mx(bxTiBH) + o(1). (6.4)

The coefficient of ⟨v,H⟩ is exactly one: (1 − κtrue) + κtrue = 1. Only an upper bound for κtrue will
be used numerically, but this identity uses its true value.

The evaluated subtraction term is BCBH . The correction H is supported in L1; therefore the
mixed C ×L1 source suffices. No square B2

C is evaluated by a distribution theorem. Its contribution
inside T 2

i is instead included in the positive exceptional bound (5.8).

Proposition 6.1 (Tail hybrid). Put

J0,i = ∥V0∥2, J+,i = ∥v∥2, Etail
i =

∫
Cc
K|V |2 dνk−1.

Then
lim inf
x→∞

Mx(1PA
2) ≥ J0,i +

(√
J+,i −

√
κtrueEtail

i

)2

+
. (6.5)

Proof. The pointwise inequality 1P(A−B0 −BH)2 ≥ 0, together with (6.1)–(6.4), gives

lim inf Mx(1PA
2) ≥ J0,i + 2⟨v,H⟩ − ∥H∥2 + 2 lim inf Mx(bxTiBH).

Cauchy–Schwarz in the positive measure with weight bx, followed by (5.8), bounds the last term
below by −2

√
κtrueEtail

i ∥H∥. Choose H = αv, α ≥ 0. If J+,i > 0, maximizing the resulting
quadratic in α gives

α =
(

1 −
√
κtrueEtail

i /J+,i

)
+
.

This gives (6.5). If J+,i = 0, take H = 0.
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6.3 A fixed quadratic form

For u, v ≥ 0 and 0 < ℓ < 1,

(
√
u−

√
v)2

+ ≥ (1 − ℓ)u− (1/ℓ− 1)v. (6.6)

For u ≥ v this follows from 2
√
uv ≤ ℓu+ v/ℓ; for u < v the right side is nonpositive. Replace κtrue

by its upper bound κ̄ in the negative term and set

dh = κ̄(1/ℓ− 1).

Summing over the detected coordinates yields the computable lower form

J (U) = J0(U) + (1 − ℓ)J+(U) − dhECc(U), (6.7)

where the three quantities are the sums of J0,i, J+,i, E
tail
i .

For the fixed profile we use the rational

ℓ = 6308693370963335
576460752303423488 , .0108 ≤ ℓ ≤ .0112. (6.8)

There is no need to prove that this is an optimal choice. Any fixed choice that passes the final strict
inequality suffices.

Using Px = ρ∗Cx, we obtain the following criterion.

Corollary 6.2. If a fixed, nonzero, arithmetically allowed profile U satisfies

ρ∗J (U) > I(U),

and has the approximation properties specified in Section 11, then every admissible k-tuple has
infinitely many translates containing at least two primes.

The remaining work is to verify this strict inequality for U = PF . The numerical cap profile F
by itself need not be arithmetically allowed.

7 The fixed profile
The numerical search is not part of the proof. We fix one profile, give its mathematical definition,
and enclose its forms. This makes the claim independent of the path by which the coefficients were
found.

7.1 Scales and the original fine grid

The exact values are

k = 39, N = 393216, n0 = N − k = 393177,

S = 1379373467
1312494500 , h = S

N
= 1379373467

516093837312000 ,

ρ∗ = 2624989
10000000 < ρ = 262499

1000000 .

(7.1)
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We can take the ambient fragment cutoff ζ = .17277/ρ. All caps actually used lie below it, so (2.4)
identifies these forms with the arithmetic ambient measure without a change of normalization. The
physical radii are

domain radius in base x
HO ρ∗S = .2758746934
H0 ρ∗T0 = .2491228441011
H1 ρ∗T1 = .2525250066.

In particular 2ρ∗S = .5517493868 < 1, which leaves a positive ordinary counting margin for the
outer square.

For a configuration Xi, put

ji = ⌊|Xi|/h⌋ , t◦i = (ji + 1
2)h.

The profile samples its smooth factors at these midpoints, but its support tests use the actual
fragments and the whole-cell upper total. For d coordinates write

r =
d∑

i=1
ji, s◦ = (r + d/2)h, s+ = (r + d)h.

The distinction between s◦ and s+ is deliberate. A midpoint support test could admit part of a cell
beyond an allowed arithmetic radius.

7.2 The cap domains as finite mathematical data

For a configuration in d coordinates let M0 be the largest fragment among all its coordinates, with
value zero on the empty configuration. Each row of the following table specifies an inclusive range
of the integer r and the bound M0 ≤ ch. Outside the listed ranges the domain is empty.

Domain and dimension First r Last r c

HO, d = 39 0 352697 246256
352698 376449 196608
376450 393176 186253

H0, d = 38 0 334253 246256
334254 343163 177542
343164 355047 140306

H1, d = 38 0 336274 246256
336275 343169 179967
343170 359896 141724

HC , d = 38 0 352698 246256
352699 371671 186491

These integer ranges define the inward caps exactly. They give H0 ⊂ H1 ⊂ HC . Deleting
fragments can only lower r and M0, and the allowed largest-fragment cap increases or stays the
same when r decreases. Hence all four domains are hereditary. Their intersections with the row
predicates in (3.12) are hereditary as well.
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7.3 The angular functions and the radial splines

Set
g(t) = 21/200

1 + t/100 + 179/200
1 + (907/5)t . (7.2)

This is a positive one-coordinate factor. Define the ordinary power sums

Pj(t◦) =
39∑

i=1
(t◦i )j , Pσ(t◦) =

∏
j∈σ

Pj(t◦), P∅ = 1.

The eleven signatures, in their fixed order, are

∅, (2), (3), (4), (2, 2), (5), (2, 3), (6), (2, 4), (3, 3), (2, 2, 2).

These are products of power sums, so repeated coordinate assignments are included. For example,

P(2,2) =
∑

i

(t◦i )4 + 2
∑
i<j

(t◦i )2(t◦j )2.

This example makes explicit the diagonal contribution that would be lost by interpreting a signature
as a sum over distinct coordinates only.

There are 22 cubic B-spline basis functions Bd,3, 0 ≤ d ≤ 21, with a rational 26-entry knot
vector. To specify it, put

u1 = 324809441462533
344528493755500 , u2 = 16262888471886818524688913778251703267

16161921199408696007503616565983946000 .

The knot vector is

(3/20)[4], 1/4, 7/20, 9/20, 11/20, 13/20, 3/4, 33/40, 7/8, 37/40,

u
[4]
1 , 49/50, u

[4]
2 , S[4],

where the superscript [4] means four consecutive copies. The standard recurrence, fixing the
convention at repeated knots, is

Bd,0(s) = 1[κd,κd+1)(s),

Bd,m(s) = s− κd

κd+m − κd
Bd,m−1(s) + κd+m+1 − s

κd+m+1 − κd+1
Bd+1,m−1(s).

A term with zero denominator is defined to be zero. Values at internal knots use the right-hand
convention. The fourfold internal knots allow jumps; smoothness across them is not assumed. The
argument of the spline is s◦, the sum of the coordinate midpoints.

7.4 The complete profile

Let A = {141720h, 177528h, 246256h}. For each c ∈ A, fix 242 rational numbers cc,σ,d. The profile
is

F (X1, . . . , X39) = 1HO
(X)

39∏
i=1

g(t◦i )

×
∑
c∈A

1M0(X)≤c

∑
σ

21∑
d=0

cc,σ,dBd,3(s◦)Pσ(t◦).
(7.3)
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The total number of coefficients is 3 · 11 · 22 = 726. The complete rational table is supplied as digital
data; Appendix B identifies it unambiguously. It also supplies a flat coefficient table with the cap,
signature and spline index as explicit columns.

The three cap components have independent coefficients. They are added before every square.
Since the profile can change sign, replacing (F1 + F2 + F3)2 by F 2

1 + F 2
2 + F 2

3 would not be a valid
evaluation. The exported coefficients already include the angular scaling used to generate them.
Formula (7.3) uses them exactly as written, without an additional power of 39.

7.5 The common numerical normalization

For 0 ≤ j < n0, set

gj = g((j + 1
2)h), Z =

n0−1∑
j=0

g2
j , N = (hZ)39.

Every quadratic form reported by the certificate, including a form with 38 retained coordinates, is
divided by the same positive number N . The size of the resulting denominator is therefore unrelated
to a numerical underflow of the unscaled sieve mass.

For a largest-fragment cap c, the exact one-coordinate cell mass is

wc(j) =
∫ (j+1)h

jh
ρD(t/c) dt.

Thus a normalized root law has weights

g2
j

Z

wc(j)
h

.

The factor wc(j)/h is a cell-average density, not an independent probability correction. In a face
square there are 38 retained integrations and two erased integrations. After division by N , the sum
over symmetric detected coordinates has the prefactor

39h
Z
.

This is the same factor obtained by counting powers of h in (2.8). Outer source integrals have an
additional full-root integration; their normalization is recorded explicitly in Section 8.5.

7.6 The cap form and its enclosure

Replace L0, L1, C in (6.7) by H0,H1,HC , keeping the same F,K, ℓ. Write the resulting face forms
as J0,H , J+,H , EHc

C
. The cap quotient is

qH = ρ∗
J0,H + (1 − ℓ)J+,H − dhEHc

C

I(F ) . (7.4)

It is a computable relaxation of the final problem. The normalized denominator has the rigorous
enclosure

I− ≤ I(F )
N

≤ I+,

I− = 9900316613656518642800593
664613997892457936451903530140172288 ,

I+ = 9900316889124784142456785
664613997892457936451903530140172288 .

(7.5)
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In particular I− > 0, and both endpoints are about 1.4896341 · 10−11. The quotient enclosure gives

µ := qH − 1 ≥ µ− = 9968877639291
36028797018963968 > .0002766919371. (7.6)

For a positive lower quotient bound the positive numerator terms use their lower endpoints, the
negative term uses its upper endpoint, and the denominator is I+. The lower denominator I− will
instead be used when normalizing error upper bounds.

8 Restoring the arithmetic support

8.1 The two changes that have to be controlled

The cap calculation relaxes both the outer support and the permitted faces. First the face multipliers
must be replaced by their arithmetic versions; then F must be replaced by PF = 1OF . The second
change interacts with the first, so we handle them in one operator calculation.

Work on H = L2(HO, ν
39), extending functions by zero outside HO. On a retained face define

aH = ℓ1H0 + (1 − ℓ)1H1 + dhK1HC
− dhK, (8.1)

a = ℓ1L0 + (1 − ℓ)1L1 + dhK1C − dhK. (8.2)

Thus aH is 1 on H0, 1 − ℓ on H1 \ H0, zero on HC \ H1, and −dhK outside HC . The analogous
four-region description holds for a.

Define the self-adjoint operators

A =
∑

i

E∗
i aHEi, B =

∑
i

E∗
i aEi, C = ρ∗A, T = ρ∗B, D = C − T.

Because each actual domain is a subset of its cap domain, aH − a ≥ 0. Therefore D ≥ 0, even
though A and B need not be positive operators.

Put
ϵh = κ̄(1/.0108 − 1) 2.194,

δop = 4ρ∗ϵh, γop = 1 − δop, Γ = 4ρ∗(1 + ϵh).
(8.3)

The inequalities −ϵh ≤ aH , a ≤ 1 and Lemma 2.1 imply

0 ≤ D ≤ ΓId, T ≥ −δopId. (8.4)

For orientation, ϵh ≈ .01875045, δop ≈ .01968789, and γop ≈ .98031211 > 0. The proof uses the
exact rationals in (8.3).

8.2 Partitioning the true outer error

Let Ej be the true outer failure events in the finite source cover. Their union covers HO \O. Define
a soft partition by

pj(X) =


1HO\O(X)1Ej (X)∑

l 1El
(X) ,

∑
l 1El

(X) > 0,

0, otherwise.

Then pj ≥ 0,
∑

j pj = 1HO\O, and pj is supported on Ej . If a computable positive kernel wj

majorizes 1Ej , then pj ≤ wj .
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It matters that this partition is made from the true events before their kernels are enlarged. A
local estimate valid on Ej need not remain valid everywhere on the support of its analytic majorant.

After dividing by I(F ), suppose the source integrations give∫
pj |F |2

I(F ) ≤ Aj ,

∫
pj |CF |2

I(F ) ≤ Mj ,
⟨F,DF ⟩
I(F ) ≤ b. (8.5)

Here Aj measures discarded mass, Mj measures the cap operator on that discarded region, and b
measures all face deletions. They are different energies; none can be replaced by the unweighted
volume of the bad set.

Theorem 8.1 (Support restoration). Under (8.4) and (8.5), for every t > γop,

⟨PF, (T − Id)PF ⟩
I(F ) ≥ µ− b− Γb

t
− 2

∑
j

√
AjMj − (t− γop)

∑
j

Aj . (8.6)

No sign condition on F or commutation of P with the other operators is required.

Proof. Set e = (1 − P )F , and normalize

uj =
∫
pj |F |2

I(F ) , b0 = ⟨F,DF ⟩
I(F ) .

Then
∑

j uj = ∥e∥2/I(F ). Because P is an orthogonal projection, ⟨e, F ⟩ = ∥e∥2. Expanding
PF = F − e and T = C − D gives the exact identity

⟨PF, (T − Id)PF ⟩ = ⟨F, (C − Id)F ⟩ − ⟨F,DF ⟩ − 2 Re⟨e,CF ⟩
+ 2 Re⟨e,DF ⟩ + ⟨e, (T + Id)e⟩. (8.7)

In particular the last term contains +Id. That sign retains the beneficial removal of ∥e∥2 from the
denominator.

Weighted Cauchy–Schwarz on the partition gives

|⟨e,CF ⟩|
I(F ) ≤

∑
j

√
ujMj .

Since 0 ≤ D ≤ ΓId, spectral calculus gives D2 ≤ ΓD. Consequently

|⟨e,DF ⟩|
I(F ) ≤

√
Γb0

∑
j

uj .

Finally, T + Id ≥ γopId, so the last term of (8.7), divided by I(F ), is at least γop
∑

j uj .
Apply Young’s inequality once:

2
√

Γb0
∑

j

uj ≤ Γb0
t

+ t
∑

j

uj .

There is one shared inner-deletion cross term, so there is one charge Γb0/t. Since t > γop, each
function

u 7−→ 2
√
uMj + (t− γop)u

is nondecreasing for u ≥ 0. We may therefore use uj ≤ Aj and b0 ≤ b in the remaining terms. This
proves (8.6).
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8.3 Why keeping the individual components helps

The sum
∑

j

√
AjMj is no larger than

√
(
∑

j Aj)(
∑

j Mj), by Cauchy–Schwarz. The inequality is
often strict because a source with substantial discarded mass may have small operator energy, while
a different source has the opposite behavior. Keeping their separate ceilings prevents the error
estimate from reallocating mass between unrelated events.

The chosen value is simply
t = 11

10 > γop.

No optimizer or numerical stationarity claim is needed to justify this value. It makes all substitutions
in the proof monotone in the available upper bounds.

8.4 The local operator count

To obtain Mj , write
CF (X) = ρ∗

∑
i

aH(X̂i)Vi(X̂i), Vi = EiF.

The multiplier satisfies
|aH | ≤ ϵh + (1 − ϵh)1H1 .

At full-root midpoint total s◦, an erased face can belong to H1 only if

t◦i ≥ d(s◦) := s◦ + k − 1
2 h− T1.

When d(s◦) > 0, at most ⌊s◦/d(s◦)⌋ coordinates can meet this inequality.
There is a sharper event-specific count if marked fragments of total at least Q0 lie in r coordinates.

Those owners consume midpoint mass at least Q0 − rh/2. Among the other coordinates, each
additional eligible face consumes d(s◦). Hence the eligible count is bounded by the minimum of k,
the preceding global count, and

r +
⌊max(0, s◦ −Q0 + rh/2)

d(s◦)

⌋
.

If the denominator is nonpositive, use the safe count k. Largest-fragment conditions can only reduce
the actual count.

This gives a nonnegative rational Lj(s◦) that bounds
∑

i |aH(X̂i)| on the true event Ej . Pointwise
weighted Cauchy–Schwarz gives

|CF |2 ≤ ρ2
∗Lj(s◦)

∑
i

|aH(X̂i)||Vi(X̂i)|2 on Ej .

Use this inequality on the support of pj first, then enlarge pj to wj in the nonnegative integral. The
multiplier Lj belongs to the full root and is inserted before erasing a coordinate.

8.5 The stored source normalization

The stored outer root ceiling Rj bounds

k

N

∫
wj |F |2 dνk.
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The factor k is a convention in the stored ceiling Rj ; it is removed in Aj below. The cap multiplier
has absolute value at most one for the parameters here. The stored ceiling QL,j bounds

1
N

∫
wj(X)Lj(s◦)

∑
i

|aH(X̂i)||Vi(X̂i)|2 dνk(X).

Thus valid normalized inputs in (8.5) are

Aj = Rj

39I−
, Mj = ρ2

∗QL,j

I−
. (8.8)

The coordinate sum and the local count are already in QL,j ; they are not multiplied in a second
time. The common denominator is the one for the original fine profile (7.3).

For the inner deletion, old-inner failures have coefficient at most .0112, new-inner failures at
most one, and subtraction-domain failures at most ϵh. A new-inner failure can affect both L0 and
L1, with total coefficient at most ℓ+ (1 − ℓ) = 1. These observations explain the weights used to
assemble b. They also explain why both old and new predicates must occur in L0.

9 From support failures to positive integrals
The restoration theorem reduces the application to upper bounds for Aj ,Mj , b. This section explains
how the geometric failure sets become the finite, positive source integrals in the certificate.

9.1 The seven source families

An arithmetic support fails when one of its activated row predicates in Section 3.5 fails. The inward
caps already handle the largest-fragment and opposite-root conditions. The remaining failures are
nonlargest tail witnesses. The order-three allocation reduces them to effective order 5/2, in addition
to the order-2 conditions. The reduction uses the checked row inequality max(Ar, Cr) ≤ 7L/3; it
retains any lower-order conditions absorbed into that row.

Here is the reason for the effective order 5/2. For an outer witness, ϕD(u) ≤ 3u/2, so failure of
its tail test implies failure of the H5/2,ξ test with the same threshold. For an inner witness with
u ≤ 2L/3, one has ϕE(u) = 3u/2, giving the same conclusion. If an inner nonlargest witness has
u > 2L/3, at least two fragments are at least u. Its H5/2,ξ tail value is therefore at least

2u+ 3
2u = 7

2u >
7
3L ≥ Cr.

These two cases cover the inner failures. Thus the effective-order reduction follows from the explicit
allocation functions and the checked row inequality.

The source names in the data have the following mathematical meaning.

Family Underlying failure Low Rank two High

G1 Outer, effective order 2 8 14 1
G2 Outer, effective order 5/2 22 14 1
G3 Old inner, effective order 2 8 14 1
G4 Old inner, effective order 5/2 21 12 1
G5 New inner, effective order 2 8 14 1
G6 New inner, effective order 5/2 20 13 1
C Subtraction domain, effective order 2 7 15 1
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G1 and G2 together cover the outer failures of both ladders; they are not an old/new split.
G3–G6 cover the two raw inner domains separately. The C family covers the true row-14 subtraction
predicate within HC . Both inner pairs are imposed on the base domain L0.

The first two rows give 60 outer components. The last five give 137 inner components, consisting
of 64 low intervals, 68 rank-two intervals and five high terms. The number 197 is thus a complete
inventory of these upper bounds, not a sample of a larger collection.

9.2 Why the low, rank-two and high cases cover every failure

Consider an effective tail obstruction
Hm,ξ > U

on a row where the radial and largest-fragment conditions are already enforced. Its nonlargest
witness is a fragment w > ξ. Each group has a split point pG. The group parameters satisfy

ξ < pG ≤ z, z +mpG ≤ U, max(ξ, pG) ≤ U/(m+ 1),

where z is the relevant largest-fragment cap. The split points, in units of h, are

G G1 G2 G3 G4 G5 G6 C
pG/h 98304 78643 88771 71017 89983 71986 93245.

They are the inward integer values of UG/(2mGh), where mG is the common effective order of the
group.

If w ≤ pG, it belongs to one of the complete half-open low-witness intervals. If w > pG and only
two fragments exceed pG, write them q > w. Then

q +mw > U, q >
U

m+ 1 , w >
U − q

m
.

This is the rank-two sector. If at least three fragments exceed pG, the third factorial count covers
the configuration. Indeed, the number

(N>pG
3
)

is at least one on that event.
The evaluated rank-two majorant may also include configurations with more than two high

fragments. Such overlap is harmless because all source integrals are nonnegative. The argument
requires coverage, not a disjoint decomposition of the probability space.

When a lower-order row has been absorbed into a group of nominal order 5/2, its own effective
order is retained in the low-source radial clipping. The nominal group label alone is not sufficient to
determine that clipping.

9.3 Marked fragments and the positive majorants

The Poisson description makes marked-fragment integrals explicit. In one coordinate, for a nonnega-
tive measurable Ψ, the reduced Mecke identity is∫ ∑

u∈Xr
̸=

Ψ(u, X \ u) dνζ(X) =
∫

(0,ζ]r

∫
Ψ(u, X) dνζ(X)

r∏
ℓ=1

duℓ

uℓ
. (9.1)

The marks on the left are ordered distinct occurrences. A factor 1/r! is introduced only when
converting a symmetric ordered integrand to unordered marks. The source calculations retain the
designated witness as a labeled role.
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Here is the precise exponential majorant for a low witness. In the pooled configuration X, let

TX(w) =
∑
v∈X
v≥w

v + (m− 1)w, L≤l(X) =
∑
v∈X
v≤l

v.

Thus Hm,ξ is the maximum of TX(w) over the activated witnesses w > ξ. For a witness in a bin
w ∈ (l, u], and m ≥ 1,

TX(w) ≤ s− L≤l(X) + (m− 1)u.

Consequently every β > 0 gives the pointwise bound

1{TX(w)>U} ≤ exp{β[s+ (m− 1)u− U − L≤l(X)]}. (9.2)

One sums this bound over witnesses in the active part of the bin and applies (9.1). This explains
both the upper endpoint u and the negative low-fragment term in the kernel. Replacing the full
tail merely by a largest-fragment condition would not give this estimate. The high-fragment and
residual-low-fragment laws factor into positive convolution kernels. Upper endpoints of witness bins
and original source windows are used in every outward replacement.

The rank-two and high terms use two and three marked fragments respectively. The marks may
belong to the same coordinate or to different coordinates; all owner assignments are included. In an
outer-face source the event is still an event of the full 39-coordinate root. It is not redefined after
the detected coordinate has been erased.

Thus each component has a positive kernel wj ≥ 1Ej and a source integral of the form required
in (8.8), or an inner deletion integral. The finite geometry verification checks the assigned windows,
activations and bin endpoints against the row predicates, including their lower-order ancestors.

9.4 Aggregating a fine grid without changing the profile

The source bounds are accelerated by grouping 48 consecutive fine indices. This grouping does not
replace (7.3) by a new profile on a coarser grid. Write a fine coordinate index as

j = 48q + r, 0 ≤ r ≤ 47.

For d coordinates with coarse-index sum qtot, the fine-index sum lies in

[48qtot, 48qtot + 47d]. (9.3)

Each branch is intersected with every relevant original source piece and spline span. Positive
measures are aggregated after multiplying by the original fine midpoint powers. Therefore the
angular functions and the normalizing Z remain those of the same fine profile.

Signed radial coefficients are handled by enclosing the full polynomial or affine expression over
(9.3). Bernstein coefficients give a convenient scalar range enclosure on a polynomial interval. For
the face forms we use a matrix enclosure that also includes jumps. Let J = [r−, r+] ∩ Z be one of
the clipped fine windows, let ℓJ = r+ − r−, and let vr be the vector of coefficients of the complete
signed sum of cap affines at fine index r. Put ∆vj = vj+1 − vj . For any fixed r0 ∈ J , telescoping
and Cauchy–Schwarz give the positive semidefinite inequality

(vr − vr0)(vr − vr0)∗ ⪯ ℓJ

r+−1∑
j=r−

∆vj∆v∗
j (r ∈ J). (9.4)
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For a singleton window both sides are zero. Otherwise, testing against any vector reduces this
statement to the scalar Cauchy–Schwarz inequality for at most ℓJ increments. A knot or cap jump
is simply one of those increments, so it cannot disappear from the bound. Young’s inequality now
yields

vrv
∗
r ⪯ (1 + η)vr0v

∗
r0 + (1 + 1/η)ℓJ

r+−1∑
j=r−

∆vj∆v∗
j , η > 0. (9.5)

After contraction with the angular monomials, the right-hand side is the positive Gram majorant
used for the entire window. The full signed coefficient vector is formed before either bound is applied.
For root components, a separately valid Minkowski bound may instead combine their individual
norm bounds.

Multiplying such a positive majorant by an upper bound for a positive source kernel preserves
the inequality. By contrast, entrywise enlarging coefficients of an arbitrary signed integrand would
not be justified. Positivity is the reason the aggregation is safe.

9.5 Directed recurrences for the low kernels

One of the costly positive kernels has a simple exact recurrence. For integers 1 ≤ f < c, define the
formal power series

H(z) =
c−1∑
j=f

zj

j
, Tr(z) = H(z)r

r! , E(z) = eH(z).

Differentiating gives, for n ≥ 1,

nEn =
c−1∑
j=f

En−j , n(Tr)n =
c−1∑
j=f

(Tr−1)n−j . (9.6)

Negative subscripts mean zero. There is no extra factor 1/r in the second formula: differentiation
has already changed r/r! to 1/(r − 1)!.

At dyadic scale Q = 2b, store lower and upper bounds as integers. The moving-window sums are
exact integer operations. Division by n is rounded down for the lower bound and up for the upper
bound. Starting at E0 = (T0)0 = 1, induction proves that all coefficients are enclosed. The exact
possible support of Tr is [rf, r(c− 1)], so empty ranges can be skipped without approximation.

For a finite count prefix, the remaining positive series is

T>R = E −
R∑

r=0
Tr.

Its upper coefficients are obtained by subtracting a lower prefix from an upper full exponential.
The nonnegative carry polynomials have each coefficient at most one, so the entire omitted-count
contribution is majorized coefficientwise by

T>R(z)
1 − z

.

The prefix subtracted here is the unreplicated count prefix; subtracting an upper or already tilted
prefix would not give this bound.

The remaining low-residual coefficients are rounded upward to positive dyadic numbers. Expo-
nentially small tails are bounded above, rather than silently replaced by zero. All these replacements
occur inside positive convolutions and positive Gram bounds. The original fine cell geometry, signed
marginal and common normalization are retained throughout.
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10 The complete numerical certificate

10.1 How to read the tables

The following tables are generated from the frozen exact-rational certificate. All their decimal
entries are rounded upward and are in units of 10−6. The full rational values, including individual
source bins, are in the digital supplement. The display rounding is for readability; the final sum is
assembled from the exact values.

For outer components, the last column is their contribution

2
√
AjMj + (t− γop)Aj

to the restoration loss. It does not include either of the two shared inner-error terms.

Outer source Count
∑
Aj

∑
Mj Loss

G1: low 8 0.749574898 14.579171091 6.699042427
G1: rank two 14 0.224037660 1.558976746 1.177680761
G1: high 1 0.000019087 0.000031473 0.000051304
G2: low 22 3.755008125 40.782076795 25.186856792
G2: rank two 14 23.449034139 151.904930860 121.397753113
G2: high 1 0.779494639 5.803481072 4.347133100

The inner table already includes ρ∗, the appropriate old/new/C coefficient, and division by I−.
All rank-two and high terms of the subtraction domain occur once.

Inner source Count Contribution to b

G3: low 8 0.007585797
G4: low 21 0.017382180
G5: low 8 0.413045470
G6: low 20 2.684023505
C: low 7 9.828292827
All rank-two and high terms 73 13.752470897

Their exact sum satisfies
b < .000026702801. (10.1)

The restoration calculation, with t = 11/10, has the following four terms.

Term Upper bound in units of 10−6

Inner deletion b 26.702800674
Shared inner cross term Γb/t 25.966859017
Outer cross terms 2

∑
j

√
AjMj 155.342695198

Remaining outer mass (t− γop)
∑

j Aj 3.465822296

Every square root in this calculation is rounded outward using integer square roots of rational
numbers. No floating optimizer or unproved error tolerance enters the last inequality.
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10.2 The final strict comparison

The exact assembly gives

b+ Γb
t

+ 2
∑

j

√
AjMj + (t− γop)

∑
j

Aj ≤ L̄ = 105739089
500000000000 = .000211478178. (10.2)

Subtracting this from the cap lower bound (7.6) gives

⟨PF, (T − Id)PF ⟩
I(F ) ≥ µ− − L̄

= 573626291549967919851
8796093022208000000000000

> .000065213759 > 0.

(10.3)

This includes all 197 source components. No omitted component is assigned zero and no prospective
target budget is used in place of an evaluated bound.

In particular PF ̸= 0. Since T = ρ∗B, the numerator on the left of (10.3) is exactly

ρ∗J (PF ) − I(PF ).

It is the criterion of Corollary 6.2 for the true arithmetic profile.

10.3 Certificate construction

The cap integrals use interval arithmetic, exact rational spline pieces, and exact Dickman loga-
rithm and dilogarithm primitives on 0 ≤ u ≤ 3. The largest Dickman argument in this trial is
393177/140306 < 3. The source bounds use the positive constructions described in Section 9.

There are two independent scalar implementations. The main implementation assembles the
stored interval endpoints, checks matching trials, inventories and normalizations, and evaluates the
restoration inequality. The second reads the raw source outputs directly and uses exact fractions
and integer square roots, without importing the main assembler. Both give the conservative ceiling
(10.2) and the margin (10.3).

The source integrations are supplied by their recorded producers and pinned runtime. The fast
scalar checks do not repeat those long integrations. File hashes identify which data and producer
versions were used; a hash does not establish the mathematical validity of a producer. The underlying
integration commands are also provided for complete numerical regeneration.

11 Passing from the fixed profile to primes
It remains to justify applying the arithmetic identities to the discontinuous fixed profile. The
relevant limiting procedure is finite before x tends to infinity. We do not assert uniformity as the
grid size grows.

Choose a positive fragment cutoff below every active witness threshold and cap. The smaller
fragments can be collected into their total as in (2.2). On bounded total support there are only
finitely many recorded large fragments. The grid profile, row predicates and upper step kernel
have finitely many boundary types: cell totals, spline knots, activation levels, tail bounds and
largest-fragment caps. Their nonconstant boundaries have limiting measure zero.

37



To respect hereditary arithmetic supports, use the fixed-band construction of [2, §4.2.4]. As the
bands are refined, the chance that two large fragments occupy the same coordinate and band is
bounded by a constant times ∑

bands (α,β]

(∫ β

α

du

u

)2

,

which tends to zero. Away from these collisions each active block represents one fragment, so the
band predicates agree with the desired fragment tests. Zero-band strata are retained, and inward
smooth approximations remove small neighborhoods only of the nonconstant boundaries.

Dominated convergence gives convergence of the ordinary norms. Lemma 2.1 gives convergence
of the erased-coordinate forms. The fixed K is bounded, so the exceptional energies converge as
well. Positively marked source integrals have bounded mark counts above their fixed cutoffs and
fixed Chernoff parameters, so their corresponding approximation is also valid.

The order of choices is as follows: fix the positive margin in (10.3); choose bands and inward
approximations fine enough to preserve a positive margin and all strict source inequalities; then let
x → ∞ with those choices fixed. This is precisely the fixed-profile realization used by the arithmetic
pairing lemmas.

For every admissible 39-tuple, the ordinary and prime-weighted identities therefore give, at every
sufficiently large scale, ∑

n

39∑
i=1

1P(n+ hi)AP F (n)2 >
∑

n

AP F (n)2.

The right side is nonzero and every weight is nonnegative. Equation (1.1) produces a translate with
two primes at arbitrarily large scales. This proves DHL[39, 2].

12 The admissible tuple and the number 182
The following tuple is from the MIT prime gaps table [11]:

0, 6, 14, 20, 24, 26, 30, 36, 42, 44, 50, 54, 62, 66, 72, 80, 84, 86, 92, 96,
104, 110, 114, 120, 126, 132, 134, 140, 146, 150, 152, 156, 162, 164,

170, 174, 176, 180, 182.

It has 39 distinct entries and diameter 182. For each prime at most 39, the following table supplies
one omitted residue.

p 2 3 5 7 11 13 17 19 23 29 31 37
omitted residue 1 1 3 4 1 12 5 2 10 3 12 1

For a larger prime, 39 entries cannot occupy all its residue classes. This verifies admissibility.
Every translate supplied by DHL[39, 2] has two primes whose difference is at most 182. Between

these primes there is a consecutive-prime pair with no larger gap. The translates occur arbitrarily
far out, so these give infinitely many such pairs. Hence H1 ≤ 182, completing Theorem 1.2.
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13 Formal verification
The accompanying Lean development follows the fixed 39-coordinate profile through the analytic
reductions, source geometry, sieve limits and prime-detection argument. It proves the implications
from the explicit inputs below to DHL[39, 2] and H1 ≤ 182. This section specifies those inputs and
the deficit enclosure used in the formal proof.

13.1 Verified implications and explicit inputs

262 physical integral inequalities.
There are five cap bounds, 60 outer-root bounds, 60 outer-face bounds, and 137 inner-face
bounds. They concern the fragment-law integrals of the fixed profile. The five cap bounds
enclose the denominator on both sides and the three terms in the cap numerator in the required
directions. Each outer record supplies two inequalities, which explains why 197 source records
become 262 numerical premises after the cap bounds are included. The normalizations are those
of (8.8).

Established finite-field estimates.
These include the normalized rank-three Kloosterman bound 3 and the raw two-rank-two
correlation bound 8p√p at nonzero parameters. The incidence argument also uses the scalar
rank-four bound 4p√p for every prime and nonzero argument. This last bound is another
specialization of the established general Kloosterman theorem, but is a separate premise in the
formal development. It does not assume an incidence matrix bound or a global distribution
estimate.

The local Fourier proposition.
This is the finite-exceptional four-cycle estimate in [5], with constants uniform in the prime and
all its nonzero parameters. Its geometric proof is not formalized in this development.

More precisely, the local Fourier proposition requires fixed Cloc ≥ 0 and integers D, p0 such that,
for every prime p > p0, the actual four-cycle W of the companion satisfies the following bounds for
its unnormalized positive-sign two-variable Fourier transform. For distinct row and column indices
there is a set Z ⊂ F2

p, with #Z ≤ D, such that

|Ŵ (h, k)| ≤ Clocp
3(1 + √

p1Z(h, k)
)
.

For a repeated row or column, there is a nonzero polynomial P over Fp, of degree at most D, such
that

|Ŵ (h, k)| ≤ Clocp
3(1 + √

p1{P =0}(h, k) + p1{(0,0)}(h, k)
)
.

A curve of exceptions is insufficient in the distinct-index case. The constants cannot be chosen
separately for each prime. Small primes are covered by a proved trivial estimate; the arithmetic
moduli are not required to omit them.

Subject to these inputs, the formal proof derives the global source-distribution estimates, the
sharp minorant and its mean, the true-event covers, the operator bounds, the approximation by
admissible profiles, and the actual positive sieve moment. None of those global conclusions is
an additional endpoint hypothesis. The prime-gap endpoint concerns ordinary primes with no
intervening prime, and the translate endpoint retains the admissibility and cardinality hypotheses
of DHL[39, 2].
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The endpoint declarations have logical dependency reports containing only the standard Lean
principles propext, Classical.choice and Quot.sound. Such reports check the conditional impli-
cations, not their explicit hypotheses. In particular they do not prove the 262 integral inequalities
or the local Fourier proposition. The companion supplies the geometric proof of the latter.

13.2 Two enclosures for the deficit

The rational moment argument of Section 4.5 gives κtrue < κ̄, with κ̄ as in (4.3). An alternative
convexity argument gives

κtrue < κcvx := 11696
125000000 = .000093568.

The convexity bound is proved in Lean without numerical-integral, distribution or finite-field
premises. For the positive convex density on each simplex in Section 4.5, the integral is at most the
simplex volume times the average of its five vertex values. The three rational vertex averages give
the displayed upper bound.

Both enclosures apply to the same minorant and fixed trial. Fix ℓ as in (6.8) and dh = κ̄(1/ℓ−1).
Put

ξadd = (1 − ℓ)2

dh
(κcvx − κ̄) = ℓ(1 − ℓ)κcvx − κ̄

κ̄
. (13.1)

Choosing the auxiliary profile (1− ℓ)v in the proof of the tail hybrid and applying Young’s inequality
with the same coefficient dh gives the lower form

Jcvx(U) = J (U) − ξaddJ+(U).

The additional charge to J+ is exactly (1 − ℓ)2(κcvx − κ̄)/dh. Thus Jcvx uses the coefficient dh and
tail kernel of J , together with this unweighted enlargement-square term.

Exact rational arithmetic gives
0 < 4ρ∗ξadd <

32
106 .

By Lemma 2.1 and the orthogonal projection, J+(PF ) ≤ 4I(PF ) ≤ 4I(F ). Consequently the same
numerical premises and (10.3) imply

ρ∗Jcvx(PF ) − I(PF )
I(F ) >

33
106 > 0.

Both deficit enclosures therefore give a positive sieve moment for the fixed trial, using the same cap
and source integral bounds and their stated normalizations. The convexity enclosure supplies the
margin used by the formal implication.

The verification directory supplies a pinned verify_analytic.sh rebuild, complete endpoint
types, and the numerical-premise definitions. These are indexed in the reproduction material of
Appendix B. Rebuilding the formal implication does not regenerate the interval integrals. The
companion’s many-primes exponential-bound theorem is an ordinary analytic result; it is not a
formal endpoint of this development.
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A Notation at a glance

Symbol Meaning

x,R = xρ∗ Arithmetic scale and coefficient-divisor scale
ρ∗, ρ Actual scaling and slightly larger design parameter
ρD, νζ Dickman function and finite fragment measure
X, |X|,Mξ Fragment configuration, its total, and its largest fragment above ξ
Hϕ,ξ Inclusive tail obstruction in (3.7)
F,U = PF Fixed cap profile and its actual arithmetic restriction
Ei, Vi Erasure of coordinate i, and the resulting face profile
I(F ),N Unscaled profile norm and common numerical normalization
HO,H0,H1,HC Outer, base, enlarged and subtraction cap domains
O,L0, L1, C Their actual arithmetic counterparts
ϱx, bx Sharp minorant and its nonnegative exceptional part
κtrue, κ̄ True mean deficit and a rational upper bound
K, ℓ, dh Exceptional step kernel, fixed hybrid parameter, and κ̄(1/ℓ− 1)
C,T,D Scaled cap operator, actual-face operator and their positive difference
Aj ,Mj , b Normalized outer mass, outer operator-energy and complete inner-

deletion bounds
I−, I+ Lower and upper enclosures of I(F )/N
µ−, L̄ Certified cap surplus and complete restoration loss ceiling

B Reproduction and the digital supplement

B.1 Fixed data

The digital supplement specifies the exact trial and numerical certificate. Its data/ directory
contains:

fixed_trial.json
The complete trial, including all cap shells, knot data, source rows and the three independent
coefficient arrays.

profile_coefficients.csv
The 726 coefficients in a flat table. Columns specify cap component, cap in units of h, signature,
spline index, numerator and denominator.

arithmetic_source_rows.csv
All 43 old and 55 new retained rows, with their exact rational parameters.

numerical_certificate.json
The final exact scalar assembly, all 60 outer components, complete inner total, tuple check and
transitive provenance.

inner_source_ledger.json
The aggregate inner ledger, including family totals, the 64/68/5 component counts, and references
to the underlying integration outputs.
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inner_component_bounds.csv
All 137 individual normalized inner contributions. Each row gives the family, kind, index, raw
upper bound, coefficient, normalized rational contribution to b, and source file.

sharp_mass_moments.json
The three-simplex rational moment calculation, including all degree-22 coefficients and tail
bounds used in Section 4.5.

The authoritative coefficients are the three independent_components arrays in the trial. A
top-level coefficient vector is retained there as a constructor seed and is not the full profile. The spline
argument is the uncentered s◦ in (7.3); the center field is not used by this spline representation.

The fixed trial’s SHA-256 digest is

3ebae41700a7839f2d7a7b3fe068b11ed364
a7542aab110173bbcdbd66645952.

The full source integration outputs are in the research archive prime_gaps_20260903/.

B.2 Two levels of numerical checking

From the research archive directory, the fast scalar check is

python3 -B \
experiments/fragment_ritz/certify_fine_restored_182.py \
--output /tmp/prime_gap_182_recheck.json

The independent arithmetic check is

python3 -B \
experiments/tuple_geometry/final_norm_credit_independent.py \
--output /tmp/prime_gap_182_independent_recheck.json

These commands check the stored enclosures and exact restoration arithmetic. They do not repeat
the long interval integrations. The reproduction guide, output/REPRODUCE_182.md, gives the
runtime preflight and all producer commands for numerical regeneration.

The reproduction guide specifies the pinned FLINT build and the required signed-FFT regression.
Rigorous bounds use directed interval arithmetic.

B.3 Lean certificates

The formalization is supplied in prime_gaps_analytic_verification_20260904/. Its README.md
specifies the toolchain, entry points, theorem hypotheses and local Fourier premise. From that
directory, the principal reproduction command is

sh verify_analytic.sh

The entry is formal/PrimeGaps182Analytic.lean; formal/TypeIIILocalAlgebra.lean contains
the separate local-algebra supplement. These builds verify conditional mathematical implications.
Their numerical assumptions refer to the fixed physical integrals described in Section 13; running
the builds does not recompute those integrals.
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Incidence operators and intervals containing many primes

4 September 2026

Abstract

We retain a positive quadratic form in the dispersion method for bilinear convolutions. An
integer change of variables expresses this form as an incidence operator acting on a weighted set
of fractions. Its complete Fourier modes reduce to a circulant operator whose eigenvalues are
rank-four hyper-Kloosterman sums. This gives the operator bound needed for completion in
two smooth, possibly sheared, windows. An elementary weighted Farey estimate then yields the
Type II condition

γ >
3
10 + 8ω + 16

5 δ,

together with the preliminary inequalities stated in the paper. We prove the transfer with the
original Fourier weights, congruence conditions, and divisor sectors retained, and state the precise
extension to densely divisible moduli. Combining this result with the Type III theorem in the
companion paper and a Harman minorant gives Hm ≪ exp(3.7877m). The constant implicit in
this asymptotic statement is not evaluated.
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1 The result and the structure of the argument
Let pn be the nth prime and write

Hm = lim inf
n→∞

(pn+m − pn).

Our application is the following asymptotic estimate.

Theorem 1.1. There is an absolute constant C such that

Hm ≤ C exp(3.7877m) (m ≥ 1).

The main new estimate proved here concerns a bilinear convolution α ∗ β at total scale x. If the
shorter factor has length N = xγ , we obtain distribution to certain squarefree moduli of size xθ,
where θ = 1/2 + 2ω. The significant lower bound for γ is

5γ > 3
2 + 40ω + 16δ. (1.1)

The complete list of hypotheses appears in Theorem 2.1. The quantity δ measures either smoothness
of the original modulus or the multiplicative width within which its required divisors can be chosen.

The application also uses a new Type III estimate. That estimate is proved in the separate paper
[7]; its full scale hypotheses are recalled in Proposition 10.1. It is an estimate for a convolution with
three smooth factors, not a distribution theorem for primes to all moduli up to x0.5284. Harman’s
sieve combines the different convolution estimates into a particular prime minorant. Its mean and
its distribution level, together, give Theorem 1.1.

1.1 Why an incidence operator appears

After the usual dispersion reductions, one must bound a positive sum of squares with an inner
expression of the form ∑

λ

cλ

∑
n≡jλ (mod e)

ψN (n)eq

(
Aλ

e(n+Be)

)
. (1.2)

For this explanation suppose that e and λ are units modulo q, and temporarily suppress the
additional arithmetic masks. Writing

n = jλ+ ek, b = (k +B)/λ (mod q)

turns the phase into eq(A/(ej+ e2b)). Thus the dependence on the two row variables (e, j) is carried
by the matrix

Re,j;b = 1(ej+e2b,q)=1eq

(
A

ej + e2b

)
.

The input vector counts fractions (k + B)/λ with the original weights cλ. This representation
preserves the signed sum over λ inside each square. It also preserves the exact integer congruence:
k is an integer, not a real substitute for the quotient (n− jλ)/e.

There are three distinct estimates in the argument. First, the complete Fourier modes of R∗R
have norm O(q3/2+o(1)), except for a controlled factor when both frequencies vanish at a prime
divisor of q. Second, completion transfers this bound to the actual row windows. Third, the input
vector has small enough squared norm by an elementary count of equal fractions. These steps
occupy Sections 3–5.
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The arithmetic transfer is not just a substitution into this model. The coefficients in (1.2)
initially depend on e; some primes divide λ; the original congruence conditions couple e and n; and
the numerator interval depends on λ. Sections 6–8 treat these points in the order needed to preserve
positivity. In particular, an input-dependent mask is never removed from a signed sum by asserting
an inequality.

1.2 What the many-primes conclusion uses

The final choice has

θ = 0.5284, a = 0.41361, I = 0.34941, c = 0.41364.

Here I is the threshold for a long smooth Type I factor, [a, 1−a] is the Type II band, and c describes
the three Type III factors. The minorant is exactly

ρ = 1P − E1 − E2,

where E1, E2 count specified labeled products of five primes. Its mass loss is an ordinary four-
dimensional prime-density integral. An explicit upper bound for that loss, followed by small fixed
retreats, gives an exponential constant below 3.7877. No numerical value for H1 follows merely
by setting m = 1 in Theorem 1.1, since its absolute constant is unevaluated. The fixed-profile
application to a specific gap belongs to [8].

2 Arithmetic conventions and the Type II statement
All asymptotic statements concern x → ∞. Exponents such as ω, δ, γ are fixed. When several strict
inequalities are imposed, the estimates are uniform on closed parameter sets lying a fixed positive
distance inside the permitted region. We write eq(t) = exp(2πit/q) and e(t) = exp(2πit). A quotient
in eq(·) denotes inversion modulo q and is used only when its denominator is a unit. The symbol ∗
denotes Dirichlet convolution, (α ∗ β)(n) =

∑
uv=n α(u)β(v). Parentheses (u, v) denote a greatest

common divisor, and brackets [u, v] a least common multiple.
For a finitely supported sequence f and a primitive residue a (mod q), define its discrepancy by

Eq(f ; a) =
∑

n≡a (mod q)
f(n) − 1

φ(q)
∑

(n,q)=1
f(n). (2.1)

The second term is the coprime mean. In particular, we do not replace it by the unrestricted mean
unless rough support later justifies that replacement.

2.1 Coefficient hypotheses

We use the coefficient classes of [3, Definitions 2.5–2.6]. A coefficient sequence at scale N is supported
in [cN,CN ], for fixed 0 < c < C, and satisfies

|α(n)| ≪ τ(n)B(log x)B

for a fixed B. Complex sequences are allowed by separating their real and imaginary parts. The
bounds for a family of sequences are uniform. The Siegel–Walfisz property means that, for every
fixed A > 0, all integers q, r ≥ 1, and all primitive a (mod q),∣∣∣Eq

(
α1(·,r)=1; a

)∣∣∣ ≪A τ(qr)O(1)N(log x)−A. (2.2)
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The divisor exponent is fixed. The extra coprimality condition in (2.2) is part of the hypothesis.
A smooth coefficient at scale N has the form ψ(n/N), where ψ is smooth, supported in a fixed

compact subinterval of (0,∞), and, for every fixed j, ∥ψ(j)∥∞ ≪j (log x)Oj(1). Translated smooth
windows will also occur, with their centers specified separately. Fixed smooth subdivisions and the
separation of product inequalities are permitted with the same uniform coefficient hypotheses.

2.2 Residues and modulus classes

A coherent primitive residue system assigns a nonzero residue ap (mod p) to each relevant prime.
For a squarefree modulus q, the class a(q) is the Chinese-remainder combination of the ap for p | q.
Equivalently, on the divisors of any fixed squarefree product P , it is the restriction of one primitive
class modulo P . Our estimates are uniform in this system. They do not require, or assert, that the
residue at each unrelated modulus may be chosen independently.

An integer is y-smooth if every prime divisor is at most y. Initially the moduli divide a squarefree
product P of primes below xδ. Section 9 states the more general factorization class on which the
same proof works.

Theorem 2.1 (Incidence Type II estimate). Fix ω, δ > 0 and put θ = 1/2 + 2ω. Suppose

12ω + 6δ < γ <
1
2 − 2ω, 2γ + 4ω + 2δ < 1, γ > 16ω + 7δ, 5γ > 3

2 + 40ω + 16δ. (2.3)

Let α and β be coefficient sequences at scales M,N , where MN ≍ x and N = xγ, and suppose that
β has the Siegel–Walfisz property. For every fixed A > 0,∑

q|P
q≪xθ

|Eq(α ∗ β; a(q))| ≪A x(log x)−A, (2.4)

uniformly over squarefree P whose prime divisors are below xδ, and over coherent primitive residue
systems. The implied constant may depend on the coefficient bounds and the strict margins in (2.3).

The role of the four conditions is worth recording before the proof. The first is a preliminary
dispersion range. The next controls the volume of the Farey input. The third ensures adequate
divided row lengths in the source transfer. The last makes the principal oscillatory error small and
implies the two remaining error inequalities. At δ = 0, its boundary is γ = 3/10 + 8ω.

We will use ε for the small, fixed retreat in the dispersion proof and η for arbitrarily small
divisor-bound losses. The order of choice is important: first fix the strict margins, then choose ε,
then choose the finitely many η’s much smaller than ε. A displayed O(ε) in an exponent is not an
o(1) term when ε is fixed.

3 Complete modes of the incidence operator
This section is independent of the sieve. Let q be squarefree and (A, q) = 1. On the space ℓ2(Z/qZ)
with counting measure, set

Fq(u) = 1(u,q)=1eq(A/u), Re,j;b = Fq(ej + e2b). (3.1)

Nonunit e give zero rows. The complete matrices are

Dh,ν
q (b, b′) =

∑
e,j mod q

eq(he+ νj)Re,j;bRe,j;b′ . (3.2)
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These Fourier transforms are unnormalized: there is no q−1 or q−2 in (3.2). Matrix norms below
are Euclidean operator norms.

Proposition 3.1. For every fixed η > 0,

0 ≤ D0,0
q ≤ q2 Id,

∥∥∥Dh,ν
q

∥∥∥
op

≪η q
3/2+η(q, h, ν)1/2. (3.3)

At q = 1 the operator has one constant column and the first inequality is interpreted directly.

The exact constant one on the zero mode will matter in the arithmetic argument. The oscillatory
estimate alone, with a qη factor everywhere, would obscure the available retreat in the main term.

3.1 Prime-modulus identities

For an odd prime p, use the normalization

Klr(t; p) = p−(r−1)/2 ∑
x1,...,xr−1∈F∗

p

ep

(
x1 + · · · + xr−1 + t

x1 · · ·xr−1

)
. (3.4)

Thus Kl3(0; p) = 1/p. For t ≠ 0, the standard hyper-Kloosterman bound gives | Klr(t; p)| ≤ r; we
need r = 4 only, in the form recalled in [3, Proposition 6.9 and Remark 6.10].

Fix b ̸= b′ and let d = b′ − b. On a nonzero row put

u = j + eb, v = j + eb′.

Then e = (v− u)/d. The two denominators are units precisely when u, v ̸= 0, and the omitted e = 0
rows are the line u = v. The complete phase becomes

−Ad

uv
+ νb′ − h

d
u+ h− νb

d
v. (3.5)

For C ̸= 0, a useful elementary identity is∑
u,v ̸=0

ep(C/(uv) + αu+ βv) = pKl3(Cαβ; p) − p1α=β=0. (3.6)

If αβ ̸= 0, rescale u, v. If exactly one coefficient vanishes, sum first in the variable without a linear
term; the result is 1. If both vanish, the sum is −(p− 1). These are exactly the three cases in (3.6).

Subtracting the line u = v from (3.5) gives

Dh,ν
p (b, b′) = pKl3

(
A(h− νb)(h− νb′)

b′ − b
; p
)

− Sν(b′ − b) − p1h=ν=0, (3.7)

Sν(d) =
∑
u̸=0

ep(−Ad/u2 + νu).

On the diagonal the original phase cancels. Direct summation over e ̸= 0 and j ̸= −eb gives

Dh,ν
p (b, b) =

{
1 − p1h=νb, ν ̸= 0,
(p− 1)(p1h=0 − 1), ν = 0.

(3.8)

This calculation keeps all zero linear coefficients. In particular, the last term of (3.7) cannot be
omitted when h = ν = 0.
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3.2 A circulant operator with hyper-Kloosterman eigenvalues

For a ∈ F∗
p define

La(x, y) = 1x ̸=y Kl3(a/(x− y); p). (3.9)

It depends only on x− y, so the additive characters p−1/2ep(sx) diagonalize it. Their eigenvalues are

λs =
{√

p Kl4(−as; p), s ̸= 0,
−1/p, s = 0.

(3.10)

Indeed, for s ̸= 0 expand (3.4) and put z = −st in the sum over t = x− y ̸= 0:

λs = p−1 ∑
t,u,v ̸=0

ep

(
u+ v + a

tuv
− st

)
= p−1 ∑

z,u,v ̸=0
ep

(
u+ v + z − as

zuv

)
.

This is the first case of (3.10). When s = 0, the sum over t is −1, giving the second case.
Consequently

∥La∥op ≤ 4√
p. (3.11)

Suppose next that ν ̸= 0. The projective transformation

g(b) = 1
ν(h− νb) (3.12)

is represented by
(

0 ν−1
−ν h

)
, of determinant one. Away from its pole,

− A

g(b) − g(b′) = A(h− νb)(h− νb′)
b′ − b

.

Extend L−A by a zero row and column at infinity. The principal matrix in (3.7) is therefore a
compression of a permutation conjugate of pL−A, except for the off-diagonal entries in the pole row
and column. Those entries are all 1, because pKl3(0; p) = 1. Their symmetric correction has norm√
p− 1.

The matrix with entries Sν(b′ − b) is also circulant. Its eigenvalues, up to a harmless Fourier
sign, are

p
∑
u̸=0

−A/u2=ξ

ep(νu).

There are at most two terms, so its norm is at most 2p. Since Sν(0) = −1 when ν ̸= 0, the remaining
diagonal correction in (3.8) has norm p. We have proved∥∥∥Dh,ν

p

∥∥∥
op

≤ 4p3/2 + 3p+
√
p− 1 (ν ̸= 0). (3.13)

For ν = 0 and h ̸= 0, the principal part is already circulant, with entries pKl3(Ah2/(b′ − b); p) off
the diagonal. Equations (3.8) and (3.11) give the bound 4p3/2 + 2p.
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3.3 The zero mode and squarefree moduli

Write J for the all-ones matrix and S0 for the full circulant with entries S0(b′ − b), including its
diagonal. The preceding exact identities give

D0,0
p = (p2 − 1) Id −(p− 1)J − S0. (3.14)

The Fourier eigenvalues of S0 are nonnegative: they equal p times the number of solutions of
−A/u2 = ξ. Hence S0 ≥ 0. The matrix D0,0

p is a Gram matrix, so (3.14) proves 0 ≤ D0,0
p ≤ p2 Id.

More explicitly its eigenvalues are p− 1 on the constants and p2 − p− 1 − pχp(−As) for s ̸= 0. At
p = 2 the two nonzero rows are a signed permutation matrix; each complete-mode norm is 1. This
also gives the required zero-mode inequality.

For squarefree q, the Chinese remainder theorem identifies the input space with the tensor
product of the prime input spaces. The complete matrices tensor as well. In the local factor at p, the
parameters A, h, ν are multiplied by the unit (q/p)−1 (mod p) in the appropriate additive characters.
The estimates above are uniform in these unit changes. At a prime for which (h, ν) ̸≡ (0, 0) the
factor is O(p3/2); at a common zero it is at most p2. Multiplying gives∥∥∥Dh,ν

q

∥∥∥
op

≪ Cω(q)q3/2(q, h, ν)1/2 ≪η q
3/2+η(q, h, ν)1/2.

The exact zero-mode bounds multiply without Cω(q). This proves Proposition 3.1.

4 Completion in smooth and sheared windows
The row windows in the dispersion argument are not generally rectangles. Their natural coordinates
are a divisor and a ratio of two integers. A uniform shear in the following lemma lets us retain that
geometry.

Lemma 4.1 (Smooth-window bound). Let w ≥ 0 be a smooth function of compact support in R2.
For arbitrary real e0, j0, τ and positive E1, E2, put

W (e, j) = w

(
e− e0
E1

,
j − τe− j0

E2

)
.

For squarefree q, (A, q) = 1, and every input vector r,∑
e,j∈Z

W (e, j)|(Rr)e,j |2 ≪η,w {E1E2 + q3/2+η + q1/2+η(E1 + E2)} ∥r∥2
2 . (4.1)

The bound is uniform in the size and arithmetic nature of τ . It also holds after an integer affine
change of the row coordinates whose linear determinant is coprime to q.

Proof. Periodize W modulo q and apply finite Fourier inversion. The factor preceding each complete
matrix is q−2. The zero residue of the Fourier transform contributes exactly

q−2
( ∑

e,j∈Z
W (e, j)

)
D0,0

q .

Its norm is at most the unrestricted lattice mass of W by Proposition 3.1. The restriction to unit
rows is already inside R; it is not inserted a second time in this mass.
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Poisson summation and repeated integration by parts give, for every fixed sufficiently large J ,

|Ŵ (h, ν)| ≪J,w E1E2

(
1 + |h+ τν|

T1

)−J (
1 + |ν|

T2

)−J

, Ti = q/Ei. (4.2)

Here the complete periodized coefficient is the sum over integer lifts of its residue. In estimating
nonzero residues, those lifts avoid qZ2; enlarging to all integer pairs other than (0, 0) gives an upper
bound.

For each d | q the weighted lattice sum satisfies

∑
(h,ν)∈Z2\{(0,0)}

d|h,d|ν

(
1 + |h+ τν|

T1

)−J (
1 + |ν|

T2

)−J

≪J
T1T2
d2 + T1 + T2

d
. (4.3)

To see this uniformly in τ , first take ν = 0 and sum over nonzero multiples of d. This costs O(T1/d).
For ν ̸= 0, the h-sum is O(1 + T1/d) uniformly in its center −τν; the remaining nonzero ν-sum is
O(T2/d).

Use (q, h, ν)1/2 ≤
∑

d|(q,h,ν) d
1/2, then (4.3). With the factor q−2E1E2, the nonzero modes

contribute at most
q3/2+η + q1/2+η(E1 + E2)

times ∥r∥2
2, after a harmless adjustment of η. Finally∑

e,j

W (e, j) ≪w (1 + E1)(1 + E2)

by summing first in j, uniformly in its center. The terms 1 +E1 +E2 are absorbed by the displayed
nonzero-mode bound. This proves (4.1), including subunit Ei.

For an integer affine change of rows, complete Fourier frequencies are carried by the transpose
of its linear part. When its determinant is a unit modulo q, it preserves (q, h, ν) and permutes the
complete row classes. Translation only introduces unit-modulus factors. The same proof applies in
the new integer coordinates.

The exact zero-mode statement can be useful separately: before replacing the lattice mass by an
area, its contribution is bounded with constant one by

∑
W . In the application below the divided

row lengths are polynomially large, so ordinary area estimates also apply. The all-positive-scale
formulation avoids an incorrect length-proportional estimate for an interval shorter than one in an
intermediate divisor sector.

5 The weighted Farey input
The local estimate controls an operator on all residues b (mod q). The input coming from the sieve
occupies these residues through fractions with short numerator and denominator ranges. The next
lemma requires no cancellation in their weights.

Lemma 5.1 (Weighted fraction energy). Let A be a set of P integers of one sign, with |u| ≍ U
and (u, q) = 1. For each u ∈ A, let Iu be an interval of length O(V ), where V ≥ 1; its center may
depend arbitrarily on u. For arbitrary |βu,k| ≤ 1 and complex cu, define

r(b) =
∑
u∈A

cu

∑
k∈Iu∩Z

βu,k1b=(k+B)/u (mod q).
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If the integer heights are bounded by a fixed power of x, then

∥r∥2
2 ≪η x

η(1 + UV/q)(V + P )
∑
u∈A

|cu|2. (5.1)

There is no coprimality condition on k +B.

Proof. For fixed u, u′, equality of the two residue fractions means

u′k − uk′ ≡ B(u− u′) (mod q).

As (k, k′) ranges in Iu × Iu′ , its determinant u′k − uk′ lies in an interval of length O(UV ). There
are O(1 + UV/q) possible values in the prescribed residue class, independently of the locations of
the intervals. For any fixed determinant value, integer solutions form a one-dimensional progression
with step (u/(u, u′), u′/(u, u′)). The number in the two intervals is at most

O

(
1 + V (u, u′)

U

)
.

Taking absolute values of the bounded weights produces a symmetric nonnegative majorant for the
input Gram matrix. Its row sum is at most

(1 + UV/q)

P + V

U

∑
|u′|≍U

(u, u′)

 .
The elementary divisor estimate∑

|u′|≍U

(u, u′) ≤
∑
d|u

dO(U/d) ≪ Uτ(|u|)

and Schur’s test prove the result, since τ(|u|) ≪η x
η in the stated height range.

Two features will be used. The endpoint contribution is P , the number of denominators actually
represented, rather than the length U of their ambient interval. Also, the numerator intervals may
move with u. The latter permits angular localization of the source row variable without lengthening
every numerator interval to the full denominator range. For small residual q, the divisor loss in
(5.1) is correctly written xη, not qη.

6 The dispersion form and its coefficients
We now connect the preceding operator lemmas to the bilinear convolution in Theorem 2.1. The
starting reduction is the one in [4, Definitions 3–6 and Lemmas 3–6], with the explicit factorization
intervals of [5, Section 6.4]. We stop immediately before the entrywise absolute-value estimate in the
proof of Stadlmann’s Lemma 6. The positive expression at that point is the object estimated here.

For ease of comparison, most source symbols are retained. There are four deliberate changes:
the original progression modulus is denoted qorig when needed; the completed exponential modulus
called m in the source is m here; the row residue called γ there is j here; and the divisor called c in
the mask expansion below is f . Thus γ continues to mean logxN , and c remains available for the
Harman cutoff. The residue on a q0-line is denoted ζ0 to distinguish it from the later Harman cutoff
ζ.
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6.1 Source ranges and the smaller divisor target

Let Qs, Rs be the lengths of the two initial modulus factors. After the standard preliminary
reductions we may assume

x−4ε−δN ≪ Rs ≪ x−2εN, x1/2−ε ≪ QsRs ≪ x1/2+2ω+ε. (6.1)

The omitted smaller moduli are covered by the bilinear Bombieri–Vinogradov theorem [3, Theorem
2.9]. Let q0 be the common divisor arising in the dispersion step and set

H = xεRsQ
2
s

q0M
. (6.2)

The nontrivial part has H ≥ 1. A signed dyadic block of Fourier indices has length H∗ ≤ H.
The source extracts u1, v1, v2, q2 at lengths Us, Vs, Vs, Qs/q0, respectively. We distinguish the

published smooth source, its enlarged formal source interface, and the dense-modulus source.
The published source in [4, Definition 3, equations (3.5)–(3.6)] has the stronger upper bound
Us ≪ q−1

0 x−5εQs/H and lower bound Vs ≫ x5εH. We prove the estimate also for the larger source
intervals used in the public formalization [6]:

q−1
0 x−δ−5εQs

H
≪ Us ≪ x−5εQs

H
,

q−1
0 x5εH ≪ Vs ≪ xδ+5εH.

(6.3)

In the explicit dense-modulus extraction of [5, Section 6.4], one first splits q0q1 = uv and then
removes the factors of q0 from u, v. Its ranges are

q−2
0 x−δ−5εQs

H
≪ Us ≪ q−1

0 x−5εQs

H
,

x5εH ≪ Vs ≪ q0x
δ+5εH.

(6.4)

The relation UsVs ≍ Qs/q0 holds in both cases. Neither displayed pair of intervals contains the
other. For every estimate after extraction we use the common envelope

x5εH

q0
≪ Vs ≪ q0x

δ+5εH, UsVs ≍ Qs/q0. (6.5)

Both powers of q0 in this envelope matter. The weaker lower bound is needed for the enlarged public
smooth-source interface; the larger upper bound is needed for the dense extension. The stronger
q0-free lower bound in (6.4) cannot be used when proving the common statement.

Choose the common divisor-extraction target

D = N

q2
0x

50εH2 , D/xδ ≪ ∆ ≪ D, ∆1 = x−5ε∆. (6.6)

We extract a divisor d ≍ ∆ of the factor of size Rs, write that factor as dr1, and subdivide the
d-range into windows of width ∆1 centered at d0 ≍ ∆. The target (6.6) is smaller by q2

0 than the
target in [4, Definition 5]. We use (6.6) for both source classes.

Here is its legality in the smooth case. From (6.1), (6.2), and MN ≍ x,

q0H ≫ (N/Rs)x−ε.
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It follows that
D

Rs
≪ Rs

N
x−48ε ≪ x−50ε. (6.7)

The lower-scale inequalities in (2.3) give D > 1 for sufficiently small ε. A smooth integer has a
divisor in the required interval. For the dense case the same interval is one of the explicit witnesses
verified in Section 9. Notice that q2

0H
2 in (6.6) is independent of q0 after substitution of (6.2).

Put
m = r1q0u1[v1, v2]q2, v0 = (v1, v2), v∗

i = vi/v0. (6.8)

This m is squarefree. The source gives A,B (mod m), independent of d, n and the Fourier indices,
such that

(A,m) = 1, B ≡ 0 (mod r1q0u1[v1, v2]), B ≡ ℓr1 (mod q2). (6.9)

Here ℓ is the integer shift from the dispersion argument. Choose a fixed integer representative of B
throughout the changes of variables below.

6.2 Separating the divisor-dependent Fourier weights

The Fourier coefficients in the source are

φi(h; d) = 1
M

∑
t

ψM (t)e
(

− th

dr1q0u1viq2

)
(i = 1, 2). (6.10)

The profiles ψM , ψN here are nonnegative smooth majorants introduced by the preceding Cauchy
reductions. They are not the original coefficient sequences α, β; their positivity adds no hypothesis
to Theorem 2.1. The product of the two Fourier coefficients depends on d. An operator estimate for
fixed cλ is applicable only after separating that dependence, before taking the square.

Put Ri = r1q0u1viq2 and Fh(d) = φ1(h1; d)φ2(h2; d). Fix a support bound t/M ≤ TM for ψM

and a bound LM for its absolute value. If |hi| ≪ H, the useful dimensionless Taylor parameter is

ST = ∆1
d0

(
1 + TMMH

d0
(R−1

1 +R−1
2 )
)

≪ x−4ε. (6.11)

Indeed, d0r1 ≍ Rs, q0u1vi ≍ Qs, and q2 ≍ Qs/q0. Hence MH/(d0Ri) ≪ xε, while ∆1/d0 ≪ x−5ε.
This argument uses the product relation in (6.5) and works for both extractions.

For a fixed integer J ≥ 1, Taylor’s theorem gives

Fh(d) =
J−1∑
j=0

(
d− d0

∆1

)j

aj(h) + rJ(d,h),

aj(h) = ∆j
1
j! F

(j)
h (d0).

(6.12)

On |d− d0| ≤ CD∆1, differentiation of the finite Fourier sums shows

|aj(h)| ≤ CJ(TMLM )2Sj
T , |rJ(d,h)| ≤ EJ := CJ(TMLM )2(CDST )J .

All constants and profile seminorms are fixed before the arithmetic source parameters vary. In
particular, aj is independent of d, n and the row residue, and has a uniform logarithmic bound when
ST ≤ 1.
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Here is the positivity step explicitly. For nonnegative row weights ρr, any finite features Ar,h,
and an expansion Fh(dr) =

∑
j<J ur,jaj(h) + rr,h with |rr,h| ≤ EJ , one has

∑
r

ρr

∣∣∣∣∣∑
h

Ar,hFh(dr)
∣∣∣∣∣
2

≤ 2J
∑
j<J

∑
r

ρr|ur,j |2
∣∣∣∣∣∑

h

Ar,haj(h)
∣∣∣∣∣
2

+ 2E2
J

∑
r

ρr

(∑
h

|Ar,h|
)2

.

(6.13)

This is just the triangle inequality followed by finite Cauchy–Schwarz. It leaves a positive Gram
form for each fixed coefficient vector. No assertion about positivity of a matrix of four-factor Taylor
coefficients is required.

For the source rows, let F be the original Fourier pair set, I the integer support of ψN , and
Dmax an upper bound for d. If |ψN | ≤ LN and the divisor-window weight is at most one, the last
line of (6.13) is at most

2E2
J

(
|F| |I|LN

)2(Dmax/w1)2. (6.14)

The final factor bounds the number of pairs (e, j) with 1 ≤ e ≤ Dmax/w1 and 0 ≤ j < e. All
three finite cardinality factors are at most x100 for sufficiently large x, uniformly in the source: the
original supports and all extracted factors have fixed polynomial height. Once ε is chosen, choose J
with 6εJ > 1000 + 48ε. The fixed constants and logarithmic profile bounds can then be absorbed
after increasing a single threshold for x, and (6.14) is at most x−48ε. For example, bounding each
remaining fixed or logarithmic factor by x and CDST by x−3ε gives the larger upper bound x613−6εJ .
The threshold is chosen after J and the profile bounds, but before the arithmetic source data. This
gives the needed uniformity rather than a pointwise Taylor approximation.

For a fixed Taylor term, aggregate by

y = h1v
∗
2 − h2v

∗
1.

In a source sector write

d = w1e, y = w1λ, λ = w2a0, Λ = |Y |/w1. (6.15)

Here λ lies in a signed dyadic interval of size Λ, w1 is squarefree and coprime to m, and w2 is the
full m-supported part of λ. Thus (a0,m) = 1; w2 may contain prime powers. The vectors are

cλ =
∑

h1v∗
2−h2v∗

1=w1λ

aj(h1, h2).

For a fixed represented y, the pairs (h1, h2) form an arithmetic progression of step (v∗
1, v

∗
2). If

|hi| ≤ Hb ≪ H, its cardinality is at most

1 + 2v0Hb

max(v1, v2) ≪ q0v0.

The last inequality uses the weaker lower bound in (6.5). Dividing y by w1 on the exact divisibility
block does not change a fiber. If |aj | ≤ BJ , Cauchy within each fiber, followed by summing the
original Fourier pairs only once, gives

∥c∥∞ ≪ q0v0BJ , ∥c∥2
2 ≪ q0v0B

2
JH

2
∗ ,

P := #{λ : cλ ̸= 0} ≪ H2
∗ ≤ H2.

(6.16)

12



Thus the pointwise square costs q2
0, whereas the total energy needs only q0. We shall use the

convenient common upper budget q2
0 for both. This deliberate weakening still suffices. The total-

energy bound must nevertheless use the number of Fourier pairs, rather than the ambient length of
the Y -interval; the latter replacement would spoil the mean.

6.3 The positive form with its full masks

Let b1, b2 be the primitive source residues. Define

Cd(n) = 1b1/n=b2/(n+ℓdr1) (mod q0), (6.17)
χe(n) = Cw1e(n)1(n,w1r1q0u1v1v2)=11(n+ℓw1er1,q0q2)=1. (6.18)

The inverses in (6.17) are restricted to units. By (6.9), all remaining prime-to-m conditions are exactly
the unit-pole conditions for the rational phase. The nonnegative row weight is µe = ψ∆1(w1e− d0).
The form to be bounded is

U =
∑

e
(e,mw1)=1

µe

∑
0≤j<e

∣∣∣∣∣∣∣∣
∑

λ
(λ,e)=1

cλ

∑
n≡jλ (mod e)

ψN (n)χe(n)em
(

Aλ

e(n+Bw1e)

)∣∣∣∣∣∣∣∣
2

. (6.19)

The sum includes every j (mod e), including zero and nonunit classes. This is a positive enlargement
already made in the source before its last Cauchy inequality. No squarefreeness condition on e is
needed in this enlarged form.

To specify precisely how the source is being used, its estimate before the entrywise step is

Σ2 ≪ε x
5ε/2∆ sup

√
Uraw. (6.20)

The supremum includes the fixed frequency and divisor sectors just described. If κ0 = (q0, ℓ), the
required bound for that stage is Σ2 ≪ q0κ0∆Nv0x

−10ε. It is therefore sufficient to prove

Uraw ≪ x−40εq2
0κ

2
0v

2
0N

2. (6.21)

Here Uraw retains the actual two-factor Fourier amplitude inside the square; U in (6.19) is one
fixed-coefficient form after (6.13). The exponent 40 leaves a reserve: the displayed Cauchy step yields
x−35ε/2, stronger than the required x−10ε. Equations (6.20) and (6.21) retain the normalization
of [4, Lemma 6]. The source’s preceding diagonal, small-modulus, and coefficient reductions are
unchanged. Its later entrywise exponential-sum estimate is replaced by Sections 7–8 below.

7 Congruence masks and the exact incidence coordinates
Several transformations of (6.19) are needed before applying Lemma 4.1. They are recorded explicitly
because changing their order can remove a condition inside a signed sum without justification.

7.1 The outside-modulus condition

Expand the factor (n,w1) = 1 as
1(n,w1)=1 =

∑
f |w1
f |n

µ(f).
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Apply Cauchy to this finite divisor sum at each row. The cost is a divisor function, hence xo(1). In
the f -sector set n = fn1. The original restriction (e, w1) = 1 ensures (f, e) = 1, so all row classes j
(mod e) can be relabeled by multiplication by f−1. The phase numerator is divided by f , and the
fixed integer Bw1 is replaced by

Bf = Bw1/f. (7.1)

All original restrictions (e,mw1) = 1 are retained at this stage.

7.2 The common modulus and its residue lines

Fix a unit row class e ≡ e0 (mod q0). The condition (6.17), after the preceding substitution, reads

(b2 − b1)fn1 ≡ b1ℓr1w1e (mod q0). (7.2)

Its allowed solutions have the form n1 ≡ ζ0e (mod q0) for a set of at most κ0 unit residues ζ0. In
fact the number of solutions of the unrestricted linear congruence, when nonempty, is (b2 − b1, q0),
which must divide ℓ; the required unit conditions can only reduce the count.

For one such line write the integer identity

n1 = ζ0e+ q0n2, B̂ = q−1
0 (Bf + ζ0) (mod m/q0). (7.3)

The definition of B̂ is modular: Bf + ζ0 need not be divisible by q0 as an integer. Relabeling j by
q−1

0 (mod e) gives the exact parametrization

n2 = jλ+ ek, 0 ≤ j < e, k ∈ Z. (7.4)

The part of the phase modulo q0 is

eq0

(
Aλ

(m/q0)f(Bf + ζ0)e2
0

)
. (7.5)

It is a fixed multiplier of cλ of modulus one. It is independent of k and of the remaining row
variables. Thus no partition of λ into residue classes is needed.

There are at most q0 row classes. For each, Cauchy over the allowed ζ0’s costs at most κ0, and
there are at most κ0 such terms. The resulting factor is q0κ

2
0. This factor will be displayed through

the normalization in Section 8.

7.3 Primes dividing the frequency numerator

Recall λ = w2a0 and (a0,m) = 1. Put

g = (w2,m/q0), q = m/(q0g). (7.6)

At a prime p | g, the original row still has e ̸= 0 (mod p), whereas λ = 0 (mod p). Equation (7.4)
then gives

n2 + B̂e = e(k + B̂) (mod p).

The local exponential is 1 on its pole complement, and the remaining condition is exactly 1(k+B̂,g)=1.
This is a bounded input weight, independent of both row variables. We move it into the numerator
weight in Lemma 5.1 and remove g from the oscillatory modulus.

This step is necessary: the unit-numerator zero-mode estimate for p cannot be applied to a
prime at which the numerator vanishes. Keeping its pole mask as an input weight avoids any extra
factor g in the mean.
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7.4 The frequency–row coprimality condition

On the original unit-e rows, (w2, e) = 1, so (λ, e) = 1 is equivalent to (a0, e) = 1. Use the exact
expansion

1(a0,e)=1 =
∑

t|(a0,e)
µ(t)

and apply Cauchy at the fixed row. Its cost is at most τ(e) = xo(1). Every occurring t is coprime to
mw1. Write

e = tE, λ = tw2u, E ≡ e0t
−1 (mod q0). (7.7)

Only now, inside each resulting positive square, may the remaining row restrictions outside q be
dropped. In particular, the condition (e, g) = 1 is dropped after the expansion, not before it.
Otherwise the equivalence of (λ, e) = 1 and (a0, e) = 1 would no longer hold on the enlarged row set.

The residual phase in this sector is

eq

(
A/(fq2

0gt)
Ej + E2(k + B̂)/(w2u)

)
. (7.8)

Its numerator is a unit modulo q. The factor g−1 is the CRT scalar in the surviving local characters;
it has no size cost. The remaining unit-pole condition is exactly the one in (3.1). The input residue
is

b = (k + B̂)/(w2u) (mod q).

Multiplication of all input residues by the unit w2 preserves their squared norm, so the fraction-energy
estimate uses the denominator u and its length, not the larger physical length of λ.

The row range remains 0 ≤ j < tE. There is no change to j (mod E). The progression in E in
(7.7) is an integer affine row change of determinant q0, a unit modulo q. It is therefore permitted in
Lemma 4.1.

8 Angular localization and summation of the source errors

8.1 Moving numerator intervals and sheared rows

For a fixed sector, define

esc = ∆/w1, V = Nw1
fq0∆ , U = |Y |

w1w2t
, J0 ≍ max(1,Λ/V ). (8.1)

The real ratio z = j/e = j/(tE) lies in [0, 1]. Cover this interval by smooth, bounded-overlap
angular cells of length O(1/J0). In a cell centered at τ , the support of ψN implies

k = −τλ− ζ0/q0 +O(V ). (8.2)

Thus its center depends on λ, exactly as allowed in Lemma 5.1. A common numerator interval of
length Λ is unnecessary.

The smooth factor can be expressed on fixed compact normalized ranges as a smooth function of

e

esc
,

(z − τ)Λ
V

,
λ

Λ ,
k + τλ+ ζ0/q0

V
. (8.3)

Indeed its argument is proportional to e{k+zλ+ζ0/q0}, and the product of the middle two variables
accounts for the mixed term. Fourier separation on these compact ranges gives absolutely summable
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combinations of a row factor and a bounded joint (u, k)-weight. The smooth seminorms cost only
powers of log x, or an arbitrarily small xη after the finite subdivisions. The triangular row cutoff
can be enlarged by nonnegative smooth cutoffs in these same angular cells, including the two end
cells. Their overlap is bounded, so rowwise Cauchy has no factor J0.

After the progression in E is parametrized, the two row lengths are

E1 = ∆1
w1tq0

, E2 ≍ ∆
w1J0

. (8.4)

The shear may be of size q0t, which is harmless by Lemma 4.1. The area contains 1/J0; this cancels
the number of angular cells. The nonzero-mode term, which has no area factor, pays at most J0.

With all the bounded separated factors included, put ct(u) = ctw2u. The coefficient bounds give

Pt := # supp(ct) ≪ min(H2, U), ∥ct∥2
2 ≪ xo(1)q2

0v
2
0Pt,∑

t

∥ct∥2
2 ≪ xo(1)q0v0H

2 ≤ xo(1)q2
0v0H

2. (8.5)

For the last bound, each original index occurs at most τ(|a0|) times in the t-sum. The first and last
estimates are used for different terms; neither is discarded in favor of the other.

8.2 The source envelopes

We now keep the small powers of x explicit. Fix C ≥ 2 large enough for all the dyadic size
comparisons in (6.1)–(6.8). This constant does not depend on the arithmetic parameters. For
sufficiently large x, we may assume C ≤ xε and put

L = C10x8ε, Z = x54ε, A∆ = x5ε. (8.6)

The following simultaneous envelope is valid for both source extractions:

x

L
≤ MN ≤ Lx, N = xγ , 1 ≤ H ≤ Lx4ω+δ

q0
,

N

Lq2
0x

δH2Z
≤ ∆1 ≤ N

q2
0H

2Z
, ∆ = A∆∆1, 1 ≤ A∆ ≤ Z,

|Y | ≤ Lq0x
δH2

v0
,

MH2

Lq0v0∆1
≤ m ≤ Lq0x

δMH2

v0∆1
.

(8.7)

Here q0, v0, w1 ≥ 1. The upper bound for ∆1 uses Cx−55ε ≤ x−54ε; its lower bound retains the same
extraction retreat within LZ. The estimate for H follows from H = xε(QsRs)2/(q0MRs) and (6.1).
The bound for Y follows by counting the original Fourier ranges and using the upper bound in (6.5).

It is useful to derive the modulus bounds separately. The exact identity

mv0 = r1q0u1v1v2q2

and the six size comparisons give

m ≍ RsQ
2
sVs

q0∆v0
= MHVs

xε∆v0
. (8.8)

Inserting the common lower bound Vs ≫ x5εH/q0 gives the lower bound in (8.7), including its q0
in the denominator. Using the original scale ∆ in (8.8) and only then substituting ∆ = x5ε∆1 is
essential. The resulting bounds are

q0ZMH4

Lv0N
≤ m ≤ L2q3

0x
2δZMH4

v0N
. (8.9)
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No smoothness assumption on m has entered these calculations.
For the geometric quantities of (8.1) we have

J0 ≪ Lxδ, Pt ≪ H2 ≤ V. (8.10)

Fixed comparison constants can be included in the actual lengths Vf and Jf used below. The
incidence density is

UV

q
= g

w2t

|Y |N
f∆m

≤ L2q2
0x

δN

A∆M
≤ q0L

4x2γ+4ω+2δ−1.

(8.11)

For the last step use N/M ≤ Lx2γ−1 and q0 ≤ Lx4ω+δ, a consequence of H ≥ 1. The strict
density condition makes the factor multiplying q0 less than one, even after the fixed row comparison
constants. Accordingly the valid uniform density allowance is

UV ≤ Ddensq, Ddens = q0. (8.12)

It need not be UV ≤ q. In particular q0 is retained as an arithmetic factor, not absorbed into xη.
Moreover a nonempty t-sector has w1t ≪ |Y |/w2, so both lengths in (8.4) exceed

xγ−16ω−7δ−O(ε). (8.13)

For example, the lower bound for E1 follows by using w1t ≪ |Y |/w2 and then (q0H)4 ≤ L4x16ω+4δ;
it is at least xγ−16ω−6δ/(L6Z) up to fixed constants. The lower bound for E2 also uses J0 ≪ Lxδ.
This explains the third condition of the theorem.

8.3 The four terms and the outside normalization

There are two levels of normalization: the output for an individual progression sector, and the
original masked energy. We record both. This also shows exactly where Ddens = q0 is paid.

Let Psm ≥ 1 bound the fixed and subpower losses, including the relevant divisor counts, finite
harmonic sums, Fourier-separation costs, and fixed profile bounds. These losses will be quantified
below, separately from L. Write

Bc = sup
λ

|cλ|, Ec =
∑

λ

|cλ|2, Ec = τcEc, Bc = B2
c

∑
t

1
t
,

where τc bounds the multiplicity from the t-divisor sum. By (6.16)–(8.5) we may arrange

Ec ≤ P 2
smq

2
0v0H

2, Bc ≤ P 2
smq

2
0v

2
0. (8.14)

For each f | w1, take the actual numerator length Vf and angular count Jf , with fixed comparison
constants included. Put Ebase ≍ ∆1/(w1q0) and esc ≍ ∆/w1. The four contributions, after the t
and angular sums, are bounded by Vf Tf , where

Tf =
(
2Ebaseesc + q1/2+ηJfEbase + 2q1/2+ηesc

)
Ec

+ 6Jfq
3/2+η Λ

w2
Bc.

(8.15)
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The first term comes from the exact zero-mode inequality D0,0
q ≤ q2 Id. The next two come from

the two row lengths in Lemma 4.1; the last comes from its q3/2+η term. For the first three terms
use the summed coefficient energy. For the last, use Pt ≪ Λ/(w2t) and the pointwise square bound,
which give the displayed harmonic sum. In particular, the zero mode does not pay the ambient
frequency height or an angular-count factor. The 1/Jf in its row area cancels the number of cells.

Here is a precise way to retain the outside factors. Let τe, τa bound the row-divisor and divided-
frequency divisor counts, and let Ccard satisfy Pt ≤ CcardVf . Let K be the fixed window constant,
Lrow a bound for the nonnegative row weight, and W = 1 + x2η the subpower Fourier-separation
factor. The mask expansions, Cauchy inequalities, and Lemma 5.1 give

U ≤ τ(w1)κ0τe
[
q0κ0WKLrow 9Ddens(Ccard + 8τa)

] ∑
f |w1

Vf Tf . (8.16)

To see the density factor, the fraction-energy estimate is proportional to 1 + UVf/q, and the
denominator row count is bounded by CcardVf . Thus it is bounded by a constant times Ddens(Ccard +
τa)Vf . The factor q0κ

2
0 outside it is precisely the residue and compatibility-line factor derived in

Section 7. The two additional divisor Cauchy steps contribute τ(w1)τe.
With (8.12), the arithmetic part of the outside factor is q2

0κ
2
0. It cancels against that part of the

raw normalization (q0κ0v0N)2. Thus the inner expressions to bound are Vf Tf/(v2
0N

2), not those
expressions divided a second time by q2

0κ
2
0. Neither q0 nor κ0 is required to be subpower.

8.4 The normalized monomials

Choose LY , LJ ≥ 1 with

Λ ≤ LY q0x
δH2

w1v0
, Jf ≤ LJx

δ.

We can take LY = L and LJ = 2CL. All fixed comparisons in Vf , Ebase, esc are included in Psm; in
particular

Vf ≤ PsmNw1
q0∆ , Ebase ≤ Psm∆1

w1q0
, esc ≤ Psm∆

w1
, qη ≤ Psm.

Using q ≤ m/q0, (8.14), and ∆1 ≤ ∆ in (8.15) gives

Vf Tf

v2
0N

2 ≤ P 5
sm(2B0 + LJB1 + 2B2) + 6P 4

smLY LJBosc, (8.17)

where

B0 = ∆1H
2

w1v0N
≤ 1
q2

0w1v0Z
, (8.18)

Bosc = q
1/2
0 x2δm3/2H2

v0N∆ , (8.19)

B2 = q
1/2
0

√
mH2

v0N
, B1 = xδ

√
mH2

q
1/2
0 v0N

. (8.20)

For example, the area contribution is bounded by

PsmNw1
q0∆

2P 2
sm∆1∆
w2

1q0

P 2
smq

2
0v0H

2

v2
0N

2 = 2P 5
smB0.
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This calculation displays the surviving q2
0 coefficient budget and the absence of any LJx

δ from
the mean. For the last term the factors are instead Vf , Jf , q3/2+η, Λ/w2, and Bc; they give
6P 4

smLY LJBosc. Factors f−1, w−1
2 and the additional powers of g−1 may be discarded since they

are favorable.
Substituting (8.9) and then the upper bound for H gives

Bosc ≤ L16Z5/2x3/2+40ω+16δ−5γ

q3
0v

5/2
0

, (8.21)

B2 ≤ L6Z1/2x1/2+16ω+5δ−2γ

q2
0v

3/2
0

, (8.22)

B1 ≤ L6Z1/2x1/2+16ω+6δ−2γ

q3
0v

3/2
0

. (8.23)

For clarity, before inserting the bound for H, the first right-hand side comes from

Bosc ≤ L4q7
0x

6δZ5/2M3/2H10

v
5/2
0 N7/2

.

The factors H10 and M3/2 ≤ (Lx/N)3/2 then produce 40ω, 16δ, and −5γ. The exact intermediate
power of L is 31/2, rounded up to 16. The corresponding power for each row error is 11/2, rounded
up to 6.

The two source allowances have product q3
0: q2

0 for the coefficient budget and q0 for the incidence
density. Both have been incorporated in the outside normalization and (8.17). After all substitutions
the remaining denominators are q2

0, q
3
0, q

2
0, q

3
0 for the mean, oscillation, second row, and first row.

They remain favorable; no additional condition on ω, δ, γ is needed.

8.5 A uniform saving and completion of the transfer

Here are explicit budgets that avoid an unspecified O(ε) in the final saving. First choose ε > 0 so
small that

600ε ≤ 5γ − 3
2 − 40ω − 16δ,

250ε ≤ 2γ − 1
2 − 16ω − 6δ,

100ε ≤ min
{
γ − 12ω − 6δ, 1

2 − 2ω − γ, 1 − 2γ − 4ω − 2δ, γ − 16ω − 7δ
}
.

(8.24)

Also impose any smaller fixed retreat required in the initial source reductions. These choices are
possible throughout (2.3); the second margin is positive because

2γ − 1
2 − 16ω − 6δ = 2

5

(
5γ − 3

2 − 40ω − 16δ
)

+ 1
10 + 2

5δ.

The coarse lower bound for the divided row lengths can cost nearly 200ε through powers of L and
Z. This is also covered by the first budget: under γ < 1/2 − 2ω,

γ − 16ω − 7δ − 1
2

(
5γ − 3

2 − 40ω − 16δ
)

= 3
4 − 3

2γ + 4ω + δ > 0.
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Thus the row margin is in fact greater than 300ε; the separate 100ε line in (8.24) does not limit the
available reserve to 100ε. For a closed interval of possible γ, use its lower endpoint in lower bounds
and its upper endpoint in upper bounds, before choosing ε.

Next choose the finitely many divisor-loss exponents η sufficiently small, and take x large, to
arrange

1 ≤ Psm ≤ xε/100, L ≤ x20ε, LY , LJ ≤ x25ε, Z = x54ε. (8.25)

All actual indices and moduli have height at most x100, so these bounds hold uniformly for their
divisor functions, finite harmonic sums, and qη. Fixed constants and the logarithmic profile bounds
are chosen before the threshold for x. The parameter Psm does not include q0, κ0, or either of the
coarser factors LY , LJ . The density inequality (8.12) follows from its 100ε margin and L4 ≤ x80ε,
with room for the fixed geometry factors.

Substituting (8.25) into (8.18) and (8.21)–(8.23) gives the following upper exponents, in units
of ε, for the four summands of (8.17) before the numerical multipliers 2, 1, 2, 6:

Summand Exponent at most

P 5
smB0 5/100 − 54 = −53.95
P 5

smLJB1 5/100 + 25 + 120 + 27 − 250 = −77.95
P 5

smB2 5/100 + 120 + 27 − 250 = −102.95
P 4

smLY LJBosc 4/100 + 50 + 320 + 135 − 600 = −94.96

Every term is therefore at most x−50ε. The numerical multipliers total 11, which is at most xε for
sufficiently large x. Consequently

Vf Tf

v2
0N

2 ≤ x−49ε. (8.26)

Finally collect the outside factors of (8.16). Each of τ(w1), τe,W,K,Lrow, Ccard, τa is bounded
by Psm. There are at most Psm divisors f | w1, and Ccard + 8τa ≤ 9Psm. Thus

U ≤ (q0κ0v0N)281P 7
smx

−49ε. (8.27)

This is a bound for the full fixed-coefficient masked energy, not merely for a normalized progression
sector.

Return to (6.13). The finite number of Taylor terms, their row factors bounded by C2j
D , and the

constant 162J2 can also be included in Psm by enlarging the threshold for x. The main terms are
then at most (q0κ0v0N)2x−48ε, since P 8

smx
−49ε ≤ x−48ε. The remainder (6.14) is at most x−48ε; it

is absorbed into the same scale because q0κ0v0N ≥ 1. Increasing x once more proves (6.21). This
proves the required secondary source estimate through (6.20), with its literal outside normalization
and a uniform positive saving.

For completeness, the preliminary low-range dispersion conditions do not add a hidden restriction
to (2.3). Its last wall and upper bound imply ω < 1/50 < 1/16 and δ < 1/16 < 1/8; they also imply
γ > 1/4+4ω+δ and γ > 8ω+2δ. These are the preliminary size conditions in the source reductions,
with strict room for their fixed ε retreats. Apply those reductions on a small closed interval about
the fixed γ in the theorem. The secondary estimate is uniform in every modulus factor, coefficient
family and compatible residue. The preceding diagonal and small-modulus estimates, the remaining
dyadic sum, and the passage from the dispersed expression to the convolution discrepancy are then
those of [4, proof of Theorem 1, through Lemma 6] and [3, Section 5]. They use the Siegel–Walfisz
hypothesis on β stated in Section 2. This proves Theorem 2.1 for its fixed scale N . Covering the
entire band xa ≤ N ≤ x1/2 is a separate step; its additional handoff conditions are stated below.
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Remark 8.1 (The upper range used in the transfer). The source condition 2γ + 8ω + 4δ < 1 is not
an additional hypothesis of Theorem 2.1. In [4, Lemma 17, equations (3.30) and (3.33)] it controls
the complete-sum mean; the same role is explicit in [5, equation (6.4)]. Here that mean is bounded
by (8.18). The extraction and the reduction to (6.19) use the preliminary range retained in (2.3).

9 The precise dense-divisor extension
The complete-mode, window, and fraction-energy lemmas require only squarefreeness of the final
m. Smoothness of the original modulus is used earlier to choose three divisors. Keeping those
requirements explicit gives a useful extension without assuming smoothness of m or an additional
level of dense divisibility after the extraction.
Definition 9.1. For fixed x, ω, γ, δ, ε, let Dinc(x;ω, γ, δ; ε) consist of squarefree qorig ≪ x1/2+2ω for
which there are divisors r | qorig, u | qorig/r, and d1 | r satisfying

xγ−3ε−δ < r < xγ−3ε,

x1−γ−6ε−δ

qorig
< u <

x1−γ−6ε

qorig
,

r2x
2−γ−52ε−δ

q4
orig

< d1 < r2x
2−γ−52ε

q4
orig

.

(9.1)

As usual, fixed dyadic comparison constants may be absorbed by slightly smaller positive retreats.
This is the literal factorization class DIIc in [5, Section 6.4]. Its three choices occur at different

stages. The divisor r makes the initial qr factorization; u produces the u1, vi splitting; d1 gives the
short divisor window. Substitution of qorig ≍ QsRs and r ≍ Rs into the last interval gives exactly
(6.6). Removing the part of u belonging to q0 gives (6.4), which is included in the common envelope
(6.5).
Corollary 9.2. The conclusion of Theorem 2.1 holds with the smooth-modulus sum replaced by a
sum over Dinc(x;ω, γ, δ; ε), for sufficiently small fixed ε, under the same coefficient hypotheses and
coherent primitive residue convention. Small-modulus terms are included by the bilinear Bombieri–
Vinogradov theorem.
Proof. Use the factorization-preserving reduction of [5, Section 6.4] through the form (6.19). The
preliminary removal of small prime parts and the dyadic choices there introduce only the retreats
already displayed in (6.1) and (6.4). The three witnesses supply every factorization used before that
form. The replacement argument from (6.19) onward is valid for every resulting squarefree m; it
asks for no further divisor. All its normalizations used the larger, factorization-preserving envelopes.
This proves the corollary.

9.1 Strong triple dense divisibility supplies the witnesses

We recall the recursive convention, because weaker notions of “three divisors at convenient sizes” do
not suffice here. Let D(0)(y) be all positive integers. For i ≥ 1, an integer n belongs to D(i)(y) if,
for every j, k ≥ 0 with j + k = i− 1 and every 1 ≤ R ≤ yn, it has a factorization n = ab such that

R/y ≤ b ≤ R, a ∈ D(j)(y), b ∈ D(k)(y).

This is the multiple dense divisibility of [3, Definition 2.1], also called strong multiple dense divisibility
in the fragment-sieve formulation. For i = 1, requiring targets only up to n is equivalent, since the
remaining targets may use b = n.
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Corollary 9.3. Fix 0 < δ′ < δ and parameters satisfying (2.3). The estimate of Theorem 2.1 holds
over squarefree moduli qorig ≪ x1/2+2ω that belong to D(3)(xδ′), uniformly in coherent primitive
residues.

Proof. It is enough to consider qorig ≥ x1/2−ε. Use the orientation (j, k) = (1, 1) in the definition of
D(3) to choose r near xγ−3ε, so that both r and qorig/r are singly xδ′-densely divisible. Thus

xγ−3ε−δ′ ≤ r ≤ xγ−3ε.

In the two singly dense factors choose divisors with upper targets

U∗ = x1−γ−6ε/qorig, D∗ = r2x2−γ−52ε/q4
orig. (9.2)

The targets do not exceed their available factors, since
U∗

qorig/r
≤ x−7ε,

D∗
r

≤ x−51ε

when qorig ≥ x1/2−ε. Their lower bounds have exponents at least

1
2 − γ − 2ω − 6ε, γ − 8ω − 2δ′ − 58ε,

respectively. These are positive for sufficiently small ε by (2.3). Single dense divisibility therefore
supplies u, d1 in intervals of width xδ′ .

The strict gap δ − δ′ allows the targets to be retreated slightly, so their intervals lie strictly
inside (9.1). It also absorbs fixed comparison constants and the small prime part transferred in the
source reduction. More explicitly, deleting or adjoining a factor s = xo(1) changes a dense-divisor
width by at most s, by [3, Lemma 2.10(i)]; choose an intermediate exponent between δ′ and δ before
taking x large. Corollary 9.2 now applies.

The corollary is the dense-modulus interface needed when this Type II estimate is used in a
fragment sieve. It imposes no identity between fragment predicates arising from different distribution
inputs: each predicate supplies a sufficient construction of the dense divisibility required by the
arithmetic input. The numerical many-primes application below needs only the smooth special case.

10 The convolution inputs for Harman’s sieve
We next explain how the bilinear estimate enters a prime minorant. The terminology in this section
refers to the shape of the convolution used in the sieve. In particular a long smooth factor is called
Type I here, whereas the lower part of the bilinear band in [3] is also called a Type I estimate. We
specify the factors each time to avoid relying on that terminology.

Let I, a, c be fixed cutoffs and put

L = 1 − a, λ = 1 − 2a, ζ = 1 − I − a. (10.1)

The combinatorial region we use is
2
5 < a <

5
12 ,

1
10 < λ < ζ < I < a < c <

1
2 ,

2I + 3a < 2, 3I + 7a < 4, 2I + a > 1.
(10.2)

Every inequality is strict; this allows small fixed perturbations when smooth scale partitions are
introduced.
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10.1 Covering the full bilinear band

For the Harman application both factors in the direct bilinear steps satisfy Siegel–Walfisz. Thus it
suffices to cover the shorter factor between xa and x1/2; symmetry then gives [a, 1 − a] for a chosen
factor. Theorem 2.1 covers the lower interval through a handoff h < 1/2 if its decreasing lower
errors are negative at a and its upper conditions hold at h.

The existing upper bilinear range is supplied by [3, Theorem 2.8(ii),(iv)]. A convenient sufficient
handoff is

h >
1
4 + 14ω + 4δ, 68ω + 14δ < 1. (10.3)

The first bound is the substitution σ = 1/2 − h into 56ω + 16δ + 4σ < 1. The published Type II
result applies above x1/2−2ω−cnear for a sufficiently small fixed cnear > 0; the Type I result covers
up to that point. It is important that cnear can be chosen from the strict margin in (10.3). For
example, the decisive near-range exponent in [3, equation (5.36), p. 53] is, at that endpoint and
before the arbitrarily small retreats,

1 + 12ω + 7
2δ − 5

2

(1
2 − 2ω − cnear

)
= −1 − 68ω − 14δ

4 + 5
2cnear.

It is negative if cnear is small enough. Fixing cnear = δ/2 instead would require a stronger inequality;
that is a different sufficient implementation of the source proof, not the published hypothesis used
here. For the strict point in Section 12 we take h = 9/20. The additional conservative overlap
conditions

64ω + 16δ < 1, 112ω + 41δ < 2 (10.4)

hold there as well. We keep them in the numerical interface rather than infer a larger parameter
region from a single boundary inequality.

Proposition 10.1 (Other two convolution inputs). The following are the inputs used together with
this full bilinear band.

(i) If I > 1/4 + 7ω + 2δ, a convolution α ∗ ψ with smooth factor at scale N ≥ xI , MN ≍ x,
has the required distribution, provided the complementary coefficient α has the Siegel–Walfisz
property whenever the elementary long-variable estimate does not apply.

(ii) Set σ = 1/2 − c. Suppose 0 < σ < 1/6 and

σ >
1
30 + 56

15ω + 4
15δ, 108ω + 2δ > 1. (10.5)

A convolution α ∗ ψ1 ∗ ψ2 ∗ ψ3 has the required distribution when α is divisor bounded, the
three ψi are smooth, and

MN1N2N3 ≍ x, x1−2c ≪ Ni ≪ xc, NiNj ≫ x1−c (i ̸= j). (10.6)

This Type III input holds on squarefree singly xδ-densely divisible moduli up to x1/2+2ω.
All statements retain the fixed divisor bounds, coherent primitive residues, and uniformity under
smooth subdivisions.

Part (i) is the long-smooth-factor argument of [1, Lemmas 3 and 5], with the available middle
bilinear band substituted in its proof. In its short range, Lemma 3 there requires 4σ + 28ω + 8δ < 1
for N ≥ x1/2−σ; this is exactly logxN > 1/4 + 7ω + 2δ. The middle range is covered by the bilinear
band. In the final range the smooth variable exceeds the modulus by a fixed power, so direct
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summation in that variable applies. The complementary Siegel–Walfisz hypothesis in Baker–Irving’s
Lemma 5 is retained here.

Part (ii) is the main theorem of [7]. The three individual lower bounds, three upper bounds,
and three pair product bounds in (10.6) are part of its hypotheses. A bound on the product M
alone does not replace them. The residual factor α need not be smooth.

11 A pointwise minorant and its five-prime losses
We say a fixed arithmetic family is evaluable if it satisfies the discrepancy estimate under discussion,
with every requested logarithmic saving. This is shorthand only within the proof: it refers to
a particular linear combination of coefficient convolutions, with the hypotheses above checked.
Linearity and the triangle inequality permit addition and subtraction of such families.

Theorem 11.1 (Parametric Harman minorant). Assume (10.2), θ+a < 1, and the three convolution
inputs of Section 10, with small fixed slack in their scale ranges. On [x, 2x] there is a fixed family
ρ(n;x) such that

−24 ≤ ρ(n;x) ≤ 1P(n), ρ(n;x) ̸= 0 =⇒ P−(n) > xλ, (11.1)

and ρ has distribution exponent θ to squarefree smooth moduli. Its mean is∑
x≤n≤2x

ρ(n;x) = (1 − κ(a) + o(1)) x

log x, (11.2)

where κ(a) is the sum of the two labeled prime-density integrals specified below, and

0 ≤ κ(a) ≤ κ(a) := 9625
1728

(a− 2/5)4

(1 − 2a)4(8a− 3) . (11.3)

The same construction is valid for any other fixed modulus class on which all three required convolution
inputs and their stated coefficient uniformity are available.

We give the construction and the signs in detail. The starting identities are those of [4, Sections
4.3–4.8] and [5, Proposition 7.2]. The arguments below justify the enlarged parameter region (10.2)
and retain the missing complementary coefficient condition in the smooth Type I steps.

11.1 Sifted sums and their actual coefficient families

Define
ψ(n, z) = 1P −(n)≥z, P−(1) = +∞.

We write P (z) =
∏

p<z p for the product of the primes below z. The exact integer Buchstab identity
is

ψ(n, z2) = ψ(n, z1) −
∑

z1≤p<z2
p|n

ψ(n/p, p) (z1 < z2). (11.4)

We begin with 1P(n) = ψ(n,
√

3x) for n ∈ [x, 2x] and x large. The exact upper cutoff will be
retained until its boundary terms are treated.

In the constructive sieve argument of [2, Lemma 14], take its parameters to be

αBW = a, βBW = λ, MBW = x1−I .
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Its two explicit prime-product groups must then have scales R < xa and S < xζ . Write pi = xαi .
The six sifted families needed here are the following; each line means the sum over the displayed
primes multiplying a cofactor, with that cofactor weighted by ψ(·, xλ).

Family Restrictions on explicit prime exponents R group S group

1 No explicit primes 1 1
2 λ ≤ α1 < a p1 1
3 λ ≤ α2 < α1 < a, α1 + α2 < a p1 p2
4 λ ≤ α2 < α1 < a, α1 + α2 > L, α2 < ζ p1 p2
5 λ ≤ α3 < α2 < α1 < a, α1 + α2 < a, α3 < ζ p1p2 p3
6 λ ≤ α3 < α2 < a, α3 + α4 < a, α2 < ζ, α4 ≥ α3 p3p4 p2

The required scale inequalities hold directly. For family 3, α2 < a/2 < ζ, the last inequality being
2I + 3a < 2. Family 6 is the nonempty reversed family used in the proof of [4, Lemma 22]; its
conditions are also those in [1, Lemma 7(6)].

For these six families one uses the constructive proof of Baker–Weingartner’s lemma, not an
assertion about arbitrary coefficients satisfying only a divisor bound. For example, the actual Type
I coefficients have the form

am =
∑

rsd=m
d|P (xλ)

urvsµ(d), (11.5)

where ur, vs count the prescribed rough-prime products. The Type II stopping step groups a product
of the form

m = rp1 · · · pt+1, n = pt+2sdk, d | P (pt+2),

with the remaining order and product conditions separated as in that proof. These are fixed
prime–Möbius convolution families with fixed divisor bounds.

Here is the Siegel–Walfisz check needed for their use. At any coefficient scale X0 ≥ xε0 , with
fixed ε0 > 0, put Y0 = exp(

√
log x). Rankin’s bound, with the fixed divisor weights, removes the part

supported on Y0-smooth integers with an arbitrary logarithmic saving. The part with a repeated
prime above Y0 has the same saving by summing p2 | n and the fixed divisor bounds. In every
remaining term either an unrestricted integer variable is at least Y0, or a prime above Y0 occurs to
the first power. Sum that variable last. Once the others are fixed, the actual product and order
restrictions give intervals with polylogarithmic total variation. In the stopping step, removing the
largest prime from the squarefree stopping product preserves this interval property.

For an unrestricted integer use the elementary progression estimate. For a prime p ≥ Y0,
a modulus at most (log x)B is at most (log p)2B, so classical prime Siegel–Walfisz and partial
summation give any requested logarithmic saving. Sum the other variables using the harmonic
divisor bound. Extra coprimality restrictions yield the divisor factor allowed in (2.2). The number
of stopping indices and logarithmic subdivisions is polynomial in log x. This proves the required
assertion for the coefficient families just described; it is not a claim for arbitrarily thinned prime
products.

If the complementary coefficient in a smooth Type I term has scale below xε0 , choose ε0 < 1 − θ.
Its smooth partner then exceeds every modulus by a fixed power and the elementary long-variable,
or Type 0, estimate applies. There is no need to assert Siegel–Walfisz for a point mass at scale one.
These observations justify all six sifted families with precisely the coefficient inputs of Section 10.
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11.2 The three remainders after Buchstab

Apply (11.4), partitioning pair sums at a, L and the next prime exponent at ζ. The six families
above and the direct Type II terms give an evaluable function Θ0, with

1P = Θ0 + Γ3 + Γ5 − Γ4. (11.6)

At the level of limiting exponents the remaining sums are

Γ3(n) =
∑

n=p1p2n3
λ≤α2<α1<a

α1+α2>L,α2≥ζ

ψ(n3, p2), (11.7)

Γ5(n) =
∑

n=p1p2p3p4n5
λ≤α4<α3<α2<α1<a

α1+α2<a,α3<ζ

ψ(n5, p4), (11.8)

Γ4(n) =
∑

n=p1p2p3n4
λ≤α3<α2<α1<a
α1+α2>L,α2<ζ

ψ(n4, p3). (11.9)

The additional negative triple term has α1 + α2 < a and α3 ≥ ζ, and is empty because 2ζ > a.
Equation (11.6) comes from literal integer identities. The small discrepancies caused by logx n ̸= 1
are treated in Section 11.6; until then they may be included in Θ0 with their specified Type II
treatment.

11.3 The three-prime remainder and the color argument

In (11.7), the cofactor exceeds one since p1p2 < x2a < x. If it were composite, its prime factors
would both be at least p2 ≥ xζ , giving total exponent above L+ 2ζ > 1. Thus it is prime. All three
prime factors have exponents in [ζ, a], up to the endpoint retreats.

Apply the fine smooth Heath–Brown decomposition used in [3, Section 3 and Lemma 3.4], in the
form of [4, Lemma 20]. The resulting convolutions have at most forty factors βi at scales xνi . Every
factor with exponent at least 1/10 is smooth; every subproduct of positive fixed polynomial scale
has the Siegel–Walfisz property. There is also a partition into three colors recording which original
prime each factor came from. Each color has total exponent at least ζ. The colors are bookkeeping
for the factorization scales; the terms of the identity need not themselves be prime products.

The passage from prime indicators to the von Mangoldt identity keeps the factors 1/ log t on the
corresponding smooth intervals. Their rescaled derivatives have the required logarithmic bounds.
Prime-power corrections are negligible also in progression norm: for a color in [xζ+o(1), xa+o(1)],
CRT summed over pr with r ≥ 2 and q ≤ xθ gives x1−ζ/2+o(1) + xθ+a/2+o(1). The reciprocal sum
of these prime powers is x−ζ/2+o(1), and their number is xa/2+o(1); primes dividing q contribute
nothing to a primitive progression or its coprime mean. This is a power saving under θ + a < 1.
Thus logarithmic weights and prime powers are accounted for before the grouping argument.

Group the small factors so that every group except possibly one has exponent at least 1/20,
and a group with exponent at least 1/10 is an original singleton. This can be done by successively
combining factors smaller than 1/20 until their sum reaches 1/20; such a new group has exponent
below 1/10. Order the grouped exponents as µ1 ≥ · · · ≥ µj .

If a smooth singleton has exponent at least I, Type I applies. Its complement contains the
other two color groups and has positive polynomial scale; subsetwise Siegel–Walfisz supplies the
required complementary coefficient property. If a subset sum belongs to [a, L], Type II applies with
Siegel–Walfisz on both sides. Assume that neither occurs. Then every µi < I.
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If µ2 + µ3 > L, then

µ3 > L− I = ζ > λ > 1 − 2c, µ1, µ2, µ3 < I < c.

The first three groups are smooth singletons, and every pair has sum greater than L > 1 − c. Thus
all the individual conditions (10.6) hold, and Type III applies.

Otherwise µ2 + µ3 < a. Since µ2 + · · · + µj > 1 − I > a, a first-crossing argument forces
µ4 > λ = L − a: if every subsequent increment were at most λ, partial sums starting from
µ2 + µ3 < a would enter [a, L] at their first crossing of a. Also µ4 ≤ µ3 < a/2, and

µ2 + µ3 + µ5 + · · · + µj > 1 − I − a/2 > a.

The same argument with µ4 omitted forces µ5 > λ. The final inequality is precisely 2I + 3a < 2.
The first five groups are now original smooth singletons. Since 3λ > a, the sum T = µ3 +µ4 +µ5

is greater than a, hence greater than L by the absence of Type II. Ordering gives

µ2 + T ≥ 4
3T >

4
3L, µ1 +

∑
i≥6

µi <
4a− 1

3 < ζ. (11.10)

The last inequality is equivalent to 3I + 7a < 4. Even a color containing one of the five large
singletons and all the remaining small groups would have exponent below ζ. Each of the three
colors therefore needs at least two of the five singletons, which is impossible. Small groups may mix
colors: their total mass was already included in (11.10). This proves that Γ3 is evaluable.

11.4 The first five-prime error

In (11.8), α3 < a/2 < ζ automatically. Its cofactor is greater than one: the four explicit primes
have product below x2a. It is prime, because a composite cofactor would give at least six prime
factors, each at least xλ, while 6λ > 1. Now α2 + α3 + α4 ≥ 3λ > a. The portion where this sum is
at most L is Type II. The remaining positive error is the literal labeled sum

E1(n;x) =
∑

n=p1p2p3p4p5
λ<α4<α3<α2<α1<a

α1+α2<a, α2+α3+α4>L
α5>α4

1. (11.11)

Thus Γ5 equals an evaluable family plus E1, with endpoints interpreted as below.

11.5 Reversal and the sign of the second error

In (11.9), the cofactor is not one, because a+ 2ζ < 1, and cannot be composite, because L+ 3λ > 1.
Call it p4. The ordering α1 > α2 follows from α1 + α2 > L > 2ζ. Also α1 ≤ 1 − 3λ = 6a− 2 < L.
Extending its original upper limit a to L introduces only a Type II family. The extended four-prime
sum is

Υ1(n) =
∑

n=p1p2p3p4
λ≤α3<α2<a, α3+α4<a

α2<ζ, α4≥α3

1. (11.12)

The pair-complement replacement is valid off a Type II boundary strip, retained in Section 11.6.
Reverse the role of p1 and apply Buchstab to its position. The first sifted term is family 6 above.

The subtracted term has a new smallest prime p5 and a cofactor at least p5; the latter is prime
because 6λ > 1. This gives

Υ1 = an evaluable family − Υ3, (11.13)
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where
Υ3(n) =

∑
n=p2p3p4p5p6

λ≤α3<α2<a, α3+α4<a
α2<ζ, α4≥α3, λ≤α5≤α6

1. (11.14)

We need an equality modulo evaluable families when replacing this remainder, not merely a
pointwise upper bound. Consider five exponents at least λ, of total one, with no subset sum in [a, L].
Every pair is at most 1 − 3λ = 6a− 2 < L, hence below a. Every triple is at least 3λ > a, hence
above L. Ordering the five exponents and applying the bottom-triple argument from (11.10) gives

max
i
αi <

4a− 1
3 < ζ. (11.15)

Each exponent is also at most b = 1 − 4λ = 8a− 3 < a.
On this no-Type-II set, the conditions in (11.14) are equivalent, apart from equality loci, to

λ < αi < b (2 ≤ i ≤ 6), α2, α4 > α3,

α2 + α4 < a, α3 + α4 + α5 > L, α6 > α5.
(11.16)

In the forward direction, use the pair and triple conclusions and (11.15). In the reverse direction,
α3 + α4 < α2 + α4 < a, and (11.15) restores the omitted α2 < ζ. Let E2(n;x) be the nonnegative
labeled count of n = p2p3p4p5p6 satisfying (11.16).

The symmetric difference between Υ3 and E2 is supported on tuples having a Type II subset.
Fix an ordering of subsets and assign each such tuple to its first eligible subset. On every assigned
region the two groups are prime products with Siegel–Walfisz; the remaining order conditions are
separated by the source’s fine partitions. Both signed pieces of the symmetric difference are therefore
evaluable. Hence

Υ3 = an evaluable family + E2, Γ4 = an evaluable family − E2.

Together with (11.6), this proves

1P = an evaluable family + E1 + E2. (11.17)

In particular the required minorant is ρ = 1P − E1 − E2 with the positive signs of both errors fixed
by the literal reversal.

11.6 Literal endpoints and prime squares

For n ∈ [x, 2x], the exponent sum is logx n = 1 +O(1/ log x) rather than exactly one. All primeness
and grouping arguments with fixed strict slack remain valid for large x. A pair-complement
comparison that changes across this perturbation lies in an arbitrarily small fixed enlargement of
the Type II band. Such a strip is treated by that distribution estimate; it is not discarded only
because its unweighted mean is small. The replacement of the initial

√
3x cutoff by x1/2 is handled

in the same way.
The artificial individual cap b = 8a− 3 creates no unaccounted strip off Type II, since (11.15)

holds with a vanishing endpoint error and

b− 4a− 1
3 = 20

3 (a− 2/5) > 0.
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Weak versus strict prime ordering differs only on a repeated prime. In the relevant tuples such a
prime satisfies xλ ≤ p ≤ xa+o(1). If (p, q) = 1, CRT gives at most O(x/(p2q) + 1) integers in a given
primitive progression also divisible by p2. Thus, even summing over all integers q ≤ Q = xθ,∑

q≤Q

#{n ∈ [x, 2x] : n ≡ a(q) (mod q), p2 | n for such a p} ≪ x1−λ+o(1) +Qxa+o(1). (11.18)

When p | q, a primitive progression has no such integer, and its coprime mean has no such term
either. Thus the same bound is valid for the dense classes as for smooth moduli. The principal
averages obey the corresponding bound. The assumptions λ > 0 and θ + a < 1 make (11.18) a
power saving. Equality at p = xλ fixes at most one prime and costs x1−λ+o(1) +Q.

These estimates justify the literal strict versions (11.11) and (11.16). Since both errors are
nonnegative and supported on products whose prime factors exceed xλ, the pointwise minorant
and rough-support assertions follow. The uniform lower bound −24 follows from labeling: E1 has
at most four roles for its distinguished p5, and E2 has at most

(5
3
)

· 2 = 20 choices for the roles of
p2, p3, p4. The other roles are fixed by order. Repeated values do not increase these bounds. No
positivity of ρ is required.

11.7 The exact mass and a rational upper bound

For a labeled five-prime region bounded away from the coordinate hyperplanes, fix its first four
primes and sum the last prime in its interval of length comparable to x/(p1p2p3p4). The prime
number theorem and partial summation then give

x

log x

∫
dα1 dα2 dα3 dα4

α1α2α3α4(1 − α1 − α2 − α3 − α4) + o(x/ log x).

The integration regions are the limiting regions of (11.11) and (11.16), with the latter relabeled to
five coordinates. Their boundaries have measure zero and their exponents have a fixed positive lower
bound, so the limiting operation is harmless for the mean. The labeling restrictions are already in
these integrals; there is no further factor 5!.

Their sum defines κ(a) in (11.2). Put u = a− 2/5 and write

αi = 1/5 + uzi,
5∑

i=1
zi = 0.

The two regions become fixed four-dimensional polytopes P1, P2, whose volumes are computed in
Appendix A:

vol(P1) = 125
864 , vol(P2) = 3125

576 , vol(P1) + vol(P2) = 9625
1728 . (11.19)

The coordinate measure is dα1 · · · dα4 = u4dz1 · · · dz4. There is no Euclidean hyperplane-area factor.
On the simplex αi ≥ λ,

∑
αi = 1,

5∏
i=1

αi ≥ λ4(1 − 4λ). (11.20)

One elementary proof replaces two entries v, w ≥ λ by λ, v + w − λ: their product decreases by
(v− λ)(w− λ). Repeating leaves four entries equal to λ. Multiplying the total volume (11.19) by u4

and the reciprocal of (11.20) proves (11.3). This bound is a convenient upper bound for the true
mass loss, not a replacement for κ(a) in the mean identity. It completes the proof of Theorem 11.1.
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12 A strict parameter point and the many-primes theorem
The two relevant factor cutoffs must satisfy a < c. Combining the principal incidence wall with the
Type III wall suggests, before any mass loss,

3
10 + 8ω + 16

5 δ < a < c <
7
15 − 56

15ω − 4
15δ.

Consequently their limiting common region has

θ = 1
2 + 2ω < 93 − 104δ

176 . (12.1)

This is only a guide to choosing strict parameters. The full source, handoff, and Harman conditions
must still be checked, as must the mass loss of the minorant.

We use the rational choices

ω = 71
5000 , a = 41361

100000 , I = 34941
100000 , c = 10341

25000 , δ0 = 1
108 . (12.2)

Thus
θ = 1321

2500 = 0.5284, λ = 8639
50000 = 0.17278, ζ = 11849

50000 = 0.23698.

For every required distribution retreat choose any sufficiently small 0 < δ ≤ δ0. The cutoffs a, I, c
and the literal minorant are fixed independently of that choice.

The following table gives exact positive margins at δ = δ0. It includes the two possible bottlenecks
and the handoff h = 9/20.

Margin Exact value

I − 1/4 − 7ω − 2δ0 499/50000000
c− a 3/100000
5a− 3/2 − 40ω − 16δ0 623/12500000
8 − 5(3c/2 − 1/2) − 14θ − 2δ0 4999/50000000
h− (1/4 + 14ω + 4δ0) 29999/25000000
4 − 3I − 7a 113/2000

All decreasing lower errors in Theorem 2.1 are checked at γ = a; all its upper conditions are checked
at γ = h. In particular, h < 1/2 − 2ω and 2h+ 4ω + 2δ0 < 1. Equations (10.3)–(10.4) hold, so the
full interval [a, 1 − a] is covered. The elementary Harman inequalities and θ + a < 1 are strict as
well. Some additional exact margins are listed in Appendix B.

For clarity, the Type III parameters in the companion are

σ = 1
2 − c, µ = 1

4 − 3
2σ = 6023

50000 , s = 4 − µ− 4θ + 2δ0
6 = 88297001

300000000 .

Its two largest normalized error exponents are both −4999/600000000; the other three are negative.
The substitution checks all the individual scale conditions used in the color argument, with the
positive c− a reserve.

The mass estimate (11.3) becomes

κ(a) ≤ 9381895159877734375
13513403415750760334592 <

139
200000 = 0.000695. (12.3)
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12.1 The precise minorant-to-many-primes transfer

We use the transfer in [4, Lemma 2], equivalently the argument of [1, Lemma 1 and Section 4]. Its
hypotheses are a pointwise minorant, fixed rough support, distribution exponent ϑ to squarefree
smooth moduli, and mean (1 − κ+ o(1))x/ log x with κ < 1. For every fixed εBI > 0 it gives

Hm ≪εBI exp
(2(1 + εBI)
ϑ(1 − κ) m

)
. (12.4)

To recall the mechanism, the truncated Maynard variational quantity obeys M [α]
k ≥ log k−Oα(1)

for each fixed positive truncation. The minorant changes the prime-detection condition to

M
[α]
k >

2m
ϑ(1 − κ) .

Thus k can be chosen exponentially in m with any slightly larger exponent. The admissible-tuple
construction has diameter O(k log k); its polynomial factor is absorbed by a further strict increase of
the exponential constant. This explains why the denominator in (12.4) contains both the distribution
level and the surviving mass. The threshold is the one proved in Section 4 of Baker–Irving, with
the statement given in Stadlmann’s Lemma 2.

The distribution hypothesis here has a quantifier worth making explicit. For every fixed retreat
ϵ > 0, there must be some positive smoothness exponent δ such that the same minorant obeys, for
every allowed squarefree P and every primitive a (mod P ),∑

q|P
q≤xϑ−ϵ

|Eq(ρ; a)| ≪A x(log x)−A.

Our strict margins persist as δ decreases, and the literal error sets depend only on the fixed cutoffs.
This supplies the quantifier in [1, Definition 1]. The fixed roughness choice ξ = 1/10 < λ is valid.

Take the explicit retreats

ϑ = 5283999
107 , κ′ = 139

200000 , εBI = 1
107 .

Replacing the true κ(a) by its upper bound κ′ only weakens the conclusion. The exponent in (12.4)
is at most

2(1 + εBI)
ϑ(1 − κ′) = 4000000400000

1056065324139 = 3.7876448630 . . . < 3.7877. (12.5)

The remaining strict margin absorbs the polynomial admissible-tuple prefactor. This proves
Theorem 1.1.

A The two scaled polytopes and their volumes
This appendix makes the geometric part of (11.3) an explicit finite calculation. Use free coordinates
z1, z2, z3, z4 and put z5 = −z1 − z2 − z3 − z4. Both polytopes have zi ≥ −2 for all five indices. Their
remaining defining inequalities are

P1 : z1 ≥ z2 ≥ z3 ≥ z4,

z1 + z2 + z3 + 2z4 ≤ 0, z1 + z2 ≤ 1, z2 + z3 + z4 ≥ −1;
P2 : z1 ≥ z2, z3 ≥ z2,

z1 + z2 + z3 + 2z4 ≤ 0, z1 + z3 ≤ 1, z1 + z2 + z4 ≥ −1.
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For P1 the coordinates correspond to (α1, α2, α3, α4). For P2 they correspond to (α4, α3, α2, α5),
with z5 corresponding to α6. This relabeling gives the literal triple inequality in (11.16).

For 2/5 < a < 5/12, the original upper bound α1 < a on P1 is redundant; it can be checked at
the vertices below. On P2, every zi ≤ 8 already follows from the lower bounds on the other four
coordinates, so the individual cap αi < 8a− 3 is redundant apart from boundary sets. Thus these
fixed polytopes give the stated volumes throughout the parameter range used above.

Solving four active defining equations and retaining the points satisfying every inequality gives
these vertex lists:

Index P1 P2

0 (−1/3,−1/3,−1/3,−1/3) (−2,−2,−2, 3)
1 (0, 0, 0, 0) (−1/3,−1/3, 4/3,−1/3)
2 (1/2, 1/2,−3/4,−3/4) (1/2,−2, 1/2, 1/2)
3 (1/2, 1/2,−1/3,−1/3) (1/2, 1/2, 1/2,−2)
4 (1/2, 1/2, 1/2,−2) (1/2, 1/2, 1/2,−3/4)
5 (1/2, 1/2, 1/2,−3/4) (3,−2,−2,−2)
6 (4/3,−1/3,−1/3,−1/3) (3,−2,−2, 1/2)

Pulling triangulations consist of the simplices

P1 : (0, 1, 3, 5, 6), (0, 2, 3, 5, 6), (0, 2, 4, 5, 6),
P2 : (0, 1, 2, 5, 6), (0, 1, 3, 4, 6), (0, 1, 3, 5, 6).

For vertices v0, . . . , v4, the simplex volume is
1
4! |det(v1 − v0, v2 − v0, v3 − v0, v4 − v0)| .

The sums of these three volumes in the two cases are 125/864 and 3125/576, respectively. More
explicitly, the simplex volumes in the displayed orders are

P1 : 125
5184 ,

625
20736 ,

625
6912; P2 : 625

288 ,
625
576 ,

625
288 .

All the entries, defining inequalities, and determinants are rational; no numerical integration is used
for the upper bound in Theorem 11.1.

B Additional parameter checks and dependency map
At (12.2), several useful decimal margins are terminating rational numbers:

Constraint Positive margin at δ0

a− 12ω − 6δ0 0.24320994
a− 16ω − 7δ0 0.18640993
1/2 − 2ω − 9/20 0.0216
1 − 2(9/20) − 4ω − 2δ0 0.04319998
1 − 68ω − 14δ0 0.03439986
1 − 64ω − 16δ0 0.09119984
2 − 112ω − 41δ0 0.40959959
2 − 2I − 3a 0.06035
2I + a− 1 0.11243
1 − θ − a 0.05799
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Each inequality improves when δ is decreased. The remaining ordering conditions follow directly
from the displayed cutoffs and 2/5 < a < 5/12.

The proof separates into the following mathematical inputs. The complete-mode estimate, its
smooth-window completion, and the weighted fraction-energy bound are proved in Sections 3–5.
The Type II transfer uses the source reduction only up to its positive Gram form; the new estimates
of that form are proved in Sections 6–8. Section 9 supplies the additional dense-modulus scope. The
only new analytic input proved outside this article is the Type III theorem of [7], with the exact
hypotheses restated in (10.5)–(10.6). The Harman combinatorics, including coefficient hypotheses,
signs and literal boundaries, are proved in Section 11; the standard many-primes transfer is spelled
out in Section 12.

The rational parameter and volume calculations provide checkable arithmetic for these statements.
They do not replace the analytic estimates, the Siegel–Walfisz arguments, or the pointwise Buchstab
identities.

Scope of the formal verification

The Lean development verifies the common-source coefficient estimates, modulus envelope, positive
Taylor expansion and remainder, four-term normalization, and raw-to-secondary Cauchy transfer
for the literal source expressions. Its scope does not include every analytic conclusion of this article.
The raw family permits all five strict low-range guards in (2.3); its finite-field input is the scalar
rank-four Kloosterman bound used in (3.11), supplied as an explicit premise. The weaker lower Vs

range in that source interface belongs to the public formalization [6]; it is not the literal lower range
printed in Stadlmann’s Definition 3.

The formal construction of a full bilinear band also records its high-range joining hypotheses.
One implemented version requires, in addition, ω < 3/200, a ≤ 41361/100000, 0 < 1/2−a < 1/4, the
five low guards uniformly on [a, h], and h > 1/4 + 14ω + 4δ. These imply its convenient high-range
condition 68ω + 20δ < 1. They hold at the strict point used here, and on the selected source rows
of the fixed-gap application. These additional hypotheses are separate from the five low guards in
general. The ordinary handoff in (10.3) instead uses the published 68ω+ 14δ theorem with its freely
chosen small near-range cutoff, as explained there.

The formal terminal prime-gap statement has the Type III local Fourier hypothesis and the
specified physical integral inequalities as explicit premises. The geometric proof of the Fourier
statement is given in [7] as an ordinary analytic argument. The Harman and Baker–Irving argument
yielding the all-m statement of Theorem 1.1 is proved here; this all-m conclusion is outside the
formalized endpoint.
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Kloosterman correlations with finitely many exceptional Fourier
frequencies

4 September 2026

Abstract
We prove a uniform Fourier estimate for a four-cycle of rank-three Kloosterman correlations.

When the two row indices and the two column indices are distinct modulo a prime, the exceptional
Fourier frequencies form a set of bounded cardinality. The main geometric step excludes curve-
supported Fourier constituents: radial tameness rules out nonlinear curves and offset lines, and
the explicit local Fourier phases rule out lines through the origin. We give the trace normalization,
the rank-six pure correction, the local ramification calculation, and the passage from weights to
the stated exponential-sum bound.

We then prove the squarefree completion and averaged matrix estimates needed in the smooth
Type III method. The subsequent reduction retains the central frequency, all nonunit completion
frequencies, the three Fourier divisors, and the width of dense-divisor extraction. It yields the
sufficient condition σ > 1/30 + 56ω/15 + 4δ/15, in the parameter region stated below. This is a
convolution-distribution theorem; a numerical bound for prime gaps also requires the separate
minorant and sieve arguments.
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1 The distribution theorem and the structure of its proof
The purpose of a Type III estimate is to distribute a convolution with three smooth factors
in arithmetic progressions whose moduli can exceed x1/2. The term “Type III” specifies this
factorization. It does not mean that an arbitrary sequence of the same total length satisfies the
conclusion.

For a sequence f and a primitive residue class a (mod q), write

∆(f ; a(q)) =
∑

n≡a (mod q)
f(n) − 1

φ(q)
∑

gcd(n,q)=1
f(n). (1.1)

Here and below convolution is Dirichlet convolution. A positive integer q is y-densely divisible if,
for every real 1 ≤ R ≤ q, it has a divisor in [R/y,R]. We denote by D(y) the squarefree integers
with this property. The definition guarantees a factor of approximately a prescribed size, but with a
multiplicative uncertainty of y. We will keep that uncertainty in the proof.

A coherent primitive family is specified by choosing ap ∈ F∗
p for each relevant prime and requiring

a(q) ≡ ap (mod p) whenever p | q. Thus two moduli containing the same prime use the same residue
at that prime. This condition will ensure that a local matrix parameter remains fixed while we
average over two factors of the modulus.

All asymptotic parameters are fixed as x → ∞. A divisor-bounded sequence at scale M is
supported on [M, 2M ] and satisfies |α(m)| ≤ τC(m)(log x)C for a fixed constant C. Here τC denotes
a fixed divisor function. A smooth sequence at scale N has the form ψ(n) = Ψ(n/N), where Ψ is
supported in a fixed compact subinterval of (0,∞) and, for every fixed j,

∥∥∥Ψ(j)
∥∥∥

∞
≪j (log x)Cj .

Fixed changes to these support intervals cause no change in the argument.

Theorem 1.1. Let ω, δ > 0 and 0 < σ < 1/6 satisfy

σ >
1
30 + 56

15ω + 4
15δ, 108ω + 2δ > 1. (1.2)

Suppose that
MN1N2N3 ≍ x, x2σ ≪ Ni ≪ x1/2−σ,

NiNj ≫ x1/2+σ (i ̸= j).
(1.3)

If α is divisor bounded at scale M and each ψi is smooth at scale Ni, then, uniformly for coherent
primitive families and for every fixed A > 0,∑

q∈D(xδ)
q≪x1/2+2ω

|∆(α ∗ ψ1 ∗ ψ2 ∗ ψ3; a(q))| ≪A x(log x)−A. (1.4)

The implied constant may depend on the fixed coefficient bounds and on the strict margins in (1.2).

The individual restrictions in (1.3) remain part of the theorem. Multiplying its three pair-product
inequalities gives M ≪ x1/4−3σ/2, but this consequence alone is not an adequate hypothesis. The
upper and lower bounds on each Ni are also used in the smooth Fourier reduction.

Only ψ1, ψ2, ψ3 are differentiated. The sequence α can be arbitrary subject to its support and
divisor bound. We use the reduction in [1, Sections 7.2–7.3], with a new bound for its second
moment. Section 17 explains why the short-modulus step likewise does not require smoothness or a
Siegel–Walfisz hypothesis on α.

Theorem 1.1 is proved by the ordinary geometric and analytic argument in this article. Ap-
pendix A describes the scope of the Lean formalization, whose local-to-global theorem assumes the
finite-field Fourier bounds.
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1.1 Why a Fourier exceptional set matters

The eventual second moment contains a matrix of Kloosterman correlations. The fourth power of its
operator norm is bounded by a trace, whose expansion consists of four-cycles. Thus the geometric
question is about the Fourier transform of a product of four correlations in two modulus-factor
variables.

A uniform bound of size p3 outside a curve, with size p7/2 on that curve, already gives cancellation.
A finite exceptional set is more useful. For intervals of length R ≤ p, a curve can cost Rp5/2 log p
in completion, whereas a bounded set of points costs only R2p3/2. This difference removes a term
from the averaged matrix estimate and changes the allowable Type III range. We will derive these
powers, rather than treating them as a convention about normalized traces.

There are four main stages of the proof. First we construct a pure rank-six sheaf whose trace
differs from the raw correlation by an explicit constant. Next we calculate its radial ramification
and show that the Fourier transforms of its relevant constituents have full support. We then pass
from the resulting prime estimate to squarefree moduli and to a fourth moment of matrix norms.
Finally we insert that estimate into the exact Type III second moment, including all the frequency
and divisor terms. The final strict inequalities are proved by explicit identities in Section 16.

2 Finite Fourier conventions and exact correlation identities
Put eq(t) = exp(2πit/q). A star on a sum modulo q restricts its variable to the units. All finite
Fourier transforms in this paper are unnormalized and have a positive sign:

f̂(ξ) =
∑

x mod q
f(x)eq(ξx), f(x) = 1

q

∑
ξ mod q

f̂(ξ)eq(−ξx). (2.1)

In two variables the inverse factor is q−2. Continuous Fourier transforms have the negative sign,
ψ̂(ξ) =

∫
R ψ(t)e−2πiξt dt. These choices make the completion formula in Section 12 especially simple.

The normalized rank-three Kloosterman sum and its correlation are

Kl3(t; q) = 1
q

∗∑
u,v mod q

eq

(
u+ v + t

uv

)
, (2.2)

Cq(A,B, c) =
∗∑

h mod q
Kl3(Ah; q)Kl3(Bh; q)eq(ch). (2.3)

Parameters A,B are units whenever these expressions are used below. We sometimes write
K3(t) = Kl3(t; p) at a prime. For comparison,

Kl2(t; p) = 1
√
p

∑
u∈F∗

p

ep(u+ t/u). (2.4)

The factors p−1 in Kl3 and p−1/2 in Kl2 are included in these definitions. There is no additional
normalization in Cp or in its Fourier transform.
Lemma 2.1. Let p be prime, A,B ∈ F∗

p, and κp = 1 + p−1 + p−2. Then

Cp(A,B, 0) = p1A=B − κp. (2.5)

If Tp(A, d) =
∑
h∈F∗

p
K3(Ah)ep(dh), then

Tp(A, d) =
{√

p Kl2(−A/d; p) − p−1, d ̸= 0,
−p−1, d = 0.

(2.6)
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Proof. Opening the definition of Tp, the sum over h is p1A/(uv)+d=0 − 1. Also
∑
u,v ̸=0 ep(u+ v) = 1.

For d = 0 the first term never occurs. For d ̸= 0 it imposes uv = −A/d, giving (2.6).
For (2.5), open both Kloosterman sums and sum over h. With β = B/A, the condition from the

first term is xy = βuv. Hence

Cp(A,B, 0) = 1
p

∑
u,v,x̸=0

ep

(
u+ v − x− βuv

x

)
− 1
p2 .

Summing first over v, the remaining three-variable sum is

p
∑
u̸=0

ep((1 − β)u) −
∑
u,x̸=0

ep(u− x) = p
(
p1β=1 − 1

)
− 1.

Substitution gives the claimed formula. These computations also fix the constant at zero frequency
without any appeal to sheaf conventions.

2.1 The inverse cubes in the Chinese remainder theorem

For coprime q1, q2, the additive character splits as

eq1q2(z) = eq1(zq−1
2 )eq2(zq−1

1 ).

In the q1-factor of (2.2), replace u, v by q2u
′, q2v

′. The linear terms become u′ + v′, and the last
term acquires q−3

2 . Therefore

Kl3(t; q1q2) = Kl3(tq−3
2 ; q1) Kl3(tq−3

1 ; q2). (2.7)

Every inverse is taken modulo the modulus of its factor. The exponent three in this formula is
responsible for the equality mu3 = nv3 that will appear at the central frequency. Replacing that
equality by m = n would give a different second moment.

3 The prime Fourier statement
Fix α ∈ F∗

p. For unit indices m,n, define

Kmn(r1, r2) = Cp

(
αr2
mr2

1
,
αr1
nr2

2
, 1
)
, r1r2 ̸= 0. (3.1)

For two row indices m,m′ and two column indices n, n′, put

W (r1, r2) = KmnKm′nKm′n′Kmn′ , D0 = (m−m′)(n− n′), (3.2)

and extend W by zero outside G2
m. In this section the indices are residue classes. Later, when they

are integers in intervals, we will distinguish equality of integers from equality modulo a prime.

Proposition 3.1. There are absolute constants C, p0 with the following property. For p > p0 and
p ∤ D0, a Frobenius-stable geometric set Zp ⊂ A2

Fp
of at most C points satisfies

|Ŵ (h, k)| ≤ Cp3(1 + √
p1Zp(h, k)

)
. (3.3)

For p | D0, a curve Ep of uniformly bounded total degree satisfies

|Ŵ (h, k)| ≤ Cp3(1 + √
p1Ep(h, k) + p1(h,k)=(0,0)

)
. (3.4)

In every case, |Kmn(r1, r2)| ≪ √
p. All constants are uniform in the unit parameters.
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The finite set and the curve can depend on the indices. Their size or degree cannot. This
uniformity is required before the Chinese remainder theorem can be applied over arbitrarily many
primes.

The large-characteristic condition belongs to the proof of the prime estimate, not to the
distribution theorem. For each of the finitely many primes p ≤ p0, the trivial complete bound can
be included by enlarging an absolute constant. Since the product of those primes is fixed, this also
causes only an absolute loss at squarefree level.

4 The sheaf facts used in the geometric argument
This section records the conventions and the external inputs needed for Proposition 3.1. The later
arguments are applications of these facts, together with explicit calculations. In particular, we will
not infer a monodromy theorem from a list of numerical critical points.

Choose an auxiliary prime different from p and an embedding of its algebraic coefficient field
into C. A lisse sheaf is a locally constant family of finite-dimensional representations; its trace
function is the trace of geometric Frobenius. A pure sheaf of weight w has Frobenius eigenvalues of
absolute value pw/2 at Fp-points. A Tate twist (a) multiplies those eigenvalues by p−a and lowers
the weight by 2a.

For a complex P , its trace is the alternating sum of the traces on the ordinary cohomology
sheaves Hi(P ). Shifts therefore affect trace signs. If G is lisse of weight w on a smooth variety of
dimension d, then G[d] is perverse of weight w + d. Its intermediate extension is denoted j!∗(G[d]),
or IC(G). It agrees with G[d] on the open set and has no perverse subobject or quotient supported
on the complement.

4.1 Fourier transform, support, and weights

On Ad, our sheaf Fourier transform is

FTd(P ) = Rπ2!
(
π∗

1P ⊗ Lψ(x · ξ)
)
[d]. (4.1)

There is no normalizing Tate twist. It is an equivalence of perverse categories, and

FTd FTd(P ) ≃ [−1]∗P (−d). (4.2)

The inversion formula is [3, Theorem 1.2.2.1 and Corollary 1.2.2.3]; its equivalence on perverse
sheaves is [3, Theorem 1.3.2.3]. It takes a pure perverse complex of weight v to one of weight v + d,
by [5, Corollary 2.1.5 and Theorem 2.2.1]. Compatibility with a linear map is the separate statement
[3, Theorem 1.2.2.4]; translation is [3, Proposition 1.2.3.2]. We will use both in Section 7. For d = 2,
the even shift means that its trace is exactly the positive, unnormalized Fourier sum of the input
trace.

A simple perverse sheaf has an irreducible support and is the intermediate extension of an
irreducible local system on a dense smooth open subset of that support. Pure perverse sheaves are
geometrically semisimple [4, Theorem 5.3.8]. Consequently, to understand the possible exceptional
Fourier loci, we may study the support of the Fourier transform of each geometric simple constituent.

There is a useful strict-support fact on a smooth surface. For a full-support intermediate
extension P ,

H0(P ) = 0, dim supp H−1(P ) ≤ 0, Hi(P ) = 0 (i /∈ {−2,−1}). (4.3)
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This is stronger than ordinary perversity, which would allow a curve in degree −1. It follows
from the defining strict boundary condition i∗P ∈ pD≤−1 for intermediate extension [4, Corollaries
1.4.24–1.4.25]. We will explain its numerical consequence in Section 8.

4.2 Local Fourier transform and the meaning of a phase

The inertia representation at a boundary point measures ramification. “Tame” means that wild
inertia acts trivially. A rank-one Artin–Schreier sheaf Lψ(a/T ), with a ≠ 0, has slope one at T = 0.
After the cover t = T 2, a slope 1/2 representation in the t-variable can have precisely this form. We
call a/T its wild phase; tame and unramified tensor factors do not change the slope or the coefficient
a.

We use the following consequences of local stationary phase. Local Fourier contributions are
direct sums of inertia representations. A nontrivial tame block at a finite point a contributes at
Fourier infinity a nonzero tame block tensored with Lψ(±at). If a ≠ 0, this has slope one. The
infinity-to-infinity transform receives no contribution from slopes less than one. These are the
relevant parts of [3, Proposition 2.3.3.1(iii), Theorem 2.4.3, and Proposition 2.5.3.1(ii)]. Their
direct-sum nature will prevent cancellation between distinct points in a projection fiber.

For the explicit rank-three calculation we use [2, Proposition 0.8 and Theorem 0.1(iii)]. The
normalized rank-three Kloosterman sheaf has one tame unipotent Jordan block at zero. At infinity
its geometric representation, up to tame and unramified factors, is [3]∗Lψ(3x), where [3] denotes
the cubic cover. Fu’s theorem calculates the infinity-to-zero transform by the derivative coordinates
displayed in Section 6. The rank and phase are both part of that local isomorphism.

4.3 Uniformity in all residue parameters

Bounded rank alone does not bound the number of Fourier exceptional points or the degree of a
possible support curve. We use quantitative sheaf theory for that additional purpose. In the fixed
ambient dimensions used here, bounded-complexity sheaves remain of bounded complexity under
the six operations, tensor products, ordinary cohomology, intermediate extension, passage to simple
constituents, and Fourier transform. Generic base change and a lisse stratification can be chosen
with complements of bounded degree. The required results are [6, Theorems 6.8, 6.15, 6.23, 6.27,
Corollary 6.16, Proposition 6.24, Lemma 6.26, and Proposition 7.18].

In our application the starting Kloosterman and Artin–Schreier sheaves have fixed complexity,
and every rational map has fixed degree. The coefficients of those maps contain α,m, n, but their
degrees do not. Thus these results give constants independent of both the residue parameters and p.
This supplies a bound for the degree of a possible Fourier-support curve before the curve is excluded.
We may then require p to exceed that bound.

5 The rank-six pure correlation
Let K be the normalized rank-three Kloosterman sheaf on Gm, pure of weight zero and with trace
K3. The normalization is the integer Tate twist of the usual weight-two rank-three sheaf. For λ ̸= 0,
put

Fλ = K(x) ⊗ K(λx)∨. (5.1)

Because K has weight zero, duality gives complex conjugation of its trace. Changing variables
x = Ah in (2.3) yields

Cp(A, λA, 1) =
∑
x̸=0

tFλ
(x)ep(x/A). (5.2)
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Thus the correlation is a one-variable Fourier transform, except that the point x = 0 has been
omitted.

5.1 The omitted stalk at zero

Let j : Gm ↪→ A1. The stalk of the ordinary sheaf j∗Fλ at zero is the inertia-invariant space. Both
Kloosterman factors have one unipotent block of length three. After identifying those blocks, the
invariant endomorphisms are the centralizer of one regular nilpotent matrix N :

⟨I,N,N2⟩.

In particular the invariant dimension is three, not nine. Geometric Frobenius conjugates N to
p−1N ; the diagonal eigenvalues on this flag are 1, p−1, p−2. Scaling the coordinate by λ changes
a compatible Frobenius lift only by a unipotent factor and does not change these eigenvalues.
Therefore

t(j∗Fλ)0 = 1 + p−1 + p−2 = κp. (5.3)
The ordinary-sheaf exact sequence

0 −→ j!Fλ −→ j∗Fλ −→ i∗FI0
λ −→ 0

now shows exactly what has to be added to (5.2). The complete Fourier sum of the middle-extension
trace is Cp(A, λA, 1) + κp. Formula (2.5) gives an independent elementary check on the same
constant.

5.2 Why the Fourier fiber has rank six and weight one

Fix a nonzero Fourier coordinate ξ. The rank-nine sheaf Fλ ⊗ Lψ(ξx) has Swan conductor nine at
infinity. Indeed, the slopes of Fλ there are at most 1/3, whereas the additive twist has slope one.
Every resulting slope is one, and the invariant space at infinity is zero. At zero the sheaf is tame
with the three invariants just computed. Grothendieck–Ogg–Shafarevich therefore gives

χc
(
A1, j∗Fλ ⊗ Lψ(ξx)

)
= −9 + 3 = −6. (5.4)

There is no compactly supported H0, since an ordinary middle-extension sheaf has no nonzero
section supported at finitely many points. There is no H2

c , since such a contribution would require
a geometrically constant quotient, incompatible with the slope-one inertia at infinity. Thus the only
cohomology is six-dimensional H1

c .
The vanishing of the invariant stalk at infinity also identifies this space with the first cohomology

of the ordinary middle extension on P1. Deligne’s purity theorem for a smooth projective curve, in
the form [3, Theorem 4.1.3], makes it pure of weight one. The trace formula and (5.2) consequently
give

tr(Fr | H1
c ) = −

(
Cp(A,B, 1) + κp

)
.

An unramified twist with Frobenius eigenvalue −1 removes the minus sign at Fp-points and changes
no geometric inertia. We use

Cp(A,B) = Cp(A,B, 1) + κp (5.5)
as the trace of that pure rank-six family. The calculation is valid for every pair of unit parameters,
including A = B, and gives

|Cp(A,B, 1)| ≤ 6√
p+ κp. (5.6)

Purity of the fibers and bounded complexity yield a lisse rank-six family on a dense open of the
parameter torus. No assertion that this family is lisse on the entire torus is needed.
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5.3 The common open set for the four entries

For completeness, the family can be constructed from fixed sheaves by the maps (x, λ) 7→ x, λx,
ordinary j∗, tensoring by Lψ(ξx), compactly supported pushforward in x, and ordinary H1. Effective
generic base change identifies its fibers with those just calculated. Finally substitute (λ, ξ) =
(B/A, 1/A). The results cited in Section 4 make every exceptional locus in this construction
uniformly bounded in degree.

For the entry (m,n), the parameter map is

(r1, r2) 7−→
(
αr2
mr2

1
,
αr1
nr2

2

)
. (5.7)

Its exponent matrix has determinant three. For p > 3 it is dominant and generically separable, so
the preimage of the generic lisse locus remains dense. Intersect the four preimages and, if necessary,
remove a further bounded-degree hypersurface. This gives one principal affine open U ⊂ A2 on
which all four core sheaves are lisse. The complement of U has bounded degree.

For a conjugated entry use H∨(−1), where H is its weight-one core sheaf. A Frobenius eigenvalue
z then becomes p/z = z. Thus a conjugated entry is again represented by a weight-one sheaf.
Every nonempty subproduct of the four core factors is pure of weight equal to its number of factors,
between one and four. This observation will allow us to retain the constant correction κp exactly.

6 The complete radial phase calculation
We now calculate the ramification needed to exclude proper Fourier supports. Work over the
algebraically closed constant field Fp and then over an algebraic closure of Fp(z), where z is
transcendental. The generic ray is

r1 = t, r2 = zt. (6.1)

Using a transcendental direction avoids every fixed exceptional direction at once. A geometric
constituent over Fp restricts to this ray, and its local representations are subquotients of the
corresponding restrictions of the full sheaf.

6.1 One entry: three rank-two local transforms

Up to tame and unramified factors, the local description of K at infinity is [3]∗Lψ(3x). The tensor
in (5.1), decomposed over the cubic cover, has three rank-three blocks

[3]∗Lψ(3djx), dj = 1 − qj , q3
j = λ. (6.2)

There are three choices of qj . For generic λ, all dj are nonzero.
Apply Fu’s infinity-to-zero formula with γ(x) = x3 and a(x) = 3djx. Its derivative coordinate

and transformed phase are

ξ = −a′(x)
γ′(x) = −dj

x2 , a(x) + γ(x)ξ = 2djx. (6.3)

Thus each block produces two phases

±2
√

−d3
j/ξ = ±2

√
A(qj − 1)3, ξ = 1/A. (6.4)

The tame quadratic factors in Fu’s formula do not affect these wild coefficients. The theorem applies
because the relevant degrees are three and one, and p > 3.
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The three rank-two transforms account for all six dimensions found in (5.4). There is therefore
no additional tame summand at this generic Fourier origin. This rank exhaustion is essential: finding
six stationary phases without proving that they exhaust the cohomology would not exclude an extra
tame constituent.

On the ray (6.1),
A = αz

mt
, B = α

nz2t
, λ = m

nz3 .

Write qj = γ/z, with γ3 = m/n, and put t = T 2. Formula (6.4) becomes

±2
√
α/m

zT
(γ − z)3/2, γ3 = m/n. (6.5)

This is the full six-character wild list, up to tame factors. In particular, the coefficient depends on
the direction through a cubic power of γ − z, not through the reciprocal of a linear function. That
distinction will exclude origin-line Fourier supports.

6.2 Why no nonempty subproduct has a zero phase

Assume now m ̸= m′ and n ̸= n′ in Fp. A phase of a tensor product is a sum of one chosen phase
from each factor. Conjugation changes a sign, which is already allowed by (6.5). Collect terms
having the same γ. Every phase coefficient has the form

β(z) = 1
z

∑
γ∈Γ

cγ(γ − z)3/2. (6.6)

We claim that Γ ̸= ∅ and every grouped coefficient cγ is nonzero, for every one of the fifteen
nonempty subsets of the four entries.

Two entries sharing a row cannot share γ, since equality of their cubes would force their columns
to be equal. The same applies to entries sharing a column. Thus a common γ can occur only in two
opposite entries. It cannot occur in three entries. The squared amplitudes in such an opposite pair
are proportional to 1/m and 1/m′. If the two signed amplitudes canceled, their squares would agree
and force m = m′, contrary to the assumption. This proves the claim even when the two opposite
pairs have coinciding cubic branch sets.

Finally, the squareclasses of the distinct linear functions γ−z are independent in Fp(z)∗/Fp(z)∗2:
the valuation at z = γ detects that generator and none of the others. In the resulting multiquadratic
extension, the terms in (6.6) belong to distinct character spaces. They cannot sum to zero. Every
wild character in every nonempty tensor therefore has a nonzero pole-one phase β(z)/T .

Corollary 6.1. For locally distinct row and column indices, no generic lisse constituent of any
nonempty core subproduct is a linear Artin–Schreier sheaf Lψ(ar1 + br2), including the constant
sheaf.

Proof. On the generic ray, a linear Artin–Schreier sheaf is unramified at t = 0. Our exhaustive
list has no tame character there. Restriction and passage to a constituent cannot create a new
wild-inertia character absent from the list.

6.3 Radial infinity, including repeated indices

There is a second local fact, valid even if row or column indices repeat. Along (6.1), the ratio λ is
fixed and the Fourier coordinate ξ = 1/A is a nonzero constant times t. The input Fλ is tame at
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zero, lisse at every other finite nonzero point, and has slopes at most 1/3 at infinity. By stationary
phase, its Fourier transform has no infinity-to-infinity contribution. The contribution from the finite
point zero is tame at Fourier infinity, and there is no other finite singularity to contribute a nonzero
linear phase. Thus the core is tame at radial t = ∞.

Tensor products, conjugate duals, and subquotients preserve this tameness. A nonconstant linear
sheaf Lψ(ar1 + br2) would restrict to Lψ((a + bz)t), which has slope one at infinity because z is
transcendental and (a, b) ̸= (0, 0). Such a constituent is excluded for all indices. For repeated indices
the constant constituent is not excluded. This is exactly why (3.4) permits a larger contribution at
the Fourier origin and nowhere else.

7 Why a Fourier-support curve is impossible
Absence of linear Artin–Schreier constituents excludes punctual Fourier supports. It does not by
itself exclude curves. We now prove the additional geometric statement and then apply the exact
angular phases to the remaining line case.

Lemma 7.1. Let Q be a geometrically simple, full-support perverse sheaf on A2
Fp

. Suppose its
generic lisse sheaf is tame at infinity on the ray (r1, r2) = (t, zt). If FT2(Q) is supported on an
irreducible curve Z of degree less than p, then Z is a line through the origin. On a dense open,
the underlying lisse sheaf of Q is a pullback J(ar1 + br2), up to an unramified twist, for a nonzero
one-variable sheaf J over Fp and (a, b) ̸= (0, 0).

Proof. Since Fourier preserves simplicity, write FT2(Q) = iZ∗ ICZ(L), where L is nonzero and lisse
on a dense smooth open of Z. We first show that Z cannot be nonlinear.

Let f(h, k) = 0 be an irreducible equation of Z, of degree D < p, and consider the projection

πz : Z −→ A1, (h, k) 7−→ h+ zk. (7.1)

It is finite of degree D for transcendental z. Indeed, after substituting h = y − zk, the coefficient of
kD is the nonzero constant fD(−z, 1), where fD is the highest homogeneous part. Dividing by that
constant makes k integral over Fp(z)[y]. The normalization of Z is finite over Z, so its projection is
finite as well. Its degree is below p; hence the induced function-field extension is separable and all
its ramification indices are prime to p.

We need a ramification point in the smooth lisse locus whose projected value is not zero. Here
are the two geometric reasons it exists. If the Gauss map of a nonlinear Z were constant, a fixed
nonzero directional derivative of f would vanish on Z. Its degree is less than D, so it would vanish
identically. Since D < p, this would make f a polynomial in one linear form. Absolute irreducibility
would force a line, a contradiction. The Gauss map is therefore nonconstant and hence dominant
onto the line of directions.

Next, the Euler derivative

H(h, k) = hfh(h, k) + kfk(h, k) (7.2)

cannot vanish identically on a nonlinear Z. Otherwise f | H, and comparison of degrees gives H = cf .
The homogeneous components of f have distinct degrees modulo p, because D < p; consequently
only one homogeneous degree can occur. An irreducible homogeneous binary polynomial over Fp is
linear. Again this contradicts nonlinearity.

Remove the finitely many singular points of Z, the nonlisse points of L, and the zeros of H and
fh on the remaining curve. The dominant Gauss map still has a point of generic direction in the
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resulting open set. At such a point,

fk = zfh, πz(h, k) = h+ zk = H/fh ̸= 0.

It is a ramification point of πz, of tame index e ≥ 2, with a nonzero critical value, say a. No
simple-tangency assumption is being made; e can be larger than two.

Because L is lisse at this point, its local pushforward contains the degree-e tame permutation
representation, repeated rankL times. Over the algebraic coefficient field this representation contains
every nontrivial character of the tame cyclic group of order e. Other points above a give direct
summands. Thus these nontrivial tame blocks cannot be canceled by contributions from the rest of
the fiber. Each chosen nontrivial character has zero inertia invariants. Its ordinary middle extension
therefore has zero stalk at a, exactly as its zero extension does. This is why its nonzero local Fourier
contribution survives; the trivial character in the permutation representation would not justify the
same step.

We now relate this local statement to Q. For the ray inclusion iz(t) = (t, zt), linear Fourier
compatibility [3, Theorem 1.2.2.4] gives the exact shift

i∗z FT2(iZ∗ ICZ L) ≃ FT1(Rπz! ICZ L)[1]. (7.3)

This can also be read directly from (4.1): on the ray the phase is t(h+ zk); the plane transform has
shift two and the one-variable transform shift one. To recover Q from its transform, (4.2), namely
[3, Theorem 1.2.2.1 and Corollary 1.2.2.3], additionally gives a reflection and a Tate twist. Neither
changes a ramification slope or the fact that a critical value is nonzero.

The finite map πz has perverse-exact pushforward. Its nontrivial tame blocks are therefore actual
local blocks of the middle-extension part, not terms in an alternating cohomology sum. Stationary
phase sends a nontrivial tame block at a ̸= 0 to a nonzero block at Fourier infinity with the factor
Lψ(±at). Its slope is one. The direct-sum stationary-phase decomposition precludes cancellation
by other singularities. By (7.3), this is a wild block in the radial restriction of Q, contradicting its
tameness at infinity. The Fourier and stationary-phase statements used here are the ones cited in
Section 4; translation is [3, Proposition 1.2.3.2].

It remains to consider an affine line. Write it as Z = u+ Fpv, with v ̸= 0. Fourier compatibility
with a linear inclusion, followed by translation, gives on a dense open

Q ≃
(
Lψ(±u · (r1, r2)) ⊗ J(v · (r1, r2))

)
[2], (7.4)

up to a Tate twist. The one-variable sheaf J is defined over the constant field Fp. Its generic rank is
nonzero: otherwise the one-variable inverse Fourier transform would be punctual, and the pullback
in (7.4) would not have full support.

On the generic ray, put X = (v1 + zv2)t. Radial tameness says that

J(X) ⊗ Lψ(c(z)X) is tame at infinity, c(z) = ±u1 + zu2
v1 + zv2

. (7.5)

A fixed nonzero local representation cannot be made tame by two different linear twists: after the
first twist it is nonzero and tame, and tensoring by their nontrivial quotient gives slope one. Since
J is defined over Fp, apply the constant-field automorphism z 7→ z + 1 to (7.5). Uniqueness implies
c(z + 1) = c(z). For this ratio of linear functions, that equality gives u1v2 − u2v1 = 0. Hence u is
parallel to v, and the line passes through the origin. Its translation factor can be absorbed into J ,
proving the lemma.
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7.1 Excluding a line through the origin

The preceding lemma uses radial infinity. The angular dependence at radial zero provides the
remaining obstruction.

Lemma 7.2. Assume m ̸= m′ and n ̸= n′ modulo p. No geometric full-support simple constituent of
an intermediate extension of a nonempty core subproduct can have its Fourier transform supported
on a line through the origin.

Proof. If such a constituent existed, Lemma 7.1 would identify its generic lisse sheaf with J(ar1+br2),
for (a, b) ̸= (0, 0). The wild-inertia representation of a constituent is a subquotient of the full
representation. After t = T 2, the full representation has the exhaustive rank-one list (6.6), with no
tame character. Our constituent therefore contains a nonzero character from that list.

We make the passage to a constant coefficient explicit. Choose a constant direction z0 ∈ Fp

with a + bz0 ̸= 0, outside the following finite set of bad directions. Exclude z0 = 0, the cubic
branch directions occurring in the four entries, and every direction whose line is contained in the
complement of the open set where the constituent and pullback are identified. Also exclude the
zeros and poles of all the phase functions in the exhaustive list. These last sets are finite: the list is
finite, its members are nonzero algebraic functions on a finite cover of the direction line, and zeros
and poles have finite images on that line. The algebraically closed field Fp is infinite, so such a z0
exists.

On this constant ray, restrict the actual sheaf inclusion giving the constituent. Its nonzero rank
is unchanged on a dense open of the ray. The same local calculation as in Section 6 applies directly
at z = z0: the excluded directions ensure that its denominators and phases do not degenerate.
After t = T 2, the full representation has only the characters Lψ(βj(z0)/T ) on wild inertia, with
βj(z0) ∈ F∗

p. A subquotient has a nonempty sublist. Choose u0 ∈ F∗
p with u2

0 = a + bz0, and set
Y = u0T . The pullback is now J(Y 2), and its wild characters have coefficients

cj = u0βj(z0) ∈ F∗
p in the phases Lψ(cj/Y ).

This identifies the characters of the fixed one-variable sheaf J(Y 2) over the constant field. It is not
an inference from the slope alone.

Return to the generic direction and choose u(z) ∈ Fp(z)
∗

with u(z)2 = a + bz. The same
constant-field representation is base changed, and Y = u(z)T . Its wild characters are consequently
Lψ(cj/(u(z)T )), with the same constants cj . Matching any one of them to the constituent’s
exhaustive generic list gives β(z) = cj/u(z). In particular, for a nonzero constant c ∈ Fp,

β(z)2 = c2

a+ bz
. (7.6)

There is no ambiguity from an Artin–Schreier coboundary here. A nonzero Laurent series of the
form gp − g with a pole has leading pole order divisible by p; it cannot change a coefficient of T−1

and leave no higher pole.
Equation (7.6) is impossible. If (6.6) has at least two different γ’s, its square is not in Fp(z).

Indeed, the cross term from an unordered pair γ, γ′ is a nonzero vector in the multiquadratic
character space corresponding to (γ − z)(γ′ − z). Independent squareclasses make these spaces
distinct for distinct unordered pairs, so no cross term can cancel another. The right side of (7.6) is
rational, a contradiction.

If there is just one γ, then

β(z)2 = c2
γ

(γ − z)3

z2 .
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It has a cubic zero at the nonzero point z = γ. A nonzero constant divided by a linear function has
no finite zero. This is again incompatible with (7.6).

7.2 What the two geometric hypotheses exclude

The large-characteristic and angular-phase qualifications have distinct roles. A general radial-
tameness statement without the degree restriction would be false: the degree-p graph (u, up) has
constant Gauss direction. With a nontrivial Kummer local system on its parameter, its inverse
plane transform is, up to an unramified factor, Kummer in rp1 + r2; this is tame on a generic ray at
infinity. Our bounded-degree construction excludes this phenomenon for sufficiently large p.

Nor does nonzero wild inertia at radial zero, together with tameness at radial infinity, suffice
to exclude an origin line. The sheaf Kl2(1/(r1 + r2)) has those properties, but is a pullback from
one linear form and hence has Fourier support on a line. Its local coefficients are proportional to
(1+z)−1/2. The actual coefficients (6.6) are excluded by the more specific rational-square calculation
in Lemma 7.2. These examples explain why both parts of the argument are necessary.

8 From geometric support to the prime Fourier bound
Fix a nonempty subset of the four core factors, of size w, where 1 ≤ w ≤ 4, and let G be the resulting
pure lisse sheaf on the common open set U . Set

P = j!∗(G[2]), j : U ↪→ A2. (8.1)

Then P is pure perverse of weight w + 2, and FT2(P ) is pure perverse of weight w + 4. All simple
constituents of P have full support.

Suppose first that the row and column indices are locally distinct. Corollary 6.1 excludes a
punctual Fourier constituent, because its inverse Fourier transform would be a linear Artin–Schreier
sheaf. Lemmas 7.1 and 7.2 exclude a curve-supported constituent. The uniform support-degree
bound from quantitative sheaf theory permits the first lemma for all p > p0, with one absolute p0.
Thus every simple constituent of FT2(P ) has full support. Geometric semisimplicity makes the
whole transform a sum of full-support intermediate extensions.

8.1 Why the exceptional set is finite

Apply (4.3) to these full-support intermediate extensions. The only ordinary cohomology degrees
are −2 and −1; the latter is supported on a finite set. A complex of weights at most v has ordinary
degree-i stalks of weights at most v + i. Therefore the relevant bounds are

Complex degree −2 degree −1

P , weight w + 2 O(pw/2) O(p(w+1)/2), on a finite set
FT2(P ), weight w + 4 O(p(w+2)/2) O(p(w+3)/2), on a finite set

All stalk dimensions and all finite-set cardinalities are uniformly bounded by the complexity results.
We obtain

|tFT2(P )(h, k)| ≪ p(w+2)/2 + p(w+3)/21Z(h, k) (8.2)

for a uniformly bounded finite geometric set Z.
The strict-support condition is the point that improves a curve to a finite set. At a generic

boundary divisor, a nonzero degree-−1 sheaf would constitute perverse degree zero on the boundary,
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forbidden by intermediate extension. At a boundary point, degree zero is forbidden for the same
reason. Ordinary perversity alone would not justify (8.2) with finite Z.

If indices repeat locally, Section 6.3 still excludes every nonconstant linear Artin–Schreier
constituent. The only permitted punctual Fourier constituent is therefore at the origin. Curve
constituents may remain. A degree-−1 contribution then has bounded-degree curve support and
size O(p(w+3)/2); a degree-zero contribution at the origin has size O(p(w+4)/2). This gives precisely
the alternative type of envelope needed in (3.4).

8.2 The physical boundary is a different issue

The trace of P on the complement of U need not equal zero. Our arithmetic product was extended
by zero there, so we must compare the two before applying Fourier inversion. The complement has
O(p) rational points, and the first row of the preceding table gives the aggregate boundary estimate∑

x∈(A2\U)(Fp)
|tP (x)| ≪ p pw/2 + p(w+1)/2 ≪ p(w+2)/2. (8.3)

The larger degree-−1 stalks occur at only O(1) points. In particular, for w = 4 it would be incorrect
to assert that every physical boundary stalk has size O(p2); finitely many may have the weaker
bound O(p5/2). The aggregate O(p3) bound is sufficient and is the one actually used. Taking a
Fourier transform cannot increase the absolute sum in (8.3).

8.3 Returning to the uncorrected correlation

On U , expand each raw factor as Cp = Cp − κp. The product of four factors has fifteen nonempty
pure subproducts and one empty product. Every coefficient in this expansion is bounded absolutely,
since κp is bounded. Apply the appropriate pure estimate and (8.3) to each nonempty subproduct.

The empty product is 1U , whose complete transform is

1̂U (h, k) = p21(h,k)=(0,0) +O(p). (8.4)

It is multiplied by the bounded scalar κ4
p and fits within the generic O(p3) bound. Finally, the original

raw four-product has size O(p2), by (5.6), at each of the O(p) omitted torus points. Reinstating
those points costs another O(p3) uniformly in frequency.

Taking the union of the fifteen bounded exceptional sets gives (3.3); retaining curves and the
possible origin term gives (3.4). This proves Proposition 3.1, including its raw trace normalization
and all boundary corrections.

8.4 A prime-level completion calculation

For an interval I of at most R ≤ p integers,
∥∥∥1̂I∥∥∥1

≪ p log(2p), and each Fourier coefficient has
absolute value at most R. Inverting the two-variable transform in (3.3) gives∣∣∣∣∣∣

∑
r1∈I,r2∈J

W (r1, r2)

∣∣∣∣∣∣ ≪ p3 log2(2p) +R2p3/2. (8.5)

The finite exceptional frequencies need not avoid either axis or the origin. Their contribution is
bounded individually by R2, and the inverse factor is p−2. By contrast, a bounded-degree curve
has weighted Fourier mass O(pR log(2p)), leading to Rp5/2 log(2p). The next section carries out the
corresponding calculation when different primes have different kinds of exception.
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9 Squarefree completion with finite and curve exceptions
Let s be squarefree. At each p | s, choose a unit parameter αp, fixed throughout the two-variable
average, and form the product of the prime kernels (3.1). We denote it by Ks(r1, r2). Nonunit
row, column, and modulus-factor residues are set to zero. The indices m,m′, n, n′ are now integers,
and each is in an interval containing O(M) integers. The modulus-factor variables are in intervals
containing O(R) integers. Here M,R ≥ 1; these intervals are allowed to contain repeated residues
modulo s.

Constants of the form Cν(s), with ν(s) the number of prime divisors, and fixed powers of divisor
functions are written so(1). Precisely, they are Oη(sη) for every fixed η > 0. Only finitely many such
losses occur, so their exponents can be allocated in advance.

Lemma 9.1. For an interval I containing at most R integers, a divisor q | s, and any residue a
(mod q), ∑

h mod s
h≡a (mod q)

∣∣∣∣∣∑
r∈I

es(hr)
∣∣∣∣∣ ≪ R+ s

q
log(2s). (9.1)

The constant is uniform in the interval and the residue class.

Proof. For an interval shorter than a period, use the geometric-sum bound min(R,O(s/|h|)), where
|h| is the least absolute residue. Frequencies in the indicated coset are spaced by q. The nearest
to zero contributes at most R, and the remaining terms are bounded by a harmonic sum of size
O((s/q) log(2s)). If R > s, remove complete periods of the interval. They contribute only at zero
frequency, with total at most R; the remainder is treated as before.

9.1 The local choices in the CRT expansion

Fix a four-cycle with D0 = (m−m′)(n− n′) and let G = gcd(s,D0). At a prime not dividing D0,
its Fourier envelope has a generic part and a finite exceptional part. At a prime dividing D0, it has
a generic part, a curve part, and an origin part. Expand the product of these positive envelopes. A
term is specified by three pairwise coprime divisors:

divisor selected local condition extra multiplier
f finite set at p ∤ D0

√
f

d curve at p | D0
√
d

e origin at p | D0 e.

They satisfy
fde | s, de | G. (9.2)

Choices among finitely many exceptional points or curve components cost only a factor so(1).
Split d = dvdn. At a prime in dv, the selected component is a vertical line; at a prime in dn, it has

uniformly bounded vertical fibers. Such a split covers every component of a bounded-degree plane
curve. The finite conditions at f and the origin conditions at e fix both coordinate residues, up to
bounded choices. The conditions at dv fix the first coordinate. For each permitted first coordinate,
those at dn give a bounded number of classes for the second coordinate. These second-coordinate
classes may depend on the first; uniformity in Lemma 9.1 is precisely what permits that dependence.

Applying the coset bound first in the second coordinate and then in the first, the weighted
Fourier mass for this term is at most

so(1)
(
R+ sL

fedv

)(
R+ sL

fedn

)
, L ≪ log(2s). (9.3)
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There is no extra factor for all possible first-coordinate residues: they have already been summed
by the first coset bound.

9.2 The four completion terms

The prime generic factors multiply to s3, the inverse Fourier factor is s−2, and the selected exceptions
contribute

√
fd e. Thus multiply (9.3) by s

√
fd e. Ignoring logarithms, which enter so(1), its four

terms are

R2s
√
fd e,

Rs2
√
dn
fdv

, Rs2
√

dv
fdn

,

s3

f3/2
√
d e
.

The first is at most R2s3/2√
G, since fde2 ≤ sG. Each mixed term is at most Rs2√

G, and the last
is at most s3. After summing the divisor choices we have proved∣∣∣∣∣∣

∑
r1∈I,r2∈J

Ws(r1, r2)

∣∣∣∣∣∣ ≪ so(1)
(
s3 +Rs2

√
gcd(s,D0) +R2s3/2

√
gcd(s,D0)

)
. (9.4)

This proof did not require either exceptional curves or exceptional points to avoid the coordinate
axes. The finitely many small primes are absorbed into the absolute constant as explained after
Proposition 3.1.

10 The averaged matrix norm
The relevant operator norm is the norm between the counting-measure ℓ2 spaces on the row and
column integer intervals. Setting nonunit indices to zero is equivalent to inserting orthogonal row
and column projections; it causes no increase in this norm.

Proposition 10.1. For the squarefree product kernel just defined,(
R−2 ∑

r1,r2

∥Ks(r1, r2)∥4
op

)1/4

≪ so(1)
(
M3/4s1/2 +Ms3/4R−1/2 +Ms3/8

)
. (10.1)

The result is uniform in the fixed local parameters, all interval positions, repeated residues, and
M,R ≥ 1. The case s = 1 is included.

Proof. For each matrix K, ∥K∥4
op ≤ tr((KK∗)2). Expanding the trace gives exactly∑

m,m′,n,n′

KmnKm′nKm′n′Kmn′ .

First separate the cycles for which m = m′ or n = n′ as integers. There are O(M3) of them. The
prime entry bound and CRT give |Kmn| ≪ s1/2+o(1), so these cycles contribute at most R2M3s2+o(1).
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For the remaining cycles both integer differences are nonzero, but a prime factor of s can still
divide a difference. Such locally repeated indices are measured by the gcd in (9.4). For one interval,∑

m̸=m′

√
gcd(s,m−m′) ≤

∑
d|s

√
d#{m ̸= m′ : d | m−m′}

≪ M2∑
d|s

d−1/2 ≪ M2so(1). (10.2)

To justify the middle bound without a spurious M error, a nonzero difference divisible by d requires
d to be no larger than the interval’s diameter. In that range the count is O(M2/d); outside it
the count is zero. This also proves the bound when the interval contains several complete residue
periods.

The elementary inequality√
gcd(s, (m−m′)(n− n′)) ≤

√
gcd(s,m−m′)

√
gcd(s, n− n′)

allows us to use (10.2) independently in rows and columns. Summing (9.4) now yields∑
r1,r2

∥Ks(r1, r2)∥4
op ≪ so(1)

(
R2M3s2 +M4s3 +RM4s2 +R2M4s3/2

)
. (10.3)

For all R, s ≥ 1, Rs2 ≪ s3 + R2s3/2: for example, compare R to s3/4 and use the arithmetic–
geometric mean inequality. Absorb this mixed term, divide by R2, and take fourth roots. For s = 1
the kernel is the all-ones matrix, whose norm is O(M), already covered by the last term.

10.1 Where positivity permits enlargement

In the application the coefficient vectors can depend on both r1 and r2. This is allowed. For any
family of matrices and vectors, Hölder gives

∑
r

|aTr Krbr| ≤
(∑

r

∥Kr∥4
op

)1/4(∑
r

(∥ar∥2 ∥br∥2)4/3
)3/4

. (10.4)

Here r can stand for a pair of modulus factors. One may enlarge a restricted sum of ∥Kr∥4
op, since its

terms are nonnegative, and then prove its bound by expanding the trace. One may not first expand
a signed four-cycle and then discard restrictions in that signed sum. This order is what allows the
original coprimality conditions and the variable coefficient vectors to coexist with Proposition 10.1.

11 The smooth Type III reduction and the three Fourier divisors
We turn to the convolution in Theorem 1.1. The reduction in this section is the smooth Poisson
reduction of [1, Section 7.2]. We give its relevant details to identify the coefficients, the normalization,
and the precise divisor weights that the new matrix estimate must handle.

Put N = N1N2N3. Fix a dyadic modulus scale Q and then a narrower interval of relative length
O(x−ε), where ε > 0 will be chosen smaller than the final strict savings. Write

Hi = Q/Ni, H = H1H2H3 = Q3/N, H+ = x3ε/2H. (11.1)

The original absolute values in the discrepancy sum are represented by bounded complex coefficients
ηq. They retain the restriction to the chosen modulus interval and to the permitted densely divisible
moduli. We will keep them inside the signed sums.
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11.1 Separating the smooth weights from the modulus

Let Ψi(y) =
∑
n ψi(n)e(−ny). Smoothness and Poisson summation imply, on a fundamental period,

|Ψ(j)
i (y)| ≪j,C N

1+j
i (1 +Ni|y|)−C .

Consequently frequencies |hi| > xε/2Hi have an arbitrarily small total contribution after choosing C
large. For the remaining frequencies, Taylor expansion about hi/Q separates the q-dependence:

hi
q

− hi
Q

≪ x−ε/2

Ni
.

Each derivative costs Ni, while each additional Taylor remainder factor saves x−ε/2. A fixed
sufficiently long expansion therefore has negligible remainder. Its terms have bounded weights in
the individual frequencies and bounded weights in q. This is the separation in [1, Equation (7.13)].
No derivative of α(m) is taken.

For one such separated term, the complete finite sum is

F(h, a/m; q) = 1
q

∗∑
n1,n2,n3 mod q

eq(h1n1 + h2n2 + h3n3)1n1n2n3=a/m ( mod q). (11.2)

The product of the three Fourier normalizations is H−1; the complete sum in (11.2) was divided by
q. Thus the remaining expression has prefactor Q/H, with the bounded ratio q/Q included in ηq.
This is the normalization in [1, Equations (7.14)–(7.15)].

If an integer Fourier coordinate is zero, the complete sum is independent of the primitive class.
For example, solving for n3 when h3 = 0 gives exactly

F((h1, h2, 0), a/m; q) = q−1cq(h1)cq(h2), (11.3)

where cq is the Ramanujan sum. Such terms cancel when one subtracts the average over primitive
classes in (1.1). This cancellation concerns a zero coordinate in the initial three-variable Fourier
expansion; it is different from the central completion frequency studied in Section 14.

11.2 Removing primes that divide a nonzero Fourier coordinate

For h1h2h3 ̸= 0, factor uniquely

hi = biℓi, bi | q∞, gcd(ℓi, q) = 1. (11.4)

The bi are positive and can have arbitrary prime-power valuations; signs are assigned to ℓi. Define
three different products:

B = b1b2b3, b = rad(B), Ab =
3∏
i=1

rad(bi). (11.5)

Since q is squarefree, q = bq0 with gcd(b, q0) = 1. Removing the factor b changes dense divisibility
from xδ to

y = bxδ; (11.6)

this is [1, Lemma 2.10(i)]. It is not legitimate to keep the old width xδ for the quotient.
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CRT splits (11.2) into a factor modulo b and a Kloosterman sum modulo q0. In the latter, all
three Fourier coordinates are units, and the change of variables gives

Kl3
(
aBℓ1ℓ2ℓ3
b3m

; q0

)
.

At a prime p | b, let j ∈ {1, 2, 3} be the number of coordinates that vanish modulo p. The other
local factor is exactly

(−1)3−j(p− 1)j−1

p
. (11.7)

This follows by solving the product constraint for one of the zero coordinates and summing the
remaining unit additive characters. It depends only on the zero pattern, not on m, the remaining
modulus, or the primitive residue. Its absolute value is at most pj−2. Multiplying over p | b gives

|local factor modulo b| ≤ Ab/b
2. (11.8)

Independence, not just this upper bound, permits us to take the factor outside the signed modulus
and coefficient sum. This is the content of [1, Lemma 7.3] needed here.

Group the remaining frequencies by ℓ = ℓ1ℓ2ℓ3. For fixed ℓ, the number of signed factorizations
is bounded by a constant times τ3(|ℓ|). Set

Q0 = Q/b, Hb = H+/B. (11.9)

For a fixed triple b = (b1, b2, b3), the quantity to estimate is

T (b) =
∑

0<|ℓ|≤Hb

τ3(|ℓ|)

∣∣∣∣∣∣∣∣∣
∑
q0≍Q0

gcd(bℓ,q0)=1

ηbq0

∑
gcd(m,bq0)=1

α(m) Kl3
(
aBℓ

b3m
; q0

)∣∣∣∣∣∣∣∣∣ . (11.10)

The coefficients still record the original modulus restrictions. If this expression is nonempty, Q0 ≫ 1
and Hb ≥ 1. The units aB/b3 modulo the remaining primes constitute a coherent family for fixed b.

The resulting error bound is

|Σerror(Q)| ≪ xo(1) Q

H

∑
b

Ab
b2 T (b), (11.11)

apart from the arbitrarily small smooth Fourier and Taylor tails. It is the reduction of [1, Equation
(7.19)]. Its proof works with the original complex η’s retained in (11.10); replacing a signed inner
sum by an unweighted one is neither required nor used.

12 Dense-divisor extraction and the exact second moment
Choose one upper extraction target S, common to every Fourier triple, with

1 ≤ S ≤ xδQ/2 = yQ0/2. (12.1)

Dense divisibility of q0 permits a chosen factorization

q0 = rs, S/y ≤ s ≤ S, gcd(r, s) = 1. (12.2)

20



If q0 < S ≤ yq0, take s = q0, r = 1. The upper bound in (12.1) ensures that this is allowed for the
entire modulus interval. A lower endpoint S/y < 1 does not create a difficulty: actual divisors are
integers at least one. When we later replace a decreasing function of s by its value at S/y, using an
endpoint below one merely overestimates it.

Choose one factorization for each original modulus and record it in ηr,s. There is no multiplicity
loss from taking every possible factorization. Apply the triangle inequality over s in (11.10), followed
by Cauchy’s inequality with weights s−1 and s. The divisor second moment

∑
0<|ℓ|≤Hb

τ3(|ℓ|)2 ≪
Hbx

o(1) and
∑
s s

−1 ≪ log x give
T (b)2 ≪ xo(1)HbT2,b, (12.3)

where

T2,b =
∑

gcd(b,s)=1
s

∑
ℓ∈Z

gcd(ℓ,s)=1

ψHb
(ℓ)

∣∣∣∣∣∣∣∣
∑
r

gcd(bℓs,r)=1

ηr,s
∑

gcd(m,brs)=1
α(m) Kl3(a†ℓ/m; rs)

∣∣∣∣∣∣∣∣
2

, a† = aB

b3 .

(12.4)

The s-sum retains the interval in (12.2). The smooth function ψHb
is nonnegative, equals one on

[−Hb, Hb], and is supported on a fixed dilation of that interval. The expression a† means a unit
residue at every remaining prime, not division at a prime dividing b.

This square is the point at which cancellation must be preserved. We will complete its ℓ-sum
exactly, absorb separate CRT factors into coefficient vectors, and only then use operator norms. An
entrywise triangle inequality before that step would lose the matrix average proved in Section 10.

12.1 The shared modulus and the completed period

Split the actual s-range into dyadic blocks s ≍ V . In a block put R = Q0/V , so r1, r2 ≍ R, and
write

g = gcd(r1, r2), r1 = gu, r2 = gv, w = sg, C = uvw. (12.5)

On the original squarefree support, u, v, g, s are pairwise coprime. The two original moduli are uw
and vw, and their least common multiple is C. Also u, v ≍ R/g and C ≍ R2s/g.

For fixed m,n, u, v, s, g, the periodic product in the ℓ-sum is

Gm,n(ℓ) = 1gcd(ℓ,C)=1 Kl3(a†ℓ/m;uw)Kl3(a†ℓ/n; vw). (12.6)

With the sign conventions of (2.1), completion is the exact identity

∑
ℓ

ψHb
(ℓ)Gm,n(ℓ) = 1

C

∑
c∈Z

ψ̂Hb
(c/C)Ĝm,n(c). (12.7)

The integer c is fixed in the ensuing (u, v)-average; it is not a separately selected representative for
each changing period.

For any fixed A > 1, rapid decay gives a common positive envelope

C−1|ψ̂Hb
(c/C)| ≪A x

o(1)K−1(1 + |c|/K)−A, K ≍ R2s

gHb
> 0. (12.8)

The constants in ≍ are fixed across each dyadic block. The envelope is scalar in the matrix indices
m,n. It is valid even if K < 1, so no fictitious frequency of size one is added.
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12.2 Exact CRT factors and their coefficient dependence

Applying (2.7) and splitting the additive character, we obtain

Ĝm,n(c) = Tu(a†m−1w−3, c(vw)−1)
· Tv(a†n−1w−3,−c(uw)−1)
· Cw(a†m−1u−3, a†n−1v−3, c(uv)−1). (12.9)

All inverses are local to the modulus of the corresponding factor. The minus sign in the conjugated
Tv makes its conjugate additive character have the required positive sign.

For fixed outer variables, the first factor depends on m, and the second depends on n. They
can therefore be included in the row and column coefficient vectors. Formula (2.6) and the prime
bound for Kl2 imply |Tu| ≪ u1/2+o(1), including at nonunit frequencies; the zero-frequency local
value −p−1 is smaller still. The resulting product of vector norms is

∥au,v∥2 ∥bu,v∥2 ≪ xo(1)M
√
uv ≪ xo(1)MR

g
. (12.10)

These vectors can depend on u, v, s, g, c. The estimate (10.4) explicitly allows that dependence.
Unit conditions on their indices are retained as orthogonal projections.

13 Every nonzero completion frequency
A nonzero integer c need not be a unit modulo w. Put

e = gcd(c, w), P = w/e. (13.1)

We first handle the primes in e, where the local additive frequency is zero, and then apply the
matrix theorem to the remaining primes in P .

13.1 The zero local frequencies are Schur multipliers

At a prime p | e, (2.5) turns the shared factor of (12.9) into

p1mu3=nv3 ( mod p) − κp. (13.2)

The indicator is a block-matching mask on the matrix indices. To see its operator-norm bound,
partition the row space by the residue mu3 and the column space by nv3, with projections Pa, Qa.
Entrywise multiplication by the mask sends a matrix X to

∑
a PaXQa. The output blocks have

orthogonal row and column spaces, so∥∥∥∥∥∑
a

PaXQa

∥∥∥∥∥
op

= max
a

∥PaXQa∥op ≤ ∥X∥op .

Repeated residues cause larger blocks, not a larger norm. Consequently the Schur multiplier in
(13.2) has norm at most p+ κp. Multiplying over p | e costs at most∏

p|e
(p+ κp) = e1+o(1). (13.3)

This remains valid with all the original unit projections and with the matching pattern depending
on u, v.
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13.2 The unit local frequencies give a fixed-parameter matrix

At p | P , normalize the additive frequency of the shared correlation to one. Its entry becomes

Cp

(
αpv

mu2 ,
αpu

nv2 , 1
)
, αp =

a†
p

c
(w/p)−2 (mod p). (13.4)

There are two sources of the cofactor in this expression. The local Kloosterman arguments contain
an inverse cube by (2.7); rescaling the shared summation variable to normalize its additive frequency
removes one inverse cofactor. The remaining inverse square is (w/p)−2.

For fixed b, s, g, c, the number αp is independent of u, v. Coherence of the primitive classes is
used here. The operator bound can therefore be applied at modulus P and outer length R/g, with
arbitrary fixed unit parameters at its primes. No equidistribution assumption on u, v is needed.
The case P = 1 is the all-ones matrix already included in Proposition 10.1.

Combining (13.3) with the three terms of (10.1), the residual powers of e, relative to putting
e = 1, are respectively

e1/2, e1/4, e5/8. (13.5)

For example, the first term contains eP 1/2 = w1/2e1/2; the other two are computed in the same way.

13.3 Summing nonunit frequencies without a short-scale loss

For A > 1, K > 0, and a positive integer e, monotonicity and integration give

1
K

∑
c̸=0
e|c

(1 + |c|/K)−A = 2
K

∑
j≥1

(1 + ej/K)−A ≤ 2
e(A− 1) . (13.6)

There is no extra constant term on the right. The sum starts at the first nonzero multiple, so the
decreasing integral bound remains valid even when K < 1. After bounding on each original class
gcd(c, w) = e, we may enlarge that class to e | c in this positive majorant. For every fixed β < 1,

1
K

∑
c ̸=0

(1 + |c|/K)−A gcd(c, w)β ≪A

∑
e|w

eβ−1 ≪ wo(1). (13.7)

All three powers in (13.5) satisfy this condition. This controls every nonzero integer frequency,
including those divisible by the whole shared modulus.

13.4 The three dyadic second-moment terms

We spell out the size calculation. In a block s ≍ V , there are O(V ) choices of s, each with the outer
weight s ≪ V . For fixed g, there are O((R/g)2) modulus-factor pairs. The vector-norm product is
O(xo(1)MR/g). Before the averaged matrix term, their total contribution is therefore

xo(1)MR3V 2

g3 . (13.8)

Apply (10.4), then the matrix theorem at P = sg/e, and use (13.7). The three resulting monomials
are recorded below; R = Q0/V .
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Matrix term residual e-power g-power after replacing R

M3/4P 1/2 1/2 −5/2 M7/4Q3
0V

−1/2

MP 3/4(R/g)−1/2 1/4 −7/4 M2Q
5/2
0 V 1/4

MP 3/8 5/8 −21/8 M2Q3
0V

−5/8

All three sums over g converge after choosing the auxiliary divisor exponents sufficiently small.
Thus the nonzero-frequency part in this dyadic block satisfies

T2, ̸=0(V ) ≪ xo(1)
(
M7/4Q3

0V
−1/2 +M2Q

5/2
0 V 1/4 +M2Q3

0V
−5/8

)
. (13.9)

The use of Proposition 10.1 enlarges any necessary restrictions in a nonnegative norm fourth moment,
before its four-cycle expansion. At no stage is the original signed cycle treated as monotone under
enlargement. Also, no integer diagonal in m,n, u, v was removed from this nonzero-frequency matrix.

14 The central completion frequency
The frequency c = 0 is best evaluated directly. Substituting the zero values from (2.6) into (12.9)
gives

Ĝm,n(0) = µ(u)µ(v)
uv

Cw

(
a†

mu3 ,
a†

nv3 , 0
)
. (14.1)

Here µ(u) denotes the Möbius function. Let

D = mu3 − nv3. (14.2)

At every p | w, the two correlation parameters agree exactly when p | D. Therefore (2.5) implies

|Ĝm,n(0)| ≪ xo(1) gcd(w,D)
uv

.

The central Poisson coefficient is O(Hb/C). Multiplying by the outside factor s in (12.4), a single
term is bounded by

xo(1)Hb

g

gcd(sg,D)
u2v2 . (14.3)

This is a nonnegative bound, so the ensuing divisor sums can be enlarged after the dyadic ranges
have been fixed.

14.1 Nonzero integer differences

For D ̸= 0, use gcd(sg,D) ≤ g gcd(s,D). For fixed u, v,m, n, the sum over the actual s-block is∑
s≍V

gcd(s,D) ≤
∑
d||D|

d#{s ≍ V : d | s} ≪ V τ(|D|). (14.4)

Only d ≪ V can divide an integer in this block. Thus #{s ≍ V : d | s} ≪ V/d for every nonzero
term, and there is no separate large-divisor error. The integer D is polynomially bounded in x, so
its divisor count is part of xo(1).

Let L = R/g. The fixed dyadic u, v ranges have
∑

(uv)−2 ≪ L−2, and there are O(M2) coefficient-
index pairs. Summing (14.3) and (14.4), the contribution for one g is O(xo(1)HbM

2V (g/R)2).
Summing g ≪ R gives

O(xo(1)HbM
2V R) = O(xo(1)HbM

2Q0). (14.5)
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14.2 The exact integer diagonal

Now coprimality of u, v gives
m = v3k, n = u3k (14.6)

for a positive integer k. For fixed u, v ≍ L, there are at most O(M/L3) possibilities. This bound
does not need an added one: k ≥ 1 and its upper bound is O(M/L3), so if that upper bound is
below one there is no term.

For D = 0, (14.3) becomes O(xo(1)Hbs/(u2v2)). Summing the O(L2) pairs u, v, the at most
O(M/L3) choices of k, and then s ≍ V , gives O(xo(1)HbMV 2L−5). Finally

∑
g≪R(g/R)5 ≪ R, so

this part is
O(xo(1)HbMV 2R) = O(xo(1)HbMQ0V ). (14.7)

This is an integer equality, distinct from both the local repeated indices in Proposition 3.1 and the
local matching masks at a nonzero integer completion frequency.

Combining the two cases and summing dyadic blocks gives

T2,0 ≪ xo(1)(HbMQ0S +HbM
2Q0

)
. (14.8)

The proof uses the exact inverse cubes in CRT.

15 Restoring the extraction width and summing Fourier divisors
For the dyadic s-blocks in (12.2), S/y ≪ V ≪ S. In (13.9), the first and third terms decrease with
V ; the second increases. Replacing by their appropriate endpoints gives

T2, ̸=0(b) ≪ xo(1)(M7/4Q3
0y

1/2S−1/2 +M2Q
5/2
0 S1/4

+M2Q3
0y

5/8S−5/8). (15.1)

The two central terms in (14.8) have no width loss: one is independent of V , and the other is
maximized at S. All dyadic counting factors are logarithmic.

Insert Q0 = Q/b, y = bxδ, and Hb = x3ε/2H/B. Take the square root in (12.3) and multiply by
Ab/b

2 from (11.11). The exact divisor weights are

Second-moment term width before square root remaining triple weight

M7/4Q3
0S

−1/2 y1/2 Ab/(B1/2b13/4)
M2Q

5/2
0 S1/4 1 Ab/(B1/2b13/4)

M2Q3
0S

−5/8 y5/8 Ab/(B1/2b51/16)
Either central term 1 Ab/(Bb5/2)

For example, the first noncentral term has b−3b1/2 = b−5/2 before its square root, giving b−2b−5/4 =
b−13/4 afterwards. The factor B−1/2 comes from H

1/2
b ; the central terms contain one further H1/2

b ,
giving B−1.

15.1 An Euler-product check with arbitrary valuations

For general positive exponents u, v, the local Euler factor of
∑
b1,b2,b3 Ab/(B

ubv) is

1 + p−v

(1 + p1−u

1 − p−u

)3

− 1

 . (15.2)
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Indeed, a nonzero valuation a ≥ 1 in one bi contributes p1−ua. Sum its geometric series, take the
product over the three coordinates, subtract the case in which all valuations are zero, and include
p−v once for the radical b. For u = 1/2, the bracket is O(p3/2); convergence holds for every v > 5/2.
For u = 1, the bracket is bounded, and v > 1 suffices. All four weights in the table lie strictly inside
these ranges.

This check also explains the uniform treatment of divisor losses. Every original nonempty triple
has b ≪ Q and B ≪ H+. Its arithmetic quantities are polynomially bounded in x, so all auxiliary
divisor losses are bounded by one predetermined xη before extending the positive series to infinite
triples. The strict convergence margins absorb sufficiently small additional exponents. No infinite
sum with a triple-dependent unspecified constant is being used.

15.2 The five discrepancy errors

Combining (11.11), (12.3), (14.8), and (15.1), then summing the positive triple weights, gives

|Σerror(Q)| ≪ xo(1)
{
x3ε/2

(
M1/2Q3/2S1/2 +MQ3/2

)
+ x3ε/4H−1/2(xδ/4M7/8Q5/2S−1/4 +MQ9/4S1/8

+ x5δ/16MQ5/2S−5/16)}.
(15.3)

The first line is the central frequency. The other three terms are the three terms of the averaged
matrix norm. In particular there is no fourth noncentral term arising from a Fourier exceptional
curve at every prime: curves remain only at primes dividing an index difference, and their gcd
average was already included in (10.3).

Using MN ≍ x and H = Q3/N , divide by x:

|Σerror(Q)|
x

≪ xo(1)
{
x3ε/2

x

(
M1/2Q3/2S1/2 +MQ3/2

)
+ x3ε/4

x1/2
(
xδ/4M3/8QS−1/4 +M1/2Q3/4S1/8

+ x5δ/16M1/2QS−5/16)}.
(15.4)

This explicit bound is the analytic output needed for the theorem. The remaining step is to make
every displayed power of x strictly negative with one admissible extraction target.

16 Choosing the extraction target and proving the parameter
range

Set the fixed upper exponents

θ = 1
2 + 2ω, µ = 1

4 − 3
2σ. (16.1)

The three pair-product hypotheses imply

(N1N2N3)2 ≫ x3/2+3σ, M ≪ xµ.
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Also µ > 0 because σ < 1/6. We will choose S = xs using these upper exponents, rather than
reoptimizing S at each smaller modulus block.

At Q = xθ, M = xµ, and temporarily omitting the small ε and divisor losses, the five exponents
in (15.4) are

d = µ

2 + 3θ
2 + s

2 − 1, j = µ+ 3θ
2 − 1,

o1 = 3µ
8 + θ − s

4 − 1
2 + δ

4 , o2 = µ

2 + 3θ
4 + s

8 − 1
2 ,

o3 = µ

2 + θ − 5s
16 − 1

2 + 5δ
16 . (16.2)

Here d, j denote the two central terms, and o1, o2, o3 the three noncentral terms in their displayed
order. The explicit H+ cutoff adds 3ε/2 to d, j and 3ε/4 to each oi.

The central diagonal exponent d increases with s, while o1 decreases. Balance them by taking

s = 4 − µ− 4θ + 2δ
6 . (16.3)

Then
d = o1 = 5µ+ 14θ + 2δ − 8

12 . (16.4)

It remains to check the other three errors and the validity of this choice of S; a balance of two terms
alone is not sufficient.

Define the two strict slacks

A∗ = 8 − 5µ− 14θ − 2δ, B∗ = 27θ + δ − 14. (16.5)

Direct substitution of (16.3) gives the exact identities

d = o1 = −A∗
12 ,

j = −A∗
5 − 20 + 13B∗ + 95δ

270 ,

o2 = −23A∗
240 − B∗

40 − δ

8 ,

o3 = −53A∗
480 − B∗

80 . (16.6)

Thus A∗ > 0, B∗ > 0, and δ ≥ 0 make all five errors strictly negative. These are identities throughout
the parameter region, not evaluations at a boundary point.

16.1 The target is positive and available at every needed scale

The same variables give

θ − 1
2 = µ

8 + A∗ + 2B∗
40 ,

1
2 − s = 11µ

8 + 29A∗
120 + 3B∗

20 . (16.7)

In particular s < 1/2. Since A∗ > 0 implies θ < 4/7, substitution of its upper bound for µ in (16.3)
also gives

s >
2 − θ + 2δ

5 > 0. (16.8)
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Hence 1 < S < x1/2 by a fixed positive power margin.
Keep this same S as the actual Q decreases. With S fixed, every monomial in (15.4) is increasing

in both M and Q. The savings proved at the upper values persist at all smaller values. Also, for
any fixed B0 > 0,

Q ≫ x1/2(log x)−B0 =⇒ S ≤ xδQ/2

for large x, by s < 1/2. Thus the same extraction target is valid throughout the range where the
Type III argument is needed. There is no requirement that B∗ > 0 hold anew when θ is replaced by
the logarithm of each smaller Q; it was used once to choose a target and prove a uniform worst-case
saving.

Finally, substituting (16.1) into A∗ > 0 and B∗ > 0 gives respectively

σ >
1
30 + 56

15ω + 4
15δ, 108ω + 2δ > 1.

These are exactly (1.2). They also imply ω < 1/28 < 1/12, so the original upper parameter
restriction in the smooth Type III reduction is satisfied.

17 Small moduli, class averaging, and completion of the theorem
The individual scale assumptions finish the source reduction uniformly. The upper bounds Ni ≪
x1/2−σ imply Hi = Q/Ni ≫ xσ, up to logarithms at the bottom of the large-modulus range.
The lower bounds Ni ≫ x2σ ensure xε/2Hi < q/2 for sufficiently small ε and large x. Thus the
truncated Fourier coordinates used in Section 11 lie in a single period, with the needed positive-power
separation of scales.

For Q below x1/2 by a suitable logarithmic factor, apply the convolution Bombieri–Vinogradov
theorem [1, Theorem 2.9] with

β = ψ1, α̃ = α ∗ ψ2 ∗ ψ3.

The latter is divisor bounded at its product scale. The former is smooth of polynomially large
length and has the required Siegel–Walfisz property. Both factor lengths are bounded below by a
fixed power of x, as follows from (1.3). This supplies the short-modulus estimate without imposing
a separate Siegel–Walfisz condition on the arbitrary sequence α.

To recover the discrepancy rather than an uncentered progression sum, fix the modulus coefficients
ηq and average the coherent primitive family over the choices of its ap’s. On every fixed modulus
this gives the uniform average over primitive classes. All contributions in (11.3), and hence the
class-independent main term of the smooth reduction, are unchanged by the average. They cancel in
the difference. The error estimate is uniform in the coherent family and in the bounded coefficients,
so the same bound, up to an absolute factor, applies to the discrepancy sum. The coefficients can
then be those chosen to represent its absolute values.

Let κ > 0 be a common lower bound for the five strict savings in (16.6). Choose ε, the sum of all
auxiliary divisor exponents, and the Fourier-tail budgets sufficiently small relative to κ. The factors
x3ε/2, x3ε/4, and the O(xε log x) narrow modulus intervals then consume only a proper fraction of
that saving. We obtain a fixed power saving in the large-modulus range. Such a saving is stronger
than every fixed negative power of log x. Together with the short-modulus estimate, this proves
Theorem 1.1.
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18 How to use the theorem in a prime-gap argument
The analytic input is often described by an upper cutoff c for each of three long factors. Put
σ = 1/2 − c. Then the individual Type III assumptions read

x1−2c ≪ Ni ≪ xc, NiNj ≫ x1−c,

and Theorem 1.1 allows the strict cutoff

c <
7
15 − 56

15ω − 4
15δ, (18.1)

in its stated parameter region. In particular an argument invoking this cutoff must still exhibit the
three individual factors and their pair-product bounds. A statement only about the remaining short
factor is insufficient.

The separate incidence Type II estimate in the companion Incidence operators and intervals
containing many primes [7] has the lower cutoff

a >
3
10 + 8ω + 16

5 δ.

These two cutoff walls have overlap a < c when

θ = 1
2 + 2ω < 93 − 104δ

176 . (18.2)

This calculation identifies the limiting overlap of these two particular estimates; the minorant
construction also checks its own combinatorial and coefficient hypotheses. With those additional
arguments, the strict point used in the companion gives Hm ≪ exp(3.7877m), with an unevaluated
implied constant. Here pn is the n-th prime and Hm = lim infn→∞(pn+m − pn).

Neither the distribution theorem proved here nor that asymptotic many-prime statement alone
gives a numerical value for H1. The explicit bounded-gap application additionally uses the prime
minorant, the fragment-sieve support and restoration inequalities, and the numerical integral
certificate in the main article. The geometric and analytic proofs above are ordinary mathematical
proofs; finite computational checks may test their formulas, but no such check is substituted for a
sheaf theorem or for a uniform estimate.

A Scope of the Lean formalization
The Lean formalization separates the two Fourier inequalities in Proposition 3.1 from their analytic
consequences. In its notation, TypeIII.LocalFourierHypothesis C D p0 asserts the following
uniform statement for the actual finite sums: one fixed C, one fixed exceptional-set or curve-degree
bound D, and one fixed small-prime cutoff work for all primes above that cutoff and all unit
parameters. Its distinct-row-and-column branch has a finite exceptional set; its repeated-index
branch has a curve and the possible origin term. These are the quantifiers and branches of (3.3)–(3.4).
The downstream Lean theorems also require the separate assumption 0 ≤ C.

The Lean local-to-global Type III argument proves the distribution estimate from that premise
and the stated standard local bounds. The final prime-gap theorem is likewise an implication: in
addition to this local premise, it requires the explicit numerical source bounds, the two public
rank-three/correlation inputs, and the scalar rank-four Kloosterman input used by the incidence
companion. No global distribution theorem is substituted for the local premise. However, proving an
implication in Lean, even with only its usual logical axioms, does not prove its explicit hypotheses.
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The formalized algebraic components include the nonvanishing and rational-square obstructions
for every nonempty rectangle subproduct, with all independent root choices; injectivity of the
pole-one Artin–Schreier coefficient in the actual Laurent-series quotient; and constant-field descent
under the actual field automorphism group. For the last statement, let K = Fp(z). An element of K
has finite orbit under all Fp-automorphisms precisely when it belongs to Fp. Indeed, a nonconstant
element is transcendental, its translates over Fp give infinitely many conjugates by extension of
rational-field isomorphisms to algebraic closures, and an element algebraic over the algebraically
closed field Fp is constant. This gives a second formulation of the scalar descent used in Lemma 7.2:
once the actual one-variable sheaf gives a finite invariant list of pole-one characters, their coefficients
must be constant.

The geometric connections are outside the formal proof. In particular, the formal algebra does
not itself identify the actual correlation with the pure rank-six sheaf, derive its exhaustive local
character list, construct the Fourier and intermediate-extension functors, prove the curve-support
exclusion from stationary phase, or supply the uniform purity and complexity bounds. Those steps
are the ordinary mathematical arguments in Sections 4–8. The Lean theorem is therefore conditional
on the local Fourier premise. The ordinary proof given here and the conditional formal verification
have different scopes; the latter is not a formal verification of the entire geometric argument.
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