
NILPOTENCE IN STABLE HOMOTOPY THEORY

RICHARD WONG

Abstract. This talk covers most of section 4 in the Mathew-Naumann-Noel paper [MNN15]. We first

discuss nilpotence in an arbitrary symmetric monoidal stable ∞-category. We then discuss the historical

origins of nilpotence in the stable homotopy category, namely the Ravenel conjectures and the Nilpotence
theorem proved by Devinatz-Hopkins-Smith.
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1. Abstract Nilpotence

As always, (C, ⊗, 1) be a symmetric monoidal, stable ∞-category such that ⊗ is exact in each variable.
Let A ∈ Alg(C).

Definition 1.1. A full stable subcategory T is called thick if it is closed under retracts. If C is idempo-
tent complete, then this is the same as requiring T to be idempotent-complete, that is, every idempotent
endomorphism X → eX induces a splitting X → Y → X.

Definition 1.2. A thick subcategory T is called ⊗-ideal if for all X ∈ T and Y ∈ C, X ⊗ Y ∈ T .

Definition 1.3. An object X ∈ C is said to be A-nilpotent if it belongs to the thick ⊗-ideal generated by
A. We write X ∈ NilA.

Example 1.4 Let M be an A-module in C. Then M is A-nilpotent. (M is a retract of A⊗M .)

Definition 1.5. A is said to be descendable if the thick ⊗-ideal generated by A is all of C.
Example 1.6 A is descendable iff 1 is A-nilpotent.

The reason that we care about A-nilpotence is its relation to the Adams tower.

Definition 1.7 (The Adams Tower construction). Given an object M ∈ C and A ∈ Alg(C), we can form
the following tower in C:

· · · → T2(A,M)→ T1(A,M)→ T0(A,M) 'M
by letting

(1) T1(A,M) is the fiber of the map M → A⊗M induced by the unit map 1→ A.
(2) Inductively, Ti(A,M) := T1(A, Ti−1(A,M)).

Proposition 1.8. Equivalently, let I = fib(1→ A). Then we have a tower

· · · → I⊗n → I⊗(n−1) → · · · → I → 1

which is precisely the Adams tower.
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Proposition 1.9. For each i, the modules Ti(A,M) carry the structure of an A-module, and the maps
Ti+1(A,M)→ Ti(A,M) become nullhomotopic after tensoring with A.

If M is an A-module up to homotopy, then each map Ti+1(A,M)→ Ti(A,M) is nullhomotopic.

Proposition 1.10. Given an object M ∈ C and A ∈ Alg(C), the following are equivalent:

(1) M is A-nilpotent.
(2) For all N � 0, the maps TN (A,M)→ A are nullhomotopic.
(3) There exists a finite tower in C

T ′N → · · · → T ′2 → T ′1 → T ′0 'M

such that
• For each i, the cofiber of T ′i → T ′i−1 admits the structure of an A-module object in C.
• The composite map T ′N → T ′0 is nullhomotopic in C.

If we write I = fib(1→ A), then M is A-nilpotent iff for some N , the map M⊗I⊗N →M is nullhomotopic.

Proof. (1) ⇒ (2). We show that the collection of modules that satisfy (2) is a thick tensor ideal, and
furthermore, that this thick tensor ideal contains A.

(2)⇒ (3). We can take the Adams tower by the previous proposition.
(3) ⇒ (1). The cofiber of each map T ′i → T ′i−1 is an A-module, hence A-nilpotent. So the cofiber of the

map T ′N → T ′0 is A-nilpotent (closed under cofiber sequences). But this map is nullhomotopic, so the cofiber
is equivalent to T ′0 ⊗ ΣdT ′N , hence M ' T ′0 is a retract of the cofiber, hence A-nilpotent. �

Proposition 1.11. Given an object M ∈ C and A ∈ Alg(C), the following are equivalent:

(1) M is A-nilpotent.
(2) There exists an integer N such that given any sequence in C

MN
ΦN−−→ · · · Φ2−−→M1

Φ1−−→M

with each Φi becoming nullhomotopic after tensoring with A, then the composition Φ1 ◦ · · · ◦ΦN is
nullhomotopic.

Proof. (2)⇒ (1). Take the Adams tower, and use the previous proposition.

(1)⇒ (2). Given such a sequence, we consider the map M1
Φ1−−→M → A⊗M . This fits into a commutative

square where the bottom map is nullhomotopic,

M1 M

A⊗M1 A⊗M

Φ1

which means M1 → A ⊗M is nullhomotopic, which lifts to a map to T1(A,M). Repeat, and we obtain
that the map Φ1 ◦· · ·◦Φk lifts to Tk(A,M). By the previous proposition, for k � 0, the map Tk(A,M)→M
is nullhomotopic, hence so is the composite Φ1 ◦ · · · ◦ Φk. �

2. Classical Nilpotence

2.1. Stable homotopy groups from self-maps

The goal of homotopy theory is to understand π∗(S). This ring is hard to understand. Toda discovered
a family of elements in π∗(S), and Adams gave a realization of these elements as coming from certain
“self-maps” of spectra:

Definition 2.1. Let S/p denote the mod p Moore spectrum. That is, it fits in a cofiber sequence coming
from the map that induces multiplication by p in integral cohomology:

S ·p−→ S→ S/p
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Theorem 2.2 (Adams). Fix a prime p. There is a non-trivial self-map

v1 : ΣqS/p→ S/p
where q = 8 for p = 2 and q = 2(p− 1) otherwise.

Let p ≥ 3. This map is an isomorphism in complex K-theory and induces multiplication by βq where β is
the Bott element (for p 6= 2). This implies that all iterates are therefore nontrivial.

Hence all the iterates of v1 are non-trivial, and induce maps

ΣqtS→ ΣqtS/p
vt1−→ S/p→ ΣS

These maps are the nontrivial elements αt ∈ πqt−1S that Toda discovered. Another way to show that
they are non-trivial is that they are detected by the class

αt ∈ Ext1
BP∗BP (ΣqtBP∗, BP∗)

in the ANSS, which is a non-zero permanent cycle for p ≥ 3. They live on the 1-line of the ANSS.

Remark 2.3. These elements are in the image of the J homomorphism.

One would like to do continue to play this game of looking at cofibers of maps to get families of elements
in π∗(S). This was done by Smith for p ≥ 5 by looking at the cofiber of v1. There exists a self-map v2, and
we obtain the elements βt ∈ π2(p2−1)t−1S . One can do it again for p ≥ 7 and with the cofiber of v2. But
according to Ravenel’s orange book, we haven’t found a self-map yet. By the periodicity theorem, we are
guaranteed some map.

This starts to break down starting with the cofiber of v3, and there are nonexistence results. [Nav98].

2.2. Self-maps and Nilpotence

Definition 2.4. A map f : ΣdX → X of spectra is called a self-map of X.

Definition 2.5. A self-map f : ΣdX → X is said to be nilpotent if some suspension of f t, t ≥ 0 is
nullhomotopic. Otherwise f is said to be periodic.

Example 2.6 The self-map v1 : ΣqS/p→ S/p is periodic.

It is not at all clear whether or not a spectrum admits a self-map, or even a vn-self-map, and it is difficult
to prove that they admit periodic self-maps. However, it would be extremely useful if we could detect this.

Recall that by the axioms of a homology theory, given a self-map f : ΣdX → X, for any homology theory
E∗ there is a natural endomorphism

E∗(X)→ E∗(X)

that raises the grading by d. This motivates the following conjecture:

Conjecture 2.7. Let X be a finite spectrum. There exists a spectrum E such that a map f : ΣdX → X is
nilpotent iff some iterate of E∗(f) is trivial.
E is said to detect nilpotence.

In fact, Ravenel conjectured that E = MU , complex bordism. MU was chosen as the candidate spectrum
for detecting nilpotence because of the MU -based Adams spectral sequence. For a fixed prime p, this is the
Adams-Novikov spectral sequence:

Es,t2 (S) = ExtsBP∗BP (ΣtBP∗, BP∗)⇒ π∗(S(p))

In general, for E a flat connective E∞ ring spectrum, we have the E-based Adams spectral sequence of
the form

Es,t2 (X) = ExtsE∗E(ΣtE∗, E∗(X))⇒ πt−s(LE(X))

This is an example of the Mathew-Naumann-Noel A-based Adams spectral sequence. We can see this by
the collapsing of the universal coefficient spectral sequence.

This conjecture was proved by Devinatz-Hopkins-Smith:

Theorem 2.8 (Nilpotence Theorem, self-map form). Let X be a finite spectrum. A self-map f : ΣdX → X
is nilpotent iff MU∗(f) = 0.

Remark 2.9. This seems slightly stronger, but it’s not. MU∗(f) = 0 iff MU ∧ (f−1)X is contractible, where
(f−1)X is the telescope of iteration of f . However, (f−1)X ' ((fn)−1)X.
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2.3. How does this relate to MNN Nilpotence?

This is a nice story, but how does this relate to MNN nilpotence?

Definition 2.10. A map f : X → Y of spectra is said to be smash nilpotent if f∧k : X∧k → Y ∧k is
nullhomotopic for some k.

Theorem 2.11 (Nilpotence Theorem, smash product form). Let f : X → Y be a map of spectra where X
is finite. If MU ∧ f : MU ∧X →MU ∧ Y is nullhomotopic, then f is smash nilpotent.

This looks a lot like our definition of nilpotence:

Example 2.12 If Y is MU -nilpotent, then y∧k is MU -nilpotent (since it is a tensor ideal). Then consider
the sequence

X∧k
X∧k−1∧f−−−−−−→ X∧k−1 ∧ Y → · · · → X ∧ Y ∧k−1 f∧Y ∧k−1

−−−−−−→ Y ∧k

By the hypothesis that MU ∧ f : MU ∧ X → MU ∧ Y is nullhomotopic, 1.11 tells us that there is an
integer N such that the composite is nullhomotopic.

However, this sequence is the same as f∧k : X∧k → Y ∧k, which gives us the Nilpotence theorem, smash
product form for MU -nilpotent Y .

Remark 2.13. In particular, if Y is MU -nilpotent, then this does not require that X is finite.

It is related to the self-map nilpotence theorem via the following form of the Nilpotence theorem:

Theorem 2.14 (Nilpotence theorem, ring spectrum form). Let R be a ring spectrum and let

π∗(R)
h−→MU∗(R)

be the Hurewicz map. If h(α) = 0, then α ∈ π∗(R) is nilpotent.

We will prove this theorem for MU -nilpotent ring spectra R using the nilpotence/descent machinery.
However, we cannot prove this for all ring spectra since MU is not descendable in spectra. (The Brown-
Comenetz dual of the sphere is a nontrivial spectrum Y such that MU ∧ Y = 0).

Proof. Let R be an MU -nilpotent ring spectrum, and let α ∈ πn(R) be represented by a map α : ΣnS→ R.
Then the maps αm ∈ πnm(R) are represented by the composition of maps

ΣnS ∧ · · · ∧ ΣnS α∧···∧α−−−−−→ R∧m → R

Equivalently, the maps αm are represented by this composition of maps

ΣmnS Σm(n−1)α−−−−−−→ Σm(n−1)R→ · · · → Σ−nR
α−→ R

Suppose that h(α) = 0. Then that means the map ΣnS α−→ R→MU ∧R is nullhomotopic. This fits into
a commutative square

ΣnS R

MU ∧ ΣnS MU ∧R

α

Since the left map is not nullhomotopic, that implies that the bottom map MU ∧ΣnS idMU∧α−−−−−→MU ∧R
is nullhomotopic.

We are now ready to use the nilpotence machinery from 1.11. Since R is MU -nilpotent, there exists an
integer m such that the composite

αm : ΣmnS Σm(n−1)α−−−−−−→ Σm(n−1)R→ · · · → Σ−nR
α−→ R

is nullhomotopic.
Hence α is nilpotent, as desired.

�

Proposition 2.15. The ring spectrum form of the Nilpotence theorem implies the self-map and smash
product forms of the Nilpotence theorem.
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Proof. To see that the ring spectrum form implies the self-map form, let X be a finite spectrum and f :
ΣdX → X a self-map.

Then we take R = X ∧ DX, where DX is the Spanier-Whitehead dual of X. Recall that a self-map

f : ΣdX → X is adjoint to a map f̂ : Sd → R. Then we claim that h(f̂) is nilpotent iff MU∗(f) is nilpotent.
Suppose MU∗(f) is nilpotent (of degree n). Then equivalently, the spectrum MU ∧ (fn)−1X is con-

tractible, where (fn)−1X is the telescope (homotopy direct limit) of the map

X
fn

−−→ Σ−dnX
fn

−−→ · · ·

Therefore, since X is finite, for large enough m, the composite ΣmdX
fm

−−→ X →MU∧X is nullhomotopic.

Then h( ˆfm) = h(f̂)m = 0, so h(f̂) is nilpotent.

Proposition 2.16. This is a special case of the following statement that can be derived from the Nilpotence
theorem ring spectrum form [DHS88].

Suppose we have a sequence of spectra

· · · → Xn
fn−→→ Xn−1 → · · ·

with MU∗(fn) = 0 for all n, and suppose there are constants m ≤ 0 and b such that each Xn is (mn + b)-
connected. Then the telescope of the sequence, denoted T is contractible.

This theorem is proved by finding a finite spectrum X whose bousfield class is the same of S, such that
MU ∧ X has a vanishing line. We then leverage the uniformity condition on Xn to see that X ∧ T is
contractible, hence T is contractible.

Now to see that the ring spectrum form implies the smash product form, let X be a finite spectrum, and

suppose we have a map f : X → Y . Then the map f is adjoint to a map f̂ : S→ Y ∧DX. Then f is smash

nilpotent iff f̂ is, and MU ∧ f is nullhomotopic iff MU ∧ f̂ is.
Hence we can reduce to the case that X = S. Suppose MU ∧ f is nullhomotopic. Then since MU is a

ring spectrum, this equivalent to the composite map S f−→ Y →MU ∧ Y being nullhomotopic by looking at
this commutative diagram:

ΣnS R

MU ∧ ΣnS MU ∧R

α

Since Y is a homotopy direct limit of finite subspectra Yα, the composite factors through some finite Yα.
Then set R =

∨
j≥0 Y

∧j
α , with multiplication given by concatenation.

Then by the Nilpotence theorem, the element in π∗(R) corresponding to f is nilpotent, hence f is smash
nilpotent, as desired. �

As a consequence, we obtain Nishida’s theorem (which was proved before the nilpotence theorems).

Corollary 2.17 (Nishida’s Theorem). For n > 0, every element of πn(S) is nilpotent.

Proof. Positive degree elements in π∗(S) are torsion. So x ∈ πn(S) for n > 0 is torsion, and hence the image
of x in π∗(MU) = L is also torsion. But L is torsion free, so the image of x is zero. By the Nilpotence
theorem, this implies that x is nilpotent. �

It’s hard to compute with MU , but it turns out that we can just work with the Morava K-theories
K(n, p)!

Theorem 2.18. Let R be a ring spectrum and α ∈ π∗(R). Then α ∈ π∗(R) is nilpotent iff K(n, p)∗(α) is
nilpotent for all 0 ≤ n ≤ ∞ and for all primes p.

Proposition 2.19. A cohomology theory E detects nilpotence iff K(n, p)∗(E) 6= 0 for all 0 ≤ n ≤ ∞ and
for all primes p.

This is very related to the classification of thick subcategories of the stable homotopy category.
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