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Introduction

Let G be a connected reductive algebraic group over Fp and F' be an endomorphism
of G, a power of which is a Frobenius endomorphism. The finite group G¥" is a finite re-
ductive group. In 1976, Deligne and Lusztig [9] defined quasi-projective varieties X(wF')
attached to elements w of the Weyl group W. These Deligne—Lusztig varieties are en-
dowed with an action of G and therefore their ¢-adic cohomology groups H:(X(wF))
are finite-dimensional representations of G¥.

The explicit decomposition of the virtual characters Y (—1)'H:(X(wF')) was given
by Lusztig (see [16, Thm. 4.23]) and played a key role in his classification of the
unipotent characters of G¥. Much less is known about individual cohomology groups,
but Broué [4,5], Broué-Malle [6] and Broué-Michel [7] formulated conjectures about
those individual cohomology groups, for particular elements w (good regular ele-
ments).

Let B x B be the double flag variety of G. The diagonal G-orbits are parametrized
by the Weyl group, and the Deligne-Lusztig variety X(wF) is the intersection of the
orbit O(w) attached to w with the graph of F'. Therefore the cohomology with compact
support of X(wF') is the cohomology of the restriction of the constant sheaf on O(w)
to the graph of F. This construction works more generally with any G¥-equivariant
constructible complex on the double flag variety and this provides a triangulated func-
tor

Indy : D% (B x B) — D’(G¥-mod)

whose image is the category of unipotent representations. This functor and its
right adjoint were recently studied by Lusztig in [19], in relation with character
sheaves.

There are several advantages of working with general sheaves. First, one can construct
standard objects in Dép (B x B) attached to any element of the braid group of W, not
just elements of W. Second, the category Dé #(B x B) has a convolution for which the
standard objects are invertible. Using further properties of the induction functor one
shows that the cohomology of a Deligne-Lusztig variety X(wF') depends only on the
conjugacy class of wF in the braid group. This was conjectured in [10, Conj. 3.1.7] and
originally proved by Deligne-Lusztig in the case of conjugation by a sequence of cyclic
shifts (see [9, Thm. 1.6, case 1.]).

Theorem A. Let w,w’ € W. Assume that wF and w'F are conjugate under the braid
group of W. Then for every i € Z the GF-modules H:(X(wF)) and H!(X(w'F)) are

isomorphic.

The categories D% (B x B) and D’(G*-mod) are filtered by two-sided cells and
families and Lusztig showed in [19] that the induction functor Ind, and its adjoint
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respect these filtrations. The action by convolution of the standard object attached to
the full twist @ = (wg)? is a shift on the subquotients of this filtration, as shown by
Bezrukavnikov—Finkelberg—Ostrik [2, Remark 4.3]. We use this property to prove the
following theorem which was conjectured by Digne-Michel-Rouquier [10, Conj. 3.3.24].
Here N is the number of positive roots of W and A, is the degree of the generic degree
of p.

Theorem B. Let p be a unipotent character of G¥ and let w € W. We have

(o HE(X(wwF))) g = (p BV H 24 (X(wF))) .

Jar

forallie Z.

In particular, the cohomology of the Deligne-Lusztig variety X(aF') involves only
principal series characters, and in even degrees only. The consequence of such a re-
sult for GL,(¢q) is that one can determine explicitly the cohomology of any Deligne—
Lusztig variety attached to roots of =« in the braid group, using results of the sec-
ond author [11]. In particular, the cohomology groups of different degrees have no
irreducible constituent in common. This was conjectured by Broué-Michel (see [7,
Conj. 5.7(1)]).

Theorem C. Assume that (G, F) is a (split) group of type A. Let d > 1 and w € W be a
d-th root of 7 in the braid group. For all i # j, we have

(H{(X(wF)), HI(X(wF)))gr = 0.

The paper is organised as follows. Section 1 is devoted to the derived category of
equivariant sheaves on the double flag variety. We recall the definition of standard objects
attached to braid group elements and how they behave under convolution. We treat the
particular case of the object attached to the full twist 7. In Section 2 we define the
induction functor Indr as well as its variant Indy. We state the properties of these
functors that we will need in our application. The relation with the cohomology of
Deligne-Lusztig varieties is made in Section 3. The last section is devoted to proving our
three main results.

General notation. We fix a prime number p and denote by F, the finite field with p
elements. We fix an algebraic closure F,, of F,. We also fix a prime number [ different
from p, and we denote by K a field which is an algebraic extension of the field Q; of
l-adic numbers. All varieties will be defined over F,, and all sheaves will be constructible
K-sheaves. Given X a variety, we denote by Kx the constant sheaf on X with value K.
We denote by RI'.(X) the complex of l-adic cohomology with compact support with
coefficients in K, and by H!(X) its i-th cohomology group.
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1. The equivariant derived category ¥
1.1. Sheaves on the flag variety

We refer to [3, §3] for basic results recalled in this section. Let G be a connected
reductive group over F,, and B be its flag variety, a smooth projective variety. We denote
by N its dimension.

Let W be the Weyl group of G, defined as the parameter set of orbits of G in its
diagonal action on Bx B. The orbit O(w) associated with w € W has dimension N +£(w).
The orbit O(1) is the diagonal and S = {s € W | dim O(s) = N + 1} is the set of simple
reflections of W. Given w,w’,w” € W we have ww’ = w" and £(w) + {(w') = L(w") if
and only if the map (B, Ba, B3) — (B1, Bs), defines an isomorphism

Twaw : Ow) x5 O(w') = O(w”).

Note that the orbit O(wp) corresponding to the longest element in W is dense in B x B
and N = £(wy).

We denote by 2 the bounded G-equivariant derived category 2 = DY (B x B). Given
w € W, let j, : O(w) — B x B be the inclusion map. Consider the following objects in
2

A(w) = (juw) Ko w) [l(w) + N,

L<w) = (jw)!*]KO(w) [f(w) + N]
(see Proposition 3.1 for the link between these objects and Deligne-Lusztig varieties).
Since j,, is an affine embedding they are G-equivariant perverse sheaves and L(w) is
simple.

The category Z is endowed with a convolution. Given F,G € 2, the convolution of
F with G is defined by

F O G = (p13)1(plaF @ p33G)[—N],

where p;; : Bx B x B — B x B, (B1, B2, B3) — (B;, Bj). The convolution ® endows 2
with a structure of monoidal category with unit object A(1).

Given w and w’ two elements of W such that ¢(ww’) = ¢(w) 4+ £(w’), the isomorphism
Tw,w' induces canonical isomorphisms

A(w) ® A(w') == A(ww') and V(w) ® V(w') == V(ww'). (1)
In addition, we have canonical isomorphisms (cf e.g. [20, §11.1])

Alw) o V(w™) =5 A1) <& V™) o A(w). (2)
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1.2. Standard objects attached to braids

We fix a set W in bijection with W via w — w.

The Artin—Tits braid monoid B;”V is the quotient of the free monoid on W by the
relations w = wywy whenever w = wiws in W and f(w) = £(wy) + £(ws).

The braid group By is defined as the group of fractions of B;FV. The length on W
extends to a morphism of groups ¢ : Byy — Z such that ¢(w) = ¢(w) for every w € W.

Let S be the set of elements of W corresponding to S under the bijection W = W,
The braid monoid BJ‘V has the classical presentation by braid generators and braid

relations:
+ _ _
B, =(s€S|sts-- =¢st--)
Mst Mst

where my; is the order of st in W for s,t € S.

As in [10, 2.1.2] we consider an enlarged version E'&, of BIJ,FV obtained by adding
generators w for every w € W. These are subject to the following relations, for every
w,w € W:

e ww' = ww' if no element of S occurs both in a decomposition of w and w’ (note
that in this case ww’' € W),

o ww =ww if wo =vw in W and £(wv) = £(w) + £(v) for all v < w’ (in particular,
ww’ = w'w as elements in W). Here, < denotes the Bruhat order.

The length function on B‘TV extends to a morphism of monoids £ : Q‘JV — Z>( given by
Lw) = l(w) for w e W.

Given w € W we set O(w) = O(w) and O(w) = O(w). More generally, given
X = (X1,...,%,) € (WUW)" we set

O(X) = O(Xl) XB O(Xg) XB:*XB O(XT').

Following [7,8,10] we can associate a variety O(b) to every element b € B, It is defined
as the projective limit of the varieties O(x) where x runs over the sequences of elements
of WU W with product b = x; -+ - x,.. In addition, the first and last projection on B
yield a morphism jy, : O(b) — B x B from which one can define the objects A(b) and
V(b) as in §1.1. By construction we get canonical isomorphisms

A(b) ® A(b) =5 A(bb’) and V(b)® V(b') = V(bb') (3)

for every b,b’ € §+W which generalize the isomorphisms (1).

Let b — b* be the anti-involution on By}, that is the identity on S. It lifts the
anti-involution w — w™' on W. More concretely, if b = s, - --s, is a decomposition
into elements in S then b* = s,.- - - s1. The isomorphisms (2) extend to isomorphisms
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A(b) ® V(b*) — A(1) «— V(b*) ® A(b) (4)

for every b € By},. This allows to define an object A(b) in Z associated to any element
b in the braid group By satisfying A(b™!) ~ V(b*) whenever b € B;},. We also
have canonical isomorphisms A(b) ® A(c) = A(bc) for all b, ¢ € By,. Note that the
isomorphisms (4) do not hold for elements in the enriched monoid By}, in general.

Given w € W, the convolutions on the left by A(w) and V(w™1!) are inverse to each
other by (2). We deduce that for any F,G € 2 and b € By, we have

Homg (A(b) ® F,G) ~ Homg(F,A(b™) ® G). (5)
Note that the same holds for the convolution on the right.
1.8. Two-sided cells

We denote by < the two-sided preorder on W defined by Kazhdan—Lusztig [14] (and
denoted by < there). We write w ~ w’ if w < w’ and w’ < w. The two-sided cells of
LR

W are by definition the equivalence classes for this relation. The preorder induces an
order on two-sided cells which we will still denote by <. Recall that {1} and {wg} are
two-sided cells and that {1} is the maximal one while {wg} is the minimal one for <.
We will also write w < w’ if w < w’ and w = w’. Following [17, §2] one can attach a
numerical invariant ar € Z>¢ to any two-sided cell I' of W. It satisfies ar» < ar whenever
I' T (see [17, Th. 5.4]). We have ag;y = 0 and ag,,,y = N.

1.4. Filtration, action of A(m)

Given a two-sided cell I' of W we can form the following thick subcategories Z<r
and Z-r of 2 = D% (B x B): an object F of Z belongs to Z<r (resp. Z<r) if all the
composition factors of all the perverse sheaves P H(F) are of the form L(w) for some
w < I (resp. w < I'). These categories are stable under convolution by any element of
2 on the left or on the right [18, Lemma 1.4 (b)]. In other words, the categories Z<r,
D1 and Pgr/P<r have a structure of bimodule category over 2 for the convolution.

Given b € By, the convolution by A(b) induces a self-equivalence which respects
the filtration by two-sided cells. Consequently, it induces a self-equivalence of monoidal
categories

D<v/D<r — D<r/D<r
F— A(b) o F.
Let wg be the lift in B{,*'V of the longest element in W and let w = (wg)2. The element 7

is a central element of By called the full twist. The following theorem [2, Remark 4.3]
describes the action of A(wr).
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Theorem 1.1 (Bezrukavnikov—Finkelberg—Ostrik). The functor induced by A(w) © — on
D<r/PD<r is isomorphic to the shift functor [—2ar].

Example 1.2. (i) Let I = {1} be the highest two-sided cell. The thick subcategory Z~r
contains L(w) for w # 1. Given s € S, the perverse sheaf A(s) is an extension of L(s)
by L(1) = A(1). Therefore A(s) ~ L(1) in 2/%<r and consequently

A(m) e L(1) ~A(m) ~ L(1) in 9/P<r.

(ii) Let I = {wo}. The perverse sheaf L(wyg) is the constant sheaf on B x B, shifted by
2N. Let j : O(wg) x B < B2 be the inclusion map. We have

P2A(wo) ® pi3 L(wo) =~ H1K o (we)x5[4N].

The restriction of pi3 to O(wg) x B has fibers isomorphic to an affine space of dimension
N, therefore (p13)11Ko(wy)x8 =~ Ksxs[—2N] and we deduce that

A(wg) © L(wo) ~ Kgxp[dN — 2N — N] = L(wp)[—N].
We recover the fact that A(mw) ® L(wo) ~ L(wp)[—2N].

We will use this theorem for objects F € Z<r which lie in the (right) orthogonal of
D<r.

Corollary 1.3. Let F € P<r. Assume that Homg (G, F) = 0 for every G € P<r. We have
A(m) © F ~ F[—2ar]
m @4{‘.

Proof. With the assumptions on F, the quotient functor Z4r — Z<r/%~r induces an
isomorphism of functors Homg_.(—, ) = Homg_/o_.(—, F) (see for example [13, Ex.
10.15(ii)]). Consequently the corollary follows from Theorem 1.1. O

2. Sheaves on GF

Throughout this section we fix an endomorphism F of G such that some power F?
of F is a Frobenius endomorphism defining an F,-structure on G. The finite group G¥
is a finite reductive group. Note that F' acts on B, on W and on Byy.

2.1. Induction and restriction

The group G acts by conjugation on the coset GF (in G x (F)) by h(gF)h~! =
hgF(h~1)F. Note that the coset GF will always be considered as a homogeneous space
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for this action, and not for the translation action. Let D% (GF) be the bounded equivari-
ant derived category of sheaves on the coset GF for this action. By the Lang—Steinberg
theorem, the action of G on GF is transitive. Moreover, the stabilizer of F for this action
is the finite group G¥'. Therefore the functor “fiber at F”

D%(GF) — DY(KG¥-mod) (©)
F — Fr
gives an equivalence between D% (GF) and the bounded derived category of finite-
dimensional representations of G over K. In particular the category D& (GF) is
semi-simple since K has characteristic zero.
Following [19] we define induction and restriction functors between 2 and D% (GF).
Let us consider the following diagram

where f(B,gF) = (B,9F(B)) and w(B,gF) = gF. Since f and w are G-equivariant
morphisms they induce functors between the equivariant derived categories. If we set
Indr = @ f* and Resp = f,ww' then we get an adjoint pair of functors

Indp
—  ———
DY (GF) 2 = D& (B x B).
—
ResF

We denote by % the thick subcategory of D% (G F') generated by the image of Indp. Un-
der the equivalence D&% (GF) ~ D*(KGF-mod), it corresponds to the bounded derived
category of unipotent representations of G over K.

2.2. Filtration

From now on we assume that K is large enough for G, so that KG is split semisim-
ple. To a unipotent character p of G, Lusztig associates two invariants a, and A,

(roughly speaking, they are the valuation and the degree of the polynomial in ¢'/?

rep-
resenting the dimension of p). The unipotent characters of G¥ fall into families, which
are in turn labeled by F-stable two-sided cells of W. The two-sided cell corresponding to
a unipotent character p will be denoted by I',. Given a two-sided cell I' of W we define
U<t (resp. %<r) to be the thick subcategory of D& (GF) generated by the image under

the inverse of (6) of the unipotent KG*-modules p such that I'y < T' (resp. I, < T").
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The following proposition is proved in [19, Prop. 2.4(a)]. Note that our definition of
Resp differs from the one of Lusztig who uses fizw* instead. However, the two definitions
are exchanged by Poincaré—Verdier duality, which preserves the filtrations on both &
and % .

Proposition 2.1. Let I' be an F'-stable two-sided cell of W. The functors Indp and Resp
restrict to functors

Indp IIldF
.@-\q‘ and 02/<F

Resp Resp

U<t

S

@<1".

Remark 2.2. The map w — wwy induces an order reversing bijection on families. As
explained in [19, §1.3] the map p — I', differs from the original definition of Lusztig
(see [16, §4]) by multiplication by wq. In particular we have a, = ar ,w,-

As an example, let us consider the perverse sheaf L(wg) which is, up to a shift, the
constant sheaf on B x B. Its image by Indr has only the constant sheaf Kgr as a
composition factor. Under the equivalence D% (GF) ~ DY(KG%-mod), this constant
sheaf corresponds to the trivial unipotent character 1gr. With our previous notation
this means that I'1 . = {wo} is the lowest two-sided cell. Note that a1, = 0 whereas
fwe} = N.

2.3. Further properties of the functor Indp
Given a variety X acted on by G, we will denote by
Forgr : D% (X) — D& (X)
the forgetful functor. Let Y be another variety which is only acted on by the finite group
GF. We consider the induced variety X = G xgr Y and the inclusion ty : Y — X.

The action of G on X is given by left multiplication on the left factor and the map ¢y
is G¥-equivariant. By [1, §2.6.3] there is an equivalence of categories

By oFor&r : D% (G xgr Y) == DYr(Y).
When Y = {F'} we recover the equivalence (6).

Proposition 2.3. Let vp : {F} — GF and ¢ : B < B x B be the inclusion of the graph of
F in the double flag variety. There is an isomorphism of functors

Uy oForGr olndy = RT(B,1* o ForGe(—)).
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Proof. Let w’ : B — {F'} be the structure map and define /' : B — B x GF by /(B) =
(B, F). There is a proper base change isomorphism ¢} == w’1(¢/)* and a canonical

isomorphism ()*f* =(f)* = +* making the following diagram commutative. Note
also that the right square is cartesian:

Note that the forgetful functor commutes with the pull-back and push-forward functors.
So we have a canonical isomorphism Forg rolndp = w o f*o Forg r. The proposition
follows by composing those three isomorphisms. 0O

Proposition 2.3 shows that the induction functor Indg factors through the forgetful
functor. From now on we will work with G¥-equivariant sheaves and the induction
functor

Ind, = RT(B,*(-)) : D&r (B x B) — D’"(KG-mod).

With this notation, Proposition 2.3 can be rephrased into the existence of a natural
isomorphism

(Indp(F)) , — Ind . (Forgr F) (7)

for all F € 2. Unless there is a risk of confusion, we will continue to denote by A(b) the
image under the forgetful functor of the standard objects attached to elements of the
braid group. In particular (7) will be written

(Indr A(b))r — Ind- A(b).
The convolution ® defined in §1.1 makes sense also in the Gf'-equivariant derived cat-

egory, and again we shall use the same notation. Finally, since F is G -equivariant, it
induces canonical isomorphisms

F*(A(b)) = A(F~ (b)) and F.(A(b)) = A(F(b)) (8)

in the category DY, (B x B). Note that it is crucial to work with G*-equivariant sheaves
here, as such isomorphisms do not make sense in the category 2.
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Broué and Michel [7, §2.A] constructed G'-equivariant morphisms between Deligne—
Lusztig varieties inducing isomorphisms between their cohomology groups. In our setting
this can be rephrased as an isomorphism

Indj (A(c) © A(F(b))) > Ind . (A(b) © A(c)) ©)

in D*(KG¥-mod), for any b,c € BIJ/FV. Following a result of Lusztig in the case of char-
acter sheaves [18, 1.11(a)] we construct such an isomorphism for general objects in the
equivariant derived category DbGF (B x B). We expect our construction to generalize the
one of Broué-Michel but we did not check that.

Proposition 2.4. Let F,G € Dgr (B x B). Then there exists an isomorphism
crg :Indp(FOG) = Indp(F*(G) © F)
which is natural in F and G.

Proof. Let us first consider the following commutative diagram, where the bottom right
square is cartesian

(%
72
BxB (10)
ij / l
, p1
BXB<TB><B><B B
\Lpls/
B x B

and the maps are given by

V' (B1, By) = (B1, Ba, F(By)),
pij (B, B, B3) = (B;, Bj),
p1(Bi, B2) = B,

¢ij = pijol',

0(B1, Bs) = (B, F(B1)).

Given F and G two objects in Dgr (B x B), we have natural isomorphisms

U ((pr3)i(piaF © p339)) — (P (P1oF ®p33G)  (base change)

-~
— (p1)1(g52F © ¢530) (composition)
= (p)1(F ® 0*G)
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since q12 = Idpxp and ¢o3 = 0. We denote by 1 the isomorphism of functors obtained
after taking global sections:

n:Indp(—1 © —2) = RI(B x B, —1 ® 0"(—2))[-N].

As 0 is an equivalence of étale sites, the unit 1 = 6,.60* is a natural isomorphism of
functors (and note that 6, = 6). Consequently we obtain another sequence of natural

isomorphisms
F®R0°G "5 00" (F®0°G) (unit)
= 6,(0*F @ F*G) (composition)
= 0(F*G ® 0" F). (symmetry)
Note that we have used that 62 = F. Combining these with the isomorphism

RI(B,60,(-)) = RI'(B,—) coming from the composition of push-forwards, we obtain
a natural transformation « given by

v:RU(Bx B,—1 ®0*(—2)) — RT(B x B, F*(—3) ® 6*(—1)).
The composition ¢ = ! oy o7 gives the required natural isomorphism. O
3. Deligne-Lusztig varieties and their cohomology

Let w € W. Recall from §1.1 that O(w) denotes the G-orbit on B x B associated
to w. The intersection of O(w) with the graph I'p of F is the Deligne-Lusztig variety
X(wF) associated to wF

X(wF) = O(w)NTr = {(B,B') € O(w) | B' = F(B)}.

It is a smooth quasi-projective variety of dimension ¢(w). We denote by H*(X(wF))
(resp. H:(X(wF))) the i-th cohomology group (resp. cohomology group with compact

support) of X(wF) with coefficients in K. We denote by IH*(X(wF)) the i-th inter-
section cohomology group of X(wF') with coefficients in K. The action of G on O(w)
restricts to an action of G on X(wF). Consequently, the three types of cohomology
groups above are representations of G over K.

Recall from §1.2 that one can also attach a variety O(b) to any element b of the braid
monoid B‘TV. We define more generally the variety X(bF') by the following cartesian

square:

X(bF)"— O(b) (11)

| |

- >BxB
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where ¢ : T'p < B x B is the inclusion of the graph of F'. The various cohomology groups
of Deligne-Lusztig varieties can be obtained through Indp as the image of the objects
in 9 defined in §1.1 and §1.2. For convenience we will state the result for the functor
Ind defined in §2.3 instead of Indp (see also (7)).

Proposition 3.1. We have, for all b € B‘J,FV and w e W,

(i) Indp(A(b)) =~ RT(X(bF))[N + {(b)],
(ii) Indp(V(b)) ~ R[(X(bF))[N + ((b)],
(iii) Indp(L(w)) = IC(X(wF), Kx(wr))[N + £(w)].
Proof. Let b € By, and ji, : O(b) — B x B be the map considered in §1.2. Since we
are working with G -equivariant sheaves, we shall consider ji, as a G'-equivariant map
only. By base change on (11), we get an isomorphism

(Ab)) =" (jb) (Ko [N + £(b)] = (i) (Kx(p)) [V + £(b)]

from which we deduce (i) after taking the global section functor RI'(B, —). The isomor-
phism (ii) is obtained in a similar way using the smooth base change on (11).

For (iii), we follow the proof of [15, Lemma 4.3]. We fix an F-stable Borel subgroup
By of G, an F-stable maximal torus Ty of By and we identify B with G/Bg and W with
Ng(To)/To. Let 7 : G — G/Bg be the canonical map and £ : G — G, g — g 1 F(g)
be the Lang map. Let X,, = L~ (BowBy). The varieties BowBy and X,, are stable
by right multiplication by Bgy. The map 7 : G — G/By is a principal bundle and, by

definition, we have 7(X,,) = X(wF'). Let us now consider the following commutative
diagram:

X, G x BowBy, —~~ BowB,

.| }
Lw

X(wF) O(w),

where 7, (resp. t,,) denotes the restriction of 7 (resp. ¢), ¢(g) = (g9,£(9)), ¥(g,h) =
(9By, 9"By) and p, is the second projection. By abuse of notation we will still denote by
L(w) its restriction to the closed subvariety O(w) of B x B. We have 7 (1,)* (L(w)) ~
p*p*(L(w)). Since @ is a smooth map (with fibers isomorphic to By x Bg), we have

1/1*(L(w)) ~ IC(G X Bo’wBQ,KngowBo)[N + K(w)]
As G is smooth, this shows that

V¥ (L(w)) ~ K B IC(BowBo, Kp,ws, ) [N + {(w)]
~ p5 IC(BowBo, KB, wB, ) [N + £(w)].
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The map ps o ¢ is the restriction of £ to a map X,, — BowBy. Since this map is étale
(hence smooth), one gets that

7 (1) (L)) = IO K g ) [N + Ew)].
As m, is a principal bundle, this forces
(1) L{w) = IO(X(WF), K¢ [NV + ()],
as expected. O
4. Applications
4.1. Invariance under conjugation by By

Let b,c € By . Using the results of the previous sections we obtain a sequence of
isomorphisms in D*(KG¥-mod)

Indp AlhF(c™)) = Indy (A(e) © Ab) © A(F(e)))
= Indp (F*A(F(c™) @ A(c) © A(b)) (by Proposition 2.4)
5 Tnd, (Ale™) © Afe) ® A(b)) (by (3))
— Indp A(Db).

By Proposition 3.1 this has the following consequence, which was conjectured in [10,
Conj. 3.1.7].

Theorem 4.1. Let b,b’ € Bﬁ,’v. If bF and b'F are conjugate under By, then for every
i € Z the KG¥ -modules H:(X(bF)) and H:(X(b'F)) are isomorphic.

4.2. Translation by the full twist ™

Recall from §2.2 that to every unipotent character p is attached an F-stable two-sided
cell T', and invariants a, and A,. Digne-Michel-Rouquier conjectured in [10, Conj. 3.3.24]
a relation between the cohomology of the Deligne-Lusztig varieties X(bF') and X(wbF).
We give here a proof of this conjecture using Theorem 1.1.
Theorem 4.2. Let p be a unipotent character of G and b € E?,},. We have

(. HL(X(TbF)) ) = (p H V224 (X (D))

foralli e Z.
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Proof. Let F, € %<r, be the image of p under the inverse of (6). Given i € Z and
w € W, Proposition 3.1 shows that

Homg (L(w)[i], Resp(F,)) ~ Homg, (Indp(L(w))[i], Fp)
~ Homggr (Indp(L(w))[d], p)
~ Homggr (IHTVT) (X (wF)), p)

which is zero unless w € I' with I'; < T (see Proposition 2.1). Consequently,
Homg (G, Resp(F,)) = 0 for every G € Z-r,. Using Corollary 1.3 we get the following
isomorphism in 2

A(m™") © Resp(F,) ~ Resp(F,)[2ar, .

Let b € ﬁ'&, and ¢ € Z. Using the adjunctions and the previous isomorphism we
obtain

Homg, (Indp(A(xb))[i], F,) ~ Homgy

—~

A(mb)[i], Resp(F,))
A(b)[i], A(m™!) © Resp(Fp))
A(b)[i], Resp(F,)[2ar,])
Indr(A(b))[i — 2ar,], Fp).

—~

~ Homg

~ Homg

—~

~ Homg,

—~

By Proposition 3.1, under the equivalence (6) between D% (GF) and D*(KG'-mod) the
previous isomorphism becomes

Homggr (HIPN ) (X (nbF)), p) ~ Homger (He 072 (X (bF)), p)

and we conclude by taking the dimensions and using the equality £(m)+2ar, = 4N —2A4,
which comes from the definition of A,. O

As a particular case, the cohomology of the Deligne-Lusztig variety associated to the
full twist is given by

H:(X(nxF)~ @ pP¥V[24, —4N] (12)
xEIrr (WF)

where p, is the principal series unipotent character corresponding to x. This was first
conjectured by Broué-Michel [7, Conj. 2.15(3), (4), (5)]

4.8. Cohomology for roots of the full twist in type A

We finish by stating some consequences of Theorem 4.2 for groups of type A using
the results of [11]. In this section only we assume that G = GL,, and F is the standard
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Frobenius endomorphism. The following result solves a conjecture of Broué-Michel (see
[7, Conj. 5.7(1)]) in this case.

Theorem 4.3. Assume that (G, F) is a group of type A. Letd > 1 and w € By}, be a d-th
root of 7. For all i # j, we have

(H{X(WF)), HI(X(WF)))gr = 0.

Proof. By [12, Thm. 1.1] the set of d-th roots of 7 forms a single conjugacy class.
Therefore by Theorem 4.1 it is sufficient to prove it for a specific d-th root. By [7,
Thm. 3.12] the image of w in W is a regular element, therefore d must be a regular
number (in this case a divisor of n or n — 1). Then the result follows from [11, Cor. 3.2]
and (12). O

Remark 4.4. Note that the combination of [11, Cor. 3.2] and (12) gives a complete proof
of the conjecture stated in [11, Conj. 1]. This implies that one can compute explicitly the
cohomology of Deligne-Lusztig varieties attached to roots of 7, and also their parabolic
versions for GL,,.
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