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Notations:

Γ,Λ countable (discrete infinite) groups.

(X, µ), (Y, ν) probability measure spaces.

Γ y X,Λ y Y measure preserving actions.

M = L∞(X) ⋊ Γ denotes the group measure
space vN algebra of Γ y X. {ug}g ⊂ M the
canonical unitaries, implementing Γ y L∞(X)
by ugau∗

g = g(a), a ∈ L∞(X) ⊂ M .

L(Γ) = C⋊Γ the group vN algebra of Γ. Note:
L(Γ) ≃ {ug}′′ ⊂ L∞(X) ⋊ Γ.

RΓ = {(t, gt) | t ∈ X} denotes the (countable)
equivalence relation implemented by Γ y X;
L(RΓ) the associated vN algebra.

Note: A = L∞(X) maximal abelian in M =
L(RΓ) and NM(A) = {u ∈ U(M) | uAu∗ = A}
generates M , i.e. A is Cartan subalgebra in
M . Also, if Γ y X free ergodic then L(RΓ) =
L∞(X) ⋊ Γ.



Fact: Γ y X free ergodic ⇒ L∞(X) ⋊ Γ

II1 factor; L(Γ) II1 factor iff Γ is ICC;

L(RΓ) II1 factor iff Γ y X ≃ [0,1] ergodic.

If Γ y X ergodic and t > 0, then Rt, M t

denote the amplification of R = RΓ, resp

M = L∞(X) ⋊ Γ by t.

F(R) = {t > 0 | Rt ≃ R}, F(M) = {t > 0 |

M t ≃ M} the fundamental group of R, resp

M .



Conjugacy of Γ y X, Λ y Y means ∆ : (X, µ) ≃

(Y, ν) and δ : Γ ≃ Λ with ∆(gt) = δ(g)∆(t),

∀g ∈ Γ, t ∈ X.

Note: Conjugacy implements isomorphism

L∞(X)⋊Γ ≃ L∞(Y )⋊Λ by Σagug 7→ Σ∆(ag)vδ(g)

Fact: An iso ∆ : (X, µ) ≃ (Y, ν) extends to

L∞(X)⋊Γ ≃ L∞(Y )⋊Λ iff ∆ is an orbit equiv-

alence (OE), i.e. ∆(RΓ) = RΛ, or ∆(Γt) =

Λ∆(t), ∀t.

Thus: Conjugacy ⇒ OE ⇒ iso of vN algebras

(W∗-equivalence)



• The general W∗-rigidity question

Recover “as much as possible” of Γ y X from

its OE class RΓ, or merely from its W∗E class

L∞(X) ⋊ Γ = L(RΓ). Ideally, describe all iso-

morphisms L∞(X) ⋊ Γ ≃ (L∞(Y ) ⋊ Λ)t and

RΓ ≃ (RΛ)t.

In particular, calculate the “symetry groups”

of R = RΓ, M = L∞(X) ⋊ Γ, i.e. Out(R),

F(R), resp Out(M), F(M)



• On OE superrigidity

Some known results

Furman 99: Many actions Γ y X of h.r.l.

(such as SL(n, Z) y Tn) are OE-superrigid,

i.e. ∀ Γ y X ∼OE Λ y
free

Y , “comes” from

a conjugacy (...).

Popa 05: Bernoulli actions Γ y (X, µ) = (X0, µ0)
Γ

of prop. (T) groups are OE Superrigid. Same

true for Γ y X sub-malleable mixing (e.g. quo-

tients of Bernoulli & Gaussians) with Γ satis-

fying one of the following:

- ∃ H ⊂ Γ infinite w-normal with rel prop (T)

- ([P06]) ∃H ⊂ Γ infinite w-normal with non-

amenable commutant (e.g. Γ = H × H ′, H ′

non-amen)



In fact, by P05, P06 any Bernoulli Γ y X of

such Γ is Ufin-Cocycle Superrigid (CSR).

Ioana 07: Profinite actions Γ y (X, µ) of prop-

erty (T) groups Γ are “virtually” OE superrigid

(...). In fact, they are Udis-CSR.

Kida 07: If Γ is mapping class group then ∀

Γ y X free ergodic is OE superrigid.

Ozawa-Popa 08: Fn × Fm y X profinite are

U(n)-CSR, ∀n.



Q1 Find other classes of OE superrigid & co-

cycle superrigid (CSR) group actions (Ufin, Udis,

etc). Are there groups Γ such that ∀ Γ y X

is Ufin-CSR ? (Obs: Γ needs to have prop T).

What are the groups Γ for which ∃ Γ y X CSR

(Ufin, Udis, etc)?

Q2 Find larger classes U of “target” groups

with the property that any Bernoulli action of

a Kazhdan (or other) group is U-CSR.

Q3 Find the class CS (resp. OES) of groups Γ

such that any Bernoulli Γ-action is Ufin-CSR

(resp Udis-CSR, resp OE superrigid).

Speculation (Peterson, Chifan, Ioana): Γ ∈ CS

iff β
(2)
1 (Γ) = 0 (Peterson-Sinclair: If β

(2)
1 (Γ) 6=

0 then any Bernoulli Γ y X is not T-CSR)



Q4 Calculate H2(RΓ) more generally Hn(RΓ)

for some Γ y X, e.g. for Bernoulli. (No such

calculations exist for n ≥ 2! For Γ Kazhdan and

action Bernoulli, one expects Hn(RΓ) =Hn(Γ).)

Q5 Is it true that ∀Γ,Λ non-amenable, any OE

of Bernoulli actions Γ y X, Λ y Y comes from

a conjugacy ? For free groups ? Can one have

F2 y {0,1}F2 ∼OE1/2
F3 y X

F3
0 , for some X0?

Related Q Extend Bowen (& Stepin/Ornstein)

to Bernoulli actions of arbitrary non-amenable

groups.



• W∗-rigidity & unique Cartan decomp

Sample W∗-rigidity [P04, P06]:

Γ,Λ ICC groups, with Γ either: Kazhdan; or

∃H ⊂ Γ w-normal with rel prop (T); or ∃H ⊂ Γ,

|H| = ∞, H ′ ∩ Γ non-amenable. If Γ y X

free mixing and Λ y Y Bernoulli, then any

θ : L∞(X) ⋊ Γ ≃ (L∞(Y ) ⋊ Λ)t comes from a

conjugacy (Strong W∗-Rigidity result).

Q1 Find group actions Γ y X that are W∗-

Superrigid, i.e. given any other free ergodic

action Λ y Y , any isomorphism L∞(X) ⋊ Γ ≃

(L∞(Y ) ⋊ Λ)t comes from a conjugacy.



Note: If Γ Kazhdan (or product group) &

Γ y X Bernoulli implies L∞(X)⋊Γ has unique

Cartan (or merely unique crossed product dec),

then Γ y X follows W∗-Superrigid (by [P04,

P06])

Q2 Does Γ Kazhdan, Γ y X Bernoulli and

L∞(X) ⋊ Γ ≃ L∞(Y ) ⋊ Λ imply Λ Kazhdan?

Obs: If so, then Bernoulli actions of Kazhdan

groups follow W∗-Superrigid (by [P04]).

Related Obs: If PSL(n, Z) y Tn gives a fac-

tor with unique Cartan, then this action would

follow W∗-Superrigid (by [Fu99]).



Ozawa-Popa 07: If Γ = Fn1×...×Fnk then L(Γ)

has no Cartan. Also, if Γ y X free ergodic

profinite, then L∞(X) ⋊ Γ has unique Cartan,

up to unitary conjugacy.

Q3 Show some Γ y X as above is OE-superrigid.

(Then Γ y X follows W∗-superrigid.)

Q4 Generalize [OP 07] to arbitrary Γ y X (not

nec. profinite). (Notice: This would imply the

Bernoulli Fn × Fm y X is W∗-superrigid).

Q5 Find (other) classes of factors L∞(X) ⋊ Γ

with unique Cartan.

Q6 If Γ non-amenable & Γ y X Bernoulli,

then L∞(X) ⋊ Γ has unique Cartan ?

Conjecture: If β
(2
1 (Γ) 6= 0, then L∞(X) ⋊ Γ

has unique Cartan ∀ Γ y X. (Maybe even for

β
(2
n (Γ) 6= 0, for some n ≥ 1.)



• Questions on the fundamental group

Recall:

Q1∗ Is any fund. group F(RΓ), F(M), either

countable or R∗
+? (∀R OE rel, ∀M separable

II1 factor) No: P-Vaes 08.

Q2∗ ∃ Γ y X with F(RΓ) 6= 1, R∗
+? Can

F(RΓ) contain irrationals (when 6= R∗
+) if Γ y

X free? Yes: P-Vaes 08.

Q3∗ ∃F∞ y X free ergodic with F(RF∞) =

1, resp with F(RF∞) = R∗
+ ? (By Gaboriau,

F(RFn
) = 1, ∀Fn y X free ergodic , n < ∞).

Yes: P-Vaes 08.

Q4∗ ∃Fn y X free ergodic with Out(RFn
) =

1? Yes: Popa-Vaes for n = ∞, Gaboriau for

2 ≤ n < ∞



Popa-Vaes 08: For Γ countable group, denote

Sfactor(Γ) = {F ⊂ R+ | ∃Γ y X free erg with

F(L∞(X)⋊Γ) = F}. Similarly Seqrel(Γ). Then

• If Λ1,Λ2 fin. gen. ICC, one of which has (T)

and Γ = Λ1 ∗ Λ2, then Sfactor(Γ) = {1}.

• Seqrel(F∞),Sfactor(F∞) are “huge” (...).

Q4 Sfactor(Fn) = {1}, 2 ≤ k < ∞? For all Γ

with β
(2)
1 (Γ) 6= 0,∞ ? Note: It is known that

F(L∞(X) ⋊ Fk) = 1, for many Fk y X ([P01],

[OP07]).

Q5 (Gaboriau) Show that if L(R) = L(S), for

some eq rel R, S, then β
(2)
n (R) = β

(2)
n (R), ∀n.



Q6 Is it true that {1} ∈ Sfactor(Γ), ∀Γ non-

amenable ? (Note: If Γ amenable then Sfactor(Γ)

= Seqrel(Γ) = {R+}). If Γ y X Bernoulli, then

F(L∞(X) ⋊ Γ) = 1, ∀Γ non-amenable ?

Q7 Axiomatization of subgroups F ⊂ R+ for

which ∃ separable II1 factor M , (resp eq rel R)

such that F(M) = F (resp ...).

Q8 Sfactor(Γ) ⊂ Sfactor(F∞) = Seqrel(F∞), ∀Γ.

In fact, F(M) ∈ Sfactor(F∞), ∀M sep. II1.

Q9 Sfactor(Γ) ⊂ P(Q+), ∀Γ with (T)?



• On relative property (T)

Q1∗ Give a “non-vNAlgebra” def. of relative

property (T) (or rigidity, as defined in [P01])

for group actions Γ y X. Answered: Ioana 09.

Q2∗ Denote R the OE relation of SL(2, Z) y

T2. ∀R0 ⊂ R non-amenable is rigid? Yes:

Ioana 09. Is any Γ y G/Λ rigid ? Yes: Ioana-

Shalom 09.

Q3 What are the groups Γ for which ∃ Γ y X

rigid? Progress by Ioana 07, Gaboriau 08.

Q4 Γ y X rigid ⇒ strongly ergodic ?



• Connes’ Rigidity Conjecture (CRC)

If Γ,Λ ICC groups with property (T), does

L(Γ) ≃ L(Λ) imply Γ ≃ Λ ?

CRC Strong Version: If Γ ICC with prop (T)

and Λ ICC, then any θ : L(Γ) ≃ L(Λ)t forces

t = 1 and ∃δ : Γ → Λ, γ ∈ Hom(Γ, T) such that

θ(Σgcgug) = Σgγ(g)cguδ(g)?

Q1 L(Γn) ≃ L(Γm) =⇒ n = m? For Γn =

PSL(n, Z); for Γn = Zn ⋊ SL(n, Z). True for

Γn ⊂ Sp(n,1) by Cowling-Haagerup.

Q2 Is L(SL(3, Z)) solid (in Ozawa’s sense)?



Related Q: Γ,Λ are called measure equivalent

if ∃ free ergodic Γ y X, Λ y Y that are (sta-

bly) OE. Does OE of ICC groups Γ,Λ imply

(or is implied by) L(Γ) ≃ L(Λ)t, for some t > 0

(Shlyakhtenko)?



• Free Group Factor Problems

The Non-isomorphism Problem:

L(Fn) ≃ L(Fm) ⇒ n = m ? Sufficient to prove:

L(F∞) 6= L(Fn) for some n (cf. Voiculescu,

Radulescu, Dykema). Related to this:

Finite Generation Problem Can L(F∞) be

fin gen as vN Alg ? Do there exist L(Γ) which

cannot be fin gen ? (Obs: Any factor L(RΓ)

can be generated by two unitaries)



Abstract Characterization of L(Fn)

Facts: L(Fn) It has no Cartan (Voiculescu

94) and is prime (Ge 96), in fact P ′ ∩ L(Fn)

amenable ∀P ⊂ L(Fn) diffuse (Ozawa 03). Stronger

still (OP 07): If P ⊂ F(Fn) amenable diffuse

then N (P)′′ amenable (L(F2) is strongly-solid).

Q1∗ If M II1 factor is s-solid and Λcb(M) =

1 then M ≃ L(Fn)t ? (No: Houdayer 09.)

What if “s-solid” is replaced by “if B ⊂ M

amenable diffuse and B ⊂ Bi ⊂ M amenable

then ∨iBi amenable” (Peterson-Thom). Is any

non-amenable M ⊂ L(Fn) iso to some L(Fn)t

Q2 Assume a II1 factor M has the property

that the “free flip” x ∗ y 7→ y ∗ x is path con-

nected to id in Aut(M ∗ M). Does this imply

M ≃ (Fn)t, some n ≥ 2, t > 0?


