
① Let 's use linear algebra to find a solution to the
differential equation y

' '

t2y
'
- Sy =3 since) - Zeoscx)

a) Let U = spanfsincx) , cos Cx)} .

Show that since)
,
cosCx) is

a basis for ✓

Remember that a basis for a vector space is a

list of vectors in the vector space
such that :

① The span of the vectors is the entire

vector space

② The vectors are linearly independent

Let's check both of these here .

① spanksinch ,
cos I = V True by definition

of V

② sin Cx) , cosCx)
bin . ind .

Suppose a. sink) t b
- cosG) =O . We need to show a=b=O

asincxitbeosa ⇒ f : ¥7511! =o⇒⇒b=:O



b) Write the coordinate vector of 3.sinCx) - Zcoscx) in the

basis B = I sink) , cos (x) }

Remember that if D= fbi
.
. . . .

In } is a basis for

a vector space V then the coordinate vector of

a vector J EV is the vector ( I:) E R "
such that J=aibT t

. . - tan - ton .
a coordinate vector for JE V 7

So how do we find .

① Write J as a linear combination of the

basis vectors

② Take the weights of this linear combination

and make them the entries of a vector in R
"

In this case,
3. sink) - 2 cos is already written as

a linear combination of sin and cos so the

coordinate vector is fssincx) - zoos ]p=[④



c) Let T : V → V be the linear transformation defined by

Tcf) - DIET +2 did - Sf

Find the matrix for T in the basis D= fsincx) , cosG) §

To find the matrix for T , we evaluate T on each

basis vector and write the result as a coordinate

vector on this basis .

T( since))
= - sink) t Zoos (x) - Ssincx)

- -6 since) +2 cosa )

T (cosCx)) = - cos Cx) - 25in (x)
- 5 cos G) = -25in Cx)

- Geos Cx)

Y:÷÷:3: t so ." ' .-i



d) Let A be the matrix from part cc) and f the

vector in B
' from part (b) .

Find a solution

to AE -- J .

[I IE -

- KI

f : I :] to I ;)

t:
-

il :..
"

t: :p: EE

" on :i:S :÷:i:



e) Use the answer to part C'd) to find a solution to

the differential equation y
"

-12g
'
- Sy =3 sin - Zcoscx)

A solution to y
"

-12g
'
- Sy =3sin - Zcoscx) is

a function f- (x) such that Tcf) =3sink) - Zcoscx) .

Tcf) = 3. siucx)
- 2. cos (x) has a solution if and

only if AI
-

- J has a solution

we know from part (d) that AE dog have a

solution : I -543:] .

This is
'

the coordinate

vector of a solution to Tcf) = 3. sin Cx) - Zcoscx) .

The solution

.FI/zoysinqy-C31zo)co5l#



② Is fsincx) , cos4×3 , I } a basis for

span Isin Cs) , cos4×7,1 } ?

2 things to check :

③ Do siwzcx) , cos4×7,1 span
all of

span { sink) ,
cos263,18 ? Yes .

② Are sine) , cos
- Cx) , I linearly independent ?

No . Sin Cx) t cos
'

= 1 so

sinzcx)tcoS2Cx) - 1=0 .

Thus there is a linear combination of

sink) ,
cos44,1 which is equal to 0 even

though not all coefficients are 0 .



③ Write the coordinate vector of pan - xz - I in the

basis 13=71 , x , x' txt 29 for Rz .

Method 1 : Guess and check

XZ - I = 1. (x'txt 2) -1 . x =3 - I

⇒ cpcn3B=t
Method 2 : Translate to Ps3 using a nicer basis

& solve with

how reduction

Basis c = f x', x , 14

[1) c = ( ! ) Cx Ic
- ( I ) Ht # 2) j f !) [peak -- ft, ]

Write pcxl as a linear write (I ) as a linear

combination of tix
,
84×+2

⇒ combination of 18,1
,
( 11/11

19 : !
'

l : EE-ii.li: ; ,
"



④ If the coordinate vector of a polynomial qcx) ER in

the basis 13=11 , x , xztxt 29 is Cqcx)) = f! ] , what
is qcx) ?

Remember that the coordinate vector of qcx) consists of

the weights of a linear combination of the basis

vectors that is equal to qcx) .

[ qcx) ]p= (
'

II] ⇒ qcx)
= 1. It I. Xt

- ( x 7×+2)

=-x2t2


