
Noetherian rings and modules

Proposition. Let R be a ring and M an R-module. Then the following are equivalent:
1. Every submodule of M is finitely generated (fg).
2. M satisfies ACC (the ascending chain condition), i.e., if Mi ⊆M are submodules

and

M1 ⊆M2 ⊆ · · · ⊆Mn ⊆ · · ·
then there exists a positive integer N such that MN = MN+i for all i ≥ 0. We say
every ascending chain of submodules of M stabilizes. (Equivalently, there exists no
infinite chain

M1 < M2 < · · · < Mn < · · · .)
3. M satisfies the Maximum Principle, i.e., if S 6= ∅ is a collection of submodules of
M then S contains a maximal element, that is a module Mo ∈ S such that if Mo ⊆ N
with N ∈ S then N = Mo.

An R-moduleM satisfying any (hence all) of these equivalent conditions is called a noethe-
rian R-module.

Proof. 1) → 2): Let

C : M1 ⊆M2 ⊆ · · · ⊆Mn ⊆ · · ·

be a chain of submodules of M . Then M ′ :=

∞⋃

i=1

Mi ⊆ M is a submodule. By 1), it

is finitely generated, so M ′ =

n∑

i=1

Rxi for some xi ∈ M ′. By definition, xi ∈Mji some

ji. Let s be the maximum of the finitely many ji’s. Then M ′ = Ms. It follows that
Ms = M ′ = Ms+i for all i ≥ 0.

2) → 3). Let ∅ 6= S be a collection of submodules of M . Let M1 ∈ S. If M1 is not
maximal, there exists an M2 ∈ S with M1 < M2. Inductively, if Mi is not maximal, there
exists an Mi+1 ∈ S with Mi < Mi+1. By ACC, the sequence

M1 < M2 < · · · < Mi < · · ·

must terminate.

3) → 1). Let N ⊆M be a submodule. Let

S := {Mi |Mi ⊆ N is a fg submodule }.

Then (0) ∈ S so S 6= ∅. By assumption, there exists a maximal element M ′ ∈ S. If
N 6= M ′ then there exists x ∈ N \M ′. But M ′ fg means that M ′ +Rx ⊆ N is also fg, so
M ′ +Rx ∈ S. This contradicts the maximality of M ′. Hence N = M ′ is fg. �.
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Remark. Let R = F [t1, . . . , tn, . . . ] (infinitely many ti). Let M = R as an R-module.
Then M is fg since cyclic but the ideal (t1, . . . tn, . . . ) is clearly not fg, so R is not a
noetherian R-module. Thus, in general, submodules of fg modules need not be fg.

Definition. Let R be a commutative ring. We say that R is a noetherian ring if R is a
noetherian R-module.

Remark. R is a noetherian ring if and only if every ideal of R is fg if and only if every
ideal of R satisfy ACC.

Example. Every PID is noetherian.

We need another noetherian R-module result.

Proposition. Let N ⊆ M be R-modules. Then M is an R-noetherian if and only if N
and M/N are R-noetherian. Thus if we have an exact sequence

0→M ′ →M →M ′′ → 0

of R-modules and if two of the modules M,M ′,M ′′ are R-noetherian then they all are.

Proof. →: If No ⊆ N is a submodule then No ⊆ M is a submodule hence fg. Thus
N is R-noetherian. By the Correspondence Principle, a (countable) chain of submodules
in M/N has the form M1/N ⊆ M2/N ⊆ · · · where N ⊆ M1 ⊆ M2 ⊆ · · · is a chain of
submodules of M . Thus there exists an r such that Mr = Mr+j for all j ≥ 0 and hence
Mr/N = Mr+j/N for all j ≥ 0.

← is left as an exercise (cf., analogous solvable groups result). �

Corollary. If M,N are noetherian R-modules, so is M ⊕N .

Proof. (M ⊕N)/N ∼= M and N are noetherian. �

Theorem. Let R be a noetherian ring. If M is a fg R-module then M is R-noetherian.

Proof. Suppose M =
n∑

i=1

Rxi. Let φ : Rn →M be the R-epimorphism given by ei 7→ xi,

where {e1, · · · , en} is the standard basis for Rn. Since R is R-noetherian so is Rn by the
Corollary, and hence so is M ∼= Rn/ kerφ. �

Proposition. If φ : R→ S is a ring epimorphism and R is a noetherian ring then S is a
noetherian ring.

Proof. Let A ⊆ S be an ideal. Then φ−1(A) ⊆ R is an ideal hence fg. Thus A = φ(φ−1(A))
is fg. �
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Hilbert Basis Theorem. If R is a noetherian ring so is R[t1, . . . , tn].

Proof. By induction on n, it suffices to show that R[t] is noetherian whenever R is. Let
A ⊆ R[t] be an ideal. We must show that A is fg. Let

In = {r ∈ R | r = 0 or r = lead(f), f ∈ A, deg f = n}.

(Here lead(f) is the leading coefficient of f .) Clearly, In ⊆ R is an ideal for all n. If f ∈ A
then tf ∈ A and lead(f) = lead(tf). Thus In ⊆ In+1 for all n. Since R is noetherian,
there exists an n such that In = In+i for all i ≥ 0. Moreover, every Ij is fg. Let Ij =
(a1j, . . . , amjj) for 0 ≤ j ≤ n for some 1 ≤ mj <∞. By definition, there exist fij ∈ A such
that deg fij = j and lead(fij) = aij . Note that fio = aio for all i.

Claim. A =
〈
fij | 1 ≤ i ≤ mj , 0 ≤ j ≤ n

〉
and hence A is fg.

Let f ∈ A, lead(f) = a, and deg f = d. So f = atd + · · · . If d = 0 then f = a lies in
Io = (f1o, . . . , fmoo) and we are done. We proceed by induction on d.

Suppose that d > 0. If d < n, write a =

md∑

i=1

riaid some ri ∈ R. Then g = f −
md∑

i=1

rifid lies

in A and deg g < d. By induction, g ∈
〈
fij | 1 ≤ i ≤ mj , 0 ≤ j ≤ n

〉
and hence so does

f . Thus we may assume that d ≥ n. Since Id = In, we have a =

mn∑

i=1

riain some ri ∈ R.

Then g = f −
mn∑

i=1

rit
d−nfin lies in A and deg g < deg f = d and again we are done by

induction on deg. �

Remarks. 1. Noetherian domains need not be UFD’s, since Z[
√
−5] is an example of

such.
2. F [t1, . . . , tn, . . .] is a UFD but is not noetherian.

Definition. Let R ⊆ S be commutative rings. We say that S is a fg (commutative)
R-algebra (or an affine R-algebra when R is a field) if there exist x1, . . . , xn ∈ S such
that S = R[x1, . . . xn] as rings (not necessarily a polynomial ring).

Remark. R[t] is a fg commutative R-algebra but definitely not a fg R-module. (Why?)

Corollary. Let S be a fg commutative R-algebra. If R is noetherian so is S.

Proof. Let S = R[x1, . . . , xn]. Since R[t1, . . . , tn] is noetherian and we have a ring
epimorphism R[t1, . . . , tn] → R[x1, . . . , xn] via f(t1, . . . , tn) 7→ f(x1, . . . , xn), all ideals of
S are fg by the Correspondence Principle. �
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Remark. The proof (or definition) shows that S is a fg commutative R-algebra if and
only if there exists and epimorphism R[t1, . . . , tn]→ R[x1, . . . , xn] fixing R.

Lemma. (Artin-Tate) Let R ⊆ S ⊆ T be rings. Suppose that R is noetherian and T is
a fg commutative R-algebra. Suppose that as a S-module T is fg. Then S is an affine
R-algebra.

Proof. Let T = R[x1, . . . xn] as an R-algebra for some xi ∈ T . Let T =
m∑

i=1

Syi as an

S-module for some yi ∈ T . Then

(i). xi =

m∑

j=1

aijyj for some aij ∈ S and

(ii). yiyj =
m∑

k=1

bijkyk for some bijk ∈ S (since T is a ring).

Let So = R[aij, bijk | i, j, k], a fg R-algebra. Then R ⊆ So ⊆ S ⊆ T .

Claim. T is a fg So-module.

Let f ∈ T so f =
∑
ci1,...,inx

i1
1 · · ·xinn for some ci1,...,in ∈ R. Applying (i) and (ii)

repeatedly shows that f ∈
m∑

i=1

Soyi. Thus T = Soy1 + · · ·+ Soym as claimed.

Since So is a fg R-algebra, it is noetherian by the Hilbert Basis Theorem. Thus T , being
a fg So-module, is a noetherian So-module. Consequently, S ⊆ T is a fg So-module. It
follows immediately that S is a fg R-algebra. �

Zariski’s Lemma. Let F be a field and E a ring containing F . Suppose that E is an
affine F -algebra. If E is a field then E is a finite dimensional F -vector space (i.e., a fg
F -module).

Proof. Suppose that E = F [x1, . . . , xm]. Recall that F (x1, . . . , xi) denotes the quotient
field of F [x1, . . . , xi]. Since E is a field, E = F (x1, . . . , xm). Suppose that E is not a finite
dimensional F -vector space. By relabeling the xi, we may assume that F (x1, . . . , xi) is not
a finite dimensional F (x1, . . . xi−1)-vector space for 1 ≤ i ≤ r, some r, and E is a finite
dimensional F (x1, . . . , xr)-vector space. (If K ⊆ L ⊆ M are fields, it is easy to check (do
so) that M is a finite dimensional K-vector space if and only if M is a finite dimensional
L-vector space and L is a finite dimensional K-vector space.) Let K = F (x1, . . . , xr). We
have E = K(xr+1, . . . , xm) is a fg K-module and F is a noetherian ring (since a field).
Thus the lemma implies that K is a fg F -algebra. Write K = F [y1, . . . , yn] for some
yi ∈ K. It is easy to check that if L ⊆ M are fields and x ∈ M has the property that
L[x] is not a finite dimensional F -vector space then L[x] ∼= L[t] and L(x) ∼= L(t) as rings.
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(Exercise.) It follows that K ∼= F (t1, . . . , tr) and F [x1, . . . , xr] ∼= F [t1, . . . , tr] as rings.
Thus we can write

yi =
fi(x1, ..., xr)

gi(x1, ..., xr)

for some fi, gi ∈ F [t1, . . . , tr], gi 6= 0, 1 ≤ i ≤ n. Let g = g1 · · · gn in F [t1, . . . , tr].
Thus g(x1, ..., xr) ∈ F [x1, . . . , xr]. We know F [t1, . . . , tr] contains infinitely many irre-
ducibles. In particular, there exists an irreducible f ∈ F [t1, . . . , tr] such that f 6 | g. Thus
f(x1, ..., xr)6 | g(x1, ..., xr) in F [x1, . . . , xr]. But

1

f(x1, ..., xr)
∈ K = F [y1, . . . , yn] = F

[f1(x1, ..., xr)

g1(x1, ..., xr)
, . . . ,

fn(x1, ..., xr)

gn(x1, ..., xr)

]
.

By clearing denominators, we may choose N ≥ 0 such that

g(x1, ..., xr)
N

f(x1, ..., xr)
∈ F [f1(x1, ..., xr), . . . , fn(x1, ..., xr)].

Then
g(x1, ..., xr)

N

f(x1, ..., xr)
lies in F [x1, . . . , xr], i.e., f |gN in F [t1, . . . , tr], a contradiction. �

Definition. Let R = F [t1, . . . , tn] and A ⊆ R an ideal. Then the set

Z(A) = {a = (a1, ..., an) ∈ Fn | f(a) = 0 for all f ∈ A}

is called the variety defined by A over F .

Hilbert Nullstellensatz. (Weak Form) Let F be an algebraically closed field. Let R =
F [t1, . . . , tn]. Let A ⊆ R be an ideal. Then Z(A) = ∅ if and only if A = R. If A < R then
there exist f1, ..., fr ∈ R such that a ∈ Z(A) if and only if fi(a) = 0 for all i, 1 ≤ i ≤ r.
In particular, if f1, ..., fr ∈ F [t1, . . . , tn] do not generate the unit ideal in F [t1, . . . , tn] then
there exists a point a ∈ F n such that f1(a0 = 0, ..., fr(a) = 0.

Proof. The last statement follows immediately from the Hilbert Basis Theorem. Certainly
if A = R then there exists no a ∈ F n a solution to 1 ∈ R. Suppose that A < R. Then
there exists a maximal ideal m ∈ R such that A ⊆ m. Let : R → R/m. Let E =
R/m = F [t1, . . . , tn]. R is an affine F -algebra hence so is E. By Zariski’s Lemma, E is a
finite dimensional F -vector space. Since F is algebraically closed, this means that E = F .
Indeed let x ∈ E. Then F [x] is a finite dimensional F -vector space so 1, x, x2, . . . , xn

must be linear dependent over F for some n, i.e., x is a root of some non-zero polynomial
f ∈ F [t]. But any such f factors completely over F , since all the roots of f lie in F . So
E = F . Consequently the point (t1, . . . , tn) ∈ En = Fn lies in Z(A), since A ⊆ m, i.e.,
A = m = 0 �

Remark. In the above, Z((f1, . . . , fr)) is the intersection of the ‘hypersurfaces’

f1 = 0, . . . , fr = 0 in Fn.
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Remark. That F is algebraically closed is essential. Indeed f(t1, ..., tn) = t21 + · · ·+ t2n+ 1
has no solution in Rn yet (f) < R[t1, . . . , tn]. Can you state what the above argument
shows when F is not algebraically closed?

Hilbert Nullstellensatz. (Strong Form) Let F be an algebraically closed field. Let
R = F [t1, . . . , tn]. Let f, f1, ..., fr ∈ R. Let A = (f1, ..., fr) ⊆ R. Suppose that f(a) = 0
for all a ∈ Z(A). Then there exists an integer m such that fm ∈ A, i.e., f ∈

√
A. In

particular, if A is a prime ideal then f ∈ A.

Proof. (Rabinowitch Trick). Let S = R[t]. Let B = (f1, ..., fr, 1 − tf) ⊆ S. If B < S
then there exists a point (a1, ..., an+1) ∈ Z(B). Thus fi(a1, ..., an) = 0 for all i and
1 − an+1f(a1, ..., an) = 0. In particular, (a1, ..., an) lies in Z(A). By hypothesis, this
means that f(a1, ..., an) = 0 which in turn implies that 1 = 0, a contradiction. Thus
B = S. So we can write

1 =
r∑

i=1

gifi + g · (1− tf)

for some g, gi ∈ S. Substituting
1

f
for t and clearing denominators yields the result. �
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