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INTRODUCTION vii

Introduction

The algebraic theory of quadratic forms, i.e., the study of quadratic forms over ar-
bitrary fields, really began with the pioneering work of Witt. In his paper [146], Witt
considered the totality of non-degenerate symmetric bilinear forms over an arbitrary field
F of characteristic different from two. Under this assumption, the theory of symmetric
bilinear forms and the theory of quadratic forms are essentially the same.

His work allowed him to form a ring W (F'), now called the Witt ring, arising from
the isometry classes of such forms. This work set the stage for further study. From the
viewpoint of ring theory, Witt gave a presentation of this ring as a quotient of the integral
group ring where the group consists of the non-zero square classes of the field F. Three
methods of study arise: ring theoretic, field theoretic, i.e., the relationship of W (F') and
W(K) where K is a field extension of F', and algebraic geometric. In this book, we will
develop all three methods. Historically, the powerful approach using algebraic geometry
has been the last to be developed. This volume attempts to show its usefulness.

The theory of quadratic forms lay dormant until work of Cassels and then of Pfister
in the 1960’s still under the assumption of the field being of characteristic different from
two. Pfister employed the first two methods, ring theoretic and field theoretic, as well as a
nascent algebraic geometric approach. In his Habilitationsschrift [113] Pfister determined
many properties of the Witt ring. His study bifurcated into two cases: formally real fields,
i.e., fields in which —1 is not a sum of squares and non-formally real fields. In particular,
the Krull dimension of the Witt ring is one in the formally real case and zero otherwise.
This makes the study of the interaction of bilinear forms and orderings an imperative
hence the importance of looking at real closures of the base field resulting in extensions of
Sylvester’s work and Artin-Schreier theory. Pfister determined the radical, zero-divisors,
and spectrum of the Witt ring. Even earlier, in [111], he discovered remarkable forms,
now called Pfister forms. These are forms that are tensor products of binary forms that
represent one. Pfister showed that scalar multiples of these were precisely the forms that
become hyperbolic over their function field. In addition, the non-zero value set of a Pfister
form is a group and in fact the group of similarity factors of the form. As an example,
this applies to the quadratic form that is a sum of 2" squares. Pfister also used it to
show that in a non formally real field, the least number s(F') so that —1 is a sum of s(F)
squares is always a power of 2 (cf. [112]). Interest and problems about other arithmetic
field invariants have also played a role in the development of the theory.

The non-degenerate even dimensional symmetric bilinear forms determine an ideal
I(F) in the Witt ring of F, called the fundamental ideal. Its powers ["(F) := (I(F))"
give an important filtration of W (F'), each generated by appropriate Pfister forms. The
problem then arises: What ring theoretic properties respect this filtration? From W (F)
one also forms the graded ring GW (F') associated to I(F') and asks the same question.

Using Matsumoto’s presentation of Ky(F') of a field (cf. [99]), Milnor gave an ad hoc
definition of a graded ring K.(F) := @,>0K,(F) of a field in [108]. From the viewpoint
of Galois cohomology, this was of great interest as there is a natural map, called the
norm residue map from K,,(F') to the Galois cohomology group H™(I'g, u2") where I'p is
the absolute Galois group of F' and m is relatively prime to the characteristic of F'. For
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the case m = 2, Milnor conjectured this map to be an epimorphism with kernel 2K, (F)
for all n. Voevodsky proved this conjecture in [142]. Milnor also related his algebraic
K-ring of a field to quadratic form theory, by asking if GW (F) and K, (F)/2K,.(F) were
isomorphic. This was solved in the affirmative by Orlov, Vishik, and Voevodsky in [110].
Assuming these results, one can answer some of the questions that have arisen about the
filtration of W (F') induced by the fundamental ideal.

In this book, we do not restrict ourselves to fields of characteristic different from two.
Historically the cases of fields of characteristic different from two and two have been
studied separately. Usually the case of characteristic different from two investigated first.
In this book, we shall give characteristic free proofs whenever possible. This means that
the study of symmetric bilinear forms and the study of quadratic forms must be done
separately, then interrelated. Not only do we present the classical theory characteristic
free but include many results not proven in any text as well as some previously unpublished
results to bring the classical theory up to date.

We shall also take a more algebraic geometric viewpoint then has historically been
done. Indeed the second two parts of the book, will be based on such a viewpoint. In our
characteristic free approach, this means a firmer focus on quadratic forms which have nice
geometric objects attached to them rather than bilinear forms. We do this for a variety
of reasons.

Firstly, one can associate to a quadratic form a number of algebraic varieties: the
quadric of isotropic lines in a projective space and, more generally, for an integer ¢ > 0
the variety of isotropic subspaces of dimension ¢. More importantly, basic properties of
quadratic forms can be reformulated in terms of the associated varieties: a quadratic
form is isotropic if and only if the corresponding quadric has a rational point. A non-
degenerate quadratic form is hyperbolic if and only if the variety of maximal totally
isotropic subspaces has a rational point.

Not only are the associated varieties important but so are the morphisms between
them. Indeed if ¢ is a quadratic form over F' and L/F a finitely generated field extension
then there is a variety Y over I’ with function field L, and the form ¢ is isotropic over L
if and only if there is a rational morphism from Y to the quadric of ¢.

Working with correspondences rather than just rational morphisms adds further depth
to our study, where we identify morphisms with their graphs. Working with these leads to
the category of Chow correspondences. This provides greater flexibility, because we can
view correspondences as elements of Chow groups and apply the rich machinery of that
theory: pull-back and push-forward homomorphisms, Chern classes of vector bundles,
and Steenrod operations. For example, suppose we wish to prove that a property A of
quadratic forms implies a property B. We translate the properties A and B to “geometric”
properties A" and B’ about the existence of certain cycles on certain varieties. Starting
with cycles satisfying A’ we then can attempt to apply the operations over the cycles as
above to produce cycles satisfying B’.

All the varieties listed above are projective homogeneous varieties under the action
of the orthogonal group or special orthogonal group of ¢, i.e., the orthogonal group acts
transitively on the varieties. It is not surprising that the properties of quadratic forms
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are reflected in the properties of the special orthogonal groups. For example, if ¢ is of
dimension 2n or 2n — 1 (with n > 2) then the special orthogonal group is a semisimple
group of type D,, or B,,. The classification of semisimple groups is characteristic free. This
explains why most important properties of quadratic forms hold in all characteristics.

Unfortunately, bilinear forms are not “geometric”. We can associate varieties to a
bilinear form, but it would be a variety of the associated quadratic form. Moreover in
characteristic two the automorphism group of a bilinear form is not semisimple.

In this book we sometimes give several proofs of the same results — one is classical,
another is geometric. (This can be the same proof, but written in geometric language.)
For example, this is done for Springer’s theorem and the Separation Theorem.

The first part of the text will derive classical results under this new setting. It is
self-contained needing minimal prerequisites except for Chapter VII. In this chapter we
shall assume the results of Voevodsky in [142] and Orlov-Vishik-Voevodsky in [110] for
fields of characteristic not two and Kato in [76] for fields of characteristic two on the
solution for the analog of the Milnor Conjecture in algebraic K-theory. We do give new
proofs for the case n = 2.

Prerequisites for the second two parts of the text will be more formidable. A reasonable
background in algebraic geometry will be assumed. For the convenience of the reader
appendices have been included to aid the reader. Unfortunately, we cannot give details
of [142] or [110] as it would lead us from the methods at hand.

The first part of this book covers the “classical” theory of quadratic forms, i.e., without
heavy use of algebraic geometry, bringing it up to date. As the characteristic of a field is
not deemed to be different from two, this necessitates a bifurcation of the theory in the
theory of symmetric bilinear forms and the theory of quadratic forms. The introduction
of these subjects is given in the first two chapters.

Chapter I investigates the foundations of the theory of symmetric bilinear forms over
a field F. Two major consequences of dealing with arbitrary characteristic is that such
forms may not be diagonalizable and that non-degenerate isotropic planes need not be
hyperbolic. With this taken into account, standard Witt theory, to the extent possible,
is developed. In particular, Witt decomposition still holds, so that the Witt ring can be
constructed in the usual way as well as the classical group presentation of the Witt ring
W (F'). This presentation is generalized to the fundamental ideal I(F) of even dimensional
forms in W (F) and then to the the second power I?(F) of I(F), a theme returned to in
Chapter VII. The Stiefel-Whitney invariants of bilinear forms are introduced and its
relationship with the invariants e, : I"(F)/I""(F) — K,(F)/2K,1(F) for n = 1,2.
The theory of bilinear Pfister forms is introduced and some basic properties developed.
Following [35], we introduce chain p-equivalence and linkage of Pfister forms as well as
introducing annihilators of Pfister forms in the Witt ring.

Chapter II investigates the foundations of the theory of quadratic forms over a field
F. Because of the arbitrary characteristic assumption on the field F', the definition of
non-degenerate must be made more carefully, and quadratics forms are far from having
orthogonal bases in general. Much of Witt theory however goes through as the Witt
Extension Theorem holds for quadratic forms under fairly weak assumptions hence Witt
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Decomposition. The Witt group I,(F) of non-degenerate even dimensional quadratic
forms is defined and shown to be a W (F')-module. The theory of quadratic Pfister forms
is introduced and some results analogous to that of the bilinear case is introduced. More-
over, cohomological invariants of quadratic Pfister forms are introduced and some pre-
liminary results about them and their extension to the appropriate filtrant of the Witt
group of quadratic forms discussed. In addition the classical quadratic form invariants:
discriminant and Clifford invariant, are defined.

Chapter III begins the utilization of function field techniques in the study of quadratic
forms all done without restriction of characteristic. The classical Cassels-Pfister theorem
is established. Values of anisotropic quadratic and bilinear forms over a polynomial ring
are investigated, special cases being the representation of one form as a subform of another
and various norm principles due to Knebusch (cf. [82]). To investigate norm principles
of similarity factors due to Scharlau (cf. [123]), quadratic forms over valuation rings and
transfer maps are introduced.

Chapter IV introduces algebraic geometric methods, i.e., looking at the theory under
the base extension of the function field of a fixed quadratic form. In particular, the
notion of domination of one form by another is introduced where an anisotropic quadratic
form ¢ is said to dominate an anisotropic quadratic form 1 (both of dimension of at
least two) if @p(y is isotropic. The geometric properties of Pfister forms are developed
leading to the Arason-Pfister Hauptsatz that non-zero anisotropic quadratic (respectively,
symmetric bilinear) forms in I7'(F) (respectively, I"(F)) are of dimension at least 2" and
its application to linkage of Pfister forms. Knebusch’s generic tower of an anisotropic
quadratic form is introduced and the W (F')-submodules J,(F) of I,(F") defined by the
notion of degree. These submodules turn out to be precisely the corresponding I[’;(F)
(to be shown in Chapter VII). Hoffman’s Separation Theorem that if ¢ and 1 are two
anisotropic quadratic forms over F' with dimyp < 2" < dim for some n > 0 then
©F(y) 1S anisotropic is proven as well as Fitzgerald’s theorem characterizing quadratic
Pfister forms. In addition, excellent forms and extensions are discussed. In particular,
Arason’s result that the extension of a field by the function field of a non-degenerate three
dimensional quadratic form is excellent is proven. The chapter ends with discussion of
central simple algebras over the function field of a quadric.

Chapter V studies symmetric bilinear and quadratic forms under field extensions. The
chapter begins with the study of the structure of the Witt ring of a field F' based on the
work of Pfister. After dispensing with the non-formally real F', we turn to the study over
a formally real field utilizing the theory of pythagorean fields and the pythagorean closure
of a field leading to the Local-Global Theorem of Pfister and its consequences to structure
of the Witt ring over a formally real field. The total signature map from the Witt ring
to the ring of continuous functions from the order space of a field to the integers is then
carefully studied, in particular, the approximation of elements in this ring of functions
by quadratic forms. The behavior of quadratic and bilinear forms under a quadratic
extension (both separable and inseparable) is then investigated. The special case of the
torsion of the Witt ring under such extensions is studied. A detailed investigation of
torsion Pfister forms is begun, leading to the theorem of Kriiskemper that implies if K/F
is a quadratic field extension with I"(K) = 0 then I"™(F) is torsion-free.
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Chapter VI studies u-invariants, their behavior under field extensions, and values that
they can take. Special attention is given to the case of formally real fields.

Chapter VII establishes consequences of the result of Orlov-Vishik-Voevodsky in [110]
which we assume in this chapter. In particular, answers and generalizations of results from
the previous chapters are established. For fields of characteristic not two, the ideals I™(F')
and J,(F) are shown to be identical. The annihilators of Pfister forms in the Witt ring
are shown to filter through the I™(F), i.e., the intersection of such annihilators and I"™(F')
are generated by Pfister forms in the intersection. A consequence is that torsion in I™(F)
is generated by torsion n-fold Pfister forms solving a conjecture of Lam. A presentation
for the group structure of the I"(F)’s is determined generalizing that given for I?(F) in
Chapter I. Finally, it is shown if K/F is a finite generated field extension of transcendental
degree m then I"(K) torsion free implies the same for 1"~ (F).

In Chapter VIII, we give a new elementary proof of the theorem in [101] that the
second cohomological invariant is an isomorphism in the case that the characteristic of
the field is different from two. (The case of characteristic two having been done in Chapter
I1.) This is equivalent to the degree two case of the Milnor Conjecture in [109] stating
that the norm residue homomorphism

Wi K, (F) /2K, (F) — H"(F,2/22)

is an isomorphism for every integer n. The Milnor Conjecture was proven in full by
V. Voevodsky in [142]. Unfortunately, the scope of this book does not allow us to prove
this beautiful result as the proof requires motivic cohomology and Steenrod operations
developed by Voevodsky. In Chapter VIII, we give an “elementary” proof of the degree
two case of the Milnor Conjecture that does not rely either on a specialization argument
or on higher K-theory as did the original proof of this case in [102].

In the second part of the book, we develop the needed tools in algebraic geometry that
will be applied in the third part. The main object studied in Part Two is the Chow group
of algebraic cycles modulo rational equivalence on an algebraic scheme. Using algebraic
cycles, we introduce the category of correspondences.

In Chapter IX| (following the approach of [119] given by Rost), we develop the K-
homology and K-cohomology theories of schemes over a field. This generalizes the Chow
groups. We establish functorial properties of these theories (pull-back, push-forward,
deformation and Gysin homomorphisms), introduce Euler and Chern classes of vector
bundles and prove basic results such as the Homotopy Invariance and Projective Bundle
Theorems. We apply these results to Chow groups in the next chapter.

Chapter XI is devoted to the study of Steenrod operations on Chow groups modulo 2
over fields of characteristic not two. Steenrod operations for motivic cohomology modulo
a prime integer p of a scheme X were originally constructed by Voevodsky in [144]. The
reduced power operations (but not the Bockstein operation) restrict to the Chow groups
of X. An “elementary” construction of the reduced power operations modulo p on Chow
groups (requiring equivariant Chow groups) was given by Brosnan in [22].

In Chapter XII, we introduced the notion of a Chow motive that is due to A. Grothendieck.
Many (co)homology theories defined on the category of smooth complete varieties, such as
Chow groups and more generally the K-(co)homology groups take values in the category
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of abelian groups. But the category of smooth complete varieties itself does not have the
structure of an additive category as we cannot add morphisms of varieties. The category
of Chow motives, however, is an additive tensor category. This additional structure gives
more flexibility when working with regular and rational morphisms.

In the third part of the book we apply algebraic geometric methods to the further
study of quadratic forms. In Chapter XIII, we prove preliminary facts about algebraic
cycles on quadrics and their powers. We also introduce the basic combinatorial object
associated to a quadratic form — shell triangles and diagrams of cycles. The corresponding
pictures of these shell triangles simplify visualization of algebraic cycles and operations
over the cycles.

In Chapter XIV|, we study the Izhboldin dimension of smooth projective quadrics. It
is defined as the integer

dimlzh(X) = dim X — 11(X) +1 s

where i;(X) is the first Witt index of the quadric X. The Izhboldin dimension behaves
better than the classical dimension with respect to splitting properties. For example, if

X and Y are anisotropic smooth projective quadrics and Y is isotropic over the function
field F(X) then dimp,, X < dimp,, Y but dim X may be bigger than dimY".

Chapter XV is devoted to applications of the Steenrod operations. The following
problems are solved:

(1) All possible values of the first Witt index of a quadratic form are determined.

(2) All possible values of dimensions of anisotropic quadratic forms in I"(F') are
determined.

(3) It is shown that excellent forms have the smallest height among all quadratic
forms of given dimension.

In Chapter XVI, we study the variety of maximal isotropic subspaces of a quadratic
forms. A discrete invariant J(¢) of a quadratic form ¢ is introduced. We also introduce
the notion of canonical dimension and compute it for projective quadrics and varieties of
totally isotropic subspaces.

In the last chapter we study motives of smooth projective quadrics in the category of
correspondences and motives.

This book could not have been written without the help and encouragement of many
of our friends, collaborators, and students nor the many researchers whose work was es-
sential to producing this volume. These are too numerous to be listed here individually.
We do wish to mention those who gave us valuable advise in the preparation and writing
of this tome and those who helped proofread the manuscript: Jén Arason, Ricardo Baeza,
Alex Boisvert, Detlev Hoffmann, Bryant Mathews, Claus Schubert, Jean-Pierre Tignol,
Alexander Vishik. In addition, we would like to thank the referees who made valuable
suggestions to improve the manuscript and Sergei Gelfand and the American Mathemat-
ical Society for its encouragement. It also gives us great pleasure to thank the National
Science Foundation for its generous support. Finally, we wish to thank our families who
put up with us through the long process of bringing this volume to fruition.



Part

Classical theory of symmetric bilinear forms
and quadratic forms






CHAPTER I

Bilinear Forms

1. Foundations

The study of (n x n)-matrices over a field F' leads to various classification problems.
Of special interest is to classify alternating and symmetric matrices. If A and B are
two such matrices, we say that they are congruent if A = P!BP for some invertible
matrix P. For example, it is well-known that symmetric matrices are diagonalizable if
the characteristic of F' is different from two. So the problem of classifying matrices up to
congruence reduces to the study of a congruence class of a matrix in this case. The study
of alternating and symmetric bilinear forms over an arbitrary field is the study of this
problem in a coordinate-free approach. Moreover, we shall, whenever possible, give proofs
independent of characteristic. In this section, we introduce the definitions and notations
needed throughout the text and prove that we have a Witt Decomposition Theorem (cf.
Theorem [1.28 below) for such forms. As we make no assumption on the characteristic of
the underlying field, this makes the form of this theorem more delicate.

DEFINITION 1.1. Let V be a finite dimensional vector space over a field F. A bilinear
formon Visamap b:V xV — F satisfying for all v,v",w,w’ € V and ¢ € F

b(v+ v, w) = b(v,w) + b(v',w)
b(v,w+w') =b(v,w)+ b(v,w)
b(cv,w) = cb(v,w) = b(v, cw).

The bilinear form is called symmetric if b(v,w) = b(w,v) for all v,w € V and is called
alternating if b(v,v) = 0 for all v € V. If b is an alternating form, expanding b(v+w, v+w)
shows that b is skew symmetric, i.e., that b(v,w) = —b(w,v) for all v,w € V. In
particular, every alternating form is symmetric if char F' = 2. We call dim V' the dimension
of the bilinear form and also write it as dimb. We write b is a bilinear form over F' if b
is a bilinear form on a finite dimensional vector space over F' and denote the underlying
space by V.

DEFINITION 1.2. Let V* := Hompg(V, F') denote the dual space of V. A bilinear form
b on V is called non-degenerate if | : V- — V* defined by v +— [, : w +— b(v,w) is an
isomorphism. An isometry f : by — by between two bilinear forms b;, i = 1,2, is a linear
isomorphism f : Vi, — Vg, such that by (v, w) = by(f(v), f(w)) for all v,w € V4,. If such
an isometry exists, we write by ~ b, and say that b; and by are isometric.

Let b be a bilinear form on V. Let {v1,...,v,} be a basis for V. Then b is determined
by the matrix (b(v;,v;)) and the form is non-degenerate if and only if (b(v;,v;)) is in-
vertible. Conversely any matrix B in the n x n matrix ring M, (F') determines a bilinear

3



4 I. BILINEAR FORMS

form based on V. If b is symmetric (respectively, alternating) then the associated matrix
is symmetric (respectively, alternating where a square matrix (a;;) is called alternating if
a;j = —a;; and a; = 0 for all 4, j). Let b and b’ be two bilinear forms with matrices B
and B’ relative to some bases. Then b ~ b’ if and only if B’ = A'BA for some invertible
matrix A, i.e., the matrices B’ and B are congruent. As det B’ = det B - (det A)? and
det A # 0, the determinant of B’ coincides with the determinant of B up to squares. We
define the determinant of a non-degenerate bilinear form b by detb := det B - F'*? in
F*/F*?  where B is a matrix representation of b and F* is the multiplicative group of
F (and more generally, R* denotes the unit group of a ring R). So the det is an invariant
of the isometry class of a non-degenerate bilinear form.

The set Bil(V') of bilinear forms on V is a vector space over F. The space Bil(V)
contains the subspaces Alt(V') of alternating formson V and Sym(V) of symmetric bilinear
formson V. The correspondence of bilinear forms and matrices given above defines a linear
isomorphism Bil(V) — Magimv (F). If b € Bil(V) then b — b is alternating where the
bilinear form b’ is defined by b*(v,w) = b(w,v) for all v,w € V. Since every alternating
n X n-matrix is of the form B — B* for some B, the linear map Bil(V) — Alt(V) given
by b — b — b’ is surjective. Therefore, we have an exact sequence of vector spaces

(1.3) 0 — Sym(V) — Bil(V) — Alt(V) — 0.
EXERCISE 1.4. Construct natural isomorphisms
Bil(V) ~ (VerV) ~V'@pV*,  Sym(V)~S%2(V)*,  Alt(V) ~ A*(V)* ~ A’ (V)
and show that the exact sequence [1.3 is dual to the standard exact sequence
0= AN(V)=VerV—S%(V)—0.
where A*(V) is the exterior square of V and S%(V) is the symmetric square of V.

If b,c € Bil(V), we say the two bilinear forms b and ¢ are similar if b ~ ac for some
a€ F*.

Let V be a finite dimensional vector space over F' and let A = +1. Define the hyperbolic
A-bilinear form on V to be Hy\(V) = by, on V & V* with

by, (v1 + f1,v2 + f2) i= fi(v2) + Afa(v1)

for all vi,ve € V and fi,fo € V*. If A = 1, the form Hy(V') is a symmetric bilinear
form and if A = —1, it is an alternating bilinear form. A bilinear form b is called a
hyperbolic bilinear form if b ~ Hy(W) for some finite dimensional F-vector space W and
some A = £1. The hyperbolic form Hy(F') is called the hyperbolic plane and denoted Hy
. It has the matrix representation
01
(5 o)

in the appropriate basis. If b ~ H,, then b has the above matrix representation in some
basis {e, f} of V4. We call e, f a hyperbolic pair. Hyperbolic forms are non-degenerate.

Let b be a bilinear form on V and W C V' a subspace. The restriction of b to W is a
bilinear form on W and is called a subform of b. We denote this form by b|y .
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1.A. Structure theorems for bilinear forms. Let b be a symmetric or alternating
bilinear form on V. We say v,w € V are orthogonal if b(v,w) = 0. Let W, U C V be
subspaces. Define the orthogonal complement of W by

Wt :={veV|bw)=0foral weW}.

This is a subspace of V. We say W is orthogonal to U if W C U+, equivalently U C W+,
If V=W ®U is a direct sum of subspaces with W C U+, we write b = b|y L by and
say b is the the (internal) orthogonal sum of b|y and b|y. The subspace V* is called the
radical of b and denoted by rad b . The form b is non-degenerate if and only if rad b = 0.

If K/F is a field extension, let Vi := K ®p V, a vector space over K. We have the
standard embedding V' — Vi by v +— 1 ® v. Let by denote the extension of b to Vi, so
br(a ®v,c®w) = acb(v,w) for all a,c € K and v,w € V. The form bk is of the same
type as b. Moreover, rad by = (rad b)x hence b is non-degenerate if and only if by is
non-degenerate.

Let —:V — V/rad b be the canonical epimorphism. Define b to be the bilinear form
on V determined by b(v7,73) := b(vi,vs) for all vy,v, € V. Then b is a non-degenerate
bilinear form of the same type as b. Note also that if f : by — by is an isometry of
symmetric or alternative bilinear forms then f(rad b;) = rad bs.

We have

LEMMA 1.5. Let b be a symmetric or alternating bilinear form on V. Let W be any
subspace of V' such that V =radb@® W. Then bl is non-degenerate and

b= b|radb L b|W = O|radb L b|W
with bly ~ b, the form induced on V/radb. In particular, bly is unique up to isometry.

The lemma above shows that it is sufficient to classify non-degenerate bilinear forms.
In general, if b is a symmetric or alternating bilinear form on V and W C V is a subspace
then we have an exact sequence of vector spaces

0 - Wt vy

where Iy, is defined by v — |y : 2 — b(v,2). Hence dim W+ > dimV — dimW. It is
easy to determine when this is an equality.

PROPOSITION 1.6. Let b be a symmetric or alternating bilinear form on V. Let W be
any subspace of V. Then the following are equivalent:

(1) Wnradb = 0.
(2) lw =V — W™ is surjective.
(3) dim W+t =dimV — dim W.

PROOF. (1) holds if and only if the map [j;, : W — V* is injective if and only if the
map ly : V — W* is surjective if and only if (3) holds. O

Note that the conditions (1) — (3) hold if either b or b|y is non-degenerate.

A key observation is
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PROPOSITION 1.7. Let b be a symmetric or alternating bilinear form on V. Let W be
a subspace such that by is non-degenerate. Then b = bly L bly 1. In particular, if b is
also non-degenerate so is by 1.

PROOF. By Proposition 1.6, dim W+ = dimV — dim W hence V.= W @ W+. The
result follows. ]

COROLLARY 1.8. Let b be a symmetric bilinear form on V. Letv € V satisfy b(v,v) #
0. Then b = b|pv 1 b(FU)J_.

Let by and by be two symmetric or alternating bilinear forms on V; and V5 respectively.
Then their external orthogonal sum b, denoted by b; L by , is the form on V; [ V5 given
by

[’((01702), (wr, wz)) i= by (v, w1) + ba(v2, w2)
for all v;,w; € V;, 1 =1,2.

If n is a non-negative integer and b is a symmetric or alternating bilinear form over
F', abusing notation, we let

nb:=b1---1606.
———
In particular, if n is a non-negative integer, we do not interpret nb with n viewed in the
field.
For example, Hy (V') ~ nH, for any n-dimensional vector space V over F.

It is now easy to complete the classification of alternating forms.

PROPOSITION 1.9. Let b be a non-degenerate alternating form on' V. Then dimV = 2n
for some n and b ~nH_q, i.e., b is hyperbolic.

PROOF. Let 0 # v € V. Then there exists w € V such that b(v,w) = a # 0.
Replacing w by a~lw, we see that v, w is a hyperbolic pair in the space W = Fv @ Fw,
so bly is a hyperbolic subform of b, in particular, non-degenerate. Therefore, b = b|y L
bl by Proposition [1.7. The result follows by induction on dim b. U

The proof shows that every non-degenerate alternating form b on V' has a symplectic
basis, i.e., a basis {vy,...,v9,} for V satisfying b(v;,v,4;) = 1 for all i = 1,...,n and
b(v;,v;) =01if i < jand j # n+1i.

We turn to the classification of the isometry type of symmetric bilinear forms. By
Lemma (1.5, Corollary 1.8, and induction, we therefore have the following

COROLLARY 1.10. Let b be a symmetric bilinear form on V. Then
b="0laqo L by, L--- LBbly, Lblw

with V; a one-dimensional subspace of V' and b|y, non-degenerate for alli=1,... ,n and
blw a non-degenerate alternating subform on a subspace W of V.

If char F' # 2 then, in the corollary, by is symmetric and alternating hence W = {0}.
In particular, every bilinear form b has an orthogonal basis, i.e., a basis {v,...,v,} for
Vi satisfying b(v;,v;) = 0 if ¢ # j. The form is non-degenerate if and only if b(v;,v;) # 0
for all 4.
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If char F' = 2, by Proposition [1.9, the alternating form by in the corollary above has
a symplectic basis and satisfies b|y ~ nH; for some n.

Let a € F. Denote the bilinear form on F' given by b(v, w) = avw for all v,w € F by
(a)p or simply (a). In particular, (a) ~ (b) if and only if a = b = 0 or aF'** = bF*? in
F*/F*2. Denote

<a1> L1 <an> by <CL1, s 7an>b or Slmply by <a’17 s 7a’VL>'

We call such a form a diagonal form. A symmetric bilinear form b isometric to a diagonal
form is called diagonalizable. Consequently, b is diagonalizable if and only if b has an
orthogonal basis. Note that det{ay,...,a,) = ay---a,F*? if a; € F* for all i. Corollary
1.10/ says that every bilinear form b on V satisfies

b~7r(0) L (a,...,a,) LY

with 7 = dim(rad b) and b’ an alternating form and a;, € F* for all 4. In particular, if
char F' # 2 then every symmetric bilinear form is diagonalizable.

EXAMPLE 1.11. Let a,b € F*. Then (1,a) ~ (1,b) if and only if aF'*? = det(1,a) =
det(1,b) = bF*2.

1.B. Values and similarities of bilinear forms. We study the values that a bi-
linear form can take as well as the similarity factors. We begin with some notation.

DEFINITION 1.12. Let b be a bilinear form on V over F. Let
D(b) := {b(v,v) | v € V with b(v,v) # 0},
the set on nonzero values of b and
G(b) :={a € F* | ab ~ b},
a group called the group of similarity factors of b . Also set
D(b) := D(b) U {0}.

We say that elements in D(b) are represented by b.

For example, G(H;) = F*. A symmetric bilinear form is called round if G(b) = D(b). In
particular, if b is round then D(b) is a group.

REMARK 1.13. If b is a symmetric bilinear form and a € D(b) then b ~ (a) L ¢ for
some symmetric bilinear form ¢ by Corollary 1.8l

LEMMA 1.14. Let b be a bilinear form. Then
D(b) - G(b) C D(b).
In particular, if 1 € D(b) then G(b) C D(b).

PROOF. Let a € G(b) and b € D(b). Let A : b — ab be an isometry and v € V, satisfy
b= b(v,v). Then b(A(v), A(v)) = ab(v,v) = ab. O
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ExAMPLE 1.15. Let K = F[t]/(t* — a) with a € F, where F|[t] is the polynomial
ring over F. So K = F & F0 as a vector space over F' where 6 denotes the class of ¢
in K. If 2z =ua+yf with z,y € F, write Z =2 — yf. Let s : K — F be the F-linear
functional defined by s(z + yf) = x. Then b defined by b(zy, z2) = s(21Z2) is a binary
symmetric bilinear form on K. Let N(z) = zZ for z € K. Then D(b) = {N(z) #0 | z €
K} ={N(z) | z € K*}. If z € K then A\, : K — K given by w — zw is an F-linear
isomorphism if and only if N(z) # 0. Suppose that A, is an F-isomorphism. As

b(A.21, A\s29) = b(221,220) = N(2)s(21Z2) = N(2)b(21, 22),

we have an isometry N(z)b ~ b for all z € K*. In particular, b is round. Computing b
on the orthogonal basis {1, 0} for K shows that b is isometric to the bilinear form (1, —a).
If a € F* then b ~ (1, —a) is non-degenerate.

REMARK 1.16. (i) Let b be a binary symmetric bilinear form on V. Suppose there
exists a basis {v, w} for V satisfying b(v,v) =0, b(v,w) =1, and b(w,w) = a # 0. Then
b is non-degenerate as the matrix corresponding to b in this basis is invertible. Moreover,
{w, —av 4+ w} is an orthogonal basis for V' and, using this basis, we see that b ~ (a, —a).
(ii) Suppose that char F' # 2. Let b = (a, —a) with a € F'* and {e, g} an orthogonal
basis for V; satisfying a = b(e,e) = —b(f, f). Evaluating on the basis {e + f, = (e — f)}
shows that b ~ Hy. In particular, (a, —a) ~ H; for all a € F*. Moreover, (a, —a) ~ Hy is
round and universal, where a non-degenerate symmetric bilinear form b is called universal
if D(b) = F*.

(iii) Suppose that char F' = 2. As H; = H_; is alternating while (a,a) is not, (a,a) % H;
for any a € F*. Moreover, H; is not round since D(H;) = 0. As D((a,a)) = D((a)) =
aF>*?, we have G({a,a)) = F*? by Lemma [1.14. In particular, (a,a) is round if and only
if a € F*? and {(a,a) ~ (b,b) if and only if aF’** ~ bF*2,

(iv) Witt Cancellation holds if char F' # 2, i.e., if there exists an isometry of symmetric
bilinear forms b L b’ ~ b L b” over F with b non-degenerate then b’ ~ b”. (Cf. Theorem
8.4 below.) If char F' = 2, this is false in general. For example,

(1,1,-1) ~ (1) L H4

over any field. Indeed if b is three dimensional on V' and V has an orthogonal basis
{e, f,g} with b(e,e) =1 =0b(f, f) and b(g,g) = —1 then the right hand side arises from
the basis {e + f+g,e+g,—f — g}. But by (iii), (1, —1) % H; if char F = 2. Multiplying
the equation above by any a € F*, we also have

(1.17) (a,a,—a) ~ (a) L Hy.

PROPOSITION 1.18. Let b be a symmetric bilinear form. If D(b) # () then b is diag-
onalizable. In particular, a nonzero symmetric bilinear form is diagonalizable if and only
iof it is not alternating.

PRrooFr. If a € D(b) then
b~ (a) Lb;~(a) Lradb; L ¢y L co

with b; a symmetric bilinear form by Corollary 1.8 and ¢; a non-degenerate diagonal form
and ¢y a non-degenerate alternating form by Corollary [1.10. By the remarks following
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Corollary [1.10, we have ¢ = 0 if char FF # 2 and ¢y = mH; for some integer m if
char F = 2. By [1.17, we conclude that b is diagonalizable in either case.

If b is not alternating then D(b) # () hence b is diagonalizable. Conversely, if b is
diagonalizable, it cannot be alternating as it is not the zero form. O

COROLLARY 1.19. Let b be a symmetric bilinear form over F. Then b L (1) is
diagonalizable.

Let b be a symmetric bilinear form on V. A vector v € V is called anisotropic if
b(v,v) # 0 and isotropic if v # 0 and b(v,v) = 0. We call b anisotropic if there are no
isotropic vectors in V' and #sotropic otherwise.

COROLLARY 1.20. FEwvery anisotropic bilinear form is diagonalizable.

Note that an anisotropic symmetric bilinear form is non-degenerate as its radical is
trivial.

ExAamMPLE 1.21. Let F' be a quadratically closed field, i.e., every element in F' is a
square. Then, up to isometry, 0 and (1) are the only anisotropic forms over F. In
particular, this applies if F' is algebraically closed.

An anisotropic form may not be anisotropic under base extension. However, we do
have:

LEMMA 1.22. Let b be an anisotropic bilinear form over F. If K/F is purely tran-
scendental then by is anisotropic.

PRrOOF. First suppose that K = F(t), the field of rational functions over F' in the
variable t. Suppose that bp() is isotropic. Then there exist a vector 0 # v € Vo such
that bp(v,v) = 0. Multiplying by an appropriate nonzero polynomial, we may assume
that v € Fltj@p V. Write v = vy +t Qv + -+ +t" Q@ v, with vy,...,v, € V and v, # 0.
As the t*" coefficient b(v,,v,) of b(v,v) must vanish, v, is an isotropic vector of b, a
contradiction.

If K/F is finitely generated then the result follows by induction on the transcendence
degree of K over F'. In the general case, if by is isotropic there exists a finitely generated
purely transcendental extension Ky of F'in K with by, isotropic, a contradiction. O

1.C. Metabolic bilinear forms. Let b be a symmetric bilinear form on V. A
subspace W C V is called a totally isotropic subspace of b if bly, = 0, i.e., if W C W+
If b is isotropic then it has a nonzero totally isotropic subspace. Suppose that b is non-
degenerate and W is a totally isotropic subspace. Then dim W + dim W+ = dimV by
Proposition 1.6 hence dim W < % dim V. We say that W is a lagrangian for b if we have an
equality dim W = %dim V, equivalently W+ = W. A non-degenerate symmetric bilinear
form is called metabolic if it has a lagrangian. In particular, every metabolic form is even
dimensional. Clearly an orthogonal sum of metabolic forms is metabolic.

ExaMPLE 1.23. (1) Symmetric hyperbolic forms are metabolic.

(2) The form b L (—b) is metabolic if b is any non-degenerate symmetric bilinear form.
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(3) A 2-dimensional metabolic space is nothing but a non-degenerate isotropic plane.
A metabolic plane is therefore either isomorphic to (a, —a) for some a € F* or to the
hyperbolic plane H; by Remark [1.16. In particular, the determinant of a metabolic plane
is —F*2. If char F' # 2 then (a, —a) ~ H; by Remark 1.16] so in this case, every metabolic
plane is hyperbolic.

LEMMA 1.24. Let b be an isotropic non-degenerate symmetric bilinear form over V.
Then every isotropic vector belongs to a 2-dimensional metabolic subform.

PROOF. Suppose that b(v,v) = 0 with v # 0. As b is non-degenerate, there exists a
u € V such that b(u,v) # 0. Then b|pyqpr, is metabolic. O

COROLLARY 1.25. Every metabolic form is an orthogonal sum of metabolic planes. In
particular, if b is a metabolic form over F' then detb = (—1)dnTnhFX2.

Proor. We induct on the dimension of a metabolic form b. Let W C V =V, be
a lagrangian. By Lemma [1.24, a nonzero vector v € W belongs to a metabolic plane
P c V. It follows from Proposition 1.7/ that b = b|p L b|p. and by dimension count that
W N Pt is a lagrangian of b|p. as W cannot lie in P1. By the induction hypothesis, b|p.
is an orthogonal sum of metabolic planes. The second statement follows from Example
1.23(3). O

COROLLARY 1.26. If char F' # 2, the classes of metabolic and hyperbolic forms coin-
cide. In particular, every isotropic non-degenerate symmetric bilinear form is universal.

ProOF. This follows from Remark [1.16/ (ii) and Lemma 1.24/ . O

LEMMA 1.27. Let b and b’ be two symmetric bilinear forms. If b L b" and b’ are both
metabolic so is b.

Proor. By Corollary 1.25, we may assume that b’ is 2-dimensional. Let W be a
lagrangian for b L b’. Let p : W — Vs be the projection and Wy = ker(p) = W N V.
Suppose that p is not surjective. Then dim Wy > dim W — 1 hence W, is a lagrangian of
b and b is metabolic.

So we may assume that p is surjective. Then dim Wy = dim W —2. As b’ is metabolic,
it is isotropic. Choose an isotropic vector v € Vi and a vector w € W such that p(w) = v/,
ie., w = v+ for some v € V. In particular, b(v,v) = (b L b')(w,w) — b'(¢',v") = 0.
Since Wy C V4, we have v is orthogonal to W, hence v is also orthogonal to Wy. If we
show that v' € W then v ¢ Wy and W, & Fv is a lagrangian of b and b is metabolic.

So suppose v' € W. There exists v € Vi such that b'(v/,0") # 0 as b’ is non-
degenerate. Since p is surjective, there exists w” € W with w” = u” + v” for some
u” € V. As W is totally isotropic,

0= (b L b’)(v’,w”) _ (b 1 b’)(v’,u” + U”) _ b’(v’,v”),
a contradiction. O

1.D. Witt Theory. We have the following form of the classical Witt Decomposition
Theorem (cf. [146]) for symmetric bilinear forms over a field of arbitrary characteristic.
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THEOREM 1.28. (Bilinear Witt Decomposition Theorem) Let b be a non-degenerate
symmetric bilinear form on V. Then there exist subspaces Vi and Vy of V' such that
b = bly, L b|y, with bly, anisotropic and by, metabolic. Moreover, bly, is unique up to
1sometry.

Proor. We prove existence of the decomposition by induction on dimb. If b is
isotropic, there is a metabolic plane P C V by Lemma [1.24. As b = b|p L b|p., the
proof of existence follows by applying the induction hypothesis to b|p. .

To prove uniqueness, assume that by L by ~ b} L b}, with b; and b} both anisotropic
and by and bf, both metabolic. We show that b; ~ b}. The form

is metabolic, hence by L (—b}) is metabolic by Lemma [1.27. Let W be a lagrangian
of by L (—b)). Since by is anisotropic, the intersection W N V4, is trivial. Therefore,
the projection W — Vi is injective and dim W < dim bj. Similarly, dim W < dim b;.
Consequently, dim b; = dim W = dim b and the projections p : W — V,, and p' - W —
Vi are isomorphisms. Let w = v +v" € W, where v € V;,, and v' € V. As

0= (bl 1 (_b/1>)(w’w> = bl(U,U) - bll(vlvv,)7
the isomorphism p’ o p=t: V, — Vi, is an isometry between by and bj. O

Let b = bly, L b|y, be the decomposition of the non-degenerate symmetric bilinear
form b on V in the theorem. The anisotropic form b|y,, unique up to isometry, will be
denote by b, and called the anisotropic part of b. Note that the metabolic form bly, in
Theorem [1.28 is not unique in general by Remark [1.16/ (iv). However, its dimension is
unique and even. Define the Witt index of b to be i(b) := (dim V5)/2 .

Remark [1.16 (iv) also showed that the Witt Cancellation Theorem does not hold for
non-degenerate symmetric bilinear forms in characteristic two. The obstruction is the
metabolic forms. We have, however, the following

COROLLARY 1.29. (Witt Cancellation) Let b, by, by be non-degenerate symmetric
bilinear forms satisfying by L b~ by L b. If by and by are anisotropic then by =~ bs.

PrOOF. We have by L b L (—=b) ~ by L b L (—b) with b L (—b) metabolic. By
Theorem [1.28, by ~ b,. O

2. The Witt and Witt-Grothendieck rings of symmetric bilinear forms

In this section, we construct the Witt ring. The orthogonal sum induces an additive
structure on the isometry classes of symmetric bilinear forms. Defining the tensor product
of symmetric bilinear forms (corresponding to the classical Kronecker product of matrices)
turns this set of isometry classes into a semi-ring. The Witt Decomposition Theorem leads
to a nice description of the Grothendieck ring in terms of isometry classes of anisotropic
symmetric bilinear forms. The Witt ring W (F') is the quotient of this ring by the ideal
generated by the hyperbolic plane.
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Let by and by be symmetric bilinear forms over F' . The tensor product of b; and b is
defined to be the symmetric bilinear form b := b; ® by with underlying space V,, ®p V4,
with the form b defined by

b((m (%9 Ug), (w1 (024 ’LUQ)) = [11(1)1,?1)1) . [12(’02,11)2)
for all v, w; € V4, and vy, wy € V4,. For example, if a € F then (a) ® by ~ ab;.

LEMMA 2.1. Let by and by be two non-degenerate bilinear forms over F' . Then
(1) by L by is non-degenerate.
(2) by ® by is non-degenerate.
(3) Hi (V) ® by is hyperbolic for all finite dimensional vector spaces V.

PRrROOF. (1), (2): Let V; = V4, for i = 1,2. The b; induce isomorphisms [; : V; — V;*
for i = 1,2 hence by L by and by ® by induce isomorphisms l; @1y : Vi & Vo — (V) @ Vo)*
and [} ® Iy : Vi ®@p Vo — (V] @p Va)* respectively.

(3): Let {e, f} be a hyperbolic pair for H;. Then the linear map (F & F*) ®@p V} —
Vi @ V" induced by e @ v — v and f ® v — [, : w — b(w,v) is an isomorphism and
induces the isometry H; ® b — H; (V). O

It follows that the isometry classes of non-degenerate symmetric bilinear forms over
F' is a semi-ring under orthogonal sum and tensor product. The Grothendieck ring of

this semi-ring is called the Witt-Grothendieck ring of F' and denoted by /V[7(F ) . (Cf.
Scharlau [125] or Lang [91] for the definition and construction of the Grothendieck group

and ring.) In particular, every element in W (F') is a difference of two isometry classes
of non-degenerate symmetric bilinear forms over F'. If b is a non-degenerate symmetric
bilinear form over F', we shall also write b for the class in /W(F ). Thusif o € /W(F ), there
exist non-degenerate symmetric bilinear forms b; and by over F' such that o = by — by in
W(F ). By definition, we have

by — by = b, — b, in W(F)
if and only if there exists a non-degenerate symmetric bilinear form b” over F' such that
(22) bl 1 5,2 1 b” >~ bll L 62 1 b”.
As any hyperbolic form H; (V') is isometric to (dim V')H; over F, the ideal consisting

of the hyperbolic forms over F' in /W(F ) is the principal ideal H; by Lemma 2.1 (3).

The quotient W (F) := W\(F )/(H1) is called the Witt ring of non-degenerate symmetric
bilinear forms over F'. Elements in W (F') are called Witt classes. Abusing notation, we
shall also write b € W(F') for the Witt class of b and often call it just the class of b. The

operations in W (F') (and W(F)) shall be denoted by + and -.

By [1.17, we have
(a,—a) =0 in W(F)
for all @ € F* and in all characteristics. In particular, (—1) = —(1) = —1 in W(F'), hence
the additive inverse of the Witt class of any non-degenerate symmetric bilinear form b
in W (F) is represented by the form —b. It follows that if « € W(F) then there exists a
non-degenerate bilinear form b such that o = b in W (F).
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EXERCISE 2.3. (Cf. Scharlau [125], p.22.) Let b be a non-degenerate symmetric
bilinear form on V. Suppose that V = W, @& W, with W; = Wit. Show that
bl —b~HW;) L —b.
In particular, b = H(W;) in /W(F)

Use this to give another proof that b+ (—b) = 0 in W (F) for every non-degenerate form
b.

The Witt Cancellation Theorem [1.29 allows us to conclude the following.

PROPOSITION 2.4. Let by and by be anisotropic symmetric bilinear forms. Then the
following are equivalent:

(1) bl >~ [12. e
(2) by = by in W(F).
(3) by = by in W(F).
PrOOF. The implications (1) = (2) = (3) are easy.
(3) = (1): By definition of the Witt ring, by + nH = by + mH in W(F) for some
n,m > 0. It follows from the definition of the Grothendieck-Witt ring that

by LnHLb~by, L mHLDb

for some non-degenerate form b. Thus by L nH L b L —b~by L. mH L b L —b and
b, ~ by by Corollary [1.29. O

We also have
COROLLARY 2.5. b =0 in W(F) if and only if b is metabolic.

It follows from Proposition 2.4 that every Witt class in W (F') contains (up to isom-
etry) a unique anisotropic form. As every anisotropic bilinear form is diagonalizable by
Corollary [1.20, we have a ring epimorphism

(2.6) Z[F*/F** — W(F) given by Zni(ainz) — an(aﬁ

PROPOSITION 2.7. A homomorphism of fields FF — K induces ring homomorphisms
risp s W(F) = W(K)  and  rip: W(F) — W(K).
If K/F is purely transcendental then these maps are injective.
PROOF. Let b be symmetric bilinear form over F'. Define rx/r(b) on K ®p V4, by
rr/p(0)(r®@ v,y ®@w) = xyb(v, w)

for all z,y € K and for all v,w € V;. This construction is compatible with orthogonal
sums and tensor products of symmetric bilinear forms.

As 7r/r(b) is hyperbolic if b is, it follows that b — 74/#(b) induces the desired maps.
These are ring homomorphisms.

The last statement follows by Lemma 1.22l O
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The ring homomorphisms defined above are called restriction maps. Of course, if
K/F is a field extension then the maps rx/p are the unique homomorphisms such that

’I”K/F(b) = bK.

3. Chain equivalence

Two non-degenerate diagonal symmetric bilinear forms a = (ay,as,...,a,) and b =
(by, by, ..., b,), are called simply chain equivalent if either n = 1 and a; F*? = b F*? or
n > 2 and (a;,a;) ~ (b;,b;) for some indices ¢ # j and a; = by for every k # i,j. Two
non-degenerate diagonal forms a and b are called chain equivalent (we write a ~ b) if

there is a chain of forms by = a,bs,...,b,, = b such that b; and b;,; are simply chain
equivalent for all ¢ = 1,...,m — 1. Clearly a =~ b implies a ~ b.

Note as the symmetric group S, is generated by transpositions, we have (a1, as, .. ., a,) ~
(Ao(1)s Uo(2), - - - 5 Go(n)) for every o € S,,.

LEMMA 3.1. Every non-degenerate diagonal form is chain equivalent to an orthogonal
sum of an anisotropic diagonal form and metabolic binary diagonal forms (a, —a), a € F*.

PRroOOF. By induction, it is sufficient to prove that any isotropic diagonal form b is
chain equivalent to (a,—a) L b’ for some diagonal form b’ and a € F*. Let {vy,...,v,}
be the orthogonal basis of b and set b(v;, v;) = a;. Choose an isotropic vector v with the
smallest number k£ of nonzero coordinates. Changing the order of the v; if necessary, we
may assume that v = Zle c;v; for nonzero ¢; € F and k > 2. We prove the statement
by induction on k. If k = 2, the restriction of b to the plane Fv; & Fuvy is metabolic
and therefore is isomorphic to (a, —a) for some a € F* by Example 1.23((3), hence b ~
(a,—a) L (as,...,ap).

If £ > 2 the vector v] = ¢1v1 + covy is anisotropic. Complete v} to an orthogonal
basis {v},v5} of Fuv; @& Fvs by Corollary 1.8 and set a, = b(v,v}), i = 1,2. Then

(22

(ay,a9) ~ (a},ay) and b ~ (a}, ab, a3, ..., a,). The vector v has k — 1 nonzero coordinates
in the orthogonal basis {v], v}, vs,...,v,}. Applying the induction hypothesis to the
diagonal form (a}, a}, as, ..., a,) completes the proof. O

LEMMA 3.2. (Witt Chain Equivalence) Two anisotropic diagonal forms are chain
equivalent if and only if they are isometric.

ProOOF. Let {vy,...,v,} and {uy, ..., u,} be two orthogonal bases of the bilinear form
b with b(v;,v;) = a; and b(u;,u;) = b;. We must show that (ay,...,a,) = (b1,...,by).
We do this by double induction on n and the number &k of nonzero coefficients of u; in the
basis {v;}. Changing the order of the v; if necessary, we may assume that u; = Zle Civ;
for some nonzero c; € F.

If k=1, i.e., u3 = cyvy, the two (n—1)-dimensional subspaces generated by the v;’s and
u;’s respectively with ¢ > 2 coincide. By the induction hypothesis and Witt Cancellation
1.29, (ag,...,an) = (ba,...,by), hence (ay, as,...,a,) = (a1, be,...,b,) = (b1,ba,...,by).

If k> 2 set v] = i1 + cove. As b is anisotropic, a} = b(v],v]) is nonzero. Choose an
orthogonal basis {v}, v} of Fv; @ Fvs and set a)y = b(vh, vy). We have (a1, az) ~ (a}, aj).
The vector u; has k — 1 nonzero coordinates in the basis {v], v}, vs,...,v,}. By the
induction hypothesis (ay, as, as, ..., a,) = {(ay,ay, a3, ..., a,) = (b1, by, b3, ... b,). O
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EXERCISE 3.3. Prove that a diagonalizable metabolic form b is isometric to (1, —1)®b’
for some diagonalizable bilinear form b’.

4. Structure of the Witt ring

In this section, we give a presentation of the Witt-Grothendieck and Witt rings. The
classes of even dimensional anisotropic symmetric bilinear forms generate an ideal I(F)
in the Witt ring. We also derive a presentation for it and its square, I(F)?.

4.A. The presentation of /W(F ) and W (F'). We turn to determining presentations

of /W(F ) and W(F). The generators will be the isometry classes of non-degenerate 1-
dimensional symmetric bilinear forms. The defining relations arise from the following:

LEMMA 4.1. Let a,b € F* and z € D({a,b)). Then (a,b) ~ (z,abz). In particular, if
a—+b#0 then

(4.2) (a,b) ~ (a+b,ab(a +b)).
Proor. By Corollary 1.8, we have (a,b) ~ (z,d) for some d € F*. Comparing
determinants, we must have abF*? = dzF*? so dF*? = abzF*?. O

The isometry (4.2) is often called the Witt relation.

Define an abelian group W’(F') by generators and relations. Generators are isometry
classes of non-degenerate 1-dimensional symmetric bilinear forms. For any a € F* we

write [a] for the generator — the isometry class of the form (a). Note that [az?] = [a] for
every a,x € F'*. The relations are:
(4.3) la] + [b] = [a+ b] + [ab(a + b)]

for all a,b € F* such that a +b # 0.
LEMMA 4.4. If {a,b) =~ {(c,d) then [a] + [b] = [c] + [d] in W'(F).

PROOF. As {(a,b) ~ (c,d), we have abF** = det(a,b) = det{c,d) = cdF*? and d =
abcz? for some z € F*. Since ¢ € D((a, b>), there exist x,y € F satisfying ¢ = az? + by?.
If x =0 or y = 0, the statement is obvious, so we may assume that x,y € F*. It follows
from (4.3) that

[a] + [B] = [az?] + [by?] = [c] + [azby’c] = [c] + [d]. B
LEMMA 4.5. We have [a] 4+ [—a] = [b] + [=b] in W/(F) for all a,b € F*.
PROOF. We may assume that a + b # 0. From (4.3), we have
[—a] + [a+ D] = [b] + [—ab(a +b)], [-b] + [a+ b] = [a] + [-ab(a + D)].
The result follows. g

If char F' # 2, the forms (a, —a) and (b, —b) are isometric by Remark [1.16 (ii). There-
fore, in this case Lemma 4.5 follows from Lemma 4.4.

LEMMA 4.6. If {ay,...,a,) = (b1,...,b,) then [a1] + -+ + [a,) = [b1] + -+ + [ba] in
W'(F).
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PrROOF. We may assume that the forms are simply chain equivalent. In this case the
statement follows from Lemma 4.4. O

THEOREM 4.7. The Grothendieck-Witt group W(F) 1s generated by the isometry

classes of 1-dimensional symmetric bilinear forms that are subject to the defining rela-
tions (a) + (b) = (a + b) + (ab(a + b)) for all a,b € F* such that a+ b # 0.

Proor. It suffices to prove that the homomorphism W'(F) — W(F ) taking [a] to
(a) is an isomorphism. As b L (1) is diagonalizable for any non-degenerate symmetric
bilinear form b by Corollary [1.19, the map is surjective. An element in the kernel is given

by the difference of two diagonal forms b = (as,...,a,) and b’ = (af, ..., a]) such that

b=1"0"in /W(F) By the definition of /W(F) and Corollary [1.19, there is a diagonal form
b” such that b L b” ~ b’ L b”. Replacing b and b’ by b L b” and b’ L b” respectively, we
may assume that b ~ b’. It follows from Lemma 3.1/ that b ~ b; L by and b’ ~ b} L b},
where by, b] are anisotropic diagonal forms and by, b}, are orthogonal sums of metabolic
planes (a, —a) for various a € F*. It follows from the Corollary [1.29 that b; ~ b} and
therefore by ~ b} by Lemma [3.2. Note that the dimension of by and b}, are equal. By

Lemmas 4.5 and 4.6, we conclude that [ai] + -+ [a,] = [a}] + -+ + [a],] in W/(F). O

n

Since the Witt class in W (F') of the hyperbolic plane H; is equal to (1, —1) by Remark
1.16(iv), Theorem 4.7 yields

THEOREM 4.8. The Witt group W (F') is generated by the isometry classes of 1-
dimensional symmetric bilinear forms that are subject to the following defining relations:
(1) (1) +(-1) =0.
(2) (a) + (b) = {(a + b) + (ab(a + b)) for all a,b € F* such that a+ b # 0.

If char F' # 2, the above is the well-known presentation of the Witt-Grothendieck and
Witt groups first demonstrated by Witt in [146].

4.B. The presentation of I(F'). The Witt-Grothendieck and Witt rings has a nat-
ural filtration that we now describe. Define the dimension map

dim : W\(F) — 7 given by dimz =dimb; —dimby if z =b; — bs.
This is a well-defined map (cf. Equation 2.2).

~

We let I(F) denote the kernel of this map. As
(@) = 0) = ((1) = ) = (1) = (@) in W(F)

-~

for all a,b € F'*, the elements (1) — (a) with a € F* generate I(F) as an abelian group.

~

It follows that /W(F) is generated by the elements (1) and (1) — () with x € F*.
Let I(F) denote the image of I(F) in W(F). If a € F* write ((a)), or simply ({(a))
for the binary symmetric bilinear form (1, —a),. As I(F) N (Hy) = 0, we have I(F) ~
f(F)/(f(F)) N (Hy) ~ I(F). Then the map /W(F) — W(F') induces an isomorphism

I(F) = I(F) givenby (1) — (z)— ((2)).
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In particular, I(F) is the ideal in W(F’) consisting of the Witt classes of even dimensional
forms. It is called the fundamental ideal of W (F') and is generated by the classes ({a))
with a € F*. Note that if F' — K is a homomorphism of fields then rx,p (T(F)) c I(K)
and r p(1(F)) C I(K).

The relations in Theorem /4.8 can be rewritten as

{(a)) +{{b)) = ({a + b)) + {{ab(a + b))
for a,b € F* with a + b # 0. We conclude

COROLLARY 4.9. The group I(F) is generated by the isometry classes of 2-dimensional
symmetric bilinear forms ({(a)) with a € F* subject to the defining relations

(1) ((1)) =0.
(2) ({a)) + (b)) = ({a+ b)) + ((ab(a + b))) for all a,b € F* such that a+ b # 0.

Let f
I"(F) =

(F):= (I (F))n the nth power of I(F). Then I"(F) maps isomorphically onto
I(F)™, the nth power of I(F) in W (F). It defines the filtration

W(F)DIF)DI*(F)>---D>I"(F)D
in which we shall be interested.
For convenience, we let fO(F) = W(F) and [°(F) = W (F).
We denote the tensor product ((a;)) ® ({as)) ® -+ ® ({a,)) by
({a1,a9,...,a,))y orsimply by  ({ay,as,...,a,))

and call a form isometric to such a tensor product a bilinear n-fold Pfister form. (We
call any form isometric to (1) a 0-fold Pfister form.) For n > 1, the isometry classes of
bilinear n-fold Pfister forms generate I"(F') as an abelian group.

We shall be interested in relations between isometry classes of Pfister forms in W (F').
We begin with a study of 1- and 2-fold Pfister forms.

EXAMPLE 4.10. We have ((a)) + ((b)) = ({ab)) + ({a,b)) in W(F). In particular,
((a)) + (b)) = ({ab)) mod I*(F).

As the hyperbolic plane is two dimensional, the dimension invariant induces a map
eo: W(F)—Z/2Z by b+ dimb mod 2.

Clearly, this is a homomorphism with kernel the fundamental ideal I(F'), so induces an
isomorphism

(4.11) & : W(F)/I(F) — 2/2Z.

By Corollary 1.25, we have a map

d1m b

e1: [(F) — F*/F*?* by b (—1) 2 detb.

called the signed determinant.
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The map e; is a homomorphism as det(b L b’) = detb - detb’ and surjective as
({a)) — aF*2. Clearly, e ({{a,b))) = F** so e; induces an epimorphism
(4.12) e, : [(F)/I*(F) — F*)F*2.

We have

PROPOSITION 4.13. The kernel of ey is I*(F) and the map &, : I(F)/I*(F) — F*/F*2
1 an isomorphism.

PROOF. Let f; : F*/F*? — I(F)/I*(F) be given by aF*? — ({(a)) + I*(F). This
is a homomorphism by Example 4.10] inverse to &;, since I(F') is generated by ((a)),
a€ F*. U

For fields of characteristic different than two this is Pfister’s characterization (cf. [113|
Satz 13, Kor.]) of I*(F).

4.C. The presentation of [*(F). We turn to I*(F).

LEMMA 4.14. Let a,b € F*. Then ((a,b)) = 0 in W(F') if and only if either a € F*?
orbe D({(a))). In particular, {{(a,1—a)) =0 in W(F) for any a # 1 in F*.

PROOF. Suppose that ({a)) is anisotropic. Then ({a,b)) = 0 in W (F) if and only if
b((a)) ~ ({a)) by Proposition 2.4/ if and only if b € G({{a))) = D(((a))) by Example
1.15. U

Isometries of bilinear 2-fold Pfister forms are easily established using isometries of
binary forms. For example, we have

LEMMA 4.15. Let a,b € F* and z,y € F. Let z = ax* +by?> # 0. Then

(1) ({a,b)) = ({a,b(y* — az?))) if y* — ax* # 0.

(2) ((a,b)) = ({2, —ab)).

(3) ({a,0)) = {(z,abz)).

(4) If z 1s a square in F then ({(a,b)) is metabolic. In particular, if char F' # 2 then

<<a,b)> ~ 2[H1
PROOF. (1): Let w = y* — ax?. We have
{{a,b)) ~ (1, —a, —b,ab) ~ (1, —a, —by?, abz?) ~ (1, —a, —bw, abw) ~ ({a,bw)).

(2): We have
{{a,b)) ~ (1, —a, —b,ab) ~ (1, —az?, —by?, ab) ~ (1, —z, —zab, ab) ~ {(z, —ab)).
(3) follows from (1)and (2) while (4) follows from (2) and Remark [1.16/ (ii). O

Explicit examples of such isometries are:

EXAMPLE 4.16. Let a,b € F'* then

(1) ({(a,1)) is metabolic.
(2) ((a,—a)) is metabolic.

(3) ({a,a)) ~ {{a, —1)).
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(4) ({a,b)) + (@, =b)) = ({a, =1)) in W(F).

We turn to a presentation of I(F) first done for fields of characteristic not two in
[33] and rediscovered by Suslin (cf. [134]). It is different from that for I(F') as we need a
new generating relation. Indeed the analogue of the Witt relation will be a consequence
of our new relation and a metabolic relation.

Let L,(F') be the abelian group generated by all the isometry classes [b] of bilinear
2-fold Pfister forms b subject to the generating relations:

(1) [ 1] =o.
(2) [({ab,c))] + [{{a,b))] = [{{a,bc))] + [{(b,¢))] for all a,b,c € F*.
We call the second relation the cocycle relation.
REMARK 4.17. The cocycle relation holds in I?(F): Let a,b,c € F*. Then
({(ab,c)) + ({a,b)) = (1, —ab, —c,abc) + (1, —a, —b, ab) =
(1,1, —c,abc, —a, —b) = (1, —a, —be, abc) + (1, —b, —c, be) =
{{a,be)) + {{b; )
in I%(F).

We begin by showing that the analogue of the Witt relation is a consequence of the
other two relations.

LEMMA 4.18. The relations
©)  [(a,1))] =0
i) [(a,en] + [(b, )] = [({(a+b),e))] + [{{(a +bab,c))]
holds in L,(F') for all a,b,c € F* if a+b # 0.

Proor. Applying the cocycle relation to a,a, 1 shows that

(L)) + [{{a, a))] = [(a,a))] + [((a, 1))].

The first relation now follows. Applying Lemma 4.15 and the cocycle relation to a,c, ¢
shows that
(4.19)

[((=a, )] + [{fa, )] = [{ac,eh)] + [(fa )] = [((—ae] + [{ash)] = [((—L ]
for all c € F'*.
Applying the cocycle relation to a(a + b), a, ¢ yields
(4.20) [((a+b,¢))] + [({ala+b),a))] = [({(a(a+b),ac))] + [({a,c))]
and to a(a +b),b, ¢ yields
(4.21) [{{(ab(a +b), ¢))] + [({(a(a + b),b))] = [{{a(a + b),bec))] + [((b,c))].

Adding the equations (4.20) and (4.21) and then using the isometries
<<a(a+b)7a>> = <<a(a’+b)7_b>> and <<a(a+b)aac>> = <<a(a’+b>7_bc>>
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derived from Lemma 4.15, followed by using equation (4.19) yields

[{{a,e))] + [((b,e))] = [({(a+b),e))] — [{{a+Dab, c))]
= [((a(a +b), >>] [((aa+b),b))] = [({ala +b),ac))] — [{{ala+1b),bc)]
= [({a(a +b), =b))] + [({a(a +D),b))] = [{{a(a +b), =be))] — [{{ala + D), bc))]
= [({a(a +b), =1))] = [({a(a +b),~1))] = 0. O

THEOREM 4.22. The ideal I*(F) is generated as an abelian group by the isometry
classes ({(a,b)) of bilinear 2-fold Pfister forms for all a,b € F* subject to the generating
relations

(1) ((1,1)) = 0.
(2) ({ab,c)) + ((a,b)) = ((a,bc)) + ((b,c)) for all a,b,c € F*.

Proor. Clearly, we have well-defined homomorphisms
g:1,(F) — I*(F) induced by [b] — b
and
JL(F) = I(F) induced by  [((a,))] = ((a)) + ((b)) — ((aD)),
the latter being the composition with the inclusion I?*(F) C I(F) using Example 4.10.

We show that the map g : I,(F) — I*(F) is an isomorphism. Define
TP x P JF2 = L(F) by (@%b — [((a,5)].
This is clearly well-defined. For convenience, write (a) for aF*2. Using (2), we see that
7((0); (e)) = v((ab), (c)) +~((a), (be)) —((a), (b))
= [{@,N] = [(ab,e)] + [{{a,be))] = [({a, 0))] =0

so 7 is a 2-cocycle. By Lemma 4.18, we have [((1,a))] =0 in L,(F), so y is a normalized
2-cocycle. The map 7 defines an extension N = F*/F*? x L,(F) of I,(F) by F*/F*?
with
((a). ) + (). 8) = ((ab). + 8+ [{{a. ).
As 7 is symmetric, N is abelian. Let
h:N — I(F) bedefined by ((a),a)— ({a)) + j(a).
We see that the map h is a homomorphism
A(((@). ) + (1) ) = h((ab)sa+ 8+ [{(a,5)])
= ({ab)) + j(e) +j(B) +J([<<a b>>]) =
= h((a),a) + h((b), ).
Thus we have a commutative diagram
0 — L(F) — N —— FX/F? —— 0
QJ/ hl flJ/

0 —— I}(F) —— I(F) —— I(F)/I}(F) —— 0

{(a)) + (b)) + j(e) +5(5)
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where f; is the isomorphism inverse of €; in Proposition 4.13.

Let
k:I(F)— N beinduced by ({a)) — ((a),0).

Using Lemma 4.15 and Corollary 4.9, we see that k is well-defined as
((a).0) + ((5),0) = ((ab). [{{a. &))]) = ((ab). [{{a+ b.ab(a + b))
= ((a+),0) + ((ab(a +b),0)
ifa+b#0. As
E({(a 1)) = k<<< )+ () — (fad)) = (@), ,
= ((ab), [((a,5))]) = ((ab),0) = ((ab),0) + (1 [<< )

we have

0) = ((ab),0)
) - ((ab>70) = (17 [<<7a’=b>>])v

(ko h)((c), [{{a, b))]) = k({{e) + ((a,0))) = ((0), [{{a, B))]))-
Hence k o h is the identity on N. As (hok)({(a))) = ((a)), the composition h o k is the
identity on I(F'). Thus h is an isomorphism hence so is g. O

5. The Stiefel-Whitney map

In this section, we investigate Stiefel-Whitney maps. In the case of fields of charac-
teristic different from two, this was first defined by Milnor. We shall use facts about
Milnor K-theory. (Cf. §100.) We write ki(F) := ][, kn(F) for the graded ring
K (F)2K(F) := [0 Kn(F)/2K,(F).  Abusing notation, if {a;,...a,} is a sym-
bol in K, (F), we shall also write it for its coset {ay,...,a,} + 2K, (F).

The associated graded ring GW,(F) = [[,>o ["(F)/I"*'(F) of W(F) with respect to
the fundamental ideal I(F) is called the graded Witt ring of symmetric bilinear forms.
Note that since 2 - I"(F) = (1,1) - I"(F) C I""(F) we have 2- GW,(F) = 0.

By Example 4.10, the map F* — I(F)/I*(F) defined by a — ({(a)) + I*(F) is a
homomorphism. By the definition of the Milnor ring and Lemma 4.14, this map gives rise
to a graded ring homomorphism
(5.1) fe i ki(F) — GW,(F)

taking the symbol {ay,as,...,a,} to ({a1,as,...,a,)) + I""(F). Since the graded ring
GW.(F) is generated by the degree one component [(F)/I*(F), the map f, is surjective.

Note that the map fo : ko(F) — W(F)/I(F) is the inverse of the map €y and the map
fi:k1(F) — I(F)/I*(F) is the inverse of the map é; (cf. Proposition 4.13).

LEMMA 5.2. Let ({(a,b)) and ((c,d)) be isometric bilinear 2-fold Pfister forms. Then
{a,b} = {c,d} in ko(F).

PROOF. If the form ({a,b)) is metabolic then b € D({(a))) or a € F*? by Lemma
414, In particular, if ((a,b)) is metabolic then {a,b} = 0 in ky(F). Therefore, we
may assume that ((a,b)) is anisotropic. Using Witt Cancellation [1.29, we see that ¢ =
az? + by* — abz? for some z,y,z € F. If ¢ ¢ aF*? let w = y*> — az?> # 0. Then
{{a,b)) ~ ({(a,bw)) ~ ({¢,—abw)) by Lemma 4.15 and {a,b} = {a,bw} = {c, —abw}
in ky(F') by Lemma [100.3. Hence we may assume that a = ¢. By Witt Cancellation,
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(=b,ab) ~ (—d,ad) so bd € D({(a))), i.e., bd = 2* — ay® in F for some z,y € F. Thus
{a,b} = {a,d} by Lemma [100.3. O

ProproOSITION 5.3. The homomorphism
e I'(F) — ka(F)  given by ({a,b)) = {a,b}
is a well-defined surjection with ker(ey) = I3(F). Moreover, ey induces an isomorphism

& : I*(F)/I*(F) — ky(F).

PROOF. By Lemma /5.2 and the presentation of I*(F) in Theorem [4.22, the map is
well-defined. Since

({a,b,¢)) = {(a, ) + ((b, ¢)) — ({ab, ),

we have I?(F) C ker(eg). As & and f, are inverses of each other, the result follows. [

Let F(F') be the free abelian group on the set of isometry classes of non-degenerate
1-dimensional symmetric bilinear bilinear forms. Then we have a group homomorphism

w:F(F) — k(F)[[t]]* given by (a) — 1+ {a}t.
If a,b € F* satisfy a + b # 0 then by Lemma 100.3, we have
w({a) + (b)) = (1 + {a}t)(1 + {b}t)
=1+ ({a} + {b}))t + {a,b}t*
=1+ ({ab})t + {a,b}t?
=1+ {ab(a + b)*}t + {a + b, ab(a + b) }¢*
=w({a+ b) + (ab(a + b))).

In particular, w factors through the relation (a) + (b) = (a + b) + (ab(a + b)) for all
a,b € F* satisfying a + b # 0 hence induces a group homomorphism

(5.4) w: W(F) — k(F)[[t]*

by Theorem 4.7 called the total Stigiel— Whitney map . If b is a non-degenerate symmetric
bilinear form and « is its class in W (F) define the total Stiefel-Whitney class w(b) of b
to be w(a).

EXAMPLE 5.5. If b is a metabolic plane then b = (a) + (—a) in W(F) for some
a € F*. (Note the hyperbolic plane equals (1) 4+ (—1) in W(F) by Example 1.16(iv)), so
w(b) =1+ {—1}t as {a, —a} =1 in ky(F) for any a € F'*.

LEMMA 5.6. Let a = ((1) — {(a1)) --- ((1) = (an)) in W(F). Let m = 2"~'. Then

w(a) =1+ {ay,....an,—1,...,—1 ™)L
(a) = (1 +{a ")

m—n
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PRrOOF. As

a=7) sait---ay),
3
where the sum runs over all € = (g1,...,¢,) € {0,1}" and s. = (—1)2i% we have

w(a) =[] +Z£i{ai}t)sf.

Let
h=h(ty,.. . ty) = [J(L+ertat -+ -+ eptnt) ™™

)

in ((2/2z)[[t])[[t1, - - -, ta)], the ring of power series over Z/2Z in variables ¢,t1,. .., t,.
Substituting zero for any ¢; in h, yields one so

h=14t - -thg(ts,...,t,)t" forsome g€ (Z/2Z[[t])[[t1,---,tn)]
As {a,a} = {a, —1}, we have

w(a) P =1+ {ay,...,antg({ar}, ..., {a  Dt" =14+ {ay,...,antg({—=1},..., {=1})t".

We have, with s a variable,
Lt g(s,...,s)t" =h(s,....s) = [JA+ D est) ™ = (14 st)™ =1+ s""
e i>1

as y_&; = 1in Z/27Z exactly m times, so ¢(s,...,s) = (st)” " and the result follows. [

Let wo(a) =1 and
wle) =1+ wi(a)t!

i>1
for a € W\(F) The map w; : W\(F) — k;(F) is called the ith Stiefel-Whitney class . Let
a,f e W(F). As w(a+ ) = w(a)w(B), for every n > 0, we have the Whitney formula

(5.7) wn(a+B8) = Y wile)uw;(B).

i+j=n
REMARK 5.8. Let K/F be a field extension and o € W\(F) Then
resg/p(wi(a)) = wi(ag) in k(F) for all i.

COROLLARY 5.9. Let m = 2"~'. Then w](j\”(F)) =0forj=1...,m—1 and
W+ IM(F) — kp(F) is a group homomorphism mapping ((1) = (@) -+ ((1) = (an)) to
{ai,...,an,—1,...,—1}.

————

PROOF. Let v = ((1) — (a1)) - -+ ((1) — (an)). By Lemma 5.6, we have w;(a) = 0 for

i=1,...m — 1. The result follows from the Whitney formula (5.7). O
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~

Let j : I(F) — I(F) be the isomorphism sending (1) — (a) — ({a)). Let w,, be the
composition

wm|fn(p)

"(F) 25 (R o (F).

Corollary 5.9/ shows that w; = e; for i = 1,2. The map w,, : ["(F) — k,,(F) is a group
homomorphism with I"*(F) C ker(w,,) so induces a homomorphism

Wy 2 I (F) /T (F) — kp(F).
We have w; = ¢; for i = 1,2. The composition w,, o f, is multiplication by {—1,...,—1}.
————

m—n

In particular, w, and w, are isomorphisms, i.e.,

(5.10) I*(F) = ker(w;) and I*(F) = ker (i)
and
(5.11) P(F) = ker(wi|gp)  and  I*(F) = ker(wa|z ).

This gives another proof for Propositions [4.13/ and 5.3.

REMARK 5.12. Let char F' # 2 and h3 : ke(F) — H*(F') be the norm-residue homo-
morphism defined in §101. If b is a non-degenerate symmetric bilinear form then hyow,(b)
is the classical Hasse-Witt invariant of b. (Cf. [90], Definition V.3.17, [125], Definition
2.12.7.) More generally, the Stiefel Whitney classes defined above are compatible with
Stiefel-Whitney classes defined by Delzant w in [29], i.e., h; o w; = w] for all i > 0.

EXAMPLE 5.13. Suppose that K is a real-closed field. (Cf. §95.) Then k;(K) = Z/27
for all # > 0 and W(K) =7 @ Z¢ with £ = (—1) and & = 1. The Stiefel-Whitney
map w : W(F) — k.(K)[[t]]* is then the map n + m& — (1 + t)™. In particular, if b
is a non-degenerate form then w(b) determines the signature of b. Hence if b and ¢

are two non-degenerate symmetric bilinear forms over K, we have b ~ ¢ if and only if
dim b = dim ¢ and w(b) = w(c).

It should be noted that if b = ({ay,...,a,)) that w(b) is not equal to w(a) = w([b])
where a = ((1) — (a1)) -+~ ((1) — (an)) in W (F) as the following exercise shows.

EXERCISE 5.14. Let m = 2"~ If b is the bilinear n-fold Pfister form ({ay,...,a,))
then
wb)=1+{-1,...,—-1}+{ar,...,a,,—1,...,—1 Ht"™.
(b) S }{a )

m m—n

The following fundamental theorem was proved by Orlov-Vishik-Voevodsky [110] in
the case that char F' # 2 and by Kato [76] in the case that char F' = 2.

Fact 5.15. The map f. : k.(F) — GW.(F) is a ring isomorphism.

For i = 0, 1,2, we have proven that f; is an isomorphism in (4.11)), Proposition [4.13/,
and Proposition 5.3, respectively.
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6. Bilinear Pfister forms

The isometry classes of tensor products of non-degenerate binary symmetric bilinear
forms representing one are quite interesting. These forms, called Pfister forms, whose
properties over fields of characteristic different from two were discovered by Pfister in [111]
and were named after him in [35], generate a filtration of the Witt ring by the powers of
its fundamental ideal I(F). Properties of these forms in the case of characteristic two were
first studied by Baeza in [17]. In this section, we derive the main elementary properties
of these forms.

By Example [1.15, a bilinear 1-fold Pfister form b = ((a)), a € F*, is round, i.e.,
D({{a))) = G({{a))). Because of this, the next proposition shows that there are many
round forms and, in particular, bilinear Pfister forms are round.

PROPOSITION 6.1. Let b be a round bilinear form and let a € F*. Then
(1) The form ({a)) @ b is also round.
(2) If ({(a)) ® b is isotropic then either b is isotropic or a € D(b).
PROOF. Set ¢ = ({a)) ® b.
(1): Since 1 € D(b), it suffices to prove that D(c) C G(¢). Let ¢ be a nonzero value of c.
Write ¢ = x — ay for some z,y € D(b). If y = 0, we have ¢ = x € D(b) = G(b) C G(¢).
Similarly, y € G(c) if z = 0 hence ¢ = —ay € G(c) as —a € G({{a))) C G(¢).
Now suppose that z and y are nonzero. Since b is round, z,y € G(b) and therefore
¢c=b_1 (—ab)~b L (—ayz™"b = ({ayz™")) @ b.
By Example 1.15, we know that 1 — ayz~' € G({{ayz™"))) C G(c). Since z € G(b) C
G(c), we have ¢ = (1 — ayz™ )z € G(¢).
(2): Suppose that b is anisotropic. Since ¢ = b L (—ab) is isotropic, there exist z,y € D(b)
with  — ay = 0. Therefore a = zy~! € D(b) as D(b) is closed under multiplication. [
COROLLARY 6.2. Bilinear Pfister forms are round.
PRrROOF. 0-fold Pfister forms are round. 0
COROLLARY 6.3. A bilinear Pfister form is either anisotropic or metabolic.

PROOF. Suppose that ¢ is an isotropic bilinear Pfister form. We show that ¢ is meta-
bolic by induction on the dimension of the ¢. We may assume that ¢ = ((a)) ® b for a
Pfister form b. If b is metabolic then so is ¢. By the induction hypothesis, we may assume
that b is anisotropic. By Proposition 6.1 and Corollary 6.2, a € D(b) = G(b). Therefore
ab ~ b hence the form ¢~ b L (—ab) ~ b L (—b) is metabolic. O

REMARK 6.4. Note that the only metabolic 1-fold Pfister form is ((1)). If char F' # 2
there is only one metabolic bilinear n-fold Pfister form for all n > 1, viz., the hyperbolic
one. It is universal by Corollary 1.26. If char F' = 2 then there may exist many metabolic
n-fold Pfister forms for n > 1 including the hyperbolic one.

EXAMPLE 6.5. If char F' = 2, a bilinear Pfister form ({ai,...,a,)) is anisotropic if
and only if ay,...,a, are 2-independent. Indeed [F?(ay,...,a,) : F?] < 2" if and only if
{{ay,...,ay)) is isotropic.
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COROLLARY 6.6. Let char F' # 2 and z € F*. Then 2"((z)) = 0 in W(F) if and only
if z€ D(27(1)).

PROOF. If z € D(2"(1)) then the Pfister form 2"((z)) is isotropic hence metabolic by
Corollary 6.3l

Conversely, suppose that 2"((z)) is metabolic. Then 2"(1) = 2"(z) in W (F). If 2"(1)
is isotropic, it is universal as char F # 2, so z € D(2"(1)). If 2"(1) is anisotropic then
2"(1) ~ 2"(z) by Proposition 2.4/s0 z € G(2"(1)) = D(2"(1)) by Corollary 6.2. O

As additional corollaries, we have the following two theorems of Pfister (cf. [112]).

The first generalizes the well-known 2-, 4-, and 8-square theorems arising from quadratic
extensions, quaternion algebras, and Cayley algebras.

COROLLARY 6.7. D(2”<1)) s a group for every mon-negative integer n.
The level of a field F'is defined to be
s(F) := min{n | the element — 1 is a sum of n squares}

or infinity if no such integer exists.

COROLLARY 6.8. The level s(F) of a field F, if finite, is a power of two.

PROOF. Suppose that s(F) is finite. Then 2" < s(F') < 2"*! for some n. By Propo-
sition 6.1/ (2), with b = 2"(1) and a = —1, we have —1 € D(b). Hence s(F) = 2". O

In [112], Pfister also showed that there exist fields of level 2" for all n > 0. (Cf.
Lemma 31.3 below.)

6.A. Chain p-equivalence of bilinear Pfister forms. Since the isometry classes
of 2-fold Pfister forms are easy to deal with, we use them to study n-fold Pfister forms.
We follow the development in [35] which we extend to all characteristics. The case of
characteristic two was also independently done by Arason and Baeza in [3].

DEFINITION 6.9. Let ay,...,a,,by,...,b, € F* withn > 1. Wesay that ((a1,...,a,))
and ((by,...,b,)) are simply p-equivalent if n = 1 and a; F** = by F*? or n > 2 and there
exist 7,7 = 1,...,n such that

((a;,a;)) ~ ((b;,b;)) with i#75 and a =10 forall [ #1,j.

We say bilinear n-fold Pfister forms b, ¢ are chain p-equivalent if there exist bilinear n-
fold Pfister forms by,...,b,, for some m such that b = by, ¢ = b,, and b; is simply
p-equivalent to b; 1 for each i =0,...,m — 1.

Chain p-equivalence is clearly an equivalence relation on the set of anisotropic bilinear
forms of the type ({ai,...,a,)) with a;,...,a, € F* and is denoted by ~. As transposi-
tions generate the symmetric group, we have ((a1,...,an)) = ((Gsq), - - -, Gom))) for every
permutation o of {1,...,n}. We shall show the following result:

THEOREM 6.10. Let ({a1,...,a,)) and ({(b1,...,b,)) be anisotropic. Then
({ag,...,a,)) = ((by,...,by))
if and only if
({at,...,an)) = ((b1,...,by)).
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Of course, we need only show isometric anisotropic bilinear Pfister forms are chain
p-equivalent. We shall do this in a number of steps. If b is an n-fold Pfister form then we
can write b ~ b’ L (1). If b is anisotropic then b’ is unique up to isometry and we call it
the pure subform of b.

LEMMA 6.11. Suppose that b = ({ay,...,ay)) is anisotropic. Let —b € D(b'). Then
there exist by, ..., b, € F* such that b = ({b, by, ..., b,)).

PROOF. We induct on n, the case n = 1 being trivial. Let ¢ = ({(ay,...,a,-1)) so
b’ ~ ¢ L —a,c by Witt Cancellation [1.29. Write

—b=—x+ayy with —ze D(), —ye D(c).

If y = 0 then z # 0 and we finish by induction, so we may assume that 0 # y =y + 22
with —y; € D(¢') and z € F. If y; # 0 then ¢ = ((y1,...,yn—1)) for some y; € F* and,
using Lemma 4.15,

(612) €= <<y17 sy Yn—1, an>> ~ <<y17 s Yn—1, _any>> ~ <<(11, sy On—1, —any>>

This is also true if y; = 0. If x = 0, we are done. If not ¢ = ((x,x2,...,2,_1)) some
r; € F* and
b~ <(x,;1:2, sy Tp—1, _any>> ~ <<anxya Ty voy Tp—1, —ApY + $>>
~ ((anxy, T2y ..., Tp_1,b))
by Lemma 4.15(2) as needed. 0

The argument to establish equation (6.12) yields

COROLLARY 6.13. Let b = ((x1,...,2,)) andy € D(b). Let z € F*. Ifb® ((2)) is
anisotropic then ((x1,...,x,,2)) = ({(x1,..., Ty, yz2)).

We also have the following generalization of Lemma 4.14:

COROLLARY 6.14. Let b be an anisotropic bilinear Pfister form over F' and let a € F*.
Then ({a)) - b = 0 in W(F) if and only if either a € F>** or b ~ ((b)) ® ¢ for some
b€ D({(a))) and bilinear Pfister form c. In the latter case, ({a,b)) is metabolic.

Proor. Clearly ({(a,b)) = 0 in W(F) if b € D({{a))). Conversely, suppose that
{{a)) ®b = 0. Hence a € G(b) = D(b) by Corollary 6.2. Write a = x? — b for some = € F'

and —b € D(b'). If b = 0 then a € F*2. Otherwise, b € D({{a))) and b ~ ((b)) ® ¢ for
some bilinear Pfister form ¢ by Lemma 6.11. U

The following generalization of Lemma 6.11 is very useful in computation and is the
key to proving further relations among Pfister forms.

PROPOSITION 6.15. Let b = ({(a1,...,am)) and ¢ = ({by,...,b,)) be such that b ® ¢ is
anisotropic. Let —c € D(b® ¢') then

<<a17 st 7am7b17 s 7bn>> ~ <<CL1, ceey m, G, C, e )cn—lac>>

for some ¢q,...,c,_1 € F*.
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ProOOF. We induct on n. If n = 1 then —¢ = yb; for some —y € D(b) and this
case follows by Corollary (6.13, so assume that n > 1. Let @ = ((b1,...,b,—1)). Then

¢ ~b,0 L0 sobd ~b,b0Lb®V. Write 0 # —¢ = b,y — 2z with —y € D(b ® ¢) and
—2€D(b®/(). If z=0 then x # 0 and

<<CI,1, . 7am,b1, .. 7bn>> =~ <<CL1, e ,am7b1, .. .,bnfl, —ybn>>

by Corollary [6.13 and we are done. So we may assume that z # 0. By induction
({a, ... am, b1, ... by 1)) = {({a1,...,Qm,C1,C2, ..., Cp2,2)) for some ¢1,...,¢, o € F*.
If y = 0, tensoring this by (1, —b,) completes the proof, so we may assume that y # 0.
Then

<<a1> s 7amabla s 7bn>> ~ <<a17 s aamabla s >bn—17 _ybn>> ~

(a1, oy @y C1y ooy Cray 2, —Yby)) = (A1, ..o Ay C1y ey Crny 2 — Yby, 2yby)) =
({1, .oy QmyC1y v oy gy €, 2Ybp))
by Lemma 4.15(2). This completes the proof. O

COROLLARY 6.16. (Common Slot Property) Let ((ai,...,an—1,x)) and ({(b1,...,by—1,Y))
be isometric anisotropic bilinear forms. Then there exists a z € F* satisfying

({ay,...,apn_1,2)) = {a1,...,an_1,2)) and {((b1,...,bp1,2)) = ({b1,...,bp_1,9)).

PROOF. Let b = ({(ay,...,a,-1)) and ¢ = ((by,...,bp—1)). As2b —yc =b'— ¢ in
W (F), the form xb 1 —yc is isotropic. Hence there exists a z € D(zb) N D(yc). The
result follows by Proposition 6.15. U

A non-degenerate symmetric bilinear form b is called a general bilinear n-fold Pfister
form if b ~ ac for some a € F* and bilinear n-fold Pfister form ¢. As Pfister forms are
round, a general Pfister form is a Pfister form if and only if it represents one.

COROLLARY 6.17. Let ¢ and b be general anisotropic bilinear Pfister forms. If ¢ is a
subform of b then b ~ ¢ ® 0 for some bilinear Pfister form 0.

PROOF. If ¢ = cc; for some Pfister form ¢; and ¢ € F* then ¢; is a subform of ¢b. In
particular, cb represents one so is a Pfister form. Replacing b by cb and ¢ by cc, we may
assume both are Pfister forms.

Let ¢ ~ ((a1, ..., a,)) with a; € F*. By Witt Cancellation [1.29, we have ¢ is isometric
to a subform of b’ hence b ~ ((a;)) ® 0, for some Pfister form 9; by Lemma [6.11. By
induction, there exists a Pfister form 9j satisfying b ~ ({a1,...,ax)) ® 05 . By Witt

Cancellation [1.29, we have ((ay,...,ax)) ® ({(agi1,...,a,)) is a subform of ((ai,...,ax))®
0, so —ags1 € D({{as,...,a,)) ®0}). By Proposition 6.15, we complete the induction
step. [

Let b and ¢ be general Pfister forms. We say that ¢ divides b if b >~ ¢ ® 0 for some
Pfister form 9. The corollary says that ¢ divides b if and only if it is isometric to a subform
of b.

We now proof Theorem 6.10.
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PrOOF. Let a = ((a1,...,a,)) and b = ((b,...,b,)) be isometric over F. Clearly

we may assume that n > 1. By Lemma 6.11, we have a = ((b1,d),...,a,)) for some

a; € F*. Suppose that we have shown a ~ ((b1,...,bm,a,, . ,...,a,)) for some m. By

Witt Cancellation [1.29,

(b1, b)) @ ((Bgts -5 b)) 22 (b1, b)) @ ((anyiqs - - ),
80 —bmi1 € D(({b1,...,bn)) @ ({(alysq, ..., al))). By Proposition 6.15, we have

a = <<b1,...,bmﬂ,a;’HQ,...,aZ»

for some a! € F*. This completes the induction step. 0
We need the following theorem of Arason and Pfister (cf. [11]):

THEOREM 6.18. (Hauptsatz) Let 0 # b be an anisotropic form lying in I"(F'). Then
dimb > 27,

We shall prove this theorem in Theorem 23.8 below. Using it we show:

COROLLARY 6.19. Let b and ¢ be two anisotropic general bilinear n-fold Pfister forms.
If b = ¢ mod I""(F) then b ~ ac for some a € F*. In addition, if D(b) N D(c) # 0 then
b~c.

ProoF. Choose a € F* such that b 1. —ac is isotropic. By the Hauptsatz, this form
must be metabolic. By Proposition 2.4, we have b ~ ac.

Suppose that € D(b) N D(c). Then b L —c is isotropic and one can take a = 1. [

THEOREM 6.20. Let aq,...,a,,b1,...,b, € F*. The following are equivalent:
(1) <<a17 s 7an>> = <<b17 s 7bn>> in W(F>
(2) (ai,...,an)) = ((by,...,b,)) mod I"(F).
(3) {a1,...,a,} = {b1,...,b,} in K,(F)/2K,(F).

PrROOF. Let b = ({ay,...,a,)) and ¢ = ((b1,...,b,)). As metabolic Pfister forms are
trivial in W (F) and any bilinear n-fold Pfister form lying in I"**(F) must be metabolic
by the Hauptsatz 6.18, we may assume that b and ¢ are both anisotropic.

(2) = (1) follows from Corollary 6.19.
(1) = (3): By Theorem 6.10, we have ({ai,...,a,)) = ({by,...,b,)), so it suffices to show
that (3) holds if

((a;,aj)) ~ ((b;,b;)) with i#j and qa =¥b forall [ #1,j.

As {a;,a;} = {b;,b;} by Proposition 5.3, statement (3) follows.
(3) = (2) follows from (5.1). O
Arason proved and used the Common Slot Property [6.16/in [6] to give an independent

proof in the case of characteristic different from two of Theorem 6.20 which was first
proven in [35].
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6.B. Linkage of bilinear Pfister forms. We derive some further properties of
bilinear Pfister forms that we shall need later.

PROPOSITION 6.21. Let by and by be two anisotropic general bilinear Pfister forms.
Let ¢ be a general r-fold Pfister form with r > 0 that is isometric to a subform of b,
and to a subform of by. If i(by L —by) > 2" then there exists a k-fold Pfister form with
k > 0 0 such that ¢ ® 0 is isometric to a subform of by and to a subform of by. Further
1(b1 1 —bg) - 2r+k.

Proor. By Corollary 6.17, there exist Pfister forms 9; and 95 such that by ~ ¢ ® 0;
and by ~ ¢ ®05. Let b = b; L —by. As b is isotropic, b; and by have a common nonzero
value. Dividing the b; by this nonzero common value, we may assume that the b; are
Pfister forms. We have

b~c® (0] L —05) L (¢ L —c).

The form ¢ L —c¢ is metabolic by Example 1.23(2) and i(b) > dim¢. Therefore, the form
¢ ® (0] L —0)) is isotropic hence there is a € D(¢®0}) N D(c ®d}). By Proposition 6.15]
we have by >~ ¢ ® ((—a)) ® e; and by ~ ¢ ® ((—a)) ® ey for some bilinear Pfister forms e;
and ey. As

b~c®(ef L —e) L (c ® ((—a)) L —c® <<_a’>>)7

either i(b) = 2"™! or we may repeat the argument. The result follows. O

If a general bilinear r-fold Pfister form ¢ is isometric to a common subform of two
general Pfister forms b; and by, we call it a linkage of by and by, and say that by and by are
r-linked. The integer m = max{r | by and by are r-linked} is called the linkage number
of by and by. The Proposition says that i(b; L —by) = 2™. If by and by are n-fold Pfister
forms and r = n — 1, we say that b; and by are linked. By Corollary 6.17 the linkage
of any pair of bilinear Pfister forms is a divisor of each. The theory of linkage was first
developed in [35].

If b is a non-degenerate symmetric bilinear form over F' then the annihilator of b in
W(F)
annyy (p)(b) ;== {ce W(F)|b-c=0}

is an ideal in W(F'). When b is a Pfister form this ideal has a nice structure that we now
establish. First note that if b is an anisotropic Pfister form and x € D(b) then, as b is
round by Corollary 6.2, we have ((z)) ® b ~b L —zb ~ b L —b is metabolic. It follows
that ((z)) € anny(r)(b). We shall show that these binary forms generate annyy g (b)
This will follow from the next result, also known as the Pfister-Witt Theorem.

PROPOSITION 6.22. Let b be an anisotropic bilinear Pfister form and ¢ a non-degenerate
symmetric bilinear form. Then there exists a symmetric bilinear form 0 satisfying all of
the following:

(1) b-c=b-0in W(F).
(2) b® 0 is anisotropic. Moreover, dimd < dime¢ and dimd = dimc¢ mod 2.
(3) ¢ — 0 lies in the subgroup of W(F) generated by ((x)) with x € D(b).
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ProoF. We prove this by induction on dimc¢. By the Witt Decomposition Theorem
1.28, we may assume that ¢ is anisotropic. Hence ¢ is diagonalizable by Corollary 1.20, say
¢ = (x1,...,2,) with 2; € F*. If b ® ¢ is anisotropic, the result is trivial, so assume it is
isotropic. Therefore, there exist ay, ..., a, € D(b) not all zero such that a;x,+- - -+a,z, =
0. Let b; = a; if a; # 0 and b; = 1 otherwise. In particular, b; € G(b) for all i. Let
¢ = (byx1,...,bpx,). Then ¢ —e = 21((b1)) + - -+ + z,((b,)) with each b, € D(b) as b
is round by Corollary 6.2. Since e is isotropic, we have b - ¢ = b - (¢), in W(F). As
dim(e),, < dim ¢, by the induction hypothesis there exists ? such that b ® 0 is anisotropic
and ¢ — 0 and therefore ¢ — 9 lies in the subgroup of W(F') generated by ((z)) with
x € D(b). As b ® 0 is anisotropic, it follows by (1) that dim0 < dime¢. It follows from
(3) that the dimension of ¢ — d is even. O

COROLLARY 6.23. Let b be an anisotropic bilinear Pfister form. Then anny g (b) is
generated by ((x)) with x € D(b).

If b is 2-dimensional, we obtain stronger results first established in [41].

LEMMA 6.24. Let b be a binary anisotropic bilinear form over F' and ¢ an anisotropic
bilinear form over F such that b ® ¢ is isotropic. Then ¢ ~ 0 L ¢ for some symmetric
binary bilinear form 0 annihilated by b and symmetric bilinear form ¢ over F.

PRroOF. Let {e, f} be a basis for V;,. By assumption there exist vectors v, w € V such
that e ® v + f ® w is an isotropic vector for b ® ¢. Choose a two-dimensional subspace
W C V, containing v and w. Since ¢ is anisotropic, so is ¢|y. In particular, c|y is non-
degenerate hence ¢ = c|y L ¢|y2 by Proposition 1.7, As b ® (¢|y) is an isotropic general
2-fold Pfister form it is metabolic by Corollary 6.3l U

PROPOSITION 6.25. Let b be a binary anisotropic bilinear form over F and ¢ an
anisotropic form over F. Then there exist symmetric bilinear forms ¢; and ¢y over F
such that ¢ ~ ¢; L ¢o with b ® ¢o anisotropic and ¢; ~ 0y L --- L 0, where each 0; is a
binary bilinear form annihilated by b. In particular, if detd; = d;F*? then —d; € D(b)
for each 1.

PRrROOF. The first statement of the proposition follows from the lemma and the second
from its proof. O

COROLLARY 6.26. Let b be a binary anisotropic bilinear form over F' and ¢ an anisotropic
form over F' annihilated by b. Then ¢ ~0, L --- L 0, for some symmetric binary forms
0; annihilated by b fori=1,... n.






CHAPTER 1II

Quadratic Forms

7. Foundations

In this section, we introduce the basic properties of quadratic forms over an arbitrary
field F'. Their study arose from the investigation of homogeneous polynomials of degree
two. If the characteristic of F' is different from two, then this study and that of bilinear
forms are essentially the same as the diagonal of a bilinear form is a quadratic form and
each determines the other by the polar identity. However, they are different when the
characteristic of F' is two. In general, quadratic forms unlike bilinear forms have a rich
geometric flavor. When studying symmetric bilinear forms, we saw that one could easily
reduce to the study of non-degenerate forms. For quadratic forms, the situation is more
complex. The polar form of a quadratic form no longer determines the quadratic form
when the underlying field is of characteristic two. However, the radical of the polar form
is invariant under field extension. This leads to two types of quadratic forms. One is the
study of totally singular quadratic forms, i.e., those whose polar form have radical the
whole underlying space. Such forms need not be trivial in the case of characteristic two.
The other extreme is when the radical of the polar form is as small as possible (which
means of dimension zero or one), this gives rise to non-degenerate quadratic forms. As
in the study of bilinear forms, certain properties are not invariant under base extension.
The most important of these is anisotropy. Analogous to the bilinear case, an anisotropic
quadratic form is one having no nontrivial zero, i.e., no isotropic vectors. Every vector
that is isotropic for the quadratic form is isotropic for its polar form. If the characteristic
is two, the converse is false as every vector is an isotropic vector of the polar form. As in
the previous chapter, we shall base this study on a coordinate free approach and strive to
give uniform proofs in a characteristic free fashion.

DEFINITION 7.1. Let V be a finite dimensional vector space over F. A quadratic form
on V is a map ¢ : V — F satisfying

(1) p(av) = a*p(v) for allv € V and a € F.
(2) (Polar Identity) b, : V x V' — F defined by

by (v, w) = p(v+w) —p(v) — p(w)
is a bilinear form.

The bilinear form b,, is called the polar form of of ¢. We call dim V' the dimension of the
quadratic form and also write it as dim ¢. We write ¢ is a quadratic form over F'if ¢ is
a quadratic form on a finite dimensional vector space over F' and denote the underlying
space by Vi,.

33
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Note that the polar form of a quadratic form is automatically symmetric and even
alternating if char ' = 2. If b : V x V' — F'is a bilinear form (not necessarily symmetric),
let ¢y : V' — F be defined by ¢y(v) = b(v,v) for all v € V. Then ¢y is a quadratic form
and its polar form b, is b + b’. We call ¢, the associated quadratic form of b.

In particular, if b is symmetric, the composition b +— ¢y — b, is multiplication by 2
as is the composition ¢ — b, — @y,

Pb

DEFINITION 7.2. Let ¢ and ¥ be two quadratic forms. An isometry f : ¢ — 1 is a
linear map f : V,, — Vj, such that p(v) = 1/)(f(v)) for all v € V,,. If such an isometry
exists, we write ¢ ~ ¢ and say that ¢ and v are isometric.

ExampLE 7.3. If ¢ is a quadratic form over F' and v € V satisfies ¢(v) # 0 then the
(hyperplane) reflection
T, — ¢ givenby w i w—b,(v,w)p(v) v

is an isometry.

Let V be a finite dimensional vector space over F. Define the hyperbolic form on V
to be H(V) = ¢y on V @ V* with
SO[H(U7 f) = f(’U)
for all v € V and f € V*. Note that the polar form of ¢ is b, = Hi (V). If pis a
quadratic form isometric to H(W') for some vector space W, we call ¢ a hyperbolic form.

The form H(F') is called the hyperbolic plane and we denote it simply by H. If ¢ ~ H, two
vectors e, f € V,, satisfying p(e) = ¢(f) = 0 and b, (e, f) = 1 are called a hyperbolic pair.

Let ¢ be a quadratic form on V and {vy,...,v,} be a basis for V. Let a; = ¢(v;) for
all 7 and

W b,(v;,v;) foralli<jy
Y 0 for all i > j.

As
n
SO(E Iwz‘) = E Qi X325,
i=1 ij

the homogeneous polynomial on the right hand side as well as the matrix (a;;) determined
by ¢ completely determines .

NOTATION 7.4. (1) Let a € F. The quadratic form on F given by ¢(v) = av? for all
v € I will be denoted by (a), or simply (a).

(2) Let a,b € F. The two dimensional quadratic form on F? given by ¢(z,y) = az® +
zy + by? will be denoted by [a,b]. The corresponding matrix for ¢ in the standard basis

is
a 1
= (5 3).

while the corresponding matrix for b, is

2 1Y\ ¢
(4 ) aen
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REMARK 7.5. Let ¢ be a quadratic form on V' over F'. Then the associated polar form
b, is not the zero form if and only if there are two vectors v, w in V satisfying b(v, w) = 1.
In particular, if ¢ is a nonzero binary form then ¢ ~ [a, b] for some a,b € F.

ExAMPLE 7.6. Let {e, f} be a hyperbolic pair for H. Using the basis {e,ae + f}, we
have H ~ [0, 0] ~ [0, a] for any a € F.

EXAMPLE 7.7. Let char F = 2 and g : F' — F be the Artin-Schreier map p(z) =
22 + 2. Let a € F. Then the quadratic form [1, a] is isotropic if and only if a € p(F).

Let V' be a finite dimension vector space over F'. The set Quad(V) of quadratic forms

on V is a vector space over F'. We have linear maps
Bil(V) — Quad(V) given by b+ ¢y
and
Quad(V) — Sym(V) given by ¢~ by,
Restricting the first map to Sym(V') and composing shows the compositions
Sym(V) — Quad(V) — Sym(V) and Quad(V) — Sym(V) — Quad(V)

are multiplication by 2. In particular, if char F' # 2 the map Quad(V) — Sym(V') given
by ¢+ b, is an isomorphism inverse to the map Sym(V) — Quad(V) by b — ;. For
this reason, we shall usually identify quadratic forms and symmetric bilinear forms over

a field of characteristic different from two.

The correspondence between quadratic forms on a vector space V' of dimension n and
matrices defines a linear isomorphism Quad (V') — T, (F'), where T,,(F') is the vector space
of n xn-upper triangular matrices. Therefore by the surjectivity of the linear epimorphism
M,,(F) — T, (F) given by (a;;) — (b;;) with b;; = a;;+a;; for all i < j, and b; = a;; for all
i, and b;; = 0 for all j < 7 implies that the linear map Bil(V') — Quad(V') given by b — ¢y
is also surjective. We, therefore, have an exact sequence

0 — Alt(V) — Bil(V) — Quad(V) — 0.
EXERCISE 7.8. The natural exact sequence
0— A (V) =V @p V- S*(V*) -0
can be identified with the sequence above via the isomorphism

SUV*) = Quad(V)  given by  f-gi ppy v F0)g(0).

If p, 9 € Quad(V), we say ¢ is similar to ¢ if there exists an a € F* such that ¢ ~ a.

Let ¢ be a quadratic form on V. A vector v € V' is called anisotropic if p(v) # 0 and
isotropic if v # 0 and ¢(v) = 0. We call ¢ anisotropic if there are no isotropic vectors in
V' and isotropic if there are.

If W C V is a subspace, the restriction of ¢ on W is the quadratic form whose polar
form is given by by, = by|w. It is denoted by ¢|w and called a subform of ¢. Define
W+ to be the orthogonal complement of W relative to the polar form of ¢. The space W
is called totally isotropic if p|y = 0. If this is the case then by|y = 0.
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ExaMPLE 7.9. If F' is algebraically closed then any homogeneous polynomial in more
than one variable has a nontrivial zero. In particular, up to isometry, the only anisotropic
quadratic forms over F' are 0 and (1).

REMARK 7.10. Let ¢ be a quadratic form on V over F. If ¢ = ¢, for some symmetric
bilinear form b then ¢ is isotropic if and only if b is. In addition, if char F' # 2 then ¢ is
isotropic if and only if its polar form b, is. However, if char F' = 2 then every 0 Zv € V
is an isotropic vector for by,.

Let ¢ be a subform of a quadratic form . The restriction of ¢ on (V) is denoted
by 1+ and is called the complementary form of 1 in . If V, = W & U is a direct sum of
vector spaces with W C U+, we write ¢ = |y L ¢|y and call it an internal orthogonal
sum. So p(w + u) = p(w) + (u) for all w € W and u € U. Note that ¢|y is a subform

of (90|W)J_-

REMARK 7.11. Let ¢ be a quadratic form with rad b, = 0. If ¢ is a subform of ¢
then by Proposition 1.6, we have dim 1+ = dim ¢ — dim v and therefore ¥+ = 1.

Let ¢ be a quadratic form on V. We say that ¢ is totally singular if its polar form b,
is zero. If char F' # 2 then ¢ is totally singular if and only if ¢ is the zero quadratic form.
If char F' = 2 this may not be true. Define the quadratic radical of ¢ by

rad ¢ := {v € rad b, | p(v) = 0}.
This is a subspace of rad b,. We say that ¢ is regular if rad ¢ = 0. If char I’ # 2 then

rad ¢ = rad b,. In particular, ¢ is regular if and only if its polar form is non-degenerate.
If char F = 2, this may not be true.

ExAMPLE 7.12. Every anisotropic quadratic form is regular.

Clearly, if f : ¢ — 7 is an isometry of quadratic forms then f(radb,) = rad b, and
f(rad ¢) = rad .
Let ¢ be a quadratic form on V and = : V — V/rad ¢ the canonical epimorphism.

Let % denote the quadratic form on V given by %(7) := ¢(v) for all v € V. In particular,
the restriction of @ to rad b,/ rad ¢ determines an anisotropic quadratic form. We have:

LEMMA 7.13. Let ¢ be a quadratic form on V and W any subspace of V' satisfying
V=radpe®W. Then
Y = §0|rad<p 1L §0|W = 0|radgo L @‘W
with ¢lw =~ @ the induced quadratic form on V/rad ¢. In particular, ¢|w is unique up to
1sometry.

If ¢ is a quadratic form, the form |y, unique up to isometry will be called its regular
part. The subform |y in the lemma is regular but b, may be degenerate if char F' = 2.
To obtain a further orthogonal decomposition of a quadratic form, we need to look at the
regular part. The key is the following:

PROPOSITION 7.14. Let ¢ be a reqular quadratic form on V. Suppose that V' contains
an wsotropic vector v. Then there exists a two-dimensional subspace W of V' containing v
such that p|w ~ H.



7. FOUNDATIONS 37

PRrOOF. Asrad¢ = 0, we have v ¢ rad b,. Thus there exists a vector w € V' such that
a = b,(v,w) # 0. Replacing v by a~'v, we may assume that a = 1. Let W = Fv @& Fuw.
Then v, w — p(w)v is a hyperbolic pair. O

We say that any isotropic regular quadratic form splits off a hyperbolic plane.

If K/F is a field extension let ¢ be the quadratic form on Vi defined by ¢ (z®v) :=
z?p(v) for all x € K and v € V with polar form by, = (b,)x. Although (radby,)x =
rad(b,)x, we only have (rad ¢)x C rad i with inequality possible.

REMARK 7.15. If K/F is a field extension and ¢ a quadratic form over F' then ¢ is
regular if g is.

The following is a useful observation. The proof analogous to that for Lemma [1.22
shows:

LEMMA 7.16. Let ¢ be an anisotropic quadratic form over F. If K/F is purely tran-
scendental then @i s anisotropic.

7.A. Non-degenerate quadratic forms. To define non-degeneracy, we use the fol-
lowing lemma.

LEMMA 7.17. Let o be a quadratic form over F'. Then the following are equivalent:

(1) @k is reqular for every field extension K/F.
(2) @K is reqular over an algebraically closed field K containing F.
(3) ¢ is regular and dimrad b, < 1.

PROOF. (1) = (2) is trivial.

(2) = (3): As (rady)x C radypx = 0, we have radp = 0. To show the second
statement, we may assume that F' is algebraically closed. As ¢[radp, = Plradb,/rade 1S
anisotropic and over an algebraically closed field any quadratic form of dimension greater
than one is isotropic, dimrad b, < 1.

(3) = (1): Suppose that radgx # 0. Then radyx = rad(b,)x = (radb,)x is
one dimensional. Let 0 # v € radb,. Then v € rad ¢ hence ¢(v) = 0 contradicting
rad o = 0. O

DEFINITION 7.18. A quadratic form ¢ over F'is called non-degenerate if the equivalent
conditions of the lemma are satisfied.

REMARK 7.19. If K/F is a field extension then ¢ is non-degenerate if and only if ¢
is non-degenerate by Lemma [7.17.

This definition of a non-degenerate quadratic form agrees with the one given in [87].
It is different than that found in some other texts. The geometric characterization of this
definition of non-degeneracy explains our definition. In fact, if ¢ is a quadratic form on
V' of dimension at least two then the following are equivalent:

(1) The quadratic form ¢ is non-degenerate.
2) The projective quadric X, associated to ¢ is smooth. (Cf. Proposition 22.1.
@ 2
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(3) The even Clifford algebra Cy(¢) (cf. §11 below) of ¢ is separable (i.e., is a product
of finite dimensional simple algebras each central over a separable field extension
of F'). (Cf. Proposition [11.6.)
(4) The group scheme SO(yp) of all isometries of ¢ identical on rad ¢ is reductive
(semi-simple if dim ¢ > 3 and simple if dim ¢ > 5). (Cf. [87, Chapter VI].)
PROPOSITION 7.20. (i) The form (a) is non-degenerate if and only if a € F*.

(ii) The form |a,b] is non-degenerate if and only if 1 — 4ab # 0. In particular this binary
quadratic form as well as its polar form is always non-degenerate if char F' = 2.

(iii) Hyperbolic forms are non-degenerate.

(iv) Ewvery binary isotropic non-degenerate quadratic form is isomorphic to H.

PROOF. (i) and (iii) are clear.

(ii): This follows by computing the determinant of the matrix representing the polar form
corresponding to [a,b]. (Cf. Notation [7.4.)

(iv) follows by Proposition [7.14. O

Let ¢; be a quadratic form on V; for ¢ = 1,2. Then their external orthogonal sum is
defined by ¢ := ¢1 L 9 on Vi [[ V5 given by

@ ((v1,02)) = @1(v1) + a(v2)
for all v; € Vi, i = 1,2. Note that by, 14, = by, L by,.

REMARK 7.21. Let char F' # 2. Let ¢ and ¢ be quadratic forms over F.

(1) The form ¢ is non-degenerate if and only if ¢ is regular.
(2) If ¢ and ¢ are both non-degenerate then ¢ L 1 is non-degenerate as b, , =
b, L by.

REMARK 7.22. Let char F' = 2. Let ¢ and ¢ be quadratic forms over F'

(1) If dimy is even then ¢ is non-degenerate if and only if its polar form b, is
non-degenerate.

(2) If dim ¢ is odd then ¢ is non-degenerate if and only if dimrad b, = 1 and ¢|;aqs,
is nonzero.

(3) If v and 9 are non-degenerate quadratic forms over F' at least one of which is of
even dimension then ¢ 1 1) is non-degenerate.

The important analogue of Proposition 1.7 is immediate (using Lemma [7.17 for the
last statement):

PROPOSITION 7.23. Let ¢ be a quadratic form on'V. Let W be a vector subspace such
that by, is a non-degenerate bilinear form. Then p|w is non-degenerate and ¢ = @|w L
olwr. In particular, (plw)t = olwr. Further, if ¢ is also non-degenerate then so is

SO\WL-
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EXAMPLE 7.24. Suppose that char F' = 2 and a,b,c € F. Let p = [¢,a] L [¢,b] and

{e, f,€, f'} be a basis for V,, satisfying p(e) = ¢ = ¢(€'), o(f) =a, o(f) =0b, and
b,(e, f) =1=1b(e, f'). Then in the basis {e, f + f',e + €/, f'}, we have

o ~[c,a] L [c,b] ~[c,a+0b] L H
by Example 7.6.
If n is a non-negative integer and ¢ is a quadratic form over F', we let
np:=¢pLl---1Lp.
_\n,_z

In particular, if n is an integer, we do not interpret nyp with n viewed in the field. For
example, if V' is an n-dimensional vector space, H(V') ~ nH.

We denote (a1), L --- L (a,), by

(ay,...,an), orsimply (ai,...,an).

So ¢ >~ (ay,...,a,) if and only if V,, has an orthogonal basis. If V,, has an orthogonal
basis, we say ¢ is diagonalizable.

REMARK 7.25. Suppose that char F = 2 and ¢ is a quadratic form over F'. Then ¢
is diagonalizable if and only if ¢ is totally singular, i.e., its polar form b, = 0. If this is
the case then every basis for V,, is orthogonal. In particular, there are no diagonalizable
non-degenerate quadratic forms of dimension greater than one.

EXERCISE 7.26. A quadratic form ¢ is diagonalizable if and only if ¢ = ¢, for some
symmetric bilinear form b.

EXAMPLE 7.27. Suppose that char F' # 2. If a € F* then (a, —a) ~ H.

ExamMpLE 7.28. (Cf. Example 1.11.) Let char F' = 2 and ¢ = (1,a) with a # 0. If
{e, f} is the basis for V,, with ¢(e) = 1 and ¢(f) = a then computing on the orthogonal
basis {e,re + yf} with z,y € F, y # 0 shows ¢ ~ (1, 2% + ay?®). Consequently, (1, a) ~
(1,b) if and only if b = 2% + ay® with y # 0.

7.B. Structure theorems for quadratic forms. We wish to decompose a qua-
dratic form over a field F' into an orthogonal sum of nice subforms. We begin with
non-degenerate quadratic forms with large totally isotopic subspaces. Unlike the case of
symmetric bilinear forms in characteristic two, two-dimensional non-degenerate isotropic
quadratic forms are hyperbolic.

PROPOSITION 7.29. Let ¢ be an 2n-dimensional non-degenerate quadratic form on V.
Suppose that V' contains a totally isotropic subspace W of dimension n. Then ¢ =~ nH.
Conversely, every hyperbolic form of dimension 2n contains a totally isotropic subspace
of dimension n.

PRrROOF. Let 0 #£ v € W. Then by Proposition [7.14/ there exists a two dimensional
subspace V; of V' containing v with |y, a non-degenerate subform isomorphic to H. By
Proposition [7.23), this subform splits off as an orthogonal summand. Since ¢|y; is non-
degenerate, W NV is one dimensional, so dim W NV, - = n—1. The first statement follows
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by induction applied to the totally isotropic subspace W N Vi of V5. The converse is
easy. L]

We turn to splitting off anisotopic subforms of regular quadratic forms. It is convenient
to write these decompositions separately for fields of characteristic two and not two.

PROPOSITION 7.30. Let char F' # 2 and ¢ a quadratic form on'V over F. Then there
exists an orthogonal basis for V. In particular, there exist one dimensional subspaces
V,cV,1<1i<n for somen and an orthogonal decomposition

¥ = Plradn, Lol Lo+ Loly,
with |y, ~ (a;), a; € F* foralli=1,...,n. In particular
e ~7r(0) L {(ay,...,a,)
with r = dimrad b,.

Proor. We may assume that ¢ # 0. Hence there exists an anisotropic vector 0 #
v € V. As by, is non-degenerate, ¢|p, splits off as an orthogonal summand of ¢ by
Proposition [7.23. The result follows easily by induction. U

COROLLARY 7.31. Suppose that char F' # 2. Then every quadratic form over F is
diagonalizable.

PROPOSITION 7.32. Let char F' = 2 and ¢ a quadratic form on V' over F. Then there
exists two dimensional subspaces V; C V', 1 <i < n for some n, a subspace W C rad b,
and an orthogonal decomposition

© = Qlrade) L @lw Loy, L Loy,

with ¢|y, ~ la;,b;] non-degenerate, a;,b; € F for all i = 1,...,n. Moreover, ¢|lw is
anisotropic, diagonalizable, and is unique up to isometry. In particular,

o ~1r(0) L {(c1,...,cs) L[ar,b1] L -+ L [an,by)
with r = dimrad ¢ and s =dim W, ¢; € F*, 1 <i <s.

PRrOOF. Let W C V be a subspace such that radb, = radpy @ W and V' C V a
subspace such that V' = radb, @ V'. Then ¢ = ¢|aaqs) L ¢|lw L ¢|vs. The form ¢|w
is diagonalizable as b,,, = 0 and anisotropic as W Nrady = 0. By Lemma [7.13, the
form ¢|w = (¢|rads,)|w is unique up to isometry. So to finish we need only show that
¢|y+ is an orthogonal sum of non-degenerate binary subforms of the desired isometry
type. We may assume that V' # {0}. Let 0 # v € V'. Then there exists 0 # v € V'
such that ¢ = b,(v,v") # 0. Replacing v' by ¢~ !¢/, we may assume that b,(v,v') = 1. In
particular, ¢|puary = [p(v), p(v)]. As [p(v), p(v")] and its polar form are non-degenerate
by Proposition [7.20, the subform ¢|p,qry is an orthogonal direct summand of ¢ by
Proposition [7.23. The decomposition follows by Lemma [7.13 and induction. O

COROLLARY 7.33. Let char F' = 2 and ¢ a non-degenerate quadratic form over F'.
(1) If dim¢ = 2n then
@ ~[ag,by] L -+ L [an,by]

for some a;,b; € F,i=1,...,n.
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(2) If dimp = 2n+ 1 then
@ ~{c) L [ag,b1] L -+ L [ay,by]
for some a;,b; € F,i=1,...,n, and c € F* unique up to F*2.

EXAMPLE 7.34. Suppose that F' is quadratically closed of characteristic two. Then
every anisotropic form is isometric to 0, (1) or [1,a] with a € F'\ p(F) where p: F — F
is the Artin-Schreier map.

EXERCISE 7.35. Every non-degenerate quadratic form over a separably closed field F’
is isometric to nH or (a) L nH for some n > 0 and a € F*.

8. Witt’s Theorems

As with the bilinear case, the classical Witt theorems are more delicate to ascertain
over fields of arbitrary characteristic. We shall give characteristic free proofs of these.
The basic Witt theorem is the Witt Extension Theorem (cf. Theorem 8.3/ below). Witt’s
original theorem (cf. [146]) has been generalized in various ways. We use one similar to
that given by Kneser (cf. [79, Th. 1.2.2]). We construct the quadratic Witt group of even
dimensional anisotropic quadratic forms and use the Witt theorems to study this group.

To obtain further decompositions of a quadratic form, we need generalizations of the
classical Witt theorems for bilinear forms over fields of characteristic different from two.

Let ¢ be a quadratic form on V. Let v and ¢" in V satisfy ¢(v) = ¢(v'). If the vector
v = v — v is anisotropic then the reflection (cf. Example [7.3) 75 : ¢ — ¢ satisfies

(8.1) (v) =
What if v is isotropic?

LEMMA 8.2. Let ¢ be a quadratic form on V with polar form b. Let v and v’ lie in
V and v = v —v'. Suppose that p(v) = (V') and p(v) = 0. If w € V is anisotropic and

satisfies both b(w,v) and b(w,v") are nonzero then the vector w' = v—7,(v') is anisotropic
and (Ty 0 Ty ) (V) = V.

PROOF. As w' = v+ b(v/, w)p(w) 1w, we have
p(w') = @(0) + (0, b(v, w)p(w) " w) + b(v', w)*p(w) ™
= b(v,w)b(v, w)p(w)™t #0.
It follows from (8.1) that 7, (v) = 7,(v") hence the result. O
THEOREM 8.3. (Witt Extension Theorem) Let ¢ and ¢’ be isometric quadratic forms
on'V and V' respectively. Let W C V and W' C V' be subspaces such that W Nrad b, =0

and W' Nradby = 0. Suppose that there is an isometry o : plw — ¢'|wr. Then there
exists an isometry & : p — ¢’ such that (W) = W' and alw = a.

PrOOF. It is sufficient to treat the case V=V’ and ¢ = ¢’. Let b denote the polar
form of ¢. We proceed by induction on n = dim W, the case n = 0 being obvious.
Suppose that n > 0. In particular, ¢ is not identically zero. Let u € V satisfy o(u) # 0.
As dimW N (Fu)t > n — 1, there exists a subspace Wy C W of codimension one with



42 II. QUADRATIC FORMS

Wy C (Fu)*. Applying the induction hypothesis to 8 = alw, : ¢lw, — ©lawe), there
exists an isometry § : ¢ — ¢ satisfying B(Wp) = a(W)) and Blw, = 8. Replacing W’ by

BH(W'), we may assume that Wy C W’ and aly, is the identity.

Let v be any vector in W \ Wy and set v' = a(v) € W’. It suffices to find an isometry
v of ¢ such that v(v) = v" and v|w, = Id, the identity on Wy. Let v = v — v’ as above
and S = W3-. Note that for every w € Wy, we have a(w) = w, hence
b(v,w) = b(v, w) — b(a(v), a(w)) =0,
ie, veS.
Suppose that ¢(v) # 0. Then 73(v) = v" using (8.1). Moreover, 75(w) = w for every

w € Wy as 0 is orthogonal to Wy. Then v = 7; works. So we may assume that ¢(v) = 0.
We have

0=¢(v) = p(v) = b(v,0) + o) = b(v,v) — bv,v') = b(v,0),
i.e., v is orthogonal to v. Similarly, ¥ is orthogonal to v'.
By Proposition 1.6, the map Iy : V — W* is surjective. In particular, there exists
u € V such that b(u, W) = 0 and b(u,v) = 1. In other words, v is not orthogonal to

S, i.e., the intersection H = (Fv): NS is a subspace of codimension one in S. Similarly,
H' = (Fv')t NS is also a subspace of codimension one in S. Note that v € H N H'.

Suppose that there exists an anisotropic vector w € S such that w ¢ H and w ¢ H'.

By Lemma 8.2, we have (7, o 1) (v) = v/ where
w =v—71,(0) =0+ bV, w)p(w) 'w e S.
As w,w" € S, the map 7, o 7,y is the identity on Wj. Setting v = 7, o 7,» produces the
desired extension. Consequently, we may assume that p(w) = 0 for every w € S\ (HUH’).
Case 1: |F| > 2.
Let wy € HNH" and wy € S\ (HU H’). Then aw; +wy € S\ (H U H') for any a € F,
so by assumption
0 = p(aw; +wp) = a’p(wy) + ab(wy, we) + @(w,).

Since |F| > 2, we must have p(w;) = b(wy,ws) = p(we) = 0. So ¢(H N H') = 0,
¢(S\(HUH")) =0, and HNH' is orthogonal to S\ (H U H'), (i.e., b(z,y) =0 for
alze HNH andye S\ (HUH')).

Let we Hand w' € S\ (HUH’). As |F| > 2, we see that w+aw’ € S\ (HU H’) for
some a € F. Hence the set S\ (HUH') generates S. Consequently, HNH' is orthogonal to
S. In particular, b(v,S) = 0. Thus H = H'. It follows that ¢(H) =0 and (S \ H) = 0,
hence ¢(S) = 0, a contradiction. This finishes the proof in this case.

Case 2: F = F, the field of two elements.

As HU H' # S, there exists a w € S such that b(w,v) # 0 and b(w,v’) # 0. As ' = Fy,
this means that b(w,v) = 1 = b(w,v’). Moreover, by our assumptions, ¢(v) = 0 and
@(w) = 0. Consider the linear map

v:V =V givenby ~v(z)=z+b(0v,2)w+ b(w,z)v.
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Note that b(w, v) = b(w,v)+b(w,v’) = 1+1 = 0. A simple calculation shows that y? = Id
and ¢(v(z)) = ¢(x) for any = € V, i.e., v is an isometry. Moreover, y(v) = v+ v = v’
Finally, v|w, = Id since w and v are orthogonal to W. U

THEOREM 8.4. (Witt Cancellation Theorem) Let ¢, ¢’ be quadratic forms onV and V'
respectively and v, Y’ quadratic forms on W and W' respectively with rad b, = 0 = rad by .
If

oLy~ Ly and o~

then ¢ ~ ¢'.

PROOF. Let f: ¢ — ¥’ be an isometry. By the Witt Extension Theorem, f extends
to an isometry f : o L — ¢ L. As f takes V = W to V' = (W’)1, the result
follows. U

Witt Cancellation together with our previous computations allows us to derive the
decomposition that we want.

THEOREM 8.5. (Witt Decomposition Theorem) Let ¢ be a quadratic form on' V. Then
there exist subspaces Vi and Vo of V' such that ¢ = ¢laa, L @l L @lv, with |y,
anisotropic and @y, hyperbolic. Moreover, |y, and |y, are unique up to isometry.

ProOF. We know that ¢ = ¢|aa, L @l with ¢y on V’ unique up to isometry.
Therefore, we can assume that ¢ is regular. Suppose that ¢y is isotropic. By Proposition
7.14, we can split off a subform as an orthogonal summand isometric to the hyperbolic
plane. The desired decomposition follows by induction. As every hyperbolic form is non-
degenerate, the Witt Cancellation Theorem shows the uniqueness of ¢y, up to isometry
hence ¢|y, is unique by dimension count. d

8.A. Witt equivalence. Using the Witt Decomposition Theorem 8.5, we can define
an equivalence of quadratic forms over a field F.

DEFINITION 8.6. Let ¢ be a quadratic form on V' and ¢ = ¢|raa, L |y, L @|v, be
the decomposition in the theorem. The anisotropic form ¢ly,, unique up to isometry,
will be denoted ¢,,, on the space V,,, and be called the anisotropic part of p. As @y, is
hyperbolic, dim V5 = 2n for some unique non-negative number n. The integer n is called
the Witt index of p and denoted by ig(p). We say that two quadratic forms ¢ and ¢ are
Witt equivalent and write ¢ ~ 9 if dimrad ¢ = dimrad ¥ and @,, ~ 1,,. Equivalently,
@ ~ 1 if and only if ¢ L nH ~ ¢ 1 mH for some n and m.

Note that if ¢ ~ 1 then ¢ ~ 1k for any field extension K/F.

Witt cancellation does not hold in general for non-degenerate quadratic forms in char-
acteristic two. We show in the next result, Proposition 8.8, that

(8.7) [a,b] L (a) ~H L {(a)

if char F' = 2 for all a,b € F with a # 0. But [a,b] ~ H if and only if [a, b] is isotropic by
Proposition7.20(iv). Although Witt cancellation does not hold in general in characteristic
two, we can use the following:
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PROPOSITION 8.8. Let p be a non-degenerate quadratic form of even dimension over
a field F' of characteristic 2. Then p L (a) ~ (a) for some a € F* if and only if p ~ |a, b]
for some b € F.

PrOOF. The case char F' # 2 is easy, so we can assume that char F' = 2. Let ¢ =
[a,b] L (a) with a,b € F and a # 0. Clearly, ¢ is isotropic and it is non-degenerate as
¢|rade, = (a). It follows by Proposition [7.14 that [a,b] L (a) ~ H L (a) ~ (a). Since
p ~ [a,b], we have p L (a) ~ (a).

Conversely, suppose that p L (a) ~ (a) for some a € F*. We prove the statement by
induction on n = dim p. If n = 0 we can take b = 0. So assume that n > 0. We may also
assume that p is anisotropic. By assumption, the form p L (a) is isotropic. Therefore,
a = p(v) for some v € V,, and we can find a decomposition p = p' L [a,d] for some
non-degenerate form p’ of dimension n —2 and b € F. As [a,d] L (a) ~ H L (a) by the
first part of the proof, we have

(@) ~pL{a)=p" Lla,d L (a)~p" L{a)
By the induction hypothesis, p’ ~ [a, c|] for some ¢ € F. Therefore by Example [7.24,
p=¢ Liad~lad La,d =~ [actd LHn[actd). 0

REMARK 8.9. Let ¢ and 1 be quadratic forms over F'

(1) If v is non-degenerate and anisotropic over F' and K/F' a purely transcendental exten-
sion then ¢x remains anisotropic by Lemma [7.16. In particular, for any non-degenerate
¢, we have ig(p) = io(pr).

(2) Let a € F*. Then ¢ ~ ay if and only if ., >~ ai),, as any form similar to a hyperbolic
form is hyperbolic.

(3) If char F' = 2, the quadratic form ¢,, may be degenerate. This is not possible if
char F' # 2.

(4) If char F' # 2 then every symmetric bilinear form corresponds to a quadratic form,
hence the Witt theorems hold for symmetric bilinear forms in characteristic different from
two.

8.B. Totally isotropic subspaces. Given a regular quadratic form ¢ on V, we
show that every totally isotopic subspace of V' lies in a maximal isotropic subspace of V'
of dimension equal to the Witt index of ¢.

LEMMA 8.10. Let ¢ be a reqular quadratic form on V with W C V' a totally isotropic
subspace of dimension m. If 1 is the quadratic form on W+ /W induced by the restriction
of ¢ on W+ then ¢ ~ 1 L mH.

Proor. As WnNradb, C rad ¢, the intersection W N rad b, is trivial. Thus the map
V — W* by v — l|w : w — by(v,w) is surjective by Proposition 1.6/ and dim W+ =
dimV — dim W. Let W’ C V be a subspace mapping isomorphically onto W*. Clearly,
WnW ={0}. Lee U=W o W'

We show the form |y is hyperbolic. The subspace W @ W’ is non-degenerate with
respect to b,. Indeed let 0 # v =w+w' € W @ W'. If w’ # 0 there exists a wy € W
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such that b, (w’,wy) # 0 hence b, (v, wp) # 0. If w' = 0, there exists wf, € W’ such that
b, (w,wy) # 0 hence by, (v, wy) # 0. Thus by Proposition [7.29, the form |y is isometric
to mH where m = dim IW.

By Proposition [7.23, we have ¢ = ¢|yr L ol ~ ¢|yr L mH. As W and Ut are
subspaces of W+ and U N W+ = W, we have W+ = W @ U+. Thus W+ /W ~ U+ and
the result follows. O

ProPOSITION 8.11. Let ¢ be a regular quadratic form on V. Then every totally
isotropic subspace of V' is contained in a totally isotropic subspace of dimension ig(p).

Proor. Let W C V be a totally isotropic subspace of V. We may assume that it
is a maximal totally isotropic subspace. In the notation in the proof of Lemma [8.10, we
have ¢ = ¢|y1 L |y with ¢|y ~ mH where m = dim W. The form ¢|;;1 is anisotropic
by the maximality of W hence must be ¢,, by the Witt Decomposition Theorem 8.5. In
particular, dim W = ig(¢). O

COROLLARY 8.12. Let ¢ be a reqular quadratic form on V. Then every totally isotropic
subspace W of V' has dimension at most io(p) with equality if and only if W is a mazimal
totally isotropic subspace of V.

Let p be a non-degenerate quadratic form and ¢ a subform of p. If b, is non-degenerate
then p = ¢ L ¢t hence p L (—p) ~ pt. However, in general, p # ¢ L o. We do always
have:

LEMMA 8.13. Let p be a non-degenerate quadratic form of even dimension and ¢ a

reqular subform of p. Then p L (—p) ~ o= .

PROOF. Let W be the subspace defined by W = {(v,v) | v € V,,} of V,® V,,. Clearly
W is totally isotropic with respect to the form p L (—¢) on V, @ V,,. By the proof of
Lemma 8.10, we have dim W+ /W = dimV, ® V, — 2dimW = dimV, — dimV,,. By
Remark [7.11, we also have dim ng = dimV, —dimV,,. It follows that the linear map
W /W — V- defined by (v,v') — v — v is an isometry. On the other hand, by Lemma
8.10, the form on W+ /W is Witt equivalent to p L (—¢). O

Let V and W be vector spaces over F'. Let b be a symmetric bilinear form on W and
¢ be a quadratic form on V. The tensor product of b and ¢ is the quadratic form b ® ¢
on W ®@p V defined by

(8.14) (b© @) (w @ v) = b(w,w) - (v)
for all w € W and v € V' with the polar form of b ® ¢ equal to b ® b,. For example, if
a € F then (a), ® p >~ ap.

ExAMPLE 8.15. If b is a symmetric bilinear form then ¢, >~ b ® (1),.

LEMMA 8.16. Let b be a non-degenerate symmetric bilinear form over F and ¢ a non-

degenerate quadratic form over F. In addition, assume that dim ¢ is even if characteristic
of F' is two. Then

(1) The quadratic form b ® ¢ is non-degenerate.
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(2) If either ¢ or b is hyperbolic then b ® ¢ is hyperbolic.

PRrROOF. (1): The bilinear form b,, is non-degenerate by Remark [7.21/ and by Remark
7.22/if characteristic of F' is not two or two respectively. By Lemma 2.1, the form b ® b,
is non-degenerate hence so is b ® .

(2): Using Proposition [7.29, we see that V,g,, contains a totally isotropic space of dimen-
sion 1 dim(b ® ¢). O

As the orthogonal sum of even dimensional non-degenerate quadratic forms over F is
non-degenerate, the isometry classes of even dimensional non-degenerate quadratic forms
over F' form a monoid under orthogonal sum. The quotient of the Grothendieck group
of this monoid by the subgroup generated by the image of the hyperbolic plane is called
the quadratic Witt group and will be denoted by I,(F"). The tensor product of a bilinear
with a quadratic form induces a W (F)-module structure on I,(F’) by Lemma 8.16.

REMARK 8.17. Let ¢ and ¥ be two non-degenerate even dimensional quadratic forms
over F'. By the Witt Decomposition Theorem 8.5]

e~ ifandonlyif ¢=1 in [ (F) and dimy = dim.

REMARK 8.18. Let F' — K be a homomorphism of fields. Analogous to Proposition
2.7, this map induces the restriction map

rigr: 1,(F) — L(K).

It is a group homomorphism. If K/F is purely transcendental, the restriction map is
injective by Lemma [7.16.

Suppose that char F' # 2. Then we have an isomorphism [(F) — I,(F') given by
b — ¢p. We will use the correspondence b — ¢y to identify bilinear forms in W (F') with
quadratic forms. In particular, we shall view the class of a quadratic form in the Witt
ring of bilinear forms when char F' # 2.

9. Quadratic Pfister forms I

As in the bilinear case, there is a special class of forms built from tensor products
of forms. If the characteristic of F' is different from two, these forms can be identified
with the bilinear Pfister forms. If the characteristic is two, these forms arise as the tensor
product of a bilinear Pfister form and a binary quadratic form of the type [1, a] and were
first introduced by Baeza (cf. [17]). In general, the quadratic 1-fold Pfister forms are
just the norm forms of a quadratic étale F-algebra and the 2-fold quadratic Pfister forms
are just the reduced norm forms of quaternion algebras. These forms as their bilinear
analogue satisfy the property of being round. In this section, we begin their study.
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9.A. Values and similarities of quadratic forms. Analogously to the symmetric
bilinear case, we study the values that a quadratic form can take as well as the similarity
factors. We begin with some notation.

DEFINITION 9.1. Let ¢ be a quadratic form on V over F. Let
D(p) :=={¢(v) [veV, ov) # 0},

the set on nonzero values of p and

G(p) :=={a € F” | ap ~ o},

a group called the group of similarity factors of b. If D(p) = F*, we say that ¢ is
universal. Also set

D(p) == D(i2) U {0}.
We say that elements in 5(gp) are represented by .
For example, G(H) = F'* (as for bilinear hyperbolic planes) and D(H) = F*. In particu-

lar, if ¢ is an regular isotropic quadratic form over F' then ¢ is universal by Proposition
7.14.

The analogous proof of Lemma [1.14' shows:

LEMMA 9.2. Let ¢ be a quadratic form. Then

D(p) - G(g) C D(yp).
In particular, if 1 € D(p) then G(p) C D(p).

The relationship between values and similarities of a symmetric bilinear form and its
associated quadratic form is given by the following:

LEMMA 9.3. Let b a symmetric bilinear form on F' and ¢ = ¢y. Then

(1) D(¢) = D(b).
(2) G(b) C G(p).

PROOF. (1): By definition, ¢(v) = b(v,v) for all v € V.
(2): Let a € G(b) and A : b — ab an isometry. Then ¢(A(v)) = b(A(v),A\(v)) =
ab(v,v) = ap(v) for all v € V. O

A quadratic form is called round if G(¢) = D(p). In particular, if ¢ is round then
D(p) is a group. For example, any hyperbolic form is round.

A basic example of round forms arises from quadratic F-algebras (Cf. §98.B):

EXAMPLE 9.4. Let K be a quadratic F-algebra. Then there exists an involution on
K denoted by = — Z and a quadratic norm form ¢ = N given by x — xZ (cf. §98.B). We
have ¢(zy) = p(x)p(y) for all z,y € K. If x € K with ¢(z) # 0 then x € K*. Hence the
map K — K given by multiplication by x is an F-isomorphism and ¢(z) € G(p). Thus
D(p) C G(p). As 1 € D(p), we have G(¢) C D(p). In particular, ¢ is round.



48 II. QUADRATIC FORMS

Let K be a quadratic étale F-algebra. So K = F, for some a € F. Denote the norm
form N of F, in Example 9.4 by ((a]] and called it a quadratic 1-fold Pfister form. In
particular, it is round. Explicitly, we have:

ExaMPLE 9.5. For F, a quadratic étale I’ algebra, we have

(1) (Cf. Example 98.3.) If char F' # 2 then F, = F[t]/(t> — a) with a € F* and the
quadratic form ((a]] = (1, —a), =~ ((a)), ® (1), is the norm form of Fi,.

1
(2) (Cf. Example 98.4.) If char F = 2 then F, = F[t|/(t* + t + a) with a € F and the
quadratic form ((a]] = [1,a] is the norm form of F,. In particular, ((a]] ~ ((x* + = + a]]
for any x € F.

9.B. Quadratic Pfister forms and round forms. Let n > 1. A quadratic form
isometric to a quadratic form of the type

({ar, s an]] = (ar, o an1))p @ ((an]]

for some ay,...,a,-1 € F* and a, € F (with a, # 0 if char F' # 2) is called a quadratic
n-fold Pfister form. It is convenient to call the form isometric to (1), a 0-fold Pfister form.
Every quadratic n-fold Pfister form is non-degenerate by Lemma 8.16. We let

P,(F) :={¢]| ¢ a quadratic n-fold Pfister form}

P(F) = P.(F)
GP,(F) :={ap|a € F*, ¢ a quadratic n-fold Pfister form}
GP(F) = | JGP.(F).

Forms in GP,(F) are called general quadratic n-fold Pfister forms.

If char ' # 2, the form ((a1,...,a,]] is the associated quadratic form of the bi-
linear Pfister form ((ay,...,a,)), by Example 9.5 (1). We shall also use the notation
({(ay,...,ay)) for the quadratic Pfister form ((ai,...,a,]| in this case.

The class of an n-fold Pfister form (n > 0) belongs to
IN(F) :=1""N(F) - I(F).

As [a,b] = a[l,ab] for all a,b € F with a # 0, every non-degenerate binary quadratic
form is a general 1-fold Pfister form. In particular, GP(F) generates I,(F'). It follows
that GP,(F) generates I;(F') as an abelian group. In fact, as

(9.6) a((b, c]] = ({ab, c]] = ((a, ]

for all a,b € F* and ¢ € F (with ¢ # 0 if char F' # 2), P,(F) generates IJ(F) as an
abelian group for n > 1.

Note that in the case that char F' # 2, under the identification of I(F) with I,(F'), the
group ["(F') corresponds to I}'(F) and a bilinear Pfister form ({a1, ..., a,))s corresponds
to the quadratic Pfister form ({(ai,...,a,)).

Using the material in §98.F, we have the following example.
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ExXAMPLE 9.7. Let A be a quaternion F-algebra.

a,b
(1) (Cf. Example 98.11.) Suppose that char I’ # 2. If A = ( ]’? ) then the reduced

quadratic norm form is equal to the quadratic form (1, —a, —b, ab) = ((a, b)).

a,b

(2) (Cf. Example 98.12.) Suppose that char I = 2. If A = then the reduced

quadratic norm form is equal to the quadratic form [1,ab] L [a, b]. This form is hyperbolic
if @ = 0 and is isomorphic to (1, a), ® [1, ab] = ({a, ab]] otherwise.

ExXAMPLE 9.8. Let L/F be a separable quadratic field extension and @ = (L/F,b), i.e.,
Q = L® Lj a quaternion F-algebra with j2 = b € F* (cf. §98.E). For any ¢ = [+1'j € Q,
we have Nrdg(q) = Np(I) —bN(I'). Therefore, Nrdg ~ ((b)) ® Ny.

PROPOSITION 9.9. Let ¢ be a round quadratic form and a € F*. Then

(1) The form ((a)) @ ¢ is also round.
(2) If  is regqular then the following are equivalent:

(1) {{a)) ® ¢ is isotropic.
(17) {{a)) ® ¢ is hyperbolic.
(7i1) a € D(yp).
PROOF. Set ¢ = ((a)) ® ¢.
(1): Since 1 € D(yp), it suffices to prove that D(¢)) C G(¢). Let ¢ be a nonzero value of 1.
Write ¢ = x — ay for some x,y € 13(4,0) If y=0, we have c = x € D(p) = G(p) C G(¥).
Similarly, y € G(¢) if 2 = 0 hence ¢ = —ay € G(¢)) as —a € G({{a))) C G(¢).
Now suppose that x and y are nonzero. Since ¢ is round, z,y € G(p) and therefore

Y=L (-ap) = ¢ L (-ayz™)p = {{ayz™)) ® ¢.
By Example [1.15, we know that 1 — ayz™' € G({(ayz™'))) C G(¢). Since z € G(yp) C
G(v), we have ¢ = (1 — ayz~ ")z € G(v).
(2): (i) = (4i7): If o is isotropic then ¢ is universal by Proposition [7.14. So suppose that
 is anisotropic. Since ¥ = ¢ L (—ag) is isotropic, there exist x,y € D(p) such that
r —ay = 0. Therefore a = zy~' € D(p) as D(yp) is closed under multiplication.

(17i) = (i1): As p is round, a € D(p) = G(¢) and ({(a)) ® ¢ is hyperbolic.

(13) = (i) is trivial. O
COROLLARY 9.10. Quadratic Pfister forms are round.
COROLLARY 9.11. A quadratic Pfister form is either anisotropic or hyperbolic.

PROOF. Suppose that 1 is an isotropic quadratic n-fold Pfister form. If n = 1 the
result follows by Proposition [7.20(iv). So assume that n > 1. Then ¢ ~ ((a)) ® ¢ for a
quadratic Pfister form ¢ and the result follows by Proposition [9.9. O

Let char FF = 2. We need another characterization of hyperbolic Pfister forms in this
case. Let p: ' — F be the Artin-Schreier map defined by p(z) = z* + z. (Cf. §98.Bl)
For a quadratic 1-fold Pfister form we have ((d]] is hyperbolic if and only if d € im(p) by
Example 98.4. More generally, we have:
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LEMMA 9.12. Let b be an anisotropic bilinear Pfister form and d € F. Then b® ((d])
is hyperbolic if and only if d € im(p) + D(b’).

PROOF. Suppose that b ® ((d]] is hyperbolic and therefore isotropic. Let {e, f} be
the standard basis of ((d]]. Let v ® e + w ® f be an isotropic vector of b ® ((d|] where
v,w € Vp. We have a4+ b+ ¢d = 0 where a = b(v,v), b= b(v,w), and ¢ = b(w, w).

As b is anisotropic, we have w # 0, i.e., ¢ # 0. Suppose first that v = sw for some
s€F. Then0=a+b+cd=c(s*+s+d), hence d = s* + s € im(p).

Now suppose that v and w generate a 2-dimensional subspace W of V. The determi-
nant of b|y is equal to 2F*? where x = b* 4 bc + ¢*d. Hence b|y ~ ¢((z)) by Example
I.11. As ¢ € D(b) = G(b) by Corollary 6.2, the form ((z)) is isometric to a subform of
b. By the Bilinear Witt Cancellation Theorem [1.29, we have (x) is a subform of b, i.e.,
x € D(b'). Hence (b/c)* + (b/c) +d = x/c* € D(b') and therefore d € im(p) + D(b').

Conversely, let d = = 4+ y where = € im(p) and y € D(b’). If y = 0 then ((d]] is
hyperbolic hence so is b® ((d]]. So suppose that y # 0. By Lemma 6.11] there is a bilinear
Pfister form ¢ such that b ~ ¢ ® ((y)). Therefore, b @ ((d]] ~ ¢ ® ({y, d)) is hyperbolic as
({(y,d]] ~ ((y, y]] by Example 98.4/ which is hyperbolic. O

9.C. Annihilators. If ¢ is a non-degenerate quadratic form over F' then the anni-
hilator of ¢ in W (F)

annyy (r)(¢) == {c € W(F) | c- ¢ =0}

is an ideal. When ¢ is a Pfister form this ideal has the structure that we had when ¢ was
a bilinear anisotropic Pfister form. Indeed the same proof yielding Proposition [6.22/ and
Corollary 16.23 shows:

THEOREM 9.13. Let ¢ be anisotropic quadratic Pfister form. Then annw (@) is
generated by binary symmetric bilinear forms ((x))y with x € D(p).

As in the bilinear case, if ¢ is 2-dimensional, we obtain stronger results. Indeed the
same proofs for the corresponding results show

LEMMA 9.14. (Cf. Lemma [6.24.) Let ¢ be a binary anisotropic quadratic form over
F and ¢ an anisotropic bilinear form over F such that ¢ ® @ is isotropic. Then ¢ >~0 L ¢
for some binary bilinear form d annihilated by ¢ and bilinear form e over F.

PROPOSITION 9.15. (Cf. Proposition 6.25.) Let ¢ be a binary anisotropic quadratic
form over F' and ¢ an anisotropic bilinear form over F. Then there exist bilinear forms
¢1 and ¢ over F' such that ¢ ~ ¢ L ¢o with ¢ ® ¢ anisotropic and ¢ ~ 01 L --- L 0,
where each V; is a binary bilinear form annihilated by ¢. In particular, — detd; € D(y)
for each 1.

COROLLARY 9.16. (Cf. Corollary 6.26.) Let ¢ be a binary anisotropic quadratic form
over F' and ¢ an anisotropic bilinear form over F' annihilated by b. Thenc¢~0, L --- 1L 0,
for some binary bilinear forms 0; annihilated by b fori=1,... n.
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10. Totally singular forms

Totally singular forms in characteristic different from two are zero forms but in char-
acteristic two they become interesting. In this section, we look at totally singular forms
in characteristic two. In particular, throughout most of this section, char F' = 2.

Let char F' = 2. Let ¢ be a quadratic form over F. Then ¢ is totally singular form
if and only if it is diagonalizable. Moreover, if this is the case, then every basis of V,, is

orthogonal by Remark [7.25/ and 15(90) is a vector space over the field F2.

We investigate the F-subspace (D (90))1/2 of F'/2. Define an F-linear map

[V, — (5((,0))1/2 given by  f(v) = \/¢(v).

Then f is surjective and ker(f) = rad ¢. Let ¢ be the quadratic form on (ﬁ(gp))l/z over
F defined by ¢(y/a) = a. Clearly ¢ is anisotropic. Consequently, if @ is the quadratic
form induced on V,,/rad ¢ by ¢ then f induces an isometry between @ and . Moreover
© =~ @an. Therefore, if char F' = 2, the correspondence ¢ +— 5(@) gives rise to a bijection

Isometry classes of totally singular ~ Finite dimensional
anisotropic quadratic forms F2-subspaces of F

Moreover, for any totally singular quadratic form ¢, we have
dim ¢,, = dim D(¢)
and if ¢ and v are two totally singular quadratic forms then

¢~ ifand only if D(p) = D(¢) and dim¢ = dim .

We also have D(¢ L 1) = D(¢) + D(¥)).

ExampLE 10.1. If F' is a separably closed field of characteristic two, the anisotropic
quadratic forms are diagonalizable hence totally singular.

Note that if b is an alternating bilinear form and v is a totally singular quadratic form
then b ® ¢ = 0. It follows that the tensor product of totally singular quadratic forms
P ®1 = c®1) is well-defined where ¢ is a bilinear form with ¢ = ¢,. The space D(p ®1))
is spanned by D(p) - D(3) over F2.

PROPOSITION 10.2. Let char F' = 2. If ¢ is a totally singular quadratic form then
G(p) ={a € F" [aD(p) C D(p)}.

ProOOF. The inclusion “C” follows from Lemma 9.2. Conversely, let a € F* satisfy
aD(¢) C D(g). Then the F-linear map g : (D(gp))l/2 — (D(gp))l/2 defined by ¢g(b) = /ab
is an isometry between ¢ and a@. Therefore a € G(@) = G(p). O



52 II. QUADRATIC FORMS

It follows from Proposition [10.2 that G(¢) := G(¢) U{0} is a subfield of F containing
F? and D(y) is a vector space over G(¢).

It is also convenient to introduce a variant of the notion of Pfister forms in all charac-
teristics. A quadratic form ¢ is called a quasi-Pfister form if there exists a bilinear Pfister
form b with ¢ o~ @y, 1e., o = ((a1,...,a,))p @ (1),. for some a4, ...,a, € F*. Denote

({ar,...,an))py ®(1)y by ((a1,...,an))q

If char F' # 2 then the classes of quadratic Pfister and quasi-Pfister forms coincide. If
char F = 2 every quasi-Pfister form is totally singular. Quasi-Pfister forms have some
properties similar to those for quadratic Pfister forms.

COROLLARY 10.3. Quasi-Pfister forms are round.

PROOF. Let b be a bilinear Pfister form. As (1), is a round quadratic form, the
quadratic form b ® (1), is round by Proposition 9.9. O

REMARK 10.4. Let char F' = 2. Let p = ({a4, ..., a,)), be an anisotropic quasi-Pfister

form. Then D(p) is equal to the field F2(ay, ..., a,) of degree 2" over F2. Conversely
every field K such that F? C K C F with [K : F?] = 2" is generated by n elements and

therefore K = D(p) for an anisotropic n-fold quasi-Pfister form p. Thus we get a bijection

Isometry classes of anisotropic Fields K with F? c K C F
n-fold quasi-Pfister forms and [K : F?] = 2"

12

Let ¢ be an anisotropic totally singular quadratic form. Then K = G () is a field with
K - D(p) C D(p). We have [K : F? < oo and D(yp) is a vector space over K. Let
{b1, ..., by} be a basis of D(¢) over K and set 1) = (by,...,bn),. Choose an anisotropic
n-fold quasi-Pfister form p such that D(p) = G(p). As D(yp) is the vector space spanned

by K - D(v)) over F?, we have ¢ ~ p ® 1. In fact, p is the largest quasi-Pfister divisor of
©, i.e., quasi-Pfister form of maximal dimension such that ¢ ~ p ® .

11. The Clifford algebra

To each quadratic form ¢, one associates a Z/2Z-graded algebra by factoring the
tensor algebra on V,, by the relation ¢(v) = v?. This algebra, called the Clifford algebra
generalizes the exterior algebra. In this section, we study the basic properties of Clifford
algebras.

Let ¢ be a quadratic form on V' over F'. Define the Clifford algebra of ¢ to be the
factor algebra C(¢) of the tensor algebra T'(V) = [[,,-, V" modulo the ideal I generated
by (v ® v) — ¢(v) for all v € V. We shall view vectors in V as elements of C(y) via the
natural F-linear map V' — C(p). Note that v = ¢(v) in C(yp) for every v € V. The
Clifford algebra of ¢ has a natural Z/2Z-grading

C(p) = Co(p) ® Ci(p)
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as I is homogeneous if degree is viewed modulo two. The subalgebra Cy(¢p) is called the
even Clifford algebra of p. We have dim C(p) = 24m¢ and dim Cy(p) = 24me=1 If K/F
is a field extension, C'(¢x) = C(¢)x and Cy(¢x) = Co(p) k-

LEMMA 11.1. Let ¢ be a quadratic form on'V' over F with polar form b. Let v,w € V.
Then b(v,w) = vw + wov in C(p). In particular, v and w are orthogonal if and only if
vw = —wv in C(p).

Proor. This follows from the polar identity. O

ExampLE 11.2. (1) The Clifford algebra of the zero quadratic form on V' coincides
with the exterior algebra A V.
(3) If char F' # 2 then the Clifford algebra of the quadratic form (a,b) is C({(a,b)) =

(aﬁb) and Co({a. b)) = Foa. In particular, Co(((0))) = F.

(4) If char F = 2 then C([a,b]) = {a},?b} and Cy([a,b]) = F,p. In particular, Co(((b]]) =
F,.

By construction, the Clifford algebra satisfies the following universal property:
For any F-algebra A and any F-linear map f : V — A satisfying f(v)?> = ¢(v) for
all v € V, there exists a unique F-algebra homomorphism f : C(p) — A satisfying
f(v) = f(v) forall v e V.

ExXAMPLE 11.3. Let C'()° denote the Clifford algebra of ¢ with the opposite multipli-
cation. The canonical linear map V' — C(¢)% extends to an involution = : C'(¢) — C(yp)
given by the algebra isomorphism C(¢) — C(p). Note that if x = vyvy---v, then
T = Uy, Vl1.

PROPOSITION 11.4. Let o be a quadratic form on V over F' and let a € F*. Then

(1) Colap) =~ Co(p), i.e., the even Clifford algebras of similar quadratic forms are
1somorphic.

(2) Let p = (a) L 1p. Then Cy(p) ~ C(—ar)).

PROOF. (1): Set K = F[t]/(t* —a) = F @ F't with ¢ the image of ¢ in K. Since (v®
0)? =)@t = ap(v)®1in C(p)x = C(p)®r K, there is an F-algebra homomorphism
a: Clap) — C(p)k taking v € V to v®t by the universal property of the Clifford algebra
ayp. Since
(VR @) = @ =av’ @1 € Cp) C ClY)k,
the map « restricts to an F-algebra homomorphism Cy(ap) — Cy(p). As this map is
clearly a surjective map of algebras of the same dimension, it is an isomorphism.

(2): Let V = Fv® W with ¢(v) =a and W C (Fv)t. Since

(vw)? = —v*w? = —p(v)i(w) = —ay)(w)
for every w € W, the map W — Cy(p) defined by w — vw extends to an F-algebra
isomorphism C(—av) = Cy(p) by the universal property of Clifford algebras. O
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Let ¢ be a quadratic form on V over F. Applying the universal property of Clifford
algebras to the natural linear map V. — V/radp — C(p), where ¢ is the induced
quadratic form on V/rad ¢, we get a surjective F-algebra homomorphism C(¢) — C(9)
with kernel (rad ¢)C(p). Consequently, we get canonical isomorphisms

C(p) = Clp)/(rad p)C(p),
Co(@) =~ Co(p)/(rad p)Ci(p).

EXAMPLE 11.5. Let ¢ = H(W) be the hyperbolic form on the vector space V =
W & W* with W a nonzero vector space. Then

C(p) ~ Endp(\ W),

where the exterior algebra A W of V is considered as a vector space (cf. [87, Prop. 8.3]).
Moreover,

Co(p) = Endp( /\0 W) x Endg( /\1 W),

2i 2i+1
/\OW::@/\W and /\IW::@ AW
In particular, C(¢p) is a split central simple F-algebra and the center of Cy(¢) is the split
quadratic étale F-algebra ' x F. Note also that the natural F-linear map V — C(yp) is
injective.

where

PROPOSITION 11.6. Let ¢ be a quadratic form over F.

(1) If dim @ > 2 is even then the following conditions are equivalent:

(a) ¢ is non-degenerate.

(b) C(y) is central simple.

(c) Colp) is separable with center Z(p), an étale quadratic algebra.
(2) If dim ¢ > 3 is odd then the following conditions are equivalent:

(a) ¢ is non-degenerate.

(b) Co(yp) is central simple.

Proor. We may assume that F' is algebraically closed. Suppose first that ¢ is non-
degenerate and even dimensional. Then ¢ is hyperbolic; and, by Example11.5, the algebra
C(¢p) is a central simple F-algebra and Cy(¢p) is a separable F-algebra whose center is the
split quadratic étale F-algebra F' x F'.

Conversely, suppose that the even Clifford algebra Cy(y) is separable or C'(¢p) is central
simple. Let v € rad¢. The ideals I = vCi(p) in Cy(p) and J = vC(p) in C(p) satisty
I? = 0 = J? Consequently, I = 0 or J = 0 as Cy(p) is semi-simple or C(y) is central
simple and therefore v = 0 thus rad ¢ = 0. Thus ¢ is non-degenerate.

Now suppose that dim ¢ is odd. Write ¢ = (a) L @ for some a € F and an even
dimensional form 1. Let v € V,, be a nonzero vector satisfying ¢(v) = a with v orthogonal
to V. If ¢ is non-degenerate then a # 0 and v is non-degenerate. It follows from
Proposition 11.4(2) and the first part of the proof that the algebra Cy(p) ~ C(—ar)) is
central simple.
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Conversely, suppose that the algebra Cy(p) is central simple. As dimy > 3, the
subspace I := vC(p) of Cy(p) is nonzero. If a = 0 then [ is a nontrivial ideal of Cy(¢p),
a contradiction to the simplicity of Cy(p). Thus a # 0 and by Proposition [11.4(2),
Co(p) ~ C(—ar)). Hence by the first part of the proof, the form 1 is non-degenerate.
Therefore, ¢ is also non-degenerate. U

LEMMA 11.7. Let ¢ be a non-degenerate quadratic form of positive even dimension.
Then yx = xy for every x € Z(p) and y € Ci(p).

PRrROOF. Let v € V,, be an anisotropic vector hence a unit in C(y). Since conjugation
by v on C(¢p) stabilizes Cy(ip), it stabilizes the center of Cy(¢p), i.e., vZ(p)v™! = Z(p). As
C(¢) is a central algebra, conjugation by v induces a nontrivial automorphism on Z ()
given by x +— Z otherwise C(p) = Cy(p)v and therefore the full algebra C(p) would
commute with Z(¢). Thus va = Zv for all z € Z(¢). Let y € Ci(p). Writing y in
the form y = zv for some z € Cy(p), we have yxr = zvr = zZv = Tzv = Ty for every
x € Z(p). d

COROLLARY 11.8. Let ¢ be a non-degenerate quadratic form of positive even dimen-
sion. If a is a norm for the quadratic étale algebra Z(p) then C(ay) ~ C(p).

PROOF. Let x € Z(p) satisfy N(x) = a. By Lemma 11.7, we have (vz)? = N(z)v? =
ap(v) in C(p) for every v € V. By the universal property of the Clifford algebra ayp, there
is an algebra homomorphism «a : C'(ap) — C(y) mapping v to vz. Since both algebras
are simple of the same dimension, « is an isomorphism. O

12. Binary quadratic forms and quadratic algebras

In appendices §98.FE and §98.B, we review the theory of quadratic and quaternion
algebras. In this section, we study the relationship between these algebras and quadratic
forms.

If A is a quadratic F-algebra, we let Tr, and N4 denote the trace form and the
quadratic norm form of A respectively. (cf. §98.B). Note that N4 is a binary form
representing 1.

Conversely, if ¢ is a binary quadratic form over F' then the even Clifford algebra Cy(¢)
is a quadratic F-algebra. We have defined two maps

Quadratic — Binary quadratic
F-algebras — forms representing 1

PROPOSITION 12.1. The above two maps induce a bijection on the set of isomorphism
classes of quadratic F-algebras and the set of isometry classes of binary quadratic forms
representing one. Under this bijection, we have:

(1) Quadratic étale algebras correspond to non-degenerate binary forms.
(2) Quadratic fields correspond to anisotropic binary forms.
(3) Semisimple algebras correspond to reqular binary quadratic forms.
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PROOF. Let A be a quadratic F-algebra. We need to show that A ~ Cy(N,4). We have
C1(N4) = A. Therefore, the map a : A — Cy(N,) defined by x +— 1-x (where dot denotes
the product in the Clifford algebra) is an F-linear isomorphism. We shall show that « is
an algebra isomorphism, i.e., (1-z)-(1-y) =1-xy for all z,y € A. The equality holds if
x € Forye F. Since A is 2-dimensional over F'| it is suffices to check the equality when
x =y and it does not lie in F'. We have 1-z4+2-1 = Ny(z+1) —Ny(z) =Na(1) = Tru(z),
SO

(1-2)-(1-2)=(1-2) (Tra(z) —x-1)=1-Tra(x)r —1-Ny(z) =1-2°
as needed.

Conversely, let ¢ be a binary quadratic form on V representing 1. We shall show that
the norm form for the quadratic F-algebra Cy(p) is isometric to ¢. Let vy € V be a
vector satisfying ¢(vg) = 1. Let f: V — Cy(p) be the F-linear isomorphism defined by
f(v) = v-wvg. The quadratic equation (98.2) for v - vy € Cy(¢) in §98.Bl becomes

(v-v9)* =v- (b(v,v9) —v-vp) - vo = b(v,v0)(v-vy) — (V)

50 Ney(e) (v - o) = ¢(v) hence

Neye) (£(v)) = Neye) (v - v0) = 9(v),
i.e., f is an isometry of ¢ with the norm form of Cy(y) as needed.

In order to prove that quadratic étale algebras correspond to non-degenerate binary
forms it is sufficient to assume that F' is algebraically closed. Then a quadratic étale
algebra A is isomorphic to F' x F' and therefore N4 ~ H. Conversely, by Example [11.5]
Co(H) ~ F x F.

If a quadratic F-algebra A is a field, then obviously the norm form N4 is anisotropic.
Conversely, if N4 is anisotropic, then for every nonzero a € A we have aa = Na(a) # 0,
therefore a is invertible, i.e., A is a field.

Statement (3) follows from Statements (1) and (2), since a quadratic F-algebra is
semisimple if and only if it is either a field or F' x F'; and a binary quadratic form is
regular if and only if it is anisotropic or hyperbolic. U

COROLLARY 12.2. (1) Let A and B be quadratic F-algebras. Then A and B are
1somorphic if and only if the norm forms N4 and Ng are isometric.
(2) Let ¢ and v be nonzero binary quadratic forms. Then ¢ and ¥ are similar if and
only if the even Clifford algebras Cy(v) and Cy(v)) are isomorphic.

COROLLARY 12.3. Let ¢ be an anisotropic binary quadratic form and let K/F be a
quadratic field extension. Then @ is isotropic if and only if K ~ Cy(p).

Proor. By Proposition 12.1, the form ¢y is isotropic if and only if the 2-dimensional
even Clifford K-algebra Cy(¢x) = Co(¢) ® K is not a field. The later is equivalent to
K ~ Cy(p). O

We now consider the relationship between quaternion and Clifford algebras.

PROPOSITION 12.4. Let ) be a quaternion F-algebra and ¢ the reduced norm quadratic
form of Q. Then C(p) ~ My(Q).
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PROOF. For every x € @, let m, be the matrix (g g) in My(Q). Since m? =

x

xZ = Nrd(z) = ¢(z), the F-linear map ) — Mj(Q) defined by = — m, extends to
an F-algebra homomorphism « : C(p) — Msy(Q) by the universal property of Clifford
algebras. As C(yp) is a central simple algebra of dimension 16 = dim M3(Q), the map «
is an isomorphism. O

COROLLARY 12.5. Two quaternion algebras are isomorphic if and only if their reduced
norm quadratic forms are isometric. In particular, a quaternion algebra is split if and
only if its reduced norm quadratic form is hyperbolic.

EXERCISE 12.6. Let @ be a quaternion F-algebra and let ¢’ be the restriction of
the reduced norm quadratic form to the space @' of pure quaternions. Prove that ¢’ is
non-degenerate and Cy(¢') is isomorphic to ). Conversely, prove that any 3-dimensional
non-degenerate quadratic form 1) is similar to the restriction of the reduced norm quadratic
form of Cy(v)) to the space of pure quaternions. Therefore, there is a natural bijection
between the set of isomorphism classes of quaternion algebras over I and the set of
similarity classes of 3-dimensional non-degenerate quadratic forms over F.

13. The discriminant

A major objective is to define sufficiently many invariants of quadratic forms. The
first and simplest such invariant is the dimension. In this section, using quadratic étale
algebras, we introduce a second invariant, the discriminant, of a non-degenerate quadratic
form.

Let ¢ be a non-degenerate quadratic form over F' of positive even dimension. The
center Z(y) of Cy(p) is a quadratic étale F-algebra. The class of Z(y) in Ety(F), the
group of isomorphisms classes of quadratic étale F-algebras under the operation - induced
by * (cf. §98.B), is called the discriminant of ¢ and will be denoted by disc(y). Define
the discriminant of the zero form to be trivial.

ExampLE 13.1. By Example 11.2, we have disc((a, b>) = F_4 if char F # 2 and
disc( la, b]) = F,p if char F' = 2. It follows from Example 11.5 that the discriminant of a
hyperbolic form is trivial.

The discriminant is a complete invariant for the similarity class of a non-degenerate
binary quadratic form, i.e.,

PROPOSITION 13.2. Two non-degenerate binary quadratic forms are similar if and
only if their discriminants are equal.

PRrROOF. Let disc(p) = disc(), ie., Cy(p) =~ Co(v). Write ¢ = ag’ and ¢ = by,
where ¢’ and v’ both represent 1. By Proposition [12.1, the forms ¢’ and v’ are the
norm forms for Cy(¢') = Co(p) and Cy(¢)') = Cy(¢)) respectively. Since these algebras are
isomorphic, we have ¢’ ~ ' O

COROLLARY 13.3. A non-degenerate binary quadratic form ¢ is hyperbolic if and only
if disc(yp) is trivial.
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LEMMA 13.4. Let ¢ and v be non-degenerate quadratic forms of even dimension over

F. Then disc(p L v) = disc(yp) - disc(v)).

PROOF. The even Clifford algebra Co(p L ¢) coincides with (Co(p) ®p Co(¥))) ®
(Ci(p) @F C1(¥)) and contains Z(p) @ Z(1p). By Lemma [11.7, we have yz = Ty for
every x € Z(p) and y € Cy(p). Similarly, wz = zt for every z € Z(¢)) and w € C1(v).
Therefore, the center of Cy(p L 1) coincides with the subalgebra Z(p)xZ (1) of all stable
elements of Z(p) ®p Z(1¢) under the automorphism = ® y — = ® . O

EXAMPLE 13.5. (1) Let char F' # 2. Then
disc((al, as, . .. ,a2n>) =T,

where ¢ = (—1)"ajay . .. as,. For this reason, the discriminant is often called the signed
determinant when the characteristic of F' is different from two.

(2) Let char F = 2. Then
disc([ar,b1] L -+ L [an, b)) = F.

where ¢ = a1b; + - - - + a,b,,. The discriminant in the characteristic two case is often called
the Arf invariant.

PROPOSITION 13.6. Let p be a non-degenerate quadratic form over F. If disc(p) =1
and p L {(a) ~ (a) for some a € F* then p ~ 0.

ProOOF. We may assume that the characteristic of F' is two. By Proposition 8.8, we
have p ~ [a, b] for some b € F. Therefore disc([a,b]) is trivial and [a, b] ~ 0. O

It follows from Lemma 13.4 and Example 11.5 that the map
ey : I,(F) — Ety(F)
taking a form ¢ to disc(p) is a well-defined group homomorphism.

The analogue of Proposition 4.13/is true, viz.,
THEOREM 13.7. The homomorphism ey is surjective with kernel IqQ(F).

PRroOOF. The surjectivity follows from Example13.1. Since similar forms have isomor-
phic even Clifford algebras, for any ¢ € I,(F) and a € F*, we have e1({(—a)) - ¢) =
e1(p) + e1(—ap) = 0. Therefore, e (IZ(F)) = 0.

Let ¢ € I,(F) be a form with trivial discriminant. We show by induction on dim ¢
that ¢ € IZ(F). The case dim ¢ = 2 follows from Corollary 13.3. Suppose that dim ¢ > 4.
Write ¢ = p L v with p a binary form. Let a € F* be chosen so that the form ¢’ = ap L ¢
is isotropic. Then the class of ¢’ in I,(F) is represented by a form of dimension less than
dim ¢. As disc(g) = disc(yp) is trivial, " € IZ(F) by induction. Since p = ap mod IZ(F),
¢ also lies in IZ(F). O

REMARK 13.8. One can also define a discriminant like invariant for all non-degenerate
quadratic forms. Let ¢ be a non-degenerate quadratic form. Define the determinant det
of ¢ to be det b, in F*/F>? if the bilinear form b,, is non-degenerate. If char F' = 2 and
dim ¢ is odd (the only remaining case), define det o to be aF*? in F*/F*? where a € F'*
satisfies Y|iaqp, >~ (a).
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REMARK 13.9. Let ¢ be a non-degenerate even dimensional quadratic form with trivial
discriminant over F, i.e., ¢ € IZ(F). Then Z(p) ~ F x F, in particular, C(p) is not a
division algebra, i.e., C(gp) ~ My(C*(p)) for a central simple F-algebra C* () uniquely
determined up to isomorphism. Moreover, Cy(¢) =~ CT(p) x CT(p).

14. The Clifford invariant

A more delicate invariant of a non-degenerate even dimensional quadratic form arises
from its associated Clifford algebra.

Let ¢ be a non-degenerate even dimensional quadratic form over F. The Clifford
algebra C(¢p) is then a central simple F-algebra. Denote by clif(¢) the class of C(p) in
the Brauer group Br(F). It follows from Example [11.3 that clif(¢) € Bro(F). We call
clif(¢) the Clifford invariant of .

ExAMPLE 14.1. Let ¢ be the reduced norm form of a quaternion algebra Q). It follows
from Proposition 12.4] that clif(¢) = [Q)].

LEMMA 14.2. Let ¢ and v be two non-degenerate even dimensional quadratic forms
over F. If disc(p) is trivial then clif(¢ L ¢) = clif(p) - clif (¢).

PROOF. Let e € Z(p) be a nontrivial idempotent and set s = e —é = 1 —2e. We have
§=-s, s*=1, and vs = 5v = —sv for every v € V,, by Lemma [11.7. Therefore, in
the Clifford algebra of ¢ L 1, we have (v ® 1+ s @ w)? = ¢(v) + ¢(w) for all v € V,, and
w € V. It follows from the universal property of the Clifford algebra that the F-linear
map V, @V, — C(p) ®p C(¢) defined by v w +— v ® 1+ s @ w extends to an F-algebra
homomorphism C(¢ L ) — C(¢) ®F C(). This map is an isomorphism as the Clifford
algebra of an even dimensional form is central simple. U

THEOREM 14.3. The map
e I7(F) — Bry(F)

taking a form ¢ to clif(y) is a well-defined group homomorphism. Moreover, Ig(F) C
ker(es).

PROOF. It follows from Lemma 14.2/ that e, is well-defined. Next let ¢ € I7(F) and
a € F*. Since disc(yp) is trivial, it follows from Corollary 11.8 that C(ap) ~ C(p).
Therefore, es({{a)) ® ¢) = ea2(p) — ea(ap) = 0. O

We shall, in fact, prove that I3 (F') = ker(ez) in §16/ for fields of characteristic two and
Chapter VIII for fields of characteristic not two.

15. Chain p-equivalence of quadratic Pfister forms

We saw that anisotropic bilinear Pfister forms ((ay,...,a,)) and ((b,...,b,)) were
p-chain equivalent if and only if they were isometric. This equivalence relation was based
on isometries of 2-fold Pfister forms. In this section, we prove the analogous result for
quadratic Pfister forms. This was first proven in the case of characteristic two by Aravire
and Baeza in [15]. To begin we therefore need to establish isometries of quadratic 2-fold
Pfister forms in characteristic two. This is given by the following:
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LEMMA 15.1. Let F be a field of characteristic 2. Then in I,(F'), we have
(1) ((a,b+ V] = ((a, bl] + ({a, V']].
(2) ({ad,b]] = ((a,b]] + ({a’,b]] mod Ig’(F).

() (fa+ 22,8 = (fa, — 1]
(4) {fa-+ a8 = {fa, — ] + (o', —-]) mod I3(F).

PRrooOF. (1): This follows by Example [7.24.

(2): Follows from the equality ((a))+ ({a’)) = ((aa’))+ ({(a,a’)) in the Witt ring of bilinear
forms by Example 4.10.

(3): Let ¢ =b/(a + x*) and
a,c B a+ 22 c
Ai[F} and B{ P ]

By Corollary 12.5] it suffices to prove that A ~ B. Let {1,4,7,ij} be the standard basis
of A, ie., 1> =a, j2 =band ij + ji = 1. Considering the new basis {1,i + x, 4, (i + x)j}
with (i + x)? = a + 2 shows that A ~ B,

(4): We have by (1)—(3):

a ab

(Gt B = (5 L)+ ({0 bl) = (5, =+ (a0
_ ab ab

) =]+ ()
~ ((a

ab a'b 3
’a+a’”+<<a,’a+a'“ mod I (F). O

The definition of chain p-equivalence for quadratic Pfister forms is slightly more in-
volved then that for bilinear Pfister forms.

DEerFINITION 15.2. Let ay,...,a,_1,b1,...,b,_1 € F* and a,,b, € F with n > 1.
We assume that a,, and b, are nonzero if char F # 2. Let ¢ = ({ay,...,a,_1,a,]] and
v = ((b1,...,bp_1,b,]]. We say that the quadratic Pfister forms ¢ and ¢ are simply
p-equivalent if either n = 1 and ((a1]] ~ ((b1]] or n > 2 and there exist ¢ and j with
1 <1 < j < n satisfying

(15.2a) ((a;,a;)) ~ ((b;,b;)) with j<n and @ =20b foral [#4,j or
(15.2b) ((a;, a]] ~ ((bi,b;]]  with j=n and a =10 forall [#i,j.
We say that ¢ and ¢ are chain p-equivalent if there exist quadratic n-fold Pfister forms

Yo, - - -, Pm for some m such that ¢ = ¢y, ¥ = ¢, and ¢; is simply p-equivalent to ¢;1
foreach7=0,...,m — 1.

THEOREM 15.3. Let ¢ = ({ay,...,an_1,a,)] and p = ((by,...,b,_1,b,]] be anisotropic
quadratic n-fold Pfister forms. Then ¢ = 1 if and only if ¢ ~ 1.
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We shall prove this result in a series of steps. Suppose that ¢ ~ 1. The case char F' # 2
was considered in Theorem 6.10, so we may also assume that char F' = 2. As before the
map @ : F — F is defined by p(x) = 2 + x when char ' = 2.

LEMMA 15.4. Let char F = 2. If b = ((ay,...,a,)) is an anisotropic bilinear Pfister
form and dy,dy € F then b ® ((di]] ~ b ® ((da]] if and only if b @ ((d1]] = b ® ({ds]].

PROOF. Assume that b ® ((d;]] ~ b ® ((d2]]. Then the form
b® ((di + da]] ~b® ((di]] L b® ((dy]]

and is hyperbolic. By Lemmal(9.12, we have dy+dy = z+y where z € im(p) and y € D(b').
If y = 0 then ((di]] ~ ({ds]] and we are done. So suppose that y # 0. By Lemma 6.11,
there is a bilinear Pfister form ¢ such that b = ¢® ((y)). As ((y,d1]] ~ ((y, ds]], we have

b® ((di]] = c® ((y, di]] = ¢ @ ((y, do]] = b @ ((do]]. O

LEMMA 15.5. Let char F'=2. If p = ({b, b, ..., b,,d]] is a quadratic Pfister form then
for every a € F* and z € D(p), we have ((a)) ® p =~ ((az)) ® p.

PRrROOF. We proceed by induction on dimp. Let n = ({(by,...b,,d]]. We have z =
x + by with z,y € D(n). If y = 0 then z = z # 0 and by the induction hypothesis
((a)) ® n = ((az)) ®n, hence

({a) @ p = {{a,b)) @n =~ ((az,b)) @1 = ((az2)) @ p.
If 2 = 0 then z = by and by the induction hypothesis {{a)) @ n ~ ((ay)) ® 1, hence

{(a)) @ p = ({a,b)) @ n = ((ay, b)) @ n = ((az,b)) @ n = ((az)) &
Now suppose that both x and y are nonzero. As 7 is round, zy € D(n). By the induction
hypothesis and Lemma 4.15,

((a)) ® p = {{a,b)) @ n = ((a,ab)) @ n ~ ((ax, aby)) @ n
~ ((az,bry)) © n = ((az,b)) ® 1 = ((az)) © p. 0
LEMMA 15.6. Let char ' = 2. Let b = ({a1,...,a,,)) be a bilinear Pfister form,
= ((by,...,bs,d]] a quadratic Pfister form with n > 0 (if n = 0 then p = ({(d]]), and
c € F*. Suppose there exists an x € D(b) with ¢+ x # 0 satisfying b ® ((c + x)) ® p is
anisotropic. Then

bR ((c+2)@p~b® ((c) Y
for some quadratic Pfister form 1.

PROOF. We proceed by induction on the dimension of b. Suppose b = (1). Then
x = y? for some y € F. Tt follows from Lemma [15.1 that ({c + y?,d]] =~ ((c,cd/(c + y*)]]
hence {(c+12)) © p~ (&) @ ({br, . ., b, cdf (c + ).

So we may assume that dimb > 1. Let ¢ = ((ag,...,an)) and a = a;. We have
© = y+az where y,z € D(c). If ¢ = az then ¢ 4+ 2 = y belongs to D(b), so the form
b ® ({c+ x)) would be metabolic contradicting hypothesis.

Let d := ¢ + az. We have d # 0. By the induction hypothesis,

@(d+y)@p~ca((d)op and <@ ((ac+ad’z) @p~c® ((ac)) @
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for some quadratic Pfister forms p and . Hence by Lemma 4.15,
bR ((ct+a)@p=b((d+y)@p=c@((a,d+y))®p
~e®((a,d)@u=c® ({a,c+az)) @u~c® ({a,ac+a*2)) @ p
~c® ((a,ac)) @Y = c® ((a,0)) @Y =b® ((c)) @Y. O

If b is a bilinear Pfister form over a field F' then b ~ b’ L (1) with the pure subform
b’ unique up to isometry. For quadratic Pfister form over a field of characteristic two,
the analogue of this is not true. So, in this case, we have to modify our notion of a pure
subform of a quadratic Pfister form. So suppose that char F' = 2. Let ¢ = b ® ((d]] be a
quadratic Pfister form with b = b’ L (1), a bilinear Pfister form. We have ¢ = ((d]] L ¢°
with ¢° = b’ ® ((d]]. The form ¢° depends on the presentation of b. Let ¢’ := (1) L
b’ @ ((d]]. This form coincides with the complementary form (1)% in . The form ¢’ is
uniquely determined by ¢ up to isometry. Indeed, by Witt Extension Theorem 8.3, for
any two vectors v,w € V,, with ¢(v) = ¢(w) = 1 there is an auto-isometry « of ¢ such
that a(v) = w. Therefore, the orthogonal complements of F'v and Fw are isometric. We
call the form ¢’ the pure subform of .

PROPOSITION 15.7. Let p = ((by,...,b,,d]| be a quadratic Pfister form, n > 1, and

b= ((a,...,an)) a bilinear Pfister form. Set ¢ = b ® p. Suppose that ¢ is anisotropic.
Let c€ D(b® p')\ D(b). Then ¢ =~ b ® ((c)) @ for some quadratic Pfister form 1.

PROOF. Let p = ((b)) ® n with b = by and n = ((bs,...,bpn,d]] (with n = ((d]] if
n = 1). We proceed by induction on dim p. Note that if n = 1, we have ' = (1) and
D(b®n')=D(b). As
bep =o)L (bben),
we have ¢ = x + by with z € D(b®17/), and y € D(b® 7).

If y =0 then ¢c =2 € D(b®n')\ D(b). In particular, n > 1. By the induction
hypothesis, b @ n =~ b ® ((c)) ® u for some quadratic Pfister form p. Hence

p=b@p=0 (D) n~b () (b)) u
Now suppose that y # 0. By Lemma [15.5]
(15.8) p=b@p=b® (b)) @n~ b ((by)) @n.

Assume that = ¢ D(b). In particular, n > 1. By the induction hypothesis, b ® 5 ~
b ® ((x)) ® p for some quadratic Pfister form p. Therefore by Lemma 4.15)

prb® (b)) ®n~b® ((z,by)) @ prbe((cbry)) @ p.
Finally we assume that 2 € D(b). By Lemma 15.6 and (15.8),
prbe((by) @n=b@ ((c+z)) @n~bd ((c) @
for a quadratic Pfister form . O

PROOF. (of Theorem [15.3) Let ¢ and 1) be isometric anisotropic quadratic n-fold
Pfister forms over F' as in the statement of Theorem [15.3. We must show that ¢ =~ .
We may assume that char F' = 2.
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Claim: For every r = 0,...,n— 1 there exist a bilinear r-fold Pfister form b and quadratic
(n — r)-fold Pfister forms p and p such that ¢ ~ b ® p and ¥ ~ b ® p.

We prove the claim by induction on r. The case r = 0 is obvious. Suppose we have such
b, p and pu for some r < n—1. Write p = ((¢)) ® ¢ for some ¢ € F* and quadratic Pfister
form 1), so ¢ = b® ((c)) ® . Note that as ¢ is anisotropic, we have ¢ € D(b® p')\ D(b).

The form b® (1) is isometric to subforms of ¢ and 1. As b, and by, are non-degenerate,
by the Witt Extension Theorem 8.3, an isometry between these subforms extends to an
isometry between ¢ and . This isometry induces an isometry of orthogonal complements
b®p and b ® y'. Therefore, we have ¢ € D(b® p') \ D(b) = D(b® ') \ D(b). It follows
from Proposition [15.7 that ¢ =~ b ® ({c)) ® o for some quadratic Pfister form o. Thus
1~ b® ((c)) ® o and the claim is established.

Applying the claim in the case 7 = n — 1, we find a bilinear (n — 1)-fold Pfister form
b and elements dy,dy € F such that ¢ = b ® ({(d;]] and ¢ ~ b ® ((ds]]. By Lemma [15.4]
we have b ® ((d1]] = b ® ((ds]], hence ¢ ~ 1. O

16. Cohomological invariants

A major problem in the theory of quadratic forms was to determine the relationship
between quadratic forms and Galois cohomology. In this section, using the cohomology
groups defined in §101, we introduce the problem.

Let H*(F) be the groups defined in §101. In particular,
ni _ J Ety(F), ifn=1.
H™(F) = { Bry(F), ifn=2.

Let ¢ be a quadratic n-fold Pfister form. Suppose that ¢ ~ ({as,...,a,]]. Define the
cohomological invariant of ¢ to be the class e, () in H"(F') given by

en(SO) = {ala ag, . .. 7an—1} . [Fan];
where [F,] is the class of the étale quadratic extension F,/F in Ety(F) ~ H'(F).

The cohomological invariant e, is well-defined on quadratic n-fold Pfister forms:

PROPOSITION 16.1. Let ¢ and v be quadratic n-fold Pfister forms. If ¢ ~ 1 then
enlp) = en(¥) in H"(F).

Proor. This follows from Theorems 6.20/ and [15.3. Il
As in the bilinear case, if we use the Hauptsatz 23.8 below, we even have if

e=¢ mod I[J"'(F) then e,(p) = en(v)

in H"(F'). (Cf. Corollary 23.10/ below.) In fact, we shall also show by elementary means
in Proposition 24.6 below that if 1, ¢s and @3 are general quadratic n-fold Pfister forms
such that @1 + @ + @3 € Ig“(F) then e, (1) + en(p2) + en(p3) =0 € H™(F).

We call the extension of e, to a group homomorphism e, : [}'(F) — H"(F) the nth
cohomological invariant of I}(F).
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FAcT 16.2. The nth cohomological invariant e, exists for all fields F' and for alln > 1.
Moreover, ker(e,) = IJTH(F). Further, there is a unique isomorphism

€, I)(F)/I)"(F) — H"(F)
satisfying &, (¢ + Ig‘“(F)) = e,(p) for every quadratic n-fold Pfister quadratic form .

Special cases of Fact 16.2/ can be proven by elementary methods. Indeed we have
already shown that the invariant e; is well-defined on all of I,(F') and coincides with the
discriminant in Theorem [13.7/ and e, is well-defined on all of I7(F') and coincides with
the Clifford invariant by Theorem [14.3. Then by Theorems [13.7 and [14.3/ the maps é;
and e, are well-defined. For fields of characteristic different from two, e3 was shown to be
well-defined hence é3 by Arason in [6] and €3 an isomorphism in [105] and independently
by Rost [120]; and Jacob and Rost showed that e, was well defined in [67].

Suppose that char F' £ 2. Then the identification of bilinear and quadratic forms leads
to the composition

n f’n n n n n €n n
W o K (F) 2K, (F) = I"(F)/1 +1(F) = Iq (F>/]q+1(F) — H"(F).
where h% is the norm residue homomorphism of degree n defined in §101.

Milnor conjectured that A was an isomorphism for all n in [108]. Voevodsky proved
the Milnor Conjecture in [142]. As was stated in Fact 5.15 the map f, is an isomorphism
for all n. In particular, e, is well-defined and €, is an isomorphism for all n.

If char F' = 2, Kato proved Fact [16.2in [77].

We have proven that € is an isomorphism in Theorem [13.7. We shall prove that h3.
is an isomorphism in Chapter VIII below if the characteristic of F' is different from two.
It follows that e, is an isomorphism. We now turn to the proof that e, is an isomorphism
if char F' = 2. The following statement was first proven by Sah in [122].

THEOREM 16.3. Let char F' = 2. Then & : I;(F)/I3(F) — Bry(F) is an isomorphism.

PROOF. The classes of quaternion algebras generate the group Bry(F') by [1, Ch. VII,
Th. 30]. It follows that e, is surjective. So we need only show that é, is injective.
Let o € I7(F) satisfy ey(r) = 1. Write v in the form Y7 | d;({a;, b;]]. By assumption,
ai, G . e
the product of all [ 7 } with ¢; = b;/a; is trivial in Br(F).

We prove by induction on n that a € I}(F). If n = 1, we have a = ((a1,by]] and

alacli|

es(a) = [ = 1. Therefore, the reduced norm form « of the split quaternion algebra

[cu},(ﬁcl} is hyperbolic by Corollary 12.5, hence oo = 0.

In the general case, let L = F(a}/Q, . .,a}fl). The field L splits [ai}’fi] for all

ny ~n ny ~n 7d
t=1,...,n— 1 and hence splits [a Fc } By Lemma 98.17, we have [a FC } = {CF ],

where ¢ is the square of an element of L, i.e., ¢ is the sum of elements of the form ¢*m
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where g € F and m is a monomial in the a;, i = 1,...,n—1. It follows from Corollary 12.5
that ((an, bs]] = ({c, cd]]. By Lemma [15.1, we have ((c, cd]] is congruent modulo I3 (F) to
the sum of 2-fold Pfister forms ({a;, fi]] with i =1,...,n — 1, f; € F. Therefore we may

assume that o = 327! ({a;, b]] for some b,. By the induction hypothesis, a € I3F). O






CHAPTER III

Forms over Rational Function Fields

17. The Cassels-Pfister Theorem

Given a quadratic form ¢ over a field over F', it is natural to consider values of the form
over the rational function field F'(t). The Cassels-Pfister Theorem shows that whenever
¢ represents a polynomial over F'(¢) then it already does so when viewed as a quadratic
form over the polynomial ring F'[t]. This results in specialization theorems. As an n-
dimensional quadratic form 1 can be viewed as a polynomial in F[T]| := Fl[ty,...,t,],
one can also ask when is ¥(T") a value of pp)? If both the forms are anisotropic, we
shall also show in this section the fundamental result that this is true if and only if ¢ is
a subform of ¢.

COMPUTATION 17.1. Let ¢ be an anisotropic quadratic form on V over F' and b its
polar form. Let v and u be two distinct vectors in V' and set w = v — u. Let 7, be the
reflection with respect to w as defined in Example [7.3. Then

(1) ¢(7w(v)) = ¢(v) as 7, is an isometry.
pu) = (V)

(2) Tw(’U) =u + (P(UJ)

definition.

w as by(v,w) = —b,(v, —w) = —p(u) + p(v) + ¢(w) by

NoTATION 17.2. If T = (t1,...,t,) is a tuple of independent variables, let
F[T):= F[ty,...,t,] and F(T):=F(t1,...,tn).

If V is a finite dimensional vector space over F, let
VI :=F[T)®pV and V(T):=Vpq) :=F(T)@pV.

Note that V(T') is also the localization of V[T at F[T]\ {0}. In particular, if v € V(T)
there exist w € V[T] and a nonzero f € F[T] satisfying v = w/f. For a single variable ¢,
we let V[t] := Flt] @p V and V(t) := Vpu) = F(t) ®p V.

The following general form of the Classical Cassels-Pfister Theorem is true.

THEOREM 17.3. (Cassels-Pfister Theorem) Let ¢ be a quadratic form on V and let
h € F[t] N D(¢rpw)). Then there is a w € V[t] such that o(w) = h.

PROOF. Suppose first that ¢ is anisotropic. Let v € V() satisfy ¢(v) = h. There is
a nonzero polynomial f € F[t] such that fv € V[t]. Choose v and f so that deg(f) is the
smallest possible. It suffice to show that f is constant. Suppose deg(f) > 0.

67
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Using the analog of the Division Algorithm, we can divide the polynomial vector
fv by f to get fv = fu+r, where u,r € V[t] and deg(r) < deg(f). If » = 0 then
v=wu € VIt] and f is constant; so we may assume that r # 0. In particular, ¢(r) # 0 as
¢ is anisotropic. Set w = v —u = r/f and consider

_ e —h
. ) =t e
as in Computation 17.1(2). We have ¢(7,(v)) = h. We show that f' := ¢(r)/f is a

polynomial. As

fPh=o(fv) = p(futr) = fro(u) + fo,(u.r) +o(r),
we see that ¢(r) is divisible by f. Equation (17.4) implies that f'7,(v) € V[t] and the
definition of r yields

deg(f') = deg(r) — deg(f) < 2deg(f) — deg(f) = deg(f),

a contradiction to the minimality of deg(f).

Now suppose that ¢ is isotropic. By Lemma [7.13] we may assume that rad ¢ = 0. In
particular, a hyperbolic plane splits off as an orthogonal direct summand of ¢ by Lemma
7.14. Let e, e’ be a hyperbolic pair for this hyperbolic plane. Then

@(he +¢') = by(he, ') = hby(e,e') = h. O

The theorem above was first proved by Cassels in [24] for the form (1,...,1) over a
field of characteristic not two. This was generalized by Pfister to non-degenerate forms
over such fields in [111] and used to prove the the results through Corollary 17.13/ below
in that case.

COROLLARY 17.5. Let b be a symmetric bilinear form on V and let h € F[t] N
D(¢rw)). Then there is a v € V[t] such that b(v,v) = h.

PROOF. Let ¢ be g, ie., p(v) = b(v,v) for all v € V. As D(¢) = D(b) by Lemma
9.3, the result follows from the Cassels-Pfister Theorem. 0

COROLLARY 17.6. Let f € F[t] be a sum of n squares in F(t). Then f is a sum of n
squares in Ft].

COROLLARY 17.7. (Substitution Principle) Let ¢ be a quadratic form over F and
h € D(¢per)) with T = (t1,...,t,). Suppose that h(x) is defined for v € F™ and h(x) # 0
then h(z) € D(yp).

PROOF. As h(z) is defined, we can write h = f/g with f,¢g € F[T] and g(x) # 0.
Replacing h by ¢*h, we may assume that h € F[T]. Let 7" = (t1,...,t,_1) and = =
(z1,...,2n). By the theorem, there exists v(T",t,) € V(1")[t,] satisfying o (v(1",t,)) =
h(T'.t,). Evaluating t, at x, shows that h(T",z,) = ¢(v(T",z,)) € D(¢ran). The
conclusion follows by induction on n. 0

As above, we also deduce:

COROLLARY 17.8. (Bilinear Substitution Principle) Let b be a symmetric bilinear form
over F' and h € D(bpry) with T = (t4,...,t,). Suppose that h(z) is defined for x € F"
and h(z) # 0 then h(z) € D(b).
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We shall need the following slightly more general version of the Cassels-Pfister Theo-
rem.

PROPOSITION 17.9. Let ¢ be an anisotropic quadratic form on V. Suppose that s € V
and v € V(t) satisfy p(v) € F[t] and by,(s,v) € F[t|. Then there is w € V[t| such that

p(w) = p(v) and by(s, w) = by(s, v).

Proor. It suffices to show the value b, (s,v) does not change when v is modified in
the course of the proof of Theorem [17.3. Choose vy € V[t] satisfying b, (s,v9) = b, (s,v).

Let f € FJt] be a nonzero polynomial such that fv € V[t]. As the remainder r on
dividing fv and fv— fvg by f is the same and fv— fvg € (F(t)s)*, we have r € (F(t)s)*.
Therefore, by (s, 7.(v)) = by(s,v). O

LEMMA 17.10. Let ¢ be an anisotropic quadratic form and p a non-degenerate binary
anisotropic quadratic form satisfying p(ti,t2) +d € D(@p 4,)) for some d € F. Then
© =~ p L u for some form p and d € D(p).

PROOF. Let p(t1,ts) = at?+btita+cts. As p(ty, ty)+dt3 is a value of p over F(ty, o, t3),
there is a u € V' = V,, such that ¢(u) = a by the Substitution Principle 17.7. Applying
the Cassels-Pfister Theorem [17.3/ to the form ¢p,), we find a v € Vpg,)[ti] such that
o(v) = at?+bt ty+cti+d. Since ¢ is anisotropic, we have deg, v < 1,ie., v(t)) = vot+uvit
for some vy, v1 € Vp(,). Expanding we get

p(vo) = a, b(vg,v1) =bla, @(v1) = ct +d,
where b = b,,. Clearly vy ¢ rad(bp,)).

We claim that u ¢ rad(b). We may assume that u # vy and therefore

0 7 @(u—wo) = @(u) + ¢(ve) — b(u, vo) = b(u, u — vo)
as Pr(t,) is anisotropic by Lemma [7.16/ hence the claim follows.

By the Witt Extension Theorem 8.3, there is an isometry v of pr,) satisfying y(vo) =
u. Replacing vy and v; by u = v(vg) and y(v;) respectively, we may assume that vy € V.

Applying Proposition 17.9 to the vectors vy and vy, we find w € Vty] satisfying
o(w) = ct3 + d and b(vg,w) = bty. In a similar fashion, we have w = wy + w;ty with
wy, wy € V. Expanding, we have

o(vg) =a, bvg,w1) =b, (w)=rc, pwy)=d, bvy,wy)=0, blwy,w;)=0.
It follows if W is the subspace generated by vy and w; then ¢|y ~ p and d € 5(u) where
f= @y O

COROLLARY 17.11. Let ¢ and 1 be two anisotropic quadratic forms over F with
dimy =n. Let T = (t1,...,t,). Suppose that (1) € D(ppmry). If Y = p L o with p a
non-dege@emte binary form and T" = (ts,...,t,) then ¢ ~ p L u for some form u and
p(T") € Dpan (rem)-

THEOREM 17.12. (Representation Theorem) Let ¢ and 1) be two anisotropic quadratic
forms over F' with dim) =n. Let T = (ty,...,t,). Then the following are equivalent:

(1) D(Yk) C D(¢k) for every field extension K/F.
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(2) ¥(T) € D(err))-
(3) 1 is isometric to a subform of .

In particular, if any of the above conditions hold then dimvy < dim .

PRrROOF. (1) = (2) and (3) = (1) are trivial.

(2) = (3): Applying the structure results, Propositions [7.32] and [7.30, we can write
¥ = 1P L by, where 9 is an orthogonal sum of non-degenerate binary forms and )y is
diagonalizable. Repeated application of Corollary 17.11/ allows us to reduce to the case
W =1hg, ie., ¥ = (ay,...,a,) is diagonalizable.

We proceed by induction on n. The case n = 1 follows from the Substitution Principle
17.7. Suppose that n = 2. Then we have a;t> + as € D(¢rp@). By the Cassels-Pfister
Theorem, thereis a v € V[t] where V =V, satisfying p(v) = a1t*+as. As ¢ is anisotropic,
we have v = v1+vot for vy, vy € V and therefore p(v1) = a1, p(ve) = as, and b(vy,vy) = 0.
The restriction of ¢ on the subspace spanned by v; and vy is isometric to .

In the general case, set T = (t1,ta,...,tn), T = (ta,...,tn), b = aot> + -+ + a,t>.
As at? + b is a value of ¢ over F(T")(t), by the case considered above, there are vectors
v1, Vg € Vp(pv) satistying

@(Ul) = aq, SO(UQ) =b and b(l}l, U2> =0.

It follows from the Substitution Principle [17.7 that there is w € V such that p(w) = a;.

We claim that there is an isometry 7 of ¢ over F(T") such that p(v1) = w. We may
assume that w # v, as Qg is anisotropic by Lemma [7.16. We have

0 # p(w —v1) = p(w) + (v1) — b(w,v1) = blw, w —v1) = b(vy —w,v1),

therefore w and v; do not belong to radb. The claim follows by the Witt Extension
Theorem 8.3l

Replacing v; and vy by v(v1) = w and 7(vy) respectively, we may assume that v; € V.
Set W = (Fuv;)*. Note that v € Wgrv), hence b is a value of p|w over F(T"). By the
induction hypothesis applied to the forms ¢’ = (as, ..., a,) and ¢|y, there is a subspace
V! C W such that ¢l ~ (as,...,a,). Note that v; is orthogonal to V' and vy ¢ V' as
1 is anisotropic. Therefore, the restriction of ¢ on the subspace Fvy & V' is isometric to

0. O

A field F is called formally real if —1 is not a sum of squares. In particular, char F' =0
if this is the case. (Cf. §95.)

COROLLARY 17.13. Suppose that F is formally real and T = (to,...,t,). Then
2+t + -+ 12 is not a sum of n squares in F(T).

PROOF. If this is false then 3 + 5 + - - - +¢2 € D(n(1)). As (n+1)(1) is anisotropic,
this contradicts the Representation Theorem. U

The ideas above also allow us to develop a test for simultaneous zeros for quadratic
forms. This was proven independently by Amer in [2] and Brumer in [23] for fields of
characteristic not two and by Leep for arbitrary fields in [93].
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THEOREM 17.14. Let ¢ and v be two quadratic forms on a vector space V' over F.
Then the form ppy) + tpey on V(L) over F(t) is isotropic if and only if ¢ and ¢ have a
common isotropic vector in V.

Proor. Clearly, a common isotropic vector for ¢ and v is also an isotropic vector for
p = Pr@) T Wrq)-

Conversely, let p be isotropic. There exists a nonzero v € V[t] such that p(v) = 0.

Choose such a v of the smallest degree. We claim that degv = 0, i.e., v € V. If we show
this, the equality ¢(v) + t1p(v) = 0 implies that v is a common isotropic vector for ¢ and
1.

Suppose n := degv > 0. Write v = w + t"u with u € V and w € Vt] of degree less
than n. Note that by assumption p(u) # 0. Consider the vector

v = p(u) - u(v) = p(u)v — by(v, u)u € V[t].
As p(v) = 0, we have p(v') = 0. It follows from the equality
p(w)v — by(v, w)w = p(v — t"u)v — b,(v,v — t"u)(v — t"u) = t*" (p(u)v — b,(v, u)u)
that

o p(w)v — b, (v, w)w

th
Note that deg p(w) < 2n — 1 and degb,(v,w) < 2n. Therefore degv’ < n, contradicting
the minimality of n. U

18. Values of forms

Let ¢ be an anisotropic quadratic form over F. Let p € F[T| = Flt,...,t,] be
irreducible and F'(p) the quotient field of F[T]/(p). In this section, we determine what
it means for ¢p,) to be isotropic. We base our presentation on ideas of Knebusch in
[82]. This result has consequences for finite extensions K/F. In particular, the classical
Springer’s Theorem that forms remain anisotropic under odd degree extensions follows as
well as a norm principle about values of k.

Order the group 7™ lexicographically, i.e., (i1,...,%,) < (j1,...,Jn) if for the first
integer k satisfying i, # jr with 1 < k < n we have iy < jx. If i = (iy,...,1,) in
Z" and a € F*, write aT" for at’' ---ti» and call i the degree of aT®. Let f = aT' +
monomials of lower degree in F[T] with a € F*. The term aT" is called the leading
term of f. We define the degree deg f of f to be i, the degree of the leading term,
and the leading coefficient f* of f to be a, the coefficient of the leading term. Let
T; denote T" if i is the degree of the leading term of f. Then f = f*T; + f’ with
deg f < degTy. For convenience, we view deg(0 < deg f for every nonzero f € FI[T].
Note that deg(fg) = deg f + degg and (fg)* = f*¢*. If h € F(T)* and h = f/g with
frg € F[T], let h* = f*/g".

Let V be a finite dimensional vector space over F. For every nonzero v € V[T define
the degree deg v, the leading vector v*, and the leading term v*T, in a similar fashion. Let
deg 0 < degv for any nonzero v € V[T]. So if v € V[T is nonzero, we have v = v*T,, + v’
with deg v’ < degT,.
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LEMMA 18.1. Let ¢ be a quadratic form on V over F and g € F[T]. Suppose that
g € D(opry). Then g* € D(p). If, in addition, ¢ is anisotropic then degg € 22",

PROOF. Since ¢ on V' and the induced quadratic form ¢ on V/rad ¢ have the same
values, we may assume that rad(p) = 0. In particular, if ¢ is isotropic it is universal, so
we may assume that ¢ anisotropic.

Let g = p(v) with v € V(T'). Write v = w/f with w € V[T] and nonzero f € F[T].
Then f2g = p(w). As (f?9)* = (f*)*g*, we may assume that v € F[T]. Let v = v*T, + '
with degv’ < degv. Then

9= (V'T,) + by (v Ty, v) + (v') = @(v) T} + by (v*,0) T, + (V)
= @(v*)T? + terms of lower degree.

As ¢ is anisotropic, we must have p(v*) # 0, hence g* = ¢(v*) € D(¢p). As the leading
term of g is p(v*)T?, the second statement also follows. O

Let v € V[T|. Suppose that f € F[T] satisfies deg, f > 0. Let T" = (ts,...,t,).
Viewing v € V(T")[t1], the analog of the usual division algorithm produces an equation
v=fw +r" with w7 € Vpp[t1] and deg, r’ < deg, f.
Clearing denominators in F[T"], we get
hv = fw+r
(18.2) with w,r € V[T]|, 0#h € F[T'] and deg, r < deg,, f
so degh < deg f, degr < deg f.

If  is a quadratic form over F' let <D(<p)> denote the subgroup in F'* generated by
D(yp).

THEOREM 18.3. (Quadratic Value Theorem) Let ¢ be an anisotropic quadratic form
on'V and f € F[T] a nonzero polynomial. Then the following conditions are equivalent:

(1) f*f € (D(er)))-
(2) There exists an a € F* such that af € (D(orm)))-

(3) @r(p) is isotropic for each irreducible divisor p occurring to an odd power in the
factorization of f.
PROOF. (1) = (2) is trivial.

(2) = (3): Let af € (D(¢p(r))), ie., there are 0 # h € F[T] and vy,...,v,, € VI[T]
such that ah?f = []p(v;). Let p be an irreducible divisor of f to an odd power. Write
v; = pFiv] so that v} is not divisible by p. Dividing out both sides by p?*, with k = > k;,
we see that the product []¢(v}) is divisible by p. Hence the residue of one of the ¢(v})
is trivial in the residue field F'(p) while the residue of v is not trivial. Therefore, fp,) is
isotropic.
(3) = (1): We proceed by induction on n and deg f. The statement is obvious if f = f*.
In the general case, we may assume that f is irreducible. Therefore, by assumption gy is

isotropic. In particular, we see that there exists a vector v € V,,[T] such that f | p(v) and
ffv. Ifdeg, f=0,let T" = (ts,...,t,) and let L denote the quotient field of F[T"]/(f).
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Then F(f) = L(t1) so ¢, is isotropic by Lemma [7.16/ and we are done by induction on
n. Therefore, we may assume that deg, f > 0. By (18.2), there exist 0 # h € F[T] and
w,r € VI[T] such that hv = fw + r with degh < deg f and degr < deg f. As

p(hv) = p(fw+r) = fp(w) + fo,(w,r) + o(r),
we have f | ¢(r). If r = 0 then f | hv. But f is irreducible and ff v so f | h. This is
impossible as degh < deg f. Thus r # 0. Let ¢(r) = fg for some g € F[T]. As ¢ is

anisotropic g # 0. So we have fg € D(pp(r)) hence also (fg)* = f*g* € D(p) by Lemma
18.1.

Let p be an irreducible divisor occurring to an odd power in the factorization of g¢.
As deg p(r) < 2deg f, we have deg g < deg f hence p occurs with the same multiplicity
in the factorization of fg. By (2) = (3), applied to the polynomial fg, the form ¢p,) is
isotropic. Hence the induction hypothesis implies that g*g € (D(¢p(r))). Consequently,

=12 (fg)" g9 fg-92€(D(orm))- O

THEOREM 18.4. (Bilinear Value Theorem) Let b be an anisotropic symmetric bilin-
ear form on V and f € F[T] a nonzero polynomial. Then the following conditions are
equivalent:

(1) f*f € (D(brery))-
(2) There exists an a € F* such that af € (D(bp(r))).

(3) brg) is isotropic for each irreducible divisor p occurring to an odd power in the
factorization of f.

PROOF. Let ¢ = . As D(bg) = D(pk) for every field extension K/F by Lemma
9.3 and by is isotropic if and only if g is isotropic, the result follows by the Quadratic
Value Theorem [18.3. U

A basic result in Artin-Schreier theory is that an ordering on a formally real field
extends to an ordering on a finite algebraic extension of odd degree, equivalently if the
bilinear form n(1) is anisotropic over F' for any integer n, it remains so over any finite
extension of odd degree. Witt conjectured in [146] that any anisotropic symmetric bilinear
form remains anisotropic under a odd degree extension (if char F' # 2). This was first
shown to be true by Springer in [132]. This is in fact true without a characteristic
assumption for both quadratic and symmetric bilinear forms.

COROLLARY 18.5. (Springer’s Theorem) Let K/F be a finite extension of odd degree.
Suppose that ¢ (respectively, b) is an anisotropic quadratic form (respectively, symmetric
bilinear form) over F. Then ¢y (respectively, by ) is anisotropic.

PrOOF. By induction on [K : F], we may assume that K = F(f) is a primitive
extension. Let p be the minimal polynomial of 8 over F'. Suppose that ¢k is isotropic.
Then ap € <D(cp F(t))> for some a € F* by the Quadratic Value Theorem [18.3. It follows
that p has even degree by Lemma [18.1] a contradiction. If b is a symmetric bilinear form
over I, applying the above to the quadratic form ¢, shows the theorem also holds in the
bilinear case. U

We shall give another proof of Springer’s Theorem in Corollary [71.3 below.
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COROLLARY 18.6. If K/F is an extension of odd degree then vy p: W(F) — W(K)
and i 2 1g(F) — 1,(K) are injective.

COROLLARY 18.7. Let ¢ and i be two quadratic forms on a vector space V over F
having no common isotropic vector in V. Then for any field extension K/F of odd degree
the forms g and i have no common isotropic vector in Vi.

PrOOF. This follows from Springer’s Theorem and Theorem [17.14. O

EXERCISE 18.8. Let char F' # 2 and K/ F be a finite purely inseparable field extension.
Then rg/p: W(F) — W(K) is an isomorphism.

COROLLARY 18.9. Let K = F(0) be an algebraic extension of F' and p the (monic)
manimal polynomial of @ over F'. Let ¢ be a reqular quadratic form over F'. Suppose that
there exists a ¢ € F such that p(c) ¢ (D(p)). Then ¢k is anisotropic.

PrOOF. Asrad p = 0, if ¢ were isotropic it would be universal. Thus ¢ is anisotropic.
In particular, p is not linear hence p(c) # 0. Suppose that ¢ is isotropic. By the
Quadratic Value Theorem [18.3, we have p € <D(90F(t))>. By the Substitution Principle
17.7, we have p(c) € <D(gp)> for all ¢ € I, a contradiction. d

As another consequence, we obtain the following theorem first proved by Knebusch in
[81].

THEOREM 18.10. (Value Norm Principle) Let ¢ be a quadratic form over F and‘ K/F
a finite field extension. Then Ng,p(D(¢k)) C (D(p)).

PRrROOF. Let V = V,,. Since the form ¢ on V' and the induced form @ on V/rad(y)
have the same values, we may assume that rad(¢) = 0. If ¢ is isotropic then ¢ splits off a
hyperbolic plane. In particular, ¢ is universal and the statement is obvious. Thus we may
assume that ¢ is anisotropic. Moreover, we may assume that dimp > 2 and 1 € D(y).

Case 1: @ is isotropic.
Let * € D(pk). Suppose that K = F(z). Let p € F[t| denote the (monic) minimal
polynomial of = so K = F(p). It follows from the Quadratic Value Theorem [18.3 that
p € (D(pr@)) and degp is even. In particular, Ny, p(z) = p(0) and by the Substitution
Principle 17.7,

Ng/r(z) = p(0) € (D(p)).
If F(z) C K let m = [K : F(z)]. If m is even then Ny p(z) € F>*? C (D(yp)). If m is
odd then ¢, is isotropic by Springer’s Theorem [18.5. Applying the above argument to
the field extension F(z)/F yields

Ni/r(2) = Npg)p(e)™ € (D(p))
as needed.

Case 2: ¢k is anisotropic.

Let z € D(pk). Choose vectors v, vy € Vi such that g (v) = z and ¢ (vg) = 1. Let V' C
Vi be a 2-dimensional subspace (over K) containing v and vg. The restriction ¢’ of ¢k
to V' is a binary anisotropic quadratic form over K representing x and 1. It follows from
Proposition [12.1] that the even Clifford algebra L = Cy(¢') is a quadratic field extension
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of K and x = Nk (y) for some y € L*. Moreover, since Cy(¢7) = Co(¢') ®x L = Lk L
is not a field, by the same proposition, ¢’ and therefore ¢ is isotropic over L. Applying
Case 1 to the field extension L/F yields

Ni/r(2) = Niyr(Nok () = Noye(y) € (D(g)). O

THEOREM 18.11. (Bilinear Value Norm Principle) Let b be a symmetric bilinear form
over F and let K/F be a finite field extension. Then Ny p(D(br)) C (D(b)).

PROOF. As D(bg) = D(py,,) for any field extension E/F, this follows from the qua-
dratic version of the theorem. 0

19. Forms over a discrete valuation ring

We wish to look at similarity factors of bilinear and quadratic forms. To do so we
need a few facts about such forms over a discrete valuation ring (DVR) which we now
establish. These results are based on the work of Springer in [131] in the case of fields of
characteristic different from two.

Throughout this section, R will be a DVR with quotient field K, residue field K, and
prime element 7. If V is a free R-module of finite rank then the definition of a (symmetric)
bilinear form and quadratic form on V is analogous to the field case. In particular, we
can associate to every quadratic form its polar form b, : (v,w) — (v + w) — ¢(v) —
¢(w). Orthogonal complements are defined in the usual way. Orthogonal sums of bilinear
(respectively, quadratic) forms are defined as in the field case. We use analogous notation
as in the field case when clear. If F' — R is a ring homomorphism and ¢ is a quadratic
form over F', we let op = R ®p .

A bilinear form b on V' is non-degenerate if [ : V' — Hompg(V, R) defined by v + [, :
w — b(v,w) is an isomorphism. As in the field case, we have the crucial

ProproSITION 19.1. Let R be a DVR. Let V' be a free R-module of finite rank and
W a submodule of V. If ¢ is a quadratic form on V with by|w non-degenerate then

v =elw Loy

PROOF. As b,y is non-degenerate, W N W+ = {0} and if v € V there exists w' € W
such that the linear map W — F by w +— b, (v, w) is given by b,(v,w) = b,(w', w) for
all w € W. Consequently, v =w + (v — w') € W & W+ and the result follows. O

Hyperbolic quadratic forms and planes are also defined in an analogous way. We let
H denote the quadratic hyperbolic plane.

If Ris a DVR and V' a vector space over the quotient field K of R. A vector v € V' is
called primative if it is not divisible by a prime element 7, i.e., the image v of v in K ®r V'
is not zero.

Arguing as in Proposition [7.14, we have

LEMMA 19.2. Let R be a DVR. Let ¢ be a quadratic form on V whose polar form
is non-degenerate. Suppose that V' contains an isotropic vector v. Then there exists a
submodule W of V' containing v such that ¢|w ~ H.
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Proor. Dividing v by n" for an appropriate choice of n, we may assume that v is
primitive. It follows easily that V//Rv is torsion-free hence free. In particular, V' — V/Rv
splits, therefore, Rv is a direct summand of V. Let f : V — R be an R-linear map
satisfying f(v) = 1. Asl:V — Homg(V, R) is an isomorphism, there exists an element
w € V such that f =1, hence b,(v,w) =1. Let W = Rv® Rw. Then v, w — p(w)v is a
hyperbolic pair. O

By induction, we conclude:

COROLLARY 19.3. Suppose that R is a DVR. Let ¢ be a quadratic form on 'V over R
whose polar form is non-degenerate. Then ¢ = ¢|y, L |y, with Vi, Vy submodules of V
satisfying |y, is anisotropic and p|y, ~ mH for some m > 0.

Associated to a quadratic form ¢ on V over R are two forms: px on K @gV over K
and ¢ = oz on K ®r V over K.

LEMMA 19.4. Suppose that R be a complete DVR. Let ¢ be an anisotropic qua-
dratic form over R whose associated bilinear form b, is non-degenerate. Then ¢ is also
anisotropic.

PrOOF. Let {vy,...,v,} be a basis for V,, and ti,...,t, the respective coordinates.

0 _
If w eV, then a—f(w) = by,(v;, w). In particular, if w # 0 there exists an 4 such that

by (v;, w) # 0. It follows by Hensel’s lemma that ¢ would be isotropic if ¢ is. O

LEMMA 19.5. Let ¢ and ¢ be two quadratic forms over a DVR R such that ¢ and Y
are anisotropic over K. Then ¢ L ik is anisotropic over K.

PROOF. Suppose that ¢(u) + m(v) = 0 for some u € V,, and v € V,, with at least
one of v and v primitive. Reducing modulo 7, we have @¢(u) = 0. Since ¢ is anisotropic,
u = mw for some w. Therefore mo(w)+1(v) = 0 and reducing modulo 7 we get 1 (v) = 0.
Since 1 is also anisotropic, v is divisible by 7, a contradiction. 0

COROLLARY 19.6. Let ¢ and 1 be an anisotropic forms over F'. Then @y L thpy
1S anisotropic.

PROOF. In the lemma, let R = F[t];), a DVR, m = t a prime. As g = ¢ and ¢ = 1),
the result follows from the lemma. O

PROPOSITION 19.7. Let ¢ be a quadratic form over a complete DVR R such that
the associated bilinear form b, is non-degenerate. Suppose that px ~ mpr. Then ¢ is
hyperbolic.

PROOF. Write ¢ = 1 1L nH with 1 anisotropic. By Lemma 19.4, we have 1 is
anisotropic. The form

is hyperbolic and g L (—7mk) is anisotropic over K by Lemma [19.5. We must have
1 = 0 by uniqueness of the Witt decomposition over K, hence ¢ = nH is hyperbolic. It
follows that ¢ is hyperbolic. O
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PROPOSITION 19.8. Let ¢ be a non-degenerate quadratic form over F' of even dimen-
sion. Let f € F[T] and p € F[T] an irreducible polynomial factor of f of odd multiplicity.
If orery ~ ferm) then opy) ts hyperbolic.

PROOF. Let R denote the completion of the DVR F[T7, and let K be its quotient
field. The residue field of R coincides with F'(p). Modifying f by a square, we may assume
that f = up for some u € R*. As ¢pry ~ fopm), we have opry ~ upprr). Applying
Proposition 19.7 to the form @i and ™ = up yields @ = YF(p) is hyperbolic. O

We shall also need the following:

ProproOSITION 19.9. Let R be a DVR with quotient field K. Let ¢ and v be two
quadratic forms on'V and W over R respectively such that their respective residues forms
@ and 1 are anisotropic. If px ~ Vg then ¢ ~ 1 (over R).

PRrOOF. Let f : Vkx — Wk be an isometry between ¢x and k. It suffices to prove
that f(V) € W and f~'(W) C V. Suppose that there exists a v € V such that f(v)
is not in W. Then f(v) = w/x* for some primitive w € W and k > 0. Since f is an
isometry, we have 1(w) = 72*p(v), i.e., ¥ (w) is divisible by 7, hence w is an isotropic
vector of 1, a contradiction. Analogously, f~(W) C V. O

19.A. Residue homomorphisms. If R is a DVR then for each x € K* we can
write x = un™ for some u € R* and n € Z.

LEMMA 19.10. Let R be a DVR with quotient field K and residue field K. Let 7 be a
prime element in R. There exist group homomorphisms

9:W(K)— W(K) and 0y: W(K)— W(K)

satisfying
o ((ur")) = {(H> n is even and 0y ((ur™)) = {(ﬁ) n is odd

0 n 15 odd 0 n s even
forue R* andn € Z.
PRroOOF. It suffices to prove the existence of 0 as we can take 0, = 0 o A\, where A\, is
the group homomorphism A, : W(K) — W(K) given by b — 7b.
By Theorem 4.8, it suffices to check the generating relations of the Witt ring are
respected. As (1) + (—1) = 0 in W(K), it suffices to show if a,b € R with a+b # 0 then

(19.11) d((a)) + 0((b)) = ({a+b)) + d({ab(a + b))
in W(K).
Let
a=ayr", b=bym™ a+b=r7lcy with ag,by,co€ R
and m,n,l € 7 satisfying min{m,n} < [. We may assume that n < m.
Suppose that n < m. Then

b b
a+b=n"a(1+7""=2) and ab(a+b) = 7>+ "bal (1l + —a"").
@o Qo
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In particular, 9((a)) = 9((a + b)) and O((b)) = O({ab(a + b))) as needed.
Suppose that n = m.
If n = [ then ag + by € R* and the result follows by the Witt relation in W (K).

So suppose that n < I. Then ag = —by so the left hand side of (19.11)) is zero. If [ is
odd then d({a + b)) = 0 = d({ab(a + b))) as needed. So we may assume that [ is even.
Then (a + b) ~ (co) and (ab(a + b)) ~ (apboco) over K. Hence the right hand side of
(19.11)) is (o) + (@oboco) = (Co) + (=) = 0 in W(K) also. O

The map 0 : W(K) — W(K) in the lemma does not dependent on the choice on the
prime element 7. Tt is called the first residue homomorphism with respect to R. The map

Op : W(K) — W(K) does depend on . It is called the second residue homomorphism
with respect to R and .

REMARK 19.12. Let R be a DVR with quotient field K and residue field K. Let 7 be
a prime element in R. If b is a non-degenerate diagonalizable bilinear form over K, we
can write b as
b~ (up, ... up) L (v, ..., Um)
for some u;,v; € R*. Then 9(b) = (iy,...,U,) in W(K) and 9,(b) = (vy,...,0,,) in
W(K).

EXAMPLE 19.13. Let R be a DVR with quotient field K and residue field K. Let 7
be a prime element in R. Let b = ((ay,...,a,)), an anisotropic n-fold Pfister form over
K. Then we may assume that a; = 7/iu; with j; = 0 or 1 and u; € R* for all i. By
Corollary 6.13, we may assume that a; € R* for all i > 1. As b = —ay((ag,...,a,)) L
({(ag,...,an)), if a; € R* then 0(b) = ((ay,...,a,)) and J,(b) = 0, and if a; = 7wu; then
d(b) = ((ag,...,a,)) and 0,(b) = —uy ((Gg, ..., an)).

As n-fold Pfister forms generate I™(F'), we have, by the example, the following:

LEMMA 19.14. Let R be a DVR with quotient field K and residue field K. Let @ be a
prime element in R. Then for every n > 1:
(1) O(I(K)) C I"H(K).
(2) 0-(I"(K)) c I""Y(K).

EXERCISE 19.15. Suppose that R is a complete DVR with quotient field K and residue
field K. If char K # 2 then the residue homomorphisms induce split exact sequences of
groups:

0—W(K)—- W(K)—W(K)—0

and B B
0— I"(K) — I"(K) — I""*(K) — 0.

20. Similarities of forms
Let ¢ be an anisotropic quadratic form over F. Let p € F[T| := F|[ty,...,t,] be
irreducible and F(p) the quotient field of F[T]/(p). In this section, we determine what it

means for pp(,) to be hyperbolic. We also establish the analogous result for anisotropic
bilinear forms over F'. We saw that a form to becoming isotropic over F'(p) was related to
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the values it represented over the polynomial ring F[T]. We shall see that hyperbolicity
is related to the similarity factors of the form over F[T]. We shall also deduce norm
principles for similarity factors of a form over F' first established by Scharlau in [123]
and Knebusch in [82]. To establish these results, we introduce the transfer of forms from
a finite extension of F' to F, an idea introduced by Scharlau (cf. [123]) for quadratic
forms over fields of characteristic different from two and Baeza (cf. [17]) in arbitrary
characteristic.

20.A. Transfer of bilinear and quadratic forms. Let K/F be a finite field ex-
tension and s : K — F' an F-linear functional. If b is a symmetric bilinear form on V'
over K define the transfer s.(b) of b induced by s to be the symmetric bilinear form on
V over F' given by

s:(b)(v,w) = s(b(v,w)) forall v,we V.
If ¢ is a quadratic form on V over K define the transfer s.(¢) of ¢ induced by s to be the
quadratic form on V over F' given by s,(¢)(v) = s(¢(v)) for all v € V with polar form

5,.(by,).
Note that dim s.(b) = [K : F]dim b.

LEMMA 20.1. Let K/F be a finite field extension and s : K — F an F-linear func-
tional. The transfer s, factors through orthogonal sums and preserves isometries.

PROOF. Let v,w € V4. If b(v,w) = 0 then s,(b)(v,w) = s(b(v,w)) = 0. Thus
$.(b L ¢) = s5.(b) L su(c). If 0: b — b’ is an isometry then

() (00 o)) = 5(B((0), () = s(b(v,w)) = s.(6) v, ),
50 0 : 8.(b) — s.(b’) is also an isometry. O
PRrOPOSITION 20.2. (Frobenius Reciprocity) Suppose that K/F is a finite extension
of fields and s : K — F an F-linear functional. Let b and ¢ be symmetric bilinear forms

over F and K respectively and ¢ and 1 quadratic forms over F' and K respectively. Then
there exist canonical isometries:

(20.3a) Se(br @K ¢) = b ®p s.(c).
(20.3c) S.(¢ QK i) = 84(¢) F .

In particular,

S*(bK) ~Db SF 8*(<1>b)

PROOF. (a): The canonical F-linear map V4, @k Vi — V,®pV, given by (a®@v)@w
v ® aw is an isometry. Indeed

s(bx ® ¢)((a®@v) ®w, (' ®V) @w') = s(aa'b(v,v)c(w,w'))
= b(v,v")s(c(aw, d'w')) = (b @ s¢)(v ® aw, v’ ® d'w).
The last statement follows from the first by setting ¢ = (1).
(b) and (c) are proved in a similar fashion. O
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LEMMA 20.4. Let K/F be a finite field extension and s : K — F a nonzero F-linear
functional.

(1) If b is a non-degenerate symmetric bilinear form on V over K then s.(b) is
non-degenerate on V over F.

(2) If ¢ is an even dimensional non-degenerate quadratic form on V over K then
s«(p) is non-degenerate on V' over F.

PROOF. Suppose that 0 £ v € V. As b is non-degenerate, there exists a w € V' such
that 1 = b(v,w). As s is not zero, there exists a ¢ € K such that 0 # s(c¢) = s.(b)(v, cw).
This shows (1). Statement (2) follows from (1) and Remark [7.22(1). O

COROLLARY 20.5. Let K/F be a finite extension of fields and s : K — F a nonzero
F-linear functional.

(1) If ¢ is a bilinear hyperbolic form over K then s.(c) is a hyperbolic form over F.
(2) If ¢ is a quadratic hyperbolic form over K then s.(p) is a hyperbolic form over
F.

PROOF. (1): As s, respects orthogonality, we may assume that ¢ = H;. By Frobenius

Reciprocity,
S*([H1> ~ S*(([Hl)K) ~ <[H1)F &® S*(<].>)

As s,((1)) is non-degenerate by Lemma 20.4, we have s,(H;) is hyperbolic by Lemma 2.1
(2): This follows in the same way as (1) using Lemma 8.16. O

DEFINITION 20.6. Let K/F be a finite field extension and s : K — F a nonzero
F-linear functional. By Lemmas 20.4/ and 20.5, the functional s induces group homomor-
phisms

s, W(K) = W(F), s,:W(K)— W(F), and s, : I,(K)— I(F)

called transfer maps. Let b and ¢ be non-degenerate symmetric bilinear form over F' and
K respectively and ¢ and i non-degenerate quadratic forms over F' and K respectively.
By Frobenius Reciprocity, we have

Sk (TK/F<[J) . C) =b- S*(C)
in /I/I?(F) and W(F), ie., s, : /W(K) — W(F) is a W(F)—module homomorphism and
s, + W(K) — W(F) is a W(F)-module homomorphism where we view W(K) as a
W (F)-module via 7 p. Furthermore,
S*(TK/F([)) w) = bS*<'¢) and 5*(C'TK/F(SO)> :5*(C)'§0
in I,(F). Note that s,(I(K)) C I(F).

COROLLARY 20.7. Let K/F be a finite field extension and s : K — F a nonzero
F-linear functional. Then the compositions

saryp i W(F) = W(F),  sarie: W(F) = W(F), and s,rip: L,(F) — I,(F)

are given by multiplication by s.((1)s), i.e., b+ b-s,((1)s) for a non-degenerate sym-
metric bilinear form b and ¢ — s*(<1>b) - for a non-degenerate quadratic form .
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COROLLARY 20.8. Let K/F be a field extension and s : K — F a nonzero F-linear

functional. Then im(s,) is an ideal in W(F) (respectively, W (F)) and is independent of
s.

PROOF. By Frobenius Reciprocity, im(s,) is an ideal. Suppose that s; : K — F is
another nonzero F-linear functional. Let K — Homp (K, F') be the F-isomorphism given
by a — (z — s(ax)). Hence there exists a unique a € K* such that s;(z) = s(az) for all

x € K. Consequently, (s1).(b) = s.(ab) for all non-degenerate symmetric bilinear forms
b over K. U

Let K = F'(z)/F be an extension of degree n and a = Ng/p(x) € F* the norm of z.
Let
s : K — F be the F-linear functional defined by

20.9 ,
(20.9) s(l)=1and s(z') =0foralli=1,...,n—1.

Then s(z") = (—1)"a.

LEMMA 20.10. The transfer induced by the F-linear functional s in (20.9) satisfies
5. (1)) = { (1) if n is odd

(1,—a)y, if n is even.

PROOF. Let b = s,((1)). Let V C K be the F-subspace spanned by z’ with i =
1,...,n, a non-degenerate subspace. Then V+ = F consequently K = F @ V.

First suppose that n = 2m+1 is odd. The subspace of W spanned by 2%, i = 1,...,m,
is a lagrangian of b|y, hence by is metabolic and b = by, = (1) in W(F).

Next suppose that n = 2m is even. We have

i 0 ifi+j<n
(2 J) —
b(x,x)—{_a ifi+7=n.

It follows that detb = (—1)™aF*? and the subspace W' C W spanned by all z' with
i #m and 1 < i < n is non-degenerate. In particular, K = W’ & (W’) by Proposition
1.7. By dimension count dim(W’)+ = 2. As the subspace of W’ spanned by z¢, i =
1,...,m—1, is a lagrangian of b|y, we have b|y is metabolic. Computing determinants,
yields b|y 1 >~ (1, —a), hence in W (F), we have b = b|yn1 = (1, —a). O

COROLLARY 20.11. Suppose that K = F(x) is a finite extension of even degree over
F. Then ker(rgr) C anny g (((Nk/r(2)))).

PROOF. Let s be the F-linear functional in (20.9). By Corollary 20.7 and Lemma
20.10, we have

ker(rK/p :W(F) — W(K)) C anny (p) (s*((1>)) = annW(F)((<NK/F(x))>). O

COROLLARY 20.12. Let K/F be a finite field extension of odd degree. Then the map
rr/p 2 W(F) — W(K) is injective.
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Proor. If K = F(z) and s is as in (20.9) then by Corollary 20.7 and Lemma [20.10),
we have

ker(rg r: W(F) — W(K)) C annyp)(s.((1))) = annp ((1)) = 0.
The general case follows by induction of the odd integer [K : F. O
Note that this corollary provides a more elementary proof of Corollary 18.6.

LEMMA 20.13. The transfer induced by the F-linear functional s in (20.9) satisfies
f n is odd
s.((eh) = { (a)p ifniso

0 ifn is even.

PROOF. Let b = s.((z)). First suppose that n = 2m + 1 is odd. Then

o(a' /) = {

It follows that det b = (—1)™aF*? and the subspace W C K spanned by all z* with i # m
and 1 < i < n is non-degenerate. In particular, K = W ® W+ by Proposition 1.7 and W+
is 1-dimensional by dimension count. Computing determinants, we see that b|y. ~ (a).
As the subspace of W spanned by x*, i = 0,...,m — 1, is a lagrangian of b|y,, the form
b|w is metabolic. Consequently, b = b|y,1. = (a) in W(F).

0 ifitj<n-—1
a ifi+j=n—1

Next suppose that n = 2m is even. The subspace of K spanned by ¢, i =0,...,m—1,
is a lagrangian of b so b is metabolic and b = 0 in W (F). O

COROLLARY 20.14. Let s, be the transfer induced by the F-linear functional s in
(20.9). Then s.({(z))) = ({a)) in W(F).

20.B. Similarity theorems. As a consequence, we get the norm principle first es-
tablished by Scharlau in [123].

THEOREM 20.15. (Similarity Norm Principle) Let K/F be a finite field extension and
v a non-degenerate even dimensional quadratic form over F. Then

Ng/r (G(SOK)) C G(p).
PROOF. Let x € G(¢k). Suppose first that K = F(z). Let s be as in (20.9). As
((z)) - px = 0in I,(K), applying the transfer s, : [,(K) — I,(F) yields
0=s.({(x) - ¢x) = 5.({(2) - ¢ = (Ngyr(2))) -

in I,(F) by Frobenius Reciprocity 20.2/ and Corollary 20.14. Hence Nk, p(x) € G(p) by
Remark 8.17.

In the general case, set k = [K : F(x)]. If k is even we have
Ni/r(2) = Neg)e(2)* € Gp)

since F*? C G(p). If k is odd, the homomorphism I,(F(z)) — I,(K) is injective by
Remark [18.6, hence ((x)) - ¢r) = 0. By the first part of the proof, Npyr(z) € G(p).
Therefore, N p(x) € Ny p(x)F** C G(p). O
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We turn to similarities of forms over polynomial rings. As with values, Knebusch
proved analogous results for similarities in [82].

LEMMA 20.16. Let ¢ be a non-degenerate quadratic form of even dimension and p €
F[t] a monic irreducible polynomial (in one variable). If @py) is hyperbolic then p €

G(erw)-

PROOF. Let x be the image of t in K = F(p) = F[t]/(p). We have p is the norm of
t —  in the extension K (t)/F(t). Since @k is hyperbolic, t — 2 € G(¢vk()). Applying
the Norm Principle 20.15 to the form ¢py) and the field extension K(t)/F(t) yields

p € G(prq))- O
THEOREM 20.17. (Quadratic Similarity Theorem) Let ¢ be a non-degenerate quadratic
form of even dimension and f € F[T] = Fl[t1,...,t,] a nonzero polynomial. Then the

following conditions are equivalent:
(1) f*f € Glorm)-
(2) There exists an a € F* such that af € G(prr)).
(3) For any irreducible divisor p of f to an odd power, the form g, is hyperbolic.

PROOF. (1) = (2) is trivial.
(2) = (3) follows from Proposition 19.8.

(3) = (1): We proceed by induction on the number n of variables. We may assume that f
is irreducible and deg, f > 0. In particular, f is an irreducible polynomial in ¢; over the
field B = F(T") = F(ta,...,tn). Let g € F[T’] be the leading term of f. In particular,
g* = f*. As the polynomial f’ = fg~! in E[t;] is monic irreducible and E(f’) = F(f),
the form ¢p(sy is hyperbolic. Applying Lemma 20.16 to ¢z and the polynomial f’, we
have fg=f'-¢g* € G(erm))-

Let p € F[T’'] be an irreducible divisor of ¢ to an odd power. Since p does not divide f,
by the first part of the proof applied to the polynomial fg, the form g, ) is hyperbolic.
Since the homomorphism I, (F(p)) — 1, (F(p) (tl)) is injective by Remark [8.18, we have
©r(p) is hyperbolic. Applying the induction hypothesis to g yields g*g € G(¢r@v)).

Therefore, f*f =g*f =g*g- fg-g 2 € G(orT))- =

THEOREM 20.18. (Bilinear Similarity Norm Principle) Let K/F be a finite field ex-
tenston and b an anisotropic symmetric bilinear form over F' of positive dimension. Then

Nk (G((bx)an)) C G(0).

PROOF. Let € G((bk)an). Suppose first that K = F(x). Let s be as in (20.9). Let
br = (bx)an L ¢ with ¢ a metabolic form over K. Then z¢ is metabolic so

bK = (bK)an = x<bK>an = a:((bK)an + C) = be
in W(K). Consequently, ((x))-bx = 0in I(K). Applying the transfer s, : W(K) — W (F)

yields

0=s.({(z))  bx) = s.({{x))) - b = ((Ni/p(2))) - b
by Frobenius Reciprocity 20.2/ and Corollary 20.14. Hence Ng,/p(x)b = b in
both sides anisotropic. It follows from Proposition 2.4 that Nk r(x) € G(b).
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In the general case, set k = [K : F(x)]. If k is even we have
NK/F(QS) = Np(x)/F(l')k < G(b)

since F*? C G(b). If k is odd, the homomorphism W (F(z)) — W(K) is injective
by Corollary 18.6, hence ((z)) - (bp())en = 0 in W(F(z)). Thus z € G((bp@))an)
by Proposition 2.4. By the first part of the proof, Ng«y/r(z) € G(b). Consequently,

LEMMA 20.19. Let b be a non-degenerate anisotropic symmetric bilinear form and
p € F[t] a monic irreducible polynomial (in one variable). If bpy) is metabolic then

p € G(bpy).

PROOF. Let z be the image of ¢t in K = F(p) = FJt]/(p). We have p is the norm
of t — 2 in the extension K(t)/F(t). Since b is metabolic, (bx())an = 0. Thus
r—tedG ((b K(t))an). Applying the Norm Principle 20.18 to the anisotropic form bp
and the field extension K (t)/F(t) yields p € G(bp)). O

THEOREM 20.20. (Bilinear Similarity Theorem) Let b be an anisotropic bilinear form
of even dimension and f € F[T| = F|[ty,...,t,] a nonzero polynomial. Then the following
conditions are equivalent:

(1) f°f € G(brer)).
(2) There exists an a € F* such that af € G(bpr)).
(3) For any irreducible divisor p of f to an odd power, the form bp(,) is metabolic.

PROOF. Let ¢ = ¢y be of dimension m.
(1) = (2) is trivial.
(2) = (3): Let p be an irreducible factor of f to an odd degree. As F(T) is the quotient
field of the localization F[T'], and F[T]y) is a DVR, we have a group homomorphism
d:W(F(T)) — W(F(p)) given by Lemma [19.10. Since p is a divisor to an odd power
of f,

brp) = 9(br(r) = d(afbrm) =0

in W(F(p)). Thus bp(,) is metabolic.
(3) = (1): The proof is analogous to the proof of (3) = (1) in the Quadratic Similarity
Theorem 20.17 with Lemma 20.19 replacing Lemma 20.16 and hyperbolicity replaced by
metabolicity. O

COROLLARY 20.21. Let ¢ be an quadratic form (respectively, b an anisotropic bilinear
form) on V' over F' and f € F[T] with T = (t,...,t,). Suppose that f € G(ppmr))
(respectively, f € G(bp(r))). If f(a) is defined and nonzero with a € F™ then f(a) €
Glyp).

PROOF. We may assume that ¢ is anisotropic as G(¢) = G(¢an). (Cf. Remark 8.9.)
By induction, we may assume that f is a polynomial in one variable t. Let R = F|[t];_q), a
DVR. As f(a) # 0, we have f € R*. Over F(t), we have ¢pu) ~ fope hence gr ~ fog
by Proposition 19.9. Since F' is the residue class field of R, upon taking the residue forms,
we see that ¢ = f(a)p as needed.
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As in the quadratic case, we reduce to f being a polynomial in one variable. We then
have br) >~ fbpy) Taking 0 of this equation relative to the DVR R = F[t];—_q) yields
b= fb= f(a)bin W(F) as f € R*. The result follows by Proposition 2.4. O

COROLLARY 20.22. Let ¢ be an quadratic form (respectively, b an anisotropic bilinear
form) on'V over F and g € F[T]. Suppose that g € G(ppry) (respectively, g € G(bpr)).
Then g* € G(p) (respectively, g* € G(b)).

PrROOF. We may assume that ¢ is anisotropic as G(¢) = G(¢a,). (Cf. Remark 8.9.)
By induction on the number of variables, we may assume that g € F[t]. By Lemma [18.1
and Lemma 9.2, we must have deg g = 2r is even. Let h(t) = t*"¢g(1/t) € G(¢r@)). Then
g* = h(0) € G(¢) by Corollary 20.21. An analogous proof shows the result for symmetric
bilinear forms (using also Lemma [9.3] to see that deg g is even). U

21. An exact sequence for W (F(t))

Let AL be the one dimensional affine line over F. Let x € AL be a closed point and
F(z) be the residue field of . Then there exists a unique monic irreducible polynomial
fz € Ft] of degree d = degx such that F(z) = F[t]/(f.). By Lemma [19.10, we have
the first and second residue homomorphisms with respect to the DVR OA% » and prime
element f,:

xz

W(F(t) 2 W(F(x) and W(F({) 25 W(F(z)).
Denote 9y, by 0,. If g € F[t] then 0,((g)) = 0 unless f, | g in F[t]. It follows if b is a
non-degenerate bilinear form over F(t) that 9,(b) = 0 for almost all z € AL.

We have

THEOREM 21.1. The sequence

0 — W(F) =5 w(F@) 2 ] w(F@) —o

mGA%
is split exact where @ = (0).

PROOF. As anisotropic bilinear forms remain anisotropic under a purely transcenden-
tal extension, rp(;)/r is monic. It is split by the first residue homomorphism with respect
to any rational point in Al.

Let F[tly :== {g | g € Ft], degg < d} and Ly C W(F(t)) the subring generated
by (g) with g € F[t]s. Then Ly C Ly C Ly C --- and W (F(t)) = UgLy. Note that
im(rpwy,r) = Lo. Let Sy be the multiplicative monoid in F[t] generated by F[t]; \ {0}.
As a group Ly is generated by one-dimensional forms of the type

(21.2) (fr " fmg)
with distinct monic irreducible polynomials fi, ..., f,, € F[t] of degree d and g € Sy_;.
Claim: The additive group Lg/Lq_1 is generated by (fg) + Ly_1 with f € F[t] monic

irreducible of degree d and g € S;_1. Moreover, if h € F[t];_, satisfies ¢ = h mod (f)
then (fg) ~ (fh) mod Ly ;.
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We first must show that a generator of the form in (21.2) is a sum of the desired forms
mod Lg_;. By induction on m, we need only do the case m = 2. Let fi, fo be distinct
irreducible monic polynomials of degree d and g € S3_1. Let h = f; — fy so degh < d.
We have

(f) = (h) + (f2) = {frfoh)
in W(F(t)) by the Witt relation (4.2). Multiplying this equation by (f>g) and deleting
squares, yields

(fif2g) = (fagh) + (9) — (frgh) = (fagh) — (figh) mod L4,

as needed.

Now suppose that g = g1go with g1, g2 € F[t]g_1. As f fg by the Division Algorithm,
there exist polynomials ¢, h € F[t] with h # 0 and degh < d satisfying g = fq+ h. Tt
follows that deg ¢ < d. By the Witt relation (4.2), we have

{9) = (fq) + (h) — (fqhg)
in Ly hence multiplying by (f), we have
(fg) = (@) + (fh) — {qhg) = (fh) mod Lq_1.
The Claim now follows by induction on the number of factors for a general g € Sy_1.
Let x € A} be of degree d and f = f,. Define
a, i W(F(x)) = La/Lay by {g+(f)) = (9) + Lay for g€ Fltlas.

We show this map is well-defined. If h € F[t];_; satisfies gh? = [ mod (f), with [ €
Flt]q—1 then (fg) = (fgh?®) = (fl) mod Ly4_; by the Claim, so the map is well-defined on
1-dimensional forms. If g, go € F[t]q_1 satisfy g1 +¢2 # 0 and h = (g1 +¢2)g192 mod (f)
then

(fg1) +(f92) = (f(g1 + 92)) + (fgr92(91 + 92)) = (f (91 + g2)) + (fh) mod L4,

by the Claim. As (f)+(—f) = 0in W (F(¢)), it follows that «, is well-defined by Theorem
4.8.

Let 2’ € AL with degz’ = d. Then the composition

- By
W (F(z)) =% Lq/Lg—1 = W (F(2"))
is the identity if = 2’ otherwise it is the zero map. It follows that the map
[T W(F@) 2 Ly/La
degx=d

is split by (0;)dega=d- As () is surjective by the Claim, it is an isomorphism with inverse
(Ox)degz—=d- By induction on d, we check that

(ax)degzgd : Ld/LO E— H W(F(LE))

is an isomorphism. As Ly = W(F), passing to the limit yields the result. O
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COROLLARY 21.3. The sequence

0 — I"(F) =5 1 (F(8) 2 T 1" (Fx) — 0

xeA%
is split exact for each n > 1.

PrROOF. We show by induction on d = degz that I"7'(F(z)) lies in im(9). Let
g2y, 9n € F[t] be of degree < d. We need to prove that b = ((go,...,Jn)) lies in
im(8) where g; is the image of g; in F(z). By Example [19.13, we have 0,(c) = b where
¢ = ((—fes 92, -+, gn)). Moreover, c—b € [[ g, g -t (F(x)) and therefore c—b € im(9)
by induction.

To finish, it suffices to show exactness at I™(F(t)). Let b € ker(9). By Theorem 21.1,
there exists ¢ € W (F) satisfying rp),r(c) = b. We show ¢ € I"(F). Let x € Ap be a fixed
rational point and f = ¢ — t(z). Define p : W(F(t)) — W(F) by p(d) = 9.({(—f)) - 0).
By Lemma [19.14, we have p(I"(F(t)) C I"(F) as F(z) = F. By Example 19.13, the
composition p o g, p is the identity. It follows that ¢ = p(b) € I"(F) as needed. O

The above was proven by Milnor in [108] for fields of characteristic not two. We wish
to modify the sequence in Theorem 21.1 to the projective line P. If z € AL is of degree
n, let s, : F(x) — F be the F-linear functional

sz (" Hx)) =1 and s, (t'(z)) =0 for i <n—1.

The infinite point co corresponds to the 1/t-adic valuation. It has residue field F. The
corresponding second residue homomorphism 0s, : W (F(t)) — W(F) is taken with re-
spect to the prime 1/t. So if 0 # h € F[t] is of degree n and has leading coefficient
a, we have 9 ((h)) = (a) if n is odd and 9 ((h)) = 0 otherwise. Define (s ). to be
—Id : W(F) — W(F). The following theorem was first proved by Scharlau in [124] for
fields of characteristic not two.

THEOREM 21.4. The sequence

TF(t)/F
_

0— W(F) W(F®) 2% [ W(F@) = W(F) -0

zePl,
is ezact with @ = (0,) and s, = ((s4)+).
PROOF. The map (S )« is —Id. Hence by Theorem 21.1} it suffices to show s, o 8 is

the zero map.

As 1-dimensional bilinear forms generate W(F (t)), it suffices to check the result on
one-dimensional forms. Let (af;--- f,) be a one-dimensional form with f; € F[t] monic
of degree d; and a € F* for i = 1,...,n. Let x; € AL satisfy f; = f,, and s; = s,, for
1 <17 < n. We must show that

Z (82)s0 8:c(<af1 T fn>) = —(S00)s © 800(<af1 T fn>)

Xenk,

in W(F). Multiplying through by (a), we may also assume that a = 1.
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Set A = F[t]/(fi--- fu) and d = dim A. Then d = ) d;. Let —: F[t] — A be the
canonical epimorphism and set ¢; = (f1--- f.)/fi. We have an F-vector space homomor-
phism

a: HF(%) — A givenby  (hi(z;),... ha(z)) — Zﬁiq_,; for all h € Ft].
i=1
We show that « is an isomorphism. As both spaces have the same dimension, it suffices to

show « is monic. As the g; are relatively prime in F[t], we have an equation ) | ¢;¢; =1
with all g; € F[t]. Then the map

A— H F(x;) given by h — (h<1’1)9($1)7 cee h(xn)gn(xn))
splits a hence « is monic as needed. Set A; = a(F(xZ)) for1 <i<n.
Let s : A — F be the F-linear functional defined by s(t%7') = 1 and s(#') = 0 for

0 <i < d— 1. Define b to be the bilinear form on A over F given by b(f,h) = s(fh) for
f,h € Ft]. If i # j, we have
b(a(f(:)), a(h(z;))) = b(fG, hi;) = s(fhaq;) = s(0) = 0
for all f,h € F[t]. Consequently, b|4, is orthogonal to b4, if 7 # j.
Claim: bla, = (5;)+ (97, ((f1--- fa))) fori=1,....n.
Let g, h € F[t]. Write
Gigh=co+ - +ca1t" "+ fip
for some ¢; € F and p € F[t].
By definition, we have

(50)« (05, ((fr- - fu)) (9(2), M) = si(qils)g (i) h(x:)) = ca,—1-
As deg ¢; = d — d;, we have deg ¢;t%~! = d — 1. Thus
bla, (alg(x:), a(h(x:))) = b(gd, his) = s(@gh) = ca, 1.
and the claim is established.

As 0¢(f1--- fn) = 0 for all irreducible monic polynomials f # f;, i = 1,...n, in F[t],
we have, by the Claim,

n

b= () (D, ((fre-fu))) = D (8)u(Ou((f1 -+ fu)))

i=1 TEAL
in W(F).

Suppose that d = 2e is even. The form b is then metabolic as it has a totally isotropic
subspace of dimension e spanned by 1,%,...,t7!. We also have (84 )« 0 05 (b) = 0 in this
case.

Suppose that d = 2e + 1. Then b has a totally isotropic subspace spanned by
1,t,...,t 1 s0 b ~ (a) L ¢ with ¢ metabolic by the Witt Decomposition Theorem [1.28.
Computing det b on the basis {1,%,...,t% 1}, we see that (a) = (1). AS (So0)s 0 Oso(b) =
—(1), the result follows. O
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COROLLARY 21.5. Let K be a finite simple extension of F' and s : K — F a non-trivial
F-linear functional. Then s, (I”(K)) C I"(F) for alln > 0. Moreover, the induced map
I"(K)/I""Y(K) — I"(F)/I"Y(F) is independent of the non-trivial F-linear functional s
for all n > 0.

PROOF. Let z lie in AL, with K = F(z). Let b € I"(K). By Lemma 21.3| there exists
¢ € " (F(t)) such that d,(c) = 0 for all y € A}, unless y = x in which case d,(c) = b.
It follows by Theorem 21.4/ that

0= (5): 09y(c) = (:)(b) = Duc(c)-

By Lemma 19.14, we have 0, (c) € I"(F), so (s;)«(b) € I"(F). Suppose that s : K — F
is another non-trivial F-linear functional. As in the proof of Corollary 20.8, there exists
a ¢ € K* such that (s).(c) = (sz)«(cc) for all symmetric bilinear forms ¢. In particular,

(8)4(b) = (84)«(cb) lies in I"(F). As {{(c)) - b € I""}(K), we also have
5+(6) = (52)+(b) = (s2)+({{c)) - b)
lies in I"*(F). The result follows. O

The transfer induced by distinct non-trivial F-linear functionals K — F' are not in
general equal on I"(F).

EXERCISE 21.6. Show that Corollary 21.5 holds for arbitrary finite extensions K/F.
COROLLARY 21.7. The sequence
0 — I"(F) =5 m(F() & [ 1" (Fla) = 1Y(F) — 0
xGP%

15 exact.






CHAPTER 1V

Function Fields of Quadrics

22. Quadrics

A quadratic form ¢ over F' defines a projective quadric X, over F'. The quadric X, is
smooth if and only if ¢ is non-degenerate (cf. Proposition 22.1). The quadric X, encodes
information about isotropy properties of ¢, namely the form ¢ is isotropic over a field
extension E/F if and only if X, has a point over E. In the third part of the book, we
will use algebraic-geometric methods to study isotropy properties of ¢.

If b is a symmetric bilinear form, the quadric X, reflects isotropy properties of b (and
of pp as well). If the characteristic of F' is two, only totally singular quadratic forms arise
from symmetric bilinear forms. In particular, quadrics arising from bilinear forms are not
smooth. Therefore, algebraic-geometric methods have wider application in the theory of
quadratic forms than in the theory of bilinear forms.

In the previous sections, we looked at quadratic forms over field extensions determined
by irreducible polynomials. In particular, we were interested in when a quadratic form be-
comes isotropic over such a field. Viewing a quadratic form as a homogeneous polynomial
of degree two, results from these sections apply.

Let ¢ and v be two anisotropic quadratic forms. In this section, we begin our study
of when ¢ becomes isotropic or hyperbolic over the function field F'(Xy) of the integral
quadric X. It is natural at this point to introduce the geometric language that we shall
use, i.e., to associate to a quadratic form a projective quadric.

Let ¢ be a quadratic form on V. Viewing ¢ € S?(V*), we define the projective quadric
associated to o to be the closed subscheme

X, = Proj (S*(V")/(¥))

of the projective space P(V') = Proj S*(V*) where S*(V*) is the symmetric algebra of V*.
The scheme X, is equidimensional of dimension dim V' — 2 if ¢ # 0 and dimV' > 2. We
define the Witt index of X, by io(X,) :=io(p). By construction, for any field extension
L/F, the set of L-points X, (L) coincides with the set of isotropic lines in V},. Therefore,
X,(L) =0 if and only if ¢, is anisotropic.

For any field extension K/F we have X,, = (X,)k.

Let ¢ be a subform of ¢. The inclusion of vector spaces V;, C V gives rise to a
surjective graded ring homomorphism

5*(VH)/(p) = ST (V) /(¢)
which in its turn leads to a closed embedding X, — X,. We shall always identify X
with a closed subscheme of X,,.

91
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PROPOSITION 22.1. Let ¢ be a nonzero quadratic form of dimension at least 2. Then
the quadric X, is smooth if and only if ¢ is non-degenerate.

ProoFr. By Lemma 7.17, we may assume that F' is algebraically closed. We claim
that P(rad ¢) is the singular locus of X,,. Let 0 # u € V be an isotropic vector. Then the
isotropic line U = Fu C V can be viewed as a rational point of X,. As p(u+¢cv) =0 if
and only if u is orthogonal to v (where €2 = 0), the tangent space Txr is the subspace
Hom(U,U~/U) of the tangent space Tp)y = Hom(U,V/U) (cf. Example 104.20). In
particular, the point U is regular on X if and only if dim 7Ty y = dim X = dimV — 2 if
and only if U+ # V, i.e., U is not contained in rad p. Thus X,, is smooth if and only if
rad ¢ = 0, i.e., ¢ is non-degenerate. 0

We say that the quadratic form ¢ on V' is irreducible if ¢ is irreducible in the ring
S*(V*). If ¢ is nonzero and not irreducible, then ¢ = [ - " for some nonzero linear forms
[,I' € V*. Then rad ¢ = ker(l) Nker(!") has codimension at most 2 in V. Therefore, the
induced form ¢ on V/rad g is either one-dimensional or a hyperbolic plane. It follows
that a regular quadratic form ¢ is irreducible if and only if dim ¢ > 3 or dim ¢ = 2 and
© is anisotropic.

If ¢ is irreducible, X, is an integral scheme. The function field F/(X,) is called the
function field of ¢ and will be denoted by F'(¢). By definition, F'(p) is the subfield of
degree 0 elements in the quotient field of the domain S*(V*)/(y). Note that the quotient
field of S*(V*)/(¢p) is a purely transcendental extension of F'(¢) of degree 1. Clearly ¢ is
isotropic over the quotient field of S*(V*)/(y) and therefore is isotropic over F(y).

EXAMPLE 22.2. Let ¢ be an anisotropic binary quadratic form. As ¢ is isotropic over
F(0), it follows from Corollary 12.3 that F(c) ~ Cy(0).

If K/F is a field extension such that ¢ is still irreducible, we simply write K (¢) for
K(¢K).

EXAMPLE 22.3. Let ¢ and % be irreducible quadratic forms. Then F (X, x X,) ~
F(e) () = F(¢)(#).

Let ¢ and ¢ be two irreducible regular quadratic forms. We shall be interested in when
©r () is hyperbolic or isotropic. A consequence of the Quadratic Similarity Theorem 20.17
1s:

PROPOSITION 22.4. Let ¢ be a non-degenerate quadratic form of even dimension and

Y be an irreducible quadratic form of dimension n over F. Suppose that T = (ty,...,t,)
and b € D(v). Then @pey is hyperbolic if and only if

b- w(T>90F(T) = OF(T)-

PROOF. By the Quadratic Similarity Theorem 20.17, we have ¢p(y is hyperbolic if
and only if v*)(T)ppry ~ @rr). Let b € D(vp). Choosing a basis for V' with first vector
v satisfying ¢(v) = b, we have p* = b. O

THEOREM 22.5. ( Subform Theorem) Let ¢ be a nonzero anisotropic quadratic form
and 1 be an irreducible anisotropic quadratic form such that the form @py) is hyperbolic.
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Let a € D(p) and b € D(¢). Then aby is isometric to a subform of ¢ and, therefore,
dim vy < dim .

PROOF. We view 9 as an irreducible polynomial in F[T]. The form ¢ is non-degenerate
of even dimension by Remark 7.19, so by Corollary 22.4, we have by)(T") € G(¢p(r)). Since
a € D(p), we have aby)(T) € D(¢p(r)). By the Representation Theorem [17.12, we con-
clude that aby is a subform of . U

By the proof of the theorem and Corollary 20.21, we have

COROLLARY 22.6. Let ¢ be an anisotropic quadratic form and ) an irreducible anisotropic
quadratic form. If @pey is hyperbolic then D(¢)D () C G(p). In particular, if 1 € D(v)
then D() C G(p).

REMARK 22.7. The natural analogues of the Representation Theorem [17.12 and the
Subform Theorem [22.5 are not true for bilinear forms in characteristic two. Let b = (1,b)
and ¢ = (1,¢) be anisotropic symmetric bilinear forms with b and ¢ = 22 + by? nonzero
and bF*? # cF*? in a field F of characteristic two. Thus b % ¢. However, ¢, ~ ¢, by
Example [7.28. So ¢(t1,t2) € D(Pup, 1,)) and () is isotropic hence metabolic but ac
is not a subform of b for any a # 0.

We do have, however, the following:

COROLLARY 22.8. Let b and ¢ be anisotropic bilinear forms with dimc¢ > 2 and b
nonzero. Letl v be the associated quadratic form of c¢. If bpy) is metabolic then dim¢ <

dim b.

PROOF. Let ¢ = ¢,. By the Bilinear Similarity Theorem 20.20/ and Lemma 9.3, we
have ay)(T') € G(bpry) C G(prr)) for some a € F* where T' = (t1, ..., tdimy). It follows
that by)(T') € D(¢p(r)) for some b € F*. Consequently,

dim b = dimp > dimvy = dimc¢
by the Representation Theorem 17.12. O

We turn to the case that a quadratic form becomes isotropic over the function field of
another form or itself.

PROPOSITION 22.9. Let ¢ be an irreducible reqular quadratic form. Then the field
extension F(p)/F is purely transcendental if and only if ¢ is isotropic.

PROOF. Suppose that the field extension F(y)/F is purely transcendental. As @p(y,)
is isotropic, ¢ is isotropic by Lemma [7.16.

Now suppose that ¢ is isotropic. Then ¢ = H L ¢’ for some ¢’ by Proposition [7.14.
Let V.=V, V' =V, and let h,h' € V be a hyperbolic pair of H. Let ¥ = ¢|ppav
with i/ € (V')*. Tt suffices to show that X, \ X, is isomorphic to an affine space. Every
isotropic line in X, \ X, has the form F(h + ah’ + ¢') for unique a € F and v' € V'
satisfying

0=p(h+ah +0")=a+ ¢,
i.e., a = —p(v'). Therefore the morphism X, \ X, — A(V’) taking F(h + ah’ + ') to v/
is an isomorphism with the inverse given by v’ — F(h — ¢(v")h' + '), O
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REMARK 22.10. Let char F' = 2 and ¢ an irreducible totally singular form. Then the
field extension F'(p)/F' is not purely transcendental even if ¢ is isotropic.

PROPOSITION 22.11. Let ¢ be an anisotropic quadratic form over F and K/F a qua-
dratic field extension. Then @i s isotropic if and only if there is a binary subform o of

¢ such that F(o) ~ K.

PROOF. Let o be a binary subform of ¢ with F(o) ~ K. Since o is isotropic over
F(o) we have ¢ isotropic over F(o) ~ K.

Conversely, suppose that ¢k (v) = 0 for some nonzero v € (V,,) k. Since K is quadratic
over F', there is a 2-dimensional subspace U C V,, with v € Ug. Therefore, the form

0 = |y is isotropic over K. As o is also isotropic over F(o), it follows from Corollary
12.3/and Example 22.2 that F(o) ~ Cy(0) ~ K. O

COROLLARY 22.12. Let o be an anisotropic quadratic form and o a non-degenerate
anisotropic binary quadratic form. Then ¢ ~ b®o L ¥ with b a non-degenerate symmetric
bilinear form and Vp ) anisotropic.

PROOF. Suppose that ¢p() is isotropic. By Proposition 22.11, there is a binary
subform o’ of ¢ with F(¢') = F (o). By Corollary 12.2] and Example 22.2, we have o’
is similar to 0. Consequently, there exists an a € F* such that ¢ ~ aoc L 1 for some
quadratic form 1. The result follows by induction on dim ¢. ([

Recall that a field extension K/F' is called separable if there exists and intermediate
field F in K/F with E/F purely transcendental and K/FE algebraic and separable. We
show that regular quadratic forms remain regular after extending to a separable field
extension.

LEMMA 22.13. Let ¢ be a reqular quadratic form over F and K/F a separable (possibly
infinite) field extension. Then i is reqular.

ProOF. We proceed in several steps.
Case I: [K : F| = 2.
Let v € (V) be an isotropic vector. Then v € Uk for a 2-dimensional subspace U C V,
such that |y is similar to the norm form N of K/F (cf. Proposition 12.1). As N is
non-degenerate, v ¢ rad b, , therefore, rad ¢ = 0.
Case 2: K/F is of odd degree or purely transcendental.

We have ¢ ~ ¢,, 1. nH. The anisotropic part ¢,, stays anisotropic over K by Springer’s
Theorem [18.5 or Lemma [7.16 respectively, therefore g is regular.

Case 3 [K : F] is finite.
We may assume that K/F is Galois by Remark [7.15. Then K/F is a tower of odd degree
and quadratic extensions.

Case 4: The general case.

In general, K/F is a tower of a purely transcendental and a finite separable extension. [

We turn to the function field of an irreducible quadratic form.
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LEMMA 22.14. Let ¢ be an irreducible quadratic form over F. Then there exists a
purely transcendental extension E of F' with [F(p) : E] = 2. Moreover, if ¢ is not totally
singular, the field E can be chosen with F(p)/E separable. In particular, F(p)/F is
separable.

ProOOF. Let U C V,, be an anisotropic line. The rational projection f : X, --» P =
P(V/U) taking a line U’ to (U + U’)/U is a double cover, so F(y)/E is a quadratic field

extension where £ is the purely transcendental extension F(P) of F.

Let 7 be the reflection of ¢ with respect to a nonzero vector in U. Clearly, f(7U’) =
f(U') for every line U’ in X,,. Therefore, 7 induces an automorphism of every fiber of f.

In particular, 7 induces an automorphism of the generic fiber hence an automorphism e
of the field F(y) over E.

If ¢ is not totally singular, we can choose U not in radb,. Then the isometry 7
and the automorphism e are nontrivial. Consequently, the field extension F(y¢)/E is
separable. O

22.A. Domination relation. Let ¢ and 1) be anisotropic quadratic forms of dimen-
sion at least 2 over F'. We say ¢ dominates ¢ and write ¢ = 1 if pp(y) is isotropic and
write ¢ <> 9 if ¢ > 1 and ¢ = ¢. For example, if ¢ is a subform of ¢ then ¢ > .

We have ¢ = 1 if and only if there exists a rational map Xy --+ X,,.

We show that the relation > is transitive.

LEMMA 22.15. Let ¢ and v be anisotropic quadratic forms over F. If 1 = u then

there ezist a purely transcendental field extension E/F and a binary subform o of ¥ over
E such that E(o) = F(u).

PrROOF. By Lemma [22.14] there exists a purely transcendental field extension E/F
such that F'(u) is a quadratic extension of E. As 1) is isotropic over F'(u), it follows from
Proposition 22.11] applied to the form ¢ and the quadratic extension F'(u)/E that ¢g
contains a binary subform o over E satisfying E (o) = F(u). O

PROPOSITION 22.16. Let ¢, ¥, and p be anisotropic quadratic forms over F. If
@ > > u then ¢ > L.

PRrROOF. Consider first the case when p is a subform of .

We may assume that p is of codimension one in . Let T = (t1,...,t,) be the
coordinates in Vy, so that V), is given by ¢; = 0. By assumption, there is v € V,,[T] such
that ¢(v) is divisible by ¢(T") but v is not divisible by ¢(T’). Since ¢ is anisotropic,
we have deg, ¢ = 2 for every i. Applying the division algorithm on dividing v by
with respect to the variable #;, we may assume that deg,, v < 1. Moreover, dividing
out a power of #; if necessary, we may assume that v is not divisible by ¢;. Therefore,
the vector w := v|y,—g € V,[T"] with T" = (t,...,t,) is not zero. As deg,,w < 1 and
deg,, 1 = 2, the vector w is not divisible by x(7”). On the other hand, p(w) is divisible
by ¥(T)|=0 = (T"), i.e., o is isotropic over F'(u).

Now consider the general case. By Lemma 22.15] there exist a purely transcendental
field extension F/F and a binary subform o of i)p over E such that E(c) = F(u). By
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the first part of the proof applied to the forms @i > g > o, we have ¢ is isotropic over
E(o) = F(u), ie., ¢ > p. O

COROLLARY 22.17. Let ¢, ¥, and p be anisotropic quadratic forms over F. If
© <= then pup) s isotropic if and only if ppy) is isotropic.

PROPOSITION 22.18. Let v and u be anisotropic quadratic forms over F' satisfying
Y = . Let ¢ be a quadratic form such that ) is hyperbolic. Then @p,) s hyperbolic.

ProOF. Consider first the case when p is a subform of . Choose variables T" of
p and variables T = (T",T") of ¢ so that u(T") = ¥(1",0). As ppy) is hyperbolic,
by the Quadratic Similarity Theorem 20.17, we have ppy ~ ap(T)pp) over F(T)
for some a € F*. Specializing the variables 7" = 0, we see by Corollary 20.21 that
ory =~ ap(T")ppey over F(T'), and again it follows from the Quadratic Similarity
Theorem 20.17 that ¢g(, is hyperbolic.

Now consider the general case. By Lemma 22.15 there exist a purely transcendental
field extension E/F and a binary subform o of ¢z over E such that E(c) = F(u). As
©E() is hyperbolic, by the first part of the proof applied to the forms g > o, we have

PE(e) = PF(u) is hyperbolic. 0
23. Quadratic Pfister forms II

The introduction of function fields of quadrics allows us to determine the main char-
acterization of general quadratic Pfister forms first proven by Pfister in [111] for fields of
characteristic different from two. They are precisely those forms that become hyperbolic
over their function fields. In particular, Pfister forms can be characterized as universally
round forms.

If ¢ is an anisotropic general quadratic Pfister form then ¢p(,) is isotropic hence
hyperbolic by Corollary 9.11. We wish to show the converse of this property. We begin
by looking at subforms of Pfister forms.

LEMMA 23.1. Let ¢ be an anisotropic quadratic form over F' and p a subform of .
Suppose that D(pr) and D(pk) are groups for all field extensions K/F. Let a = —p(v)
for some v € V;5\ 'V, Then the form ((a)) ® p is isometric to a subform of .

ProOF. Let T = (t,...,t,) and 77 = (t,41,...,t2,) be 2n independent variables
where n = dim p. We have

p(T)
p(T) — ap(T') = p(T" —al.
(1) = ap(T) = (1) [ 255~ ]
. p(T) p(T)
As D(pperr) is a group, we have o(T) € D(pperr) hence (T —a € D(epr,r)). As

p(T’) S D<90F(T,T’)>7 we have

p(T') — ap(T") € D(err))D(prrr) = D(erar)).
By the Representation Theorem [17.12, we conclude that ((a)) ® p is a subform of ¢. O



23. QUADRATIC PFISTER FORMS II 97

THEOREM 23.2. Let ¢ be a non-degenerate (respectively, totally singular) n-dimensional
anisotropic quadratic form over F withn > 1. Let T = (t1,...,t,) andT" = (tpu1,. .., t2n)
be 2n independent variables. Then the following are equivalent:

(1) n = 2% for some k > 1 and ¢ € Py(F) (respectively, o is a quadratic quasi-Pfister
form).

(2) G(¢k) = D(¢k) for all field extensions K/F.

(3) D(¢k) is a group for all field extensions K/F'.

(4) Owver the rational function field F(T,T"), we have

o(T)p(T') € D(oram)-

(5) o(T) € G(erm))-

PROOF. (2) = (3) = (4) are trivial.

(5) < (1) = (2): As quadratic Pfister forms are round by Corollary 9.10 and quasi-
Pfister forms are round by Corollary [10.3, the implications follow.
(5) = (4): We have o(T) € G(prr)) C G(epray) and (T") € D(prgry). It follows by
Lemma 9.2/ that o(T)(T") € D(¢pr17))-
(4) = (3): If K/F is a field extension then ¢(T)p(T") € D(pkr1y). By the Substitution
Principle [17.7, it follows that D(pk) is a group.
(3) = (1): As 1 € D(yp), it suffices to show that ¢ is a general quadratic (quasi-) Pfister
form. We may assume that dim ¢ > 2. If ¢ is non-degenerate, ¢ contains a non-degenerate
binary subform, i.e., a 1-fold general quadratic Pfister form. Let p be the largest quadratic
general Pfister subform of ¢ if ¢ is non-degenerate and the largest quasi-Pfister form if
¢ is totally singular. Suppose that p # ¢. If ¢ is non-degenerate then VpL # 0 and
VpL NV, =radb, = 0 and if ¢ is totally singular then VpL =V, and V, # V,,. In either
case, there exists a v € V;-\ V,. Set a = —p(v). By Lemma 23.1, we have ((a)) ® p is
isometric to a subform of ¢, a contradiction. O

REMARK 23.3. Let ¢ be a non-degenerate isotropic quadratic form over F'. As hyper-
bolic quadratic forms are universal and round, if ¢ is hyperbolic then ¢(T) € G(¢rr))-
Conversely, suppose ¢(T') € G(ppr)). As

(er))an L io(@)H ~ opry = @(T)orm) ~ o(T)(Prr))an L io(@)e(T)H,

we have ¢(T') € G((¢r(1))an) by Witt Cancellation 8.4, If ¢ was not hyperbolic then the
Subform Theorem 22.5 would imply dim ¢pry < dim(@pr))an, @ contradiction. Conse-
quently, o(T') € G(pr(r)) if and only if ¢ is hyperbolic.

COROLLARY 23.4. Let ¢ be a non-degenerate anisotropic quadratic form of dimension
at least two over F'. Then the following are equivalent:
(1) dim ¢ is even and i1(p) = dim ¢/2.
(2) @r(p) is hyperbolic.
(3) ¢ € GP,(F) for somen > 1.

PROOF. Statements (1) and (2) are both equivalent to ¢, contains a totally isotropic
subspace of dimension £ dim¢. Let a € D(p). Replacing ¢ by (a)¢ we may assume that ¢
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represents one. By Theorem 22.4, condition (2) in the corollary is equivalent to condition
(5) of Theorem 23.2 hence conditions (2) and (3) above are equivalent. O

COROLLARY 23.5. Let ¢ and 1) be quadratic forms over F with ¢ € P,(F) anisotropic.
Suppose that there exists an F-isomorphism F(p) ~ F(1). Then there exists an a € F*
such that 1 ~ ap over F, i.e., p and ¢ are similar over F'.

PROOF. As ¢p(y) is hyperbolic so is ¢p. In particular, ay is a subform of ¢ for
some a € F* by the Subform Theorem 22.5. Since F(p) ~ F(1), we have dim ¢ = dim ¢
and the result follows. 0

In general the corollary does not generalize to non Pfister forms. Let F = Q(t1, to,t3)’
The quadratic forms ¢ = ((t1,t2)) L (—t3) and ¢ = ((t1,t3)) L (—t2) have isomorphic
function fields but are not similar. (Cf. [90, Th. XII.2.15].)

NoOTATION 23.6. Let r : FF — K be a homomorphism of fields. Denote the kernel of
rr/p: W(F) — W(K) by W(K/F) and the kernel of rg/p : I,(F) — I,(K) by I,(K/F).
If ¢ is a non-degenerate even dimensional quadratic form over F', we denote by W (F )
the cyclic W(F')-module in I,(F') generated by ¢.

COROLLARY 23.7. Let ¢ be an anisotropic quadratic n-fold Pfister form withn > 1 and
Y an anisotropic quadratic form of even dimension over F'. Then there is an isometry

Y~ b® g over ' for some symmetric bilinear form b over F' if and only if Y¥p, is
hyperbolic. In particular, 1,(F(p)/F) = W(F)p.

PROOF. If b is a bilinear form then (b ® ¢)p) = bre) ® @r(e is hyperbolic by
Lemma 8.16/ as ¢p(,) is hyperbolic by Corollary 9.11. Conversely, suppose that 1 g, is
hyperbolic. We induct on dim. Assume that dim > 0. By the Subform Theorem 22.5
and Proposition [7.23, we have ¥ ~ ap 1 ~ for some a € F'* and quadratic form . The
form ~y also satisfies yp(,) is hyperbolic, so the result follows by induction. 0

23.A. The Hauptsatz. We next prove a fundamental fact about forms in I"(F')
and [}'(F') due to Arason and Pfister known as the Hauptsatz and proven in [11].

THEOREM 23.8. (Hauptsatz)

(1) Let 0 # ¢ be an anisotropic quadratic form lying in I7(F). Then dim ¢ > 2".
(2) Let 0 # b be an anisotropic bilinear form lying in I™(F'). Then dim(b) > 2".

PrOOF. (1): As [7'(F) is additively generated by general quadratic n-fold Pfister
forms, we can write o = »"|_. a;p; in W (F') for some anisotropic p; € P,(F) and a; € F*.
We prove the result by induction on r. If » = 1 the result is trivial as p; is anisotropic,
so we may assume that r > 1. As (p,)p(,,) is hyperbolic by Corollary 9.11, applying
the restriction map rp(, ), : W(F) — W(F(p,)) to ¢ yields op(,) = Sl (Pi) P(or)
in [}/ (F(p)) If @r(p, is hyperbolic then 2" = dim p < dim ¢ by the Subform Theorem
22.5. If this does not occur then by induction 2" < dim(pp(,,))an < dim and the result
follows.

(2): As I"(F) is additively generated by bilinear n-fold Pfister forms, we can write
b=>"]_,¢eic; in W(F) for some ¢; anisotropic bilinear n-fold Pfister forms and ¢; € {£1}.
Let ¢ = ¢, the quadratic form associated to ¢,. Then g is isotropic hence (¢,)p(y)
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is isotropic hence metabolic by Corollary 6.3. If bg(, is not metabolic then 2" <
dim(bp(p))an < dim b by induction on 7. If bp(,y is metabolic then 2" = dim ¢ < dim b by
Corollary 22.8. O

An immediate consequence of the Hauptsatz is a solution to a problem of Milnor, viz.,

COROLLARY 23.9. (2, I"(F) =0 and (;2, I}(F) = 0.

The proof of the Hauptsatz for bilinear forms completes the proof of Corollary 6.19
and Theorem 6.20. We have an analogous result for quadratic Pfister forms.

COROLLARY 23.10. Let ¢, € GP,(F). If ¢ = ¢ mod I)"'(F) then ¢ ~ aip for
some a € F*, i.e., p and v are similar over F. If, in addition, D() N D(¢) # O then
=,

ProOF. By the Hauptsatz 23.8, we may assume both ¢ and 1 are anisotropic. As
((a)) ® 1 € GP1(F), we have ay) = ¢ mod I} (F) for any a € F*. Choose a € F*
such that ¢ 1 —ay in Ig“(F) is isotropic. By the Hauptsatz 23.8, the form ¢ 1 —av is

hyperbolic hence ¢ = aw) in I,(F). As both forms are anisotropic, it follows by dimension
count that ¢ ~ at) by Remark B.17. If D(p) N D(v) # () then we can take a = 1. O

If  is a nonzero subform of dimension at least two of an anisotropic quadratic form
p then pp(,) is isotropic. As ¢ must also be anisotropic, we have p = ¢. For general
Pfister forms, we can say more. Let p be an anisotropic general quadratic Pfister form.
Then pp(,) is hyperbolic so contains a totally isotropic subspace of dimension (dim p)/2.
Suppose that ¢ is a subform of p satisfying dim¢ > (dimp)/2. Then ¢p(,) is isotropic
hence ¢ > p also. This motivates the following:

DEFINITION 23.11. An anisotropic quadratic form ¢ is called a Pfister neighbor if
there is a general quadratic Pfister form p such that ¢ is isometric to a subform of p and
dim ¢ > (dim p)/2.

For example, non-degenerate anisotropic forms of dimension at most 3 are Pfister
neighbors.

REMARK 23.12. Let ¢ be a Pfister neighbor isometric to a subform of a general
quadratic Pfister form p with dimy > (dimp)/2. By the above, ¢ <> p. Let o be
another general quadratic Pfister form such that ¢ is isometric to a subform of ¢ and
dimp > (dimo)/2. As p <= ¢ <= o and D(p) N D(o) # 0, we have o ~ p by the
Subform Theorem 22.5. Thus the general Pfister form p is uniquely determined by ¢ up
to isomorphism. We call p the associated general Pfister form of ¢. If ¢ represents one
then p is a Pfister form.

24. Linkage of quadratic forms

In this section, we look at the quadratic analogue of linkage of bilinear Pfister forms.
The Hauptsatz shows that anisotropic forms in [7'(F') have dimension at least 2". We
shall be interested in those dimensions that are realizable by anisotropic forms in Ij'(F).
In this section, we determine the possible dimension of anisotropic forms that are the
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sum of two general quadratic Pfister forms as well as the meaning of when the sum of
three general n-fold Pfister forms is congruent to zero mod I7*(F). We shall return to
and expand these results in §35 and §82.

PROPOSITION 24.1. Let ¢ € GP(F).

(1) Let p € GP,(F) be a subform of ¢ with n > 1. Then there is a bilinear Pfister
form b such that ¢ ~ b ® p.

(2) Let b be a general bilinear Pfister form such that ¢, is a subform of ¢. Then
there is p € P(F) such that ¢ ~ b ® p.

ProoOF. We may assume that ¢ is anisotropic of dimension > 2.

(1): Let b be a bilinear Pfister form of the largest dimension such that b® p is isometric to
a subform v of . As b®p in non-degenerate, V¢LHV¢ = 0. We claim that ¢ = ¢. Suppose
not. Then V- # 0 hence V- \ V,, # 0. Choose a = —t)(v) with v € V- \ V;,. Lemma 23.1
implies that ((a)) ® p is isometric to a subform of ¢, contradicting the maximality of b.

(2): We may assume that char F' = 2 and b is a Pfister form, so 1 € D(ps) C D(p). Let
W be a subspace of V,, such that ¢|y ~ ¢,. Choose a vector w € W such that ¢,(w) =1
and write the quasi-Pfister form ¢, = (1) L ¢ where Vi 1s any complementary subspace
of Fw in V. Let v € V,, satisfy v is orthogonal to Vi, but b(v,w) # 0. Then the
restriction of ¢ on W & Fv is isometric to ¢ := ¢y L [1,a] for some a € F*. Note that
1 is isometric to subforms of both of the general Pfister forms ¢ and = b ® ((a]]. In
particular, ¢ and p are anisotropic. As dimy > %dim i, the form ) is a Pfister neighbor
of u. Hence ¢ <> p by Remark 23.12. Since ¢y is hyperbolic by Proposition 22.18 so
is @p(- It follows from the Subform Theorem 22.5 that p is isomorphic to a subform of
pas1le D(u)ND(p). By the first statement of the proposition, there is a bilinear Pfister
form ¢ such that ¢ ~ ¢c® pu=c¢® b ® ((a]]. Hence ¢ ~ b ® p where p = ¢ ® ((a]]. O

Let p be a general quadratic Pfister form. We say a general quadratic Pfister form
(respectively, a general bilinear Pfister form b) is a divisor p if p ~ ¢® 1 for some bilinear
Pfister form ¢ (respectively, p ~ b ® u for some quadratic Pfister form p). By Proposition
24.1, any general quadratic Pfister subform of p is a divisor of p and any general bilinear
Pfister form b of p whose associated quadratic form is a subform of p is a divisor p.

THEOREM 24.2. Let p1,p2 € GP(F) be anisotropic. Let p € GP(F) be a form of
largest dimension such that p is isometric to subforms of ¢1 and ps. Then

io(p1 L —pg) = dim p.

PRrROOF. Note that iy := ig(¢1 L —p2) > d := dimp. We may assume that iy > 1.
We claim that ¢, and ¢ have isometric non-degenerate binary subforms. To prove the
claim let W be a two-dimensional totally isotropic subspace of V,,, & V_,,. As ¢; and
@7 are anisotropic, the projections U; and Us of W to V,,, and V_,, = V,,, respectively
are 2-dimensional. Moreover, the binary forms 11 := ¢1|y, and 99 = @s|y, are isometric.
We may assume that 11 and 1, are degenerate (and therefore, char(F) = 2). Hence
11 and 1)y are isometric to ¢,, where b is a 1-fold general bilinear Pfister form. By
Proposition 24.1(2), we have ¢; ~ b ® p; and @y ~ b ® ps for some p; € P(F). Write
pi = ¢; ® v; for bilinear Pfister forms ¢; and 1-fold quadratic Pfister forms v;. Consider
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quaternion algebras )7 and )2 whose reduced norm forms are similar to b&® v, and b @ 14
respectively. The algebras )7 and (), are split by a quadratic field extension that splits
b. By Theorem 98.20, the algebras )7 and (), have subfields isomorphic to a separable
quadratic extension L/F. By Example 0.8, the reduced norm forms of @); and @5 are
divisible by the non-degenerate norm form of L/F. Hence the forms b®v; and b ® v and
therefore p; and ¢, have isometric non-degenerate binary subforms. The claim is proven.

By the claim, p is a general r-fold Pfister form with » > 1. Write ¢; = p L ¢y and
wa = p L 1)y for some forms 1; and 5. We have ¢1 L (—po) ~ 1y L (—1b9) L dH.
Assume that iy > d. Then the form 1 L (—1)y) is isotropic, i.e., ©; and 1y have a
common value, say a € F*. By Lemma 23.1, the form ((—a)) ® p is isometric to subforms
of ¢1 and 9, a contradiction. U

COROLLARY 24.3. Let @1, ps € GP,(F') be anisotropic forms. Then the possible values
of io(p1 L —p9) are 0,1,2,4,...,2".

Let o1 € GP,,(F) and ¢y € GP,(F') be anisotropic forms satisfying i(p; L —ps) =
2" > 0. Let p be a general quadratic r-fold Pfister form isometric to a subform of ¢; and
to a subform of py. We call p the linkage of ¢1 and @9 and say that ¢, and @, are r-linked.
By Proposition 24.1) the linkage p is a divisor of ¢y and ¢o. f m =n and r > n — 1, we
say that ¢, and 9 are linked.

REMARK 24.4. Let ¢, and ¢ be general quadratic Pfister forms. Suppose that ¢; and
2 have isometric r-fold quasi-Pfister subforms. Then iy(¢; L —p2) > 2" and by Theorem
24.2) the forms ¢; and ¢y have isometric general quadratic r-fold Pfister subforms.

For three n-fold Pfister forms, we have:

PROPOSITION 24.5. Let 1, s, 03 € Po(F). If o1 + 0o + @3 € IJTHF) then there
exist a quadratic (n — 1)-fold Pfister form p and ay,aq,a3 € F* such that ajasas = 1 and
i ~ ({a;)) @ p fori=1,2,3. In particular, p is a common divisor of @; fori =1,2,3.

Proor. We may assume that all p; are anisotropic Pfister forms by Corollary(9.11. In
addition, we have (3)p(y,) is hyperbolic. By Proposition 23.10, the form (¢1 L —2)p(ys)
is also hyperbolic. As 3 is anisotropic, @1 L —py cannot be hyperbolic by the Hauptsatz
23.8. Consequently,

(o1 L —@o)an ~aps L T
over F' for some a € F* and a quadratic form 7 by the Subform Theorem 22.5 and
Proposition [7.23. As dim7 < 2" and 7 € ]g“(F), the form 7 is hyperbolic by Hauptsatz
23.8 and therefore 1 — o = aps in [,(F). It follows that ig(p1 L —¢2) = 2"~ hence ¢,
and o are linked by Theorem 24.2.

Let p be a linkage of ¢ and ¢,. By Proposition 24.1, we have ¢ ~ ({a1)) ® p
and s ~ ((az)) ® p for some aj,as € F*. Then 3 is similar to (@1 L —9)an =
—a1{(a1a2)) ® p, ie., p3 = ((a1a2)) @ p. O

COROLLARY 24.6. Let @1, @9, @3 € P,(F). Suppose that
(24.7) @1+ 2 + @3 =0 mod I (F).
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Then
en(p1) + enlp2) +enlps) =0 in H"(F).

PROOF. By Proposition 24.5, we have ¢; ~ ((a;)) ® p for some p € P,_;(F) and
a; € F* for i = 1,2, 3 satisfying ayasa3 = 1. It follows from Proposition [16.1 that

enlpr) + enlipa) Fenlpa) = en(({ar)) ® p) + enl({a2)) @ p) + en(((a2)) © o)
= {a1azas}e, 1(p) = 0. =

25. The submodule J,,(F')

By Corollary 23.4, a general quadratic Pfister form has the following “intrinsic” char-
acterization: a non-degenerate anisotropic quadratic form ¢ of positive even dimension is
a general quadratic Pfister form if and only if the form ¢p(,) is hyperbolic. We shall use
this to characterize elements of I}'(F). Let ¢ be a form that is nonzero in I,(F). There
exists a field extension K/F such that (¢g)a, is a general quadratic n-fold Pfister form
for some n > 1. The smallest possible such n is called the degree deg(y) of ¢. We shall
see in Theorem 40.10) that o € I7(F') if and only if deg > n. In this section, we shall
begin the study of the degree of forms. The ideas in this section are due to Knebusch (cf.
[83] and [84]).

We begin by constructing a tower of field extensions of F' with (¢k)sn & general
quadratic n-fold Pfister form where K is the penultimate field K in the tower.

Let ¢ be a non-degenerate quadratic form over F'. We construct a tower of fields
Fy C Iy C --- C F}, and quadratic forms ¢, over F, for all ¢ = 0,...,h as follows: We
start with Fy := F, ¢g := @an, and inductively set F, := F,_1(pq-1), ©q := (¢F,)an for
g > 0. We stop at Fj, such that dim ¢y, < 1. The form ¢, is called the gth (anisotropic)
kernel form of ¢. The tower of the fields Fj is called the generic splitting tower of .
The integer h is called the height of ¢ and denoted by h(¢) . We have h(p) = 0 if and
only if dim ¢, < 1.

Let h = h(p). For any ¢ = 0, ..., h, the g-th absolute higher Witt index j,(¢) of ¢ is
defined as the integer io(¢r,). Clearly one has

0 <jolp) <jile) <+ <jnle) = [(dim¢)/2].
The set of integers {j,(¢),...,in(p)} is called the splitting pattern of .

PROPOSITION 25.1. Let ¢ be a non-degenerate quadratic form with h = h(p). The
splitting pattern {j(v), ..., in(¢)} of ¢ coincides with the set of Witt indices io(px) over
all field extensions K/F.

PROOF. Let K/F be a field extension. Define a tower of fields Ky C K; C --- C K},
by Ko = K and K, = K,_1(p4-1) for ¢ > 0. Clearly F, C K, for all ¢. Let ¢ > 0 be the
smallest integer such that ¢, is anisotropic over K,. It suffices to show that io(¢x) = j,(¥).

By definition of ¢, and j,, we have pp, = ¢, L j,(¢)H. Therefore px, = (vq)k, L
iq(p)H. As ¢, is anisotropic over K, we have iy(¢pg,) = jq(¥)-

We claim that the extension K,/K is purely transcendental. This is clear if ¢ = 0.
Otherwise K, = K, 1(p,-1) is purely transcendental by Proposition 22.9, since ¢, is
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isotropic over K,_; by the choice of ¢ and is non-degenerate. It follows from the claim
and Remark 8.9 that io(¢x) = io(¢x,) = q(©). O

COROLLARY 25.2. Let ¢ be a non-degenerate quadratic form over F' and K/F be a
purely transcendental extension. Then the splitting patterns of ¢ and @k are the same.

PRrRoOOF. This follows from Lemma 7.16. O

We define the relative higher Witt indices i,(¢), ¢ = 1,...,bh(p), of a non-degenerate
quadratic form ¢ to be the differences

ig() =iq(p) —ig-1(p).
Clearly, i,(¢) > 0 and i,(¢) = i,(¢s) for any r > 0 and s > 0 such that r + s = ¢.

COROLLARY 25.3. Let ¢ be a non-degenerate anisotropic quadratic form over F of
dimension at least two. Then

i1(¢) = i1(p) = min{ig(pk) | K/F a field extension with ¢g isotropic}.

Let ¢ be a non-degenerate non-hyperbolic quadratic form of even dimension over F
with h = h(p). Let Fy C Fy C --- C Fj, be the generic splitting tower of ¢. The form
©n—1 = (Yr,_, )an is hyperbolic over its function field hence a general n-fold Pfister form
for some integer n > 1 with i,(p) = 2"~ by Corollary 23.4. The form (;,_; is called the
leading form of ¢ and n is called the degree of ¢ and is denoted by deg . The field Fj,_,
is called the leading field of p. For convenience, we set deg ¢ = oo if ¢ is hyperbolic.

REMARK 25.4. Let ¢ be a non-degenerate quadratic form of even dimension with the
generic splitting tower Fy C F; C -+ C Fp. If ¢; = (g )an with @ = 0,...,h — 1 then
deg ; = deg .

NOTATION 25.5. Let ¢ be a non-degenerate quadratic form over F' and X = X,,. Let
q be an integer satisfying 0 < ¢ < h(p). We shall let X, := X and also write j,(X)
(respectively, i,(X)) for j,(¢) (respectively, i,(¢)).

It is a natural problem to classify non-degenerate quadratic forms over a field F' of a
given height. This is still an open problem even for forms of height two. By Corollary
23.4, we do know

PROPOSITION 25.6. Let ¢ be an even dimensional non-degenerate anisotropic qua-
dratic form. Then h(p) =1 if and only if p € GP(F).

PROPOSITION 25.7. Let ¢ be a non-degenerate quadratic form of even dimension over
F and K/F a field extension with () an m-fold general Pfister for some m > 1.
Then m > deg . In particular, deg ¢ is the smallest integer n > 1 such that (¢x)an is a
general n-fold Pfister form over an extension K/F.

Proor. It follows from Proposition 25.1/ that

(dimp —2)/2 = ig(px) < pe)-1(p) = (dimp — 298%) /2,
hence the inequality. Il
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COROLLARY 25.8. Let ¢ be a non-degenerate quadratic form of even dimension over
F. Then degygr > degy for any field extension E/F.

For every n > 1 set
Ju(F) = {p € I,(F) | deg p > n} C I,(F).
Clearly Ji(F) = 1,(F).

LEMMA 25.9. Let p € GP,(F) be anisotropic with n > 1. Let ¢ € J,.1(F). Then
deg(p L ¢) <n.

Proor. We may assume that ¢ is not hyperbolic. Let ¢ = p L ¢. Let Fy, Fi,..., F}
be the generic splitting tower of ¢ and let ¢; = (¢F,)an. We show that pp, is anisotropic.
Suppose not. Choose j maximal such that pr, is anisotropic. Then pg,,, is hyperbolic so
dim ¢; < dim p by the Subform Theorem 22.5. Hence

2" = dim p > dim ¢; > deg 2degwj — gdegy > gntl

+1

which is impossible. Thus pg, is anisotropic.
As ¢ is hyperbolic over Fj,, we have ¢p, ~ pp,. Consequently,

deg ) < deg b, = degpp, =n
hence deg1 < n as claimed. U

COROLLARY 25.10. Let ¢ and v be even dimensional non-degenerate quadratic forms.
Then deg(y L 1) > min(deg ¢, deg)).

PRrROOF. If either ¢ or ¢ is hyperbolic, this is trivial, so assume that both forms are
not hyperbolic. We may also assume that ¢ L 1 is not hyperbolic. Let K/F be a field
extension such that (¢ L 1)k ~ p for some p € GP,(K) where n = deg(yp L ¢). Then
v ~ p L (—vk). Suppose that degy > n. Then degtyx > n and applying the lemma
to the form p L (=) implies deg o < n. Hence degyp < n = deg(p L ). O

PROPOSITION 25.11. J,,(F) is a W(F')-submodule of I,(F) for every n > 1.

PrOOF. Corollary 25.10/ shows that J,(F') is a subgroup of [,(F). Since degy =
deg(ap) for all a € F*, it follows that J,(F) is also closed under multiplication by
elements of W (F). O

COROLLARY 25.12. I7'(F) C Ju(F).

PROOF. As general quadratic n-fold Pfister forms clearly lie in J,,(F), the result fol-
lows from Proposition 25.11. O

PROPOSITION 25.13. IZ(F) = J,(F).

PROOF. Let ¢ € Jo(F) and ¢; = pp, with F;, i =0, ..., h, the generic splitting tower.
As deg ¢ > 2, the field F; is the function field of a smooth quadric of dimension at least
2 over F;_1, hence the field F;_; is algebraically closed in F;. Since the form ¢, = 0
has trivial discriminant, by descending induction on ¢, it follows that ¢ = ¢ has trivial
discriminant. By Theorem [13.7 we conclude that ¢ € IZ(F). O
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PROPOSITION 25.14. J3(F) = {¢ | dim ¢ is even, disc(p) =1, clif(¢) = 1}.

PROOF. Let ¢ be an anisotropic form of even dimension and trivial discriminant.
Then ¢ € I7(F) = Jo(F) by Theorem [13.7 and Proposition 25.13. Suppose ¢ also has
trivial Clifford invariant. We must show that degy > 3. Let K be the leading field
of p and p its leading form. Then p € GP,(F) with n > 2. Suppose that n = 2. As
es(p) = 0in H*(K), we have p is hyperbolic by Corollary 12.5, a contradiction. Therefore,
¢ € J3(F).

Let ¢ € J3(F). Then ¢ € I7(F) by Proposition 25.13. In particular, disc(p) = 1 and
o = piwith p; € GPy(F), 1 <i < r. We show that clif(¢) = 1 by induction on
r. Let p, = b{{a,d]] and K = Fy. Then px € J5(K) and satisfies pr = 32— (pi)x as
(pr) i is hyperbolic. By induction, clif(px) = 1. Thus clif(¢) lies in kernel of Br(F') —
Br(K). Therefore the index of clif(¢) is at most two. Consequently, clif(¢) is represented
by a quaternion algebra, hence there exists a 2-fold quadratic Pfister form o satisfying
clif(¢) = clif (o). Thus clif(¢+0) =1 s0 ¢+ 0o lies in J3(F) by the first part of the proof.
It follows that o lies in J3(F). Therefore, o = 0 and clif(¢) = 1. O

As €5 is an isomorphism (cf. Theorem [16.3 if char F' = 2 and Chapter VIII if char F' #
2), we have I3(F) = J3(F). We shall show that I"(F) = J,(F) for all n in Theorem
40.10. In this section, we show the following due to Arason and Knebusch (cf. [10]).

PROPOSITION 25.15. I"™(F)J,(F) C Jnpm(F).

Proor. Clearly, it suffices to do the case that m = 1. Since 1-fold bilinear Pfister
forms additively generate I[(F'), it also suffices to show that if ¢ € J,(F) and a € F*
then ((a)) ® ¢ € Jpi1(F). Let ¢ be the anisotropic part of ((a)) ® ¢. We may assume
that ¢ # 0.

First suppose that v € GP(F'). We prove that degt) > n by induction on the height
hof . If h =1 then ¢ € GP(F) and the result is clear. So assume that h > 1. Suppose
that ¢p(,) remains anisotropic. Applying the induction hypothesis to the form ¢p(,), we
have

deg ) = deg Yp(,) > n.
If ¢ p(y) is isotropic, it is hyperbolic and therefore dim¢) > dim ¢ by the Subform Theorem
22.5. As h > 1 we have

248% — dimp > dim ¢ > 29%8¥ > 9",
hence deg1) > n.
Now consider the general case. Let K/F be a field extension such that ¢ is Witt
equivalent to a general Pfister form and degyx = deg. By the first part of the proof

deg) = deg g > n. Il

26. The Separation Theorem

There are anisotropic quadratic forms ¢ and 1 with dim ¢ < dim v and gy isotropic.
For example, this is the case when ¢ and ¢ are Pfister neighbors of the same Pfister form.
In this section, we show that if two anisotropic quadratic forms ¢ and i are separated by
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a power of two, more precisely, if dim ¢ < 2" < dim¢ for some n > 0 then ¢p(y) remains
anisotropic.

We shall need the following observation.

REMARK 26.1. Let ¢ be a quadratic form. Then V, contains a (maximal) totally
isotropic subspace of dimension i()) := ip(¢)) + dim(rad ). Define the invariant s of a
form by s(¢) := dim ¢ — 2ij(¢)) = dim ¢, — dim(rad ). If two quadratic forms ¢ and u
are Witt equivalent then s(i) = s(u).

A field extension L/F is called unirational if there is a field extension L'/L with L'/F
purely transcendental. A tower of unirational field extensions is unirational. If L/F' is

unirational then every anisotropic quadratic form over F' remains anisotropic over L by
Lemma 7.16.

LEMMA 26.2. Let ¢ be an anisotropic quadratic form over F satisfying dimp < 27
for some n > 0. Then there exists a field extension K/F and an (n + 1)-fold anisotropic
quadratic Pfister form p over K such that

(1) @K is isometric to a subform of p.
(2) The field extension K(p)/F is unirational.

PRrROOF. Let Ky = F(ty,...,t,s1) and let p = ({(t1,...,t,21]]- Then p is anisotropic.
Indeed by Corollary [19.6 and induction, it suffices to show ((t]] is anisotropic over F(t).
If this is false there is an equation f? + fg + tg?> = 0 with f,g € F[t]. Looking at the
highest term of ¢ in this equation gives either a*t*" = 0 or b?t*"*! = 0 where a,b are the
leading coefficients of f, g respectively. Neither is possible.

Consider the class F of field extensions F /K| satisfying

(1') p is anisotropic over E.
(2') The field extension E(p)/F is unirational.

We show that Ko € F. By the above p is anisotropic. Let L = Ko(((1,#]]). Then
L/F is purely transcendental. As py, is isotropic, L(p)/L is also purely transcendental
and hence so is L(p)/F. Since K(p) C L(p), the field extension Ky(p)/F is unirational.

For every field £ € F, the form ¢ is anisotropic by (2'). As pg is non-degenerate,
the form pg L (—pg) is regular. We set

m(E) =i(pr L (—¢n)) =i(pp L (—¢p))
and let m be the maximum of the m(E) over all E € F.
Claim 1: We have m(FE) < dim ¢ and if m(E) = dim ¢ then ¢ is isometric to a subform
of PE-
Let W be a totally isotropic subspace in V,, 1 V_,, of dimension m(E). Since pg and
g are anisotropic, the projections of W to V,,, and V_,, = V., are injective. This gives
the inequality. Suppose that m(E) = dimg. Then the projection p : W — V,,, is an
isomorphism and the composition

VWEﬁ)W_)V;)E

identifies ¢ g with a subform of pg.
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Claim 2: m = dim ¢.
Assume that m < dim . We derive a contradiction. Let K € F be a field satisfying
m = m(K) and set 7 = (px L (—cpK))an. As the form pg L (—pg) is regular, we have
T~ pr L (—pK) and

(26.3) dim p 4+ dim ¢ = dim 7 + 2m.

Let W be a totally isotropic subspace in V,, L V_,, of dimension m. Let o denote the
restriction of pg on V,, NW+. Thus o is a subform of px of dimension > 2" —m > 2"
In particular, o is a Pfister neighbor of px. By Lemma[8.10, the natural map V,, "W+ —
W+ /W identifies o with a subform of 7.

We show that condition (2') holds for K (7). Since o is a Pfister neighbor of pg, the
form o and therefore 7 is isotropic over K (p). By Lemma [22.14, the extension K (p)/K is
separable hence 7 (,) is regular by Lemma 22.13. Therefore, by Lemma 22.9 the extension
K(p)(1)/K(p) is purely transcendental. It follows that K (p)(r) = K(7)(p) is unirational
over F' hence condition (2') is satisfied.

As 7 is isotropic over K (7), we have m(K(7)) > m, hence K(r) ¢ F. Therefore
condition (1”) does not hold for K(7), i.e., px is isotropic and therefore hyperbolic over
K(7). As ) # D(0) C D(px) N D(7), the form 7 is isometric to a subform of px by the
Subform Theorem 22.5. Let 7+ be the complementary form of 7 in pg. It follows from
(26.3) that

dim 7+ = dim p — dim 7 = 2m — dim ¢ < dim ¢.

As pg L (=7) ~ 7+ by Lemma 8.13,
(26.4) 7L (—7)~pr L (—pKr) L (=7) ~7" L (—pxk).

We now use the invariant s defined in Remark 26.1. Since the space of 7 L (—7)
contains a totally isotropic subspace of dimension dim 7, it follows from (26.4) and Remark
26.1 that

.9(7'L 1 (—goK)) = 5(7' il (—7’)) =0,
i.e., the form 7+ L (—pg) contains a totally isotropic subspace of half the dimension of
the form. Since dim ¢ > dim 7+, this subspace intersects V. nontrivially, consequently

PK
@k s isotropic contradicting condition (2'). This establishes the claim.

It follows from the claims that ¢k is isometric to a subform of pg. g

THEOREM 26.5. (Separation Theorem) Let ¢ and v be two anisotropic quadratic forms
over F'. Suppose that dim ¢ < 2" < dim for some n > 0. Then @p(y) is anisotropic.

PROOF. Let p be an (n+ 1)-fold Pfister form over a field extension K/F as in Lemma
26.2/ with ¢ a subform of p. By the lemma 9k, is anisotropic. Suppose that pg(y) is
isotropic. Then pg(y) is isotropic hence hyperbolic. By the Subform Theorem 22.5, there
exists an a € F such that aik is a subform of p. As dimvy > %dim p, the form ayk is a
neighbor of p hence a1k (,) and therefore 1k, is isotropic. This is a contradiction. [

COROLLARY 26.6. Let ¢ and ¥ be two anisotropic quadratic forms over F with
dimy > 2. If dim¢ > 2dim ¢ — 1 then ppy) s anisotropic.
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The Separation Theorem was first proved by Hoffmann in [54] for fields of character-
istic different from two and by Hoffmann and Laghribi in [59] for fields of characteristic
two. We shall give another, more geometric proof, in [79.8 below.

27. A further characterization of quadratic Pfister forms

In this section, we give a further characterization of quadratic Pfister forms due to
Fitzgerald (cf. [46]) used to answer a problem of Knebusch in [84] for fields of character-
istic different from two. Knebusch and Scharlau showed in [85] that Fitzgerald’s theorem
implied that if a non-degenerate anisotropic quadratic form p becomes hyperbolic over the
function field of an irreducible anisotropic form ¢ satisfying dim ¢ > %dim p then p is a
general quadratic Pfister form. Hoffmann and Laghribi showed that this characterization
was also true for fields of characteristic two in [58].

For a non-degenerate non-hyperbolic quadratic form p of even dimension, we set
N(p) = dim p—29¢*. Since the splitting patterns of p and pr() are the same by Corollary
25.2, we have N(pp@)) = N(p).

THEOREM 27.1. Let p be a non-hyperbolic quadratic form and ¢ a subform of p of
dimension at least 2. Suppose that
(1) ¢ and its complementary form in p are anisotropic.
(2) prp) is hyperbolic.
(3) 2dim ¢ > N(p).
Then p is an anisotropic general Pfister form.

Proor. Note that p is a non-degenerate form of even dimension by Remark [7.19/ as
PF(p) 1s hyperbolic.

Claim 1: For any field extension K/F with ¢k anisotropic and px not hyperbolic, ¢y is
isometric to a subform of (pk)an.

By Lemma 8.13, the form p L (—¢) is Witt equivalent to ¢ := ¢*. In particular,
dim p = dim ¢ + dim¢). Set p’ = (px )an. It follows from (3) that

dim(p’ L (—¢k)) > 29°8¢ 1 dim ¢ > dim p — dim ¢ = dim ).

As p' L (—pK) ~ ¥k it follows that the form p' L (—¢k) is isotropic, therefore D(p") N
D(pk) # 0. Since p’K(@ is hyperbolic, the form ¢ is isometric to a subform of p’ by the
Subform Theorem 22.5/ as needed.

Claim 2: p is anisotropic.

Applying Claim 1 to K = F implies that ¢ is isometric to a subform of p' = pg,. Let ¢/
be the complementary form of ¢ in p/. By Lemma 8.13,

W~p L(=p)~p L (=)~ ¢
As both forms 1) and v’ are anisotropic, we have v’ ~ 1. Hence
dim p = dim ¢ + dim ¢ = dim ¢ + dim ¢’ = dim p’ = dim pg,.

Therefore p is anisotropic.
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We now investigate the form ¢p(,). Suppose it is isotropic. Then ¢ <= p hence pp,)
is hyperbolic by Proposition 22.18. It follows that p is a general Pfister form by Corollary
23.4/ and we are done. Thus we may assume that ¢p(, is anisotropic. Normalizing we
may also assume that 1 € D(g). We shall prove that p is a Pfister form by induction on
dim p. Suppose that p is not a Pfister form. In particular, p; := (pr(y))an is nonzero and
dim p; > 2. We shall finish the proof by obtaining a contradiction. Let ¢1 = @p(,).

Note that deg p; = degp and dim p; < dim p hence N(p;) < N(p).

Claim 3. p; is a Pfister form.

Applying Claim 1 to the field K = F(p), we see that ¢, is isometric to a subform of p;.
We have

2dim p; = 2dim¢ > N(p) > N(p1).

By the induction hypothesis applied to the form p; and its subform, ¢, we conclude that
the form p; is a Pfister form proving the claim. In particular, dim p; = 24¢&r1 = 2desr,
Claim 4: D(p) = G(p).

Since G(p) C D(p), it suffices to show if x € D(p) then € G(p). Suppose that = ¢ G(p).
Hence the anisotropic part (§ of the isotropic form ({x)) ® p is nonzero. It follows from
Proposition 25.15 that deg 5 > 1 + deg p.

Suppose that (g, is hyperbolic. As p — 3 = —xp in I,(F), the form p L (=f) is
isotropic, hence D(p) N D(B) # 0. Tt follows from this that p is isometric to a subform of
B by the Subform Theorem 22.5. Let f~p L u~ p L (—xp) for some form p. By Witt
cancellation, y ~ —zp. But dim 3 < 2dim p hence dim p < dim p. As p is anisotropic,
this is a contradiction. It follows that the form (; = (5F(p))an is not zero and hence
dim §, > 2deg8 > gltdegp.

Since p is hyperbolic over F(y), it follows from the Subform Theorem 22.5/ that ¢ is
isometric to a subform of xp. Applying Claim 1 to the form xpp(,), we conclude that
@1 1s a subform of xp;. As ¢ is also a subform of p;, the form ({x)) ® p; contains
v1 L (—¢1) and therefore a totally isotropic subspace of dimension dim¢; = dim .
Therefore dim({(z)) ® p1) < 2dim p; — 2dim ¢. Consequently,

2'*48? < dim ) = dim (((z)) ® p1), < 2dimp; — 2dim ¢ < 2'¥987,
a contradiction. This proves the claim.
Let F(T) = F(t1,...,t,) with n = dim p. We have deg ppr) = degp and N(ppr)) =
N(p). Working over F(T') instead of F, we have the forms ppr) and ppep) satisfy the

conditions of the theorem. By Claim 4, we conclude that G(prr)) = D(pr(r)). It follows
from Theorem 23.2/ that p is a Pfister form, a contradiction. O

COROLLARY 27.2. Let p be a nonzero anisotropic quadratic form and ¢ an irreducible
anisotropic quadratic form satisfying dim¢ > %dim p. If pry 1s hyperbolic then p €
GP(F).

PROOF. As pp(,) is hyperbolic, the form p is non-degenerate. It follows by the Subform
Theorem 22.5 that ay is a subform of p for some a € F*. As p is anisotropic, the
complementary form of ay in p is anisotropic.
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Let K be the leading field of p and 7 its leading form. We show that ¢ is anisotropic.
If @p(y) is isotropic then ¢ <> p. In particular, pp(,) is hyperbolic by Proposition 22.18
hence K' = F' and ¢ is anisotropic by hypothesis. Thus we may assume that g,
is anisotropic. The assertion now follows by induction on h(p). As Tx(y) ~ PK(e) I8
hyperbolic, dimy = dimygr < dim7 = 297 by the Subform Theorem 22.5. Hence
N(p) = dim p—29¢8» < dim p—dim ¢ < 2dim ¢. The result follows by Theorem 27.1. O

The restriction dim ¢ > £ dim p above is best possible (cf. [85]).
A further application of Theorem 27.1/is given by:

THEOREM 27.3. Let ¢ and ¢ be non-degenerate quadratic forms over F of the same
odd dimension. Ifig(pr) = i0(Vk) for any field extension K/F then ¢ and v are similar.

PrOOF. We may assume that ¢ and ¢ are anisotropic and have the same determinants
(cf. Remark 13.8). Let n = dim . We shall show that ¢ ~ 1 by induction on n. The
statement is obvious if n = 1, so assume that n > 1.

We construct a non-degenerate form p of dimension 2n and trivial discriminant con-
taining ¢ such that ¢ ~ —¢ as follows: If char F' # 2 let p = ¢ L (—). If char F = 2
write ¢ ~ (a) L ¢ and ¢ ~ (a) L ¢’ for some a € F'* and non-degenerate forms ¢’ and
Y. Set p=la,c] L ¢ L4/ where cis chosen so that discp is trivial.

By induction applied to the anisotropic parts of ¢r(,) and ¥r(,, we have pp(,) ~
V(- It follows from Witt Cancellation and Proposition 13.6 (in the case char F' = 2)
that pp(,) is hyperbolic. If p itself is not hyperbolic, then by Theorem 27.1, the form p
is an anisotropic general Pfister form of dimension 2n. In particular, n is a power of 2, a
contradiction.

Thus p is hyperbolic. By Lemma 8.13, we have —p ~ p L (—p) ~ ¢t ~ —1). As ¢
and 1 have the same dimension we conclude that ¢ ~ . 0

28. Excellent quadratic forms

In general, if ¢ is a non-degenerate quadratic form and K/F a field extension then
the anisotropic part of g will not necessarily be isometric to a form defined over F' and
extended to K. Those forms over a field F' whose anisotropic part over any extension
field of F' is defined over F' are called excellent forms. These forms were first introduced
by Knebusch in [84]. We study them in this section.

Let K/F be a field extension and ¢ a quadratic form over K. We say that ¢ is defined
over F' if there is a quadratic form 7 over F' such that ¢ ~ ng.

THEOREM 28.1. Let ¢ be an anisotropic non-degenerate quadratic form of dimension
> 2. Then ¢ is a Pfister neighbor if and only if the quadratic form (¢p(e))an s defined
over F'.

PRrROOF. Let ¢ be a Pfister neighbor and let p be the associated general Pfister form
so  is a subform of p. As pp(,) is isotropic, the general Pfister form pg(, is hyperbolic
by Corollary 9.11. By Lemma 8.13, the form ¢, is Witt equivalent to —(p*)p(,). Since
dim ¢+ < (dim p)/2, it follows by Corollary 26.6/ that (o) p(,) is anisotropic. By Corollary
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22.17, the form (gpL)F(w) is also anisotropic as ¢ <> p by Remark 23.12. Consequently,
(©F())an = (—¢T) (e is defined over F.

Suppose now that (¢r(s))an = Vr(e) for some (anisotropic) form ¢ over F'. Note that
dimvy < dim ¢.
Claim: There exists a form p satisfying
(1) ¢ is a subform of p.
(2) The complementary form o= is isometric to —1.
(3) pr(y) is hyperbolic.
Moreover, if dim ¢ > 3, then p can be chosen in I7(F).

Suppose that dim ¢ is even or char F' # 2. Then p = ¢ L (—) satisfies (1), (2), and
(3). As F is algebraically closed in F'(p), if dimp > 3, we have discp = disct) hence
peIF).

So we may assume that char I = 2 and dim¢ is odd. Write ¢ = ¢/ L (a) and
1 =" L (b) for non-degenerate forms ¢’, ¢’ and a,b € F'*. Note that (a) (respectively,
(b)) is the restriction of ¢ (respectively, 1) on rad b, (respectively, rad b,,) by Proposition
7.32. By definition of ¢ we have (a)r(,) ~ (b)p(,). Since F(p)/F is a separable field
extension by Lemma 22.14, we have (a) ~ (b). Therefore, we may assume that b = a.

Choose ¢ € F such that disc(¢’ L 9') = discla,c] and set p = ¢’ L @' L [a,c] so
that p € IZ(F). Clearly ¢ is a subform of p and ¢* is isometric to ¢. By Lemma 8.13,
p L @~ Since ¢ and ¢ are Witt equivalent over F(¢), we have pp,) L ©rs) ~ ©rep)-
Cancelling the non-degenerate form SO/F(@) yields

PR@) L @) pe) ~ (@) F()-
Asp e Ig(F) by Proposition 13.6, we have pp(,) ~ 0 establishing the claim.
As dimp = dimp + dim+ < 2dim ¢ and ¢ is anisotropic, it follows that p is not
hyperbolic. Moreover, ¢ and its complement ¢t ~ —1) are anisotropic. Consequently, p
is a general Pfister form by Theorem 27.1 hence ¢ is a Pfister neighbor. U

EXERCISE 28.2. Let ¢ be a non-degenerate quadratic form of odd dimension. Then
h(¢) = 1 if and only if ¢ is a Pfister neighbor of dimension 2" — 1 for some n > 1.

THEOREM 28.3. Let ¢ be a non-degenerate quadratic form. Then the following two
conditions are equivalent:

(1) For any field extension K/F, the form (@i )an is defined over F.

(2) There are anisotropic Pfister neighbors o = Yan, @1, - - -, @r with associated gen-
eral Pfister forms po, p1, ..., pr respectively satisfying o; ~ (pi L ©iy1)an for all
i=0,1,...,7 (with ¢, 41 :=0).

PROOF. (2) = (1): Let K/F be a field extension. If all general Pfister forms p; are
hyperbolic over K, the isomorphisms in (2) show that all the ¢; are also hyperbolic. In
particular, (¢g)an, is the zero form and hence is defined over F.

Let s be the smallest integer such that (ps)x is not hyperbolic. Then the forms ¢ =
o, P1, - - -, ps are Witt equivalent and (¢ )k is a Pfister neighbor of the anisotropic general
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Pfister form (ps)x. In particular (@) is anisotropic and therefore (¢x)an = (vs)k is
defined over F.

(1) = (2): We prove the statement by induction on dim . We may assume that dim ¢,,, >
2. By Theorem 28.1, the form ¢,, is a Pfister neighbor. Let p be the associated general
Pfister form of ¢,,. Consider the negative of the complimentary form ¢ = —(©g,)* of
Yan 0 p. Tt follows from Lemma 8.13 that ¢, ~ (p L ¥)an.

We claim that the form 1 satisfies (1). Let K/F be a field extension. If p is hyperbolic
over K then i and ¢ are Witt equivalent. Therefore (Vg )an =~ (¢K)an is defined
over F. If pk is anisotropic then so is ¥k, therefore (V) = i is defined over F.
By the induction hypothesis applied to ¢, there are anisotropic Pfister neighbors ¢, =
WY, @, ..., with the associated general Pfister forms py, ps, ..., p, respectively such that
©i ~ (pi L @iy1)an for alli=1,... r, where ¢, 1 = 0. To finish the proof let vy = (©)an
and pg = p. 0

A quadratic form ¢ satisfying equivalent conditions of Theorem 28.3/is called excellent.
By Lemma 8.13 the form ;1 in Theorem 28.3(2) is isometric to the negative of the
complement of ¢; in p;. In particular, the sequences of forms ¢; and p; are uniquely
determined by ¢ up to isometry. Note that all forms ¢; are also excellent — this allows
inductive proofs while working with excellent forms.

ExamMPpLE 28.4. If char F' # 2 then the form n(1) is excellent for every n > 0.

PROPOSITION 28.5. Let ¢ be an excellent quadratic form. Then in the notation of
Theorem [28.5 we have the following:

(1) The integer r coincides with the height of .
(2) If Fy = F, F,..., F, is the generic splitting tower of ¢ then (¢F,)an = (@i)r, for
allt=10,...,7r.

PROOF. The last statement is obvious if i = 0. As py is hyperbolic over F} = F(@,,) =
F(¢o), the forms ¢p, and (¢1)r, are Witt equivalent. Since dimp; < (dim pg)/2, the
form ¢ is anisotropic over F'(py) by Corollary 26.6. As ¢y <> po, the form ¢ is also
anisotropic over F; = F'(¢g) by Corollary 22.17. Therefore, (¢r, )an =~ (¢1)r . This proves
the last statement for : = 1. Both statements of the proposition follow now by induction
on r. U

The notion of an excellent form was introduced by Knebusch.

29. Excellent field extensions

A field extension E/F is called ezcellent if the anisotropic part ¢g of any quadratic
form ¢ over F' is defined over F', i.e., there is a quadratic form v over F' satisfying
(¢E)an =~ ¥gr. The concept of an excellent field extension was introduced in [40] and
further information about this concept can be found there.

ExXAMPLE 29.1. Suppose that every anisotropic form over F' remains anisotropic over
E. Then for every quadratic form ¢ over F' the form (p,,)g is anisotropic and therefore
is isometric to the anisotropic part of ¢g. It follows that F/F is an excellent field
extension. In particular, it follows from Lemma [7.16 and Springer’s Theorem [18.5 that
purely transcendental field extensions and odd degree field extensions are excellent.
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EXAMPLE 29.2. Let E/F be a separable quadratic field extension. Then £ = F(o0),
where o is the (non-degenerate) binary norm form of E/F. It follows from Corollary
22.12/that E/F is an excellent field extension.

EXAMPLE 29.3. Let E/F be a field extension such that every quadratic form over £
is defined over F. Then E/F is obviously an excellent extension.

EXERCISE 29.4. Let E be either an algebraic closure or a separable closure of a field
F. Prove that every quadratic form over E is defined over F. In particular F/F is an
excellent extension.

Let p be an irreducible non-degenerate quadratic form over F. If dimp = 2, the
extension F'(p)/F is separable quadratic and therefore is excellent by Example 29.2. We
extend this result to non-degenerate forms of dimension 3.

NoTATION 29.5. Until the end of this section, let K/F be a separable quadratic field
extension and let @ € F*. Consider the 3-dimensional quadratic form p = Ng/p L (—a)
on the space U := K & F. Let X be the projective quadric of p. It is a smooth conic
curve in P(U). In the projective coordinates [s : t] on K @ F, the conic X is given by the
equation Ny, p(s) = at®. We write E for the field F(p) = F(X).

The intersection of X with P(K) is Spec F((x) for a point x € X of degree 2 with
F(x) ~ K. In fact, Spec F(x) is the quadric of the form Ng/p = p|gx. Over K the norm
form Ny r(s) factors into a product s-s’ of linear forms. Therefore, there are two rational
points y and ¢ of the curve X mapping to  under the natural morphism Xz — X, so
that the divisor div(s/t) equals y — ¢" and div(s'/t) equals ¥’ —y. Moreover, we have

(29.6) Nig/r(s/t) = Ng/r(s)/t? = at®/t* = a.
For any n > 0, let L,, be the F-subspace
{f € B | div(f) +nz > 0} U {0}
of E. We have
F=LyCcLiCcL,C---CkE

and L, - L,, C L,,, for all n,m > 0. In particular, the union L of all L,, is a subring of
E. In fact, F is the quotient field of L.

In addition, Ox, - L, C L, and mx, - L, C L,_; for every n > 1 where Ox, is
the local ring of x and myx , its maximal ideal. In particular, we have the structure of a
K-vector space on L, /L, for every n > 1.

Set L,, = L, /Ly_1 for n > 1 and Lo = K. The graded group L, has the structure of
a ring.

The following lemma is an easy case of the Riemann-Roch Theorem.

LEMMA 29.7. In the notation above, we have dimg(Ly,) =1 for all n > 0. Moreover,
L, is a polynomual ring over K in one variable.
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Proor. Let f,g € L, \ L,—1 for n > 1. Since f = (f/g)g and f/g € (Ox.)*, the
images of f and g in L,, are linearly dependent over K. Hence dimg(L,) < 1. On the
other hand, for a nonzero linear form [ on K, we have div(l/t) = z — x for some z # x.
Hence (I/t)" € L,, \ L,_; and therefore dimg(L,) > 1. Moreover, L, = K[l /t]. O

PROPOSITION 29.8. Let ¢ : V — F be an anisotropic quadratic form and suppose that
for some n > 1 there exists

ve (Ve L)\ (V®L,)
such that p(v) = 0. Then there exists a subspace W C V' of dimension 2 satisfying

(1) ¢|w is similar to Nk, p.
(2) There exists a nonzero © € V.® L,y such that $(0) = 0 where ¢ is the quadratic
form a(e|lw) L @lws on V.

PROOF. Let v denote the image_of v under the canonical map V® L, — V& L,,. We
have v Z0asv ¢ V ® L,,_1. Since L, is 2—dimerisional over F' by Lemma 29.7, there is a
subspace W C V' of dimension 2 with v € W &® L,,.

As 7 is an isotropic vector in W @ L, and L, is a polynomial algebra over K, we have
W & K is isotropic. It follows from Corollary 22.12 that the restriction |y is isometric
to ¢ Ng/p for some ¢ € F'* and, in particular, non-degenerate.

By Proposition [7.23, we can write v = w+w' with w € W® L,, and w' € Wt®L,. By
construction of W, we have w' = 0in V®L,, i.e, w € V&L, 1, therefore p(w') € Ly, .
Since 0 = ¢(v) = p(w) + @(w'), we must have p(w) € Loy, —o.

We may therefore assume that W = K and ¢|x = cNg/p.

Thus we have w € K ® L, C K ® E = K(X). Considering w as a function on X
we have dive,(w) = my + m'y’ for some m, m' < n where div,, is the divisor of poles. As
w¢ W ® L,_1, we must have one of the numbers m and m’, say m, equal to n.

Let o be the generator of the Galois group of K/F. We have o(y) = %/, hence
dive(ow) = my’ + m'y and

dive (p(w)) = dives (Ng/p(w)) = dives(w) + dives (ow) = (m +m')(y + ¢/).
As p(w) € Lyy_o, we have m+m/ <2n — 2 ie, m' <n —2.
Note also that
dive (ws/t) = dives(w) +y —y = (m — L)y + (m' + 1)y
As both m — 1 and m’ + 1 are at most n — 1, we have ws/t € K ® L,_;.

Now let @ be the quadratic form a(p|lw) L plw, on V. = W & W and set © =
alws/t+w' €V ® L, ;. By (29.6) we have

p(0) = ap(a™ ws/t) +p(w') = a™" Ngx)re (s/t)p(w) +p(w') = p(w) + p(w') = 0. O

COROLLARY 29.9. Let ¢ be a quadratic form over F' such that ¢g is isotropic. Then
there exists an isotropic quadratic form 1 over F' such that Vg ~ vg.
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PRrOOF. Let v € V ® E be an isotropic vector of ¢p. Scaling v we may assume that
v € V® L. Choose the smallest n such that v € V ® L,,. We induct on n. If n =0, i.e.,
v € V, the form ¢ is isotropic and we can take ¢ = .

Suppose that n > 1. By Proposition 29.8, there exist a 2-dimensional subspace W C V
such that |y is similar to Ng/p and an isotropic vector o € V' ® L,_; for the quadratic
form ¢ = a(plw) L (¢lwe) on V. As a is the norm in the quadratic extension KE/E,
the forms Nk p and aNg,p are isometric over F, hence ¢ ~ ¢p. By the induction
hypothesis applied to the form ¢, there is an isotropic quadratic form v over F' such that

YE ~ O ~ QE. g

THEOREM 29.10. Let p be a non-degenerate 3-dimensional quadratic form over F.
Then the field extension F(p)/F is excellent.

Proor. We may assume p is the form in Notation 29.5/ as every non-degenerate 3-
dimensional quadratic form over F is similar to such a form. Let £ = F(p) and let ¢ be
a quadratic form over F. We show by induction on dim ¢, that (¢g)a, is defined over
F. If ¢,y is anisotropic over E we are done as (¢g)an =~ (Pan)E-

Suppose that ¢, is isotropic over E. By Corollary 29.9 applied to ¢,,, there exists an
isotropic quadratic form v over F' such that ¢p ~ (@un)p. As dimt,, < dim @,,, by the
induction hypothesis, there is a quadratic form g over F' such that (¢g)ae, =~ pug. Since

pE ~ Vg ~ @g, we have (¢g)an >~ UE- O
COROLLARY 29.11. Let ¢ € GPo(F'). Then F(p)/F is excellent.

PROOF. Let 1 be a Pfister neighbor of ¢ of dimension three. Let K = F(y) and
L = F(¢). By Remark 23.12] and Proposition 22.9, the field extensions KL/K and
KL/L are purely transcendental. Let v be a quadratic form over F'. By Theorem 29.10),
there exists a quadratic form o over F' such that (v1)a, ~ or. Hence

((VK)ML)KL ~ (VKL)an ™ ((VL)m)KL ~ OKL-

It follows that (Vi )an =~ 0k. O

The corollary above was first proven by Arason (cf. [40, Appendix II]). We have
followed here Rost’s approach in [121]. This result does not generalize to higher fold
Pfister forms. It is known, in general, for every n > 2, there exists a field F' and a
© € GP,(F) with F(¢)/F not an excellent extension (cf. [63]).

30. Central simple algebras over function fields of quadratic forms

Let D be a finite dimensional division algebra over a field F. Let D]t] denote the
F[t]-algebra D ®@p F[t] and D(t) denote the F'(t)-algebra D ®p F(t). As D(t) has no zero
divisors and is finite dimensional over F'(¢), it is a division algebra. The main result in
this section is Theorem 30.5. This was originally proved in [104] for fields of characteristic
different from two using Swan’s calculation of Grothendieck group of a smooth projective
quadric. We generalize the elementary proof for this case given by Tignol in [136)].

A subring A C D(t) is called an order over FJt] if it is a finitely generated F'[t]-
submodule of D(t).
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LEMMA 30.1. Let D be a finite dimensional division F'-algebra. Then every order
A C D(t) over F[t] is conjugate to a subring of DIt].

PROOF. As A is finitely generated as an F'[t]-module, there is a nonzero f € F[t] such
that Af C D[t]. The subset DAf of D[t] is a left ideal. The ring D[t] admits both the left
and the right Euclidean algorithm relative to degree. In follows that all one-sided ideals
in DIt] are principal. In particular DAf = D[t]z for some = € DJt]. As A is a ring, for
every y € A, we have

xy € D[tlry = DAfy C DAf = Dlt]x,
hence zyz~! € D[t]. Thus zAz~' C DJt]. O

LEMMA 30.2. Suppose that R is a commutative ring and S a (not necessarily com-
mutative) R-algebra. Let X C S be an R-submodule generated by n elements. Suppose
that every v € X satisfies the equation 2> + ax +b = 0 for some a,b € R. Then the
R-subalgebra of S generated by X can be generated as an R-module by 2" elements.

Proor. Let zy,...,x, be generators for the R-module X. Writing quadratic equa-
tions for every pair of generators x;, ; and z;+x;, we see that x;x;+x;z;,+ax;4+bxj+c =0
for some a,b,c € R. Therefore, the R-subalgebra of S generated by X is generated as an

R-module by the monomials x;, ;, ... x;, with i; <9 < -+ <. ]

Let ¢ be a quadratic form on V over F' and vy € V' a vector such that ¢(vy) = 1. For
every v € V| the element —ovv in the even Clifford algebra Cy(p) satisfies the quadratic
equation

(30.3) (—vvg)? + by (vg, v)(—vvg) + (v) = 0.

Choose a subspace U C V such that V = Fuy @ U. Let J be the ideal of the tensor
algebra T'(U) generated by the elements v ® v + by, (vo, v)v + ¢(v) for all v € U.

LEMMA 30.4. With U as above, the F-algebra homomorphism « : T(U)/J — Cy(y)

defined by a(v + J) = —vvy is an isomorphism.
PROOF. By Lemma [30.2, we have dim T'(U)/J < 29V = dim Cy(p). As « is surjec-
tive, it must be an isomorphism. [l

THEOREM 30.5. Let D be a finite dimensional division F-algebra and ¢ an irreducible
quadratic form over F'. Then D, is not a division algebra if and only if there is an
F-algebra homomorphism Cy(p) — D.

PROOF. Scaling ¢, we may assume that there is vy € V satisfying ¢(vg) = 1 where
V =V,. We use the decomposition V' = Fvy @ U as above and set

l(v) = by(vg,v) for every v e U.
Claim: Suppose that Dp(, is not a division algebra. Then there is an F-linear map
f U — D satisfying the equality of quadratic maps
(30.6) fPrif+9=0.
(We view the left hand side as the quadratic map v — f(v)? + I(v) f(v) + ¢(v) on U).
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If we establish the claim then the map f extends to an F-algebra homomorphism 7'(U)/J —
D and, by Lemma [30.4, we get an F-algebra homomorphism Cy(p) — D as needed.

We prove the claim by induction on dimU. Suppose that dimU = 1, i.e., U = Fv
for some v. By Example 22.2, we have F(p) ~ Cy(p) = F @ Fz with z satisfying the
quadratic equation z? + ax + b = 0 with a = [(v) and b = ¢(v) by equation (30.3).
Since Dp,) is not a division algebra, there exists a nonzero element d’ + dx € Dp(,) with
d,d € D such that (d' 4 dz)? = 0 or equivalently d'*> = bd? and dd’ + d'd = ad®. Since D
is a division algebra, we have d # 0. Then the element d’'d™! in D satisfies

(dd™"? —a(dd ™) +b=0.
Therefore, the assignment v — —d'd~! gives rise to the desired map f: U — D.
Now consider the general case dim U > 2. Choose a decomposition

U:F’Ul@FUQ@W

for some nonzero v,vs € U and a subspace W C U and set V' = Fug @& Fvy & W,
U' = Fvy®W so that V' = Fuy@ U’. Consider the quadratic form ¢’ on the vector space
Vi over the function field F'(t) defined by

' (avy + buy +w) = @(avy + buy + btvy + w).

We show that the function fields F'(¢) and F(t)(y’) are isomorphic over F. Indeed,
consider the injective F-linear map ¢ : V* — V') taking a linear functional z to the
functional 2" defined by z'(avy + bvy +w) = z(avy + bvy + btvy + w). The map 6 identifies
the ring $*(V*) with a graded subring of $*(V"%;)) so that ¢ is identified with ¢'. Let z,
and xs be the coordinate functions of v; and vs in V respectively and ) the coordinate
function of v; in V'.  We have x; = ) and @y = ta} in §'(V'}). Therefore, the
localization of the ring S*(V*) with respect to the multiplicative system F[xy,zs] \ {0}
coincides with the localization of $*(V'% ;) with respect to F'(¢)[x1] \ {0}. Note that
Flz1,22]N () = 0 and F(t)[x1]N(¢") = 0. It follows that the localizations $*(V*)(, and
S*(V'r()) (o) are equal. As the function fields F'(p) and F'(¢)(¢) coincide with the degree
0 components of the quotient fields of their respective localizations, the assertion follows.

Let I'(v) = b, (vo,v), so
l'(avy + bvy +w) = l(avg + bvy + btvg + w).

Applying the induction hypothesis to the quadratic form ¢’ over F(t) and the F(t)-algebra
Dp@ produces an F'(t)-linear map f” : U}(t) — D) satisfying

(30.7) 24U +¢ =0,

Consider the F'[t]-submodule X = f'(Up,) in Dppy. By Lemma30.2, the F[t]-subalgebra
generated by X is a finitely generated F'[t]-module. It follows from Lemma 30.1 that, after
applying an inner automorphism of Dy, we have f'(v) € Dpyy for all v. Considering the
highest degree terms of f’ (with respect to t) and taking into account the fact that D is a
division algebra, we see that deg [’ < 1, i.e., f' = g+ ht for two linear maps g, h : U' — D.
Comparison of degree 2 terms of (30.7) yields

h(v)? 4 bl(va)h(v) + b*p(vs) = 0
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for all v = bv; + w. In particular, h is zero on W, therefore h(v) = bh(vy). Thus (30.7)
reads

(30.8) (g(v) + bth(vl))2 + 1(bvy + btvg) (g(v) + bth(vy)) + (v + btvs) =0
for every v = bvy +w. Let f: U — D be the F-linear map defined by the formula
f(bvy + cvg + w) = g(bvy +w) + ch(vy).

Substituting ¢/b for ¢ in (30.8), we see that (30.6) holds on all vectors bv; + cvy + w with
b # 0 and therefore holds as an equality of quadratic maps. The claim is proven.

We now prove the converse. Suppose that there is an F-algebra homomorphism
s: Cy(p) — D. Consider the two F-linear maps p,q : V. — D given by p(v) = s(vvg)
and ¢(v) = s(vvy — I(v)). We have

p(v)a(v) = s((vve)* — l(v)vwo) = s(p(v)) = ¢(v)

by equation (30.3). It follows that p and ¢ are injective maps if ¢ is anisotropic. The
maps p and ¢ stay injective over any field extension. Let L/F be a field extension such
that ¢y is isotropic (e.g., L = F(p)). Then if ' € V is a nonzero isotropic vector, we
have p(v')q(v') = ¢(v') = 0 but p(v') # 0 and ¢q(v’) # 0. It follows that Dy is not a
division algebra.

It remains to consider the case when ¢ is isotropic. We first show that every isotropic
vector v € V belongs to rad b,. Suppose this is not true. Then there is a u € V' satisfying
by(v,u) # 0. Let H be the 2-dimensional subspace generated by v and u. The restriction
of ¢ on H is a hyperbolic plane. Let w € V' be a nonzero vector orthogonal to H and let
a = p(w). Then

M,(F) = C(—aH) = Co(Fw L H) C Cy(p)

by Proposition 11.4. The image of the matrix algebra My(F) under s is isomorphic to
M, (F') and therefore contains zero divisors, a contradiction proving the assertion.

Let V' be a subspace of V satisfying V' = rad ¢ ®V’. As every isotropic vector belongs
to rad b, the restriction ¢’ of ¢ on V' is anisotropic. The natural map Cy(p) — Co(¢’)
induces an isomorphism Cy(p)/J = Co(¢'), where J = (rad ¢)C,(¢). Since x? = 0 for
every x € radp, we have s(J) = 0. Therefore, s induces an F-algebra homomorphism
s': Cy(¢') — D. By the anisotropic case, D is not a division algebra over F(¢’). Since
F(yp) is a field extension of F'(¢'), the algebra Dp,) is also not a division algebra. O

COROLLARY 30.9. Let D be a division F-algebra of dimension less than 22" and ¢ a
non-degenerate quadratic form of dimension at least 2n+1 over F'. Then Dp(,) is also a
division algebra.

PROOF. Let ¢ be a non-degenerate subform of ¢ of dimension 2n+1. As F'(¢)(p)/F(¢)
is a purely transcendental extension by Proposition 22.9, we may replace ¢ by 1 and
assume that dim ¢ = 2n + 1. By Proposition [11.6, the algebra Cy(¢p) is simple of dimen-
sion 2*". If Dp(, is not a division algebra then there is an F-algebra homomorphism
Co(p) — D by Theorem 30.5. This homomorphism must be injective as Cy(y) is simple.
But this is impossible by dimension count. U
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COROLLARY 30.10. Let D be a division F-algebra and let ¢ be a non-degenerate qua-
dratic form over F satisfying:
(1) If dim is odd or ¢ € I,(F)\ I7(F) then Co(p) is not a division algebra.
(2) If p € IZ(F) then C*(p) is not a division algebra over F (cf. Remark(13.9).
Then Dy is a dwision algebra.

PROOF. If Dp(,) is not a division algebra, there is an F-algebra homomorphism
f:Co(p) — D by Theorem 30.5. If ¢ € I7(F) we have Co(p) ~ CF(p) x C*(yp) by
Remark 13.9. Thus in every case the image of f lies in a non-division subalgebra of D.
Therefore, D is not a division algebra, a contradiction. U

COROLLARY 30.11. Let D be a dwision F-algebra and let ¢ € I3(F) be a nonzero
quadratic form. Then D, is a division algebra.

PROOF. By Theorem [14.3, the Clifford algebra C(y) is split. In particular, C*(p) is
not a division algebra. The statement follows now from Corollary 30.10. U






CHAPTER V

Bilinear and Quadratic Forms and Algebraic Extensions

31. Structure of the Witt ring

In this section, we investigate the structure of the Witt ring of non-degenerate sym-
metric bilinear forms. For fields F' whose level s(F') is finite, i.e., non-formally real fields,
the ring structure is quite simple. The Witt ring of such a field has a unique prime
ideal, viz., the fundamental ideal and W (F') (as an abelian group) has exponent 2s(F).
As s(F') = 2™ for some non-negative integer this means that the Witt ring is 2-primary
torsion. The case of formally real fields F', i.e., fields of infinite level, is more involved.
Orderings on such a field give rise to prime ideals in W (F'). The torsion in W (F) is still
2-primary, but this is not as easy to show. Therefore, we do the two cases separately.

31.A. Non-formally real fields. We consider the case of non-formally real fields
first.

A field F is called quadratically closed if F = F?. For example, algebraically closed
fields are quadratically closed. A field of characteristic two is quadratically closed if and
only if it is perfect. The quadratic closure of the rationals Q is the field of complex
constructible numbers. Over a quadratically closed field, the structure of the Witt ring is
very simple. Indeed, we have

LEMMA 31.1. For a field F' the following are equivalent:
(1) F is quadratically closed.
(2) W(F)=127/2Z.
(3) I(F) = 0.

PrROOF. As W(F)/I(F) = 7/2Z, we have W (F) ~ 7 /27 if and only if I(F) = 0 if
and only if (1,—a) =0 in W(F) for all a € F* if and only if a € F*? for alla € F*. O

EXAMPLE 31.2. (1) Let F be a finite field with char F' = p and |F| = ¢. If p = 2 then
F = F? and F is quadratically closed. So suppose that p > 2. Then F*? ~ F*/{£1} so
|F*/F*?| =2 and |F?| = (¢ +1). Let F*/F*? = {F*? aF*?}. Since the finite sets

F? and {a—9y’|y€F}
both have %(q + 1) elements, they intersect non-trivially. It follows that every element in

Fis a sum of two squares. We have —1 € F'*? if and only if g =1 mod 4.

If g =3 mod 4 then —1 ¢ F*? and the level s(F) of F is 2. We may assume that
a=—1. Then (1,1,1) = (1,—1,—1) = (=1) in W(F') so W(F) equals {0, (1), (1), (1,1)}
and is isomorphic to the ring 7 /47.

121
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If ¢ =1 mod4 then —1 is a square and W (F) equals {0, (1), (a),(l,a)} and is
isomorphic to the group ring Z/2Z[F* | F*?].
(2) If F is not formally real with char F' # 2 then s = s(F') is finite so the symmetric
bilinear form (s + 1)(1) is isotropic hence universal by Corollary [1.26.

It follows by the above that any field F' of positive characteristic level s(F') =1 or 2.
In general, if F is not formally real, s(F') = 2" by Corollary [6.8. There exist fields of level
2™ for each m > 1.

LEMMA 31.3. Let 2™ < n < 2™ Suppose that F satisfies s(F) > 2™, e.qg., F 1is
formally real, and ¢ = (n +1)(1),. Then s(F(gp)) = 2™,

PROOF. As s(F) > 1, the characteristic of F' is not two. Since ¢p(, is isotropic,
it follows that s(F(p)) < 2™ by Corollary 6.8. If ¢ was isotropic over F' then s(F) =
s(F(p)) < 2™ as F(p)/F is purely transcendental by Proposition 22.9. This contradicts

the hypothesis. So ¢ is anisotropic. If s(F(¢)) < 2™ then (27”(1>)F(¢) is a Pfister form

as char F' # 2 hence is hyperbolic. It follows that 2" = dim 2™(1) > dim¢ > 2™ by the
Subform Theorem 22.5, a contradiction. O

The ring structure of W (F') due to Pfister (cf. [113]) is given by the following:

PROPOSITION 31.4. Let F' be non-formally real with s(F) = 2". Then

1) Spec(W(F)) = {I(F)}

W(F) is a local ring of Krull dimension zero with mazimal ideal I(F).
nil(W(F)) =rad(W(F)) = zd(F) = I(F).

(F)* ={b|dimb is odd}

(F) is connected, i.e., 0 and 1 are the only idempotents in W (F).

(F) is a 2-primary torsion group of exponent 2s(F).

(F) is artinian if and only if it is noetherian if and only if |F'*/F*?| is finite
if and only if W(F) is a finite ring.

PROOF. Let s = s(F'). The integer 2s is the smallest integer such that the bilinear
Pfister form 2s(1), is metabolic hence zero in the Witt ring. Therefore, 2""!(a) = 0 in
W (F) for every a € F*. Tt follows that W (F) is 2-primary torsion of exponent 2" i.e.,
(6) holds. As

({@)"?=(a,...,a)) = {{a,~1,..., =1)) = 2""{{a)) = 0
in W(F) for every a € F* by Example 4.16, we have I(F) lies in every prime ideal. Since
W(F)/I(F) ~ 7Z/2Z, the fundamental ideal I(F') is maximal hence is the only prime
ideal. This proves (1). As I(F) is the only prime ideal (2) — (5) follows easily.

Finally, we show (7). Suppose that W (F') is noetherian. Then I(F) is a finitely
generated W (F)-module so I(F)/I*(F) is a finitely generated W (F)/I(F)-module. As
F*/F*? ~ [(F)/I*(F) by Proposition 4.13 and Z /27 ~ W (F)/I(F), we have F* /F*? is
finite. Conversely, suppose that F*/F*? is finite. By (2.6), we have a ring epimorphism
Z|F*/F*? — W(F). As the group ring Z[F*/F*?] is noetherian, W (F) is noetherian.
As 2sW(F) = 0 and W (F) is generated by the classes of 1-dimensional forms, we see that
|W(F)| < |F*/F*?*. Statement (7) now follows easily. O
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We turn to formally real fields, i.e., those fields of infinite level. In particular, for-
mally real fields are of characteristic zero, so the theories of symmetric bilinear forms and
quadratic forms merge. The structure of the Witt ring of a formally real field is more
complicated as well as more interesting. We shall use the basic algebraic and topological
structure of formally real fields which can be found in Appendices §95/ and §96. Recall
that a formally field F' is called euclidean if every element in F'* is a square or minus a
square. So F is euclidean if and only if F is formally real and F*/F*? = {F*? —F*?}
In particular, every real-closed field (cf. 95) is euclidean. Sylvester’s Law of Inertia for
real-closed fields generalizes to euclidean fields.

PROPOSITION 31.5. (Sylvester’s Law of Inertia) Let F' be a field. Then the following
are equivalent:

(1) F is euclidean.

(2) F is formally real and if b is a non-degenerate symmetric bilinear form, there
exists unique non-negative integers m,n such that b ~ m(1l) L n(—1).

(3) W(F) ~ Z as rings.

(4) F? is an ordering of F.

PrROOF. (1) = (2): As F is formally real, char ' = 0 so every bilinear form is
diagonalizable. Since F*/F*%* = {F*? —F*?} every non-degenerate bilinear form is
isometric to m(1) L n(—1) for some non-negative integers n and m. The integers n and
m are unique by Witt Cancellation [1.29.

(2) = (3): By (2) every anisotropic quadratic form is isometric to (1) for some unique
integer . As F' is formally real every such form is anisotropic.

(3) = (4): Let sgn : W(F) — Z be the isomorphism. Then sgn(l) = 1 so (1) has
infinite order, hence F' is formally real. Let a € F. Then sgn{(a) = n for some integer

n. Thus (a) = n(l) in W(F). In particular n is odd. Taking determinants, we must

have aF*? = +£F*2 Tt follows that F*/F>*? = {F*? —F*%?}. As F is formally real,
F? + F? C F? hence F? is an ordering.

(4) = (1): As F has an ordering, it is formally real. As F is an ordering, F' = F?U(—F?)
with —1 ¢ F? so F is euclidean. O

31.B. Pythagorean fields. We turn to a class of fields important in the study of
formally real fields that generalize quadratically closed fields.

DEFINITION 31.6. Let F' be a euclidean field. If b is a non-degenerate symmetric
bilinear form then b ~ m(1) L n(—1) for unique non-negative integers n and m. The
integer m —n is called the signature of b and denoted sgn b. This induces an isomorphism
sgn : W(F) — Z taking the Witt class of b to sgn b called the signature map.

Let

D(oo(1)) = UD(n(l)) = {z | x is a nonzero sum of squares in F'}

D(00(1)) := D(oo(1)) U {0}.
A field F'is called a pythagorean field if every sum of squares of elements in F' is itself a
square, i.e., D(oo(1>) = F? and if char F' = 2 then F is quadratically closed, i.e., perfect.
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REMARK 31.7. A field F' of characteristic different from two is pythagorean if and
only if every sum of two squares F' is a square.

EXAMPLE 31.8. Let F be a field.
(1) Every euclidean field is pythagorean.

(2) Let F be a field of characteristic different from two and K = F((t)), a Laurent series
field over F. Then K is the quotient field of F[[t]], a complete discrete valuation ring. If
F' is formally real then so is K as n(l) is anisotropic over K for all n by Lemma 19.4.
Suppose that F' is formally real and pythagorean. If x; € K* for ¢ = 1,2 then there exist
integers m; such that z; = t™(a; + ty;) with a; € F* and y; € F[[t]] for i = 1,2. Suppose
that m; < my then 23 + 23 = t*™(c + tz) with 2z € F|[[t]] and ¢ = a? if m; < my and
¢ = a}+a3 if m; = my hence c is a square in F in either case. As K is formally real, ¢ # 0
in either case. Hence c+tz is a square in K by Hensel’s Lemma. It follows that K is also
pythagorean. In particular, the finitely iterated Laurent series field F,, = F'((t1)) - -- ((t,))
as well as the infinitely iterated Laurent series field Fi, = colim F,, = F((t1)) - ((¢tn)) - - -
are formally real and pythagorean if F' is.

(3) If F is not formally real and char F' # 2 then F = ﬁ(oo(l)) by Example 31.2(2). It
follows that if F'is not formally real then F' is pythagorean if and only if it is quadratically
closed.
(4) Let K = F((t)) with char F = 0 and F*/F>*? = {a;F** | i € I}. Tt follows by
Hensel’s Lemma that

K*/K** ={a;K**|i€ [} U{atK**|i€ I}
and from Lemma [19.4/ that this is a disjoint union and a; K*? = a;K*? if and only if i = j.

In particular, if F'is not formally real then Laurent series field K is not pythagorean as
t is not a square.

EXERCISE 31.9. Let F' be a formally real pythagorean field and let b be a bilinear
form over F'. Prove that the set D(b) is closed under addition.

PROPOSITION 31.10. Let F' be a field. Then the following are equivalent:
(1) F is pythagorean.
(2) I(F) is torsion-free.
(3) There are no anisotropic torsion binary bilinear forms over F.

PROOF. (1) = (2): If s(F)) is finite then F is quadratically closed so W (F') = {0, (1)}
and I(F) = 0. Therefore, we may assume that F' is formally real. We show in this case
that W (F) is torsion-free. Let b be an anisotropic bilinear form over F' that is torsion
in W(F), say mb = 0 in W(F') for some positive integer m. As b is diagonalizable by
Corollary [1.20, suppose that b ~ (ay, ..., a,) with a; € F*. The form mb; is isotropic so
there exists a nontrivial equation ) i > aixfj =01in F. As F is pythagorean, there exist
z; € F satisfying 27 = Zj :Ef] Since F' is formally real not all the x; can be zero. Thus
(x1,...,2,) is an isotropic vector for b, a contradiction.

(2) = (3) is trivial.
(3) = (1): Let 0 # z € D(2(1)). Then 2((z)) = 0 in W(F) by Corollary 6.6. By
assumption, ((z)) =0 in W (F) hence z € F*2. O
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COROLLARY 31.11. A field F is formally real and pythagorean if and only if W (F') is
torsion-free.

PROOF. Suppose that W (F) is torsion-free. Then I(F') is torsion-free so F' is pythagorean.
As (1) is not torsion, s(F') is infinite hence F' is formally real.

Conversely, suppose that F' is formally real and pythagorean. Then the proof of
(1) = (2) in Proposition 31.10/ shows that W (F') is torsion-free. O

LEMMA 31.12. The intersection of pythagorean fields is pythagorean.

PROOF. Let F' = (), F; with each F; pythagorean. If z = 2% + y? with x,y € F then
for each ¢ € I there exist z; € F; with 22 = 2. In particular, z; = 2, for all 4, j € I. Thus
z €, F;=F forevery j € I and z = 2. O

EXERCISE 31.13. Let K/F be a finite extension. Show if K is pythagorean so is F.
(Hint: If char F #2 and a =1+2% € F\ F? let 2 = a++/a € K. Show z € F(y/a)? but

Np(yayr(2) & F2.)

Let F' be a field and K/F an algebraic extension. We call K a pythagorean closure of F'
if K is pythagorean and if FF C F ; K is an intermediate field then E is not pythagorean.
If F is an algebraic closure of F' then the intersection of all pythagorean fields between
F and F' is pythagorean by the lemma. Clearly, this is a pythagorean closure of F'. In
particular, a pythagorean closure is unique (after fixing an algebraic closure). We shall
denote the pythagorean closure of F' by F,,. If F'is not a formally real field then F}, is
just the quadratic closure of F', i.e., a quadratically closed field K algebraic over F' such
that if F C ;Cé K then F is not quadratically closed.

EXERCISE 31.14. Let E be a pythagorean closure of a field F'. Prove that E/F is an
excellent extension. (Hint: in the formally real case use Exercise 31.9/ to show that for
any quadratic form ¢ over F' the form (¢g)., over E takes values in F.)

We next show how to construct the pythagorean closure of a field.

DEFINITION 31.15. Let F be a field with F an algebraic closure. If K/F is a finite
extension in F' then we say K/F is admissible if there exists a tower

3116 F=FKCF C---CF,=K where
( . ) E = Fi_l(,/zi_l) with Zi—1 € D(2<1>F/L—l)

from F to K.

REMARK 31.17. If F'is a formally real field and K an admissible extension of F' then
K is formally real by Theorem 95.3 in §95.

LEMMA 31.18. Suppose that char F' # 2. Let L be the union of all admissible extensions
over F'. Then L = F,,. If F' is formally real so is F},,.

PROOF. Let F be a fixed algebraic closure of F.. If £ and K are admissible extensions
of F' then the compositum of FK of E and K is also an admissible extension. It follows
that L is a field. If z € L satisfies z = 2? + 42, x,y € L, then there exist admissible
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extensions F and K of F with x € F and y € K. Then EK(y/z) is an admissible
extension of F' hence /z € EK(y/z) C L. Therefore, L is pythagorean. Let M be

pythagorean with ¥ C M C F. We show L C M. Let K/F be admissible. Let (31.16)
be a tower from F to K. By induction, we may assume that F; C M. Therefore, z; € M?
hence F;;; C M. Consequently, K C M. It follows that L C M so L = F,,. If Fis

Py
formally real then so is L by Remark [31.17. O

If F'is an arbitrary field then the quadratic closure of F' can also be constructed by
taking the union of all square root towers

F=F,CcF C---CF,=K where F,= Fi_l(\/zi_l) with z;_; € F;il
over F.

NOTATION 31.19. Let
Wi(F) :={b € W(F) | there exists a positive integer n such that nb = 0},
the additive torsion in W (F'). It is an ideal in W (F).

Recall if K/F is a field extension then W(K/F) = ker(rg/r : W(F) — W(K)).
LEMMA 31.20. Let z € D(2(1)) \ F*2. If K = F(\/2) then

PRroOF. It follows from the hypothesis that ((z)) is anisotropic hence K/F is a qua-
dratic extension. As z is a sum of squares and not a square, char F' # 2. Therefore, by
Corollary 23.7, we have W (K/F) = ({(z))W (F'). By Corollary 6.6, we have 2((z)) = 0 in
W (F') and the result follows. O

31.C. Formally real fields. We have

THEOREM 31.21. Let F be a formally real field.

(1) Wi(F) is 2-primary, i.e., all torsion elements of W (F') have exponent a power of
2.
(2) Wi(F) = W(Fp,y/F).

PROOF. As W (F,,) is torsion-free by Corollary 31.11), the torsion subgroup W, (F) lies
in W(F,,/F), so it suffices to show W (F,,/F) is a 2-primary torsion group. Let K be an
admissible extension of F' as in (31.16). Since F}, is the union of admissible extensions
by Lemma 31.18), it suffices to show W (K/F) is 2-primary torsion. By Lemma [31.20/ and
induction, it follows that W(K/F) C annyr)(2"(1)) as needed. O

LEMMA 31.22. Let F be a formally real field and b € W(F') satisfy 2"b # 0 in W (F)
for anyn > 0. Let K/F be an algebraic extension that is mazimal with respect to bx not
having order a power of 2 in W(K). Then K is euclidean. In particular, sgn by # 0.

PROOF. Suppose K is not euclidean. As 2"(1) # 0, the field K is formally real. Since
K is not euclidean, there exists an z € K* such that z ¢ (K*)*U—(K*)2. In particular,
both K(y/z)/K and K(y/—x)/K are quadratic extensions. By choice of K, there exists
a positive integer n such that ¢ := 2"by satisfies ¢k (7 and ¢y (/=) are metabolic, hence
hyperbolic as char F' # 2. By Corollary 23.7, there exist forms ¢; and ¢y over K satisfying
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¢~ ((2)) @ ¢ ~ ((—2)) ®ca. As —z((z)) =~ ((z)) and z({—x)) ~ ((—z)), we conclude
that x¢ ~ ¢ ~ —zc¢ and hence that 2¢ ~ ¢ L ¢ ~ z¢ L —zc. Thus 2¢ = 0 in W(K). This
means that by is torsion of order 2"*!, a contradiction. ]

PROPOSITION 31.23. The following are equivalent:

) F can be ordered, i.e., X(F'), the space of orderings of F, is not empty.
2) F is formally real.
3) Wi(F) #W(F).
4) W(F) is not a 2-primary torsion group.
5) There exists an ideal A C W (F) such that W(F)/A ~ Z.
(6) There exists a prime ideal P in W (F') such that char(W (F)/B) # 2.

Moreover, if F' is formally real then for any prime ideal B in W (F') with Char(W(F)/‘B) +
2, the set

(1
(
(
(
(

Py = A{z e F*|({z)) € B} U{0}

s an ordering of F.

PROOF. (1) = (2) is clear.
(2) = (3): By assumption, —1 ¢ Dp(n(1)) for any n > 0 so (1) ¢ W,(F).
(3) = (4) is trivial.
(4) = (5): By assumption there exists b € W(F) not having order a power of 2. By

Lemma [31.22, there exists K/F with K euclidean. In particular, rx/r is surjective.
Therefore, A = W(K/F) works by Lemma 31.22/ and Sylvester’s Law of Inertia 31.5.

(5) = (6) is trivial.
(6) = (1): By Proposition 31.4, the field F is formally real. We show that (6) implies
the last statement. This will also prove (1). Let B in W(F') be a prime ideal satisfying
char(W (F)/PB) # 2.

We must show
(i) PgU(—Py) =F.

(11) Pq_g + Pq_g C qu.

(ili) Py - Py C Pg.

(iv) Pp 0 (=Pp) = {0},

(v) =1 & Py.
Suppose that x # 0 and both £z € Py. Then ((—1)) = ((—z)) + ((z)) lies in P so
2(1)+P = 0in W(F)/PB, a contradiction. This shows (iv) and (v) hold. As ({(x,—z)) =0
in W(F), either ((x)) or ((—x)) lies in B, so (i) holds. Next let z,y € Py. Then
({(xy)) = ((z)) + z((y)) lies in P so zy € P which is (iii). Finally, we show that (ii) holds,
i.e., x4y € Py. We may assume neither « nor y is zero. This implies that z := 2 +y # 0
else we have the equation ((—1)) = (1,2, —x,1) = (1, —z, —y, 1) = ((z)) + ((y)) in W(F)
which implies that ((—1)) lies in ‘P contradicting (v). Since (—z,—y) ~ —z((—zy)) by
Corollary 6.6, we have

2(=z) = 2=z, —y, zzy) = (—x, —y, zxy, =2, —zwy, zay) = ((2)) + () — 2(1) — 2((zy))
in W(F). As z,y € Py and 2y € Py by (iii), it follows that 2((z)) € P as needed. O
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The proposition gives another proof of the Artin-Schreier Theorem that every formally
real field can be ordered.

In [95], Lewis gave an elegant proof for the structure of the Witt ring, part of which
we present in the following exercise.

EXERCISE 31.24. Let F' be an arbitrary field. Show all of the following:
(1) (Leung) Define a polynomial p,(t) in F[t] as follows:

(1) = tH(t? —22)(t2 — 4%) - (12 — n?) if n is even
TN =128 = ) (12 = 5%) .- (2 —n?) if nis odd.
If b is an n-dimensional non-degenerate symmetric bilinear form over F' then
pn(b) =0 in W(F).
(2) W(F) is integral over Z if F' is formally real and Z/2"Z for some r if F' is not

formally real. In particular, the Krull dimension of W (F') is one if F' is formally
real and zero if not.

(3) Using Exercise 33.14 below show that W;(F') is 2-primary.
(4) W(F) has no odd-dimensional zero divisors and if W;(F) # 0 then zd (W (F)) =

I(F). Moreover, W(F) contains no nontrivial idempotents.

(5) If F is formally real then W;(F) = nil(W(F)).

31.D. The Local-Global Principle. The main result of this subsection is Theorem
31.25 below due to Pfister (cf. [113]).

Let F' be a formally real field and X(F') the space of orderings. Let P € X(F') and
Fp be the real closure of F' at P (within a fixed algebraic closure). By Sylvester’s Law of
Inertia [31.5 the signature map defines an isomorphism sgn : W(Fp) — Z. In particular,
we have a signature map sgnp : W(F') — Z given by sgnp = sgnorp,,p. This is a ring
homomorphism satisfying W;(F') C ker(rp,,r) = ker(sgnp). We let

PBp = ker(sgnp) in Spec(W(F)).

Note if FF C K C Fp and b is a non-degenerate symmetric bilinear form then sgnp b =
SEN 2 i bx. In particular, if K is euclidean then sgnp b = sgn by.

THEOREM 31.25. (Local-Global Principle) The sequence

0 — Wi(F) — W(F) "8 ] w(F»)
X(F)
18 exact.

PrROOF. We may assume that F' is formally real by Proposition [31.4. We saw above
that W;(F) C ker(sgnp) for every ordering P € X(F’), so the sequence is a zero sequence.
Suppose that b € W (F') is not torsion of 2-power order. By Lemma 131.22) there exists a
euclidean field K/F with by not of 2-power order. As K? € X(K), we have P = K?NF €
X(F). Thus sgnp b =sgnbg # 0. The result follows. O
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COROLLARY 31.26. The map
X(F) — {P € Spec(W(F)) | W(F)/B ~Z} given by P — PBp
15 a bijection.

PROOF. Let P C W(F) be a prime ideal such that W(F)/ ~ Z. As in Proposition
31.23, let Py :={z € F*|{(x)) € P} U {0} € X(F).

Claim: B — Py is the inverse, l.e., P = Pp, and P = Pp,,.
If P € X(F) then certainly P C Py,, so we must have P = Py, as both are orderings.

By definition, we see that the composition W(F) — W(F)/8 = Z maps (z) to
sgnp, (). Hence ker(sgnp ) = P. O

The spectrum of the Witt ring can now be determined. This result is due to Lorenz-
Leicht (cf. [96]) and Harrison (cf. [51]).

THEOREM 31.27. Spec(W (F)) consists of

(1) The fundamental ideal I(F).

(2) Pp with P € X(F).

(3) Bp, := Pp + pW (F) = sgnp' (pZ), p an odd prime, with P € X(F).
Moreover, all these ideals are different. The prime ideals in (1) and (3) are the mazimal
ideals of W(F). If F is formally real then the ideals in (2) are the minimal primes of
W(F) and PBp C Pp, NI(F) for all P € X(F) and for all odd primes p.

PrROOF. We may assume that F'is formally real by Proposition 31.4. Let 3 be a prime
ideal in W(F). Let a € F*. As ((a,—a)) = 0 in W(F) either ((a)) € B or ((—a)) € P.
In particular, (a) = +(1) mod PB. Hence W(F)/P is cyclic generated by (1) + B, so
W(F)/B ~ Z or Z/pZ for p a prime. If 2,y € F* then (x) and (y) are units in W (F),
so do not lie in B. Suppose that W (F')/P ~ Z/2Z. Then we must have (x,y) € P for
all z,y € F* hence p = I(F'). So suppose that W(F) /B % Z/2Z. By Proposition 31.23,
the set P = Py lies in X(F). Since W (F)/Bp ~ Z, we have Pp C P. Hence P = Pp or
B = Pp, for a suitable odd prime. As each P € X(F') determines a unique Pp and Pp,,
by Corollary 31.23, the result follows. U

COROLLARY 31.28. If F' is formally real then dim W (F) = 1 and the map X(F) —
Min Spec(W (F)) given by P+ ker(sgnp) is a homeomorphism.

PROOF. As ((1)) does not lie in any minimal prime, for each a € F* either a € Pp or
—a € Pp but not both where P € X(F). The sets H(a) := {P | —a € P} form a subbase
for the topology of X(F') (cf. §96). As a € P for P € X(F) if and only if ((a)) € Pp if
and only if Bp lies in the basic open set {P | a ¢ P for P € Min(Spec W (F)}, the result
follows. O

The structure of the Witt ring in the formally real case due to Pfister (cf. [113]) can
now be shown.

PROPOSITION 31.29. Let F' be formally real. Then
(1) nil(W(F)) = rad(W(F)) = Wy(F).
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(2) W(F)* ={b|sgnpb==1 forall P € X(F)}
={{a)+clae F* andce I*(F)NW,(F)}.
(3) If F is not pythagorean then zd(W (F)) = I(F).
(4) If F is pythagorean then zd (W (F)) = Uz Br S I(F).
(5) W(F) is connected, i.e., 0 and 1 are the only idempotents in W (F).
(6) W(F) is noetherian if and only if F*/F*? is finite.

PROOF. (1): If P € X(F) then Bp = N,Pp, so nil(W(F)) = rad(W(F)). By the
Local-Global Principle 31.25, we have

Wi(F) = ker( H TPp/F) = ﬂ ker(sgnp) = ﬂ Br = ﬂ PBp, = nil(W(F)).
X(F) X(F)

PeX(F) X(F)

(2): We have sgnp(W(F)*) C {£1} for all P € X(F). Let b be a non-degenerate
symmetric bilinear form satisfying sgnp b = +1 for all P € X(F'). Choose a € F such
that ¢ := b — (a) lies in I*(F) using Proposition 4.13. In particular, sgnp b = sgnp(a)
mod 4 hence sgnp b = sgnp(a) for all P € X(F). Consequently, sgnpc¢ = 0 for all
P € X(F) so ¢ is torsion by the Local-Global Principle 31.25. By (1), the form ¢ is
nilpotent hence b € W (F)*.

(3), (4): As the set of zero divisors is a saturated multiplicative set, it follows by commu-
tative algebra that it is a union of prime ideals.

Suppose that F' is not pythagorean. Then W, (F") # 0 by Corollary 31.11. In particular,
2"b = 0 € W(F) for some b # 0 in W(F) and n > 1 by Theorem B1.21. Thus ((—1))
is a zero divisor. As I(F') is the only prime ideal containing ({(—1)), we have I(F) C
zd(W(F)). Since n(l) is not a zero divisor for any odd integer n by Theorem 31.21, no
PBpy can lie in zd(W(F)). It follows that zd (W (F))) = I(F), since Pp C I(F) for all
Pe X(F).

Suppose that F' is pythagorean. Then W(F') is torsion-free so n(l) is not a zero-
divisor for any nonzero integer n. In particular, no maximal ideal lies in zd(W(F )) Let
P € X(F) and b € Pp. Then b is diagonalizable so we have b ~ (ay,...,an,b1,...b,)
with a;, —b; € P for all 4, j. Let ¢ = ({a1by,...,a,b,)). Then ¢ is non-zero in W(F') as
sgnp ¢ = 2" As ((—a;b;)) -¢ = 0 in W(F) for all i, we have b-c = 0 hence b € zd(W (F)).
Consequently, PBp C zd(W(F)) for all P € X(F) hence zd(W (F)) is the union of the
minimal primes.

(5): If the result is false then 1 = e; + ey for some nontrivial idempotents e, e5. As
eres = 0, we have e, e; € zd(W(F)) C I(F) which implies 1 € I(F), a contradiction.
(6): This follows by the same proof for the analogous result in Proposition [31.4. U

Let I,(F) := W,(F) N I(F).

ProproOSITION 31.30. If F' is formally real then Wi (F') is generated by ((x)) with x €
D(00(1)), i.e., W(F) = I,(F) is generated by torsion 1-fold Pfister forms.

PROOF. Let b € W,(F). Then 2"b = 0 for some integer n > 0. Thus b € annyyp)(2"(1)).
By Corollary 6.23) there exist binary forms 0; € annyy () (2”(1)) satisfying b = 014 - -+0,,
in W(F). The result follows. O
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31.E. The Witt ring up to isomorphism. Because I(F) is the unique ideal of
index two in W (F'), we can deduce the following due to Cordes and Harrison (cf. [28]):

THEOREM 31.31. Let F' and K be two fields. Then W(F') and W (K) are isomorphic
as rings if and only if W(F)/I*(F) and W(K)/I*(K) are isomorphic as rings.

ProoF. The fundamental ideal is the unique ideal of index two in its Witt ring by
Theorem 31.27. Therefore any ring isomorphism W (F) — W (K) induces a ring isomor-
phism W(F)/I3(F) — W (K)/I3}(K).

Conversely, let g : W(F)/I*(F) — W(K)/I*(K) be a ring isomorphism. As the
fundamental ideal is the unique ideal of index two in its Witt ring by Theorem 31.27, the
map ¢ induces an isomorphism I(F)/I*(F) — I(K)/I3(K). From this and Proposition
4.13, it follows easily that ¢ induces an isomorphism h : F*/F*? — K> /K*2.

We adopt the following notation. For a coset a = xK*?, write (a) and ({«)) for the
forms (z) and ((x)) in W(K) respectively. We also write s(a) for h(aF*?). Note that
s(ab) = s(a)s(b) for all a,b € F*.

By construction,
9(((a)) + I’(F)) = ((s(a))) mod I*(K)/I*(K).
As g(1) = 1, plugging in a = —1, we get (s(—1)) = (=1). In particular,
(31.32) (s(1)) + (s(=1)) = (1) + (-1) =0 € W(K).
Since g is a ring homomorphism, we have
9({{a, b)) + I*(F)) = g({(a)) + I*(F)) - g({(b)) + I*(F))

= <<S(a)>> {({s(b))) + I"(K)
= ((s(a), s(b))) + I’(K).

w

for every a,b € F*.
If a4+ b # 0, we have ((a,b)) >~ ((a + b,ab(a + b))) by Lemma 4.15(3). Therefore,

((s(a), s(0))) = ({s(a+D), s(abla+D)))) mod I’(K).
By Theorem 6.20, these two 2-fold Pfister forms are equal in W (K'). Therefore,

(31.33) (s(a)) + (s(b)) = (s(a+ b)) + (s(ab(a + b)))
in W(K).

Let F be the free abelian group with basis the set of isomorphism classes of 1-
dimensional forms (a) over F. It follows from Theorem 4.8 and equations (31.32)) and
(31.33) that the map F — W(K) taking (a) to (s(a)) gives rise to a homomorphism
s: W(F) — W(K). Interchanging the roles of F' and K, we have, in a similar fashion, a
homomorphism W (K) — W (F') which is the inverse of s. O
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32. Addendum on torsion

We know by Corollary 6.26 that if b € annyp)(2(1)), i.e., if 2b = 0 in W(F) that
b~0?d L--- 1L 0, where each b; is a binary form annihilated by 2. In particular, if b is
an anisotropic bilinear Pfister form such that 2b = 0 in W (F) then the pure subform b’
of b satisfies D(b') N D(2(—1)) # 0. In general, if 2"b = 0 in W (F) with n > 1, then b
is not isometric to binary forms annihilated by 2" nor does the pure subform of a torsion
bilinear Pfister form represent a totally negative element. In this addendum, we construct
a counterexample due to Arason and Pfister (cf. [4]). We use the following variant of the
Cassels-Pfister Theorem [17.3.

LEMMA 32.1. Let char F' # 2. Let ¢ = (ai,...,a,), be anisotropic over F(t) with
ai,...,a, € F[t] all satisfying dega;, < 1. Suppose that 0 # q € D(ppw)) N F[t]. Then
there exist polynomials fi,...,f, € FIt] such that ¢ = o(f1,..., fn), i.e., F[t] ®F ¢
represents q.

PROOF. Let ¢ ~ (—¢q) L ¢ and let

Q= {f = (fo,- -, fu) € F[t]"™ | by(f, f) = 0}.
Choose f € @ such that deg fy is minimal. Assume that the result is false. Then
deg fo > 0. Write f; = fog; + r; with r; = 0 or degr; < deg fy for each 7 using the
Euclidean Algorithm. So degr? < 2deg fo — 2 for all i. Let g = (1,91,...,¢g,) and define
h € F[t]"™ by h = cf 4+ dg with ¢ = by(g, g) and d = —2b,(f, g). We have

by(cf +dg,cf +dg) = by(f, f) + 2cdby(f,g) + d*by(g,9) =0
so h € (). Therefore,

hO = b¢<g7g)f0 - 2b¢<f7 g)gO = bw(f()g - 2f7 g) = _blb(f +T7 g)7

SO
n

foho = —foby(f +7,9) = =by(f+7r,f —1) = by(r,r) = > am;
i=1
which is not zero as ¢ is anisotropic. Consequently,

deg ho + deg fo < max{dega;} +2deg fo —2 < 2deg fo — 1
as dega; <1 for all . This is a contradiction. O

LEMMA 32.2. Let F be a formally real field and z,y € D(oo(1)). Let b = ((—t,z + ty)),
a 2-fold Pfister form over F(t). If b ~ by L by over F(t) with by and by binary torsion
forms over F(t) then there exists a z € D(oo(1)) such that z,y € D(({(—=z))).

PRrooF. If = (respectively, y or zy) is a square, let z = y (respectively, z = x) to
finish. So we may assume they are not squares. As b is round, we may also assume that
91 ~ ((w)) with w € D(oo(1)) by Corollary 6.6. In particular, D(bj) N D(co(—1)) # 0
by Lemma 6.11. Thus, there exists a positive integer n such that b’ L n(l) is isotropic.
Let ¢ = (¢, —(z +yt)) L n(l). We have t(z + yt) € D(c). The form (1, —y) is anisotropic
as is n(l), since F' is formally real. If ¢ is isotropic, then we would have an equation
—tf* = > g7 — (z + yt)h* in F[t] for some f,g;,h € F[t]. Comparing leading terms
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implies that y is a square. So ¢ is anisotropic. By Lemma 32.1, there exist ¢, d, f; € F[t]
satisfying

fi+-+ 24t — (v +yt)d® =t(x + yt).
Since (1, —y) and n(1) are anisotropic and ¢* occurs on the right hand side, we must have
¢, d are constants and deg f; < 1 for all .. Write f; = a; + b;t with a;,b; € F for 1 <7 < n.

Then . . .
Zaf = xd?, QZaibi:—02+az+yd2, and Zb?:y.
i=1 i=1 i=1

If d =0 then a; = 0 for all i and = = ¢? is a square which was excluded. So d # 0. Let

z = 42@? : Z b7 — 4(2 aib;)? = dryd® — (v — & + yd*)*.
i=1 i=1 i=1
Applying the Cauchy-Schwarz Inequality in each real closure of F', we see that z is non-
negative in every ordering so z € D(oo(l)). As xy is not a square, z # 0. As d # 0, we
have zy € D({(—z))). Expanding, one checks

z = 4oyd® — (v — A + yd?)? = dac® — (v — yd® + 2)°.
Thus z € D(({(—=2))). As ((—=2)) is round, y € D({{—=z))) also. O

LEMMA 32.3. Let Fy be a formally real field and u,y € D(oco{1)g,). Let x = u + t*
in F = Fy(t). If there exists a z € D(co(l)r) such that x,y € D({(—=2))) then y €

D(({~u)).
Proor. We may assume that y is not a square. By assumption, we may write

z=(u+t*)ff —gi =yfy — g5 forsome fi,fs,q1,92 € Fo(t).

Multiplying this equation by an appropriate square in Fy(t), we may assume that z € F[t]
and that f1, g1, f2, 92 € Fplt] have no common nontrivial factor. As z is totally positive,
i.e., lies in D(oo<1>), its leading term must be totally positive in F,. Consequently,

deggs < 1+degf; and deggs < deg fs.

It follows that %degz < 1+ deg f;. We have %degz = deg f, otherwise y € F?, a
contradiction. Thus, we have

degfo <1+degf; and deg(g; +go) <1+ degfi.

If deg((u + t*) ff — yf3) < 2deg fi + 2 then y would be a square in Fp, a contradiction.
So
deg((u+t*)ff —yf3) =2+ 2deg fi.

As (u+t3)f2 —yf? = g7 — g2, we have deg(g; + go) = 1 + deg f. It follows that either
f1 or g1 — g has a prime factor p of odd degree. Let F = Fy[t]/(p) and ~ : Fy[t] — F be
the canonical map. Suppose that f; = 0. Then Z = —g2 in F. As z is a sum of squares
in Fyt] (possibly zero), we must also have Z is a sum of squares in F. But [F : Fp] is odd
hence Fy is still formally real by Theorem [95.3 or Springer’s Theorem [18.5. Consequently,
we must have Z = g; = 0. This implies that y?i = g5. As y cannot be a square in the
odd degree extension F of F, by Springer’s Theorem [18.5, we must have f, = 0 = g,.
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But there exist no prime p dividing fi, f2, g1, and go. Thus p} f1 in Fp[t]. Tt follows that
7, = G, which in turn implies that (u + EQ)TT — y?i =0. As f; # 0, we have f, # 0, so
we conclude that (u, 1, —y) is isotropic. As [F : Fp| is odd, (u, 1, —y) is isotropic over Fy
by Springer’s Theorem [18.5, i.e., y € D(({(—u))) as needed. O

We now construct the counterexample.

ExamMPLE 32.4. We apply the above lemmas in the following case. Let Fy = Q(¢1)
and v = 1 and y = 3. The element y is a sum of three but not two squares in Fy by the
Substitution Principle 17.7. Let K = Fy(t3) and b = ((—ty, 1+¢2+3t5)) over K. Then the
Pfister form 4b is isotropic hence metabolic so 4b = 0 in W (K). As 1,3t € D({(—3t3))k)
and 3 ¢ D(2(1)q,)), the lemmas imply that b is not isometric to an orthogonal sum of
binary torsion forms. In particular, it also follows that the form b has the property
D(b") N D(co(—1)) = 0.

33. The total signature

We saw when F' is a formally real field, the torsion in the Witt ring W (F') is determined
by the signatures at the orderings on F'. In this section, we view the relationship between
bilinear forms over a formally real field F' and the totality of continuous functions on the
topological space X(F") of orderings on F' with integer values.

We shall use results in Appendices §95 and §96. Let I’ be a formally real field. The
space of orderings X(F’) is a boolean space, i.e., a totally disconnected compact Hausdorff
space with a subbase the collection of sets

(33.1) H(a) = Hp(a) :={P € X(F) | —a € P}.

Let b be a non-degenerate symmetric bilinear form over F'. Then we define the total
signature of b to be the map
(33.2) sgnb: X(F)—7Z given by sgnb(P) =sgnpb.

THEOREM 33.3. Let F' be formally real. Then
sgnb: X(F) - Z

is continuous with respect to the discrete topology on Z. The topology on X(F') is the
coarsest topology such that sgn b is continuous for all b.

PROOF. As 7 is a topological group, addition of continuous functions is continuous.
As any non-degenerate symmetric bilinear form is diagonalizable over a formally real field,
we need only prove the result for b = (a), a € F’*. But

. 0 if n # +1
(senfa)) " (n) = ¢ H(a) ifn=-1
H(—a) ifn=1.

The result follows easily as the H(a) form a subbase. 0
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Let C(X(F),Z) be the ring of continuous functions f : X(F) — Z where Z has the
discrete topology. By the theorem, we have a map

(33.4) sgn : W(F) — C(%(F), Z) given by b sgnb

called the total signature map. It is a ring homomorphism. The Local-Global Theorem
31.25 in this terminology states

Wi(F) = ker(sgn).

We turn to the cokernel of sgn : W(F) — C(X(F),Z). We shall show that it too is a
2-primary torsion group. This generalizes the two observations that C'(X(F),Z) =0 if F
is not formally real and sgn : W(F) — C(X(F),Z) is an isomorphism if F is euclidean.
We use and generalize the approach and results from [36] that we shall need in §41.

If A C X(F), write x4 for the characteristic function of A. In particular, x4 €
C(X(F),Z) if Ais clopen. Let f € C(X(F),Z). Then A, = f~'(n) is a clopen set. As
{A,, | n € Z} partition the compact space X(F), only finitely many A, are non-empty.
In particular, f = > nya, is a finite sum. This shows that C(X(F),Z) is additively
generated by xa, as A varies over the clopen sets in the boolean space X(F).

The finite intersections of the subbase elements (33.1)
(33.5) H(ay,...,a,) = H(a;)N---NH(a,) with ay,...,a, € F~
form a base for the topology of X(F'). As
H(ai,...,a,) =supp(((ai,...,an))),

where supp b := {P € X(F) | sgnp b # 0} is the support of b, this base is none other than
the collection of clopen sets

(33.6) {supp(b) | b is a bilinear Pfister form}.
We also have

(33.7) sgnb = 2"xquppey if b is a bilinear n-fold Pfister form.
THEOREM 33.8. The cokernel of sgn: W (F) — C(X(F),Z) is 2-primary torsion.

PROOF. It suffices to prove for each clopen set A C X(F') that 2"y € im(sgn) for
some n > 0. As X(F) is compact, A is a finite union of clopen sets of the form (33.6)
whose characteristic functions lie in im(sgn) by (33.7). By induction, it suffices to show
that if A and B are clopen sets in X(F') with 2"y 4 and 2"xp lying in im(sgn) for some
integers m and n then 2°y 45 lies in im(sgn) for some s. But

(33.9) XAUB = XA T XB — XA XB;
SO
(33.10) 2" aup = 2" (2"Xa) +2"(2"xB) — (2"x4) - (2" X5)

lies in im(sgn) as needed. d
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Define the reduced stability index st.(F') of F' to be n if 2" is the exponent of the
cokernel of the signature map (or infinity if this exponent is not finite).

Refining the argument in the last theorem, we establish:

LEMMA 33.11. Let C C X(F) be clopen. Then there exists an integer n > 0 and a
b € I"(F) satisfying sgnb = 2"y . More precisely, there exists an integer n > 0, bilinear
n-fold Pfister forms b; satisfying supp(b;) C C, and integers k; such that »_ k;sgnb; =
2”)(0.

PROOF. As X(F') is compact and (33.6) is a base for the topology, there exists an
r > 1 such that C = A; U---U A, with A; = supp(b;) for some m;-fold Pfister forms
b;, i =1,...,7. We induct on r. If r = 1 the result follows by (33.7), so assume that
r>1. Let A=A, b="0by,and B= A, U---U A,. By induction, there exists an m > 1
and a ¢ € I"(F'), a sum (and difference) of Pfister forms with the desired properties with
sgn ¢ = 2™y p. Multiplying by a suitable power of 2, we may assume that m = my. Let
0=2"0b L c¢) L (—b)®c Then dis a sum (and difference) of Pfister forms whose
supports all lie in C' as supp(a) = supp(2a) for any bilinear form a. By equations (33.9)
and (33.10), we have

22" aus = 22" xa + 27" x5 — 2™ xa - 2"XB
=2M(sgnb +sgnc) —sgnb - sgnc = sgno,
so the result follows. O

Using the lemma, we can establish two useful results. The first is:

THEOREM 33.12. (Normality Theorem) Let A and B be disjoint closed subsets of
X(F). Then there ezists an integer n > 0 and b € I"(F') satisfying

son b — 2" ifPeA
PP =N0  ifPeB

PRrOOF. The complement X(F) \ B is a union of clopen sets. As the closed set
A is covered by this union of clopen sets and X(F') is compact, there exists a finite
cover {C1,...,C.} of A for some clopen sets C;, i = 1,...,r lying in X(F) \ B. As
Ci\ (Cin (Ujzi C;)) is clopen for i = 1,...,r, we may assume this is a disjoint union.
By Lemma 33.11, there exist b, € I™i(F'), some m;, such that sgnb; = 2™iyc,. Let
n =max{m,; | 1 <7 <r}. Then b =), 2""™b,; lies in I"(F) and satisfies b = 2"y, .
Since A C U;C;, the result follows. O

We now investigate the relationship between elements in f € C (%(F ),2’”2) and
bilinear forms b satisfying 2™ | sgnp b for all P € X(F'). We first need a useful trick.

If e=(e1,...,e,) € {£1}" and b = ((ay,...,a,)) with a; € F'*, let
b. = ((e1a1,...,Enan)).
Then supp(b.) N supp(b.y = @ unless ¢ = ¢’

LEMMA 33.13. Let b be a bilinear n-fold Pfister form over an arbitrary field F'. Then
2"(1) = > __b. in W(F), where the sum runs over all e € {£1}".
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PrOOF. Let b = ((a1,...,a,)) and ¢ = ((ay,...,a,-1)) with a; € F*. As ((—1)) =
((a)) + ((—=a)) in W(F) for all a € F*, we have

D b= collan) + ) col(—an)) =2 co

where the ¢ run over all {#1}"~!. The result follows by induction on n. O

The generalization of Lemma 33.13 given in the following exercise is useful. These
identities were first observed by Witt, who used them to give a simple proof that W;(F')
is 2-primary (cf. Exercise [31.24(3)).

EXERCISE 33.14. Let aq,...,a, € F* and € = (e1,...,&,) € {£1}". Suppose that
b= ({(ai,...,a,)), c=(—ay,...,—ay,), and ¢. = (€1,...,e,). Then the following are true
in W(F):

(1) c-b.=e.-b. = (>, &)b..
(2) 2"¢=>"_e. - b..

Using Lemma [33.11), we also establish:

THEOREM 33.15. Let f € C(X(F),2™Z). Then there is a positive integer n and a
b € I (F) such that 2" f = sgnb. More precisely, there exists an integer n such that
2" f can be written as a sum Y., k;sgnb; for some integers k; and bilinear (n + m)-fold
Pfister forms b; such that supp(b;) C supp(f) for every i = 1,...,r and whose supports
are pairwise disjoint.

Proor. We first show:

Claim: Let g € C(X(F),Z). Then there exists a non-negative integer n and bilinear n-fold
Pfister forms ¢; such that 2"g = > "7_, s; sgn ¢; for some integers s; with supp(¢;) C supp(g)
forevery 1 =1,...,7.

The function g is a finite sum of functions Y, ix,-1(;) with ¢ € Z and each g7'(i) a
clopen set. For each non-empty ¢g~'(i), there exist a non-negative integer n;, bilinear
n;-fold Pfister forms b;; with supp(b;;) C ¢~'(i) and integers k; satisfying 2"y -1(;) =
>_;kjsgnb;; by Lemma 33.11. Let n = max;{n;}. Then 2"g = >_, ,ik;sgn(2"""b;;).
This proves the Claim.

Let ¢ = f/2™. By the Claim, 2"g = Y, s;sgn¢; for some n-fold Pfister forms ¢;
whose supports lie in supp(g) = supp(f). Thus 2"f = > ., s;sgn2"¢; with each 2™¢;
an (n + m)-fold Pfister form. Let 0 = ¢; ® - -+ ® ¢, an rn-fold Pfister form. By Lemma
33.13, we have 2T f = 3™ sgn(2™s;¢;-0.) in C(X(F), Z) where € runs over all {£1}"™.
For each i and ¢, the form ¢; - 0, is isometric to either 2", or is metabolic by Example
4.16(2) and (3). As the 0. have pairwise disjoint suppports, adding the coefficients of the
isometric forms ¢; - 9. yields the result. Il

COROLLARY 33.16. Let b be a non-degenerate symmetric bilinear form over F and fix
m > 0. Then 2"b € I"™™(F) for some n > 0 if and only if sgnb € C(%(F),Z"LZ).

PROOF. We may assume that F' is formally real as 2s(F)W (F) = 0.
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=: If 0 is a bilinear n-fold Pfister form then sgno € C(X(F),2"Z). If follows that
sgn(I"(F)) C C(X(F),2"Z). Suppose that 2"b € I"™™(F) for some n > 0. Then
2"sgnb € C(X(F),2""™Z) hence sgnb € C(X(F),2"Z).

<: By Theorem [33.15, there exists ¢ € I"™™(F) such that sgnc = 2"sgnb. As W,(F) =

ker(sgn) is 2-primary torsion by the Local-Global Principle 31.25, there exists a non-
negative integer k such that 2"t%p = 2kc € [m+m+k (). O

This Corollary 33.16/ suggests that if b is a non-degenerate symmetric bilinear form
over F' the following may be true

(33.17) sgnb € C(X(F),2"Z) ifandonlyif b e I"(F)+ Wy(F).

This question was raised by Lam in [89].
In particular, in the case that F'is a formally real pythagorean field, this would mean

be ["(F) ifandonlyif 2"|sgnp(b) forall P e X(F)
as W(F) is then torsion-free which would answer a question of Marshall in [98].

Of course, if b € I"(F) + W,(F) then sgnb € C(X(F),2"Z). The converse would
follow if

2"p € I"™™(F) always implies that b € I"(F) + W,(F).
If F' were formally real pythagorean the converse would follow if

2"b € "™ (F) always implies that b € I"(F).

Because the nilradical of W (F) is the torsion W;(F') when F is formally real, the total
signature induces an embedding of the reduced Witt ring

Wiea(F) := W (F)/nil(W(F)) = W(F)/W,(F)

into C(%(F ), Z). Moreover, since W;(F') is 2-primary, the images of two non-degenerate
bilinear forms b and ¢ are equal in the reduced Witt ring if and only if there exists a
non-negative integer n such that 2"b = 2"c in W(F'). Let = : W(F) — W, eqa(F) be the
canonical ring epimorphism. Then the problem above becomes: If b is a non-degenerate
symmetric bilinear form over F' then

bel'(F) ifandonlyif sgnbe C(X(F),2"Z).
where I

n (F) is the image of I"™(F) in Wy.ea(F).
This is all, in fact, true as we shall see in §41 (Cf. Corollaries 41.9 and 41.10).

34. Bilinear and quadratic forms under quadratic extensions

In this section we develop the relationship between bilinear and quadratic forms over
a field ' and over a quadratic extension K of F'. We know that bilinear and quadratic
forms can become isotropic over a quadratic extension and we exploit this. We also
investigate the transfer map taking forms over K to forms over F' induced by a nontrivial
F-linear functional. This leads to useful exact sequences of Witt rings and Witt groups
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done first in the case of characteristic not two in [39] and by Arason in [6] in the case of
characteristic two by Baeza in [17].

34.A. Bilinear forms under a quadratic extension. We start with bilinear forms
and the Witt ring.

PROPOSITION 34.1. Let K/F be a quadratic field extension and s : K — F a nontrivial
F-linear functional satisfying s(1) = 0. Let ¢ be an anisotropic bilinear from over K.
Then there exist bilinear forms b over F' and a over K such that ¢ >~ bg L a with s.(a)
anisotropic.

PrROOF. We induct on dime¢. Suppose that s.(c) is isotropic. It follows that there is
abe D()NF,ie, ¢~ (b) L ¢ for some ¢;. Applying the induction hypothesis to ¢;
completes the proof. O

We need the following generalization of Proposition [34.1.

LEMMA 34.2. Let K/F be a quadratic extension of F' and s : K — F a nontrivial
F-linear functional satisfying s(1) = 0. Let § be a bilinear anisotropic n-fold Pfister form
over F and ¢ a non-degenerate bilinear form over K such that fx ® ¢ is anisotropic. Then
there exists a bilinear form b over F' and a bilinear form a over K such that fx ® ¢ ~
(fRb)k L fx ®a with f ® s.(a) anisotropic.

PROOF. Let 0 = fx ® ¢. We may assume that s,(9) is isotropic. Then there exists

abe DO)NF. If ¢ ~ (ay,...,a,), there exist z; € D(fx), not all zero satisfying
b=x1a1+ -+ xpa,. Let y; = x; if ; # 0 and y; = 1 otherwise. Then

fx ®c~ g @ (Y101, .., Ynn) = fx @ (b, 22,.. ., 2n)
for some z; € K* as G(fx) = D(fx). The result follows easily by induction. d

COROLLARY 34.3. Let K/F be a quadratic extension of F and s : K — F' a nontrivial
F-linear functional satisfying s(1) = 0. Let f be a bilinear anisotropic n-fold Pfister form
and ¢ an anisotropic bilinear form over K satisfying f ® s.(c) is hyperbolic. Then there
exists a bilinear form b over F' such that dimb = dim¢ and fx @ ¢ ~ (f R b)k.

PROOF. If {5 ® ¢ is anisotropic, the result follows by Lemma [34.2] so we may assume
that fx ® ¢ is isotropic. If fx is isotropic, it is hyperbolic and the result follows easily,
so we may assume the Pfister form fx is anisotropic. Using Proposition 6.22, we see
that there exist a bilinear form 0 with fx ® ? anisotropic and an integer n > 0 with
dim? + 2n = dimc¢ and fx ® ¢ ~ fx ® (0 L nH). Replacing ¢ by 9, we reduce to the
anisotropic case. U

Note that if K/F is a quadratic extension and s,s" : K — F are F-linear functionals
satisfying s(1) = 0 = s'(1) with s nontrivial then s, = as, for some a € F.

THEOREM 34.4. Let K/F be a quadratic field extension and s : K — F a nonzero
F-linear functional such that s(1) = 0. Then the sequence

W(F) W(K) 2 W(F)

TK/F

18 exact.
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PROOF. Let b € F* then the binary form s, ((b)x) is isotropic hence metabolic.
Thus s, o rg/p = 0. Let ¢ € W(K). By Proposition 34.1], there exists a decomposition
¢~ by L ¢; with b a bilinear form over F' and ¢; a bilinear form over K satisfying s,(c;)
is anisotropic. In particular, if s,(c) = 0, we have ¢ = bg. This proves exactness. U

If K/F is a quadratic extension, denote the quadratic norm form of the quadratic
algebra K by Ng/p. (Cf. §98.Bl)

LEMMA 34.5. Let K/F be a quadratic extension and s : K — F' a nontrivial F'-linear
functional. Let b be an anisotropic binary bilinear form over F' such that the quadratic
Jorm b ® Ng,p s isotropic. Then b ~ s*((y>) for some y € K*.

PROOF. Let {1,z} be a basis of K over F. Let ¢ be the polar form of Ng,». We have
o(L, ) = Niyr(1 + #) = Ngyp(2) = Nigyp(1) = Trigyp(2)
for every x € K. By assumption there are nonzero vectors v, w € V; such that

0= (b®NK/F)(U®1+w®x)
= b(v,v) Ng/p(1) + b(v, w)e(1, z) + b(w, w) Ng/p(x)
=b(v,v) + b(v,w) Trg/p(z) + b(w, w) Ng/p(x)

by the definition of tensor product (8.14). Let f : K — F be an F-linear functional
satisfying f(1) = b(w,w) and f(z) = b(v,w). By (98.2)), we have

f(z?) = f(— Trg/p(z)r — NK/F(QS)) = —Trg/p(2)b(v,w) — Ng/p(z)b(w,w) = b(v,v).

Therefore, the F-linear isomorphism K — V, taking 1 to w and x to v is an isometry
between ¢ = f*((1>) and b. As f is the composition of s with the endomorphism of K

given by multiplication by some element y € K*, we have b ~ f*((1>) ~ 3*((y>) U

PROPOSITION 34.6. Let K/F be a quadratic extension and s : K — F a nontrivial F-
linear functional. Let b be an anisotropic bilinear form over F. Then there exist bilinear
forms ¢ over K and ® over F' such that b ~ s,(¢) L0 and 0 ® Nk, is anisotropic.

PrOOF. We induct on dimb. Suppose that b ® Ng/p is isotropic. Then there is a
2-dimensional subspace W C V; with (bly) ® Ng/p isotropic. By Lemma [34.5, we have
blw = s.((y)) for some y € K*. Applying the induction hypothesis to the orthogonal
complement of W in V' completes the proof. O

THEOREM 34.7. Let K = F(y/a) be a quadratic field extension of F with a € F*. Let
s: K — F be a nontrivial F-linear functional such that s(1) = 0. Then the sequence

((a))
s

W(K) 2 W(F) W (F)

is exact where the last homomorphism is multiplication by ({(a)).

PROOF. For every ¢ € W(F) we have ((a))s.(c) = s.(((a))xc) = 0 as ({(a))x =
Therefore, the composition of the two homomorphisms in the sequence is trivial. Since
Ni/r =~ ((a))q, the exactness of the sequence now follows from Proposition 134.6. u
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34.B. Quadratic forms under a quadratic extension. We now turn to quadratic
forms.

PROPOSITION 34.8. Let K/F be a separable quadratic field extension and ¢ an anisotropic
quadratic form over F. Then ¢ ~ b ® Ng,p L ¢ with b a non-degenerate symmetric bi-
linear form and ¥ a quadratic form satisfying Yk is anisotropic.

PROOF. Since K/F is separable, the binary form o := Ng,p is non-degenerate. As
F(0) ~ K, the statement follows from Corollary 22.12. O

THEOREM 34.9. Let K/F be a separable quadratic field extension and s : K — F a
nonzero functional such that s(1) = 0. Then the sequence

Ng/r TK/F

W(F) W(K) = W(F) —— I[(F) —— I,(K) = I,(F)

is exact where the middle homomorphism is multiplication by Ny, p.

TK/F

PROOF. In view of Theorem 34.4 and Propositions 34.6/ and 34.8, it suffices to prove
exactness at [,(K). Let ¢ € I,(K) be an anisotropic form such that s.(¢) is hyperbolic.
We show by induction on n = dimg ¢ that ¢ € im(rg/p). We may assume that n > 0.
Let W C V,, be a totally isotropic F-subspace for the form s.(¢) of dimension n. As
ker(s) = F we have o(W) C F.

We claim that the K-space KW properly contains W, in particular,

n

5

To prove the claim choose an element x € K such that 2? ¢ F. Then for every nonzero
w € W, we have p(zw) = 2%p(w) ¢ F, hence zw € KW but z ¢ W. Tt follows
from the inequality (34.10) that the restriction of b, on KW and therefore on W is
nonzero. Consequently, there is a 2-dimensional F-subspace U C W such that b is non-
degenerate. Therefore, the K-space KU is also 2-dimensional and the restriction ¥ = ¢|y
is a non-degenerate binary quadratic form over F' satisfying g ~ ¢|xy. Applying the
induction hypothesis to (¢x)*, we have (¢ ) € im(rk/r). Therefore, ¢ = i+ (Yg)*: €
im(TK/F). ]

REMARK 34.11. In Proposition 34.9, we have ker (r/p : I,(F) — I,(K)) = W(F){{a]]
when K = F},.

1 1

Application of the above in the case of fields of characteristic not two provides a proof
of the following result shown in [39] and by Arason in [6]:

COROLLARY 34.12. Suppose that char F' # 2 and K = F(\/a)/F is a quadratic field
extension with a € F*. If s : K — F is a nontrivial F'-linear functional such that s(1) = 0
then the triangle

(K

W)
N
W(F) e W(F)

)

18 exact.
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PROOF. Since the quadratic norm form Ng,p coincides with ¢, where b = ((a)),
the map W (F) — I,(F) given by multiplication by Ng/p is identified with the map
W(F) — I(F) given by multiplication by ((a)). Note also that ker(rx,z) C I(F'), so the
statement follows from Theorem 34.9. O

REMARK 34.13. Suppose that char F' # 2 and K = F(y/a) is a quadratic extension
of F'. Let b be an anisotropic bilinear form. Then by Proposition 34.8 and Example 9.5]
we see that the following are equivalent:

(1) bk is metabolic.
(2) be ((a)W(F).
(3) b~ ({a)) ® ¢ for some symmetric bilinear form c.

In the case that char F' = 2, Theorem 34.9 can be slightly improved.

We need the following computation:

LEMMA 34.14. Let F be a field of characteristic 2 and K/F a quadratic field extension.
Let s : K — F be a nonzero F-linear functional satisfying s(1) = 0. Then for everyx € K

we have
~Jo ifreF
s.(((a]]) —{ s(x)((Trge/p ()] otherwise.

In particular s, (((z]]) = ((Trg/p(x)]] modulo 12(F).

PROOF. The element z satisfies the quadratic equation 2%+ ax +b = 0 for some a,b €
F. We have Trg/p(z) = a and s(2?) = as(z) = s(x) Trg/p(z). Let T = Trg/p(z) — 2.
The element Z satisfies the same quadratic equation and s(z?) = s(x) Trg,/p(Z).

Let {v,w} be the standard basis for the space V' of the form ¢ := ((z]] over K. If
x € F then v and w span the totally isotropic F-subspace of s.(¢), i.e., s.(¢) = 0.

Suppose that ¢ F. Then V =W L W’ with W = Fo® Fzw and W’ = Fzv @& Fuw.
We have s.(¢) ~ s.(©)lw L s«(@)|wr. As s.(¢)(v) = s(1) = 0, the form s.(p)|w is
isotropic and therefore s, (¢)|w ~ H. Moreover,

si(p)(Tv) = s(2%) = s(x) Trgyp(z), si(p)(w) =s(z) and s,(by(Tv,w)) = s(T) = s(z)
hence s.(¢)|w ~ s(x)((Trg/r(z)]). O

COROLLARY 34.15. Suppose that char F' = 2. Let K/F be a separable quadratic field
extension and s : K — F a nonzero functional such that s(1) = 0. Then the sequence

‘Ng/r TK/F

W(K) = W(F) —— [(F) —/— [,(K) = I,(F) — 0

TK/F
—_

0— W(F)
18 exact.

PRroor. To prove the injectivity of rg/r, it suffices to show that if b is an anisotropic
bilinear form over F' then by is also anisotropic. Let z € K \ F' be an element satisfying
2>+ 2 +a =0 for some a € F and let by (v + zw,v + xw) = 0 for some v,w € V,. We
have

0=bg(v+ zw,v+ zw) = b(v,v) + ab(w, w) + zb(w, w),

hence b(w,w) =0 = b(v,v). Therefore v =w = 0 as b is anisotropic.
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By Lemma 34.14, we have for every y € K, the form s, (((y]]) is similar to ((Trg,#(y)]].
As the map s, is W (F')-linear, I,(F) is generated by the classes of binary forms and the
trace map Trg,r is surjective, the last homomorphism s, in the sequence is surjective. [

34.C. The filtrations of the Witt ring and Witt group under quadratic
extensions. We turn to the study of relations between the ideals I™(F), I"(K) and
between the groups I'(F') and I7'(K) for a quadratic field extension K/F'.

LEMMA 34.16. Let K/F be a quadratic extension. Let n > 1.
(1) We have
I"(K) = I""Y(F)I(K),
i.e., I"(K) is the W (F')-module generated by n-fold bilinear Pfister forms bx @ ({x))
with © € K* and b an (n — 1)-fold bilinear Pfister form over F.
(2) If char F' = 2 then

I(K) = I"Y(F)I,(K) + I(K)IQ*I(F).

PROOF. (1): Clearly, to show that I"(K) = I""'(F)I(K), it suffices to show this for
the case n = 2. Let x,y € K \ F. As 1,2,y are linearly dependent over F', there are
a,b € F* such that ax 4+ by = 1. Note that the form ({(az, by)) is isotropic and therefore
metabolic. Using the relation

({wv, w)) = ((u, w)) + uf(v, w))
in W(K), we have

0 = ((az,by)) = {(z,by)) + a{(z,by)) = ({a, b)) + b({a,y)) + a{{z, b)) + ab{(z,y)),
hence ((z,y)) € I(F)I(K).

(2): In view of (1), it is sufficient to consider the case n = 2. The group I7(K) is
generated by the classes of 2-fold Pfister forms by (9.6). Let z,y € K. If z € F then
((x,y]] € I(F)I,(K). Otherwise y = a + bz for some a,b € F. Then, by Lemma [15.1/ and
Lemma [15.5,

({2, y]] = (2, al] + {(z, ba]] = ((z, a]] + {{b, bar]] € I(K) 1, (F) + I(F)1,(K)
since ((b, bx]| + ((x, bx]] = ({bx,bx]] = 0.

COROLLARY 34.17. Let K/F be a quadratic extension and s : K — F a nonzero
F-linear functional. Then for every n > 1:

(1) s.(I"(K)) C I"(F).
(2) s.(IMK)) C I (F).

PROOF. (1): Clearly s, (I(K)) C I(F). It follows from Lemma 34.16 and Frobenius
Reciprocity that

5o (I"(K)) = s.(I" N(F)I(K)) = "™ (F)s, (I(K)) C " N(F)I(F) = I"(F).

g

(2): This follows from (1) if char F' # 2 and from Lemma [34.16(2) and Frobenius Reci-
procity if char F' = 2. O
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LEMMA 34.18. Let K/F be a quadratic extension and s,s' : K — F two nonzero
F-linear functionals. Let b € I"(K). Then s.(b) = s.(b) mod I""(F).

PROOF. As in the proof of Corollary 20.8, there exists a ¢ € K* such that s,(c¢) =
s.(cc) for all symmetric bilinear forms ¢. As b € I"(K), we have ({c)) - b € I""(K).
Consequently, s,(b) — s.(b) = s.({(c)) - b) lies in I"*(F). The result follows. O

COROLLARY 34.19. Let K/F be a quadratic field extension and s : K — F a nontrivial
F-linear functional. Then s.(((z))) = ((Ng/r(z))) modulo I*(F) for every x € K*.

PROOF. By Lemma 34.18, we know that s,(((z))) is independent of the nontrivial
F-linear functional s modulo I*(F'). Using the functional defined in (20.9), the result
follows by Corollary 20.14. 0

Let K/F be a separable quadratic field extension and let s : K — F be a nontrivial
F-linear functional such that s(1) = 0. It follows from Theorem 34.9 and Corollary 34.17
that we have a well-defined complex

r S ‘N r Su
(3420)  IM(F) 25 () 2 1 (E) TS 1 (R) T [ (K) 2 (R
and this induces (where by, abuse of notation, we label the maps in the same way)

n+1
q

—-n r -n Sx TN N N r -n Sx T
(34.21)  T'(F) EET(K) S T(F) A TR ZE T R) S T
where I''(F) := I"(F)/I""\(F).
By Lemma 34.18, it follows that the homomorphism s, in (34.21) is independent of
the nontrivial F-linear functional KX — F' although it is not independent in (34.20).

(F).

We show that the complexes (34.20) and (34.21) are exact on bilinear Pfister forms.
More precisely we have

THEOREM 34.22. Let K/F be a separable quadratic field extension and s : K — F a
nontrivial F-linear functional such that s(1) = 0.

(1) Let ¢ be an anisotropic bilinear n-fold Pfister form over K. If s.(c) € I""(F)
then there exists a bilinear n-fold Pfister form b over F' such that ¢ ~ by.

(2) Let b be an anisotropic bilinear n-fold Pfister form over F. Ifb-Ng,p € I""(F),
then there ezists a bilinear n-fold Pfister form ¢ over K such that b = s.(c).

(3) Let ¢ be an anisotropic quadratic (n + 1)-fold Pfister form over F. If i p(p) €
I"2(K) then there exists a bilinear n-fold Pfister form b over F such that ¢ ~
b® NK/F-

(4) Let ¢ be an anisotropic (n + 1)-fold quadratic Pfister form over K. If s.(v) €
I"2(F) then there exists a quadratic (n+1)-fold Pfister form ¢ over F such that
V>~ k.

PROOF. (1): As ¢ represents 1, the form s,(c) is isotropic and belongs to I" ™ (F). Tt
follows from the Hauptsatz 23.8 that s.(¢) = 0 in W (F'). We show by induction on k£ > 0

that there is a bilinear k-fold Pfister form 0 over F' and a bilinear (n — k)-fold Pfister form
¢ over K such that ¢ ~ 0 ® ¢. The statement that we need follows when k£ = n.
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Suppose we have 0 and ¢ for some k£ < n. We have
0=s.(c) =50 - ¢ L0g)=s5.0x"¢)

in W(F') where, as usual, ¢ denotes the pure subform of e. In particular, s,(0x ® ¢’) is
isotropic. Thus there exists b € F* N D(dx @ ¢). It follows that 0x ® e ~ 0k @ ((b)) ® §
for some Pfister form § over K by Theorem 6.15.

(2): By the Hauptsatz 23.8, we have b ® N, is hyperbolic. We claim that b ~ ((a)) ® a
for some a € Ng,/p(K*) and an (n — 1)-fold bilinear Pfister form a over F. If char F' # 2,
the claim follows from Corollary 6.14. If char F' = 2, it follows from Lemma 9.12 that
Ng/r >~ ((a]] for some a € D(b’). Clearly, a € Ng/p(K*) and by Lemma 6.11, the form
b is divisible by ((a)). The claim is proven.

As a € Ng/p(K*) there is y € K* such that s.(((y))) = ((a)). It follows that
s:(((y)) - a) = ((a)) -a =b.
(3): By the Hauptsatz 23.8, we have rx;p(p) = 0 in I;(K). The field K is isomorphic

to the function field of the 1-fold Pfister form Ng/r. The statement now follows from
Corollary 23.7.

(4): In the case char F' # 2, the statement follows from (1). So we may assume that
char ' = 2. As 1 represents 1, the form s,(¢) is isotropic and belongs to IJ"(F). It
follows from the Hauptsatz 23.8 that s.(¢) = 0 € I,(F). We show by induction for each
k =1,...,n that there is a k-fold bilinear Pfister form 0 over F' and a quadratic Pfister
form p over K such that ¢ ~ g ® p.

Suppose we have 9 and p for some k < n. As dim(dx ® p') > L dim(0x ® p) with p/
the pure subform of p, the subspace of s,(0x ® p’) intersects a totally isotropic subspace
of s.(0x ® p) and therefore is isotropic. Hence there is a ¢ € F satisfying ¢ € D(0x ® p) \
D(dk). By Proposition [15.7, 1 ~ 0 ® ((¢)) x ® p for some quadratic Pfister form px.

Applying the statement with k£ = n, we get an n-fold bilinear Pfister form b over F
such that ¥ ~ by ® ((y]] for some y € K. As s, ({(y]]) is similar to ((Trx/r(y)]], we have
b® ((Trg/r(y)]] = 0 € I,(F). By Corollary 6.14, Trg,r(y) = b+ b* 4+ b'(v,v) for some
be Fandv e Vy. Let x € K\ F be an element such that 22+ z+a = 0 for some a € F.
Set z = xb + (xb)? + b (zv,2v) € K and ¢ = y + 2. Since Trg/p(x) = Trg r(2?) =1, we
have Trg/p(2) = Trg/r(y). It follows that ¢ € F'. Again by Corollary [6.14, we see that
bx ® ((z]] is hyperbolic and therefore

= b (] = bxc - ((y + 2] = (b~ ((c]]) - =

REMARK 34.23. Suppose that char F' # 2 and K = F(y/a) is a quadratic extension
of F. Let b be an anisotropic bilinear n-fold Pfister form over F. Then Ng/p = ((a)) so
by Theorem [34.22(3), the following are equivalent:

(1) by € I""Y(K).
(2) b e ((a)W(F).
(3) b~ ({(a)) ® ¢ for some (n — 1)-fold Pfister form c.

We now consider the case of a purely inseparable quadratic field extension K/F'.
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LEMMA 34.24. Let K/F be a purely inseparable quadratic field extension and s : K — F
a nonzero F-linear functional satisfying s(1) = 0. Let b € F*. Then the following condi-
tions are equivalent:
(1) b e Ng/p(K™).
(2) (b)) =0 € W(K).
(3) ((b)) = 5.((y)) for somey € K*.

PROOF. The equality Ny /p(K*) = K? N F* proves (1) < (2). For any y € F*,
it follows by Corollary 34.19 that s, ((y)) is similar to ((Ng/r(y))). This proves that
(1) & (3). O

PROPOSITION 34.25. Let K/F be a purely inseparable quadratic field extension and
s : K — F a nontrivial F-linear functional such that s(1) = 0. Let b an anisotropic
bilinear form over F. Then there exist bilinear forms ¢ over K and 0 over F' satisfying
b~ s.(c) L0 and 0k is anisotropic.

Proor. We induct on dimb. Suppose that by is isotropic. Then there is a 2-
dimensional subspace W C V}, such that (b|y ) is isotropic. By Lemma [34.24, we have
blw = s.({y)) for some y € K*. Applying the induction hypothesis to the orthogonal
complement of W in V' completes the proof. O

Theorem [34.4 and Proposition 34.25 yield

COROLLARY 34.26. Let K/F be a purely inseparable quadratic field extension and
s: K — F a nonzero F-linear functional such that s(1) = 0. Then the sequence

TK/F TK/F

W (F) W(K) 25 W(F) W(K)

18 exact.

Let K/F be a purely inseparable quadratic field extension and s : K’ — F' a nonzero
linear functional such that s(1) = 0. It follows from Corollaries 34.17 and 134.26/ that we
have well-defined complexes

(34.27) I"(F) 25 (k) 25 m(F) 225 (k)
and
(34.28) T'(F) 25 7K 25 TY(F) 25 T'(K).

As in the separable case, the homomorphism s, in (34.28) is independent of the non-
trivial F-linear functional K — F by Lemma 34.18 although it is not independent in
(34.27).

We show that the complexes (34.27) and (34.28) are exact on quadratic Pfister forms.

THEOREM 34.29. Let K/F be a purely inseparable quadratic field extension and s :
K — F a nontrivial F-linear functional such that s(1) = 0.

(1) Let ¢ be anisotropic n-fold bilinear Pfister form over K. If s.(c) € I"T(F) then
there exists an b over K such that ¢ ~ bg.
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(2) Let b be anisotropic n-fold bilinear Pfister form over F. If b € I""Y(K) then
there exists an n-fold bilinear Pfister form ¢ such that b = s.(c).

ProOF. (1): The proof is the same as in Theorem [34.22(1).

(2): By the Hauptsatz 23.8, we have by = 0 € W(K). In particular, by is isotropic and
hence there is a 2-dimensional subspace W C V}, with b|y, non-degenerate and isotropic
over K. Hence by is similar to ((b)) for some b € F*. As ((b))x = 0, by Lemma 34.24
(b)) = s.({{y))) for some y € K*. By Corollary 6.17, we have b ~ ((b)) ® d for some
bilinear Pfister form 9. Finally,

b = ((5)) -0 = 5.(({y))) - = 5. ({{u)) - 0) € W(F). O

We shall show in Theorems 40.3, 140.5, and 40.6 that the complexes 34.20, 34.21] 134.27
and 34.28 are exact for any n. Note that the exactness for small n (up to 2) can be shown
by elementary means.

34.D. Torsion in the Witt ring under a quadratic extension. We turn to the
transfer of the torsion ideal in the Witt ring of a quadratic extension to obtain results
found in [34]. We need the following lemma.

LEMMA 34.30. Let K/F be a quadratic field extension of F and b a bilinear Pfister
form over F.

(1) If ¢ is an anisotropic bilinear form over K such that bx ® ¢ is defined over F
then there exists a form ® over F such that bx @ ¢ >~ (b ® 0)k.
(2) /e (W(F)) NbxW(K) = rig/r (bW (F)).
PRrROOF. (1): Let ¢ = (ay,...,a,). We induct on dim ¢ = n. By hypothesis, there is a
c € F*ND(by ®c). Write ¢ = ayby + - + anb, with b; € D(bg). Let ¢; = b, if b; # 0
and 1 if not. Then ¢ := (ajcy,. .., a,c,) represents ¢ so ¢ ~ (¢) L f. Since b; € Gk (b), we
have
bK®C§bK®B§bK®<C> LbK(X)](

As b ® f € im(rg,p), its anisotropic part is defined over F' by Proposition 34.1 and
Theorem [34.4. By induction, there exists a form g such that bxy ® f ~ by ® gx. Then
(c) L g works.

(2) follows easily from (1). O

PROPOSITION 34.31. Let K = F(y/a)/F be a quadratic extension with a € F* and
s: K — F a nontrivial F-linear functional such that s(1) = 0. Let b be an n-fold bilinear
Pfister form. Then

s, (W(K)) Nanny g (b) = s, (anny k) (br)).
Proor. By Frobenius Reciprocity, we have
s (anny (x) (b)) C s (W(K)) Nanny g (b).

Conversely, if ¢ € s,(W(K)) Nanny ) (b), we can write ¢ = s,(9) for some form ? over
K. By Theorem 34.4/ and Lemma 134.30,
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Hence there exists a form ¢ over F' such that by ® 0 = (b®e)g. Let f =0 L —ex. Then

¢ = 5.(0) = s.(f) € s:(annw (k) (b)) as needed. O
The torsion W;(F') of W (F) is 2-primary. Thus applying the proposition to p = 2"(1)

for all n yields

COROLLARY 34.32. Let K = F(y/a) be a quadratic extension of F with a € F* and
s : K — F a nontrivial F-linear functional such that s(1) = 0. Then Wy(F)Ns, (W (K)) =

We also have the following:

COROLLARY 34.33. Suppose that F' is a field of characteristic different from two and
K = F(y/a) a quadratic extension of F. Let s : K — F be a non-trivial F-linear
functional such that s(1) = 0. Then

{(a))W (F) Nanny ) (2(1)) = ker(rgr) N s, (W(K)) C
annyy () (2(1)) Nannw ) (((a))) = s« (annp ) (2(1))).
PROOF. As ({(a,a)) ~ ((—1,a)), we have
()W (F) nannwr) (2(1)) = ((a) W (F) Nannw ) (((a)))
which yields the first equality by Corollary 34.12. As ((a))W(F) C annW ( M),

a
we have the inclusion. Finally, s.(W(K)) N annw ) (2(1) = s.(annpo(2(1)k)) b
Proposition [34.31, so Corollary 34.12| yields the second equality.

REMARK 34.34. Suppose that F'is a formally real field and K a quadratic extension.
Let s, : W(K) — W(F) be the transfer induced by a nontrivial F-linear functional such
that s(1) = 0. Then it follows by Corollaries 34.12 and [34.32 that the maps induced by
ri/r and s, yield an exact sequence

K/F

0 = Wyea(K/F) = Wyea F) =5 Wrea(K) * Wiea( F)
(again abusing notation for the maps) where W, cq(K/F) := ker(W,ea(F) — Wiea(K)).

By Corollary 33.15, we have a zero sequence

TK/F

0 = Lg(K/F) — I y(F) — I,
(K/F) :=Xker (I y(F) — I 4(K)).

red
In fact, we shall see in §41/ that this sequence is also exact.

(K) = 1

red

(F)

n
where I,

35. Torsion in ["(F) and torsion Pfister forms

In this section we study the property that I(F') is nilpotent, i.e., that there exists an n
such that I"(F') = 0. For such an n to exist, the field must be non-formally real. In order
to study all fields we broaden this investigation to the study of the existence of an n such
that I"(F') is torsion-free. We wish to establish the relationship between this occurring
over F' and over a quadratic field extension K. This more general case is more difficult,
so in this section we look at the simpler property that there are no torsion bilinear n-fold
Pfister forms over the field F. This was the approach introduced and used in [39] and
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would be equivalent to I"(F') being torsion-free if we knew that torsion bilinear n-fold
Pfister forms generate the torsion in I™(F'). This is in fact true as shown in [9] and which
we shall show in §41, but cannot be proven by these elementary methods.

35.A. The property A,. In this section we begin the study torsion in I"(F) for a
field F'. We set
LNF) = W{(F)nI"(F).
Note that the group I;(F) is generated by torsion binary forms by Proposition [31.30.

It is obvious that
I'(F) D I”_l(F)It(F).

PROPOSITION 35.1. I2(F) = I(F)I,(F).
PROOF. Note that for all a,a’ € F* and w,w’ € D(oo(l)), we have
a{{w)) + a'((w')) = a{(—ad’, w)) + a'w{{ww')),

hence
al{w)) + ' {{(w")) = d'w{{ww')) mod I(F)I(F).

Let b € I2(F). By Proposition 31.30, we have b is a sum of binary forms a{(w)) with
a € F* and w € D(oo(l)). Repeated application of the congruence above shows that
b is congruent to a binary form a((w)) modulo I(F)I,(F). As a({(w)) € I*(F) we have
a((w)) = 0 and therefore b € I(F)I(F). O

We shall prove in §41/ that the equality IJ'(F) = I""'(F)I;(F) holds for every n.
It is easy to determine Pfister forms of order 2 (cf. Corollary 6.14).

LEMMA 35.2. Let b be a bilinear n-fold Pfister form. Then 2b = 0 in W (F') if and
only if either char F = 2 or b = ((w)) ® ¢ for some w € D(2(1)) and ¢ an (n — 1)-fold
Pfister form.

PROPOSITION 35.3. Let F' be a field and n > 1 an integer. The following conditions
are equivalent.

(1) There are no n-fold Pfister forms of order 2 in W (F).
(2) There are no anisotropic n-fold Pfister forms of finite order in W (F).
(3) For every m > n, there are no anisotropic m-fold Pfister forms of finite order in

W(EF).

PrOOF. The implications (3) = (2) = (1) are trivial.
(1) = (3): If char F = 2 the statement is clear as W (F') is torsion. Assume that
char F' # 2. Let 2¥b = 0 in W(F) for some k > 1 and b an m-fold Pfister form with
m > n. We show by induction on k that b = 0 in W (F'). It follows from Lemma 35.2/ that
2k1p > ((w)) @ ¢ for some w € D(2(1)) and a (k +m — 2)-fold Pfister form c. Let ? be
an (n — 1)-fold Pfister form dividing ¢. Again by Lemma 35.2, the form 2({w)) -0 is 0 in
W (F), hence by assumption, ((w)) -0 = 0 in W(F). It follows that 2*7'b = ((w)) - ¢ =0
in W(F'). By the induction hypothesis, b =0 in W(F). O
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We say that a field F' satisfies A, if the equivalent conditions of Proposition 135.3 hold.
It follows from the definition that the condition A, implies A,, for every m > n. It follows
from Proposition 31.11/ that F' satisfies A; if and only if F' is pythagorean.

If F'is not formally real, the condition A, is equivalent to I"(F) = 0 as the group
W (F) is torsion.

As the group I;(F') is generated by torsion binary forms, the property A, implies that
I" Y I(F) = 0.

EXERCISE 35.4. Suppose that F'is a field of characteristic not two. If K is a quadratic
extension of F, let s® : K — F be a nontrivial F-linear functional such that s*(1) = 0.
Show the following are equivalent:

(1) F satisfies A, 41.
(2) sE V) (Pu(F(y/w))) = P,(F) for every w € D(oo(1)).
(3) st YN (I (F () = I"(F) for every w € D(oo(1)).

We now study the property A, under field extensions. The case of fields of character-
istic two is easy.

LEMMA 35.5. Let K/F be a finite extension of fields of characteristic two. Then
I"(F) =0 if and only if I"(K) = 0.

PROOF. The property I"(E) = 0 for a field F is equivalent to [E : E?|] < 2" by
Example [6.5. We have [K : F| = [K? : F?], as the Frobenius map K — K? given by
x — 2% is an isomorphism. Hence

(35.6) [K:K*=[K:F°/[K*: F}]=|K:F°|/[K:F|=[F:F?.
Thus we have I"(K) = 0 if and only if /"(F) = 0. O

Let Fy be a formally real field satisfying A;, i.e., a pythagorean field. Let F, =
Fo((t1)) - -+ ((tn)) be the iterated Laurent series field over Fy. Then F), is also formally
real pythagorean (cf. Example 31.8), hence F, satisfies A, for all n > 1. However,
K, = F,(v/—1) does not satisfy A, as ((t;,...,t,)) is an anisotropic form over the non-
formally real field K,,. Thus the property A, is not preserved under quadratic extensions.
Nevertheless, we have

PROPOSITION 35.7. Suppose that F satisfies A,. Let K = F(y/a) be a quadratic
extension of F with a € F*. Then K satisfies A,, if either of the following two conditions
hold:

(i) a € D(oo(1)).
(17) Every bilinear n-fold Pfister form over F becomes metabolic over K.

PRrROOF. If char F' = 2 then I"(F) = 0 hence I"(K) = 0 by Lemma [35.5. So we may
assume that char F' # 2. Let y € K* satisfy y € D(2(1)k) and let e be an (n — 1)-fold
Pfister form over K. By Lemma [35.2, it suffices to show that b := ((y)) ® e is trivial
in W(K). Let s, : W(K) — W(F) be the transfer induced by a nontrivial F-linear
functional s(1) = 0.
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We claim that s.(b) = 0. Suppose that n = 1. Then s.(b) € I,(F) = 0. So we may
assume that n > 2. As I"71(K) is generated by Pfister forms of the form ((z)) ® 05 with
z € K* and 9 an (n — 2)-fold Pfister form over F' by Lemma [34.16, we may assume that

b = <<y> Z>> @ DK'
We have s, (((y, 2))) € I}(F) = I(F)I,(F) by Proposition 35.1. So

s:(((y, 2)) o) = 5.({{y, 2))) - D
lies in 1" Y(F)I;(F) which is trivial by A,. The claim is proven.

It follows that b = ¢x for some n-fold Pfister form ¢ over F' by Theorem 134.22. Thus
we are done if every n-fold Pfister form over F' becomes hyperbolic over K. So assume
that a € D(oo(1)). As b is torsion in W(K), there exists an m such that 2™b = 0 in
W (F). Thus 2™¢g is hyperbolic so 2™¢ is a sum of binary forms z({ay? + z%)) in W (F)
for some x,y, z in F' by Corollary [34.12. In particular, 2™c¢ is torsion so trivial by A, for
F. The result follows. 0

COROLLARY 35.8. Suppose that I"(F') =0 (in particular F is not formally real). Let
K/F be a quadratic extension. Then I"(K) = 0.

In general, the above corollary does not hold if K/F is not quadratic. For example, let
F be the quadratic closure of the rationals, so I(F') = 0. There exist algebraic extensions
K of F such that I[(K) # 0, e.g., K = F(3/2). It is true, however, that in this case
I?(K) = 0. Tt is still an unanswered question whether I?(K) = 0 when K/F is finite
and F' is an arbitrary quadratically closed field, equivalently whether the cohomological
2-dimension of a quadratically closed field is at most one.

If I"(F) is torsion-free then F satisfies A,. Conversely, if F' satisfies A;, then I(F) is
torsion-free by Proposition 31.11. If F' satisfies Ay then it follows from Proposition [35.1
that I*(F) is torsion-free as I;(F) is generated by torsion binary forms.

PROPOSITION 35.9. A field F satisfies Az if and only if I*(F) is torsion-free.

PRrROOF. The statement is obvious if F' is not formally real, so we may assume that
char F' # 2. Let b € I*(F) be a torsion element. By Proposition 35.1,

b= in«yi,wm

for some x;,y; € F* and w; € D(oo(l)). We show by induction on r that b = 0.

It follows from Proposition 35.7 that K = F(y/w) with w = w, satisfies A3. By the
induction hypothesis, we have bx = 0. Thus b = ((w)) - ¢ for some ¢ € W (F') by Corollary
34.12. Then ¢ must be even dimensional as the determinant of ¢ is trivial. Choose d € F*

such that 0 := ¢+ ((d)) € I*(F).
Thus in W (F),
b= ((w)) 0= {{w,d)).
Note that ((w)) -0 = 0 in W(F) by As. Consequently, ((w,d)) € I*(F), so it is zero in
W (F') by the Hauptsatz 23.8. This shows b = 0. O
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We shall show in Corollary 41.5 below that [™(F) is torsion-free if and only if F
satisfies A, for every n > 1.

We have an application for quadratic forms first shown in [38].

THEOREM 35.10. (Classification Theorem) Let F' be a field.

(1) Dimension and total signature classify the isometry classes of non-degenerate quadratic
forms over F if and only if 1,(F) is torsion-free, i.e., F is pythagorean. In particular, if
F is not formally real then dimension classifies the isometry classes of forms over F' if
and only if F' is quadratically closed.

(2) Dimension, discriminant and total signature classify the isometry classes of non-
degenerate even dimensional quadratic forms over F if and only ifIg(F) is torsion-free. In
particular, if F' is not formally real then dimension and discriminant classify the isometry
classes of forms over F if and only if I>(F) = 0.

(3) Dimension, discriminant, Clifford invariant, and total signature classify the isometry
classes of non-degenerate even dimensional quadratic forms over F if and only if IS(F)
is torsion-free. In particular, if F' is not formally real then dimension, discriminant, and
Clifford invariant classify the isometry classes of forms over F if and only if Ig’(F) =0.

PROOF. We prove (3) as the others are similar (and easier). If I3(F) is not torsion-
free, then there exists an anisotropic torsion form ¢ € P3(F') by Proposition 35.9 if F' is
formally real and trivially if F' is not formally real as then I,(F') is torsion. As ¢ and 4H
have the same dimension, discriminant, Clifford invariant, and total signature but are not
isometric, these invariants do not classify.

Conversely, assume that [ S(F ) is torsion-free. Let ¢ and ¢ be non-degenerate even-
dimensional quadratic forms having the same dimension, discriminant, Clifford invariant,
and total signature. Then by Theorem [13.7, the form 6 := ¢ | —1 lies in Ig(F) and is
torsion. As ¢ and 1 have the same dimension, it suffices to show that 6 is hyperbolic.
Thus the result is equivalent to showing:

If a torsion form # € I7(F) has trivial Clifford invariant and I3(F) is torsion-free
then 6 is hyperbolic.

The case char F' = 2 follows from Theorem [16.3. So we may assume that char F' # 2.
By Proposition 35.1, we can write 8 = ., a;({b;, ¢;)) in I,(F) with ((¢;)) torsion forms.
We prove that 6 is hyperbolic by induction on 7.

Let K = F(y/c) with ¢ = ¢,. Clearly, 6k € I7(K) is torsion and has trivial Clifford
invariant. By Proposition [35.7 and Corollary 35.9, we have I3(K) is torsion-free. By the
induction hypothesis, 0k is hyperbolic. By Corollary 23.7, we conclude that =1 - ({c))
in I,(F') for some quadratic form . As disc(f) is trivial, dim« is even. Choose d € F*
such that 7 := ¢ + ((d)) € I*(F). Then

0 =1-({c) = ((d )
in W(F).
As the torsion form 7 ® ((c)) belongs to I3(F), it is hyperbolic. As the Clifford

invariant of 6 is trivial, it follows that the Clifford invariant of ({d,c)) must also be
trivial. By Corollary 12.5, ((d,c)) is hyperbolic and hence 6 is hyperbolic. O
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REMARK 35.11. The Stiefel-Whitney classes introduced in (5.4) are defined on non-
degenerate bilinear forms. If b is such a form then the w;(b) determine sgnb for every
P € X(F) by Remark 5.8 and Example 5.13. We also have w; = ¢; for i = 1,2 by
Corollary 5.9,

Let b and b’ be two non-degenerate symmetric bilinear forms of the same dimension.
Suppose that w(b) = w(b’), then w([b] — [b']) = 1, where [ ] is the class of a form in

the Witt-Grothendieck ring /W(F) It follows that [b] — [b’] lies in I3(F) by (5.11) hence
b — b’ lies in I3(F). As the w; determine the total signature of a form, we have b — b’
is torsion by the Local-Global Principle 31.25. It follows that the dimension and total
Stiefel-Whitney class determine the isometry class of anisotropic bilinear forms if and only
if I3(F) is torsion-free.

Suppose that char F' # 2. Then all metabolic forms are hyperbolic, so in this case the
dimension and total Stiefel-Whitney class determine the isometry class of non-degenerate
symmetric bilinear forms if and only if I3(F) is torsion-free. In addition, we can define
another Stiefel-Whitney map

W W(F) — H*(F)[[t]

to be the composition of w and the map k.(F)[[t]] — H*(F)[[t]] induced by the norm
residue homomorphism A} : k.(F) — H*(F) in §101.5. Then dimension and w classify
the isometry classes of non-degenerate bilinear forms if and only if I3(F) is torsion-free
by Theorem 35.10/ as h, is an isomorphism if F' is a real closed field and s is the classical
Hasse invariant so determines the Clifford invariant.

We turn to the question on whether the property A, goes down. This was first done
in [39]. We use the proof given in [34].

THEOREM 35.12. Let K/F be a finite normal extension. If K satisfies A, so does F.

PROOF. Let G = Gal(K/F) and let H be a Sylow 2-subgroup of G. Set F = K,
L = K¢ The field extension L/F is purely inseparable, so [L : F] is either odd or L/F
is a tower of successive quadratic extensions. The extension K/F is a tower of successive
quadratic extensions and [E : L] is odd. Thus we may assume that [K : F| is either 2 or
odd. Springer’s Theorem [18.5 solves the case of odd degree. Hence we may assume that
K/F is a quadratic extension.

The case char F' = 2 follows from Lemma [35.5. Thus we may assume that the charac-
teristic of F' is different from two and therefore K = F'(y/a) with a € F*. Let s : K — F
be a nontrivial F-linear functional with s(1) = 0.

Let b be a 2-torsion bilinear n-fold Pfister form. We must show that b = 0 in W (F).
As bx = 0 we have b € ((a))W(F) N anny(p)(2(1)) by Corollary 34.12. As ((a,a)) =
({a,—1)), it follows that ((a)) - b = 0 in W(F') hence by Corollary [6.14, we can write
b ~ ((b)) ® ¢ for some (n — 1)-fold Pfister form ¢ and b € D({(a))). Choose z € K* such
that s.((z)) = ((b)) and let ® = zcx. Then

5.(0) = 5. ((z))c = ((b))c = b
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If 2 =0 then b = 0 and we are done. So we may assume that 0 and therefore cx is
anisotropic.

We have s,(20) = 2b = 0 in W(F'), hence the form s,(29) is isotropic. Therefore, 20
represents an element ¢ € F* hence there exist u, v € D(c) satisfying z(u+v) = c. But
the form ((u+v))®c is 2-torsion and K satisfies A,,. Consequently, u+v € D(cx) = G(ck)
as cx is anisotropic. We have

0 =uxckg ~ z(u+v)eg = cek.
Therefore, 0 = 5,(0) = b in W(F') as needed. O

COROLLARY 35.13. Let K/F be a finite normal extension with F not formally real.
If I"(K) =0 for some n then I"(F') = 0.

The above corollary is, in fact, true without the condition that K/F be normal. We
have already shown this to be the case for fields of characteristic two in Lemma 35.5
and will show it to be true for characteristic not two in Corollary [43.9 below. In fact, it
follows from §43 below that if K/F a finitely generated field extension of transcendence
degree m then I"(K) = 0 implies n > m and ["~™(F) = 0. But we cannot do this by the
elementary means employed here.

COROLLARY 35.14. Let K/F be a quadratic extension.

(1) Suppose that I"(K) = 0. Then L satisfies A, for every extension L/F such that
[L:F]<2.

(2) Suppose that I"(K) = 0. Then I"(F) = ((—w))I""Y(F) for every w € D(oo(1)).

(3) Suppose that I"'(F) = ((—w))["Y(F) for some w € F*. Then both F and K
satisfy Any1 and if char F' # 2 then w € D(oo(l)).

PRrooOF. (1), (2): By Corollaries35.8 and 35.13if F"is not formally real then I"(F') = 0
if and only if I"(L) = 0 for any quadratic extension L/F. In particular (1) and (2) follow
if F' is not formally real. So suppose that F' is formally real. We may assume that
K = F(y/a) with a € F*. Then I"(L(y/a)) = 0 by Proposition 35.7 hence I"(L) satisfies
A, by Theorem 35.12. This establishes (1).

Let w € D(oo(1)). Then F(y/—w) is not formally real. By (1), the field F(y/—w)

satisfies A, hence I"(F(y/—w)) = 0. In particular, if b is a bilinear n-fold Pfister form
then by /=) is metabolic. Thus b ~ ({(—w)) ® ¢ for some (n — 1)-fold Pfister form ¢ over
F by Remark 34.23 and (2) follows.
(3): If char F = 2 then I"™(F) = 0 hence I"(K) = 0 by Corollary 35.8. So we may
assume that char F' # 2. By Remark [34.23, we have 2"(1) ~ ((—w)) ® b for some bilinear
(n — 1)-fold Pfister form b. As 2"(1) only represents elements in 5(00(1)), we have
w € D(oo0(1)).

To show the first statement, it suffices to show that L = F(y/—w) satisfies 4,1 by (1)
and (2). Since I"*!(L) is generated by Pfister forms of the type ((z)) ® ¢, where z € L*
and ¢ is an n-fold Pfister form over F' by Lemma[34.16, we have I"*1(L) C ((—w))I"(L) =
{0}. O
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If F is the field of 2-adic numbers then I?(F) = 2I(F) and K satisfies I*(K) = 0 for
all finite extensions K/F but no such K satisfies I?(K) = 0. In particular, statement (3)
of Corollary 135.14! is the best possible.

COROLLARY 35.15. Let F be a field extension of transcendence degree n over a real
closed field. Then D(2"(1)) = D(oo(1)).

PROOF. As F(y/—1) is a C,-field by Theorem 97.7 below, we have I"(F(y/=1)) = 0.
Therefore, F' satisfies A,, by Corollary 135.14. O

35.B. Torsion-freeness and I"(F(y/—1)) = 0. We turn to prove to a result of
Kriiskemper 35.26 (cf. [88]) showing F satisfying A,, and I"(F’) torsion free are equivalent
when I"(F(v/—1)) = 0. We follow Arason’s notes (cf. [5]) generalizing our congruence
relations of Pfister forms developed in §24.

Let b be a bilinear Pfister form. For simplicity, we set

I(F)={cel(F)|b-c=0€c W(F)} = I(F)Nanny @) (b) C I(F).

We note if b is metabolic then I,(F) = I(F). We tacitly assume that b is anisotropic
below.

LEMMA 35.16. Let ¢ be a bilinear (n — 1)-fold Pfister form and d € Dp(b ® ¢). Then
((d)) - c € I"H(EF)Ip(F).

PrROOF. We induct on n. The hypothesis implies that b - ((d)) - ¢ = 0 in W (F") hence
(1,—d) - ¢ € I,(F). In particular, the case n = 1 is trivial. So assume that n > 1 and
that the lemma holds for (n — 2)-fold Pfister forms. Write ¢ = ((a)) ® d where 0 is an

(n — 2)-fold Pfister form. Then d = e; — aeg, where e1,e5 € D(b®0). If e5 = 0 then we
are done by the induction hypothesis. So assume that e; # 0. Then d = ez(e — a), where

e =e1/es € D(b®0). By the induction hypothesis, we have
({d)) - ¢ = ((e2(e —a))) - c = ((e —a)) - ¢+ ((e —a,e9)) - ¢
=({e—a))-c¢ mod I" YF)I,(F).

It follows that we may assume that e; = 1, hence that d = e — a. But then

({d,a)) = ((e — a,a)) = ((e,d))
for some @’ # 0 by Lemma 4.15 , hence

((d)) - e = ((d,a)) -0 = ({e,d)) - .

By the induction hypothesis, it follows that ((d)) - ¢ € I" Y (F)I,(F). O

LEMMA 35.17. Let ¢ be a bilinear n-fold Pfister form and b € D(b ® ¢'). Then there
is a bilinear (n — 1)-fold Pfister form § such that e = ((b)) - f mod I"'(F)Iy(F).

ProOOF. We induct on n. If n =1 then ¢/ = ((a)) and b = ax for some x € D(—b). It

follows that
((0)) = ({az)) = ((@)) + a({z)) = ((a)) mod I,(F).

Now assume that n > 1 and that the lemma holds for (n—1)-fold Pfister forms. Write
¢ = ((a)) ® 0 with 0 an (n — 1)-fold Pfister form. Then b = ¢ + ad, where ¢ € D(b ® ')
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and d € 5(6 ®0). If d = 0 then we are done by the induction hypothesis. So assume that
d # 0. Then
((ad)) -0 = {{a)) -0+ a{(d)) - 0
= ({(a)) -2 mod I" ' (F)I,(F)

by Lemma [35.16. It follows that we may assume that d = 1, hence b = c+a. If ¢ = 0 then
b = a and there is nothing to prove. So assume that ¢ # 0. By the induction hypothesis,
we can write

0=((c)) g mod I"*(F)Ly(F)
with g an (n — 2)-fold Pfister form. As

<<a7 C>> = <<b -G C>> = <<b7 C,>>
for some ¢ # 0 by Lemma [4.15] it follows that
e=((a)) 0= {(a,0)) ®g

= ((b,¢))-g mod I""H(F)Iy(F)

as needed. U

LEMMA 35.18. Let e be a bilinear n-fold Pfister form and by a bilinear form over .
(1) If e € I(F) then e € I" 1 (F) I (F).
(2) Ifb-e € I,(F) then b - ¢ € I""L(F)I,(F).
PROOF. (1): The hypothesis implies that b-e = 0 in W(F'). In particular, b ® ¢ =
b L b®¢ is isotropic. It follows that there exists an element b € Dp(b) N Dp(b®¢’). By
Lemma 35.17,
e=((b))-§=0 mod I" Y(F)I(F).
(2): The hypothesis implies that h-b-e=01in W(F). If b-¢ =0 in W (F) then, by (1),
we have e € ["1(F)I,(F) and we are done. Else we have h € Iy (F), which is generated

by the forms ((z)), with 2 € D(b ® ¢). It therefore suffices to prove the claim in the case
h = ((z)). But then, by (1), we even have b - e € I"(F)I,(F). O

LEMMA 35.19. Suppose the bilinear n-fold Pfister forms e, § satisfy
ae = bf mod I,(F)

with a,b € F*. Then
ae =bf mod I" HF)I,(F).

PrOOF. We induct on n. As the case n = 1 is trivial, we may assume that n > 1
and that the claim holds for (n — 1)-fold Pfister forms. The hypothesis implies that
ab ® e ~ bb ® f, in particular, b/a € Dp(b ® ¢). By Lemma [35.16, we therefore have

ae = bf mod I" ' (F)I,(F)

(actually, mod I"(F)I,(F)). Hence we may assume that a = b. Dividing by a, we may
even assume that a = b = 1. Write

e=((c)®g and f=({d)®h
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with g, b being (n—1)-fold Pfister forms. The hypothesis now implies that b®e’ ~ b®f'. In
particular, d € D(b®¢’). By Lemma 35.17, we can write e = ({(d))-g; mod I"*(F)I,(F)
with gy an (n — 1)-fold Pfister form. It follows that we may assume that ¢ = d. By the
induction hypothesis, we then have g = h mod 1" 2(F) gy (F'), hence

((d)) - g=((d))-b mod ({d)I""*(F)Lesay(F).
We are therefore finished if we can show that ((d)) lpg () (F) € 1(F)1(F). Now, Tegay) (F)

is generated by the ((z)), with € D(b ® ((d))). For such a generator ((z)), we have
b-((d,z)) =0in W(F), hence, by Lemma 35.18| the form ((d,z)) lies in I(F)[,(F). O

ProOPOSITION 35.20. Let ¢, f, g be bilinear n-fold Pfister forms. Assume that
ae = bf+cg mod [y(F).

Then
ae = bf+cg mod I" ' (F)I,(F).

PROOF. The hypothesis implies that ab-e = bb-f+cb-gin W(F). In particular, the
form bb ® f L ¢b ® g is isotropic. It follows that there exists d € D(bb ® §f) N D(—cb ® g).
By Lemma 135.16, we then have

bf=df mod I" Y(F)I,(F) and cg=—dg mod I" ' (F)I,(F)

(actually, mod I"(F)I,(F)). Hence we may assume that ¢ = —b. Dividing by b, we may
even assume that b = 1 and ¢ = —1. Then the hypothesis implies that ab-e =b-f—b-g
in W (F) and we have to prove that ae = f — g mod I"}(F)I,(F).

Asab-e =b-f—b-gin W(F), it follows that b®f and b®g are linked using Proposition
6.21l and with b dividing the linkage. Hence there exists an (n — 1)-fold Pfister form
and elements 0',¢’ # 0 such that b@f~b®d® ((V)) and b® g ~ b®0d ® ((¢)) (and
hence b® e~ b® 0 ® ((V'))). By Lemma [35.19, we then have

f=0-((t))) andalso g=0-{()) mod I" YF)I,(F).

We may therefore assume that f =0® ((')) and g =0 ((¢)). Then f—g=2-(-V,c) =
=v'0 - (({'')) in W(F'). The result now follows from Lemma 35.19. d

REMARK 35.21. From Lemmas35.16/—35.19 and Proposition 35.20), we easily see that
the corresponding results hold for the torsion part I;(F') of I(F) instead of I,(F'). Indeed,
in each case, we only have to use our result for b = 2%(1) for some k > 0.

We always have 2I"(F) C I"*1(F) for a field F. For some interesting fields, we have
equality, i.e., 2I"(F) = I"}(F) for some positive integer n. In particular, we shall see in
Lemma 41.1 below this is true for some n for any field of finite transcendence degree over
its prime field. (This is easy if the field has positive characteristic but depends on Fact
16.2/when the characteristic of F'is zero.) We shall now investigate when this phenomenon
holds for a field.

PROPOSITION 35.22. Let F be a field. Then 2I"(F) = I""Y(F) if and only if every
anisotropic bilinear (n + 1)-fold Pfister form b is divisible by 2(1), i.e., b ~ 2¢ for some
n-fold Pfister form c.
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Proor. If 2(1) is metabolic, the result is trivial so assume not. In particular, we
may assume that char F' # 2. Suppose 2I"(F) = I""}(F) and b is an anisotropic bilinear
(n+1)-fold Pfister form. By assumption, there exist 0 € I"(F’) such that b = 20 in W (F).
By Remark 34.23, we have b ~ 2¢ for some n-fold Pfister form c. U

It is also useful to study a variant of the property that 2I"(F) = I"*1(F) intro-
duced by Brocker in [21]. Recall that I™,(F') is the image of I"(F) under the canon-

red

ical homomorphism W (F) — W,q(F) = W(F)/W,(F). We investigate the case that

21" ,(F) = IY(F) for some positive integer n. Of course, if 2I"(F) = I""1(F) then
21" ,(F) = It} (F). We shall show that the above proposition generalizes. Further, we

shall show this property is characterized by the cokernel of the signature map
sgn : W(F) — C(X(F),Z).
Recall that the cokernel of this map is a 2-primary group by Theorem 33.8.

PROPOSITION 35.23. Suppose the reduced stability st,.(F) is finite and equals n. Then
n is the least mon-negative integer such that 2I" ,(F) = I"t'(F). Moreover, for any

bilinear (n + 1)-fold Pfister form b, there exists an n-fold Pfister form ¢ such that b = 2¢
mod W;(F).

PROOF. Let b be an anisotropic bilinear (n+1)-fold Pfister form. In particular, sgnb €
C’(Z{(F), 2”“2). By assumption, there exists a bilinear form 0 satisfying sgnd = % sgn b.
Thus b — 20 € W;(F) hence there exists an integer m such that 2™b = 2" in W(F') by
Theorem 31.21. If 2™b is metabolic the result is trivial, so we may assume it is anisotropic.
By Proposition [6.22, there exists f such that 2™b ~ 2™, Therefore, 2™b ~ 2m*!¢ for

some bilinear n-fold Pfister form ¢ by Corollary 6.17. Hence 21" ,(F) = I":}1(F).

red

Conversely, suppose that 2I",(F) = I'H'(F). Let f € C(X(F),Z). It suffices to
show that there exists a bilinear form b satisfying sgn b = 2" f. By Theorem [33.15, there
exists an integer m and a bilinear form b € I"™(F) satisfying sgnb = 2™ f. So we are

done if m < n. If m > n then there exists ¢ € I"(F) such that sgnb = sgn2™ "¢ and

2" f =sgne. O

REMARK 35.24. If 21" ,(F) = I""}'(F) then for any bilinear (n +m)-fold Pfister form
b there exists an n-fold Pfister form ¢ such that b = 2™¢ mod L,(F) and I'f™(F) =
2mn (F). Similarly, if 2I"(F) = I"*'(F) then for any bilinear (n 4+ m)-fold Pfister form

b there exists an n-fold Pfister form ¢ such that b ~ 2"¢ and ["*"(F) = 2™I"(F).

Suppose that 21" ,(F) = I} (F). Let b be a n-fold Pfister form over F and let
d € F*. Write

((d)) -b=2¢ mod L,(F) and ((—d))-b=2f mod L(F)

for some n-fold Pfister forms ¢ and f over F.. Adding, we then get 2b = 2¢+2f mod [,(F),
hence also b = ¢+ f mod [,(F). By Proposition 35.20, it follows that we even have
b=c¢+f mod I"Y(F),(F).

We generalize this as follows:
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LEMMA 35.25. Suppose that 21" ,(F) = I (F). Let b be a bilinear n-fold Pfister
form and let dy,...,d,, € F*. Write
({e1dy, ..., emdny)) -6 =2"c. mod I,(F)
with c. a bilinear n-fold Pfister form for every e = (g1,...,em) € {£1}™. Then
b=> c. mod "' (F)L(F).

Proor. We induct on m. The case m = 1 is done above. So assume that m > 1.
Write ((eads, . . ., mdy))-b = 2™ 10 mod I;(F) with 0. a bilinear n-fold Pfister form for
every &' = (€g,...,6,) € {£1}™ 1. By the induction hypothesis, we then have b =5, 0./
mod "' (F)I,(F). Tt therefore suffices to show that

0o = C(41,0) + €1y mod I"H(EF)(F)
for every &’. Since

20 = 2(eadn, .., emd)) - ¢ = (((d)) + ((—d))) - ((Eaday ., Emil)) - @
= QmCH_La/) + QmC(_La/) mod It<F)

in W (F), hence also 0. = ¢(41,.) + ¢(—1,) mod I;(F). By Proposition 35.20, it follows
that 0 = C(+1,¢) + C(-1,¢) mod In—l(F)]t(F) Il

Kriiskemper’s main result in [88] is:

THEOREM 35.26. Let 21" ,(F) = I""'(F). Then

red

IMF) = " (F)L(F).

PROOF. Suppose that > ., a;b; € I;(F), where by, ..., b, are bilinear n-fold Pfister
forms and a; € F*. We prove by induction on r that this implies that . a;b; €
I"Y(F)I,(F). The case r = 1 is simply Lemma [35.18, so assume that r > 1.

Write b; = ((a;1,...,a;,)) fori=1,...,r and let m = rn and
(dla"'adm) = (alla"'aalnaaﬂla-"7a2n7-"7ar17-"7arn)-

Write

((e1dy, ..., emdn)) - b; = 2"¢;e mod [(F)
with ¢;. bilinear n-fold Pfister forms for every i = 1,...,r and every € = (g1,...,&,) €
{£1}™. By Lemma 35.25|

Z a;b; = Z Z aic;. mod 1" (F)I(F).

=1 e i=1

If €M £ @ in {£1}™ then sgn{(e\"dy, ..., eWdy)) and sgn((ePdy, ... P d)) have
disjoint supports on X(F'), hence the same holds for sgnc; 1) and sgnc;.2. It therefore
follows from the hypothesis that

Zaicig =0 mod [(F) foreach e.

=1
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Clearly, it suffices to show that >°;  a;c;e =0 mod " '(F)I,(F) for each e.

Fix ¢ in {£1}™. Suppose that ¢ # (1,...,1). If —1 occurs as the coordinate of ¢
corresponding to a;; for some j =1,...,rand ¢ =1,...,n then ((e1dy,...,endn))-b; =0
in W(F) and we may assume for all such j that ¢;. = 0 in W(F). In particular, if
e#(1,...,1), then

Zaicig = Z aitie =0 mod I" Y(F)I,(F)
S
by the induction hypothesis. So we may assume that ¢ = (1,...,1). Then
<<€1d1, .. 7€mdm>> & bl ~ <<d1, e ,dm>> X bl ~ 2n<<d1, . ,dm>>

is independent of i. We therefore may assume that ¢;., for e = 1,...,r, are all equal to a
single ¢. Let 0 = (a4, ..., a,) then
D'C:Z(licigEO mod ]t(F)
i=1
By Lemma 35.18, we conclude that 9 - ¢ € I""'(F)[;(F) and the theorem follows. O

COROLLARY 35.27. The following are equivalent for a field F' of characteristic different
from two:
(1) I"H(F(V=1)) =0.
(2) F satisfies A1 and 2I"(F) = I"Y(F).
(3) F satisfies Api1 and 217 ,(F) = I"HH(F).
(4) I"L(F) is torsion-free and 21"(F) = I"T(F).

PROOF. (1) = (2): By Theorem 35.12, F satisfies A, 1. Theorem [34.22 applied to
the quadratic extension F'(v/—1)/F gives 2I"(F) = I""(F).

(2) = (3) is trivial as 21" ,(F) = I"HY(F) if 2I"(F) = ["*Y(F).
(3) = (4): As the torsion (n + 1)-fold Pfister forms generate the torsion in I"™!(F) by
Theorem [35.26, we have 1" (F) is torsion-free. Suppose that b is an (n + 1)-fold Pfister
form. Then there exist ¢ € I"(F) and ® € W,(F) such that b = 2¢ 4+ 0 in W (F'). Hence
for some N, we have 2Vb = 2¥*1¢. As ["T(F) is torsion-free, we have b = 2¢ in W (F),
hence by /=) Is hyperbolic. By Theorem 34.22, there exists an n-fold Pfister form f such

that b ~ 2f. It follows that 2/"(F) = I""!(F).

(4) = (1) follows from Theorem 34.22! for the quadratic extension F'(v/—1)/F as forms
in W (K) transfer to torsion forms in W (F). O

REMARK 35.28. By Corollary 35.14, the condition that ™! (F(\/—_l)) = 0 is equiva-
lent to I"*!(K) = 0 for some quadratic extension K/F. In particular, if ["**(K) = 0 for
some quadratic extension K/F then I""!(F) is torsion-free. Much more is true. If K/F
is a field extension of transcendence degree m then I"(K) torsion-free implies n > m and
I"™(F) is torsion-free. We shall prove this in Corollary 143.9 below.

COROLLARY 35.29. Let F' be a real closed field and K/F a finitely generated extension
of transcendence degree n. Then I""(K) is torsion-free and 2I"(K) = I""(K).
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PROOF. As K(v/—1) is a C,-field by Theorem 97.7, we have I"*!(K(v/~1)) = 0 and
hence 2/"(K) = I""(K) by Corollary 35.27 applied to the field K. O

COROLLARY 35.30. Let F be a field satisfying "' (F) = 21"(F). Then I""*(F) is
torsion-free.

PROOF. If —1 € F? then I""!(F) = 0 and the result follows. In particular, we may
assume that char F' # 2. By Theorem [35.26, it suffices to show that F' satisfies A, 5. Let
b be an (n + 2)-fold Pfister form such that 2b = 0 in W(F). By Lemma [35.2, we can
write b = ((w)) - ¢ in W(F) with ¢ an (n + 1)-fold Pfister form and w € D(2(1)). By
assumption, ¢ = 20 in W (F) for some n-fold Pfister form 9. Hence b = 2((w)) -9 =0 in
W(F). O

REMARK 35.31. Any local field F satisfies I3(F) = 0 (cf. [90, Cor. VI.2.15]). Let

Q2 be the field of 2-adic numbers. Then, up to isomorphism, is the unique

2
quaternion algebra (cf. [90, Cor. VI.2.24]) hence I*(Qy) = 21(Q2) = {0,4(1)} # 0. Thus,
in general, I""2(F) cannot be replaced by I"™(F) in the corollary above.

We shall return to these matters in §41.






CHAPTER VI

u-invariants

36. The w-invariant

Given a field F', it is interesting to see if there exists a uniform bound on the dimension
of anisotropic forms over F', i.e., if there exists an integer n such that every quadratic
form over F' of dimension greater than n is isotropic and if such an n exists what is the
minimum. For example, a consequence of the Chevalley-Warning Theorem (cf. [127,
[.2, Th. 3]), is that over a finite field every three dimensional quadratic form is isotropic
and a consequence of the Lang-Nagata Theorem (cf. Theorem 97.7 below) is that every
(2" + 1)-dimensional form over a field of transcendence degree n over an algebraically
closed field is isotropic. When a field is of characteristic different from two, anisotropic
forms are non-degenerate. This is no longer the case for fields of characteristic two. This
leads to the consideration of two invariants. If F'is a formally real field then n(1) can
never be isotropic. To obtain meaningful arithmetic data about formally real fields, we
shall strengthen the condition on our forms. Although this makes computation more
delicate, it is a useful generalization. In this section, we shall, for the most part, look at
the simpler case of fields that are not formally real.

Let F be a field. We call a quadratic form ¢ over F' locally hyperbolic it pp, is
hyperbolic at each real closure Fp of F' (if any). If F' is formally real then the dimension
of every locally hyperbolic form is even. If F'is not formally real, every form is locally
hyperbolic. For any field F', a locally hyperbolic form is one that is torsion in the Witt
ring W (F).

Define the u-invariant of F' to be the smallest integer u(F) > 0 such that every non-
degenerate locally hyperbolic quadratic form over F' of dimension > u(F') is isotropic (or
infinity if no such integer exists) and the w-invariant of F' to be the smallest integer
u(F') > 0 such that every locally hyperbolic quadratic form over F' of dimension > u(F')
is isotropic (or infinity if no such integer exists). The u-invariant above was first defined
in [41] and the @-invariant by Baeza in [16].

REMARK 36.1. (1) We have u(F) > u(F).
(2) If char F' # 2, every anisotropic form is non-degenerate hence u(F) = u(F).
(3) If F is formally real, the integer u(F') = u(F') is even.

(4) As any (non-degenerate) quadratic form contains (non-degenerate) subforms of all
smaller dimensions, if F' is not formally real, we have u(F') < n if and only if every non-
degenerate quadratic form of dimension n + 1 is isotropic and w(F') < n if and only if
every quadratic form of dimension n + 1 is isotropic.

163
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ExaMPLE 36.2. (1) If F'is a formally real field then u(F) = 0 if and only if F is
pythagorean.
(2) Suppose that F'is a quadratically closed field. If char F' # 2 then @(F) = 1 as every
form is diagonalizable. If char F' = 2 then u(F') < 2 with equality if F' is not separably
closed by Example [7.34.
(3) If F is a finite field then u(F) = 2.
(4) Let F be a field of characteristic not two and p a quadratic form over the Laurent
series field F'((t)). As p is diagonalizable, p = ¢ 1 ti) for some quadratic forms ¢ and
over F. Using Lemma 19.5, we deduce that p is anisotropic if and only if both ¢ and 9
are. Moreover, one can check that p is torsion if and only if both ¢ and 1 are torsion. If
u(F) is finite, it follows that @(F((t))) = 2u(F). This equality is also true if char F = 2
(cf. [16]).
(5) If F'is a C,-field then u(F) < 2™
(6) If F'is a local field then u(F) = 4. If char ' > 0 then u(F') = 4 by Example (4). If
char F' = 0 this follows as in the argument for Example (4) using also Lemma [19.4] (cf.
also [115]).
(7) If Fis a global field then u(F) = 4. If char /' = 0 this follows from the Hasse-
Minkowski Theorem [90], VI.3.1. If char F' > 0 then F is a Cy-field by Theorem 97.7.

PROPOSITION 36.3. Let F' be a field with I} (F) = 0. If 1 < u(F) < oo then u(F) is

even.

PROOF. The hypothesis implies that F' is not formally real. Suppose that u(F) > 1
is odd and let ¢ be a non-degenerate anisotropic quadratic form with dim¢ = u(F).

We claim that ¢ ~ ¢ L (—a) for some ¢ € IZ(F) and a € F*. If char F' # 2 then
¢ L (a) € IZ(F) for some a € F* by Proposition 4.13. This form is isotropic, hence
¢ L {(a) ~ 4 L H for some ¢ € I7(F) and therefore ¢ ~ ¢ L (—a). If char F = 2 write
@~ p L (a) for some form p and a € F*. Choose b € F such that the discriminant of
the form p L [a,b] is trivial, i.e., p L [a,b] € IqQ(F). By assumption the form p L [a,b] is
isotropic, i.e., u L [a,b] ~ 1 L H for a form ¢ € I7(F). It follows from (8.7) that
p~pL{a)~pLlab] L(a)~v L{a),
hence ¢ ~ 1) L (a) as these forms have the same dimension. This proves the claim.

Let b € D(¢). As ((ab)) ® ¢ € I}(F) = 0, we have ab € G(¢). Therefore, a = ab/b €
D(%)) and hence the form ¢ is isotropic, a contradiction. U

COROLLARY 36.4. The u-invariant of a field is not equal to 3,5 or 7.

Let » > 0 be an integer. Define the u,-invariant of F' to be the smallest integer
u,(F) > 0 such that every set of r quadratic forms on a vector space over F' of dimension
> u,(F') has common nontrivial zero.

In particular, if @,(F") is finite then F' is not a formally real field. We also have
u1(F) = u(F) when F is not formally real. The following is due to Leep (cf. [94]):

THEOREM 36.5. Let F' be a field. Then for every r > 1, we have
'L_LT(F) < T?_Ll(F) + ﬂrfl(F).
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PROOF. We may assume that @,_1(F) is finite. Let ¢1,. .., ¢, be quadratic forms on
a vector space V over F' of dimension n > ruy(F) + u,_1(F). We shall show that the
forms have an isotropic vector in V. Let W be a totally isotropic subspace of V' of the
forms ¢, ..., @1 of the largest dimension d. Let V; be the orthogonal complement of
W in V relative to ¢; for each i =1,...,r — 1. We have dimV; > n — d.

Let U=ViN---NV,_;. Then W C U and dimU > n — (r — 1)d. Choose a subspace
U’ C U such that U = W @ U’. We have

dim U’ > n —rd > r(u(F) — d) + @, (F).

If d < @y (F) then dim U’ > @,_1(F'), hence the forms ¢, ..., p,_; have an isotropic
vector u € U’. Then the subspace W& Fu is totally isotropic for these forms, contradicting
the maximality of W.

It follows that d > u;(F"). The form ¢, therefore has an isotropic vector in U’ which
is isotropic for all the ¢;’s. O

COROLLARY 36.6. If F' is not formally real then @,(F) < 3r(r + 1)a(F).
This improves the linear bound in [34] to:

COROLLARY 36.7. Let K/F be a finite field extension of degree r. If F' is not formally
real then w(K) < 3(r + 1)a(F).

PrROOF. Let sq,5s9,...,5s, be a basis for the space of F-linear functionals on K. Let
¢ be a quadratic form over K of dimension n > $(r + 1)a(F). As dim(s;).(p) = rn >
%7"(7“ + 1)u(F) for each i = 1,...,r, by Corollary 36.6, the forms (s;).(¢) have a common
isotropic vector which is then an isotropic vector for (. Il

Let K/F be a finite extension with F' not formally real. We shall show that if a(K) is
finite then so is u(F'). We begin with the case that F'is a field of characteristic two with
an observation by Mammone, Moresi, and Wadsworth (cf. [97]).

LEMMA 36.8. Let F' be a field of characteristic two. Let ¢ be an even dimensional
non-degenerate quadratic form over F' and 1 a totally singular quadratic form over F. If
@ L 1 is anisotropic then

1
§dimg0—|—dimw <|[F:F?.

PROOF. Let ¢ ~ [ay,b1] L -+ L [am, by with a;,b; € F and ¢ ~ {(cq,...,c,) with
¢ € F*. Foreachi=1,...,mlet d; € D([ai,bi]). Then {ci,...,cn,dy,...dy} is F?-
linearly independent. The result follows. U

PROPOSITION 36.9. Let F' be a field of characteristic two and K/F a finite extension.
Then

u(F) < 2u(K) < 4u(F).

PROOF. If ¢y, ..., ¢, are F*linearly independent then (cy,...,c,) is anisotropic. By
the lemma, it follows that we have

[F: F? <a(F) <2[F : F?.
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As [F: F?] = [K : K?] (cf. (35.6)), we have
u(F) < 2[F : FY =2|K : K* < 2u(K) < 4[K : K*] = 4[F : F?] < 4u(F). O
REMARK 36.10. Let F' be a field of characteristic two. The proof above shows that
every anisotropic totally singular quadratic form has dimension at most [F : F?] and

if [F: F?] is finite then there exists an anisotropic totally singular quadratic form of
dimension [F : F?.

REMARK 36.11. Let F be a field of characteristic two such that [F : F?] is infinite
but F' separably closed. Then @(F') is infinite but u(F') = 1 by Exercise [7.35.

We now look at finiteness of @ coming down from a quadratic extension following the
ideas in [41].

PROPOSITION 36.12. Let K/F be a quadratic extension with F not formally real. If
u(K) is finite then u(F) < 4u(K).

PROOF. If char F = 2 then a(F) < 2u(K) by Proposition [36.9, so we may assume
that char F' # 2. We first show that @(F') is finite. Let ¢ be an anisotropic quadratic form
over F. By Proposition 34.8, there exist quadratic forms ; and py over F' with (pg)x
anisotropic satisfying

v = ({a)) @1 L po
where a € F* satisfies K = F(y/a). In particular, dim(uy) < @(K). Analogously, there
exist quadratic forms ¢y and p; over F' with (1) anisotropic satisfying

o1~ ((a) ® p2 L pa.

Hence
p = ((a) ® (((a)) @ 2 L ) L o= 2((a)) ® 2 L {{a)) ® i L o
as ({a,a)) = 2((a)). Continuing in this way, we see that
p = 2" {(a)) ® o L 2" ({a)) @ prr—r L+ L ((0) ® g1 L pio
for some forms ¢y and p; over F satisfying dim p; < u(K) for all i. By Proposition 31.4,
there exists an integer n such that 2"({a)) = 0 in W(F). It follows that
dime < (2" + -+ 24 Da(K) < 2"a(K)

hence dim ¢ is finite.

We now show that a(F') < 4u(K). As u(F) is finite, there exists an anisotropic form ¢
over F' of dimension @(F'). Let s : K — F be a non-trivial F-linear functional satisfying
s(1) = 0. We can write

p=p L os.(y)
with quadratic forms 1 over K and p over F' satisfying u ® Nk/p is anisotropic by
Proposition [34.6. Then

1
dims,(¢) <2u(K) and dimp < éﬂ(F)

If dim s.(¢)) = 2u(K) then v is a u(K)-dimensional form over K hence universal as every
(ﬂ(K )+ 1)—dimensional form is isotropic over the non formally real field K. In particular,
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Y~ (z)g L 1y for some x € F*. Thus s.(¢) = s.(¢1) in W(F) so s.(¢) is isotropic, a
contradiction. Therefore, we have dim s, () < 2u(K), hence

2u(K) > dim s, (¢p) = dim g — dim p > a(F) —a(F)/2 > u(F)/2.
The result follows. O

PROPOSITION 36.13. Let K/F be a finite extension with F' not formally real. Then
u(F) is finite if and only if u(K) is finite.

PRroOOF. If char F' = 2, the result follows by Proposition [36.9, so we may assume that
char ' # 2. By Corollary 36.7, we need only show if u(K) is finite then @(F) is also
finite. Let L be the normal closure of K/F and Ej the fixed field of the Galois group of
L/F. Then Ey/F is of odd degree as char F' # 2. Let E be the fixed field of a Sylow
2-subgroup of the Galois group of L/F. Then E/F is also of odd degree. Therefore, if
u(F) is finite so is u(F') by Springer’s Theorem 18.5. Hence we may assume that £ = F.
By Corollary 36.7, we have @(L) is finite so we may assume that L = K and K/F is a
Galois 2-extension. By induction on [K : F|, we may assume that K/F is a quadratic
extension, the case established in Proposition 36.12. O

Let K/F be a normal extension of degree 2™r with r odd and F' not formally real.
If u(K) is finite the argument in Proposition 36.13 and the bound in Proposition 36.12
shows that w(F') < 4"u(K). We shall improve this bound in Remark 37.6/ below.

37. The u-invariant for formally real fields

If F is formally real and K/F finite then @(K) can be infinite and u(F’) finite. Indeed,
let Fy be the euclidean field of real constructible numbers. Then there exist extensions
E,/Fy of degree r none of which are both pythagorean and formally real. In partic-
ular, u(E,) > 0. It is easy to see that u(E,) < 4. (In fact, it can be shown that
u(F,) < 2.) For example, E, is the quadratic closure of the rational numbers. Let
F = Fo((t1)) -+ ((tn)) - -+ denote the field of iterated Laurent series in infinitely many
variables over Fy. Then F' is pythagorean by Example 36.2(1) so a(F) = 0. However,
K, = E.((t1))--((ty)) - - - has infinite u-invariant by Example [36.2(4). In fact, in [44]
for each positive integer n, formally real fields F), are constructed with u(F,) = 2" and
having a formally real quadratic extension K/F, with u(K) = co and formally fields F)
are constructed with u(F)) = 2" and such that every finite non-formally real extension L
of F' has infinite u-invariant.

However, we can determine when finiteness of the u-invariant persists when going up
a quadratic extension and when coming down one. Since we already know this when the
base field is not formally real, we shall mostly be interested in the formally real case. In
particular, we shall assume that the fields in this section are of characteristic different
from two and hence the @-invariant and u-invariant are identical.

We need some preliminaries.

LEMMA 37.1. Let F be a field of characteristic different from two and K = F(y/a) a
quadratic extension of F. Let b € F*\ F*? and ¢ € anny (r) (((b))) be anisotropic. Then
© =1+ o in W(F) for some forms @1 and v over F satisfying
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(1) ¢1 € ({a))W(F) Nanny gy (((b))) is anisotropic.

(2) w2 € aDnW(F)(<<b>>)~
(3) (p2)K is anisotropic.

ProoF. By Corollary 6.23 the dimension of ¢ is even. We induct on dime. If
¢k is hyperbolic then ¢ = ¢ works by Corollary 34.12/ and if ¢k is anisotropic then
© = o works. So we may assume that pg is isotropic but not hyperbolic. In particular,
dim ¢ > 4. By Proposition 34.8, we can write

p~x{{a)) Lp
for some z € F* and even dimensional form form p over F. As ¢ € annyp)(((0))),
we have ((b)) - pp = —z((b,a)) in W(F), so dim({(b)) ® p) = 0 or 4. Therefore, by
Proposition [6.25, we can write

an

p= i Ly((e)
for some y, ¢ € F* and even dimensional form 4 € anny (s (((b))). Substituting in the
previous isometry and taking determinants, we see that ac € D({(b))) by Proposition
6.25. Thus ¢ = az for some z € D({(b))). Consequently,

p ~a((a) Ly((az)) L = x({a, —zy2)) +y((2)) +
in W(F). Let po >~ (y((z)) L ,ul)(m. As y((2)) lies in anny () (((b))), so does s and
hence also z((a, —zyz)). By induction on dim ¢, we can write us = @1 + @ in W(F)
where @; satisfies condition (1) and @5 satisfies conditions (2) and (3). It follows that

o1~ (((a, —zyz)) L), and gy~ @y
work. OJ

EXERCISE 37.2. Let ¢ and ¢ be 2-fold Pfister forms over a field of characteristic not
2. Prove that the group W (F) Nanny g (¢) NI?(F) is generated by 2-fold Pfister forms
p in annw(p)(¢0) that are divisible by . This exercise generalizes. (Cf. Exercise 41.8
below.)

As we are interested in the case of fields of characteristic not two, we shall show
to test finiteness of the u-invariant, it suffices to look at anny () (2(1)). For a field of
characteristic not two, let

u'(F) := max{dim ¢ | ¢ is an anisotropic form over F' and 2¢ = 0 in W (F)}
or oo if no such maximum exists.

LEMMA 37.3. Let F' be a field of characteristic not two. Then u/'(F) is finite if and
only if u(F) is finite. Moreover, if u(F) is finite then w(F) = «'(F) = 0 or «'(F) <
u(F) < 2u/(F).

PROOF. We may assume that v/(F') > 0, i.e., that F is not a formally real pythagorean
field. Let ¢ be an n-dimensional anisotropic form over F. Suppose that n > 2u/(F"). By

Proposition 6.25, we can write ¢ ~ p; L ¢y with gy € annyy(p) (2(1)) and 2¢p; anisotropic.
By assumption, dim g1 < «/(F'). Thus

2u/(F) < dim ¢ = dim gy + dim ¢y < o/(F) + dim ¢
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hence 2u/(F) < dim2p;. As (2¢)an =~ 2¢1, we have dim(2¢),, > 2u/'(F'). Repeating the
argument, we see inductively that dim(2™y),, > 2u/(F') for all m. In particular, ¢ is not
torsion. The result follows. U

Hoffmann has shown that there exist fields F' satisfying «/(F) < u(F'). (Cf. [55].)

Let K/F be a quadratic extension. As it is not true that w(F') is finite if and only
if u(K) is when F is formally real, we need a further condition for this to be true. This
condition is given by a relative u-invariant.

Let F be a field of characteristic not two and L/F a field extension. The relative
u-invariant of L/F is defined as

u(L/F) := max{dim(¢r ) | ¢ a quadratic form over F' with ¢y, torsion in W (L)}
or oo if no such integer exists.

The introduction of this invariant and its study come from Lee in [92] and [32]. We
shall prove

THEOREM 37.4. Let F be a field of characteristic different than two and K a quadratic
extension of F. Then u(F) and u(K/F) are both finite if and only if u(K) is finite.
Moreover, we have:

(1) If u(F) and u(K/F) are both finite then uw(K) < u(F)+u(K/F). If, in addition,
K is not formally real then u(K) < su(F) + u(K/F).

(2) If u(K) is finite then u(K/F) < u(K) and u(F) < 6u(K) or u(F) =u(K) = 0.
If, in addition, K is not formally real then u(F) < 4u(K).

PROOF. Let K = F(y/a) and s, : W(K) — W(F) be the transfer induced by the
F-linear functional defined by s(1) = 0 and s(y/a) = 1.

Claim: Let ¢ be an anisotropic quadratic form over K such that s, () is torsion in W (F).
Then there exist a form o over F' and a form ¢ over K satisfying

(a) dimo = dim ¢.

(b) v is a torsion form in W (K).

(¢) dimvy < 2 dimy and ¢ ~ (ox L V).

(d) If s.(p) is anisotropic over F then dim ¢ < dim .

In particular, if u(F') is finite and s,(¢) anisotropic and torsion then dim¢ < su(F) and
dim ¢ < u(F).

Let 2"s.(p) = 0 in W(F') for some integer n. By Corollary 34.3 with p = 2"(1), there
exists a form o over F' such that dimo = dim ¢ and 2"¢ ~ 2"0k. Let ¥ ~ (¢ L (=0))an.
Then # is a torsion form in W (K) as it has trivial total signature. Condition (¢) holds
by construction and (d) holds as s,(¢) = s.(¢) in W(F).

We now prove (1). Suppose that both u(F) and u(K/F) are finite. Let 7 be an
anisotropic torsion form over K. By Proposition 34.1, there exists an isometry 7 ~ ¢ 1 ug
for some form 7 over K satisfying s.(y¢) is anisotropic and some form p over F. As
S.(¢) = s.(7) is torsion, we can apply the claim to ¢. Let o over F' and ¢ over K
be forms as in the claim. By the last statement of the claim, we have dimp < Ju(F).
In particular, we have dim¢ < 2dime < u(F) and ¢ = ¢ + ok in W(K). Since 7
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and ¢ are torsion so is (o + p)x. As T = ¢+ ((0 L p)k)
dim7 < u(F) + u(K/F) as needed.

Finally, if K is not formally real then as above, we have 7 ~ ¢ | px with dimy <
tu(F). As every F-form is torsion in W(K), we have dim ux < u(K/F) and the proof
of (1) is complete.

We now prove (2). Suppose that w(K) is finite. Certainly u(K/F) < u(K). We show
the rest of the first statement. By Lemma 37.3| it suffices to show that «/(F) < 3u/(K).
Let ¢ € annwy(p) (2(1>) be anisotropic. By Lemma 37.1/ and Corollary 34.33, we can
decompose ¢ = 1 + @y in W(F) with ¢, € anny(p) (2(1)) satisfying (9) is anisotropic
and (¢ is anisotropic over F' and lies in

{{a))W (F) Nannyp) (2(1)) C annp e (((a))) N anny gy (2(1))

using Lemma 134.33. In particular, (¢2)x € annyw(x)(2(1)) so dimp, < u/(K). Conse-
quently, to show that «/(F) < 3u/(K), it suffices to show dim ¢y < 2u/(K). This follows
from (i) of the following (with o = ¢1):

in W(K), it follows that

an

Claim: Let o be a non-degenerate quadratic form over F'.
(4) If o € anny () (((@))) Nanny g (2(1)) then dimo,, < 2u/'(K).

(i) If o € anny gy (((a))) NWi(F) then dim o,, < 2u(K) with inequality if K is not
formally real.

By Corollary 134.33, in the situation of (i), there exists T € annu(x)(2(1)) such that
0 = $,(7). Then dim ., < dim s,(74,) < 2dim 7, < 2u/(K) as needed.

We turn to the proof of (i) which implies the the bound on u(F) in statement (2) for
arbitrary K (with o = ¢1). In the situation of (i), we have dim o,,, < u(K') by Corollaries
34.12 and 34.32. If K is not formally real then any u(K)-dimensional form 7 over K is
universal. In particular, D(7) N F* # () and (i) follows.

Now assume that K is not formally real. Let ¢ be an anisotropic torsion form over
F of dimension u(F). As im(s.) = anny (s ({(a))) by Corollary 34.12, using Proposition
6.25, we have a decomposition ¢ ~ @3 | ¢, with ¢4 a form over F satisfying ((a)) ® ¢4
is anisotropic and (3 ~ s,(7) for some form 7 over K. Since 3 lies in

5. (W(K)) = s.(Wi(K)) = annwr) (((@))) N Wi (F)

by Corollaries34.12/and [34.32, we have dim 3 < 2u(K) by the claim above. As ({a))-@4 =
({a))-@ in W(F') hence is torsion, we have dim ¢, < u(F)/2. Therefore, 2u(K) > dim @3 =
dim ¢ —dim ¢y > u(F) —u(F)/2 and u(F) < 4u(K). O

Of course, by Theorem 36.6/ if F' is not formally real and K = F(y/a) is a quadratic
extension then u(K) < 2u(F).

COROLLARY 37.5. Let F be a field of transcendence degree n over a real closed field.
Then u(F) < 272,

PROOF. F(y/—1) is a Cy-field by Corollary 97.7. O
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REMARK 37.6. Let F' be a field of characteristic not two and K/F a finite normal
extension. Suppose that u(K) is finite. If K/F is quadratic then the proof of Theorem
37.4 shows that «/(F) < 3u/(K). If K/F is of degree 2"m with m odd, arguing as in
Proposition 136.13, shows that «/(F) < 3"u/(K) hence u(F) < 2-3"u(K).

One case where the bound in the remark can be sharpened is the following which
generalizes the case of a pythagorean field of characteristic different from two.

PROPOSITION 37.7. Let F be a field of characteristic different from two and K/F a
finite normal extension. If uw(K) < 2 then u(F) < 2.

PROOF. By Proposition 35.1, we know for a field E that [*(E) is torsion-free if and
only if E satisfies A,, i.e., there are no anisotropic 2-fold torsion Pfister forms. In par-
ticular, as u(K) < 2, we have I*(K) is torsion-free. Arguing as in Proposition [36.13, we
reduce to the case that K = F(y/a) is a quadratic extension of F, hence I*(F) is also
torsion-free by Theorem 35.12. It follows that every torsion element p in I(F') lies in
anny () (2(1)). In particular, by Proposition 6.25, we can write p ~ ((w)) mod I*(F)
for some w € D(2(1)) hence p ~ ((w)) some w € D(2(1)) and is universal. Consequently,
every even dimensional anisotropic torsion form over F'is of dimension at most two. Sup-
pose that there exists an odd dimensional anisotropic torsion form ¢ over F'. Then F' is
not formally real hence all forms are torsion. As every two dimensional form over F is
universal by the above, we must have dim ¢ = 1. The result follows. O

COROLLARY 37.8. Let F be a field of transcendence degree one over a real closed field.
Then u(F') < 2.

EXERCISE 37.9. Let F' be a field of arbitrary characteristic and a € F* totally positive.
If K = F(y/a) then u(K) < 2u(F).

We next show if K/F is a quadratic extension with K not formally real then the
relative u-invariant already determines finiteness. We note

REMARK 37.10. Suppose that char F' # 2 and K = F(y/a) is a quadratic extension
of F' that is not formally real. If ¢ is a non-degenerate quadratic form over F' then,
by Proposition [34.8, there exist forms ¢; and ¢ such that ¢ ~ ((a)) ® ©» L ¢, with
dim ¢y < u(K/F).

We need the following simple lemma.

LEMMA 37.11. Let F be a field of characteristic different from two and K = F(y/a)
a quadratic extension of F' that is not formally real. Suppose that uw(K/F) < 2™. Then
I™(F) is torsion-free, I"T(K) = 0, and the exponent of Wi(F) is at most 2™

Proor. If p € Py(F) then ry p(p) = 0 as K is not formally real. So I"(F) =

{{a))I™1(F) by Theorem [34.22. Tt follows that I™*'(K) = 0 by Lemma [34.16. Hence
mrt (F(\/—l)) = 0 by Corollary 35.14. The result follows by Corollary 35.27. O

If Fis alocal field in the above then one can show that u(K/F) = 2 for any quadratic
extension K of F' but neither I?(F) nor [*(K) is torsion-free.
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THEOREM 37.12. Let F be a field of characteristic different from two. Suppose that
K is a quadratic extension of F with K not formally real. Then w(K/F) is finite if and
only if u(K) is finite.

PROOF. By Theorem [37.4, we may assume that w(K/F) is finite and must show that
u(F) is also finite. Let ¢ be an anisotropic form over F' satisfying 2¢ = 0 in W(F).
By the lemma, I""'(F) is torsion-free for some n > 1. We apply the Remark [37.10
iteratively. In particular, if dim ¢ is large then ¢ ~ zp L 9 for some p € P,(F) (cf.
the proof of Proposition [36.12). Indeed, computation shows that if w(K/F) < 2™ and
dimg > 2™(2™*2 — 1) then n = m + 2 works. As p is an anisotropic Pfister form and
I"(F) is torsion-free, 2p is also anisotropic. Scaling ¢, we may assume that z = 1. Write
W~ o1 L g with 201 = 0 in W(F') and 2¢5 anisotropic. Then we have 2p ~ 2(—ps).
If b € D(—ps) then 2((b)) - p is isotropic hence is zero in W (F). As I"(F) is torsion-
free, ((b)) - p = 0 in W(F) and b € D(p). It follows that ¢ cannot be anisotropic if
dimg > 2m(2™*2 — 1). By Lemma 37.3, it follows that u(F) < 2m+1(2m+2 — 1) and the
result follows by Theorem 37.4. 0

The bounds in the proof can be improved but are still very weak. The theorem does
not generalize to the case when K is formally real. Indeed let Fj be a formally real subfield
of the algebraic closure of the rationals having square classes represented by +1, +w where
w is a sum of (two) squares. Let F = Fy((t1))((t2)) -+ and K = F(y/w). Then, using
Corollary [34.12, we see that u(K/F) = 0 but both u(F') and u(K) are infinite.

COROLLARY 37.13. Let F be a field of characteristic different from two. Then u(K)
is finite for all finite extensions of F if and only if u(F(\/—l)) is finite if and only if
uw(F(v/—1)/F) is finite.

REMARK 37.14. Using the theory of abstract Witt rings, Schubert proved that if F'is
a formally real field then u(K) is finite for all finite extensions of F'if and only if u(F') is
finite and I3 (F) = 2I7,(F) for some n if and only if u(F(v/=1)) is finite (cf. [126]).

Recall that the condition on the reduced Witt ring is equivalent to the cokernel of the
total signature map having finite exponent by Proposition [35.23.

38. Construction of fields with even u-invariant

In 1953 Kaplansky conjectured in [69] that w(F) if finite was always a power of two.
This was shown to be false in 1989 in [103] where it was shown there exist fields having
u-invariant six and afterwards in [104] having u-invariant any even integer. Subsequently,
Izhboldin constructed fields having u-invariant 9 in [66] and Vishik has constructed fields
having u-invariant 2" + 1 for every r > 3 in [141].

By taking iterated Laurent series fields over the complex numbers, we can construct
fields whose u-invariant is 2" for any n > 0. (We also know that formally real pythagorean
fields have u-invariant zero.) In this section, given any even integer m > 0, we construct
fields whose w-invariant is m. This was construction was first done in [104] with the
simplified proof here due to Tignol (cf. [136]).

LEMMA 38.1. Let ¢ € Iq2(F) be a form of dimension 2n > 2. Then @ is a sum of
n — 1 general quadratic 2-fold Pfister forms in Ig(F) and ind clif (¢) < 2771,
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Proor. We induct on n. If n = 1, we have ¢ = 0 and the statement is clear. If n = 2,
¢ is a general 2-fold Pfister form and by Proposition 12.4, we have clif(¢) = [Q], where
() is a quaternion algebra such that Nrdg is similar to ¢. Hence ind clif(¢) < 2.

In the case n > 3 write o = o0 L ¢ where ¢ is a binary form. Choose a € F* such
that the form ao L ¢ is isotropic, i.e., ac L ¥ ~ H L u for some form p of dimension
2n — 2. We have in I, (F):

p=0+1v={(a)r+u
and therefore clif(¢) = clif (((a))o) - clif (1) by Lemma 14.2. Applying the induction
hypothesis to i, we have ¢ is a sum of n — 1 general quadratic 2-fold Pfister forms and

ind clif () < indclif (((a))o) - ind clif (p) < 2-2"7% =2""1. O

COROLLARY 38.2. In the condition of the lemma assume that ind clif (¢) = 2"~1. Then
© 18 anisotropic.

PROOF. Suppose ¢ is isotropic, i.e., o ~ H L % for some 1 of dimension 2n — 2.
Applying Lemma [38.1 to 1, we have ind clif (¢) = ind clif (¢0) < 2"72 a contradiction. [

LEMMA 38.3. Let D be a tensor product of n — 1 quaternion algebras (n > 1). Then
there is a @ € 1}(F) of dimension 2n such that clif(p) = [D] in Br(F).

Proor. We induct on n. The case n = 1 follows from Proposition 12.4. If n > 2
write D = (Q ® B, where () is a quaternion algebra and B is a tensor product of n — 2
quaternion algebras. By the induction hypothesis, there is ¢ € IZ(F) of dimension 2n — 2
such that clif(¢) = [B]. Choose a quadratic 2-fold Pfister form o with clif(c) = [@Q] and
an element a € F* such that ac L 1 is isotropic, i.e., ac L ¥ ~ H L ¢ for some ¢ of
dimension 2n. Then ¢ works as clif(¢) = clif(o) - clif(¢) = [Q] - [B] = [D]. O

Let 2 be a set (of isometry classes) of irreducible quadratic forms. For any finite
subset S C 2 let Xg be the product of all the quadrics X, with ¢ € S. If S C T are
two subsets of 2 we have the dominant projection X7 — Xg and therefore the inclusion
of function fields F'(Xg) — F(Xr). Set Fy = colim F over all finite subsets S C . By
construction, all quadratic forms ¢ € 2 are isotropic over the field extension Fy/F. A
field is called 2-special if every finite extension of it has degree a power of 2 (cf. §101.B).

THEOREM 38.4. Let F be a field and n > 1 an integer. Then there is a field extension
E of F satisfying
(1) u(E) = 2n.
(2) ]g(E) =0.
(3) E is 2-special.

PROOF. To every field L, we associate three fields LY, L®) and L® as follows:

Let 2 be the set (of isometry classes) of all non-degenerate quadratic forms over L
of dimension 2n + 1. We set L(Y) = Lgy. Every non-degenerate quadratic form over L of
dimension 2n + 1 is isotropic over L.

Let B be the set (of isometry classes) of all quadratic 3-fold Pfister forms over L. We

set L) = Lg. By construction, every quadratic 3-fold Pfister form over L is isotropic
over L),
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Finally let L® be a 2-special closure of L (cf. §101.B).

Let D be a central division L-algebra of degree 2"~!. By Corollaries [30.9, [30.11, and
08.6, the algebra D remains a division algebra when extended to L, L®) or L®).

Let L be a field extension of F' such that there is a central division algebra D over L
that is a tensor product of n — 1 quaternion algebras (cf. Proposition 98.19). By Lemma
38.3, there is a ¢ € I?(L) of dimension 2n such that clif(p) = [D] in Br(L).

We construct a tower of field extensions Ey C E; C Fy C ... by induction. We set
Ey = L. If E; is defined we set B, = (((E;)W)®)®), Note that the field E;, is 2-special
and all non-degenerate quadratic forms of dimension 2n + 1 and all 3-fold Pfister forms
over E; are isotropic over F;.1. Moreover the algebra D remains a division algebra over
Eiyi.

Now set £ = UF;. Clearly E has the following properties:

(i) All (2n+1)-dimensional Pfister forms over E are isotropic. In particular, u(E) <
2n.

(i) The field E is 2-special.

(i1) All quadratic 3-fold Pfister forms over E are isotropic. In particular I3(E) =0 .

(iv) The algebra Dpg is a division algebra.

As clif (¢g) = [Dgl, it follows from Corollary 38.2 that g is anisotropic. In particular,
u(E) = 2n. O

39. Addendum: Linked fields and the Hasse number

THEOREM 39.1. Let F' be a field. Then the following conditions are equivalent:

1) Every pair of quadratic 2-fold Pfister forms over F' are linked.

2) Buery 6-dimensional form in I7(F) is isotropic.

3) The tensor product of two quaternion algebras over F' is not a division algebra.

4) FEvery two division quaternion algebras over F have isomorphic separable qua-
dratic subfields.

(5) Every two division quaternion algebras over F have isomorphic quadratic sub-

fields.

(6) The classes of quaternion algebras in Br(F') form a subgroup.

(
(
(
(

PROOF. (1) = (2): Let 1 be a 6-dimensional form in I7(F). By Lemma 38.1, we have
Y = 1 + 9, where @1 and y are general quadratic 2-fold Pfister forms. By assumption,
w1 and o are linked. Therefore, the class of ¢ in [ g(F ) is represented by a form of
dimension 4, hence v is isotropic.

(2) = (1): Let ¢ and ¢ be two quadratic 2-fold Pfister forms over F'. Then ¢ — g = 1)
for some 6-dimensional form ¢ € IZ?(F). As 1 is isotropic, we have ig(p1 L —p2) > 2,
i.e., p; and @y are linked.

(1) = (4): Let @1 and Q3 be division quaternion algebras over F. Let ¢; and s be the
reduced norm quadratic forms of ()1 and ()5 respectively. By assumption, ¢; and ¢, are
linked. In particular, ¢; and @y are split by a separable quadratic field extension L/F.
Hence L splits ()1 and @) and therefore L is isomorphic to subfields of )1 and Q).
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(3) & (4) < (5) is proven in Theorem 98.20.

(3) < (6) is obvious.

(4) = (1): Let ¢y and ¢y be two anisotropic 2-fold Pfister forms over F. Let Q1 and Qs
be two division quaternion algebras with the reduced norm forms ¢; and ¢, respectively.
By assumption, ); and ()5 have quadratic subfields isomorphic to a separable quadratic

extension L/F. By Example 9.8, the forms ¢; and ¢, are divisible by the norm form of
L/F and hence are linked. d

A field F is called linked if F satisfies the conditions of Theorem 39.1.

For a formally real field F', the u-invariant can be thought of as a weak Hasse Principle,
i.e., every locally hyperbolic form of dimension > u(F’) is isotropic. A variant of the u-
invariant introduced in [34] naturally arises. We call a quadratic form ¢ over F' locally
isotropic or totally indefinite if pp, is isotropic at each real closure Fip of F' (if any) i.e.,
¢ is indefinite at each real closure of F' (if any). The Hasse number of a field F' is defined
to be

u(F) := max{dim ¢ | ¢ is a locally isotropic anisotropic form over F'}

or oo if no such maximum exists. For fields that are not formally real this coincides with
the w-invariant. If a field is formally real, finiteness of its u-invariant is a very strong
condition and is a form of a strong Hasse Principle. For example, if F' is a global field
then u(F) = 4 by Meyer’s Theorem [106] (a forerunner of the Hasse-Minkowski Principle
[125]) and if F is the function field of a real curve then u(F) = 2 (cf. Example 39.11
below), but if F/R is formally real and finitely generated of transcendence degree > 1
then, although w(F') is finite, its Hasse number w(F') is infinite.

EXERCISE 39.2. Show if the Hasse number is finite then it cannot be 3,5, or 7.

We establish another characterization of w(F') using a concept introduced in [42]. We
say F' satisfies Property H, with n > 1 if there exist no anisotropic, locally isotropic forms
of dimension n. Thus if u(F) is finite

u(F)+1=min{n|F satisfies H,, forall m > n}.

REMARK 39.3. Every 6-dimensional form in [ g(F ) is locally isotropic, since every
element in I?(F) has signature divisible by 4 at every ordering. Hence if u(F) < 4 then
F is linked by Theorem 139.1.

LEMMA 39.4. Let F' be a linked field of characteristic not two. Then

(1) Any pair of n-fold Pfister forms are linked for n > 2.

(2) If p € Py(F) then o ~ ({(—wy,z)) if n =2 and ¢ = 2" 3((—wy, —wq, x)) if n >3
for some wy,ws € D(3(1)) and x € F*.

(3) For everyn >0 and ¢ € I"(F), there exists an integer m and p; € GP;(F) with
n <1 <m satisfying o =Y . p;i in W(F). Moreover, if ¢ is a torsion element
then each p; 1s torsion.

(4) I4(F) is torsion-free.
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PrROOF. (1), (2): Any pair of n-fold Pfister forms are easily seen to be linked by
induction so (1) is true. As any 2-fold Pfister form is linked to 4(1), statement (2) holds
for n = 2. Let p = ((a,b,c)) be a 3-fold Pfister form then applying the n = 2 case
gives p = ((wy, z,y)) = ((wy,ws, 2)) for some x,y,z € F* and wy,ws € D(3(1>). This
establishes the n = 3 case. Let p = ({(a, b, ¢, d)) be a 4-fold Pfister form. By assumption,
there exist z,y,z € F* such that ((a,b)) ~ ((z,y)) and ({¢,d)) ~ ({x, z)). Thus

(39.5) p=abcd)~((z,y,z 2) > -1y 2) =2y, ,2)).
Statement (2) follows.

(3): Let ¢ and 7 be n-fold Pfister forms. As they are linked ¢ — 7 = a((b)) - p in W (F')
for some (n — 1)-fold Pfister form p and a,b € F*. Then

Yy +yr =z —axt + a7 +yr = ax((b)) - p+ x{{—zy)) - T

The first part now follows by repeating this argument. If ¢ is torsion, then inductively,
each p; is torsion by the Hauptsatz 23.8, so the second statement follows.

(4): By (3), it suffices to show there are no anisotropic torsion n-Pfister forms with
n > 3. By Proposition 35.3, it suffices to show if p € P,(F") satisfies 2p = 0 in W (F’) then
p = 0in W(F). By Lemma 35.2, we can write p ~ ((a,b,c,w)) with w € D(2(1)) and
a,b,c € F*. Applying equation (39.5) with d = w, we have p ~ 2((y, z, z)) ~ 2({y, c,w))
which is hyperbolic. The result follows. U

LEMMA 39.6. Let char F' # 2 and n > 2. If F s linked and F satisfies H,, then it
satisfies Hy1q.

PROOF. Let ¢ be an (n + 1)-dimensional anisotropic quadratic form with n > 2.
Replacing ¢ by x¢ for an appropriate x € F*, we may assume that ¢ = (w, b, wb) L ¢,
for some w,b € F* and form ¢; over F and by Lemma [39.4 that w € D(3(1)). Let
w2 = (w,b) L 1. Assgnp(b) = sgnp(wb) for all P € X(F), the form ¢ is locally isotropic
if and only if ¢y is. The result follows by induction. 0

REMARK 39.7. If char F # 2 and n > 4 then F satisfies Property H, if it satisfies
Property H,. However, in general, H3 does not imply Hy (cf. [42]).

EXERCISE 39.8. Let F be a formally real pythagorean field. Then u(F') is finite if and
only if I?(F) = 2I(F). Moreover, if this is the case then u(F) = 0.

The following theorem from [34] strengthens the result in [37].

THEOREM 39.9. Let F be a linked field of characteristic not two. Then u(F) = u(F)
and u(F)=0,1,2,4, or8.

PROOF. We first show that u(F) = 0,1,2,4, or 8. We know that I*(F) is torsion-free
by Lemma 39.4. We first show that F' satisfies Hy hence u(F') < 8 by Lemma [39.6. Let ¢
be a 9-dimensional locally isotropic form over F'. Replacing ¢ by x¢ for an appropriate
r € F*, we can assume that ¢ = (1) + ¢ in W(F) with ¢; € I*(F) using Proposition
4.13. By Lemma 39.4, we have a congruence

(39.10) 0= {(1)4py — ps mod I*(F)
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for some p; € P;(F) with i = 2,3. Write py ~ ({(a,b)) and p3 ~ ({¢,d,e)). As F is linked,
we may assume that e = b and —d € Dg(p}). Thus we have

v = 1)+ {{a, b)) = ({c,d, b))
= (1) — d({{a,B) — (e, b)) — (fesB)
= —cd({ac, b)) — {{c,b)) mod I*(F).

Let p = ¢ L cd{{ac,b)) L {{c,b))’, a locally isotropic form over F lying in I*(F). In
particular, for all P € X(F'), we have 16| sgnp . As the locally isotropic form pu is
sixteen dimensional, |sgnp | < 16 for all P € X(F) so sgnppu = 0 for all P € X(F) and
p € I}(F) = 0. Consequently, ¢ = —cd{{ac,b)) L (—({c,b))’) in W(F) so ¢ is isotropic
and u(F) < 8.

Suppose that w(F) < 8. Then there are no anisotropic torsion 3-fold Pfister forms over
F. Tt follows that I3(F) is torsion-free by Lemma [39.4. We show u(F) < 4. To do this
it suffices to show that I satisfies Hs by Lemma [39.6. Let ¢ be a 5-dimensional, locally
isotropic space over F. Arguing as above but going mod I3(F), we may assume that

p = (1) = ((a,0)) = —({a,0)) mod I*(F).

Let u = ¢ L {{a,b))’, an 8-dimensional, locally isotropic form over F' lying in I*(F). As
above, it follows that p is locally hyperbolic hence p € I} (F) = 0. Thus ¢ = —({a, b))’ in
W (F') so isotropic and u(F') < 4. In a similar way, we see that u(F) = 0, 1,2 are the only
other possibilities. This shows that u(F) =0, 1,2,4,8. The argument above and Lemma
39.4l show that u(F') = u(F). O

Note the proof shows if F is linked and I"(F) is torsion-free then u(F) < 2771,
It is still unknown whether Theorem 139.9 is true if char F' = 2.

ExAMPLE 39.11. (1) If F(v/=1) is a C} field then I?(F(y/=1)) = 0. It follows that
I?(F) = 2I(F) and is torsion free by Corollary [35.14' and Proposition 35.1 (or Corollary
35.27). In particular, F' is linked and u(F") < 2.

(2) If F is a local or global field then u(F') = 4.

(3) Let Fpy be a local field and F' = Fy((t)) be a Laurent series field. As u(Fy) = 4, and
F is not formally real, we have u(F) = u(F) = 8. If char F' # 2, this field F is linked by
the following exercise:

EXERCISE 39.12. Let F' = Fy((t)) with char F' # 2. Show there exist no 4-dimensional
anisotropic spaces of discriminant different from Fy*? over Fy if and only if F is linked.

There exist linked formally real fields with Hasse number 8, but the construction of
such fields is more delicate (cf. [44]).

REMARK 39.13. Let F' be a formally real field. Then it can be shown that w(F') is
finite if and only if w(F) if finite and I[*(F},,) = 2I"(F,,) (cf. [44]). If both of these
invariants are finite, they may be different (cf. [116].)

REMARK 39.14. We say that a formally real field F' satisfies condition S, if the map
se o I (F(yw)) — Ir,(F) induced by s : F(y/w) — F with s(1) = 0 for all w €
D(0o(1)) is surjective (cf. Exercise 35.4). In [44], it is shown that @(F) is finite if and
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only if u(F) is finite, F' satisfies S1, and st,.(F) < 1. Moreover, it is also shown in [44]
that st,(F},,) < n if and only if st,(F') < n and F satisfies S,,. This last statement is the

real analog of the first three conditions of Corollary [35.27.



CHAPTER VII

Applications of the Milnor Conjecture

40. Exact sequences for quadratic extensions

In this section, we derive the first consequences of the validity of the Milnor Conjecture
for fields of characteristic different from two. In particular, we show that the infinite
complexes of the powers of I- (cf. 34.20) and I- (cf. [34.21) arising from a quadratic
extension of a field of characteristic different from two are in fact exact as shown in the
paper [110] of Orlov-Vishik-Voevodsky. For fields of characteristic two, we also show
this to be true for separable quadratic extensions as well as proving the exactness of the
corresponding complexes (34.27) and (34.28) for purely inseparable quadratic extensions.
In addition, we show that for all fields, the ideals I}'(F') coincide with the ideals J,,(F)
defined in terms of the splitting patterns of quadratic forms.

We need the following lemmas.

LEMMA 40.1. Let K/F be a quadratic field extension and s : K — F a nonzero
F-linear functional such that s(1) = 0. Then for every n > 0, the diagram

kin(K)

‘|

CK/F

|
I'(K) - T'(F)
commutes where the vertical homomorphisms are defined in (5.1)).

PROOF. As all the maps in the diagram are K, (F)-linear, in view of Lemma [34.16), it
is sufficient to check commutativity only when n = 1. The statement follows now from
Corollary 34.19/ and Fact [100.8. U

LEMMA 40.2. Suppose that F is a field of characteristic 2 and K/F a quadratic field
extension. Let s : K — F be a nonzero F-linear functional satisfying s(1) = 0. Then the
diagram

CK/F

H"(K) —— H"™(F)
15 commutative.
Proor. It follows from Lemma [34.16/that it is sufficient to prove the statement in the

case n = 1. This follows from Lemma 134.14, since the corestriction map cg,/p : H YK) —
H'(F) is induced by the trace map Trg/p : K — F (cf. Example 101.2). d

179
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We set ["(F) =W (F)ifn <0.
We first consider the case char F' # 2.

THEOREM 40.3. Suppose that F is a field of characteristic different from 2 and K =
F(y/a)/F a quadratic extension with a € F*. Let s : K — F be an F-linear functional
such that s(1) = 0. Then the following infinite sequences

5_*>]n71<F> «{(a)) [n<F) TK/F [n(K) 5_*>[n(F) ((a)) [n+1<F> N

—-n—1

T

TK/F —n

A T py I T ) 2 T ) A T

(£)
are exact.

PrOOF. Consider the diagram

ko a(F) =10 ko (F) 27 () 2 Ry 1 k()

| l ! ! |

7t {a)) 5 TK/F gm S« T ((a))  Fn+1

I (F) I(F) I'(K) I(F) I (F)
where the vertical homomorphisms are defined in (5.1). It follows from Lemma 40.1
that the diagram is commutative. By Fact 5.15, the vertical maps in the diagram are
isomorphisms. The top sequence in the diagram is exact by Proposition 101.10. Therefore,
the bottom sequence is also exact.
To prove exactness of the first sequence in the statement consider the commutative

diagram
[n+1(F)—>In+1(K)—> In+1(F)—> In-i-Z(F>_> ]n+2(K)

L T A

["Y(F)— I"(F) — I"(K) — I"(F) — I"*'(F)— I""\(K)

I e

—n—1 —n—+1

I" ()= T'(F) = T(K) —T'(F) =1 (F)
with the horizontal sequences considered above and natural vertical maps. By the first
part of the proof the bottom sequence is exact. Therefore, exactness of the middle se-
quence implies exactness of the top one. Thus the statement follows by induction on n
(with the base of the induction given by Corollary 34.12). O

REMARK 40.4. Let char F' # 2. Then the second exact sequence in Theorem 40.3/ can
be rewritten as

GW (K)

N

GW(F) « o

is exact (cf. Corollary 34.12).
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Now consider the case of fields of characteristic 2. We consider separately the cases of
separable and purely inseparable quadratic field extensions.

THEOREM 40.5. Suppose that F' is a field of characteristic 2 and K/F a separable
quadratic field extension. Let s : K — F be a nonzero F-linear functional such that
s(1) = 0. Then the following sequences

TK/F ‘Ng/r TK/F
—

0— I"(F) I"(K) 25 I"(F) Ig“(F) I"+1(K) Zx, Ij;“(F) — 0,

TK/F —=n ‘Nrg/F —n+1 TK/F —n+1

0—T(F) =5 T(K) ST (F)—5T, (F) . (K) =T (F)—0
are exact.
Proor. Consider the diagram
0 — ko(F) 270 ko(K) 25 ko) —BL grsrey 5, gy S5 et (Ry S

l | l T T T

0—T'(F) () I(K) = TF) -0

TK/F —n —n ‘Ng/r
—

I'(K) —=— T'(F)

TK/F

where the vertical homomorphisms are defined in (5.1) and Fact [16.2. The middle map
in the top row is the multiplication by the class [K] € H'(F). By Proposition 101.12,
the top sequence is exact. By Facts 5.15 and [16.2, the vertical maps are isomorphisms.
Therefore, the bottom sequence is exact.

Exactness of the second sequence in the statement follows by induction on n from the
first part of the proof and commutativity of the diagram

O—>In+1(F)—> In+1(K)_) ]n+1(F)_) Igl+2(F)_) In+2( )_>In+2(F)_)O

I T %

0—I"(F) — I"(K) —>I”(F)—>]C7+1(F) ]"H( ) — I”HF —0

I T

0=T"(F) —T'(K) —=T'(F) =T, (F)= T, " (K)= T, (F) - 0.
The base of the induction follows from Corollary 34.15. O

THEOREM 40.6. Suppose that F' is a field of characteristic 2 and K/F a purely in-
separable quadratic field extension. Let s : K — F be an F-linear functional such that
s(1) = 0. Then the following sequences

S INE) S T S IF) S I S

n TK/F —=n TK/F —n

TR S T(K)ST'(F) 25 T(K) 2.

are exact.
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Proor. Consider the diagram

TK/F

ko(F) —— ky(K) —— k(F) —— k,(K)

l l l l

T'(F) 25 TYEK) —= T'(F) 25 T'(K)
where the vertical homomorphisms are defined in (5.1). The diagram is commutative by
Lemma 40.1. By Fact 5.15, the vertical maps in the diagram are isomorphisms. The top
sequence in the diagram is exact by Proposition [100.12. Therefore, the bottom sequence is
also exact. The proof of exactness of the second sequence in the statement of the theorem
is similar to the one in Theorems 40.3/ and 40.5. U

For further applications, we shall also need the following result which follows immedi-
ately from the validity of the Milnor Conjecture proven by Voevodsky in [142] and Orlov,
Vishik, and Voevodsky in [110, Th. 2.1]:

FAact 40.7. Let char F # 2 and p a quadratic n-fold Pfister form over F. Then the
sequence

[T 2 (L) =25 e (Fy 22 presn() 9, fen (F(p)),

is exact, where the direct sum is taken over all quadratic field extensions L/F such that
pL 1S isotropic.

Fact 40.8. ([13, Th. 5.4]) Let char F' = 2 and let p be a quadratic n-fold Pfister form
over F. Then the kernel of rp(,)r : H"(F) — H™(F(p)) coincides with {0,e,(p)}.

COROLLARY 40.9. Let p be a quadratic n-fold Pfister form over an arbitrary field F.
Then the kernel of the natural homomorphism IZ(F) — TZ(F(p)) coincides with {0, p}.

ProoF. Under the isomorphism TZ(F) = H™(F) (cf. Fact16.2), the homomorphism

in the statement is identified with H"(F') — H™(F(p)). The statement now follows from
Fact 40.7/ if char F' # 2 and Fact [40.8 if char F' = 2. 0

The following statement generalizes Proposition 25.13/ and was first proven by Orlov,
Vishik, and Voevodsky in [110].

THEOREM 40.10. If F' is a field then J,(F) = I7'(F) for everyn > 1.

Proor. By Corollary 25.12, we have the inclusion I7'(F) C J,(F). Let ¢ € J,(F).
We show by induction on n that ¢ € II'(F). As ¢ € J,_1(F), by the induction hypothesis,
we have ¢ € [;“1(F). The form ¢ is a sum of m general (n — 1)-fold Pfister forms in
['~1(F) for some m. Let p be one of them. Let K = F(p). Since @i is a sum of m — 1
general (n — 1)-Pfister forms in /7'~'(K), by induction on m we have i € I'(K). By
Corollary 40.9, we have either p € I7'(F) or ¢ = p modulo [['(F). But the latter case
does not occur as ¢ € J,(F) and p ¢ J,(F). O



41. ANNIHILATORS OF PFISTER FORMS 183

41. Annihilators of Pfister forms

The main purpose of this section is to establish the generalization of Corollary 6.23
and Theorem 9.13/ on the annihilators of bilinear and quadratic Pfister forms and show
these annihilators respect the grading induced by the fundamental ideal. We even show
if o is a bilinear or quadratic Pfister form then the annihilator anny g (o) N I"(F) is
not only generated by bilinear Pfister forms annihilated by « but is, in fact, generated
by bilinear n-fold Pfister forms of the type b ® ¢ with b € anny (p)(«) a 1-fold bilinear
Pfister form and ¢ a bilinear (n — 1)-fold Pfister form. In particular, Pfister forms of the
type ((w, as, ..., a,)) with w € D(co(1)) and a; € F* generate Ij'(F), thus solving the
problems raised at the end of §33. These results first appeared in [9].

Let F be a field. The smallest integer n such that I"™(F) = 2I"(F) and I"*}(F) is
torsion free is called the stable range of F' and is denoted by st(F'). We say that F' has
finite stable range if such an n exists and write st(F) = oo if such an n does not exist.
By Corollary [35.30, a field F' has finite stable range if and only if I""!(F) = 2I"(F) for
some integer n. If F' is not formally real then st(F') is the smallest integer n such that
I"(F) = 0. If F is formally real then it follows from Corollary 35.27 that st(F) =
st(F(v/=1)), i.e., st(F) is the smallest integer n such that I"*!(F(v/~1)) = 0.

LEMMA 41.1. Suppose that F' has finite transcendence degree n over its prime subfield.
Then st(F) <n+ 2 if char F = 0 and st(F) < n+ 1 if char I > 0.

PROOF. If the characteristic of F' is positive then F' is a C,q-field (cf. 97.7) as
finite fields are C fields by the Chevalley-Warning Theorem (cf. [127, 1.2, Th. 3]) and,
therefore, every (n+2)-fold Pfister form is isotropic, so I"™?(F) = 0, i.e., st(F) < n+1. If
the characteristic of F is zero then the cohomological 2-dimension of F(y/—1) is at most
n + 2 by [128, 11.4.1, Prop. 10 and 11.4.2, Prop. 11]. By Fact 16.2 and the Hauptsatz
23.8, we have [""*(F(v/=1)) = 0. Thus st(F) < n + 2. O

As many problems in a field F' reduce to finitely many elements over its prime field,
we can often reduce to a problem over a given field to another over a field having finite
stable range. We then can try to solve the problem when the stable range is finite. We
shall use this idea repeatedly below.

EXERCISE 41.2. Let K/F be a finite simple extension of degree r. If I"(F') = 0 then
I""(K) = 0. In particular, if a field has finite stable range then any finite extension also
has finite stable range.

Next we study graded annihilators.

Let b be a bilinear n-fold Pfister form. For any m > 0 set

ann,,(b) ={a e I"™(F) |a-b=0¢e€ W(F)},

amn,,(b)={aecl (F)|a-b=0ec GW(F)}.
Similarly, for a quadratic n-fold Pfister form p and any m > 0 set
ann(p) = {a € I"(F) [ a-p =0 € L(F)},
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amm,(p) ={ael (F)|a-p=0¢€L,(F)}.

It follows from Corollary 6.23 and Theorem [9.13| that ann;(b) and ann;(p) are gener-
ated by the binary forms in them. Thus the following theorem determines completely the
graded annihilators.

THEOREM 41.3. Let b and p be bilinear and quadratic n-fold Pfister forms respectively.
Then for any m > 1, we have

ann,(b) = I H(F) -ann;(b),  amm,(b) =1 (F)-anm(b),
(F) - anm (p).

PROOF. The case char F' = 2 is proven in [14, Th.1.1 and 1.2]. We assume that
char F' # 2. Tt is sufficient to consider the case of the bilinear form b.

It follows from Fact 40.7/ and Fact [16.2 that the sequence

[17"() == 1"(F) ST (),

—m—1

amn,,(p) = I (F) - anny (p),  amnip(p) = T

is exact where the direct sum is taken over all quadratic field extensions L/F with by,
isotropic. By Lemma 34.16, we have I™(L) = I"™ Y(F)I(L) hence the image of s, :
I™(L) — I™(F) is contained in I™ !'(F) - anny(b). Therefore, the kernel of the second
map in the sequence coincides with the image of I”*(F)-ann;(b) in I (F). This proves
S Fm—1 S
ann,,(b) =1 (F)-ann(b).

Let ¢ € ann,,(b). We need to show that ¢ € I"™!(F) - ann;(b). We may assume that
F is finitely generated over its prime field and hence F' has finite stable range by Lemma
41.1. Let k be an integer such that k& + m > st(F'). Repeatedly applying exactness
of the sequence above, we see that ¢ is congruent to an element a € I*™(F) modulo
I™ Y(F) - ann; (b). Replacing ¢ by a we may assume that m > st(F).

We claim that it suffices to prove the result for ¢ an m-fold Pfister form. By Theorem
33.15, for any ¢ € I"™(F), there is an integer n such that

2"sgne¢ = Zk’ - sgn ¢;,
i=1
with k; € Z and (n + m)-fold Pfister forms ¢; with pairwise disjoint supports. As m >
st(F'), it follows from Proposition 35.22 that ¢; ~ 2", for some m-fold Pfister forms ;.
Since I"™(F) is torsion free, we have

=1

in I"™(F) and the supports of the 9;’s are pairwise disjoint. In particular, if b ® ¢ is
hyperbolic then supp(b) N supp(c) = 0, so supp(b) N supp(d;) = 0 for every i. As I"(F)
is torsion free, this would mean that b ® ¢; is hyperbolic for every ¢ and establishes the
claim. Therefore, we may assume that ¢ is a Pfister form.

The result now follows from Lemma [35.18(1). O
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We turn to the generators for I}*(F'), the torsion in I"(F').
THEOREM 41.4. For any field F we have I'(F) = I[""Y(F)I,(F).

PROOF. Let ¢ € I'(F). Then 2™¢ = 0 for some m. Applying Theorem 41.3 to the
Pfister form b = 2(1), we have

¢ € ann,(b) = I""Y(F) -ann;(b) C 1" (F)L,(F). O

Recall that by Proposition 31.30} the group I;(F') is generated by binary torsion forms.
Hence Theorem 41.4! yields

COROLLARY 41.5. A field F satisfies property A, if and only if I"(F) is torsion-free.

REMARK 41.6. By Theorem 41.4; every torsion bilinear n-fold Pfister form b can
be written as a Z-linear combination of the (torsion) forms ({(ai,as,...,a,)) with a; €
D(oo(1)). Note that b itself may not be isometric to a form like this (cf. Example 32.4).

THEOREM 41.7. Let b and p be bilinear and quadratic n-fold Pfister forms respectively.
Then for any m > 0, we have

W (F)b N I™™(F) = I"™(F)b,
W(F)p N I "™(F) = I"(F)p.

PROOF. We prove the first equality (the second being similar). Let ¢ € W(F)b N
I (F). We show by induction on m that ¢ € I"™(F)b. Suppose that ¢ = a-b in W (F)
for some a € I Y(F), i.e., a € ann,,_1(b). By Theorem 41.3, we have a = ¢ for some
0 € I™2(F) and ¢ € W(F) satisfying ¢ € ann;(b). Let § be a binary bilinear form
congruent to ¢ modulo I?(F). As fb=¢b =0 € Tn+1(F), the general (n + 1)-fold Pfister
form f ® b belongs to I""2(F). By the Hauptsatz 23.8, we have f-b =0 in W(F). Since
a = 0f modulo [™(F) it follows that ¢ = ab € I"™(F)b. O

EXERCISE 41.8. Let b and ¢ be bilinear k-fold and n-fold Pfister forms respectively
over a field F' of characteristic not 2. Prove that for any m > 1 the group

W (F)eNanny g (b) N I""(F)
is generated by (m + n)-fold Pfister forms 0 in annyy (g (b) that are divisible by «¢.
The theorem allows us to answer the problems at the end of §33. The solution to

Lam’s problem in [89] was proven in [9] and independently by Dickmann and Miraglia
(cf. [30]).

COROLLARY 41.9. Let b be a form over F. If2"b € I"*"(F') then b € I"™(F)+W,(F).
In particular,

sgn(b) € C(X(F),2™Z)  if and only if b € I"™(F) + W, (F).

PROOF. Suppose that sgnb € C’(%(F), ZmZ). By Theorem [33.15) there exists a form
a € I"™™(F) such that 2"sgnb = sgna for some n. In particular, 2”6 — a € Wy (F).
Therefore 2¥b = 2*a for some k. By Theorem 41.7, applied to the form 2*t"(1), we
may write 2Fa = 2" ¢ for some ¢ € I"(F). Then b — ¢ lies in W;(F) as needed. d
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As a consequence, we obtain a solution to Marshall’s question in [98]. It was first
proved by Dickmann and Miraglia in [31].

COROLLARY 41.10. Let F be a formally real pythagorean field. Let b be a form over
F. If 2"b € I""™(F) then b € I™(F). In particular, sgn(I™(F)) = C(X(F),2"Z).

If F'is a formally real let GC (%(F ), Z) be the graded ring
GO(x =[[2c(xF),z)/2""C(x =[[cxF),27z/2""z)
and GW,(F) the graded ideal in GW (F') induced by ]t(F ). Then Corollary 41.9 implies

that the signature induces an exact sequence
0— GWy(F) — GW(F) — GC(%(F), Z)

and Corollary 41.10/ says if F' is a formally real pythagorean field then the signature
induces an isomorphism GW (F) — GC(X(F),Z).

We interpret this result in terms of the reduced Witt ring and prove the result men-
tioned at the end of §34.

THEOREM 41.11. Let K be a quadratic extension and s : K — F' a nonzero F-linear
functional such that s(1) = 0. Then the sequence

TK/F

0— red(K/F) - [f€d<F) — 1.

red

(K) 1"

red

(£)
18 exact.

PRrOOF. We need only to show exactness at I ,(K). Let ¢ € I (K) satisfy s,(c) is
trivial in I ,(F), i.e., the form s,(c) is torsion. By Theorem 41.4, we have s.(c) = > a;b;
with a; € I""}(F) and b; € I,(F). It follows by Corollary 134.32 that b; = s,(9;) for some
torsion forms 9; € I(K). Therefore, the form e := ¢ — ) (a;)x0; belongs to the kernel of
s, I"(K) — I"(F). Tt follows from Theorems 40.3/ and 40.5 that ¢ = rx/p(f) for some

f € I"(F). Therefore ¢ = rx/p(f) modulo torsion. O

42. Presentation of ["(F')

In this section, using the validity of the Milnor Conjecture, we show that the presen-
tation established for I?(F) in Theorem 4.22) generalizes to a presentation for I™(F). This
was first proven in [9] in the case of characteristic not two. The characteristic two case
was also proven independently by Arason and Baeza from that given below in [3].

Let n > 2 and let I, (F) be the abelian group generated by all the isometry classes [b]
of bilinear n-fold Pfister forms b subject to the generating relations:

(1) [((1,1,...,1))] =0.
(2) [((ab, c)) ®D} + [((a, b)) ®0} = [((a,bc)) ®D} + [((b, c)) ®D} for all a,b,c € F*

and bilinear (n — 2)-fold Pfister forms 0.
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Note that the group I,(F') was defined earlier in Section §4.C.

There is a natural surjective group homomorphism g, : I, (F) — I"(F) taking the
class [b] of a bilinear n-fold Pfister form b to b in I™(F'). The map ¢, is an isomorphism
by Theorem 4.22

As in the proof of Lemma 4.18, applying both relations repeatedly, we find that
[((a1,as,...,a,))] = 0if a; = 1. It follows that for any bilinear m-fold Pfister form b,
the assignment a — a ® b gives rise to a well defined homomorphism

L(F) = L (F)

=n-+m

taking [a] to [a ® b].
LEMMA 42.1. Let b be a metabolic bilinear n-fold Pfister form. Then [b] =0 in L,(F).

Proor. We prove the statement by induction on n. Since g, is an isomorphism, the
statement is true if n = 2. In the general case, we write b = ({a)) ® ¢ for some a € F* and
bilinear (n — 1)-fold Pfister form ¢. We may assume by induction that ¢ is anisotropic. It
follows from Corollary 6.14 that ¢ ~ ((b)) ® 9 for some b € F'* and bilinear (n — 2)-fold
Pfister form 9 such that ((a,b)) is metabolic. By the case n = 2, we have [((a,b))] =0
in I,(F'), hence [b] = [({a,b)) ® 0] =0 in I[,(F). O

For each n, let oy, : 1,1 (F) — I,(F) be the map given by

[((a,0)) © ¢] = [((a)) @ ] + [{{b)) © ¢] — [{{ab)) © ¢].

We show that this map is well defined. Let ({(a,b)) ® ¢ and ((¢/,0')) ® ¢’ be isometric
bilinear n-fold Pfister forms. We need to show that
(42.2) [{{a)) ® ] + [{(b)) @ ] = [{{ab}) ® ] = [((a')) ® €]+ [((V')) ® ¢'] = [({a'})) @ ]
in 1,,(F). By Theorem 6.10, the forms ({(a, b)) ® ¢ and ((a’,V')) ® ¢’ are chain p-equivalent.
Thus we may assume that one of the following cases hold:

(1) a=d, b=V and ¢ ~ .

() ({a,B) = (o, 1)) and ¢ = <.

(3) a=d, ¢= ((c))®0, and ¢ = ((¢))®0 for some ¢ € F* and bilinear (n—2)-fold

Pfister form 9 and ((b, c)) ~ ((V/,’)).

It follows that it is sufficient to prove the statement in the case n = 2. The equality
(42.2) holds if we compose the morphism «y with the homomorphism gq : I,(F) — I*(F).
But g9 is an isomorphism, hence «, is well defined. It is easy to check that «, is a
homomorphism.

The homomorphism «, fits in the commutative diagram
in—i—l(F) — ln(F)
gn+1l lgn
I"Y(F) —— I"(F)

with the bottom map the inclusion.
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LEMMA 42.3. The natural homomorphism
v : coker(ay,) — I (F)

s an isomorphism.

Proor. Consider the map

T (F*)" — coker(a,)  given by (a1, az,...,a,) — [((a1,as,...,a,))] 4+ im(ay).

Clearly 7 is symmetric with respect to permutations of the a;’s.

By definition of «,, we have

) @ + [ @] = [(ah)) @] mod im(a,)

for any bilinear (n — 1)-fold Pfister form ¢. It follows that 7 is multilinear.

The map T also satisfies the Steinberg relation. Indeed if a;+as = 1, then [({(a1, as))] =
0 in I,(F) as go is an isomorphism and therefore [((a1, as, ..., a,))] = 0in L,(F).

As the group coker(c,) has exponent 2, the map 7 induces a group homomorphism

kn(F) = K, (F)/2K,(F) — coker(ay,)

which we also denote by 7. The composition v o 7 takes a symbol {aj,as,...,a,} to
{{a1,az,...,a,)) + I"(F). By Fact 5.15, the map v o 7 is an isomorphism. As 7 is
surjective, we have v is an isomorphism. U

It follows from Lemma 42.3 that we have a commutative diagram

anrl(F) — ln(‘F) -

gn+1J( gnl

|
0 — I"'(F) — I'(F) —— T'(F) —— 0

with exact rows. It follows that if g,,.1 is an isomorphism then g, is also an isomorphism.

-n

I'"(F) —— 0

THEOREM 42.4. If n > 2, the abelian group I™(F') is generated by the isometry classes
of bilinear n-fold Pfister forms subject to the generating relations

(1) ((1,1,...,1)) = 0.
(2) ((ab,c)) -0+ ({a,b)) -0 = ({a,bc)) -0+ ((b,c)) -0 for all a,b,c € F* and bilinear
(n — 2)-fold Pfister forms 0.

PrOOF. We shall show that the surjective map g, : I, (F) — I™(F) is an isomor-
phism. Any element in the kernel of g, = g, r belongs to the image of the natural map
Gn. ;" — gnr Where F' is a subfield of F', finitely generated over the prime subfield of F.
Thus we may assume that F is finitely generated. It follows from Lemma 41.1 that F' has
finite stable range. The discussion preceding the theorem shows that we may also assume

that n > st(F).

If F' is not formally real then I"(F) = 0, i.e., every bilinear n-fold Pfister form is
metabolic. By Lemma 42.1], the group I,,(F') is trivial and we are done.

In what follows we may assume that F'is formally real, in particular, char F' # 2.

We let M be the abelian group given by generators {b}, the isometry classes of bilinear
n-fold Pfister forms b over F', and relations {b} = {c} + {9} where the bilinear n-fold
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Pfister forms b, ¢ and 0 satisfy b = ¢ + 0 in W(F'). In particular, {6} =0in M if b =0
in W(F).
We claim that the homomorphism
0: M — I,(F) givenby {b}— [b]

is well defined. To see this, it suffices to check that if b, ¢ and 0 satisfy b = ¢+ 0 in W (F)
then [b] = [¢c] + [0] in L,(F'). As char F' # 2, it follows from Proposition 24.5 that there
are ¢,d € F* and a bilinear (n — 1)-fold Pfister form a such that

c () ®a, = {({d)®a, b= {{cd))a.
The equality b = ¢+ 0 implies that ({c,d)) - a =0 in W(F'). Therefore,
0= an([({c,d)) ® a]) = [c] + [o] — [b]
in I,,(F), hence the claim.

Let b be a bilinear n-fold Pfister form and d € F*. As [""(F) = 2I"(F), we can
write ((d)) - b = 2¢ and ((—d)) - b = 20 in W (F') with ¢, ? bilinear n-fold Pfister forms.
Adding, we then get 2b = 2¢ + 20 in W (F'), hence b = ¢ + 0 since ["(F') is torsion free.
It follows that [b] = [¢] 4+ [0] in M. We generalize this as follows:

LEMMA 42.5. Let F' be a formally real field having finite stable range. Suppose that
n is a positive integer > st(F'). Let b € P,(F) and dy,...,d, € F*. For every ¢ =
(€1, yem) € {E1}Y™ write ({(e1dy, ..., emdm)) @ b >~ 2™¢c. with ¢. € P,(F). Then [b] =
>o.lee] in M.

Proor. We induct on m: The case m = 1 was done above. So we assume that m > 1.
For every ¢/ = (&,...,&,) € {1} write

((eady, ..., Emdy)) ® b~ 2" 10,

with 9., € P,(F). By the induction hypothesis, we then have [b] = > _[0o.] in M. It
therefore suffices to show that [0./] = [¢(1,.] + [¢(1,e)] for every €. But

20 = 2((eads, . .., Endim)) - b
= (<<d1>> + <<_d1>>) : <<€2d2, .. 7€mdm>> -b

= 2mC(17€/) + 2mC(_17€/)

in W (F) hence 0. = ¢y + ¢,y in W(F). Consequently, [0./] = [c(1,)] + [¢(-1,] in
M. Il

PROPOSITION 42.6. Let F' be a formally real field having finite stable range. Suppose
that n is a positive integer > st(F'). Then every element in M can be written as a Z-linear
combination Y 35_, l; - [¢;] with forms ¢y, ..., ¢s € Po(F) having pairwise disjoint supports
in X(F).

PROOF. Let a = "' k; - [b;] € M. Write b; ~ ((a;1,...,a;)) for i = 1,...,r.

For every matrix € = (gix);”) oy in {£1}7" let f. ~ @) @, ((ea;)) and write
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fe ®b; >~ 2™¢; . with ¢; . bilinear n-fold Pfister forms for i = 1,...,r. By Lemma 42.5, we
have [b;] =) _[¢;c] in M fori=1,...,r, hence
a=D ko= ki) e =3 > ki-[eid
i=1 i=1 € e =1
in M.

For each ¢, write f. ~ 2"~ "0, with 0. a bilinear n-fold Pfister form. Clearly, the f.
have pairwise disjoint supports, hence also the 0.. Now look at a pair (z,¢). If all the
gik, k=1,...,r, are 1 then f. ® b, = 2"f. = 20, hence ¢;. = 0.. If, however, some e,
kE=1,...,r,is —1 then f. ® b, = 0 hence ¢, = 0. It follows that for each € we have
> ki [cie] = 1. - 0. for some integer I.. Consequently,

a= 35 ke = Y1 o .
e =1 €

Applying Proposition 42.6/ to an element in the kernel of the composition
M3 (F) & 1(F) 25 C(X(F), 2),

we see that all the coefficients [; are 0. Hence the composition is injective. Since ¢ is
surjective, it follows that g, is injective and therefore an isomorphism. The proof of
Theorem 42.4  is complete. 0

REMARK 42.7. In [3], Arason and Baeza also establish a presentation of I7'(F'). They
show that as an additive group I;*(F') for n > 2 is isomorphic to the equivalence classes
{¢} of n-fold quadratic Pfister forms ¢ over F' subject to the relations:

(1) {a®@[l,di +ds]} = {a®[l,di]} + {a @ [1,ds]} for any (n — 1)-fold bilinear

Pfister form « and dy,d, € F.

(2) {{an@p}+{{®B)@p} = {{{a+b)@p}+{({abla+D)))@p} for any (n—1)-fold
quadratic Pfister form p and a,b € F'* satisfying a + b # 0.

43. Going down and torsion-freeness

We show in this section that if K/F is a finite extension with ["(K) torsion free then
I"(F) is torsion free. Since we already know this to be true if char /' = 2 by Lemma
35.5, we need only show this when char F' # 2. In this case, we show that the solution of
the Milnor Conjecture that the norm residue map is an isomorphism implies the result as
shown in [8] and, in fact, leads to the more general Corollary 43.10/ below.

Let F be a field of characteristic not 2. For any integer k,n > 0 consider Galois
cohomology groups (cf. §101)

H™"(F k) := H" Y (F,2/2"27).
In particular H"(F,1) = H"(F).
By Corollary 101.7,, there is an exact sequence

0— H"(F,r) — H"(F,r+s) — H"(F,s).
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For a field extension L/F' set
H"(L/F, k) := ker(H"(F, k) =25 H"(L, k)).
For all r,s > 0, we have an exact sequence
(43.1) 0— H"(L/F,r) — H"(L/F,r+s) — H"(L/F,s).

PROPOSITION 43.2. Let char F' # 2. Suppose I}'(F) = 0. Then H"(F,,/F,k) =0 for
all k.

PRrROOF. Let o € H"(F),,/F'). As F,, is the union of admissible extensions over F (cf.
Definition [31.15)), there is an admissible sub-extension L/F of F,,/F such that o = 0.
We induct on the degree [L : F] to show ay = 0. Let E be a subfield of L such that
E/F is admissible and L = E(v/d) with d € D(2(1)g). Tt follows from the exactness
of the cohomology sequence (cf. Theorem 99.13) for the quadratic extension L/FE that
ap € HY(F) U (d). By Proposition 35.7, the field E satisfies A,. Hence all the torsion
Pfister forms ({(ay,...,a,_1,d)) over E are trivial, consequently, H" '(E) U (d) = 0 by
Fact [16.2 and therefore ap = 0. By the induction hypothesis, a = 0.

We have shown that H"(F,,/F) = 0. Triviality of the group H"(F),,/F, k) follows
then by induction on k from exactness of the sequence (43.1). U

EXERCISE 43.3. Let char F' # 2. Show that if H"(F,,/F) = 0 then I"(F) is torsion
free.

LEMMA 43.4. A field F of characteristic different from two is pythagorean if and only
if F' has no cyclic extensions of degree 4.
Proor. Consider the exact sequence

b

HY(F,2) L HY(F) = H*(F),

where b is the Bockstein homomorphism, b((a)) = (a) U (1) (cf. Proposition 101.14).
The field F' is not pythagorean if and only if there is non-square a € F* such that
a € D(2(1)). The later is equivalent to (a) U (—1) = 0 in H*(F) = Bry(F) which in its
turn is equivalent to (a) € im(g), i.e., the quadratic extension F'(y/a)/F can be embedded
into a cyclic extension of degree 4. U

Let I be a field of characteristic different from two such that ps. C F with n > 1 and
m < n. Then Kummer theory implies that the natural map

(43.5) F*/F**" = HY(F,n) — H'(F,m) = F*/F**"
is surjective.
LEMMA 43.6. Let F' be a pythagorean field of characteristic different from two. Then
ey H (F(V=1),s) — H'(F,s)

is trivial for every s.
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PROOF. If F is non-real then it is quadratically closed, so H'(F,s) = 0. Therefore,
we may assume that F' is formally real. In particular, F'(v/—1) # F.

Let 3 € H'(F,s + 1) = Hom ont(T'r, Z/2°717). Then the kernel of 3 is an open
subgroup U of I'p with I'r /U cyclic of 2-power order. As F'is pythagorean, F' has no cyclic
extensions of a 2-power order greater than 2 by Lemma 43.4. It follows that [I'p : U] < 2
hence 3 lies in the image of H'(F) — H'(F,s + 1). Consequently, 3 lies in the kernel of
HY(F,s+1) — H'(F,s). This shows that the natural map H'(F,s + 1) — H(F,s) is
trivial. The statement now follows from the commutativity of the diagram

HY(F(V=1),s+1) —20, HU(F, s +1)

| Js
HY(F(v=T),s) —D0, HUF,s)
together with the surjectivity of H'(F(v/—1),s + 1) — H*(F(v/=1), s) which holds by
(43.5) as pioe C Qpy(v/—1) C F(+v/—1). O

LEMMA 43.7. Let F be a field of characteristic different from two satisfying pos C
F(v/=1). Then for every d € D(2(1)) the class (d) belongs to the image of the natural
map H'(F,,/F,s) — H'(F,,/F).

PROOF. By (43.5), the natural map g : H'(F(v/-1),s) — H'(F(v/-1)) is sur-
jective. As d € NF(\E)/F(F(\/—l)), there exists a v € H'(F(v/=1),s) satisfying
(d) = g(cp(y=)r(7)). By Lemma 43.6, we have cp—),r(7) € H'(F,,/F,s) and the
image of cp(/—1),p(7) in H'(F,,/F) coincides with (d). O

THEOREM 43.8. Let char F' # 2 and K/F a finite field extension. If I"(K) is torsion
free for some n then I"™(F') is also torsion free.

PROOF. Let 2" be the largest power of 2 dividing [K : F|. Suppose first that the field
F(yv/—1) contains pigr+1.

By Corollary 41.5, we know that [™(F') is torsion-free if and only F' satisfies A,,.
By Lemma 35.2, it suffices to show any bilinear n-fold Pfister form ({(a1,...,a,_1,d))
with a1,...,a,_1 € F* and d € D(2(1>) is hyperbolic. By Lemma [43.7, there is an
a € HY(F,,/F,r + 1) such that the natural map H'(F},,/F,r + 1) — H'(F,,/F) takes «
to (d).

Recall that the graded group H*(F),/F,r+ 1) has natural structure of a module over
the Milnor ring K, (F') (cf. 101.5). Consider the element

B=A{a,...,an1} o€ H'(F,,/F,r+1).
As II'(K) = 0, we have H"(K,,/K,r + 1) = 0 by Proposition 43.2. Therefore,
[K:F]-B=cgrorkr(B) =0
hence 2”3 = 0. The composition

H"(F,r +1) — H"(F) — H"(F,r + 1)
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coincide with the multiplication by 2". Since the second homomorphism is injective by
(43.1), the image {ay, ..., an—1}-(d) = (a1, ..., an-1,d) of B in H"(F') is trivial. Therefore,
({(ay,...,an_1,d)) is hyperbolic by Fact 16.2.

Consider the general case. As pige C F,,(v/—1) there is a subfield E C F,, such that
por+1 C E(y/=1) and E/F is an admissible extension. Then L := KE is an admissible
extension of K. In particular, I"™(L) is torsion free by Proposition 35.7 and Corollary
41.5. Note also that the degree [L : E] divides [K : F]. By the first part of the proof
applied to the extension L/E we have IJ'(E) = 0. It follows from Theorem [35.12 and
Corollary 41.5 that I'(F) = 0. O

COROLLARY 43.9. Let K be a finite extension of a non formally real field F. If
I"(K) =0 then I"(F) = 0.

Proor. If char F = 2, this was shown in Lemma [35.5. If char F' # 2, this follows
from Theorem 43.8. U

Define the torsion-free index of a field F' to be
v(F) ;= min{n | I"(F) is torsion-free}
(or infinity if no such integer exists). Then we have
COROLLARY 43.10. Let K/F a finitely generated field extension. Then
v(F) +tr deg(K/F) < v(K).

Proor. If K/F is finite then v(F') < v(K) by Theorem 43.8. It follows from this and
induction that we may assume that K = F(t). If b € I]'(F) where v(K) < n + 1 then
((t)) - b=01in W(K) as it is torsion in I"™(K). It follows by Example 19.13 that b = 0
in W(F). O

REMARK 43.11. Let F be a field of characteristic not two.

(1) Define the absolute stability index st,(F') to be the minimum n (if it exists) such
that "™ (F) = 2I"(F). Corollary [35.27 implies that

v(F(WV-1)) <n+1 ifandonlyif v(F)<n+1 and st,(F)<n.

(which, by Remark 135.28, is equivalent to I"*(L) = 0 for some quadratic exten-
sion L/F.) By Fact [16.2l this is equivalent to A" (F(y/=1)) = 0.

(2) Let K/F be a finitely generated field extension of transcendental degree m. In
[43] it is shown if m > 0 then H"™ (F(y/=1)) = 01is equivalent to cdy (K (v/—1)} <
n + 1. This is not true for K/F algebraic, e.g., let F' be the quadratic closure of
Q and K = F§'2).

(3) The “Going Up” Problem of the relationship of v(F') and v(K) even when K/F
is finite is unclear. It is can be shown that v(K) < [K : F|v(F) when F is
not formally real and that v(K) > 1+ v(F') is possible, but no uniform bound
is known even when F' is quadratically closed. Similarly, it can be shown that
sto(K) < [K : F] stq(F) but again no uniform bound is known. This compares to
the relative case where Brocker showed in [21] that the reduced stability satisfied
st (F) 4+ m < st, K < st.(F)+m + 1 using valuation theory.






CHAPTER VIII

On the norm residue homomorphism of degree two

44. The main theorem

In this chapter we prove the degree two case of the Milnor Conjecture (cf. Fact 101.6)).

THEOREM 44.1. For every field F' of characteristic not 2, the norm residue homomor-
phism

hp = h2 . Ky(F)/2Ky(F) — Bry(F),
b
taking {a,b} + 2K5(F) to the class of the quaternion algebra (a}’7 ) is an isomorphism.

COROLLARY 44.2. Let F' be a field of characteristic not 2. Then

(1) The group Bra(F') is generated by the classes of quaternion algebras.
(2) The following is the list of the defining relations between classes of quaternion

algebras:
Q) aa’,b\  (a,b ' a,by a,bb’\  [(a,b ‘ a, bt
YUF )T\ F r) \r ) \F F)
(i) a],jb ' a},(ﬁb _1

(ii) (a]’;)) —1 if a+b=1.

The main idea of the proof is to compare the norm residue homomorphisms hr and
hpc), where C' is a smooth conic curve over F. The function field F(C) is a generic
splitting field for a symbol in ko (F') := Ky(F')/2K5(F), so passing from F to F/(C) allows
us to carry out inductive arguments.

Theorem [44.1/ was originally proven in [102]. The proof used a specialization argument
reducing the problem to the study of the function field of a conic curve and a comparison
theorem of Suslin [133] on the behavior of the norm residue homomorphism over the
function field of a conic curve.

The “elementary” proof presented in this chapter relies neither on a specialization
argument nor on higher K-theory. The key point of the proof is Theorem 46.1. It is also
a consequence of Quillen’s computation of higher K-theory of a conic curve [117, §8, Th.
4.1] and a theorem of Rehmann and Stuhler on the group Kj of a quaternion algebra
given in [118].

Other “elementary” proofs of the bijectivity of hp, avoiding higher K-theory, but still
using a specialization argument were given by Arason in [7] and Wadsworth in [145].

195
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45. Geometry of conic curves

In this section we establish interrelations between projective conic curves and their
corresponding quaternion algebras over a field F' of arbitrary characteristic.

45.A. Quaternion algebras and conic curves. Let () be a quaternion algebra
over a field F. Recall (cf. Appendix 98.E) that ) carries a canonical involution a +— a,
the reduced trace linear map

Trd:Q —- F, a—a+a
and the reduced norm quadratic map
Nrd: Q — F, a+— aa.
Every element a € () satisfies the quadratic equation
a? — Trd(a)a + Nrd(a) = 0.
Set
Vo :=ker(Trd) ={a € Q | a = —a},
so Vg is a 3-dimensional subspace of Q. Note that 2> = —Nrd(z) € F for any z € Vj,
and the map g : Vg — F given by ¢g(x) = 2% is a quadratic form on V. The space Vg
is the orthogonal complement to 1 in () with respect to the non-degenerate bilinear form
on Q:
(a,b) — Trd(ab).
The quadric Cg of the form ¢g(x) in the projective plane P(Vy) is a smooth projective

conic curve. In fact, every smooth projective conic curve (1-dimensional quadric) is of
the form Cy for some quaternion algebra ) (cf. Exercise 12.6).

PROPOSITION 45.1. The following conditions are equivalent:
(1) @ 1s split.
(2) Cq is isomorphic to the projective line P'.
(3) Cq has a rational point.

PROOF. (1) = (2): The algebra @ is isomorphic to the matrix algebra My (F'). Hence
Vi is the space of trace 0 matrices and Cgq is given by the equation X* +YZ = 0. The
morphism Cp — P!, given by [X : Y : Z] — [X : Y] = [-Z : X] is an isomorphism.

(2) = (3) is obvious.

(3) = (1): There is a nonzero element x € @ such that 22 = 0. In particular, @ is not
a division algebra and therefore @) is split. 0

COROLLARY 45.2. Let Q) be a quaternion algebra. Then
(1) Every divisor on Cq of degree zero is principal.
(2) If Q is a division algebra, the degree of every closed point of Cq is even.

PROOF. (1): Let w be a divisor on Cg of degree zero. Let K/F be a separable qua-
dratic splitting field of () and ¢ the nontrivial automorphism of K over F'. By Proposition
45.1), the conic Cy is isomorphic to the projective line over K. As dego(wg) = deg wg,
there is a function f € K(Cg)* with div(f) = wg. Let s = f-o(f™'). Since div(s) =
wg — o(wg) = 0 we have s € K* and Ng/p(s) = s-0(s) = 1. By the Hilbert theorem
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90, there is t € K* with s = o(t) - t~!. Setting g = tf we have o(g) = g, i.e., g € F(Cg)*
and div(g) = w.

(2): Let z € Cg be a closed point. As Cg has a rational point over F'(x), by Proposition
45.1, the algebra @ is split over F(x). It follows from Corollary 98.6 that the degree
[F(z): F] is even. O

EXAMPLE 45.3. If char F' # 2, there is a basis 1,14, j, k of Q such that a := 2 € F*,
b:=j?€e€ F* k=ij=—ji (cf. Example 98.11). Then Vg = Fi & Fj & Fk and Cj is
given by the equation aX? + bY? — abZ? = 0.

EXAMPLE 45.4. If char ' = 2, there is a basis 1,4, j,k of @ such that a := 2 € F,
b:=j*€F, k=1ij=ji+1 (cf. Example98.12). Then Vp = F1& Fi & Fj and Cg is
given by the equation X2 +aY?2 + 022 +Y Z = 0.

For every a € () define the F-linear function [, on Vg by the formula
lo(z) = Trd(az).

The reduced trace form Trd is a non-degenerate bilinear form on (). Indeed to see this
this is sufficient to check over a splitting field of () where @) is isomorphic to a matrix
algebra, and it is clear in this case. Hence every F-linear function on Vj is equal to [, for
some a € Q.

LEMMA 45.5. Let a,b € Q and o, 3 € F. Then
(1) lo =1y if and only if a — b € F.
(2) loa+sy = odg + Bl
(3) lz = —lq.
(4) ly-r = —=(Nrda)~t -1, if a is invertible.

PRrOOF. (1): This follows from the fact that Vj is orthogonal to F' with respect to
the bilinear form Trd.
(2) is obvious.
(3): For any = € Vg, we have

lz(x) = Trd(az) = Trd(ax) = Trd(za) = — Trd(xza) = — Trd(az) = —l,(x).
(4): It follows from (2) and (3) that (Nrda)l,-1 = lz = —l,. O

Every element a € @ \ F' generates a quadratic subalgebra Fla] = F & Fa of Q.
Conversely, every quadratic subalgebra K of @ is of the form F[a] for any a € K \ F'. By
Lemma 45.5, the linear form [, on V4, is independent, up to a multiple in £, of the choice
of a € K'\ F. Hence the line in P(Vg) given by the equation [,(z) = 0 is determined by
K. The intersection of this line with the conic Uy is an effective divisor on Cg of degree
two. Thus, we have the following maps

Quadratic Rational points Lines Degree 2 effective
subalgebras of @ in P(V3) in P(Vg) divisors on Cg

PROPOSITION 45.6. The two maps above are bijections.
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PRrOOF. The first map is a bijection since every line in P(Vy) is given by an equation
l, = 0 for some a € @\ F and a generates a quadratic subalgebra of ). The last map
is a bijection since the embedding of C as a closed subscheme of P(V{) is given by a
complete linear system. U

REMARK 45.7. Effective divisors on Cg of degree 2 are rational points of the symmetric
square S?(Cg). Proposition 45.6 essentially asserts that S?(Cg) is isomorphic to the
projective plane P(V{}).

Suppose (@ is a division algebra. Then the conic curve Cg has no rational points and
quadratic subalgebras of () are quadratic (maximal) subfields of (). An effective cycle on
Cg of degree 2 is a closed point of degree 2. Thus, by Proposition 45.6, we have bijections

Quadratic ~ | Rational points Lines ~ Points of
subfields of @ in P(V3) in P(Vg) degree 2 in Cy

In what follows, we shall frequently use the bijection constructed above between the
set of quadratic subfields of ) and the set of degree 2 closed points of Cy.

45.B. Key identity. In the following proposition, we write a multiple of the qua-
dratic form ¢g on Vg as a degree two polynomial of linear forms.
PROPOSITION 45.8. Let () be a quaternion algebra over F. For any a,b,c € @,

lg-le+le-lo+la = (Trd(cba) — Trd(abc)) S Qo-

ProOF. We write T' for Trd in this proof. For every = € V5 we have:

l5(x) - l(x) = T(abz)T (cx)
=T (a(T(b) — b)z)T(cx)
= T(az)T(b)T(cx) — T(abzx)T(cx)
= T(az)T(b)T (cz) — T (abT (cx)zx)
= T(az)T(b)T (cx) — T(abc)z?® + T (abxez),

=T ((T(b) — b)ex) T (az)

= T(cx)T(b)T (az) — T(bex)T (ax)

= —T(az)T(b)T (czx) — T (bex(ax + za))

= —T(az)T(b)T(cx) — T (bcxax) + T (bca)z?
= —T(az)T(b)T(cx) — T (axbex) + T(cba)z?
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Adding the equalities yields the result. O

45.C. Residue fields of points of (' and quadratic subfields of (). Suppose
that the quaternion algebra @) is a division algebra. Recall that quadratic subfields of @)
correspond bijectively to degree 2 points of C. We shall show how to identify a quadratic
subfield of () with the residue field of the corresponding point in Cg of degree 2.

Choose a quadratic subfield K C Q. For every a € Q \ K, one has Q = K @ aK. We
define a map

fa Vo — K
by the rule: if ¢ = u + av for u,v € K then p,(l.) = v. Clearly,
tal(le) =0 if and only if ce K.

By Lemma 45.5, the map p, is well defined and F-linear. If b € @\ K is another element,
we have

(45.9) to(le) = pp(la) pta(le),

hence the maps p, and p, differ by the multiple p,(l,) € K*. The map p, extends to an
F-algebra homomorphism
pa : S*(VG) — K

in the usual way (where S® denotes the symmetric algebra).

Let x € Cg C P(Vy) be the point of degree 2 corresponding to the quadratic subfield
K. The local ring Op (v, is the subring of the quotient field of the symmetric algebra
S*(V) generated by the fractions [./ls for all c € Q and d € Q \ K.

Fix an element a € @ \ F. We define an F-algebra homomorphism

M- OP(VQ)vx - K
by the formula
p(le/la) = palle)/ pta(la)-

Note that p,(lg) # 0 since d ¢ K and the map p is independent of the choice of a € Q\ K
by (45.9).
We claim that the map p vanishes on the quadratic form ¢g defining Cq in P(Vp).

Proposition 45.8 gives a formula for a multiple of the quadratic form ¢ with the coefficient
a = Trd(cba) — Trd(abc).

LEMMA 45.10. There exista € Q\ K, b€ K, and ¢ € Q such that a # 0.

PROOF. Pick any b € K \ F' and any a € ) such that ab # ba. Clearly, a € Q \ K.
Then a = Trd((ba — ab)c) is nonzero for some ¢ € @ since the bilinear form Trd is
non-degenerate on (). O
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Choose a, b and ¢ as in Lemma 45.10. We have p,(ly) = 0 since b € K. Also iq(l,) =1
and pu,(l ;) = b. Write ¢ = u + av for u,v € K then p,(l.) = v. As

be = b + bva = bu + Trd(bva) — avb,
we have y,(lyz) = —vb and by Proposition 45.8,

ap(eg) = pallz)pta(le) + ptra(liz) pta(la) + ta(lea) tta(ly) = bv — vb = 0.

Since () is a division algebra and « # 0, we have u(¢g) = 0 as claimed.
The local ring O¢,, ,» coincides with the factor ring Op(v;,) .« / ©QOp(y),e- Therefore, p
factors through an F'-algebra homomorphism

p:Ocpe — K.

Let e € K\ F. The function [./l, is a local parameter of the local ring Oc,, ., i.e., it
generates the maximal ideal of O¢, .. Since p(le/l,) = 0, the map p induces a field
isomorphism

(45.11) F(z) 5 K
of degree 2 field extensions of /. We have proved

PROPOSITION 45.12. Let Q) be a division quaternion algebra. Let K C @) be a quadratic
subfield and x € Cq the corresponding point of degree 2. Then the residue field F(x) is
canonically isomorphic to K over F. Let a € Q and b € Q \ K. Write a = u + bv for
unique u,v € K. Then the value (I,/ly)(x) in F(x) of the function l,/l, at the point x
corresponds to the element v € K under the isomorphism (45.11).

46. Key exact sequence

In this section we prove exactness of a sequence comparing the groups K»(F') and
K5(F(C)) over a field F' of arbitrary characteristic.

Let C be a smooth curve over a field F. For every (closed) point x € C, there is a
residue homomorphism

O : Kx(F(C)) — K1 (F(z)) = F(z)"

induced by the discrete valuation of the local ring O¢, (cf. (49.A)).
In this section we prove the following:

THEOREM 46.1. Let C be a conic curve over a field F'. Then the sequence

Ky(F) — K2(F(C)) & [ Fa)* S FX,

zeC

with 0 = (0,) and ¢ = (Np@y/r), is evact.
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46.A. Filtration on K,(F(C)). Let C be a conic over F. If C has a rational point,
i.e., C' =~ P}, the statement of Theorem [46.1/is Milnor’s computation of K (F(t)) given in
Theorem [100.7. So we may (and will) assume that C' has no rational point. By Corollary
45.2, the degree of every closed point of C' is even.

Fix a closed point xyg € C of degree 2. As in §29, for any n € Z let L, be the
F-subspace

{feF(C)*| div(f) +nzy >0} U{0}
of F(C). Clearly L, = 0if n < 0. Recall that Ly = F and L,, - L,, C Lyyp,. It follows
from Lemma 29.7 that dim L, = 2n+ 1 if n > 0.

We write L for L, \ {0}. Note that the value g(z) in F(z) is defined for every g € L
and point x # z.

Since any divisor on C' of degree zero is principal by Corollary 145.2, for every point
x € C of degree 2n we can choose a function p, € L) satisfying div(p,) = = — nay.
In particular, p,, € F*. Note that p, is uniquely determined up to a scalar multiple.
Clearly, p,(x) = 0 if © # (. Every function in L) can be written as the product of a
nonzero constant and finitely many p, for some points x of degree at most 2n.

LEMMA 46.2. Let x € C be a point of degree 2n different from xqy. If g € L,, satisfies
g(x) =0 then g = pyq for some q € Ly_p. In particular, g =0 if m < n.

Proor. Consider the F-linear map

ey Ly — F(x), ex(g9) =g(x).
If m < n, the map e, is injective since x does not belong to the support of the divisor of
a function in LY. Suppose that m =n and g € kere,. Then div(g) = x — nz, and hence
g is a multiple of p,. Thus, the kernel of e, is 1-dimensional. By dimension count, e, is
surjective.
Therefore, for arbitrary m > n, the map e, is surjective and

dimker(e,) = dim L,, — deg(z) = 2m + 1 — 2n.

The image of the injective linear map L,, , — L, given by multiplication by p, is

contained in ker(e,) and of dimension dim L,,,_,, = 2m + 1 — 2n. Therefore, ker(e,) =

pa:Lm—n' D
For every n € Z, let M, be the subgroup of K»(F(C)) generated by the symbols { f, g}

with f,g € LX, ie., M, ={L},L*}. We have the following filtration:

(46.3) 0=M_ CMyCMC-CEKy)(F()).

Note that My coincides with the image of the homomorphism K (F) — K,(F(C)) and

K5(F(C)) is the union of all the M, as the group F(C)* is the union of the subsets L.
If f € LY, the degree of every point in the support of div(f) is at most 2n. In

particular, 0,(M,_1) = 0 for every point = of degree 2n. Therefore, for every n > 0, we
have a well defined homomorphism

Op o My /My — H F(z)*
deg x=2n
induced by 0, over all points z € C' of degree 2n.
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We refine the filtration (46.3) by adding an extra term M’ between M, and M;. Set
M= {L{,Li} = {Ly, F*}, so the group M’ is generated by M, and symbols of the
form {p,,a} for all points z € C of degree 2 and all o € F'*.

Denote by A" the subgroup of [, ,— '(x)* consisting of all families (c) such that
a, € F* for all z and [[, a, = 1. Clearly, 0,(M'/M,) C A'.

Theorem 146.1 is a consequence of the following three propositions.

PROPOSITION 46.4. Ifn > 2, the map
On: My/My oy — ] Flx)*
deg z=2n

1S an isomorphism.
PROPOSITION 46.5. The restriction &' : M' /My — A’ of 0y is an isomorphism.

PROPOSITION 46.6. The sequence

0— M /M 2 (H F(z )/A’LFX

deg x=2

18 exact.

Proof of Theorem 146.1. Since K,(F(C)) is the union of M,, it is sufficient to prove
that the sequence

0— M,/My % J] Fla)< S F*
degx<2n
is exact for every n > 1. We induct on n. The case n = 1 follows from Propositions 46.5
and 46.6. The induction step is guaranteed by Proposition 46.4. 0

46.B. Proof of Proposition 46.4. To effect the proof, we shall construct the inverse
map of 9,,. We need the following two lemmas.

LEMMA 46.7. Let x € C be a point of degree 2n > 2. Then for every u € F(z)*, there
exist f € L), and h € LY such that (f/h)(x) = u.

PrROOF. The F-linear map
€r: Ln1 — F(z), [ f(z)
is injective by Lemma 46.2. Hence
dim coker(e,) = deg(x) —dim L, ; =2n — (2n — 1) = 1.
Consider the F-linear map
g: Ly — coker(e;), ¢g(h)=wu-h(z)+im(e,).

Since dim L; = 3, the kernel of g contains a nonzero function h € L. We have
u-h(z) = f(x) for some f € Ly ;. Since degx > 2 the value h(x) is nonzero. Hence

u=(f/h)(x). U
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Let z € C' be a point of degree 2n > 2. Define a map
"px : F($>X - Mn/Mn—l

as follows: By Lemma [46.7, for each element v € F(z)*, we can choose f € L, ; and
h € L such that (f/h)(x) = u. We set
f

Yu(u) = {pam n

LEMMA 46.8. The map v, is a well-defined homomorphism.

} + Mn—l-

PROOF. Let f' € LY, and A’ € L be two functions with (f'/h')(z) = u. Then
f'h— fh € L, and (f'h — fh')(x) = 0. By Lemma 46.2, we have f'h — fh' = Ap, for
some A € F. If A=0, then f/h = f'/1.

Suppose A # 0. Since (Ap,)/(f'h) + (fh')/(f'h) = 1, we have

!

T (A T

{pas £/} + My = {pa, f'/1'} + My,
so that the map 1 is well defined.
Let ug = ujug € F(x)*. Choose f; € L, and h; € Ly satisfying (f;/h;)(x) = u; for
i = 1,2,3. The function f; fohs — f3hihs belongs to Ls, 1 and has zero value at z. We
have fifohs — fshihe = pyq for some q € L, ; by Lemma 46.2. Since (p,q)/(f1fehs) +

(fshihe)/(f1fohs) = 1,
- Peq  f3hiho /3 - ﬁ B é
0= Ui ) = e f ~ e}~ {pea g mod Mo
Thus, 1%(“3) = %(Ul) + %(W) O
By Lemma 46.8, we have a homomorphism
¢nzzwx H F(x)x —>Mn/Mn—l-

deg x=2n

Hence

We claim that 0,, and v, are isomorphisms inverse to each other. If x is a point of degree
2n > 2 and u € F(z)*, choose f € L) , and h € L{ such that (f/h)(z) = u. We have

oul{pe 1 p) = () =

and the symbol {p,, f/h} has no nontrivial residues at other points of degree 2n. There-
fore, 0, o 1, is the identity.

To finish the proof of Proposition 146.4, it suffices to show that 1, is surjective. The
group M, /M, _; is generated by classes of the form {p,, g} + M,_1 and {p.,p,} + M, _1,
where g € L | and x,y are distinct points of degree 2n. Clearly

(P2, g} + Moy = (9(2)),
hence {p., 9} + M,,—1 € im,,.
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By Lemma 46.7, there are elements f € L, and h € L{* such that p,(y) = (f/h)(y).
The function p,h — f belongs to L, and has zero value at y. Therefore p,h — f = pyq
for some ¢ € L] by Lemma 46.2. Since (pyq)/(pzh) + f/(p.h) = 1 we have

0= {]]jiZ’pfh} = {ps,py} mod im(¢p,). O
46.C. Proof of Proposition [46.5. Define a homomorphism
p:A— M' /M,
by the rule
p(H%) = ) {pe s} + M.
deg z=2

Since 9, {ps, a} = a and 9, {ps,a} = a~! for every x # zy and the product of all «, is
equal to 1, the composition 0" o p is the identity. Clearly, p is surjective. U

46.D. Generators and relations of A(Q)/A’. It remains to prove Proposition 46.6.
Let @ be a quaternion division algebra satisfying C' = Cf. By Proposition 45.12, the
norm homomorphism

H F(z)* — F*

deg x=2
is canonically isomorphic to the norm homomorphism
(46.9) [[x*—F~,

where the coproduct is taken over all quadratic subfields K C (). Note that the norm
map Ng;p : K* — F* is the restriction of the reduced norm Nrd on K. Let A(Q) be
the kernel of the norm homomorphism (46.9). Under the above canonical isomorphism
the subgroup A’ of [[ F'(x)* corresponds to the subgroup of A(Q) (that we still denote
by A’) consisting of all families (ax) satisfying ax € F* and [[ax = 1, i.e.;, A" is the
intersection of A(Q) and [] F*. Therefore Proposition 46.6/ asserts that the canonical
homomorphism

(46.10) My /M — A(Q)/A’

is an isomorphism. In the proof of Proposition 146.6, we shall construct the inverse iso-
morphism. In order to do so, it is convenient to have a presentation of the group A(Q)/A’
by generators and relations.

We define a map (not a homomorphism!)

Q" — (HKX)/A’, ar—a
as follows: If @ € Q* is not a scalar, it is contained in a unique quadratic subfield K
of Q. Therefore, a defines an element of the coproduct [[ K*. We denote by a the
corresponding class in (]_[ K X)/A’ . If a € F*, of course, a belongs to all quadratic

subfields. Nevertheless a defines a unique element @ of the factor group ([]JK*)/A’ (we
place a in any quadratic subfield). Clearly

(46.11) (ab)=a-b if a and b commute.
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(Note that we are using multiplicative notation for the operation in the factor group.)
Obviously, the group (][ K X) /A’ is an abelian group generated by the @ for all a € Q*
with the set of defining relations given by (46.11).
The group A(Q)/A’ is generated (as an abelian group) by the products a;as - - - a,, with
a; € Q* and Nrd(ajas - - - a,) = 1, with the following set of defining relations:
(1) (al:d_%/ //_C\i\’r_bl (an—i-lan—i-Q T an—i—m) = (5162 T a/71-§-m)

(2) @(a1)(b-1) = 1.
(3) If a;—1 and a; Commute, then 21:1 s ﬂi_{di o 6n = 51 st Cm < En

The set of generators is too large for our purposes. In the next subsection, we shall
find another presentation of A(Q)/A’ (cf. Corollary46.27). More precisely, we shall define
an abstract group G by generators and relations (with a “better” set of generators) and
prove that G is isomorphic to A(Q)/A’.

46.E. The group G. Let Q be a division quaternion algebra over a field F'. Consider
the abelian group G defined by generators and relations as follows: The sign * will denote
the operation in G with 1 its identity element.

Generators: Symbols (a, b, ¢) for all ordered triples with a, b, ¢ elements of QQ* satis-
fying abc = 1. Note that if (a, b, ¢) is a generator of G then so are the cyclic permutations
(b,c,a) and (c,a,b).

Relations:
(R1): (a,b,cd)*(ab,c,d) = (b, c,da) (bc, d,a) for all a, b, c,d € Q* satisfying abed = 1;
(R2): (a,b,c)=1if a and b commute.

For an (ordered) sequence aq, as, ..., a, (n > 1) of elements in Q* satisfying aqas . .. a, =
1, we define a symbol

(ay,a9,...,a,) € G
by induction on n as follows. The symbol is trivial if n =1 or 2. If n > 3, we set
(a1,a9,...,a,) = (a1,a, ..., Ay 2,0y 10y) * (A1G2 - Ap_2, Ap_1, Q).
Note that if ajas...a, = 1 then as...a,a1 = 1.

LEMMA 46.12. The symbols do not change under cyclic permutations, i.e.,
(a1, a9,...,a,) = (ag,...,an,a1) if aras...a, = 1.

PrROOF. We induct on n. The statement is clear if n =1 or 2. If n = 3,

(a1,a9,a3) = (a1, az,az) * (araz, as, 1) (relation R2)
= (ag, as, a1) * (azas, 1,a1) (relation R1)

= (a9, as,ay) (relation R2).
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Suppose that n > 4. We have

(a1, a9, ... a,) =(ay,...,ap_2,a,_1Gy) * (@109 -+ Gp_9,Gn_1,ay) (definition)
=(ag,...,An_2,0,_ 10y, a1) * (102 - - ay_2,ay_1,a,) (induction)
=(az, ..., an-2,An_10n01) * (A203 - - Ap_2, Ap_1Gp, Q1)

% (ayag -+ ap_9,ay_1,a,) (definition)
=(ag, ..., 0 2,0, 10,01) * (a1, 0203 " - Qp_2, Ap_10y)
% (arag -+ ap_9,a,_1,a,) (case n = 3)
=(ag, ..., 0y 2,0, 10,01) * (203 Ay_2,Qp_1,0,a1)
% (agag -+ - p_1,an,a1) (relation R1)
=(ag, ...,y 2,0,_1,0,01) % (a2a3 -+ ay_1,ay,a1) (definition)
=(ag,...,an,a;) (definition). O
LEMMA 46.13. If aias...a, =1 and a;_1 commutes with a; for some i, then
(@1, @1, iy ey ) = (A1, @1y - e Q).
Proor. We may assume that n > 3 and ©+ = n by Lemma 46.12. We have
(@1, .y Apgyp_1,0n) = (A1, ..., Qp_2,Ap_10y) * (@102 * * Ay_2,apn_1, ay) (definition)
=(a1,...,an_2,an_1a,) (relation R2). O
LEMMA 46.14. (a1,...,a,) * (b1, ..., bpm) = (a1, ..., an,b1,...,bp).
Proor. We induct on m. By Lemma 46.13, we may assume that m > 3. We have
L.H.S. = (a1,...,an) % (b1,...,byp_1bm) * (b1ba -+~ b2, b1, by) (definition)

= (a1, an, b1, bp_1by) * (D1bg -+~ b2, b1, b)) (induction)
= (ag,...,ap,b1,...,by) (definition). O

As usual, we write [a, b] for the commutator aba=1b7!.

LEMMA 46.15. Let a,b € Q™.
(1) For every nonzero b € Fb+ Fba, one has [a,b] = [a,V]. Similarly, [a,b] = [d’, ]
for every nonzero a’ € Fa + Fab.

(2) For every nonzero b € Fb+ Fba + Fbab there exists ' € Q* such that |a,b] =
[a',b] = [d', V].

PROOF. (1): We have v/ = bx, where € F + Fa. Hence x commutes with a so
[a,b] = [a,b]. The proof of the second statement is similar.
(2): There is nonzero @’ € Fa + Fab such that i € Fb+ Fba'. By the first part,
[a,b] = [/, b] = [/, V]. O
COROLLARY 46.16. (1) Let [a,b] = [c,d]. Then there are o't/ € Q* such that |a,b] =
[d',b] = [d',b] = [c,V] = [¢,d].

(2) Every pair of commutators in Q™ can be written in the form |a,b] and [c, d] with

b=c.
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ProoF. (1): If [a,b] = 1 = [c,d], we can take a’ = ' = 1. Otherwise, both sets
{b,ba,bab} and {d,dc} are linearly independent. Let &' be a nonzero element in the
intersection of the subspaces F'b+ Fba+ Fbab and F'd+ Fdc. The statement follows from
Lemma 46.15.

(2): Let [a,b] and [c, d] be two commutators. We may clearly assume that [a,b] # 1 #
[c, d], so that both sets {b, ba, bab} and {c, cd} are linearly independent. Choose a nonzero
element V' in the intersection of Fb 4+ Fba + Fbab and Fc + Fed. By Lemma 46.15, we
have [a,b] = [d/, ] for some o' € Q* and [¢,d] = [V, d]. O

LEMMA 46.17. Let h € Q*. The following conditions are equivalent:

(1) h = [a,b] for some a,b € Q*.
(2) he[Q*,Q"]
(3) Nrd(h) = 1.

ProOOF. The implications (1) = (2) = (3) are obvious.
(3) = (1): Let K be a separable quadratic subfield containing h. (If h is purely insepa-
rable, then h? € F and therefore h = 1.) Since Ng,r(h) = Nrd(h) = 1, by the Hilbert

theorem 90, we have h = bb~! for some b € K*. By the Noether-Skolem Theorem,
b= aba™! for some a € Q*, hence h = [a, b]. O

Let h € Q* satisfy Nrd(h) = 1. Then h = [a,b] = aba'b~! for some a,b € Q* by
Lemma [46.17. Consider the following element

h= (b,a,b™ ,a ', h) € G.
LEMMA 46.18. The element h does not depend on the choice of a and b.

PROOF. Let h = [a,b] = [c,d]. By Corollary 46.16(1), we may assume that either
a = cor b= d. Consider the first case (the latter case is similar). We can write d = bz,
where x commutes with a. We have

(d,a,d” ', a™ ', h) = (bx,a, 2 b a™t, h)

LEMMA 46.19. For every hy, hy € [Q*,Q*] we have

mz = 75\1 * ;?2 % (hiha, hy ', hTY).
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PRroOOF. By Corollary 46.16(2), we have hy = [a1, c] and hy = [c, by] for some ay, by, ¢ €
Q. Then hihy = [a1by !, bachy ] and

ha % By (hiha, hy ' hiY) = (¢, an, ¢ afl,hl,hg,bg,c, byt ¢V * (hihg, hy ', hTY)
= (by,c,by ¢ e ar, ¢ art, by, hy) * (hyt, by thihy)
= (by,c,by  ar, ¢t art, hiho)
= (by, c, by, byc Ty ) * (bochy b ay, ¢t art, hihy)
= (byt, byc byt by, ) * (7t art, hihao, bachy t, ay)
= (by !, byc byt by, et art, hiha, bachy t, ay)
= (b3 ", bac™ by bo,al !, hiho, bachy ' arby t, baart an)
= (by,ay"’, hihg, bachy t arbyt, bac 05 Y) * (boai ™, ay, by t)
= (byay ', ay, byt bo,alt, hihy, bochy b, arby ! boc by t)
= (byay ', hihg, bychy b arby b, bac 1byt)
= (bycby b, arbyt, bac byt boart, hiho)
= hihs. O
Let a1, aq, ..., a, € Q* satisfying Nrd(h) = 1 where h = ayaz . ..a,. We set
(46.20) (a1, aq,...,a,)) == (a1, as,...,an, A~ ") xheq.
LEMMA 46.21. ((a1,a9,...,an)) * ((b1,b2, ... b)) = (@1, .. Gpy b1, ... b)),
PRrROOF. Set h:=ay---a, and b’ :=b;---b,,. We have
L.H.S. = (a1,aq,...,a,, h"") % (by,ba, ... by, (K)7Y) s« hox B
= (a1, a2, .., ap, b1, bay .o by, ()L R 5 o Y
= (a1, 9, .-,y by, by oy by (BB Y 5 (BB (R) Y B) % o B
= (ay,as,...,an,b1, by, ... by, (RR)7) % hh (Lemma 46.19)
= R.H.S. U
The following Lemma is a consequence of the definition (46.20) and Lemma [46.13.
LEMMA 46.22. If a;—1 commutes with a; for some i, then
(a1, .. a1, a4, .. a,)) = ((a1, ..., ai-1G4, . .., ay)).
LEMMA 46.23. ((a,b,a™t,b71)) = 1.
PROOF. Set h = [a,b]. We have
LHS. =(a,b,a b’ h Y xh=(a,ba ', b W) % (ba,ba L h)=1. O

We want to establish an isomorphism between G and A(Q)/A’. To do so we define a
map 7 : G — A(Q)/A" by the formula

m((a,b,c)) = abé € A(Q) /A,
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where a, b, c € Q* satisty abc = 1. Clearly, 7 is well defined.
Let aq,as,...,a, € Q* with ajas---a, = 1. By induction on n, we have

W((al,ag, ce ,CLn)) = ZilEig e En c A(Q)/AI

Hence 7 is a homomorphism by Lemma 146.14.

Let h € [@Q*,Q*]. Write h = [a, b] for a,b € Q*. We have
w(h) = m((b,a,b"},a"*, h)) = h.

If a1, a9, ...,a, € Q" satisfies Nrd(h) = 1 with h = ajas - - - a,,, then
(46.24) (a1, az, - ., an))) = 7((ar, @z, . .., an, hY)) % 7(h) = @1 - - - G-

Define a homomorphism 6 : A(Q)/A" — G as follows: Let ay,as,...,a, € Q* satisfy
Nrd(ajasy - - - a,) = 1. Define 6 by
(4625) H(Elzigzin) = ((al,a2,...,an)).
The relation at the end of subsection 46.D/and Lemmas 46.21), 46.22, and [46.23/ show that
6 is a well defined homomorphism. Formulas (46.24) and (46.25) yield

PROPOSITION 46.26. The maps 7™ and 6 are isomorphisms inverse to each other.

COROLLARY 46.27. The group A(Q)/A is generated by products abé for all ordered
triples a,b,c of elements in Q> satisfying abc = 1 with the following set of defining
relations: o o .

(RY)  (ab(cd))-((ab)ed) = (bé(da))-((da)be) for alla,b,c,d € Q* such that abed = 1;

(R2") abéc =1 if a and b commute.

46.F. Proof of Proposition [46.6. To prove Proposition 46.6, we need to prove
that the homomorphism 0; in (46.10) is an isomorphism.

We shall view the fraction [,/l, for a,b € Q \ F as a nonzero rational function on C,
e, l,/l, € F(C)*~.

LEMMA 46.28. Let Ky be the quadratic subfield of QQ corresponding to the fized closed
point xqy of degree 2 on C and let b € Ko\ F. Then the space Ly consists of all the fractions
la/ly with a € Q.

ProoOF. Obviously 1,/l, € Li. It follows from Lemma 45.5 that the space of all
fractions [, /1, is 3-dimensional. On the other hand, dim L; = 3. Il

By Lemma 46.28, the group M’ is generated by symbols of the form {l,/l;, a} for all
a,b € Q\ F and a € F* and the group M; is generated by symbols {l,/ly,[./ls} for all
a,b,c,d e Q\ F.

Let a,b, c € Q) satisfy abc = 1. We define an element

[a,b,c] € M, /M’

as follows: If at least one of a,b and ¢ belongs to F'* we set [a,b,c] = 0. Otherwise the
linear forms [,, [, and [. are nonzero and we set

la,b,c] := {;—a,g—b} + M’

Lemma 45.5 and the equality {u, —u} = 0 in K(F(C)) yield:
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LEMMA 46.29. Let a,b,c € Q™ be such that abc =1 and let « € F*. Then
(1) [a,b,c] = [b,c,al;

(2) [aa,a™"b, c] = [a,b,c];
(3) [a, b, + [c7h, b7 a7 = 0;
(4) If a and b commute, then [a,b,c|] = 0.

LEMMA 46.30. 8y([a, b, c]) = abe.

PrROOF. We may assume that none of a, b, or ¢ is a constant. Let x,y, and z be the
points of C' of degree 2 corresponding to quadratic subfields F'[a], F'[b], and Fc| that we
identify with F(z), F(y) and F(z) respectively.

Consider the following element in the class [a, b, ¢]:

w = {i—a,i—b} + {ﬁ—b,Nrd(a)} + {f—b,—Nrd(b)}.

By Proposition 45.12 (identifying residue fields with the corresponding quadratic ex-
tensions) and Lemma 145.5]

0u(w) = (o) (= Nrd(8)) ™" = = Ned(0) " (o) (- Ned (1)) =
Q) = f_:(y) (= Nrd(ab)) = ~ Nrd(a)‘l‘lbz:ag—l () (— Nrd(ab))

— — Nrd(a)"'b~* (= Nrd(ab)) = b,
la

0.(w) = ~3 () Nrd(a) ™' = Nrd(a)l%(x) Nrd(a)™! =c. O
b b

LEMMA 46.31. Let a,b,c,d € Q\ F be such that cd,da ¢ F and abcd = 1. Then

lale 1yl
{ ,ﬂ} e M.

lcdlda lcdlda
PROOF. In Proposition 45.8 plugging in the elements ¢~!,ab and b for a,b and c
respectively and using Lemma [45.5] we get elements «, 3,y € F* such that on the conic
C,

Oélalc + Blbld + ’7lcdlda = 0.

Then
N alalc . ﬁlbld -1
'chdlda ’chdlda,
and
alalc ﬁlbld lalc lbld /
0=4 — — = —_— d M. L]
{ ’ylcdlda ’ /ylcdlda } { lcdlda ’ lcdlda } e

PROPOSITION 46.32. Let a,b,c,d € Q> be such that abed = 1. Then
la, b, cd] + [ab, c,d] = [b, c,da] + [bc, d, a).
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Proor. We first note that if one of the elements a, b, ab, ¢, d, cd belongs to F*, the
equality holds. For example, if a € F* then the equality reads [ab, ¢, d] = [b, ¢, da] and
follows from Lemma 46.29 and if o« = ab € F*, then again by Lemma [46.29,

L.HS.=0=[becda]+[(da) ", a et ab™!] = R.H.S.

So we may assume that none of the elements belong to F*. It follows from Lemma
45.5(4) that l.q/le and lg,/lp. belong to F*. By Lemmas 46.29 and 46.31, we have in

lalc lbld v
=f e A1y
! { lcdlda 7 lcdlda } *

A e ) (o

= [a, b, cd] — [b, ¢, da] + ({Zd—a,ld—d}+ ld_zyi >+{i_07%}+M/
:[a,b,cd]—[b,c,da]—k{%,%}—l— ({é_dzl_dd}Jr{lj%}) + M
:[a,b,cd]—[b,c,da]—[bc,d,a]—l—{;—cd,i}—i—M’
:[a,b,cd]—[b,c,da]—[bc,d,a]+{l—2,;—db}+M’

= [a, b, cd] — [b, ¢, da] — [bc,d, a] + [aba, c, (;ll] 0

We shall use the presentation of the group A(Q)/A’ by generators and relations given
in Corollary 146.27. We define a homomorphism

pi A(Q)/A = My

by the formula

11(abe) = [a, b, c]

for all a,b,c € @ such that abc = 1. It follows from Lemma [46.29(4) and Proposition
46.32 that p is well defined. Lemma 46.30 implies that 0; o p is the identity.

To show that p is the inverse of 0, it suffices to prove that u is surjective.

The group M;/M’ is generated by elements of the form w = {l,/ls,ly /lo} + M’ for
a, b, €@\ F. We may assume that 1,d’,b" and ¢ are linearly independent (otherwise,
w = 0). In particular, 1,d’,0 and a’t’ form a basis of ), hence

d=a+ Bd +~b + 6ad'b

for some «, 3,7,0 € F with § # 0. We have

(Vo' +ad) B+ )=+

for e = By0~! — a. Set

a=y"+d, b:=p+08, c=(E+)"
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We have abc = 1. It follows from Lemma [45.5 that

w = {%,%}—FM’: {i—j,;—i}—i—M': la, b, c].

By definition of i, we have u(abc) = [a,b,c] = w, hence p is surjective. The proof of
Proposition 46.6/ is complete. U

47. Hilbert theorem 90 for K>

In this section we prove the Ks-analog of the classical Hilbert Theorem 90.

Throughout this section let L/F be a Galois quadratic field extension with the Galois
group G = {1,0}. For every field extension F/F linearly disjoint from L/F, the field
LE = L ®F FE is a quadratic Galois extension of E with Galois group isomorphic to G.
The group G acts naturally on Ky(LE). We write (1 —o)u for u—o(u) with u € Ky(LE)
and set

V(E) := Ko(LE)/(1 — 0)Ko(LE).

If £ — FE’ is a homomorphism of field extensions of F' linearly disjoint from L/F,

there is a natural homomorphism

V(E) — V(E.

PROPOSITION 47.1. Let C' be a conic curve over F' and L/F a Galois quadratic field

extension such that C has a rational point over L. Then the natural homomorphism
V(F) — V(F(O)) is injective.

PROOF. Let u € K»(L) satisfy ur(c) = (1 —o)v for some v € K5(L(C)). For a closed
point © € C the L-algebra L(z) := L ®p F(z) is isomorphic to the direct product of
residue fields L(y) for all closed points y € Cf, over x € C'. We denote the product of all
the 0,(v) € L(y)* with y over = by 0,(v) € L(z)*.

Set a, = 0,(v) € L(z)*. Then

az/o(a;) = ax(v)/a(aaf(v)) - ax(<1 - U)v) =0, (uL(C)) =1,

ie., a, € F(x)*. Applying Theorem [46.1/ to C', we have

T Nrw@yr(ae) = Noyw( ][ Newyelay) = Nop( [ Nogyw(@y(0) = 1.

zeC yeCyL yelCyr
Hence applying Theorem 46.1 to C, there is a w € Ky (F(C’)) satisfying 0,(w) = a, for
all z € C. Set v/ :=v —wpx) € K2(L(C)). As

0, (V") = 0, (v)0x(w) ™ = aga,t =1,
applying Theorem [46.1/to Cp, there exists an s € K»(L) with sp ) = v'. We have
(1—0)spey=(1—0)' =(1—0)v=murc),

i.e., (1 —0)s—u splits over L(C). Since L(C)/L is a purely transcendental extension, we
must have (1 — 0)s —u = 0 (cf. Example [100.6) hence u = (1 — 0)s € im(1 — o). O

COROLLARY 47.2. For any finitely generated subgroup H C F*, there is a field exten-
sion F'/ F linearly disjoint from L/F such that the natural homomorphism V (F) — V (F")
is injective and H C Ny (L") where L' = LF".
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Proor. By induction it suffices to assume that H is generated by one element b.
Set F' = F(C), where C' = (Y is the conic curve associated with the quaternion algebra
Q = (L/F,b) (cf. §98.E). Since @ splits over F”, we have b € N/ p/ (L) by Facts(98.14(4)
and [98.15(5). The conic C' has a rational point over L, therefore, the homomorphism
V(F) — V(F") is injective by Proposition 47.1. O

For any two elements z,y € L*, we write (z,y) for the class of the symbol {z,y} in
V(F). Let f be the group homomorphism

f=1fp:Nyp(L*)@ F* = V(F), f(Nyp(r)®a)=(z,a).

The map f if well defined. Indeed, if Np p(2) = Np,p(y) for 2,y € L* then y = zzo(2)~!
for some z € L™ by the classical Hilbert theorem 90. Hence {y,a} = {z,a}+ (1 —0){z, a}
and consequently (y,a) = (z,a).

LEMMA 47.3. Let b € Npp(L*). Then f(b® (1 —1b)) = 0.
PROOF. If b = d? for some d € F* then
fb@(1-0b)=(d1-d)=(d1—-d)y+(d1+d)=(-1,1+d) =0
since —1 = zo(2)~! for some z € L*.
So we may assume that b is not a square in F. Set
F'=F[t]/(t* —b), L = L[t]/{#* D).

Note that L' is either a field or product of two copies of the field F’. Let u € F’ be the class
of ¢, so that u? = b. Choose x € L* with Ny /p(x) = b. Note that N p(z/u) = b/u® =1
and NL’/L(l — u) =1-0.

The automorphism o extends to an automorphism of L’ over F’. Applying the classical
Hilbert Theorem 90 to the extension L'/F’, there is a v € L' such that vo(v)™! = x/u.
We have

Fb® (1 —=0b)) = (x,1=0b) = (x,Np/(1 —u)) = cpyp{z,1 —u) = cpyp((z/u,1 —u)) =
cryp((vo(v) ™1 —u)) = (1= 0)epyr((v,1 —u)) =0,
where cpr/p @ V(F') — V(F) is induced by the norm map cp//p : Ko(L') — Ko(L). O

THEOREM 47.4 (Hilbert Theorem 90 for K5). Let L/F be a Galois quadratic extension
and o the generator of Gal(L/F'). Then the sequence

CL/F

Ky(L) =5 Ky(L) =5 Ko(F)
18 exact.

PROOF. Let v € Ky(L) satisfy ¢z p(u) = 0. By Proposition [100.2, the group Ky (L)
is generated by symbols of the form {z,a} with € L™ and a € F'*. Therefore we can

write
m
U= Z{xj7 a;}
j=1
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for some z; € L™ and a; € F*, and
cryp(u) =) {Nyjr(;), a5} =0,
j=1
Hence by definition of Ks(F'), we have in F* ® F*:

(47.5) ZNL/F ;) ®a; = Zi (bi @ (1 —b;))

j=1
for some b; € F*. Clearly, the equality (47.5) holds in H ® F* for some finitely generated
subgroup H C F'* containing all the Nz, p(z;) and b;.

By Corollary 47.2, there is a field extension F’/F' linearly disjoint from L/F such
that the natural homomorphism V(F) — V(F”) is injective and H C Ny /p (L") with
L' = LF'. The equality (47.5) then holds in Ny, /p (L") @ F'*. Now apply the map fp
to both sides of (47.5). By Lemma 47.3, the class of uy in V(F") is equal to

m

> (wja5) = fF’<ZNL/F ) ®aj) Zifp (bi®(1—b;)) =0,

j=1
e, up € (1 —o)Ky(L'). Since the map V(F) — V/(F’) is injective, we conclude that
u€e (1—o0)Ky(L). O

THEOREM 47.6. Let u € Ky(F) satisfy 2u = 0. Then u = {—1,a} for some a € F*.
In particular, w =0 if char(F) = 2.

PROOF. Let G = {1,0} be a cyclic group of order two. Consider a G-action on the
field L = F((t)) of Laurent power series defined by

]t if char F' # 2
olt) = { t/(1+1t) if char FF = 2.

We have a Galois quadratic extension L/E with E = L%,
Consider the diagram

l1-0

Ky(L) —— Ky(L)

| |
J R Ny

where 0 is the residue homomorphism of the canonical discrete valuation of L, the map
s = s, is the specialization homomorphism of the parameter ¢ (cf. §100.D)), and the bottom
homomorphism is multiplication by {—1}. We claim that the diagram is commutative.
The group Ks(L) is generated by elements of the form {f, g} and {¢, g} with f and g in
F[t]] having nonzero constant term. If char F' # 2, we have

o(1=0)({f.,9}) = s({f,9} = {o(f),0(9)})
= {/(0),9(0)} = {o(£)(0),(9)(0)}
=0={-1}-9({f. 9})
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and

so(l—o)({t.g}) = s({t, g} —{~t,0(9)})
= {-1,9(0)}
={-1}-0({t, g})-
If char F' = 2, we obviously have s(u) = s(o(u)) for every u € K»(L), hence so(1—0) =
0.

Since ¢z /p(ur) = 2up = 0, by Theorem 47.4, we have u = (1—0)v for some v € Ky(L).
The commutativity of the diagram yields

u=s(uy) =s((1-o)v) ={-1,0(v)}. O

48. Proof of the main theorem

In this section we prove Theorem 44.1. Let F' be a field of characteristic different from
two.

48.A. Injectivity of hp. Suppose that hF(u + 2K2(F)) = 1 for an element u €
Ky (F). Let u be a sum of n symbols. We prove by induction on n that u € 2K,5(F).

b
First consider the case n = 1, i.e., u = {a,b} with a,b € F*. Since (a],? ) is a split

2

quaternion algebra, there are x,y € F such that b = 22 — ay®. It follows from Lemma

100.3 that {a,b} € 2K,5(F).

Next consider the case n = 2, i.e. u = {a,b} + {¢,d}. By assumption, the algebra
a:b “ 1Y g split valently, (") and (<4 i hic. By th
2 ® ) 18 split, or equivalently, {7 | an ) are isomorphic. By the

Chain Lemma 98.16, we may assume that a = ¢ and hence u = {a, bd}, so the statement
follows from the case n = 1.

Now consider the general case. Write u in the form v = {a, b} +v for a,b € F* and an
element v € Ky F that is a sum of n — 1 symbols. We may assume that {a, b} ¢ 2K,5(F),
a,b

F
over I corresponding to ) and set L = F'(C). The conic C is given by the equation

aX?+bY? = abZ?
in projective coordinates (cf. Example 45.3). Set z = X/Z and y = Y/Z. As b~'2? +
a"'y? = 1, we have
0= {b_lea a_lyQ} = 2{1‘, a_lyQ} - 2{b7 y} - {(I, b}

and therefore {a,b} = 2r in Ky(L) with r = {z,a"'y*} — {b,y}. Let p € C be the point
of degree 2 given by Z = 0. The element r has only one nontrivial residue at the point p
and 0,(r) = —1.

i.e., the quaternion algebra @) := ) does not split. Let C' = Cg be the conic curve

b
Since the quaternion algebra (&]’: ) is split over L, we have hp, (UL + 2K2L) = 1. By

induction, vy, = 2w for some element w € Ky(L).
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Set ¢, := 0,(w) for every point € C. Since
2 = 0,(2w) = 0,(vy) = 1,

we have ¢, = (—1)" for n, = 0 or 1. By Corollary [45.2(2), the degree of every point of
C' is even, hence

Z n, deg(z) = 2m

zeC

for some m € Z. As every degree zero divisor on C'is principal by Corollary 45.2(1), there
is a function f € L* with div(f) = > n,x — mp. Set

w i=w+ {1, f} + kr € K3(L)
where k = m +n,. If x € C' is a point different from p then

0,(w) = 0u(w) - (~1)™ = 1.
Since also
Op(w') = Fplw) - (1) - (=1)F = (1) =1,

we have 0,(w’) = 1 for all x € C. By Theorem 46.1} it follows that w’ = s, for some
s € Ky(F). Thus

v = 2w = 2w’ — 2kr = 25, — {a" b} ..

Set v/ = v — 2s + {a*,b} € Ky(F); we have v; = 0. The conic C has a rational
point over the quadratic extension F = F(y/a). Since the field extension E(C)/E is
purely transcendental and vjE(C) = 0, we have v}, = 0 by Example 100.6 and therefore

20" = Ng/p(vy) = 0. It follows from Theorem 47.6/ that v = {—1,d} for some d € F*.
Hence modulo 2K5(F), the element v is the sum of two symbols {a*,b} and {—1,d}.
Consequently, we are reduced to the case n = 2 that has already been considered.

48.B. Surjectivity of hp. Recall that we are writing ko(F') for Ky F/2K,5(F).

PROPOSITION 48.1. Let L/F be a quadratic extension. Then the sequence

CL/F

feo (F) 225 ko(L) 225 ko (F)
s exact.
PROOF. Let u € Ky(L) satisty cz/p(u) = 2v for some v € Ko(F'). Then
cryp(u—vp) =2v—2v=0
and, by Theorem 47.4, we have u — vy = (1 — o)w for some w € K3(L). Hence
u=uvp+(1—o)w= (v+cyrw)), —20w. O

We now finish the proof of Theorem [44.1. Let s € Bry(F'). First suppose that the field
F' is 2-special (cf. §101.B). By induction on the index of s, we prove that s € im(hp).
By Proposition [101.15, there exists a quadratic extension L/F with ind(s;) < ind(s). By
induction, sy = hy(u) for some u € ko(L). It follows from Proposition 101.9/ that

hF<CL/F(U)) = CL/F<hL(U)) = CL/F(SL) =1.
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The injectivity of hp implies that cz,p(u) = 0 so by Proposition 48.1, we have u = vy, for
some v € ky(F'). Therefore

hF(U)L = hL(UL) = hL<U) = S
hence s —hp(v) splits over L and must be the class of a quaternion algebra. Consequently,
s — hp(v) = hp(w) for some symbol w in ko(F'), so s = hp(v + w) € im(hp).

In the general case, applying the first part of the proof to a maximal odd degree
extension of F' (cf. §101.Bland Proposition101.16), we see that there exists an odd degree
extension E/F such that sgp = hg(v) for some v € ko(FE). Then again by Proposition
101.9,

s =cp/p(sp) = cE/F(hE(U)) = hF(cE/F(v)). O
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CHAPTER IX

Homology and cohomology

The word “scheme” in this book (with the exception of §49) will mean a separated
scheme of finite type over a field and a “variety” will mean an integral scheme.

In this chapter we develop the K-homology and K-cohomology theories of schemes
over a field that generalizes the theory of Chow groups. We follow the approach of [119]
given by Rost. There are two advantages of having such general theories rather than just
that of Chow groups. First we have a long (infinite) localization exact sequence. This
tool together with the 5-lemma allows us to give simple proofs of some basic results in the
theory such as the Homotopy Invariance and Projective Bundle Theorems. Secondly, the
construction of the deformation map (called the specialization homomorphism in [47]),
used in the definition of the pull-back homomorphisms, is much easier — it does not require
intersections with Cartier divisors.

We view the K-homology as a covariant functor from the category of schemes of
finite type over a field to the category of abelian groups and the K-cohomology as a
contravariant functor from the category of smooth schemes of finite type over a field. The
fact that K-homology groups for smooth schemes coincide with K-cohomology groups
should be viewed as Poincaré duality.

49. The complex C,(X)

The purpose of this section is to construct complexes C,(X) giving the homology and
cohomology theories that we need.

Throughout this section (and only in this section), we need to extend the class of
separated scheme of finite type over a field and consider the class of excellent schemes
of finite dimension. A noetherian scheme X is called ezcellent if the local ring Oy,
is excellent for every # € X [100]. The class of excellent schemes of finite dimension
contains:

1. Schemes of finite type over a field.

2. Closed and open subschemes of excellent schemes.

3. Spec((’)xw) where z is a point of a scheme X of finite type over a field.
4. Spec(R) where R is a complete noetherian local ring.

We shall use the following properties of excellent schemes:

A. If X is excellent integral then the normalization morphism X — X is finite and X
is excellent.

B. An excellent scheme X is catenary, i.e., given irreducible closed subschemes Z C
Y C X, all maximal chains of closed irreducible subsets between Z and Y have the same
length.

221
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C. If R is a local excellent ring and R is its completion then the induced morphism
Spec(R) — Spec(R) is flat.

If z is a point of a scheme X, we write x(x) for the residue field of z (and we shall use
the standard notation F'(z) - When X is a scheme over a field F'). We write dim « for the

dimension of the closure {z} and X, for the set of point of X of dimension p.
An integral scheme is called a vamety

49.A. Residue homomorphism for local rings. Let R be a 1-dimensional local
excellent domain with quotient field L and residue field E. Let R denote the integral
closure of R in L. The ring R is semilocal, 1-dimensional, and finite as R-algebra. Let
My, My, ..., M, be all of the maximal ideals of R. Each localization RM is integrally
closed, noetherlan and 1-dimensional hence a DVR. Let v; denote the discrete valuation
of EMi and E; its residue field. The field extension F;/E is finite. Let K, denote the
Milnor K-groups (cf. §100) and define the residue homomorphism

Or: K.(L) — K,_1(F),
by the formula

n
Op = E CE;/E © av”
i=1
where

81,1. . K*(L) — K*—I(Ez)
is the residue homomorphism associated with the discrete valuation v; on L (cf. §100.B)
and
CE;/E - K*fl(Ei) - K*fl(E)

is the norm homomorphism (cf. §100.E).
Let X be an excellent scheme. For every pair of points xz, 2’ € X, we define a homo-

morphism

% K (k(x)) — Ko (k(2"))
as follows: Let Z be the closure of {z} in X considered as an integral closed subscheme
(subvariety) of X. If ' € Z (in this case we say that z’' is a specialization of =) and
dimz = dima’ 4 1, then the local ring R = Oy, is a 1-dimensional excellent local
domain with quotient field x(x) and residue field x(z"). We set 0% = Jg. Otherwise set
0%, =0.

LEMMA 49.1. Let X be an excellent scheme of finite dimension. For each v € X and
every a € K, (/{(x)) the residue 0% («) is nontrivial for only finitely many points x' € X.

PROOF. We may assume that X = Spec(A) where A is an integrally closed domain,
x the generic point of X and « the symbol {ai,as,...,a,} with nonzero a; € A. For
every point ' € X of codimension 1, let v,, be the corresponding discrete valuation of
the quotient field of A. For each i, there is a bijection between the set of all 2’ satisfying
vy (a;) # 0 and the set of minimal prime ideals of the (noetherian) ring A/a; A and hence
this set is finite. Thus, for all but finitely many 2’ we have v, (a;) = 0 for all ¢ and
therefore 0% (o) = 0. O
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It follows from Lemma 49.1] that there is a well defined endomorphism d = dx of the

direct sum
C(X):= H K, (k(z))
rzeX
such that the (z,2")-component of d is equal to 0%.

ExXAMPLE 49.2. Let Z C X be a closed subscheme and let zi, z5,... be all of the
generic points of Z. We set

[Z] .= Zmizi € H Ko(k(z)) C O(X),
zeX
where m; = [(Oy,,) is the length of the local ring Oz ,,. The element [Z] is called the
cycle of Z on X.

ExAMPLE 49.3. Let X be an excellent scheme of finite dimension, x € X, and f €
r(x)*. We view f as an element of K (x(z)) C C(X). Then the element

dx(f) € [] Ko(k(z)) c C(X)
zeX
is called the divisor of f and is denoted by div(f) .

The group C'(X) is graded: we write for any p > 0,

Co(X) = [] K.(sx)).

(EEX(p)

The endomorphism dy of C,(X) has degree —1 with respect to this grading. We also set

Op,n(X) = H Kp+n(“($>)a
z€X(p)
hence C,(X) is the coproduct of C,,,,(X) over all n. Note that the graded group C, ,(X)
is invariant under dx for every n.
Let X be a scheme over a field F. Then the group C,(X) has a natural structure of a
left and right K, (F)-module for all p and dx is a homomorphism of right K, (F)-modules.
If X is the disjoint union of two schemes X; and X5, we have

(49.4) C.(X) = CL(X1) @ Cu(Xa)
and dX = Xm D dXQ.

49.B. Multiplication with an invertible function. Let a be an invertible regular
function on an excellent scheme X. For every a € C(X), we write {a} -« for the element

of C,(X) satisfying
({a} - @)e = {a(2)} - s

for every x € X. We denote by {a} the endomorphism of C,(X) given by a — {a} - a.
The product « - {a} is defined similarly.
Let aq,as,...,a, be invertible regular functions on an excellent scheme X. We write
{ai,as,...,a,} - a for the product {a;} - {as} ... - {a,} -« and {a;,as,...,a,} for the
endomorphism of C(X) given by a — {ay,as,...,a,} - a.



224 IX. HOMOLOGY AND COHOMOLOGY

PROPOSITION 49.5. Let a be an invertible function on an excellent scheme X and
a € Cy(X). Then

dx(a-{a}) =dx(a)-{a} and dx({a}-a)=—{a} dx(a).

PRrOOF. The statement follows from Fact [100.4(1) and the projection formula for the
norm map in Proposition 100.8(3). O

By Fact 100.1, it follows that
{ai,a2} = —{ag,a1} and {aj,a2} =0 if a3 +ay=1.

49.C. Push-forward homomorphisms. Let f : X — Y be a morphism of excel-
lent schemes. We define the push-forward homomorphism

fe: Cu(X) — CL(Y)

as follows: Let z € X and y € Y. If y = f(z) € Y and the field extension k(z)/k(y) is
finite, we set
(f)y = Cntayyntw) * Ko (@) = Ko(r(y))
and set (f.); = 0 otherwise. It follows from transitivity of the norm map thatifg:Y — Z
is another morphism then (g o f), = g. o f..
If either

(1) f is a morphism of schemes of finite type over a field or

(2) f is a finite morphism,
the push-forward f, is a graded homomorphism of degree 0. Indeed if y = f(x) then
dimy = dim z if and only if x(x)/k(y) is a finite extension for all x € X.

If f is a morphism of schemes over a field F' then f, is a homomorphism of left and
right K, (F)-modules.

ExamMpPLE 49.6. If f : X — Y is a closed embedding then f, is a monomorphism
satisfying f. o dx = dy o f.. Moreover, if in addition f is a bijection on points (e.g., if f
is the canonical morphism Y,.q — Y') then f, is an isomorphism.

REMARK 49.7. Let X be a localization of a scheme Y (e.g., X is an open subscheme
of Y)and f : X — Y the natural morphism. For every point z € X, the natural ring
homomorphism Oy, ¢y — Ox, is an isomorphism. It follows from the definitions that
for any z, 2’ € X, we have

(feodx)y = ()5 o (dx)5 = (dv)y o (£.); = (dy © £y
where y = f(z) and ¥/ = f(2/). Note that if ¥’ € Y does not belong to the image of f
then (f. odx)j, = 0 but in general (dy o f.);, may be nonzero.

The following rule is a consequence of the projection formula for Milnor’s K-groups
(cf. Fact [100.8(3)).

PROPOSITION 49.8. Let f : X — Y be a morphism of schemes and a an invertible
reqular function on'Y . Then

J«o {a/} = {a}of*

where a' = f*(a) =ao f.
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PROPOSITION 49.9. Let f : X — Y be either

(1) a proper morphism of schemes of finite type over a field or
(2) a finite morphism.

Then the diagram

15 commutative.

PROOF. Let v € Xy and ' € Y|, y . The (z,y')-component of both compositions in
the diagram can be nontr1v1al only if 3/ belongs to the closure of the point y = f(x), i.e.,
if ¥/ is a specialization of y. We have

p=dimz > dimy > dimy =p—1,

therefore, dim y can be either equal to p or p — 1. Note that if f is finite then dimy = p.

Case 1: dim(y) = p.
In this case, the field extension x(z)/k(y) is finite. Replacing X by the closure of {z}
and Y by the closure of {y} we may assume that  and y are the generic points of X and
Y respectively.

First suppose that X and Y are normal. Since the morphism f is proper, the points
' € X, satisfying f(2') = ¢/ are in a bijective correspondence with the extensions of
the valuation v, of the field x(y) to the field x(z). Hence by Fact 100.8(4),

(dy o fi)y =0y 0 Cu(a)/ny)

= D om0 0%
f)=y'

= > (fy o)y
f@)=y

=(fiodx)y

In the general case let g : X — X and h: Y — Y be the normalizations and let # and
i be the generic points of X and Y respectively. Note that £(Z) ~ r(z) and £(7) =~ k(y).

There is a natural morphism f X — Y over f.
Consider the following diagram
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Cr(z)/r(y) I+
B

K. (5(y)) — 2= Gy (Y)

By the first part of the proof, the back face of the diagram is commutative. The left face
is obviously commutative. The right face is commutative by functoriality of the push-
forward. The upper and the bottom faces are commutative by definition of the maps
dx and dy. Hence the front face is also commutative, i.e., the (x,y’)-components of the
compositions f, odx and dy o f, coincide.

Note that we have proved the proposition in the case when f is finite. Before proceed-
ing to Case 2, as a corollary we also deduce

THEOREM 49.10 (Weil’s Reciprocity Law). Let X be a complete integral curve over a
field F'. Then the composition

Ko (F(X)) 25 ] K.(F()

$€X(O)

> Cr(z)/F K. (F)

18 trivial.

PROOF. The case X = P} follows from Theorem 100.7. The general case can be
reduced to the case of the projective line as follows. Let f be a nonconstant rational
function on X. We view f as a finite morphism f : X — PL over F. By the first case of
the proof of Proposition [49.9, the left square of the diagram

Ko (F(X)) =2 [T,ex, Ko(F(2) 2T g ()
|~ | |
Ko (F(PY)) 5 ep Ku(F(y) =220 K (F)

©)
is commutative. The right square is commutative by the transitivity property of the
norm map (cf. Fact 100.8(1)). Finally, the statement of the theorem follows from the
commutativity of the diagram. O

Weil’s Reciprocity Law can be reformulated as follows:

COROLLARY 49.11. Proposition 49.9 holds for the structure morphism X — Spec(F).
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We return to the proof of Proposition 49.9.
Case 2: dim(y) =p— 1.
In this case ' = y. We replace Y by Spec(/ﬁ(y)) and X by the fiber X xy Spec(/ﬁ(y)) of
f over y. We can further replace X by the closure of x in X. Thus, X is a proper integral
curve over the field k(y) and the result follows from Corollary 49.11. O

49.D. Pull-back homomorphisms. Let g : Y — X be a flat morphism of excellent
schemes. We say that g is of relative dimension d if for every x € X in the image of g
and for every generic point y of gfl(m) we have dimy = dimx + d.

In this book all flat morphisms will be assumed of constant relative dimension.

Let g : Y — X be a flat morphism of relative dimension d. For every point z € X let
Y. denote the fiber scheme

Y xx Spec(k(z))
over k(x). We identify the underlying topological space of Y, with a subspace of Y.

The following statement is a consequence of the going-down theorem [100, Ch. 1, Th.
4).

LEMMA 49.12. For every x € X we have:

(1) dimy < dimx + d for every y € Y.
(2) A pointy € Y, is generic in Y, if and only if dimy = dimx + d.

If y is a generic point of Y,, the local ring Oy, , is noetherian 0-dimensional hence is
artinian. We define the ramification index of y by

ey(9) == 1Oy, ),
where [ denotes the length (cf. §102).
The pull-back homomorphism

g Cu(X) = Cuga(Y)

is defined as follows: Let z € X and y € Y. If g(y) = = and y is a generic point of Y,, we
set

(97)y = €y(9) * Tuty)/m() * Ke(r(2)) — K. (k(y))

where 7, /x(2) is the restriction homomorphism (cf. §100.A) and (g.); = 0 otherwise.
Suppose that Z is of pure dimension d over a field F'. The structure morphism p : Z —
Spec(F) is flat of relative dimension d. The image of the identity under the composition

P Z = Ko(F) = Cop(Spec F) 25 Cy_o(Z) 25 Cy_a(X),
where i : Z — X is the closed embedding, is equal to the cycle [Z] of Z.

EXAMPLE 49.13. Let p : E — X be a vector bundle of rank r. Then p is a flat
morphism of relative dimension 7 and p*([X]) = [E].

EXAMPLE 49.14. Let X be a scheme of finite type over F' and let L/F be an arbitrary
field extension. The natural morphism ¢ : X; — X is flat of relative dimension 0. The
pull-back homomorphism

9" Gp(X) — Cp(Xy)
is called the change of field homomorphism.



228 IX. HOMOLOGY AND COHOMOLOGY

EXAMPLE 49.15. An open embedding j : U — X is a flat morphism of relative
dimension 0. The pull-back homomorphism

7" Cp(X) — Cp(U)
is called the restriction homomorphism.
The following proposition is an immediate consequence of the definitions.
PROPOSITION 49.16. Let g : Y — X be a flat morphism and a an invertible function
on X. Then
g ofa} ={d'}oyg",
where o' = g*(a) = aog.
Let g be a morphism of schemes over a field F. It follows from Proposition 49.16/that
g* is a homomorphism of left and right K, (F')-modules.
Let g: Y — X and h: Z — Y be flat morphisms. Let z € Z and y = h(2), z = g(y).

It follows from Lemma 49.12 that z is a generic point of Z, if and only if z is a generic
point of Z, and y is a generic point of Y.

LEMMA 49.17. Let z be a generic point of Z,. Then e,(go h) = e,(h) - ey(g).

PROOF. The statement follows from Corollary 102.2/ with B = Oy, , and C' = Oy, ..
Note that C'/QC = Oy, . where @ is the maximal ideal of B. O

PROPOSITION 49.18. Let g : Y — X and h : Z — Y be flat morphisms of constant
relative dimension. Then (g o h)* = h* o g*.

PROOF. Let x € X and z € Z. We compute the (z,x)-components of both sides of
the equality. We may assume that © = (g o h)(2). Let y = h(z). By Lemma 49.17, we
have

((goh)); = ex(goh) rue/ne)
= ex(h) - ey(9)  Tw(z)/n(y) © Trly)/n()
= (W)2o(g")y
= (h* o g")3. O
Next consider the fiber product diagram

/

X 4= X
(49.19) f'l l s

y 9.y,

PROPOSITION 49.20. Let g and ¢' in (49.19) be flat morphisms of relative dimension
d. Suppose that either

(1) f is a morphism of schemes of finite type over a field or
(2) f is a finite morphism.
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Then the diagram

18 commautative.

Proor. Let z € X(;) and y' € Y[, ,. We shall compare the (z,y’)-components of

both compositions in the diagram. These components are trivial unless ¢g(y') = f(x).
Denote this point by y. By Lemma 49.12,

p+d=dmy <dimy+d<dimz+d=p-+d,

hence dimy = dim 2z = p and ¢ is a generic point of Yy’ . In particular, the field extension
k(z)/k(y) is finite.

Let S be the set of all 2’ € X’ satisfying f'(2') = ¢/ and ¢'(2') = z. Again by Lemma
49.12,

p+d=dimy <dimz' <dimz+d=p-+d,
hence dimz’ = dimy’ = p+ d and 2’ is a generic point of X/. In particular, the field
extension x(z')/k(y’) is finite. The set S is in a natural bijective correspondence with the
finite set Spec (K (YY) Qu(y) K(T)).

The local ring C' = Ox; . is a localization of the ring Oyy v ®y(y) £(x) and hence is
flat over B = Oy, ,. Let @ be the maximal ideal of B. The factor ring C'/QC is the
localization of the tensor product £(y') ®y() £() at the prime ideal corresponding to 2.
Denote by [,/ the length of C/QC.

By Corollary 102.2,

(49.21) ew(9) =l ey (9)
for every o’ € S. It follows from (49.21) and Fact 100.8(5) that

/

(flog™u =Y (fueg)

z'eS
= el (@/)/k(y") © Tr(a") /()
z’'eS
= Z Lar - Co(ar) fm(y') © Tr(ar) /n(a)
z’'eS

= €y(9) * Th(y') /() © Cr(z)/n(y)
= (9*)5/ © (f*)ga;
— (g* o f*)z“, ]

REMARK 49.22. It follows from the definitions that Proposition 149.20/ holds also for
arbitrary f if Y’ is a localization of Y (cf. Remark 49.7).
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PROPOSITION 49.23. Let g : Y — X be a flat morphism of relative dimension d. Then
the diagram

Cp(X) T Cpi(X)

/| I

Cpra(Y) B prd-1(Y)

18 commutative.
PROOF. Let x € Xy and ¢ € Y(,14-1). We compare the (x,%y’)-components of both

compositions in the dlagram Let w1, ...,yr be all generic points of Y, C Y satisfying
y' € {y;}. We have

(49.24) (dy og*)y = Z(dy Z ey (g y’ O Tr(y:)/k(z)-

Set 2/ = g(y/). If 2’ ¢ {«}, then both components (g* ody)y, and (dy og*);, are trivial.

Suppose ' € {x}. We have
p=dimz > dima2’ > dimy —d=p— 1.
Therefore, dim 2’ is either p or p — 1.
Case 1: dim(z') = p, i.e., 2’ = z. ~
The component (g* o dx);, is trivial since (g*);, = 0 for every ¥ # 2’. By assumption,
every discrete valuation of x(y;) with center ' is trivial on s (). Therefore the map (dy);;
is trivial on the image of 7(y,)/x(z)- It follows from formula (49.24) that (dy o g*);, = 0.

Case 2: dim(z') =p — 1.
We have 3/ is a generic point of Y, and
(49.25) (9" 0 dx)y = (9" © (dx)5 = ey (9) - Tutyr)uer) © O

Replacing X by {z} and Y by ¢~'({z}), we may assume that X = {z}. By Proposi-
tions 49.9/ and 49.20, we can replace X by its normalization X and Y by the fiber product
Y xx X, so we may assume that X is normal.

Let Y1, ..., Y be all irreducible components of Y containing ', so that y; is the generic
point of Y; for all i. Let Y be the normalization of Y; and let y; be the generic points of Y.
We have x(7;) = k(y;). Let t be a prime element of the discrete valuation ring R = Ox .

The local ring A = Oy, is one-dimensional; its minimal prime ideals are in a bijective
correspondence with the set of points vy, ..., Y.

Fix ¢ € [1, k]. We write A; for the factor ring of A by the corresponding minimal prime
ideal. Since A is flat over R, the prime element ¢ is not a zero divisor in A, hence the
image of ¢ in A; is not zero for every i. Let A; be the normalization of the ring A;.

Let S; be the set of all points w € Y; such that g(w) = x’. There is a natural bijection
between S; and the set of all maximal ideals of A;. Moreover, if () is a maximal ideal of A
corresponding to a point w € S; then the local ring OEw comc1des with the localization

of ZZ with respect to Q.
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Denote by [;,, the length of the ring Og,w/t(’)z_’w. Applying Lemma [102.3 to the
A-algebra A; and M = A, / tﬁi, we have
(49.26) (A /tA) = iy [K(w) k(Y]
wES;

On the other hand, /;,, is the ramification index of the discrete valuation ring Oy
over R. It follows from Fact [100.4(2) that

(49.27) 0 © T(ys) /() = lisw " Te(w) /(ar) © O

for every w € S;.
By (49.26), (49.27), and Fact 100.8(3), for every i, we have

(dy )2 © Taty/nte) = Y Cotu /) © O © Tty (e
= Cutu/nty) * liw * Tagw) ) © O
= D i~ Cutw)/n(y) © Tr(w)/n(e!) © Tuty)/mter) © O
= Zli:w [K(w)  5Y)] - Ty ) © O
= lA(ﬁi/tZ) Tw(y')/r(z') © Op

(where all summations are taken over all w € 5;).

The factor A-module A;/A; is of finite length hence by Lemma/102.4, we have A(t, A; i) =
h(t, A;) where h is the Herbrand index. Since  is not a zero divisor in either A; or in A;,
we have [4(A;/tA;) = 14(A; /tA;) = I(A;/t4;). Therefore

(49.28) (dy) 1O V(y;)/r(z) = Z(A /ZfA ) Tr(y')/k(a") © 0.

The local ring Oy, ,, = Oy, is the localization of A with respect to the minimal prime
ideal corresponding to y;. The ring Oy, ./ is canonically isomorphic to A/tA.
Applying Lemma [102.5 to the ring A and the module M = A we get the equality

k k
(49.29) ey(9) = h(t, A) = Y 1Oy, y,) - UA/tA) = ) ey (9) - U(A/tA).
=1 =1
It follows from (49.25), (49.28), and (49.29) that
k
(dy 0 g")p = > ey(9) - (dy)yh © Tty /mta)
=1
k
= eyz( ) (A/tA) /HI/)Oa

=1

= ey (9)  Tuy)/na) © Oy
= (9" odx)y- O

The following proposition was proven by Kato in [78].
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PrROPOSITION 49.30. For every excellent scheme X over a field, the map dx s a
differential of C.(X), i.e., (dx)* = 0.

Proor. We will prove the statement in several steps.

Step 1. X = Spec(R), where R = F|[[s,t]] and F is a field.

A polynomial t" + ait" ' + agt" 2 + --- + a, over the ring F|[[s]] is called marked if
a; € sF|[s]] for all i. We shall use the following properties of marked polynomials derived
from the Weierstrass Preparation Theorem [20, Ch.VII, §3, n° 8:

A. Every height 1 ideal of the ring R is either equal to sR or is generated by a unique
marked polynomial.
B. A marked polynomial f is irreducible in R if and only if f is irreducible in F'((s))[t].

It follows that the multiplicative group F'((s,t))* is generated by R*,s,t and the set
H of all power series of the form ¢™" - f where f is a marked polynomial of degree n.
If r € R* and a € K, (F((s,t))) then by Proposition 49.5,

(dx)*({r} - ) = —=dx ({F} - dx(a)) = {7} - (dx)*(),

where 7 € F' is the residue of r. Thus it suffices to prove the following:

(i) (dx)*({s,t}) =0,

) (dX)2({f, gl,...,gn}) = 0 where f € H and all g; belong to the subgroup
generated by s,t and H.

For every point x € X(y) set 0, = 0¥, where y is the generic point of X and 0° = 07,
where z is the closed point of X. Thus,

((dx)?)! = Y 0700, : K.(F((s,1))) = K._o(F).

:L'EX(l)

To prove (i) let z, and x; be the points of X(;) given by the ideals sR and ¢R respec-
tively. We have

> " 0d({s,t}) = 0" ({t}) —0"({s}) =1-1=0.

CL‘EX(l)
To prove (it) consider the field L = F((s)) and the natural morphism
h: X' = Spec(R[s™"]) — Spec(L[t]) = Ay

By the properties of marked polynomials, the map h identifies the set X EO) = Xq) —{zs}
with the subset of the closed points of A} given by irreducible marked polynomials. For
every z € X' we write T for the point h(x) € Al. Note that for z € Xy = Xy —{ws},
the residue fields x(z) and L(x) are canonically isomorphic. In particular, the field x(x)
can be viewed as a finite extension of L. By Fact [100.8(4), we have 0% = 0o ¢, (y)/1, Where
0: K.(L)— K, 1(F) is given by the canonical discrete valuation of L.

Let 2 € X(,o) = Xy — {zs}. We write 07 for 9Y. Under the identification of (z)
with L(z), we have 8; = 0, o4 where i : K,(L(t)) — K.(F((s,t))) is the canonical
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homomorphism. Therefore,

Z axoamoi:azsoaxsoi+ao Z cn(x)/Loain

z€X (1) xEXEO)

= O%s oaxsoi+8o Z CL(j)/Loai"

!
xeX(O)

Let o ={f,01,---,9n} € Kns1 (L(t)) with f and g; as in (¢7). Note that the divisors
in A} of the functions f and g; are supported in the image of h. Hence 9,(a) = 0 for
every closed point Al not in the image of h. Moreover, for the point ¢ of P} at infinity,
f(g) = 1 and therefore, J,(«) = 0. Hence, by Weil’s Reciprocity Law [49.10), applied to
P,

D ey oda(a) = > crpyw o dp(a) =0.

z€X (g peP}

Notice also that f(xs) = 1 hence 0,, o i(a) = 0 and therefore,

dx)*({f, 91, 9n}) = Z 0% 00, 0i(a) = 0.

xGX(l)

Step 2: X = Spec(S), where S is a (noetherian) local complete two-dimensional ring

containing a field.

Let M C S be the maximal ideal. By Cohen’s theorem [147, Ch. VIII, Th.27], there is a

subfield F' C S such that the natural ring homomorphism F' — S/M is an isomorphism.
Choose local parameters s,t € M and consider the subring R = F|[[s,t]] C S. Denote

by P the maximal ideal of R. There is an integer r such that M™ C PS. We claim that

the R-algebra S is finite. Indeed, note that

(Psc (M=o
n>0 n>0

Since S/MT is of finite length and there is a natural surjection S/M"™ — S/PS, the ring
S/PS is a finitely generated R/P-module. As the ring R is complete, S is a finitely
generated R-module as claimed.

It follows from the claim that the natural morphism f: X — Y = Spec(R) is finite.
By Proposition 49.9/ and Step 1,

f* o) (dx)2 = (dy)2 (@] f* = 0
The rings R and S have isomorphic residue fields, hence (dx)? = 0.

Step 31 X = Spec(S) where S is a two-dimensional (noetherian) local ring containing a
field.

Let S be the completion of S. The natural morphism [ : Y = Spec(:S‘\) — X is flat of
relative dimension 0. By Proposition 49.23 and Step 2,

g" o (dx)* = (dy)* o g" =0.
The rings S and S have isomorphic residue fields, hence (dx)? = 0.

Step 4: X is an arbitrary excellent scheme over a field.
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Let 2 and 2’ be two points of X such 2’ is of codimension 2 in {z}. We need to show

that the (z,2’)-component of (dx)? is trivial. We may assume that X = {z}. The ring
S = Ox, is local 2-dimensional. The natural morphism f : Y = Spec(S) — X is flat of
constant relative dimension. By Proposition 49.23/ and Step 3,

f*o(dx)* = (dy)*o f*=0.
The field x(z’) and the residue field of S are isomorphic, therefore, the (x, z")-component

of (dx)? is trivial. O

49.E. Boundary map. Let X be a scheme of finite type over a field and Z C X a
closed subscheme. Set U = X \ Z. For every p > 0, the set X(; is the disjoint union of
Zp and Uy,), hence

Cp<X) = Cp(Z) 52 Cp(U)-
Consider the closed embedding ¢ : Z — X and the open immersion j : U — X. The
sequence of complexes

0— C(2) 2 Cu(X) L C(U) — 0

is exact. This sequence is not split in general as a sequence of complexes, but it splits
canonically termwise. Let v : Ci(U) — Cu(X) and w : C,(X) — C.(Z) be the canonical
inclusion and projection. Note that v and w do not commute with the differentials in
general. We have j* ov = id and w o i, = id.

We define the boundary map

0z - Cp(U) — Cpr(2)
by 0Y :=wodyx ow.
EXAMPLE 49.31. Let X = AL, Z = {0}, and U = G,, := AL\ {0}. Then
9z ({t}-[U)) = (2],
where t is the coordinate function on A}.

PROPOSITION 49.32. Let X be a scheme and Z C X a closed subscheme. Set U =
X\ Z. Then dg 00y = —0Y ody.

PROOF. By the definition of 9 = 95, we have i, 0 d = dx ov — v o dy. Hence by
Propositions 49.9 and 149.30,
,odyzo0=dxot,00
=dxo(dxov—vody)
= —dxyovody
= (vody —dxov)ody

= —l'*O@OdU.

Since 1, is injective, we have dz 0 0 = —0 o dy. O
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PROPOSITION 49.33. Let a be an invertible function on X and let a’, a” be the restric-
tions of a on U and Z respectively. Then

0z (a-{d'}) =0z(a) {d"}  and  0z7({d'}-a) =—{d"} 07(e)
for every a € C.(U).

PrOOF. The homomorphisms v and w commute with the products. The statement
follows from Proposition 49.5. O

Let

(49.34) gl fl hl

7 . x U

be a commutative diagram with ¢ and i’ closed embeddings, 7 and 7' open embeddings
andU=X\Z, U=X"\7.
PROPOSITION 49.35. Suppose that we have the diagram (49.54).

(1) If f, g and h are proper morphisms of schemes of finite type over a field then the
diagram

U/

8Z’ ,
Cp(U/) - p*l(Z)

| o

a7

Cp(U) —— Cpa(2)
15 commutative.
(2) Suppose that both squares in the diagram (49.34) are fiber squares. If f is flat of
constant relative dimension d then so are g and h and the diagram

a7

CoU) —— Cpa(2)

h*l lg*

U/

aY,
CoraU') —"= Cpraa1(Z')
15 commutative.

PROOF. (1) Consider the diagram

dys

Cp(U) —— Cp(X') —= Cpa(X') —— Cpu(Z))

| | | |+

CoU) —2= Cp(X) -2 Cpr(X) —2 Cypui(2).

The left and the right squares are commutative by the local nature of the definition of the
push-forward homomorphisms. The middle square is commutative by Proposition 49.9.
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The proof of (2) is similar - one uses Proposition [49.23. As both squares of the
diagram are fiber squares, for any point z € Z (respectively, u € U), the fibers Z! and
X, (respectively, U, and X)) are naturally isomorphic. O

Let Z; and Z, be closed subschemes of a scheme X. Set
Ty=7Z1\Zy, To=7Z\7%2, U=X\2%2;, U=UNUy, Z=27Z1NL.
We have the following fiber product diagram of open and closed embeddings:

R
IoT ]

Denote by 0y, 0, ), 0, the boundary homomorphisms for the top, bottom, left and right
triples of the diagram respectively.

PROPOSITION 49.36. The morphism
000+ 0,00, : C(U) — Cio(Z)
1s homotopic to zero.
ProOF. The differential of C,(X) relative to the decomposition
Ci(X)=C.(U)® Cu(Th) ® Cu(Te) ® Ci(2)

is given by the matrix

dy * % %

O o+ ox %

dx = 0, * * *
h 0 0 dy

where h : C,(U) — C,_1(Z) is some morphism. The equality (dx)? = 0 gives
hody+dzoh+ 0,00, + 0,00, =0.
In other words, —h is a contracting homotopy for 0, o 0, + 0; © O,. O

50. External products

From now on the word “scheme” means a separated scheme of finite type over a field.
Let X and Y be two schemes over F. We define the external product

Cp(X) X Cy(Y) = Cppo(X X Y), (o, B) = axf3

as follows: For a point v € (X X Y)(p1q), we set (a x ), = 0 unless the point v projects
to a point z in X(;,) and y in Y{,. In the latter case

(@ X By = by - Tr@)/P@) (O2) - TR@)/F) (Oy);
where [, is the length of the artinian local ring of v on Spec(F($)) X Spec (F(y))
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The external product is graded symmetric with respect to X and Y. More precisely,

if o € Cppn(X) and B € Cy,,(Y) then
(50.1) B x a=(—1)Pmarm (g x G).

For every point x € X, we write Y, for Y x Spec(F (x)) and h, for the canonical
flat morphism Y, — Y of relative dimension 0. Note that Y, is a scheme over F(z), in
particular, C,(Y,) is a module over K, (F(z)). Denote by i, : Y, — X x Y the canonical
morphism. Let a € C,(X) and 5 € Cy(Y). Unfolding the definitions, we see that

axpf= 3 (i)(an - (h)'(3)).

r€X(p)

Symmetrically, for every point y € Y, we write X, for X x Spec(F(y)) and k, for the
canonical flat morphism X, — X of relative dimension 0. Note that X, is a scheme over
F(y), in particular, C,(X,) is a module over K, (F(y)). Denote by j, : X, — X x Y the
canonical morphism. Let o € C,(X) and 8 € Cy(Y). Then

ax =3 (k) (@) 5,).

YEY(q)
PROPOSITION 50.2. For every a € C(X), € C.(Y), and v € C.(Z), we have
(axB) xy=ax(Bx7)

ProoF. It is sufficient to show that for every point w € (X XY X Z) 44+ Projecting
tox € X), y € Yy and z € Z,) respectively, the w-components of both sides of the
equality is equal to

TF(w)/F(z) (%) *TF(w)/F(y) (5;;) *TF(w)/F(2) (%)

times the multiplicity that is the length of the local ring C' of the point w on Spec (F (:c)) X
Spec(F(y)) x Spec(F(z)). Let v € (X X Y)(p4q) be the projection of w. The multiplicity
of the v-component of o x (3 is equal to the length of the local ring B of the point v on
Spec(F(m)) X Spec(F(y)). Clearly, C is flat over B. Let () be the maximal ideal of B. The
factor ring C'/QC is the local ring of w on Spec(F(v)) x Spec(F(z)). Then the multiplicity
of the w-component of the left hand side of the equality is equal to {(B) - [(C'/QC). By
Corollary 102.2, the latter number is equal to I(C'). The multiplicity of the right hand
side of the equality can be computed similarly. U

PROPOSITION 50.3. For every a € Cp,,(X) and 5 € Cym(Y) we have
dXXy(Oé X ﬁ) = dx(a/) X 6 + (—1)p+"a X dy(ﬁ)

PROOF. We may assume that o € Ky, (F(2)) and 8 € Ky (F(y)) for some points
r € X and y € Y{,. For a point z € (X X Y')()44-1) the z-components of all three terms
in the formula are trivial unless the projections of z to X and Y are specializations of x
and y respectively. By dimension count, z projects either to x or to y.

Consider the first case. We have (dX(a) X ﬂ) = 0. The point z belongs to the

£z

image of i, and the morphism i, factors as Y, — {x} x Y — X x Y. The scheme Y,
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is a localization of m x Y. By Remark 49.7 and Proposition 49.9, the z-components of
dxxy © (iz)« and (i,)s o dy, are equal.
By Propositions 149.5 and 149.23, we have

[dxxy(ax B)], = [dxxy o (ix)*(oé : (hx)*(ﬂ))}z

= [(ia)s 0 dy, (- (ha)"(8))],

(— 1)“”[( 2) (Oé deo(hx)( )],
(—

(—

P (i)« (a - (he)"(dvB))]
1)p+ [04 X dY(ﬁ)}

In the second case, symmetrically, we have (a X dy(ﬂ))z =0 and

dX><Y<a X ﬁ)z - (dX<a) X ﬁ)z 0

PROPOSITION 50.4. Let f : X — X" and g : Y — Y’ be morphisms. Then for every
a € Cy(X) and € Cy(Y) we have

(f x g)«(ax B) = fila) x g.(B).

PRrROOF. Clearly, it suffices to consider the case that f is the identity of X. Let x € X,
and let i : Y — X xY', R, :Y] —Y' and g, : Y, — Y/ be canonical morphisms. We
have

(1x X g)oi, =1, 0g, and goh,=h,og,.
By Propositions 49.8 and 149.20, we have

(1x X g)u(ax §) = (1x X g)e 0 > (ia)s (- (ha)" ()
= Z(le>* ° (gx>*(a:c : (hx)*(ﬁ))

= > (@) (0 - (g2):(he)*(B))
=) (@) (0 - (Hy) g.(B))
= a X g.(f). O

PropoOSITION 50.5. Let f : X' — X and g : Y — Y be flat morphisms. Then for
every o € Cp(X) and € Cy(Y) we have

(f x g)*(ax B) = f"(a) x g*(B).

Proor. Clearly, it suffices to consider the case that f is the identity of X. Let z € X,
and let ¢, : Y] - X xY'  h! : Y] — Y’ and g, : Y] — Y, be canonical morphisms. We
have

(1x x g)oi, =i,0g, and gohl =hyog,.
Note that the scheme Y, is a localization of {z} x Y. By Proposition 49.20 and Remark
49.22,

(1x x g)" 0 (ix)« = (i )+ 0 (92)"
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By Propositions 49.16 and 49.18, we have

(1x x g)"(ax B) = (1x x ¢)" 0 Y (ix) (aw - (he)"(8))

=) (ih)o (g >( (hx)*(ﬁ))
= (ih)u (0 (92)"(he)"(B))
= (@) (0w - (RL)"g"(8))
= a x g*(f). O

COROLLARY 50.6. Let f: X xY — X be the projection. Then for every a € Ci(X),
we have f*(a) = a x [Y].

Proor. We apply Proposition 50.5/ and Example 49.2/to f = 1x X g, where g : Y —
Spec(F') is the structure morphism. O

ProPOSITION 50.7. Let X and Y be schemes over F. Let Z C X be a closed sub-
scheme and U = X \ Z. Then for every a € C,(U) and B € Cy(Y'), we have

Oz (a) x B =075y (o x ).

PrOOF. We may assume that § € K, (F(y)) for some y € Y. By Propositions49.35(1)
and 50.4 we may also assume that ¥ = m For any scheme V denote by k" : V,, — V
and jV : V, — V XY the canonical morphisms. Let v € (Z X Y)(p44-1). The v-component
of both sides of the equality are trivial unless v belongs to the image of j%. By Remark

49.7, the v-component of jZ o 8;;’ and 057y o jU are equal. It follows from Propositions

49.33 and [49.35(2) that

[02(a) x 0], =

[ (R 0504 )-B)],

= [0z Uy (k) (@) - B)],

- 7o kU y'(@)-8)],

= 075y 03/ (V) () - B)],

= (075 (@ x B)],, b
PROPOSITION 50.8. Let X and Y be two schemes and let a be an invertible reqular

function on X. Then for every a € C,(X) and B € Cy(Y') we have

({a} @) x g ={d"} - (a x B),

where a’ is the pull-back of a on X x Y.
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PrRoOOF. Let a be the pull-back of a on X,. It follows from Propositions 49.8 and
49.16 that

({a} : X 3= Z Jy) ) ({a}a) - B )
=) )*({d}( ) (@) - By)

= ST{aHGy)- (k) (@) - B,)
={a’}~(a><ﬁ)- O

51. Deformation homomorphisms

In this section we construct deformation homomorphisms . We shall use them later
to define Gysin and pull-back homomorphisms. We follow Rost’s approach in [119] for
the definition of deformation homomorphisms. (Deformation homomorphisms are called
specialization homomorphism in [47].) Recall that we only consider separated schemes of
finite type over a field.

Let f : Y — X be a closed embedding, Dy the deformation scheme and Cy the normal
cone of f. Recall that D\ C is canonically isomorphic to G,,, x X (cf. §104.E). We
define the deformation homomorphism as the composition

o Cu(X) 2 (G x X) 2 €y (6 x X) S CL(CY)

where p : G,, x X — X is the projection, the coordinate ¢t of G,, is considered as an
invertible function on G,, x X and 0 := ag;MX is taken with respect to the open and
closed subsets of the deformation scheme Dy.

EXAMPLE 51.1. Let f = 1x for a scheme X. Then D; = A' x X and C; = X. We
claim that o is the identity. Indeed, it suffices to prove that the composition

Co(X) L Coii (G x X) 2 €y (B x X) 2 CL(X)

is the identity. By Propositions 50.5, 50.7, 50.8, and Example 49.31}, for every a € Ci(X),
we have

o({t}-p*(a)) = 0({t} - ([Cu] x @))
o(1()- o) <)
O({t} - [Gm]) x
{0} x «

The following statement is a consequence of Propositions 49.5/ 49.23 and 149.32.

PROPOSITION 51.2. Let f : Y — X be a closed embedding. Then oy o dx = dc, o oy.
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Consider the fiber product diagram

!

Y — X'

(51.3) gl lh

y I x

with f and f’ closed embeddings. Then we have the fiber product diagram (cf. §104.E)

o Dy G X X'
(51.4) kl zl lm
Cy Dy Gm x X.

PROPOSITION 51.5. If the morphism h in diagram (51.3) is flat of relative dimension
d then the morphism k in (51.4) is flat of relative dimension d and the diagram

OP(X) T Cp(cf)

h*l lk

O'fl

Cpra(X') —— Cpra(Cy)
18 commautative.

PROOF. By Proposition 104.23, we have Dy = Dy xx X', hence the morphisms !
and k in the diagram (51.4) are flat of relative dimension d. It follows from Propositions
49.16, 49.18, and 49.35(2) that the diagram

C(X) Lo ConBuxX) - Con(BuxX) 2= 0Oy

h*l (1xh)*l (1xh)*l lk*

* t
Cora(X") —— Cutas1 (G x X') R itd+1(Cm x X') R wra(C)

is commutative. O

PROPOSITION 51.6. If the morphism h in (51.3) is a proper morphism then the dia-
gram

C.(X") s ou(Cy)
h*l lk

C.(X) = c.(Cy)

15 commutative.

PRroOOF. The natural morphism Dy — Dy x x X' is a closed embedding by Proposition
104.23, hence the morphism [ in the diagram (51.4)) is proper. It follows from Propositions
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49.8, 149.20, and 49.35(1) that the diagram

CLX) 2 C(G x X7) s €41(6,, x X)) —2 CL(Cy)

h*l (1><h)*J( (1><h)*l lk*

CX) 2 Coi(B x X) —2 O (B x X) —2— CL(CY)

1s commutative. 0

COROLLARY 51.7. Let f : Y — X be a closed embedding. Then the composition oo f,
coincides with the push-forward map C.(Y) — C.(Cy) for the zero section Y — C.

ProoF. The statement follows from Proposition 51.6, applied to the fiber product
square

Y _ —— Y
|
y L. x
and Example 51.1. O

LEMMA 51.8. Let f : X — A' x W be a morphism. Suppose that the composition
X — A x W — A and the restriction of f on both [ (G, x W) and f~({0} x W) is
flat. Then f is flat.

PRrROOF. Let z € X, y = f(z), and z € A the projection of y. Set A = Oy,
B = Opywy, and C' = Ox . We need to show that C is flat over B. If z # 0, this follows
from the flatness of the restriction of f on f~!(G,, x W).

Suppose that z = 0. Let M be the maximal ideal of A. The rings B/M B and C/MC
are the local rings of y on {0} x W and of z on f~! ({O} X W) respectively. By assumption,
C/MC is flat over B/M B and C'is flat over A. It follows from [100, 20G] that C' is flat
over B. U

LEMMA 51.9. Let f: U — V be a closed embedding and g : V — W a flat morphism.
Suppose that the composition

q:C’f—>Ui>Vi>W
is flat. Then ofo g* = q*.

PROOF. Consider the composition u : Dy — A' x V X9, Al x W. The restriction
of u on u™(G,, x W) is isomorphic to 1 x g : G,, x V' — G,, x W and is therefore flat.
The restriction of u on u™* (W X {O}) coincides with ¢ and is flat by assumption. The
projection Dy — A' is also flat. It follows from Lemma 51.8 that the morphism u is flat.

Consider the fiber product diagram
Cy —— Dy —— G, xV

| o 1xg |

W —— A xW «—— G,, x W.
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By Propositions 49.16), 49.18, and [49.35(2), the following diagram is commutative:

C.W) —E Co(Gp x W) = €y (G x W) —25 CL(W)

g*J/ lxg*l 1><g*l j/q*

Cora(V) —— Cupars(Gm x V) =2 Cotaia (G x V) 2 CuralCy),

where d is the relative dimension of g. As the composition in the top row of the diagram
is the identity by Example 51.1, the result follows. U

If f:Y — X is a regular closed embedding, we shall write N for the normal bundle
Cy.
Let g: Z — Y and f : Y — X be regular closed embeddings. Then fog: 2 — X
is also a regular closed embedding by Proposition 104.15. The normal bundles of the
regular closed embeddings i : N¢|z; — Ny and j : N, — Ny, are canonically isomorphic;
we denote them by N (cf. §104.E).

LEMMA 51.10. In the setup above, the morphisms of complexes 0,00 and 00 0foq :
Cy(X) — Cu(N) are homotopic.

PRrROOF. Let D = Dy, be the double deformation scheme (cf. §104.F). We have the
following fiber product diagram of open and closed embeddings:

N N D; — NfXGm

| l l

D; e D e Dy x Gy,

I I |

Gm X Njog —— Gy X Dyy —— G, X X x Gy,.
We shall use the notation 9y, 9, ), 0, for the boundary morphisms as in §49.E. For every
scheme V', denote by py either of the projections V' x G,, — V or G, x V — V. Write p
for the projection G,, x X x G,, — X.
By Proposition 49.33 and 51.5, we have
0;0 0y = Opo{s}opy ooy
= Oro{s} o 0fxg, 0 DX
=0y0{s}od, o{t}op*
= —0;00,0{s,t}op".
and similarly
0j005 =0 o{t} Op}‘vfog ©0fg
= 0o {t} 0 0¢,,xs0q © Px
=0yo{t}odyo{s}op”
= —Qo0yo{t,s}op"
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As {s,t} = —{t, s} (cf. §49.B) and the compositions J; o 9, and —3, o 9, are homotopic
by Proposition 49.36, the result follows. O

52. K-homology groups

Let X be a separated scheme of finite type over a field F'. The complex C,(X) is the
coproduct of complexes C,,(X) over all ¢ € Z. Denote the pth homology group of the
complex C,,(X) by A,(X, K,) and call it the K-homology group of X. In other words,
A, (X, K,) is the homology group of the complex

H Kpig+1 (F(x» - H Kerq(F(m)) - H Kpiq-1 (F(:B))
dim x=p+1 dim xz=p dim z=p—1
It follows from the definition that A,(X,K,) =0ifp+¢<0,p <0, or p>dimX.
The group A,(X, K_,) is a factor group of [, ,—, Ko (F(z)). If Z C X is a closed
subscheme, the coset of the cycle [Z] of Z in A,(X, K_,) (cf. Example [49.2) will be also
denoted by [Z].
If X is the disjoint union of two schemes X; and X, then by (49.4), we have

AP(X7 Kq) = Ap(le Kq) > AP(XQ’ Kq)-

ExXAMPLE 52.1. We have

K, (F) ifp=0
Ay (Spec(F), K,) = { 0 ! otherwise.
It follows from Fact [100.5 that
K, (F) ifp=1
1 _ q+1
Ap(A, Kq) = { 0 otherwise.

52.A. Push-forward homomorphisms. If f : X — Y is a proper morphism of
schemes, the push-forward homomorphism f, : Cyy(X) — C,,(Y) is a morphism of com-
plexes by Proposition 49.9. This induces the push-forward homomorphism of K-homology
groups

(52.2) fot Ap(X, Ky) — Ap(Y, Ky).

Thus, the assignment X — A, (X, K,) gives rise to a functor from the category of schemes
and proper morphisms to the category of bi-graded abelian groups and bigraded homo-
morphisms.

ExAMPLE 52.3. Let f: X — Y be a closed embedding such that f is a bijection on
points. It follows from Example 49.6 that the push-forward homomorphism f, in (52.2)
is an isomorphism.

52.B. Pull-back homomorphism. If g : ¥ — X is a flat morphism of relative
dimension d, the pull-back homomorphism ¢* : Cyy(X) — Citrgq—a(Y) is a morphism
of complexes by Proposition 49.23. This induces the pull-back homomorphism of the
K-homology groups

9" Ap(X, Ky) = Apa(Y, Ky-a).
The assignment X — A, (X, K,) gives rise to a contravariant functor from the category
of schemes and flat morphisms to the category of abelian groups.



52. K-HOMOLOGY GROUPS 245

ExAMPLE 52.4. If X is a variety of dimension d over F' then the flat structure mor-
phism p : X — Spec(F') of relative dimension d induces a natural pull-back homomor-
phism

p*: K F = Ay(Spec(F), Ky) — Aa(X, K_q)
giving A, (X, K,) a structure of a K,(F')-module.
ExamMpLE 52.5. It follows from Example 52.1 that the pull-back homomorphism
o Ap(SpeC<F>v Kq) - Aerl(All[«“? K1)
given by the flat structure morphism f : AL — Spec(F) is an isomorphism.

52.C. Product. Let X and Y be two schemes over F'. It follows from Proposition
50.3/ that there is a well defined pairing

Ap(X7 Kn) ® Aq(Ya Km) - Ap+q(X XY, Kn+m)
taking the classes of cycles a and (3 to the class of the external product o x (3 (cf. §50).

52.D. Localization. Let X be a scheme and Z C X a closed subscheme. Set U :=
X \ Z and consider the closed embedding i : Z — X and the open immersion j : U — X.
The exact sequence of complexes

0— Cu(2) = CuX) L C(U) — 0
induces the long localization exact sequence of K-homology groups
(52'6) e i) Ap(Zv Kq) l_*) AP(Xa Kq) L AP(U, Kq) i Ap—l(Z, Kq) Z—*> Ce

The map 0 is called the connecting homomorphism. It is induced by the boundary map
of complexes 99 : C,.(U) — C,_1(Z) (cf. Proposition [49.32).

52.E. Deformation. Let f: Y — X be a closed embedding. It follows from Propo-
sition 51.2 that the deformation homomorphism o of complexes induces the deformation
homomorphism of homology groups

of: Ap(X, Ky) — A,(Cr, Ky),

where C is the normal cone of f.

PROPOSITION 52.7. Let Z be a closed equidimensional subscheme of a scheme X and
g: [7Y(Z) — Z the restriction of f. Then o¢([Z]) = h.([Cy]), where h : Cy — Cy is the

closed embedding of cones.

PROOF. Let i : Z — X be the closed embedding and ¢ : Z — Spec(F), r : Cy —
Spec(F') the structure morphisms. Consider the diagram

*

Ao(Spec(F), Ko) —2— Ag(Z,K_4) —2— AuX,K_g)
H "] d
Ao (Spec(F), Ko) —— Ag(Cyy K _g) — Ay(Cy, K ),

where d = dim Z. The left square is commutative by Lemma 51.9/ and the right one by
Proposition 51.6. Consequently, o ([Z]) = oy 0 i, 0 ¢*(1) = h. o 7*(1) = h.([Cy]). O
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52.F. Continuity. Let X be a variety of dimension n and f : ¥ — X a dominant
morphism. Let x denote the generic point of X and Y, the generic fiber of f. For every
nonempty open subscheme U C X, the natural flat morphism gy : Y, — f~1(U) is of
relative dimension —n. Hence we have the pull-back homomorphism

(52.8) G C.(fHU)) = Cun(Ya),
The following proposition is a straightforward consequence of definition of the complexes
C..
PROPOSITION 52.9. The pull-back homomorphism gf; of (52.8) induces isomorphisms
colim C, (f7H(U)) 5 Cpen(Yz) and  colim A, (f(U), Kg) = Apn(Ya, Kgin)
for all p and q, where the colimits are taken over all nonempty open subschemes U of X.
52.G. Homotopy invariance. Let g : Y — X be a morphism of schemes over F'.

Recall that for every x € X, we denote by Y, the fiber scheme g7 '(z) =Y x x Spec(F(x))
over the field F(z).

PrROPOSITION 52.10. Let g : Y — X be a flat morphism of relative dimension d.
Suppose that for every x € X, the pull-back homomorphism
Ap(speC(F(x))7Kq) - p+d(Y:”qu—d)
1s an isomorphism for every p and q. Then the pull-back homomorphism
9" Ap(X, Kq) — Apra(Y, Kq—a)
1s an isomorphism for every p and q.

PROOF. Step 1: X is a variety.
We induct on n = dim X. The case n = 0 is obvious. In general, let U C X be a nonempty
open subset and Z = X \ U with the structure of a reduced scheme. Set V = ¢g~!(U) and
T = g~ '(Z). We have closed embeddings i : Z — X, k:T — Y and open immersions
j:U— X, [:V — Y. By induction, the pull-back homomorphism (g|7)* in the diagram

A (UK  ——  A(ZK,) —o AXEK) —L— AWUK) ——

(g\v)*l (g\T)*l g*l (g\v)*l

ks * 0

A, 1(Z, K,

(g\T)*l

Apran (V. Kg-a) —— Apea(T, Kymg) —— Apra(V. Kya) —— Appa(ViKyea) —— Aprar(T,K,

is an isomorphism. The diagram is commutative by Propositions 149.18, 49.20, and
49.35(2).
Let x € X be the generic point. By Proposition 52.9, the colimit of the homomor-
phisms
(g9lv)" + Ap(U, Ky) — Apra(V, Ky—a)

over all nonempty open subschemes U of X is isomorphic to the pull-back homomorphism

Ap—n (Spec(F(m)) ) Kq+n) - Ap—n—&—d(Y:m Kq—l—n—d)'

By assumption, it is an isomorphism. Taking the colimits of all terms of the diagram, we
conclude by the 5-lemma that ¢* is an isomorphism.
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Step 2: X is reduced.

We proceed by induction on the number m of irreducible components of X. The case m =
1is Step 1. Let Z be a (reduced) irreducible component of X and let U = X'\ Z. Consider
the commutative diagram as in Step 1. By Step 1, we have (g|r)* is an isomorphism. The
pull-back (g|y)* is also an isomorphism by the induction hypothesis. By the 5-lemma, g*
is an isomorphism.

Step 3: X is an arbitrary scheme.

Let X’ be the reduced scheme X,.4. Consider the fiber product diagram

/

y! g X/

! l lh
y 2 X,
with f and h closed embeddings. By Proposition 49.20, we have ¢* o hy = f, 0 g *. It

follows from Example 52.3 that the maps f. and h, are isomorphisms. Finally, ¢* is an
isomorphism by Step 2, hence we conclude that ¢g* is also an isomorphism. O

COROLLARY 52.11. The pull-back homomorphism
9 Ap(X, Ky) = Apra(X X A, Kya)
induced by the projection g : X x A% — X is an isomorphism. In particular,

Ap(K Ky) = { Kora(F) ifp=d

0 otherwise.

Proor. Example 52.5 and Proposition 52.10/ yield the statement in the case d = 1.
The general case follows by induction. O

A morphism ¢ : Y — X is called an affine bundle of rank d if g is flat and the fiber
of g over any point x € X is isomorphic to the affine space A?,(x). For example, a vector
bundle of rank d is an affine bundle of rank d.

The following statement is a useful criterion establish a morphism is an affine bundle.
We shall use it repeatedly in the sequel.

LEMMA 52.12. A morphism Y — X over F' is an affine bundle of rank d if for any
local commutative F-algebra R and any morphism Spec(R) — X over F, the fiber product
Y X x Spec(R) is isomorphic to A% over R.

ProOF. Applying the condition to the local ring R = Ox, for each z € X, we see
that f is flat and the fiber of f over x is the affine space Aj’,(x). O

The following theorem implies that affine spaces are essentially negligible for K-
homology computation.

THEOREM 52.13 (Homotopy Invariance). Let g : Y — X be an affine bundle of rank
d. Then the pull-back homomorphism

9" Ap(X, Ky) — Apra(Y, Kg—q)

1s an isomorphism for every p and q.
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ProoF. For every z € X, we have Y, ~ A%(x). Applying Corollary 52.11 to X =
Spec(F (:c)), we see that the pull-back homomorphism
AP(SPGC(F@))qu) - p+d(Y;qu—d)

is an isomorphism for every p and q. By Proposition 52.10, the map ¢g* is an isomorphism.
O

COROLLARY 52.14. Let f : E — X be a vector bundle of rank d. Then the pull-back
homomorphism
J©A(X KL — Apra(E, Kg)

15 an isomorphism for every p.

53. Euler classes and Projective Bundle Theorem

In this section, we compute the K-homology for projective spaces and more generally
for projective bundles.

53.A. Euler class. Let p : E — X be a vector bundle of rank r. Let s : X — F
denote the zero section. Note that p is a flat morphism of relative dimension r and s is a
closed embedding. By Corollary 52.14, the pull-back homomorphism p* is an isomorphism.
We call the composition

G(E) = (p*>71 08, : A*<X, K*) — A*,T(X, K*+T)
the Fuler class of E. Note that isomorphic vector bundles over X have equal Euler classes.

PROPOSITION 53.1. Let 0 — E' L B % E” = 0 be an evact sequence of wvector
bundles over X. Then e(E) = e(E") o e(E").

PRrROOF. Consider the fiber product diagram

g, F

]
x 5 B
By Proposition 49.20, we have g* o s” = f, o p'*, hence
e(E") o e B) =(p") " o5l 0 (b) " 05,
/1%

(
=(p"" ) tog T o fuos,
=(p"0g)" o (fos).

—e(E). O

COROLLARY 53.2. The Euler classes of any two vector bundles E and E' over X
commute: e(E') oe(E) =e(F)oe(E").

Proor. By Proposition 53.1, we have
e(Eoe(E)=e(E'®F)=e(E®E') =¢(F)oe(E). O
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PROPOSITION 53.3. Let f :' Y — X be a morphism and E a vector bundle over X.
Then the pull-back E' = f*(E) is a vector bundle over Y and

(1) If f is proper then e(E) o f. = fyoe(E").
(2) If f is flat then f* o e(E) =e(E') o f*.

ProoFr. We have two fiber product diagrams

E Y. F y L. x
ql lp and jl lz
y L. x E - E

where p and ¢ are the natural morphisms and ¢ and j are the zero sections.
(1): By Proposition 49.20, we have p* o f, = g. o ¢*. Hence

e(E)o fo=(p") " oi.o f.
= () og.oj.
= fuo (q*)il O Jx
= f.oe(E).
(2): Again by Proposition 49.20, we have ¢g* o i, = j, o f*. Hence
froe(E) = fro(p) " oi.

— (¢) " og o,
= ()" OJ*Of
=e(E')o O

PROPOSITION 53.4. Letp: E — X and p' : E' — X' be vector bundles. Then
e(E x E')(axd)=e(E)(a) x e(E) ()
for every a € A (X, K,) and o/ € A (X', K,).
PROOF. Let s : X — Fand s’ : X’ — E' be zero sections. It follows from Propositions
50.4/ and 50.5 that
e(Ex EN(axa)=(pxp) ' o(sxs)(axa)

= (P x P o (5. x sL) (@ x a)

= (p " os.a)) x (p T o sl(a))
= e(F)(a) x e(E") (). O
PROPOSITION 53.5. The Euler class e(1) is trivial.

Proor. It suffices to proof that the push-forward homomorphism s, for the zero
section s : X — A! x X is trivial. Let ¢ be the coordinate function on A'. We view {¢}
as an element of C1(A') = K (F(AY)). Clearly, du ({t}) = div(¢) = [0]. It follows from
Proposition 50.3 that for every a € A*(X, K,), one has

si(a) =[0] x v =dpi ({t}) x @ = dpyx({t} xa) =0
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in A*(A! x X, K,) O

53.B. K-homology of projective spaces. Let V' be a vector space of dimension
d+ 1 over F, X the projective space Pr(V) and V, a subspace of V' of dimension p + 1
for p=0,...,d. We view P(V,) as a subvariety of X. Let x, € X be the generic point of
P(V,). Consider the generator 1, of Ko(F(z,)) = Z viewed as a subgroup of C, _,(X).
We claim that the class [, of the generator 1, in A,(X, K_,) does not depend on the
choice of V.

The statement is trivial if p = d. Suppose p < d and let V| be another subspace of
dimension p + 1. We may assume that V}, and V] are subspaces of a subspace W C V' of
dimension p + 2. Let h and A’ be linear forms on W satisfying ker(h) =V, and ker(h') =
V). View the ratio f = h/h’ as a rational function on Pr(W), so div(f) = 1, — 1.
By definition of the K-homology group A,(X, K_,), the classes [, and [, of 1, and 1,
respectively in A,(X, K_,) coincide.

Let X be a scheme over F' and set P4 = P4 x X. For every i = 0,...,d consider the
external product homomorphism

Aci(X, Kani) — AdPLLKL), a— i xa
The following proposition computes the K-homology of the projective space P%.

PROPOSITION 53.6. For any scheme X, the homomorphism

d
H A*—i(X7 K*—l—z) - A* ([Pgﬁ K*)

i=0
taking > oy to > l; X oy is an isomorphism.

PROOF. We induct on d. The case d = 0 is obvious since P4 = X. If d > 0 we view
P% ! as a closed subscheme of P4 with open complement A%. Consider the closed and
open embeddings f : [Pgl(_1 — P4 and g : A% — P%. In the diagram

0 — 15 Ai(X Kopi) —— [T Ai(X Kopi) —— Awca(X, Kopg) —— 0

I I <]

A PYLUK) I A(PLK) S L AL K) —
the bottom row is the localization exact sequence and h : A% — X is the canonical
morphism. The left square is commutative by Proposition 50.4/ and the right square by
Proposition [50.5.

Let ¢ : P4 — X be the projection. Since h = go g, we have h* = g* o ¢*. By Corollary
52.11, we have h* is an isomorphism, hence g* is surjective. Therefore, all connecting
homomorphisms ¢ in the bottom localization exact sequence are trivial. It follows that
the map f, is injective, i.e., the bottom sequence of the two maps f, and g* is short exact.
By the induction hypothesis, the left vertical homomorphism is an isomorphism. By the
5-lemma so is the middle one. [l
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COROLLARY 53.7.

d . Kp—HI(F)’lP Zf nggd
Ap (P, Kq) = { 0 otherwise.

EXAMPLE 53.8. Let L be the canonical line bundle over X = P%. We claim that
e(L)(l,) = l,—1 for every p = 1,...,d. First consider the case p = d. By §104.C, we
have L = P4\ {0}, where 0 = [0 : ...0 : 1] and the morphism f : L — X takes
[So : -1 St Spya] to [So i -+ S,]. The image Z of the zero section s : X — L
is given by S,;1 = 0. Let H C X be the hyperplane given by Sy = 0. We have
div(S,41/50) = [Z] — [f~Y(H)] and therefore, in Az (X, K;_4):

e(L)(la) = (f) " (s:([X])) = (/) (12]) = () (I (H@)]) = [H] = Lo

In the general case consider a linear closed embedding g : P%. — P%. The pull-back
L' := ¢g*(L) is the canonical bundle over P%.. By the first part of the proof and Proposition
53.3(1),

e(L)(lp) = e(L)(9:(1p)) = g: (e(L) (1)) = gullp-1) = lp-1.

EXAMPLE 53.9. Let L’ be the tautological line bundle over X = P%. Similar to
Example 53.8, we get e(L')(l,) = —l,—1 for every p € [1,d].

53.C. Projective Bundle Theorem. Let £ — X be a vector bundle of rank r» > 0.
Consider the associated projective bundle morphism ¢ : P(E) — X. Note that ¢ is a flat
morphism of relative dimension r — 1. Let L — P(E) be either the canonical or the
tautological line bundle and e the Euler class of L.

THEOREM 53.10 (Projective Bundle Theorem). Let E — X be a vector bundle of rank
r > 0. Then the homomorphism

o(E) = Her_i oq": HA*—i+1(X7 K..in1) — A (P(E), K,)
i=1

i=1
is an isomorphism. In other words, every a € A, (IP(E), K*) can be written in the form

T

o= Z 6r—i<q*(ai))

=1

for uniquely determined elements a; € Aw_j11(X, Kiqio1).

PROOF. Suppose that L is the canonical line bundle; the case of the tautological
bundle is treated similarly. If E is a trivial vector bundle, we have P(E) = X x P . Let
L’ be the canonical line bundle over P} *. Tt follows from Example 53.8 that

e(L) " (q"(a)) = e(L) 7 (lro1 X @)
=e(L) " (l,_1) x a
=11 Xa.

Hence the map ¢(FE) coincides with the one in Proposition [53.6, consequently is an iso-
morphism.
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In general, we induct on d = dim X. If d = 0, the vector bundle is trivial. If d > 0
choose an open subscheme U C X such that dimension of Z = X \ U is less than d and
the vector bundle E| is trivial. In the diagram

: > sy Asmira(Z, Kigioa) > Ty Amit (X, Kagic1) —— T2 Amin (U, Kiim1) ——

so(Elz)l ea(E)l ‘P(E‘U)J(

— A.(P(E|z),K.) — A.(P(E), K.) — A (P(Elv), K.) —

with rows the localization long exact sequences, the homomorphisms ¢(FE|;) are isomor-
phisms by the induction hypothesis and ¢(FE|y) are isomorphisms as F|y is trivial. The
diagram is commutative by Proposition 53.3. The statement follows by the 5-lemma. [

REMARK 53.11. It follows from Propositions 149.18), 49.20, and 53.3/ that the iso-
morphisms (F) are natural with respect to push-forward homomorphisms for proper
morphisms of the base schemes and with respect to pull-back homomorphisms for flat
morphisms.

COROLLARY 53.12. The pull-back homomorphism q* : Ay 11(X, Kiyr1) — AL(P(E), K.,)
15 a split injection.

PROPOSITION 53.13 (Splitting Principle). Let E — X be a vector bundle. Then there
15 a flat morphism f Y — X of constant relative dimension, say d, such that:

(1) The pull-back homomorphism f*: A (X, K,) — A.rq(Y, K._4) is injective.
(2) The vector bundle f*(E) has a filtration by subbundles with quotients line bundles.

PROOF. We induct on the rank r of E. Consider the projective bundle ¢ : P(E) — X.
The pull-back homomorphism ¢* is injective by Corollary 53.12. The tautological line
bundle L over P(E) is a sub-bundle of the vector bundle ¢*(E). Applying the induction
hypothesis to the factor bundle ¢*(E)/L over P(E), we find a flat morphism ¢g : Y — P(F)
of constant relative dimension satisfying the conditions (1) and (2). The composition
f = qo g works. U

To prove various relations between K-homology classes, the splitting principle allows
us to assume that all the vector bundles involved have filtration by sub-bundles with line
factors.

54. Chern classes

In this section we construct Chern classes of vector bundles as operations on K-
homology.

Let E — X be a vector bundle of rank » > 0 and ¢ : P(E) — X the associated
projective bundle. By Theorem 53.10, for every a € A, (X, K,) there exist unique a; €
A (X, K,y;),i=0,...,r such that
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where e is the Euler class of the tautological line bundle L over P(F), i.e.,

T

(54.1) D (=1 (g (as) =0,

=0
where ag = a. Thus we have obtained group homomorphisms
(54.2) G(F): A X, K,) — Acsi(X, Kiyi), a— a; =¢(F) (@)

for every i = 0,...,r. These are called the Chern classes of E. By definition, ¢y(FE) is
the identity. We also set ¢; =0 if ¢ > r or ¢« < 0 and define the total Chern class of E by

c(E):=co(E)+cr1(E)+ -+ ¢ (E)

viewed as an endomorphism of A, (X, K,). If E is the zero bundle (of rank 0), we set
co(F)=1and ¢;(F) =01if i #0.

PROPOSITION 54.3. If E is a line bundle then ¢, (E) = e(E).

PrROOF. We have P(E) = X and L = E by Example [104.19. Therefore the equality
(54.1) reads e(F)(a) — a; = 0, hence ¢1(E)(a) = ag = e(E)(«). O

EXAMPLE 54.4. If L is a line bundle, then ¢(L) = 1+e(L). In particular, ¢(1) = 1 by
Proposition 53.5.

PrROPOSITION 54.5. Let f :' Y — X be a morphism and E a vector bundle over X.
Set E' = f*(E). Then
(1) If f is proper then ¢(E) o f, = f.oc(E').
(2) If f is flat then f*oc(E) = c(E") o f*.

ProOF. Let rank ' = r. Consider the fiber product diagram

P(E") —2 P(E)

al J!
y 1. X
with flat morphisms ¢ and ¢’ of constant relative dimension » — 1. Denote by e and €’ the
Euler classes of the tautological line bundle L over P(E) and L' over P(E’) respectively.
Note that L' = h*(L).
(1): By Proposition [49.20, we have h, o (¢')* = ¢* o f.. By the definition of Chern classes,
for every o € A.(Y, K.) and o = ¢;(E')(a/), we have:

r

S -1 (¢ (o) =0

1=0
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Applying h,, by Propositions 149.20/ and 53.3(1), we have

0= h* (Z(—l)’(e/)r—z<q/*<a;)))

=0

e (" (a)

-3
Z 1" (¢" fo(e).

Hence ¢;(E)(fu(o')) = fu(a}) = fuci(E)(d).
(2): By the definition of the Chern classes, for every a € A, (X, K,) and «; = ¢;(E)(«)

we have
,

D (=D (g ) = 0.
i=0
Applying h*, by Proposition [53.3(2), we have

0= h* < Z(_l)ier—i (q*(ai))>

=0
Hence ¢;(E')(f*(a)) = f*(ow) = f*ei(E)(a). O
PROPOSITION 54.6. Let E be a vector bundle over X possessing a filtration by sub-
bundles with factors line bundles Ly, Lo, ..., L.. Then for everyi=1,...,r, we have

(E) = ai(e(Ll), c e(Lr))

where o; is the ith elementary symmetric function, i.e.,

c(E) = H1+e Hc

PROOF. Let ¢ : P(E) — X be the canonical morphism and let e be the Euler class of
the tautological line bundle L over P(E). It follows from formula (54.1) and Proposition
54.5/ that it suffices to prove that

H(e —e(q*L;)) =0

i=1
as an operation on A.(P(E), K,). We induct on r. The case r = 1 follows from the fact
that the tautological bundle L coincides with E over P(E) = X (cf. Example 104.19).
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In the general case, let £’ be a subbundle of E having a filtration by subbundles with
factors line bundles Ly, Lo, ..., L,_; and with £/E’ ~ L,. Consider the natural morphism
f:U=P(E)\P(E) — P(L,). Under the identification of P(L,) with X, the bundle L,
is the tautological line bundle over P(L,). Hence f*(L,) is isomorphic to the restriction
of L to U. In other words, L|y =~ ¢*(L,)|y and therefore e(L|y) = e(q*(L,)|v). It follows
from Proposition 53.3 that for every o € A.(P(E), K,), we have

(e —e(q"Ly)) (@) = (e(Llv) — e(g"(Lr)|v)) (afv) = 0.

By the localization sequence [52.6, there is a § € A,(P(E’), K,) satisfying

i.(8) = (e — elg"Ly)) (a),

where ¢ : P(E') — P(F) is the closed embedding. Let L’ be the the tautological line
bundle over P(E’) and ¢’ : P(E’) — X the canonical morphism. We have ¢’ = q o .
By induction and Proposition 53.3|

r r—1

[T - eta' ) (@) = T](e - e(a L)) i.5)

i=1 =1

=i, (H(e(L’) — e(i*q*Li))(ﬁ)>

=1

=i, (H(e(L') — e(q,*Li))(ﬁ)>

=1

= 0. U

PROPOSITION 54.7 (Whitney Sum Formula). Let 0 — E L EL E" =0 be an exact
sequence of vector bundles over X. Then ¢(E) = c¢(E') o c¢(E"), i.e.,

cn(B)= ) ei(E)ocy(E")

i+j=n
for every n.
PRrROOF. By the splitting principle (Proposition 53.13) and Proposition 54.5(2), we
may assume that £’ and E” have filtrations by subbundles with quotients line bundles

Ly,....,L and LY, ..., L respectively. Consequently, F has a filtration with factors
Ly,....L, L, ..., L7 1t follows from Proposition 54.6 that

¢(E') o c(E") = H (L))o H (L") = ¢(E). O

The same proof as for Corollary 53.2] yields:

COROLLARY 54.8. The Chern classes of any two vector bundles E and E' over X
commute: ¢(E") o c(E) = c¢(E) oc(E').

By Example 54.4, we have
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COROLLARY 54.9. If E is a vector bundle over X then c(E®1) = ¢(F). In particular,
if E is a trivial vector bundle then ¢(E) = 1.

The Whitney Sum Formula allows us to define Chern classes not only for vector
bundles over a scheme X but also for elements of the Grothendieck group Ky(X). Note
that for a vector bundle E over X the endomorphisms ¢;(F) are nilpotent for i > 0;
therefore, the total Chern class ¢(F) is an invertible endomorphism. By the Whitney
Sum Formula, the assignment E — ¢(E) € Aut(A.(X, K,)) gives rise to the total Chern
class homomorphism

¢ Ko(X) — Aut(A.(X, K.)).

55. Gysin and pull-back homomorphisms

In this section we consider contravariant properties of K-homology.

55.A. Gysin homomorphisms. Let f : Y — X be a regular closed embedding of
codimension 7 and let p; : Ny — Y be the canonical morphism (cf. §104.B). We define
the Gysin homomorphism as the composition

x\—1
F*AUX K, 2D AN K W), e (Y Koyy).

PROPOSITION 55.1. Let Z %Y L X be reqular closed embeddings. Then (f o g)* =
* *
g¥o fx.

PRrOOF. The normal bundles of the regular closed embeddings i : Ny|; — Ny and
Jj : Ny — Nyo4 are canonically isomorphic, denote them by N. Consider the diagram

Cu(X) 2 Cu(Npoy) <2 Cu(2)

A e

C.(Ny) =2 Ny 22 z)

I

C.Y) == Cu(N,) —— C.(2).
The bottom right square is commutative by Proposition 49.18. The bottom left and
upper right squares are commutative by Proposition 51.5 and Lemma 51.9 respectively.

The upper left square is commutative up to homotopy by Lemma [51.10. The statement

follows from commutativity of the diagram up to homotopy. O
Let
v L x
(55.2) gl lh



55. GYSIN AND PULL-BACK HOMOMORPHISMS 257

be a fiber product diagram with f and f’ regular closed embeddings. The natural mor-
phisms i : Ny — ¢*(Ny) of normal bundles over Y’ is a closed embedding. The factor
bundle E' = g*(Ns)/Ny over Y’ is called the excess vector bundle.

PROPOSITION 55.3 (Excess Formula). Let h be a proper morphism. Then in the
notation of diagram (55.2),

fXoh,=g.0e(E)o f’*.

PROOF. Let
p:Ny—Y, p:Np—=Y', i:Np— g"(Ng), r:9°(Ny)— Ny and t:g"(Ny) =Y’
be the canonical morphisms. It suffices to prove that the diagram

1%

CL(X') —25 O (Np) + 2 CL(Y)

\Y))

he (i) C.(g*(Ny)) &— C.(Y")

commutes.

The commutativity everywhere but at the top parallelogram follows by Propositions
49.20/ and 51.6. Hence it suffices to show that t* o e(E) = i, o p’*. Consider the fiber
product diagram

Ny —— g*(Ny)

p’l lj

X —- E,
where 7 is the natural morphism of vector bundles and s is the zero section. Let ¢ : £ — Y
be the natural morphism. It follows from the equality ¢ o j = ¢t and Proposition 149.20

that
troe(E)=t'o¢* 'os, =j 05, =i, 0p". O
COROLLARY 55.4. Suppose under the conditions of Proposition!55.5 that f and f' are
reqular closed embeddings of the same codimension. Then f* o hy, = g, o f'*.

PROOF. In this case, £ = 0 so e(E) is the identity. d
A consequence of Propositions 49.18 and [51.5/is the following:

PROPOSITION 55.5. Suppose in the diagram (55.2) that h is a flat morphism. Then
the diagram

AX KD L ALY K

e |

1%
A(XK) L ALY K
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18 commautative.

PROPOSITION 55.6. Let f : Y — X be a reqular closed embedding of equidimensional
schemes. Then f*([X]) = [Y].

Proor. By Example [49.13/ and Proposition [52.7,

FH(XT) = (pp) " oo ([X]) = ()~ ([Vf]) = [Y]. m

LEMMA 55.7. Letv:U — V and g : V — W be a regular closed embedding and a flat
morphism respectively and let h = g oi. If h is flat then h* = i* o g*.

ProoOF. Let p : N; — U be the canonical morphism. By Lemma 51.9, we have
0;0g" = (hop)* =p*oh* hence i* o g* = (p*) " 00,0 g" = h*. O

We turn to the study of the functorial behavior of Euler and Chern classes under Gysin
homomorphisms. The next proposition is a consequence of Corollary 55.4 and Proposition
55.5l (cf. the proof of Proposition [53.3).

PROPOSITION 55.8. Let f : Y — X be a reqular closed embedding and L a line bundle
over X. Set L' = f*(L). Then f* oe(L) =e(L')o f*.

As is in the proof of Proposition 54.5, we get

PROPOSITION 55.9. Let f :' Y — X be a reqular closed embedding and E a vector
bundle over X. Set E' = f*(E). Then f* oc(E) = c(E') o f*.

PROPOSITION 55.10. Let f : Y — X be a reqular closed embedding. Then f* o f, =
G(Nf).

PROOF. Let p: Ny — Y and s : Y — Ny be the canonical morphism and the zero
section of the normal bundle respectively. By Corollary 51.7,

P*of=0) " ooro fo= () os, = e(Ny). 0

PROPOSITION 55.11. Let f: Y — X be a closed embedding given by a sheaf of locally
principal ideals I C Ox. Let f':Y' — X be the closed embedding given by the sheaf of
ideals I"™ for somen >0 and g : Y — Y’ the canonical morphism. Then

F* =n(g. o f*).

PRrROOF. We define a natural finite morphism h : Dy — Dy of deformation schemes
as follows: We may assume that X is affine, X = Spec(A), and Y = Spec(A/I). Then

Dy = Spec(A) and Dy = Spec(A’) where
Av _ H [_ktk, AV/ _ H [—kn(tl)k
kez kez

(ct. §104.1).
The morphism h is induced by the ring homomorphism A" — A taking a component
[7F¢'% identically to I=*"¢*". In particular, the image of ' is equal to ™.
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The morphism h yields a commutative diagram (cf. §104.E)

Nf Df Gm X X
Ll ')
Nf’ Df’ Gm X X,

where ¢ is the identity on X and the nth power morphism on G,,. Let 0 (respectively, o)
be the boundary map with respect to the top row (respectively, the bottom row) of the
diagram. It follows from Proposition [49.35(1) that

(55.12) re0d =20 o g,.
For any o € C,.(X) we have
(55.13) ¢ ({t} - ([Cm] x @) = {&t'} - ([C] x @)

since the norm of ¢ in the field extension F(t)/F(t') is equal to +¢'. By (55.12) and
(55.13)), we have

(rioop)(a) = (r. 0 9)({t} - ([Cu] x a))
= (0"0q.)({t} - ([Gu] x @)
]

]
X a))

= O ({£t} - ([On
= Uf'(a)a

hence

(55.14) r.00f =0y

The morphism p factors into the composition of morphisms in the first row of the
commutative diagram
Ny —— (Np)®" — Ny
']
Y

/|

Y:

of vector bundles. As the morphism i is finite flat of degree n, the composition i, o ¢*
is multiplication by n. The right square of the diagram is a fiber square. Hence by
Proposition 49.20, we have

Py o = juois0i" 08" = n(j.o %) = n(p" 0 g.).
It follows from (55.14) that

f* =0 oo =) oroo; =n(geo (p) " oos) = nlgio *)

as needed. O
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55.B. The pull-back homomorphisms. Let f: Y — X be a morphism of equidi-
mensional schemes with X smooth. By Corollary [104.14, the morphism

i=y,f): Y =Y xX

is a regular closed embedding of codimension dy = dim X with the normal bundle N; =
f*(Tx), where T is the tangent bundle of X (cf. Corollary 104.14). The projection
p:Y x X — X is a flat morphism of relative dimension dy. Set d = dx — dy. We define
the pull-back homomorphism

(55.15) FoAUX K = Ava(Y, Koy

as the composition i* o p*.
We use the same notation for the pull-back homomorphism just defined and the flat
pull-back. The following proposition justifies this notation.

PROPOSITION 55.16. Let f : Y — X be a flat morphism of equidimensional schemes
and let X be smooth. Then the pull-back f* in (55.15) coincides with the flat pull-back
homomorphism.

Proor. This follows by applying Lemma [55.7 to the closed embedding i = (1y, f) :
Y — Y x X and to the projection g : ¥ x X — X. U

We have the following two propositions about the compositions of the pull-back maps.

PROPOSITION 55.17. Let Z % Y L X be morphisms of equidimensional schemes with
X smooth and g flat. Then (f o g)* = g* o f*.

PrOOF. Consider the fiber product diagram

7 2. v

| |

Z x X LYXX,

where iy = (1y, f), iz = (12,fg9), h = (9,1x) and two projections py : ¥ x X — X
and py : Z x X — X. We have p; = py o h. By Propositions 49.18 and 55.5,

(fog) =1i}opy
:i;oh*opg‘,
=g oif opy
=g of. O

PROPOSITION 55.18. Let Z %V L X be morphisms of equidimensional schemes with
both Y and X smooth. Then (f o g)* = g* o f*.
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ProOF. Consider the commutative diagram

(1z,9)
J——— /XY ——Y

lh l(lnf)

(1z,f9) /XY xX—Y x X

/\

k:(].Z7g,fg), h(Z,y): (Zay7f(y>)7 l(Z,l'): (Z,g(Z),I'),
and all unmarked arrows are the projections. Applying the Gysin homomorphisms or the
flat pull-backs for all arrows in the diagram, we get a diagram of homomorphisms of the

K-homology groups that is commutative by Propositions 49.18, 55.1} 55.5, and Lemma
55.7. O

where

We next show that the pull-back homomorphism for a regular closed embedding co-
incides with the Gysin homomorphism:

PROPOSITION 55.19. Let f : Y — X be a reqular closed embedding of equidimensional
schemes with X smooth. Then f* = f*.

PrROOF. The commutative diagram

YJ>YXYL>Y><X

DN

y —— X,
with d the diagonal embedding and h = 1y X f gives rise to the diagram

AX K — A K

‘] ST

ALY % X, K A (Y x VLK) D ALY KL).

The square is commutative by Proposition 55.5 and the triangle by Lemma 55.7. Let

g =hod. Then
ff=g¥oq*=d*oh*oq" = f*. O

The pull-back homomorphisms commute with external products:

PROPOSITION 55.20. Let f : X' — X and g : Y' — Y be morphisms of equidimen-
sional schemes with X and Y smooth. Then for every a € C.(X) and 8 € C.(Y), we
have

(f xg)"(axB)=f"(a) x g°(B).
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Proor. It suffices to do the case with ¢ = 1y and by Proposition 50.5 with f a
regular closed embedding. Denote by ¢x : G,, x X — X and py : Ny — X' the canonical
morphisms. Note that Ny, = Ny x Y. Consider the diagram

* {t} o P}
_—

C.(X) -2 (G, x X) C(Gn x X) —2— C(N;) «—— (X))

l ! l l l

CUX X Y) B 06 x X xY) s (6 x X X Y) —2 Cu(Npery) <2 (X7 % v)

where all vertical homomorphisms are given by the external product with 5. The com-
mutativity of all squares follow from Propositions [50.5, 50.7, and 50.8. 0

PROPOSITION 55.21. Let f: Y — X be a morphism of equidimensional schemes with
X smooth. Then f*([X]) = [Y].

PROOF. Let i = (ly, f) : Y — Y x X be the graph of f and let p: Y x X — X be
the projection. It follows from Corollary [50.6/ and Proposition [55.6 that

(X)) = * op*([X]) =*([Y x X]) =[Y]. O
The following statement on the commutativity of the pull-back maps and the Chern

classes is a consequence of Propositions [54.5(2) and 55.9.

PROPOSITION 55.22. Let f : Y — X be a morphism of equidimensional schemes with
X smooth and E a vector bundle over X. Set E' = f*(FE). Then f*oc(F) = c(E') o f*.

56. K-cohomology ring of smooth schemes

We now consider the case that our scheme X is smooth. This allows us to introduce the
K -cohomology groups A*(X, K,) which we do as follows: If X is irreducible of dimension
d, we set
AP(X, Kq) = Ad_p(X, Kq—d)-

In the general case, let X7, Xo, ..., X be (disjoint) irreducible components of X. We set

A(X, K,) =[] A7(X0, K.
i=1
In particular, if X is an equidimensional smooth scheme of dimension d, then AP(X, K,) =
A (X, Ky—a).
Let f : Y — X be a morphism of smooth schemes. We define the pull-back homo-

morphism

[fAP(X K, — AP(Y, K,)
as follows: If X and Y are both irreducible and of dimension dx and dy respectively, we
define f* as in §55.B:

[T ANX Ky) = Aay—p(X, Kg—ay) AN Adgy—p(X, Kg-a,) = A(Y, K,).

If just Y is irreducible, we have f(Y) C X; for an irreducible component X; of X. We
define the pull-back as the composition

AV(X,K,) — AN(X; K,y) Do AP(Y k),
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where the first map is the canonical projection. Finally, in the general case, we define
f* as the direct sum of the homomorphisms AP(X, K,) — AP(Y;, K,) over all irreducible
components Y; of Y.

It follows from Proposition 55.18 that if Z & Y L X are morphisms of smooth
schemes then (f o g)* = g* o f*.
Let X be a smooth scheme. Denote by

d=dx: X - X xX
the diagonal closed embedding. The composition
(56.1) AP(X K @ AP (X, Ky) 25 AP7P(X x X, Kpprg) S AP (X, K vy
defines a product on A*(X, K,).

REMARK 56.2. If X = X; [[ X, then A*(X, K,) = A*(Xy, K,) & A*(Xs, K,). Since
the image of the diagonal morphism dx does not intersect X; x Xy, the product of two
classes from A*(X,, K,) and A*(Xy, K,) is zero.

PROPOSITION 56.3. The product in (56.1) is associative.
PrROOF. Let a, 3,7 € A*(X, K.). By Proposition [55.20), we have

(@ x B) x v =d"(d"(a x B) x )
=d" o(dx1x)"(ax B x7)

= ((d x 1x)od) (e x 3 x 7)
= c*(ax 3 x7),

where ¢ : X — X X X x X is the diagonal embedding. Similarly, o x (8 x 7) =
cax B x7). d

PROPOSITION 56.4. For every smooth scheme X, the product in A*(X, K,) is bigraded
commutative, i.c., if a € AP(X, K,) and o/ € AY (X, K,) then

a-a = (_1)(p+Q)(p’+q’)a/ . Q.
Proor. It follows from (50.1) that
a-o =d(axa)= (_1)(p+f1)(p/+q’)d*(a’ X ) = (_1)(p+q)(p’+q/)a/ .. O

Let X be a smooth scheme and let X;, X,,... be the irreducible components of X.
Then [X] = > [X;] in A°(X, K).

PROPOSITION 56.5. The class [X] is the identity in A*(X, K.) under the product.

PrROOF. We may assume that X is irreducible. Let f : X x X — X be the first
projection. Since f od = 1y, it follows from Corollary 50.6 and Proposition [55.16/ that

a- [X]=d(ax [X]) =d f*(a) = o O

We have proven:
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THEOREM 56.6. Let X be a smooth scheme. Then A*(X, K,) is a bigraded commuta-
tive associative ring with the identity [X].

REMARK 56.7. If X4,..., X, are the irreducible components of a smooth scheme X,
the ring A*(X, K,) is the product of the rings A*(Xy, K,),..., A*(X,, K,).

PROPOSITION 56.8. Let f:Y — X be a morphism of smooth schemes. Then
fla-B) = f"(a)- [*(B)
for all o, B € A*(X, K,) and f*([X]) = [Y].
PROOF. Since (f x f)ody = dx o f, it follows from Propositions [55.18 and 55.20) that
[ra-B) =f"ody(ax )
=dy o (f x f)(ax )
= dy (f(a) x f(5))
= [*(a) - f7(8).
The second equality follows from Proposition [55.21. O

It follows from Proposition 56.8 that the correspondence X +— A*(X, K,) gives rise to
a cofunctor from the category of smooth schemes and arbitrary morphisms to the category
of bigraded rings and homomorphisms of bigraded rings.

PROPOSITION 56.9 (Projection Formula). Let f : Y — X be a proper morphism of
smooth schemes. Then

fola- f1(B) = fula) - B
for every o € A*(Y, K,) and € A*(X, K,).

PROOF. Let g = (1y x f) ody. Then we have the fiber product diagram
Y L Y x X

(56.10) fl lfxlx

X -2 X x X,
It follows from Propositions 49.20 and [55.20/ that
fola- f5(8)) =feody (o x f(B))
= fiodyo(ly x f)"(a x 3)
= fiog"(ax )
=dy o (f X 1y)(a x )
= dx (fi(@) x B)
= fila) - . O
The projection formula asserts that the push-forward homomorphism f, is A*(X, K,)-

linear if we view A*(Y, K,) as a A*(X, K,)-module via f*.
The following statement is an analog of the projection formula.
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PROPOSITION 56.11. Let f:Y — X be a morphism of equidimensional schemes with
X smooth. Then
£ (£1(8) = £([Y]) - B
for every § € A*(X, K,).
PROOF. The closed embeddings g and dy in the diagram (56.10) are regular of the
same codimension (cf. Corollary 104.14). Let p : X x X — X be the second projection.

Then the composition ¢ = po(fx1x): Y xX — X is also the projection. By Propositions
50.4) 150.5, 155.17, 155.21, and Corollaries 50.6, 55.4, we have

F(f1(8)) =f0og* 0 q*(B)

— foog*o(f x 1x) o p*(8)
=d¥o(f x1x).o(f x 1x)* o p*(B)
= dX o (f. x id) o (f* x id)([X] x )

= d¥(f.o f*([X]) x B)
= dX(f.([Y]) x B)
= f.([v]) - . O






CHAPTER X

Chow groups

In this chapter we study Chow groups as special cases of K-homology and K-cohomology
theories, so we can apply results from the previous chapter. Chow groups will remain the
main tool in the rest of the book. We also develop the theory of Segre classes that will
be used in the chapter on the Steenrod operations that follows.

57. Definition of Chow groups

Recall that a scheme is a separated scheme of finite type over a field and a variety is
an integral scheme.

57.A. Two equivalent definitions of Chow groups. Let X be a scheme over F'
and let p € Z. We call the group

CH,(X) = A,(X,K_,)
the Chow group of dimension p cycles on X. By definition,

CHy(X) = Coker | [] Ki(F(2)) =5 [ Ko(F(2))

TE€X (p+1) z€X (p)

Note that K, (F(z)) = F(z)* and Ko(F(z)) = Z. Thus the Chow group CH,(X) is the
factor group of the free abelian group

Zp(X) = H Z,

JCEX(p)

called the group of p-dimensional cycles on X, by the subgroup generated by the divisors
dx(f) =div(f) for all f € F(x)* and x € X(p41).

A point z € X of dimension p gives rise to a prime cycle in Z,(X), denoted by [z].
Thus, an element of Z,(X) is a finite formal linear combination ) | n,[z] with n, € Z and
dimaz = p. We will often write {z} instead of z, so that an element of Z,(X) is a finite
formal linear combination > nz[Z] where the sum is taken over closed subvarieties Z C X
of dimension p. We will use the same notation for the classes of cycles in CH,(X). Note
that a closed subscheme W C X (not necessarily integral) defines a cycle [W] € Z(X) (cf.
Example 49.2).

EXAMPLE 57.1. Let X be a scheme of dimension d. The group CHy(X) = Z4(X) is
free with basis the classes of irreducible components (generic points) of X of dimension
d.

267
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The divisor of a function can be computed in a simpler way. Let R be a 1-dimensional
Noetherian local domain with quotient field L. We define the order homomorphism

ordp: L* — 7

by the formula ordg(r) = I(R/rR) for every nonzero r € R.
Let Z be a variety over F' of dimension d. For any point z € Z of dimension d — 1,
the local ring O, is 1-dimensional. Hence the order homomorphism

ord, = ordep,, : F'(Z)" — Z
is well defined.

PROPOSITION 57.2. Let Z be a variety over F of dimension d and f € F(Z)*. Then
div(f) = > ord,(f) - =, where the sum is taken over all points x € Z of dimension d — 1.

PRrROOF. Let R be the local ring Oz, where z is a point of dimension d — 1. Let R
denote the integral closure of R in F(Z). For every nonzero f € R, the z-component of
div(f) is equal to

> I(Rq/fRq) - [R/Q: F(x)),

where the sum is taken over all maximal ideals () of R. Applying Lemma [102.3/ to the
R-module M = R/fR, we have the z-component equals [r(R/fR). Since R/R is an
R-module of finite length, (r(R/fR) = lr(R/fR) = ord,(f). O

We wish to give an equivalent definition of Chow groups. To do so we need some
preliminaries.

Let Z be a variety over F' of dimension d and f : Z — P! a dominant morphism.
Thus f is a flat morphism of relative dimension d — 1. For any rational point a € P!, the
pull-back scheme f~!(a) is an equidimensional subscheme of Z of dimension d — 1. Note
that we can view f as a rational function on Z.

LEMMA 57.3. Let f be as above. Then div(f) = [f~1(0)] — [f~*(c0)] on Z.

PROOF. Let x € Z be a point of dimension d — 1 with the z-component of div(f)
nontrivial. Then f(x) =0 or f(x) = oo.

Consider the first case, so f € Oz,. By Proposition [57.2, the z-component of div(f)
is equal to ord,(f). The local ring Of-1(g), coincides with Oz,/fOz,, therefore, the
z-component of [f~1(0)] is equal to

Z(Offl(o),x) = Z(OZ,w/.fOZ,:c) = Ord:c(.f)

Similarly (applying the above argument to the function f~!), we see that in the second
case the z-component of [f~1(oc0)] is equal to ord,(f~!) = — ord,(f). O

Let X be a scheme and Z C X x P! a closed subvariety of dimension d with Z
dominant over P'. Hence the projection f : Z — P! is flat of relative dimension d — 1.
For every rational point a € P!, the projection p : X x P! — X maps the subscheme
f~Y(a) isomorphically onto a closed subscheme of X that we denote by Z(a). It follows
from Lemma 57.3/ that

(57.4) pi(div(f)) = [2(0)] — [Z(c0)].



57. DEFINITION OF CHOW GROUPS 269

In particular, the classes of [Z(0)] and [Z(00)] coincide in CH(X).

Let Z(X;P!) denote the subgroup of Z(X x P!) generated by the classes of closed
subvarieties of X x P! that are dominant over P'. For any cycle 3 € Z(X;P') and any
rational point a € P!, the cycle 8(a) € Z(X) is well defined.

If a =Y nz[Z] € Z(X), we write a x [P!] for the cycle Y. nz[Z x PY] € Z(X;P').
Clearly, (a x [P'])(a) = « for any rational point a € P*.

Let @ and o’ be two cycles on a scheme X. We say that « and o are rationally
equivalent if the classes of a and o/ are equal in CH(X).

PROPOSITION 57.5. Two cycles a and o on a scheme X are rationally equivalent if
and only if there is a cycle 3 € Z(X;PY) satisfying a = 3(0) and o/ = B(c0).

PROOF. It was shown in (57.4) that the classes of the cycles 5(0) and 3(c0) are equal
in CH(X). Conversely, suppose that the classes of a and o are equal in CH(X). By
the definition of the Chow group, there are closed subvarieties Z; C X and nonconstant
rational functions g; on Z; such that

a—ao = Zdiv(gi).

Let V; be closure of the graph of ¢; in Z; x P! € X x P! and let f; : V; — P! be the induced
morphism. Since g; is nonconstant, the morphism f; is dominant and [V;] € Z(X;P!).

The projection p : X x P! — X maps Vj birationally onto Z;, hence by Proposition
49.9,

div(g;) = div(p.(fi)) = p.div(fi) = [Vi(0)] — [Vi(c0)].
Let 8/ = >_[Vi] € Z(X;P'). We have
a—a =3(0)— p(c0).
Consider the cycle
v=a-=F(0)=a - (o)

and set 37 =y x [P!] and 3 = '+ 3”. Then 5(0) = #(0) + 8"(0) = §'(0) + v = « and
similarly B(oc0) = /. d

It follows from the above that an equivalent definition of the Chow group CH(X) is

given as the factor group of the the group of cycles Z(X) modulo the subgroup of cycles
of the form 3(0) — 5(c0) for all 3 € Z(X;P').

57.B. Functorial properties of the Chow groups. We now specialize the func-
torial properties developed in the previous chapter to Chow groups.
A proper morphism f : X — Y gives rise to the push-forward homomorphism

fo: CHy(X) — CH,(Y).

ExAMPLE 57.6. Let X be a complete scheme over F. The push-forward homomor-
phism deg : CH(X) — CH(Spec F') = Z induced by the structure morphism X — Spec(F')
is called the degree homomorphism. For any x € X, we have

| deg(z) =[F(x): F] if x is a closed point
deg(l2]) = { 0 otherwise.



270 X. CHOW GROUPS

A flat morphism ¢ : Y — X of relative dimension d defines the pull-back homomor-
phism
g" : CH,(X) — CH,q4(Y).

PROPOSITION 57.7. Let g : Y — X be a flat morphism of schemes over F of relative
dimension d and W C X a closed subscheme of pure dimension k. Then g*([W]) =

[gil(W)} m Zd+k(Y)
Proor. Consider the fiber product diagram of natural morphisms

g (W) —— W —— Spec(F)

9 . X

By Propositions 49.18 and 49.20),
g (W]) =g oicop™ (1) =juo frop'(1) =juo(po f)"(1) = [¢~ (W)]. O
The localization property (cf. §52.D) yields:
PRrROPOSITION 57.8 (Localization Sequence). Let X be a scheme, Z C X a closed

subscheme and U = X \ Z. Leti:7Z — X and j : U — X be the closed embedding and
the open tmmersion respectively. Then the sequence

CH,(Z) = CH,(X) L5 CH,(U) — 0
1S exact.

The following proposition shows that the restriction on the generic fiber of a morphism
is surjective on Chow groups.

PROPOSITION 57.9. Let X be a variety of dimension n and f :Y — X a dominant
morphism. Let x denote the generic point of X and Y, the generic fiber of f. Then the
pull-back homomorphism CH,(Y) — CH,_,(Y,) is surjective.

PROOF. By the continuity property (cf. Proposition 52.9), the pull-back homomor-
phism CH,(Y) — CH,_,(Y,) is the colimit of surjective restriction homomorphisms
CH,(Y) — CH,(f~(U)) over all nonempty open subschemes U of X and therefore
is surjective. 0

COROLLARY 57.10. For every variety X of dimension n and scheme Y over F', the
pull-back homomorphism CH,(X xY) — CH,_,(Yr(x)) is surjective.

Let X and Y be two schemes. It follows from §52.Cl that there is a product map of
Chow groups
CH,(X) ® CH,(Y) — CH, (X x Y).

ProproSITION 57.11. Let Z C X and W C Y be two closed equidimensional sub-
schemes of dimensions d and e respectively. Then

(Zx W] =[Z2] x [W] in ZaelX xY).
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PROOF. Let p: Z — Spec(F) and g : W — Spec(F') be the structure morphisms and
1: 7 — X and 7 : W — Y the closed embeddings. By Example 49.2] and Propositions
50.4, 50.5, we have

[ZxW]=(ixj)eolpxq)(1)=(i.op (1)) x (jeog (1) =[2Z] x[W]. O

THEOREM 57.12 (Homotopy Invariance) (Cf. Theorem [52.13). Let g : Y — X be a
flat morphism of schemes over F' of relative dimension d. Suppose that for every v € X,
the fiber Y, is isomorphic to the affine space A%(x). Then the pull-back homomorphism

g": CHy(X) — CH,.a(Y)

s an isomorphism for every p.

THEOREM 57.13 (Projective Bundle Theorem) (Cf. Theorem 53.10). Let E — X
be a vector bundle of rank r, q : P(E) — X the associated projective bundle morphism,
and e the Euler class of the canonical or tautological line bundle over P(E). Then the
homomorphism

[Te " oq : J] CH—i1(X) — CH,(P(E))
=1 =1

s an isomorphism, i.e., every o € CH*([P(E)) can be written in the form
o= Z e (q" ()
i=1

for uniquely determined elements o; € CH,_;11(X).

EXAMPLE 57.14. Let X = P(V), where V is a vector space of dimension d + 1 over
F. For every p € [0,d], let [, € CH,(P(V)) be the class of the subscheme P(V,) of X,
where V), is a subspace of V' of dimension p + 1. By Corollary [53.7,

[z, if 0<p<d
CHP(P(V)) - { 0 otherwise.

Let f: Y — X be a regular closed embedding of codimension r. As usual we write
Ny for the normal bundle of f. The Gysin homomorphism

f*: CH.(X) — CH,_.(Y)

is defined by the formula f* = (p*)~' o oy, where p: Ny — Y is the canonical morphism
and oy is the deformation homomorphism.

Let Z C X be a closed subscheme of pure dimension k and set W = f~1(Z). The
cone Cy of the restriction g : W — Z of f is of pure dimension k. Proposition [52.7 yields:

COROLLARY 57.15. Under the conditions of Proposition 52.7, we have f*([Z]) =
(p*>_1h*([cg])'

LEMMA 57.16. Let C' be an irreducible component of Cy. Then C' is an integral cone
over a closed subvariety W' C W with dim W' > k —r.
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PROOF. Let N’ be the restriction of the normal bundle Ny on W’. Since C" is a closed
subvariety of N’ of dimension k (cf. Example [104.3), we have

k=dimC’ < dim N' = dim W' +r. U

COROLLARY H7.17. Let V-.C W be an irreducible component. Then there is an irre-
ducible component of C, that is a cone over V. In particular, dimV >k —r.

PROOF. Let v € V be the generic point. Since the canonical morphism ¢ : Cy — W
is surjective (that is split by the zero section), there is an irreducible component C" C Cy
such that v € imgq. Clearly, img =V, i.e., C' is a cone over V. U

We say that the scheme Z has a proper inverse image with respect to f if every
irreducible component of W = f~!(Z) has dimension k — r.

PROPOSITION 57.18. Let f : Y — X be a reqular closed embedding of schemes over F
of codimension r and Z C X a closed equidimensional subscheme having proper inverse
image with respect to f. Let Vi, Vs, ..., Vs be all the irreducible components of W =
~Y2), so [W]=>_m[Vi] for some n; > 0. Then

*(12)) = Zmi[vi],

for some integers m; with 1 < m; < n,.

PrROOF. Let g : W — Z be the restriction of f and C; the restriction of the cone C; on
Vi. Let N; be the restriction to V; of the normal cone Ny. As N; is a vector bundle of rank
r over the variety V; of dimension k£ —r, the variety /V; is of dimension k. Moreover, the N;
are all of the irreducible components of the restriction N of Ny to W and [N] = > n;[NV;].

The cone C is a closed subscheme of N of pure dimension k. Hence C; is a closed
subscheme of N; of pure dimension k for each i. Since N; is a variety of dimension k, the
closed embedding of C; into N; is an isomorphism. In particular, the C; are all of the
irreducible components of Cy, so [Cy] = > m;[C;] with m; = [(O¢, ,,) and where z; € C,
is the generic point of C;. In view of Example 49.13, we have

hi([C]) = [Ni)] = p*([Vi])
and by Corollary 57.15,
*([2]) = () ' ([Cg)) = ()" D) maha([CH]) = Y muVi].

Finally, the closed embedding h : C;, — N induces a surjective ring homomorphism
On,y: — Oc,.2;, where y; € N is the generic point of N;. Therefore,

1 S m; = Z(OCg,xi) S Z(ON,yi) = Nn;. O

COROLLARY 57.19. Suppose the conditions of Proposition|57.18 hold and, in addition,
the scheme W is reduced. Then f*([Z]) = Y [Vi], i.e., all the m; = 1.

PRroOOF. Indeed, all n; = 1, hence all m; = 1. [l
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Let Y and Z be closed subvarieties of a smooth scheme X of codimensions p and ¢
respectively. We say that Y and Z intersect properly if every component of Y N Z has
codimension p + q.

Applying Proposition 57.18/ to the regular diagonal embedding X — X x X and the
subscheme Y x Z yields the following:

PROPOSITION 57.20. Let Y and Z be two closed subvarieties of a smooth scheme X

that intersect properly. Let Vi, Vs, ..., Vy be all irreducible components of W =Y N Z and
(W] = > n;Vi] for some n; > 0. Then

Y)-12]= 3 milVi

for some integers m; with 1 < m; < n,.

COROLLARY 57.21. Suppose the conditions of Proposition 57.20 hold and in addition
the scheme W is reduced. Then [Y]-[Z] = > [Vi], i-e., all the m; = 1.

EXAMPLE 57.22. Let h € CHl([P(V)) be the class of a hyperplane of the projective
space P(V'), where V' is a vector space of dimension d + 1, and [, € CHp([P(V)) as in
Example 57.14. Then

h-l,=1,1
for all p € [1,d]. Indeed, h = [P(U)] and I, = [P(V},)] where U and V,, are subspaces of V' of
dimensions n and p + 1 respectively. We can choose these subspaces so that the subspace
Vy—1 = U NV, has dimension p. Then P(U) N P(V,) = P(V,-1) and we have equality by
Corollary 57.21. It follows that CH?(P(V)) = Z - h” for p € [0,d]. In particular, the ring
CH*(P(V)) is generated by h with the one relation h*™ = 0.

If X is smooth, we write CH?(X) for the group A?(X, K,) and call it the Chow group
of codimension p classes of cycles on X. We now apply the results from §56 to this
group. The graded group CH*(X) has the structure of a commutative associative ring
with the identity 1x. A morphism f : Y — X of smooth schemes induces a pull-back
ring homomorphism f*: CH*(X) — CH*(Y).

57.C. Cartier divisors and the Euler class. Let D be a Cartier divisor on a
variety X of dimension d and L(D) its associated line bundle over X. Let D denote the
associated divisor in Z;_1(X). Recall that if D is a principal Cartier divisor given by a

nonzero rational function f on X then D = div(f).

LEMMA 57.23. In the notation above, e(L(D))([X]) = [D] in CHy_1(X).

PrROOF. Let p: L(D) — X and s : X — L(D) be the canonical morphism and the
zero section respectively. Let X = U U; be an open covering and f; rational functions on
U; giving the Cartier divisor D. Let £(D) be the locally free sheaf of sections of L(D).
The group of sections L£(D)(U;) consists of all rational functions f on X such that f - f;
is regular on U;. Thus we can view f; as a section of the dual bundle L(D)" over U;. The
line bundle L(D) is the spectrum of the symmetric algebra

Ox @ L(D)Y -t® (L(D)) - o ...
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of the sheaf £(D)Y. The rational functions (f; - t)/f; on p~'(U;) agree on intersections so
give a well defined rational function on L(D). We denote this function by .

We claim that div(t) = s, ([X]) — p*([D]). The statement is of a local nature, so we
may assume that X is affine, say X = Spec(A) and D is a principal Cartier divisor given
by a rational function f on X. We have L(D) = Spec(A[ft]) and by Proposition 149.23,

div(t) = div(ft) — div(p"f) = 5. ([X]) = p" (div(f)) = 5. ([X]) = p*([D))

proving the claim. By the claim, the classes Si([X]) and p* ([5]) are equal in CHy(L(D)).
Hence, e(L(D))([X]) = (p*) o s.([X]) =[D]. O

EXAMPLE 57.24. Let C' = Spec(S’) be an integral cone with S*® a sheaf of graded O x-
algebras as in §104.A. Consider the cone C®1 = Spec(S y [t]) The family of functions /s
with s € St on the principal open subscheme D(s) of the projective bundle P(C'®1) gives
rise to a Cartier divisor D on P(C'®1) with L(D) the canonical line bundle. The associated
divisor D coincides with P(C). It follows from Lemma 57.23 that e(L(D))([P(Co1)]) =
[P(C)].

PROPOSITION 57.25. Let L and L' be line bundles over a scheme X. Then e(LQL') =
e(L) +e(L') on CH(X).

PRrOOF. It suffices to proof that both sides of the equality coincide on the class [Z] of
a closed subvariety Z in X. Denote by ¢ : Z — X the closed embedding. Choose Cartier
divisors D and D’ on Z so that L|; ~ L(D) and L'|; ~ L(D’). Then L|; @ L'|; ~
L(D + D'). By Proposition 53.3(1),
e(Le L) ([Z]) = ioe(Llz® L'|2)([2])
=i, 0e(L(D+D")([Z])
— i,[D] + i.[D]
=i, 0e(L(D)) + i, oe(L(D"))
= o(1)(12)) + e(I')(12)). m

COROLLARY 57.26. For any line bundle L over X, we have e(LY) = —e(L).

58. Segre and Chern classes

In this section, we define Segre classes and consider their relations with Chern classes.
The Segre class for a vector bundle is the inverse of the Chern class. The advantage of
Segre classes is that they can be defined for arbitrary cones (not just for vector bundles
like Chern classes). We follow the book [47] for the definition of Segre classes.

58.A. Segre classes. Let C' = Spec(S°®) be a cone over X (cf. §104.A). Let q :
P(C & 1) — X be the natural morphism and L the canonical line bundle over P(C' & 1)
(cf. §104). Let e(L)* denote the total Euler class 3., e(L)" viewed as an operation on

CH(P(C ®1)).
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We define the Segre homomorphism
“:CH(P(C®1)) — CH(X) by

sg¥ =g, 0e(L)".
The class Sg(C) :=sg®([P(C ® 1)]) in CH(X) is known as the total Segre class of C.

PROPOSITION 58.1. If C' is a cone over X then Sg(C & 1) = Sg(C).

PrOOF. If [C] = )" m;[C;], where the C; are the irreducible components of C' then
P(C @ 1)) =) milP(C; @ 1*)]

for k > 1. Therefore, we may assume that C is a variety. Let L and L’ be canonical
line bundles over P(C' & 1?) and P(C @ 1) respectively. We have L' = i*(L), where
P(C ®1) — P(C & 1?) is the closed embedding. By Example 57.24, we have

e(L)([P(C®1%)]) = [P(C & 1)],

Let ¢ : P(C' @ 1%) — X be the canonical morphism. It follows from Proposition 53.3(1)
that

Sg(C @ 1) = ¢. oe(L)*([P(C ©1%)))
= g, 0oL (i.(P(C ® 1))
= q.i.oe(i*(L))"([P(C ® 1))
= (goi)soe(L)*([P(C @ 1)])
= Sg(O). O
PROPOSITION 58.2. Let C' be a cone over a scheme X over F andi: Z — X a closed

embedding. Let D be a closed subcone of the restriction of C' on Z. Then the diagram

CH(P(D ®1)) —£ CH(Z)

sg€
CH(P(C®1)) —— CH(X)
is commutative, where j : P(D & 1) — P(C & 1) is the closed embedding. In particular,
i+(Sg(D)) =sg’(P(D ®d 1)).
PROOF. The canonical line bundle Lp over P(D&1) is the pull-back j*(L¢). It follows
from the projection formula (cf. Proposition [563.3(1)) that
Sgc Oj* - (qC)* o G(Lc). Oj*
— i\ 0 (gp). o e(Lp)"
=17,0 sgD . O
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If ¢ = FE is a vector bundle over X, the projection ¢ is a flat morphism of relative
dimension r = rank F, and we define the total Segre operation s(E) on CH(X) by

s(E): CH(X) — CH(X), s(E)=sg0q¢"=gq.oe(L)* o ¢
In particular, Sg(E) = s(E)([X]).

For every k € Z denote the degree k component of the operation s(E) by si(E), so it
is the operation

sk(F) : CH,(X) — CH,_x(X) given by

(58.3) sp(E) = quoe(L)*" o ¢~
PROPOSITION 58.4. Let f : Y — X be a morphism of schemes over F' and E a vector
bundle over X. Set E' = f*(E). Then
(1) If f is proper then s(E) o f. = f.os(E').
(2) If f is flat then f* o s(E) = s(E') o f*.

Proor. Consider the fiber product diagram

P(E") — P(E)

| s
vy L. x

with flat morphisms ¢ and ¢’ of constant relative dimension r — 1 where r = rank F.
Denote by e and €’ the Euler classes of the canonical line bundle L over P(E) and L' over
P(E’) respectively. Note that L' = h*(L).

By Propositions 49.20 and [53.3, we have

s(E)o fi=gqioe(L)"oq" o f.
=g oe(l)*oh,oq"
=q.oh,oe(L)oq”
= f.oq.oe(L')*oq"
— foos(B),

and

fros(E)=f"ogoe(L) oq"
=q,oh*oe(L)oq*
=q,oe(L')*oh*oq"
—foe(l)y oq o
= s(E')o f*. O

PROPOSITION 58.5. Let E be a vector bundle over a scheme X over F'. Then

{0 ifi<0
Si(E)_{id if i =0.
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PrOOF. Let a € CH(X). We need to prove that s;(F)(«) = 0ifi < 0 and so(E)(a) =
a. We may assume that o = [Z], where Z C X is a closed subvariety. Let i : Z — X be
the closed embedding. By Proposition [58.4(1), we have

s(E)(a) =s(E)o z*([Z]) =i, 0 S(E')([Z]),

where E' = ¢*(F). Hence it is sufficient to prove the statement for the vector bundle E’
over Z and the cycle [Z]. Therefore, we may assume that X is a variety of dimension d
and o = [X] in CH4(X). Since s;(F)(a) € CHy_;(X), by dimension count, s;(F)(a) =0
if i < 0.

To prove the second identity, by Proposition 58.4(2), we may replace X by an open
subscheme. Therefore, we can assume that E is a trivial vector bundle, i.e., P(E) = X X
P 1. Applying Example 53.8 and Proposition 53.3(2) to the projection X x P"~1 — P!,
we have

so(E)(IX]) = geoe(L) "o ¢" ([X]) = quoe(L) ™ (IX] x P'") = q. ([X] x P*) = [X]. O

Let E — X be a vector bundle of rank r. The restriction of Chern classes defined in
§54/ on Chow groups provides operations

¢(F): CHo(X) - CH.—i(X), ar— a; =c(E)(a)

EXAMPLE 58.6. In view of Examples 53.8 and 57.22, the class e(L) of the canonical
line bundle L over P* acts on CH(P?) = Z[h]/(h**') by multiplication by the class h of
a hyperplane in P?.

By Example [104.20, the class of the tangent bundle of the projective space P? in
Ko(P?) is equal to (d + 1)[L] — 1, hence ¢(Tpa) is multiplication by (1 + k).

EXAMPLE 58.7. For a vector bundle E, we have ¢;(EV) = (—1)'c;(E). Indeed, by the
Splitting Principle 53.13, we may assume that E has a filtration by subbundles with factors
line bundles Ly, La, ..., L,. The dual bundle EY then has a filtration by subbundles with
factors line bundles LY, Ly,..., L. As e(L)) = —e(Lg) by Corollary [57.26, it follows
from Proposition 54.6 that

G(EY) = ai(e(LY), (L)) = (~1)ai(e(Ly), . e(Ly) = (~1)e(E)
where o; is the ith elementary symmetric function.

Let e and € be the Euler classes of the tautological and the canonical line bundles over
P(E) respectively. By Corollary 57.26, we have é = —e. Therefore, the formula (54.1)
can be rewritten as

(58.8) e oq" o (E) =0,

where ¢ : P(E) — X is the canonical morphism.

PROPOSITION 58.9. Let E be a vector bundle over X. Then s(E) = c¢(E)™ .
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PROOF. Applying ¢, o é*~! to the equality (58.8) for the vector bundle E & 1 of rank
r+ 1, we get for every k > 1:

O—Zq*oer ’oq OCZE@]l Zsk’ ociE@jL)

>0 >0
in view of (58.3). By Corollary [54.9, we have ¢;(E & 1) = ¢;(E). As so(E) = 1 and
si(E) = 0 if i < 0 by Proposition [58.5, we have s(E) o ¢(E) = 1. O

PROPOSITION 58.10. Let E — X be a vector bundle and E' C E a subbundle of corank
r. Then

r

(58.11) [P(E)] =) ¢ oq oc(E/E)([X])

i=0
in CH(P(E)).
PRrOOF. Applying (58.8) to the factor bundle E/E’, we have

Zelr_ioq/* OCZ-<E/E/) _
=0

where ¢ : P(E/E') — X is the canonical morphism and ¢’ is the Euler class of the
canonical line bundle over P(E/E’). Applying the pull-back homomorphism with respect
to the canonical morphism P(E) \ P(E’) — P(E/E’), we see that the restriction of the
right hand side of the formula in (58.11) to P(E) \ P(£’) is trivial. By the localization
property (cf. §52.D), the right hand side in (58.11) is equal to k[P(E")] for some k € Z.

To determine k, we can replace X by an open subscheme of X and assume that £
and F' are trivial vector bundles of rank n and n — r respectively. The right hand side in
(58.11) is then equal to

& o g ([X]) = & (IP" x X]) = [P""~" x X] = [P(E")],
therefore k = 1. O

PROPOSITION 58.12. Let E and E' be vector bundles over schemes X and X' respec-
tively. Then

c(Ex E"(axdad)=cE)(a)x c(E) ()
for any o € CH(X) and o/ € CH(X").

PROOF. Let p and p’ be the projections of X x X’ to X and X’ respectively. We claim
that for any § € CH(X) and ' € CH(X'), we have

(58.13) c(p*(E))(B x B) =c(E)(B) x 3,

(58.14) (" (B)(8 x ') = B x e(E')(#).

To prove the claim, by Proposition [54.5, we may assume that § = [X] and ' = [X].
Then (58.13) and (58.14) follow from Proposition 54.5(2).
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Since E x E' = p*(E) @ p*(E'), by the Whitney Sum Formula 54.7 and by (58.13),
(58.14), we have

= C(
= C(
= ¢(E)(a) x ¢(E") (). O

PROPOSITION 58.15. Let E be a wvector bundle over a smooth scheme X. Then
c(E)(a) = c(E)([X]) - o for every o € CH(X).

PRrROOF. Consider the vector bundle £/ = E'x X over X x X. Let d: X — X x X
be the diagonal embedding. We have E = d*(E’). By Propositions 58.12/ and 55.9,

c(B)(a) = c(d"(E")) (d*([X] x a))
= d*c(E x X)([X] x )
— *((B)(X]) x )
= c(E)([X]) - a. O
Proposition [58.15 shows that for a vector bundle E over a smooth scheme X, the Chern
class operation ¢(E) is multiplication by the class 3 = ¢(E)([X]). We shall sometimes
write ¢(E) =  to mean that ¢(F) is multiplication by £.
Let f:Y — X be a morphism of schemes, i.e.;, X is a scheme over X. Assume that

X is a smooth variety. We shall see that CH(Y") has a natural structure of a module over
the ring CH(X). Indeed, as we saw in §55.B| the morphism

i=1y,f): Y =Y xX

is a regular closed embedding of codimension dim X. For every « € CH(Y) and g €
CH(X), we set

(58.16) a-fB=i*axp).

PROPOSITION 58.17. Let X be a smooth variety and Y a scheme over X. Then CH(Y)
is a module over CH(X) under the product defined in (58.16). Let g : Y — Y’ be a proper

(respectively flat) morphism of schemes over X. Then the homomorphism g. (respectively
g*) is CH(X)-linear.

PrRoOOF. The composition of ¢ and the projection p : ¥ x X — Y is the identity on
Y. It follows from Lemma 55.7 that a - [X] = i* (a x [X]) = i* op*(a) = 1} (a) = a, ie.,
the identity [X] of CH(X) acts on CH(Y) trivially.

Consider the fiber product diagram

Yy — . vy xX

i| |

YxX L vxXxX,
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where k = 1y Xdx and h = i x 1 x. It follows from Corollary 55.4/ that for any o € CH(Y")
and 3,y € CH(X), we have

a-(B-y)=*(ax(8:7) = i*k*(a-B-9) =*h*(a-B-7) =i*((a-f) x7) = (a-5) 7.
Consider the fiber product diagram
Y —— Y xX

| o1

Y L Y x X
Suppose first that the morphism g is proper. By Corollary 55.4,

gi(a-B) =g oi*(ax B) =% (g x 1x).(a x B) =i o (g.(a) x B) = g.(a) - B

for all « € CH(Y') and § € CH(X).
If g is proper, it follows from Proposition 55.5 that

g'(o' f) =g oi*(a’ x §) =™ o (g x 1x)"(0' x §) =™ (g"(a) x B) = g" (o) - 8
for all o € CH(Y’) and 8 € CH(X). O

PrROPOSITION 58.18. Let f :' Y — X be a morphism of schemes with X smooth
and g 'Y — Y’ a flat morphism. Suppose that for every point iy’ € Y’, the pull-back

homomorphism CH(X) — CH(Y}/) induced by the natural morphism of the fiber Y, to X
s surjective. Then the homomorphism

h:CH(Y') ® CH(X) — CH(Y), a®f+— g (a-p)
1S surjective.

PrROOF. The proof is similar to the one given for Proposition 52.10. Obviously we
may assume that Y is reduced.
Step 1. Y' is a variety:
We induct on n = dimY’. The case n = 0 is obvious. In general, let U’ C Y’ be a
nonempty open subset and Z’ = Y’ \ U’ have the structure of a reduced scheme. Set
U=g ' (U') and Z = g7'(Z'"). We have closed embeddingsi: Z — Y, ¢ : 72 — Y’ and
open immersions j : U — Y, j': U — Y’. By induction, the homomorphism hy in the
diagram

i,®1 J*®1
R — R

CH(Z') ® CH(X) CH(Y") ® CH(X) CH(U") ® CH(X) —— 0

hzl hyl hyl
CH(Z) LN CH(Y) AN CH(U) 0
is surjective. The diagram is commutative by Proposition 58.17.
Let ¢y € Y’ be the generic point. By Proposition 52.9, the colimit of the homomor-
phisms

(hy)* : CH(U") ® CH(X) — CH(U)
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over all nonempty open subschemes U’ of Y” is isomorphic to the pull-back homomorphism
CH(X) — CH(Y,/) which is surjective by assumption. Taking the colimits of all terms of
the diagram, we conclude by the 5-lemma that Ay is also surjective.

Step 2. Y is an arbitrary scheme:

We induct on the number m of irreducible components of Y’. The case m = 1 is Step
1. Let Z’ be a (reduced) irreducible component of Y’ and let U' =Y’ \ Z’. Consider the
commutative diagram as in Step 1. By Step 1, the map hy is surjective. The map hy is
also surjective by the induction hypothesis. By the 5-lemma, hy is surjective. O

PROPOSITION 58.19. Let C and C" be cones over schemes X and X' respectively.
Then
Sg(C' x C") = Sg(C) x Sg(C") € CH(X x X').

PROOF. Set C = C®1 and (' = C'®1. Let L and L' be the tautological line bundles

over P(C) and P(C") respectively (cf. §104.D). We view L x L' as a vector bundle over

P(C) x P(C"). The canonical morphism L x L' — C' x C" induces a morphism
fiP(LxL)—PCxC).

If D is a cone, we write D° for the complement of the zero section in D. By §104.C, we

have L° = C° and L'° = C". The open subsets C° x C in C' x C" and L° x L'° in L x L/

are dense. Hence f maps any irreducible component of P(L x L) birationally onto an

irreducible component of P(C' x C”). In particular,

£.(P(L x L)]) = [P(C x "]

Let L be the canonical line bundle over P(C x C"). Then f*(L) is the canonical line
bundle over P(L x L'). Let ¢ : P(C x C') — X x X' be the natural morphism. By
Proposition 58.1 and the Projection Formula [56.9, we have

Sg(C x C") = Sg((C x C") @ 1)
= g, oe(L)*([P(C x C"))
= qooe(L)*f.([P(L x L))
=q.o fioe(f*L)*([P(L x L")]).

The normal bundle N of the closed embedding P(C) x P(C") — L x L', given by
the zero section, coincides with L x L’. By definition of the Segre class and the Segre
operation, we have

peoe(f*L)([P(L x L')]) = Sg(N) = s(N)([P(C) x P(C")),

where p : P(L x L') — P(C) x P(C") is the natural morphism. By Propositions 58,12 and
58.9,

s(N)([P(C) x P(C)]) = s(L)([P(O)]) x s(L')([P(C")]).

Let g : IP(é) — X and ¢ : I]D(é’) — X’ be the natural morphisms and set h = g X ¢'.
By Proposition 50.4,

h.os(L)([P(C)]xs(L)([P(C")])) = (g.0s(L)([P(C)])) x (gLos(L')([P(C")])) = Sg(C)xSg(C").
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To finish the proof it is sufficient to notice that qo f = hop and therefore ¢,of, = h,op,. [

EXERCISE 58.20. (Strong Splitting Principle) Let E be a vector bundle over X. Prove
that there is a flat morphism f : Y — X such that the pull-back homomorphism f* :
CH.(X) — CH,(Y) is injective and f*(F) is a direct sum of line bundles.

EXERCISE 58.21. Let E be a vector bundle of rank r. Prove that e(E) = ¢,.(E).



CHAPTER XI

Steenrod operations

In this chapter we develop Steenrod operations on Chow groups modulo 2. There are
two reasons why we do not consider the operations modulo an arbitrary prime integer.
Firstly, this case is sufficient for our applications as the number 2 is the only ”critical”
prime for projective quadrics. Secondly, our approach does not immediately generalize to
the case of an arbitrary prime integer.

Unfortunately, we need to assume that the characteristic of the base field is different
from 2 in this chapter as we do not know how to define Steenrod operations in character-
istic two.

In this chapter, the word scheme means a quasi-projective scheme over a field F' of
characteristic not 2. We write Ch(X) for CH(X)/2 CH(X).

Let X be a scheme. Consider the homomorphism Z(X) — Ch(X) taking the class
[Z] of a closed subvariety Z C X to j. (Sg(TZ)) modulo 2, where Sg is the total Segre
class (cf. §58.A), T, is the tangent cone over Z (cf. Example [104.5) and j : Z — X is
the closed embedding. We shall prove that this map factors through rational equivalence
yielding the Steenrod operation modulo 2 of X (of homological type)

Sq™ : Ch(X) — Ch(X)
Thus we shall have
Sq* ([2)) = j-(Se(T2))

modulo 2. We shall see that the operations Sq* commute with the push-forward ho-
momorphisms, so they can be viewed as functors from the category of schemes to the
category of abelian groups.

For a smooth scheme X, we can then define the Steenrod operation modulo 2 of X (of
cohomological type) by the formula

Sqy = ¢(Tx) o Sq™ .

This formula can be viewed as a Riemann-Roch type relation between two operations.
We shall show that the operation Sqy commute with pull-back homomorphisms, so can
be viewed as contravariant functors from the category of smooth schemes to the category
of abelian groups.

In this chapter, we shall also prove the standard properties of the Steenrod operations.

Steenrod operations for motivic cohomology modulo a prime integer p of a smooth
scheme X were originally constructed by Voevodsky in [144]. The reduced power opera-
tions (but not the Bockstein operation) restrict to the Chow groups of X. An “elemen-
tary” construction of the reduced power operations modulo p on Chow groups (requiring
equivariant Chow groups) was given by Brosnan in [22].

283
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59. Definition of the Steenrod operations

Consider a cyclic group G = {1,0} of order 2. Let Y be a G-scheme such that
p:Y — Y/G is a G-torsor over a field F' (cf. §105.A). For a point z € Y/G, let Y, be the
fiber of p over z. By Example 105.6, we have Y, = Spec(K), where K is an étale quadratic
algebra over F'(z). Then either K is a field (and the fiber Y, has only one point y) or
K = F(z) x F(z) (and the fiber has two points y; and y3). In any case, every point in Y,
is unramified (cf. Proposition 105.5(2)). It follows that for the pull-back homomorphism
p*: Z(Y/G) — Z(Y), we have

. if K is a field
p*(l2]) = { F;]l]‘i‘[yﬂ otherwise.

Similarly, for a point y in the fiber Y,, we have:

o ={ 7 G

In particular, p, o p* is multiplication by 2.
We have o(y) =y if K is a field and o(y;) = y, otherwise. In particular,

(59.1) prop,=1+0",

where o* : Z(Y') — Z(Y') is the (pull-back) isomorphism induces by o.
The cycles [y] and [y1] + [y2] generate the group Z(Y)% of G-invariant cycles. We have
proved

PROPOSITION 59.2. Let p : Y — Y/G be a G-torsor. Then the pull-back homomor-
phism
P LY/G) = Z(Y)©

s an isomorphism.

Suppose char F' # 2. Let X be a scheme over . The group G acts on X2 x Al =
X x X x A by o(z,2',t) = (2/,2,—t). We have (X? x A1) = A(X) x {0}, where
A : X — X?is the diagonal morphism. Set

(59.3) Ux == (X* x A"\ (A(X) x {0}).

The group G acts naturally on Uyx. The morphism p : Ux — Ux/G is a G-torsor (cf.
Example 105.4).

Let a € Z(X) be a cycle. The cycle a? x A := a x a x Al in Z(X? x Al) is invariant
under the above G-action as is the restriction of the cycle o? x A on Uy. It follows from
Proposition 59.2) that the pull-back homomorphism p* identifies Z(Ux/G) with Z(Ux)®.
Let a2 € Z(Ux/G) denote the cycle satisfying p*(aZ) = (a? x Al)|y, -

We then have a map

(59.4) 72(X) = Z(Ux/G), aw af.

LEMMA 59.5. If a and o are rationally equivalent cycles in Z(X) then o2 and 0/?;
are rationally equivalent cycles in Z(Ux /G).
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PROOF. As in §57.Al let Z(X;P!) denote the subgroup of Z(X x P!) generated by
the classes of closed subvarieties in X x P! dominant over P!. Let W C X x P! and
W' c X' x P! be two closed subvarieties dominant over P'. The projections W — P!
and W’ — P! are flat and hence so is the fiber product W xp W’ — P!. Therefore,
every irreducible component of W xp1 W' is dominant over P!, i.e., the cycle [IW xp1 W]
belongs to Z(X x X’;P'). By linearity, this construction extends to an external product
over P! given by

Z(X;PY) x Z(X5PY) = Z(X x X5 P, (8,8) = B xpr B
By Proposition 57.11)
(59.6) (W xp1 W)(a)] = [W(a) x W(a)] = [W(a)] x [W(a)]

for any rational point a of P1. If X’ = X and 3’ = 3, write 32 for 3 xp1 (.

By Proposition 57.5, there is a cycle 8 € Z(X; P') such that o = 3(0) and o' = (o0).
Consider the cycle 52 x [Al] € Z(X? x AL PY). i

Let G act on X% x Al x P! by o(z,2',t,s) = (2/,2,—t,s). The cycle 5% x [Al] is
G-invariant. Since Ux x P! is a G-torsor over (Ux/G) x P', the restriction of the cycle
(% x [A'] on Ux x P! gives rise to a well defined cycle

5% € Z(Ux /G; PY)

satisfying

(59.7) ¢ (B2) = (5% x [A]) [y

where ¢ : Ux x P! — (Ux/G) x P! is the canonical morphism.

Let Z C (Ux/G) x P! be a closed subvariety dominant over P'. We have p~'(Z(a)) =
¢ (Z)(a) for any rational point a of P!, where p : Ux — Ux /G is the canonical morphism.
It follows from Proposition [57.7 that

(59.8) r*(v(a)) = (¢"(1)(a)
for every cycle v € Z(Ux/G;P'). )
Let 8 =" n;[W;]. Then applying (59.8) to v = 32, we see by (59.6) and (59.7) that

p*(F&(a)) = (47(62)) (a) = (5 x [AY]) vy xe1 ()
= Zninj [VVZ Xpt VV] X Al} |UX><[P1(a)
= anj [(Wi(a) x Wj(a) x A |uy
= p*(8(a)2)
in Z(Ux). It follows that B%(a) = B(a)% in Z(Ux/G) since p* is injective on cycles. In

particular, 5%(0) = $(0)% = a2 and F%(c0) = B(00)% = a'%, i.e., the cycles a2 and o7,
are rationally equivalent by Proposition 57.5. O

By Lemma 59.5, we have a well defined map (but not a homomorphism!)

(59.9) vy : CH(X) — CH(Ux/G), [a] — [aZ)].
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Consider the blow up By of X? x Al along A(X) x {0}. The exceptional divisor is
the projective cone P(Ty @ 1), where Tx is the tangent cone of X. The open complement
Bx \ P(Tx & 1) is naturally isomorphic to Ux and the group G = {1,0} acts naturally
on By (cf. §105.B).

By Proposition 105.7, the composition

Z[P(Txaﬁ:ﬂ_)cﬁBX—)Bx/G

is a locally principal divisor with normal line bundle L®? where L is the canonical line
bundle over P(Tx & 1).

We define a map
as follows: Let 6 € Ch(Ux/G). By the localization property (Proposition 57.8)), there is
f € Ch(Bx/G) such that 3|, /q) = 0. We set

ux () = *(9).
We claim that the result is independent of the choice of 8. Indeed, if #’ € Ch(Bx/G)
is another element with 8’|y, /q) = ¢ then by the localization, 3’ = 3 + i.(y) for some
v € Ch(Tx @ 1). By Proposition 55.10, we have (i* o0 ,)(y) = e(L®?)(y) = 2e(L)(y) =0
modulo 2, hence
*(3) = *(B) + (% o) (v) = *(B)

as needed.

Let q : Bx — Bx /G be the projection.

LEMMA 59.10. The composition i* o g, : Ch(Bx) — Ch(P(Tx ® 1)) is zero.

PROOF. The scheme Y := ¢! (IP(TX D ]l)) is a locally principal closed subscheme of
Bx. The sheaf of ideals in Op, defining Y is the square of the sheaf of ideals of P(Tx & 1)
as a subscheme of By. Let j : Y — By be the closed embedding and p : Y — P(Tx © 1)
the natural morphism. By Corollary 55.4, we have i* o g, = p, o j*. It follows from
Proposition [55.11 that j* is trivial modulo 2. 0

PrROPOSITION 59.11. For every scheme X, the map ux is a homomorphism.

PROOF. Let p: Ux — Ux /G be the projection. For any two cycles a = > n;[Z;] and
o =Y nl[Z;] on X, we have
p*(a+a)g —p(ag) —p(ag”) = (1+0%)(7),
where
Y= ZTLZTL; [Zz X Zj X Al] |UX S Z(Ux)

i<j
Since p* op, = 1+ ¢* by (59.1) and p* is injective on cycles by Proposition 59.2, we have

(a+a")g —ag — ag” = p.(7).
Let 8, /, 0" € Ch(Bx/G) and 6 € Ch(Ux) be cycles restricting to «, o, a + o and 7
respectively satisfying

B =B -8 = q.9).
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By Lemma 59.10,
ux(a+ o) —ux(a) - ux(a/) = *(B") =¥ (8) = *(F) = (Foq)()=0. O

Let X be a scheme. We define the Steenrod operation of homological type as the

composition
Sq¥ : Ch(X) 25 Ch(Uy /G) 5 Ch(P(Ty & 1)) 25 Ch(X),
where sg’x is the Segre homomorphism defined in §58.A. For every integer k we write
Sqi : Ch,(X) — Ch,_4(X),

for the component of Sq~ decreasing dimension by k.

PROPOSITION 59.12. Let Z be a closed subvariety of a scheme X. Then Sq™~([Z]) =
Jx (Sg(Tz)), where j : Z — X 1s the closed embedding and Sg is the total Segre class.

PROOF. Let aw = [Z] € CH(X). We have vy(a) = af = [Uz/G]. Set 5 = [B;/G] €
CH(Bz/G). By Proposition 55.6, we have i¥ () = [P(T; ®1)], where iz : (T & 1) —
Bz/G is the closed embedding.

Consider the diagram

Ch(By/G) —2ms CL(P(Ty & 1)) £ Ch(2)

ngX

Ch(Bx/G) —3 Ch(P(Tx 1)) 2 Ch(x)

with vertical maps the push-forward homomorphisms. The diagram is commutative by
Corollary 55.4 and Proposition 58.2. The commutativity yields

Sq([Z]) = (sg™ oi¥) (k.(B))
= (j. 0 5g"% 0i¥)(9)
= (j.osg™)([P(Tz @ 1))
= J« (Sg(TZ)). O

REMARK 59.13. The maps vy, ux and sg’* commute with arbitrary field extensions
hence so do Steenrod operations. More precisely, if L/F is a field extension then the
diagram
Sq¥

Ch(X) 2, Cn(x)
Ch(X;) 25 Cn(xy)

commutes.

60. Properties of the Steenrod operations

In this section, we establish the standard properties of Steenrod operations of homo-
logical type.
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60.A. Formula for a smooth cycle. Let Z be a smooth closed subvariety of a
scheme X. By Proposition 58.9, the total Segre class Sg(7’z) coincides with s(7) ([Z]) =
o(T7)([Z]) = c(—T%)([Z]), where c is the total Chern class. Hence by Proposition
59.12,

(60.1) Sa¥ ([2]) = ju o c(—T2)(12)),
where j : Z — X is the closed embedding.
60.B. External products.

THEOREM 60.2. Let X and Y be two schemes over a field F' of characteristic not two.
Then S Y (ax B) = Sq™* () x qu(ﬁ) forany a € Ch(X) and B € Ch(Y). Equivalently,

k+m=n

SqXXY

for all n.

PROOF. We may assume that o = [V] and § = [W] where V and W are closed
subvarieties of X and Y respectively. Let ¢ : V — X and 7 : W — Y be the closed
embeddings. By Propositions 50.4, 58.19, and Corollary 104.8,

ST Y (a x B) = (i x §)y 0 Sg(Ty xw)
= (ix X Ji) o Sg(Tv x Tw)
= (ix % ju) © (Sg(Tv) x Sg(Tw))
= i, 0 5g(Tv) X ju 0 Sg(Tw)
= Sq™ () x Sq¥ (9). O
60.C. Functoriality of Sq~.
LEMMA 60.3. Leti:Y — X be a closed embedding. Then 1, o SqY = SqX Oly.

PRrROOF. Let Z C Y be a closed subscheme and let j : Z — Y be the closed embedding.
By Proposition 59.12, we have

i 0 8q" ([Z]) = ix 0 ju 0 Sg(Tz) = (ij)« 0 Sg(Tz) = Sq™ (i.[2]). O

P"xX

LEMMA 60.4. Let p: P" x X — X be the projection. Then p, o Sq = Sq*¥ op,.

PRrROOF. The group CH(P" x X) is generated by cycles o = [P*¥ x Z] for all closed
subvarieties Z C X and k£ < r by Theorem 57.13. It follows from Lemma 60.3 that we
may assume Z = X and k = r. The statement is obvious if » = 0, so we may assume
that 7 > 0. Since p,(a) = 0, we need to prove that p, Sq© **(a) = 0.

By Theorem 60.2, we have

Sa"*F () = Sq™ ([P]) x Sa™ ([X]).
It follows from Example 58.6/ and (60.1) that
Sa™ ([P7]) = e(Tp-) *([P]) = (1 + h) "
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where h = ¢;(L) is the class of a hyperplane in P". By Proposition 50.4,
pe(Sq” % () = deg(1 4+ h) 7" - Sq™ ([X]).

deg(1 -+ = (7 = (7)

and the latter binomial coeflicient is even if r > 0. O

We have

THEOREM 60.5. Let f:Y — X be a projective morphism. Then the diagram

Ch(y) S, cn(y)
f{ f{

Ch(X) —— Ch(X)
18 commutative.

PROOF. The projective morphism f factors as the composition of a closed embedding
Y — P" x X and the projection P" x X — X so the statement follows from Lemmas
60.3 and 60.4. O

THEOREM 60.6. Sqiy =0 if k <0 and Sqé( 1s the identity.

ProoF. First suppose that X is a variety of dimension d. By dimension count, the
class Sqp ([X]) = Sg,_,(Tx) is trivial if £ < 0. To compute Sq ([X]), we can extend the
base field to a perfect one and replace X by a smooth open subscheme. Then by (60.1),

Sag ([X]) = co(—Tx)([X]) = [X],

i.e., Sqp is the identity on Chy(X).
In general, let Z C X be a closed subvariety and let j : Z — X be the closed
embedding. Then by Lemma 60.3 and the first part of the proof, the class Sqf ([Z]) =

7+ (Saf ([2])) is trivial for k < 0 and is equal to [Z] € Ch(X) if k = 0. O

61. Steenrod operations on smooth schemes

In this section, we define Steenrod operations of cohomological type and prove their
basic properties.

LEMMA 61.1. Let f : Y — X be a regular closed embedding of schemes of codimension
r and g : Uy /G — Ux /G the closed embedding induced by f. Then g is a reqular closed
embedding of codimension 2r and the following diagram

CH(X) —— CH(Ux/G)

f*l Jg*
CH(YY) —2— CH(Uy/G)

18 commautative.
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ProOF. The closed embedding Uy — Uy is regular of codimension 2r and the mor-
phism Ux — Ux/G is faithfully flat. Hence ¢ is also a regular closed embedding by
Proposition 104.11. Let p : N — Y be the normal bundle of f. The Gysin homomor-
phism f* is the composition of the deformation homomorphism o; : CH(X) — CH(N)
and the inverse to the pullback isomorphism p} : CH(Y) — CH(N) (cf. §55.A).

The normal bundle Nj of the closed embedding h : Uy — Ux is the restriction of the
vector bundle N2 x A! on Uy-.

Consider the diagram

Z(X) —— Z(X2x AN —— Z(Uy)¢ —— Z(Ux/G)
o b
(61.2) Z(N) —— Z(N? x AYS —— Z(N,)¢ —— Z(N,/G)
| | I I
Z2(Y) —— Z(Y2x AYG —— Z(Uy)¢ —— Z(Uy/G)

where the first homomorphism in every row takes a cycle a to a? x [A!], the other unmarked
maps are pull-back homomorphisms with respect to flat morphisms and the equalities
follow from Proposition [59.2.

The deformation homomorphism is defined by o (> n;[Z;]) = [Ck,], where k; : Y N
Z; — Z; is the restriction of f by Proposition 52.7, so the commutativity of the upper left
square follows from the equality of cycles [Cy, x Cy,;] = [C,xx,;] (cf. Proposition 104.7).
The two other top squares are commutative by Proposition 51.5. The commutativity of
the left bottom square follows from Propositions 57.7 and 57.11. The two other squares
are commutative by Proposition 49.18.

The normal bundle N}, is an open subscheme of Uy and of N2 x Al. Let j: N — Uy
and [ : N,/G — Uy /G be the open embeddings. The following diagram of the pull-back
homomorphisms

Z(N) —— Z(N? x A —— Z(Uy)¢ —— Z(Ux/G)
| | o v
Z(N) —— Z(N? x A)S —— Z(N,)E —— Z(N,,/G)

is commutative by Proposition 49.18. It follows from Lemma [59.5 that the composition
in the top row factors through the rational equivalence, hence so does the composition in
the bottom row and then in the middle row of the diagram (61.2). Therefore the diagram
(61.2) yields a commutative diagram

CH(X) —=% CH(Ux /@)

af

H(N) —— CH(Uy/G) —=— CH(N, /G)

Q

~

p l

CH(Y) — CH(Uy /G)

*

Pg
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The lemma follows from the commutativity of this diagram. O

Let f : Y — X be a closed embedding of smooth schemes with the normal bundle
N — Y. Consider the diagram

P(Ty ®1) —2— P(Tx & 1)

d 1|
f
Y —_— X.

LEMMA 61.3. We have ¢(N) o f* o sg’> = sgT¥ oj*.

PROOF. By the Projective Bundle Theorem 57.13, the group CH([P(TX @ ]l)) is gen-
erated by the elements 3 = e(Lx)*(¢*(a)) with k£ > 0 and a € CH(X). We have

(61.4) e(Lx)*(B) = e(Lx)* (" (e))-

Since j*(Lx) = Ly and j*og* = p*o f*, we have j*3 = e(Lz, )*(p*(f*())) by Proposition

53.3(2) and therefore

(61.5) e(Ly)*(5°(8)) = e(Ly)* o p"(f*(a))-

By Proposition [104.16, ¢(N) o s(f*(Tx)) = ¢(N) o ¢(f*(Tx))

follows from (61.4), (61.5), Propositions [54.7 and [58.4(2) that

c(N)o f*osg™(8) = ¢(N Oq* oe(Lx)*(B)

=¢(N)o f*oq oe(Ly)*(¢"(a))
(N)o "o s(Tx)(a)
(
(

-1

= C(Ty)il = S(Ty). It

I
o

)o
)o
)o
)

o

N)o (f Tx)(f*())

Ty)(f* (@)

= p oe(Ly)* op*(f (@)

=" Oe(L )*(77(9))

= sg™¥ oj*(f). O

PROPOSITION 61.6. Let f: Y — X be a closed embedding of smooth schemes with the
normal bundle N. Then ¢(N) o f* o Sq* = Sq* of*.

=S

ProOOF. By Proposition [105.8, the schemes By /G and Bx /G are smooth. Let
jHD(Ty@:ﬂ_>—>[P(Tx@:ﬂ_) and hBy/GHBx/G

be the closed embeddings induced by f. Let @ € Ch(X). Choose § € Ch(Bx/G)
satisfying 5|y /q) = o (cf. (59.4)). It follows from Proposition 55.19 and Lemma 61.1

that
2

(h*(B)lwy ey = (f*(@)) -
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By Proposition 55.19 and Lemma [61.3,

¢(N) o f*oSq*(a) = ¢(N) o f* o sg™ i ¥ ()
— ngY 0j* o Z?(ﬁ)
= sg?v il o h* ()
= Sq” of*(a). O
Let X be a smooth scheme. We define the Steenrod operations of cohomological type
by the formula

Sqy = c(Tx) o Sq™* .
We write Sq% for kth homogeneous part of Sqy. Thus Sq% is an operation
Sq% : Ch*(X) — Ch*™*(X).
PROPOSITION 61.7 (Wu Formula). Let Z be a smooth closed subscheme of a smooth

scheme X. Then Sqx ([Z]) = j. o ¢«(N)([Z]), where N is the normal bundle of the closed
embedding j : Z — X.

PROOF. By Proposition 54.5/ and (60.1)),

Sax ([Z]) = e(Tx) o Sa™ (12])
=c¢(Tx)ojso0 c(—TZ)([Z])
= j. o c(i*(Tx)) o c(=T2)([Z])
= J» 0 e(N)([Z])
since ¢(Tz) o ¢(N) = ¢(j*(Tx)). O

THEOREM 61.8. Let f : Y — X be a morphism of smooth schemes. Then the diagram
Ch(X) %, Ch(X)
f*l l e
Ch(Y) -2 Ch(Y)
18 commutative.

PROOF. Suppose first that f is a closed embedding with normal bundle N. It follows
from Propositions 54.5(2) and 61.6/ that

f*oSqy = f*oc(Tx)oSq*
= ¢(f*(Tx)) o f* 0 S
= ¢(Ty) o ¢(N) o f* oS¢
= c(Ty) 0 Sq" of*
= Sqyof”.
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Secondly, consider the case of the projection g : Y x X — X. Let Z C X be a closed
subvariety. By (60.1), Propositions 58.12, 57.11, Corollary [104.8, and Theorem 60.2), we
have ¢*([Z]) = [Y x Z] = [Y] x [Z] and

SquX(g*([Z])) = C(TYxX) °© SqYXX([Y X ZD
(e(Tyv) x e TX )) (Sa" ([Y']) x Sq™ ([2]))
(e(Tv) 0 Sa™([Y])) x (c(Tx) o Sa™([Z]))
= [Y] x Sax ([2])
=49 (SQX([ ]))

In the general case, write f = g o h where h = (idx, f) : ¥ — Y x X is the closed
embedding and g : Y x X — X is the projection. Then by the above,

ffoSqy =h"0g"oSqy =h" oSqy,x 09" = Sqy oh™og* =Sqy of”. O

ProproOSITION 61.9. Let f : Y — X be a smooth projective morphism of smooth
schemes. Then

Sqx of. = fioc(—T}) o Sqy,
where Ty is the relative tangent bundle of f.

PRroOOF. It follows from the exactness of the sequence
0Ty =Ty — ff(Tx) =0
that ¢(Ty) = ¢(Tf) o e(f*T'x). By Proposition 54.5(1) and Theorem 60.5,

Say of. = ¢(Tx) o Sq™ of.

= c(Tx) o fioc(=Ty) o Sqy
= feoc(fTx) o c(=Ty) o Say
= fioc(=T}) o Sqy . O
Let X be a smooth variety of dimension d and let Z C X be a closed subvariety.
Consider the closed embedding j : P(T; @ 1) — P(Tx © 1). By the Projective Bundle

Theorem [57.13 applied to the vector bundle T'x &1 over X of rank d+ 1, there are unique
elements ag, v, . .., g € Ch(X) such that

G (P(Tz@1)]) =) (L) (q" ()

k=0

in Ch(P(Tx®1)), where L is the canonical line bundle over P(Tx ®1) and ¢ : P(Tx ®1) —
X is the natural morphism. We set o := op + a3 + - - - + ag € Ch(X).

LEMMA 61.10. Sq™ ([Z]) = s(Tx)().
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PROOF. Let p: P(Tz®1) — Z be the projection and ¢ : Z — X the closed embedding,
so that i op = g o j. The canonical line bundle L’ over P(7; & 1) coincides with j*(L)
and by Proposition 53.3,

Sqa*(12]) = i. Sg(12)
=i, op,0e(L) ([P(T7 @ 1))
= ¢, 0j.oe(5°(L))"(IP(Tz ® 1))
= g. o e(L)" 0 j.([P(Ty @ 1)])

d
=q.oe(L)* o> e(L)(q (an))
=q.oe(L)®oq ()
= 5(Tx) (). O

COROLLARY 61.11. Sqx ([Z]) = @ in Ch(X).
Proor. By Lemma 61.10 and Proposition 58.9,

Sax ([2]) = e(Tx)(8a™ ([2])) = e(Tx)s(Tx)(a) = e O
THEOREM 61.12. Let X be a smooth scheme. Then for any 3 € Ch*(X),
6 ifr=20

Sax(B) =6 ifr=k

0 difr<O0orr>k.

PROOF. By definition and Theorem 60.6, we have Sq’§< = 0if k < 0 and Sq% is the
identity operation.

We may assume that X is a variety and § = [Z] where Z C X is a closed subvariety
of codimension k. Since a; € Ch*7(X), we have Sq%(3) = aj_, by Corollary 61.11.
Therefore, Sq'y (3) = 0 if r > k.

As Sq])“( (8) = ap, it remains to prove that 3% = . Consider the diagonal embedding
d: X — X? and the closed embedding h : T, — T'x. By the definition of the product in
Ch(X) and Proposition 52.7,
p*(8%) = p* 0 dx ([Z°]) = 04([Z°]) = h.([T2]) € Ch(Tx),
where p : Tx — X is the canonical morphism. Let j : Tx — P(Tx @ 1) be the open
embedding. Since the pullback j*(L) of the canonical line bundle L over P(Tx @ 1) is a
trivial line bundle over Tx, we have

. SOl S (e vy P (@) if s =0,
7 oe(L)*(¢" () = e(5* (L) (" o ¢*(a)) = {0 o

for every a € Ch(X). Hence
P (8%) = [Tz] = ;" ([P(Tz ® 1)]) = p"(0w),

therefore, 3% = aq since p* is an isomorphism. O
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THEOREM 61.13. Let X and Y be two smooth schemes. Then Sqx.y = Sqx X Sqy -

Proor. By Corollary 104.8, we have Txyy = Tx x Ty. It follows from Theorem 60.2
and Proposition 58.12 that

Sdxxy = c(Txxy) o SqXXY

= (¢(Tx) o SqX) x (c(Ty) o qu)
COROLLARY 61.14 (Cartan Formula). Let X be a smooth scheme. Then Sqy(a-3) =
Sqx(a) - Sqx(B) for all o, € Ch(X). Equivalently,
Sak(a-p) = ) Sdk(a) Sax(d)
k+m=n
for all n.

ProoOF. Let 7 : X — X x X be the diagonal embedding. Then by Theorems 61.8 and
61.13,

Sax(a-f) = Sax (i*(a x 9))
=i Sqxxy (@ x B)
=17 (SQX(O‘> x SQXW))
= Sax(a) - Sax (). ]
EXAMPLE 61.15. Let X = P¢ be projective space and h € Ch'(X) the class of a

hyperplane. By Theorem [61.12, we have Sqy(h) = h + h* = h(1 + h). It follows from
Corollary 61.14/ that

Sax() = H(1+ 1), san) = (1)

By Example 104.20, the class of the tangent bundle Tx is equal to (d + 1)[L] — 1, where
L is the canonical line bundle over X. Hence

C(Tx) _ C(L)d—H — (1 + h)d—i—l

and . . ' .
Sq* (h') = ¢(Tx) ™" 0 Sax (k') = hi(1 + h)™4t.






CHAPTER XII

Category of Chow motives

In this chapter we study Chow motives. The notion of a Chow motive is due to
Grothendieck. Many (co)homology theories defined on the category Sm(F) of smooth
complete schemes, such as Chow groups and more generally K-(co)homology groups take
values in the category of abelian groups. But the category Sm(F) itself does not have the
structure of an additive category as we cannot add morphisms of schemes.

In this chapter, for an arbitrary commutative ring A, we shall construct the additive
categories of correspondences CR(F,A), CR.(F,A) and motives CM(F,A), CM.(F,A)

together with functors

Sm(F) —— CR(F,A) —— CM(F,A)

| |

CR.(F,A) —— CM,(F,A)

so that the theories with values in the category of abelian groups mentioned above fac-
tor through them. All of these the new categories do have the additional structure of
additive category. This makes them easier to work with than with the category Sm(F).
Applications of these categories can be found in Chapter XVII later in this book.

Some classical theorems also have motivic analogs. For example, the Projective Bundle
Theorem 53.10 has such an analog (cf. Theorem [63.10) below. We shall se that the motive
of a projective bundle splits into a direct sum of certain motives already in the category
of correspondences CR(F,A). From this the classical Projective Bundle Theorem 53.10
can be obtained by applying an appropriate functor to the decomposition in CR(F, A).

In this chapter scheme means a separated scheme of finite type over a field.

62. Correspondences

A correspondence between two schemes X and Y is an element of CH(X x Y'). For
example, the graph of a morphism between X and Y is a correspondence. In this section
we study functorial properties of correspondences.

For a scheme Y over F', we have two canonical morphisms: the structure morphism
py : Y — Spec(F) and the diagonal closed embedding dy : Y — Y x Y. If Y is complete,
the map py is proper and if Y is smooth, the closed embedding dy is regular.

Let X,Y and Z be schemes over I’ with Y proper and smooth. We consider morphisms

Zi=lxxpy x1lz: X XY XxZ—-XxZ

and
Z=lxxdy x1z: X XY XZ—-XxY XY xZ.
If X = Spec(F), we shall simply write pZ and dZ.
297
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Define a bilinear pairing of K-homology groups (cf. §52)
AY x Z,K,) x Au(X XY, K,) - A(X x Z,K,)
by
(62.1) (B,0) — Boa:=(pZ), o (&) (a x ).

For an element o € A,(X X Y, K,) we write o' for its image in A,(Y x X, K,) under
the exchange isomorphism X x Y ~Y x X. The element o is called the transpose of a.
By the definition of the pairing,

(Boa)'=a'op.

PROPOSITION 62.2. The pairing (62.1) is associative. More precisely, for any four

schemes X, Y, Z,T over F' with' Y and Z smooth and complete and any
a€ A (X XY, K,), e A(Y x Z,K,), and vy € A, (Z x T, K,.), we have

(voB)oa= (Pyiz)o (dyuz)*(@x B xy)=yo(Boa)
Proor. We prove the first equality. It follows from Corollary 55.4 that
CHEY* o (09, = (5p8), 0 (UET)X
By Propositions 50.4, 50.5, and [55.1, we have

(yoB)oa=(py).o (Xd%*( x ('p2)s (dz)* (B x 7))

= (9.0 CHEY* 0 (%), 0 (¥ x 9 x )
By e (50 (R (a8
:( $><Z) (ngxZ) (OéXﬁXV). U

Let f: X — Y be a morphism of schemes. The isomorphic image of X under the
closed embedding (1y,f) : X — X x Y is called the graph of f and is denoted by
I'y . Thus, I'y is a closed subscheme of X x Y isomorphic to X under the projection
X xY — X. The class [I'f] belongs to CH(X x Y).

PROPOSITION 62.3. Let X,Y,Z be schemes over F with' Y smooth and complete.

(1) For every morphism g:Y — Z and o € A(X x Y, K,),

[Cgl o a = (1x X g)«(a).
(2) For every morphism f: X —Y and f € A.(Y x Z,K,),
Bollyl=(fx12)"(B).
PRrROOF. (1): Consider the commutative diagram

XxYpY XdY
X XY «— X xY xY — X xY

| |

Z

X i
XXYXYXZ —— X XYXxZ — XxZ
where 7 = 1xyy X (1y,g) and t = 1x x (1ly, g).
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The composition ¥ ¥y oXdy is the identity on X x Y and pZ ot = 1y x g. It follows
from Corollary 55.4 that (¥Z)* or, = t, o (¥y)*. We have

[[y]oa = ()%’ x O ()%Z/)*(a X [Fg])

(2): Consider the commutative diagram

Y xXZ

YxZ & XxYxZ <% XxZ
)ﬂZ )%)Z
XXxYXxYxZ X XxYxZ —2s XxZ

where u = (1x, f) X lyyxz and v = (1x, f) X 1.

Y XZ

The composition %pZ o v is the identity on X x Z and p},*? ov = f x 1. It follows

from Corollary 55.4/ that ()%ZZ) o U, = v, o v*. We have

Bo Ly = (DE). o ((aZ)*([Ty] x B)
@%)*o(%)*ou*([ | x B)
— (D2). 0 (HE)* 0 us 0 (P)*(B)
<>§o$>*ov*ov o (px )" (B)
= (f x 12)*(B). m

COROLLARY 62.4. Let X andY be schemes over F' and o € A,(X XY, K,). Then

(1) If Y is smooth and complete then oo [I'1,] = a.
(2) If X is smooth and complete then [['1,]oa = a.

COROLLARY 62.5. Let f : X — Y and g: Y — Z be two morphisms. If Y is smooth
and complete then [I'y] o [I'f] = [Ty

PRrROOF. By Proposition 62.3(1),

[Tl o [Ts] = (1x x g).([T'f])

= (Lx x g)«(1x, f)«([X])

= (Lx,9f)«([X])

[Fgf] O

Let X, Y and Z be arbitrary schemes and o € A, (X x Y, K,). If X is smooth and
complete, we have a well defined homomorphism

a, AZ x X K,) — AlZ XY, K,), [raof.
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If « = [I'y] with f : X — Y a morphism, it follows from Proposition 62.3(1) that
Ay — (]—Z X f)*

If X is smooth and Z = Spec(F), we get a homomorphism ., : A.(X,K.) —
A, (Y, K,). We have simpler formula for «, in the following case:

PROPOSITION 62.6. Let o = [T'] with T C X XY a closed subscheme with X smooth
and complete. Then o, = q, op*, where p:T — X and q: T — Y are the projections.

PrROOF. Let r: X XY — Y be the projection, i : T'— X x Y the closed embedding,
and f:T — X x T the graph of the projection p. Consider the commutative diagram

X xT 4 T 1y

ol

Y

XxXxYV X Xxxv v

It follows from Corollary 55.4 that i, o f* = (d%)* o (1x x 4),. Therefore for every
f e A(X, K,), we have
a(B) = roo (dx)* (3 x a)

=r,0(d%)* o (lx x z)*(ﬁ X [T])

= T, 01y of*(ﬁ X [T])

=q. o f*(B < [T)

= q.op"(9). 0

If Y is smooth and complete, we have a well defined homomorphism
o ALY x Z,K,) — A(X X Z,K,), [+ [oa.

If @« = [I'y] for a flat morphism f : X — Y, it follows from Proposition 62.3(2) that
o = (f X 1z)*

Let X, Y and Z be arbitrary schemes, a € A, (X x Y, K,), and g : Y — Z a proper
morphism. We define the composition of g and « by

goaw: = (1X X g)*(a) € A*(X X Z, K*)

If goa = [I'}] for some morphism h : X — Z, we abuse notation and just write goa = h.
If YV is smooth and complete, we have g o v = [['y] o @ by Proposition 62.3(1).

Similarly, if 5 € A.(Y x Z,K,) and f : X — Y is a flat morphism, we define the
composition of # and f by

Bofi=(fx12)"(8) € A(X x Z,K.).

If Y is smooth and complete, we have fo f = o [['y] by Proposition 62.3(2).
The following statement is an analogue of Proposition 62.2 with less assumptions on
the schemes.

PROPOSITION 62.7. Let X, Y, Z and T be arbitrary schemes.
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(1) Let o« € Au(X XY K,), v€ AT x X, K,), and g : Y — Z a proper morphism.
If X is smooth and complete then
(goa)oy=go(aoy), e, (goa) = g0 .
(2) Let p € A(Y x Z,K,), d € Al(Z xT,K,), and f: X —Y a flat morphism. If
Z 1s smooth and complete then
do(Bof)=(00pB)of, ue, (Bof) =[f"op"
PRrOOF. (1): Consider the commutative diagram with fiber product squares

TY

TxXxXxY < 7uxxy 25, pxy

1T><X><X><gl ITXXXQJ/ llTXQ

7 Z

TxXxXxZ % TxXxZ %, Txz
It follows from Proposition [50.4/ and Corollary 55.4/ that

go(aoy)=(lr x g).(aocy)
= (17 x g)« o (D). 0 (dx)* (v x @)
= (P%)w 0 (d%)* o (Irxxxx X g)u(y X )
= (Ix x g)«(a) oy
=(goa)on.

(2): The proof is similar using Propositions 49.20} 50.5 and [55.5/ instead. O

If v € Al(Y x X,K,) and g : Y — Z is a proper morphism, we write v o g* for
(go ") € AZ x X, K,). Similarly, if 6 € A, (Z x Y, K,) and f : X — Y is a flat
morphism, we define the composition f'od € A,(Z x X, K,) to be (6" o f)".

63. Categories of correspondences

Let A be a commutative ring. For a scheme Z, we write CH(Z; A) for the A-module
CH(Z) ® A.

Let X and Y be smooth complete schemes over F. Let Xi, X5,..., X, be the irre-
ducible components of X of dimension dy, ds, ..., d, respectively. For every i € Z, we set

Corry(X, Y3 A) HCHHdk X, x Y3 A).

An element a € Corr;(X,Y;A) is called a correspondence between X and Y of degree i
with coefficients in A. We write o : X ~~ Y.

Let Z be another smooth complete scheme. By Proposition 62.2), the bilinear pairing
(B, ) — [ o« on Chow groups yields an associative pairing (composition)

(63.1) Corr;(Y, Z; A) x Corrj(X,Y;A) — Corryy (X, Z; A).

The following proposition gives an alternative formula for this composition involving
only projection morphisms.
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PROPOSITION 63.2. Boa = (%Z).((*z)*(a) - (pX*7)*(B)).

PROOF. Let f: X XY XY XxZ — X XY X Zx X XY xZ be defined by f(x,y,y,2) =
(1,y,2,2,y,2). We have f oXdZ = dxyxz, therefore

Boa= (7). o (dy)* (o x B)
= (p)w o (8F)* o f*(a x [Z] x [X] x B)
()%)*O(dxwxz)*((x%z)*( ) % (0x*7)(8))
= (P9 ((Fp2)" () - (0X™7)"(9)). 0
Define the category CR.(F,A) of correspondences with coefficients in A over F as

follows: Objects of CR.(F, A) are smooth complete schemes over F. A morphism between
X and Y is an element of the graded group

H Corrg (X, Y5 A).
kez

Composition of morphisms is given by (63.1). The identity morphism of X in CR.(F,A) is
[Miq®1, where I'yq is the class of the graph of the identity morphism 1x (cf. Corollary 62.4).
The direct sum in CR,(F, A) is given by the disjoint union of schemes. As the composition
law in CR.(F, A) is bilinear and associative by Proposition 62.2), the category CR.(F,A)
is additive. Abusing notation, we write A for the object Spec(F’) in this category.

An object of CR.(F,A) is called a Chow motive or simply a motive. If X is a smooth
complete scheme we write M (X) for it as an object in CR.(F, A).

We define another category C(F,A) as follows. Objects of C(F,A) are pairs (X, 1),
where X is a smooth complete scheme over F' and i € Z. A morphism between (X 1)
and (Y,7) is an element of Corr;,_;(X,Y;A). The composition of morphisms is given by
(63.1). The morphisms between two objects form an abelian group and the composition is
bilinear and associative by Proposition 62.2, therefore, C(F, A) is a preadditive category.

There is an additive functor C(F,A) — CR.(F,A) taking an object (X,i) to X and
that is the natural inclusion on morphisms.

Let A be a preadditive category. Define the additive completion of A to be the
following category A: its objects are finite sequences of objects Ay, ..., A, of A written in
the form [[i_, A;. A morphism between [ [, A; and [}, B; is given by an n x m-matrix
of morphisms A; — B;. The composition of morphisms is the matrix multiplication. The
category A has finite products and coproducts and is therefore an additive category. The
category A is a full subcategory of A.

Let CR(F,A) denote the additive completion of C(F,A). We call it the category of
graded correspondences with coefficients in A over F. An object of CR(F, A) is also called
a Chow motive or simply a motive. We will write M (X)(i) for (X,4) and simply M (X)
for (X,i)for (X,0). The functor C(F,A) — CR.(F,A) extends naturally to an additive
functor

(63.3) CR(F,A) — CR.(F, A).

taking M (X)(i) to M(X). Write A(7) for the motive (Spec F,7) in CR(F, A). The motives
A(i) in CR(F,A) and A in CR.(F,A) are called the Tate motives.
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Functor (63.3)) is faithful but not full. Nevertheless it has the following nice property.

PROPOSITION 63.4. Let f be a morphism in CR(F,A). If the image of f in CR.(F,A)
s an isomorphism then f itself is an isomorphism.

PROOF. Let f be a morphism between the objects [ [;_, Xi(a;) and J[}., ¥;(b;). Thus
[ is given by an n x m matrix A = (f;;) with fi; € Corre,_y,(X;,Yi;A). Let B = (gi)
be the matrix of the inverse of f in CR,(F,A), so that g € Corr, (Y}, Xi; A). Let G be
the homogeneous component of gy of degree b, — aj, and B = (g). As AB = AB and
BA = BA are the identity matrices, we have B = B = A~!. Therefore, B is the matrix
of the inverse of f in CR(F,A). O

A ring homomorphism A — A’ gives rise to natural functors CR.(F, A) — CR.(F,A’)
and CR(F,A) — CR(F,A’) that are identical on objects. We simply write CR.(F') for
CR.(F,Z) and CR(F) for CR(F,Z).

It follows from Corollary 62.5 that there is a functor
Sm(F) — CR(F,A)

taking a smooth complete scheme X to M (X) and a morphism f: X — Y to [['/|®1in
Corro(X,Y; A) = Morcr(pa) (M(X), M(Y)), where I'y is the graph of f.
Let X and Y be smooth complete schemes and i, j € Z. We have

Homer(r) (M (X)(i), M(Y)(5)) = Corri;(X, Y A).
In particular,

(63.5) Homor(ra) (A(i), M(X)) = CH;(X; A),

(63.6) Homcrpay (M(X),A(i)) = CH'(X; A).
The category CR(F, A) has the structure of a tensor category given by
M(X)(@) @ M(Y)(j) .= M(X xY)(i+ j).
In particular,
M(X)(1) @ A(j) = M(X)(i + j).
Let Y be a smooth variety of dimension d. By the definition of a morphism in CR(F),
the equality

(63.7) Homcrpa) (M(Y) (i), N) = CHgyi (M(Y) @ N; A)

holds for every N of the form M(X)(j), where X is a smooth complete scheme; and,
therefore, by additivity it holds for all motives N. Similarly,

(63.8) Homegra) (N, M(Y)(i)) = CH*™ (N ® M(Y); A).
The following statement is a variant of the Yoneda Lemma.

LEMMA 63.9. Let « : N — P be a morphism in CR(F,A). Then the following
conditions are equivalent:

(1) « is an isomorphism.
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(2) For every smooth complete scheme Y, the homomorphism
(ly ® @), : CH,(M(Y) ® N;A) — CH,(M(Y) ® P; A)

s an isomorphism.
3) For every smooth complete scheme X, the homomorphism
Y

(Iy @ a)* : CH*(M(Y) ® P; A) — CH*(M(Y) ® N;A)
s an isomorphism.

ProOOF. Clearly (1) = (2) and (1) = (3). We prove that (2) implies (1) (the proof
of the implication (3) = (1) is similar and left to the reader). It follows from (63.7) that
the natural homomorphism

Homcg(pa) (M, N) — Homcg(ra) (M, P)

is an isomorphism if M = M(Y')(i) for any smooth complete variety Y. By additivity, it
is isomorphism for all motives M. The statement now follows from the (usual) Yoneda
Lemma. U

The following statement is the motivic version of the Projective Bundle Theorem
03.10.

THEOREM 63.10. Let E — X be a vector bundle of rank r over a smooth complete
scheme X. Then the motives M (P(E)) and I}, Y M(X)(i) are naturally isomorphic in
CR(F,A).

PROOF. Let Y be a smooth complete scheme over F'. Applying the Projective Bundle
Theorem 53.10 to the vector bundle £ x Y — X x Y, we see that the Chow groups of
[[—y M(X xY)(i) and M (P(E) xY') are isomorphic. Moreover, in view of Remark 53.11,
this 1somorph1sm is natural in Y with respect to morphisms in the category CR(F,A).
In other words, the functors on CR(F, A) represented by the objects [[/—y M (X)(i) and
M (P(E)) are isomorphic. By the Yoneda Lemma, the objects are isomorphic in CR(F, A).

O

COROLLARY 63.11. The motive M (P(E)) is isomorphic to the direct sum M(X)" of
r copies of M(X) in the category CR.(F, A).

64. Category of Chow motives

Let A be an additive category. An idempotent ¢ : A — A in A is called split if
there is an isomorphism f : A = B @ C such that e coincides with the composition

AL B aCLBLBaC = A, where p and i are the canonical morphisms.

The idempotent completion of an additive category A is the category A defined as
follows. Objects of A are the pairs (4, e), where A is an object of A and e : A — A is an
idempotent. The group of morphisms between (A,e) and (B, f) is f o Homy(A, B) o e.
Every idempotent in A is split.

The assignment A +— (A,1,4) defines a full and faithful functor from A to A. We
identify A with a full subcategory of A.
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Let A be a commutative ring. The idempotent completion of the category CR(F, A)
is called the category of graded Chow motives with coefficients in A and is denoted by
CM(F,A). By definition, every object of CM(F, A) is a direct summand of a finite direct
sum of motives of the form M (X)(i), where X is a smooth complete scheme over F. We
write CM(F) for CM(F, Z).

Similarly, the idempotent completion CM, (F,A) of CR.(F,A) is called the category
of Chow motives with coefficients in A. Note that Proposition 63.4 holds for the natural
functor CM(F, A) — CM,(F, A).

We have functors

Sm(F) — CR(F,A) — CM(F,A).
The second functor is full and faithful, so we can view CR(F, A) as a full subcategory of
CM(F, A) which we do. Note that CM(F, A) inherits the structure of a tensor category.

An object of CM(F,A) is also called a motive. We will keep the same notation
M(X)(i), A7), etc. for the corresponding motives in CM(F, A). The motives A(7) and A
are called the Tate motives.

We use formulas (63.5) and (63.6) in order to define Chow groups with coefficients in
A for an arbitrary motive M:

CH;(M; A) := Homewnra) (A(7), M), CH'(M;A) := Homcnra) (M, A(7)).

The functor from CM(F, A) to the category of A-modules, taking a motive M to CH;(M; A)
(respectively the cofunctor M ~— CH'(M;A)) is then represented (respectively corepre-
sented) by A(7).

Let Y be a smooth variety of dimension d. It follows from [63.7 and [63.8 that

Homenpa) (N, M(Y)(i)) = CH™' (N @ M(Y); A).
for all motives N in CM(F, A).
Let M and N be objects in CM(F'). The tensor product of two morphisms M — A(i)
and N — A(j) defines a pairing
(64.2) CH*(M;A) ® CH*(N;A) — CH*(M ® N;A).

Note that this is an isomorphism whenever M (or N) is a Tate motive.
We say that an object M of CR(F, A) is split if M is isomorphic to a (finite) coproduct
of Tate motives. The additivity property of the pairing yields

PROPOSITION 64.3. Let M (or N ) be a split motive. Then the homomorphism (64.2)
1s an 1somorphism.

65. Duality

There is an additive duality functor = : CM(F, A)®? — CM(F, A) uniquely determined
by the rule M (X)(i)* = M(X)(—d—1i) where X is a smooth complete variety of dimension
d and o* = o' for any correspondence «. In particular, A(7)* = A(—i). The composition
% o % is the identity functor.

It follows from the definition of the duality functor that

Homew(pa) (M*, N*) = Homen(ra) (N, M)
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for every two motives M and N. In particular, setting N = A(i), we get
CHY(M*; A) = CH_;(M; A).
The equality (64.1) reads as follows:
(65.1) Homen(ra) (M(Y)(z), N) = CH, (M(Y)(z)* ® N; A)
for every smooth complete scheme Y. Set
Hom(M,N):=M*®@ N
for every two motives M and N. By additivity, the equality (65.1) yields
Homew(ray (M, N) = CHo(Hom (M, N);A).

Since the duality functor commutes with the tensor product, the definition of Hom satisfies
the associativity law

Hom(M @ N, P) = Hom (M, Hom(N, P))
for all motives M, N and P. Applying CHy we get
Homenipa) (M ® N, P) = Homew(ga) (M, Hom(N, P))

66. Motives of cellular schemes

Motives of cellular schemes were considered in [71]. Recall that a morphismp: U — Y
over F'is an affine bundle of rank d if f is flat and the fiber of p over any point y € Y is
isomorphism to the affine space AdF(y).

A scheme X over F'is called (relatively) cellular if there is given a filtration by closed
subschemes

(66.1) P=X,CcXoCXjC---CX,=X

together with affine bundles p; : U; := X; \ X;_1 — Y} of rank d;, for all i = 0,...,n,
where Y; is a smooth complete scheme, for all i € [1,n] (we don’t assume that Yj is either
smooth or complete).

The graph I'), of the morphism p; is a subscheme of U; x Y;. Let «; in CH(X; x V)
be the class of the closure of I', in X; x Y;. We have ay = I'p,.

We view «; as a correspondence X; ~» Y; of degree 0. Let f; : X; — X be the closed
embedding. The correspondence f; o o € CH(Y; x X) between Y; and X is well defined
and of degree d; for all ©+ > 1.

Let Z be a scheme over F. If h is a morphism of schemes, we still write h for the
morphism 17 x h. We define homomorphisms

a;: CH,_q (Z x ;) — CH,(Z x X)

for all i = 0,...,n as follows: We set ag = (fo)« o (pj)) ™' and a; = (f; o al), if i > 1. If Y}
is smooth and complete then ag = (fo o o).

THEOREM 66.2. Let X be a cellular scheme with filtration (66.1). Then for every
scheme Z over F, the homomorphism

(66.3) zn:ai : ﬁ CH,_4(Z x Vi) — CH.(Z x X)

=0 =0
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s an isomorphism.

PRrROOF. Let g; : U; — X; denote the open embedding. By the definition of a;, we have
«; 0 g; = p;. It follows from Proposition 62.7(2) that for every scheme Z, the composition

A % Z,K.) 25 AX, x Z,K.) 25 AU, x Z, K.,)

coincides with the pull-back homomorphism p} for ¢ > 1. By Theorem 52.13, the map
p; is an isomorphism. Hence g} is a split surjection. Therefore, in the localization exact
sequence (cf. §52.D))

At (Xs X Z, K 3) 2 Apar (Uy X Z,K ) S
CHL (X1 % Z) — CHu(X; x Z) % CHL(Us % Z) — 0

the connecting homomorphism 4 is trivial. Consequently, we have a short exact sequence
0— CH(X;_; x Z) — CH(X; x Z) 2% CH(Y; x Z) — 0

where s; = pi ™' o gf and s; is split by af : CH(Y; x Z) — CH(X; x Z). In particular,

CH(X; x Z) is isomorphic to CH(X;_1 x Z)®CH(Y; x Z). Iterating, we see that CH(X x Z)

is isomorphic to the coproduct of the CH(Y; x Z) over all i € [0,n]. The inclusion of
CH(Y; x Z) into CH(X X Z) coincides with the composition

CH(Y; x Z) 25 CH(X, x 2) Y2 cH(X x 2),
where o is understood to be pf§. If i« > 1, we have a; = (f;). o (a!), by Proposition
62.7(1). Under the identification of CH(Y; x Z) with CH(Z X Y;), we have (af). = o,
hence a; = (fi)« o . It follows that the homomorphism (66.3) is an isomorphism. 0

Lemma 63.9 yields

COROLLARY 66.4. Let X be a smooth complete cellular scheme with filtration (66.1)
and with all 'Y; smooth complete. Then the morphism

defined by the sequence of correspondences f; o al is an isomorphism in the category of
correspondences CR(F).

EXAMPLE 66.5. Let X = P". Consider the filtration given by X; = P, i € [0,n]. We
have U; = A" and Y; = Spec(F'). By Corollary 66.4,

MPY=ZaZ1) & - & Z(n).

EXAMPLE 66.6. Let ¢ be a non-degenerate quadratic form on V' and X the associated
quadric of say dimension d. Consider the following filtration on X x X: X is the image of
the diagonal embedding of X into X x X, X; consists of all pairs of orthogonal isotropic
lines (L1, Ly), and Xy = X x X. We also set Yy = X (with the identity projection of Xy
on Yy), Yo = X, and Y] is the flag variety Fl of pairs (L, P), where L and P are a totally
isotropic line and plane respectively satisfying L C P.
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We claim that the morphism p; : Uy — Y taking a pair (L1, Ly) to (L1, L1 + Lo)
is an affine bundle. To do this we use the criterion of Lemma 52.12. Let R be a local
commutative F-algebra. An R-point of Y] is a pair (L, P), where L and P are totally
isotropic direct summands of the R-module Vi := V ®pr R of rank 1 and 2 respectively
with L C P. Let {e, f} be an R-basis of P such that L = Re. Then the morphism
A} — Spec(R) xy, U; taking an a to the point (L, R(ae + f)) of the fiber product is an
isomorphism. It follows from Lemma 52.12 that p; is an affine bundle.

We claim that the first projection ps : Us — Y5 is an affine bundle of rank d. We
again apply the criterion of Lemma 52.12. Let R be a local commutative F-algebra. An
R-point of Y5 is a totally isotropic direct summand L C Vg of rank 1. Choose a basis
of Vg so that g is given by a polynomial tyt; + 1(7"), where 1 is a quadratic form in
the variables T" = (ts,...,tq41) over R, and the orthogonal complement L' is given by
to = 0. Then the fiber product Spec(R) Xy, Us is given by the equation i—; + zﬁ(tT—Ol) =0
and therefore is isomorphic to A%. Tt follows by Lemma [52.12 that p, is an affine bundle.

By Corollary 66.4, we conclude that

M(X x X) ~ M(X) ® M(FI)(1) & M(X)(d).

EXAMPLE 66.7. Assume that the quadric X in Example 66.6 is isotropic. The cellular
structure on X x X is a structure “over X” in the sense that X x X itself as well as the
bases Y; of the cells have morphisms to X with affine bundles of the cellular structure
morphisms over X. Making the base change of the cellular structure with respect to an
F-point Spec(F') — X of the isotropic quadric X corresponding to an isotropic line L,
we get a cellular structure on X given by the filtration X € X| C X} = X, where
X, ={L} and X] consists of all isotropic lines orthogonal to L. We have Yj = Spec(F),
Y/ is the quadric given by the quadratic form on L*/L induced by ¢, and Yy = Spec(F).
The quadric Y7 is isomorphic to a projective quadric Y of dimension d — 2, given by a
quadratic form Witt equivalent to . By Corollary 66.4,

M(X)~Z® M(Y)(1)®Z(d).
67. Nilpotence Theorem

Let A be a commutative ring and Y a smooth complete scheme over F. For every
scheme X and elements o« € CH(Y x Y;A) and f € CH(X x Y;A), the compositions
a¥*=ao---oain CH(Y x Y;A) and o* o B in CH(X x Y;A) are defined.

THEOREM 67.1 (Nilpotence Theorem). Let Y be a smooth complete scheme and X
a scheme of dimension d over F. Let o« € CH(Y X Y;A) be an element satisfying o o
CH (YF(x); A) =0 for every x € X. Then

a0 CH(X x Y;A) =0.

Proor. Consider the filtration
0=C_1CCyC---CCy=CHX xY;A),
where C; is the A-submodule of CH(X xY’; A) generated by the images of the push-forward

homomorphisms

CH(W x Y;A) — CH(X x Y;A),
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for all closed subvarieties W C X of dimension at most k. It suffices to prove that
aoCy C Cy_y for all k € 0,d].

Let W be a closed subvariety of X of dimension k. Denote by i : W — X the closed
embedding and by w the generic point of W. Pick any element § € CH(W x Y;A). We
shall prove that « o (z*(ﬂ)) € (Cy_1. Let (8, be the pull-back of # under the canonical
morphism Yp,) — W x Y. By assumption, o o 3, = 0. By the Continuity Property
52.9, there is a nonempty open subscheme U (a neighborhood of w) in W satisfying
ao (Bluxy) = 0. It follows by Proposition 62.7(2) that

(aoﬂ”UxY = Qo (ﬁ|U><Y) = 0.

The complement V' of U in W is a closed subscheme of W of dimension less than k. It
follows from the exactness of the localization sequence (cf. §52.D)

CH(V x Y;A) — CH(W x Y;A) — CH(U x Y;A) — 0

that « o § belongs to the image of the first map in this sequence. Therefore, the push-
forward of the element o o § in CH(X x Y;A) lies in the image of the push-forward
homomorphism

CH(V xY;A) — CH(X x Y;A).
Consequently, a o (i,8) = ao (foi') = (w0 B)oi' = (i X 1y).(ao ) € Cj_;. O

The Nilpotence Theorem 67.1/ was originally proven by Rost using cycle modules
technique.
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CHAPTER XIII

Cycles on powers of quadrics

Throughout this chapter, F' is a field (of an arbitrary characteristic) and with the
exception of §70/ and §71, X is a smooth projective quadric over F' of even dimension
D = 2d > 0 or of odd dimension D = 2d + 1 > 1 given by a non-degenerate quadratic
form ¢ on a vector space V over F' (of dimension D + 2). For any integer r > 1, we write
X" for the direct product X x --- x X (over F') of r copies of X.

In this chapter, we study algebraic cycles on X" for all . We also obtain many results
for the special case r = 2. In order to make their statements and proofs more accessible,
we introduce certain diagrams of cycles on X? (cf. §73).

For a,b € Z, we write [a,b] (respectively [a,b)) for the set of integers ¢ satisfying
a < ¢ < b (respectively a < ¢ < b).

68. Split quadrics

In this section the quadric X will be split, i.e., the Witt index ig(X) has the maximal
value d + 1.

Let V be the underlying vector space of . Fix a maximal totally isotropic subspace
W C V. We write P(V) for the projective space of V; this is the projective space in which
the quadric X lies as a hypersurface. Note that the subspace P(W) of P(V) is contained
in X.

PROPOSITION 68.1. Let h € CH'(X) be the pull-back of the hyperplane class in
CH'(P(V)). For any integer i € [0,d], let ; € CH;(X) be the class of an i-dimensional
subspace of P(W). Then the total Chow group CH(X) is free with basis {h',1;| i € [0,d]}.
Moreover, the following multiplication rule holds in the ring CH(X):

h-l;=1_1 forany i€][l,d.

PROOF. Let W+ be the orthogonal complement of W in V (clearly, W+ = W if D
is even; otherwise, W+ contains W as a hyperplane). The quotient map V — V/W+
induces a morphism X \ P(W) — P(V/W+), which is an affine bundle of rank D — d.
Therefore, by Theorem 66.2,

CH,(X) =~ CH;(P(W)) @ CH,_pya(P(V/W™))

for any 4, where the injection CH,(P(W)) < CH.(X) is the push-forward with respect
to the embedding P(W) — X.

To better understand the second summand in the decomposition of CH(X'), we note
that the reduced intersection of P(W+) with X in P(V) is P(1), and that the affine bundle
X\ P(W) — P(V/W) above is the composite of the closed embedding X \ P(W) —
P(V)\ P(W) with the evident vector bundle P(V)\P(W+) — P(V/W). Tt follows that

313
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for any ¢ < d the image of CH'(P(V/W™*)) in CH'(X) coincides with the image of the
pull-back CH'(P(V)) — CH'(X) (which is generated by h’).

To check the multiplication formula, we consider the closed embeddings f: P(W) — X
and g: X — P(V). Write L; for the class in CH(P(W)) of an i-dimensional linear subspace
of P(W), and H for the hyperplane class in CH(P(V)). Since h = g*(H) and I; = f.(L;),
we have by the projection formula (Proposition 56.9) and functoriality of the pull-back
(Proposition 55.18)),

holi=g (H) f.(L) = f.((fog)*(H) L) .

By Corollary 57.19 (together with Propositions 104.16/ and 55.19)), we see that (fog)*(H)
is the hyperplane class in CH(P(W)) hence (fog)*(H)-L; = L;—; by Example57.22. O

PROPOSITION 68.2. For each i € [0,D/2), the i-dimensional subspaces of P(V') lying
inside of X have the same class in CH;(X). If D is even there are precisely two different
classes of d-dimensional subspaces and the sum of these two classes is equal to he.

PROOF. By Proposition/68.1, the push-forward homomorphism CH;(X) — CH; (P(V))
is injective (even bijective) if i € [0, D/2). Since the i-dimensional linear subspaces of
P(V') have the same class in CH(P(V)), the first statement of Proposition 68.2/ follows.

Assume that D is even. Then {h? ;} is a basis for the group CHy(X), where I4 is
the class of the special linear subspace P(W) C X. Let I/, € CHy(X) be the class of
an arbitrary d-dimensional linear subspace of X. Since l; and [/, have the same image
under the push-forward homomorphism CHy(X) — CHy(P(V)) whose kernel is generated
by h® — 2l;, one has I =1+ n(hd — 2l,) for some n € Z. Since there exists a linear
automorphism of X moving I to [/}, and h? is of course invariant with respect to any linear
automorphism, h? and [, also form a basis for CHy(X); consequently, the determinant of

the matrix
1 n
0 1—-2n

is 1, i.e., nis 0 or 1 and 1} is g or h® — l4. So there are at most two different rational
equivalence classes of d-dimensional linear subspaces of X and the sum of two different
classes (if they exist) is equal to h%.

Now let U be a d-codimensional subspace of V' containing W (as a hyperplane). The
orthogonal complement U~ has codimension 1 in W+ = W, therefore codimy U+ = 2.
The induced 2-dimensional quadratic form on U/U+ is a hyperbolic plane. The corre-
sponding quadric consists of two points W/U+ and W’/U* for a uniquely determined
maximal totally isotropic subspace W’ C V. Moreover, the intersection X N P(U) is re-
duced and its irreducible components are P(W) and P(W’). Therefore, h? = [X NP(U)] =
[P(W)] 4+ [P(W")] and it follows that [P(W)] # [P(W')]. O

EXERCISE 68.3. Determine a complete multiplication table for CH(X) by showing
that

(1) if D is odd then h¥™! = 2l4;
(2) if D is even and not divisible by 4 then [2 = 0;
(3) if D is divisible by 4, then /% = .
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EXERCISE 68.4. Assume that D is even and let 4,1, € Ch(X) be two different d-
dimensional subspaces. Let f be the automorphism of Ch(X) induced by a reflection.
Show that f(l4) = 1}.

If D is even, an orientation of the quadric is the choice of one of two classes of d-
dimensional linear subspaces in CH(X'). We denote this class by l4. An even-dimensional
quadric with an orientation is called oriented.

PROPOSITION 68.5. For any r > 1, the Chow group CH(X") is free with basis given
by the external products of the basis elements {h',1;}, i € [0,d], of CH(X).

PrOOF. The cellular structure on X, constructed in the proof of Proposition 68.1,
together with the calculation of the Chow motive of a projective space (cf. Example
66.5) show by Corollary 66.4/ that the motive of X is split. Therefore, the homomorphism
CH(X)®" — CH(X"), given by the external product of cycles is an isomorphism by
Proposition [64.3. Il

69. Isomorphisms of quadrics

Let ¢ and 1 be two quadratic forms. A similitude between ¢ and ¥ (with multiplier
a € F*) is an isomorphism f : V,, — Vj such that ¢(v) = ay(f(v)) for all v € V,,. A
similitude between ¢ and t induces an isomorphism of projective spaces P(V,,) = P(Vj)
and projective quadrics X, = X,.

Let i : X, — P(V,,) be the embedding. We consider the locally free sheaves

Ox,(s) = i"(Op(v,)(s))

over X, for every s € Z.

LEMMA 69.1. Let ¢ be a nonzero quadratic form of dimension at least 2. Then
H°(X,, Ox, (1)) =0 and H°(X,, Ox,(1)) is canonically isomorphic to V.

Proor. We have HO([P<V¢), O[P(Vw)(_l)) = 0, ]‘IO([P(‘/;D)7 O[P(V(p)(]-)) ~ V; and
H'(P(V,,), Op(v,)(s)) = 0 for any s (see [52, Ch. III, Th. 5.1]). The statements follow
from exactness of the cohomology sequence for the short exact sequence

0 — Op(v,)(s —2) = Opv,)(s) = i.0x,(s) — 0. O

LEMMA 69.2. Let o : X, = Xy be an isomorphism of smooth projective quadrics.
Then o (Ox, (1)) ~ Ox,(1).

PROOF. In the case dimy = 2 the sheaves Ox,(1) and Ox, (1) are free and the
statement is obvious.

We may assume that dim ¢ > 2. As the Picard group of smooth projective varieties
injects under field extensions, we also may assume that both forms are split. We identify
the groups Pic(X,,) and CH'(X,,). The class of the sheaf Ox_(1) corresponds to the class
h € CH'(X,) of a hyperplane section. It is sufficient to show that a*(h) = +h, since the
class —h cannot occur as the sheaf Ox_,(—1) has no nontrivial global sections by Lemma
69.1.
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If dimp > 4 then, by Proposition [68.1, the group CHl(Xg,) is infinite cyclic and
generated by h. Thus a*(h) = £h.

If dim ¢ = 3, then h is twice the generator [, of the infinite cyclic group CHI(X@) and
the result follows in a similar fashion.

Finally, if dim¢ = 4, then the group CHI(Xw) is a free abelian group with two
generators [; and [} satisfying I; + § = h (cf. the proof of Proposition 68.2). Using
the fact that the pull-back map o : CH*(X,) — CH*(X,,) is a ring homomorphism, one
concludes that a*(ly + 1) = £(l1 + 11). O

THEOREM 69.3. Every isomorphism between smooth projective quadrics X, and Xy
15 induced by a similitude between p and 1.

PROOF. Let a : X, = X, be an isomorphism. By Lemma 69.2, oz*(OXw(l)) ~
Ox,(1). Lemma [69.1 therefore gives an isomorphism of vector spaces

(69.4) Vi = H(Xy, Ox, (1)) = H(X,, Ox, (1)) = V.

Thus « is given by the induced graded ring isomorphism S*(V,5) — S*(V}) which must
take the ideal (¢) to (¢), i.e., it takes ¥ to a multiple of ¢. In other words, the linear
isomorphism f : V,, — V,, dual to (69.4) is a similitude between ¢ and v inducing o. O

COROLLARY 69.5. Let ¢ and 1) be non-degenerate quadratic forms. Then the quadrics
X, and Xy are isomorphic if and only if ¢ and ¢ are similar.

For a quadratic form ¢ all similitudes V,, — V,, form the group of similitudes GO(y).
For every a € F, the endomorphism of V, given by the product with a is a simil-
itude. Therefore F* can be identified with a subgroup of GO(y). The factor group
PGO(p) := GO(p)/F* is called the group of projective similitudes. Every projective
similitude induces an automorphism of the quadric X, so we have a group homomor-

phism PGO(p) — Aut(X,,).

COROLLARY 69.6. Let ¢ be a non-degenerate quadratic form. Then the map PGO(p) —
Aut(X,) is an isomorphism.

70. Isotropic quadrics

The motive of a smooth isotropic quadric is computed in terms of a smooth quadric
of smaller dimension in Example 66.7/ as follows:

PROPOSITION 70.1. Let X be a smooth isotropic projective quadric given by a quadratic
form ¢ with dimg > 2 and Y a (smooth) projective quadric given by a quadratic form of
dimension dim ¢ — 2 that is Witt equivalent to ¢ (we assume that Y =@ if dim X < 1).
Then

M(X) ~Z & M(Y)(1) & Z(D)
with D = dim X. In particular,
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The motivic decomposition of Proposition 70.1/ was originally observed by M. Rost.

In most of this book we are interested only in smooth quadrics. Nevertheless, we
make some observations concerning the general (not necessarily smooth) case. Let ¢ be
a quadratic form on a vector space V over F' and X the associated projective quadric.
Suppose a rational point x on X is singular. Then ¢ is nonzero and z is determined by
a nonzero vector v € V in the radical of ¢ (cf. proof of Proposition 22.1). Let Y be the
quadric given by the quadratic form on V/Fv induced by ¢, so dimY = dim X — 1 and
X \ {z} is an affine bundle over Y of rank 1. Since the first homomorphism in the exact
localization sequence

CH({z}) — CH(X) — CH(Y) — 0

is a split injection (with the splitting given by the degree homomorphism CH(X) —
CH(Spec(F))), we have

LEMMA 70.2. Let x be a singular rational point of a quadric X and Y be as above.
Then CHy(X) is (the infinite cyclic group) generated by [x] and CH;(X) is isomorphic to
CH,;_1(Y) for alli >0 .

Now assume that ¢ is nonzero and that X = X, has a non-singular rational point
x € X (although X itself may not be smooth). The point x is given by a nonzero isotropic
vector v € V. The projective quadric Y, given by the restriction of ¢ on the orthogonal
complement v+ of v in V, is a closed subscheme of X containing x. Since ¢ # 0, the
vector v lies outside of the radical of ¢, so that v is a hyperplane of V. If ¢ restricted
to vt is zero, then Y is a projective space; otherwise x is a singular point of Y (and
codimyx Y = 1). The difference X \ Y is isomorphic to an affine space (cf. proof of
Proposition 22.9). Thus we can apply Theorem [66.2/ to X with the one term filtration
Y C X. Theorem [66.2] and Lemma [70.2 yield (we also include the trivial case of ¢ = 0):

LEMMA 70.3. Let x be a non-singular rational point of a quadric X and Y be as
above. Then the push-forward homomorphism CH;(Y) — CH;(X) is an isomorphism for
any i < dim X. In particular, if dim X > 0, the group CHo(X) is generated by [z].

Combining Lemma [70.2 with Lemma [70.3 and adding the trivial case of ¢ = 0 yields

COROLLARY 70.4. Let X be an isotropic (not necessarily smooth) projective quadric
X. Then the degree homomorphism deg: CHo(X) — Z is an isomorphism unless ¢ is a
hyperbolic plane, i.e., X is a disjoint union of two copies of Spec F'.

71. The Chow group of dimension 0 cycles on quadrics

Recall that for every p = 0,1,...,n, the group CHP(P’%) is infinite cyclic generated
by the class h? where h € CH'(P%) is the class of a hyperplane in P% (cf. Example
57.22). Thus for every p =0,1,...,n and a € CHP(P), we have a = mh? for a uniquely
determined integer m. We call m the degree of a and write m = deg(a). We have
deg(af) = deg(a) deg() for all homogeneous cycles « € CHP(P%) and 5 € CHY(P})
satisfying p,g > 0 and p+ ¢ < n.

If Z is a closed subvariety of P%, we define the degree deg(Z) of Z as deg([Z]).
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LEMMA 71.1. Let x € P’ be a closed point of degree d > 1 such that the field extension
F(x)/F is simple (i.e., generated by one element). Then there is a morphism f : P1 — P"
with image a curve C satisfying x € C' and deg(C') < d.

PROOF. Let u be a generator of the field extension F'(x)/F. We can write the homoge-
neous coordinates s; of = in the form s; = f;(u), ¢ € [0,n], where f; are polynomials over F'
of degree less than d. Let k be the largest degree of the f; and set Fj(to,t1) = t¥ f;(to/t1).
The polynomials F; are all homogeneous of degree £ < d. We may assume that all
the F; are relatively prime (by dividing out the ged of the F}). Consider the morphism
f : PL — P% given by the polynomials F; and let C' be the image of f. Note that C
contains z and C(F) # (. In particular, the map f is not constant. Therefore C' is a
closed curve in P%. We have f,([P']) = r[C] for some r > 1.

Choose an index i such that F; is a nonzero polynomial and consider the hyperplane
H in P% given by s; = 0. The subscheme f~'(H) C PL is given by Fj(to,t1) = 0, so
f~Y(H) is a 0-dimensional subscheme of degree k = deg F;. Hence H has a proper inverse
image with respect to f. By Proposition 57.18, we have f*(h) = mp, where p is the class
of a point in PL and 1 < m < k < d. It follows from Proposition 56.9 that

Br[C] = he £([PY) = £ (f7(R)) = fulmp) = mh".
Hence deg(C) = m/r <m < d. O
We follow [68, Th. 3.2] in the proof of the next result.

THEOREM 71.2. Let X be an anisotropic (not necessarily smooth) quadric over F' and
let xg € X be a closed point of degree 2. Then for every closed point v € X, we have
[z] = a|xo] in CHo(X) for some a € Z.

Proor. We proceed by induction on d = degx. Suppose first that there are no
intermediate fields between F' and F'(x). In particular, the field extension F(z)/F is
simple. The quadric X is a hypersurface in the projective space P% for some n. By
Lemma [71.1) there is an integral closed curve C' C P of degree less that d with C(F') # ()
and x € C.

Let g : X — P% be the closed embedding. Since X is anisotropic and C(F) # 0,
C' is not contained in X. Therefore, C' has proper inverse image with respect to g. As
x € C'N X, by Proposition 57.18,

g*([C]) = [z] + o
in CHy(X), where « is a non-negative zero-dimensional cycle on X. By Proposition 56.11,
we have
deg(g*([C])) = deg(g. 0 g*([C])) = deg([X] - [C]) = 2deg(C),
hence
dega =2degC' —degz = 2degC —d < d.
Thus the cycle « is supported on closed points of degree less that d. By the induction
hypothesis, o = b[x] in CHy(X) for some b € Z. We also have [C] = ¢[L] in CHy(P%)
where L is a line in P satisfying xy € L and ¢ = deg C. Since LN X = {x¢}, by Corollary
57.19, we have g*([L]) = [x¢]. Therefore,

[2] = g*([C]) — & = g™ ([L]) — blzo] = (c — b)[x0)-
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Now suppose that there is a proper intermediate field L between F and £ = F(x). Let
f denote the natural morphism X; — X. The morphism Spec E — X induced by x and
the inclusion of L into E defines a closed point 2’ € X with f(2') = x and F(2') = E.
It follows that f.([z]) = [z].

Counsider two cases:

Case 1: X is isotropic. Let y € X, be a rational point. As deg f.([y]) = [L: F] < d, by
the induction hypothesis, f.([y]) € Z - [zo]. By Corollary 70.4, we know that CHo(X) is
generated by the classes of rational points, hence [z] = f,([2/]) € Z - [z).

Case 2: X, is anisotropic. Applying the induction hypothesis to the quadric X, and the
point @’ of degree [E : L] < d, we have [2/] = b[(x);] for some b € Z. Hence

[z] = f*([x']) = bclxo),
where ¢ = [L : F]. O

We therefore obtain another proof of Springer’s Theorem [18.5.

COROLLARY 71.3 (Springer’s Theorem). If X is an anisotropic quadric, the image of
the degree homomorphism deg : CHo(X) — Z is equal to 2Z, i.e., the degree of a finite
field extension L/F with X, isotropic, is even.

In the case char F' # 2, the following important statement was proven in [70, Prop.
2.6] and by Swan in [135]. The case of characteristic 2 was considered by Totaro in [137].

COROLLARY 71.4. For every anisotropic quadric X, the degree homomorphism deg :
CHo(X) — Z is injective.

72. The reduced Chow group

Let X be an arbitrary smooth projective quadric. We write CH(X") for CH(X%),
where F is a field extension of F' such that the quadric X is split. Note that for any field L
containing F, the change of field homomorphism CH(X},) — CH(X7) of Example [49.14lis
an isomorphism; therefore for any field extension £’/ F with split X g, the groups CH(X7F,)
and CH(X7,) are canonically isomorphic, hence CH(X") can be defined invariantly as the
colimit of the groups CH(X7), where L runs over all field extensions of F.

If D is even, an orientation of the quadric is the choice of one of two classes of d-
dimensional linear subspaces in CH(X). An even-dimensional quadric with an orientation
is called oriented.

The reduced Chow group CH(XT) is defined as the image of the change of field homo-
morphism CH(X") — CH(X").

We say that an element of CH(X") is rational if it lies in the subgroup CH(X") C
CH(X"). More generally, for a field extension L/F', the elements of the subgroup CH(X7}) C
CH(X™) are called L-rational.

Replacing the integral Chow group by the Chow group modulo 2 in the above defini-
tions, we get the modulo 2 reduced Chow group Ch(X") C Ch(X") and the corresponding
notion of (L-)rational cycles modulo 2.
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Abusing notation, we shall often call elements of a Chow group cycles. The basis
described in Proposition 68.5 will be called a basis for CH(X") and its elements basis
elements or basic cycles. Similarly, this basis modulo 2 will be called a basis for Ch(X™)
and its elements basis elements or basic cycles. We use the same notation for the basis
elements of CH(X) and for their reductions modulo 2. The decomposition of an element
a € Ch(X") will always mean its representation as a sum of basic cycles. We say that a
basis cycle [ is contained in the decomposition of a (or simply “is contained in «”), if 3
is a summand of the decomposition. More generally, for two cycles o/, € Ch(X"), we
say that o/ is contained in « or that o is a subcycle of o (notation: o/ C «), if every basis
element contained in o/ is also contained in «.

A basis element of Ch(X") is called non-essential, if it is an external product of
(internal) powers of h (including h° = 1 = [X]); the other basis elements are called
essential. An element of Ch(X") that is a sum of non-essential basis elements, is called
non-essential as well. Note that all non-essential elements are rational since h is rational.
An element of Ch(X") that is a sum of essential basis elements, is called essential as well.
(The zero cycle is the only element which is essential and non-essential simultaneously).
The group Ch(X") is a direct sum of the subgroup of non-essential elements and the
subgroup of essential elements. We call the essential component of an element o € Ch(X")
the essence of a.. Clearly, the essence of a rational element is rational.

The group Ch(X) is easy to compute. First of all, by Springer’s theorem (Corollary
71.3)), one has

LEMMA 72.1. If the quadric X is anisotropic (i.e., X(F) = 0), then the element
lo € Ch(X) is not rational.

COROLLARY 72.2. If X is anisotropic, the group Ch(X) is generated by the non-
essential basis elements.

PROOF. If the decomposition of an element o € Ch(X) contains an essential basis
element [; for some i # D /2, then [; € Ch(X) because /; is the i-dimensional homogeneous
component of o (and Ch(X) is a graded subring of Ch(X)). If the decomposition of an
element a € Ch(X) contains the essential basis element I; for i = D/2 then D/2 = d,
and the d-dimensional homogeneous component of « is either Iy or Iy + h? so we still have
l; € Ch(X). It follows that Iy = I; - h* € Ch(X), contradicting Lemma [72.1. O

Let V' be the underlying vector space of ¢ and W C V' a totally isotropic subspace of
dimension a < d. Let Y be the projective quadric of the quadratic form : W+ /W — F
induced by ¢. Then v is non-degenerate, Witt-equivalent to ¢, dim = dim ¢ —2a, and
dimY = dim X — 2a. Let Z C Y x X be the closed scheme of the pairs (y, x) satisfying
the condition z € p~'(y), where p is the projection W+ — W-=/W. Note that the

composition Z — Y x X Y ¥V is an a-dimensional projective bundle; in particular, 7 is
equidimensional (and Z is a variety if Y is) of dimension dim Z = dimY +a = dim X —a.
Its class a = [Z] € CH(Y x X) is called the incidence correspondence.

We first note that the inverse image pry' (IP(W)) of the closed subvariety P(W) C X
under the projection pry:Y x X — X is contained in Z with complement a dense open
subscheme of Z mapping under pry isomorphically onto (IP(WL) NnX ) \ P(IW).

We let h' = 0 = [; for any negative integer i.
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LEMMA 72.3. Let a be the incidence correspondence in CH(Y x X).
(1) For anyi = 0,...,d — a, the homomorphism o, : CH(Y) — CH(X) takes h' to
it and l; to lip,.
(2) For anyi=0,...,d, the homomorphism o*: CH(X) — CH(Y) takes h' to h'=¢
and l; to l;_,. (In the case of even D, the two formulae involving ly are true for
an appropriate choice of orientations of X and of Y.)

PROOF. For an arbitrary i € [0, d — a], let L C W+ /W be a totally isotropic lin-
ear subspace of dimension ¢ + 1. Then [; = [P(L)] € CH(Y). Since the dense open
subscheme (pry' (P(L)) N Z) \ pry' (P(W)) of the intersection pry'(P(L)) N Z maps
under pry isomorphically onto P(p~'(L)) \ P(W), we have (using Proposition 57.20):
a.(l;) = [P(p7'(L))] = lira € CH(X). Similarly, for any linear subspace H C W+ /W of
codimension 4, the element h* € CH(Y') is the class of the intersection P(H) N'Y, maps
under a, to the class of [P(p~!(H)) N X| which equals h*"®.

To prove the statements on o* for an arbitrary i € [a, d], let L C V be an (i + 1)-
dimensional totally isotropic subspace satisfying dim(L N W+) = dimL — a and L N
W = 0. (The second condition is, in fact, a consequence of the first one.) Then [; =
[P(L)] € CH(X) and the intersection pry'(P(L)) N Z maps under pry isomorphically
onto P(((L N W) + W)/W); consequently, a*(I;) = l;_,. Similarly, if H C V is a linear
subspace of codimension i satisfying dim(H N W) = dim H —a and H N W = 0, then
h' = [P(H) N X] € CH(X) and the intersection pry' (P(H) N X) N Z maps under pry
isomorphically onto P(((H N W) + W)/W) NY; consequently, a*(h’) = hi=®. O

COROLLARY 72.4. Assume that X is isotropic but not split and set a = iy(X). Let
Xo be the projective quadric given by an anisotropic quadratic form Witt-equivalent to
(so dim Xog = D — 2a). Then

(1) The group Chp_o(X x Xo) contains a correspondence pr such that the induced
homomorphism pr, : Ch(X) — Ch(Xy) takes h' to h'=® and l; to l;_o for i =
0,....d.

(2) The group Chp_q(Xo x X) contains a correspondence in such that the induced
homomorphism in, : Ch(Xy) — Ch(X) takes h* to h'*® and l; to l;ya for i =
0,....,d—a.

REMARK 72.5. Note that the homomorphisms in, and pr, of Corollary 72.4 map
rational cycles to rational cycles. Since the composite pr, o in, is the identity, it follows
that pr, (Ch(X)) = Ch(X,). More generally, for any r > 1 the homomorphisms

in": Ch(X}) — Ch(X") and prl: Ch(X") — Ch(X}),

induced by the r-th tensor powers in” € Ch(X] x X") and pr” € Ch(X" x X{) of the
correspondences in and pr, map rational cycles to rational cycles and satisfy the relations
prioin] = id and prf(Ch(X")) = Ch(X}).

We obtain now the following extension of Lemma [72.1.

COROLLARY 72.6. Let X be an arbitrary quadric and © any integer. Then l; € ﬁ(X)
if and only if ig(X) > i.
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ProOOF. The “if” part of the statement is trivial. We prove the “only if” part by
induction on i. The case ¢ = 0 is Lemma 72.1.

We may assume that ¢ > 0 and [; € @(X) Since [; - h = [;_1, the element [;_; is
also rational. Therefore iy(X) > i by the induction hypothesis. If ig(X) = i the image
of I; € Ch(X) under the map pr, : Ch(X) — Ch(X,) of Corollary 72.4 equals l, and is
rational. Therefore, by Lemma [72.1] the quadric Xj is isotropic, a contradiction. 0

The following observation is crucial:

THEOREM 72.7. The absolute and relative higher Witt indices of a non-degenerate

quadratic form ¢ are determined by the group
Ch(X*) = @ Ch(X") .
r>1

PROOF. We first note that the group Ch(X) determines io() by Corollary 72.6.

Let Xy be as in Corollary [72.4. By Corollary [72.4 and Remark [72.5, the group @(Xa‘ )
is recovered as the image of the group Ch(X*) under the homomorphism Ch(X*) —
Ch(X;) induced by the tensor powers of the correspondence pr.

Let F; be the first field in the generic splitting tower of . The pull-back ho-
momorphism ¢} : Ch(Xf) — Ch((Xy)}, ") with respect to the morphism of schemes
g1 : (XU)%:1 — X given by the generic point of the first factor of X, is surjective
(cf. Corollary 57.10). It induces an epimorphism Ch(X{) — Ch((Xo)} "), which is
the restriction of the epimorphism Ch(XJ) —» Ch(X, ') mapping each basis element of
the form h° x 3, B € Ch(X; '), to 3 and killing all other basis elements. Therefore, the
group Ch(X;) determines the group @((XO)*H), and we finish by induction on the height

hlp). O

REMARK 72.8. The proof of Theorem 72.7 shows that the statement of Theorem 72.7
can be made more precise in the following way: If for some ¢ € [0, h] the absolute Witt
indices jo, . ..,Jq—1 are already known, then one determines j, by the formula

j, = max{j | the product W° x W' x -+ x B! x [;_; is contained in a rational cycle} .
73. Cycles on X?

In this section, we study the groups Ch;(X?) for i > D. After Lemma [73.2, we shall
assume that X is anisotropic.

Most results of this section are simplified versions of original results on integral motives
of quadrics due to Vishik in [140].

LEMMA 73.1. The sum

d ) ) _
A =S (W x 1, +1; x h') € Ch(X?)

i=0
15 always rational.

PROOF. Either the composition with correspondence A or the composition with the
correspondence A + h? x h? (depending on whether [2 is zero or not) induces the identity
endomorphism of Ch(X?). Therefore, this correspondence is the class of the diagonal
which is rational. 0
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LEMMA 73.2. Suppose for some i € [1,d] at least one of the basis elements lq X l; or
l; x lg of the group Ch(X?) appears in the decomposition of a rational cycle. Then X is
hyperbolic.

PROOF. Let a be a cycle in Ch;4(X?) containing I; x I or I x l;. Replacing « by its

transpose if necessary we may assume that I; X Iy € a. If 3 € CH;,4(X?) is a basic cycle,
' ld if ﬁ = ll X ld
B.(h) =< h? if B=1; x h?
0  otherwise,
hence a,(h?) is equal to lg or h® + 4. As a.(h?) is rational, the cycle Iy is rational and X
is hyperbolic by Corollary [72.6. U
We assume now that X is anisotropic throughout the rest of this section.

Let aq,a9 € @*(XQ). The intersection oy N as denotes the sum of the basic cycles
contained simultaneously in «; and in as.

LEMMA 73.3. If ay, 9 € 69120 Chpyi(X?) then the cycle oy N oy is rational.

Proor. Clearly, we may assume that a; and as are homogeneous of the same dimen-
sion D + 1 and do not contain any non-essential basis element. Using Lemma [73.2 we see
that the intersection aq N ay is the essence of the composite of rational correspondences
az 0 (o - (h° x k")) and hence is rational. O

DEFINITION 73.4. We write Che(X?) for the group of essential rational elements in
@izD Chi(XQ)-

DEFINITION 73.5. A non-zero element of Che(X?) is called minimal if it does not
contain any proper rational subcycle.

Note that a minimal cycle is always homogeneous.

PROPOSITION 73.6. Let X be a smooth anisotropic quadric. Then
(1) The minimal cycles form a basis of the group Che(X?).
(2) Two different minimal cycles intersect trivially.
(3) The sum of the minimal cycles of dimension D is equal to the sum Z?:o hix 1; +
I; x h* of all D-dimensional essential basis elements (excluding I3 x I in the case

of even D).
ProOF. The first two statements of Proposition [73.6/ follow from Lemma [73.3. The
last statement follows from the previous ones together with Lemma [73.1. O

DEFINITION 73.7. Let a be an element of Chp,,.(X?) for some r > 0. For every
i € [0,7], the products a - (h® x h?), a- (R x b1, ... a- (k' x h°) will be called the (i-th
order) derivatives of a.

Note that all the derivatives of a rational cycle are also rational.

LEMMA T73.8. (1) A derivative of an essential basis element 3 € Chep,,.(X?) is
an essential basis element.
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(2) For anyr > 0, non-negative integers iy, ji, 2, jo Satisfying i1 +j1 <1, ia+7js <,
and non-zero essential cycle 3 € Chepy,(X?), the two derivatives 3 - (h"* x
hY) and B - (h™ x WW2) of B coincide only if iy = iy and j; = Jo.

(3) For any r > 0, non-negative integers i,j with i + j < r, and non-zero essential
cycles By, 3o € Chep,(X?), the derivatives By - (h' x b?) and By - (h' x h7) of
By and B coincide only if B1 = (s.

PROOF. (1): If 3 is an essential basis element of Chep,,(X?) for some r > 0, then
up to transposition, 8 = h* x l;;, for some i € [0, d — r]. An arbitrary derivative of 3 is
equal to - (k7' x h'2) = K" x 1,4, for some ji, jo > 0 such that j; + jo < r. It follows
that the integers ¢ + j; and i + r — jo are in the interval [0, dJ; therefore, A"t X l;4,_j,
is an essential basis element.

Statement (2) and (3) are left to the reader. O

REMARK 73.9. To visualize the above, it is convenient to think of the essential basic
cycles in @;-p, Chy(X?) (with lpjs X Ipje excluded by Lemma [73.2) as points of two
“pyramids”. For example, if D = 8 or D = 9, we write

* ok

*
Xk
* ook ok
X ok okox
¥ ok ok

*
* ok k
* ko ok ok
* * ook ok

* * *

If we count the rows of the pyramids from the bottom starting with 0, the top row has
number d, and for every r = 0,...,d, the rth row of the left pyramid represents the
essential basis elements h? x l,4;, i = 0,1,...,d — r of Chp,,.(X?), while the rth row of
the right pyramid represents the essential basis elements l,; x h*, i =d—r,d—r—1,...,0
(so that the basis elements of each row are ordered by the codimension of the first factor).

For any o € Ch(X?), we fill in the pyramids by putting a mark in the points repre-
senting basis elements contained in the decomposition of «; the pictures thus obtained is
the diagram of a. If « is homogeneous, the marked points (if any) lie in the same row.
It is now easy to interpret the derivatives of « if o is homogeneous of dimension > D:
the diagram of an i-th order derivative is a parallel transfer of the marked points of the
diagram of a moving them 7 rows lower. In particular, the diagram of every derivative of
such an «a has the same number of marked points as the diagram of a (cf. Lemma [73.8).
The diagrams of the two different derivatives of the same order are shifts (to the right or
to the left) of each other.

EXAMPLE 73.10. Let D = 8 or D = 9. Let a € Chp,(X?) be the essential cycle
a=h"x 1, +h% x5+ 13 x h?. Then the diagram is

k *
*

* kX @
* ko ok

*

* *

*
k*  k ko ok

® X @ ko ok
k* ok ko ok

* %

* *

Then « has precisely two first order derivatives. They are given by «a - (h° x hl) =
RO x lg+ h? x Iy +13 x h* and a - (h' x h®) = h! x [} + h3 x I3 + Iy x h?. Their diagrams
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are as follows:

* *
Xk Xk
EE S 3 EE S 3
* ok ok X kokoXk
® X @ X X * @ X x x
* *
Xk Xk
EE S 3 EE S 3
¥ kok Xk * ko ok Xk
* @ Xk @ % * % @ k

LEMMA 73.11. Let a € @e()@). Then the following conditions are equivalent:
(1) « is minimal.
(2) All derivatives of o are minimal.
(3) At least one derivative of v is minimal.

PROOF. Derivatives of a proper subcycle of a are proper subcycles of the derivatives
of a; therefore, (3) = (1).

In order to show that (1) = (2), it suffices to show that the two first order derivatives
a - (h® x h') and « - (k' x k%) of a minimal cycle « are also minimal. If not, possibly
replacing « by its transposition, we reduce to the case where the derivative a - (h° x h')
of a minimal « is not minimal. Tt follows that the cycle a - (h° x h') with i = dima — D
is also not minimal. Let o/ be its proper subcycle. Taking the essence of the composite
a oo, we get a proper subcycle of a, a contradiction. U

COROLLARY 73.12. The derivatives of a minimal cycle are disjoint.

PROOF. The derivatives of a minimal cycle are minimal by Lemma [73.11 and pairwise
different by Lemma [73.8. As two different minimal cycles are disjoint by Lemma [73.3,
the result follows. 0

We recall the notation of §25. If Fy = F, Fi,..., Iy is the generic splitting tower of
¢ with h = h(¢) the height of ¢, and p; = (¢F,)an for i > 0, we let X; = X,,, be the
projective quadric over F; given by ;. Then i, = i,.(¢) = i,.(X) is the rth relative and
ir = jr(p) = jk(X) the rth absolute higher Witt index of ¢, r € [0,h]. We will also call
these numbers the relative and the absolute Witt indices of X respectively.

LEMMA 73.13. Let i,j be integers in the interval [0, d] satisfying i < j, < j for some
q € [1, b) then no element in Ch(X?) contains either h' x l; or l; x h'.

PROOF. Let i, be integers of the interval [0, d] such that h* x [; or I; X h* appears
in the decomposition of some o € Ch(X?). Replacing a by its transpose if necessary we
may assume that h’ X [; € . Replacing « by its homogeneous component containing
h* x 1;, we reduce to the case that « is homogeneous.

Suppose ¢ be an integer in [1, b) satisfying ¢ < j,. It suffices to show that j < j, as
well.

Let L be a field extension of F' with io(X.) = j, (e.g., L = F,). The cycles a and [;
are both L-rational. Therefore, so is the cycle a.(l;) = [;. It follows by Corollary [72.6
that j <j,. U



326 XIII. CYCLES ON POWERS OF QUADRICS

REMARK 73.14. In order to “see” the statement of Lemma 73.13, it is helpful to mark
by a x only those essential basis elements that are not “forbidden” by this lemma in the
pyramids of basic cycles drawn in Remark [73.9 and to mark by a o the remaining points
of the pyramids. We will get isosceles triangles based on the lower row of these pyramids.
For example, if X is a 34-dimensional quadric with relative higher Witt indices 4, 2,4, 8,
the picture looks as follows:

o o
[oNe) O O
O O O O O O
o 0. 0.0 o 0. 0.0
O O O O O O O O O O
o 0. 0 0 0 0 oo 0o 0. 0.0
o o oo o0 0 o 0o 0o 0o 0 0 0
O O O O O O 0O ©° O O O O O O O ©°
0 0 0 0 0. 0.0.0.0 0 0 0 0 0. 0.0 0.0
O O O O O O O O o o O O O O O O O O o o
O O OO O O O O O 0O % kx O O OO OO O O 0O 0o
0 0 0 0 0 0. 0. 0. 0.0 % % ¥ % 0 0 0 0. 0. 0.0.0.0.0
O O O OO O O O O O % % x k k kx O O OO OO O O O O
0O 0 0O 0 0 0 0. 0. 0. 0 % % % % ¥ % % % 0.0 0.0 0. 0. 0.0 0.0
k O O O O O k O O O *x =k =k =k 3k k %k % %k kx O O O %k O O O O O =k
¥ % O 0 0.0 % % 0 0 % % % % % * % %k k k k k O O % % O O 0.0 % %
% ok ok O k O % % % O k ok k k *k ¥ %k k ok ok ok ok x % O %k k k O k O *k ¥ %k
Ok ok ok ok k kK ok k k sk ok ok ok k k k k sk ok ok ok ko k ko k ok ok ok ok k| kK

DEFINITION 73.15. The triangles in the pyramid of Remark [73.14/ will be called shell
triangles. The shell triangles in the left pyramid are numbered from the left starting with
1. The shell triangles in the right pyramid are numbered from the right starting by 1 as
well (so that the symmetric triangles have the same number; for any ¢ € [1, b], the bases
of the ¢-th triangles have (each) i, points). The rows of the shell triangles are numbered
from below starting with 0. The points of rows of the shell triangles (of the left ones as
well as of the right ones) are numbered from the left starting with 1.

LEMMA 73.16. For every rational cycle a € ;s p Ch;(X?), the number of essential
basic cycles contained in « is even (i.e., the number of the marked points in the diagram
of a is even).

PROOF. We may assume that a is homogeneous, say, o € Chp (X?), k > 0. We
may also assume that £ < d as there are no essential basic cycles of dimension > D + d.
Let n be the number of essential basic cycles contained in a. The pull-back 6*(«) of «
with respect to the diagonal §: X — X2 produces n -l € Ch(X). It follows by Corollary
72.2 that n is even. dJ

LEMMA 73.17. Let a € ﬁ()@) be a cycle containing the top of a qth shell triangle
for some q € [1, b]. Then « also contains the top of the other qth shell triangle.

Proor. We may assume that « contains the top of left qth shell triangle. Replacing
F by the field F, ; in the generic splitting tower of F', X by X, 1, and a by pr?(a),
where pr € Ch(XFp, , x X4_1) is the correspondence of Corollary [72.4, we may assume
that ¢ = 1.

Replacing « by its homogeneous component containing the top of the left 1st shell
triangle § = h° x [, _1, we may assume that « is homogeneous.

Suppose that the transpose of 3 is not contained in «. By Lemma 73.13, the element
a does not contain any essential basic cycles having k% with 0 < ¢ < i; as a factor. Since
a # 3 by Lemma [73.16, we have h > 1. Moreover, the number of essential basis elements
contained in o and the number of essential basis elements contained in pr?(a) € Ch(X?)
differ by 1. In particular, these two numbers have different parity. However, the number
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of the essential basis elements contained in « is even by Lemma 73.16. By the same
lemma, the number of essential basis elements contained in prZ(a) is even, too. g

DEFINITION 73.18. A minimal cycle a € Che(X?) is called primordial if it is not a
derivative of positive order of another rational cycle.

LEMMA 73.19. Let a € Ch(X?) be a minimal cycle containing the top of a qth shell
triangle for some q € [1, h]. Then a is symmetric and primordial.

PRrROOF. The cycle a Nt(«), where t(a) is the transpose of o (where the intersection
of cycles is defined in Lemma [73.3) is symmetric, rational by Lemma [73.3, contained in
o, and, by Lemma 73.17, still contains the tops A=t x [; _; and [j,_; x hle=* of both gth
shell triangles. Therefore, it coincides with o by the minimality of a.

It is easy to “see” that a is primordial by looking at the picture in Remark 73.14.
Nevertheless, we prove it. If there exists a rational cycle 5 # « such that « is a derivative
of 3, then there exists a rational cycle ' such that « is an order one derivative of ', i.e.,
a=/0-(h"xh')ora=p""-(h'xh°. In the first case, 3’ would contain the basic cycle
Rt x I;, while in the second case ' would contain We=*~! x [; _;. However, neither of
these two cases is possible by Lemma [73.13. O

It is easy to see that a cycle « satisfying the hypothesis of Lemma [73.19 with ¢ = 1
exists:

LEMMA 73.20. There exists a cycle in Chpyi,_1(X?) containing the top h° x I;,_1 of
the 1st left shell triangle.

Proor. If D = 0, this follows by Lemma [73.1. So assume D > 0. Consider the pull-
back homomorphism Ch(X?) — Ch(Xg(x)) with respect to the morphism Xpx) — X?
produced by the generic point of the first factor of X2 By Corollary 57.10, this is an
epimorphism. It is also a restriction of the homomorphism Ch(X?) — Ch(X) mapping
each basis element of the type h® x I; to [; and vanishing on all other basis elements.
Therefore an arbitrary preimage of ;,_; € Ch(X F(x)) under the surjection Ch(X?) —
Ch(Xp(x)) contains h® x [, _;. O

LeEMMA 73.21. Let p € Chp(X?), ¢ € [1, b], and i € [1, i,]. Then the element
Pttt [y 4oy is contained in p if and only if the element I, _; x W~ is contained
m p.

Proor. Clearly, it suffices to prove Lemma [73.21 for ¢ = 1. By Lemma [73.20, the
basis element h® x [;, ; is contained in a rational cycle. Let a be the minimal cycle
containing h® x [;, ;. By Lemma[73.17, the cycle a also contains l;, _; x h°. Therefore, the
derivative o+ (h*~! x h'~%) contains both hi™t x [;_; and I, _; x h''~%. Since the derivative
of a minimal cycle is minimal by Lemma 73.11, the lemma follows by Lemma 73.3. [

In the language of diagrams, the statement of Lemma 73.21 means that the ith point
of the base of the qth left shell triangle in the diagram of p is marked if and only if the
1th point of the base of the gth right shell triangle is marked.

DEFINITION 73.22. The symmetric shell triangles (i.e., both gth shell triangles for
some ¢) are called dual. Two points are called dual, if one of them is in a left shell
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triangle, while the other one is in the same row of the dual right shell triangle and has
the same number as the first point.

COROLLARY 73.23. In the diagram of an element of Ch(X?), any two dual points are
simultaneously marked or not marked.

PROOF. Let k be the number of the row containing two given dual points. The case of
k = 0 is treated in Lemma [73.21] (while Lemma [73.17 treats the case of “locally maximal”
k). The case of an arbitrary k is reduced to the case of k& = 0 by taking a k-th order
derivative of a. 0

REMARK 73.24. By Corollary 73.23, it follows that the diagram of a cycle in Ch(X?) is
determined by one (left or right) half of itself. From now on, we refer to left shell triangles
simply as shell triangles. Note also that the transposition of a cycle acts symmetrically
about the vertical axis on each shell triangle.

The following proposition generalizes Lemma [73.20.

PROPOSITION 73.25. Let f: Ch(X?) — [1, b] be the map that assigns to each v €
Ch(X?) the integer q € [1, b] such that the diagram of v has a point in the qth shell
triangle and has no points in the ith shell triangles with i < q. For any q € f(@(XQ)),
there exists an element o € Ch(X?) with f(a) = q so that o contains the top of the qth
shell triangle.

Proor. We induct on ¢q. If ¢ = 1, the condition of Proposition [73.25/ is automatically
satisfied by Lemma [73.1l and the result follows by Lemma [73.20. So we may assume that
q>1.

Let v be an element of Ch(X?) with f(v) = ¢. Replacing 7 by its appropriate homo-
geneous component, we may assume that 7 is homogeneous. Replacing this homogeneous
7 by any one of its maximal order derivatives, we may further assume that v € Chp(X?).

Let i be the smallest integer such that Ao+ x [, _ 1, € v. We first prove that the
group Ch(X?) contains a cycle v’ satisfying f(y') = ¢ with 7/ containing hla—17% x li,—1-
(This is the point on the right side of the gth shell triangle such that the line connecting
it with hja—1+i x li,~1+i 1s parallel to the left side of the shell triangle. If 7 = 0 then we
can take o« = 4" and finish the proof.)

Let

pri: Ch(XE(x)) — Ch(X}) and in: Ch(X}) — Ch(Xfy))
be the homomorphisms of Remark [72.5. Applying the induction hypothesis to the quadric
X, and the cycle pr?(y) € Ch(X?), we get a homogeneous cycle in ﬁD+iq_1(X%(X))
containing e x[j, _; . Multiplying it by h’ x h?, we get a homogeneous cycle in @(X%( X))
containing Ae='* x [; _; . Note that the quadric Xp(x) is not hyperbolic (since h > ¢ > 1)
and therefore, by Lemma 73.2, the basis element [; X [; is not contained in this cycle.
Therefore, the group Ch(X?) contains a homogeneous cycle y containing h° x hla-17% x li,—1
(and not containing h® X g x l3). View u as a correspondence of the middle factor of X3
into the product of the two outer factors. Composing it with v and taking the pull-back
with respect to the partial diagonal map 0: X? — X3, (2, 12) — (21,21, 72), we get the
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required cycle 7/ (more accurately, v = §* (tlg(,u) o 7), where t15 is the automorphism of

Ch(X?®) given by the transposition of the first two factors of X?).

The highest order derivative /- (h's~17" x hY) of 4/ contains Ae~' x [; _y, the last point
of the base of the gth shell triangle. Therefore, the transpose t(7’) contains the first point
Ra=1 x li,_, of the base of the gth shell triangle by Remark [73.24. Replacing v by ¢(7'), we
are in the case that i = 0 (see the third paragraph of the proof), finishing the proof. [

ILLUSTRATION 73.26. The following picture shows the displacements of the special
marked point of the gth shell triangle in the proof of Proposition 73.25:

* % ok ok 3
¥ ok ok ok k%
% ok ok ok ok ok
¥ ok x ok ok ok ok %

* ok 1 % % x ok ok ok
¥ % ok ok ok ok ok x k%

5 % % * 2 x x *x *x x 4

We start with a cycle v € Ch(X?) with f(y) = g, it contains a point somewhere in the
gth shell triangle say, the point in Position 1. Then we modify ~ in such a way that f(v)
is always ¢ and look at what happens with this point. Replacing v by a maximal order
derivative, we move the special point to the base of the shell triangle; for example, we can
move it to Position 2. The heart of the proof is the movement from Position 2 to Position
3 (here we make use of the induction hypothesis). Again taking an appropriate derivative,
we come to Position 4. Transposing this cycle, we come to Position 5. Finally, repeating
the procedure used in the passage from 2 to 3, we move from Position 5 to Position 6,
arriving to the top.

JLLUSTRATION 73.27. Let

Ch(X?) = Ch(X2y,) 2 Ch(X?)

)

be the homomorphism used in the proof of Proposition 73.25. If o € Ch(X?), the diagram
of prZ(a) is obtained from the diagram of « by erasing of the first shell triangle. An
example is shown by the illustration with X as in Remark [73.14:

(o]
o O
O O O
O O O O
O O O O O @)
O O O O O O o O
O O O O 0 O O O O O
O O 0O 0O O O O O O O O O
O O 0O 0O O O O 0 O O O O O O
O O O O 0O O O O 0 O O O O O O O
O O O O 0O O O O O O * O O O O O O *
O O O O O O O O O O *x =k O O O O O O *x =k
O O O O O O O O O O *k *x O O O O O O *k *x
O O O O O O O O O O =k k 3k x O O O O O O =k 3k 3k %k
0 0 0 0 0 % 0 0.0 % % % * * 0O 0 %_ 0 0 0 % % % * *
% % 0 0.0 0 % *k_ 0 0 k * k % k * 0 0 % % 0 0 % * * * *k *
® kx @€ O @€ O @ x @ O @ kx @ % @ Xk @ ® O @ x @ O @ x @ * @ Xk @
KOk kK K kK kK ok kK ok K kK kK KOk kK Kk kK kK ok kK kK
. - 2
diagram of « diagram of pri(«)

Summarizing, we have the following structure result on Che(X?):

THEOREM 73.28. Let X be a smooth anisotropic quadric. The set of primordial cycles
IT lying in Che(X?) has the following properties:
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(1) All derivatives of all cycles in I1 are minimal and pairwise disjoint, and the set
of these form a basis of Che(X?). In particular, the sum of all mazimal order
deriwatives of the elements in 11 is equal to the cycle

d . _

A= Z(hz X lz +lz X hl) S Ch(XQ)

=0

(2) Every cycle in 11 is symmetric and has no points outside of the shell triangles.
(3) The map f in Proposition [73.25 is injective on Il. Fvery cycle m € 11 contains
the top of the f(m)th shell triangle and has no points in any shell triangle with

number in f(I1) \ {f(m)}.
(4) 1€ f(Ch(X2)) = f(II).

DEFINITION 73.29. Let f be as in Proposition 73.25. If f(a) = ¢ for an element
a € Ch(X?), we say that « starts in the qth shell triangle. More specifically, if f(7) = ¢
for a primordial cycle w, we say that 7 is g-primordial.

The following statement is an additional property of 1-primordial cycles:

PROPOSITION 73.30. Let 7 € Ch(X?) be a 1-primordial cycle. Suppose m contains
hi xl;yi,—1 for some positive i < d. Then the smallest integer i with this property coincides
with an absolute Witt index of ¢, i.e., i =j,_1 for some q € [2, b].

PROOF. The cycle 7 contains h° x [;,_; as this is the top of the first shell triangle.
By Lemma [73.13, 7 contains none of cycles Y x l,,..., A" X Iy, 5. Tt follows that if
i € [1, d] is the smallest integer satisfying h* X ;15,1 € 7w then i > j; =1;. Let q € [2, b]
be the largest integer with j,_; < i. We show j,_; = i. Suppose to the contrary that
jq,1 < 1.

Let X be the quadric over F'(X) given by the anisotropic part of pr(x) and

pri: Ch(Xi(x)) — Ch(XT)

the homomorphism of Remark [72.5. Then the element pr?(m) starts in the shell triangle
number ¢ — 1 of X;. Therefore, by Proposition [73.25, the quadric X; possesses a (¢ — 1)-
primordial cycle 7.

Let

be the homomorphism of Remark [72.5. Then the cycle 8 = in?(7) in @(X}%( x)) contains
W=t x I;, 1 and does not contain any b/ x Iy with j < jg_1.
Let € Ch(X?) be a preimage of 3 under the pull-back epimorphism

g @(X?’) - ﬁ(XIQT(X)) )

where the morphism g¢: Xlz,( x) = X 3 is induced by the generic point of the first factor of
X3 (cf. Corollary 57.10). The cycle 1 contains h® x h)e= x [; _; and does not contain any
RO X W x I, with j < j,_1.

We consider 7 as a correspondence X ~+ X2, Define p as the composition u = no «
with o = 7+ (h? x h*~1). The cycle a contains h° x [y and does not contain any A’/ x [; with
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j € [1, i). In particular, since j,_1 < 7, it does not contain any h? x [; with j € [1, j,_1].
Consequently, the cycle p contains the basis element
ho X hjq71 X qu,l = (ho X hjq71 X qu,l) o (ho X l())
and does not contain any h? x h’ x I with j € [1, j,_1].
Let L L

§*: Ch(X?) — Ch(X?)

be the pull-back homomorphism with respect to the partial diagonal morphism
§: X2 — X?, (21 X m9) = (11 X 71 X 29) .
The cycle §* (1) € Ch(X?), contains the basis element
Wit x [y =0"(h" x Wt x [, _4)

and does not contain any h/ x l, with j < j,_1. It follows that an appropriate derivative

of the cycle §*(u) contains h' x ;44,1 € 7 and does not contain h® x l;, ; € m. This
contradicts the minimality of . O

REMARK 73.31. In the language of diagrams, Proposition [73.30 asserts that the point
h® x l; 4,1 lies on the left side of the gth shell triangle.

DEFINITION 73.32. We say that the integer ¢ € [2, ] occurring in Proposition [73.30
is produced by the 1-primordial cycle 7.






CHAPTER XIV

The Izhboldin dimension

Let X be an anisotropic smooth projective quadric over a field F' (of arbitrary char-
acteristic). The Izhboldin dimension dimy,, X of X is defined as

dimp, X :=dim X —i1(X) + 1,

where i;(X) is the first Witt index of X.

Let Y be a complete (possibly singular) algebraic variety over F' with all of its closed
points of even degree and such that Y has a closed point of odd degree over F'(X). The
main theorem of this chapter is Theorem [76.1 below. It states that dimp;, X < dimY
and if dimp,, X = dimY the quadric X is isotropic over F(Y).

An application of Theorem [76.1lis the positive solution of a conjecture of Izhboldin that
states: if an anisotropic quadric Y becomes isotropic over F'(X) then dimy,, X < dimy,, Y
with equality if and only if X is isotropic over F(Y).

The results of this chapter for the case that characteristic # 2 were obtained in [72].

74. The first Witt index of subforms
For the reader’s convenience, we list some easy properties of the first Witt index:

LEMMA 74.1. Let ¢ be an anisotropic non-degenerate quadratic form over F of di-
mension at least two.

(1) The first Witt index i1(p) coincides with the minimal Witt index of o, where E
runs over all field extension of F' such that the form pg s isotropic.

(2) Let ¢ be a non-degenerate subform of ¢ of codimension r and E/F a field ex-
tension. Then ig(Vg) > (@) — r. In particular, i1(¢) > 41 (@) —r (if i1(¥) is
defined, i.e., dim) > 2).

ProOOF. The first statement is proven in Corollary 25.3. For the second statement,
note that the intersection of a maximal isotropic subspace U (of dimension ig(¢g)) of the
form g with the space of the subform g is of codimension at most r in U. O

The following two statements are due to Vishik (in the case that characteristic # 2,
cf. [140, Cor. 4.9]).

PROPOSITION 74.2. Let ¢ be an anisotropic non-degenerate quadratic form over F
with dim¢ > 2. Let 1 be a non-degenerate subform of ¢. If codimy,) > i1(p) then the
Jorm Y,y ts anisotropic.

PROOF. Let n = codim, 1 and assume that n > i;(p). If the form ¢ p ) is isotropic
there exists a rational morphism X --» Y, where X and Y are the projective quadrics of ¢
and ) respectively. We use the same notation as in §72. Let a € Ch(X?) be the class of the

333
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closure of the graph of the composition X --+ Y — X. Since the push-forward of o with
respect to the first projection X? — X is non-zero, we have h® xl; € a. On the other hand,
as a is in the image of the push-forward homomorphism Ch(X xY) — Ch(X?) that maps
any external product 3 x 7 to 3 x in,(7), where the push-forward in,: Ch(Y) — Ch(X)
maps h' to A" and n > i;(¢), one has [, (,)—1 X k" ?)~1 ¢ o, contradicting Lemma 73.21
(cf. also Corollary [73.23).

O

COROLLARY 74.3. Let ¢ be an anisotropic non-degenerate quadratic form and @' a
non-degenerate subform of ¢ of codimension n with dim ¢’ > 2. Ifn < i1(p) then iy (¢') =

i1(p) —n.
PROOF. Let i; = i1(p). By Lemma [74.1, we know that i;(¢’) > i; — n. Let ¢ be a

non-degenerate subform of ¢’ of dimension dim ¢ —i;. If i;(¢’) > i; — n then the form
Yr(p) 1s isotropic by Lemma [74.1 contradicting Proposition [74.2. O

LEMMA 74.4. Let ¢ be an anisotropic non-degenerate quadratic F'-form with dim ¢ > 3
and i1(p) = 1. Let F(t)/F be a purely transcendental field extension of degree 1. Then
there exists a non-degenerate subform ¢ of @pw) of codimension one satisfying i1 () = 1.

PROOF. First consider the case that char(F) # 2. We can write ¢ ~ ¢'L (a,b) for
some a,b € F* and some quadratic form ¢’. Set

This is clearly a subform of ¢ of codimension 1. Moreover, the fields F'(t)(+) and F(¢)
are isomorphic over F'. In particular,
u(¥) = (Wrow) < i(Prow) = i(erg) =hlp) =1

hence i;(¢) = 1.
Suppose char(F') = 2. If dim ¢ is even then ¢ ~ ¢ 1[a, b] for some a,b € F' and some
even-dimensional non-degenerate quadratic form ¢’ by Proposition [7.32. In this case set

U= Pl (a+t4+bt7) .
If dimy is odd then ¢ ~ ¢'1lla,b]L (c) for some ¢ € F*, some a,b € F, and some
even-dimensional non-degenerate quadratic form ¢'. In this case set

In either case, 1 is a non-degenerate subform of ¢p) of codimension 1 such that the
fields F'(t)(v) and F(p) are F-isomorphic. Therefore the argument above shows that

i(v) = 1. O

75. Correspondences

Let X and Y be schemes over a field F'. Suppose that X is equidimensional and let
d = dim X. Recall that a correspondence (of degree zero) a: X ~»Y from X to Y is an
element ov € CHy(X x Y) (cf. §62). A correspondence is called prime if it is represented
by a prime cycle. Every correspondence is a linear combination of prime correspondences
with integer coefficients.
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Let a: X ~ Y be a correspondence. Assume that X is a variety and Y is complete.
The projection morphism p: X xY — X is proper hence the push-forward homomorphism

is defined (cf. Proposition49.9). The number mult(«) € Z satisfying p.(a) = mult(a)-[X]
is called the multiplicity of a. Clearly, mult(a + #) = mult(a) + mult(3) for any two
correspondences «, 3: X ~» Y.

A correspondence « : Spec F' ~» Y is represented by a 0O-cycle z on Y. Clearly,
mult(a) = deg(z), where deg: CHy(Y) — Z is the degree homomorphism defined in
Example 57.6. More generally, we have the following statement.

LEMMA 75.1. The composition

CH,(X x V) — CHo(Yr(x)) <% Z,

where the first map is the pull-back homomorphism with respect to the natural flat mor-
phism Ypx) — X X Y takes a correspondence o to mult(c).

PRrROOF. The statement follows by Proposition 49.20 applied to the fiber product di-
agram
YF(X) — X xY

! |

Spec F(X) — X
U

LEMMA 75.2. Let Y be a complete scheme and F’/F a purely transcendental field
extension. Then

deg CHo(Y) = deg CHy(Y%) .

PROOF. We may assume that F is the function field of the affine line A!. By Propo-
sition 49.20) applied to the fiber product diagram

YF(Al) L) Y

l l

Spec F(A') —— Spec F
it suffices to show the the pull-back homomorphism f* : CHy(Y) — CHy(Yp (1)) is sur-
jective. We have f = poq where p : Y x Al — Y is the projection and q : Yppny — Y x A
is a natural morphism. The pull-back homomorphism p* is an isomorphism by Theorem

57.12/ and ¢* is surjective by Corollary 57.10. As f* = ¢* o p* by Proposition 49.18|, the
map f* is surjective. O

COROLLARY 75.3. Let Y be a complete variety, X a smooth projective quadric, and
X' C X an arbitrary closed subvariety of X. Then

deg CHO(YF(X)) C deg CHO(YF(X/)) .
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PROOF. Since F(X) is a subfield of F/(X x X’), we have
deg CHO(YF(X)) C deg CHO(YF(XXX’)) .

As the quadric Xp(x+ is isotropic, the field extension F(X x X')/F(X') is purely tran-
scendental. Hence

deg CHO(YF(XXX/)) = deg CH()(YF(X/))
by Lemma 75.2. 0

Let X and Y be varieties over F' with dim X = d and Z C X xY a prime d-dimensional
cycle of multiplicity » > 0. The generic point of Z defines a degree r closed point of the
generic fiber Yp(x) of the projection X x Y — X and vice versa. Hence there is a natural
bijection of the following two sets for every r > 0:

1) prime d-dimensional cycles on X X Y of multiplicity .
2) closed points of Yp(x) of degree r.

A rational morphism X --+ Y defines a prime correspondence X ~- Y of multiplicity
1 by taking the closure of its graph. Conversely, a prime cycle Z C X x Y of multiplicity
1 is birationally isomorphic to X. Therefore, the projection to Y defines a rational map
X --+ Z — Y. Hence there are natural bijections between the sets of:

0) rational morphisms X --+ Y.
1) prime d-dimensional cycles on X x Y of multiplicity 1.
2) rational points of Yr(x).
A prime correspondence X ~-» Y of multiplicity r can be viewed as a “generically
r-valued map” between X and Y.
Let a: X ~ Y be a correspondence between varieties of dimension d. We write
a':Y ~» X for the transpose of a (cf. §62)).

THEOREM 75.4. Let X be an anisotropic smooth projective quadric with i1(X) = 1.
Let §: X ~» X be a correspondence. Then mult(d) = mult(6*) (mod 2).

PROOF. The coefficient of h° x [ in the decomposition of the class of § in the modulo
2 reduced Chow group Ch(X?) is mult(§) (mod 2) (taking into account Lemma [73.2 in
the case when dim X = 0). Therefore, the theorem is a particular case of Corollary [73.23.
(It is also a particular case of Lemma [73.21] and also of Lemma [73.17.)

We give another proof of Theorem [75.4. By Example 66.6, we have

CHA(X?) ~ CHy(X) @ CHy_1(F1) @ CHy(X) .

where F is the flag variety of pairs (L, P), where L and P are a totally isotropic line and
plane, respectively, satisfying L C P. It suffices to check the formula of Theorem [75.4/ for
0 lying in the image of any of these three summands.

Since the embedding CHy(X) < CHg4(X?) is given by the push-forward with respect
to the diagonal map, its image is generated by the diagonal class for which the congruence
clearly holds.

Since X is anisotropic, every element of CHy(X) becomes divisible by 2 over an ex-
tension of I’ by Theorem 71.2 and Proposition 68.1. As multiplicity is not changed under
a field extension homomorphism, we have mult(d) = 0 = mult(§*) (mod 2) for any ¢ in
the image of CHg(X).
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Since the embedding CHy_;(F1) — CH4(X?) is produced by a correspondence Fl ~
X? of degree one, the image of CH,_(F) is contained in the image of the push-forward
CHy4(FI x X?) — CHy(X?) with respect to the projection. Let § € CHy(X?). By Lemma
75.1, the multiplicity of 6 and of ¢ is the degree of the image of § under the pull-back
homomorphism CH,4(X?) — CHy(Xp(x)), given by the generic point of the appropriately
chosen factor of X?. As i;(X) = 1, the degree of any closed point on (FI x X)g(x) is even
by Corollary 71.3. Consequently mult(d) = 0 = mult(6*) (mod 2) for any 4 in the image
of CHy_1(F1). O

REMARK 75.5. The statement of Theorem [75.4 with X replaced by an anisotropic
non smooth quadric (over a field of characteristic 2) was proved by Totaro in [138].

COROLLARY 75.6. Let X be as in Theorem |75.4. Then any rational endomorphism
f: X --+ X is dominant. In particular, the only point x € X admitting an F-embedding
F(z) — F(X) is the generic point of X.

PROOF. Let §: X ~» X be the class of the closure of the graph of f. Then mult(d) = 1.
Therefore, the integer mult(d*) is odd by Theorem [75.4. In particular, mult(d*) # 0, i.e.,
f is dominant. U

76. The main theorem
The main theorem of the chapter is

THEOREM 76.1. Let X be an anisotropic smooth projective quadric over F' and Y a
complete variety over F' such that every closed point of Y is of even degree. If there is a
closed point in Yp(x) of odd degree then

(1) dimp, X < dimY,
(2) If dimpy, X = dimY then X is isotropic over F(Y).

PROOF. A closed point of Y over F/(X) of odd degree gives rise to a prime correspon-
dence a: X ~» Y of odd multiplicity. By Springer’s theorem [71.3, to prove statement (2),
it suffices to find a closed point of Xp(y) of odd degree, equivalently, to find a correspon-
dence Y ~~ X of odd multiplicity.

First assume that i;(X) = 1, so dimp,, X = dim X. In this special case, we simulta-
neously prove both statements of Theorem [76.1/ by induction on n = dim X + dim Y.

If n=0,1ie., X and Y are both of dimension zero then X = Spec K and Y = Spec L
for some field extensions K and L of F with [K : F] = 2 and [L : F| even. Taking the
push-forward to Spec(F') of the correspondence «, we have

[K : F]-mult(a) = [L: F] - mult(a?).

Since mult(«v) is odd, the correspondence a': Y ~» X is of odd multiplicity as needed.

So we may assume that n > 0. Let d be the dimension of X. We first prove (2),
so we have dimY = d > 0. It suffices to show that mult(af) is odd. Assume that the
multiplicity of o' is even. Let € X be a closed point of degree 2. Since the multiplicity
of the correspondence [Y x z]: Y ~» X is 2 and the multiplicity of [z X Y]: X ~~ Y is zero,
modifying o by adding an appropriate multiple of [x X Y] we can assume that mult(«) is
odd and mult(a?) = 0.
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The degree of the pull-back of ' on Xpy) is now zero by Lemma [75.1. By Corollary
71.4, the degree homomorphism

deg: CH()(XF(y)) A

is injective. Therefore, by Proposition [52.9 there is a nonempty open subset U C Y such
that the restriction of & on X x U is trivial. Write Y’ for the reduced scheme Y \ U, and
leti: X XY — X xY and j: X x U — X x Y denote the closed and open embeddings
respectively. The sequence

CHy(X x Y') 25 CHy(X x V) L5 CHy(X x U)

is exact by Proposition 57.8. Hence there exists an o/ € CHy(X xY”) such that i, (/) = «.
We can view o as a correspondence X ~» Y’. Clearly, mult(a/) = mult(a), hence
mult(a’) is odd. Since ¢ is a linear combination of prime correspondences, there exists
a prime correspondence (3: X ~» Y’ of odd multiplicity. The class § is represented by
a prime cycle, hence we may assume that Y’ is irreducible. Since dimY’ < dimY =
dim X = dimp,, X, we contradict statement (1) for the varieties X and Y’ that holds by
the induction hypothesis.

We now prove (1) when i;(X) = 1. Assume that dimY < dim X. Let Z C X XY be
a prime cycle representing «. Since mult(«) is odd, the projection Z — X is surjective
and the field extension F(X) — F(Z) is of odd degree. The restriction of the projection
X xY — Y defines a proper morphism Z — Y. Replacing Y by the image of this
morphism, we assume that Z — Y is a surjection.

In view of Lemma[74.4, extending scalars to a purely transcendental extension of F', we
can find a smooth subquadric X’ of X of the same dimension as Y having i;(X’) = 1. By
Lemma [75.2, all closed points on Y are still of even degree. Since purely transcendental
extensions do not change Witt indices by Lemma [7.16, we still have i;(X) = 1.

By Corollary [75.3), there exists a correspondence X’ ~» Y of odd multiplicity. Since
dim X’ < dim X, by the induction hypothesis, statement (2) holds for X’ and Y, that is,
X’ has a point over Y, i.e., there exists a rational morphism Y --» X’. Composing this
morphism with the embedding of X’ into X, we get a rational morphism f :Y --» X.

Consider the rational morphism

h:=idxy x f: X xY --» X x X.

As the projection of Z to Y is surjective, Z intersects the domain of definition of h.
Let Z' be the closure of the image of Z under h. The composition of Z --» Z' with
the first projection to X yields a tower of field extensions F(X) C F(Z') C F(Z). As
[F(Z): F(X)]is odd, sois [F(Z') : F(X)], i.e., the correspondence 3 : X ~» X given by
7' is of odd multiplicity. The image of the second projection Z’ — X is contained in X’
hence mult(4*) = 0 as dim X’ < dim X. This contradicts Theorem [75.4/ and establishes
Theorem [76.1/ in the case i;(X) = 1.

We now consider the general case. Let X’ be a smooth subquadric of X with dim X' =
dimyp,, X. Then i;(X’) = 1 by Corollary 74.3, i.e., dimy,, X’ = dimy,, X. By Corollary
75.3, the scheme Yr(x/) has a closed point of odd degree since Yp(x) does. As i (X)) =1,
we have shown in the first part of the proof that the statements (1) and (2) hold for X’
and Y. In particular, dimy,, X = dimp,;, X’ < dimY by (1) for X’ and Y proving (1) for
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X and Y. If dim X’ = dim Y, it follows from (2) applied to X’ and Y that X’ is isotropic
over FI(Y'). Hence X is isotropic over F/(Y') proving (2) for X and Y. O

REMARK 76.2. The statement of Theorem [76.1 with X replaced by an anisotropic
non smooth quadric (over a field of characteristic 2) was proved by Totaro in [138].

A consequence of Theorem [76.1! is that an anisotropic smooth quadric X cannot be
compressed to a variety Y of dimension smaller than dimp,, X with all closed points of
even degree:

COROLLARY 76.3. Let X be an anisotropic smooth projective F-quadric and Y a
complete F-variety with all closed points of even degree. If dimy,, X > dimY then there
are no rational morphisms X --+ Y.

REMARK 76.4. Let X and Y be as in part (2) of Theorem [76.1. Suppose in addition
that dim X = dimp, X, ie., i1(X) = 1. Let a: X ~» Y be a correspondence of odd
multiplicity. The proof of Theorem [76.1 shows mult(a') is also odd.

Applying Theorem [76.1] to the special (but perhaps the most interesting) case where
the variety Y is also a projective quadric, we prove the conjectures of Izhboldin:

THEOREM 76.5. Let X andY be anisotropic smooth projective quadrics over F. Sup-
pose that Y is isotropic over F(X). Then
(1) dimlzh X S dimlzh Y.
(2) dimp, X = dimy,y, Y if and only if X is isotropic over F(Y').

PROOF. Choose a subquadric Y/ C Y with dimY’ = dimy,, Y. Since Y’ becomes
isotropic over F(Y) by Lemma [74.1(2) and Y becomes isotropic over F'(X), the quadric
Y’ becomes isotropic over F'(X). By Theorem 76.1, we have dimy,, X < dimY”’. Moreover,
in the case of equality, X becomes isotropic over F'(Y”’) and hence over F'(Y). Conversely,
if X is isotropic over F'(Y'), interchanging the roles of X and Y, the argument above also
yields dimp,, Y < dimy,, X, hence equality holds. O

We have the following upper bound for the Witt index of Y over F(X).

COROLLARY 76.6. Let X and Y be anisotropic smooth projective quadrics over F.
Suppose that Y is isotropic over F(X). Then

10(YF(X)) — il (Y) S dimlzh Y — dimlzh X .

Proor. If dimp;, X = 0, the statement is trivial. Otherwise, let Y’ be a smooth
subquadric of Y of dimension dimy,;, X — 1. Since dimp,, Y’ < dimY’ < dimp,, X, the
quadric Y’ remains anisotropic over F'(X) by Theorem [76.5(1). Therefore, io(Yr(x)) <
codimy Y/ = dimY — dimp,;, X + 1 by Lemma [74.1, hence the inequality. U

We have also the following more precise version of Theorem [76.1:

COROLLARY 76.7. Let X be an anisotropic smooth projective F-quadric and Y a
complete variety over F' such that every closed point of Y is of even degree. If there is a
closed point in Yr(x) of odd degree then there exists a closed subvariety Y’ C'Y such that

(i) dimY’ = dimyp,, X.
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(ii) Yﬁ(x) possesses a closed point of odd degree.
(iii) Xpyry is isotropic.

PROOF. Let X’ C X be a smooth subquadric with dim X’ = dimy,, X. Then
dimy,, X' = dim X’ by Corollary [74.5. An odd degree closed point on Yp(x) determines a
correspondence X ~» Y of odd multiplicity which in turn gives a correspondence X' ~~ Y
of odd multiplicity. We may assume that the latter correspondence is prime and take a
prime cycle Z C X’ x Y representing it. Let Y’ be the image of the proper morphism
Z — Y. Clearly, dimY’ < dim Z = dim X’ = dimy,;, X. On the other hand, Z determines
a correspondence X' ~» Y’ of odd multiplicity. Therefore dimY” > dim X’ by Theorem
76.1, and condition (i) of Corollary [76.7 is satisfied. Moreover, Y}, v, has a closed point
of odd degree. Since the field F(X x X') is a purely transcendental extension of F'(X),
Lemma [75.2/ shows that there is a closed point on Yy, v of odd degree, i.e., condition (ii)
of Corollary [76.7 is satisfied. Finally, the quadric X I’V(Y,) is isotropic by Theorem 76.1;
therefore Xp(y is isotropic. O

77. Addendum: The Pythagoras number

Given a field F, its pythagoras number is defined to be
p(F) :=min{n | D(n(1)) = D(co(1))}

or infinity if no such integer exists. If char F' = 2 then p(F) = 1 and if char F' # 2 then
p(F) = 1if and only if F is pythagorean. Let F' be a field that is not formally real. Then
the quadratic form (s(F') + 1) (1) is isotropic. In particular, p(F) = s(F') or s(F)+ 1 and
each value is possible. So this invariant is only interesting when the field is formally real.
For a given formally real field determining its pythagoras number is not easy. If F' is an
extension of a real closed field of transcendence degree n then p(F) < 2" by Corollary
35.15. In particular, if n = 1 and F' is not pythagorean then p(F') = 2. It is known that
p(R(t1,t2)) = 4 (cf. [25]), but in general, the value of p(R(t1,...%,)) is not known. In
this section, given any non-negative integer n, we construct a formally real field having
pythagoras number n. This was first done by Hoffmann in [57].

LEMMA 77.1. Let F be a formally real field and ¢ a quadratic form over F. If P €
X(F) then P extends to an ordering on F(p) if and only if ¢ is indefinite at P, i.e.,

[sgnp(p)] < dime.
PROOF. Suppose that ¢ is indefinite at P. Let Fp be the real closure of F' with respect
to P. Let K = Fp(p). As ¢p, is isotropic, K/Fp is purely transcendental. Therefore the

unique ordering on Fp extends to K. The restriction of this extension to F'(p) extends
P. The converse is clear. U

The following proposition is a consequence of the lemma and Theorem [76.5.

PROPOSITION 77.2. Let F' be formally real and x,y € D(co(1)). Let p ~m(1l) L (—x)
and ¥ ~n(l) L (—y) withn >m > 0. Then F(v) is formally real. If, in addition, ¢ is
anisotropic then so s Qp(y).
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PROOF. As % is indefinite at every ordering, every ordering of F' extends to F'(v).
In particular, F'(¢) is formally real. Suppose that ¢ is anisotropic. Since over each real
closure of F' both ¢ and v have Witt index 1, the first Witt index of ¢ and ¥ must also
be one. As dim ¢ > dim 1), the form @) is anisotropic by Theorem [76.5. U

CONSTRUCTION 77.3. Let Fy be a formally real field. Let Fy = Fy(t1,...,t,—1) and
r=1+t+---+1t | € D(co(1)). By Corollary 17.13, the element x is a sum of n
squares in Fj but no fewer. In particular, ¢ ~ (n — 1)(1) L (—x) is anisotropic over Fj.
For ¢ > 1, inductively define F;,; as follows:

Let
A = {n(1) L (=y) |y € D(co(l)r,) }.

For any finite subset S C ;, let Xg be the product of quadrics X, for all p € S. If
S C T are two subsets of 2;, we have the dominant projection X7 — Xg and therefore
the inclusion of function fields F(Xg) — F(Xr). Set F1 = colim Fg over all finite
subsets S C ;. By construction, all quadratic forms ¢ € 2; are isotropic over the field
extension F; of F'. Let F' = |J F;. Then F has the following properties.

(1) F is formally real.

(2) n(1) L (—y) is isotropic for all 0 # y € > (F*)2.
Consequently, D(co(1)rp) C D(n(l)r), so the pythagoras number p(F) < n. As ¢ ~
(n—1)(1) L (—x) remains anisotropic over F', we have p(F) > n. So we have shown

THEOREM 77.4. For every n > 1 there exists a formally real field F with p(F) = n.






CHAPTER XV

Application of Steenrod operations

Since Steenrod operations are not available in characteristic 2, throughout this chapter,
the characteristic of the base field is assumed to be different from 2.

We write vy(n) for the 2-adic exponent of an integer n.

We shall use the notation of Chapter XIII. In particular, X is a smooth D-dimensional
projective quadric over a field F' given by a (non-degenerate) quadratic form ¢, and
d=1[D/2].

78. Computation of Steenrod operations

Recall that h € Ch'(X) is the class of a hyperplane section.

LEMMA 78.1. The modulo 2 total Chern class ¢(Tx) : Ch(X) — Ch(X) of the tangent
vector bundle Tx of the quadric X is multiplication by (1 + h)PT2.

PROOF. By Proposition 58.15, it suffices to show that ¢(Tx)([X]) = (1 + h)P+2
Let i : X < P be the closed embedding of X into the (D + 1)-dimensional projective
space P = P(V), where V is the underlying vector space of p. We write H € Ch'(P)
for the class of a hyperplane, so h = i*(H). Since X is a hypersurface in P of degree
2, the normal bundle N of the embedding i is isomorphic to i*(L®?), where L is the
canonical line bundle over P (cf. §104.B). By Propositions [104.16 and [54.7, we have
o(Tx)oc(i*(L®?)) = c(i*Tp). By Example[61.15, we know that ¢(7p) is the multiplication
by (1+ H)P*2 and by Propositions 54.3 and 57.25 that ¢(L®?) = id modulo 2. It follows
that

c(Tx)([X)) = (c(*Tp) 0 c(i*(L¥?)) ) (*([P])) =
(" o c(Tp) 0 (L¥*) ") ([P]) = i*(1 + H)PT* = (1 4+ h)P*?
by Proposition 55.22. O

COROLLARY 78.2. Suppose that io(X) > n for somen > 0. Let W C V be a totally
isotropic (n + 1)-dimensional subspace of V and P be the n-dimensional projective space
P(W). Let i: P — X be the closed embedding. Then the modulo 2 total Chern class
¢(N): Ch(P) — Ch(P) of the normal bundle N of the embedding i is multiplication by
(1+ H)P+=n where H € Ch'(P) is the class of a hyperplane.

PROOF. By Propositions 104.16 and 54.7, we have ¢(N) = ¢(Tp) ! o ¢(i*Tx); and by
Proposition 55.22/ and Lemma 78.1, we have

c(i*Tx)[P] = c(i*Tx)(i*[X]) = (* o c(Tx))[X] = i*(1 + h)PT* = (1 + H)"*.
Hence by Example 61.15, ¢(Tp) = (1 + H)" . O

343
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COROLLARY 78.3. Under the hypothesis of Corollary | 78.2, we have
Sax([P]) = [P]- (1 + R)P*H".

PROOF. By the Wu Formula 61.7, we have Sqy ([P]) = 4. (c(N)[P]). Using Corollary

8.2, we get
i (c(N)[P]) =i (L + H)PH" - [P]) = i (¢ (L + )P - [P]) = (1 + B)PF™ il [P)

using the Projection Formula [56.9. 0

We also have (cf. Example 61.15):

LEMMA 78.4. Sqy(h') = h'- (1 + h)" for any i > 0.

COROLLARY 78.5. If the quadric X is split then the ring endomorphism Sqy : Ch(X) —
Ch(X) acts on the basis {h',1;}ico, q) of Ch(X) by the formula

Say(h') =h'- (1 +h)" and Sqx(l;) =1;- (1+ k)P,
In particular, for any 7 >0
Sak (k') = (;) W and - Sak(l) = (D *j.l ‘Z) liv -

Binomial coefficients modulo 2 are computed as follows (we leave the proof to the
reader): Let N be the set of non-negative integers, 2N the set of all subsets of N, and let
7m: N — 2N be the injection given by base 2 expansions. For any n € N, the set 7(n)
consists of all those m € N such that the base 2 expansion of n has 1 on the mth position.
For two arbitrary non-negative integers i and n, write ¢ C n if 7(i) C m(n).

LEMMA 78.6. For any i,n € N, the binomial coefficient (’Z) 1s odd if and only if i C n.

79. Values of the first Witt index

The main result of this section is Theorem [79.9 (conjectured by Hoffmann and orig-
inally proved in [73]); its main ingredient is given by Proposition [79.4. We begin with
some observations.

REMARK 79.1. By Theorem 61.8,
Ch(X*) 22X, Ch(x*)

! !

Ch(X*) 2%, on(x*)

is commutative, hence we get an endomorphism Ch(X*) — Ch(X*) that we shall also
call a Steenrod operation and denote it by Sqy-, even though it is a restriction of Sqx-.
and not of Sqy-.

REMARK 79.2. Let [, x k™ € Ch(X?) be an essential basis element with n > m. Since
Sq(l, x k™) = Sq(l,) x Sq(h™) by Theorem 61.13, we see by Corollary [78.5, that the value
of Sq(l, X h™) is a linear combination of the elements [; x A/ with i < n and j > m. If
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m = 0, one can say more: Sq(l, X h°) is a linear combination of the elements ; x h® with
1 < n.

Of course, we have similar facts for the essential basis elements of type h™ X [,,.

Representing essential basis elements of type [,, x b with n > m as points of the right
pyramid of Remark [73.9, we may interpret the above statements graphically as follows:
the diagram of the value of the Steenrod operation on a point [,, X b is contained in the
isosceles triangle based on the lower row of the pyramid whose top is the point [,, x A™
(an example of this is the picture on the left below). If [, x A™ is on the right side of
the pyramid, then the diagram of the value of the Steenrod operation is contained in the
part of the right side of the pyramid, which is below the point (an example of this is the
picture on the right below).

[¢] (@]
o O o O
o O O o O O
O O O O O O O O
o o0 o0 o0 O O 0 o0 o0 O
O O O O O O O 0O O O O O
O 0 O O O o0 ©° 0O 0 0O O O O O
O 0 0 o0 0 0 .0 O O 0 0 0O 0O 0O o O
O O O O O O @ O O O O O O O O 0 O e
O O O O O O % % O O O O O O O O O O O
O O O O O O %k *x % O O O O O O O O 0O O O O *
O O O O O O %k % % % O O O OO O O O 0O O O O O %
O O O O O O %k x % % %k O O O 0O O O O O 0O O O O O O %
O O OO O O x % % % % % O O O O O O O OO0 OO OO0 o0 0 %

The next statement follows simply from Remark [79.2.

LEMMA 79.3. Assume that X is anisotropic. Letm € Chpyy,—1(X?) be the 1-primordial
cycle. For any j > 1, the element S5, (m) has no points in the first shell triangle.

PROOF. By the definition of 7, the only point the cycle 7 has in the first (left as well
as right) shell triangle is the top of the triangle. By Remark [79.2, the only point in the
first left shell triangle that may be contained in S7(7) is the point on the left side of the
triangle and the only point in the first right shell triangle that may be contained in S7(m)
is the point on the right side of the triangle. Since these two points are not dual (points
of the left side of the first left shell triangle are dual to points on the left side of the first
right shell triangle), the lemma follows by Corollary 73.23. U

We shall obtain further information in Lemma 83.1 below. We write exp,(a) for 2°.
PROPOSITION 79.4. For any anisotropic quadratic form ¢ of dimy > 2,
i1() < expyva(dimep —ii(p)) -

~ PRrROOF. Let 7 = vy(dim¢ —11(p)). Apply the Steenrod operation Sq3: : Ch(X?) —
Ch(X?) to the 1-primordial cycle 7. Since

T T dlm - 1

Sq3(2<h0 X li1—1> = ho X ng(v (lil—l) = ( ;Or 1) . (ho X li1—1—2r)

by Theorem [61.13 and Corollary [78.5 and the binomial coefficient is odd by Lemma [78.6,

we have h® x I, _1_or € Sqxz(a). It follows by Lemma [79.3 that 2" ¢ (0, i), i.e., that
> i, 0

REMARK 79.5. Let a be a positive integer written in base 2. A suffix of a is an integer
written in base 2 that is obtained from a by deleting several (and at least one) consecutive
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digits starting from the left one. For example, all suffixes of 1011010 are 11010, 1010, 10
and 0.
Let ¢ < n be two non-negative integers. Then the following are equivalent.

(1) i < expyva(n —i).

) There exists an r > 0 satisfying 2" <n, ¢=n (mod 2"), and i € [1, 27].

) @ — 1 is the remainder upon division of n — 1 by an appropriate 2-power.

) The 2-adic expansion of i — 1 is a suffix of the 2-adic expansion of n — 1.

) The 2-adic expansion of i is a suffix of the 2-adic expansion of n or 7 is a 2-power
divisor of n.

(2
(3
(4
(5

In particular, the integers ¢ = i;(p) and n = dim ¢ in Proposition [79.4 satisfy these
conditions.

COROLLARY 79.6. All relative higher Witt indices of an odd-dimensional quadratic
form are odd. The relative higher Witt indices of an even-dimensional quadratic form are
either even or one.

EXAMPLE 79.7. Assume that ¢ is anisotropic and let s > 0 be the largest integer
satisfying dim ¢ > 2°. Then it follows by Proposition [79.4 that i;(¢) < dim ¢ — 2° (e.g.,
by Condition (4) of Remark [79.5). In particular, if dim ¢ = 2% + 1 then i;(¢) = 1.

The first statement of the following corollary is the Separation Theorem 26.5 (over a
field of characteristic not two); the second statement was originally proved by O. Izhboldin
(using a different method) in [65, Th. 02]. A characteristic two version has been proven
by Hoffmann and Laghribi in [60, Th. 1.3].

COROLLARY 79.8. Let ¢ and v be two anisotropic quadratic forms over F.

(1) If dimvy < 2° < dim e for some s > 0 then the form gy is anisotropic.
(2) Suppose that dimy = 2° + 1 < dimyp for some s > 0. If the form g, is
isotropic then the form pp(y) ts also isotropic.

Proor. Let X and Y be the quadrics of ¢ and of ¢ respectively. Then dimy,, X >
2% — 1 by Example 79.7. If dim¢ < 2° then dimY < 2° — 2. Therefore,

dimp,, Y <dimY < 2°—1< dimy,, X

and Yr(x) is anisotropic by Theorem [76.5(1).

Suppose that dim = 2°+1. Then dimy,, Y = 2° —1 < dimy, X. If Ye(x) is isotropic
then dimy,, Y = dimy,, X by Theorem 76.5(1) and therefore X F(v) is isotropic by Theorem
76.5(2). O

We show next that all values of the first Witt index not forbidden by Proposition [79.4
are possible by establishing the main result of this section:

THEOREM 79.9. Two non-negative integers i and n satisfy i < expyvo(n — i) if and
only if there exists an anisotropic quadratic form @ over a field of characteristic not two
with

dimp=n and i(p)=1.
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Proor. By Proposition [79.4 and Remark [79.5 we need only prove the necessity. Let
i and n be two non-negative integers satisfying i < exp,vs(n—1). Let r be as in condition
(2) of Remark [79.5l Write n — i = 2" - m for some integer m.

Let F' be any field of characteristic not two and consider the field K = F(t,...,t,)
of rational functions in r variables. By Corollary [19.6, the Pfister form 7 = ((t1,...,¢.))
is anisotropic over K. Let L = K(s1,...,Sm), where s1,...,s,, are variables. By Lemma
19.5, the quadratic L-form ¢ = 7 ® (1,81, ..., S,,) is anisotropic.

We claim that i;(¢0) = 2". Indeed, by Proposition 6.22, we have i;(1)) > 2". On
the other hand, the field F = L(y/—s) is purely transcendental over K(ss,...,$,,) and
therefore ig(1g) = 2". Consequently, i;(¢)) = 2".

Let ¢ be an arbitrary subform of ¢ of codimension 2" —i. As dimy =2"-(m+1) =
n+ (2" — i), the dimension of ¢ is equal to n. Since 2" —i < 2" = iy (), we have i, (¢) =i
by Corollary 74.3. O

80. Rost correspondences

Recall that by abuse of notation we also denote the image of the element i € CH'(X)
in the groups CH'(X), Ch'(X), and Ch'(X) by the same symbol h. In the following
lemma, h stands for the element of Ch(X).

LEMMA 80.1. Let n be the integer salisfying
2" —1<D< 2" -2,
Set s=D —2"+1 andr = 2" —2— D (observe that r +s=2"—1). If o € Ch,,(X)
then
S, (o) = h" - a® € Chy(X) .
PRrROOF. By the definition of the cohomological Steenrod operation Sqy, we have

Sqx = c(Tx) o Sq*, where Sq* is the homological Steenrod operation. Therefore,
Sq* = ¢(—Tx) o Sqy. In particular,
r+s .
Sapss(@) = 3 ai(=Tx) o Sax™ ()

=0

in Chy(X). By Lemma [78.1, we have ¢;(—Tx) = (7D[2) -ht. As (7272) = :i:(D+ii+1), it
follows from Lemma 78.6, that the latter binomial coefficient is even for any i € [r+1, r+s]

and is odd for i = 7. Since Sqy**(a) is equal to 0 for i € [0, r — 1] and is equal to a?
for i = r by Theorem [61.12, the required relation is established. Il

THEOREM 80.2. Let n be the integer satisfying
2" —1<D< 2" — 2.

Sets = D—2"+1 andr = 2" —2—D. Let X andY be two anisotropic projective quadrics
of dimension D over a field of characteristic not two. Let p € Ch,yo(X x Y). Then
(prx)«(p) =0 if and only if (pry )«(p) =0, where pry: X XY — X and pry: X XY — Y
are the projections.
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PROOF. Let p be an element of the non-reduced Chow group Ch, (X x Y'). Write p
for the image of p in Ch, (X xY'). The group Ch,,,(X) is generated by h* = h% (if s = d,
this is true as X is anisotropic hence not split). Therefore, we have (pry).(p) = axh% for
some ax € Z/27. Similarly, (pry)«(p) = ayh} for some ay € Z/2Z. To prove Theorem
80.2/ we must show axy = ay.

As X and Y are anisotropic, any closed point z in X or Y has even degree. In
particular, the map

1
édegz :Cho(Z) = 2/27

given by z — 1 deg(z) (mod 2) is well defined for Z = X or Y. Consider the following
diagram:

Ch,s(X x Y)

(py %‘)*

Chr—i—s (X) Sqffsy Chr+s (Y>

(80.3) Sa,. Cho(X x Y) Sa¥y.

(py %Y)*
) Chy(Y)
%X %ng/

7/27

Cho(X

We show that the diagram (80.3)) is commutative. The bottom diamond is commutative
by the functorial property of the push-forward homomorphism (cf. Proposition 49.9 and
Example 57.6). The left and the right parallelograms are commutative by Theorem [60.5.
Therefore,

(3 degx) o Sap,, o(pry)«(p) = (5 degy) 0 Sar, o(pry).(p) -
Applying Lemma [80.1] to the element o = (pry)«(p), we have

(3 degx) o Sap,, o(pry)«(p) = (5 degx) (M - o®) = ax.
Similarly (1 degy) o Sql,, o(pry)«(p) = ay, proving the theorem. O

EXERCISE 80.4. Use Theorem 80.2 to prove the following generalization of Corollary
79.8(2): Let X and Y be two anisotropic projective quadrics satisfying dim X = dimY =
D. Let s be as in Theorem 80.2. If there exists a rational morphism X --» Y, then there
exists a rational morphism G4(Y) --» G4(X) where for an integer i, G;(X) is the scheme
(variety, if i # D/2) of i-dimensional linear subspaces lying on X. (We shall study the
scheme G4(X) in Chapter XVI.)

REMARK 80.5. One can generalize Theorem 80.2 as follows. We replace Y by an
arbitrary projective variety of an arbitrary dimension (and, in fact, ¥ need not be smooth
nor of dimension D = dim X'). Suppose that every closed point of Y has even degree. Let
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p € Ch,, (X x Y) satisfy (pry)«(p) # 0 € Ch(X). Then (pry).(p) # 0 € Ch(Y) (note
that this is in Ch(Y'), not Ch(Y")). To prove this generalization, we use the commutative
diagram 80.3. As before, we have degy 0 Sq.,, o(pry)«(p) # 0 provided that pry(p) # 0.
Therefore, degy 0 Sq) ., o(pry).(p) # 0. In particular, (pry).(p) # 0.

EXERCISE 80.6. Show that one cannot replace the conclusion (pry ).(p) # 0 € Ch(Y)
by (pry)«(p) # 0 € Ch(Y) in Remark 80.5. (Hint: Let Y be an anisotropic quadric with
X a subquadric of Y satisfying 2dim X < dimY and p € Ch(X x Y) the class of the
diagonal of X.)

Taking ¥ = X in Theorem [80.2, we have

COROLLARY 80.7. Let X be an anisotropic quadric of dimension D and s as in The-
orem 80.2. If a rational cycle in Ch(X?) contains h® x ly then it also contains ly X h®.

COROLLARY 80.8. Assume that X is an anisotropic quadric of dimension D and for
some integer i € [0, d] the cycle h® x I; +1; x h® € Ch(X?) is rational. Then the integer
dim X — 7+ 1 is a power of 2.

PROOF. If the cycle h® x [; +I; x hY is rational, then, multiplying by h* x h?, we see
that the cycle h® x Iy + l;_s x h' is also rational. By Corollary [80.7, it follows that i = s.
Therefore, dim X — i + 1 = 2" with n as in Theorem 80.2. U

REMARK 80.9. By Lemma [73.13 and Corollary [73.23, the integer ¢ in Corollary 80.8
is necessarily equal to i;(X) — 1.

Recalling Definition [73.32, we have

COROLLARY 80.10. If the integer dim ¢ — i, () is not a 2-power then the 1-primordial
cycle on X? produces an integer.

PROOF. If the 1-primordial cycle 7 does not produce any integer then 7 = h® x [;, _; +
li,—1 x h. Therefore, by Corollary 0.8, the integer D — (i1(¢) — 1) + 1 = dim ¢ — i1(¢)
is a 2-power. U

DEFINITION 80.11. The element h° x Iy + Iy x h® € Ch(X?) is called the Rost corre-
spondence of the quadric X.

Of course, the Rost correspondence of an isotropic quadric X is rational. A special
case of Corollary 80.8is given by:

COROLLARY 80.12. If X 1is anisotropic and the Rost correspondence of X is rational
then D + 1 is a power of 2.

By multiplying by k' x h°, we see that rationality of the Rost correspondence implies
rationality of the element h' x [y. In fact, rationality of h' x [, alone implies that D + 1
is a power of 2:

COROLLARY 80.13. If X is anisotropic and the element h' x ly € Ch(X?) is rational
then D + 1 is a power of 2.

PRroOOF. If h! x Iy is rational, then for any ¢ > 1, the element h® x [ is also rational.
Let s be as in Theorem 80.2. By Corollary 80.7 it follows that s =0, i.e., D =2"—1. [
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Let A be a point of a shell triangle of a quadric. We write A* for the dual point in the
sense of Definition [73.22. The following statement was originally proved (in characteristic
0) by Vishik.

COROLLARY 80.14. Let Y be another anisotropic projective quadric of dimension D
over some field of characteristic not two. Basis elements of Ch(Y?) are in natural 1-1
correspondence with basis elements of Ch(X?). Assume that i;(Y) = s+ 1 with s is as in
Corollary[80.7. Let A be a point of a first shell triangle of Y and let A* be its dual point.
Then in the diagram of any element of @(XQ), the point corresponding to A is marked
if and only if the point corresponding to A* is marked.

PROOF. We may assume that A lies in the left first shell triangle of Y. Let h' x [;
(with 0 < i < j < s) be the basis element represented by A. Then the basis element
represented by Af is [,_; x h*77. Let a € Ch(X?) and assume that o contains h* x [;.
Then the rational cycle (h*~" x /) - a contains h® x ly. Therefore, by Corollary [80.7, this
rational cycle also contains Iy x h*. It follows that « contains l,_; x h*77. ]

REMARK 80.15. The equality i;(Y) = s+ 1 holds if Y is excellent. By Theorem 79.9
this value of the first Witt index is maximal for all D-dimensional anisotropic quadrics.

81. On the 2-adic order of higher Witt indices, I

The main result of this section is Theorem 81.3/ on a relationship between higher Witt
indices and the integer produced by a 1-primordial cycle. This is used to establish a
relationship between higher Witt indices of an anisotropic quadratic form (cf. Corollary
81.20).

Let ¢ be a non-degenerate (possibly isotropic) quadratic form of dimension D over a
field F' of characteristic not two and X = X,. Let h = h(¢) be the height of ¢ (or X)
and

F:FQCF1C"'CFh
the generic splitting tower (cf. §25). For ¢ € [0, b], let iy = ig(¢), ig = q(¥), ¢4 = (©F,)an
and X, = X, .
We shall use the following simple observation in the proof of Theorem 81.3:

PROPOSITION 81.1. Let a be a homogeneous element of Ch(X?) with codima > d.
Assume X is not split, i.e., h > 0 and that for some q € [0, h — 1] the cycle o is F-
rational and does not contain h' x Iy or l; X bt for any i <j,. Then 6% (a) =0 in Ch(X),
where 6x : X — X? is the diagonal morphism of X.

PrROOF. We may assume that dima = D + ¢ with ¢ > 0 (otherwise dim ¢% («) < 0).
As X is not hyperbolic, Iy x l; ¢ a by Lemma [73.2. Therefore, by Proposition 68.1]
0% (o) = nl;, where n is the number of essential basis elements contained in «. Since «
does not contain any h' x I, or I, x h* with ¢ < j,, the number of essential basis elements
contained in a coincides with the number of essential basis elements contained in pr?(a),
where

pr?: CR(XE,) — CR(X2)

is the homomorphism of Remark [72.5. In view of Corollary [72.4, the latter number is
even by Lemma 73.16. 0
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We have defined minimal and primordial elements in Ch(X?) for an anisotropic quadric
X (cf. Definitions 73.5 and [73.18). We extend these definitions to the case of an arbitrary
quadric.

DEFINITION 81.2. Let X be an arbitrary (smooth) quadric given by a quadratic form
¢ (not necessarily anisotropic) and let X, be the quadric given by the anisotropic part
of ¢. The images of minimal (respectively primordial) elements via the embedding in? :

Ch(X2) — Ch(X?) of Remark [72.5 are called minimal (respectively primordial) elements
of Ch(X?).

THEOREM 81.3. Let X be an anisotropic quadric of even dimension over a field of
characteristic not two. Let m € Ch(X?) be the 1-primordial cycle. Suppose that m produces
an integer q € [2, B] satisfying va(ia + -+ - +i4-1) > va(i1) + 2. Then va(iy) < va(iy) + 1.

Proor. We fix the following notation:

a:il,
b:ig—i-"'—i-iq_l:jq_l—a,
C=1.

Set n = wvy(i1). So va(b) > n + 2.

Consider the (a — 1)th derivative a = 7 - (h® x h*1) of 7. By Lemma [73.11 and
Proposition [73.30, the cycle o is minimal since 7 is and contains the basis elements h" x [,
and ho° X l,4p.

Suppose the result is false, i.e., v3(c) > n + 2. Proposition 81.4 below contradicts the
minimality of o, hence will prove Theorem 81.3. To state Proposition 81.4, we need the
following morphisms:

g1 Xpxy — X°
the morphism given by the generic point of the first factor of X?3;
tlgi ﬁ(Xg) — @(Xg)
the automorphism given by the transposition of the first two factors of X?3;
5X2:X2_>X47 (xth)'_> (I'l,xg,xl,xg)
the diagonal morphism of X?2. We also use the pairing
o: Ch(X") x Ch(X?) — Ch(X"™7?)

(for various r,s > 1) given by composition of correspondences, where the elements of
Ch(X*) are considered as correspondences X! ~» X and the elements of Ch(X") are
considered as correspondences X ~» X" 1.

Note that applying Proposition [73.25 to the quadric X; with cycle pr?(r) € Ch(X?),
there exists a homogeneous essential symmetric cycle 5 € @(X%( X)) containing the basis
element h**® x 1, 4.1 and none of the basis elements having h? with i < a+b as a factor.

PROPOSITION 81.4. In the notation above let n € Ch(X?) be a preimage of 3 under
the pull-back epimorphism gi and p the essence of the composition no «. Then the cycle

(B0 oY) - 8% (112 (1) 0 (S () - (A x B0 x b)) ) € Th(X?)
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contains h®® x I,y and does not contain h° x l.

PROOF. Recall that b > 0 and 2”2 divides b and ¢, where n = vy(a). By Proposition
79.4, we also have 2"*2 divides dim ¢,_1, so 2" divides dim ;. We then see again using
Proposition [79.4/ that a = 2". In addition, dim ¢ = 2a (mod 2""?) so

(81.5) S(ﬁ?(la%w—l) =0

by Corollary [78.5 and Lemma [78.6.

Let Sym(p) = p + pt for a cycle p on X2 be the symmetrization operation. The cycle
( is homogeneous, essential, symmetric, and does not contain any basis element having
hi with i < a + b as a factor. Consequently, we can write 3 = 3y + 3; with

(81.6) G = Sym (Wb X za+b+c_1),
(817) 61 = Sym (Z:IhiJraer X li+a+b+cfl>
i€

for some set of positive integers I. Furthermore, since o does not contain any of h' x [;
with ¢ € (0, a + b), we have
(81.8) p=h"xB+h"* x~y+v

for some essential cycle v € Chpyaypre_1(X?) and some cycle v € Ch(X?) such that
the first factor of every basis element included in v is of codimension > a + b. We can
decompose v = vy + 71 with

(81.9) Yo =7 (ho X latbre—1) + ¥ (latbre—1 X ho)a
(81.10) Vi =30 X ljyarbre1 + 2 Livatbre—t X B
jeJ jer

for some modulo 2 integers z,y € Z/2Z and some sets of integers J, J' C (0, +00).
We need the following;:

LEMMA 81.11. In the above, we have x =y =1, I C [¢, +00), and J,J' C [a+ b+
¢, +00).

PROOF. To determine y, consider the cycle §*(u) - (h° x he™') € Ch(X?) where § :
X? — X3 is the morphism (xy,xs) — (z1, %9, 7). This rational cycle does not contain
h® x ly, while the coefficient of h®*® x I,,, equals 1 + y. Consequently, ¥ = 1 by the
minimality of a.

Similarly, using the morphism X? — X3 (z;,x9) — (71,71, 22) instead of §, one
checks that = 1 (although the value of z is not important for our future purposes).

To show that I C [¢, +00), assume to the contrary that 0 < i < ¢ for some ¢ € I.
Then I 41 € Ch(X r,) for this 7 and therefore the cycle

litatbre—1 = (pr3)s ((lo X lizayy X ho) : M)

is F-rational, where pry: X* — X is the projection onto the third factor. This contradicts
Corollary [72.6 because i +a +b+c—1>a+b+c=j,(X) =1(Xp,).
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To prove the statement for J, assume to the contrary that there exists a j € J with
0<j<a+b+c Thenl; € Ch(Xf,) hence

lj+a+b+cfl = (pr?,)*((laﬂrb X lj X ho) ’ ,U/) € ﬁ()(Fq) )
a contradiction. The statement for J' is proved similarly. U
LEMMA 81.12. The cycle (3 is Fi-rational. The cycles v and v, are Fy-rational.

PROOF. Since F} = F(X), the cycle § is Fj-rational by definition.

Let pros: X3 — X2 (xy,29,23) — (12, 23) be the projection onto the product of
the second and the third factors of X3. The cycle [,y is Fj-rational, therefore v =
(pr23)*((la+b x hY x hO) -,u) is also Fj-rational. The cycle v is Fj-rational as l4ptc—1 1S
F,-rational. It follows that -, is Fj-rational as well. g

Define
£(x) = 0% (t;(x) o (Sq2%(x) - (h® x h? x hC*“*l))) for any y € Ch(X?) .

We must prove that the cycle &(u) - (R x h¢=%~1) € Ch(X?) contains h*** x [, and does
not contain h° x ly, i.e., we have to show that h®*® x . 1 € &(u) and h® x l._,_1 ¢ &(p).
If h° x I._q_1 € &(p), then, passing from F to Fy; = F(X), we have

lcfafl = (pr2>*<(10 X ho) ' f(ﬂ)) € @<XF(X)>7

where pry: X? — X is the projection onto the second factor of X2, contradicting Corollary
726lasc—a—12>a=1(X)=i(Xpx)).

It remains to show that ho*® x ;. 1 € £(u). For any x € Ch(X?), write coeff(y) €
7/27 for the coefficient of h®*® x Iy, 1 in x. Since coeff(v) = 0, it follows from (81.8)
that

coeff (£(p)) = coeff (£(h° x B+ h** x 7)) .
We claim that

(81.13) coeff (£(h° x B)) = 0 = coeff (£(h*F" x 7)) .
Indeed, since Sq3%(h° x 8) = h° x Sq3% () by Theorem 61.13, we have

E010 x ) = WO x 35 (1 0 (Sa3ea(9) - (° x e~ 1)) )

where dx: X — X? is the diagonal morphism of X. Hence coeff ({(h° x 3)) = 0.
Since Sq3% (he+? x 7) is h*™ x Sq3% () plus terms having b/ with j > a 4 b as the
first factor by Remark [79.2, we have

coeff (§(h*" x 7)) = coeff (2 x 8% (v0 (Sadea(y) - (0 x h* 1)) ) ) =0.

This proves the claim.
It follows by claim (81.13) that

(81.14) coeff (£(n)) = coeff (£(h° x B+ h* x 7) = E(h° x B) — £(h*FP x 7)) .
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To compute the right hand side in (81.14), we need only the terms h%™® x Sq3%(7y) in the
formula for Sq3% (R x 7) since the other terms do not effect coeff. Therefore, we see
that the right hand side coefficient in (81.14) is equal to

coeff (h*** x 3 (7o (Sa3a(8) - (1 x b)) + Bo (Saa(3) - (° x A=) ) .
Consequently, to prove Proposition 81.4, it remains to prove
LEMMA 81.15.
0% (70 (Sa3a(B) - (0 x A1) + B o (Sa¥a(9) - (A x A1) ) = lpser
ProoOF. We start by showing that
(81.16) 5 (8o (Saa() - (10 x b)) =0,

Note that Sq** vanishes on h° X I, 4441 by relation (81.5). Therefore Sq®*(y) = Sq** (1)
by (81.9). By Lemma 81.11 we may assume that dim X > 4(a + b+ ¢) — 2 (we shall need
this assumption in order to apply Proposition 81.1)), otherwise v; = 0.

Looking at the exponent of the first factor of the basis elements contained in Sq**(7;)
and using Lemma[81.11, we see that none of the basis elements 1/ x Littre—1 and ljppqe—1 X
W with j < a+ b+ c are present in fo (Sq* (1) - (h° x h=*71)). As 7, is F,-rational by
Lemma 81.12, equation (81.16)) holds by Proposition [81.1.

We compute Sq**(3y) where 3, is as in (81.6). By Corollary [78.5 and Lemma [78.6,
we have Sq”(hot?) = hot? Sq*(h*™?) = A%t and Sq’(h®*?) = 0 for all others j <
2a. Moreover, we have shown in (81.5) that Sq**(l4psc—1) = 0. Therefore, Sq**(5y) =
Sym (h2a+b X lb+c,1) by Theorem 61.13.

Using Lemma 81.11, we have

Y00 (Sq”*(Bo) - (” X B} = Iy x A

and
(81.17) 5t (WO o (Sq®(By) - (h° hc—a—l))) —lprot .

The composition vy o (Sq”*(81) - (h° x h¢~*71)) is trivial. Indeed, by Lemma 81.11,
every basis element of the cycle Sq**(3;) - (h° x h*=%"!) has (as the second factor) either
l; with j > 2a+b+c¢>0or b/ with j >b+2c—1>a+ b+ c— 1, while the two basis
elements of 7y have h° and I, 4.1 as the first factor. Consequently

(81.18) 5% (70 o (S () - (h° x hc—a—l))> ~0.

Looking at the exponent of the first factor of the basis elements contained in ~; and
using Lemma 81.11, we see that none of the basis elements h? X [; p1c—1 and L pyeq X b7
with j < @+ b+ c is present in v; o (Sq**(3) - (R® x h¢=~1)). Therefore, the relation

(81.19) 5% (% o (Sq(8) - (h° x hc—a—l))> —0

holds by Proposition 81.1 in view of Lemma 81.12.
Taking the sum of the relations in (81.16)—(81.19), we have established the proof of
Lemma 81.15. U
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This completes the proof of Proposition 81.4. O

Theorem 81.3 is proved. O

COROLLARY 81.20. Let ¢ be an anisotropic quadratic form over a field of characteristic
not two. If h = h(p) > 1, then

Ug(il) 2 min (’Ug(ig), c. ,Ug(ih)) —1.

PROOF. For any odd-dimensional ¢, the statement is trivial, as all i, are odd by
Corollary [79.6. Assume that the inequality fails for an even-dimensional anisotropic .
Note that in this case the difference

d1mg0—11:11+2(12++1h)

can not be a power of 2 because it is larger than 2" and not divisible by 2"*!. Therefore,
by Corollary 80.10, the 1-primordial cycle on X? does produce an integer. Therefore, the
assumptions of Theorem [81.3 are satisfied, leading to a contradiction. U

ExaMPLE 81.21. For an anisotropic quadratic form of dimension 6 and of trivial
discriminant, we have h = 2, i; = 1, and i, = 2. Therefore, the lower bound on wvy(i;) in
Corollary 181.20 is exact.

82. Holes in I"

Recall that F'is a field of characteristic not two. For every integer n > 1, we set
dim I"(F) := {dim ¢ | ¢ € I"(F) and anisotropic} .

and
dim [" := Udim]”(F) :

where the union is taken over all fields F' (of characteristic # 2).

In this section, we determine the set dim /™. Theorem 82.8 states that dim I™ is the
set of even non-negative integers without the following disjoint open intervals (which we
call holes in I™):

Upi = (2"t =2 ontl _9hy " j=nn—1,...,1.

The statement that Uy Ndim I™ = () is the Hauptsatz 23.8(1). This was originally proved
by Arason and Pfister [12, Hauptsatz]. The statement for U; N dim [™ with n = 3 was
originally proved in 1966 by Pfister [114, Satz 14], with n = 4 in 1998 by Hoffmann [56,
Main Theorem], and for arbitrary n in 2000 by Vishik [140, Th. 6.4]. The statement
that U,_; N dim I"™ = () for any n and ¢ was conjectured by Vishik [140, Conj. 6.5]. A
positive solution of the conjecture was announced by Vishik in 2002 but the proof is not
available; a proof was given in [74].

PROPOSITION 82.1. Let ¢ be a nonzero anisotropic form of even dimension with
degp =n>1. Ifdimp < 2" then dim ¢ = 2" — 2771 for some i € [0, n — 1].
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PROOF. We use the notation of §81. We prove the statement by induction on h = h(¢p).
The case of h = 1 is trivial.

So assume that h > 1. As dim¢; < dim ¢ < 2" and deg ¢, = deg ¢, where ¢, is the
first (anisotropic) kernel form of ¢, the induction hypothesis implies

ontl _ gi+l

dim ¢y = for some i € [1, n —1].

Therefore, dim ¢ = 27! — 271 1 2{,. Since dim ¢ < 2"}, we have i; < 2¢. In particular,
vo(dim ¢ — i1) = va(iy). As iy < expy vo(dim ¢ —1i;) by Proposition [79.4, it follows that i;
is a 2-power, say i; = 2/ for some j € [0, 7 — 1].

It follows by the induction hypothesis that each of the integers dim ¢y, ..., dim ¢y is
divisible by 2°*'. Therefore, vs(i,) > i for all ¢ € [2,h] and hence by Corollary 81.20), we
have j > i — 1. Consequently, j =7 — 1, so dim ¢ = 2"+ — 21, O

COROLLARY 82.2. Let ¢ is an anisotropic quadratic form such that ¢ € I"(F) for
somen > 1. If dim ¢ < 2" then dim ¢ = 2" — 21 for some i € [0, n).

PrROOF. We may assume that ¢ # 0. We have degp > n by Corollary 25.12. Since

2dee” < dim ¢ < 2", we must have degp = n. The result follows from Proposition
82.1. ]

COROLLARY 82.3. Let ¢ # 0 be an anisotropic quadratic form in I"(F) with dim ¢ <
2"+t Then the higher Witt indices of ¢ are the successive 2-powers:

i =2 =21 gy =2""1
where i = log, (2" — dim ) — 1 is an integer.

ProOF. By Corollary 82.2, we have dim ¢ = 2"+! — 2! for i as in the statement of
Corollary 82.3, and dim ¢, = 2" — 27! for some j > 4. It follows by Proposition [79.4
that i, = 2. We proceed by induction on dim ¢. U

We now show that every even value of dim ¢ for ¢ € I"(F) not forbidden by Corollary
82.2! is possible over some F. We start with some preliminary work.

LEMMA 82.4. Let ¢ be a nonzero anisotropic quadratic form in I™(F') and dim ¢ <
2"t for some n > 1. Then the 1-primordial cycle is the only primordial cycle in Ch(X?).

PROOF. We induct on h = h(p). The case h = 1 is trivial, so we assume that h > 1.
Let pr?: Ch(X?) — Ch(X?) be the homomorphism of Remark [72.5. Since the integer
dim ¢ —i; lies inside the open interval (2", 2"*1) it is not a 2-power. Hence by Corollary
80.10, we have pr2(m) # 0, where 7 € Ch(X?) is the I-primordial cycle. Therefore, by
the induction hypothesis, the diagram of pr?(r) has points in every shell triangle. Thus,
the diagram of 7 itself has points in every shell triangle. By Theorem [73.28|, this means
that 7 is the unique primordial cycle in Ch(X?). O

COROLLARY 82.5. Let ¢ be a nonzero anisotropic quadratic form in I"(F) and dim ¢ =
21 — 2 for some n > 1. Then for any i > 0, the group Chp;(X?) contains no essential
element.

PROOF. By Lemma/82.4, the 1-primordial cycle is the only primordial cycle in Ch(X?).
Since i; = 1 by Corollary 82.3, we have dim 7 = D. To finish we apply Theorem [73.28. [
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LEMMA 82.6. Let Fy be a field (of char Fyy # 2),
F = Fo(ti, taj)1<j<n

the field of rational functions in 2n variables. Then the quadratic form
«tlla s >t1n>>/ J— - <<t217 .o 7t2n>>/

over F' is anisotropic (where the prime denotes the pure subform of the Pfister form).

PrOOF. Forany i =0,1,...,n, we set ¢; = ((t11,...,t1)) and ¢¥; = ((ta1, ..., t2)). We
prove that the form ¢} 1 — ). is anisotropic by induction on i. For ¢ = 0 the statement is
trivial. For « > 1, we have:

ol — i~ (@ L — i )Lt L — tahig
The summand ¢, , L —;_; is anisotropic by the induction hypothesis, while the forms

w;—1 and ;1 are so by Corollary [19.6. Applying repeatedly Lemma [19.5 we conclude
that the whole form is anisotropic. O

Define the anisotropic pattern)anisotropic pattern of a quadratic form ¢ over F' to be
the set of the integers dim(pg)qy, for all field extensions K/F. By Proposition 25.1, the
anisotropic pattern of a form ¢ coincides with the set

{dim ey — 2j4(¢) | ¢ € [0,b(0)]}-
The following result is due to Vishik.

PROPOSITION 82.7. Let Fy be a field (of char Fy # 2) and integers n > 1 and m > 2.
Let
F = Fy(ti, tij)i<i<m, 1<j<n
the field of rational functions in variables t; and t;;. Then the anisotropic pattern of the
quadratic form
o=t1 {(ti1, st L. Ltm {1,y tonn)
over F' is the set

{2 -2 |ie[lL,n+1] U (2ZN[2", m-2").

PRroOOF. We first show that all the integers 27! — 2% are in the anisotropic pattern of
. Indeed, the anisotropic part of ¢ over the field £ obtained from F' by adjoining the
square roots of t3q,t41,...,tm1, of t1 and of —t4, is isomorphic to the form

{(ti1, .. ti) L — {tar, ..., ton)

of dimension 2" — 2. This form is anisotropic by Lemma 82.6. The anisotropic pattern
of this form is {2"*! —2° | i € [1,n + 1] } by Corollary 82.3.

Now assume that there is an even integer in the interval [2"T' m - 2"] not in the
anisotropic pattern of ¢. Among all such integers take the smallest one and call it a. Let
b = a — 2 and c the smallest integer greater than a and lying in the anisotropic pattern
of . Let E be the field in the generic splitting tower of ¢ such that dim = ¢ where
¥ = (pg)an and Y the projective quadric given by the quadratic form 1. Let 7 € Ch(Y?)
be the 1-primordial cycle. We claim that

™ = ho X lil—l + lil—l X ho
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where i, = 1;(Y). Indeed, since iy = (¢ —b)/2 > 1 and i,(Y) = 1 for all ¢ such that
dim, € [2"*1 — 2, b — 2], the diagram of the cycle m does not have any point in the
gth shell triangle for such g. For the integer ¢ satisfying dim, = 2"t — 2, the cycle
pri(m) € Ch(Y??) has dimension > dimY; hence is 0 by Corollary 82.5. The relation
pr2(m) = 0 means that 7 has no point in any shell triangle with number > g.

It follows that 7 = hY x I;,_; +1;,_; x h’. By Corollary 80.8, the integer dimY —i; + 2
is a power of 2, say 2P. Since

dmY —i1+2=(c—2)—(c—0)/2+2=(b+¢)/2,

the integer 2P lies inside the open interval (b, ¢). It follows that the integer 27 satisfies
2ntl < 9P < m - 2" and is not in the splitting pattern of the quadratic form ¢. But
every integer < m - 2" divisible by 2" is evidently in the anisotropic pattern of ¢. This
contradiction establishes Proposition 82.7. 0

Summarizing, we have
THEOREM 82.8. For any integer n > 1,
dim [" = {2 =2 | i € [1, n+ 1]} U (22N 2", 400)) .

PROOF. The inclusion C is given by Corollary [82.2, while the inclusion D follows by
Proposition [82.7. O

REMARK 82.9. The case of dimension 2""! — 2¢ can be realized directly by difference
of two (i — 1)-linked n-fold Pfister forms (cf. Corollary 24.3)).

83. On the 2-adic order of higher Witt indices, 11

Throughout this section, X is an anisotropic quadric of dimension D over a field of
characteristic not two. We write iy,...,1y and ji, ..., j, for the relative and absolute higher
Witt indices of X, respectively, where b is the height of X (cf. §81).

The main result of this section is Theorem 83.3. It is used to establish further relations
between higher Witt indices in Corollary [83.4.

We first establish further special properties of the 1-primordial cycle in addition to
those in Proposition [73.30/ and Theorem 81.3.

LEMMA 83.1. Let 7 € Ch(X?) be the 1-primordial cycle. Then S, (m) = 0 for all
j € (07 11)

PROOF. Let Sq = Sqye. Assume that Sq’(7) # 0 for some j € (0, i;). By Remark
79.2, one sees that Sq’(7) has a non-trivial intersection with an appropriate jth order
derivative of 7. As the derivative of 7 is minimal by Theorem [73.28, the cycle Sq/(n)
contains this derivative. It follows that Sq’(7) has a point in the first left shell triangle,
contradicting Lemma [79.3. 0

PROPOSITION 83.2. Let i be an integer such that h' x I, is contained in the 1-primordial
cycle. Then i is divisible by 2" for any n > 0 satisfying i, > 2".
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PROOF. Assume that the statement is false. Let ¢ be the minimal integer not divisible
by 2"*! and such that A’ x I, is contained in the 1-primordial cycle 7 € Ch(X?).

Note that 7 contains only essential basis elements and is symmetric. As dimnm =
D +1i; — 1, we have h X ;44,1 € .

For any non-negative integer k divisible by 2"*!, the binomial coefficient (’;) with a
non-negative integer [ is odd only if [ is divisible by 2"*! by Lemma [78.6. Therefore,
Sqx (h*) = hE(1 + h)¥ is a sum of powers of h with exponents divisible by 2"*1. It follows
that the value Sq’ () contains the element Sq% (h*) x Sk (liti,-1) = b x Stk (I, 1) for
any integer j. Since Stk (m) = 0 for j € (0, i;) by Lemma 83.1, we have

Sak (liti,-1) =0 for j € (0, iy).

Now look at the specific value nggﬂi) (lixi,—1). Since i is not divisible by 2"™! and i; > 2",

the degree 2"2() of the Steenrod operation lies in the interval (0, i;). By Corollary [78.5,

the value Sq%é?(i) (lii,—1) is equal to I;,; _;_gu» multiplied by the binomial coefficient

D—i—1,+2
Qu2(2) '

The integer D — i; + 2 = dim ¢ — i; is divisible by 2"*! by Proposition 79.4 as i; > 2".
Therefore the binomial coefficient is odd by Lemma [78.6. This is a contradiction so
establishes the result. O

THEOREM 83.3. Let X be an anisotropic quadric over a field of characteristic not
two. Suppose that the 1-primordial cycle 7 € Ch(X?) produces the integer q. Then
Ug(iq> Z UQ(il).

PROOF. Let m = wvy(i1). Then the integer 2" divides dim ¢ — i; by Proposition 79.4.
Therefore, 2™ divides dim ¢ as well.

We have W' x I, _ 45,1 € m by definition of ¢. Consequently, by Proposition 83.2,
the integer j,_; is divisible by 2". It follows that 2" divides dim ¢, ; = dim ¢ — 2j,_1,
where ¢,_1 is the (¢ — 1)th (anisotropic) kernel of ¢. If m < n for m = v,(i,), then
applying Proposition 79.4, we have i, = i;(¢,_1) is equal to 2™ and, in particular, smaller
than i;. Therefore the 1-primordial cycle 7 has no points in the gth shell triangle. But
the point A1 x li,1+i1—1 € 7 lies in the gth shell triangle. This contradiction establishes
the theorem. O

COROLLARY 83.4. We have v5(i1) < max (va(ia), ..., v2(iy)) if the integer
dimp —i; =i +2(ig + - - + i)
is not a power of 2.
ProOF. If the integer dim ¢ — i; is not a 2-power then the 1-primordial cycle does
produce an integer by Corollary 80.10. The result follows by Theorem [83.3. Il

84. Minimal height

Every non-negative integer n is uniquely representable in the form of an alternating
sum of 2-powers:

no=2P0 —PL L QP2 _ ... 4 (1) Tlgpr—t 4 (—1)m2Pr
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for some integers pg, p1, ..., pr satisfying pg > p1 > -+ > p,—1 > p, +1 > 0. We shall
write P(n) for the set {po,p1,...,pr}. Note that p, coincides with the 2-adic order vy(n)
of n. For n = 0 our representation is the empty sum so P(0) = 0.

Define the height h(n) of the integer n as the number of positive elements in P(n).
So h(n) is the number |P(n)|, the cardinality of the set P(n) if n is even, while h(n) =
|P(n)| — 1 if n is odd.

In this section we prove the following theorem conjectured by Rehmann and originally
proved in [61]:

THEOREM 84.1. Let ¢ be an anisotropic quadratic form over a field of characteristic
not two. Then

b(e) > h(dim ) .

REMARK 84.2. Let n > 0 and ¢ anisotropic excellent quadratic form of dimension n.
It follows from Proposition 28.5 that h(¢) = h(n). Therefore, the bound in Theorem 84.1
is sharp.

We shall see (cf. Corollary84.5) that Theorem 84.1/in odd dimensions is a consequence
of Proposition 79.4. In even dimensions we shall also need Theorem [81.3] and Theorem
83.3. We shall also need several combinatorial arguments to prove Theorem 84.1.

Suppose @ is anisotropic. Let ¢; be the ith (anisotropic) kernel form of ¢, and n; =
dimep;, 0<i<h(p).

LEMMA 84.3. For any i € [1, b], the difference 0(i) := b(n;_1) — b(n;) satisfies the
following:
(I) If the dimension of ¢ is odd then [0(i)| = 1.
(IT) If the dimension of ¢ is even then [0(i)| < 2. Moreover,
(+2) Ifo(i) = 2 then P(n;) C P(n;_1) and va(n;) > va(ni_1) + 2.
(+1) Ifo(i) = 1, the set difference P(n;)\ P(ni—1) is either empty or consists of a
single element p, in which case both integers p — 1 and p+ 1 lie in P(n;_1).
(0) Ifo(i) = 0, the set difference P(n;) \ P(ni—1) consists of one element p and
either p—1 or p+ 1 lies in P(n;_1).

(-1) Ifo(i) = —1, the set difference P(n;)\ P(n;—1) consists either of two elements
p—1and p+1 for some p € P(n;_1) or the set difference consists of one
element.

(-2) Ifo(i) = —2, the set difference P(n;)\ P(n;_1) consists of two elements, i.e.,
P(n;) D P(n;_1). Moreover, in this case one of these two elements is equal
top+1 for some p € P(n;_1).

PROOF. Write py, p1, ..., p, for the elements of P(n;_;) in descending order. We have
n; = n;_1 —2i;. We also know by Proposition 79.4, that there exists a non-negative integer
m such that 2™ < n;_1, i = n;_1 (mod 2™), and 1 < i; < 2™. The condition 2™ < n;_;
implies m < py. Let ps be the element with maximal even s satisfying m < p;.

If m = p, — 1 then i; = 2Ps=1 — 2Ps+1 4 9Ps+2 —  and, therefore,

n; = 2p0 _ 2;01 - 2ps—1 + 2ps+1 _ 2ps+2 4+ .4 (_1)7”*12;!% .

If s=rand p,_1+ 1= p,_5 then P(n;) equals P(n;_;) without p,_s and p,. Otherwise,
P(n;) equals P(n;_1) without p;.
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So we may assume that m < py — 1.

If s =r then i; = 2™ and n; = n;_; — 2™ If m = p, — 2, we have P(n;) is obtained
from P(n;_1) by replacing p, with p, — 1. If m < p, — 2, we have P(n;) equals P(n;_;)
with m 4 1 added.

So we may assume in addition that s < r.

If p, — 1 >m > psyq then i; = 2™ — 2Ps+1 4 9Ps+2 —  and, therefore,

n; = 9po _ 9p1 4= IPs—1 + oPs _ 2m+1 + IPs+1 __ QPs+2 4+t (_1)r+12p7. .

This is the correct representation of n; and, therefore, P(n;) equals P(n;_1) with m + 1
added.

It remains to consider the case with m < p,., while s < r. In this case, first assume
that s =7 — 1. Then i; = 2™ and n; = n,_; — 2™%

If m < p, — 2 then P(n;) equals P(n;—1) with p, + 1 and m + 1 added.

If m = p, — 2 then P(n;) equals P(n;_) with p, removed and p, + 1 and p, — 1 added.

If m = p, — 1, one has two possibilities. If p,_; > p, + 2 then P(n;) equals P(n;_1)
with p, removed and p, + 1 added. If p,_; = p, + 2 then P(n;) equals P(n;_;) with p,
and p,_; removed while p, + 1 added.

Finally, if m = p, then either p,_; = p, + 2 and P(n;) equals P(n;_;) without p,_1,
or P(n;) equals P(n;_1) with p, + 2 added.

To finish the proof we may assume that m < p,y; and s < r — 1. We have: i, =
IPs+2 __ IPs+3 4+ 4+ (_1)T2pr and

n; = 9Po0 _ 9P1 et oPs _ 2ps+1+1 + IPs+1 __ QPs+2 N (_1)7’+12pr ]

So, if ps > psy1 + 1 then P(n;) equals P(n;_;) with psy1 + 1 added; otherwise P(n;) is
P(n;_1) with ps removed. O

COROLLARY 84.4. Let ¢ be an anisotropic odd-dimensional quadratic form and i €

[1, b(¢)]. Then
h(ni—1) —h(n;) <1.

COROLLARY 84.5. Let o be an anisotropic quadratic form of odd dimension n. Then
he) > b(n).

PROOF. Let h := h(p). As dimy is odd, ny = 1. Then h(ny) = 0 and by Corollary
84.4, we have h(n;_1) — h(n;) < 1 for every ¢ € [1, h]. Therefore, h(ng) < bh. Since ¢ is
anisotropic, n = ng, and the result follows. Il

REMARK 84.6. By Lemma [84.3, for any quadratic form ¢ of odd dimension n, we
have h(n;) = h(n,—1) £ 1. Therefore h(p) = h(n) (mod 2).

PROPOSITION 84.7. Let o be an anisotropic quadratic form of even dimension n and
bh:=h(p). Suppose that va(n;) > ve(ni—1) +2 for some i € [1, h). Then the open interval
(7, b) contains an integer i’ satisfying |va(ny) — vo(n;—1)| < 1.

PRrOOF. It suffices to consider the case i = 1. Note that h > 2. Set p = va(ng).
By assumption, we have vg(n1) > p + 2. Therefore, v5(i;) = p — 1. Clearly, the integer
ng —1i; = i1 +ny is not a power of 2. Therefore, by Corollary 80.10), the 1-primordial cycle
of Ch(X?) produces an integer j € [2, h]. We shall show that either va(n; ;) or vy(n;)
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lies in [p — 1, p + 1] for this j. We then take i’ = j — 1 in the first case and ¢ = j in the
second case. Note that 7' # 1 and ¢ # b as va(ny) > p + 2, while vy(ny) = 0.

By Theorem83.3, we have vy(i;) > p—1. Consequently, va(n;_;) > p—1 by Proposition
79.4 as well. Since ny = 2(iy+- - -+1;_1)+n,_1, it follows that va(ig+---+i;_1)+1 > p—1.
If 'Ug(ig—F' : ‘+ij,1) < p+1 then vg(nj,l) = ’Ug(ig—i-' . —|—1j,1)+1 € [p—l, p—|—1] SO, we may
assume that vs(iz+---+1i;_1) > p+1 and apply Theorem 81.3 to conclude that vs(i;) < p.
We have vy(i;) € {p — 1,p}. If va(nj_1) > v2(i;) + 1 then vo(n;) = ve(i;) +1 € {p,p + 1}.
If va(nj_1) = va(ij) + 1 then va(nj_1) € {p,p+ 1}. Finally, If v3(n;_1) < v2(ij) + 1 then
va(nj_1) = va(ij), hence va(nj_1) € {p — 1,p}. O

COROLLARY 84.8. Let ¢ be an anisotropic quadratic form of even dimension n. Sup-
pose that vy(n;) > va(ni—1) + 2 for some i € [1, h). Set p = va(n;—1). Then there exists
i" € (i, b) such that the set P(ny) contains an element p’ with |p’ — p| < 1.

PROOF. Let ¢’ be the integer in the conclusion of Proposition 84.7. Then p' = va(ny)
works. U

We now prove Theorem 84.1.

Proor orF THEOREM [84.1. By Corollary 84.5, we need only to prove Theorem 84.1
for even-dimensional forms. Let h := h(yp) > 1 and {ny > ny > --- > ny} with n; = dim ¢,
be the anisotropic pattern of ¢ with n = ng even.

Let H be the set {1,2,...,h}. For any i € H, let 9(i) := h(n;—1) — h(n;). Recall
that 0(z) < 2 for any ¢ € H by Lemma 84.3. Let C' be the subset of H consisting
of all those i € H such that 9(i) = 2. We shall construct a map f: C — H satisfying
0(j) < 1—|f(4)| for any 7 € f(C). In particular, we shall have f(C') C H\C'". Once such
a map is constructed, we establish Theorem 84.1/ as follows: The subsets f~1(j)U{j} C H,
where j runs over H \ C, are disjoint and cover H. In addition, the average value of 0 on
each such subset is < 1, so the average value (Y., _;0(i))/bh = bh(n)/b of d on H is < 1,
ie., h(n) <.

So it remains to define the map f with the desired properties. Let i € C'. By Lemma
84.3, we have vy(n;) > va(n;—1) + 2. Therefore, by Corollary 84.8, there exists i’ € (i, b)
such that the set P(n;) contains an element p’ satisfying |[p’ — p| < 1 for p = ve(n;—1).
Taking the minimal i with this property, set f(i) = i’. We also define g(i) to be the
minimal element of P(ny(;)) satisfying |g(i) — p| < 1.

This defines the map f. To finish, we must show that f has the desired property.

First observe that by the definition of f, for any ¢ € C' and any j € [i, f(i) — 1]
the set P(n;) does not contain any element p with |p — va(n;—1)| < 1. It follows that
if f(i1) = f(iz) for some i; # iy then for p; = wvy(n;, 1) with ps = wvy(n;,_1) one has
lpo — p1| > 2. Moreover, if g(i;) = ¢(iz) then |p; — p| < 1 by definition of g and
Ip2 — p| < 1 for p = g(i1) = g(i2). Therefore, we have

(84.9) if f(i1) = f(i2) and g(i1) = g(iz) for some iy # iy
then |pe — p1| = 2 for p; = ve(n;, 1) and py = vo(n4y_1).

Let j € f(C). By the definition of f, the set difference P(n;) \ P(n;_1) is non-empty.
Then 0(j) # 2 by Lemma 84.3(114+2). Moreover, the above set difference contains an
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element p satisfying {p — 1, p + 1} ¢ P(n;_1). Consequently, 9(j) # 1 by Lemma
84.3(I1141). Therefore, 9(j) < 0 by Lemma 84.3.

Now let j be an element of f(C) with [f~'(j)| > 2. Let i1 < iy be two different
elements of f~1(j). Note that i; < iy < j. Moreover, if p; = va(n;, 1) and py = vo(n,_1)
then, by the definition of f(i;), we have |py — p1| > 1. We shall show that ?2(j) < —1.
We already know that 9(j) < 0. If 9(j) = 0, then by Lemma 84.3(11-0), the set difference
P(n;)\ P(n;_1) consists of one element p’ and either p' — 1 or p’ 41 lies in P(n;_;). Since
the difference P(n;) \ P(nj_1) consists of one element p’, we have p’ = g(i1) = g(ia). It
follows that {p1,p2} = {p' — 1,p’ + 1}. Consequently, the set P(n;_;) contains neither
p' — 1 nor p’ + 1, a contradiction. Thus we have proved that 2(j) < —1 if |f~1(j)] > 2.

Now let j be an element of f(C) with |f~'(j)| > 3. Let i1,4s,i3 be three different
elements of f~1(j). The equalities g(i;) = g(i2) = g(i3) cannot take place simultaneously,
as otherwise, by (84.9), we would have |ps — p1| = 2, |ps — p2| = 2, and |p1 — p3| = 2, a
contradiction. However, the set difference P(n;)\ P(n;_1) can have at most two elements.
Therefore, we may assume that ¢g(i1) = g(i2) and that g(i3) is different from g(i;) = g(iz).
Set p' = g(i1) = g(i2). We shall show that 9(j) = —2. We already know that d(j) < —1.
If 9(j) = —1 then by Lemma 84.3(II-1), the set difference P(n;)\ P(n;_1) consists of p—1
and p + 1 for some p € P(n,_1). However, p’ is neither p — 1 nor p + 1, a contradiction.

We finish the proof by showing that |f~'(j)| is never > 4. Indeed, if |f~'(j)| > 4,
then the set difference P(n;)\ P(n;_;) contains two elements p’ and p” with none of p’ +1
or p” £ 1 lying in P(n;_1), contradicting Lemma 84.3. O






CHAPTER XVI

The variety of maximal totally isotropic subspaces

So far in this book, the projective quadric has been the only variety associated with
a quadratic form. In this chapter, we introduce another variety, the variety of maximal
isotropic subspaces.

85. The variety Gr(p)

Let ¢ be a non-degenerate quadratic form on V' over F'. In this chapter, we study the
scheme Gr(y) of maximal totally isotropic subspaces of V. We view Gr(y) as a closed
subscheme of the Grassmannian variety of V. Let n be the integer part of (dim¢ — 1)/2,
so dimp = 2n + 1 or 2n + 2.

ExamMPpLE 85.1. If dim ¢ = 1, we have Gr(y) = Spec F. If dim ¢ = 2 or 3 then Gr(y)
coincides with the quadric of ¢, that is Gr(y) = Spec Cy(p) if dim ¢ = 2 and Gr(yp) is the
conic curve associated to the quaternion algebra Cy(y) if dim ¢ = 3.

The orthogonal algebraic group O(V, ) acts transitively on Gr(p). Let OF(V, ) be
the (connected) special orthogonal group (cf. [86] §23]). If dim ¢ is odd, OT(V, @) acts
transitively on Gr(y) and therefore, Gr(yp) is a smooth projective variety over F.

Suppose that dim@ = 2n + 2 is even. Then the group O(V,¢) has two connected
components, one is OF(V,¢). The factor group O(V, )/ O*(V, ¢) is identified with the
Galois group over F of the center Z of the even Clifford algebra Cy(V, ¢). Recall that Z
is an étale quadratic F-algebra (cf. Proposition 11.6). The class of Z(p) in Eto(F) is the
discriminant of ¢ (cf. §13).

A point of Gr(y) over a commutative ring R is a totally isotropic direct summand
P of rank n + 1 of the R-module Vz = V ®p R. Since p?> = 0 in the Clifford algebra
C(V,¢)r for every p € P, the inclusion of P into Vx gives rise to an injective R-module
homomorphism h : A" P — C(V, ). Let W be the image of h. Since ZW = W, left
multiplication by elements of the center Z of Cy(V, ¢) defines an F-algebra homomorphism
Z — Endgr(W) = R. Therefore, we have a morphism Gr(yp) — Spec Z, so Gr(yp) is a
scheme over Z.

If the discriminant of ¢ is trivial, i.e., Z = F' X F, the scheme Gr(p) has two smooth
(irreducible) connected components Gr; and Gry permuted by O(V, )/ O*(V, ). More
precisely, they are isomorphic under any reflection of V. If Z is a field, the discriminant
of ¢y is trivial and therefore Gr(yp) is isomorphic to a connected component of Gr(yz).

The varieties of even and odd dimensional forms are related by the following statement.

PROPOSITION 85.2. Let ¢ be a non-degenerate quadratic form on V over F' of di-
mension 2n + 2 and trivial discriminant and ¢’ a non-degenerate subform of ¢ on a

365
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subspace V' C 'V of codimension 1. Let Gry be a connected component of Gr(yp). Then
the assignment U — U NV' gives rise to an isomorphism Gr; — Gr(¢').

PROOF. Since both varieties Gr; and Gr(¢’) are smooth, it suffices to show that the
assignment induces a bijection on points over any field extension L/F. Moreover, we may
assume that L = F. Let U’ C V' be a totally isotropic subspace of dimension n. Then the
orthogonal complement U'" of U’ in V is (n + 2)-dimensional and the induced quadratic
form on H = U™+ /Uy has trivial discriminant (i.e., H is a hyperbolic plane). The space
H has exactly two isotropic lines permuted by a reflection. Therefore, the pre-images of
these lines in V' are two totally isotropic subspaces of dimension n + 1 living in different
components of Gr(y¢). Thus exactly one of them represents a point of Gry over F. O

Let ¢ be a non-degenerate subform of codimension 1 of a non-degenerate quadratic
form ¢ of even dimension. Let Z be the discriminant of ¢. By Proposition 85.2, we have
Gr(¢')z is isomorphic to a connected component Gry of Gr(ypyz) and therefore, Gr(yp) ~

Gr; ~ Gr(¢)z.

ExaMpPLE 85.3. If dim ¢ = 4 then Gr(y) is the conic curve (over Z) associated to the
quaternion algebra Cy(¢p).

EXERCISE 85.4. Show that if 3 < dim ¢ < 6 then Gr(y) is isomorphic to the Severi-
Brauer variety associated to the even Clifford algebra Cy(yp).

86. The Chow ring of Gr(y) in the split case

In this section, we present the calculation of the Chow groups of Gr(y) given by
Vishik in [139]. Set Gr := Gr(p) and r := dimp — n — 1, where n is the integer part
of (dimp — 1)/2. We define the tautological vector bundle E over Gr of rank r to be
the restriction of the tautological vector bundle over the Grassmannian variety of V', i.e.,
variety F is the closed subvariety of the trivial bundle V1 := V x Gr consisting of pairs
(u,U) such that u € U. The projective bundle P(F) is a closed subvariety of X x Gr,
where X is the (smooth) projective quadric of ¢.

Let E* be the kernel of the natural morphism V1 — EY given by the polar bilinear
form b,. If dim ¢ = 2n + 2, we have U L = U for any totally isotropic subspace U C V of
dimensmn n + 1, hence EL E.

Suppose that dim ¢ = 2n + 1. For any totally isotropic subspace U C V' of dimension
n, the orthogonal complement U+ contains U as a subspace of codimension 1. Therefore,
E* is a vector bundle over Gr of rank n + 1 containing £. The fiber of E+ over U is the
orthogonal complement U+. N

Suppose in addition that ¢ is isotropic. Choose an isotropic line L C V. Set V = L*/L
and let ¢ be the quadratic form on V induced by ¢, Denote the projective quadric of ¢
by X. _

A totally isotropic subspace of V' of dimension r — 1 is of the form U/L, where U is a
totally isotropic subspace of V' of dimension n containing L. Therefore, we can view the
variety Cr:= Gr(p ) of maximal totally isotropic subspaces of V as a closed subvariety of

Gr. Denote by i : Gr — Gr the closed embedding.
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Let U be a totally isotropic subspace of V' of dimension r that does not contain L.
Then dim(U N L*) =r —1and ((UNL*) + L)/L is a totally isotropic subspace of V' of
dimension r — 1.

LEMMA 86.1. The morphism f : Gr\Gr — Gr that takes U to (UNL+Y)+L)/L is
an affine bundle.

PRrROOF. We use the criterion of Lemma 52.12. Let R be a local commutative F-
algebra. An F-morphism Spec R — Gr or equivalently an R-point of Gr is given by a
direct summand U of the R-module Vi =V ®p R of rank r with Lr C U.

An R-point of Gr \Gr is a totally isotropic direct summand U of Vi of rank r with
U + Ly a direct summand U of Vg of rank r+ 1. If f(U) = [7/LR then U C U + Lg. The
assignment U — (U + Lg)/ U gives rise to an isomorphism between the fiber Spec R x &
(Gr\Gr) of f over U/Lg and Pr(Vy/U) \ Pr(Ls/U) ~ A%. By Lemma 52.12, we have f
is an affine bundle. O

Note that dim Gr = dim Gr + n, so dim Gr = n(n+1)/2.

By Lemma 86.1, Gr is a cellular variety with the short filtration Gr C Gr, hence by
Corollary 66.4, we have a decomposition of Chow motives:

(86.2) M (Gr) = M(Gr) & M(Gr)(n).

The morphism M (évr) — M (Gr) is induced by the embedding i : Gr — Gr and the
morphism M (Gr)(n) — M(Gr) is given by the transpose of the closure of the graph of f,

the class of which we shall denote by 5 € CH(Gr x Gr).

For the rest of this section, we shall assume that ¢ is split. It follows by induction,
using (86.2) and Example 85.1, that CH(Gr) is a free abelian group of rank 2"+, We
shall determine multiplicative structure of CH(Gr).

Since the motive of X (and also Gr) is split, we have CH(X x Gr) = CH(X ) ® CH(Gr)
by Proposition 64.3. In other words, CH(X x Gr) is a free module over CH(Gr) with basis

{R* x [G1], Iy x [G1] | k€0, n—1]} if dimp=2n+1,
{hF x [Gr], Ij, x [Cr], L, I, | k€0, n—1]} if dimp=2n+2.

Note that in the even dimensional case, we have assumed that X is oriented.
In both cases, P(E) is a closed subvariety of X x Gr of codimension n. Therefore, in
the odd dimensional case there are unique elements e, € CH*(Gr), k € [0, n], satisfying

(86.3) [P(E)] = lny X eq+ > h"F x ey
k=1

in CH(X x Gr). Pulling this back with respect to the canonical morphism Xpgy —
X x Gr, we see that eg = 1.

In the even dimensional case, there are unique elements e, € CH*(Gr), &k € [0, n]
and e € CH°(Cr), satisfying

(86.4) [P(E)] =1, xeq+1, x ey + > B xey
k=1
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in CH(X x Gr). Choose a totally isotropic subspace U C V' of dimension n + 1 so that
[P(U)] =1, in CH(X) and let U’ be a reflection of U. It follows from Exercise 68.4 that
[P(U")] =U,. Let g denote the generic point of Gr whose closure contains [U]. Let ¢’ be
another generic point of Gr whose closure contains [[']. Note that CH’(Gr) = Z[g]®Z[¢'].
Pulling back equation (86.4) with respect to the two morphisms X — X x Gr given by
the points [U] and [U’] respectively, we see that ey = [g] and e = [¢]. In particular, eg
and €}, are orthogonal idempotents of CH’(Gr) hence ey + ¢} = 1.

It follows that for every totally isotropic subspace W C V of dimension n 4+ 1 with
[W] in the closure of g (resp. ¢’), we have [W] =, (respectively [W] =[/)). In particular,
to give an orientation of X is to choose one of the two connected components of Gr.

The multiplication rule in Proposition 68.1] for CH(X) implies that in both cases

ex = Pu((ln-r x 1) - [P(E)])

for k € [1, n], where p : X x Gr — Gr is the projection.

We view the cycle v = [P(E)] in CH(X x Gr) as the incidence correspondence X ~ Gr.
It follows from Proposition 63.2 that the induced homomorphism ~, : CH(X) — CH(Gr)
takes [,,_i to e.

Let s : P(E) — Gr and t : P(E) — X be the two projections. Proposition [62.6
provides the following simple formula for ey:

(865) € = S4 © t*(ln_k).
LEMMA 86.6. We have e, = [(A}}] in CH"(Gr).

PROOF. The element t*(Iy) coincides with the cycle of the intersection ([L] x (E) N
P(E). It follows from (86.5) that [Gr] = s, o t*(ly) = e,. O

We write h and [; for the standard generators of CH()? ). Recall that the incidence
correspondence « : X~ X is given by the schemes of pairs (A/L, B) of one-dimensional
isotropic subspaces of V and V respectively with B C A. By Lemma [72.3, we can orient
X (in the case dim ¢ is even) so that o, (Ij_1) = Iy and a*(l;) = [;_; for all k.

Denote by €, € CHk((A}I") the elements given by (86.3) or (86.4) for Gr. Similarly, we
have the incidence correspondence 7 : X ~~ Gr with Ae(ln1—k) = &p.

LEMMA 86.7. The diagram of correspondences

15 commutative.

Proor. By Corollary 57.21) all calculations can be done on the level of cycles rep-
resenting the correspondences. By definition of the composition of correspondences, the
compositions yoa and (3o~ coincide with the cycle of the subscheme of X x Gr consisting
of all pairs (A/L,U) with dim(A + U) < n+ 1. Similarly, the compositions 4 o o/ and
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i* oy coincide with the cycle of the subscheme of X x Gr consisting of all pairs (B, U /L)
with B C U. O

COROLLARY 86.8. We have [3,(é;) = e and i*(ex) = é for all k € [0, n — 1].

PROOF. The equalities f.(ég) = ey and i*(eg) = &y follow from the fact that X and
X have compatible orientations. If £ > 1, we have by Lemma [86.7,

6*(ék) B* o 7*( n—1— k) = 7% 0 a*(inflfk’) = P)/*(lnfk) = €k,
"(ex) = it(er) = iy 0 Yulln—k) = Fx 0 A (lap) = Fu 0 @ (lni) = A(ln1-k) = & O

For a subset I of [0, n| let e; be the product of e for all k& € I. Similarly, we define
éy for any subset J C [0, n — 1].

COROLLARY 86.9. We have i.(€5) = e - e, = €juqny for every J C [0, n —1].

PRrROOF. By Corollary 86.8, we have i*(e;) = é;. It follows from Lemma 86.6/ and the
Projection Formula 56.9 that

Z*(éJ) = Z*(Z*(EJ) . 1) = €5 Z*(l) = €5 ey = eJu{n}. O
COROLLARY 86.10. The monomial ej, ,) = epey - - - ey 18 the class of a rational point
in CHy(Gr).

PROOF. The statement follows from the formula ejg, ) = #,(€o, n—1) and by induction
on n. U

Let j : Gr \E}vr — Gr be the open embedding. Let f : Gr \évr — Gr be the morphism
in Lemma [86.1.

LEMMA 86.11. We have f*(é;) = j*(es) for any J C [0, n — 1].

PROOF. It suffices to prove that f*(é;) = j*(ex) for all & € [0, n — 1]. By the
construction of 3 (cf. §66), we have ' o j = f. It follows from Corollary 86.8 that
fr(&) =70 (B (éx) = j* o Bulér) = j*(ex). O

THEOREM 86.12. Let ¢ be a non-degenerate quadratic form on'V over F of dimension

2n + 1 or 2n + 2 and Gr the scheme of maximal totally isotropic subspaces of V. Then
the set of monomials ey for all 2" subsets I C [1, n] is a basis of CH(Gr) over CH?(Gr).

PROOF. We induct on n. The localization property gives the exact sequence (cf. the
proof of Theorem 66.2)

0 — CH(Gr) = CH(Gr) L5 CH(Gr \Cr) — 0.
By the induction hypothesis and Corollary 86.9, the set of monomials ey for all I containing
n is a basis of the image of i,. Since f* : CH(Gr) — CH(Gr\Gr) is an isomorphism by

Theorem 52.13, again by the induction hypothesis and Lemma 86.11, the set of all the
elements j*(ey) with n ¢ I is a basis of CH(Gr \Gr). The statement follows. O

We now can compute the Chern classes of the tautological vector bundle E over Gr.

PROPOSITION 86.13. We have cx(V1/E) = ¢,(EY) = 2e;, and cx(E) = (—1)*2e;, for
all k € [1, n).
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PROOF. Let s : X — P(V) be the closed embedding. Let H denote the class of a
hyperplane in P(V). We have s, (h*) = 2H**! for all k > 0.
First suppose that dim ¢ = 2n + 1. It follows from (86.3) that

P(E)] = s:(lp—1) x 1+ zn:2H”+1_k X e,

k=1

in CH(P(V) x Gr).
On the other hand, by Proposition 58.10,, applied to the subbundle E of V', we have

n+1
[P(E)] =) H"™"* x ¢(V1/E).
k=0
It follows from the Projective Bundle Theorem 53.10 that ¢, (V1/E) = 2e; for k € [1, n).
By duality, V1/E ~ (E+)Y. Note that the line bundle E+/FE carries a non-degenerate
quadratic form, hence is isomorphic to its dual. Since Pic(Gr) = CH'(Gr) is torsion free,
we conclude that E+/F ~ 1. Therefore, ¢(EV) = c¢((E*+)Y) = ¢(V1/E). The last equality
follows from Example [58.7.

The proof in the case dim ¢ = 2n+2 proceeds along similar lines: one uses the equality
(86.4) and the duality isomorphism V1/E ~ EV. O

REMARK 86.14. Let ¢ be a non-degenerate quadratic form that is not necessarily split.
By Proposition 86.13, the classes 2e, k > 1, that are a priori defined over a splitting field
of ¢, are in fact defined over F.

In order to determine the multiplicative structure of CH(Gr), we present the set of
defining relations between the e,. For convenience, we set e, = 0 if & > n.

Since ¢(V1/E) - ¢(E) = ¢(V1) = 1 and CH(Gr) is torsion free, it follows from Propo-
sition 86.13/ that

(86.15) €7 — 2ep_16k41 + 2€k aekra — -+ (=1 12e1e0, 1 + (—1)Fey = 0
for all kK > 1.

PROPOSITION 86.16. The equalities (86.15) form a set of defining relations between
the generators ey of the ring CH(Gr) over CH’(Gr).

PROOF. Let A be the factor ring of the polynomial ring Z[t1,ts, ..., t,] modulo the
ideal generated by polynomials giving the relations (86.15). We claim that the ring
homomorphism A — CH(Gr) taking 5 to e is an isomorphism.

Call a monomial t}'t5? - - - t7» with r; > 0 basic if r, = 0 or 1 for every k. By Theorem
86.12), it is sufficient to prove that the ring A is generated by classes of basic monomials.

We define the weight w(m) of a monomial m = t}'t5? - - -t by the formula

w(m) = Z E* -7y,
k=1

and the weight of a polynomial f(¢1,...,t,) over Z as the minimum of weights of its
non-zero monomials. Clearly, w(m - m’) = w(m) + w(m’). For example, in the formula
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(86.15), we have w(t?) = 2k* w(ty_itpsi) = 2k* + 20, and w(ty) = 4k*. Thus, t2 is the
monomial of the lowest weight in the formula (86.15).

Let f be a polynomial representing an element of the ring A. Applying formula (86.15))
to the square of a variable ¢; in a non-basic monomials of f of the lowest weight increases
the weight but not the degree of f. Since the weight of a polynomial of degree d is at
most n2d, we eventually reduce to a polynomial having only basic monomials. U

The relations (86.15) look particularly simple modulo 2:
e; =eq, mod 2CH(Gr) forall k>1.

PROPOSITION 86.17. Let ¢ be a split non-degenerate quadratic form on V over F
of dimension 2n + 2 and ¢’ a non-degenerate subform of ¢ on a subspace V' C V' of
codimension 1. Let f denote the morphism Gr(y) — Gr(y¢') taking U to UNV', and e,
k > 1, denote the standard generators of CH(Gr(¢')). Then f*(e},) = ey for all k € [1, n].

PROOF. Denote by F — Gr(y) and E' — Gr(¢') the tautological vector bundles of
ranks n 4+ 1 and n respectively. The line bundle

E/f*(E'y=E/(V1NE)~(E4+V1)/V'1=V1/V'1
is trivial. In particular, c¢(E) = c¢(f*E’) = f*c(E"). It follows from Proposition [86.13 that
27"(6) = (=DM (@lE) = (<D (alfB)) = (~1)eu(E) = 2.
The result follows since CH(Gr(y)) is torsion free. O

87. The Chow ring of Gr(y) in the general case

Let ¢ be a non-degenerate quadratic form of dimension 2n+ 1 on V' over an arbitrary
field F' and X = X,,. Let Y be a smooth proper scheme over F' and h : Y — Gr = Gr(p)
a morphism. We set E' = h*(E), where FE is the tautological vector bundle over Gr, and
view P(E’) as a closed subscheme of X x Y.

PROPOSITION 87.1. The CH(Y)-module CH(X x Y') is free with basis h*, h*-[P(E']
with k € [1, n — 1].

PRroOOF. Let V1 denote the trivial vector bundle V' x Y over Y. We claim that
the restriction f : T = (X x Y) \ P(E') — P(VL/E'") of the natural morphism f :
P(V1) \ P(E'") — P(V1/E'™") is an affine bundle. To do so we use the criterion of
Lemma 52.12.

Let R be a local commutative F-algebra. An F-morphism Spec R — IP(VIL/E’L),
equivalently, an R-point of P(V1/E' L) determines a pair (U, W) where U is a totally
isotropic direct summand of Vz of rank n and W is a direct summand of Vg of rank n 4+ 2
containing U+. Since rank W+ = n — 1, one can choose an R-basis of W so that the
restriction of the quadratic form ¢ on W is equal to xy + az? for some a € R* and U
is given by z = z = 0 in W. Therefore, the fiber Spec R Xpyq g1y T is given by the
equation y/z = a(z/z)? over R and hence is isomorphic to an affine space over R. By
Lemma 52.12, f is an affine bundle.
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Thus X x Y is equipped with the structure of a cellular scheme. In particular, we
have a (split) exact sequence

0 — CH(P(E')) * CH(X x Y) — CH(T) — 0
and the isomorphism
f*: CH(P(V1/E™)) = CH(T).

The restriction of the canonical line bundle over P(V) to X x Y and CH(P(E')) are
also canonical bundles. It follows from the Projective Bundle Theorem 53.10 and the
Projection Formula56.9/that the image of i, is a free CH(Y')-module with basis h*-[P(E')],
ke 0, n—1].

The geometric description of the canonical line bundle given in §104.C shows that
the pull-back with respect to f of the canonical line bundle is the restriction to T of the
canonical bundle on X x Y. Again, it follows from the Projective Bundle Theorem [53.10

that CH(T) is a free CH(Y')-module with basis the restrictions of h*, k € [0, n — 1], on
T. The statement readily follows. 0

REMARK 87.2. The proof of Proposition [87.1/ gives the motivic decomposition
M(X xY)=M(P(E')) & M(P(V1/E™"))(n).

As in the case of quadrics, we write CH(Gr) for the colimit of CH(Gry) over all field
extensions L/F and CH(Cr) for the image of CH(Gr) in CH(Gr). We say that a cycle
in CH(Gr) is rational if it belongs to CH(Gr). We use similar notations and definitions
for the cycles on Gr?, the classes of cycles modulo 2, etc.

COROLLARY 87.3. The elements (e, x 1) + (1 x e;) in CH(Gr 2) are rational for all
ke (1, n].

PROOF. Let E; and Es be the two pull backs of E on Gr? := Gr x Cr. Pulling the
formula 86.3 back to X x Gr 2, we get in CH(X x Gr 2):

[P(ED)] =11 x1x1+ Zh"‘k X e X 1,
k=1

[P(Ey)] =1,y x 1 x1+ Zh"’k x 1 x ep.
k=1
Therefore the cycle
[P(E)] = [P(E2)] =Y h"* x (ep x 1= 1 x e)
k=1
is rational. Applying Proposition 87.1/ to the variety Gr?, we have the cycles (e, x 1) —
(1 x e) are also rational. Note that by Proposition 86.13| the cycles 2e;, are rational. [

Now consider the Chow groups Ch(Gr), Ch(Gr) modulo 2 and write Ch(Gr) for the
image of Ch(Gr) in Ch(Gr). We still write e, for the class of the generator in Ch*(Gr).
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For every subset I C [1, n], the rational correspondence
(87.4) xr = H [(ex x 1) + (1 x e;)] € Ch(Gr?)
kel
defines an endomorphism (z;), of Ch(Gr) taking Ch(Gr) into Ch(Gr).
LEMMA 87.5. For any subsets I, J C [1, n|, we have
waten ={ g Tan
in Ch(Gr).

PROOF. We have z; = > ey, X ey,, where the sum is taken over all subsets J; and J,
of [1, n] such that J is the disjoint union of .J; and .J,. Hence

(zs)e(er) =) _degler-ey) e
and the statement is implied by the following lemma. U

LEMMA 87.6. For any subsets I, J C [1, n],
deg(e; - e)) = { 1 mod2 ifJ=1[1, n]\I

0 mod 2 otherwise.

Proor. If J =[1, n]\ I, the product e; - e; = e[y, , is the class of a rational point of
Gr by Corollary 86.10, hence deg(es - e5) = 1. Otherwise modulo 2, e - ey is either zero
or the monomial ef for some K different from [1, n] (one uses the relations between the
generators modulo 2). Hence deg(e; - e;) =0 mod 2. d

The following statement is due to Vishik. We give a proof different from the one in
[139].

THEOREM 87.7. Let Gr be the variety of maximal isotropic subspaces of a non-degenerate

quadratic form of dimension 2n +1 or 2n + 2. Then the ring Ch(Cr) is generated by all
ex, k € [0, n], such that e, € Ch(Gr).

PRrROOF. By Propositions 85.2] and [86.17, it suffices to consider the case of dimension
2n + 1. It follows from Theorem 86.12 that every element o € Ch(Gr) can be written in
the form oo = ) are; with a; € 7Z/27. 1t suffices to prove the following:

Claim: For every I satisfying a; = 1, we have e, € Ch(Cr) for any k € I.

To proof the claim, we may assume that « is homogeneous. We establsh the claim by
induction on the number of nonzero coefficients of . Choose I with largest || such that
ar =1 and set J = ([1, n] \ I) U {k}. By Lemma 87.5, (x;).(a) = ex or 1 + ex. Indeed,
if ap =1 for some I’ C [1, n| with I’ U J = [1, n], then either I’ = [1, n]\ J and hence
(xg)sler) =ep=1or I'=([1, n]\ J) U{l} for some [. But since « is homogeneous, we
must have [ = k. Therefore I’ = I and (x;).(e;) = €.

We have shown that e, € Ch(Gr) for all k € I. Therefore, e; € Ch(Gr) and a — e; €
Ch(Gr). By the induction hypothesis, the claim holds for a — e; and therefore for a. [

EXERCISE 87.8. Prove that the tangent bundle of Gr is canonically isomorphic to

N(V/E).

delete squa:



374 XVI. THE VARIETY OF MAXIMAL TOTALLY ISOTROPIC SUBSPACES

88. The invariant J(y)

In this section, we define a new invariant of non-degenerate quadratic forms. It differs
slightly from the one defined in [139].

Let ¢ be a non-degenerate quadratic form of dimension 2n + 1 or 2n + 2 and set
Gr = Gr(p). As before let ), be viewed as the class of the generator for Ch(Gr). We
define a new discrete J-invariant J(y) as follows:

J(p)={k €0, n] with e, ¢ Ch(Gr)}.

Recall that ey = 1 if dim ¢ = 2n+1 hence in this case J(¢) C [1, n]. When dim ¢ = 2n+-2,
we have 0 € J(¢p) if and only if the discriminant of ¢ is not trivial.
If dim ¢ = 2n + 2 and ¢’ is a non-degenerate subform of ¢ of codimension 1, then

J(g) = J(¢) if disc ¢ is trivial
Y= {0} U J(¢') otherwise.

For a subset I C [0, n] let ||I|| denote the sum of all k € .

PROPOSITION 88.1. The smallest dimension i such that Chy(Gr) # 0 is equal to
(I

Proor. By Theorem 87.7, the product of all e, satisfying k ¢ J(p) is a nontrivial
element of Ch(Gr) of the smallest dimension equal to ||J(¢)]]. O

PROPOSITION 88.2. A non-degenerate quadratic form ¢ is split if and only if J(¢) = (.

PROOF. The “only if” part follows from the definition. Suppose the set J(¢) is empty.
Since all the e, are rational, the class of a rational point of Gr belongs to Chy(Gr) by
Corollary 86.10. It follows that Gr has a closed point of odd degree, i.e., ¢ is split over
an odd degree finite field extension. By Springer’s theorem (Corollary [18.5), the form ¢
is split. O

LEMMA 88.3. Let o = ¢ L H. Then J(p) = J(p).

PROOF. Suppose that dimyp = 2n + 1. Note first that the cycle e, = [Gr(p)] is
rational so that n ¢ J(p). Let k < n — 1. It follows from the decomposition (86.2) that
CH*(Gr) ~ CH* Gr(¢) and e, corresponds to &, by Lemma 86.11. Hence e;, € J(¢p) if
and only if é, € J(@). The case of the even dimension is similar. U

COROLLARY 88.4. Let ¢ and ¢' be Witt-equivalent quadratic forms. Then J(p) =
J(¢").

LEMMA 88.5. Let X be a variety, Y a scheme and n an integer such that the natural
homomorphism CH;(X) — CHZ-(XF(y)) 1s surjective for every point y € Y and i >
dim X —n. Then CH;(Y) — CH; (YF(X)) 15 surjective for every j > dimY — n.

Proor. Using a localization argument similar to that used in the proof Proposition
52.10, one checks that the top homomorphism in the commutative diagram

CH(X)® CH(Y) —— CH(X xY)

| |



88. THE INVARIANT J(y) 375

is surjective in dimensions > dim X + dimY — n by induction on dimY. Since the
right vertical homomorphism is surjective, so is the bottom homomorphism in dimensions
>dimY —n. [l

Let ¢ be a quadratic form of dimension 2n + 1 or 2n + 2.

COROLLARY 88.6. The canonical homomorphism CH'(Gr) — CH'(Grp(x)) is surjec-
tive for all 1 <n — 1.

PROOF. Note that X is split over F(y) for every y € Gr. Therefore, CH"(Xp,)) is
generated by A* for all k < n — 1 and hence the homomorphism CH*(X) — CH* (X F(y))
is surjective. U

COROLLARY 88.7. J(p) N[0, n — 1] C J(¢rx)) C J(p).

The following proposition relates the set J(¢) and the absolute Witt indices of ¢. It
follows from Corollaries [88.4/ and 188.7.

PROPOSITION 88.8. Let ¢ be a non-degenerate quadratic form of dimension 2n+1 or
2n+ 2. Then
‘](90) C {n - jO((p)v n— j1(90>’ s, jh(gp)—l(gp)}'
In particular, |J(¢)] < h(p).

REMARK 88.9. One can impose further restrictions on J(¢). Choose a non-degenerate
form 1 such that one of the forms ¢ and 1 is a subform of the other of codimension 1 and
the dimension of the largest form is even. Then the sets J(¢) and J(¢) differ by at most
one element 0. Therefore, the inclusion in Proposition 88.8 applied to the form ¢ gives

J(QO) C {0,71 - JO(¢)7TL - J1(¢)> RN jh(w)fl(w)}'

ExAMPLE 88.10. Suppose that ¢ is an anisotropic m-fold Pfister form, m > 1. Then
J(p) = {2m~1 —1}. Indeed, h(¢) = 1 hence J(p) C {2™~! — 1} by Proposition [88.8. But
J () is not empty by Proposition 88.2.

We write ng, for the ged of deg(g) taken over all closed points g € Gr. The ideal
ngr - Z is the image of the degree homomorphism CH(Gr) — Z. Since ¢ splits over a field
extension of F' of degree a power of 2, the number ng, is a 2-power.

PrOPOSITION 88.11. Let ¢ be a non-degenerate quadratic form of odd dimension.
Then
2.7 C g, - Z C ind(Coly)) - Z.

PROOF. For every k ¢ J(p), let fi be a cycle in C_Hk(Gr) satisfying f, = e, modulo

2 CH*(Gr). By Remark [86.14, we have 2¢; € C_Hk(Gr) for all k. Let o be the product of
all the f; satisfying k ¢ J(p) and all the 2e; satisfying k € J(p). Clearly, « is a cycle
in CH(Gr) of degree 2//®lm, where m is an odd integer. The first inclusion now follows
from the fact that ng, is a 2-power.

Let L be the residue field F(g) of a closed point g € Gr. Since ¢ splits over L, so does
the even Clifford algebra Cy(y). It follows that ind Cy(p) divides [L : F] = degg for all ¢
and therefore divides ng;. O
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Propositions 88.8 and [88.11] yield

COROLLARY 88.12. Let ¢ be a non-degenerate quadratic form of dimension 2n + 1.
Consider the following statements:
(1) Colyp) is a division algebra.
(2) ngr = 2",
(3) J(p) = [1, n].
(4) i =k for all k=0,1,...,n.
Then (1) = (2) = (3) = (4).

The following statement is a refinement of the implication (1) = (3).

COROLLARY 88.13. Let ¢ be a non-degenerate quadratic form of odd dimension and
ind Cy(p) = 2%. Then [1, k] C J(p).

PROOF. We proceed by induction on dimgp = 2n + 1. If & = n, ie., Cy(p) is a
division algebra, the statement follows from Corollary 88.12. So we may assume that
k <n. Let ¢ be a form over F'(¢) Witt-equivalent to ¢, of dimension less than dim ¢.
The even Clifford algebra Cy(¢') is Brauer-equivalent to Co(¢)p(). Since Cy(y) is not
a division algebra, it follows from Corollary 30.10/ that ind(Cy(¢’)) = ind(Co(p)) = 2".
By the induction hypothesis, [1, k] C J(¢'). By Corollaries [88.4 and 88.7, we have

J(¢') = J(prip) C J(p). u
EXERCISE 88.14. Let ¢ be a quadratic form of odd dimension.

(1) Prove that 1 € J(y) if and only if the even Clifford algebra Cy(y) is not split.
(2) Prove that 2 € J(¢p) if and only if ind Cy(p) > 2.

89. Steenrod operations on Ch(Gr(y))

We calculate the Steenrod operations on Ch(Gr(p)) as given by Vishik in [139].

Let ¢ be a non-degenerate quadratic form on V' over F' of dimension 2n + 1 or 2n + 2,
X the projective quadric of ¢, Gr the variety of maximal totally isotropic subspaces of
V', and E the tautological vector bundle over Gr. Let s : P(E) — Grand t: P(F) — X
be the projections. There is an exact sequence of vector bundles over P(FE)

0—1— L =T, —0,

where L. is the canonical line bundle over P(E) and T; is the relative tangent bundle of ¢
(cf. Example 104.20). Note that L. is the pull-back with respect to ¢ of the canonical line
bundle over X, hence ¢(L.) = 1 +t*(h), where h € CH'(X) is the class of a hyperplane
section of X. It follows that c¢(T3) = (1 +t*(h))".

THEOREM 89.1. Let char F' # 2 and Gr = Gr(p) with ¢ a non-degenerate quadratic
form of dimension 2n+1 or 2n+2. Then the Steenrod operation Sqg, : Ch(Gr) — Ch(Gr)

of cohomological type satisfies
Sqe.(ex) = (Z.)€k+i

for all i and k € [1, n].
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ProOOF. We have Sqy(l,_x) = (1 + h)"** .1, by Corollary 78.5. It follows from
(86.5), Theorem [61.8, and Proposition 61.9 that

Sda:(ex) = Sdg, 08: 0 t*(ln-k)
= s, 0 ¢(=1) o Sdp(g) ot" (ln-)
= s ((L+t*h)™™ - t* o Sax (ln—r))
= s, ot (L+h) - (1+h)"F1,4)
= s, ot (L+h)* 1,_y)

-y (’j 500t (Inpi)

i>0

k
= g <.)ek+i- O
, i
>0
EXERCISE 89.2. Let ¢ be an anisotropic quadratic form of even dimension and height
1. Using Steenrod operations, give another proof of the fact that dim(y) is a 2-power.

(Hint: Use Propositions 88.2/ and [88.8.)

90. Canonical dimension

Let F be a field and let C be a class of field extensions of F. Call a field F € C generic
if for any L € C there is an F-place E — L (cf. §103).

ExaMPLE 90.1. Let X be a scheme over F. A field extensions L of F is called an
isotropy field of X if X(L) # 0. If X is a smooth variety, it follows from §103 that the
field F'(X) is generic in the class of all isotropy fields of X.

The canonical dimension cdim(C) of the class C is defined to be the minimum of the
tr.degy E over all generic fields £ € C. If X is a scheme over F, we write cdim(X) for
cdim(C), where C is the class of fields as defined in Example 90.1. If X is smooth then
cdim(X) < dim X.

Let p be a prime integer and C a class of field extensions of F. A field F € C is called
p-generic if for any L € C there is an F-place £ — L’ for some finite extension L’ of L of
degree prime to p. The canonical p-dimension cdim,(C) of C and cdim,(X) of a scheme
X over F' are defined similarly. Clearly, cdim,(C) < cdim(C) and cdim,(X) < cdim(X).

The following theorem answers an old question of Knebusch (cf. [80] §4]):

THEOREM 90.2. For an arbitrary anisotropic smooth projective quadric X,
cdimy(X) = edim(X) = dimy,, X.

PROOF. Let Y be a smooth subquadric of X of dimension dimY = dimp,, X. Note
that i;(Y) = 1 by Corollary [74.3. Clearly, the function field F(Y) is an isotropy field of
X. Moreover, if L is an isotropy field of X, then by Lemma [74.1, we have Y (L) # 0.
Since the variety Y is smooth, there is an F-place F(Y) — L (cf. §103)). Therefore, F(Y)
is a generic isotropy field of X.

Suppose that F is an arbitrary 2-generic isotropy field of X. We show that tr. degp £/ >
dim Y which will finish the proof.
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Since E and F(Y') are both generic isotropy fields of the same X, we have F-places
7:F(Y)— Fand e: E — E' where E' is an odd degree field extension of F(Y). Let y
and vy’ be the centers of m and € o w respectively. Clearly, 3/ is a specialization of y and
therefore,

dimy’ < dimy < tr.degy F.

The morphism Spec £ — Y induced by ¢ o w gives rise to a prime correspondence 9 :
Y ~» Y with odd mult(d) so that ps.(d) = [¢], where py : Y x Y — Y is the second
projection. By Theorem [75.4, mult(6*) is odd, hence y' is the generic point of Y and
dimy’ = dimY. O

The rest of this section is dedicated to determining the canonical 2-dimension of the
class C of all splitting fields of a non-degenerate quadratic form ¢. Note for this class C,
we have cdim(C) = cdim(Gr) and cdimy(C) = cdimy(Gr), where Gr = Gr(yp), since L € C
if and only if Gr(L) # (). Hence

cdimy(Gr) < edim(Gr) < dim Gr.
THEOREM 90.3. Let ¢ be a non-degenerate quadratic form over F'. Then

cdim, (GT(SO)) = [|J(¢)]l.

PROOF. Let E be a 2-generic isotropy field of Gr such that tr. degp E = cdim(Gr). As
E is an isotropy field, there is a morphism Spec £ — Gr over F'. Let Y be the closure of the
image of this morphism. We view F(Y') as a subfield of E. Clearly, tr.degy £ > dimY.

Since E is 2-generic, there is a field extension L/F(Gr) of odd degree and an F-place
E — L. Restricting this place to the subfield F(Y'), we get a morphism f : Spec L — Y
as Y is complete. Let g : Spec L — Gr be the morphism induced by the field extension
L/F(Gr). Then the closure Z of the image of the morphism (f, g) : Spec L — Y x Gr is
of odd degree [L : F(Gr)] when projecting to Gr. Therefore, the image of [Z] under the
composition

Ch(Y x Gr) 2 ch(Gr x Gr) £ Ch(Gr),

where i : Y — Gr is the closed embedding and ¢ is the second projection, is equal to [Gr].
In particular, (i X 1g)«([Z]) # 0, hence (i X 1g)« # 0.

We claim that the push-forward homomorphism i, : Ch(Y) — CH(Gr) is also non-
trivial. Let L be the residue field of a point of Y. Consider the induced morphism
j : Spec L — Gr. The pull-back of the element x; in Ch(Gr?) (defined in (87.4)) with
respect to the morphism j x 1g, : Grp — Gr? is equal to e; € Ch(Cry) = Ch(Cry).
Since the elements e; generate Ch(Gry) by Theorem 86.12, the pull-back homomor-
phism Ch(Gr?) — Ch(Cry) is surjective. Applying Proposition [58.18 to the projection
p:Y xGr — Y and the embedding i x 1¢, : Y x Gr — Gr?, we conclude that the product

hy : Ch(Y) ® Ch(Gr?) — Ch(Y x Gr), a® f~ p*(a)-f

is surjective.
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By Proposition 58.17, the diagram
hy

Ch(Y) ® Ch(Gr?) —— Ch(Y x Gr)

i*®1l l(iX]-Gr)*

Ch(Gr) ® Ch(Gr?) —2¢ Ch(Gr x Gr)

is commutative. As (i X 1g; )« is nontrivial, we conclude that i, is also nontrivial. This
proves the claim.
By Proposition 88.1, we have dimY > ||J(¢)||, hence

cdimy(Gr) = tr.degp £ > dimY > ||J(p)]].

It follows from Proposition 88.1/that there is a closed subvariety Y C Gr of dimension
||J(0)|| such that [Y] # 0 in Ch(Gr) = Ch(Grgn). By Lemma 87.6, there is a 8 €
Ch(Grp(qr) satisfying [Y]- 8 # 0 in Ch(Grp(qy). It follows from Proposition 56.11/ that
the product [Y] - belongs to the image of the push-forward homomorphism

Ch(Yr(an) — Ch(Grrn),

therefore Chy (YF(Gr)) # 0. In other words, there is a closed point y € Yp(qr) of odd degree.
Let Z be the closure of the image of y under the canonical morphism Ypqy — Y x Gr.
Note that that the projection Z — Gr is of odd degree deg(y), hence F(Z) is an extension
of F(Gr) of odd degree. Let Y’ denote the image of the projection Z — Y, so F(Y”) is
isomorphic to a subfield of F(Z).

We claim that F'(Y”) is a 2-generic splitting field of Gr. Indeed, since Y is a subvariety
of Gr, the field F(Y”) is a splitting field of Gr. Let L be another splitting field of Gr. By
Lemma [103.2, a geometric F-place F'(Gr) — L can be extended to an F-place F(Z) — L'
where L' is an extension of L of odd degree. Restricting to F(Y’), we get an F-place
F(Y'") — L’. This proves the claim. Therefore, we have

cdimy(Gr) < dimY' < dimY = ||J(p)]]. O
Theorem 90.3/ and Corollary 88.12 yield

COROLLARY 90.4. Let ¢ be a non-degenerate quadratic form of dimension 2n+1 such
that J(p) = [1, n] (e.g., if Co(p) is a division algebra or if ng, = 2"). Then
n(n+1)

cdimy(Gr) = c¢dim(Gr) = dim(Gr) = —

ExaAMPLE 90.5. Let ¢ be an anisotropic m-fold Pfister form with m > 1. Since the
class of splitting fields of ¢ coincides with the class of isotropy fields, we have cdim(Gr) =
dimp,(X) = 2™t — 1. By Theorem 90.3/ and Example 88.10, we have cdimy(Gr) =
1T()]] =2~ = 1.

We next compute the canonical dimensions cdim(Gr), cdimy(Gr) and determine the
set J(¢) for an excellent quadratic form . Write the dimension of ¢ in the form
(90.6) dim p = 2P0 — 2P - 9P2 — ... (—1)"712Pr1 o (—1)"2Pr
with some integers pg, p1, ..., p, satisfying pg > p1 > -+ > p,_1 > p, +1 > 0. Note that
the height b of ¢ equals r + 1 for even dim ¢, while h = r if dim ¢ is odd.
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Let ¢ be the leading py-fold Pfister of ¢ (defined over F). Since ¢ and 7 have the
same classes of splitting fields, we have cdim Gr(p) = cdim Gr(¢) and cdimy Gr(p) =
cdimy Gr(v). By Example 90.5,

(90.7) cdim(Gr(y)) = cdimy(Gr(p)) = 27" — 1.

PROPOSITION 90.8. Let ¢ be an anisotropic excellent form of height . Then J(p) =
{271 — 1}, where the integer py is determined in (90.6).

PRrOOF. Note that jy,_1 = (dim ¢ — dim)/2 where 1 is as above. Hence by Propo-
sition 88.8, every element of J(y) is at least 2?1 — 1. By Theorem 90.3, we have
cdimy (Gr(p)) = [|J(p)]]. It follows from (90.7) that J(¢) = {2P~" — 1}. O

The notion of canonical dimension of algebraic groups was introduced by Berhuy and
Reichstein in [18]. Here we have presented the more general notion of canonical dimension
and p-canonical dimension of a class of field extensions of a given field (cf. [75]). The
computation of cdimy(Gr(p)) given in Theorem 90.3/ is new. It is conjectured in [139,
Conj. 6.6] that cdim(Gr(y)) = cdims (Gr(yp)).



CHAPTER XVII

Motives of quadrics

91. Comparison of some discrete invariants of quadratic forms

In this section, I’ is an arbitrary field, n a positive integer, V' a vector space over F
of dimension 2n or 2n + 1, ¢ a non-degenerate quadratic form on V', X the projective
quadric of ¢. For any positive integer ¢, we write GG; for the scheme of i-dimensional
totally isotropic subspaces of V. In particular, G; = X and G; = ) for i > n.

We write Ch(Y) for the Chow group modulo 2 of an F-scheme Y; Ch(Y') is the colimit
of Ch(Y7) over all field extensions L/F, Ch(Y) is the reduced Chow group, i.e., the image
of the homomorphism Ch(Y) — Ch(Y).

We write Ch(G,) for the direct sum @,., Ch(G;). We recall that Ch(X*) stands for
@®,-, Ch(X?), where X* is the direct product of i copies of X. We consider Ch(G,) and
Ch(X*) as invariants of the quadratic form ¢. Note that their components Ch(G;) and
Ch(X?) are subsets of the finite sets Ch(G;) and Ch(X?) depending only on dim ¢.

These invariants are not independent. A relation between them is described in the
following theorem:

THEOREM 91.1. The following three invariants of a non-degenerate quadratic form
© of a fixed dimension are equivalent in the sense that if ¢’ is another non-degenerate
quadratic form with dim p = dim ¢’ and the values of one of the invariants for o and ¢
are equal then the values of any other of the invariants for ¢ and ¢’ are also equal.

(i) Ch(x™)
(i) Ch(X")

(iii) Ch(G.).

Here X = X, and G = G(p).

REMARK 91.2. Although the equivalence of the above invariants means that any of
them can be expressed in terms of any other, it does not seem to be possible to get
manageable formulas relating (iii) with (ii) or (i).

We need some preparation to prove Theorem 91.1, . For ¢ > 1, let us write FI; for
the scheme of flags V; C --- C V; of totally isotropic subspaces Vi,...,V; of V| where
dimV; = j. In particular, Fl; = X and Fl; = ) for i > n. The following lemma generalizes
Example 66.6:

LEMMA 91.3. For any © > 1, the product Fl; x X has the canonical structure of a
relative cellular scheme with a basis of cells given by

0) a projective bundle over Fl;,
1) the scheme Fl; 4,

381
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2) the scheme F1l;.
Proor. We construct the cellular filtration
YoCcYiCYs =Y
on the scheme Y = Fl; x X as follows: Y; is the subscheme of pairs
ViC---CVi,W)

such that the subspace W + V; is totally isotropic and Yj is the subscheme of pairs with
W C V;. The projection of the scheme Y, onto Fl; is a (rank ¢ — 1) projective bundle.
Of course, if i > n then Yy = Y] (and the base of the “cell” Y] \ Yj is the empty scheme
Fliq). O

COROLLARY 91.4. The motive of the product Fl; x X canonically decomposes as a
direct sum, where each summand is some shift of the motive of the scheme Fl; or of the
scheme Fl; 1. Moreover, a shift of the motive of ¥1; occurs for every i < n and a shift of
the motive of Fl; 11 also occurs for every i +1 < n.

ProOF. By Corollary 66.4 and Lemma [91.3, the motive of Fl; x X decomposes into a
direct sum of three summands that are some shifts of the motives of Yj, Fl;, 1, and Fl;,
where Y} is a projective bundle over Fl;. By Theorem 63.10, the motive of Y} is also a
direct sum of shifts of the motive of Fl,. O

COROLLARY 91.5. For any r > 1, the motive of X" canonically decomposes into a
direct sum, where each summand is a shift of the motive of some Fl; with i € [1, r].
Moreover, for any i € [1, r] with i <n, a shift of the motive of Fl; occurs.

Proor. We induct on r. Since X! = X = Fl;, the case r = 1 is immediate. If the

statement is proved for some r > 1, then the statement for X"*! follows by Corollary
91.4l 0

LEMMA 91.6. For any i > 1, the motive of Fl; canonically decomposes into a direct
sum, where each summand is a shift of the motive of the scheme G;.

PROOF. For each j € [1, 4], write ®; for the scheme of flags 1, C --- C V,_; C V] of
totally isotropic subspaces Vj of V satisfying dim V;, = k for any k. In particular, &, = Fl;
and ®; = G;. The projections

are projective bundles. Therefore, the lemma follows from Theorem 63.10. O
Combining Corollary 91.5 with Lemma 91.6, we get

COROLLARY 91.7. For any r > 1, the motive of X" canonically decomposes into a
direct sum, where each summand is a shift of the motive of some G; with i € [1, r].
Moreover, for any i € [1, r] with i < n, a shift of the motive of G; occurs.

ProOOF OF THEOREM [91.1. The equivalences (i) < (iii) and (i7) < (iii) are given
by Corollary 91.7. dJ
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REMARK 91.8. One may say that the invariant Ch(X") is a “compact form” of the
invariant Ch(X*) and also that the invariant Ch(G,) is a “compact form” of Ch(X™).
However, some properties of these invariants are easier formulated and proven on the
level of Ch(X*). Among such properties (used many times above), we have the stability
of Ch(X*) € Ch(X*) under partial operations on Ch(X*) given by permutations of factors
of any X" as well as pull-backs and push-forwards with respect to partial projections and
partial diagonals between X" and X"+, Tt is also easier to describe a basis of Ch(X*) and
compute multiplication and Steenrod operations (giving further restrictions on Ch(X )

in terms of this basis, than to do a similar analysis for Ch(G,).

92. The Nilpotence Theorem for quadrics

Let A be a commutative ring. We shall work in the categories CR.(F, A) and CR(F, A),
introduced in §63.

Let C be a class of smooth complete schemes over field extensions of F' closed under tak-
ing finite disjoint unions (of schemes over the same field), taking connected components,
and scalar extensions. We say that C is tractable if for any variety X in C having a rational
point and of positive dimension, there is a scheme X’ in C satisfying dim X’ < dim X and
M(X') ~ M(X) in CR.(F,A). A scheme is called tractable, if it is member of a tractable
class.

Our primary example of a tractable scheme will be any smooth projective quadric over
F, the tractable class being the class of (all finite disjoint unions) of all smooth projective
quadrics over field extensions of F' (cf. Example [66.7).

A smooth projective scheme is called split if its motive in CR,(F, A) is isomorphic to
a finite direct sum of several copies of the motive A. Any tractable scheme X splits over
an extension of the base field. Moreover, the number of copies of A in the corresponding
decomposition is an invariant of X. We call this the rank of X and denote it by rk X.
The number of components of any tractable scheme does not exceed its rank.

EXERCISE 92.1. Let X/F be a smooth complete variety such that for any field exten-
sion E/F satisfying X(E) # 0, the scheme Xp is split (for example, the variety of the
maximal totally isotropic subspace of a non-degenerate odd-dimensional quadratic form
considered in Chapter XVI). Show that X is tractable.

EXERCISE 92.2. Show that the product of two tractable schemes is tractable.

REMARK 92.3. As shown in [27], the class of all projective homogenous varieties
(under the action of an algebraic group) is tractable.

The following theorem was initially proved by Rost in the case of quadrics. The more
general case of a projective homogeneous variety was done in [27].

THEOREM 92.4 (Nilpotence Theorem for tractable schemes). Let X be a tractable
scheme over F with M(X) its motive in CR.(F,A) or in CR(F,A) and o € End M (X)
a correspondence. If ap € End M(Xg) vanishes for some field extension E/F then o is
nilpotent.
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PRrOOF. It suffices to consider the case of the category CR.(F,A) as the functor of
(63.3)) is faithful. We fix a tractable class of schemes containing X. We shall construct a
map

N: [0, +00) x [1, tk X]| — [1, 400)
with the following properties. If Y is a scheme in the tractable class with rk Y < rk X and
a € CH(Y?; A) a correspondence vanishing over some field extension of F' then oV = (
if dimY < ¢ and the number of ¢-dimensional connected components of Y is at most j.

If dimY = 0 then any extension of scalars induces an injection of CH(Y?; A). In this
case, we set N(0,7) = 1 for any i > 1.

Now order the set [0, +00) x [1, rk X] lexicographically. Let (i,7) be a pair with
i > 1. Assume that N has been defined on all pairs smaller than (3, j).

Let Y be an arbitrary scheme in the class such that dimY = ¢ and the number
of the i-dimensional components of Y is j. To simplify the notation, we shall assume
that the field of definition of Y is F. Let Y7 be a fixed i-dimensional component of
Y and set Y to be the union of the remaining components of Y. We take an arbitrary
correspondence o € CH(Y?; A) vanishing over a scalar extension and replace it by oV,
where (i/,5') < (4,7) is the lexicographical order. Then for any point y € Yj, we have
ap@) = 0, since the motive of the scheme Yp(,) is isomorphic to the motive of another
scheme having j — 1 components of dimension 7. Applying Theorem [67.1, we see that

oo CH(Y; x Y;A)=0.

In particular, the composite of the inclusion morphism M(Y;) — M(Y) with o' is
trivial. Replace o by o™, We can view « as a 2 x 2 matrix according to the decomposi-
tion M (Y') ~ M (Yy) @ M (Y1). Its entries corresponding to Hom (M (Y1), M(Y5)) and to
End M (Y;) are 0. Moreover, the matrix entry corresponding to End M (Y}) is nilpotent
with N (7, j') its nilpotence exponent, as the number of the i-dimensional components of
Yj is at most j — 1. Replacing o by o¥'7) | we may assume that o has only one possibly
nonzero entry, namely, the (non-diagonal) entry corresponding to Hom (M (Yy), M(Y7)).
Therefore, a? = 0. Set N(i,7) = 2(: + 1)N(¢', j')*. We have shown that for any scheme
Y in the tractable class with tk Y < rk X and any correspondence o € CH(Y?; A) van-
ishing over some field extension of F we have a7 = 0 if dimY = 4 and the number
of i-dimensional connected components of Y is j. Since N(i,j) > N(i',j'), one also has
a0 = 0 if dimY < i and the number of i-dimensional connected components of Y is
smaller than j. O

COROLLARY 92.5. Let X be a tractable scheme over F and E/F a field extension.
If ¢ € End M(Xg) is an idempotent lying in the image of the restriction End M (X) —
End M (Xg) in the motivic category CR.(F,A) or CR(F,A) then there exists an idempo-
tent p € End M (X) satisfying pp = q.

PROOF. Choose a correspondence p’ € End M(X) satisfying pjy = ¢. Let A (re-
spectively, B) be the (commutative) subring of End M (X) (respectively, End (M (Xg)))
generated by p’ (respectively, ¢). By Theorem 92.4, the kernel of the ring epimorphism
A — B consists of nilpotent elements. It follows that the map Spec B — Spec A is a
homeomorphism and, in particular, induces a bijection of the sets of the connected com-
ponents of these topological spaces. Therefore, the homomorphism A — B induces a
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bijection of the sets of idempotents of these rings (cf. [19, Cor. 1 to Prop. 15 of §4.3 of
Ch. II]), and we can find a required p inside of A. O

EXERCISE 92.6. Show that one can take for p some power of p’. Hint: prove and use
the fact that the kernel of End X — End Xg is annihilated by some positive integer.

COROLLARY 92.7. Let X and Y be tractable schemes and p € End M (X) and q €
End M(Y') idempotents in the motivic category CR.(F,A) or CR(F,A). Let f be a mor-
phism (X,p) — (Y, q) in the category CM.(F,A) or CM(F,A) respectively. If fg is an
isomorphism for some field extension E/F then f is also an isomorphism.

PROOF. By Proposition 63.4, it suffices to prove the result for the category CR.(F, A).
First suppose that Y = X and ¢ = p. We may assume that the scheme X is split and
we have fixed an isomorphism of the motive (X, p) with the direct sum of n copies of A for
some n. Then Aut(Xg,pgr) = GL,(A). Let P(t) € Alt] be the characteristic polynomial
of the matrix fg, hence P(fr) = 0. If Q(¢) € A[t] satisfies P(t) = P(0) + tQ(¢), the

endomorphism

feoQ(fe) = Q(fe)o fe = P(fp) — P(0) = —P(0) = +det fg

is multiplication by an invertible element ¢ = 4 det fg in the coefficient ring A. By
Theorem 92.4], the endomorphisms «a, € End(X, p) satisfying foQ(f) = e+a and Q(f)o
f = e+ [ are nilpotent. Thus the composites f o Q(f) and Q(f) o f are automorphisms.
Consequently f is an automorphism.

In the general case, consider the transpose f*: (Y,q) — (X,p) of f. Since fg is
an isomorphism, f% is also an isomorphism. It follows by the previous case that the
composites f o ft and f'o f are automorphisms. Thus f is an isomorphism. O

COROLLARY 92.8. Let X be a tractable scheme with p,p’" € End M (X) idempotents
satisfying pg = ply for some field E O F. Then the motives (X,p) and (X,p') are
canonically 1somorphic.

PROOF. The morphism p'op: (X, p) — (X, p) is an isomorphism because it becomes
an isomorphism over E. ]

93. Criterion of isomorphism
In this section, we let A = 7/27.

THEOREM 93.1. Let X andY be smooth projective quadrics over F'. Then the motives
of X andY in the category CR(F,Z/27) are isomorphic if and only if dim X = dimY
and io(X 1) = 1(Yr) for any field extension L/F.

PRrOOF. The “only if” part of the statement is easy: the motive M(X) of X in
CR(F,Z/2Z) determines the graded group Ch*(X) which in turn determines dim X and
io(X) by Corollary [72.6. To prove the “if” part assume that dim X = dimY and iy(X,) =
io(Y7) for any field extension L/F. As before we write D for dim X and set d = [D/2].

The case of split X and Y is trivial. Note that in the split case an isomorphism
M(X) — M(Y) is given by the cycle cxy + deg(12)(h® x h?), where

d
exy = Y (W xl;+1; x h') € Ch(X x Y)

1=0



386 XVII. MOTIVES OF QUADRICS

(cf. Lemma [73.1). By Corollary [92.7, it follows in the non-split case that the motives of
X and Y are isomorphic if the cycle cxy € Ch(X x Y) is rational.

To prove Theorem 93.1in the general case, we show by induction on D that the cycle
cxy 1s rational.

If X (and therefore Y') is isotropic, then the cycle cx,y, is rational by the induction
hypothesis , where X, and Y| are the anisotropic parts of X and Y respectively. It follows
that the cycle cxy is rational in the isotropic case. We may therefore assume that X and
Y are anisotropic.

To finish the proof we need two results. For their proofs we introduce some special
notation and terminology. Write N for the set of the symbols {h® x l;, I; X hi}ie[o, d-
For any subset I C N, write cxy (I) for the sum of the basis elements of Ch”(X x V)
corresponding to the symbols of 1. Similarly, define the cycles cyx(I) € Ch?(Y x X),
CX)((I) € ChD<X2), and ny(]) € ChD(Y2)

We call a subset I C N admissible, if the cycles cxy(I) and cyx([) are rational and
weakly admissible if cxx(I) and cyy (I) are rational.

Since the set N is weakly admissible by Lemma [73.1, the complement N \ I of any
weakly admissible set I is also weakly admissible.

Call a subset I C N symmetric, if it is stable under transposition, i.e., I* = I. For
any I C N, the set I U I' is the smallest symmetric set containing I; we call it the
symmetrization of I.

LEMMA 93.2. (1) Any admissible set is weakly admissible.
(2) The symmetrization of an admissible set is admissible.
(3) A union of admissible sets is admissible.

PROOF. (1). This follows from the formulas which hold up to the addition of h? x h?:
cxx(I) =cyx(I)ocxy(I) and cyy(I) =cxy(I)ocyx(I).
(3). Let I and J be admissible sets. The cycle cxy (I U J) is rational as
cxy(ITUJ) =cxy(I) 4+ exy(J) + exy(INJ)

and up to the addition of h¥ x h?, we have cxy (INJ) = cxy(J)ocxx(I). The rationality
of cyx (I U J) is proved analogously.

(2). The transpose I* of an admissible set I C N is admissible. Therefore, by (3), the
union I U I* is admissible. O

The key observation is:

PROPOSITION 93.3. Let I be a weakly admissible set and h™ x [, € I the element with
smallest r. Then h™ x [, is contained in an admissible set.

Assuming Proposition [93.3, we finish the proof of Theorem [93.1 by showing that the
set N is admissible.

Note that @) is a symmetric admissible set. Let Iy be a symmetric admissible set.
It suffices to show that if Iy # N then I, is contained in a strictly bigger symmetric
admissible set ;.

By Lemma 93.2(1), the set Iy is weakly admissible. Therefore, the set I := N \ Iy is
weakly admissible as well. Since the set I is non-empty and symmetric, h x [; € I for
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some ¢. Take the smallest r» with A" x [, € I. By Proposition 93.3, there is an admissible
set J containing r. By Lemma 93.2(3), the union Iy U J is also an admissible set. Let I;
be its symmetrization. Then the set [; is admissible by Lemma [93.2(2). It is symmetric
and contains I properly because r € I \ 1.

So to finish, we must only prove Proposition [93.3.

PrRooOF oF PROPOSITION 93.3. Multiplying the generic point morphism
Spec F(X) — X
by X XY (on the left), we get a flat morphism
(XXY)F(X)—)XXYXX
This induces a surjective pull-back homomorphism
f:ChP(X xY x X) = ChP?(X xY)

mapping each basis element of the form 3; x (35 x h® to 3; x 3, and vanishing on the
remaining basis elements. Note that this homomorphism maps the subgroup of F-rational
cycles onto the subgroup of F'(X)-rational cycles (cf. Corollary [57.10).

Since the quadrics Xp(x) and Yp(x) are isotropic, the cycle cxy (N) is F'(X)-rational.

Therefore, the set f~! (ch(N )) contains a rational cycle. Any cycle in this set has the
form

(93.4) ci=cxy(N)xh" +Y ax3x7,

where the sum is taken over some homogeneous cycles «, 3,y with codim vy positive. In
the following, we assume that (93.4) is a rational cycle.

Let I and r be as in the statement of Proposition [93.3. Viewing the cycle (93.4) as a
correspondence from X to Y x X, we may take the composition co cxx (). The result is
a rational cycle on X x Y x X that (up to the addition of h¢ x h?) is equal to

(93.5) di=cxy(I) xR+ axBx7y,

where the sum is taken over some (other) homogeneous cycles a, 3, with codim~y > 0
and codima > r. Take the pull-back of the cycle ¢’ with respect to the morphism
X xY — X xY x X, given by (z,y) — (x,y,x), that is induced by the diagonal of X.

The result is a rational cycle on X x Y that is equal to

(93.6) " =cxy(D)+ Y (a-y) x5,

where codim(a - y) > r. It follows that ¢’ = cxy (J') for some set J’ containing r.
Repeating the procedure with X and Y interchanged, we can find a set J” containing

r with the cycle ¢y x(J”) rational. Then the set J := J'NJ” contains r and is admissible

as cxy (J) coincides (up to addition of h? x h?)) with the composition cxy (J")ocyx(J")o

cxy(J') and a similar equality holds for ¢y x(J). O

The proof of Theorem 93.1/is now complete. O

REMARK 93.7. By Theorem 27.3, an isomorphism of motives of odd-dimensional
quadrics gives rise to an isomorphism of the corresponding varieties. The question whether
for a given even n the conditions

n=dimy=dimy and io(pr) =1ip(¢r) for any L
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implies that ¢ and 1 are similar is answered positively if characteristic # 2 and n < 6 in
[64], and negatively for all n > 8 but 12 in [65]. It remains open for n = 12.

94. Indecomposable summands

In this section, A = Z/27 and we work in the category CM(F, Z/27) of graded motives.
Let X be a smooth anisotropic projective quadric of dimension D. We write P for the
set of idempotents in Chp(X?) = End M(X). We shall provide some information about
objects (X, p) (with p € P) in the category CM(F,Z/2Z). For such p (or, more generally,
for any element p € Chp(X?)), let p stand for the essence (as defined in §72) of the image
of p in the reduced Chow group Ch(X?). We write [(X,p)] for the isomorphism class of
the motive (X, p).

THEOREM 94.1. (1) Let p,p’ € P. Then [(X,p)] = [(X,p')] if and only if p=7p'.
Moreover, the image of the map

{[(X,p)}per — Chp(X?) given by [(X,p)]— p

is the group Chep(X?) of all D-dimensional essential cycles.

(2) Let p,p1,pe € P. Then (X,p) ~ (X,p1) @B(X,p2) if and only if p is a disjoint
union of p1 and po, i.e., Py and ps don’t intersect and p = p1 + pa. In particular,
the motive (X, p) is indecomposable if and only if the cycle p is minimal.

(3) For any p,p’ € P, the motives (X,p) and (X,p') are isomorphic to twists of each
other if and only if p and p' are derivatives of the same rational cycle. More
precisely, if 1 > 0 then (X,p) ~ (X,p')(7) if and only if p = (h® x h') - a and
7 = (b x h°) - a for some o € Chp;(X?).

PROOF. Let E/F be a field extension such that the quadric X is split. The following
statements on projectors in End M (Xg) are easily checked: an element o € Chp(X%) is
a projector if and only if it is a linear combination of the elements h® x I; and I} x h’,
i € [0, d], where

l; for v < d
I=2X l it D is divisible by 4
h¢ +1; otherwise

(cf. Exercise 68.3). Moreover, the condition (Xg, ) ~ (Xg, ') for two projectors a and
o' means that a = o/ up to the terms with h? x l; and I/, x h¢, where these terms, if they
do not coincide, are equal to h? x I for one of a and o/ and to I; x h? for the other.

(1): By Corollary 92.7, we have [(X,p)] = [(X,p')] if and only if [(X,p)r] = [(X,D)Eg].
Since the cycles pg and pl; are rational, it follows that [(X, p)g] = [(X,p')g] if and only if
pe = plp. (Note by Exercise 92.8, we therefore get a canonical isomorphism of (X, p) and
(X,p') once we have an isomorphism). Finally, pp = p, if and only if p = p'.

(2): We have (X,p) ~ (X, p1) P(X,ps) if and only if (X,p)g ~ (X, p1)e P(X,p2)E if
and only if pg is a disjoint union of (p;)g and (p2)g if and only if p is a disjoint union of
p1 and po.

(3): A correspondence o € Chp;(X?) determines an isomorphism (X, p)g — (X, p')(i)g
if and only if p= (h° x h') - @ and p’ = (h* x hY) - . O
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COROLLARY 94.2. The motive of any anisotropic smooth projective quadric X decom-
poses into a direct sum of indecomposable summands. Moreover, such a decomposition is

unique and the number of summands coincides with the number of the minimal cycles in
Chp(X?), where D = dim X.

EXERCISE 94.3 (Rost motives). Let 7 be an anisotropic n-fold Pfister form. Show the
following;:
(1) The decomposition of the motive of the projective quadric of 7 into a sum of indecom-
posable summands has the form @figl‘l R, (i) for some motive R, uniquely determined
by m. The motive R is called the Rost motive associated to .
(2) For any splitting field extension E/F of 7, we have

(Ro)p~7/27 7/22(2" " —1).
(3) The motive of the quadric given by any 1-codimensional subform of 7 decomposes as
DL, Rali).
4) Let ¢ be a (2! + 1)-dimensional non-degenerate subform of 7. Find a smooth
2

projective quadric X such that the motive of the quadric of ¢ decomposes as M (X)(1) &
R,. Finally, reprove all this for motives with integral coefficients.

Theorems 93.1 and 94.1 hold in the more general case of motives with integral coeffi-
cients. This was done by Vishik in [140].
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95. Formally real fields

In this section, we review the Artin-Schreier theory of formally real fields. These
results and their proofs, may be found in the books by Lam [90] and Scharlau [125].

Let F be a field, P C F a subset. We say that P is a preordering of F' if P satisfies
all of the following:

P+PcP, P-PCP, —-1¢P,  and ) F’CP
A preordering P of F'is called an ordering if in addition
F=PU-P
A field F is called formally real if
D(oco(1)) := {z € F | x is a sum of squares in F'}

is a preordering of F', equivalently if —1 is not a sum of squares in F', i.e., the polynomial
t2 + -+ + t2 has no nontrivial zero over F' for any (positive) integer n. Clearly, if F is
formally real then the characteristic of F' must be zero. (If char F' # 2 then F' is not
formally real if and only if ' = D(c0(1)).) One checks that a preordering is an ordering if
and only if it is maximal with respect to set inclusion in the set of preorderings of F. By
Zorn’s lemma, maximal preorderings and therefore orderings exist for F' if it is formally
real. In particular, a field F' is formally real if and only if the space of orderings on F,

X(F):={P | P is an ordering of F'}

is not empty. Every P € X(F) (if any) contains the preordering D(co(1)). Let P € X(F)
and 0 # x € F. If z € P then z (respectively, —z) is called positive (respectively, negative)
with respect to P and we write x >p 0 (respectively, x <p 0). Elements that are positive
(respectively negative) with respect to all orderings of F' (if any) are called totally positive
(respectively, totally negative). In fact, we have

PROPOSITION 95.1. Suppose that F is formally real. Then 5(00(1}) = ﬂPE%(F) P,
i.e., a nonzero element of F' s totally positive if and only if it is a sum of squares.

It follows that a formally real field has precisely one ordering if and only if D(co(1))
is an ordering in F, e.g., Q or R. The field of real numbers even has R? as an ordering.
A formally real field F' having F? as an ordering is called euclidean. For such a field
every element is either a square or the negative of a square. For example, the field of real
constructible numbers is euclidean.

A formally real field is called real closed if it has no proper algebraic extension that
is formally real. If F' is such a field then it must be euclidean. Let K/F be an algebraic
field extension with K real closed. Then K? N F is an ordering on F.

Let @ € X(K). The pair (K, Q) is called an ordered field. Let K/F be a field extension
with K formally real. If P € X(F) satisfies P = Q N F then (K,Q)/(F, P) is called an
extension of ordered fields and @ is called an extension of P. If, in addition, K/F is
algebraic and there exist no extension (L, R)/(K, Q) with L/K non-trivial algebraic, we
call (K, Q) a real closure of (F, P).
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PRroPOSITION 95.2. (Cf. [125] Th. 3.1.14].) If (K, Q) is a real closure of (F, P) then
K is real closed and Q = K?.

The key to proving this is
THEOREM 95.3. (Cf. [125, Th. 3.1.9].) Let (F, P) be an ordered field.
(1) Let d € F and K = F(v/d). Then there exists an extension of P to K if and

only if d € P.
(2) If K/F is finite of odd degree then there exists an extension of P to K.

The main theorem of Artin-Schreier Theory is

THEOREM 95.4. (Cf. [90, Th. VIIL.2.8] or [125, Th. 3.1.13 and Th. 3.2.8].) Ewvery

ordered field (F,P) has a real closure (F, 72) and this real closure is unique up to a
canonical F'-isomorphism and this isomorphism is order-preserving.

Because of the last results, if we fix an algebraic closure F of a formally real field F'
and P € X(F) then there exists a unique real closure (F, F ) of (F, P) with F C F. We
denote F by Fp.

96. The space of orderings

We view the space of orderings X(F') on a field F' as a subset of the space of functions
{£1}*" by the embedding

X(F) = {1} via P (signp : © — signp )

(the sign of x in F' rel P). Giving {1} the discrete topology, we have {1} is Hausdorff
and by Tychonoff’s Theorem compact. The collection of clopen (i.e., open and closed)
sets given by

(96.1) H.(a) = {g € {£1}'" | g(a) = —¢}

for a € F* and ¢ € {1} forms a subbase for the topology of {1} hence {£1}
is also totally disconnected. Consequently, {+1}*" is a boolean space (i.e., a compact
totally disconnected Hausdorff space). Let X(F') have the induced topology arising from
the embedding f : X(F) — {£1}/"".

THEOREM 96.2. X(F) is a boolean space.

PROOF. It suffices to show that X(F) is closed in {1}, Let s € {1} \ f(X(F)).
First suppose that s is the constant function €. Then the clopen set H.(¢) is disjoint from
f(X(F)) and contains s, so separates s from f(X(F")). So assume that s is not a constant
function hence is surjective. Since s~!(1) is not an ordering on F, there exist a,b € F’*
such that s(a) = 1 = s(b) (i.e., a, b are “positive”) but either s(a+b) = —1 or s(ab) = —1.
Let ¢ = ab if s(ab) = —1 otherwise let ¢ = a+b. As there cannot be an ordering in which
a and b are positive but ¢ negative, Hy(—a) N Hy(—b) N H_1(—c) is disjoint from f(X(F))
and contains s, so separates s from f(X(F)). O
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As we are identifying X(F) with its image in {£1}¥"", we see that the collection of
sets
H(a) = Hp(a) := Hy(a) C X(F), a€F*,
forms a subbasis of clopen sets for the topology of X(F') called the Harrison subbasis. So
H(a) is the set of orderings on which a is negative. It follows that the collection of sets

H(ay, ... an) = Hp(ar, ..., a,) = (| H(a), ai,... a, € F
=1

forms a basis for the topology of X(F).
97. C,-fields

We call a homogeneous polynomial of (total) degree d a d-form. A field F' is called a
C,-field if every d-form over F' in at least d" 4 1 variables has a non-trivial zero over F.

For example, a field is algebraically closed if and only if it is a Cy-field. Every finite
field is a Cj-field by the Chevalley-Warning Theorem (cf. [127], 1.2, Theorem 3).

An n-form in n-variables over I is called a normic form if it has no non-trivial zero.
For example, let E/F be a finite field extension of degree n. Let {z1,...,z,} be an
F-basis for E. Then the norm form of the extension E/F is the polynomial

NE(t o t0)) Fltr,tn) (G121 + -+ Ep2y,)

over F'in the variables t1, ..., is of degree n and has no nontrivial zero, hence is normic
(the reason for the name).

LEMMA 97.1. Let F' be a non algebraically closed field. Then there exist normic forms
of arbitrarily large degree.

PROOF. There exists a normic form ¢ of degree n for some n > 1. Having defined a
normic form ¢, of degree n’, let

Qor1 := P(@s|@s] - - - |s).

This notation means that new variables are to be used after each occurrence of |. The
form ¢, of degree n**! has no non-trivial zero. O

THEOREM 97.2. Let F be a C,,-field and let fi,..., f. be d-forms in N common vari-
ables. If N > rd"™ then the forms have a common non-trivial zero in F.

PROOF. Suppose first that n =0 (i.e., F' is algebraically closed) or d = 1. As N > r,
it follows from [130, Ch. I, §6.2, Prop.] that the forms have a common non-trivial zero
over F.

So we may assume that n > 0 and d > 1. By Lemma [97.1 there exists a normic form
@ of degree at least r. We define a sequence of forms ;, i > 1, of degree d; in N; variables
as follows. Let ¢, = ¢. Assuming that ¢; is defined let

g0i+1:()0(f1,...,fr|f1,...,fr|...|f1,...,fr|0,...,0),

where zeros occur in < r places. The forms f; between two consecutive signs | have the
same sets of variables.
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If z € R let [z] denote the largest integer < x. We have

N;
(97.3) iy = dd; and Ny = N[—]

r
Note that since N > rd"™ > 2r we have N; — oo as 1 — o0.

Set
r N;

97.4 = [—}
( ) @ ]\[Z T

We have a; — 1 as i — oo. It follows from (97.3) and (97.4) that
Ni+1 . Nz Oéz'N
R

NV .
Since N > rd™ and a; — 1, there is # > 1 and an integer s such that Oéd” > [ifte > s.
Therefore, we have
N; N;
>
dity — d;

ifi > s. It follows that N}, > d}} for some k. As F'is a C,-field, the form ¢ has a nontrivial
zero. Choose the smallest & with this property. By definition of ¢y, a nontrivial zero of
Y gives rise to a nontrivial common zero of the forms fi,..., f.. U

COROLLARY 97.5. Let F' be a C,-field and K/F an algebraic field extension. Then K
s a Cy,-field.

ProoF. Let f be a d-form over K in N variables with N > d". The coefficients of f
belong to a finite field extension of F'; so we may assume that K/F is a finite extension.
Let {x1,...,2,} be an F-basis for K. Choose variables ¢;;, i =1,...,N, j=1,...7 over
F and set

ti = tﬂl’l + -+ ti’r«rr
for every 7. Then
f(tl, c. ,tN) = fl(tij)l‘l + ... fr(ti]‘)l‘r
for some d-forms f; in rN variables. Since rN > rd", it follows from Theorem 97.2 that
the forms f; have a nontrivial common zero over F' which produces a nontrivial zero of f

over K. U
COROLLARY 97.6. Let F' be a Cy,-field. Then F(t) is a Cp41-field.

PROOF. Let f be a d-form in N variables over F(¢) with N > d"*!. Clearing denom-
inators of the coefficients of f we may assume that all the coefficients are polynomials in
t. Choose variables t;;, i =1,...,N, 7 =0,...,m for some m and set
for every 7. Then

Fltr o tw) = folti)t + - 4 famer ()t
for some d-forms f; in N(m + 1) variables over F' and r = deg,(f). Since N > d"™', one

can choose m such that N(m+1) > (dm+r+1)d". By Theorem 97.2, the forms f; have
a nontrivial common zero over F' which produces a nontrivial zero of f over F(t). U
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Corollaries 97.5 and 97.6 yield

THEOREM 97.7. Let F be a C,,-field and K/F a field extension of transcendence degree
m. Then K is a Cy,yp-field.

As algebraically closed field are Cy-fields, the theorem shows that a field of transcen-
dence degree n over an algebraically closed field is a C),-field. In particular, we have the
classical T'sen Theorem:

THEOREM 97.8. If F is algebraically closed and K/F is a field extension of transcen-
dence degree 1 then the Brauer group Br(K) is trivial.

PRrROOF. Let A be a central division algebra over K of degree d > 1. The reduced
norm form Nrd of D is a form of degree d in d? variables. By Theorem 97.7, K is a
Ci-field, hence Nrd has a nontrivial zero, a contradiction. O

98. Algebras
For more details see [86] and [53].

98.A. Semisimple, separable and étale algebras. Let F' be a field. A finite
dimensional (associative, unital) F-algebra A is called simple if A has no nontrivial (two-
sided) ideals. By Wedderburn’s theorem, every simple F-algebra is isomorphic to the
matrix algebra M, (D) for some n and a division F-algebra D uniquely determined by A
up to isomorphism over F.

An F-algebra A is called semisimple if A is isomorphic to a (finite) product of simple
algebras.

An F-algebra A is called separable if the L-algebra A; := A ®p L is semisimple for
every field extension L/F. This is equivalent to A being a finite product of the matrix
algebras M, (D), where D is a division F-algebra with center a finite separable field
extension of F. Separable algebras satisty the following descent condition:

Fact 98.1. If A is an F-algebra and E/F is a field extension then A is separable if
and only if Ag is separable as an E-algebra.

Let A be a finite dimensional commutative F-algebra. If A is separable, it is called
étale. Consequently, A is étale if and only if A is a finite product of finite separable field
extensions of F. An étale F-algebra A is called split if A is isomorphic to a product of
several copies of F'. Let A be a commutative (associative, unital) F-algebra. The determi-
nant (respectively, the trace) of the linear endomorphism of A given by left multiplication
by an element a € A is called the norm N4(a) (respectively, the trace Tra(a)). We have
Tra(a+a’) = Tra(a)+Tra(a’) and Ny(aa') = Ny(a) N4(a') for all a,a’ € A. Everya € A
satisfies the characteristic polynomial equation

a” —Tra(a)a™ t + -+ (=1)"Ny(a) = 0

where n = dim A.



98. ALGEBRAS 397

98.B. Quadratic algebras. A gquadratic algebra A over F' is an F-algebra of dimen-
sion 2. A quadratic algebra is necessarily commutative. Every element a € A satisfies the
quadratic equation

(98.2) a® — Tra(a)a + N4(a) = 0.

For every a € A, set @ := Try(a) — a. We have ad’ = aa’ for all a,a’ € A. Indeed, since
dim A = 2, it suffices to check the equality when a € F and o € F (this is obvious)
and o' = a (it follows from the quadratic equation). Thus the map a — a is an algebra
automorphism of A of exponent 2. We have

Tra(a) =a+a and Ny(a)=aa.
A quadratic F-algebra A is étale if A is either a quadratic separable field extension of
F or A is split, i.e., is isomorphic to F' x F.

Let A and B be two quadratic étale F-algebras. The subalgebra A x B of the tensor
product A ®p B consisting of all elements stable under the automorphism of A ®p B
defined by * ® y — T ® y is also a quadratic étale F-algebra. The operation x on
quadratic étale F-algebras yields a (multiplicative) group structure on the set Eto(F) of
isomorphisms classes [A] of quadratic étale F-algebras A. Thus [A] - [B] = [A x B]. Note

that Et,y(F) is an abelian group of exponent 2.

ExaMpPLE 98.3. If char F' # 2, every quadratic étale F-algebra is isomorphic to
F, = F[t]/(t* — a)
for some a € F'*. Let j be the class of ¢ in F,. For every u = = + yj, we have
u=2x—yj, Tr(u) = 2, and N(u) =2 — ay’.

The assignment a — [F,] give rise to an isomorphism F* /F*? 2 Et,(F).

ExaAMPLE 98.4. If char F' = 2, every quadratic étale F-algebra is isomorphic to
F,:=F[t]/#* +t+a)
for some a € F. Let j be the class of t in F,. For every u = x + yj, we have
uw=z+y+yj, Tr(u)=y, and N(u)=z*+2y+ay’.

The assignment a — [F,] induces an isomorphism F/Im g = Ety(F), where the Artin-
Schreier map @ : F — F is defined by p(x) = z* + .

98.C. Brauer group. An F-algebra A is called central if F'1 coincides with the
center of A. A central simple F-algebra A is called split if A= M, (F") for some n.

Two central simple F-algebras A and B are called Brauer equivalent if M, (A) =
M,,(B) for some n and m. For example, all split F-algebras are Brauer equivalent.

The set Br(F') of all Brauer equivalence classes of central simple F-algebras is a torsion
abelian group with respect to the tensor product operation A ®r B, called the Brauer
group of F. The identity element of Br(F') is the class of split F-algebras.

The class of a central simple F-algebra A will be denoted by [A] and the product of [A]
and [B] in the Brauer group, represented by the tensor product A ® B, will be denoted
by [4] - [B].
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The inverse class of A in Br(F') is given by the class of the opposite algebra A°?. The
order of [A] in Br(F) is called the ezponent of A and will be denoted by exp(A). In
particular, exp(A) divides 2 if and only if A% = A, i.e., A has an anti-automorphism.

For an integer m, we write Br,,(F') for the subgroup of all classes [A] € Br(F') such
that [A]™ = 1.

Let A be a central simple algebra over F' and L/F a field extension. Then A is a
central simple algebra over L. (In particular, every central simple F-algebra is separable.)
The correspondence [A] — [Ay] gives rise to a group homomorphism

rrr : Br(F) — Br(L).

We set Br(L/F) := kerrp p. The class A is said to be split over L (and L/F is called a
splitting field extension of A) if the algebra Ay is split, equivalently [A] € Br(L/F).

A central simple F-algebra A is isomorphic to My (D) for a central division F-algebra
D, unique up to isomorphism. The integers v/dim D and v/dim A are called the index
and the degree of A respectively and denoted by ind(A) and deg(A).

FacT 98.5. Let A be a central simple algebra over F' and L/F a finite field extension.
Then
ind(Az) | ind(A) | ind(Ayg) - [L: F).

COROLLARY 98.6. Let A be a central simple algebra over F' and L/F a finite field
extension. Then
(1) If L is a splitting field of A then ind(A) divides [L : F].
(2) If [L : F|] is relatively prime to ind(A) then ind(Ayr) = ind(A).

Fact 98.7. Let A be a central division algebra over F.

(1) A subfield K C A is mazimal if and only if [K : F] = ind(A). In this case K is
a splitting field of A.

(2) Ewvery splitting field of A of degree ind(A) over F' can be embedded into A over
F as a maximal subfield.

98.D. Severi-Brauer varieties. Let A be a central simple F-algebra of degree n.
Let r be an integer dividing n. The generalized Severi-Brauer variety SB,.(A) of A is the
variety of right ideals of dimension rn in A [86, 1.16]. We simply write SB(A) for SB;(A).

If A is split, i.e., A = End(V) for a vector space V of dimension n, every right
ideal I in A of dimension rn has the form I = Hom(V,U) for a uniquely determined
subspace U C V of dimension r. Thus the correspondence [ — U yields an isomorphism
SB,(A) = Gr,(V), where Gr,(V) is the Grassmannian variety of r-dimensional subspaces
in V. In particular, SB(A) = P(V).

PROPOSITION 98.8. [86, Prop. 1.17] Let A be a central simple F'-algebra, r an integer
dividing deg(A). Then the Severi-Brauer variety X = SB,(A) has a rational point over
an extension L/F if and only if ind(Ay) divides r. In particular, SB(A) has a rational
point over L if and only if A is split over L.

Let V; and V4 be vector spaces over F of finite dimension. The Segre closed embedding
is the morphism
P(V1) x P(V2) — P(Vi @F V3)



98. ALGEBRAS 399
taking a pair of lines U; and U, in V; and V5 respectively to the line U; @ p Uy in Vi @p V5.

EXAMPLE 98.9. The Segre embedding identifies P} X P} with a projective quadric in
P3.

The Segre embedding can be generalized as follows. Let A; and Ay be two central
simple algebras over F. Then the correspondence (I, 13) — I} ® I yields a closed
embedding

98.E. Quaternion algebras. Let L/F be a Galois quadratic field extension with
Galois group {e,g} and b € F*. The F-algebra Q = (L/F,b) := L & Lj, where the
symbol j satisfies j2 = b and jl = g(I)j for all | € L, is central simple of dimension
4 and is called a quaternion algebra. We have (@) is either split, i.e., isomorphic to the
matrix algebra M(F) or a division algebra. The algebra ) carries a canonical involution
~:Q — Q satisfying j = —j and [ = g(I) for all [ € L.

Using the canonical involution, we define the linear reduced trace map

Trd : Q — F by Trd(q) = q+q,
and quadratic reduced norm map
Nrd : Q — F by Nrd(q) =q-q.

An element ¢ € @ is called a pure quaternion if Trd(q) = 0, or equivalently, § = —q.
Denote by @’ the 3-dimensional subspace of all pure quaternions. We have Nrd(q) = —¢*
for any q € Q'.

PROPOSITION 98.10. FEwery central division algebra of dimension 4 is isomorphic to a
quaternion algebra.

PRrROOF. Let L C @) be a separable quadratic subfield. By the Skolem-Noether Theo-
rem, the only nontrivial automorphism g of L over F' extends to an inner automorphism
of Q, i.e., there is j € Q* such that jlj=' = g(I) for all [ € L. Clearly, Q = L & Lj
and j2 commutes with j and L. Hence ;2 belongs to the center of Q, i.e., b := j2 € F*.
Therefore, @ is isomorphic to the quaternion algebra @ = (L/F,b). O

EXAMPLE 98.11. If char F' # 2, a separable quadratic subfield L of a quaternion
algebra Q = (L/F,b) is of the form L = F(i) with > = a € F*. Hence @ has a basis
{1,4, 4, k :=ij} with multiplication table

=a, J2=b, jitij=0,
for some b € F*. We shall denote the algebra generated by ¢ and j with these relations

a,b
b )
Y\ F

The space of pure quaternions has {i, j, k} as a basis. For every ¢ = x + yi + zj + wk
with z,y, z,w € F', we have

g=x—yi—zj —wk, Trd(q) = 22, and Nrd(q) = 2* — ay® — bz* + abw?.
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ExamMpPLE 98.12. If char F' = 2, a separable quadratic subfield L of a quaternion
algebra Q = (L/F,b) is of the form L = F(s) with s> + s+ ¢ = 0 for some ¢ € F.
Set i = sj/b. We have i* = a := ¢/b. Hence Q has a basis {1,i,j,k := ij} with the
multiplication table

(98.13) i*=a, j*=0b, ji+ij=1.

b
We shall denote by {a],: ] the algebra given by the generators ¢ and j and the relations

(98.13)). Note that this is also a quaternion algebra (in fact split) when b = 0.
The space of pure quaternions has {1,4,j} as a basis. For every ¢ = x + yi + zj + wk
with z,y, z,w € F', we have

q=(z+w)+yit+zj+wk, Trd(q)=w, and Nrd(q)=2*+ay*+bz*+abw’+rw+yz.

The classes of quaternion F-algebras satisfy the following relations in Br(F):

Fact 98.14. Suppose that char F' # 2. Then

aa’ b B ab a,b p a,bb’\  (a,b a, b’
F)™Ur )"\ F F)

< ) =1 if and only if a is a norm of the quadratic étale extension Fy/F.

Fact 98.15. Suppose that char F' = 2. Then

1) fa+d,b|  Ja,b a,b p a,b+bV]  [ab a,b
F | F ™| F TR F)
[ab, c be, a ca,b

o 5[] -
[a,b] b,a

(a.b]?
4 ’ =1.
[

(5) Pl = 1 if and only if a is a norm of the quadratic étale extension Fy,/F.

We shall need the following properties of quaternion algebras.
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b d
LEMMA 98.16. (Chain Lemma) Let (i;) and (i’p) be isomorphic quaternion

algebras over a field F of characteristic not 2. Then there is an e € F* satisfying
a,b N (a,e) N (c,e) N c,d
F) \F) \F/) \F)
Proor. Note that if x and y are pure quaternions in a quaternion algebra () that are
orthogonal with respect to the reduced trace bilinear form, i.e., Trd(zy) = 0, then @ ~

F F
2?2 = a and y? = c¢. Choose a pure quaternion z orthogonal to z and y. Setting e = 22,

we have @) ~ <a2?e) ~ <c],Te)' d

2 2
x a,b
( Y ) Let Q = ( ’ ) By assumption, there are pure quaternions x,y satisfying

LEMMA 98.17. Let () be a quaternion algebra over a field F' of characteristic 2. Suppose
that Q is split by a purely inseparable field extension K/F such that K* C F. Then
a,b

Q%[F] with a € K?.

PROOF. First suppose that K = F(y/a) is a quadratic extension of F. By Fact 98.7,
we know that K can be embedded into ). Therefore there exists an i € @ \ F' such that
i? = a € K?. Note that 7 is a pure quaternion in '\ F. The linear map Q' — F taking

b
an x to ix +xi is nonzero, hence there is a j € )" such that ij+ ji = 1. Hence, Q) = {a},? }
where b = j2.

d
C}? ] By Property (5), we have ¢ = 22 + xy + cdy?
for some z,y € K. Since 2% and y? belong to F', we have xy € F. Hence the extension
E = F(z,y) splits @ and [E : F] < 2. The statement now follows from the first part of
the proof. O

In the general case, write Q) =

Let o be an automorphism of a ring R. Denote by R[t, o] the ring of o-twisted poly-
nomials in the variable ¢ with multiplication defined by tr = o(r)t for all r € R. For
example, if ¢ is the identity then R[t,o] is the ordinary polynomial ring R[t] over R.
Observe that if R has no zero divisors then neither does R[t, 0].

ExXAMPLE 98.18. Let A be a central division algebra over a field F'. Consider an
automorphism o of the polynomial ring A[x] defined by o(a) = a for all a € A and

(z) = —x  if char F' # 2
I\ =Y r+1 ifcharF = 2.

Let B be the quotient ring of A[x][t,o]. The ring B is a division algebra over its center
E where
o F(2?,t?) if char F' # 2
T\ F(2? +x,t%) if char F = 2.
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Moreover, B = A @ Q, where () is a quaternion algebra over E satisfying

2 12

(xl’; ) if char F' # 2
B 2 2 42

[(x +2)/t,t} if char F' = 2.

Iterating the construction in Example 98.18 yields the following

PROPOSITION 98.19. For any field F' and integer n > 1, there is a field extension L/F
and a central dwision L-algebra that is a tensor product of n quaternion algebras.

We now study interactions between two quaternion algebras.

THEOREM 98.20. Let 1 and Qo be division quaternion algebras over F. Then the
following conditions are equivalent:

(1) The tensor product Q1 ®p Q2 is not a division algebra.
(2) Q1 and Qs have isomorphic separable quadratic subfields.
(3) Q1 and Q2 have isomorphic quadratic subfields.

PrOOF. (1) = (2): Write X3, Xy and X for Severi-Brauer varieties of )1, Q2 and
A= Q1 ®F Q- respectively. The morphism X; x Xy, — X taking a pair of ideals I; and
I5 to the ideal I1 ® I identifies X; x X5 with a twisted form of a 2-dimensional quadric
in X (cf. §98.D).

Let Y be the generalized Severi-Brauer variety of rank 8 ideals in A. A rational point
of Y, i.e., aright ideal J C A of dimension 8, defines the closed curve C'; in X comprising
of all ideals of rank 4 contained in J. In the split case, Y is the Grassmannian variety of
planes and C; is the projective line (the projective space of the plane corresponding to
J) intersecting properly the quadric X; x X5 in two points. Thus there is a nonempty
open subset U C Y with the following property: for any rational point J € U, we have
CyN (X, x Xy) = {z}, where x is a point of degree 2 with residue field L a separable
quadratic field extension of F. By assumption, there is a right ideal I C A of dimension
8, i.e., Y(F) # 0. The algebraic group G of invertible elements of A acts transitively on
Y, i.e., the morphism G — Y taking an a to the ideal al is surjective. As rational point
of G are dense in (G, we have rational points of Y are dense in Y. Hence U possesses a
rational point J.

As X1(L) x Xo(L) = (X1 x X2)(L) # 0, it follows that the field L split both @1 and
()2 and therefore L is isomorphic to quadratic subfields in ()1 and )s.

(2) = (3) is trivial.

(3) = (1): Let L/F be a common quadratic subfield of both ) and Q5. It follows that
()1 and @)y and hence A are split by L. It follows from Corollary 98.6/ that ind(A) < 2,
i.e., A is not a division algebra. 0

99. Galois cohomology

For more details see [129].
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99.A. Galois modules and Galois cohomology groups. Let I' be a profinite
group and M a (left) discrete I-module. For any n € Z, let H*(I', M) denote the nth
cohomology group of I' with coefficients in M. In particular, H™(I', M) = 0 if n < 0 and

HY(D,M)=M":={meM | ym=m forall €T},

the subgroup of I'-invariant elements of M.
An exact sequence 0 — M’ — M — M"” — 0 gives rise to an infinite long exact
sequence of cohomology groups

0— H'(T,M")— H°(I,M) — H"(T',M") — H'(T, M) — H (T, M) — ...

Let F' be a field. Denote by I'r the absolute Galois group of F', i.e., the Galois group
of a separable closure F., of the field F' over F'. A discrete I'p-module is called a Galois
module over F. For a Galois module M over F, we write H"(F, M) for the cohomology
group H"(I'p, M).

ExampLE 99.1. (1) Every abelian group A can be viewed as a Galois module over
F with trivial action. We have HY(F, A) = A and H'(F, A) = Hom.(T'r, A), the group
of continuous homomorphisms (where A is viewed with discrete topology). In particular,
HY(F, A) is trivial if A is torsion-free, e.g., H'(F,Z) = 0.

The group H'(F,Q/Z) = Hom.(I'r, Q/Z) is called the character group of I'r and will
be denoted by x(I'r).

The cohomology group H™(F, M) is torsion for every Galois module M and any n > 1.

Since the group Q is uniquely divisible, we have H"(F,Q) = 0 for all n > 1. The
cohomology exact sequence for the short exact sequence of Galois modules with trivial
action

0-72—-Q—Q/Z—0

then gives an isomorphism H"(F,Q/Z) = H"*'(F,Z) for any n > 1. In particular,
H?(F,7) = x(Tp).

Let m be a natural integer. The cohomology exact sequence for the short exact

sequence

02727 —7/mZ —0
gives an isomorphism of H*(F, Z/mZ) with the subgroup ¥x,,,(I'r) of characters of exponent
m.

(2) The cohomology groups H"(F, F,) with coefficients in the additive group Fi,
are trivial if n > 0. If char F' = p > 0, the cohomology exact sequence for the short exact
sequence

0 — Z/pZ — Fyep 2> Fypp — 0,

where @ is the Artin-Schreier map defined by p(x) = 2P —z, yields canonical isomorphisms
Z/pZ  ifn=0
H"F,Z/pZ) = ( F/p(F) ifn=1
0 otherwise.

In fact, H"(F, M) = 0 for all n > 2 and every Galois module M over F' of characteristic
p satisfying pM = 0.



404

(3) We have the following canonical isomorphisms for the cohomology groups with

coefficients in the multiplicative group Fg;:

Fx ifn=20
H'(F, Fe) =41 if n =1 (Hilbert Theorem 90)
Br(F) ifn=2.

(4) The group i, = fm(Fsep) of mth roots of unity in Fj., is a Galois submodule of

Fg,. We have the following exact sequence of Galois modules:

(99.2) l— poy — F) — F — FX JFX" — 1,

sep sep sep sep

where the middle homomorphism takes x to 2.
If m is not divisible by char I, we have Fy /Fx™" = 1. Therefore, the cohomology
exact sequence (99.2) yields isomorphisms

H"(F,pi) =< FX/F*™ ifn=1
Br,,(F), ifn=2.
We shall write (a),, or simply (a) for the element of H'(F, u,,) corresponding to a coset
alf™>™™ in X /F>*™.
If p = char ' > 0, we have u,(Fs,) = 1 and the cohomology exact sequence (99.2)
gives an isomorphism

H'(F,F},/FXF) = Br,(F).

sep sep

EXAMPLE 99.3. Let £ € xo(I'r) be a nontrivial character. Then ker(§) is a subgroup
of I'r of index 2. By Galois theory, it corresponds to a Galois quadratic field extension
F¢/F. The correspondence £ — Fy gives rise to an isomorphism x,(I'r) = Eto(F).

99.B. Cup-products. Let M and N be Galois modules over F'. Then the tensor
product M ®z N is also a Galois modules via the diagonal I'p-action. There is a pairing

H™F,M)® H"(F,N) —» H""™(F,M ®, N), a®8+— aUp

called the cup-product. When m = n = 0 the cup-product coincides with the natural
homomorphism M'r @ N'F — (M @7 N)I'r,

Fact 99.4. [26, Ch. 1V, §7] Let 0 — M’ — M — M" — 0 be an exact sequence of
Galois modules over F. Suppose that for a Galois module N the sequence

0—-M@;, N—->M@z; N—-M"®; N—=0

1s exact. Then the diagram

U

H™(F,M")® H™(F,N) —2— H"*™(F,M" @; N)

a@dl la
H™YE, M) @ H™(F,N) —— H"t™t(F M’ @7 N)

18 commautative.
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ExaAMPLE 99.5. The cup-product
HY(F,FX)® H*(F,7) — H*(F,F}

sep sep)
yields a pairing
F* @ Et(F) — Bry(F).

b
If char F' # 2, we have a U [F}] = (af; ) for all a,b € F*. In the case that char F' = 2,
b
we have a U [Fy,] = {a];} foralla € F* and b € F.

Suppose that char F' # 2. Then py ~ Z/27. The cup-product
HYF,7/27)® H'(F,7/27) — H*(F,7/27)
gives rise to a pairing
F*/F** @ F* JF** — Bry(F).
b
We have (a) U (b) = al,:’ ) for all a,b € F*. In particular, (a) U (1 —a) = 0 for every

a # 0,1 by Fact 98.14(4).

99.C. Restriction and corestriction homomorphisms. Let M be a Galois mod-
ule over I’ and K/F an arbitrary field extension. Separable closures of F' and K can be
chosen so that F,,, C K. The restriction then yields a continuous group homomor-
phism 'y — I'p. In particular, M has the structure of a discrete I' x-module and we have
the restriction homomorphism

rrp o H'(F,M) — H"(K,M).

If K/F is a finite separable field extension then I' is an open subgroup of finite index
in ['p. For every n > 0 there is a natural corestriction homomorphism

cxyp s H'(K,M) — H"(F,M).

In the case n = 0, the map cg/p : M'¥ — M7 is given by  — >~ y(x) where the sum
is over a left transversal of I'x in I'r. The composition ck/r o 7k/p is multiplication by
[K : F].

Let K/F be an arbitrary finite field extension and M a Galois module over F. Let
E/F be the maximal separable sub-extension in K/F. As the restriction map I'x — I'g
is an isomorphism, we have a canonical isomorphism s : H*(K, M) = H"(E,M). We
define the corestriction homomorphism cx/p : H"(K, M) — H"(F,M) as [K : E] times
the composition cg/p o s.

EXAMPLE 99.6. The corestriction homomorphism cg/p : H'(K, pt,) — H(F, i)
takes a class (2), to (Ng/r(z))

EXAMPLE 99.7. The restriction map in Galois cohomology agrees with the restriction
map for Brauer groups defined in §98.C. The corestriction in Galois cohomology yields
a map cg/p : Br(K) — Br(F) for a finite field extension K/F. Since the composition
ck/F © Tk/p is the multiplication by m = [K : F| we have Br(K/F) C Br,,(F).
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Let K/F be a finite separable field extension and M a Galois module over K. We
view ' as a subgroup of I'r. Denote by Indg,r(M) the group Mapy (I'p, M) of I'k-
equivariant maps I'r — M, ie., maps f : I'r — M satisfying f(pd) = pf(d) for all
p € 'y and 0 € I'p. The group Indg/p(M) has a structure of Galois module over F
defined by (vf)(6) = f(0) for all f € Indg/p(M) and v,6 € I'p. Consider the I'k-
module homomorphisms

M Indgp(M) 5 M
defined by v(f) = f(1) and

o m if A 'y
u(m)(y) = { 0 otherwise.

Fact 99.8. Let M be a Galois module over F' and K/F a finite separable field exten-
sion. Then the compositions

H™(F, Indg (M) 25 5™ (K, Indgp (M) 2252 o5, M),

CK/F

are isomorphisms inverse to each other.

Suppose, in addition, that M is a Galois module over F'. Consider the I'p-module
homomorphisms

(99.9) 0— M % Indg/p(M) 5 M — 0.
defined by w(m)(y) = ym and
tf) =Y v(f"),

where the sum is taken over a left transversal of I'x in I'f.

COROLLARY 99.10. (1) The composition
g (F, M) 2B g (B Ind p(M)) S HY(K, M)

coincides with rg/p.
(2) The composition

H™(K, M) = H"(F,Indg/p(M)) 252,

coincides with cx p.

H™(K, M)

99.D. Residue homomorphism. Let m be an integer. A Galois module M over
F is said to be m-periodic if mM = 0. If m is not divisible by char F'; we write M (—1)
for the Galois module Hom(p,,,, M) with the action of 'z given by (vf)(£) = vf(v7¢)
for every f € M(—1) (the construction is independent of the choice of m). For example,
pm(—1) =2 /mZ.

Let L be a field with a discrete valuation v and residue field F. Suppose that the
inertia group of an extension of v to L, acts trivially on M. Then M has a natural
structure of a Galois module over F.
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Fact 99.11. [48, §7] Let L be a field with a discrete valuation v and residue field F.
Let M be an m-periodic Galois module L with m not divisible by char F' such that the
inertia group of an extension of v to Lge, acts trivially on M. Then there exist a residue
homomorphism

Oy : H""'(L, M) — H"(F,M(-1))

satisfying

(1) If M = i, and n =0 then 9,((x),) = v(z) + mZ for every x € L*.

(2) For every x € L* with v(z) = 0, we have d,(a U (2),) = Oy(a) U (T)m, where

a € H"WNL, M) and & € F* is the residue of x.
Let X be a variety (integral scheme) over F' and z € X a regular point of codimension
1. The local ring Ox , is a discrete valuation ring with quotient field F(X) and residue
field F'(z). For any m-periodic Galois module M over F' let
Op : H"(F(X), M) — H"(F(z), M(-1))

denote the residue homomorphism 0, of the associated discrete valuation v on F/(X).

Fact 99.12. [48, Th. 9.2] For every ﬁeld F, the sequence
0 — H" ™ (F,M) 5 H™ ™ (F( CL T B (F ~1)) 5 H"(F,M(-1)) — 0,

zepP!
where ¢ is the direct sum of the corestriction homomorphisms cp(y)/r, 15 exact.
99.E. A long exact sequence. Let K = F(y/a) be a quadratic field extension of a
field F' of characteristic not 2. Let M be a 2-periodic Galois module over F'.
We have the exact sequence (99.9) of Galois modules over F'. By Corollary [99.10, the
induced exact sequence of Galois cohomology groups reads as follows
L2 E M) 2 g, M) 2 g E M) S H(E, M) —

We now compute the connecting homomorphisms 0. If n = 0 and M = Z/27, we have
the exact sequence

K/F K/F

7/22 % 7/27 % F*/F** — K* /K.
The kernel of the last homomorphism is the cyclic group {1, (a)}. It follows that d(1 +
27) = (a). By Fact 99.4, the homomorphisms 0 : H"(F, M) — H""(F, M) coincide with
the cup-product by (a).
We have proven

THEOREM 99.13. Let K = F(y/a) be a quadratic field extension of a field F of char-

acteristic not 2 and M a 2-periodic Galois module over F'. Then the following sequence

U(a) TK/F U(a)
L

CK/F K/F

H"(F,M) —— H"(K,M) —= H"(F,M) — H""'(F,M) —=

1S exact.
100. Milnor K-theory of fields

A more detailed exposition on the Milnor K-theory of fields is available in [45, Ch.
IX] and [49] Ch. 7].
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100.A. Definition. Let F be a field. Let T" denote the tensor ring of the multiplica-
tive group F*. That is a graded ring with 7T,, the nth tensor power of F'* over Z. For
instance, To = Z, Th = F*, Ty = F* ®z F* etc. The graded Milnor ring K.(F) of F is
the factor ring of T" by the ideal generated by tensors of the form a ® b with a + b = 1.

The class of a tensor a1 ®as®. . .®a, in K,(F') is denoted by {a1, as, ..., a,}r or simply
by {ai,as,...,a,} and is called a symbol. We have K, (F) = 0if n < 0, Ko(F) = Z,
Ky(F) = F*. For n > 2, K,(F) is generated (as an abelian group) by the symbols

{ai,as,...,a,} with a; € F* that are subject to the following defining relations:
(M1) (Multilinearity)
{ay, ..., q;d;, ... a,y ={ay, ... a5 . ..;an +{ar,...,a ... an};

(M2) (Steinberg Relation) {a,as,...,a,} =0 if a; + a;11 = 1 for some i € [1,n — 1].

Note that the operation in the group K,(F') is written additively. In particular,
{ab} = {a} + {b} in K;(F) where a,b € F*.

The product in the ring K, (F') is given by the rule

{a17a2a"‘7an} : {b17b2a"’7bm} - {alaa2a"'7an7b1762a"'7bm}'

Fact 100.1. (1) For a permutation o € S,,, we have

{a'U(l)a Ag(2)y - - - 7aa(n)} = Sgn(a){al, ag, . .. 7an}
(2) {a1,a9,...,a,} =0 ifa; +a; =0 or 1 for some i # j.

A field homomorphism F — L induces the restriction graded ring homomorphism
ror Ko (F) — K,(L) taking a symbol {ai,as,...,a,}r to {a1,as,...,a,}1. In particu-
lar, K,.(L) has a natural structure of a left and right graded K,(F')-module. The image
rr/r(a) of an element o € K, F is also denoted by ar.

If /L is another field extension, then rg/p = rg/p ory/p. Thus, K, is a functor from
the category of fields to the category of graded rings.

PROPOSITION 100.2. Let L/F be a quadratic field extension. Then
Ko(L) = rpp(Knoa(F)) - Ki(L)
for everyn > 1, i.e., K,.(L) is generated by K1(L) as a left K.(F)-module.

PrOOF. It is sufficient to treat the case n = 2. Let x,y € L\ F. If z = cy for some
c € F* then {z,y} = {—c¢,y} € rpr(Ki(F)) - Ki(L). Otherwise, as z, y and 1 are
linearly dependent over F', there are a,b € F'* such that ax + by = 1. We have
0= {az, by} = {z,y} + {z,b} + {a, by},
henee {z,y} = {b}, - {2} —{a}s - {by} € ru/e(Ka(F)) - K (L) s
We write k,(F) for the graded ring K,.(F')/2K,(F). Abusing notation, if {a;,...,a,}
is a symbol in K, (F'), we shall also write it for its coset {ay,...,a,} + 2K, (F) in k,(F).

We need some relations among symbols in ko (F).

LEMMA 100.3. We have the following relations in ko(F):
(1) {a,2* —ay*} =0 for alla € F*, z,y € F satisfying *> — ay* # 0.
(2) {a,b} ={a+0b,abla+b)} for all a,b € F* satisfying a + b # 0.
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PROOF. (1) The statement follows from Fact 100.1 if z = 0. Suppose =z # 0. By the
Steinberg relation, we have

0={a(ya™")* 1~ alyz™")*} = {a,2* — ay’}.
(2) Since a(a + b) + b(a + b) is a square, by (1) we have
0= {a(a+b),b(a+b)}={a,bt+ {a+b,abla+Db)}. O
100.B. Residue homomorphism. Let L be a field with a discrete valuation v and
residue field F'. The homomorphism L* — Z given by the valuation, can be viewed as

a homomorphism K;(L) — Ky(F). More generally, for every n > 0, there is the residue
homomorphism

Op : Kni1(L) — K, (F)

uniquely determined by the following condition:
If ag,aq,...,a, € L* satisfying v(a;) = 0 for all i = 1,2,...n then

dv({ag, ar, ..., a,}) = v(ag) - {a, ..., an},

where a € F denotes the residue of a.

Fact 100.4. (1) If o € K.(L) and a € L* satisfies v(a) = 0 then
Op(r-{a}) = Oy(a) -{a} and  O,({a}-a) = —{a} - Oy(a).

(2) Let K/L be a field extension and u a discrete valuation of K extending v with
residue field E. Let e denote the ramification index. Then for every a € K, (L),

Ou(rin(a)) = e-rop(9s(a)).

100.C. Milnor’s theorem. Let X be a variety (integral scheme) over F' and z € X
a regular point of codimension 1. The local ring Ox, is a discrete valuation ring with
quotient field F(X) and residue field F'(z). Denote by

Oyt Kii1 (F(X)) — K.(F(x))

the residue homomorphism of the associated discrete valuation on F'(X).
The following description of the K-groups of the function field F(t) = F(AL) of the
affine line is known as Milnor’s Theorem.

Fact 100.5. (Milnor’s Theorem) For every field F', the sequence

0 — Kot (F) 225 1y (F@) 25 T Ku(F2)) — 0
IEA%O)

15 split exact.
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100.D. Specialization. Let L be a field and v a discrete valuation on L with residue
field F. If 7 € L™ is a prime element, i.e., v(w) = 1, we define the specialization homo-
morphism

Sp o Ko(L) — K (F)
by the formula s,(u) = 0({—7} - u). We have
871’({@1) ag, . .. 7an}) = {617627 s 71_)71}7
where b; = a;/7"(%),

ExAaMPLE 100.6. Consider the discrete valuation v of the field of rational functions
F(t) given by the irreducible polynomial ¢. For every v € K,(F), we have s,(upq)) = u.
In particular, the homomorphism K, (F) — K.(F(t)) is split injective as stated in Fact
100.5.

100.E. Norm homomorphism. Let L/F be a finite field extension. The standard
norm homomorphism L* — F* can be viewed as a homomorphism K;(L) — K;(F'). In
fact, there exists the norm homomorphism

cypt Kn(L) — Ko(F)

for every n > 0 defined as follows.

Suppose first that the field extension L/F is simple, i.e., L is generated by one element
over F'. We identify L with the residue field F(y) of a closed point y € AL. Let a €
K,.(L) =K, (F(y)) By Milnor’s Theorem [100.5, there is g € K, 11 (F(A};)) satisfying

-5 T2z

0 otherwise.

Let v be the discrete valuation of the field F(PL) = F(AL) associated with the infinite
point of the projective line P}. We set ¢rp(or) = 9,(0).

In the general case, we choose a sequence of simple field extensions

F=FKCchkhcC---CF,=1L
and set
CL/F = CF/Fy O CRy/Fy © " O CF,/Fp_yq-

It turns out that the norm map cy,r is well defined, i.e., it does not depend on the
choice of the sequence of simple field extensions and the identifications with residue fields
of closed points of the affine line (cf. [45, Ch. IX, §3], [49, Ch. 7, §3]).

The following theorem is the direct consequence of the definition of the norm map and
Milnor’s Theorem [100.5.

THEOREM 100.7. For every field F, the sequence

Kot (F(0)) 25 [ Eu(F(2)) & Ko(F) — 0

1
J:E[P(O)

TE(t)/F

0— Kn+1(F)

is exact where c is the direct sum of the corestriction homomorphisms cp()/F.

Fact 100.8. (1) (Transitivity) Let L/F and E/L be finite field extensions. Then
Ce/F = CL/FOCE/L-
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(2) The norm map cp/p @ Ko(L) — Ko(F) is multiplication by [L : F] on Z. The
norm map cr/p : K1(L) — K(F) is the classical norm L* — F*.

(3) (Projection Formula) Let L/ F be a finite field extension. Then for every a € K, F
and € K,.(L) we have

cryp(royr(a) - B) = a-cpr(B),

i.e., if we view K,(L) as a K.(F)-module via r1,r then cp/p is a homomorphism
of K.(F)-modules. In particular, the composition cp pory p is multiplication by
[L:F].

(4) Let L/ F be a finite field extension and v a discrete valuation on F. Let vy, vq, . .., vg
be all the extensions of v to L. Then the following diagram is commutative:

Ko (L) 20 T2, K (L)

CL/FJ/ lZCL(vi)/F(U)
O
Ko (F) =25 K, (F()).

(5) Let L/F be a finite and E/F an arbitrary field extension. Let Py, Ps, ..., Py be
all the prime (maximal) ideals of the ring R = L ®p E. For every i € [1,k],
let R; denote the residue field R/P; and l; the length of the localization ring Rp,.
Then the following diagram is commutative:

(rr;/L)

Ko(L) T K(R)
cL/Fl lzli-cRi/E
K. (F) 25 K.(B).
We now turn to fields of positive characteristic.

Fact 100.9. [62, Th. A] Let F be a field of characteristic p > 0. Then the p-torsion
part of K.(F) is trivial.

Fact 100.10. [62] Cor. 6.5] Let F be a field of characteristic p > 0. Then the natural
homomorphism

K,(F)/pK,(F) — H° (F, Kn(Fsep)/pKn(Fsep))
s an isomorphism.

Now consider the case of purely inseparable quadratic extensions.

LEMMA 100.11. Let L/F be a purely inseparable quadratic field extension. Then the
composition v /p o cpyp on Ky, (L) is the multiplication by 2.

PRrROOF. The statement is obvious if n = 1. The general case follows from Proposition
100.2/ and Fact 100.8(3). O

Write k,(E) := K,(F)/2K,(E) for a field E.
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PROPOSITION 100.12. Let L/F be a purely inseparable quadratic field extension. Then
the sequence

TL/F

— /{:n(L)

CL/F

TL/F

18 exact.

PRrROOF. Let a € K, (F) satisfy a;, = 20 for some € K,,(L). By Proposition 100.8,

200 = cpyp(ar) = cpyr(26) = 2cr/r(B),

hence a = cr/p(B) in view of Fact 100.9.
Let 3 € K,(L) satisty c.,r(3) = 2 for some a € K,(F). It follows from Lemma
100.11 that

28 = cpyr(B)L = 2ay,
hence = «ay, again by Fact [100.9. O

101. The cohomology groups H™(F,7/mZ)

Let F be a field. For all n,m,i € Z with m > 0, we define the group H"*(F,Z/mZ)
as follows (cf. [48]): If m is not divisible by char F' we set

HY (2 fm2) = B (F )

where p%? is the ith tensor power of i, if i > 0 and p®' = Hom(u®™,Z/m7) if i < 0. If
char F' = p > 0 and m is power of p, we set

A K;(F)/mK;(F) ifn=1
H™(F,7Z/mZ7) = Hl(F,K( Fyep) /mK;( sep)) n=i+1
0 otherwise.

In the general case, write m = myms, where m; is not divisible by char F' and ms is a
power of char F' if char F' > 0, and set

H" (F,Z/mZ) = H"'(F,Z/m\Z) ® H""(F,Z/myZ).
Note that if char F' does not divide m and u,, C F*, we have a natural isomorphism
H™(F,Z/mZ) ~ H"(F,Z/mZ) ® u&".

In particular, the groups H™(F,7/mZ) and H™°(F,7/mZ) are (non-canonically) iso-
morphic.

ExaMPLE 101.1. For an arbitrary field F', we have canonical isomorphisms

(1) H%(F,2/mZ) ~ Z/mZ,

(2) HYYF,Z/mZ) ~ F*|F*™,

(3) HYO(F,Z/mZ) ~ Hom,(p,Z/mZ), HYW(F,7/27) = Ety(F),

(4) H*Y(F,Z/mZ) ~ Br,(F).
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If L/F is a field extension, there is the restriction homomorphism
rop: HY(F,Z/mZ) — H"' (L, Z/mZ).
If L is a finite over F, we define the corestriction homomorphism
cryr s HY(L,Z/mZ) — H™'(F,Z/mZ)
as follows: It is sufficient to consider the following two cases.

(¢) If L/ F is separable then ¢y r is the corestriction homomorphism in Galois cohomology.

(it) If L/F is purely inseparable then I';, = I'p, we have [Lg, : Fiep] = [L : F] and cp/p
is induced by the corestriction homomorphism K, (Lse,) — Ki(Fsep)-

ExAMPLE 101.2. Let L/F be a finite field extension. By Example [99.6, the map
cpyp: LX/L*™ = HYW (L, Z/mZ) — H"'(F,Z/mZ) = F* |F*™"

is induced by the norm map Ny ,p : L* — F*. If char F' = p > 0, it follows from Example
99.1(2) that the map

cryr i L/p(L) = HY(L,Z/pZ) — HY(F,Z/pZ) = F/p(F)
is induced by the trace map Trp/p : L — F.

Let [,m € Z. If char F' does not divide [ and m, we have a natural exact sequence of

Galois modules
1— pf — i — pll — 1

for every ¢. If [ and m are powers of char F' > 0 then by Fact [100.9, the sequence of Galois
modules

0 = Ko (Fiep) /UK n(Faep) = Kn(Faep) [Im K (Foep) = Kn(Faep) /mEn(Faep) — 0

is exact. Taking the long exact sequences of Galois cohomology groups yields the following
proposition.

ProprosIiTION 101.3. For any l,m,n,i € Z with [, m > 0, there is a natural long exact
sequence

oo — H™(F,2/1Z) — H"(F,Z/lmZ) — H™(F,Z/mZ) — H"" Y (F,7/1Z) — - --

The cup-product in Galois cohomology and the product in the Milnor ring induce a
structure of the graded ring on the graded abelian group

H**(F,z/mZ) = |[ H"(F,2/mZ)

1,J€EZL

for every m € Z. The product in this ring will be denoted by U.
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101.A. Norm residue homomorphism. Let symbol (a),, denote the element in
HYY(F,7Z/mZ) corresponding to a € F* under the isomorphism in Example T01.1(2).

LEMMA 101.4. (Steinberg Relation) Let a,b € F* satisfy a+b = 1. Then (a),,U(b), =
0 in H?2(F,Z/mZ).

PROOF. We may assume that char F' does not divide m. Let K = F[t]/(t" — a) and
a € K be the class of t. We have a = o™ and Ng/p(1 — ) = b. It follows from the
Projection Formula and Example 99.6/ that

(@) U (b)m = cK/F(rK/F(a)m u((l-— a)m) =0
since g /p(a)m = m(a)y, =0 in HYY(K,Z/mZ). O

It follows from Lemma 101.4' that for every n,m € Z there is a unique norm residue
homomorphism

(101.5) W™ 2 Ko (F) fmE,(F) — H™(F,Z/mZ)

taking the class of a symbol {ay, as, ..., a,} to the cup-product (a;),,U(a2)mU---U(an)m.

The norm residue homomorphism allows us to view H**(F,Z/mZ) as a module over
the Milnor ring K. (F).

By Example 99.1, the map h%z™ is an isomorphism for n = 0 and 1. Bloch and Kato
conjectured that A" is always an isomorphism.

For every [,m € Z, we have a commutative diagram

Ko(F)/lmEn(F) —— Kn(F)/mK,(F)
H™(F,Z/lmZ) —— H"(F,7/mZ)

with top map the natural surjective homomorphism.
The following important result was originally conjectured by Milnor in [109] and was
proven in [143] by Voevodsky.

Fact 101.6. Let F be a field of characteristic not two. If m is a power of 2 then the
norm residue homomorphism hz"™ is an isomorphism.

Proposition [101.3/ and commutativity of the diagram above yield

COROLLARY 101.7. Let | and m be powers of 2. Then the natural homomorphism
H™™(F,Z/lmZ) — H™™(F,Z/mZ) is surjective and the sequence

0 — H"V™(F,2/12) — H" " (F, 2 /ImZ) — H**'"(F,Z/m2)
is exact for any n.

Now consider the case m = 2. We shall write h% for Kz and H™(F) for H""(F,Z/2Z).

The norm residue homomorphisms commute with field extension homomorphisms.
They also commute with residue and corestriction homomorphisms as the following two
propositions show.
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ProrosITION 101.8. Let L be a field with a discrete valuation v and residue field F
of characteristic different from 2. Then the diagram

k1 (L) —2 ko (F)

ol s

H"™ (L) —2— H"(F)

15 commutative.

ProoOF. Fact 99.11(1) shows that the diagram is commutative when n = 0. The
general case follows from Fact 99.11(2) as the group k,y1(L) is generated by symbols
{ap,ai,...,a,} with v(a;) =--- =v(a,) =0. O

PROPOSITION 101.9. Let L/F be a finite field extension. Then the diagram

CL/F

kn(F)

hzl lh%

CL/F

H"(L) —— H"(F)
18 commautative.

PrOOF. We may assume that L/F is a simple field extension. The statement follows
from the definition of the norm map for the Milnor K-groups, Fact99.12, and Proposition
101.8. 0

ProrosiTiON 101.10. Let F' be a field of characteristic different from 2 and L =
F(y/a)/F a quadratic extension with a € F*. Then the following infinite sequence

e (FY A e (F) =

TL/F

s e (F) Y ko (F) 25 k()

15 exact.

Proor. It follows from Proposition 101.9 that the diagram

knoi(F) =2 ko (F) k(L) kn(F) — k1 (F)

H*(F) " HY(F) 5% HY(L) =% HY(F) " H™\(F)

TL/F CL/F

is commutative. By Fact 101.6, the vertical homomorphisms are isomorphisms. By The-
orem 99.13, the bottom sequence is exact. The result follows. O

Now consider the case char /' = 2. The product in the Milnor ring and the cup-product
in Galois cohomology yield a pairing

K.(F)® H(F) — H*(F)
making H*(F') a module over K,(F).
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a,b

ExAaMPLE 101.11. By Example 99.5, we have {a} - [F,] = [ r

a€ F*andbeF.

} in Bry(F) for all

PROPOSITION 101.12. Let F' be a field of characteristic 2 and L/F a separable qua-
dratic field extension. Then the following sequence

TL/F CL/F (L]

0 = kn(F) 225 k(L) 25 ko (F) 55 HY(F) 25 gy (L) 2225 HHY(F) — 0
is exact where the middle map is multiplication by the class of L in H'(F).

Proor. We shall show that the sequence in question coincides with the exact se-
quence in Theorem [99.13| for the quadratic field extension L/F and the Galois module
kn(Fisep) over F. Indeed, by Fact 100.10, we have H°(FE, k, (Esep)) ~ k,(F) and by defi-
nition H*(E, k,(Es,)) ~ H"(E) for every field E. Note that H?(F, k,(Fsp)) = 0 by
Example [99.1(2). The connecting homomorphism in the sequence in Theorem [99.13 is
multiplication by the class of L in H(F). O

Now let F' be a field of characteristic different from 2. The connecting homomorphism
by, : H(F) — H"Y(F)
with respect to the short exact sequence
(101.13) 0—2/22 —-7/4Z — 7/2Z — 0

is called the Bockstein map.

ProOPOSITION 101.14. The Bockstein map is trivial if n is even and coincides with
multiplication by (—1) if n is odd.

PROOF. If n is even or —1 € F*? then ui" ~ 7/47 and the statement follows from
Corollary 101.7.

Suppose that n is odd and —1 ¢ F*2. In this case pu;™ =~ p4. Consider the field
K = F(v/—1). By Theorem [99.13] the connecting homomorphism H"(F) — H""(F)
with respect to the exact sequence (99.9) is the cup-product with (—1). The classes of
the sequences (101.13) and (99.9) differ in Ext{.(Z/2Z,Z/2Z) by the class of the sequence

0—272/27 — p§" — 7/27 — 0.

By Corollary 101.7, the connecting homomorphism H"(F) — H"™(F) with respect to
this exact sequence is trivial. It follows that b, is the cup-product with (—1). O

101.B. Cohomological dimension and p-special fields. Let p be a prime integer.
A field F is called p-special if the degree of every finite field extension of F' is a power of

p.
The following property of p-special fields is very useful.

PROPOSITION 101.15. Let F' be a p-special field and L/ F a finite field extension. Then
there is a tower of field extensions

F=FCFC---CF,1CF,=1L
satisfying [Fi11 2 F;) = p for all i € [0,n — 1].
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PROOF. The result is clear if L/F' is purely inseparable. So we may assume that L/F
is a separable extension. Let E/F be a normal closure of L/F. Set G = Gal(E/F) and
H = Gal(E/L). As G is a p-group, there is a sequence of subgroups

G=H>oDH >---DH,1DH,=H

with the property [H; : H;y1] = p for all ¢ € [0,n — 1]. Then the fields F; = L¥i satisfy
the required properties. Il

PROPOSITION 101.16. For every prime integer p and field F, there is a field extension
L/F satisfying
(1) L is p-special.
(2) The degree of every finite sub-extension of L/F is not divisible by p.

PROOF. If char F = ¢ > 0 and different from p, we set F’ := UF? " (in a fixed
algebraic closure of F'), otherwise F' := F. Let I' be the Galois group of F,_/F" and
A C T a Sylow p-subgroup. The field of A-invariant elements L = (F, )* satisfies the

sep
required conditions. O

We call the field L in Proposition 101.16 a p-special closure of F'.

Let F' be a field and let p be a prime integer. The cohomological p-dimension of F,
denoted cd,(F'), is the smallest integer such that for every n > cd,(F) and every finite
field extension L/F we have H"""Y(L,7/pZ) = 0.

ExaMpLE 101.17. (1) c¢d,(F) = 0 if and only if F' has no separable finite field exten-
sions of degree a power of p.

(2) ¢d,(F) < 1if and only if Br,(L) = 0 for all finite field extensions L/F'.

(3) If F is p-special, then cd,(F) < n if and only if H""~Y(F,Z/pZ) = 0.

102. Length and Herbrand index

102.A. Length. Let A be a commutative ring and M an A-module of finite length.
The length of M is denoted by [4(M). The ring A is artinian if the A-module M = A is
of finite length. We write [(A) for [4(A).

LEMMA 102.1. Let C be a flat B-algebra where B and C' are commutative local artinian
rings. Then for every finitely generated B-module M, we have

le(M ®p C) =1(C/QC) - 15(M),
where Q) is the mazimal ideal of B.

Proor. Since C is flat over B, both sides of the equality are additive in M. Thus, we
may assume that M is a simple B-module, i.e., M = B/Q. We have M ®p C ~ C/QC
and the equality follows. O

Setting M = B we obtain
COROLLARY 102.2. In the conditions of Lemma102.1, one has I(C) = 1(C/QC)-1(B).
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LEMMA 102.3. Let B be a commutative A-algebra and M a B-module of finite length

over A. Then
Ia(M) = ZZBQ(MQ) 1a(B/Q),
where the sum is taken over all maximal ideals () C B.

PROOF. Both sides are additive in M, so we may assume that M = B/Q, where Q) is
a maximal ideal of B. The result follows. U

102.B. Herbrand index. Let M be a module over a commutative ring A and a € A.
Suppose that the modules M/aM and ,M := ker(M < M) have finite length. The integer

h(a, M) = 14(M/aM) = l4(aM)
is called the Herbrand index of M relative to a.
We collect simple properties of the Herbrand index in the following lemma.

LEMMA 102.4. (1) Let 0 - M' — M — M"” — 0 be an exact sequence of A-
modules. Then h(a, M) = h(a, M") + h(a, M").
(2) If M has finite length then h(a, M) = 0.

LEMMA 102.5. Let S be a one-dimensional Noetherian local ring and Py, ..., P, all
the minimal prime ideals of S. Let M be a finitely generated S-module and s € S not
belonging to any of P;. Then

h(s, M) = Z I, (Mp,) - 1(S/(P; + s9)).

PROOF. Since s ¢ P;, the coset of s in S/P; is not a zero divisor. Hence
1(S/(P, + 55)) = h(s. S/P).

Both sides of the equality are additive in M. Since M has a filtration with factors S/ P,
where P is a prime ideal of S, we may assume that M = S/P. If P is maximal then
Mp, = 0 and h(s, M) = 0 since M is simple. If P = P; for some i then sy, (M) =1 if
© = 7 and zero otherwise. The equality holds in this case too. 0

103. Places

Let K be a field. A wvaluation ring R of K is a subring R C K such that for any
r € K\ R, we have 27! € R. A valuation ring is a local domain. A trivial example of a
valuation ring is the field K itself.

Given two fields K and L, a place 7 : K — L is a local ring homomorphism f : R — L
of a valuation ring R C K. We say that the place 7 is defined on R. An embedding of
fields is a trivial example of a place defined everywhere. A place K — L is called surjective
if f is surjective.

If K and L are extensions of a field F', we say that a place K’ — L is an F'-place if ©
is defined and the identity on F'.

Let K — L and L — E be two places, given by ring homomorphisms f : R — L

and g : S — FE respectively, where R C K and S C L are valuation rings. Then the

ring T = f~1(S) is a valuation ring of K and the composition T Sz, S L E defines
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the composition place K — E. In particular, any place L — E can be restricted to any
subfield K C L.

A composition of two F-places is an F-place. Every place is a composition of a
surjective place and a field embedding.

A place K — L is said to be geometric, if it is a composition of (finitely many) places
each defined on a discrete valuation ring. An embedding of fields will be also viewed as a
geometric place.

Let Y be a complete variety over F and let 7 : F'(Y) — L be an F-place. The valuation
ring R of the place dominates a unique point y € Y, ie., Oy, C R and the maximal
ideal of Oy, is contained in the maximal ideal M of R. The induced homomorphism
of fields F(y) — R/M — L over F gives rise to an L-point of Y, i.e., to a morphism
f : Spec(L) — Y with image {y}. We say that y is the center of m and f is induced by 7.

Let X be a regular variety over F' and let f : Spec(L) — X be a morphism over F.
Choose a regular system of parameters ay, as, . . ., a, in the local ring R = Ox ,, where {z}
is the image of f. Let M; be the ideal of R generated by ay,...,a; and set R; = R/M;,
P, = M;y1/M;. Denote by F; the quotient field of R;, in particular, Fy = F(X) and
F, = F(x). The localization ring (R;)p, is a discrete valuation ring with quotient field
F; and residue field Fj,q, therefore it determines a place F; — Fj.;. The composition of
places

FX)=F—~F —~...~F,=F(z)—= L
is a geometric place constructed (non-canonically) out of the point f € X(L).

LEMMA 103.1. Let K be an arbitrary field, K'/K an odd degree field extension, and
L/K an arbitrary field extension. Then there exists a field L', containing K’ and L, such
that the extension L'/L is of odd degree.

PROOF. We may assume that K'/K is a simple extension, i.e., K’ is generated over
K by one element. Let f(t) € F|[t] be its minimal polynomial. Since the degree of f
is odd, there exists an irreducible divisor g € L[t] of f over L with odd deg(g). We set
L' = Llt]/(g)- O

LEMMA 103.2. Let K be a field extension of F' of finite transcendence degree over F,
K — L a geometric F-place and K' a finite field extension of K of odd degree. Then
there exists an odd degree field extension L'/L such that the place K — L extends to a
place K" — L'.

Proor. By Lemma 103.1] it suffices to consider the case of a surjective place K — L
given by a discrete valuation ring R. It is also suffices to consider only two cases: (1)
K'/K is purely inseparable and (2) K'/K is separable.

In the first case, the degree [K’ : K] is a power of an odd prime p. Let R’ be an
arbitrary valuation ring of K’ lying over R, i.e., such that R N K = R and with the
embedding R — R’ local (such an R’ exists in the case of an arbitrary field extension
K'/K by [147, Ch. VI Th. 5]). We have a surjective place K’ — L', where L’ is the
residue field of R'. We claim that L’ is purely inseparable over L (and therefore [L': L],
being a power of p, is odd). Indeed if | € L', choose a preimage k € R’ of [. Then k?" € K
for some n hence [?" € L, i.e., L'/L is a purely inseparable extension.
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In the second case, consider all the valuation rings Ry, ..., R, of K’ lying over R (the
number of such valuation rings is finite by [147, Ch. VI, Th. 12, Cor. 4]). The residue
field of each R; is a finite extension of L. Moreover, . e;n; = [K' : K| by [147, Ch.
VI, Th. 20 and p. 63], where n; is the degree over L of the residue field of R;, and e; is
the ramification index of R; over R (cf. [147, Def. on pp. 52-53]). It follows that at least
one of the n; is odd. O

104. Cones and vector bundles

The word “scheme” in the next two sections means a separated scheme of finite type
over a field.

104.A. Definition of a cone. Let X be a scheme over a field F' and let S* =
SO® St @ S? @ ... be a sheaf of graded Ox-algebras. We assume that

(1) the natural morphism Oy — S° is an isomorphism;
(2) the Ox-module S is coherent;
(3) the sheaf of Ox-algebras S* is generated by S?.

The cone of S*® is the scheme C' = Spec(S*) over X and P(C') = Proj(S®) is called the
projective cone of C. Recall that Proj(S®) has a covering by the principal open subschemes
D(s) := Spec(S(s)) over all s € ST, where S(,) is the subring of degree 0 elements in the
localization S;.

We have natural morphisms C' — X and P(C) — X. The canonical homomorphism
S* — SO of Ox-algebras induces the zero section X — C.

If C' and C’ are cones over X, then C' x x C’ has a natural structure of a cone over X.
We denote it by C' & C".

EXAMPLE 104.1. A coherent Ox-module P defines the cone C(P) = Spec(S°*(P))
over X, where S§° stands for the symmetric algebra. If the sheaf P is locally free, the
cone E := C(P) is called the vector bundle over X with the dual sheaf of sections P¥ :=
Homp, (P,Ox). The projective cone P(F) is called the projective bundle of E. The
assignment P — C(PY) gives rise to an equivalence between the category of locally free
coherent Ox-modules and the category of vector bundles over X. In particular, such
operations over the locally free Ox-modules as the tensor product, symmetric power,
dual sheaf etc., and the notion of an exact sequence translate to the category of vector
bundles. We write Ky(X) for the Grothendieck group of the category of vector bundles
over X. The group Ky(X) is the abelian group given by generators the isomorphism
classes [E] of vector bundles F over X and relations [E] = [E'] + [E"] for every exact
sequence 0 — ' — E — E” — 0 of vector bundles over X.

EXAMPLE 104.2. The trivial line bundle X x A! — X will be denoted by 1.

ExaMPLE 104.3. Let f : Y — X be a closed embedding and I C Ox the sheaf of
ideals of the image of f in X. The cone

Cy=Spec(Ox/I® I/ P P/IP®...)

over Y is called the normal cone of Y in X. If X is a scheme of pure dimension d then
Ct is also a scheme of pure dimension d [47, B.6.6].
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ExampLE 104.4. If f : X — C is the zero section of a cone C' then Cf = C.

EXAMPLE 104.5. The cone T'x := C} of the diagonal embedding f : X — X x X is
called the tangent cone of X. If X is a scheme of pure dimension d then the tangent cone
Tx is a scheme of pure dimension 2d (cf. Example 104.3)).

Let U and V' be vector spaces over a field F' and let
U=U,DoU;DUyD... and V=V,DoViD>V;D...
be two filtrations by subspaces. Consider the filtration on U ® V' defined by
UeVi= )Y UeV,.
i+j=k
The following lemma can be proven by a suitable choice of bases of U and V.

LEMMA 104.6. The canonical linear map
[ @/Ui) @ (Vi Vi) = U@ V)i/(U @ V)i

i+j=k

s an isomorphism for every k > 0.

ProOPOSITION 104.7. Let f : Y — X and g: S — T be closed embeddings. Then there
is a canonical isomorphism Cy x Cy ~ Clyg.

PrROOF. We may assume that X = Spec(A), Y = Spec(A/I) and T' = Spec(B),
S = Spec(B/J), where I C A and J C B are ideals. Then X x T = Spec(A ® B) and
Y xS =Spec(A® B)/K, where K =1 B+ A® J.

Consider the vector spaces U; = I' and V; = J7. We have (U® V), = K*. By Lemma
104.6,

CyxCy= Spec(H I'/re H J ) = Spec(H K*JK*Y) = Clyg. O

i>0 3>0 k>0
COROLLARY 104.8. If X and Y are two schemes then Txyy = Tx X Ty .

104.B. Regular closed embeddings. Let A be a commutative ring. A sequence
a=(ay,as,...,aq) of elements of A is called regular if the coset of a; is not a zero divisor
in the factor ring A/(a;A+ -+ a;—1A) for all i € [1,d]. We write [(a) = d.

Let Y be a scheme and d : Y — 7 a locally constant function. A closed embedding
f:Y — X is called reqular of codimension d is for every point y € Y there is an affine
neighborhood U C X of f(y) such that the ideal of f(Y)NU in F[U] is generated by a
regular sequence of length d(y).

Let f : Y — X be a closed embedding and I the sheaf of ideals of Y in Ox. The
embedding of I/I? into [],~,1%/I*™ induces a surjective Oy-algebra homomorphism
S*(I/I?) = [1s0 I%/I"™ and therefore a closed embedding of cones ¢y : C; — C(I/I?)
over Y.

ProprosITION 104.9 ([50, Cor. 16.9.4, Cor. 16.9.11]). A closed embedding f : Y — X
is reqular of codimension d if and only if the Oy -module I /I? is locally free of rank d and
the natural morphism ;s : Cy — C(I/I?) is an isomorphism.
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COROLLARY 104.10. Let f : Y — X be a reqular closed embedding of codimension d
and I the sheaf of ideals of Y in Ox. Then the normal cone Cy is a vector bundle over
Y of rank d with the sheaf of sections naturally isomorphic to (I/1%).

We shall write Ny for the normal cone C} of a regular closed embedding f and call
Ny the normal bundle of f.

PropPOSITION 104.11. Let f : Y — X be a closed embedding and g : X' — X a
faithfully flat morphism. Then f is a reqular closed embedding if and only if the closed
embedding "Y' =Y xx X' — X' is regular.

PROOF. Let I be the sheaf of ideals of Y in Ox. Then I’ = ¢g*(I) is the sheaf of ideals
of Y in Ox,. Moreover

gHIR T = IR Cpxy Y = Cpy CU)IP) xy Y = CI')177)

and ¢y Xy lys = pp. By faithfully flat descent, I/I? is locally free and ¢; is an isomor-
phism if and only if I /1'% is locally free and ¢  is an isomorphism. The statement follows
by Proposition 104.9. 0

ProposIiTION 104.12 ([50, Cor. 17.12.3]). Let g : X — Y be a smooth morphism of
relative dimension d and f Y — X a section of g, i.e., go f = 1y. Then f is a reqular
closed embedding of codimension d and Ny = f*T,, where T, := ker(Tx — ¢*Ty) is the
relative tangent bundle of g over X.

COROLLARY 104.13. Let X be a smooth scheme. Then the diagonal embedding X —
X x X is regular. In particular, the tangent cone Tx s a vector bundle over X.

Proor. The diagonal embedding is a section of any of the two projections X x X —
X. O

If X is a smooth scheme, the vector bundle Ty is called the tangent bundle over X.

COROLLARY 104.14. Let f : X — Y be a morphism where Y 1is a smooth scheme of
pure dimension d. Then the morphism h = (1x,f) : X — X XY is a regular closed
embedding of codimension d with N, = f*Ty.

Proor. Applying Proposition [104.12/ to the smooth projection p : X x Y — X of
relative dimension d, we have the closed embedding h is regular of codimension d. The
tangent bundle T}, is equal to ¢*Ty, where ¢ : X x Y — Y is the other projection. Since
qgoh = f, we have

Nh = h*Tp =h*o q*Ty = f*Ty ]

PRrOPOSITION 104.15 ([50, Prop. 19.1.5]). Let g: Z — Y and f : Y — X be regular
closed embeddings of codimension s and r respectively. Then f o g is a reqular closed
embedding of codimension r + s and the natural sequence of normal bundles over Z

0— Ny — Nyoyg — g"Ny — 0

18 exact.
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PROPOSITION 104.16 ([50, Th. 17.12.1, Prop. 17.13.2]). A closed embedding f : Y —
X of smooth schemes is reqular and the natural sequence of vector bundles over Y

0—=Ty — ff'Txy = Ny —0
15 exact.

104.C. Canonical line bundle. Let C' = Spec(S°®) be a cone over X. The cone
Spec(S°[t]) = C'x A! coincides with C&®1. Let I C S*[t] be the ideal generated by S*. The
closed subscheme of P(C' @ 1) defined by I is isomorphic to Proj(S°[t]) = Spec(S°) = X.
Thus we get a canonical closed embedding (canonical section) of X into P(C' @ 1).

Set L. := P(C' @ 1)\ X. The inclusion of 57, into S*[t](s for every s € St induces a
morphism L. — P(C).

PROPOSITION 104.17. The morphism L. — P(C) has a canonical structure of a line
bundle.

PRrROOF. We have 5°[t]s) = S, [£], hence the preimage of D(s) is isomorphic to D(s) x
A'. For any other element s’ € S! we have ﬁ = fé, i.e., the change of coordinate function
is linear. 0

The line bundle L. — P(C') is called the canonical line bundle over P(C').

A section of L. over the open set D(s) is given by an S¢,-algebra homomorphism
S(’S)[i] — S, that is uniquely determined by the image a; of L. The element sas € S of
degree 1 agrees with s'ay on the intersection D(s) N D(s’). Therefore the sheaf of sections
of L. coincides with S*(1) = O(1).

The scheme P(C') can be viewed as a locally principal divisor of P(C' @ 1) given by t.
The open complement P(C @ 1) \ P(C) is canonically isomorphic to C. The image of the
canonical section X — P(C @ 1) belongs to C' (and in fact is equal to the image of the
zero section of C'), hence it does not intersect P(C). Moreover, P(C & 1)\ (P(C) U X) is
canonically isomorphic to C'\ X.

If C'is a cone over X, we write C° for C'\ X where X is viewed as a closed subscheme
of C via the zero section. We have shown that C° is canonically isomorphic to L.. Note
that C is a cone over X and L. is a cone (in fact, a line bundle) over P(C).

For every s € S', the localization S is the Laurent polynomial ring S)[s, s™'] over
S(s)- Hence the inclusion of Sy into S, induces a flat morphism C° — P(C) of relative
dimension 1.

104.D. Tautological line bundle. Let C' = Spec(S®) be a cone over X. Consider
the tensor product T = S5° ®g0 S® as a graded ring with respect to the second factor. We
have

Proj(T*) = C xx P(C).
Let J be the ideal of T generated by z ® y —y ® x for all z,y € S! and set
Ly :=Proj(T*/J).

Thus L; is a closed subscheme of C' x x P(C) and we have natural projections L; — C
and L; — P(C).
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PROPOSITION 104.18. The morphism Ly — P(C) has a canonical structure of a line
bundle.

PROOF. Let s € S'. The preimage of D(s) in L; coincides with Spec(T('1®S)/J(1®S)),
where Jugs) = JigsNT{} g, The homomorphism T — S¢[t], where ¢ is a variable, defined
by 2 @y w— T - 1" for any x € S" and y € S°®, gives rise to an isomorphism between
T/ Jaws) and S¢, [t]. Hence the preimage of D(s) is isomorphic to D(s) x A'. O

The line bundle L; — P(C) is called the tautological line bundle over P(C').

ExAaMPLE 104.19. If L is a line bundle over X, then P(L) = X and L, = L x xP(L) =
L.

Similar to the case of the canonical line bundle, a section of L; over the open set D(s)
is given by an element ay € S(‘S) and the element ays/s € S? of degree —1 agrees with
ay /s" on the intersection D(s) N D(s"). Therefore the sheaf of section of L; coincides with
S*(—1) = O(—1). In particular, the tautological line bundle is dual to the canonical line
bundle, L; = L.".

The ideal I = S>° in S*® defines the image of the zero section of C'. The graded ring
T*/J is isomorphic to S®* & [ & I> @ ---. Therefore, the canonical morphism L; — C' is
the blow up of C' along the image of the zero section of C. The exceptional divisor in
L, is the image of the zero section of L;. Hence the induced morphism L; — C° is an
isomorphism.

ExAaMPLE 104.20. Let F[e] be the F-algebra of dual number over F. The tangent
space Tp(v), 1, of the point of the projective space P(V') given by a line L C V' coincides with
the fiber over L of the map P(V)(F[¢]) — P(V)(F) induced by the ring homomorphism
Fle] — F, e — 0. For example, the F[e]-submodule L@ Le of V[e] := V ® Fe] represents
the zero vector of the tangent space Tp(v), .

For a linear map h : L — V let W}, be the Fle]-submodule of V[e| generated by the
elements v+ h(v)e, v € L. Since Wy, /eW), ~ L, we can view W), as a point of Tp(y) . The
map Homp(L, V) — Tpy),r given by h — W), yields an exact sequence of vector spaces

0— HOIHF(L, L) — HomF(L, V) — T[P(V)’L — 0.
In other words,
T[P(V),L = I‘IOIHF(L7 V/L)
Since the fiber of the tautological line bundle L; over the point given by L coincides
with L, we get an exact sequence of vector bundles over P(V):

0— HOm(Lt, Lt) — HOIH(Lt, 1Qr V) i T[P(V) — 0.

The first term of the sequence is isomorphic to 1 and the second term to L.®pV ~ (L.)%",
where n = dim V. It follows that

Trevy] =nlLe — 1€ KO(P(V)).

More generally, if E — X is a vector bundle then there is an exact sequence of vector
bundles over P(E):
0—-1—-L®¢E—-T,—0,

where ¢ : P(E) — X is the natural morphism and T}, is the relative tangent bundle of ¢.



104. CONES AND VECTOR BUNDLES 425

104.E. Deformation to the normal cone. Let f: Y — X be a closed embedding
of schemes. First suppose first that X is an affine scheme, X = Spec(A), and Y is given
by an ideal I C A. Set Y = Spec(A/I). Consider the subring

A= [1:r

nez

of the Laurent polynomial ring A[t,¢7!], where the negative powers of the ideal I are
understood as equal to A. The scheme Dy := Spec(A) is called the deformation scheme
of the closed embedding f. In the general case, in order to define Dy, we cover X by open
affine subschemes and glue together the deformation schemes of the restrictions of f to
the open sets of the covering.

The inclusion of A[t] into A induces a morphism g : Dy — A' x X. Denote by C} the
inverse image g~ !({0} x X). In the affine case,

Cp=Spec(A/IdI/I* t o I*/IP t72®...).

Thus, C is the normal cone of f (cf. Example 104.3)). If f is a regular closed embedding
of codimension d then Cf is a vector bundle over Y of rank d. We write Ny for C in this
case.

The open complement D¢\ C is the inverse image ¢ (G, x X). In the affine case,
it is the spectrum of the ring A[t™!] = A[t,t7!]. Hence the inverse image is canonically
isomorphic to G,, x X via g, i.e.,

Df\CfﬁGmXX.

In the affine case, the natural ring homomorphism A[t] — (A/I)[t] extends canonically
to a ring homomorphism A — (A/I)[t]. Hence the morphism f x id : Al x ¥ — Al x X
factors through the canonical morphism h : A' x Y — Dy over Al. The fiber of h over a
point ¢ # 0 of A! is naturally isomorphic to the morphism f. The fiber of h over ¢t = 0 is
isomorphic to the zero section Y — C of the normal cone C of f. Thus we can view h
as a family of closed embeddings parameterized by A' deforming the closed embedding f
into the zero section Y — C as the parameter ¢ “approaches 0”. We have the following
diagram of natural morphisms:

Y — A'xY «—— G, xY

| | l

¢y — Dy — G, xX

J l H

Y — A'x X «—— G, x X.

Note that the normal cone Cy is the principal divisor in Dy of the function ¢.
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Consider a fiber product diagram
y L x
(104.21) gl lh

y . x

where f and f’ are closed embeddings. It induces the fiber product diagram of open and
closed embeddings

Cy Dy G x X'
(104.22) kl ll lidxh
Cy Dy Gm x X.

PROPOSITION 104.23. In the notation of (104.21), there are natural closed embeddings
Dy — Dy xx X' and Cp — Cy xx X'. These embeddings are isomorphisms if h is flat.

PrROOF. We may assume that all schemes are affine and h is given by a ring ho-
momorphism A — A’. The scheme Y is defined by an ideal I C A and Y’ is given
by I' = [A" € A’. The natural homomorphism I" ®4 A" — (I')" is surjective, hence
Aoy A — Ais surjective. Consequently, Dy — Dy xx X' and Cp — Cf xx X'
are closed embeddings. If A" is flat over A, the homomorphism " ®4 A" — (I')" is an
isomorphism. O

104.F. Double deformation space. Let A be a commutative ring.

LEMMA 104.24. Let I be the ideal of A generated by a reqular sequence a = (ay, as, . . ., aq)
and a € A satisfy a + I is not a zero divisor in A/I. If ax € I™ for some x € A and m
then x € I™.

PROOF. By Proposition 104.9, multiplication by a + I on I"/I™"! is injective for any
n. The statement of the lemma follows by induction on m. O

Let a = (aq,as9,...,aq) and b = (by, b, ..., b.) be two sequences of elements of A. We
write a C b if d < e and a; = b; for all 7 € [1,d]. Clearly, if a C b and b is regular so is a.
Let I C J be ideals of A. We define the ideals I™J™ for n < 0 or m < 0 by

o I i <0
"J _{]” if m <0.

PRrROPOSITION 104.25. Let a C b be two regular sequences in a ring A and [ C J the
ideals of A generated by a and b respectively. Then

Injm N In+1 — [TL-i—lJm—l
InJm N Jn+m+1 — InJm—l-l

for all n and m.
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Proor. We prove the first equality. The proof of the second one is similar.
We proceed by induction on m. The case m < 1 is clear. Suppose m > 2. As the
inclusion “D” is easy, we need to prove that

ottt et
Let ? be a sequence such that @ C 0 C b and let L be the ideal generated by 0, so
I C L C J. By descending induction on the length [(d) of the sequence d, we prove that

(104.26) rJjrnrrtt c ottty
When [(?) = I(a), i.e., d =a and L = I, we get the desired inclusion.
The case [(0) = [(b), i.e., 0 = b and L = J is obvious. Let ¢ be the sequence satisfying

aCcCoandl(c)=1(0) — 1. Let K be the ideal generated by ¢. We have L = K + aA
where a is the last element of the sequence ?. Assuming (104.26), we shall prove that

mjrnrtt c grttgmet
Let x € I"J™ N 1", By assumption,
n+1
= Ln+1Jm—1 _ Zan—i-l—kKkJm—l’
k=0

hence
n+1

T = 2 anJrlkak
k=0

for some x;, € K*J™ 1. For any s € [0,n + 1], set
Ys = Z a* ;.
k=0
We claim that ys € K*J™ ! for s € [0,n + 1]. We prove the claim by induction on
s. The case s = 0 is obvious since yy = 29 € J™ 1. Suppose y, € K*J™ ! for some

s <n-+1. We have
n+1

mzanJrlfsyS_i_ Z an+1fkmk’
k=s+1
where 2, € KF¥Jm 1 ¢ K**'if k> s+ 1 and x € I"" ¢ K**!. Hence a"t' %y, € K*+!
and therefore y, € K*'!' by Lemma [104.24. Thus y, € K*J™ ! N K5t By the first
induction hypothesis, the latter ideal is equal to K**'J™"2 and y, € K*t'J™ 2. Since
Topr € K™ we have y,1 = ays + x50, € K5T1J™ 1 This proves the claim. By
the claim, z =y, € K" Jm 1, O

Let Z% YV L X be regular closed embeddings. We have closed embeddings
i:(Ng)lz — Ny and j: N, — Ny,
We shall construct the double deformation scheme D = Dy, and a morphism D — A?
satisfying all of the following:
(1) D’Alem = Df X Gm
(2) D|Gm><A1 = Gm X ng
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(3) Dlpixqoy = Dj-

(4) Dloyxar = Di.

(5) Dlfoyxqoy = Ni = Nj.

As in the case of an ordinary deformation space, it suffices to consider the affine case:
X = Spec(A), Y = Spec(A/I), and Z = Spec(A/J), where I C J are the ideals of A
generated by regular sequences. Consider the subring
A= I rgmmeems™
n,mez

of the Laurent polynomial ring A[t,s,t™!, s7!] and set D = Spec(;l\). Since A contains
the polynomial ring A[t, s], there are natural morphisms D — X x A% — A%

We have
A= I e = (I oo
n,mez n,mez
A =11 Jm-t_"s_m:< 1T Jm-s—m> [t ¢t
n,mez nmezZ

This proves (1) and (2).
To prove (3) consider the rings

1?4\/8121\ — H []n(]m—n/]n(]m—n—‘rl} . t—n7

R=][ [/t -sm
S=1] [ +D/T™" +D)] -5

We have Spec(R) = Ny, and Spec(S) = N,. The natural surjection R — S corre-
sponds to the embedding j : N, — Ny,.

Let I = ker(R — S). By Proposition 104.25, J™ NI = I.J™! hence
=T [1gmt+gmtt)gmtt] . sm
me”Z

and
=TI (g amtt e s,
meZ
Therefore, D; is the spectrum of the ring

H [Injm—n + Jm—&-l/(]m—l—l} LpTngTm
me”Z
It follows from Proposition [104.25 that this ring coincides with //1\/ sA, hence (3).
To prove (4) consider the ring
A\/t;{: H [Injm—n/]n+ljm—n—1] LgT™

n,me”Z
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The normal bundle Ny is the spectrum of the ring

=] /1w

nez

Let J be the ideal of T' of the closed subscheme (N 7)lz. We have

Jr=T o+ cum,
ne”z

The deformation scheme D; is the spectrum of the ring

v= [ [ +1 ] us

n,mez
We define the surjective ring homomorphism ¢ : A / tA—U taking
(z [T gmon=ly g to (z + 1Y) -y s,

By Proposition [104.25, the map ¢ is also injective. Hence ¢ gives the identification (4).
Property (5) follows from (3) and (4).

105. Group actions on algebraic schemes

In this section all schemes are quasi-projective over a field F. We write G = {1,0}
for a cyclic group of order 2.

105.A. G-schemes. A G-scheme is a scheme Y together with a G-actionon Y. AsY
is a quasi-projective scheme, every pair of points of Y belong to an open affine subscheme.
It follows that there is an open G-invariant affine covering of such an Y. Therefore, in
most of the constructions and proofs, we may restrict to the class of affine G-schemes.

In particular, to define a subscheme Y¢ C Y for a G-scheme Y, we may assume that
Y is affine, i.e., Y = Spec R, where R is a G-algebra, i.e., a commutative F-algebra with
G acting on R by F-algebra automorphisms. Consider the ideal I C R generated by
o(r) —r for all r € R. Set

Y := Spec(R/I).

ExXAMPLE 105.1. For any scheme X over F', the group GG acts on X x X by permutation
of the factors. Then (X x X)% coincides with the image of the diagonal closed embedding
A: X — X x X. Indeed, if X = Spec(A) then X x X = Spec(A ®p A) and the ideal
I C A®p Ais generated by 0(a®d') —a®d =d ®a—a®d for all a,a’ € A, and hence
coincides with the kernel of the product map A ® A — A.

EXERCISE 105.2. Prove that (X x V)% = X% x Y% for G-schemes X and Y.

PROPOSITION 105.3. Let Y be G-scheme and B the blow up of Y along Y. Then
G acts naturally on B and the subscheme BS of B coincides with the exceptional divisor
P(C), where C is the normal cone of the closed embedding Y& — Y.
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PROOF. We may assume that Y = Spec R for a G-algebra R. Then Y¢ = Spec(R/I),
where [ is the ideal of R generated by o(r) — r for all » € R, and B = Proj S, where
S=R®I®I*®---. The scheme B is covered by open G-invariant subschemes Spec(Sis))
with s = o(r) —r, 7 € R. The intersection of Spec(S(s)) with the exceptional divisor P(C)
is given by the ideal 55 in S;). Therefore, it suffices to show that the ideal J in S,
generated by elements of the form o(z) — « with « € S, coincides with sS(). Clearly
s =o(r) —r € J. Conversely, let x = = with r € I" be an element in S(,). As o acts on
I™ /1" by multiplication by (—1)", we have t := (—1)"a(r) —r € I"*! and hence

t t

a(x)—xzs—n:ssnﬂesS(s). O

Let Y be G-scheme. To define a scheme Y/G we may assume that Y = Spec R. Set
Y/G := Spec(RY).
The natural morphism p : Y — Y/G is called a G-torsor if Y& = ().

EXAMPLE 105.4. Let Y be a G-scheme and Y’ = Y \ Y. Then the natural morphism
Y'—=Y'/G is a G-torsor.

PROPOSITION 105.5. Letp: Y — Y /G be a G-torsor. Then

p«(Oy) is a locally free Oy, g-module of rank 2.
1) p(O locally free Oy g-module of rank 2
(2) The morphism p is étale.

PROOF. We may assume that ¥ = Spec(R) for a G-algebra R. As Y = (), the
elements s = o(r) — r with r € R generate the unit ideal of R, i.e., the G-invariant
open sets Spec(R;) cover Y. Replacing R by Rs we may assume that s is invertible in
R. Then {1,7} is a basis of R over RY since for every a € R we have a = f + gr with
f=(ao(r) —o(a)r)s™' € RY and g = (c(a) — a)s™* € RC.

Moreover, 7 is the oot of the quadratic polynomial h(t) = t? — bt + ¢ over RY with
b=o(r)+rand c = o(r)r. As the element h'(r) = 2r — b = —s is invertible in R, the
morphism p is étale (cf. [107, Ch. I, Ex. 3.4]). O

ExAMPLE 105.6. Let p : Y — Y/G be a G-torsor with Y/G = Spec F'. Then Y =
Spec K, where K is an étale quadratic F-algebra.

PROPOSITION 105.7. Suppose char F' # 2. Let Y be a G-scheme and U =Y \ Y©.
Then

(1) The composition Y¢ — Y % Y/G is a closed embedding with the complement
U/G.

(2) If I C Oyyq is the sheaf of ideals of Y in Y/G, then p*(I) = J?, where J C Oy
is the sheaf of ideals of Y& in Y.

(3) If Y is reqular and Y is a regular divisor in'Y then Y /G is also regular.

ProoOF. We may assume that Y = Spec R for a G-algebra R.
(1): The composition Y — Y — Y/G is given by the composition of algebra homomor-
phisms R — R — R/I, where [ is the ideal of R generated by o(r) —r for all r € R.
The later composition is surjective as any r € R is the image of (a(r) + r) /2 € RC.
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The scheme U (respectively U/G) is covered by the open sets Spec(Rs) (respectively
Spec(RS,)) with s = o(r) — r, r € R. Therefore, the second statement follows from the
equality (R,)¢ = (R%),e.

(2): We need to prove that (I N R¥)R = I?. The generators s = o(r) — r of I satisfy
o(s) = —s. Therefore, the ideal I? is generated by G-invariant elements. Hence I? C

(I N RE)R. Conversely, let a € I N RY. We can write a = > 7;s; with 7, € R and s; € [
satisfying o(s;) = —s;. Hence

1 1 ,
a= 5(@—1—0(@)) = 52(% —o(r;))s; € I”.

(3): Let 2 € Y/G and y € Y a point above 2. Suppose y € Y\ Y¢. The natural morphism
Y\YY — (Y\Y?)/G is a G-torsor by Example 105.4 hence is flat (cf. Proposition105.5).
As the local ring Oy, is regular, so is Oy/q,. by [50, Prop. 17.3.3(i)].

Suppose now y € Y% We may assume that F is algebraically closed and y is a
rational point. The tangent space Tyc, has codimension 1 in Ty, and coincides with

the subspace of all G-invariant elements in 7y,,. Hence there is a basis ay, as, ..., a, of
my,, /mi, satisfying o(a,) = —a, and o(a;) = a, for i > 2. Lift the @ to a local system of
parameters a; € my,, with o(a;) = —ay and o(a;) = a; for ¢ > 2. The completion of the
local ring Oy/q,. coincides with

Oyvjc. = (Oyy)¢ = Fllar,as, ..., a,)|% = Fl[a, as,. .., a,]],
and hence is regular. Therefore, z is a regular point on Y/G. U

105.B. The scheme By. Let X be a scheme. Write By for the blow up of X2x Al :=
X x X x A along A(X) x {0}. Since the normal cone of A(X) x {0} in X% x Al is Ty @1
(cf. Proposition [104.7), the projective cone P(TX &) ]l) is the exceptional divisor in By
(cf. [47, B.6.6)).

Let G act on X% x A by o(z,2',t) = (2/,x,—t). If char F # 2, we have

(X% x AN = (X?)% x (AH)Y = A(X) x {0}.

Set Uy = (X? x A')\ (A(X) x {0}). By Proposition 105.3, the group G acts naturally
on By so that (Bx)¢ = [P(TX D ]1) and Bx \ [P(TX &) ]l) is canonically isomorphic to Ux.

PROPOSITION 105.8. Suppose char F' # 2. If X is smooth then so are Bx and Bx/G.

PROOF. The scheme By is smooth as the blow up of a smooth scheme along smooth
center. As the scheme [P(TX@]I) = (B X)G is a smooth divisor in By, the second statement
follows from Proposition [105.7(3). 0
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Splitting Principle, 250
Springer’s Theorem, 73, 317
stable range see field

stable range of 181
Steenrod operations

of cohomological type, 281, 290

of homological type, 281
Strong Splitting Principle, 280
Subform Theorem, 92
Sylvester’s Law of Inertia, 123
symbol, 406
symmetrization, |350
symplectic basis, 6

tangent bundle, 1420

Tate motive, 300, 303
tautological
line bundle, 422
tensor category, 301
torsion-free index, 191
total Chern class, 251
total Euler class, 272
total Segre class, 273
total Segre operation, 274
total Stiefel-Whitney class, 22
total Stiefel-Whitney map, 22
1th, 23
totally indefinite, [173
totally negative, 390
totally positive, 390
trace, 394
tractable class, 381
transfer
of bilinear forms, [79
of quadratic forms, 79
transfer maps
of Witt rings and groups, 80
transpose of a correspondence, 296

variety, 219, 220, 265
vector
anisotropic, 9, 135
isotropic, 9, 135
polynomial
degree of, 71
leading term of, 71
leading vector of, [71
primitive, [79
Vector bundle
tautological, 364
vector bundle, 418

weight, 368
Weil’s Reciprocity Law, 224
Whitney formula, 23
Whitney Sum Formula, 253
Witt classes, 12
Witt equivalent, 43
Witt group

presentation of, 16

445
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quadratic, see quadratic Witt group
Witt index, 43
of a quadric, 91
Witt relations, 15
Witt ring, 12
graded, 21
annihilator ideals in, 30
annihilators in, 182
exact sequence for quadratic field ex-
tensions, 139, (140, 145} 147
exact sequence on the affine line, 85
exact sequence on the projective line,
87
fundamental ideal, 17
isomorphism of, 130
Principle ideals generated by Pfister
forms, 183
reduced, 137
Spectrum of, [128
structure of in the formally real case,
129
structure of over non formally real fields,
122
Witt theorems
Bilinear Witt Cancellation Theorem,
11
characteristic not two, |8
characteristic two counterexample,
8
Bilinear Witt Chain Equivalence The-
orem, 14
Bilinear Witt Decomposition Theorem,
11
Quadratic Cancellation Theorem, 43
Quadratic Witt Decomposition The-
orem, 43
Witt theorems:(Quadratic) Witt Exten-
sion Theorem, 41
Witt-Grothendieck ring, 12
Wu Formula, 290

zero section, 418
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Notation

(L/F,b), quaternion algebra, 397
(a), 402

(@), 402

AxB, operation on quadratic étale

algebras, 395

AP (X, K,), K-homology groups of
X, 260

AP, opposite algebra, 396

AL, A®p L, 1394

A (X, K,), K-homology group of
X, 242

By, blow up By along A(X) X
{0}, 284

C(X), Rost complex for X, 221

C(p) Clifford algebra of ¢, 52

C(X(F),2m2) ring of continuous func-

tions C'(X(F) — 27Z), 134

Ced, direct sum of cones, 418

CH(p) central simple algebra with C(¢p)
My (CH(g)), ¢ € 12(F), 59

C°, cone with zero section deleted,
421

Co(p) even Clifford algebra of ¢, 53

Co, conic curve, 194

Cy, normal cone of f, 418

C,(X), 221

Cpn(X), 221

D(t) D ®p F(t), D an F-division al-
gebra, 115

D(b) set of non-zero values of b, [7

D(p) nonzero values of ¢, 47

Dit] D ®p F[t], D an F-division al-
gebra, 115

D(o0(1)) group of nonzero sums of
squares in F’, 123

Dy, deformation scheme, 423

F((t)) quotient field of the ring of
power series F[[t]], 124
F(T) rational function field over F

in n variables tq,...,t,, 67

function field of X, if ¢ irre-
ducible, 92
F(p) quotient field F[T|/(p),p € F[T]
irreducible, (71

F(t) rational function field over F' in
one variable, 9

F(z), residue field of z, 220

F[T] polynomial ring over F' in n
variables tq,...,t,, 67

Ft] polynomial ring in variable ¢ over
F, 8

Flty, ... ty) polynomial ring over F'

in n variables, 67
F* unit group of F', 4

Fx2 group of nonzero squares in F,
4

Fp real closure of F' at the ordering
P, 1128, 1391

F, quadratic étale F-algebra deter-
mined by a, 48
Fy pythagorean closure of F', 125
Fyep, separable closure of F, 401
Fypy—1 leading field of ¢, 103
G(b) group of similarity factors of b,
7
G(p) group of similarity factors of ¢,
47
GC(X(F),z) graded ring associated
to C(X(F),Z),184
set of general quadratic Pfis-
ter forms, 48
set of general quadratic n-
fold Pfister forms, 48
GW.(F) graded Witt group associ-
atied to the fundamental ideal, 21
orderings P with a € P, 392
) = Hp(ay, ... a,) NH (a;),
392
H™(F) H"™(F,7/27), 63
H"(F), H"™(F,7/27), 412
H"(F,M), H"(Tp, M), 401

GP(F)

GP,.(F)

H(a)
H(ay,..
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H"(I', M), nth cohomology group
of I with coefficients in M, 401
H™i(F,Z /mZ), 410
I(F) fundamental ideal (of even di-
mensional forms in W (F")), 16
nth power (1(F))" of the fun-
damental ideal, 17
[ Jm, 424
I,(F) quadratic Witt group, 146
I,(K/F) kernel of rx/p : Io(F) —
IQ(K)7 K/F7 98
I (F) I"Y(F)-I,(F),48
It(F) W,(F) N I(F), 130
IF)  Wi(F)n I'(F), 18
I,(F) I(F) Nanny gy (b), 154
(F) image of I"(F) in W,ea(F,

I"(F)

I'n,

red

138

J(p), J-invariant, 372

K(y) K(¢k) if pisirreducible, K/ F,
92

K— L, place, 416

K.(F), graded Milnor ring of F,
406

Ko(X), Grothendieck group of the
category of vector bundles over
X, 418

K, (F) Milnor nth K,-group, 21

L(D), line bundle associated with
divisor D, 271

L., canonical line bundle over P(C'),
421

L,, 199

Ly, tautological line bundle over
P(C), 421

M(—1), 404

M(X), Chow motive of X, 300

M(X)(3), Chow motive (X, ),300

MT, subgroup of I'-invariant ele-
ments of M, 401

N(p)  dimp — 2%8r 108

Ny, normal bundle of f, 420

P(F) set of quadratic Pfister forms,
48

PV, dual sheaf, 418

P.(F) set of quadratic n-fold Pfister
forms, 48

RJt, o], 399

R unit group of a ring R, 4

Ty, tangent cone of X, 419

Ty, relative tangent bundle of g,
420

Ux, 282

V(E), 210

V(T) F(T)®rV,6T

(t) F(t)®@p V, 67

[T FIT|@r V, 67T

[] F[t) ®r V, 67

Vi base extension of V to K, 5

Vo, space of pure quaternions, 194

Vo underlying vector space of ¢, 33

W(F) Witt ring of F, 12

W(K/F) kernel of rg/p :
W(K), K/F,98

Wt orthogonal complement of W, 5

v
v
v

W(F) —

Wi(F) additive torsion subgroup of
W (F), 126

Wea(F reduced Witt ring, 137

X, projective quadric associated to
p, 91

X, (L) set if L=points of X, L/F,
91

X,  X,,003

X, set of point of X of dimen-
sion p, 220

Y/G, factor scheme, 428

Y& 427

Y., fiber scheme over z, 225

Z(a), 266

(4] - [B], product in Br(F') and
Ety(F), 395

[Z], cycle class of 7,242

1Z], cycle of Z, 221

[a, 0] quadratic form on F? given by
o(x,y) = ax® + zy + by?, 134

[z], cycle of a point, 265

(b® ((d]])° the form b’ @ ((d]], 62

Br(F) Brauer group of F', 59

Brauer group of F', 395
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Br(L/F), 396
Bry(F) 2-torsion subgroup of Brauer
group of F', 159
Br,.(F), 396
CH(Z;A), Chow group of classes
of cycles with values in A, 299
CH*(X), graded Chow group, 271
CHP(X), Chow group of codimen-
sion p classes of cycles on X, 271
CH,(X), Chow group of dimen-
sion p cycles on X, 265
characteristic of F', 3
group of isomorphism classes
of quadratic étale F-algebras, 395

char I
Eto(F),

e, absolute Galois group of F|,
401

I'y, graph of a morphism f, 296

Gr.(V), Grassmannian variety of

r-dimensional subspaces in V., 396
IHdK/F(M>, 404

A7), Tate motive with values in
A, 300

Na quadratic norm form of the qua-
dratic F-algebra A, 55

Na, norm map, 394

Nrd, reduced norm, 194, 397

P(C), projective cone of C', 418

SB(A), Severi-Brauer variety, 396

Try trace form of the quadratic F-
algebra A, 55

Try, trace map, [394

Trd, reduced trace, 194, 397

Z(X:PY), 267, 283

Z,(X), group of p-dimensional cy-
cles on X, 265

a: X ~Y, correspondence be-
tween X and Y, 299

aU g, cup-product, 402

a x 3, external product, 234

o, 298

a2, 282

al, transpose of «a, 296

., 207

ann,,(p) elements in [™(F') annihi-
lated by p, [182

ann,, (b) elements in [™(F') annihi-
lated by b, [181

annyy (r) (@) annihilator of ¢ in W (F),
o()

annyy () (b) annihilator of b in W (F),
30

€o map induced by the dimension map

on W(F)/I(F),17
€ map induced by the signed deter-
minant, [18

u(F) u-invariant of F', 161

u-(F) u-invariant of F', 162

boa, bilinear pairing, 296

(D(¢)) the group generated by D(yp),
72

Ox.,(s), B13

S (V) symmetric algebra of V', 91

cd,(F), cohomological p-dimension
of F, 415

x(T'r), character group of I', 401

\on(I's), 401

clif () Clifford invariant of ¢, 59

deg degree of ¢, 103

deg f leading coefficient of f € F[T]
in lexicographical order, 71

deg v leading coefficient of v € V[T
in lexicographical order, (71

deg, degree homomorphism, 267

deg(A), degree of A, 396

0, connecting homomorphism, 243
det b

determinant of b, |4
dim x, dimension of of x, 220
disc(y) discriminant of ¢, [57

b
(a}’7 ) quaternion algebra in char-
a,b
F Y

a,b
F

acteristic not two, 149

quaternion algebra, 397

quaternion algebra in charac-

teristic two, 49
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quaternion algebra, 398

i

div(f), divisor of f, 221

ind(A), index of A, 396

k(z), residue field of x, 220

(a)p one dimensional bilinear form b(v, w) =
avw, 7

(a), one dimensional quadratic form

o(v) = av?, 34
(a1, ..., an)p orthogonal sum of bilin-
ear forms (a;) (also written (a;) L

(ay,...,an), orthogonal sum of (ay), .. ., <ang7g(0),
39

({a))p (1, —a), (also written ({a))),
16

({ay,...,an))p bilinear n-fold Pfister

form ((a1)) ® --- ® ((a,)) (also
write ((a1,as,...,a,)), 17
-l quadratic n-fold Pfister
form ((ay,...,an_1))p ® {{a,]], 48
((al] norm form of the quadratic étale
F-algebra F,, 48

({(ay,...,an)), (quadratic) quasi-Pfister
form ((a1,...,an))s ® (1)4, 52

1, trivial line bundle, 418

Lha, 197

Lo s group of mth roots of unity,
402

v(F) torsion-free index of F', 191

SB,.(A), generalized Severi-Brauer

variety, 396
CMx(F,A), category of Chow mo-
tives with coefficients in A, 303
category of graded Chow
motives over F', 303
CM(F,A), category of graded Chow
motives with coefficients in A, 303
category of graded cor-
respondences over F', 301
CR(F,A), category of graded cor-
respondences with coefficients in
A, 300

CM(F)

CR(F),

CR.(F), category of correspondences
over F', 301

CRL(F,A), category of correspon-
dences with coefficients in A, 300

Corr; (X, Y; A), group of correspon-
dences between X and Y, 299

C(F, A), 300

GO(yp), group of similitudes of ¢,
314

Gras(yp), 1363

PGO(yp), group of projective simil-

itudes of ¢, 314
total Segre class, 273
m, category of smooth complete
schemes, 295

Sq¥, Steenrod operation of homo-
logical type, 285

SAys Steenrod operation of coho-
mological type, 290

Sq'}, Steenrod operation of coho-
mological type, 290

Sqyy, Steenrod operation of homo-
logical type, 285

oV, ), orthogonal group of ¢,
363

O™ (V, p), special orthogonal group
of o, 363

cdim(X), canonical dimension of
X, 375

cdim(C), canonical dimension of
a class C, 375

cdim, (X), canonical p-dimension
of X, 375

cdim,(C), canonical p-dimension
of a class C, 375

ordg, order homomorphism, 266

ord,, order homomorphism asso-

ciated with a point z, 266

sg”, Segre homomorphism, 273

I"(F)/I"Y(F), 143

ani,,(p) elements in I (F) annihi-
lated by p, 182

ant,,(b) elements in I (F) annihi-
lated by b, 181
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€, : I}F)/I7THF) — H™(F) nth

graded cohomological invariant, 64

0:W(K)— W([_()

momorphism, [77

first residue ho-

07, residue homomorphism, 220
Or, residue homomorphism, 220
oy, boundary map, 232

Op : W(K) — W(K) second residue
homomorphism, 77

Oy, residue homomorphism, 405|
407

Oy, residue homomorphism, 405,
407

Pt complementary form of a subform
b, 136

rad ¢ quadratic radical of ¢, 36

rad b radical of b, 5

sgnb : X(F) — Z
map of b, 134

sgn: W(F) — C(X(F),2)
nature map, 134

sgn: W(F)— 7 signature map, 123

sgn b signature of b, 123

sgnp : W(F) — Z signature map at
the ordering P, 128

of, deformation homomorphism,
938, 243

st(F) stable range of F', [181

st,.(F) reduced stability index of F,
135

supp b support of b, 135

To (hyperplane) reflection about v,
34

Hom(M, N), 304

Y =<=Y ©F(y) 1s isotropic, 95

<=1 @ =1 and ¥ > ¢, 95

o ~Y ¢ and ¥ are Witt equivalent,
43

Y~ ¢ and 1 are isometric, 34

v, O, p, etc quadratic forms, 33

o pure subform of the quadratic Pfis-
ter form ¢, 62

elw restriction of ¢ to W, 135

total signature

total sig-

w1 L o (external) orthogonal sum
of ¢ and o, 138

VK base extension of ¢ to K, 37

@,  qth kernel form of ¢, 102

Dan anisotroic part of ¢, 43

©p quadratic form associated to b, 34

Ph(p)—1 leading form of ¢, 103

I(F) kernel of the dimension map on
the Witt-Grothendieck ring, 16

(F)  nthpower (I(F))" of I(F), 17

(F) Witt-Grothendieck ring of F,

D(oo(1)) sums of squares in F', 390

D(b) D(b) U {0}, 17

D(p)  D(p)U{0},47

D (o0(1)) D(oo(1)) U {0}, 123

G(p)  Glp)u{0},52

u(F) Hasse number of F, 173

© Artin-Schreier map, [35

o, Artin-Schreier map, 395

{ai,...,a,} n-symbol in Milnor K, (F)
and k, (F), 21

{a}, endomorphism of C, (X)), 221

{ay,a9,...,a,}, endomorphism of
C.(X), 221

{a1,as,...,a,}, symbol in K, 406

{a1,as,...,a,}F, symbol in K, (F),
406

oM, Ker(M % M), 416

by, Bockstein map, 414

c(B), total Chern class, 251

ci(E), Chern classes, 251], 275

CK/F, corestriction homomorphism,
403

CL/F, corestriction homomorphism,
411

cL/F, norm homomorphism, 408

dx, differential of C\(X), 221

e(E), Euler class of E, 246

e(L)®, total Euler class, 272

€o dimension map mod 2 on the Witt
ring, 17
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er : I(F) — Ety(F) discriminant
map, 58

el map induced on I(F') by the signed
determinant, [17

es map [%(F) — kyo(F), 22

ey : I7(F) — Bry(F) Clifford invari-
ant map, 59

en 17 (F) — H"(F)
ical invariant, 63

en(((ar, ..., a,]]) cohomological invari-

nth cohomolog-

ant of ((a1,...,a,]],63

e, (9), 225

I leading coefficient of f € F[T],T1

fr, pull-back homomorphism, 258

f*. Gysin homomorphism, 254,
269

fs map taking a k.(F) — GW,(F),
21

fes push-forward homomorphism,
999, 242, 267

g*, pull-back homomorphism, 225|
949, 268

h(a, M), Herbrand index, 416
R, norm residue homomorphism
of degree 2,412

hy™, norm residue homomorphism,
412

Ny norm residue homomorphism of
degree n, 64

io(Xy) Witt index of X, 91

kn(F) Milnor K,,(F)/2K,(F), 21

[(A), length of A, 415

[a(M), length of M, 415

la, linear function on Vg, 195

ne orthogonal sum of n copies of ¢,
39

nb orthogonal sum of n copies of b,
6

TK/F restriction map induced by K/F
on Witt(-Grothendieck) ring, 13

TK/F restriction homomorphism,

403

ri/F  1g(F) — I,(K) restriction map
of quadratic Witt groups, 46

TL/F, restriction homomorphism,
396, 406, 411
s(E), total Segre operation, 274

s(F) level of F, 26

se @ LK) — 1,(F) transfer map
induced by the linear functional
s: K — F, K/F finite, 80

se + W(K) — W(F) transfer map
induced by the linear functional
s: K — F, K/F finite, 80

S /W(K) — /I/I7(F) transfer map
induced by the linear functional
s: K — F, K/F finite, 80

54(b) transfer of b induced by the lin-

ear functional s : K — F, K/F
finite, 79

Sr, specialization homomorphism,
408

u' (F) u'-invariant of F, 166

u(F) u-invariant of F', [161

u(L/F) relative u-invariant of L/F,
167

ux, 284

v* leading coefficient of v € V[T, 71

Vx, /2§3

w: W(F) = k(F))[t]*
Whitney map, 22

w; 1th total Stiefel-Whitney map, 23

total Stiefel-

x<p0 x ¢ P390

xz>p0 x € P,1390

M, (F) n X n matrix ring over F, 3
S2(V) symmetric square of V', 4

H hyperbolic plane, 34

H(V) hyperbolic form on V, 34

H hyperbolic A-bilinear plane, |4

Ha(V) hyperbolic A-bilinear form on
V., 4

QR,C field of rational numbers, real
number, complex numbers, respec-
tively, 98

7 the ring of integers, 13

X(F) set of orderings of F', 1390

b € W(F) interpreted as the Witt
class of b in W (F), 12
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b® tensor product of b and ¢, 45

b’ pure subform of a bilinear Pfister
form b, 27

b,c,0,¢, etc bilinear forms, |3

bl restriction of b to W, 4

b; ~ by isometry of by and by, 3

b; ® by tensor product of b; and bs,
12

b; L by external orthogonal sum of
bl and bg, §)

br base extension of b to K, 5

b, polar form of ¢, 133

ban anisotropic part of b, [11

h(p) height of ¢, 102

i(b) Witt index of b, 11

io() Witt index of ¢, 43

W) (), 103

i,(v) gth relative higher Witt index

of o, 103

Jq(X) Jq(0), 103

iq(©) gth higher absolute Witt index
of ¢, 102

nil (W (F)) nilradical of W (F), 122

zd (W (F)) zero divisors of W (F'), 122

Jn(F) set of even non-degenerate qua-
dratic forms of degree at least n,
104

-
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