A COUNTEREXAMPLE TO THE ROSS-YONG CONJECTURE FOR
GROTHENDIECK POLYNOMIALS

COLLEEN ROBICHAUX

ABSTRACT. We give a minimal counterexample for a conjecture of Ross and Yong (2015)
which proposes a K-Kohnert rule for Grothendieck polynomials. We conjecture a revised
version of this rule. We then prove both rules hold in the 321-avoiding case.

1. INTRODUCTION

Introduced by A. Lascoux and M. P. Schiitzenberger [14] to study of the K-theory of
the complete flag variety, Grothendieck polynomials &, are a basis for the polynomial ring
Z|x1, 5. ..]. Additionally A. Lascoux and M. P. Schiitzenberger [13], introduce Schubert
polynomials &, another basis for Z[xy,z5...], comprised of the lowest degree terms of
®,. Several combinatorial rules have been developed to study Grothendieck polynomials
[3, 4, [6, 12, 23]. Many of these naturally generalize formulas for Schubert polynomials.

Kohnert’s rule [T}, 1T}, 25, 26] combinatorially computes Schubert polynomials through local
moves on diagrams. C. Ross and A. Yong [21] conjecture a generalized Kohnert’s rule to
compute Grothendieck polynomials and Lascouz polynomials, another basis for Z[z1, x5 . . .].
After initial work of O. Pechenik and T. Scrimshaw [19], J. Pan and T. Yu [I7] prove the
Ross—Yong rule for Lascoux polynomials.

In contrast to the Lascoux case, no progress has been made towards establishing the Ross—
Yong conjecture for Grothendieck polynomials. Diagrams in recent work studying properties
of Grothendieck polynomials [, [T6] [I8] are noted as similar to those in the conjecture. The
conjecture has been checked through S7, beyond which a counterexample might be surprising.

In Section [3| we present a minimal counterexample in Sg to the Ross—Yong conjecture for
Grothendieck polynomials. This counterexample suggests that when studying Grothendieck
polynomials, behavior exhibited in small examples may be misleading. In Section [4| we
propose a new K-theoretic Kohnert rule for Grothendieck polynomials. This new rule has
been checked through Ss. We end with a proof for the 321-avoiding case of both rules in
Section [

2. BACKGROUND

Let S, denote the symmetric group on n elements. We say w € S,, contains a pattern
p if some subsequence in w has the same relative order as the entries in p. For example,
w = 1746235 contains a 321 pattern, which we have underlined. If w does not contain a
pattern p, we say w is p-avoiding.
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For f € Z|xy, o, ..., x,], define
of = =5
f =

Ti — Tijt1
Here s; is the transposition swapping ¢ and ¢ + 1.
Indexed by w € S,, Schubert polynomials &,(z1,...,z,) and Grothendieck poly-

and 7Tz'f = 61(1 — xiﬂ)f.

nomials &,,(z1,...,z,) are defined recursively [13], 14]. For wp=nn—-1 ---2 1,
Gy (1, Tn) = Gy (@1, .. xn) =2 T2 a .

Otherwise for w # wy, take i € [n] such that w(i) < w(i + 1). Then
Cus; (X1, ..., Tp) = 0:Sy(21,...,2,), and
Bus, (T1, -y xn) = miBy(T1, ..., Tp).

The Lascoux polynomials £,(z1,...,x,) are defined recursively for weak compositions
a € Z%,. If o is weakly decreasing,

Loz, .. x,) = 2%
Otherwise, take i € [n] such that a; < a;;1. Then
Loz, .o xn) = m((1 — 2441) Ls,a(x1, ooy T0)).

2.1. Pipe Dreams. For n € Z, let [n] := {i € Z|1 < i < n}. For P < [n] x [n] define the
weight of P as wt(P) € ZZ, such that wt(P); := #{(i,c) € P|c € [n]}, where i € [n].

Label boxes of [n] x [n] where (i, k) has label i + k — 1. For P < [n] x [n], let word(P)
be the sequence determined by recording the labels of P, reading right to left across rows,
from top to bottom.

Define an algebra over Z generated by {e, | w € S, }, where multiplication is given by

e o {ewsi if ((ws;) > l(w),

ew  Otherwise.
The Demazure product §(P) of P is the permutation that satisfies
Csiy " Csyy = C3(P)s
where word(P) = (i1, 12, ...,1;). Following the setup in [9], define
Pipes(w) := {P < [n] x [n]|d(P) = w}.

We illustrate P € Pipes(w) by placing a + at each (i,7) € P in the [n] x [n] grid. We call
Pipes(w) the set of pipe dreams for w. Minimal pipe dreams generate Schubert polynomials.

Theorem 2.1. [2,[7] For we S,
Sy, = Z 27t (P

PePipes(w)
#P=Ll(w)

This Schubert formula naturally generalizes to Grothendieck polynomials.
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Theorem 2.2. [6] For w e S,
st _ Z (_1)#P—f(w)xwt(P)'
PePipes(w)
Notice &, = 27(—1)‘7‘_““’)9%7337, where
Guy = #{P € Pipes(w) |wt(P) = ~}.

Example 2.3. Take w = 12365847 and v = (3,3, 3,2). Below are three P € Pipes(w) such
that wt(P) = . The words associated to each are 75475475464, 75475476464, 75475475467,
respectively. Thus, g, , = 3.

T E T T T E
T E T E T T
EEEMES SR EEEMES
N S EEEE
In fact, these are all the P € Pipes(w) with weight 7, so g, = 3. &

2.2. Kohnert Diagrams. A diagram is any D < [n] x [n]. Here (1,1) corresponds to the
northwestmost box in [n] x [n]. We illustrate D by marking boxes of D in [n] x [n] with e.
The weight of D, denoted wt(D) € ZZ,, is defined by

wt(D); := # of boxes in row i, where i € [n].

For a diagram D and (7, ) € D rightmost in some row ¢ € [n], the Kohnert move on D
at (i,7) outputs D' = D —{(i,7)} u{(¢,7)}, where i’ = max{r € [i] | (r,j) ¢ D}. Let Koh(D)
denote the set of all diagrams obtainable through applying successive Kohnert moves on D.

The Rothe diagram of w € S5, is the set

D(w) :={(i,j) € [n] x [n]|w; > j and wj_l > 1}
The key diagram of a € Z% is the set
D(a) :={(i,j) € [n] x [n] | ai = j}.

A diagram D is northwest hook-closed if (i,7),(¢,j’) € D such that i < i,j" > j

implies (¢/,j) € D. A diagram D is southwest hook-closed if (i, j), (¢, j’) € D such that

i" > i,7/ > j implies (i’,j) € D. Both Rothe diagrams and key diagrams are northwest
hook-closed. Key diagrams are southwest hook-closed, but Rothe diagrams may not be.

Example 2.4. Take w = 418723956. On the left is D(w). On the right is some diagram
D € Koh(D(w)).

O
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These Kohnert diagrams give another rule to compute &,,.

Theorem 2.5. [I, T1] For w e S,
S, = Z 27t (P)

DeKoh(D(w))
3. THE ROSS—YONG CONJECTURE

Let D < [n] x [n] be a diagram. In this setting, boxes in D are labeled either e or *.
For ease of reading we may omit southmost empty rows and eastmost empty columns in the
grid. Suppose (7, 7) € D is rightmost in some row i € [n] and has label o. Take

¢ = max{r € [1] (4) ¢ D}.
Then if each (r,j) € D for i’ + 1 < r < has label o, define the following:

— The Kohnert move on D at (i, j) outputs the diagram D" = D — {(i,7)} v {(¢, j)}.
The new box (¢, 7) has label e.

— The K-Kohnert move on D at (i, ) outputs the diagram D" = D u {(i’,5)}. The
new box (7, j) has label o, and the box (i, 7) is reassigned label %.

Example 3.1. Let D be the diagram to the left. The middle diagram is the output of
applying a Kohnert move to (5,1). The rightmost diagram is the output of applying a
K-Kohnert move to (5, 1).

: [ ] [ ] [ ] ; L] <>

Let KKoh(D) denote the set of all diagrams obtainable through successive Kohnert moves
and K-Kohnert moves on D, where the initial diagram D has all boxes labelled e. C. Ross and
A. Yong [21] conjecture these diagrams generate Lascoux and Grothendieck polynomials.ﬂ

Conjecture 3.2. [21], Conjecture 1.4] For o,y € ZZ,
(272, = #{D € KKoh(D(a)) [wt(D) = 7},

Conjecture [3.2| has been proven by J. Pan and T. Yu [I7] through a bijection to particular
set-valued tableaux defined by M. Shimozono and T. Yu [22].
For conciseness, take

KKoh(w, ) := {D € KKoh(D(w)) |wt(D) = ~}.
Conjecture 3.3. [21, Conjecture 1.6] For w € S,, and v € ZZ,
Guwy = #KKoh(w, ).
As stated in [2I], Conjecture holds for n < 7. This conjecture fails in Sg.
* We note that [ZI, Conjecture 1.6] was misstated in the 2015 version. The statement of this conjecture

was updated in 2018. This 2018 statement is consistent with C. Ross’s 2011 report [20] that originally stated
their rule.
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Theorem 3.4. Conjecture is false.

Proof. Take w = 12365847. As established in Example , Guwy = 3 for v =(3,3,3,2). We
prove the following:

(3.1) #KKoh(w,v) = 2 < gy ~-

This counterexample has been confirmed computationally. For completeness, we include a
non-computer based proof here.
To the left is D(w). To the right are diagrams Dy, Dy € KKoh(w, 7).

°
*
*

oo (X|e
Xt o
oo (X|e
*[t| e
Xt e

Suppose D € KKoh(w, ) — {D1, Dy}. The number of boxes in each column of D(w) as well
as the condition that e’s cannot pass over *’s ensures U < D, where U is the diagram below.
In U we have included row and column indices for ease of reading;:

12345678

ole °
*| |k
x| |k

YT W

Since wt(D) = v, we have (2,4),(3,4) € D and

(32) #(D A {(474)7 (47 5)? (47 7)}> = 2.

If (2,4) has label % in D, then (3,4),(4,4) € D must have label e. However this implies
D € {Dy, Dy}, a contradiction.

Now assume (2,4) has label o. Since (1,5),(2,5),(3,5) € D and (1,7),(2,7),(3,7) € D,
the box originating in (4, 5) must leave row i before the box originating in (6, 7) enters row i
for 2 < i < 4. In particular, these boxes originating in (4,5) and (6,7) will only occupy the
same row in row 1.

By this fact, two of the boxes by, by in originating in {(4,4), (5,4), (6,4)} must always lie
weakly south of boxes originating in (4,5) and (6, 7). Further, without loss of generality, by
must always lie weakly south of the southmost % in column 5, and by must always lie weakly
south of the southmost % in column 7.

Equation (3.2) requires #(D n {(4,5),(4,7)}) = 1. Thus, b; must always lie weakly south
of row 3, and b, must always lie weakly south of row 4, or vice versa. Since (2,4) does
not have label %, {(1,4),(2,4)} n D < 1, contradicting wt(D) = . Therefore Equation
follows. O
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By an exhaustive computer check, we have confirmed w = 12365847 is a minimal coun-
terexample to Conjecture 3.3\ with respect to £(w) in Ss. Our computations within Sg suggest
#KKoh(w, ) < g5, in general.

Grothendieck polynomials for vexillary, i.e., 2143-avoiding, permutations often have tamer
combinatorial descriptions than the general case, see [10, 23]. In light of Theorem , one
might hope Conjecture [3.3] still holds in the vexillary case, but this is false. For example,
Conjecture [3.3] fails for w = 12375846. In Section 5] we prove Conjecture [3.3|for 321-avoiding

permutations.

4. AN UPDATED CONJECTURE

Computational evidence suggests the Ross—Yong rule weakly undercounts ¢, . Thus we
seek a suitable relaxation. Let D < [n] x [n] be a diagram. Boxes in D are labeled with
either e or %. Suppose (i,7) € D is rightmost in row i € [n] with label %. Let

i" = max{r € [i] | (r,j) ¢ D}.
Then if each (r,j) € D for i’ + 1 < r < i has label %, define the following:
— The ghost Kohnert move on D at (7, ) outputs D' = D —{(i,5)} v {(¢,j)}. The
new box (i, j) has label %.

— The ghost K-Kohnert move on D at (i,j) outputs D' = D u {(¢,7)}. The new
box (i, j) has label *.

Example 4.1. Let D be the diagram to the left. The middle diagram is the output of
applying a ghost Kohnert move to (5,1). The rightmost diagram is the output of applying
a ghost K-Kohnert move to (5,1).

| o|ofe

¥ | o(o|e

*

¢

Let KKoh(D) denote the set of diagrams obtainable through successive Kohnert, K-
Kohnert, ghost Kohnert, and ghost K-Kohnert moves on D, where D has all boxes labelled
o. Take

KKoh(w,~) := {D € KKoh(D(w)) |wt(D) = ~}.

Example 4.2. Below is KKoh(w, ) for w = 12365847 and v = (3, 3, 3, 2), the counterexam-
ple given in Theorem (3.4

° ° °
* * *
* * *

o (oo
Xt 0
oo |X|e
Xt o
oo |X|eo
6| e

The leftmost diagram is the element in KKoh(w,y) — KKoh(w, ). &
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Conjecture 4.3. For we S, and v € Z%;, gu~ = #KKoh(w, ). Thus,

Q5w _ Z (_1)#D—€(w)xwt(D)'
DeKKoh(D(w))
Conjecture has been checked exhaustively for S, with n < 8. In the next section we
prove Conjecture for 321-avoiding permutations.
J. Pan and T. Yu [I7] prove Conjecture i.e., that KKoh(D(«)) generate £,. After
private communication, T. Yu proves that the same holds for KKoh(D()):

Proposition 4.4. [27] For a,v € Z2,, KKoh(D(a)) = KKoh(D(a)). Thus KKoh(D(«a))
generates Lascouz polynomial £,,.

In fact, suppose we further relax Conjecture so that one may apply ghost Kohnert
and ghost K-Kohnert moves to any (i,j) € D with label *. Take boldKKoh(D) to be
the corresponding set of diagrams generated by these relaxed moves, along with the original
Kohnert and K-Kohnert moves. T. Yu proves boldKKoh(D(«)) generates £,. Computational
evidence suggests boldKKoh(D(w)) weakly overcounts g,, . For example, w = 12385746 and
v = (1,4,1,2), there are 8 diagrams in boldKKoh(D(w)) with weight ~, but g,, = 7.
However for w € S7, boldKKoh(D(w)) correctly computes gy .

5. PROOFS FOR 321-AVOIDING PERMUTATIONS

In this section we prove these conjectures in the 321-avoiding case. We utilize a correspon-
dence between diagrams generating Grothendieck polynomials and Lascoux polynomials.

Theorem 5.1. Conjecture and Congecture [{.3 hold for w € S,, 321-avoiding.

We first provide additional combinatorial background. Then we end with the proof of
Theorem [5.11

5.1. Flagged set-valued tableaux. A flagged set-valued tableau for D is a filling
f: D — 2" such that

e min f(r,c) = max f(r,c + k) for (r,c), (r,c + k) € D where k > 0.
e max f(r,¢) < min f(r + k, ¢) for (r,¢), (r + k,c) € D where k > 0.
e max f(r,c) < r for (r,c) € D.

Let FSVT(D) denote the set of flagged set-valued tableau for D. The weight of 7" in
FSVT(D), denoted wt(7T') € ZZ), is defined by wt(T); := #i’s in T..

T. Matsumura [I5] gives a formula for 321-avoiding Grothendieck polynomials in terms of
flagged set-valued tableaux:

Theorem 5.2. [15, Theorem 3.1] For w € S,, 321-avoiding,

@w _ Z (_1>#T7€(w)xwt(T)'
TeFSVT(D(w))

For the remainder of this section, assume w € S,, is 321-avoiding. Let

D(w) := {(i,5) | (1,5 + k), (i — K, j) € D(w) for some k, k' = 0},
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i.e., the southwest hook closure of D(w). Define the map ¢ : FSVT(D(w)) — FSVT(D(w)),
where for T' € FSVT(D(w)),

T(r,c) if (r,c) € D(w)
{r} else.

(@(T))(r, ¢) := {

We see ¢ is a well-defined injection since for w 321-avoiding, (i,j) € D(w) — D(w) implies
that for j' < 7, (4,7') ¢ D(w).
Define av,, 8., € Z%, such that

= =7H{(i, ) € D(w)}
Bu, =#{(i,j) € D(w)}.
Since w is 321-avoiding, the nonzero parts of a,, and 3, are weakly increasing. Note for
T € FSVT(D(w)), wt(T) = wt(d(T)) — (w — Buw)-
Let ¢, : KKoh(D(w)) — KKoh(D(ay,)) be the map that deletes empty columns in the

grid. Restricting 1, to D(w) induces a bijection p,, : FSVT(D(w)) — FSVT(D(ay,)).

Example 5.3. In each of the tableaux below, we have shaded the underlying diagram. To
the left is some 7" € FSVT(D(w)) for w = 451829367. The middle tableau is ¢(7"). To the

right is py, (6(T)):

1(1]1 1(1(1 1111

21212 21212 21212
44 432(21 4144 432|21 41414 |a32|121
65 5 |543 6|6 |65 5 [543 6|6 [65] D |543

0
5.2. Set-valued key tableaux. As proven in [17], KKoh(D(«)) bijects with particular set-
valued tableaux. We describe this correspondence, specialized to the case in which the

nonzero parts in « are weakly increasing. Assume D(a) < [n] x [n].
A tableau for D(«) is a filling f : D(a) — [n] such that

o f(r,c) = f(r,c+ k) for (r,c),(r,c+ k) € D(«) where k > 0.
o f(r,c) < f(r+k,c) for (r,c), (r + k,c) € D(a) where k > 0.

Let Tab(D(«)) denote the set of tableaux for D(«). For T' € FSVT(D(«)), define the
tableau M(T') € Tab(D(«)) such that

(M(T))(r,c) :== maxT(r,c) for (r,c) € D(«).

The left key of T, denoted K_(T') € Tab(D(«)), is defined recursively. We construct the
columns {Cy}repn) of K_(T'), left to right, using the algorithm of [24].
Take T1(k) be M(T) restricted to its k leftmost columns. Let

my = # boxes in column k of M(T).



A COUNTEREXAMPLE TO ROSS-YONG CONJECTURE FOR GROTHENDIECK POLYNOMIALS 9

For j € [my] in increasing order, we compute the sequence (cgj))ie[k] from Tj(k). Define cgj )
as the southmost entry in column k of Tj(k). Take cgi)l to be the smallest entry in column
k+1—1 of T;(k) that is weakly greater than cgj), where i € [k —1]. Append c,(j) to Cj. Then:

o If j < my, let T;11(k) be the tableau formed from T}(k) by deleting any entries in

column ¢ weakly south of c§j ) for each i € [k].
e If j = my, place entries of Cy into the kth column of K_(7") such that entries increase
down columns.
Example 5.4. Leftmost is some T' € FSVT(D(«)) for a = (2, 3,4,4). Next, left to right, we
have each T (k) for k € [4], where the sequences cgj ) are marked with superscripts j in blue.

1)1 e EliE 1)1 1)1

2121 75 |9 21213 2121 2121

43[313132] 42|32 42132132  [42[3%]32[32] ~ ~ [4[4|4]4

6|6 |65]54 ler[e™], [6"|6"[6|. [6%]6"[6"]5! 6666
The rightmost tableau is K_ (7). &

Take o € Z%, whose nonzero parts are weakly increasing. A set-valued key tableau for
a is a filling f : D(a) — 2" such that
(1) min f(r,c¢) = max f(r,c+ k) for (r,c), (r,c + k) € D(a) where k > 0.
(2) max f(r,c) < min f(r + k,¢) for (r,c), (r + k,c) € D(«) where k > 0.
(3) K_(T)(r,c) < r for (r,c) € D(a).
Let SVKT(D(«)) denote the set of set-valued key tableau for a. By the definition of the
left key, it is immediate that FSVT(D(«)) = SVKT(D(«)). This produces the following
specialization of [17], 22]:

Theorem 5.5. [I7, 22] For a weak composition o € Z2, such that the nonzero parts of o
are weakly increasing,

N e S S SO G L)

TeSVKT(D(a)) TeFSVT(D(a)) TeKKoh(D(a))

Take o € ZZ, such that the nonzero parts of o are weakly increasing. We describe the
weight-preserving bijection @, : FSVT(D(«a)) — KKoh(D(«)) in [17] that gives the last
equality in Theorem [5.5

Encode T € FSVT(D(«)) as a pair of diagrams (O(T"), G(T')) in [n] x [n], where

- O(T) ={(i,j) | i = maxT(r, j) for some r € [n]}, and
(5.1) G(T)={(i,5) | ieT(r,j) —maxT(r,j) for some r € [n]}.
Define the map &, by the following algorithm:

e Suppose 1" € FSVT(D(«)). Initialize S := O(T). Iterate over G(T') upwards in
columns, working from left to right.
e For each (i,7) € G(T), pick the minimal i’ > i such that (¢/,j) € S. Update S to be

S —={(@, )} v {li,9)}-
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o After iterating through G(7'), output the labelled diagram ®,(7") = O’ U G', where
O =S and G’ := O(T) u G(T) — S. Here, boxes in O are assigned label e, and
boxes in G’ are assigned label *.

We describe the inverse map ®_! for completeness:

e Suppose D € KKoh(D(«)). Let O(D) be the boxes in D with label ® and G(D) be
the boxes in D with label *.

e Initialize S := O(D). Iterate through boxes in G(D) down columns, working from
right to left.

e For each (7,j) € G(D), pick the maximal ¢/ < i such that (¢, 7) € S. Update S to be
S =A@, 5)} v {0, 5)}-

e After iterating through G(D), output the (encoded) tableau ®,(D) = (O’, G'), where
O :=Sand G':=0(D)uG(D)—-S.

Example 5.6. The leftmost diagram is the pair (O(U),G(U)), where U = ¢(T) as in
Example [5.3] To the right is @, (U).

o|leo|e * oo e °
e|loe|oe|Xk|e oo |o |0 |%
* | % x| o
o o |00 |% oo @ |%|%
*|(o|e o | e |%
e|leo|e oo | %

O

5.3. Proof of Theorem [5.1} Assume w € S, is 321-avoiding. We will construct a weight-
preserving bijection f : FSVT(D(w)) — KKoh(D(w)).
First consider the weight-preserving bijection p,, : 57 — S5, where

Sy :={o(T) | T € FSVT(D(w))}, and
Sy :={T € FSVT(D(aw,)) | T(i,7) = i if j < v, — Bu, }-

Since the nonzero parts of a,, 8, are weakly increasing, {(i,7) € D(aw,) | j < auy,; — Buw, } lies
maximally southwest in D(c,).

Then consider U € Sy encoded as (O(U), G(U)) using Equation (5.1). Suppose i € [n] is
such that for i' > i, #U(i',j) = 1. Thus (U(7,j),7) € O(U). Now suppose (r,7) € G(U)
for some r € [n]. Then (r,j) € U(k,j) for some k € [n], where (maxU(k,j),7) € O(U).
By assumption, r < maxU(k, j) < i. Thus, (U(i,7),7) will never be removed from S when
computing @, , so (U(i,j),j) has label e in &, (U). This implies ®,,,(S2) € S3, where

S3 = {D € KKoh(D(a,)) | (i,7) € D with label o for j < ay,, — B, }-

Now take D € S5 where O(D) are the boxes labelled e and G(D) are those labelled . Then
consider ®_! (D). Suppose i € [n] is such that for ¢ > i, if (', j) € D, then (¢, j) € O(D).
By the definition of ®.', a box (r,j) might be removed from S only if there exists some
(r',4) € G(D) such that " > r. This ensures (i’,j) € O' where ®_!(D) = (O',G’). Thus
q)aw<52) == Sg.
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Take the map ¥ : S3 — KKoh(D(w)) where

V(D) = ¢y, (D) = {(i,j) € ¥ (D) | (i,4) € D(w) — D(w)}.
Note VU is a bijection such that wt(D) = wt(V(D)) + (v — Bu)-
Therefore, f := W o ®,, o p, o ¢ is as desired, so Conjecture [3.3 follows by Theorem [5.2]
By Proposition £.4] Conjecture follows by the same argument. 0

Remark 5.7. By the argument in Theorem along with [27], boldKKoh(D(w)) generates
&, for 321-avoiding w € S,,.

We expect Conjecture may have tableaux-based proofs in the 1432-avoiding and vex-
illary cases. In particular, one might mimic the J. Pan and T. Yu [17] set-valued tableaux
argument using the rules of A. Knutson, E. Miller, and A. Yong [10] as well as N. J. Y. Fan
and P. L. Guo [5] to prove Conjecture for vexillary and 1432-avoiding permutations,
respectively.
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