POWERS OF EDGE IDEALS WITH LINEAR QUOTIENTS

ETAN BASSER, RACHEL DIETHORN, ROBERT MIRANDA, AND MARIO STINSON-MAAS

ABSTRACT. We construct an explicit linear quotient ordering for any power of an edge ideal which
admits linear quotients, thus recovering a well-known result of Herzog and Hibi. As a consequence,
we give explicit formulas for the projective dimension and Betti numbers of the edge ideals of
whisker graphs. We also prove that second and higher powers of the edge ideals of anticycles
admit linear quotient orderings, thus resolving an open question of Hoefel and Whieldon in the
affirmative.

1. INTRODUCTION

In recent years, the problem of describing resolutions of powers of edge ideals has been a topic
of intense interest in the field of commutative algebra; see for example [1], [2], [3], [E], [8], [, [15],
[17], [18],[20], [21], and [24]. A central theme in this vast body of work is understanding when such
resolutions are linear; that is, when the entries in the matrices representing the differentials are
linear forms. Motivated by work of Herzog, Hibi, and Zheng in [I5], we approach this problem via
the linear quotient property, which is defined as follows.

Definition 1.1. An ideal I of a standard graded polynomial ring P = k[z1,...,z,] has linear
quotients if for some ordering of a minimal set of generators mq,...,m, of I, each ideal quotient

((ml, ) mi_l) : (mv))

for i = 2,...,r, is generated by some subset of the variables x1,...,x,.

The linear quotient property is known to impose strong homological restrictions on the ideal I. In
fact, for monomial ideals that admit linear quotients, one can even build a linear resolution explicitly
from the successive ideal quotients using the well-known iterated mapping cone construction; see for
example [22, Construction 27.3] or [16]. Even more can be said in the case of quadratic monomial
ideals (e.g. edge ideals) as we see in the following result of Herzog, Hibi, and Zheng.

Theorem 1.2. ([I5, Theorem 3.2]) The following conditions are equivalent for a quadratic monomial
ideal I of the standard graded polynomial ring P = X[x1, ..., xy]:

(a) I has a linear resolution;

(b) I has linear quotients;

(¢) I"™ has a linear resolution for all n > 1.

Given this result, a natural question is whether the powers of an ideal having linear quotients
have linear quotients as well. The answer to this question is known to be negative for non-quadratic
monomial ideals. For example, in [4, Example 4.3], Conca and Herzog provide an example of an
ideal I generated by degree 3 monomials that has linear quotients, but such that I? does not. For
quadratic monomial ideals, however, the question was answered in the affirmative by Herzog and
Hibi in [I4) Theorems 10.1.9 and 10.2.5]; see also [6, Theorem 2.6]. The theorems above show the
existence of such linear quotient orderings, and their proofs rely on finding “nice” enough monomial
orderings, satisfying certain conditions.
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In this paper, we construct a new, explicit, and easily implementable linear quotient ordering for
any power of an edge ideal which admits linear quotients, recovering the above mentioned result of
Herzog and Hibi. Our linear quotient ordering on the powers of an ideal I relies only on the linear
quotient ordering of the ideal I itself. A different ordering is given in [I1]; see also [I]. We illustrate
the utility of our linear quotient ordering by providing explicit formulas for the projective dimension
and Betti numbers of the powers of the edge ideal of what we call a whisker graph, generalizing work
of Ferré, Murgia, and Olteanu in [9] and complementing results such as [7, Corollary 3.6] and [23],
Corollary 2.6].

On the other hand, there are interesting edge ideals that do not admit linear quotients, but whose
higher order powers have linear resolutions, one example being the edge ideal of the anticycle graph
(that is, the complement of a simple cycle) on at least 5 vertices; the former follows from a result
of Froberg in [12], and the latter follows from a result of Banerjee in [I]. Although such edge ideals
do not satisfy Theorem a natural question is whether their higher order powers admit linear
quotients, and relatively little is known in this direction.

Hoefel and Whieldon raised this question in [I7] with a focus on the anticyle graph, and provided
a linear quotient ordering for the square of its edge ideal. However, they were unable to extend their
ordering to higher powers, leaving the open question of whether higher order powers of the edge
ideal of the anticycle graph admit linear quotients.

We answer this question in the affirmative; that is, we prove that the second and higher order
powers of the edge ideal of the anticycle graph on at least 5 vertices admit linear quotients by
constructing an explicit and surprisingly simple linear quotient ordering. This provides a class of
edge ideals whose sufficiently high powers have linear quotients, and a first step towards an analogous
characterization to Nevo and Peeva’s conjectured characterization [2I, Open Problem 1.11] of edge
ideals whose sufficiently high powers have linear resolutions. For work related to this conjecture see,
for example, [1], [§], [19], and [20].

We now outline the contents of this paper. In Section 2 we collect some preliminary definitions and
facts regarding the linear quotient property of edge ideals that we will use throughout the paper. In
Section 3 we prove in Theorem [3.10] that the powers of an edge ideal with linear quotients also admit
linear quotients; our linear quotient ordering appears in Construction In Section 4 we use this
linear quotient ordering to provide explicit formulas for the projective dimension and Betti numbers
of powers of edge ideals of whisker graphs. In Section 5 we prove in Theorem [5.6] that the higher
order powers of the edge ideal of the anticycle graph have linear quotients; our ordering appears in
Construction [5.2] Finally, in Section 6, we examine the problem of finding linear quotient orderings
from a computational perspective using new and original methods on Macaulay2 [I3] and highlight
some relevant examples that support our work. Our code used to execute these computations as
well as relevant documentation can be found in [26].

2. PRELIMINARIES

In this section we collect some preliminary definitions and facts we use throughout the paper,
including the definition of an edge ideal and a useful fact for working with linear quotient orderings.
We also discuss the iterated mapping cone construction for building free resolutions of monomial
ideals and resulting formulas for the projective dimension and Betti numbers of ideals that admit
linear quotient orderings.

Establishing some notation to be used throughout the section, let P = k[z1, ..., z,] be a standard
graded polynomial ring over a field k. We begin by recalling the notion of an edge ideal.

Definition 2.1. Let G = (V, E) be a simple graph (that is, with no loops nor multiple edges) on
vertices V = {z1,...,z,}. The edge ideal associated to G is the P-ideal

I(G) = (vizj [{zi 2} € E).

Next we state an observation of Hoefel and Whieldon in [I7] on the linear quotient property which
we will use throughout this paper.
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Lemma 2.2. Let I = (my,...,m,) be a monomial ideal of P. The ordering mq, ..., m, yields linear
quotients for I if and only if for all i,j € {1,...,r} with j < i, there exists some h < i (possibly
equal to j), such that

mp m;

. Mh d _omy
ged (myp, m;) Lvoang ¥ ged (mj,m;)’

for some x € {z1,...,2n}.

Now we recall the iterated mapping cone construction which can be used to build a free resolu-
tion of any monomial ideal from its ideal quotients; see for example [22] Construction 27.3] or [7]
Construction 2.7] for more details on this construction.

Construction 2.3. Let I be the ideal of P minimally generated by monomials my, ..., m,. Denote
by I,; the ideal generated by mg,...,m;. For each i > 1, we have the following short exact sequence

Thus, given P-free resolutions G* of P/I; and F* of P/(I; : m;y1), there is a map of complexes
¢; : F* — G' induced by multiplication by m;y;. Taking the cone of this map, it follows that
F+l .= cone (¢;) is a free resolution of P/I;, 1. Applying this construction for each i = 1,...,r — 1
to obtain a free resolution of P/I = P/I, is called the iterated mapping cone construction.

For an ideal that has linear quotients, one can obtain explicit formulas for its projective dimension
and Betti numbers directly from this construction. The formulas are given in the following result.

Proposition 2.4. (|25 Corollary 2.7]) Let I be a monomial ideal of P with linear quotient ordering
I = (mi,...,my). Define vy = 0 and let v; be the minimal number of generators of the ideal
(mi,...,mj_1): (my), for j =2,...,r. Then the projective dimension of I is given by

pd(I) = max{y; [1<j <r},

and the Betti numbers of I are given by

Bill) =Y (1/;)7

j=1
for all 0 < i < pd(I).

We use Proposition [2:4] to obtain explicit formulas for the projective dimension and the Betti
numbers of the powers of the edge ideals of whisker graphs in Section 5.

3. POWERS OF EDGE IDEALS WITH LINEAR QUOTIENTS

In this section we prove that the powers of an edge ideal with linear quotients must also admit
linear quotients by constructing an explicit linear quotient ordering. Throughout this section, let
P =K[zy,...,x,] be a standard graded polynomial ring over a field k.

For an edge ideal I(G) = (m1,...,m,) C P of a simple graph G with vertices z1,...,z,, we are
interested in relating the generators of I(G)* to the generators of I(G) in order to produce a linear
quotient ordering of I(G)*. Notice that the set of formal combinations S(G)* = {m{* ... m& | a; +
-+ +a, = k} is a generating set for I(G)*, but in many cases contains repetitions and thus is not a
minimal generating set. This occurs in the case of cyclic graphs, as we illustrate in the next example.

Example 3.1. Consider the cycle C4 as pictured below.
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my
] — T2
my ma
Ty —— I3
ms3
The edge ideal I(C4) has generators mq,mg, ms, my, but the products mims = zixowszy and

meomy = T1ToT3T4 produce the same generator of 124.

We will need to handle the possibility of repetitions in S(G)* carefully in our linear quotient
ordering in Construction [3.3] Before this construction, we establish some terminology and notation
we will use throughout this section and the rest of the paper.

Notation 3.2. Note that each element of S(G)* can also be expressed in terms of the variables:

an

o — aq Qo ai
M:=mi"...my" =z ...z,

T

for some list of nonnegative integers a = (a1,...,a,). Throughout this paper we often refer to

M = z{* ... 2% as the vertex decomposition of M and to M = m7* ... m&" as an edge decomposition

of M. As we see in Example edge decompositions of M need not be unique. For a fixed edge

decomposition M = m* ... m&, we call m; a formal edge if a; > 0. Furthermore, we say that m;

is an edge of M whenever m; is a formal edge for for at least one edge decomposition of M.
Whenever m; is formal edge of M, we use the following notation

1 S

—M :=mi* ... .m o mer.

m;

Similarly, we denote by m;M the monomial m{* ... m?"’“ ... m&r. Finally, we say that a variable
x; is incident to an an edge m; whenever x; divides m; in the polynomial ring P.

With these considerations in mind, we are now ready to construct an ordering of the generators
of I(G)* for an edge ideal I(G) with linear quotients.

Construction 3.3. Let I(G) C P be an edge ideal with linear quotient ordering my,...,m,. For
k € N, consider the set of (T'H;_l) formal combinations

S@F ={m$...m |+ ..+ =k}
Next we form a list whose entries are the elements of S(G)* ordered according to the reverse
lexicographic (revlex) ordering with respect to edge decompositions, denoted by

R(G)F = (M{C,M;C,...,Mk )

(5
More explicitly, R(G)* is ordered as follows:

/31...

mit...m2" precedes mf mPr «— Jie{l,...,r} such that aj = p; for j>i and a; < f;

T

<= the last nonzero entry of the vector a — 3 is negative,
which results in the following ordering:
R(G)F = (m’f,mlfflmg, mE mE hmg mb 2 myms, m’ﬁ) .

As noted above, R(G)* forms a generating set for I(G)*, but is not minimal when it has repeti-
tions. Thus we call M € R(G)* a representative if there exists no element M’ preceding M in R(G)*
such that M and M’ have the same vertex decompositions (i.e., correspond to the same monomial
in the polynomial ring P).
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To complete our construction, we define the ordered list m, which retains the ordering of
R(G)*, but removes all non-representatives, so that the entries of 7/2(\G)/k form a minimal generating
set of I(G)*. We show in Theorem that m is a linear quotient ordering.

We illustrate this construction in the following example.

Example 3.4. Returning to Example [3.I] we have
R(Ca)?* = (MP, M3, M3, Mg, M2, Mg, MZ, Mg, M, M)
= (m%,mlmg,mg,mlmg,mgmg,mg,m1m47m2m4,m3m4,mi)
2

2 2 2,2 2 2.2 2 2 2,2
= <1’1I2,$1I2I3,ZL'2I’3,171$21331’4,1'21’3584,CC3I4,I1.T2I4,I1$2I3I4,Z‘1l’3$4,l‘1£€4) .

Since M} = mym3z = z1222324 and MZ = momy = z1292374 have the same vertex decomposi-
tions (and there are no other repetitions), we have that all elements of R(C4)? are representatives
except for momy. Thus, according to our construction we remove momy to get

P2 (2.2 2 2 2 2 2.2 2 2 2 2
R(Cy)? = (273, 212523, 2505, T1ToT3Ly, LoT5Ty, T3TY, TTToly, T1TTL, T1T]) -

The next example demonstrates that the lexicographic ordering of S(G)* with respect to edge
decompositions does not, in general, yield a linear quotient ordering.

Example 3.5. Consider the edge ideal I(G) of the graph G pictured below.
T3 T2
) \ y

Te

Ts

It is straightforward to check that the following ordering of the minimal generators of the edge ideal
of G is a linear quotient ordering;:

I(G) = {m1,m2,ms3, ma, ms, me}
= {x123, 122, T3T4, T1T5, T3T5, T5T6 }-
The lexicographic ordering of the elements of S(G)? forms a minimal generating set of I(G)? (as
S(G)? has no repetitions) and is given by
I(G)2 = (m%»m1m27m1m3,m1m4,m1m57m1m6,m§, o Jn%).
Observe that this is not a linear quotient ordering. Indeed, mimg = x12x3x52¢ precedes moms =

T1T2T3T4, but by quick inspection, the monomials of degree four such that m is linear and

divides m = x5x¢ are precisely:

T1T2T3L5, L1L2T4T5, L1X3X4L5, T2X3LAL5, L1X2T3L6, L1X2X4L6, T1L3TATE, L2X3T4L6,
and none of these precedes moms = xr1xox3x4 under the lexicographic ordering.
We aim to prove that the list R(G)* in Construction yields a linear quotient ordering of

I(G)*; however, to simplify our proof, we reduce to working with R(G)* instead. For this, we need
a simple lemma and some notation.

Notation 3.6. Adopt notation in Construction [3.3] We use the following notation for the ideal
quotients of I(G)* under the ordering R(G)*:

QMF) = (M, ..., M) « (M)
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Note that for MF a non-representative, we have Q(MF) = P. We say that R(G)* is a linear quotient
ordering (up to repetition) if each Q(MF) is either generated by a subset of the variables of P or is
equal to the polynomial ring P.

Lemma 3.7. Adopt notation in Construction . Then 72(G)’C is a linear quotient ordering if and
only if R(G)F is a linear quotient ordering (up to repetition,).

Proof. This follows directly from the definitions of R(G) and R(G)¥ in Construction O

Next we state and prove two technical lemmas about our revlex ordering R(G)* which we use in
the proof of our main result in this section.

Lemma 3.8. Adopt Notation . Let MY :=m$* .. .m$ .. .m& € R(G)¥, with a; > 0 for some

7

1<i<r, and let ME™" = mile; € R(G)*=1. Then Q(ME™) C Q(MF).

k—1
Proof. First note that the ideal quotient Q(M%™') is generated by the monomials W

for all generators M, F=1 which precede M C’f, Lin R( )k=1. For each such Mt ~7, it remains to show
that the generator m; M~ precedes M¥ in R(G)*, since then we have
M mM; ! m M !

gcd(Mtk*l7 Mgfl) gcd(mthkfl, mngfl) gcd(mthkfl, Mg) QMq)

But, indeed, this follows directly from the definition of the revlex ordering and the fact that Mtk*1

precedes M5! in R(G)*~1. O
Lemma 3.9. Adopt Notatzon and suppose that Mf =m{ .. om& = a2 precedes MF =
mfl omPro=ab g in R(G) , with MF a representative. (As a mnemonic for the reader,

the subscripts f and s stand for first and second, respectively.) Let p be the largest index such that
ap > 0 and q be the largest index such that B; > 0. Then at least one of the following is true:

(a) The generators Mf and M¥ share a formal edge; that is, a; > 0 and B; > 0, for some
ie{l,...,r}.

(b) There is a variable x; such that b; > a; and a formal edge m; of Msk which is incident to x;,
such that for all formal edges my of MJ’?, the generator mizM]’é’ precedes miMsk in R(G)kF—1

(c) The generator %qu divides MJ’? in P, withp < gq.

Proof. We prove that if the conditions (a) and (b) are false, then condition (c¢) must hold.

First note that under the revlex ordering, we have that p < q. Moreover, by our assumption that
condition (a) is false, we have that p < ¢, as desired.

Since MY is a representative, we have M # My, and thus b; > a;, for some i € {1,...,r}, and
in particular ; must divide some formal edge m; of MPF.

Now we claim that 8, = 1, because if 5, > 1, then condition (b) must hold. Indeed 5!1 > 1
implies that m, is a formal edge of = M¥, but for any m, with a, > 0, we have that M ¢ only

m;

has formal edges with index at most p and hence strictly less than ¢. Thus TM 7 precedes m—M k

in R(G)*~! under our revlex ordering, and thus the condition (b) holds.

In summary we have p < ¢ and 5; = 1. Now to show that condition (c) is true, it suffices to show
that for all ¢ € {1,...,n} and for all j < ¢ with ; > 0, we have that b; < a;, whenever z;| m;. For
the sake of contradiction, we suppose that there exist indices ie{l,...,n} and j < q with ﬁ] >0
such that b; > a; and z;|m;. As before, we have that — M’C has the formal edge mg, but Mf

does not for any my with ay > 0. Thus condition (b) must be true, which is a contradiction to our
assumption. Therefore m%}M r divides My, as desired. O



POWERS OF EDGE IDEALS WITH LINEAR QUOTIENTS 7

Theorem 3.10. Let P = k[z1,...,2,] be a standard graded polynomial ring with k a field and let
I(G) be an edge ideal that admits linear quotients. Further adopt notation in Construction [5.3

Then R(G)F yields a linear quotient ordering on I1(G)* for all k € N.

Proof. By Lemma it suffices to show that R(G)¥ yields a linear quotient ordering (up to repeti-
tion). We use induction on k. The result holds for k = 1 by hypothesis, since R(G)! coincides with
the linear quotient ordering of I(G).

Assume R(G)*~! yields a linear quotient ordering (up to repetition). We need to show that
R(G)F also yields a linear quotient ordering (up to repetition). Suppose M ]15 precedes MP* in R(G)F.
Without loss of generality, we may assume that MF is a representative; otherwise, Q(MF) = P, as
desired. Now we may apply Lemma [3.9]and examine each of the three possibilities separately. As in
the lemma, we consider the edge and vertex decompositions M]’? =mi*...md =2 ... 2% and

”
by

MF = m’fl co.omPr =2 .. 2P and let p and ¢ be the largest indices such that o, > 0 and 3, > 0.

a) First we assume that M% and M* share a common formal edge m; and define
f s g
1 1
MET = —MF and MJT'i= —Mj.
m; m;

Notice M%™! is a representative because by Lemmawe have the containment Q(M%™1) C Q(MF).
By the inductive hypothesis and Lemma there exists some x € Q(M f,_l) such that
k—1
N —
gcd(MJ]ffl, ME

Thus by Lemma we have z € Q(ME™") C Q(MF). Moreover, note that
k—1 k-1 k
M, B mi M, B M;

x = = )
’ ged(MFH METY)  ged(m My~ mMETY)  ged(Mf, MF)
Now Lemma [2.2) yields the desired result.

(b) Next we assume there is a variable x; such that b; > a; and a formal edge m; of M¥ which
is incident to 2, such that for all formal edges m, of M, the generator m%M F precedes m%M kin

R(G)*~1. We write m; = x;x, and choose a formal edge m, of MJ’? as follows. If z, does not divide
M ]’?, select my arbitrarily; otherwise, let m, be any formal edge of M]’f incident to x,.
By the same argument as in (a), it suffices to show that
Lok k
me My M
ged(5; My, 5 ME) | ged(My, M)

Equivalently, we need to show that gcd(MJ’?, MF)| gcd(MJ’?, e MF), but this holds since b; > a; and

since my is divisible by z, whenever x, divides M j’f
(c) Otherwise by Lemma we have p < ¢ and miquk divides M J’f in P. For convenience, let

k
M = miquk Since M2~! divides My, the degree of

MYP is a representative, it must be linear or quadratic.
If it is linear, by Lemma we are done. So we may assume that

My
ged (M, M)

W{Mk) is at most 2, and further since
7oMs

= IC1IC27
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for some vertices ., 2., € P; however, ., x., need not be an edge of I(G). By Lemma it
suffices to show that z., € Q(MF) or z., € Q(MF).

Let mq = x;x;, so that Mf = sci:ané’?_l and MJ’? = X¢, Tey

;
gcd(MJ’f,Mé‘)

be some formal edge my of M}“ incident to x.,. Let m; = z., x.,, and note that x., may possibly
equal z.,.

Since p < ¢, we have that m, precedes my in the linear quotient ordering of I(G), and therefore
there is an edge my preceding m, in the linear quotient ordering of I(G) with

k—1

s

Note that we must have

zi, xj ¢ {xc,, xc, }, because otherwise is not quadratic. Since x., divides M J’?, there must

Mg € {Ti%e,, TjTey, TiTey, TjTey }-

Since ¢’ < q, it follows that mq/MSff_1 precedes MF¥ in R(G)*. Therefore, if we have m, €
{z;zc,, xjzc, }, then it follows that

S, = Ly € Q(Mf)a

and we are done.

Therefore we may assume that mgy € {z;z.,,x;z.,}. Notice that % )’f precedes M¥ in R(G)*
since my is a formal edge of M}“ and p, ¢’ < q. Furthermore
AT }c
me k
= T¢, € Q(M])
ms k Cc2 s/
ged( e M, MF)
which completes the proof. O

The following corollary, which follows immediately from Theorem [3.10} recovers a well-known
result of Herzog and Hibi in [I4]; see also [6l Theorem 2.6].

Corollary 3.11. Let P = k[z1,...,xz,] be a standard graded polynomial ring with k a field. Then
I(G) has linear quotients if and only if I1(G)* has linear quotients for all k € N.

4. POWERS OF EDGE IDEALS OF WHISKER GRAPHS

In this section, we illustrate the utility of our linear quotient ordering in Construction In
particular, we apply Theorem to obtain explicit formulas for the projective dimension and the
Betti numbers of the powers of the edge ideal of a whisker graph; that is, a graph W, , with r 442
vertices and 7 4+ £ 4 1 edges of the following form:

21 Y
22 Y2
& Cc1 bl /b/
c3 b3
23 zr TR Y3
a

/ Co br\

k4 Yr
Throughout this section, let P = k[xg,ZL,¥1,-..,Yr, 21,- .., 2¢] be a standard graded polynomial

ring over a field k. We begin by giving a linear quotient ordering on the edge ideal I(W, ;) of the
whisker graph W, ,.
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Proposition 4.1. The ideal I(W, ) has linear quotients with respect to the following ordering:
I(Wryg) = (a, bl,bg, ey br, C1,C2,... ,C@),

where a denotes the edge xrxr, b; denotes the edge xry; fori € {1,2,...,17}, and ¢; denotes the edge
xrzj for j € {1,2,...,(}.

Proof. This follows directly from the equalities
((a,by, ... bima) : (bi)) ={zL, 91, pia}
((a,b1,....bp,c1,...,¢-1) 2 (¢j)) = {xRr, 21, ..., Zj—1}
fori € {1,2,....,r} and j € {1,2, ..., £}. O
Thus by Theorem I(W, ) admits linear quotients for all k € N under the revlex ordering
R(Wyo)k = (Ml,MQ,...,M(T+£+k))

determined by the linear quotient ordering of I(W, ;) given in Proposition see Construction
We will adhere to this ordering throughout the remainder of this section. Now we prove a general
lemma that when G is a tree, there are no repetitions in R(G)*; in particular, we have the equality

m = R(W,.0)* since W, is a tree.

Lemma 4.2. Let T be a tree on vertices o1, ..., T, and let I(T) = (myq,...,ms) be its edge ideal in
the standard graded polynomial ring k[z1, ..., x,]. Then for allk € N, each generator M € I(T)* can
be expressed uniquely as M = m$* ...m%=, for some list of nonnegative integers o = (o, ..., ).

Proof. We proceed by (strong) induction on the number of vertices n. For the base case, consider
the tree T with two vertices, z; and x2. Then I(T) = (z1x2), and thus the only generator of
I(T)* = (2%2%) can be represented uniquely, as desired.

Now assume towards induction that the claim is true for any tree on fewer than n vertices, and
let T' be a tree on n vertices. Then T has at least one leaf; call this vertex x; and denote by m; the
edge to which it is incident. Let M be a minimal generator of I(T")*. Then any power of z; dividing
M corresponds to a power of the edge m;. Let

M

aJ 9

J

M =

where «; is the maximum power of m; dividing M. Then M’ is a generator of I(T")*~%  where T" is

the tree T\ {; }. By induction there is a unique list of nonnegative integers (a1, ..., 01, ®j41, ..., Q5)
o (o727 . .
such that M’ = m{" ... m;7'm;{}" ... mgs. Now M is expressed uniquely as M = mj" ... mg*.
(Il

Still adhering to our linear quotient ordering R(W,.,)* on I(W;¢)*, we now establish some ad-
ditional notation to be used throughout the remainder of the section. As in previous sections, we
use the notation for ideal quotients introduced in Notation [3.6] and refer to edge and vertex de-
compositions of the generators of I(W, )* as introduced in Notation throughout this section.
Note however in this section, by Lemma not only the vertex decomposition but also the edge
decomposition of a generator of (W, ¢)* is unique. Thus there is no distinction between an edge
and a formal edge. Furthermore we introduce the following notation.

Notation 4.3. For any generator M = aabfl...bf’"cyl )t of I(W;.0)*, we define integers
B(M) = max{p : 8, > 0}, {p:ﬂp.>0}7é@ C(M) = max{p : vy, > 0}, {p:vp.>0}7é(2)'
0, otherwise 0, otherwise

In order to obtain formulas for the projective dimension and Betti numbers of I(W, ), we need
the following technical lemma which describes, for a given generator M of I(W, ), when each
variable belongs to the corresponding ideal quotient Q(M).
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Lemma 4.4. Adopt Notations and . Fiz an integer k > 1, and let M = a“bfl...bf*ﬁ1 o)
be a generator of I(W,.0)*. The following statements hold:

) Foralll1<j<r, y; € QM) if and only if B(M) > j;
2) Forall1 <j<U{, zj € QM) if and only if C(M) > j;
3) zr € Q(M) if and only if C(M) > 0;

4) z, € Q(M) if and only if B(M) > 0;

(1
(
(
(

Proof. Consider the unique vertex decomposition

dy dr+1 drye drtetr1, drioyo
T T,

d ”
M:yll ..... yT Zl ..... zz

Since W, 4 is a whisker graph, one can easily check that the following constraints hold on the vertex
decomposition:
di>0<:>5i>07 for1<i<r
di >0 <= 75;_»>0, forr+1<i<r+/¢
r l
e Constraint 2: d, 11 — st =dpqp42 — Zd’”FS'
s=1 s=1
Now we are ready to prove the desired statements. For ease of notation, in the following arguments
we abbreviate B(M) and C(M) to B and C, respectively. Note that the proofs of (2) and (4) are
very similar to those of (1) and (3), respectively, but we include them for completeness.

e Constraint 1: {

(1) Let 1 < j <r . First, assume that B > j. Therefore, bg = xryp is an edge of M, and thus
M - 5—; precedes M in the linear quotient ordering. So,

M - 2R M-
TRYB bp
y; = p— = ? € Q(M).
ged (M L La M) ged (M - ng M)

Conversely, if y; € Q(M) then there exists some M’ preceding M in the linear quotient ordering
such that (M’) : (M) = (y;); that is, such that
(441) M/ _ Z/fl . yr €r+1 . Z§r+zx;+z+1$?+e+2
where for some w # j, we have equalities d,, = e, for all n € {1,2,...,r + ¢+ 2}\{j,w}, e; =d; +1,
and e, = dy —

Note that by double application of Constraint 2, we have the following equalities

T

L
dr+€+1 - Z ds = dr+£+2 - Z dr—i—s

s=1 s=1
r 4
(442) Cr40+1 — E €s = €r4p42 — E €r4s-.
s=1 s=1

Since e; = d; + 1, ey = dy — 1, and 1 < j < r, it follows from these equations that 1 < w < r or
w =1+ £+ 2. We consider these two cases separately.
If 1 <w < r then we have the following equality

M' - xRy = M - zRy;.

Now by uniqueness of edge decompositions of generators of I (Wrﬁg)k“‘l and since M’ precedes M

in the linear quotient ordering of I (Wr,z)k, we must have that xry; precedes xry, in the linear
quotient ordering of I(W, ). Thus, w > j. Since e,, = dy, — 1, we have d,, > 0, and thus by
Constraint 1 we have 8, > 0. Therefore B > w > j, as desired.

On the other hand, if w = r 4+ £ + 2, then we have the following equality

!
M -xzgxr = M - xRYy;,
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but this is impossible because M’ precedes M in the linear quotient ordering of I (Wr’g)k and xrx
precedes zry; in the linear quotient ordering of I(W;. ().

(2) Let 1 < j < /. First, assume that C > j. Therefore, cc = z2¢ is an edge of M, and thus
M - f—é precedes M in the linear quotient ordering. So,

e M M o0y
T oped (M- 2L M) ged (M- 2, M)

Conversely, if z; € Q(M) then there exists some M’ preceding M in the linear quotient ordering
such that (M’) : (M) = (z;); that is, M’ has the vertex decomposition ({.4.1)), where for some
w # j +r, we have equalities d,, = ey, foralln € {1,2,...,r+£+2}\{j + r,w}, ¢j4r = dj4r+ 1, and
ew = dy — 1.

Again by double application of Constraint 2, we have the equalities in . Since we have
equalities €4, = dj1r +1 and e, = dyy — 1, and since 1 < j < £, it follows that r +1 <w <7+ ¢
or w =1+ {4+ 1. We consider these two cases separately.

Ifr+1<w<r+/ then we have the following equality

!
M -xpzy—r=M-z12;.

Now by uniqueness of edge decompositions of generators in I(W,.,)¥*! and since M’ precedes M
in the linear quotient ordering of I (Wr,f)kv we must have that xrz; precedes xp2,,—, in the linear
quotient ordering of I(W;.,). Similarly to part (1), applying Constraint 1 yields 7,,—, > 0. Therefore,
C>w—r>j,as desired.

On the other hand, if w =r 4+ ¢+ 1, then we have the following equality

/
M -xzprxp = M - w124,

but this is impossible because M’ precedes M in the linear quotient ordering of I(W;.,)* by hypoth-
esis and xpxy precedes xrz; in the linear quotient ordering of I(W, ().

(3) First, assume that C' > 0. Therefore, cc = z1z¢ is an edge of M, and thus M - % precedes M
in the linear quotient ordering. So,

M . ERTL M. o
— TLEC _ cc
TR = wed (M Z:é,M) = wed (M %,M) € Q(M).

Conversely, if zg € Q(M) then there exists some M’ preceding M in the linear quotient ordering
such that (M) : (M) = (xzp); that is, such that M’ has the vertex decomposition in (£.4.1]), where
for some w # r + £ + 1, we have equalities d,, = e, for all n € {1,2,....,r + £+ 2}\{r + £+ 1, w},
Crip41 = dr+g+1 + 1, and ey, = dy — 1.

Again by double application of Constraint 2, we have the equations in . Since we have equal-
ities epq041 = dryeyr1 + 1 and ey, = dy, — 1, it follows from these equations that r +1 < w < r + £.
Since e, = d, — 1, we have d,, > 0, and thus by Constraint 1 we have that v,_, > 0. Therefore,
C >w—r >0, as desired.

4) First, assume that B > 0. Therefore, bg = zryp is an edge of M, and thus M - -~ precedes M
; y g ; ;= P
in the linear quotient ordering. So,

T = M e = Min € Q(M)
ged (M- 2822 Af)  ged (M -2, M) '

Conversely, if 1, € Q(M) then there exists some M’ preceding M in the linear quotient ordering
such that (M') : (M) = (xr); that is, such that M’ has the vertex decomposition in (4.4.1]), where
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for some w # r 4+ £ 4 2, we have equalities d,, = e, for all n € {1,2,....;7 + £ + 2}\{r + £+ 2, w},
Erie4+2 = dr+€+2 +1, and ey, = dy —

Again by double application of Constraint 2, we have the equations in (4.4.2). Since we have
equalities e, ¢12 = drqpyo + 1 and e, = dyy, — 1, it follows that 1 < w < r. Similarly to part (3),
applying Constraint 1 yields ,, > 0. Therefore, B > w > 0, as desired. (]

Now we are ready to obtain formulas for the projective dimension and the Betti numbers of the
powers of the edge ideals of the whisker graph W, ;.

Theorem 4.5. Let P = K[TRr, XL, Y1,---+Yr, 21, - - -, 2¢) De a standard graded polynomial ring with k
a field. Then the projective dimension of the ideal I(W,,)* is given by

r+/f k>2

max(r,l) k=1
and its Betti numbers are given by
k—2+4+i\(r+0+k n k—2+1 r+k n L+ Ek
i k+1 i—1 k+1 k+i
r+0+k ;
k

Proof. By Theorem and Proposition the powers of I(W, ) have linear quotients with

respect to the reverse lexicographic ordering R(VV,«,@)’C = <M17 My, ... M (r+l+k>> on the generators
k

of I(W,¢); see Construction Thus by Proposition to calculate projective dimension and
Betti numbers, it suffices to calculate the minimal number of generators v(Q(M;)) of the ideal
ok
quotient Q(Mj), for each j =1,..., (""™").
By Lemma @, we have the equahty

(4.5.1) v(Q(M;)) = B(Mj) + C(Mj),

pd(I(Wre)*) = {

Y
—_

BiI(Wr0)*) =

|
e

for each j =1,..., (’“*i““), where B(M;) and C(M;) are defined as in Notation
Thus it is easy to see that Z/(Q(Mj)) is maxumzed whenever B(M;) and C(M ) are as large as
possible. For k > 2, this is achieved when B(M;) = r and C(M;) = ¢, and thus by Proposition
the projective dimension is r + ¢. For k = 1, it is impossible for both B(M;) and C(M;) to be
positive, so in this case we have that the projective dimension is max(r, ¢).
Now we calculate the Betti numbers. For ease of notation, we write 3;(I(W;.¢)¥) as 8; throughout

the rest of the proof. By Proposition 2.4 we have the following equalities

(rHEHR) (7R
v(Q(M; r+f0+k
o= Z_l ((Q(o ))>: Z_l 1:< +k+ )

Next, we calculate the Betti number §; in homological degree ¢ > 0. For fixed integers B,C > 0,
define f(B,C) to be the cardinality of the following set

J(B,C) = |{M e RW,,)* | B(M) = B and (M) = C}|.

Then by Proposition and (4.5.1)) we have that

s an g (1) Eran(t) ()

B,C>1 B>1 (1)

c=o0 >

Q
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To calculate f(B,C), we first note that f(B,0) is the number of sequences of length B + 1 of
nonnegative integers which sum to k& and whose last entry is strictly positive; that is,

45.3) F(B.0) = <32k> _<B+:—1> _ <Bl—€|—fl—1> _ <B+g—1>’

where the second equality follows from Pascal’s Identity. Similarly
C+k-1
(4.5.4) £(0,C) = ( + )
C
Now for B,C > 1, f(B,(C) is the number of sequences of length B+ C+ 1 of nonnegative integers

which sum to k& whose last two entries (corresponding to the exponents of bg = xryp and cc = z12¢)
are strictly positive. By the inclusion-exclusion principle, we see that

B+C+k B+C+k—-1 B+C+k—-2
F(B,C) = +O+k) L (B+C+ N +C +
k k k
_(B+C+k\ (B+C+k—-1\ [(B+C+k—1\ (B+C+k-2
N k k k k
_(B+C+k—-1\ (B+C+k-2
N E—1 k—1
_(B+C+k-2
- k—2

B+C+k-2
4.5. =
(4.5.5) ( B+C )

where the third and fourth equalities follow from Pascal’s Identity.
Substituting (4.5.3]), , and (4.5.5) into (4.5.2) and temporarily replacing A := B + C for
ease of notation, we obtain

A+k—-2\(A B+k—-1\(B C+k—1\/C
ﬁi_Z( A )<Z>+Z( B >(1>+Z< c )(Z>
B,C>1 B>1 =
Cc=0 Cc>1
A+k—2)(k—2+i) (B+k—1)(k—1+i> (C+k—1)(k—1+i
37021(16—2—1—2 k—2 322:1 k—1+41 k-1 BEZ:O k—141 kE—1
Cc=0 Cc>1
k—2+z’> 3 <A+k—2> (k—1+i> (B+k—1> (C+k—1>
= )+ A Al
<k_2 B,C>1 k=241 k—1 B§>:1 E—141 B§=:O E—141i
- C=0 Cc>1
(4.5.6)
i 1 ial i i T _ x r—y+z
where the second equality follows from the combinatorial identity (y) (g) = (m7y+z)( v : )

Now we analyze each sum in the equality above separately. By the hockey-stick identity, since B
runs from 1 to r, we have the following equality
B+k-1 ~ (B+k-1 r+k
(4.5.7) Z( )—Z( >—< )
= k—1+41 = k—141 k41
C=0
Similarly since C runs from 1 to ¢, we have the following equality

C+hk—1\ —[(C+k—-1 (+k
(4.5.8) Z(k_1+i>zcz:=i<k—l+i>:<k+i>'

c>1

)



14 E. BASSER, R. DIETHORN, R. MIRANDA, AND M. STINSON-MAAS

We use the same identity twice on the remaining sum as follows:

> (11500)- zz(“%*fﬂ)

B,C>1 B>1C>1
Z B+l+k—-1 B+k—-1
= k—141 k—141
r+l+kY  (C+E\| |(r+k\ [ k
k+1 k+i k+1i k+1
r+0+k r+k L+ k
(45.9) _( k+i )_<k+z‘)_<k+i>'
Substituting (4.5.7), (4.5.8), and (4.5.9) into (4.5.6) and simplifying, we have
3, k 2+Z r+0+k r+k B {4+ k n k—1+41 r+k n {4+ k
e k+i k+i k+ i k-1 k+i k+i
k 2+Z r+f+k k—1+1 _ k—2+41 r+k n {4+ k
k+1 k—1 k—2 kE+i k+1i
—2+l r+f+k k—2+41 r+k n {4k
k41 k—1 k41 k41
(k=240\[(r+Ll+k n k—2+1 r+k n L+ k
B i k+i i—1 k+i k+i)l|’

where the third equality follows from Pascal’s Identity. This completes the proof. O

This result generalizes the formulas given by Ferra, Murgia, and Olteanu in [9, Corollary 3.4,
Remark 3.5] for so-called star graphs; that is, whisker graphs with £ =0

We finish this section with an example that demonstrates how our linear quotient ordering in
Theorem [3.10] can be used to explicitly construct resolutions of powers of edge ideals which have
linear quotients. In particular, we construct the resolution of the square of the edge ideal of a star
graph via the iterated mapping cone construction in Construction

Example 4.6. Let P = k[z,y, 2z, w| be a standard graded polynomial ring with k a field and let G

be the following graph.

Yy w
z

T

We see that the edge ideal associated with G is I(G) = (zy, zz, zw) and its square is given by
I(G)2 = (l‘2y2, iUQyZ, 36222 z? yw, x2zw x2w2)

By Theorem this gives a linear quotient ordering. In order to construct the minimal free
resolution of I(G)?, we begin by calculating the relevant quotient ideals as follows:

((z*y?) : (2*y2)) = (y)
(2, 2%y2) : (227)) = (y)

(2?2, 2z, 222%) @ (z
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((m2y2, xgyz’ $2227 xgyw) : (ZUQZu})) =

((z%y?, 2%yz, 2222, 2yw, 2°2w) : (2%w?)) = (y, 2)

|
—~

=

I
~—

Now we use iterated mapping cones as in Construction to build the resolution in steps.

Step 1: Step 2:
op_ M e N B
0
‘[2] ‘{lﬂyz] |: . } |:Z:| [z2zz}
z%y? _ 2, 2 2
0 P [ Y } 0 0 p Y P2 [ac Y T yz} 0
Step 3:
0 P L} P2 b P 0
A ] |
0 P2 0 —y P3 {x2y2 . xzzz] S .
Step 4:
0 P [ Y } P2 [y Z} P 0
0 0 o0
< o] [z o v o vy (2220
0 -y oz 0 w
; 0 0 —y o 0 0
0 P Y P4 0 0 -y —z P4 xzyz £2yz 2222 J;2yw] 0
Step 5:
-] !
0 P p? P 0
0 0 0
—w 0 0 0 0
0 —w 0 z 0 0 0 0 0 0 [aszwz}
z 0 _/ww -y z 0 w 0 w 0
-y sljo v 0o 00w 0 w
3 jy g 2 _Oy _Oz :)y *OZ [w2y2 w29z 2222 :L‘zyw w2z’w}
0 P2 pS p5 0

Finally, taking the cone of the diagram above, we get the desired resolution
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—w 0 0

0 —w 0

z 0 0 z 0 w 0 0 0 0 0
—y w -y z 0 w w 0 0 0
0 z —w 0 —y 0 0 0 w 0 0
0 -y 0 0 -y  —z 0 0 w 0
0 0 z 0 0 0 -y  —z 0 w

0 pr 0 W ps LD L e N 1(G)2 —— 0

5. POWERS OF THE EDGE IDEAL OF THE ANTICYCLE

In this section we provide a linear quotient ordering on the higher order powers of the edge ideal of
the anticycle graph (that is, the complement of the simple cycle), despite the fact that the edge ideal
of the anticycle itself does not admit linear quotients. This answers in the affirmative a question of
Hoefel and Whieldon.

We begin by establishing some notation which we will use throughout this section. Fix integers
n>5and k > 2 and let P = k[z1,...,xz,]. Further let A, denote the anticycle on vertices 1, ..., x,
with edge ideal

I(A,) = (v123, 2124, . . ., T1Tp—1, T2Tgy -+« T2Lyy e« oy T 2Ty
Note that I(A;,) is obtained from the edge ideal of the antipath on the same n vertices,
I(Pn) = ($1$3, T1T4y. oy X1, L2X4y -+« , T2Tpy - - - a-rn—an)

by simply removing the edge x1x,. As in previous sections, we refer to edge and vertex decomposi-
tions of the generators of 1(.A4,,) as introduced in Notation throughout this section. Furthermore,
for a monomial M € P, we denote by supp M the usual support of a monomial; that is, the set of
variables appearing with positive exponent in the vertex decomposition of M. Finally, we update
our notation for ideal quotients established in Notation to handle the multiple orderings we will
utilize throughout this section.

Notation 5.1. Given an ordered list O of monomials in P and a monomial M from the list, we
denote by QP (M) the ideal quotient corresponding to the monomial M under the ordering O; that
is, if O = (my, ..., m,) then

Qo(mi) = (ml, PN ,mi_l) : (ml)
forall 2 <4 <r.

Next we construct what we prove in Theorem to be a linear quotient ordering on I(A,,)".

Construction 5.2. Denote by o) the following ordering of the minimal generators of I(A,,)*:
(1) First, order all the generators divisible by z,, according to the lexicographic ordering by:

Ty > T >2T3 > >Tp_1 > T,

. Qi n Q2,003 An—1_01 Bn B2 ,.03 Bn-1_pB1
that is, x0mx5?xs® ...z, " x]" precedes zi x5 xs® ...z, " x]" whenever the first nonzero
entry in the vector (ap,, ag, s, ..., an_1,01) — (Bn, B2, B3, - -, Pn—1, 1) is positive.

(2) Next, order the remaining generators according to the lexicographic ordering by
X1 >To2 >3 > > Tp-1;

: ay o0 Qn—1 B1,.B2 Brn-1
that is, x7"2z5% ... 2 precedes i x5* ...z,

1 whenever the first nonzero entry in the
vector (aq, @, ..., an—1) — (B1,B2,...,Bn—1) is positive.
(3) Finally, move the generator (xz,_1)* immediately after the generator

D= (xlxn,l)k_l(xga:n,l).
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We call D the distinguished generator.

Note that O% is a concatenation of two orderings F' and S, where F' is the sub-ordering containing
all generators divisible by z,, as described in (1) and S is the sub-ordering containing all generators
not divisible by z,, as described in (2) and (3).

Example 5.3. Let n =5 and k = 2. The ordering constructed above is ok = (F,S), where

F = (.T%l‘g, .1?21’358%, Igfﬂg, $3I4I5, ToX3T4L5, L1X2X3L5, L1X2X4T5, I1I§£E5, $1£E31‘4$5)

S = (2322, 23314, T1T27324, T1X0TA, XIS, TITT).
Remark 5.4. Note that the concatenation of two linear quotient orderings need not be a linear quo-
tient ordering. For instance, (z1x2, x2x3) and (z3x4, 425, 2125) are both linear quotient orderings,
but their concatenation is not; indeed, the simple cycle Cs5 admits no linear quotient ordering.

On the other hand, the concatenation of two orderings being a linear quotient ordering does
not necessarily imply that the second ordering is itself a linear quotient ordering. As an example,
(zows, T1x2, T324) is a linear quotient ordering of the simple path Py, but (z1x2, x324) is not a linear
quotient ordering.

Surprisingly, however, we show in Theorem that F' and S as defined in Construction [5.2
interact “nicely” with each other, in that their concatenation is a linear quotient ordering and
furthermore they are both themselves linear quotient orderings.

Before we prove that OF is a linear quotient ordering, we illustrate why some natural simplifica-
tions of the ordering OSZC) do not produce linear quotient orderings.

Remark 5.5. (1) The lexicographic ordering of all of the generators by

Tp > Xo >T3 > >Tp_1 > T
does not yield a linear quotient ordering of I(.An)k' because in this case if M7 = xnx1x§ ($1$3)k_2

and My = x222(2123)* 2, there is no generator M3 preceding M, such that

M; € ) q M3 ’ My
_— T1,L2...,Tn; al .
ged(Ms, M) 12 ged(Ms, My) | ged(My, M)

This illustrates the importance of our choice in Construction 2).
(2) The lexicographic ordering of the generators divisible by z,, by
Tp > X >T3 > >Tp—1>T1
followed by the lexicographic ordering of the remaining generators by
X1 > X2 >2T3 >+ >Tp-1
does not yield a linear quotient ordering of I(.A,,)*, because in this case if M; = zox, (v12,-1)" !
and My = (z12,_1)¥, there is no generator M3 preceding Mo such that
Ms M3 My
ged(Ms, My) ged(Ms, M) | ged(My, My)'

This illustrates the final move in Construction (3), which surprisingly requires no further changes.

€{r1,z2...,z,} and

Theorem 5.6. Let P = k[x1,...,x,] be a standard graded polynomial ring with n > 5, and let
I(A,) C P be the edge ideal of the anticycle graph A, on n vertices. Then for all integers k > 2,

the ordering o defined in Construction is a linear quotient ordering of I(A,)*.

Proof. Let M; and M, be part of a minimal generating set for I(A,)*, with M, preceding M, in
(’)ﬁlk ). Assume the following vertex decompositions:

My =" .. zy» and Mo :xfl...zg",
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and define vectors a = (ay,...,ay) and 8 = (B1,...,0,). By Lemma it suffices to show that
there exists some M3 preceding My such that

M3 M3 ’ M,
ged(Msz, Ma) ged(Ms, My) I ged(My, My)

We separate our proof into three main cases depending on whether M; and My are in F or S. Note

€{r1,22...,2,} and

that since M7 precedes Ms in ng), the case where M; is in S and M, is in F is impossible.
Case 1: In this case we assume that My € F and M> € S, and proceed with two subcases.

Subcase 1.1: First we assume that My = (z12,_1)*. Since M; € F, there is some i € {2,...,n—2}
such that x;x, is an edge of M;. We choose a generator Mz of (An)]C as follows:

e M =
3= w17 e
My HEi 0 if §> 2

T1Tp—1"

In either case, M3 precedes My in Oﬁfc). Indeed, when ¢ > 2 this follows from the lex ordering on
S in Construction (2), and otherwise M3z is the distinguished generator and this follows from
Construction 3). Furthermore we have:
M; q My

———— =2; and z|————,

ged(Ms, M) ged (M, Mz)
where the equality follows directly from the definitions of Ms and M3 and the divisibility statement
follows from the fact that x; divides M7, but not M. This completes this subcase.

Subcase 1.2: Now we assume that My # (z12,,_1)F. Since M; € F and M, € S, it follows that z,,
divides M7 but not M>, and thus
M
Tp|l————.
ged(My, Mo)
Now it suffices to find a generator M3 preceding M in O,gk) such that
M;

ged(Ms, Ma)
By assumption, M5 must have an edge x,xp such that 1 < a < b <n—1and z,zp # T12,—1. In

particular, if a = 1, then 1 < b < n — 1, and thus z,z; is an edge of A,, in this case. Therefore, we
may choose a generator M3 of I(A,)* as follows:

M2 . InTh ifa=1
e
Mo if a>1

TaTp

(5.6.1)

= T,.

In either case, it follows from Construction 1) that M3 precedes My in O and satisfies (5.6.1),
as desired.

Case 2: In this case we assume that M7, My € S. Note that it suffices to show S is itself a linear
quotient ordering. Since S is an ordering of the minimal generators of I(A,)* not divisible by
T, it follows that S is an ordering of the minimal generators of I(P,_1)¥. Furthermore, by [17,
Proposition 3.1], the lex ordering x1 > x3 > x3 > +-+ > x,_1, which we denote by L, yields a linear
quotient ordering on I(P,_1)*. Thus it remains only to show that our choice to move (z12,_1)"
immediately after the distinguished generator as described in Construction 3) does not disturb
the linear quotient property.

Observe that if My precedes (xlxn_l)k in L or if My succeeds the distinguished generator
D = (z17,1)* Y(xo2,_1) in L, then Q¥(M;) = Q%(M,). Thus, since L is a linear quotient



POWERS OF EDGE IDEALS WITH LINEAR QUOTIENTS 19

ordering, we may assume without loss of generality that Mo lies between (z12,_1)* and D (inclu-
sive) in L. We proceed with three subcases.

Subcase 2.1: First we assume that My lies strictly between (z12,_1)¥ and D in L. Thus by the
lex ordering L, we have that 81 = k — 1, and so :C]fl divides M. Further since Ms precedes D in
L, we have 85 > 1, implying that zo divides M>. Thus mlfflacg divides M5, while x’f cannot divide
Ms. Tt follows that
M,
ng(]\427 (xlxn_l

m, but equality would imply Ms = D, which is

impossible in our case. This implies that

) ¢ {x1,22...,2n}.

Indeed, we have that zo divides

(xlxn—l)k

M =
ged((z1@n—1)k, Ma)

¢ {’12171’2...,1’”}

as well by degree considerations

Since QL (My) is generated by a subset of the variables {zy,...,z,} and since M & {z1,...,7,},
M is not part of a minimal generating set for Q¥ (My). It follows that Q°(Ms) = Q¥ (M), and thus
Q% (My) is generated by a subset of the variables, as desired.

Subcase 2.2: Next we assume that My = (xlxn,l)k. By the proof of Subcase 1.1, it follows that

(w9, 23,...,2,_2) is contained in the ideal quotient Q°((z12,_1)*). Pairing this with the fact that
M is in S, and so x,, cannot divide M7, we may assume without loss of generality that

su (L)C{x Tp—1}
Pp ng(Ml,MQ) = 1ydn—-17y-

However, this is a clear contradiction since My = (212, _1)F.

Subcase 2.3: Finally we assume that My = D is the distinguished generator. First note that

(x3,...,2T,_o) is contained in the ideal quotient Q°(M>). Indeed, each generator
1%
Ni = M2 : L )
L1Tn—1

for i € {3,...,n — 2}, precedes M5 in S. Thus
N;
ged (Ni, Mz)
for all i € {3,...,n — 2}, as claimed.
So we may assume without loss of generality that

L) C{ }
ng(Ml,MQ) = \L1,22,Tn—-17,

where, as before, we can disregard x,, since M; € S. Therefore, since x1x2 is not an edge in A,,, we
have

=x; € QS(M2)

supp (

My = (v12p1)"(wawn )" = afabay_,

for some nonnegative integers a and b with a + b = k. In particular we have a < k. Furthermore
since My precedes D = x’fflmgxk in S, it follows that a > k — 1. Thus a € {k — 1, k} yielding

n—1
M, = :clf_lzgxﬁ_l or M; = xlfxlfl_l.
However, both of these cases are impossible, as the former implies M7 = My = D, which contradicts
the assumption that M; precedes My, and the latter implies (z12,_1)* precedes the distinguished
generator D in S, which contradicts Construction [5.2f3).
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Case 3: In this case we assume that M7, My € F. The vertex decompositions of M; and My imply

M,y
gcd(]\/[l,Mg)> ={zi| o > Bi}.

We now proceed in four subcases depending on the possibilities for the vectors o and .

supp (

Subcase 3.1: First we assume that a,, > 3,. It follows that

o,

Tn|~—S727 7\

ng(Mh M2)

and so it suffices to find a generator M3 preceding My in F such that
M3

5.6.2 — =1,

( ) ng(.Z\[g7 MQ)

If there is some edge z,xp of My with 1 <a <b<n—1 and x,zp # 17,1, then we may proceed
precisely as in Subcase 1.2 to find the desired M3, and we are done.

Thus we may assume without loss of generality that all edges of My are either equal to 12,1
or incident to x,. Since a,, > [, it follows that at least one edge of M is not incident to z,,, and
thus 12,1 is an edge of My. This implies that {xa,..., 2,2} C QF(MQ); indeed, each generator

N My - 2222l if =2
U My —EE if 2 <i<n—1

T1Tp—1’

for i € {2,...,n — 2} precedes M in F' by Construction 1), and thus
Ni

F
— ;e QT (M.
gcd (Ni;M2) x; €Q ( 2)
for all i € {2,...,n — 2}, as claimed.
So we may assume without loss of generality that 38; > «; for all i € {2,...,n—2}. Notice however

that since M5 has only the edges x1x,_1 and edges incident to x,,, it follows that 51+08,-1+206, = 2k,
which yields the following inequalities

(563) ﬁ1+/6n—l+ﬁn:2k_ﬁn>2k_an:a1+"'+an—12a1+an—1+an;

where the strict inequality follows from our assumption in this subcase and the other inequality
follows directly from the structure of the anticycle graph (x, is only connected by edges to vertices
Z2,...,Zn—2). The strict inequality 81 + Bn_1 + Bn > @1 + @n_1 + @, in together with the
assumption that §8; > «; for all i € {2,...,n — 2} yields the inequality

n n
2%k = B> a; =2k,
i=1 i=1
which is a clear contradiction. This completes this subcase.

Subcase 3.2: Next we assume that «,, = 3, and as > B5. It follows that
M,
2 ged(My, M)’
and so it suffices to find a generator M3 preceding Ms in F such that

M3
5.6.4 —_— = 9.
( ) g(?d.(]\fg7 Mg) 2
If there is some edge z,xp of My such that 3 < a <b < n — 1, then the generator
My = M, - 220
Talp

precedes M in F and satisfies (5.6.4)), as desired.
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Thus we may assume that all edges of My are incident to x1, xo, or x,. If z1xp is an edge of My
for some 4 < b <n — 1, we find that the generator
ToTp

Mz = M, -
T1Tp
precedes My in F' and satisfies (5.6.4)), as desired. Similarly, if z,z, is an edge of M, for some
3 <a <n—2, then choosing

o
M3 = M, - n

TqTn
will complete our argument.
Thus we may assume that every edge of Ms is either incident to x or equal to xix3. Since
Qg > [, it follows that at least one edge of Ms is not incident to o, and thus xyx3 is an edge of
Ms. Furthermore, since My € F, it follows that xox,, is also an edge of M5. Thus the generator

M := M, - (z274) (T377)
(z123)(2220)
precedes Ms in F', yielding
M F
———— =14 € Moy).
ged (M, M) 7 € QT (M)
Furthermore, we have that {zs,...,z,} C Q¥ (Ms). Indeed, each generator
N, = M, - 3%
T1T3
for i € {5,...,n} precedes M; in F' by Construction 1), and thus
N; F
— € QF (M.
eed (N, 3p) ~ 11 €@ )
Therefore we may further assume that 8; > «y, for all i € {4,...,n}. However, by the same
argument as in Subcase 3.1, the equality 81 + 83 + 282 = 2k implies that 51 + 82+ 83 > a1 +as +as,
which coupled with the fact that 8; > «; for all i € {4,...,n}, produces the same contradiction as

in Subcase 3.1 and completes this subcase.

Subcase 3.3: Next we assume that a,, = 8, a; = §;, for all i € {2,...,j — 1}, and a; > 3;, for
some j € {3,...,n— 2}. It follows that

M,
Tj|———,
J ng(A4i,A4é)
so it suffices to find a generator M3 preceding Ms in F' such that

M3
5.6.5 _— = ..
(565) ged(Ms, My)
If there is an edge z,xp of My such that 1 <a<j—2and j+1<b<n-—1, then the generator
My = M, - 22%
Talp

precedes Mo in F' and satisfies (5.6.5]), as desired. Similarly, if there is an edge z,x of My such that
7+ 1 <a<b<n, then choosing
ZjTp

Mg = M, -
Talp
will complete the argument.
Also note that if zqx. is an edge of My for some 3 < ¢ < j — 2, then choosing
Ty

My =M, —=2
T1Tc
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will complete the argument.

So in summary, we may assume that all edges of M, are incident to x;_; or x;, are of the form
ey, for some 2 < ¢ < j — 2, or are of the form x,x, with 2 < a < b < j — 2. By our hypothesis for
this subcase, there is an integer r € {1} U{j + 1,...,n — 1} such that a, < §,, and in particular,
B > 0. Thus by the preceding description of edges of My, it follows that x,z, is an edge of My for
some z € {j — 1,7}, and furthermore that every edge of M incident to z, must also be incident
to xj_1 or x;. This allows us to rule out edges of the form z,z; with 2 < a < b < j—2 in M.
Indeed, suppose x,zp is such an edge. Since 2 < a < j—2 and 2 < b < j— 2, we have that
Loy, Tpxy € I(Ay). Thus My has the following edge decomposition:

(xaxzxxbmr)

My = M, -
2T () (@)

which implies that xpx, is an edge of My, but this contradicts the fact that all edges of M5 incident
to x, must also be incident to x;_; or x;.

Now we may assume that all edges of My are incident to ;1 or x;, or are of the form z.x,, for
some 2 < ¢ < j — 2. In fact, there must be an edge of the third type. Otherwise, if all edges of M,
are incident to x; or x;_1, then our hypotheses in this subcase imply

k=pi_1+08j=aj_1+ 6 <aj_1+ay,

and it follows that the degree of M; is at least 2(a;—_1 + «;) > 2k, which is a contradiction. Thus
there must be an edge of M5 of the form z.x,, for some 2 <c¢ < j— 2.

Next recall that x,x, is an edge of My for some r € {1} U{j+1,...,n—1} and z € {j — 1,4}
In fact, we must have »r = 1 and ¢ = 2. Otherwise, if r # 1 or ¢ # 2, then M5 has the following edge
decomposition

M, = M, - (mcmr)(xzxn)’

(Tewn)(Tra2)

which implies that x.z, is an edge of Ms, but this contradicts our description of the edges of My
given that ¢,r ¢ {j — 1,4,n}. Thusr =1 and ¢ = 2.

Thus we may assume that all edges of M, are incident to z;_; or x;, or are of the form xox,,
and that zox, and z1z, with z € {j — 1,4} are edges of Ms. Now it follows that j > 3. Indeed, if
j =3, then j — 1 =2, and it follows that all edges of M, are incident to x;_; or x;, which we have
already shown is impossible.

So we may choose the generator

(mij)(xzxn)
(r122)(T220) ,

which precedes My in F' and satisfies (5.6.5)), as desired.

My = Ms -

Subcase 3.4: Finally we assume that «,, = 3, a; = §; foralli € {2,...,n—2}, and a1 > Br—1.
Note that this is indeed the final case because if o, = 3, and o; = 3; for all i € {2,...,n— 1}, then
M, = Ms, which contradicts our assumption that M7 precedes My in F.

In this case, notice that since M; and Ms both have degree 2k, our assumptions in this subcase
imply that 57 > a;. In particular we have 8; > 0. Since ay,,—1 > Bp—1, it also follows that

_ M
Tn—-1 ng(Ml, Mg)’

and so it suffices to find a generator M3 preceding M in F' such that

M3

(5.6.6) ged(Ms, M)

= Tn—-1-
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Suppose for the sake of contradiction that there is no such generator Ms. Since 1 > 0, we have
that 12, is an edge of My for some z € {3,...,n — 1}. In fact we must have z € {n — 2,n — 1},
because otherwise the generator

LTy
My = M, - =27"=1

L1z
precedes M in F' and satisfies (5.6.6)), yielding a contradiction. In particular, every edge incident
to x1 must also be incident to x,,_o or x,,_1.

Now we claim that there are no edges z,x, of My with 2 < a < b < n — 3. This is indeed the
case because otherwise, M5 has the following edge decomposition

(xlmb)(xaxz)
(Iawb)(zlxz) ’
and thus z1xp is an edge of My with b ¢ {n — 2,n — 1}, which is impossible by the argument above.
Thus our claim holds, and since every edge incident to x1 must also be incident to x,,_o or x,,_1, it
follows that every edge of Ms is incident to x,_o,Tp_1, OF Tp.

Next we rule out z1z,_2 as an edge of Ms. Supposing to the contrary that xyx,_o is an edge of
Ms, we claim that in this case z,x, is not an edge of M; for 2 < a < n — 3. Indeed, if z,x, is an
edge of M for some 3 < a < n — 3, then M5 has the following edge decomposition

My = Ms -

oy (@@e) (@n—2zn)
M = Ms (2120—2)(Tatn)’

and thus 1z, is an edge of My with a ¢ {n — 2,n — 1}, which is impossible. On the other hand, if
ToTy, is an edge of Mo, then the generator
(x2$n—l)($n—2zn)
(T12Zn—2)(2277)
precedes M in F' and satisfies (5.6.6]), yielding another contradiction. This proves the claim, and it

follows that any edge of Mj incident to x,, must also be incident to x,_o. Thus every edge of M,
must be incident to z,,_s or x,_1. However, since a,,_o = 8,_2 and a,_1 > B,_1, this implies that

My = M, -

k= ﬁnfl + 577,72 < ap-1+ Qp_2,

which is impossible given the structure of A,,. Therefore, x1x,_5 is not an edge of My, as desired,
and in particular z1x,_1 must be an edge of Ms.

Finally suppose that My has edges z,2,,_2 and zpz,, for some a,b € {1,2,...,n — 3}. Then we
have that the generator

(T 220 ) (TaTpn—1)(TpTpn_1)
(TaZn—2)(@pTn)(T12n-1)

precedes Ms in F' and satisfies , which yields a contradiction. It follows that either all edges
of M> incident to z,_o must also be incident to z,, or all edges of M5 incident to x,, must also
be incident to x,_o. Using the fact that every edge of My must be incident to x,_o,Zn_1, OF Zp,
the former case implies that all edges of My are incident to x,_1 or z,, and the latter case implies
that all edges of My are incident to x,_1 or z,_o. In either case, we have a contradiction to our
hypotheses that a,,—1 > 8,-1, @n = Bn, and a2 = B,_2. This completes the proof.

My = M, -

O

6. LINEAR QUOTIENT COMPUTATIONS

In this section we examine the linear quotient property from a computational perspective using
new methods we constructed on Macaulay2. In particular, we introduce three methods: isLinear,
getQuotients, and findLinearOrderings. To describe these methods and provide examples, we
adopt Notation [5.1] for ideal quotients to be used throughout this section.
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Our first two methods take as an input an ordered list O = (my, ..., m,) whose entries minimally
generate an ideal I of a standard graded polynomial ring. The method isLinear tests whether
O is a linear quotient ordering for I, and the method getQuotients outputs the ordered list of
ideal quotients (Qo(ml),Qo(mz),...,Qo(mr)) corresponding to the ordering . The method
findLinearOrderings takes an ideal I as an input and returns an ordered list O of the generators
of I that is what we call most linear; see Definition [6.2l The code for each of these methods and
further documentation is in [26].

Our methods complement those in [10]; the method isLinear offers similar capabilities, although
getQuotients and findLinearOrderings offer new capabilities beyond those in [10]. In particular,
findLinearOrderings provides useful homological information about edge ideals, even those that do
not admit linear quotients; see Definition Example[6.3] and Example[6.4]for a precise description
of its capabilities.

To illustrate our results in Section 5, we focus on powers of the anticycle on six vertices Ag,
pictured below, first using our methods isLinear and getQuotients. We input the list of generators
ordered according to the linear quotient ordering in Construction (see also Theorem and
verify that indeed the given ordering yields linear quotients.

Z3 €2

x4/ \xl
N v

L5 L6

Example 6.1. (getQuotients and isLinear with I(Ag)?)

We start by considering the ordering Oéz) defined in Construction this is a linear quotient
ordering by Theorem We first define our polynomial ring in six variables, and then create the

list OéQ) by defining two sublists, F' and S, where F' consists of all generators divisible by z¢, and .S
consists of all generators not divisible by zg, as is described in Construction [5.2

i1l : Q = QQ[x_1..x_6];

i2 : F = {x_6"2%x_2"2, x_6"2*%x_2%x_3, x_6"2*x_2*x_4, x_6"2%*x_3"2, x_6"2%x_3%*x_4,
X_672*%x_472, X_6%x_272*%x_4, x_6*%x_272%x_5, X_6%xX_2%x_3%x_4,
X_6*x_2*x_3*x_b, x_6*x_2*x_3*x_1, X_6*x_2*x_4"2, xX_6*x_2*x_4%x_5,
X_6*x_2*x_4xx_1, x_6*x_2*x_b*x_1, x_6*x_3"2%x_5, x_6*%x_3"2*%x_1,
X_6%x_3*x_4*xx_5, x_6*x_3*x_4xx_1, x_6*%x_3*x_b*x_1, X_6*%x_4"2%x_1,
X_6%x_4%x_b*x_13};

i3 @ 8 = {x_172%x_372, x_1"2*x_3*x_4, x_172*%x_3%x_5, x_172%x_4"2, x_1"2%x_4*x_5,

x_1*xx_2%x_3%x_4, x_1*x_2*x_3*x_5, x_1*%x_2%x_4"2, x_1*x_2*%x_4%*x_5,
x_1*xx_2%x_572, x_172%x_572, x_1*%x_372*%x_5, x_1%x_3*x_4%x_5,
x_1*x_3*%x_572, x_272*%x_472, x_272*%x_4*x_b5, x_272*x_5"2,
xX_2*%x_3*x_4*x_5, x_2%x_3*x_5"2, x_3"2%x_5"2};

Now we concatenate these two lists to get Of(f), and pass it as input into getQuotients:



POWERS OF EDGE IDEALS WITH LINEAR QUOTIENTS 25
i4 : getQuotients (F | S)

o4 ={{x} {x,xF & {&x,x} &x,x} &} &x,x} {x,x}

o4 : List

Inspecting the output, we notice that each quotient is generated by vertices in Ag, and thus Oém
is a linear quotient ordering as we proved in Theorem To verify this result computationally, we
use the method isLinear:

i5 : isLinear (F | S, n = 6)

o5 = true

Next we introduce the notion of a most linear ordering for an ideal I.

Definition 6.2. Given an ordered list O = (my, ..., m,) whose entries minimally generate an ideal
I of a standard graded polynomial ring, we say that O is linear up to n if its ideal quotients Q© (m;)
are linear for all ¢ < n. If O is linear up to n, and no permutation of O is linear up to j > n, then
we call O a most linear ordering for the ideal I.

To find a linear quotient ordering of an edge ideal I(G), or a most linear ordering in the case
that I(G) does not admit linear quotients, we use the method findLinearOrderings.

Example 6.3. (findLinearOrderings with I(Ag))
i6 : antiCycleSix = ideal (x_1*x_3, x_1*x_4, x_1*x_5, x_2*x_4, x_2*x_5,
xX_2%x_6, x_3*x_5, x_3*x_6, x_4*x_6);

i7 : findLinearOrderings (antiCycleSix, 6)
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No linear ordering found; returning most linear ordering as a list.
-- Elapsed time: .16227 seconds.
o7 = {x X X X

X X

X,XX ,XX, XX, XX, XXJZ}
4 6 36 26 35 25 2 4

o7 : List

As expected from [12] (see also [I7]), we observe that I(Ag) does not admit linear quotients.
Furthermore, we find a most linear ordering for Ag and consequently, a subgraph G of Ag of largest
size whose edge ideal I(G) = (z4x¢, x3%6, TaTs, T3Xs, TaTs, Toxy) admits linear quotients. This
gives some indication of how close I(Ag) is to admitting linear quotients.

In the next example we consider the second power of the anticycle on six vertices, which admits
linear quotients as proved in Theorem[5.6] We use findLinearOrderings to exhibit a linear quotient
ordering.

Example 6.4. (findLinearOrderings with I(Ag)?)
i8 : findLinearOrderings (trim antiCycleSix"2, 6)

Linear ordering found, returning as a list.
-- Elapsed time: 1.54978 seconds.

2 2 2 2 2 2 2 2 2 2
o8={xx,xxx,XXX,XX,XXX,XX,XXXX,XXXX, XXX,
4 6 346 246 36 236 26 3456 2456 356

XXXX ,XXXX,XXX,XXXX,XXX,XXXX,XXXZX,
2356 1356 256 1256 246 2346 1346

XXX ,XXXX ,XXX,XXXX,XXX,XXXX,XX, XXX,

2 2 2 2 2 2 2 2
XXX ,XX ,XXX,XXXX,XXXX,XXX,XXXX,XXX, XX,
135 25 125 2345 1345 245 1245 145 15

2 2 2 2 2 2 2 2 2 2
XXX ,XXXX,XXX,XX,XXX,XX,XXXX, XXX, XX}Z}
135 1235 135 2 4 124 14 1234 134 13

08 : List

As desired we find a linear quotient ordering of I(Ag)2. Moreover, we note that this ordering is
quite different from Og) (see Example , demonstrating that linear quotient orderings need not
be unique.
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