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Abstract. When working with modules over a ring R, one has the notion of a tensor product. One can
then ask about the modules that are invertible with respect to the tensor product; i.e. modules M such that

there exists a module N satisfying M ⊗ N ∼= R. Such invertible modules form a group, called the Picard
group of R. In an analogous way, one can define a Picard group for any category with a symmetric monoidal

product, such as chain complexes, spectra, or ring spectra. We will calculate Picard groups for some of these

categories.

1. The Classical Case

Suppose we have a commutative ring R. Algebra tells us that we would really like to understand the
category Mod(R).

In particular, for Mod(R), we have an operation called tensor product, denoted ⊗R or ⊗.
This operation has nice properties:

(1) It has an identity element, since M ⊗R R ∼= M .
(2) It is associative.
(3) It is symmetric.

Furthermore, we can consider the functor − ⊗N : Mod(R) → Mod(R). This is a nice functor: it’s right
exact, distributes over direct sums, and commutes with localizations.

One could then ask the following question: When is − ⊗ N : Mod(R) → Mod(R) an equivalence of
categories?

We have the following theorem:

Theorem 1.1. The following are equivalent:

(i) −⊗N : Mod(R)→ Mod(R) is an equivalence of categories. We then say that N is invertible.
(ii) There exists an R-module M such that M ⊗N ∼= R.

(iii) M is finitely generated projective of rank 1.

In fact, in case (ii) we have that N ∼= HomR(M,R).

Proof. That (i) ⇐⇒ (ii) is easy: Suppose that −⊗N is an equivalence of categories. Then it is essentially
surjective, so there exists M ∈ Mod(R) such that M ⊗ N ∼= R. On the other hand, if there exists an
R-module M such that M ⊗N ∼= R, then the functor −⊗M is a quasi-inverse to −⊗N .

For (iii) ⇒ (i), Suppose that M is finitely generated projective of rank 1. Recall that a module M is
finitely generated projective of rank 1 iff it is finite locally free of rank 1: that is Rp ⊗M ∼= Rp for all
p ∈ Spec(R).

Then consider N := Hom(M,R). We have the natural evaluation map M ⊗ N → R. This is an
isomorphism iff Mp ⊗Rp Np

∼= Rp for all p ∈ Spec(R). However, Mp
∼= Rp, and we also have that

(HomR(M,R))p ∼= HomRp(Mp, Rp) ∼= HomRp(Rp, Rp) ∼= Rp. Therefore, the natural evaluation map is
an isomorphism, as desired.

To prove (i)⇒ (iii), note that localization is a special case of extension of scalars, and so preserves things
like f.g. (exactness) and projectivity (compactness). Furthermore, since Rp is a local ring, then a module
is projective iff free. Also note that rank is multiplicative under tensor product, so both M and N must be
rank exactly 1.

Alternatively, suppose M is invertible. Then M ⊗R N ∼= R. Then we have that Σ(mi ⊗ ni) = 1. (and M
is generated by the mi). Then consider the map Rk ⊗N = Nk → R that sends (z1, · · · , zk) 7→ Σ(mi ⊗ zi).
This map splits, so Rk ⊗N ∼= R⊕ Z. Then Rk ∼= (R⊕ Z)⊗M ∼= M ⊕ (M ⊗ Z). Hence it’s projective. �
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Remark 1.2. Note that for a commutative ring R, finitely generated projective modules of rank 1 correspond
to ideals of R. This is kind of annoying, so instead we will work with local rings/PIDs, where a module is
projective iff it is free (via Nakayama’s lemma or structure theorem).

With this in mind, notice that the set of isomorphism classes of invertible modules has a group structure:

Definition 1.3. The Picard group of R, denoted Pic(R), is the set of isomorphism classes of invertible
modules, with

[M ] · [N ] = [M ⊗N ]

[M ]−1 = [HomR(M,R)]

Example 1.4 For R a local ring or PID, Pic(R) is trivial.

Okay, so maybe this is not so interesting, since there aren’t that many finitely generated projective rank
1 R-modules for local rings/PIDs R. Let’s see what happens if instead of modules, we work with chain
complexes of R-modules.

In this setting, we still have a tensor product of chain complexes:

Definition 1.5. The tensor product of two chain complexes is defined at degree n by

(X ⊗ Y )n = ⊕i+j=nXi ⊗ Yj
This tensor product is also associative and symmetric, and the unit of this tensor product is given by the

chain complex that has R in degree 0 and 0 for all other n. We write this as R[0].
We can again ask the question, for a chain complex Y , when is − ⊗ Y : Ch(R) → Ch(R) an equivalence

of categories?

Theorem 1.6. The following are equivalent for a local ring R:

(i) −⊗ Y : Ch(R)→ Ch(R) is an equivalence of categories. We then say that Y is invertible.
(ii) There exists a chain complex of R-modules X such that X ⊗ Y ∼= R[0].

(iii) Y is the chain complex R[n], that is, the complex R concentrated in a single degree n.

Proof. Note that for a chain complex X, we can forget the differential structure, and consider it as a graded
R-moduleX∗. Then ifX is an invertible chain complex, thenX∗ is an invertible graded R-module. Therefore,
X∗ is a finitely generated projective module of constant rank 1 using the same proof techniques. Therefore,
for a local ring, X∗ must be free and concentrated in a single degree.

�

Again, the set of isomorphism classes of invertible modules has a group structure, and we will denote this
group by Pic(Ch(R)).

Corollary 1.7. For R a local ring, Pic(Ch(R)) is isomorphic to Z.

Aha! So now we begin to see something interesting going on here.

Remark 1.8. Technically, we should consider the derived category of a local ring R, with derived tensor
product, but we get the same result, due to Fausk.

2. (Stable) Symmetric Monoidal Categories

Notice that the only thing we needed in our definitions of Pic(R) and Pic(Ch(R)) was the symmetric
structure of ⊗. This leads us to the following:

Definition 2.1. Suppose we have a category C that has an operation ⊗ : C → C that has an identity element
1 and is associative and symmetric. Then we say that (C,⊗,1) is a symmetric monoidal category.

We would also like ⊗ to commute with finite colimits, but this is not such a big deal since we can
Ind-complete and use Day convolution.

Example 2.2 The following categories are symmetric monoidal:

(a) (Mod(R),⊗, R)
(b) (Set,×, {∗})
(c) (Group,×, {e})
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We can then define the Picard group of a symmetric monoidal category in the same way (ignoring set-
theoretic issues, which we can get around by working with presentable ∞-categories):

Definition 2.3. The Picard group of a symmetric monoidal category (C,⊗,1), denoted Pic(C), is the set of
isomorphism classes of invertible objects X, with

[X] · [Y ] = [X ⊗ Y ]

[M ]−1 = [HomX (X,1)]

Example 2.4 We have that Pic(R) = Pic(Mod(R)).

Furthermore, notice that when we were computing Pic(Ch(R)), we used some additional structure on
chain complexes: we have a shift/suspension functor, (−)[n]. This motivates the following “definition”:

Definition 2.5. A symmetric monoidal category (C,⊗,1) is called “stable” if in addition, we have a shift
or suspension functor, denoted Σ : C → C that is an equivalence of categories.

In addition, this should play nicely with the tensor product, just as suspension and tensor product play
nicely in the category of chain complexes. That is, Σ(A⊗B) ∼= ΣA⊗B.

WARNING: For this definition to work properly, we should be using ∞-categories. Alternatively, we
can work with the homotopy category of a (stable) model category, or with triangulated categories. However,
then we need to derive our tensor product.

Example 2.6 The following categories are “stable” symmetric monoidal:

(a) (D(R),⊗R, R[0],−[1])
(b) (Sp,∧,S,Σ)
(c) For a spectrum E, (LE(Sp), LE(− ∧−), LES, LEΣ).
(d) (Mod(R),∧R, R,Σ for a ring spectrum R.
(e) (StMod(kG),⊗k, k,Ω−1)

3. Picard Groups of Stable Symmetric Monoidal Categories

Now we enter the world of stable homotopy theory. Note that in this setting, we should use Ch(R) (read:
D(R)) to guide our intuition. For example, we have the following:

Proposition 3.1. Suppose that (C,⊗,1) is a stable symmetric monoidal category. Then one has a natural
homomorphism

Z→ Pic(C)
where n 7→ Σn1.

We now leverage this to calculate the Picard group of Sp.

Theorem 3.2 (Hopkins-Mahowald-Sadofsky). Pic(Sp) ∼= Z

Proof. We show that if X ∈ Sp is invertible (with inverse Y ), then X is a suspension of S. Since it’s
invertible, it’s a dualizable spectrum and hence a finite spectrum (in particular its homology groups are
finitely generated).

Furthermore, we can assume that by suspending or desuspending that X is connective, that is πk = 0 for
k < 0, and furthermore that π0X 6= 0. We then consider the Künneth Theorem for each field k:

H∗(X; k)⊗k H∗(Y ; k) ∼= k

This tells us that H∗(X; k) is concentrated in a single dimension for each field k. Since H∗(X; k) is
finitely generated, then one can use the universal coefficient theorem (and fracture theorem) to show that
H∗(X) ∼= H0(X) ∼= Z is torsion-free of rank 1, and concentrated in dimension zero (since it is a connective
spectrum). Then by the stable Hurewicz theorem, π0(X) ∼= H0(X) ∼= Z, and hence by the stable Whitehead
theorem, X ' S (since S→ X is a map of connective spectra that is an isomorphism on integral homology).

�

So we have some evidence that we can use homology (aka algebra) to detect Picard group elements. And
in fact, this is our main tool: we will use homotopy groups (converting our problem into algebra) to detect
Picard group elements.
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Definition 3.3. A (commutative) ring spectrum R is a (commutative) ring object in the category of spectra.
That is, it has a multiplication that is unital and associative (and commutative).

In particular, we will look at commutative ring spectra, aka E∞ ring spectra, or commutative S-algebras,
etc.

Example 3.4 The following are examples of commutative ring spectra:

(a) S
(b) Given a discrete ring R, we can form the Eilenberg-Maclane spectrum HR. Note that π∗(HR) = R,

where R is viewed as a graded ring concentrated in degree 0.
(c) MU , E(n)

Again, we can look at modules over these objects, and for a commutative ring spectrum R, we define
Pic(R) := Pic(Mod(R)).

Proposition 3.5. We have a monomorphism

Φ : Pic(π∗(R))→ Pic(R)

Before we prove this, let us talk about Pic(π∗(R)). Note that this is now a graded ring. However, the
proof for non-graded rings goes through:

Theorem 3.6. Let R∗ be a graded ring. The following are equivalent:

(i) −⊗N∗ : Mod(R∗)→ Mod(R∗) is an equivalence of categories. We then say that N∗ is invertible.
(ii) There exists an R∗-module M∗ such that M∗ ⊗N∗ ∼= R∗.

(iii) M∗ is finitely generated projective of rank 1.

Now we can prove the proposition:

Proof. Suppose that M∗ ∈ Pic(R∗). Then we know that M∗ is finitely generated projective of rank 1.
Therefore, since M∗ is f.g. projective, it is a summand of some f.g. free R∗ module, say F∗. However, we
can realize F∗ as π∗(F ), where F is a finite wedge of suspensions of R.

Since M∗ was a summand of F∗, let e∗ be the idempotent map given by F∗ → M∗ → F∗. Since this is a
map of free R∗ modules, we can realize this as a map e : F → F .

We then set M = hocolim(F
e−→ F

e−→ · · · ). Then M∗ = π∗M , as desired. Furthermore, If N∗ is the inverse
to M∗, then an analogous construction yields a spectrum N . We check that M ⊗N ∼= R. To do so, we use
the Künneth Spectral Sequence:

E2
p,q = TorR∗

p,q(M∗, N∗)⇒ πp+q(M ⊗N)

However, note that M∗ is projective, and hence Torp,q(M∗, N∗) = 0 for p > 0. Therefore, this spectral
sequence collapses, that is E2

p,q
∼= πp+q(M ⊗N).

We also know by construction that Tor0,q(M∗, N∗) = M∗ ⊗N∗+q ∼= R∗.
Therefore, M ⊗N ∼= R, hence our map lands in Pic(R).
We also claim that this is a monomorphism: Suppose [M∗] ∈ Ker(Φ). Then M ∼= R, and therefore

M∗ ∼= R∗. Hence [M∗] = [R∗].
�

In fact, in some cases we can do better:

Definition 3.7. When Φ : Pic(π∗(R))→ Pic(R) is an isomorphism, then we say that Pic(R) is algebraic.

Theorem 3.8 (Baker-Richter). For a connective commutative ring spectrum R, Pic(R) is algebraic.

Proof. Sketch: We show that if M is an invertible R-module, we will show that π∗(M) is a flat module over
π∗(R). That is, we have that the natural map π∗(R)⊗π0(R) π0(M)→ π∗(M) is an isomorphism. �

Corollary 3.9. Given a discrete ring R we have an isomorphism Pic(R) ∼= Pic(HR).

Theorem 3.10 (Baker-Richter). For a weakly even periodic E∞ ring spectrum with π0(R) regular Noether-
ian, Pic(R) is algebraic.

However, life is not always algebraic. We have the following observation of Hopkins:
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Theorem 3.11. For the spectra K(n) and E(n), the Picard groups Pic(LE(n)(Sp)) and Pic(LK(n)(Sp)) are
extremely interesting.

We still don’t know very much about these at all, and this is an extremely interesting field of research.
We have an algebraic condition on Pic(LE(n)(Sp)), and I believe we know this for certain ranges (For

2p− 2 > n2 + n, then Pic(LE(n)(Sp)) ∼= Z), and certain values of low n and p.
Also, we know Pic(LK(1)(Sp)), we know Pic(LK(2)(Sp)) at all primes but 2, and we know very little for

n ≥ 3.
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