Mathematics 110AH
HW #2

1.(*) Let a,b € Z™. Repeated use of the Division Algorithm gives the Euclidean Algorithm,
viz., a system of equations

a = bqr +1m O0<ri<b

b = 7192 + T2 0<T2<7"1

1 = 1r9q3+ 73 0<ry <mrey
Tk—3 = Th—2qk—1+Te—1 0<rp_1 <7rgp_2
Tk—2 = Tk—1Qk + 7Tk 0<rp <rg—1
Tk—1 = Tkqr+1+0

Show this ends. Show that r, = gcd(a,b). Plugging in backwards gives 1, = ax + by
for some integers x,y. Do all of this for a = 39493 and b = 19853 (including finding an
appropriate z and y).

2. Let a,b,c be non-zero integers. Let d = ged(a,b). Show the equation az + by = ¢
has a solution x,y in integers if and only if d|c. Moreover, show if d|c and z,,y, is

b a
a solution in integers then the general solution in integers is x, + c_ik’ Yo — Ek for all

integers k.

3. In the proof of the uniqueness of the Fundamental Theorem of Arithmetic, give two
proofs to finish after showing p; = ¢;.

4.(*) Show the following.

(i) Let R be an equivalence relation on A. Then show that the equivalence classes A
under this equivalence relation partitions A. Conversely, if C partitions A, define
~on Ax A by a ~ bif a,b belong to the same set in C. Then ~ is an equivalence
relation on A.

(ii) Through each integer point on the z-axis in the plane R? draw a line perpendic-
ular to the z-axis and the same with the y-axis. Define a (systematic) partition
of the plane that this defines. [Be careful with points on the various lines.] (Of
course, there are many such. I like the one(s) that give nice geometric objects —
when looked it at correctly.)

5. Let m > 1 be an integer. Show all of the following:
(i) Congruence modulo m is an equivalence relation. In particular,

Z=0v1iV...vm—1

i.e., there are m equivalence classes. Let Z/mZ = Z/ = modm = {0,...,m — 1}.



(ii) Let a,b,c,d € Z satisfy
a=c (modm) and b=d (mod m)

then
a+b=c+d (modm) and a-b=c-d (mod m)

(ie,a+b=c+danda-b=c-d).
(iii) Now define a + and - on Z/mZ byd—}—B:_a—}—b_ :
Show that this is well-defined, i.e., if @ = a’ and b = b’ then
a-b=da-b.
This + and - make Z/mZ into a commutative ring.
That is the following axioms are satisfied for all @, b,¢ € Z/mZ:
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1. (@+b)+c=a+ (b+70) [Associativity]
2.a+b=b+a [ Commutativity|
3.a+0=a [Ezistence of zero)
4. a+ (=a) =0 [Existence of additive inverses|
5. (@-b)-c=a-(b-¢ [Associativity of Multiplication]
6. a-b=>b-a [Commutativity of Multiplication]
7.a-1=a=1-a [Ezistence of one]
8. ¢c-(@a+b)=c-a+c-b [ Distributative Law)
9. (@+b)-c=a-c+b-c [Distributative Law)

6. Let c1, co, and c3 be integers. Find an integer x such that x = ¢;  (mod 11), x = ¢
(mod 12) , and x = ¢3 (mod 13). Find the smallest positive integer x satisfying
these equations if ¢; =3, co = 2, and ¢3 = 1.

7. Prove that there exist infinitely many primes congruent to 3 modulo 4.

8.(*) Let p be a prime number. Show that a? =a (mod p) for all integers a.



