
Review ① True or false : The set of invertible 3×3 matrices

is a subspace
of Mzxz (the space of all

3×3 matinees) . False

Remember that there are three things
to check to see

if a subset W of a vector space
V is a subspace

of V : W must contain the zero
vector of V, W must

be closed under vector addition
and W must be closed

under scalar multiplication .

① Contains the zero vector of Mzxz ? No . (8%08) isnuenonble .

② Closed under vector addition
? No . (IIF] a fig

' -9.9 ) are invertible

"

but 1%93+[1%1]=1%883 is not.

③ Closed under scalar multiplication ?

No . [ do:o) is invertible but o - CIII) - (EEE ) is not.



Coordinates ① pG)
= - 2×2+4×74

qcx)
= 3×276×-2

✓ (x) = - 2x't Xt 3

a) What is the dimension of spanfpexhq.CA ,
re 's} ?

Method : Translate to Rhs using
a nice basis for Pz and

solve there using row reduction .

Basis for Rz : B - fu , x ,
I }

[ pump = ( Tt) cqcxDB=f?g) cramps
-
- f

-

} )

dimension of span { pcx) , qcx), rex)}
= rank of f

-

I ?q
-

} )

( ¥ ? -11 Too ! LIE I
(④ ④ 1)

REF
2 pivots ⇒ rank 2 ⇒ sdfffpF.IE#s.rexPsisz .



b) Find a basis for span fpcx) , qcx) , re) }

Recall that a basis for a vector space Cor a subspace)

is a list of vectors which span
the whole space

and which are linearly independent
.

pcs) , qcx) , rex) span
all of spanfpcx) , qcx) , red} but

we know from part (a) that they
are not linearly

independent. So we want to remove some to make

them linearly independent. We can do this by translating

to Ks , row reducing ,

and just keeping the ones

pivot

corresponding to pivot columns .
←youuuu,

Row reduced matrix in RP (from part ca)) : (④④ I ]
out of!yK basis for,⇒97q{1347941 Go.me?p.%795jdsa.feas
possible bases



The matrix of a Linear Transformation .

② Let T : Plz → B
' be defined by

Tcp) - I ad! )
a) Let B ' Il , × , XZJ

.

Let C =f lb } , [ 97J .

What

is IT]p ?

Remember that clip is the matrix representing T

relative to the bases B and C
.
To find it, check

what T does to each vector in B and write the

results as coordinate vectors in C
.

real 's: : =L :L text. II. f- I :3! =L : )
Tay -

- I =L :3
. 1=1%1
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-

- I :3
Is:{

"*Y£mdag:ar
[ TC - 7) c = ( 24 ) TE R2

, cuter ( e.g .
to

write ( I ] as a linear combination

( T ( x' ) ) @
= (%} ) of [ '

o) and C :] we just write

(4) = z - ( 'of + 4. ( 9 ] so
the

# coordinate vector is [ I ] ) .
This is a special feature

=k::9do: .net#m:::ss:s.:n:for B
"
.



b) Find a basis for range ( T ) .

Recall that the range of
T corresponds to the

column space of any matrox representing T

we need to row reduce IT]B .

[ 34%3,1 I %;)
'"'

A basis for Col (de) B ) is (3)
,
(4) .

Normally we would have to translate back from coordinate

vectors in C to the actual vectors, but since C is the

standard basis
,
we don't.

So one basis for rangeCT )
is 1137,1432€

(which actually means range CT) is all of R2 so any
basis for R2 would work ) .



c) What is the dimension of the kernel of T ?

Recall that the kernel of T corresponds to the

null space
of

any
matrix representing T.

Since rank (CLT) B) = 2 , the null space
has dimension

1 (by the rank -nullity theorem) . So the

kernel of T also has dimension 1 .

d) Find a nontrivial ( ice - nonzero) element of the kernel

of T.

kernel of T I Null ( c CTIB )

cha -

- L : : I To 3%9.] 13 ;
- '⇒

go ;
- s

;y



Solutions to homogeneous equation
:

x , =(5/3)×3×2=-3×3 setting +3=3 gives f. § )
+3 free

Translating back to Rz gives

5. L - 9. x t 3 - XZ = 3×2-9
If you graph

this polynomial, ↳ one element of

you
will see it looks like this Kerce) ( there are

4¥,
"

Ete' iii.thot :b. . many .ms,

O
,

as is its integral
from 1 to 3



② A quadratic polynomial is completely determined by its

value on any
three points . This can be shown using

linear algebra .

a) Let T : Rz → B
'

be the linear transformation

defined by
yep,

-

- I
Find TCH ,

TCH
,
TCE)

ten - l ! ) TH -

- II ) TEI - 1%1=11 )
b) let B -

- fix , xzeg C = If ! )
, 117,1918

Find CCTIB



Recall that cc-13,3 records what T does to each

basis vector in B . To find it, we evaluate

T on each vector in B and write the results

as coordinate vectors in C
.
But since C is

the standard basis for R, the coordinate vector in

C of any
vector TEN is just 8 itself (see

comments on problem 1)

So CCTIB = f ! 9 ! )
c) Check that T is invertible and find BLT

- '

To

Recall that T is invertible it and only if the

matrix CCT) B is invertible and if so
, B

( T
-

7c= IT ] ,j !



c : : :L : : :p l : I :p

c : : :L i: : "÷÷.

( : : :/ . 's,%% ) so ft) , is invertible and

° ° ' 'h " "

BET
"

] c
'

- ft )
,

"
= (÷÷, -1: )

d) Find a polynomial p e- Plz such that

pco) -- lo pcl)
-

- S and plz) =-3

This is equivalent to asking for p
c- Rz such that

T ( p )
= ( Ig ) .

And finding a solution to Tcp) -- T
.

is equivalent to solving cCT3BI= Cute



So we want to solve eCt3Bx= ( I;)
We can do so by multiplying by cc -17,5 '

( i - e .
we can find a solution to Tcp) -_ ( Ig ) by

applying T
"

to both sides) .

it.

Translating back to Rz gives C-3k)xZ-C7h)xt
Moreover , a formula for the unique quadratic polynomial

p
sit . pco)=ao , pcl ) -- ai , plz) - az is

[II (
"adf.FI?g:.t2aai-uayIfcaoh-aitazkIEtC-sayzt2ai-ayyxtaoJ


