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Abstract. This is a lecture on a historical motivation for looking at algebraic K-theory. In the 30s-50s,
much of homotopy theory was focused on developing combinatorial ways to determine homotopy equiva-

lences. In particular, they were interested in when a homotopy equivalence can be seen in the world of
finite CW complexes. This is completely determined by Whitehead torsion, which is an obstruction living

in K1(Z[π1(X)]).

1. Introduction

When we say X is a CW complex, we mean that it is a CW complex with a specified cell decomposition.
Let X and Y be finite CW complexes, and suppose that we have a homotopy f : X → Y . Then it is a

reasonable question to ask if this homotopy can be ”seen” in the world of finite CW complexes?
For example, consider the classic example of the house with 2 rooms, which is contractible but has no

obvious retraction.
We will often reduce to the case of cellular maps:

Definition 1.1. A map f : X → Y is a cellular if f(X(n)) ⊂ Y (n) for all n.

2. Expansions and Collapses

Let us first give some examples of maps that can be witnessed in the world of finite CW complexes.

Example 2.1. Let Dn−1 be the CW complex with one n-cell attached to the boundary Sn−2. Let Sn−1 =
Dn−1

+ qSn−2 Dn−1
− be our CW decompostion of Sn−1.

Let Y be a CW complex equipped with a map f : (Dn−1
− , Sn−2) → (Y (n−1), Y (n−2)). Then the pushout

Y qSn−1
−

Dn has the structure of a CW complex obtained from adding 2 cells to the CW complex structure

of Y .
We call the map Y → Y qDn−1

−
Dn an elementary expansion. This is an example of a map that can be

seen by finite CW complexes.

Example 2.2. Similarly, the retraction map Y qDn−1
−

Dn → Y induced by the retraction Dn → Dn−1
− is

called an elementary collapse.

These maps are what we take to be the basic building blocks of homotopy equivalences of CW complexes.

Definition 2.3. We say that f is a simple homotopy equivalence if it is homotopic to a finite composition
of elementary expansions and collapses.

Example 2.4. Let f : X → Y be a continuous map of finite CW complexes. Then the Mapping Cylinder
M(f) = X × [0, 1] qX×{1} Y has the structure of a CW complex by adding cells of the form e × (0, 1) and
e × {0} where e is a cell in X. Then the inclusion i : Y → M(f) is always a simple homotopy equivalence,
since adding each cell is an expansion.

Remark 2.5. Note that f is homotopic to the composition X ∼= X × {0} ↪→ M(f) → Y . The right map
is a simple homotopy equivalence, and so f is a simple homotopy equivalence iff i is a simple homotopy
equivalence.

Now the question is, how can we tell when a map f : X → Y is a simple homotopy equivalence? The
answer is via an invariant called Whitehead torsion! And in fact, it is the only obstruction to a map being
a simple homotopy equivalence.

To define Whitehead torsion, we must define some other invariants first. We will see that the Whitehead
torsion of a map f : X → Y will live in K1(Z[G]), where G is π1(X).
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3. K1(R)

First, given a ring R, we will define what K1(R) is.

Definition 3.1. Let R be a ring. Let GLn(R) be the group of automorphisms of Rn as a right R-module.

We have an inclusion

GLn(R) ↪→ GLn+1(R)

given by A 7→ A⊕ idR.

Definition 3.2. Given a ring R, GL∞(R) is the direct limit of the diagram

GL0(R)→ · · · → GLn(R) ↪→ GLn+1(R)→ · · ·

Definition 3.3. Given a ring R, K1(R) is the abelianization of GL∞(R).

4. Torsion

Definition 4.1. A based chain complex (F∗, d) is a bounded chain complex of free R-modules with differ-
ential d.

Definition 4.2. Given a based chain complex (F∗, d), its Euler characteristic is defined by the formula

χ(F∗, d) =
∑

(−1)idimFi

Remark 4.3. Note that if R is commutative, then the Euler characteristic is independent of a choice of basis.
If R is not commutative then it might not be independent of basis. We must be careful since Z[G] is not
necessarily commutative.

Definition 4.4. A based chain complex is called acyclic if its homology vanishes.

Lemma 4.5. If (F∗, d) is acyclic, then the identity map is nullhomotopic. That is, there exists a map
h : F∗ → F∗+1 such that dh+ hd = id.

Furthermore, we can consider the modules Feven = ⊕F2n and Fodd = ⊕F2n+1. Furthermore, a choice of
bases yields an isomoprhism of rings, Feven ∼= Ra, Fodd ∼= Rb which is well-defined up to permutation.

Proposition 4.6. If (F∗, d) is acyclic, then we have that d+ h is an isosomorphism from Feven → Fodd.

Proof. (d+ h)2 is invertible. (Note that we have finite complexes). �

Therefore, we have an automorphism of R-modules. That is, d+ h ∈ GLa(R).

Exercise 4.7. A permutation matrix in GLn(R) gets mapped to [±1] ∈ K1(R)

Definition 4.8. The torsion of a based chain complex (F∗, d), denoted by τ(F∗, d), is the image of d+ h in

K̃1(R) = K1(R)/[±1].

Exercise 4.9. The torsion is well-defined (i.e. independent of our choice of nullhomotopy h). (Stuff about
upper triangular form)

Now how do we determine the torsion of a map of chain complexes? Let f : X∗ → Y∗ be a map of chain
complexes over R. We can then define the mapping cone of f as a chain complex.

Definition 4.10. The mapping cone of f is the complex C(f)∗ = X∗−1 ⊕ Y∗, with differential d(x, y) =
(−dx, f(x) + dy)

Lemma 4.11. If χ(X∗, d) = χ(Y∗, d), f : X∗ → Y∗ a quasi-isomorphism, then χ(C(f)∗, d) = 0, and C(f)∗
is acyclic.

Definition 4.12. The torsion of a map of chain complexes f : X∗ → Y∗, denoted by τ(f), is defined to be
the torsion of the mapping cone:

τ(f) := τ(C(f)∗, d)
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5. Whitehead Torsion (for cellular maps)

So how do we apply this to our question about maps between finite CW complexes?
Let X and Y be finite CW complexes with base points, f : X → Y a homotopy equivalence. Let Ỹ be

the universal cover of Y , and let X̃ = X ×Y Ỹ be the universal cover of X. Then let G = π1(X,x) acts by

deck transformations on X̃ and Ỹ .
Let us first define Whitehead torsion for f cellular. We will then show that it is invariant under homotopy,

and so the cellular approximation theorem lets us define the Whitehead Torsion for any map.
If f : X → Y is a cellular map, then f induces a map on cellular chain complexes λ : C∗(X̃;Z)→ C∗(Ỹ ;Z).

Recall that Cn(X;Z) = Hn(X(n), X(n−1);Z), with a generator for each n-cell of X. The differential is the
degree of the attaching maps.

Proposition 5.1. We can think of C∗(X̃;Z) as a chain complex of free Z[G] modules with basis elements
in correspondence with cells of X.

This follows since G acts on C∗(X;Z), it is a free Z-module generated by the cells of X. However, this is

slightly ambiguous. To get a cell of X̃ over e, it’s up to an action of G (basepoints), and a sign (orientation
of e). Therefore, we then define the Whitehead Group of G by modding out by these choices:

Definition 5.2. The Whitehead group of G is defined as

Wh(Z[G]) = K1(Z[G])/[±g]

That is, the cokernel of the map G× {±1} → K1(Z[G]) sending g to the 1x1 matrix [g].

Proposition 5.3. Equivalently, Wh(Z[G]) is the the group GL(R) mod elementary matrices, elements of
G, and ±1.

The Whitehead group is where the torsion of our map f lives.

Definition 5.4. Let f : X → Y be a cellular map. Then the torsion of f , denoted τ(f), is the torsion of

the induced map λ : C∗(X̃;Z)→ C∗(Ỹ ;Z).

Remark 5.5. A first question to ask is: does this give us interesting information? In other words, do we
know that the Whitehead group is not always trivial?

Proposition 5.6. The Whitehead group can be non-trivial.

Proof. Recall that det : GLn(R) → R× yields (from universal properties) a map from GL(R) → R×. This
is split-surjective, since GL1(R) = R×. Hence this yields a surjective map Wh(Z[G])→ R×/[±g] where the
latter can be non-trivial.

For example, take G = Z/5Z. Then Z[G] = Z[t]/(t5 − 1), and has a unit 1 − t2 − t3 which is not of the
form ±ti. �

Furthemore, one can ask if there exists homotopy equivalences that are not simple?

Remark 5.7. Let X be a finite connected CW complex with fundamental group G. Then any element in the
Wh(Z[G]) can be realized as the Whitehead torsion of a homotopy equivalence of X.

Proof: if M ∈ GLn(R), then attach n k-spheres to X at some basepoint. This gives us (via retraction) a
canonical isomorphism πn(X ′, X;Z) ∼= Z[G]n, and then attach Dk+1 to X ′ according to M to get the space
Y . Then X ' Y and the cellular chain complex differential is M .

So this shows that there exist homotopy equivalences that cannot be simple.

Remark 5.8. Wh(Z) can shown to be trivial. Therefore, a homotopy equivalence between simply connected
complexes is always a simple homotopy equivalence.

6. Whitehead Torsion

Now we define Whitehead torsion for arbitrary maps between finite CW complexes f : X → Y . Recall
that the Cellular Approximation Theorem says that f is homotopic to a cellular map.

Lemma 6.1. If f ∼ g then τ(f) = τ(g).
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Proof. Sketch. One first proves that τ is multiplicative for quasi-isomorphisms between finite based complexes
with equal Euler characteristic. (This uses things about SES of finite based complexes).

Then given a homotopy h between f and g, show that τ(f) = τ(h ◦ i1) = τ(h) = τ(h ◦ i2) = τ(g). This
follows by the previous paragraph and the vanishing of τ(i). �

Theorem 6.2. If f is a simple homotopy equivalence, then τ(f) = 1

Proof. We can first reduce to the case of a single elementary expansion/collapse, in which case the relative
cellular chain complex is of the form 0 → Z[G] → Z[G] → 0, where the map is ±g (since relative cellular
homology is ±eα). The result then follows. �

Theorem 6.3. If τ(f) = 1, then f is a simple homotopy equivalence.

Proof. Sketch. We reduce to the case of a cellular map that is an inclusion of cell complexes. Then cell trade
so that it is inclusion of subcomplex, adding n and n + 1 cells. Let Y0 be the subcomplex of Y obtained
from X by attaching only n-cells. Then by the relative homotopy LES, πn(Y, Y0) ∼= πn(Y0, X). The latter
is a free Z[G]-module with almost canonical basis. Same for πn+1(Y, Y0), get an element M ∈ GLm(Z[G]).
Choose bases to make commutator, then can write as product of triangular matrices. �
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