
Sampling of Hornological Ring Theory

1!e give some definitions and theorems (no proofs) in homoiogicaJ rirg theory'.

Question I. What is the reiationship between free and projective modules?

1.  ZIQ)UZ|(3)  = Z l rc)  Ln z/ rc) f i  but  Z l@ is  not  Z l rc) - f ree s ince i t  does not  have
enough elements.

2. Examples when all projectives over fi are free.
i. R is a division ring.

i i .  J? is  a PID.
iii. (Kaplansk)') -R is a local rirg.

3. (Bass) If n is commutative and noetherian ring then anv non finitel1' generated ̂ R-
project ive is free.

1 .  Ser re  Con jec tu re .  Le t  -R  -  k [ t l r . . . , t , ]  w i th  &  a f ie id .  Le t  P  €  n i l t  be  a f in i te i l '
generated projective R-module.

i .  (Hi ibert-Serre) P is stably free, i .e., '  there exist posit ive integers n.rn such that
P U R^ =.R' in pII l .

i i .  (Qui l len-Susi in)  P is  f ree.

iRemark .  Le t  .R  -  C ] t r . t r , t r ) l ( t ,2  +  t r2  +  132)  o r  R  -  DL t r .  12 ]  r v i th  D  a  d iv i s ion
ring. Then there exist non-free projective .R-modules.]

Question II. Let R be a domain. \Vhat is the reiationship between I,t € pfi being
to rs ion - f ree .  i . e . .

r m - 0  w i t h r + 0  = : +  n t - 0

and project ive?

1. If P e pfi is projective (R is a domain) then P is a submodule of a free so torsion-free.
2' Q e Ab is torsion-free but not projective. It is flat. Indeed. flats in pfi ane airvays

torsion-free.
3. Finitell' generated torsion-free modules in pfi are alwavs free if and onl], if -R is a

Priifer donain. i.e.. a domain in which everv finitely generated ideat is projecrive.
Exampies:

i '  Valuation Rings. i 'e.,  domains B in which every nor;-zero eiement or i ts inverse
in the quotient field of .R lies in R. In fact. i? is PriLer if and onll' f Ro is a
vaiuation ring for each prime ideaj p in .R.

i i .  Dedekind domains. These are just the noetherian Pr"ufer r ings.
iii. The ring of entire functions on an open fuemann surface.

{' if ft is Prirfer then an ,R-module is flat if and onlv if it is torsion-free.

Question II I .  When are al l  I t  € pf i  projecrive?

Thjs i-* easr'. This is'w'hen ft is a serri-simpie artinian ring. i.e.. .R € nIlI is a surn of
irreducible -R-modules ( i .e..  moduies J!/  l0 rvhich havei..- ,  p.oper submoduies).

Question IV' When are al i  submoduies of a project ive module in pf i  always project ive?



I f  R - Zl lp2 ) with p a prime then

0 - ,  Z l fp)  -  n- f*Zl tp l - -+ 0

is exact in nfi but is not split exact. (!Vhv?) S. y'tf"lt projective but a submodule
of a f ree (hence project i 'e) '  Thus submodules of  project ives need not be projectrve.
A ring 'R is called left hereditary if everl ' left ideal of .R is proje6i'e. If R is left
heredi tan' .  everv submociule of  a projecr ive .R-module is pro3ect ive.
example'  l? is a dedekind domain.e.g. ,  z l t4 i  'whic i r  has non-free project ives.
A finiteil '  submoduie of an .R-projective is always projective if f; i f a Ieft semi-
heredi tary r ing.  i .e. .  a r ing in rvhich everv f in i te l1,g"r . l rut"d ief t  ideal  in,R i .  pro-
jec t i ve .

examples' Prtifer domains. left hereditart 'r ings. and the Smail rins

g'hich is right noethenan. right hereditarl'. left semi-hereditarl, but not left noetherian.

Question v'  \ \rhen is e'ert ' f lat -R-module in 6f i  project ive. i .e..  p is project ive in 6!JIi f  and oniy- i f  gnP is exact?

1' Q e zyn is f lat and not project ive as i t  is not Z-f.ree ancl f t  is a pID.
2' (Bass) Everv L'I  € pDJlfr,at is project ive i f  and onif i f  ,R is a left  perfect r ing, i .e..  .Rser'tisfies the descending chain cond-ition on rtght irirr.ipal ideals. equiralentll.. ever)-0 # M € nfi conrains an irreducibie .R-submocull.
3'  ' \1 € nf i  is cai led f i tely presented or fp i f  there exist posit ive integers m and nand an exact sequence

R* -, -R' -, M - 0 in njll.
Everi' firutei1- presented flat module is projective. In particular. if fi is ieft noetherialever\-f ini tel1'  generated f lat is project ive.

Questiou Vl '  \ \ 'hen is P: i lo P. project ive i f  and onif i f  p* is projeoi 'e for al l  o?
1 '  I t  is  eas ' ro see that  i f  p  is  pro ject ive so is  each po.

? il: , Z is nor Z-free hence not Z-projective.
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Question VIL What is the reiat ionship between P being project ive in nf i  and hp being

exact ?

i.  Z is Z-f lee but h7 ts not exact:
0 - Z  

n , Z - Z l ( n ) - ' 0

is  exact  but  HomzZl ln) ,Z) :  0  in  Rt l t  as Z l@) is  tors ion anC Z rs  tors ion- f ree.

Since Hom2(Z,Z) = Z and rnult ipl icat ion by n is not an isomorphism, hz is not

exac t .

2.  i f  R is  quasi -F lobenius.  i .e . .  r ight  and le f i  noether iar r  and h6 is  exact  (e.g. .Z l t " l

or ft[G] with & an arbitrary fieid and G an arbitrar]'finite group) then

i. Lf P is project ive then hp is exact.
i i .  I f  F is f ini tei) '  generated and hp is exact then P is project ive.


