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Abstract. In this paper we complete the determination of the Brauer trees of unipotent blocks (with
cyclic defect groups) of finite groups of Lie type. These trees were conjectured by the first author
in [19]. As a consequence, the Brauer trees of principal £-blocks of finite groups are known for

> T1.
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1. Introduction

A basic problem in the modular representation theory of finite groups is to determine
decomposition matrices. The theory of blocks with cyclic defect groups that originated
with Brauer [5] and was completed by Dade [21] encodes the Morita equivalence class
of a block in a planar embedded tree. Its vertices correspond to ordinary irreducible rep-
resentations, its edges to modular irreducible representations, and the edges containing a
given vertex correspond to the composition factors of a modular reduction of the ordinary
irreducible representation.

The prospect of determining all Brauer trees associated to finite groups is a fundamen-
tal challenge in modular representation theory. In 1984, Feit [32, Theorem 1.1] proved
that, up to unfolding—broadly speaking, taking a graph consisting of several copies of a
given Brauer tree and then identifying all exceptional vertices—the collection of Brauer
trees of all finite groups coincides with that of the quasisimple groups.

For alternating groups and their double covers, the Brauer trees are known [62], and
for all but the two largest sporadic groups all Brauer trees are known (see [50] for most
of the trees). The remaining quasisimple groups, indeed the ‘majority’ of quasisimple
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groups, are groups of Lie type G(g): if £ is a prime dividing |G (q)| then either £ { g or
£ | g—in the latter case, for there to be an £-block with cyclic defect group we must have
G/Z(G) = PSL;(¢) and the Brauer tree must be a line.

Thus the major outstanding problem is to determine the Brauer trees of £-blocks of
groups of Lie type when £ 1 ¢g. Conjecturally, all such blocks are Morita equivalent to
unipotent blocks (‘Jordan decomposition of blocks’). It is known that every block is
Morita equivalent to an isolated block of a possibly disconnected reductive group [1],
and the case of isolated blocks with cyclic defect is currently under investigation by the
first author and Radha Kessar.

Here we complete the determination of the Brauer trees of unipotent blocks of G(g).
We determine in particular the trees occurring in principal blocks. Our main theorem is
the following.

Theorem 1.1. Let G be a finite group of Lie type and let £ be a prime distinct from the
defining characteristic. If B is a unipotent £-block of G with cyclic defect groups then the
planar-embedded Brauer tree of B is known. Furthermore, the labelling of the vertices
by unipotent characters in terms of Lusztig’s parametrization is known.

Theorem 1.1 has the following corollary.

Corollary 1.2. Let G be a finite group with cyclic Sylow £-subgroups. If £ # 29, 41,47,
59,71, then the (unparametrized) Brauer tree of the principal £-block of G is known.

Note that a solution of the Jordan decomposition conjecture for isolated blocks with cyclic
defect would extend the previous corollary to all blocks with cyclic defect groups of all
finite groups (for ¢ > 71 so that no sporadic groups are involved).

A basic method to determine decomposition matrices of finite groups is to induce
projective modules from proper subgroups. In the case of modular representations of finite
groups of Lie type in non-defining characteristic, Harish-Chandra induction from standard
Levi subgroups has similarly been a very useful tool to produce projective modules. Here,
we introduce a new method, based on the construction, via Deligne—Lusztig induction, of
bounded complexes of projective modules with few non-zero cohomology groups. This
is powerful enough to allow us to determine the decomposition matrices of all unipotent
blocks with cyclic defect groups of finite groups of Lie type.

In [30], the second and third authors used Deligne-Lusztig varieties associated to
Coxeter elements to analyse representations modulo ¢, where the order d of ¢ modulo
£ is the Coxeter number. Here, we consider cases where that order is not the Coxeter
number, but we use nevertheless the geometry of Coxeter Deligne-Lusztig varieties, as
they are the best understood, and have certain remarkable properties not shared by other
Deligne-Lusztig varieties.

Our main result is the proof of the first author’s conjecture [19] in the case of blocks
with cyclic defect groups. That conjecture is about the existence of a perverse equivalence
with a specific perversity function. Using the algorithm that determines the Brauer tree
from the perversity function [17], the first author had proposed conjectural Brauer trees
and proved that his conjecture held in many cases. We complete here the proof of that
conjecture.
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The methods we use to determine the Brauer trees are a combination of standard ar-
guments and more recent methods developed in [28, 29, 30]. We start with the subtrees
corresponding to various Harish-Chandra series, giving a disjoint union of lines provid-
ing a first approximation of the tree. The difficulty lies in connecting those lines with
edges labelled by cuspidal modules. Many possibilities can be ruled out by looking at the
degrees of the characters and of some of their tensor products. These algebraic methods
have proved to be efficient for determining most of the Brauer trees of unipotent blocks
(see for instance [48, 49]), but were not sufficient for groups of type E7 and Eg. We over-
come this problem by using the mod-¢ cohomology of Deligne—Lusztig varieties and their
smooth compactifications. This is done by analysing well-chosen Frobenius eigenspaces
on the cohomology complexes of these varieties and extracting

e projective covers of cuspidal modules, giving the missing edges in the tree,
e Ext-spaces between simple modules, yielding the planar-embedded tree.

This strategy requires some control on the torsion part of the cohomology groups, and for
that reason we must focus on small-dimensional Deligne-Lusztig varieties only (often
associated with Coxeter elements).

The simplest statement is obtained when the order of a Coxeter torus and the order of
proper Levi subgroups are prime to £. In that case, we are able to determine part of the
tree (Corollary 4.23). The most delicate part is the last statement below. It involves the
planar embedding of the tree and unipotent representations corresponding to conjugate
eigenvalues of the Frobenius. We show that

o there is a line L starting with the trivial module Lo = K, continuing with r (= F,-rank
of the group) principal series unipotent representations L1, ..., L,, the last of which
L, is the Steinberg representation St;

e St is connected to the non-unipotent (usually exceptional) vertex by the edge corre-
sponding to the modular Steinberg module Sty;

e if a vertex not in L is connected to L by an edge, then it must be connected to the
Steinberg representation or the non-unipotent vertex;

e the (irreducible) representation V corresponding to the part of the r-th cohomology
group with compact support of the Coxeter Deligne—Lusztig variety on which the
Frobenius acts by an eigenvalue congruent to ¢” modulo £ is attached to St by an edge;
that edge comes after the edge connecting St to L,_1 and before the edge connecting
St to the non-unipotent vertex, in the cyclic ordering of edges around St.

LS
\N 7/
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We now briefly describe the structure of the article. Section 3 is devoted to general results
on unipotent blocks of modular representations of finite groups of Lie type, using alge-
braic and geometrical methods. In Section 4, we deal specifically with unipotent blocks
with cyclic defect groups. After recalling in §4.1 the basic theory of Brauer trees, we con-
sider in §4.2 the local structure of the blocks. In §4.3, we establish general properties of
the trees, and in particular we relate properties of the complex of cohomology of Coxeter
Deligne-Lusztig varieties to properties of the Brauer tree. A key result is Lemma 4.20
about certain perfect complexes for blocks with cyclic defect groups with only two non-
zero rational cohomology groups. In §5 we complete the determination of the trees, which
are collected in the appendix. The most complicated issues arise from differentiating the
cuspidal modules Eg[0] and Eg[62] when d = 18 (§5.2.3) and ordering cuspidal edges
around the Steinberg vertex for d = 20 (§5.2.5).

2. Notation

Let R be a commutative ring. Given two elements a and r of R with r prime, we denote
by a, the largest power of r that divides a. If M is an R-module and R’ is a commutative
R-algebra, we write R’'M = R’ Qg M.

Let ¢ be a prime number, O the ring of integers of a finite extension K of ¢, and
k its residue field. We assume that K is large enough so that the representations of finite
groups considered are absolutely irreducible over K, and the Frobenius eigenvalues on
the cohomology groups over K considered are in K.

Given a ring A, we denote by A-mod the category of finitely generated A-modules,
by A-proj the category of finitely generated projective A-modules and by Irr(A) the set of
isomorphism classes of simple A-modules. When A is a finite-dimensional algebra over
a field, we identify Ko(A-mod) with ZIrr(A) and we denote by [M] the class of an A-
module M. Given two complexes C and C’ of A-modules, we denote by Hom, (C, C') =
@i,j Homy (C', C'/) the total Hom-complex.

Let A be either k, O or K and let A be a symmetric A-algebra: A is finitely generated
and free as a A-module and A* is isomorphic to A as an (A, A)-bimodule. An A-lattice
is an A-module that is free of finite rank as a A-module.

Given M € A-mod, we denote by Py a projective cover of M. We denote by
Q (M) the kernel of a surjective map Py — M and we define inductively QM) =
QY (M)) for i > 1, where Q°(M) is a minimal submodule of M such that
M/ Q°(M) is projective. Note that ©'(M) is unique up to isomorphism. When M is
an A-lattice, we define Q' (M) as (Q/(M*))*, using the right A-module structure on
M* = Homp (M, A).

We denote by Ho’(A) and D?(A) the homotopy and derived categories of bounded
complexes of finitely generated A-modules. Given a bounded complex C of finitely gen-
erated A-modules, there is a complex C™¢ of A-modules, unique up to (non-unique)
isomorphism, such that C is homotopy equivalent to C™¢ and C™¢ has no non-zero direct
summand that is homotopy equivalent to O.

Suppose that A = k. We denote by A-stab the stable category of A-mod, i.e., the
additive quotient by the full subcategory of finitely generated projective A-modules. Note
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that the canonical functor A-mod — D?(A) induces an equivalence from A-stab to the
quotient of D”(A) by the thick subcategory of perfect complexes of A-modules, making
A-stab into a triangulated category with translation functor Q7!

Suppose that A = O. We denote by d : Ko(K A) — K(kA) the decomposition map.
It is characterized by the property d([K M]) = [kM] for an A-lattice M.

Let G be a finite group and A = KG. We identify Irr(A) with the set of K-valued
irreducible characters of G. Given x € Irr(K G), we denote by b, the block idempotent
of OG that is not in the kernel of x. We put eg = |G|~} deG g.

Let Q be an £-subgroup of G. We denote by Brg : OG-mod — kNg(Q)-mod the
Brauer functor: Brg (M) is the image of M € in the coinvariants (kM o =k®ooM.We
denote by brg : 062 - kCg(Q) the algebra morphism that is the restriction of the
linear map defined by g — yec(0)8, Where dgcpr equals 1if g € H and O otherwise.

3. Modular representations and geometry

3.1. Deligne—Lusztig varieties

3.1.1. Unipotent blocks. Let G be a connected reductive algebraic group defined over an
algebraic closure of a finite field of characteristic p, together with an endomorphism F,
a power of which is a Frobenius endomorphism. In other words, there exists a positive
integer 8 such that F° defines a split [Fs-structure on G for a certain power q° of p, where
q € R.o. We will assume that § is minimal for this property. Given an F'-stable closed
subgroup H of G, we will denote by H the finite group of fixed points, HY. The group G
is a finite group of Lie type. We are interested in the modular representation theory of G
in non-defining characteristic, so that we shall always work under the assumption £ # p.

Let T C B be a maximal torus contained in a Borel subgroup of G, both of which are
assumed to be F-stable. Let W = Ng(T)/T be the Weyl group of G, and S be the set
of simple reflections of W associated to B. We denote by r = rg the F-semisimple rank
of (G, F), i.e., the number of F-orbits on S.

Given w € W, the Deligne—Lusztig variety associated to w is

Xg(w) = X(w) = {gB € G/B| g"'F(g) € BB},

It is a smooth quasi-projective variety endowed with a left action of G by left multiplica-
tion.

Let A be either K or k. Recall that a simple A G-module is unipotent if it is a composi-
tion factor of H’C X(w), A) for some w € W andi > 0. We denote by Uch(G) C Irr(KG)
the set of unipotent irreducible K G-modules (up to isomorphism).

A unipotent block of OG is a block containing at least one unipotent character.

Given a parabolic subgroup P of G with unipotent radical U and an F-stable Levi
complement L, we have a Deligne—Lusztig variety

YL CP)={gUeG/U|g 'F(g) eU- FU)},
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a variety with a left action of G and a free right action of L by multiplication. The
Deligne—Lusztig induction is defined by

Rp p: ZIr(KL) — ZIr(KG),  [M]+ Y (—D'[H.(Yg(L C P)) ®k1 M].

i>0

We also write RLG = RSCp. We denote by *Rch : ZIrt(KG) — ZIrr(K L) the adjoint
map. We have R{®_p(Uch(L)) C ZUch(G) and *R{*_p(Uch(G)) C ZUch(L).

Let w € W and let & € G be such that A~ F(h)T = w. The maximal torus L =
hTh~! is F-stable. It is contained in the Borel subgroup P = hBA~! with unipotent
radical U. In that case, the map gU — gUh = gh(h~'Uh) identifies Y(L C P) with the
variety

Yow) =Y(w) ={gVeG/V|g 'F(g) € VibV}

where V.= h~1Uh is the unipotent radical of B and w = h='F(h) € Ng(T). Further-
more, there is a morphism of varieties

Y(w) — X(w), gV gB,

corresponding to the quotient by T/ ~ L.

3.1.2. Harish-Chandra induction and restriction. Given an F-stable subset I of S, we
denote by Wy the subgroup of W generated by / and by P; and L; the standard parabolic
subgroup and standard Levi subgroup respectively of G corresponding to /. In that case,
the maps REI and *Rfl are induced by the usual Harish-Chandra induction and restriction
functors. A AG-module V is cuspidal if *Rfl (V) = 0 for all proper F-stable subsets /
of S.

The following result is due to Lusztig when L is a torus [54, Corollary 2.19]. The same
proof applies, using Mackey’s formula for the Deligne—Lusztig restriction to a torus.

Proposition 3.1. Let L be an F-stable Levi subgroup of G and v an irreducible charac-
ter of L such that (—1)"67'L RLG () is an irreducible character of G. If { is cuspidal and
L is not contained in a proper F-stable parabolic subgroup of G, then (—1)"67"L Rg W)
is cuspidal.

Proof. Let T be an F-stable maximal torus contained in a proper F-stable parabolic
subgroup P of G. The Mackey formula (see [22, 7.1]) provides a decomposition

1 x
RERL (W) = == > "Ry (¥)
|L| xeG
Tc*'L
where *1 := ¥ oadx~!. Let x € G with T C *L. By assumption, *L ¢ P, hence
T lies in the proper F-stable parabolic subgroup *L N P of “L. Since ¥ is cuspidal,
¥* is a cuspidal character of *L, hence *R}L *v¥) = 0 by [54, Proposition 2.18]. It
follows that *RY ((—1)"6*"LRE (y)) = 0, hence (—1)"6*"2RY(y) is cuspidal by [54,
Proposition 2.18]. O
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Let A = OGD be a block of OG. Let P be an F-stable parabolic subgroup of G with
unipotent radical U and an F-stable Levi complement L. Let A’ = OLJ’ be a block
of OL. We say that A is relatively Harish-Chandra A’-projective if the multiplication
map bOGeyb' @ eyb’'OGb — OGb is a split surjection as a morphism of (A, A)-
bimodules. This implies in particular that any projective A-module is a direct summand
of the Harish-Chandra induction of a projective A’-module.

The first part of the following lemma follows from [24, Proposition 1.11] (see
[1, Proposition 3.4(b)] for the general case of a p’-solvable group), while the second part
is immediate.

Lemma 3.2. Let P be an F-stable parabolic subgroup of G with unipotent radical U
and an F-stable Levi complement L. Let Q be an {-subgroup of L. Then P N Cg(Q)°
is a parabolic subgroup of Cg(Q)° with unipotent radical V.= U N Cg(Q) and Levi
complement L N Cg(Q)°.

Given b and b', block idempotents of OG and OL respectively, we have an isomor-
phism of (kC(Q), kCr(Q))-bimodules Brag(bOGeyb') > brg(b)kCg(Q)ey bro (D).

Let D be a defect group of A and let H = C¢, (D). Assume that H = Cg(D). Let A be a
character of H that is trivial on Z(D) and brp (b)b; = b;..
The following lemma is a variation on [53, Proposition 4.2].

Lemma 3.3. Let P be an F-stable parabolic subgroup of G with unipotent radical U
and an F-stable Levi complement L. Assume that D < L and let ' be a character
of Cr(D) such that (*RZQL (M), MY # 0 and )\ is the lift to Cr (D) of a defect zero
character of C(D)/Z (D). Let A’ = Ob' be the block of OL of defect group D such that
brp (b')b;s = bys. Then the block A is relatively Harish-Chandra A’-projective.

Proof. Let V be the unipotent radical of HN P and let M = HN L, a Levi complement
of Vin HNP. Note that D C M = C (D).

Recall that H = Cg (D). The condition (*R Zn 1 (A), A’y # 0 implies that the multipli-
cation map

byk(H/Z(D))eyby Qim/zp) evbyk(H/Z(D))b) — k(H/Z(D))b;,
is surjective. It follows from Nakayama’s Lemma that the multiplication map
bykHDb) Qiym kHDb; /by — kHD),,

is also surjective.
Since brp(ey) = ey, the commutativity of the diagram

mult

kH @iy kH <2 > (kG @y kG)AP (kG)AP

i can can i

Brap(kG QL kG) ————— Brap(kG) |can
Brap (mult) T

kH
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together with Lemma 3.2 shows that the multiplication map induces a surjection
BI‘AD(kaeU b/ QkL bleuka) - BI‘AD (ka)

We deduce from [1, Lemma A.1] that the multiplication map gives a split surjective mor-
phism of (OGb, OGb)-bimodules bOGeyb' @y b'ey OGb — bOG. O

3.1.3. Complex of cohomology and Frobenius action. Following [30, Theorem 1.14],
given a variety X defined over F s with the action of a finite group H, there is a bounded

complex ﬁFC(X , 0) of O(H x (F%))-modules with the following properties:

. ﬁl‘c (X, O) is unique up to isomorphism in the quotient of the homotopy category of
complexes of O(H x (F?®))-modules by the thick subcategory of complexes whose
restriction to O H is llomotopic to 0;

o the terms of Respy RI'. (X, O) are direct summands of finite direct sums of modules
of the form O,SH/L)» where L is the stabilizer in H of a point of X

e the image of R[".(X, ) in the derived category of O(H x (F?)) is the usual complex
RI.(X, O).

Note that in [30] such a complex was constructed over k instead of O, but the same
methods lead to a complex over O. Indeed, note first that there is a bounded complex of
O(H x (F 3))-modules C constructed in [63, §2.5.2], whose restriction to O H has terms
that are direct summands of possibly infinite direct sums of modules of the form O(H /L),
where L is the stabilizer in L of a point of X. Furthermore, that restriction is homotopy
equivalent to a bounded complex whose terms are direct summands of finite direct sums
of modules of the form O(H /L), w}lere L is the stabilizer in H of a point of X. One can
then proceed as in [30] to construct R['. (X, O).

Given A € k*, we denote by L()) the inverse image of A in O. Given an O(F?)-
module M that is finitely generated as an O-module, we denote by

Mgy ={me M |3r,..., Ay € L(}) such that (F® — A1) --- (F® — An)(m) = 0}

the ‘generalized A-eigenspace mod £’ of F g,
The image of RI'.(X, k) ;) in D?(kH) will be denoted by RI'.(X, k) () and we will
refer to it as the generalized A-eigenspace of F® on the cohomology complex of X.
When ¢ { |T*F|, the stabilizers of points of X(w) under the action of G are £'-groups
and the terms of the complex of OG-modules RI".(X(w), O) are projective.

Lemma 3.4. Let w € W be such that T* has cyclic Sylow £-subgroups. Given ¢ € k*,
we have
RIc(X(w), k) (4-57) = RTe(X(w), k) ()[2]  in kG-stab.

Proof. Recall (§3.1.1) that there is a variety Y(w) acted on by G = G on the left
and acted on freely by T»F on the right such that Y(w) /T“)F ~ X(w). Consider the
automorphism ¢ of T*¥ given by the action of F~%. We have a right action of T*¥ x ()

on Y (w) where ¢ acts as F?®. We have R+ (Y(w), k) ®£AT"’F k ~ RI.(X(w), k).
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Let ¢ be a generator of the Sylow £-subgroup D of T*F andlet I = (r — 1) - kD. We
have p(t — 1) = q_‘s (t — 1) (mod I?), hence there is an exact sequence of k(D x (¢))-
modules

0= ker f — kD ®k_ys 2> kD — k — 0

where k_,s is the one-dimensional module with trivial D-action and where ¢ acts by
multiplication by ¢—°. The kernel of f is the socle k((1 + ¢ + --- + ¢/PI=1) @ 1) of
kD ® k,-s. Since ¢ acts on that line by multiplication by g%, the exact sequence above
gives a p-equivariant distinguished triangle k — k,-s[2] = C ~ in D?(kT"*), where
C is perfect.

Applying RI'.(Y(w), k) ®%T“’F —, we obtain a distinguished triangle in D?(kG),
equivariant for the action of F?,

RT(X(w), k) = RT(X(w), k) ® k;-3[2] = C" ~,

where C’ is perfect. The lemma follows by taking generalized ¢ ~°¢ -eigenspaces. O

3.1.4. Simple modules in the cohomology of Deligne—Lusztig varieties. By definition,
every simple unipotent kG-module occurs in the cohomology of some Deligne-Lusztig
variety X(w). If w is minimal for the Bruhat order, this module only occurs in middle
degree. This will be an important property to compute the cohomology of X(w) over O
from the cohomology over K. Let us now recall the precise result [3, Propositions 8.10
and 8.12]. We adapt the result to the varieties X(w).

Recall that there is a pairing Ko(kG-proj) x Ko(kG-mod) — Z defined by

([P]; [M]) = dimy Homyg (P, M)

for P € kG-proj and M € kG-mod. The Cartan map Ko(kG-proj) — Ko(kG-mod)
is injective and we identify Ko(kG-proj) with its image. It is a submodule of finite
index. In other words, for any f € Ko(kG-proj), there is a positive integer N such
that Nf € Ko(kG-proj). Consequently, the pairing above can be extended to a pairing
Ko(kG-mod) x Ko(kG-mod) — Q.

Proposition 3.5. Let M be a simple unipotent kG-module and let w € W. The following
properties are equivalent:

(@) w is minimal such that RHomy, (RT'(X(w), k), M) # 0;
(b) w is minimal such that RHomy; (M, R (X(w), k)) # 0;
(¢) w is minimal such that ([RT'-(X(w), k)], [M]) # 0.

Assume that w is such a minimal element. We have Homy (M, Hﬁ(w)(X(w), k)) # 0. If
4 |T®F|, then Hom ps 1.6y (R (X(w), k), M[—i]) = Hompp ) (M, RT(X(w), k)[i])
= 0fori # L(w).
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Proof. We use the variety Y(w) as in the proof of Lemma 3.4. Since the stabilizers for
the action of G on Y (w) are p-groups (and hence ¢’-groups), the complex R (Y (w), k)
is perfect (see §3.1.3) and therefore [RT'.(Y(w), k)] € Ko(kG-proj).

Let T'lfiF be the subgroup of elements of T** of order prime to £ and

1
by = —— t

v F
teT}Z‘/

be the principal block idempotent of KT

All composition factors of b, kT” are trivial, hence RI'.(Y(w), k)b, is an exten-
sion of N = |T*F|, copies of RI'.(X(w), k). As a consequence, [RI'.(Y(w), k)by] =
N - [RTe(X(w), k)]

Hence ([RT".(X(w), k)], [M]) # 0 if and only if ([RT.(Y(w), k)by], [M]) # 0. It
follows also that an integer r is minimal such that Home(kG)(M, RT.(X(w), k)[r]) #0
if and only if it is minimal such that Hompp ) (M, RT'c (Y (w), k)by[r]) # 0. It follows
that w is minimal such that RHom; (M, RT'¢(Y(w), k)by) # 0O if and only if (b) holds.
Similarly, w is minimal such that RHomp; (RT'c(Y(w), k)by,, M) # 0 if and only if (a)
holds.

Note also that the statements above with RI'.(Y(w), k)b, are equivalent to the same
statements with R[". (Y (w), k) since M is unipotent. The equivalence between (a), (b) and
(c) follows now from [3, Proposition 8.12].

Suppose that w is minimal with the equivalent properties (a), (b) and (c). It follows
from [3, Proposition 8.10] that the cohomology of RHomy; (M, RI'- (Y (w), k)by,) is con-
centrated in degree £(w). The last assertions of the lemma follow. ]

Proposition 3.5 shows that for a minimal w, if £ § |T*F|, then the complex of k G-modules
RI(X(w), k)™ is isomorphic to a bounded complex of projective modules such that a
projective cover Py of M appears only in degree £(w) as a direct summand of a term of
this complex.

3.2. Compactifications

Let S be a set together with a bijection S 5 S, s — s.Givens € S, we put BsB =
BsB U B. The generalized Deligne—Lusztig variety associated to a sequence (f1, ..., t7)
of elements of S U S is

X(t, ... ta)

-1 .

g gi+1€BB fori=0,...,d—-1

= 1(g0B, ..., g4B) € (G/B)?T! | 5 .
{ 8 8 / 27" F(g0) € BtB

If w = s1---54 is a reduced expression of w € W then X(sy, ..., sq) is isomorphic
to X(w) and X(s, ..., s,) is a smooth compactification of X(w). It will be denoted by
X(w) (even though it depends on the choice of a reduced expression of w).
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Remark 3.6. Proposition 3.5 also holds_ for X(w) replaced by X(w) (and the assertions
for X(w) are equivalent to the ones for X(w)), with the assumption ‘¢ { |TwF |” replaced
by ‘€t |T*F| for all v < w’ for the last statement. This follows from the fact that

RHom,:G(RFC(X(w), k), M) ~ RHomy; (RI'(X(w), k), M)
whenever RHomg ; (RT'.(X(v), k), M) = O forall v < w.

The cohomology of X(w) over K is known [25]. We provide here some partial informa-
tion in the modular setting. Recall that two elements w, w’ € W are F-conjugate if there
exists v € W such that w’ = v~ 'wF (v).

Proposition 3.7. Let w, w' e W.If € 1 |TF| for all v < w or for all v < w', then
H! (X(w) xg X(w'), O) is torsion-free.

Proof. Given w, w’ € W, Lusztig [56] defined a decomposition of X(w) x X(w’) as a
disjoint union of locally closed subvarieties Z, stable under the diagonal action of G.
The quotient by G of each of these varieties has the same cohomology as an affine space.
More precisely, given a, there exists

e a finite group 7, isomorphic to T for some v < w and to TVF for some v/ < w’
(F-conjugate to v), and a quasi-projective variety Zg acted on by G x T, where T acts

freely, together with a G-equivariant isomorphism Zo /7 S Za:
e a quasi-projective variety Z; acted on freely by G and 7, such that

RI.(G\Z1, O)[2dim Z;] ~ O;
e a (G x T)-equivariant quasi-isomorphism
RI(Zo, O)[2dim Zy] — RT(Z}, O)[2dim Z;].
From these properties and [3, Lemma 3.2] we deduce that if 7 is an £’-group then

RI(G\Za, O) = RT'(G\Zy, O) ®oT O
~ RI(G\Z, 0) ®o7 Ol2dim Z; — 2dim Z,]
~ O[=2dim Z,].

As a consequence, the cohomology groups of X(w) x X(w’) are the direct sums of the
cohomology groups of the varieties G\ Z, and the proposition follows. O

Proposition 3.8. Ler I be an F-stable subset of S such that £ t |Ly|. If M is a simple
kG-module such that *RLGI (M) # 0, then M is not a composition factor in the torsion of

H*(X(w), O) forany w € W.
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Proof. Let V be a simple kL;-module such that Hoka,(V,*Rfl (M)) # 0. Let
v € W be minimal such that V* occurs as a composition factor, or equivalently as
a direct summand, of H!(Xp, (v), k). By Remark 3.6, it follows that V* occurs only
in Hﬁ(v)(XL,(v), k). Since OL;-mod is a hereditary category, it follows that there is a
projective OL;-module V' such that V' ® » k >~ V* and V' is a direct summand of
RI.(XL, (v), O).

Since a projective cover Py« of M* occurs as a direct summand of RLG, (V*), we
deduce that it occurs as a direct summand of Rgl (RI'.(XL, (v), 0)) =~ R[(X(v), O0).
It follows from the Kiinneth formula that the complex P;; ® g RI'.(X(w), O) is a di-
rect sum@and of the complex RFC(Y(U) XG Y(w), 0). By Prgposition 3.7 applied to
X(v) x ¢ X(w), we deduce that the cohomology of P;jl RocRI (X (w), O) is torsion-free,
and hence M does not appear as a composition factor of the torsion of H; X(w), 0). O

Remark 3.9. Note two particular cases of the previous proposition:

e if G is an ¢/-group (i.e. if £ { |G|) then so is every subgroup, therefore H;: X(w), O) is
torsion-free; .

e if £ {|L;| for all F-stable I C S, then the torsion in H}(X(w), O) is cuspidal.

Lemma 3.10. Let A be one of k, O and K. Let J be a subset of W such that if w € J
and w' < w, then w' € J and such that given w € W and s € S with [(sw) > [(w) and
L(wF(s)) > l(w), then sw € J ifand only if wF (s) € J. Let Z be a thick subcategory of
DY(AG) such that RT (X (v), A) € Z for all elements v € J that are of minimal length in
their F-conjugacy class. Then RT'.(X(v), A) € Z forallv € J and RI.X(w), A) € Z
forallw e J.

Proof. Considers € Sand v,v' € W with v = sv'F(s) and v # v’.

Assume that £(v) = £(v’), and furthermore that £(sv) < £(v). We have v = sv”
where £(v) = £(v") + 1 and v’ = v" F(s). The G-varieties X(v) and X(v’) have the same
étale site, hence isomorphic complexes of cohomology [22, Theorem 1.6]. If £(sv) >
£(v), then £L(vF(s)) < £(v) [51, Lemma 7.2] and v = v” F(s) with £(v) = £(v") + 1 and
v/ = sv”. We conclude as above.

Assume now that £(v) = £(v") + 2. It follows from [25, Proposition 3.2.10] that there
is a distinguished triangle

RT:(X(sv"), A)[-2] ®@ RT:(X(sv"), A)[~1] = RI(X(v), A)
— RT (X)), A)[-2] ~ .

So, if RT.(X(v'), A) € Z and RT'.(X(sv'), A) € Z, then R[.(X(v), A) € Z.

By [43, 45], any element v € W can be reduced to an element of minimal length in
its F-conjugacy class by applying one of the transformations v +> v’ above. Note that if
v € J, then v’ € J. The lemma follows from the discussion above. O

3.3. Steinberg representation

We denote by U the unipotent radical of the Borel subgroup B. Let ¢ be a regular
character of U (see [4, §2.1] ), ey be the corresponding central idempotent in OU and
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Iy = Indg (e, OU) be the Gelfand—Graev module attached to . It is a projective OG-
module. Since KTy, has only one unipotent constituent (namely the Steinberg character,
which we denote by St), the projection of I'y, onto the sum of unipotent blocks is inde-
composable and does not depend on . Indeed, it is proved in the proof of [46, Theo-
rem 3.2] that any projective module in a unipotent block has a unipotent constituent in its
character (this does not use the connectedness of the centre of G). Consequently, Iy, has
a unique unipotent simple quotient Sty. It is called the modular Steinberg representation.
It is cuspidal if £ t |L;| for all F-stable I C S [42, Theorem 4.2].
Statement (i) of the proposition below is a result of [27].

Proposition 3.11. Letty, ..., t; be elements of S U S.
() Ift; € S foralli, then Homg, . (T'y, RTc(X(11, . .., ta), 0)) = O[—L(w)] in DP(0),
and hence Sty does not occur as a composition factor of Hi(X(tl, .oy tq), k) for
i # 0(w).
(i) Ift; & S for some i, then Homg, . (T'y, RT.(X(t1, ..., 1), O)) is acyclic, and hence
St does not occur as a composition factor of H:(X(t1, . .., ta), k).
(iii) Sty is not a composition factor of the torsion part of Hi(X(t1, ..., tz), O).

Proof. (i) follows from [27] when 1] - - - 5 is reduced, and the general case follows by
changing G and F as in [25, Proposition 2.3.3].

Assume now that #; € § for all i. Using the decomposition of X(¢1, ..., ;) into
Deligne-Lusztig varieties associated to sequences of elements of S, we deduce from the
first part of the proposition that the cohomology of Homy; (kI"y, RI'c(X(t1, . . ., ta), k))
is zero outside degrees 0, ..., d. Since X(t{, ..., ;) is a smooth projective variety and
(I'y)* = I'y+, we deduce that the cohomology is also zero outside the degrees d, ..., 2d
and therefore it is concentrated in degree d. As a consequence, the cohomology of
HombG(F¢, RT.(X(t1, ..., t7), O)) is free over O and concentrated in degree d. By
[25, Proposition 3.3.15], we have HomkG(KFlp, RI.(X(t1,...,t3), K)) = 0, and hence
Homg, , (OT'y,, RT'(X(t1, ..., ta), O)) = 0.

(i1) follows now by induction on the number of i such that #; is in S: if one of the #; is
in S, say t1, we consider the distinguished triangle

RI(X(t1, 12, ..., ta), O) = RI(X(t1, 12, .. ., a), O) = RI(X(t2, ..., tq), O) ~

and use induction. Note that the assumption that one of the #; is in S ensures that we never
reach X(1) = G/B.

Note finally that (iii) follows from (i) and (ii). ]
Proposition 3.12. If £ 1 |L;| for all F-stable I C S, then K @ p Q"0 =~ St.

Proof. Giveni € {1,...,r}, let M; = @1 Rfl o *Rgl (O), where I runs over F-stable
subsets of S such that |//F| = i. By the Solomon-Tits Theorem [20, Theorem 66.33],
there is an exact sequence of OG-modules

0> M-—>M"—> ... M — 0 where KM ~ St.

By assumption, M’ is projective for i # r, while M" = O. We deduce that M ~ Q" O.
]
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3.4. Coxeter orbits

Let sq, ..., s, be a set of representatives of F-orbits of simple reflections. The product
¢ = s1---5 1s a Coxeter element of (W, F). Throughout this section and §4.3.5, we
will assume that ¢ { |T¢F|, and hence RT'(X(c), O) is a bounded complex of finitely
generated projective OG-modules.

If v € W satisfies £(v) < £(c) then v lies in a proper F-stable parabolic subgroup,
forcing Homg  (RI¢(X(v), k), M) to be zero for every cuspidal module kG-module M.
Therefore Proposition 3.5 has the following corollary for Coxeter elements.

Corollary 3.13. Let ¢ be a Coxeter element and M be a cuspidal kG-module. If
e ¢ |TF|, then the cohomology of the complexes RHom;;, (RI".(X(c), k), M) and
RHomg (M, RT'¢(X(c), k)) vanishes outside degree r.

Lemma 3.14. Assume that € { |TF|. Let C be a direct summand of ﬁl"c(X(c), O) in
Ho? (OG-mod) such that

(1) thg torsion part of H*(C) is cuspidal;
(i) H'(KC) =0fori #r.

Then H' (C) is a projective OG-module and H: (C) = 0 fori # r.

Proof. Asr = £(c), the complex C can be chosen, up to isomorphism in Ho’”(OG-mod),
to be a complex with projective terms in degrees r, ..., 2r and zero terms outside those
degrees. Let i be maximal such that H (C) # 0 (or equivalently H (kC) # 0). There
is a non-zero map kC — H! (kC)[—i] in D?(kG). From Corollary 3.13 and assumption
(i) we deduce that i = r. It follows that the cohomology of C is concentrated in degree r.
Since C is a bounded complex of projective modules, H" (C) is projective. O

Proposition 3.15. Let I C S be an F-stable subset and let c; be a Coxeter element
of Wy.

(i) If €t |Ly|, then H:(X(cy), O) is torsion-free.
(i) If H:(X(cr), O) is torsion-free, then the torsion of H}(X(c), O) is killed by *RLGI.

Proof. The first statement follows from [29, Corollary 3.3] by using H!(X(c;), O) =
RY (HE(XL, (c1), O)).
The image by *Rfl of the torsion of H}(X(c), O) is the torsion of H} (U; \ X(¢), O).

By [55, Corollary 2.10], the variety U; \ X(c) is isomorphic to (Gm)" "7 x Xr, (cr). The
second statement follows. O

3.5. Generic theory

We recall here constructions of [7, 8, 9], the representation theory part being based on
Lusztig’s theory.
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3.5.1. Reflection data. Let K = Q(g) and V = K ®z Y, where Y is the cocharacter
group of T. We denote by ¢ the finite order automorphism of V induced by the action
of g7 'F. A

We denote by [(W, ¢)| = xV ]_[;h:"i V(xdf — ¢;) the polynomial order of (W, ¢). Here,
N is the number of reflections of W and we have fixed a decomposition into a direct sum
of (G, x (p))-stable lines L & --- & Lgim v of the tangent space at 0 of V/ W, so that
d; is the weight of the action of G, on L; and ¢; is the eigenvalue of ¢ on L;.

Recall that there is some combinatorial data associated with W (viewed as a reflection
group on V') and ¢:

o a finite set Uch(W, ¢);
e amap Deg : Uch(W, ¢) — Q[x].

We endow ZUch(W, ¢) with a symmetric bilinear form making Uch(W, ¢) an orthonor-
mal basis.

In addition, given a parabolic subgroup W’ of W and w € W such that ad(w)g(W’)
= W/, there is a linear map Rg;w : ZUch(W’, ad(w)@) — ZUch(W, ¢).

;ad(w)e
We will denote by *vag;ﬁd(w)(p the adjoint map to Rvu;;fid(wyp'
The data associated with W and ¢ depends only on the class of ¢ in GL(V)/W. The
corresponding pair G = (W, W) is called a reflection datum.
A pair L = (W, ad(w)g) as above is called a Levi subdatum of (W, ¢). We put
W, =W’
There is a bijection

Uch(G) = Uch(G), x> X,

such that Deg(x)(q) = xq(l).

There is a bijection from the set of W-conjugacy classes of Levi subdata of G to the
set of G-conjugacy classes of F-stable Levi subgroups of G.

Those bijections have the property that given an F-stable Levi subgroup L of G with
associated Levi subdatum L. = (W', ad(w)g), we have (Rﬁ(f’(x))q = Rf(xq) for all
x € Uch(W, ¢) (assuming g > 2 if (G, F) has a component of type 2E6, E7 or Eg, in
order for the Mackey formula to be known to hold [2]).

3.5.2. d-Harish-Chandra theory. Let ® be a cyclotomic polynomial over K, i.e., a prime
divisor of X" — 1 in K[X] for some n > 1. Let V' be a subspace of V and let w € W
be such that we stabilizes V' and the characteristic polynomial of w¢ acting on V' is a
power of ®. Let W = Cy (V’). Then (W', ad(w)e) is called a ®-split Levi subdatum
of (W, p).

An element x € Uch(W, ¢) is ®-cuspidal if *RE’ (x) = 0 for all proper ®-split
Levi subdata I of G (when G is semisimple, this is equivalent to the requirement that
Deg(x)o = |Glo).

A pair (I, 1) is a ®-cuspidal pair of G if L = (W', ad(w)¢) is a ®-split Levi subdata
of G and A € Uch(W’, ad(w)g) is ®-cuspidal. Given such a pair (L, L), we denote
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by Uch(G, (L, X)) the set of x € Uch(G) such that (RE’(X), x) # 0. We denote by
W (L, A) = Nw (Wr)/ WL, the relative Weyl group.
The ®-Harish-Chandra theory states that

e Uch(G) is the disjoint union of the sets Uch(G, (L., X)), where (IL, A) runs over W-
conjugacy classes of ®-cuspidal pairs;
e there is an isometry

I§ 5 ZI(Wg (L, 1)) = ZUch(G, (L. 1)):;

e those isometries have the property that RISHI(%JI » =1 (% ") Indw;((ﬂi’))“)) for all ®-split
Levi subdata M of G containing L.

The sets Uch(G, (L, L)) are called the ®-blocks of G. The defect of the ®-block
Uch(G, (L, 1)) is the integer i > 0 such that the common value of Deg(y)¢ for
x € Uch(G, (I, X)) is @' (see §4.2.3 for the relation to unipotent £-blocks).

4. Unipotent blocks with cyclic defect groups

4.1. Blocks with cyclic defect groups

We recall some basic facts on blocks with cyclic defect groups (cf. [33] and [32] for the
folding).

4.1.1. Brauer trees and folding

Definition 4.1. A Brauer tree is a planar tree T with at least one edge together with a pos-
itive integer m (the ‘multiplicity’) and, if m > 2, the data of a vertex vy, the ‘exceptional
vertex’.

Note that the data of an isomorphism class of planar trees is the same as the data of a
tree together with a cyclic ordering of the vertices containing a given vertex.

Let d > 1 be a divisor of m. We define a new Brauer tree AYT. It has a vertex Uy,
and the oriented graph (AT \ {Dy ) is the disjoint union (7 \ {vy}) x Z/d of d copies of
T\{vy}.Letly, ..., I betheedgesof T containing vy, in the cyclic ordering. The edges of
the tree AT containing v, are, in the cyclic ordering, (/1,0), ..., (;,d—1), (I2,0), ...,
(b,d—1),...,(,0),...,U-,d—1).Finally, for every i € Z/d, we have an embedding
of oriented trees of T in A?T given on edges by I — (I, i), on non-exceptional vertices
by v — (v, i) and finally vy > ©,. The multiplicity of AT is m/d. When m # d, the
exceptional vertex of AYT is 7.

There is an automorphism o of A4T given by o () = 9, and o (v, i) = (v,i + 1)
for v € T \ {vy}. Let X be the group of automorphisms of A¢T generated by o. There is
an isomorphism of planar trees

K:(NTYX ST, v, X-(@i) viorveT\{v)

In particular the Brauer tree 7’ = AYT together with the automorphism group X
determines 7.
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Remark 4.2. Given another planar embedding 7’ of A?T compatible with the automor-
phism o above and such that ¥ induces an isomorphism of planar trees T’/ X 5 T, there
is an isomorphism of planar trees T’ S AAT compatible with o.

4.1.2. Brauer tree of a block with cyclic defect. Let H be a finite group and A = bOH
be a block of OH. Let D be a defect group of A and let bp be a block idempotent of
the Brauer correspondent of » in ONp (D). We assume D is cyclic and non-trivial. Let
E = Ny (D, bp)/Cr (D), acyclic subgroup of Aut(D) of order e dividing £ — 1.

When e = 1, the block A is Morita equivalent to OD. We will be discussing Brauer
trees only when e > 1, an assumption we make for the remainder of §4.1.

We define a Brauer tree T associated to A. We put m = (|D| — 1)/e. An irreducible
character x of K A is called non-exceptional if d(x) # d(x') for all x’ € Irr(K A) for
x'#x (here d is the decomposition map). When m > 1, we denote by x, the sum of the
exceptional irreducible characters of K A (those that are not non-exceptional). We define
the set of vertices of 7 as the union of the non-exceptional characters together, when
m > 1, with an exceptional vertex corresponding to x.. The set of edges is defined to be
Irr(kA). An edge ¢ has vertices x and x’ if x + x' is the character of the projective cover
of the simple A-module with Brauer character ¢. Note that the tree T has e edges.

The cyclic ordering of the edges containing a given vertex is defined as follows: the
edge ¢, comes immediately after the edge ¢, if Extg(Ll, L2)#0, where L; is the simple
A-module with Brauer character ¢;.

Recall that the full subgraph of T with vertices the real-valued non-exceptional irre-
ducible characters and the exceptional vertex if m > 1 is a line (the real stem of the tree).
There is an embedding of the tree 7' in C where the intersection of 7' with the real line
is the real stem and taking duals of irreducible characters corresponds to reflection with
respect to the real line.

4.1.3. Folding. Let H' be a finite group containing H as a normal subgroup and let b’
be a block idempotent of OH’ such that bb" # 0. We put A’ = ¥’OH’ and we denote
by T the Brauer tree of A’, with multiplicity m’. We assume D is a defect group of b'. Let
b’D be the block idempotent of O Ny (D) that is the Brauer correspondent of b’ and let
E' = Ny/(D, bl,)/Cg(D), an £’-subgroup of Aut(D). Note that E is a subgroup of E’.
Let H, be the stabilizer of b in H'. We have H; = HNpy/(D, b},) and there is a Morita
equivalence between bOH, and b’OH’ induced by the bimodule POH'D’.

Suppose that E' # E, ie., m" # m, since [E' : E] = m/m’. The group X of
1-dimensional characters of E'/E ~ H;/H acts on Irr(KA’) and on Irr(kA") and this
induces an action on 7", the Brauer tree associated to A’.

The result below is a consequence of [32, proof of Lemma 4.3] (the planar embedding
part follows from Remark 4.2).

Proposition 4.3. There is an isomorphism of Brauer trees AT 5 T’ such that ( X5 1)
maps to a lift of x, for x a non-exceptional vertex.

This proposition shows that the data of 7’ and of the action of X on T determine the
tree T (up to parametrization).



Brauer trees of unipotent blocks 19

4.2. Structure of unipotent blocks with cyclic defect groups

We assume in §4.2 that the simple factors of [G, G] are F'-stable. Note that every finite
reductive group can be realized as G' for such a G.
From now on, we assume that £ is an odd prime.

4.2.1. Centre. We show here that a Brauer tree of a unipotent block of a finite reduc-
tive group (in non-describing characteristic) is isomorphic to one coming from a simple
simply connected algebraic group.

Lemma 4.4. Assume that G is simple and simply connected. Let A be a unipotent block
of kGF whose image in k(G /(Z(G)F)¢) has cyclic defect. Then A has cyclic defect and
ZG)f =1.

Proof. Since £ is odd, it divides |Z(G)%| only in the following cases [60, Corollary
24.13]:

(G,F)=SL,(¢9),n>2and £|(n,q — 1);
(G, F)=SU,(q),n>3and ¢ | (n,q + 1);
(G,F)=Eg(qg)and £| (3,9 — 1);

(G, F)=2E¢(g) and £| (3, q + 1).

Let H = GF/(Z(G)F),. Suppose that the image of A in kH has non-trivial defect
groups.

Assume that (G, F) = SL,(¢g),n >2and ¢ |(n,q — 1), 0r (G, F) = SU, (g),n > 3
and ¢ | (n, g + 1). In those cases, the only unipotent block A is the principal block [14,
Theorem 13], so H has cyclic Sylow £-subgroups: this is impossible.

Assume that (G, F) = E¢(q) and £ | (3, ¢ — 1). Note that A cannot be the principal
block, as H does not have cyclic Sylow 3-subgroups. There is a unique non-principal
unipotent block b, and its unipotent characters are the ones in the Harish-Chandra series
with Levi subgroup L of type D4 [31, ‘Données cuspidales 7,8,9°, pp. 352-353]. Those
three unipotent characters are trivial on Z(G)’". It is easily seen that there is no equality
between their degrees nor is the sum of two degrees equal the third one. As a consequence,
they cannot belong to a block of kK H with cyclic defect and inertial index at most 2.

The same method (with g replaced by —g) also shows that b cannot have cyclic defect
when (G, F) =2Eg(g) and £| (3, + 1). o

Let H be a finite simple group of Lie type. Then there is a simple simply connected re-
ductive algebraic group G endowed with an isogeny F such that H ~ GF/Z(G)¥', unless
H is the Tits group, (G, F) = 2F4(2) and we have H = [G/Z(G)F',GF/Z(G)F], a
subgroup of index 2 of G¥'/Z(G)F".

The previous lemma shows that if the image in K H of a unipotent £-block of kG’ has
cyclic defect groups, then the block of kG’ already has cyclic defect groups. By folding
(§4.1.3), the Brauer tree of a unipotent block of OG! determines the Brauer tree of the
corresponding block of OH.



20 David A. Craven et al.

Proposition 4.5. Let A be a unipotent block of OGY with cyclic defect group D. Then
Ce(x) = C&(D) and Cg(x) = Ca(x)Ffor all non-trivial elements x € D. Furthermore,
one of the following two statements hold:

e D is the Sylow (-subgroup of Z°(G)¥ and there is a finite subgroup H of G containing
[G, GIF such that G = D x H;

e |Z(G)F|y = 1, D # 1 and A is Morita equivalent to a unipotent block of a simple
factor of G/ Z(G) with cyclic defect groups isomorphic to D.

In particular, Z(G)F ) Z2°(G)F is an ¢'-group.

Proof. Let H be a simple factor of [G, G]. Consider a simply connected cover Hy. of H.
The restriction of unipotent characters in A to H and then to HSFC are sums of unipotent
characters, and the blocks that contain them have a defect group that is cyclic modulo
Z(Hg)". 1t follows from Lemma 4.4 that £ 1 Z(H)”, and therefore £ { Z(Gy)',
where Gy is a simply connected cover of [G, G]. Note that as a consequence, both
(Z(G)/Z°(G)F and (Z(G*)/Z°(G*))F are £’-groups, where G* is a Langlands dual
of G.

Let Gug = G/Z(G). By [16, Theorem 17.7], we have A =~ OZ(G)ér ® A’, where
A’ is the unipotent block of G,q containing the unipotent characters of A. Also, D =~
Z(G)} x D', where D' is a defect group of A’. So, if € divides |Z(G)*|, then ¢ divides
|Z°(G)F|, D’ = 1 and D is the Sylow ¢-subgroup of Z(G)¥. Otherwise, consider a
decomposition G,g = G1 X - - - X G, where the G; are simple and F-stable factors. There
is a corresponding decomposition A’ = A} ® --- ® A, where A; is a unipotent block
of Gj. So, there is a unique i such that A; does not have trivial defect groups, and A is
Morita equivalent to A;.

Let us now prove the first statement of the proposition. We have CE @) F = Cgx) by
[16, Proposition 13.16]. The block idempotent br, (b) gives a (nilpotent) block of OCg (x)
with defect group D. By [10, Theorem 3.2], this is a unipotent block. We deduce from
the other part of the proposition that D C Z(C¢, (x))F, and hence Cex)=Cg(D). O

4.2.2. Local subgroups and characters. Let A be a unipotent block of OG with a non-
trivial cyclic defect group D. Let (D, bp) be a maximal b-subpair as in §4.1.2 and let
E = Ng(D, bp)/Cg (D). Recall that we assume that £ is odd.

Let O be the subgroup of order £ of D and let L = C¢;(Q).

Theorem 4.6. o L = C( (D) is a Levi subgroup of G.

o D is the Sylow £-subgroup of Z°(L)F and L = D x H for some subgroup H of L
containing [L, L]¥.

o There is a (unique) unipotent character A of L such that Rg A) = erUch(KA) Ex X
for some g, € {£1}.

e We have |Uch(KA)| = |E| and Irr(K A) is the disjoint union of Uch(K A) and of
{(=DFLRE (. ® §)}eeqr(k D)~ (1)/E-

o If |E| # |D| — 1, then Uch(K A) is the set of non-exceptional characters of A.

Proof. Let A’ be the block of OL corresponding to A. This is a unipotent block with

defect group D. By Proposition 4.5, we have O < Z°(L) # 1, hence L is a Levi subgroup
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of G, since it is the centralizer of the torus Z°(L). Also, D is the Sylow £-subgroup of
Z°(L)F and L = D x H for some subgroup H of L containing [L, LJ*.

There is a (unique) unipotent irreducible representation A in Irr(K A”) and Irr(K A”) =
(A ®&}eenrx D)-

Let £ € Irr(KD) \ {1}. The character xz = (—1)’"6T"LRY () ® &) is irreducible
and it depends only on Indj**
& €E-&.

Assume that |E| # |D| — 1. There are at least two E-orbits on the set of non-trivial
characters of D, so the x¢ for & € (Irr(K D) \ {1})/E are exceptional characters. Since
A and A’ have the same number of exceptional characters, we have found all exceptional
characters of A.

Let 1 = (—1)’G+rLRf()L). We have d(x1) = d(xe) for any & € Irr(KD) \ {1}.
There are integers n, such that x; = Zx[/eUch( k a) "y Y. The restriction of the decom-
position map to ZUch(K A) is injective, since we have removed exceptional characters
(Gf |E| # |D]| — 1, otherwise one character) from Irr(K A). It follows that x; is the
unique linear combination of unipotent characters of A such that d(x;) = d(&) for some
& € Irr(D) \ {1}. On the other hand, this unique solution satisfies ny = %1 and the num-
ber of unipotent characters in A’ is |E|. m]

& [23, Theorem 13.25]. Furthermore, xz = xg implies

Remark 4.7. Choose a bijection Irr(K E) = Uch(KA’), ¢ — x¢. Define a map [ :

ZI(KD x E) = ZIrr(KA') by I(Indg”ES) = Rf(s) if £ € Irr(KD) \ {1} and
1(¢) = ey, x¢ for ¢ € Iir(KE). The proof of Theorem 4.6 above shows that / is an

isotypy, with local isometries I, : Z Irr(K D) 5 ZTIr(KA'), & — AQE&, forx € D\ {1}.

4.2.3. Genericity. We assume in §4.2.3 that F is a Frobenius endomorphism. Let A be a
unipotent block of OG with a non-trivial cyclic defect group D and let L = Cg (D).

Let d be the order of ¢ modulo £. Note that £ divides ®,(g) if and only if e = d¢/ for
some j > 0.

Broué—Michel [11] and Cabanes—Enguehard [15] showed that under a mild additional
assumption on ¢ (for quasisimple groups not of type A, £ good is enough), unipotent
characters in £-blocks with abelian defect groups are ®;-blocks. We show below that this
results holds for ¢-blocks with cyclic defect groups without assumptions on £. Using the
knowledge of generic degrees, the unipotent ®,-blocks with defect 1 for simple G can be
easily determined, using for example Chevie [61].

Theorem 4.8. With the notations of §4.2.2, we have the following assertions:

o L is a ®4-split Levi subgroup of G;

e D has order |®;(q)le;

e A = A, for a unipotent ®4-cuspidal character A of 1. and there is a bijection
Uch(G, (I, 1)) = Uch(K A) given by x — X,

e the ®;-block Uch(G, (L, L)) has defect 1;

e if L is a bad prime for G or £ = 3 and (G, F) has type 3 Dy, then we are in one of the
cases listed in Table 1.
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Table 1. Unipotent blocks with cyclic defect for £ bad.

(G, F) V4 d (L, »)

E¢(g) 3 2 (As(q) - (g — 1), #321)

2E¢(q) 3 1 CAs(q) - (g + 1), $321)
Eg(g) 3,5 1 (E7(q) - (g — 1), E7[i])

Eg(g) 3,5 2 (E7(q)-(q+1), 512,11 Or $512,12)

Proof. By Proposition 4.5, we can assume that G is simple and simply connected. When
£ is good and different from £ = 3 for type 3Dy, the theorem is in [15].

Otherwise, the result follows from [31, Théoreme A], by going through the list of
d-cuspidal pairs with £-central defect and checking if the defect groups given in [31,
§3.2] are cyclic. We list the unipotent blocks with cyclic defect for £ bad in Table 1,
following [31, §3.2]. Note that in [31, p. 358, no. 29], ‘E7[£&] should be replaced by
‘512,11, P512,12°, as in [8, Table 1, Cases 42, 43]. O

Broué [6] conjectured that there is a parabolic subgroup P with an F-stable Levi comple-
ment L such that bRI".(Yg(L C P), O) induces a derived equivalence between A and
the corresponding block of ONg (D, bp). In [17], it is conjectured that such an equiva-
lence should be perverse. It is further shown there how the Brauer tree of A could then be
combinatorially constructed from the perversity function. The perversity function can be
encoded in the data of a function w : Uch(K A) — Z that describes the (conjecturally)
unique i such that V € Uch(K A) occurs in H’C (Yg(L. CP),K).

In [19], the first author gave a conjectural description y of the function r, depending
on ¥, and not on £ (this is defined for ®,-blocks with arbitrary defect). Using this func-
tion, and the combinatorial procedure to recover a Brauer tree from a perversity function,
[19] associates a generic Brauer tree to a @ 4-block of defect 1. This is a planar-embedded
tree, together with an exceptional vertex (but no multiplicity) and the non-exceptional ver-
tices are parametrized by the unipotent characters in the given ®4-block. The Brauer tree
of A is conjectured in [19] to be obtained from the generic Brauer tree, by associating
the appropriate multiplicity if it is greater than 1, and turning the exceptional vertex into
a non-exceptional one if the multiplicity is 1. The trees we construct in this paper in §5
match the generic trees constructed in [19], and hence we prove the following theorem.

Theorem 4.9. Let A be a unipotent £-block with cyclic defect of G. Then the unipotent
characters of K A form a unipotent ®;-block and the Brauer tree of A is obtained from
the generic Brauer tree of that ®4-block.

Since the trees constructed in §5 match the conjectural trees in [19] that would result from
a perverse equivalence between D x E and A, we get the following corollary.

Corollary 4.10. There is a perverse derived equivalence between A and D x E with
perversity function y.

4.2.4. Determination of the trees. Let us now discuss the known Brauer trees. The Brauer
trees for classical groups were determined by Fong and Srinivasan [35, 36]. The Brauer
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trees for the following exceptional groups are known: Burkhart [13] for 2B,, Shamash
[64] for G,, Geck [38] for 3 Dy, Hiss [47] for 2G5 and 2 F4, Hiss—Liibeck [48] for F4 and
2E¢ (building on earlier work on F4 by Wings [66]) and Hiss—Liibeck—Malle [49] for Ef.

More recently, the second and third authors [30] determined the Brauer trees of the
principal ®,-block of E7 and Eg for h the Coxeter number, using new geometric methods
which are also at the heart of this paper. Also, the first author [19] determined the Brauer
trees of several unipotent blocks with cyclic defect of E7 and Eg.

We determine the remaining unknown trees. They correspond to certain unipotent
blocks of 2Eg (cf. Remark 5.1), E7 (§5.1) and Eg (§5.2). We list in Table 2 the group G,
the order d of ¢ modulo ¢ and the d-cuspidal pair (when the block is not principal) asso-
ciated to each of these blocks. We also indicate the type of the minimal proper standard
F-stable Levi subgroups L; with £ | |L;|.

Table 2. Blocks with unknown Brauer tree.

G d (L, L], &) L] |Lg|
2E¢ 12
E; 9 E¢
10 CAxg). ¢21) Dy
14
Eg 9 (A2(q), $3) Eg
(A2(q), $21) E¢
(A2(q), #13) E¢
12 (3D4(q),3D4[1]) Eg, Dy
15
18 (CAxq). $21) E7
20
24

Let us note that the Brauer trees of other blocks of exceptional groups were de-
termined up to choices of fields of character values in each block. Using Lusztig’s
parametrization of unipotent characters we can remove this ambiguity by choosing ap-
propriate roots of unity in Q, with respect to g.

Corollary 4.11. Let G be a finite group with cyclic Sylow £-subgroups. If £ # 29,41,
47,59, 71, then the (unparametrized) Brauer tree of the principal £-block of G is known.

Proof. Let G be a finite group with a non-trivial cyclic Sylow £-subgroup. Since the
principal block of G is isomorphic to that of G/ Oy (G), we can assume that Oy (G) = 1.
If G has a normal Sylow £-subgroup, then the Brauer tree is a star. So, we assume G
does not have a normal Sylow ¢-subgroup. It follows from the classification of finite
simple groups [34, §5] that G has a normal simple subgroup H with G/H an £’-subgroup
of Out(H).

If H is an alternating group, the Brauer trees are foldings of those of symmetric
groups, which are lines as all characters are real. If H is a sporadic group, then the Brauer
tree of the principal block of H is known under the assumptions on £ [50, 18].
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Assume now H is a finite group of Lie type. If £ is the defining characteristic, then
H = PSL,(F;) and the Brauer tree of the principal block is well known. Otherwise, the
Brauer tree is known by Theorem 4.9. O

4.3. Properties of the trees

We assume here that G is simple and we denote by A a unipotent block with cyclic defect
group D of OG. Let E = Ng(D, bp)/Cg(D), where (D, bp) is a maximal A-subpair.
We assume |E| > 1. We denote by T the Brauer tree of A. Recall (Theorem 4.6) that its
| E| unipotent vertices are non-exceptional. We define the non-unipotent vertex of T to be
the one corresponding to the sum of the non-unipotent characters in K A. It is exceptional
if |E| #|D|— 1.

4.3.1. Harish-Chandra branches. Let I be an F-stable subset of S and let X be a cus-
pidal simple unipotent K L;-module with central €-defect, i.e., such that (dim X), =
[L; : Z(Lp)]e. Since the centre acts trivially on simple unipotent modules, the £-block
by of L containing X has central defect group, and X is the unique unipotent simple
module in b;. This yields the following three facts.

(a) There exists a Enique (up to isomorphism) QL -lattice X such that X ~ KX. The
kL -module kX is irreducible. _

(b) X is the unique unipotent module that lifts kX. In particular Ng(L;, X) =
Ng(L;, kX). ~ ~

(c) If P is a projective cover of X, then K ker(P — X) kys only non-unipotent con-
stituents, therefore REI (X) and K ker(REI (P) —» REI (X)) have no irreducible con-
stituents in common.

Under the properties (a) and (b), Geck [37, 2.6.9] showed that the endomorphism algebra
End@G(RLGI (X)) is reduction-stable, i.e.

kEndog (RY (X)) = Endig (RY, (kX)).

Property (c) was used by Dipper [26, 4.10] to show that the decomposition matrix of
EndOG(REI (X)) embeds in the decomposition matrix of b.

It follows from [39] that the full subgraph of T whose vertices are in the Harish-
Chandra series defined by (L;, X) is a union of lines. Note that [39] proves a correspond-
ing result for blocks of Hecke algebras at roots of unity, in characteristic 0. The fact that
the tree does not change when reducing modulo £ follows from the following two facts:

e a symmetric algebra over a discrete valuation ring that is an (indecomposable) Brauer
tree algebra over the field of fractions and over the residue field has the same Brauer
tree over those two fields; -

e the blocks of the Hecke algebra Endpg (Rfl (X)) correspond to blocks of the Hecke
algebra in characteristic O for a suitable specialization at roots of unity.

Each such line in T is called a Harish-Chandra branch. In particular, the principal series
part of T is the full subgraph whose vertices are in the Harish-Chandra series of the trivial
representation of a quasi-split torus.
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Proposition 4.12. Let N be an edge of T and let V| and V; be its vertices. Let I be a
minimal F-stable subset of S such that *Rgl (N) #0.If £ 1 |Ly|, then giveni € {1,2},

the F-stable subset I is also minimal with respect to the property that *Rgl Vi) #0.

Proof. Let M be an OL-lattice such that K M is simple and N is a quotient of Rgl (M).
Note that M is projective, hence it follows by Harish-Chandra theory that K M is cuspidal.
Since REI (M) is projective, it follows that V| and V; are direct summands of K RLG, (M).
The proposition follows by Harish-Chandra theory. O

Corollary 4.13. Suppose that £ { |Lj| for all F-stable I C S. Then the edges that are
not in a Harish-Chandra branch are cuspidal.

The following result is a weak form of [46, Theorem 3.5].

Proposition 4.14. [f St is a vertex of T, then the edge corresponding to Sty connects St
and the non-unipotent vertex.

Proof. Recall that bI'y is the projective cover of Sty. Since St is the unique unipotent
component of KT'y, the proposition follows. O

Proposition 4.15. Assume that A is the principal block and £ { |Lj| for any F-stable
I C S. Let L be the full subgraph of T whose vertices are at distance at most r from 1.
Then L is a line whose leaves are 1 and St.

Proof. The tables in [44, Appendix F] show that the Brauer tree of the principal block of
the Hecke algebra Endpg (R? (O)) is aline with r+ 1 vertices, with leaves corresponding
to the trivial and sign characters. So, T has a full subgraph L that is a line with » + 1
vertices and with leaves 1 and St. Using Proposition 3.12 and duality, we deduce that all
vertices at distance at most r from 1 are in L. O

4.3.2. Real stem. We fix a square root of ¢° in K (specific choices will be made in Sec-
tion 5). Let V be a unipotent irreducible K G-module. Let w € W be such that V occurs
in H.(X(w), K). The eigenvalues of F° on the V-isotypic component of H.(X(w), K)
are of the form Ay g% where Ay is a root of unity (depending only on V, not on w or i),
for some j € %Z. Note that Ayx = )L;,l.

So, the vertices of the real stem of T consist of the non-unipotent vertex and the
unipotent vertices corresponding to the V such that Ay = =£1. For classical groups, all
unipotent characters have this property, and are real-valued, and for exceptional groups,
the unipotent characters with this property are principal series characters and D4-series
characters, which are real-valued by [41, Proposition 5.6], and cuspidal characters G[£1],
which are rational-valued by [41, Table 1].

4.3.3. Exceptional vertex. Recall from Theorem 4.6 that the £-block A is attached to
a cuspidal pair (L, ). A non-unipotent character in A is obtained by Deligne-Lusztig
induction from an irreducible non-unipotent character of L. We give here a condition for
that character to be cuspidal.
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Proposition 4.16. Assume that X is cuspidal and L is not contained in any proper F -
stable parabolic subgroup of G. Let P' be a proper F-stable parabolic subgroup of G
with unipotent radical U' and an F -stable Levi complement L. The (OG, OL’)-bimodule
bOGeyr is projective and its restriction to OG is a direct sum of projective indecompos-
able A-modules corresponding to edges that do not contain the non-unipotent vertex. In
particular, the non-unipotent characters of A are cuspidal.

Proof. Let Q be the subgroup of order £ of D and let g € G be such that Q¢ < L.
Let A, QO = {(x, g’lxg) | x € Q}. We have BrAgQ(bOGeU/) ~ BrAQ(bOGegU/g_u) =
bykLey where V = gU’g~'NL (Lemma 3.2). By assumption, X is cuspidal and P’ N L is
a proper F-stable parabolic subgroup of L, hence bykLey = 0, s0 Bra, o (bOGey) = 0.
Since the ((OG) ® (OL’)°PP)-module bOG is a direct sum of indecomposable modules
with vertices trivial or containing A, O for some g € G, we deduce that the (OG, OLj)-
bimodule bOGey is projective.

Let & € Irr(K D) \ {1}. Since Res[LL Lr®8) = Res[LL pyr (), it follows that 1 ® &
is cuspidal. Theorem 4.6 shows that e\’/ery non-unipotent character of b is of the form
(=16t (Rf (A ® &)) for some & € Irr(K D) \ {1}. Proposition 3.1 shows that such a
character is cuspidal. O

The assumptions of Proposition 4.16 are satisfied in the following cases:

e L = T contains a Sylow ®;-torus of G and d is not a reflection degree of a proper
parabolic subgroup of W (e.g. G = E7(q) andd = 14 or G = Eg(q) and d €
{15, 20, 24}). In that case the trivial character of L is cuspidal, and no proper F-stable
parabolic subgroup of G can contain a Sylow ®4-torus.

e G = Eg(q),d =12 and ([L,L]7, 1) = ®D4(q),3D4[1]) ord = 18 and ([L, L]7, 1)
= (FAa2(q). $21).

Lemma 4.17. Let w € W and let M be a simple A-module corresponding to an edge
containing Xexc. If w has minimal length such that RHom; - (RI'(X(w), k), M) # O,
then € | |TVF | If € 4 |T'F| for all v < w, then RHom}; (RT«(X(), k), M) = 0.

Proof. Let M be as in the lemma and w be minimal with RHomg , (RT".(X(w), k), M)
# 0. Assume that £ { [T*F|. We have (—1)*™[bRT.(X(w), k)] = >, anlPyl, where
runs over the edges of T and a,, € Z. By Proposition 3.5 we have a;, > 0 where u is the
edge corresponding to M. Since xexc does not occur in [RI'.(X(w), K)], it follows that
there is an edge v containing yexc such that a,, < 0. Let N be the simple A-module corre-
sponding to v. The complex RHom; ., (RI"¢(X(w), k), N) has non-zero cohomology in a
degree other than —¢(w), hence there is v < w such that RHomy; (RT"¢(X(v), k), N) # 0
by Proposition 3.5, a contradiction. The lemma follows. O

4.3.4. In the stable category. Assume in §4.3.4 that § = 1 and L is a maximal torus of
G. This is a ®4-torus. Let w € W be a d-regular element. The next result follows from
[30, Corollary 2.11 and its proof].

Proposition 4.18. Letm € {0, ..., d —1}. The complex RT'-(X(w), k) 4m) is isomorphic
in kG-stab to Q*"k.
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Remark 4.19. If I”F is an ¢'-group for all v < w, then Proposition 4.18 holds with
X(w) replaced by X(w).

4.3.5. Coxeter orbits. The following lemma holds for general symmetric O-algebras A

such that kA is a Brauer tree algebra.

Lemma 4.20. Let C be a bounded complex of finitely generated projective A-modules.
Assume that T has a subtree of the form

Si—1 N So
Vi

Vi Vo

all of whose vertices are non-exceptional, and

(i) KH!(C) =0fori & {0, —t}, H(kC) = 0 fori < —t and KH°(C) ~ Vy;

(ii) given an edge M of T, an integer i < t and a map f € Homps 4\ (C, M[i]), the
induced map from the torsion part of H™' (C) to M vanishes;

(iii) if M is an edge of T that contains V;, and M is strictly between S;_1 and S; in the
cyclic ordering of edges at V; (for0 < i <t —1)or M # So (fori = 0), then
Homps4)(C, M[j) =0for j e {i,i + 1}N0{0,....r —1};

(iv) S; is not a composition factor of the torsion part of H-*1(C) for 1 <i <t — 1.

Then C is homotopy equivalent to

Si—1 $
00— P— Ps,_, t—>P5t72—>~-~—1>P50—>0

where P is a projective A-module in degree —t with KP ~ KH™'(C) ® V; and
Homy (Ps;, Ps;_,) = O4;. Furthermore, giveni € {0, ..., t —2}, the composition factors
of the torsion part of H™(C) correspond to the edges strictly between S; and S; 1 in the
cyclic ordering of edges at V;.

If V. = KH™(C) is simple and distinct from V;_1, then there is an edge S; between
V and Vi and P =~ Ps,. Furthermore, the composition factors of the torsion part of
H™'*1(C) correspond to the edges strictly between S;_1 and S; in the cyclic ordering of
edges at V.

Proof. We can assume that C has no non-zero direct summand homotopic to zero. Since
H=<"!(kC) = 0, it follows that C<~" = 0. Let m be maximal such that C™ # 0. Suppose
that m > 0. By (i), H"(C) is a non-zero torsion A-module. Let M be a simple quotient
of H™(C). Assumption (ii) gives a contradiction. We deduce that m = 0.

By (iii), any simple quotient of H%(C)free = HO(C)/HO(C)yor is isomorphic to Sp.
Moreover, since K HO(C )ree = Vo and Sy occurs only once in any £-reduction of Vj,
there exists a surjective map Ps, —» HO(C)free. It follows that there is an isomorphism
Ps, ® Q 5 €9 such that the composite map K Q — KCY% — KHOY(C) vanishes. Let
N be the image of Pg, in H(C). Suppose that there is a simple quotient M of H(C)
vanishing on N (i.e. such that N is in the kernel of the quotient map H°(C) — M). Then
M is a quotient of the torsion part of H?(C) and the composite map Q — HY(C) — M
is non-zero. We deduce that this map induces a non-zero map from the torsion part of
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HO(C) to M, which contradicts (ii). Consequently, the restriction of C —» HO(C) to Ps,
is surjective and O = 0 by minimality of C.

Given1 <i <t —1,fix§; : Ps, = Ps,_, such that Homy (Ps;, Ps;_,) = O5;. We
put §o = 0 : Ps, — 0. We prove by inductiononi € {0,...,# — 1} that 0 — c -

citl 5 s isomorphic to the complex 0 — Ps;, ﬁ, Ps, , — --- = Ps ﬁ)
Ps, — 0, where Pg, is in degree 0. This holds for i = 0 and we assume now this holds
forsomei < t—2. We have dim Homy 4 (k Ps, |, k Ps;) = 1 and we denote by N the image
of a non-zero map Ps,,, — Ps;. Itis contained in k ker §;. Let M be a composition factor
of (kkerd;)/N.If i = 0, then the edge corresponding to M contains Vo and M 2% S,
or it contains Vj and is strictly between Sp and S in the cyclic ordering of edges at V.
If i > 0, then the edge corresponding to M contains V; and is strictly between S;_; and
S; in the cyclic ordering of edges at V;, or it contains V;1 and is strictly between S;
and S;1 in the cyclic ordering of edges at V;; 1. By (iii), Py is not a direct summand
of C~'~1. It follows from (iv) that there is an isomorphism Ps,,, ® Q — C~~! such
that the composition 9 — C~'~! — C~/ vanishes. Let M be a simple quotient of Q. By
minimality of C, M occurs as a quotlent of H~~1(C), which is torsion by (i). So (ii) glves
a contradiction. We deduce that C~'~! ~ Py, and the differential \C~'~! — kC~*

not zero. This shows that the induction statement holds for i + 1.

We deduce that C is isomorphic to

Si—1 $
00— P— Ps,_, SN Ps, , = ---— Pg, —1>PSO—>0

for some projective A-module P in degree —¢. We have [K P] = (—1)'[KC]+[K Ps,_,1—
[KPs, ,]+ -+ (=D'[KPs,] = [KH'(C)]+ [V;], hence KP >~ KH'(C) & V;.

If V.= KH'(C) is simple, then KP >~ V & V;, hence P =~ Ps, where S; is the
edge containing V and V;. The last statement follows from the fact that the differential
kP — kPs, | is non-zero. O

The following theorem deals with direct summands of ﬁFc(X(c), O) that have exactly
two non-zero cohomology groups over K. Extra assumptions on the block are needed
here.

Theorem 4.21. Assume that £ { |TF|. Let C be a direct summand ofbﬁFC X(c), O) in
Ho? (OG-mod). Suppose that there are ¥’ > r and t > 0 such that

(1) the torsion part in H*(C) is cuspidal;
(i) H(KC) = O fori & {r',r' + 1t} and Vo = H T (KC) and V' = H" (KC) are
simple K G-modules;
(iii) T has a subgraph with non-exceptional vertices and non-cuspidal edges

Vi

Vo

such that Vi1 — — — — — — %) Vi Vo is a connected component of
the subgraph of T obtained by removing the edge S;_1 and all cuspidal edges.
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Then

o there is an edge S; between V; and V' and C is homotopy equivalent to
C'=0— Ps, > Ps, , = --+— Ps, =0

with Ps, in degree r';

o the complex C' is, up to isomorphism, the unique complex such that the differential
Ps, — Ps, | generates the O-module Hom(Ps;, Ps, ) for1 <i < t;

e the composition factors of the torsion part of H" i (C) correspond to the edges
strictly between S; and Si1 1 in the cyclic ordering of edges at Vi1 (for0 <i <t—1).
In particular, the edges between S;_1 and Sy around V; are also cuspidal.

Proof. We apply Lemma 4.20 to C[r’ +¢]. Assumptions (i), (ii) and (iv) of the lemma fol-
low from the assumptions of the theorem. By Corollary 3.13, we have Hom pray(C, M[i])

= 0 fori > r and M cuspidal. If M is simple non—quspidal and not in {Sy, ..., Si—1},
then M does not occur as a composition factor of H' (kC) for i > r’. This shows that
assumption (iii) of the lemma holds. The theorem follows. ]

Assumption (iii) in Theorem 4.21 may look rather difficult to check if only part of the
tree is known. However, it will be satisfied for most of the Brauer trees we will consider,
thanks to the following proposition.

Proposition 4.22. Let V be a simple unipotent K A-module. Assume that

Y )( |TCF|’.

Visaleaf of T, i.e. V remains irreducible after £-reduction;
the Harish-Chandra branch of V has at least t edges;

Lt |Lg| for all F-stable subsets I C S.

Then assumptions (i) and (iii) in Theorem 4.21 are satisfied with C = bﬁFC(X(c), 0)
and Vi, ..., Vo =V being the Harish-Chandra branch ending at the leaf V.

Proof. Assumption (i) is satisfied by Proposition 3.15, while assumption (iii) is satisfied
by Corollary 4.13. O

Corollary 4.23. Let b be the block idempotent of the principal block of OG. Assume that
€4 |TF| and € 1 |Lj| for all F-stable subsets I C S. Let T be the full subgraph of T
with vertices at distance at most r + 1 of the trivial character. Then

the real stem of T' is a line with leaves 1 and the non-unipotent vertex;

the edge Sty has vertices St and the non-unipotent vertex;

any non-real vertex of T' is connected to St by an edge;

V = KH.(X(c), O)(yr) is a non-real simple K Gb-module and the edge connecting V
and St comes between the one connecting St to a unipotent vertex and Sty in the cyclic
ordering of edges at St.
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Proof. The description of Frobenius eigenvalues on the cohomology of X(c) in [55, (7.3)]
shows that KH.(X(c), O)ry = 0fori & {r,2r} and V = KH.(X(c), O)4r) is simple,
under our assumptions on £. The result follows now from Theorem 4.21, Corollary 4.22
and Propositions 4.15 and 3.11(iii). ]

By Remark 3.9, the previous results have a counterpart for the compactification.

Proposition 4.24. Lemma 3.14, Theorem 4.21, Proposition 4.22 and Corollary 4.23 hold
with X(c) instead of X(c) if we replace the assumption £ 1 |TF | by £ 1 |TF | forallv < c.

Remark 4.25. We have |TF| = (¢ + 1)(¢® — ¢° + 1) = ®2(¢) P 13(g) for G simple of
type E7(q), and [T"| = ¢* + 4" —¢° —¢* — ¢° + ¢ + 1 = ®30(q) for G simple of type
Es(g). In particular, when £ is good and d ¢ {2, h}, the condition £ { |T¢F| will always
be satisfied for E7(g) and Eg(q).

Remark 4.26. We can easily read off the cohomology of a complex C as in Theo-
rem 4.21 from the Brauer tree. As a consequence of Theorem 4.9, one can check that
the cohomology of C is concentrated in degrees r and r + ¢ (and irreducible in de-
gree r + t), and is torsion-free. Other calculations in §5 give a strong evidence that
the cohomology of a variety associated to a Coxeter element is always torsion-free.
By [4] this holds for groups of type A. Such a statement does not hold for more gen-
eral Deligne-Lusztig varieties: if ngw)fl(X(w), K) = 0 and ¢ divides |T*F|, then
ng(w)_l(X(w), k) = H'(X(w), k)* is non-zero since the connected Galois covering
Y(w) — X(w) yields non-trivial connected abelian £-coverings. Therefore by the uni-
versal coefficient theorem, ng(w)fl (X(w), O) is a torsion module. However, one can
ask whether the property £ { |T%F| forces the cohomology to be torsion-free (see also
Proposition 3.8).

4.4. Summary of the algebraic methods

We summarize here some facts and arguments about Brauer trees that we shall use
throughout §5. We consider a unipotent block with a cyclic defect group and non-trivial
automizer. We also assume that the block is real (this is the case for all the unipotent
blocks we will consider).

(Parity) The distance between two unipotent vertices is even if and only if their degree
are congruent modulo £.



Brauer trees of unipotent blocks 31

(Real stem) The collection of unipotent vertices V with Ay = +£1, together with the non-
unipotent vertex, form a subgraph of the Brauer tree in the shape of a line, called the
real stem. Taking duals of characters corresponds to a reflection of the tree in the
real stem.

(Hecke) The union of the full subgraphs of T obtained by considering unipotent charac-
ters in a given Harish-Chandra series is a collection of lines, which is known.

(Degree) The dimension of the simple module corresponding to an edge is the alternat-
ing sum of the degrees of the vertices in a minimal path from the edge to a leaf.
This dimension is a positive integer, and this can be used to show that certain con-
figurations are not possible. Broadly speaking, the effect of this condition is to force
the degrees of the unipotent characters, as polynomials in g, to increase towards the
non-unipotent node.

(Steinberg) The vertices of the edge St, are St and the non-unipotent vertex. If the proper
standard Levi subgroups of G are £'-groups, then the full subgraph of T whose
vertices are at distance at most r from 1 is a line whose leaves are 1 and St and the
edge Sty is cuspidal.

Our strategy is to first study the ‘mod-£ generalized eigenspaces’ of F' on the cohomology
complex of a Coxeter Deligne-Lusztig variety (or its compactification), for those eigen-
values corresponding to unipotent cuspidal K G-modules. This gives information about
the location of the corresponding vertex with respect to the real stem.

A second step is required if there are cuspidal unipotent K G-modules in the block
that do not occur in the cohomology of a Coxeter Deligne—Lusztig variety. In that case,
we consider the eigenspaces in the complex of cohomology of a Deligne—Lusztig variety
associated to a d-regular element, which is minimal for the property that this module
occurs in the cohomology.

5. Determination of the trees

We now determine the Brauer trees of the blocks from Table 2. The edges corresponding
to cuspidal simple modules will be drawn as double lines.

Throughout this section, A denotes a block of OG with cyclic defect and b is the
corresponding block idempotent.

We shall start with the case of exceptional groups of type E7 and Eg, for which § = 1.
If G is a standard Levi of a simple group of type Eg, it follows from Lusztig’s classifi-
cation that a cuspidal unipotent character p of G is uniquely determined by the eigen-
value of F on the p-isotypic part of the cohomology of the various Deligne—Lusztig vari-
eties. Following the convention in Chevie [61], we will denote by G[«] a cuspidal simple
unipotent K G-module such that the eigenvalues of F in the G[«]-isotypic component of

H!(X(w), K) are in ¢ 22y for any w € W, with the exception of the cuspidal unipotent
character of D4(g) which will be denoted by D4 and not D4[—1]. The choice of a square
root of g is actually only needed when considering the two cuspidal characters of E7(q).
The roots of unity @ which occur always have order 6 or less.

For the ®4-blocks we will study it will be enough to consider the following situations.
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o If 3|d (resp. 4|d, 5|d), we denote by 0 (resp. i, n) the unique third (resp. fourth,
fifth) root of unity in @ whose image in k is g9/ (resp. ¢?/#, g%/3). The corresponding
cuspidal characters are Eg[16], E(J[:I:02], Eg[+0] and Eg[:l:@z] (resp. Eg[#i], Eg[r/j]
forj=1,...,4).

o If d = 2e with e odd, we fix a square root ,/g of ¢ in O and we denote by i the unique
fourth root of unity in @ whose image in k is (,/¢)°. The corresponding cuspidal
characters are E7[=+i].

5.1. Groups of type E7

For groups of type E7, we need to consider the principal ®4-blocks for d = 9, 14 and the
®9-block corresponding to the d-cuspidal pair (2A2(q) . (q5 + 1), ¢21).

5.1.1. d = 14. In that case, the proper Levi subgroups of G are £'-groups. Let us deter-
mine the Brauer tree of the principal ®14-block of E7(q). Using (Hecke), (Degree) and
(Steinberg) arguments, we obtain the real stem as shown in Figure 11 (see the Appendix).
The difficult part is to locate the two complex conjugate cuspidal unipotent characters.
Let C = bRI':(X(c), O)(-1) be the generalized ‘—1 (mod £)-eigenspace’ of F. By [55,
Table 7.3], we have

KC ~ (E7[iD[-7]1 ® K[—14],

where E7[i] is defined as the unipotent cuspidal K G-module that appears with an eigen-
value of F congruent to —1 modulo £ in HZ X(c), K).

Corollary 4.23 shows that E7[i] is connected to St and that it is the first edge com-
ing after the edge S in the cyclic ordering of edges containing St. This completes the
determination of the tree.

Let us describe more explicitly the minimal representative of the complex C. Let
k = So, S1, ..., Se be the non-cuspidal modules forming the path from the character 1
(the character of the trivial K G-module K) to St in the tree (see Figure 1).

Eqli]
St \(1527,37 $105,26 ©189,17 189,10 P105,5 $27.2 1
== I N N I I N O
U U ), ), U U
T Ss Ss S4 S3 Sy S So

E7[—i]

Fig. 1. Right-hand side of the Brauer tree of the principal ®4-block of E7(g).
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The complex bﬁl‘c X(0), k)Ee_dl) is given as follows:

E5[i] Se
Ste Erli] Ss S4

0— E7[-i] - St Ss— S¢ S4 —> S5 S3—---— § — 0.
S6 E7[—i] Ss Sy k

S

Remark 5.1. This argument applies to many other trees, especially to those associated
to the principal ®;-block when d is the largest degree of W distinct from the Coxeter
number (in that case the assumptions on £ in Proposition 4.22 are satisfied). This shows
for example that the Brauer tree of the principal ®>-block of 2 Eg(g) given in [48] is valid
without any restriction on q. It is also worth mentioning that it gives not only the planar
embedding but also the labelling of the vertices with respect to Lusztig’s classification
of unipotent characters (in terms of eigenvalues of Frobenius). In the previous example
Ext] ; (E7[il, St¢) # 0, whereas Ext} . (E7[—i], Stg) = 0.

5.1.2. d = 9. It follows from Lemma 3.3 that A is Harish-Chandra projective relatively
to the principal block of E¢(g), hence A has no cuspidal simple modules.

The real stem gives most of the Brauer tree of the principal ¢-block (see Figure 9).
It remains to locate the pairs of complex conjugate characters {Es[6]c, E6[92]5} and
{Es[0]11, Eg 6%, }. To this end we use the homological information contained in the co-
homology of the Coxeter variety X(c). Let I be a proper subset of S. If L; is not a group
of type Eg, then L; is an £’-group and the cohomology of X(c;) is torsion-free by [29,
Proposition 3.1]. This remains true when L; has type Eg.

Lemma 5.2. If q has order 9 modulo £, the cohomology of the Coxeter variety in a simple
group of type Eg is torsion-free.

Proof. Denote by X the Coxeter variety of Eg(q). By Proposition 3.15, the torsion of
HI (X, O) is cuspidal. Let A € k* and let C), = RT (X, O) ).

Assume that & & {1, ¢®}. The cohomology of H*(K C,) is an irreducible module V
corresponding to a block idempotent b, of defect zero.

If V is cuspidal, then it occurs in degree 6 in H*(K C;), hence H*(C},) is torsion-free
by Lemma 3.14. If V is not cuspidal, then H*(b,.C;) has no torsion. On the other hand,
H*((1 — b)) C,) is torsion and cuspidal, hence 0 by Lemma 3.14.

Assume now that A = 1. We have H®(K C1) = St @ Eg[#?] and H (K C;) = 0 for
i # 6,s0H*(Cy) is torsion-free by Lemma 3.14 (so, St+ E¢ [6%]is a projective character
of Eg(q), as was shown in [49]).

Assume finally that A = ¢% We have H*(KC,) = Eg[6], H?(KCy) = 1 and
H/ (KC)) =0 fori & {6, 12}. Corollary 4.23 shows that H*(C}) is torsion-free. |

From this lemma together with Proposition 3.15, we deduce that the torsion of
H(X(c), O) is cuspidal, hence the principal block part of H*(X(c), O) is torsion-free.
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In particular, the complexes D; = bRI'.(X(c), O) for A € {q(‘, q7} have no torsion in
their cohomology. We have

KDy =~ Ec[0]:[—7]1 ® ¢7,1[—13],
KD, ~ Es[0]1[—8] ® K[—14].

Theorem 4.21 gives the planar-embedded Brauer tree as shown in Figure 9.

5.1.3. d = 10. For the ®p-block the situation is similar: there is a unique proper F-
stable subset I of S such that L; is not an ¢’-group. This Levi subgroup L; has type De.
Since the Coxeter number of Dg is 10, [29, Theorem] asserts that H’(Xy,, (c7), O) is
torsion-free. Let E7[i] be the unipotent cuspidal K G-module that appears with eigen-
value congruent to g% modulo ¢ in HZ(X(c), K). Theorem 4.21 applied to C =
bRT . (X(c), k)(qo) gives the planar-embedded Brauer tree as shown in Figure 10.

5.2. Groups of type Eg
The blocks we need to consider are

o the three ®g-blocks associated to the d-cuspidal pairs (A2.(q%+q> +1),¢) forp =
@3, ¢21 and ¢y3;

e the ®»-block associated to the d-cuspidal pair (C D4(q) - (¢* + g% + 1), > D4[1]);

e the @ g-block associated to the d-cuspidal pair (2A2(q) . (q6 - q3 + 1), ¢21);

e the principal ®4-blocks for d = 15, 20 and 24. In those cases, the proper Levi sub-
groups of G are £'-groups.

5.2.1. d = 9. There are three unipotent blocks with non-trivial cyclic defect. The real
stem is given by Figure 9, where we have given the correspondence with vertices of the
E7 tree. For each of the three trees, there are two pairs of complex conjugate characters
that need to be located:

(1) {EclO]g, E6[92]¢1.0} and {E6[9]¢i’3’ E6[92]¢/1/3} for the block b; associated to the
d-cuspidal pair (A3, ¢3); ’ ’

(2) {EslOls, E6[92]¢2_1} and {E6[0]s, . E6[02]¢2.2} for the block b, associated to the
d-cuspidal pair (A3, ¢21);

(3) {E[01, 4. Ec[0714, ;) and {Ecl0]y; .- E6[92]¢i ) for the block b3 associated to the
d-cuspidal pair (A3, ¢;3). ) '

To this end we again use the cohomology of the Coxeter variety X(c), which we first show
to be torsion-free on each block b;. Lemma 3.3 shows that all three unipotent blocks are
Harish-Chandra projective relative to the principal block of E¢(g). By Lemma 5.2, the
cohomology of the Coxeter variety of Ejg is torsion-free. Therefore by Proposition 3.15
the cohomology of X(c), cut by the sum of the b;, is torsion-free.

We can now use the same argument as for the principal ®9-block of E7: Theorem
4.21 shows that the part of the tree to the right of the non-unipotent node in Figure 9 is
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correct. We consider the standard Levi subgroup L; of semisimple type E7 and we use
the Harish-Chandra induction of the isomorphism E¢[0]] =~ Q70 in OL;-mod. It gives

Egl0]1 © Eol0]p, ) © Eol0]p,, © EolOly; , = QMO ® ds.1 ® P352 ® P112.3)

in OG-stab. By cutting by each b; and using the information above (on the part of the
tree to the right of the non-unipotent node) we get E¢[01y,, = Q7¢35,2 and E6[9]¢‘i , =
Q7¢112,3. The same procedure starting with the isomorphism Eg[0], =~ Q7¢7,1 yiyélds
E6[9]¢i’,3 ~ Q7¢160,7. This completes the determination of the three planar-embedded
trees.

Note that even though each of these three blocks is Morita equivalent to the principal
®g-block of E7, the Harish-Chandra induction functor (cut by each block) does not induce
that equivalence.

5.2.2. d = 12. Thereal stem is as given in Figure 12, therefore knowing the tree amounts
to locating the ~cus.pidal character Eg[—62].

Let C = bRI'¢(X(c), O)46)- The non-cuspidal simple A-modules are in the principal
series, hence they cannot occur in the torsion of H’(X(c), O). It follows that assump-
tion (i) of Theorem 4.21 is satisfied. Assumption (iii) follows from the knowledge of the
real stem of the tree. Finally, assumption (ii) follows from the decomposition

bH (X(c), K) (o) =~ Es[—071[—8] @ g s[—14].

Theorem 4.21 shows that Figure 12 gives the correct planar-embedded Brauer tree.

5.2.3. d = 18. The real stem is as in Figure 14.

e Step 1: position of Eg[—6?%]. The only proper standard F-stable Levi subgroup L;
with £ | |Ly| has type E7. It follows from Proposition 4.16 that bRg{ (M) is projective
for any M € OLj-mod. Since 18 is the Coxeter number of E7, [29, §4.3] shows that
the cohomology of the perfect complex bRI'.(X(cy), O) is torsion-free. It follows from
Proposition 3.15 that the torsion of bH}(X(c), O) is cuspidal. Since

bKH(X(c), K)(y7y = (Eg[-0°D[-8] & ¢g.1[—15],

Proposition 4.22 and Theorem 4.21 show that there is an edge between ¢35 74 and
Eg[—6?], and that edge comes between the edges ¢35.74 — ¢300,44 and ¢3574 — ¢g 91
in the cyclic ordering of edges around ¢35,74.

e Step 2: Eg[6f] is connected to the non-unipotent node. From the Brauer tree of the
principal ®g-block given in [19], we know that Q 'k lifts to an OG-lattice of character
E¢[0]1. Now, if Eg[0] is not connected to the non-unipotent node, then 5212453‘1 lifts to an
OG-lattice of character Dy, ¢/, OF ¢3.91 depending on whether Eg[6] is connected to the
Dy-series or the principal series. Since the degree of ¢g 1 ® Eg[6]; is smaller than that
of ¢g 91 and of D4,¢i/’|2, we obtain a contradiction. This proves that Eg[0] and Eg[6?] are
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connected to the non-unipotent node, and we obtain the planar-embedded Brauer tree up
to swapping these two characters (see Figure 14).

e Step 3: description of BRI (X(c), O)(g). Let C = HRT.(X(c), (’))EZ‘;. Its cohomology
over K is given by

KC~ (¢] @ ¢35 @ o305 ® 050,13 [—21 ® (Es[—0])[-8].

Corollary 3.13 (or rather its analogue for compactifications, which holds since £ { T
for all v < c; see also Remark 3.6) shows that the terms of C are projective and do
not involve the projective cover of a cuspidal module, except possibly in degree 8. The
character of K C shows that only the projective cover of Eg[—68] can occur, and it occurs
once in degree 8. In addition, the torsion of the cohomology of C must be cuspidal by
Proposition 3.8 (there are no modules lying in an E7-series in b). Let i < 2 be minimal
such that H (kC) # 0. Then H! (kC) is cuspidal and (kC)’ contains an injective hull of
Hi (kC), a contradiction. So, H: (kC) = 0 fori < 2. Let Py, ..., P7 be the projective
indecomposable modules lying in the principal series of A, with [Po] = ¢s.1 + ¢352
and Hom(P;, Pi11) # O for 0 < i < 7, so that [P7] = ¢35,74 + ¢g.91. It follows from
Lemma 4.20 that

CZO—)P—>P2—>--~—>P6—>PES[_Q]—>0 (51)
where P =~ P§B7 <) me <) P2€B4 is in degree 2.

o Step 4: the torsion part of bRT, X(w), O)(y) is cuspidal. Let w € W be the unique (up
to conjugation) element of minimal length for which Eg[f] occurs in H}(X(w)). Here
£(w) = 14. Let us consider R = bRI'.(X(w), 0)(g)- Using the trace formula (see [25,
Corollaire 3.3.8]), we find that

KR~ (93] @ 02, @ 5 3 ® bs40,13)[—2] @ (E[07)[—14].

By Proposition 3.8, the torsion part of the cohomology in R is either cuspidal or in an
E7-series. Since there are no modules in E7-series in A, we deduce that the torsion part
is cuspidal. In particular, if j = 4, 5, 6 then Hom}; (P;, kR) ~ 0, and if j =0, ..., 3 the
cohomology of Hom; (P}, kR) vanishes outside degree 2. Note that Homp (P}, kR) =
P; ®ig kR where P; is viewed as a right kG-module via the anti-automorphism g + g~!
of G, since P; is self-dual.

e Step 5: Eg[—6?] is not a composition factor of H*(kR). Let C’ be the cone of the
canonical map Pgy—)[—8] — kC. By (5.1) it is homotopic to a complex involving only
projective modules in the principal series. Tensoring by kR gives a distinguished triangle

Peg—01[—8] ®kGg kR — kC Qrg kR — C' ®iG kR ~ .

From the explicit representative of C’ and Step 4 above we know that the cohomology
of C' ®kc kR vanishes outside the degrees 4, 5 and 6. Proposition 3.7 shows that the
cohomology of kC ®i ¢ kR vanishes outside degree 4. The previous distinguished triangle
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shows that the cohomology of Pg,[_g) ®kc kR vanishes outside the degrees —4, ..., —1.
Since H' (kR) = 0 for i < O this proves that Eg[—6?] is not a composition factor of
H*(kR).

e Step 6: Eg[—6] is not a compositign factor of H! (kR) for i # 6,7,8. The same
method as in Step 5 with D = bRT'.(X(c), O)(q7) ~ C*[—16] and D’ = Cone(kD —
Py —p21[—8]) yields a distinguished triangle

kD ®i6 kR — Pgy_g2)[—8] ®k6 kR — D' ®c kR ~ .

Here kD ®ic R has non-zero cohomology only in degree 16 by Proposition 3.7. As for
D’ ®ic kR, its cohomology vanishes outside the degrees 14, 15 and 16, and we deduce
from the distinguished triangle that Eg[—6] is not a composition factor of H' (kR) for
i #£6,7,8.

If v < w and £||TF], then v is conjugate to c;, the Coxeter element of type E7.
Since bRI'.(X(cy), O) is perfect, it follows from Lemma 3.10 that bR .(X(v), O) is
perfect for all v < w.

e Step 7: Given v < w, the complex bRI.(X(v), k) is quasi-isomorphic to a bounded
complex of projective modules whose indecomposable summands correspond to edges
that do not contain the non-unipotent vertex.

Consider v < w. If v is not conjugate to a Coxeter element c; of E7, then £ 1 |TVF|
and bRT . (X(v), k) is perfect and quasi-isomorphic to a bounded complex of projective
modules whose indecomposable summands correspond to edges that do not contain the
non-unipotent vertex by Lemma 4.17. If v = ¢, the perfectness has been shown in Step 1
and the second part holds, because the edges that contain the non-unipotent vertex are
cuspidal. We deduce that the statement of Step 7 holds for all v < w by Lemma 3.10.

e Step 8: H*14(R) = 0. Steps 4, 5 and 6 show that the composition factors of H (kR) for
i > 14 are cuspidal modules M corresponding to an edge containing the non-unipotent
vertex. Let M be a simple module corresponding to an edge containing the non-unipotent
vertex. Step 7 shows that the canonical map RI'(X(w), k) — RI'(X(w), k) induces an
isomorphism

RHom} ; (RT'(X(w), k), M) ~ RHom{ ; (RT (X (w), k), M).

Let My = HO(kR) be the non-zero cohomology group of kR of largest degree. We
have HomDh(kG)(RF(X(w), k), Mp[—ip]) # 0. Since RI"(X(w), k) has a representative
with terms in degrees O, ..., £(w) = 14, we deduce from the previous isomorphism that
ip < 14.

e Step 9: Eg[0] and Eg[62] do not occur as composition factors of the torsion part of
H*(R) and Eg[6?] is a direct summand of H'#(kR). Step 7 shows that Eg[6] and Eg[6?]
are not composition factors of H} (X(v), k) for v < w. It follows that if M is any of the
simple modules Eg[f] or Eg[6?], then the canonical map H*(X(w), k) — H} X(w), k)
induces an isomorphism

Homyg (Py, H.(X(w), k)) — Homyg (P, H.(X(w), k)). (5.2)
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Since Hi(X(w), k) =0 for.i_< 14, we deduce that Eg[0] and Eg[62] do not occur
as composition factors of H.(X(w), k) for i < 14. By Poincaré duality and the iso-
morphism (5.2), it follows that Eg[6] and E3[92] cannot occur as composition factors of
Hi(X(w), k) fori > 14. On the other hand, Eg[#] does not occur in [KRI¢(X(w), O)(y)]
(nor does xexc), hence Eg[0] does not occur as a composition factor of H2.4(X(w), k)
or H*(X(w), k)(g). Similarly, Es[6?] occurs with multiplicity 1 as a composition fac-
tor of H1,4(X(w), k)(g) and of Hi4(i(w), k)(g)- Proposition 3.5 shows that Eg[6?] is
actually a submodule of H!*(X(w), k)(4) and hence of H*(X(w), k)(4) by (5.2). Since
KHM*X(w), K)(q) = Es[6?], it follows that Eg[6?] is a quotient of H*(X(w), k)(4).
hence it is a direct summand.

e Step 10: (Es[6%])[—14] is a direct summand of kR in D?(kG). Let Z be the cone of
the canonical map RI:(X(w), k)(g) — RI.(X(w), k)(g)- Step 7 shows that Z can be
chosen (up to isomorphism in D?(kG)) to be a bounded complex of projective modules
that do not involve edges containing the non-unipotent vertex. The complex kR is quasi-
isomorphic to the cone D" of a map Z[—1] — bRI'(X(w), k)(4), hence to the truncation
t=14(D’), a complex N with N = 0fori < Oandi > 14 and with N? a direct sum of
projective modules corresponding to edges that do not contain the non-unipotent vertex
for i < 13. Note that Eg[f] and Eg[6?] are not composition factors of N 13 hence Eg[f]
is not a composition factor of N'# while Eg[#?] is a composition factor of N'* with
multiplicity 1 (see Step 9 above). Consider a non-zero morphism Pg,g2; — N 14 and let
U be its image. Since Eg[@z] is a direct summand of H14(N ), it follows that the image
of U in H'*(N) is Eg[#?]. On the other hand, the simple modules corresponding to edges
containing the non-unipotent vertex but neither Eg[6] nor Eg[6?] are quotients of N 13
hence U ~ Eg[6%] embeds in H'*(N). It follows that U[—14] is a direct summand of N.

e Step 11: R[".(X(w), O)(q—z) ~ V[—14], where V is an OG-lattice such that the simple
factors of KV are in the Dy-series. Let R' = RI.(X(w), 0)4-2)- Wehave KH'(R') = 0

for i # 14 and the simple factors of K H!4(R’) are in the Dy-series. As in Step 4,
one shows that the torsion of RI'.(X(w), O)(qu) is cuspidal. We show as in Steps 5

and 6 that Eg[—0] and Eg[—6?] are not composition factors of H*(kR’). Furthermore,
H>'%(R’) = 0 as in Step 8. Proceeding as in Step 8, one sees that the canonical map
RI.(X(w), k) — RI'(X(w), k) induces an isomorphism

RHom}; (M, RT.(X(w), k)) ~ RHom?; (M, RT(X(w), k)).

Let ip be minimal such that H (kR’) # 0, and suppose that iy < 14. Then H (kR’) is
cuspidal and

Hom s 4.y (H? (kR'), RT (X (w), k)lio])
~ RHom pys ., (H (kR"), RT(X(w), K)[ig]) # 0.

This contradicts the fact that RI".(X(w), k) has no cohomology in degrees less than 14.
Thus, H (kR") = 0 for i # 14.
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e Step 12: Conclusion. Lemma 3.4 shows that R (X(w), k)(qu) >~ RI'(X(w), k) 4)[6]
in kG-stab. By Step 11, we deduce that kV has a direct summand isomorphic to
9_6(Eg [92]) in kG-stab. If the Brauer tree is not the one given in Figure 14 (i.e., E3[0]
and E3[6?] need to be swapped), then Q_ﬁ(E 8[92]) is the reduction of a lattice in ¢300,44,
which cannot be a direct summand of kV. We deduce that the planar-embedded tree is as
shown in Figure 14.

Remark 5.3. We use the determination of the tree to obtain a character-theoretic state-
ment that will be needed in the study of the case d = 15.

The Brauer tree of the principal ®1g-block of G is given in [30, Remark 3.11]. In
particular, E¢[62]; ~ Q%**k. Since QZ4¢8,1 ~ Fg[6?], we deduce that $81® Es[6%]; is
isomorphic to Eg[62] plus a projective OG-module P. If Eg[0] occurs in the character
of P, then the non-unipotent vertex occurs as well. As the degree of the non-unipotent
vertex is larger than the degree of ¢g1 ® Es [62];, we obtain a contradiction. So, the
character of Eg[6] is not a constituent of ¢g | ® E¢[62]:.

5.24. d = 15. The real stem is known and comprises the principal series characters
in the principal £-block. A (Hecke) argument also gives the two subtrees consisting of
characters in the Eg[0]-series and the Eg[6%]-series as shown in Figure 13.

Except for the two characters Eg[6] and Eg [02], each Harish-Chandra series meeting
the principal ®5-block has a character which appears in the cohomology of the Coxeter
variety. The generalized ())-eigenspaces on the cohomology of the Coxeter variety are
given by

bH; (X(c), K)(48) = E6[0]1:[—8] & K[—16],

BHE(X(0), K) g0y == (Es[¢2D[~8] @ Eel611[—10],
PHE(X(e), K) 7y = (Es[ED[-8] @ ¢s.1[—15].

Corollary 4.23 applied to A = ¢® shows that there is an edge between St and Eg[6],,
and this edge comes between the one containing ¢g4 64 and St in the cyclic ordering of
edges around St.

Only cuspidal characters remain to be located, and since they have a larger degree
than E¢[6];, we deduce that Eg[0]; remains irreducible modulo £.

From Proposition 4.22 and Theorem 4.21 applied to C = bR (X(c), 0)(q10), we

deduce that there is an edge between Eg[{z] and E¢[0],.

Similarly, using C = bRI'.(X(c), O)(q7), we deduce that there is an edge between
@112,63 and Eg[¢], and this edge comes between the one containing ¢1400,37 and the one
containing ¢sg 91 in the cyclic ordering of edges around ¢112,63.

Consequently, the trees in Figures 2 and 3 are subtrees of the Brauer tree T (although
we cannot yet fix the planar embedding around Eg[6];).

We claim that Eg[6] and Es[6?] are not connected to the subtree shown in Figure 2.
Let us assume otherwise. By a (Parity) argument, they are not connected to the non-
unipotent node. Let w € W be an element of minimal length such that Eg[#?] appears in
the cohomology of X(w) (we have ¢(w) = 14). We have

[bH} (X(w)., K) 2] = [Es[0%1] + [¢8.91] = ([#8,91] + [Xexc]) — (] + [Xexe]) + 71,
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where n = [K P] and P is a projective bPOG-module whose character does not involve
Xexc- Therefore there is an odd integer i such that Hompy *G) RI . (X(w), k), Ste[i]) # 0.
Since i # 14, it follows from Proposition 3.5 that ([H*(X(v), k)], Stg) # 0 for some
v < w. One easily checks on the character of H}(X(v), K) that this is impossible. As a
consequence, Eg[0] and Eg [62] are connected to the subtree shown in Figure 3.

We next return to the planar embedding of the edges around the node E¢[0].. If the
embedding is not as in Figure 2 then Q~'3k would lift to an OG-lattice of character
Eg[67%]1, and as Q%°k lifts to ¢g 1, we find that Q3% ® Q~ 13k lifts to an OG-lattice
with character the sum of the non-unipotent character plus a projective OG-module.
The sum of the degrees of the non-unipotent characters is (g% — D(g® - D@ —-1)-
(g =11 (g™ = D(g"® — 1)(g%° — 1)(¢g** — 1)D3. Since this is larger than the degree
of Eg[0%]; ® 1¢g.1, we deduce that Q 13k does not lift to E¢[02];, and we obtain the
planar-embedded Brauer tree as in Figure 2.

E
Egl¢?) Egl61g, ,

—_

984,64 P1344,38 P4096,26 $5670,18 P4096,12 $P1344,8  P84,4

f\f\f\f\f\f\o
(A G2 2 VS S

6 1

Fig. 2. Subtree of the principal ®15-block of Eg(g).

Egl¢c*]
@81 $112,3  $1400,7 $4096,11 $5600,19 P4096,27 $1400,37 112,63 98.91
O M) M) M) M) M) M)
), U U ), U U

N[/

Eg[¢]
Fig. 3. Subtree of the principal ®15-block of Eg(g).

It remains to locate Eg[6] and Eg[62]. If they were not connected to ¢g 91, then Q%
would lift to an OG-lattice of character ¢112,63, although Q3% ® Q~k lifts to a lattice
of character ¢3 | ® Eg[0°]; plus a projective module. Since that tensor product has a de-
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gree smaller than ¢112, 63, we obtain a contradiction. Consequently, we obtain the planar-
embedded Brauer tree given in Figure 13, up to swapping Eg[6] and Eg[6?]. Assume the
planar embedded tree shown in Figure 13 is not correct. Then $2'%k lifts to a lattice of
character Eg[0]. Since 3% ® Q! k lifts to a lattice of character P81 ® Eg[0%]1, we de-
duce that Eg[6] occurs as a constituent of that tensor product, contradicting Remark 5.3.
Consequently, the tree in Figure 13 is correct.

5.2.5. d = 20. The real stem of the tree is easily determined (see Figure 15). The difficult
part is to locate the six cuspidal characters in the block.

We have .
bH:(X(c), K) gy = (Es[¢D[-8] @ K[~16],

bHE(X(c), K) (g16) = (E[°D[—8] & Dy 1[—12].

Proposition 4.24 and Corollary 4.23 show that there is an edge connecting Eg[{] to St
and that this edge comes between the edge containing ¢112,63 and the one containing St,
in the cyclic ordering of edges containing St. Also, there is no cuspidal edge connected to
a principal series character other than St and we have

bRT(X(¢), k) (y8) = 0 = Ppye) = P1— -+ = Py — 0, (5.3)

where Py is in degree 16 and Py, . .., Py are projective indecomposable modules labelling
the principal series edges from 1 to St.

Proposition 4.24 and Theorem 4.21 show that there is an edge connecting Eg[¢°]
and Dy .

We now want to locate the characters Eg[i] and Eg[—i]. A (Parity) argument shows
that they are not connected to the non-unipotent vertex. The smallest Deligne-Lusztig
variety in which they appear is associated to a 24-regular element w of length 10. Note
that £ ¢ |T”F | for all v < w. In particular, the character n = [PH}(X(w), K)1)] =
[St] 4 [Eg[—1]] is virtually projective. It follows from Lemma 4.17 that xexc + D4, does
not occur in the decomposition of 7 in the basis of projective indecomposable modules.
As a consequence, Eg[—i] is not connected by an edge to the D4-series, hence Eg[i] and
Eg[—1i] are connected to the Steinberg character.

Therefore it remains to determine the planar embedding around Dy , and St. Assume
that we are in the case shown in Figure 4. Let Sy, . . ., S4 be the simple modules labelling
the edges from Dy 1 to the non-unipotent node so that [Ps,] = Xexc + D4,¢. A minimal
representative of bRT'.(X(c), k)(qm) is given by

Eg[¢?] S3

5[] s s
D=0 |Eg[¢?]| = | S4 S$—> 85 Si—> % S —> § —0,
Sy Es[Z3] S2 S1 So
Eg[¢°] S3

where the cohomology groups (represented by the boxes) are non-zero in degrees 8,
9 and 12 only. A non-zero map Pgg.2; — Pp,3) gives a non-zero element of
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\J/

Egl¢?]

Fig. 4. Wrong planar embedding for the principal ®;q-block of Eg(g).

Home(kG)(D*[—16], D). Consequently, H!%(D ®ig D) # 0. We have
bRT (X(c), K) 416y @k G DRT(X(c), K) (16) = K[—24],

and Proposition 3.7 shows that the cohomology of the complex bRT.(X(c), 0) 416 ®0G
bRT.(X(c), O)(qm) is torsion-free, hence H (bRT. (X (c), k)(qm)@k(; bRT.(X(c), k)(qm))
= 0 for i # 24; this gives a contradiction.

We now turn to the four possibilities for the planar embedding around the node la-
belled by the Steinberg character. We need to rule out the three of them shown in Fig-
ure 5. Recall that w denotes a 24-regular element. As in the case of X(c), Proposition

Eg[—i] Eg[¢] Eg[¢] Egli] Eg[¢] Eg[—i]
St St St
ATAN AYAN A4S
\ A\ / \ A\ \ A\ /
Eglil Egl¢c*] Eglch) Eg[—i] Egl¢c*] Eglil

Fig. 5. Wrong planar embeddings for the principal ®,(-block of Eg(g).

3.8 ensures tEat the torsion part in the cohomology of bRT, X(w), 0) is cuspidal. Let
C = (BRI (X(w), (9)(q1o))red, a complex with 0 terms in degrees less than O and greater
than 20. We have
KC ~ Eg[i][—10] & K[—20].
We will completely describe the complex C, and rule out the wrong planar embed-

dings. We will proceed in a number of steps.

e Step 1: The only non-cuspidal simple module that can appear as a composition factor
of H*(kC) is K, and it can only appear in H*°(kC). The simple modules Sty, Eg[¢?] and
E 8[4’3] do not occur as composition factors of H*(kC).
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The first statement follows from the discussion above. As a consequence, we have
Ps, ®g kC = 0fori =0, ..., 3 and therefore

Ppyie31[—8] Qg kC bRT . (X(c), k) q16) ®kc kC.

The latter is a direct summand of RI'.(X(c) x¢ X(w)), which by Proposition 3.7 has
no torsion in its cohomology. We deduce that Pg,[,3; ®c kC is quasi-isomorphic to
zero, which means that Eg[¢2] does not occur as a composition factor in H*(kC).
The same result can be shown to hold for Eg[§3], by replacing bRI.(X(c), k)(qm) by
(bRT(X(c), k)(qm))*[—16] ~ bRT(X(c), k)(q4). The statement about St, follows from
Proposition 3.11.

e Step 2: Eg [{4] does not occur as a composition factor of H*(kC) and Eg[¢] does not
occur as a composition factor of H (kC) for i ¢ {12, 13}. We have bRT . (X(c), k)1 ®kc
kC ~ k[—20] and R (X(c), k)(qs) ®rG kC >~ k[—36]. Moreover, P; Qg kC ~ 0 for
i=1,...,7but P ®ic kC =~ k[—20], so we obtain from (5.3) a distinguished triangle

Pgg(1[—9] ®kg kC — k[—36] — k[—36] ~ .

Using RIc(X(c), k) 412y = (RTe(X(e), k) (43))*[—16] instead of RIc(X(c), k) s, We
obtain a distinguished triangle

k[—20] — k[~20] = Pp4[~7] ®kc kC ~ .

The variety X(w) has dimension 10, and therefore its cohomology vanishes outside the
degrees 0, . .., 20. Therefore Pgg[;] Qg kKC == 0. We also deduce that PEX[{4] ®kg kC is
quasi-isomorphic to either 0 or k[—12] & k[—13].

e Step 3: Ps,, Ps, and Pgg—i; and do not occur in C, while Pgg[j) occurs with mul-
tiplicity 1 in C (and this is in C 10y The statements about PEg[+i) are clear in view of
Proposition 3.5, while the other two statements follow from Lemma 4.17.

We now have enough information to determine C and rule out the planar embeddings
given in Figure 5.

e Step 4: C' = 0 fori < 10. Let i be the smallest degree for which H (C) has non-
zero torsion. Assume that i < 10. The cohomology H'~!(kC) is cuspidal with socle
in {S4, Eg[i], Eg[—i]}. On the other hand, kC<(¢~1D = 0 and the injective hulls of Sy
and Eg[+i] do not occur as direct summands of kC'~!, a contradiction. It follows that
H(C) = 0 fori < 10 and H'9(C) is torsion-free. So, H! (kC) = 0 for i < 10, hence
(kC) = 0fori < 10.

e Step 5: H/(C) = 0 for 14 < i < 19 and H2(C) = O. Lemma 4.20 applied to the
stupid truncation C13 — C* — ... — C?0 (viewed in degrees —7, ..., 0) shows that

Co0->Ccl'scll's 255 pg>Ps— o> P — Py— 0,

H/(C) =0 for 14 <i < 19 and H*(C) = O.
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e Step 6: H9%C) = Eg[i] and H!Y(C) = 0. By the universal coefficient theo-
rem, H'*(kC) is an extension of L = Tor{ (H!'(C), k) by kH'*(C) = Eglil. Since
we have Ext' (M, Eg[i]) = 0 for all kG-modules M with composition factors in
{S4, Eg[i], Eg[—il}, it follows that the kG-module L is a direct summand of H'9(kC),
hence C'0 has an injective hull of L as a direct summand of kC'°. This shows that
Clo = PEglil and L = 0.

e Step 7: Ext! (Ste, Eg[i]) = 0. The differential C 10 ¢! jnduces an injective map
Q1Eg[i] = C!!. Since Ps;, is not a direct summand of C it follows that St; does not
occur in the socle of C1!, hence not in the socle of Q! Eg][i].

This rules out the first possibility of the planar embedding around St in Figure 5.

e Step 8: H'2(C) = 0. Let L = Tor¥ (H'?(C), k). The kG-module Q~2Eg]i] has no
composition factors isomorphic to Sy, Eg[i] or Eg[—i], hence Hom(L, Q=2 Egli]). It fol-

lows that Ext! (L, Q7 1Eg[i]) = 0, hence an injective hull of L is a direct summand of
kC!, which forces L = 0, hence H'2(C) = 0.

e Step 9: C'3 ~ P;. We have C'3 ~ P; @ R for some projective kG-module R, whose
head is in H'3(kC). It follows from Steps 1-3 that R ~ Péag’&] for some n > 0. Assume

that n > 0. Since St; does not occur as a composition factor of H3(kC), it follows that
Eglei] must occur immediately after Eg[¢] in the cyclic ordering around St for some
e € {+, —} and Pgge;) occurs as a direct summand of C!2: this is a contradiction. We
deduce that C'3 ~ p;.

e Step 10: Conclusion. Assume that the configuration around St is the second one in
Figure 5. Then Q3 Ejg[i] is an extension of Sg by Ss. Since S5 does not occur as a com-
position factor of H2(kC), it follows that Ps is a direct summand of C!3, a contradiction.
Assume now the configuration is the third one in Figure 5. The socle of Q3 Eg[i] is Sty.
Since Sty does not occur as a composition factor of H'>(kC) and a projective cover does
not occur as a direct summand of C'3, we obtain a contradiction. This concludes the
determination of the Brauer tree. Note that now Q2Eg[i] = Es[¢], C'? >~ P, and
H!2(kC) = 0. In particular, H*(C) is torsion-free and C is

00— PEg[i] — PES[(] —> PEg[{] e P7 d P6 —> s —> P() — 0.

5.2.6. d = 24. Several Harish-Chandra series lie in the principal ®4-block, and a
(Hecke) argument gives the corresponding subtrees, as well as the real stem, as shown
in Figure 16.

e Step 1: Cuspidal modules Eg[—6] and Eg[—6?%]. The two cuspidal characters Eg[—6]
and Eg[—6?] appear in the cohomology of a Coxeter variety X(c). To locate them on the
Brauer tree we shall look at the cohomology of a compactification X(c) and proceed as at
the beginning of §5.2.5. We have

bRT(X(c), K) s, = (Es[—67])[-8] ® K[-16].
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We deduce from Corollary 4.23 and Theorem 4.21 (see Proposition 4.24) that
bRT(X(c), O) 48y =0 — P g2y — P1— -+ —> Py — 0, (5.4)

where Py, ..., Py is the unique path of projective covers of non-cuspidal simple modules
corresponding to edges from k to St in the Brauer tree, and the tree in Figure 6 is a
subtree of 7. Furthermore, the only principal series vertex connected by an edge to a
non-principal-series vertex is St.

Eg[—0]
\¢35,74 ?160,55 350,38 P448,25 P350,14 P160,7  $35,2 1
) e ) ) ) e ) O
U U ), ), U U ),

\J/

Eg[—67]

Fig. 6. Subtree of the principal ®4-block of Eg(g).

e Step 2: Eg-series. We now locate the Eg-series characters. By a (Degree) argument,
E6[9]¢~ and E6[9 ]¢~ are not leaves in the tree, so, by a (Parity) argument, must be con-

nected to one of the non-unipotent vertices, D, 8y OF Dy, 9% 5 , and they are connected to
the same node. Note that Eg[07! ]¢~ is connected to exactly two characters: Eg[0 1]¢2 )

and the real character above (by a (Parlty) argument, it cannot be connected to Eg[=i]).
For all g, the degree of

[Dy 47,1 — (LEsl01gy 1 — [E6l01gy 5] + [E6l6° gy, ] — [Esl6°]4,,])

is negative, hence it cannot be the class of a kG-module. As a consequence, E6[9i1]¢

is not connected to D4,¢é”9- The same statement holds for D4’¢ hence Eg[07F! lp v is
connected to the non-unipotent node.

Again, (Parity) and (Degree) arguments show that the characters Eg[+i] are connected
to the non-unipotent node, or one of the nodes D4,¢é’9’ Eg[0]y, , or Eg [92]@.2. Note that,
from the subtree constructed so far and since Eg[=i] and E¢[0*!] ¢ have the same parity,

they must both be leaves in the tree and so remain irreducible modulo £.
Let w € W be a regular element of order 24 and length 10. We have

bRTc(X(w), K) gy = Eglil[=10],  RL(X(w), K) 14y = Egl6]g; [—12].

e Step 3: Eg[—6] and Eg[—67%] do not occur in Hj(i(u)), k). Let A be either q” or q14

The torsion part in BRI (X(w), O)(») is cuspidal by Proposition 3.8. Since its character
has no composition factor in the principal series, we have RT". (Y(w) k) ®kc P = 0for
i €{0,...,7}. Using Proposition 3.7 for the variety X(w)xgX(c) together with (5.4) and
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the dlEll description of bRT . (X(c), O)(1), we deduce that RT". X(w), k) (0)®kG PEg—0] =
RI'.(X(w), k) 1) @G PES[_gz] = 0. This ensures that neither Eg[—6] nor Eg[—6?] can
occur as a composition factor of the cohomology of bRI". X(w), k)n)-

o Step 4: bRT'.(X(w), k) 411y and position of Eg[+i]. Let C = BRI (X(w), k)(g11y and
let M = H/(C) be the non-zero cohomology group with largest degree. Suppose i > 10.
The module M is cuspidal and its composition factors are cuspidal modules different from
Eg[—6]and Es[—62]. Proposition 3.5 shows that RHomp ; (R[":(X(v), k), M) = 0 for all
v < w. By the construction of the smooth compactifications, we obtain an isomorphism

RHom}; (RT(X(w), k), M) > RHom};(RT'.(X(w). k), M).

Since RI'(X(w), k) has a representative with terms in degrees O, ..., {(w) = 10, we
deduce that Home(kG)(RFC(Y(u}), k), M[—i]) = 0, which is impossible since C is a
direct summand of RI".(X(w), k) and the map C — M[—i] = H! (C)[—i] is non-zero.
This shows that H/ (C) = 0 for j > 10. Using the same argument with the isomorphism

RHom} (M, RT(X(w), k)) = RHom{; (M, R['-(X(w), k))

and the fact that R (X(w), k) has a representative with terms in degrees 10 = £(w), ...,
2¢(w) = 20, we deduce that H/ (C) = 0 for j < 10. Therefore C ~ H'9(C)[—10].

Now, Proposition 4.18 and Remark 4.19 show that Eg[i] ~ Q12k. We deduce that
Eg[+£i] are connected to the non-unipotent node and this gives the whole tree as shown in
Figure 16, up to swapping the Eg[6]- and Eg[0?%]-series.

e Step 5: BRI (X(w), k) 414y and conclusion. The previous argument applied to the com-
plex D = bRT(X(w), k)(qm) shows that the cohomology of D vanishes outside the
degrees 10, 11 and 12, and that H'2(D) is a module with simple head isomorphic to
Eg[0] ¢ 5 The radical of H2(D) is cuspidal. Since Eg[6] ¢ has no non-trivial extensions
with simple cuspidal modules, we deduce that H!2(D)= E6[9]¢1_3 and Hi2()_((w), O)(qm)
is torsion-free.

Let us denote the simple modules in the E¢[0]-series as in Figure 7. There exists a

D Eel0lyy,  Eql6lp,, Eol0ly,
- O '
- s, S

p S3 2 1

Fig. 7. Subtree of the principal ®4-block of Eg(g).

representative of D of the form

D=0—>X—> P &Ps, > Ps, —> 0,
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where P’ is a projective module with no cuspidal simple quotient except possibly Eg[—6]
or Eg[—6?] (by Proposition 3.5). Since H''(D)isa cuspidal module with no composition
factor isomorphic to Eg[—6] or E 8[—92], we deduce that the representative of D can be
chosen so that P’ = 0. By the universal coefficient theorem, H'*(D) ~ H!! (D). We have
H!'(D) = 0 or H'! (D) = S3. In both cases, X is a module with composition factors S»
and S3.

Proposition 4.18 and Remark 4.19 show that X ~ Q'3k in kG-stab. We deduce that
Q8 lifts to an OG-lattice of character E6[9]¢i/3, which gives the planar embedding.

5.3. Other exceptional groups

The Brauer trees of unipotent blocks for exceptional groups other than E7(q) and Eg(q)
were determined in [13, 64, 47, 38, 48, 49] (under an assumption on g for one of the
blocks in 2E6(q)), but only up to the choice of a field of values in each block. This
ambiguity can be removed using Lusztig’s parametrization of unipotent characters. We
achieve this by choosing carefully the roots of unity in Q, associated with the cuspidal
characters, as we did in the previous sections.

5.3.1. E¢(q), 2Es(q), Fa(q) and G»(q). For each of the exceptional groups of type
Es(q), 2Es(q), Fi(q) and G1(g) there are only two blocks with cyclic defect groups
whose Brauer trees are not lines. One of the blocks corresponds to the principal ®j,-
block with & the Coxeter number, and this case was solved in [29]. For the other one,
one proceeds exactly as in §5.1.1, where only a pair of conjugate cuspidal characters lies
outside the real stem (these characters appear in the cohomology of a Coxeter variety).
The planar-embedded Brauer trees can be found in [19].

5.3.2. 2By(q%) and *G»(g?). For the Suzuki groups 2B>(g?) and the Ree groups
2G»(g?), the Frobenius eigenvalue corresponding to each unipotent character is known
by [12]. It is enough to locate a single non-real character to fix the planar embedding. One
can take this character to be a non-real cuspidal character occurring in the cohomology of
the Coxeter variety and proceed as before to get the trees given in [19]. Note that for these
groups the Coxeter variety is 1-dimensional, therefore its cohomology is torsion-free and
Q2k is isomorphic in kG-stab to the generalized (qz)—eigenspace of F2 in RI'.(X(c), k)
(when d is not the Coxeter number).

5.3.3. 2F4(¢%). We now consider the Ree groups 2F4(g%), whose Brauer trees have
been determined in [47] using the parametrization given in [59], but not using Lusztig’s
parametrization.

Here, there are three trees that are not lines. One of them corresponds to the case
solved in [29], and another one is similar to §5.1.1. The only block which deserves a
specific treatment is the principal £-block with £ | (¢* +v2¢° + g%+ v/2g + 1) (so, g is
a 24-th root of unity modulo £). Let 5, i and 0 be the roots of unity in O having the same
image as respectively ¢'°, ¢® and ¢'° in the residue field k.
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A (Hecke) argument gives the real stem of the Brauer tree as shown in Figure 8 as
well as the two edges for the % B-series.

We consider the two generalized ‘mod-¢-eigenspaces’ of F2 on the cohomology of
the Coxeter variety given by

RIc(X(0), K) (-2 = CBan’le @ 2Fy[—6°D[-2],
RIc(X(0), K) g4y = >Baln’1e[—2] & K[—4].

Lemma 3.14 and Proposition 3.15 show that 232[’73]3 + 2F4[—6?] is the character of
a projective module P2F4[_92], hence 282[773]5 and 2F4[—92] are connected by an edge.
Furthermore, RI'¢(X(c), O) (;-2) = Prp,1_g21[—2].

Corollary 4.23 shows that there is no non-real vertex connected to 1 or ¢ 3, there is
an edge S[1°] connecting St and > B>[’]., and, in the cyclic ordering of edges containing
St, the edge S [r;s] comes after the one containing ¢, 3 and before St,. Furthermore,

RFL'(X(C), O)(q—Z) ~ O — PS[WS] — Pl — Pk N O’

where Py is in degree 4 and P; is projective with character ¢, 3 + St.

We can now deduce the corresponding cohomology complexes for X(c). For A €
{q‘z, q4} and / an F-stable proper subset of S, we have bRI'.(X(cy), O)py = 0 un-
less (L;, F) has type 2Bs, in which case the complex has cohomology concentrated in
degree 1. In addition, using duality for A € {q6, 1}, we find

bRFC(X(c),O)wfz) ~0—> 0 = Py, = Prpypzp > 0 > 0 =0,
BRT:(X(c), 0)(yo) 20— 0 — 0 — Prp_g) = Prppp5), = 0 =0,
bRT(X(c), O) 4y 20— 0 — Prp .5, — Pgs; — Pi = Pr — 0,
bRT:(X(c), O)1) 20 — Px &> Pi — Pg,3) = Prigy3y, > 0 =0,

where S[n3] is the edge connecting St and 232[773]8. Since RT.(X(¢) xg X(c), O) is
torsion-free (Proposition 3.7), we deduce that the differentials between non-zero terms of
the complexes above cannot be zero. This uniquely determines the four complexes above
up to isomorphism.

We have

bRT:(X(c), 0)(,-2) ®0c bRT(X(c), O) (44,

~ Hom,;G(O — PS[773] — Psz[n3]1 — O, 0— PZBZ[VI3]1 — P2F4[792] — 0)[—3]

By Proposition 3.7, this complex D has homology O concentrated in degree 2. Assume
that, in the cyclic ordering of edges containing 2Bz[r;3]5, the edge containing 2F,[—62]
comes after the edge containing 2B;[13]; but before the edge containing St. Then a non-
zero map k Pgp,3) — kPp,_g2 does not factor through kP2p (31, S0 it gives rise to
a non-zero element of H* (kD), a contradiction. It follows that the subtree obtained by
removing 2 Fy[=i] is given by Figure 8.
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Let w € W of length 6 be such that w F has order 8 and let C = bRT, X(w), O)(-n.
There are 12 such elements and they are all F-conjugate. The complex C is a perfect
complex; the torsion part of its cohomology is cuspidal by Proposition 3.8 and it does not
involve St, by Proposition 3.11. In addition, there is a representative of C that involves
neither P, FIVI-1] nor Psy, by Lemma 4.17. It follows that 2Fz{v[—l] does not occur as
a composition factor of the cohomology of kC. Therefore the possible composition fac-
tors in the torsion part of H*(C) are the cuspidal simple modules 2Fa[i], 2F4[—07]
and S[n™].

The cohomology of K C is given by

KC = (F4[iD[—6] & F4[—01%°[-8] & 2B [°1°[-9] & K[—121.

Using Proposition 3.7 one can easily compute kC ®%G bRT . (X(c), k) for the various
eigenvalues A of F2. With the same method as in Steps 1 and 2 of §5.2.5, the cases
A= q_2, q6, q4, 1 show that

e 2F4[—0] can occur as a composition factor of H*(kC) only in degrees 8 or 9, because
Home(kG(Psz[n5]1 s kC[l]) = O fOI‘ i 75 9,
o 2F4[—6?] does not occur as a composition factor of H*(kC) because

Hom ps 1 (P2, [31,» KCli]) =0 forall i3
o S [n3] does not occur as a composition factor of H*(kC) because
Homps . (P2, 131, KCli]) = Hompy 6 (P1, kC[i]) =0 forall i;
e S[17°] can occur as a composition factor of H*(kC) only in degrees 9, 10 and 11 because

Hompys 4 (P1, kC[i]) = O for all i and Hompp . (P2, 5, kKC[i]) = 0 fori # 9.

There are five distinct possible planar trees other than the one in Figure 8. One checks
that for each of those five bad embeddings, one of the following holds:

Q3 (2 F4[i]) and 9_4(2F4 [i]) do not contain 2F4[—6] as a submodule,
9’4(2F4[i]) does not contain 2B2[175] 1 as a submodule,

Q4 CF4iD), Q7 (F4[i]) and Q02 F4[i]) do not contain S[5°] as a submodule,
Q=7 (2 F4[i]) does not contain k as a submodule, or

Q =/ (> F4[i]) does not contain 2 F4[i] or 2 F4[—i] as a submodule for 1 < j <6.

Since kHO(C) =~ 2Fy[il, it follows that Ext]3;' (HO+/ (kC), kH®(C)) = 0 for j > 1
and Ext};(Tor{ (k, H'(C)), kH®(C)) = 0. Let D be the cone of the canonical map
kH®(C) — kC[6]. We have Hom s ;. (D, kH(C)[1]) = 0, hence kH®(C) is isomor-
phic to a direct summand of C. Since C is perfect and 2 F4[i] is not projective, we have a
contradiction. This proves that the tree in Figure 8 is correct.
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2Fy[-0]

2 5
L N .
Fyli] O=\(>—O By[n°]q

2FNVI-1 St $2.3
p P~ ,\\ ~ !
o—@ ¢ © O

Bk N _
F4[_1]O=\()/—O B[]

@)

2Fy—6%)

Fig. 8. Principal £-block of 2 F4(g2) with £ | g% + /2% + g% +v2q + 1.

Appendix. Brauer trees for £7(q) and E3(q)

The ®g-blocks of Eg(q) have isomorphic trees, with bijection of vertices given as follows.

E7(q) 7.1 $56,3 $315,7 #512,11 $280,17 $35,31
Eg(q), (A2, ¢3) | ¢160,7  91008,9  $2800,13  #5600,21  P4096,27 $560,47
Eg(q), (A2, ¢21) $35,2 $700,6 $2240,10  $3150,18  $2240,28 700,42

Eg(q), (A2, ¢13) | #1123 $560,5 ®4096,11  $5600,15  $2800,25  $1008,39

E7(q) St Egl6%]e Egl0]e $7.46 $56,30 $315.16
Eg(q), (A2, ¢3) | ¢112,63 E6[92]¢i”3 Eel0lyy . ¢28.68  ¢157534  $4096.26
Eg(q). (Aa.¢21) | #3574 Eel0%)gy,  Eel0lp,,  #801  Ga0043  #1400,29
Eg(q), (A2, 913) | H160,55 E6[92]¢i.3 E6[9]¢i , $1,120 $50,56 $700,28

E7(q) 512,12 $280,8 35,4 1 Egl6%1 Eg[0]4
Eg(q), (A2, ¢3) | ¢320022  9700,16 $50,8 1 E6[92]¢1,0 Esl01g,

Eg(q), (A2, ¢21) | $2016,19  $1400,11 $400,7 ¢s1  El0%1g,,  Eel0lg,,

Eg(q), (A2, #13) | $3200,16  $4096,12  #1575,10  $28,8 E6[92]¢1’6 Egl0]g, ¢
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