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ANALYSIS AND GEOMETRY ON MANIFOLDS WITH
INTEGRAL RICCI CURVATURE BOUNDS. II

PETER PETERSEN AND GUOFANG WEI

ABSTRACT. We extend several geometrical results for manifolds with lower
Ricci curvature bounds to situations where one has integral lower bounds. In
particular we generalize Colding’s volume convergence results and extend the
Cheeger-Colding splitting theorem.

1. INTRODUCTION

We shall in this paper establish several geometrical results for manifolds with
integral bounds for their Ricci curvature. Our notation for the integral curvature
bounds on a Riemannian manifold (M, g) is as follows. For each x € M let r (x)
denote the smallest eigenvalue for the Ricci tensor Ric : T, M — T, M, and define

p(z) = [min {0, ()},

k(p,R) = sup / Pl
zeM \ JB(z,R)
k(p. R) ! / o) ol
, = sup | ———- = su ©,R)-
P cer \ 0B (@, R) Jpem” aeny PP B@R)

Here and in the rest of the paper, the L?” norm on a domain is always normalized.
Note that in earlier works the curvature quantities were defined as (k (p, R))” and
(k(p,R))" .

These curvature quantities evidently measure how much Ricci curvature lies
below zero in the (normalized) integral sense. In our earlier work [15] we worked
with the more general curvature quantity k (A, p, R),

1 P
E(\,p,R)=sup | ——=——= - min {0,r — A}?
OB = s (o [ 0P

which measures how much curvature lies below a fixed number . It is a very simple
matter to extend the appropriate results to this more general context. Therefore,
we have for notational convenience only handled the case of A = 0.

The main tools we use to get our results are D. Yang’s estimates on Sobolev
constants from [16] and the relative volume comparison for integral Ricci curvature

Received by the editors November 30, 1998 and, in revised form, July 30, 1999.

2000 Mathematics Subject Classification. Primary 53C20.

Key words and phrases. Integral curvature bounds, maximum principle, gradient estimate,
excess estimate, volume and Gromov-Hausdorff convergence.

Both authors were supported by the NSF.

©2000 American Mathematical Society
457



458 PETER PETERSEN AND GUOFANG WEI

we established earlier in [15]. Using these bounds for Sobolev constants, we can
derive a maximum principle and gradient estimate in the integral setting. The
maximum principle we need is the following:

Theorem 1.1. Let M be an n-dimensional Riemannian manifold, let B(xz,1) C
M have volB(x,1) > v, and let p > n/2. Then there exist € (n,p,v) > 0 and

K (n,p,q,v) > 1 such that, for R < 1, if R*> - k(p,R) < &, then any function
u:Q C B(xz,R) = R with Au > —f satisfies

supu < supu—l—RQ'K'”f”q,
Q a0

for any q > p.

Note that R? -k (p, R) is scale invariant, and its smallness condition, &, doesn’t
depend on R.
The gradient estimate can be paraphrased as

Theorem 1.2. Let M be an n-dimensional Riemannian manifold, let B(x,1) C
M have volB(z,1) > v, and let p > n/2. Then there exist K (n,p,v) > 1 and

e (n,p,v) > 0 such that, for R < 1, if R®-k(p, R) < ¢, then any harmonic function
u:Q C B(x,R) — R satisfies

sup |Vu|<R'- K- sup |uf
B(:c,%R) B(z,R)

These can be thought as the classical maximal principle and the Cheng-Yau
gradient estimate [3] in the integral curvature setting.

The proofs are fairly standard iteration arguments and can found in [11]. Quick
proofs of these estimates will be given in Section 3. These results are very useful in
applications, even in a non-integral curvature setting. See [13] for more application.
A global gradient estimate for sections of vector bundles was also obtained in [9].

The maximum principle will lead, in Section 4, to an extension of the Abresch-
Gromoll excess estimate from [1] to a situation where one has integral curvature
bounds.

Combining these three tools (maximum principle, gradient estimate and excess
estimate) with the mean curvature comparison estimate in [15], we can generalize
some of Colding’s and Cheeger-Colding’s work from [8], [6], [7], [5] and [4].

In Section 5 we prove the necessary changes which make it possible to establish
Colding’s volume convergence results from [8], [6].

Theorem 1.3. Suppose a sequence of complete Riemannian n-manifolds (M;, g;)
converges to a Riemannian n-manifold (N,g) in the pointed Gromov-Hausdorff
topology. Then we can find e (n,p, \, R) > 0 such that if for all the manifolds we
have k (p,\, R) < ¢ and the points x; € M; converge to x € N, then

volB (z;,7) — volB (z,r)
R
Jor allr < 3.
This together with the results from [5] immediately yields

Corollary 1.4. Suppose a sequence of closed Riemannian n-manifolds (M;,g;)
converges to a Riemannian n-manifold (N,g) in the Gromov-Hausdorff topology.
For each R > 0 there is an € (n,p, A, R) > 0 such that if all the manifolds satisfy

k(p,\, R) < ¢, then they must be diffeomorphic to N for large i.
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As a converse to the volume convergence result we also have the following exten-
sion of results by Colding and Cheeger-Colding from [8], [7] and [5]. Let v (n, A, R)
be the volume of an R-ball in S}, the simply connected constant curvature X space
form of dimension n.

Theorem 1.5. Given ¢ >0, R > 0 and A € R, then we can find € (n,p, R,\) >0
and & (n,p, R, \) > 0 such that if (M, g) is a Riemannian n-manifold with k (p, \, R)
< e and volB (z,R) > (1 —8) -v(n, A, R) for some x € M, then B (z,7),r < &, is
€ Gromov-Hausdorff close to an r-ball in the constant curvature \ simply connected
space form of dimension n.

Combining this with the above corollary, we get the following volume/curvature
pinching result, which generalizes earlier work by Perel'man from [12].

Corollary 1.6. Given A > 0 and 0 < R < W/\/X, we can find € (n,p, R,A) > 0
and § (n,p, R, A\) > 0 such that if (M, g) is a complete Riemannian n-manifold with
kE(p,\,R) < & and volB (z,R) > (1—6) -v(n,\,R) for all z € M, then M is
diffeomorphic to a manifold with constant curvature A > 0.

This corollary evidently also holds in case A < 0, but in this case we need to
assume that the diameter of M is bounded, and consequently ¢ and § will also
depend on this diameter bound. The reason why we can get rid of this diameter
bound in the positive case is that Petersen and Sprouse in [14] showed that the
diameter bound is automatic in this setting.

In Section 6 we establish some of the estimates from [4] which lead to an extension
of the splitting theorem. With these results one can in particular recapture the
results from [5, Section 5 and 6] without further ado for classes of manifolds which
do not collapse. As explained in [4], it is necessary to use some of the techniques
from [8] that were devised for the noncollapsed situation.
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2. PRELIMINARY MATERIAL

2.1. A Word on Scaling. It is convenient to work with the scale invariant cur-
vature quantity R? - k(p, R). This makes many things easier, as one can then
simply scale the metric and assume that one works under the assumption that

k(p,1) is small. Note also that if one has a lower bound for the Ricci curvature
Ric > (n — 1) A, then the quantity R? -k (p, R) will be small for sufficiently small
R. Similarily one can also show that if k (p, A, R) is small, then for small enough r

we have that 72k (p,r) is small.

2.2. Relative Volume Comparison. First we need a scale invariant modification
(or local version) of the relative volume comparison theorem established in [15,
Corollary 2.4]. This result also holds, as almost everything in this paper, when one

merely has smallness on R? -k (\,p, R), but in this case the constants ¢ and « will
necessarily also depend on R.
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Theorem 2.1. Given a <1 and p > n/2, there is an € = ¢ (n,p, ) > 0 such that
if R2-k(p,R) < ¢, then for all x € M™ and 1 < r2 < R the following relative
volume comparison holds:

ﬂ < volB (z,71)

“ = volB (x,712)
Proof. From [15, Lemma 2.1] we know that

d volB (z,r) volB (z,r) =% 1 _n
_—— < -~ ' 7 2 2p |
G0 < 0y o (22 (k (0. ) r
Thus
volB (x,r % volB (x,r % 1 q_n
e (TEER)T (DT <) k) RS,
2 1

Cross multiplying yields

rp % volB (z,71) % i % PR
— _ — < - 2 2p
(rg) (volB (z,79) = \volB (z,r9) Ca(n,p) (k (p, B)* R
@)
=
ry % 1 _n
B <72)) Cy (n,p) (k (p, R))? R' "%,

1 1
T 2P volB (x,r1)\ 2»

1— 1 < ==/
a-a() " = (men)

Now if we consider ¢ as a function of ro, then we almost have that c is increasing.
In fact using (2.1) again but replacing r1, ro with ro, R, we have

<W) < ((wy—Cz<n,p><k<p,m>%31—s;)_l
- ()" (- cson Gom)tr)
(wtem)” (-csonet)”
()

as long as we have assumed that ¢ is small enough. Using this estimate for ¢ in the
above situation now yields

IN

which implies

(SIS

M\»—A

1

i 2p l 17 n
< AR (- D) 2 2p
© = 2<VolB(x,R)) Cz (n,p) (k(p, R))* R

2Cy (n,p) (k (p, R))
2C5 (n,p) es.

This can be made as small as we please, and so the theorem follows immediately. O

[N

IA

R

IN



INTEGRAL RICCI CURVATURE BOUNDS. II 461

If we merely assume that k (p, \, R) is small and that R < 7/2v/X when A > 0,
then we get a relative volume comparison of the type

N v(n, A\ 1) < volB (z,r1)
v(n,\,r2) ~ volB (z,132)’

except that the smallness of curvature now also depends on R.

2.3. Curvature Inequalities. It is perhaps worthwhile pointing out how the rela-
tive volume comparison can be used to compare the quantities k (p, r1) and & (p, r2)
when r1 < 9. Our claim is that

n

Epr) < i) (2) Eipra),

T1
or

n_g
_ o\ P _
o) < Crnp) - (2) k).
provided 73 - k (p,m2) < & (n,p,1/2) for the € in Theorem 2.1.
To prove this inequality we use the trivial inequality

1
- volB (z,7m2) \? -
k < — 0 a7 -k
) < s (Sperg) ko)

and then use Theorem 2.1 on the ratio % with a = 1/2.

The importance of this curvature inequality lies in the fact when working with
closed manifolds with bounded diameter there is no restriction in working with
k (p,1) rather than the more global constant & (p, Dy) .

In the other direction one can also bound k (p,72) in terms of k (p,r1). To do
so requires a packing argument (see also [2, Lemma 1.4]). Assuming that k (p,71)
is small, we get a relative volume comparison on balls of radius < r;. Now select
a maximal family of disjoint balls B (z;,r1/2) with centers in B (x,rs); then the
balls B (z;,r1) cover B (x,rs). Thus

_ p 1 / »
(k? (p;’I“Q)) ~  VolB (LE,TQ) B(%w)p

S oo
volB (z,r32) B(z;,r1)

)

volB (x;,r1) - p
< ;W(k@,ﬁ))

ma.

volB (z;, 1) volB (z;,71/2) ,- )
XVOIB(:L'i,Tl/Q)Z VOIB(:L'77A2) (k(pﬂ”l))

volB (z;,7m1) /= »
< _— .
= WX OB (zi,71/2) (k (p, 7“1))

%

Now the quantity

volB (x;,71)

X olB (x5,71/2)

is bounded just in terms of the smallness of r2k (p,71) .
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2.4. Sobolev Constants and Eigenvalues. We shall also need to use some of
the estimates for Sobolev constants obtained in [16, Theorem 7.4]. Recall that the
LP norm on a domain €2 is normalized, i.e.

1
1 »\?
o= (o [ 1)

The precise statement of what we need is

Theorem 2.2. Suppose R = 1. Given p>n/2 and v > 0 , there is an € (n,p,v) >
0 such that if B (x,1) C M™ has vol B (z,1) > v and k (p,1) < ¢, then the Sobolev
constant A (2p,2) which occurs in

A(2p,2) - ”u”%,B(x,l) < IVully gy
can be bounded from below:
A(2p,2) = C(n,p,v).

To get a bound for the Sobolev constant for general R we need only rescale the
metric g by R~2; then the scale invariant curvature quantity k, (p, R) - R? becomes
kgr-2,4 (p,1). Thus we need to assume that k, (p, R)-R? < € and volB (z, R) > vR".
Using Theorem 2.1, for R < 1, the local volume growth automatically follows from
smallness of curvature and B (z,1) > v. Now let A (2p, 2, R) be the Sobolev constant
in the inequality

A(2p,2,R) - ||U||%,B(x,R) < HVU||27B(x,R)~

Here the only term that makes a difference when scaling is |Vul, and this term
scales like R~!. Thus we must have

R- >\9 (2pa 27 R) = >‘R_2g (2pa 2) .
Hence we obtain the estimate
)‘g (2p7 2; R) 2 R_lc (napv ’U) .

Similarly to the analysis above, we also get a bound for the first eigenvalue
A1 (R). Namely for A\ (R), defined by

A1 (R) - / |u? dvol, < / \Vu|? dvoly, for all z € M,
B(x,R) B(z,R)

we have
)\1 (R) Z R72C (napv ’U)

provided k, (p, R) - R? < ¢ is small enough and volB (z,1) > v.

Finally we should point out that in case A > 0 we can use the diameter bound
from [14] together with the global Sobolev and eigenvalue constant bounds from
[10] to get bounds for these quantities only in terms of A, n,p. Thus in this case
they do not depend on a lower volume bound. For our applicatioons, however, this
makes no significant difference.

3. MAXIMUM PRINCIPLE AND GRADIENT ESTIMATE

In this section we shall use the above Sobolev constant estimate (Theorem 2.2)
to establish a maximum principle and a gradient estimate in the integral setting.
The proofs of these are the standard iteration and are probably known to experts.
But the exact setup is not in the literature. For completeness, we present a proof.
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3.1. The Maximum Principle.
Theorem 3.1. Let M be an n-dimensional manifold and Q C B (x, R) C M. Then

for any function u on Q with ujpq = 0 we have
||u||oo S >\72 (23, 27R) : K (SaQ) : ||Aqu7B(x7R) )
where ¢ > s > %, and K(s,q) is a constant depending on s and q.
Proof. Since the domain we use is B (z, R) throughout the proof, we omit it from

the norm. To conform with our notations, our L2-inner product is also normalized.
The theorem follows directly from iteration and the Sobolev inequality

(3.1) A(25,2, R) - ol 2o < [[Volly,
for s > 4 and v any function which vanishes on 9€2. In the sequel we shall abbreviate
A=X(2s,2,R).

Using (3.1), we have on one hand that for any [ > 0

[l Auf[, > |(u', Au)| =1+ [ (w7 VU, Vu)|
N2
- (ljll)Q-HV(u%ﬂL
S (zan'AQ'H“HTI 2

On the other hand,
' Aafl < o] o - 1Al -

Thus
41 2
e o, <, - 1w
(1+1) 25 T a
Suppose ¢ > s > 5 are fixed; then
l+1)-s l-s S
(+1)5 _ s
s—1 s—1 s—1
_ l-q S
N g—1 s—-1’
where
-1
V= i -q—>1
s—1 q
Now for any pg > 0, define
S
Pk = V- Pg-1+ ——=
s—1
s
= yk.p0+(yk_1+...+1).
s—1
k +uk—1 s
= ) 2 . .
bo v—1 s—1

The above formula can then be written as

L Pres . 2\ G=Drg
ol < (lall )7 - (0 ) T ()T

Pk—1

Iteration of this inequality from 0 to k yields
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s
k—i\ o1y
vk 1 yk—1 7(5)

ful, < (lll ) ™™ (A2 vl ) © 775 H(p )"

i=1

Now let £ — oo; then

WOENEEEIY , = L\ DG DRgTE
lulloe < (Il ) SR | (O .

i=1
Here we should observe that []:2, (101)vL converges, as we can compare the series
> % with the convergent series Y . Now
lull ,, < llull
Using this in the above, we have
0o “AT ) 4y : 05 9, .
[ull o < l[Aull, - A72 (25,2, R) - K (po, 5, q)
Letting pg = 1 finishes our proof. O

Corollary 3.2. Let M be an n-dimensional manifold and Q C B(z,R) C M a
domain. Then for any function u on Q with Au > — f, where f is non-negative on
Q, we have

supu < supu+ A% (25,2, R) - K (s,q) - |1,
Q o

n
for any q> s> 3.

Proof. We can without loss of generality assume that sup {u (z) : € 9Q} = 0. Now
solve the Dirichlet problem

Av = —f
v = 0 onof.

Then we have that u — v is subharmonic, i.e., A (u—v) > 0, and u — v < 0 on
09Q. The maximum principle then implies that supu < ||v[|, . We can then use the
above theorem on v to obtain the desired inequality. [l

Proof of Theorem 1.1. By Theorem 2.2, for p > 7, the smallness of R? - k(p,R)

implies that A=2 (2p,2, R) < R? (C (n, p, v))72. This gives Theorem 1.1. O

3.2. The Gradient Estimate. We shall suppose that M is a complete manifold.
The Sobolev constant A (2p, 2,2) for balls of radius 2 is simply denoted by A. Let
u : B(x,2) — R be a harmonic function. Fix a bump function ¢ : B (z,2) — R
such that ¢ =1 on B (z,1) and suppy C B (x,2). Thus all derivatives of ¢ vanish
near the boundary of B (z,2). Such a bump function can be chosen in such a way
that |V| is bounded independently of the manifold.

Theorem 3.3. Suppose m > p > 4 are fived. There is a constant C (n,m,p) such
that any harmonic function u : B (x,2) — R satisfies

mp mp

ATl

l\DlH

sup [Vu| < C- ||U||2,B(a:,2) : (1 +k (m, 2))
B(xz,1)

< C- sup |ul- (1+k(m,2))? =
B(z,2)
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As a corollary we get a similar estimate for the gradient on balls of arbitrary
size. If we wish to consider a ball of size 2R, we can simply change the metric from
g to R™2g, use the above estimate, and then scale back. We could also change the
size to R instead of 2R; doing so will give us the estimate

sup |Vul
B(;c,%R)
<RC- sup lul- (14 R k(m,R))*™7 - (R-A(2p,2,R)) 7.
B(z,R)

We know that smallness of R? - k (p, R) yields a bound on the Sobolev constant
A(2p,2,R) > R™'C (n,p,v) for any p > %. Therefore, we can, with some change
in notation, conclude that if R? - k(p, R) < ¢ (n,p,q) is sufficiently small to give
a bound for the Sobolev constant A(2¢,2, R) with p > ¢ > %, then there is an
estimate of the form

sup |[Vu|<R'-C- sup |u|-(1+¢)
B(z,iR) B(z,R)

pg

P—q

=

Here we have some freedom in choosing ¢, but this will not be important. The only
thing to notice is that the exponent must increase with the dimension. Thus we
can’t just have it be a fixed number. However, as the exponent is an increasing
function of ¢, it must always be larger than 4pp_—"2n.
3.3. Proof of the Gradient Estimate. Applying the Bochner formula to Vu,
we get
1
IVul (A |Vul) + |V [Vul|* = As |Vul® = [Hessu|” + Ric (Vu, V) .

Using the notation that p = |min {0, 7 (x)}|, where r (x) is the smallest eigenvalue
of Ric, we have, from Kato’s inequality,

1
|Vul (A Vul) + [V [Vul[* = Az [Vul* > [V [Vul[* ~ p|Vul*,
which immediately implies that
A|Vu| > —p|Vul.

Using the Sobolev inequality and the iteration as in [17, Appendix B] (note
that D. Yang uses a stronger Sobolev constant, but this doesn’t alter the proof
significantly), we have

mp)

1 _mp_
leVully <lle*Vully - C(,a,m) - (11 +pll,,, -A72)>" 7, a= exp(—— —

Since Au = 0, we have

/ ©? |Vul?
B(x,2)

IN

2 /B IROCRICZ

2(/ |W|2u2> (/ so2|w|2>
B(z,2) B(z,2)

lp - Vuly <2[Ve-ull,.

1
2

IN

Thus
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Therefore

mp

leVul o < C(pym) - u- [Ve|lly - (IL+ pll,, - A72) ™7,

1 _mp
sup [Vu| < Clully - (I +pll,, - A7) 2™
B(x,1)

mp mp
m=p AT m—p,

=

< C- sup |ul- (14 k(m,2))
B(z,2)

4. THE EXCESS ESTIMATE

4.1. The Result. We shall in this section extend the Abresch-Gromoll excess es-
timate. The treatment is self-contained, but runs parallel to their proof with the
modification that we must use Theorem 1.1 in place of the standard maximum
principle.

We are given a complete Riemannian manifold M™ and two points q_, ¢+ € M.
The excess function for this pair is

o s (@) = d(g-,2) +d (2.q5) — d(q-.q2).

This is a non-negative function which measures the defect in the triangle inequality.
The object is to find an estimate for e;_ 4, () in terms of the height function A (z),
which measures the shortest distance from z to a segment from g_ to ¢4. In [1] the
authors obtain

Theorem 4.1. Suppose that RicM > (n — 1) \. Then there is a continuous func-
tion E (r) with E (0) = 0, which only depends on \ - R?> and n, such that

eo 0 (1) <h(z) E <i‘((3> ,

where s (x) = min{d (¢—,x),d (z,q+)} and d(x,q-),d(x,q+) < R/2.

This inequality was generalized in [4, Section 6] to a slightly more general situ-
ation. Since we are primarily interested in extending the results from [4], we shall
present this generalized form here.

Theorem 4.2. Given 7 > 0, r > 0,v > 0, there exist L = L(n,p,7,v) > 1
and £ = ¢ (n,p,7,v) € (O, (L — 1)71) such that for any yo,q—,q+ € M with the
properties

max {d (yo,q+) ,d (yo,q-)} < R/3,
min {d (yo,q+) ,d (yo,q-)} > Lr,
€q_.qs (Yo) < e,
R’k(p,R) <,

vol B(yo, R) > vR",
we have

sup g ,q, (x) <77
z€B(yo,r/2)
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4.2. Some Applications. It is worthwhile clarifying the importance of this excess
estimate in a few different contexts.

Suppose that we have a sequence of pointed complete Riemannian manifolds
(M;, gi,x;) which converges to a limit space (X,d,x) in the pointed Gromov-
Hausdorff topology. First observe that a unit speed curve ¢ : R —X is a line
£ (t) iff there are points yi,pi,pi € M;, e; — 0, and L; — oo such that y; — £(0),
segments from y; to p%, and p’ respectively converge to the rays (T (¢t) = £(t) ¢t > 0,
and £~ (t) = £ (—t),t > 0, respectively, and

ey i (9i) < &

min {d (y;,p',) ,d (i,p") } > Ls.

If we know also that RZ?kg, (p, R;) — 0, with R; > 3max{d (yi,pi) ,d (yi,pﬂ)},
and the sequence doesn’t collapse, the excess estimates on M; with r = 1 carry over
to the limit space X. More precisely, the sum of the Busemann functions b +b~ in
X is simply the limit of the excess functions epy pi - The excess estimates for these
functions carry over to the limit space. However, we know that for each point yg
on the line the sum (b* + b7) (yo) is zero. As both L; — oo and R?kg, (p, R;) — 0,
it must therefore follow that b + b~ is zero in a tubular neighborhood of size 1/2
around £. This in turn makes it extremely plausible that X must split along the
line ¢. However, some more work is needed in order to show this. Having shown the
splitting on the size 1/2 neighborhood of the line, we then obtain a global splitting
by continuing the argument for nearby lines using the same argument just described.
In order to pass to the limit it is of course necessary to have that Rf/%gi (p, R;) is
somewhat smaller than L; ! This can be achieved artificially by simply decreasing
each of the L; while still making sure that they go to infinity.

The most important case where this is used is in the situation where we have a
sequence of metrics (M;, g;) where ky, (p,1) < € is small. If we rescale these metrics
by letting g; = r; 24;, where r; — 0o, then we obtain a sequence of metrics with
rfl}gi (p,7i) < e. Now let R; < r;; then our curvature inequality from Section 2.3
tells us that

_ R 2p—n
R (1) < Cnp) () e
1
Therefore, if, e.g., R; = /7;, then R?kg, (p, R;) — 0 and R; — oo. We are therefore
in a situation where the above discussion applies.

In fact it follows from the proof of the excess estimate that it suffices to assume
that rflégi (p,7;) < ¢ as long as r; — oo. Thus it is not necessary to worry about
choosing R;. It turns out that the condition r; — oo together with T?]_fgi (p,ri) <e
still gives us the desired excess estimate.

This is particularly useful in case we have pointed Gromov-Hausdorff convergence
(M, gi,zi) — (X, d, z) with the additional information that kg, (p, 1) is small. The
local structure of X is governed by its infinitesimal structure, which in turn can be
studied using rescaled sequences (Mi, T 24:. pi) . For such sequences we evidently
have that R?I::T;2 i (p, R;) goes to zero for appropriately chosen R;. Thus, whatever
techniques are developed for such sequences can be applied to study the infinitesimal
structure of the limit space.
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4.3. Proof of the Excess Estimate. We now give the proof of the above stated
excess estimate.
We can assume without loss of generality that r = 1. Define

u(z) =eqq, ().

Then u (x) satisfies:

1) u >0,

2) u(yo) <e,

3) w is a Lipschitz function with Lipschitz constant 2, and

Y Au<2(n=1)/(L=1)+ ¢y +1_.

Here v+ is defined as the positive difference between the Laplacian of the distance
function d (-, g+ ) and the comparison Laplacian in Euclidean space (n — 1) /d (-, g+ ) .
In other words, for the distance function d (-, ¢+ ) we have

Ad('7qi) S (n - 1) /d(7qi) + wi-

Since u is the sum of two distance functions which are both larger than L —1 on the
ball B (yo,1/2), we obtain the desired Laplacian estimate. Note that, in addition,
if d(y,y0) < 1/2, then each ¥4 can be estimated by

/ P3P dvol
B(y,1)

<

/ PP dvol
B(q+,R/3+1/2+1)

< Ci(n,p) / pPdvol
B(q+,R/3+1/2+1)

< Ci(n,p)-volB(qu,R/3+1/2+ 1) (k(p,R/3+1/2+1))"

< C2(n,p)-volB(qs, R/3+1/2+1) - (W) - (k(p, R))"

< Cs(n,p)-volB (¢, R/34+1/2+1)- R™?P . &P,

here we have used the estimate of Lemma 2.2 in [15] in the second inequality and
the curvature inequality of Section 2.3 in the fourth inequality. Thus we get

1
volB (g1, R/3+1/2 4 1>) TR

Wil pon < Ci(np)- (

volB (yv 1)
volB (y, R) % “1.g3
< \wBn)
< Ci(n.p) <volB (v, 1) > v

< C5(n,p)-Rﬁ-R_1-5%
= C5(n,p)-R;771-5%.
If G: R — R, then
AGod=G"od+ rd-G od.
In the case where G’ < 0 we therefore have
AGod = G'od+Ad-God
> God+ "l Godyw-¢od,
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where ¢ = (A d — 271),. We can define the function G on [0,1] as
(n—1)
G(r) = / / ( ) dsdt
_ on—1 2r2 " (n—2)r?
- L—1 n (n -2)
This function clearly has the properties
G > 0 on (0,1),
G < 0 on (0,1),
G(1) = 0,
—1 2(n-1)
G/I n . G/
+ r L—-1

Consequently we obtain

AGo d>u+w G o

I —
Thus the function v = G o d — u satisfies
(4.1) Av>-God—1y —_.

Now fix y € B (yo, 1/2), consider a domain of the type Q = B(y,1) — B (y, ¢), and
let d be the distance function to y. If yo € €, then we have that d(yo) < 1/2, so,
as long as n > 2, we have

v(yo) = God(yo)—u(yo)
> G(1/2)—¢
o on—12"'—pn4(n—-2)1/4
T L-1 n(n—2) Bl
> 0,

provided € is chosen sufficiently small. This is the place where € gets to depend on
L. Applying Theorem 1.1 (maximum principle) to (4.1), we can then conclude that

0 < SgpvésaungrK-I\w-G’od—m—w—llzp,my,l)

IN

S(’;g:)v +K- <||w|2p7B(y,1) ’ ?uﬁ |G/| + ||,¢)+ + 1/’”2;;,3(@,,1))

IN

supv—l—K2 R%1.e3. (sup|G'| +2> .
[e,1]

Here we used estimate (4.1) for 14, Lemma 2.2 in [15] for ¢, and K5 depends only
on n, p and the smallness of . All L? norms are taken on the domain Q. In other
words,

—suvaKg-R%ﬂ-e%- sup |[G'| +2 | .
o0 [e,1]
Now we have

supv < G(¢)— inf wu
8(? <G 9B(y,c)
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since G — u is non-positive on 9B (y, 1) . In addition we always have

<2 inf
u(y) < 2c+ o

since dilu < 2. Therefore, we obtain

U < 2c¢+ inf wu
(y) < S

2¢+ G (¢) —supw
o9

N

IN

2+ G(c)+e? R 1K, <sup|G'| + 2) :
[e,1]

If on the other hand yg € B (y, ¢), then we certainly have

u(y) < 2

since we assumed that v has dilu < 2.
It then remains to compute the two quantities G (c), supy.;|G’| and select ¢
appropriately in such a way that the desired conclusion will hold. First we have

2n—1) [ tre\"!
G = -~ -/ - dsdt
(c) L-1 /C/C S 5
2(n—1) (1\"™
- L—-1 c
and
2(n—1) AN
sup |G'(r)] = ———— sup / - ds
re[c,1]| ()| L-1 rele,1] [Jr <S)
_ 2(n-1) 1”*1.
- L—-1 c
Now let(::L_%;then we get
2(’11—1) n—1

1 n 2 - 1 n—
u(y)§2L_%+ L™= +€§-R2P_1~K2~<MLTI+2>.

L-1 L-1

Note that this expression goes to zero as L — oo and € — 0. Therefore, it is possible
to make u (y) smaller than any prescribed 7, given that € is sufficiently small and
L sufficiently large. This finishes the proof. O

Note that we could also make u small while keeping e fixed if instead we let
R — oo. Letting R — oo and keeping ¢ fixed of course still forces the amount of
Ricci curvature which lies below zero to converge to zero in the integral sense, so it
is not as if we are getting a free lunch out of this. However, as pointed out above,
it is convenient when rescaling not to have to worry about getting new curvature
estimate on smaller scales.

5. VOLUME CONVERGENCE

We shall now use the gradient estimate to generalize some of Colding’s work in
[8], which is in the noncollapsing situation. Our proofs are along the same lines.
Namely, as soon as one has relative volume comparison and a gradient estimate,
then most of his results follow almost immediately.
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5.1. Hessian Estimates. We present here some of the key inequalities. As usual
we assume that R%k (p,R) < ¢ is small. The results can easily be done in the
context where one has smallness for the amount of curvature that lies below a fixed
number, but for simplicity we only cover the case where Rk (p, R) is small.

Lemma 5.1. Let Q C M be a domain with boundary 0) in a complete Riemannian
manifold. If d (x,y) = d (z) denotes the distance to y ¢ Q and f : (0,00) — (0, 00)
is a nondecreasing function, then

I8 0l < 2 (47 () + o5 -4 (@)
volofy max f (d (z))

volQ)  zean

@),

where m = Ad, and ( )4 means taking the positive part.

+2. ‘max ' (d (2))

Proof. For a function f on § we write

Ifl = f+ 1o
fv = max{f0},
f_* = max{—f,O}.

With this notation we have

/Qlf\é/ﬂf‘+2/ﬂf+-

Using this on f = A (f o d), we get, after applying Stokes’ theorem,
[1acedl < |[agea)+2 [ @),
Q Q Q

Volaﬂ';rel%éf'(d(x))+2/Q(A(fod))+.

IA

Next we observe that

N n_1. "o
/Q(A(fod))+ < /Q<f d+——"f d>+
Od_n—_l> . /od

AR

n—1

VOIQ'mS%lX<f”Od+ y ~f’od>+

+maxf’od-/ (m—n_1>
Q Q d ).

VOlQ-m&x(f”od—i—n—_l-f'od)
Q d n

‘( n—l)
m —
d + 2p,Q

This gives the desired estimate. O

IN

IN

—|—mQaXf’od-V01(2-
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The crucial Hessian estimates are contained in the next two lemmas.

Lemma 5.2. For z,y € M with d(z,y) > 2R, let b* = d(y,-) — d(z,y) . Define
b to be the harmonic function such that b = b+ on OB (x, R). Then we have the
estimate

/ |Hess (b)|?
B(z,R/4)

< sup |Vb]°-volB(z,R)- { max <—f” t)—r (t) L— 1>

B(z,R/2) 0<t<R

(m-"7)
m—
d *ll2p,B(2,R)

Here f : (0,00) — (0,00) is a bump function with f = 1 on (0,R/4), f =0
n (R,00), f' € [-2R71,0], and |f"] < 16R™2 everywhere. Recallt at p =
|min{0, r(z)}|, where r(x) is the smallest eigenvalue of the Ricci tensor.

]
R

Proof. Bochner’s formula for the harmonic function b gives
1
|Hessb|* = A |Vb]* — Ric (Vb, Vb)

If we denote d = d (+,y), then we have

/ [Hessb|® < / [Hessb|” - fod
B(z,R/4) B(z,R/2)
1
/ (—A|Vb|2—Ric (Vb, Vb)> “fod
B(z,R/2) \2
[ SIvatedt [ pevbEfod
B(x,R/2) 2 B(x,R/2)

1
sup |Vb|2-</ s laced)+ [ p>.
B(z,R/2) B(z,R) B(z,R)

We can now apply the first lemma to the expression fB(x R) % |A(f od)] to get the
desired inequality. [l

IN

IN

Lemma 5.3. Let b* and b be as above. There is a constant C (n,p) such that
/ [Hessb|®> < C - volB (z, R/4) - R™2
B(x,R/4)

Proof. From the above lemma we first observe that our gradient estimate gives us

sup |Vb° < R7%2.Cy- sup ‘b+|2
B(z,R/2) B(z,R)

< (O
The volume term can simply be estimated using relative volume comparison:
volB (z,R) < Cs - volB (z, R/4)

We also clearly have

w7 0= 0)

0<t<R

n—1

) < 16R2.
+
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Estimating as in (4.1) gives

(20,

Finally, Holder’s inequality yields

[

S C4R_1E .
2p,B(z,R)

||p||1B(3«;7R) S Hp||p7B(x,R) é R72€.
Applying all of these inequalities together to Lemma 5.2 yields

/ [Hess (b)|?
B(z,R/4)

< sup |Vb|*-volB(z,R)- { max (-f” t)—f () - - 1)
"

B(z,R/2) 0<t<R t

(m-27)
d +ll2p, B(x,R)

E
< Cy - Cy - volB (z, R/4) - {16R L C4R™2% + R™ g}
< Cs-R72-volB (x,R/4)

+ el Bea,r)

O

Another estimate which is needed to make Colding’s methods go through is
simply that one needs to have a bound for the first eigenvalue as described in the
section on Sobolev constants.

5.2. Volume Convergence. Given the above Hessian estimate and the relative
volume comparison estimate, the volume convergence and curvature/volume pinch-
ing results now follow immediately without any further work. The diffeomorphism
results from [5, Appendix A] which are used to get the diffeomorphism stability
results also carry over without trouble, as they only depend on the volume conver-
gence results of Colding.

6. THE SPLITTING THEOREM

In order to generalize the work from [5, Section 5 and 6], we need to establish
the refined Hessian estimate [4, Prop. 6.60]. This can be proved along the same
lines, using the tools we worked out in the previous sections, namely, the maximum
principle, the excess estimate and the gradient estimate, and the mean curvature
comparison estimate in our earlier work [15].

We will work under the setup of the excess estimate (in Section 4) with r = 1.
Namely, for any yo,q—,q+ € M™, p>n/2,v > 0and R > 1, we will work on a ball
B(yo, R) and assume

max {d (yO; qu) ) d (yov qf)} < R/Sa
min {d (yoqur) ,d(yo,q,)} > La
— 59+ (yO)

R2E(p7 R) <e,
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vol B(yo, R) > vR".
Let
ba(z) = d(z,q+) — d(yo, q+)

and b the harmonic function on B(yp, 1) such that b|0B (yo,1) = b4|9B (yo, 1).

Denote by ®(uq,- - ,ug|-,---) a nonnegative function depending on the num-
bers ui,--- ,ux, and some additional parameters, such that when these additional
parameters are fixed, we have

lim  ®(up, -, ugl,---)=0.

gy g —0
We will first establish
Lemma 6.1.

|b—by| < O(L7 |n,p) + C(n,p,v)R% 2.

z,q4)

Proof. Let 14+ be the positive part of (Abi — d(”;l> Then Aby < ®(L71|n) +
14, and we have

Ab—=by) > =P — .
By the maximum principle (Theorem 1.1),

b—by < max (b—>by)+ K(n,p,v)|[|®+Vill2p By,
9B(yo,1)

< (L7 n) + K(n,p, )|V ||2p, Byo,1)-
Note that, by (4.1),
||¢+||2p,3<y0,1> < C(n,p,v)Rﬁ*lgi.

This proves one side of our inequality. To prove the other side of the inequality,
consider the harmonic function 8 on B(yg, 1) such that 8|0B (yo, 1) = b_|0B (yo, 1).
Similarly we can show that

(6.1) B—b_ < ®(L " n,p) + C(n,p,v)R% 'c2.
Nowb—by =b+8—(8—-0b_)— (b— +b1), and
by +b- = e(x) —e(yo).

Using the excess estimate for e(z) in Theorem 4.2 and the maximum principle gives
the desired bounds for |b+ (| and |b— + b4|. These combined with (6.1) gives the
other side of our inequality. O

Next we give an Ly estimate for the Laplacian of b,.

Lemma 6.2.
1Ab 41y o1y < PLT ) + e(n) + C(n, p,v)R% e,

Proof. By applying Lemma 5.1 in the previous section to the ball B(yo, 1) with the
functions f(x) = = and d(z) = d(x, ¢4+ ), we have

vol(9B(yo,1))

1
||Ab+H17B(yo,1) < (I)(L |n) + VOI(B(y(), 1)) +2 Hw'i‘HZp,B(yo,l) :
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From the proof of Lemma 2.1 in [15], one can easily derive that

vol(0B(yo, 1))

<
VOI(B(y(), 1)) = C(n) +n HwH2p7B(yo,1) )

where ¢ = (Ad(yo, x) — d(’;—g}x))_ir. Now the lemma follows by using the estimates
for ¢4 and . O

Lemmas 6.1 and 6.2, combined with Stokes’ theorem give

Lemma 6.3.
1

—_— V(b—0by)? < (L n,p —|—cn,p,vR%_1€%.
mw@mnéwwﬂ( D2 < B n,p) + el p,v)

To show the Hessian estimate, we need to construct a cut-off function with
uniform bounds on its gradient and Laplacian.

Theorem 6.4. Given any v > 0,p > n/2,v > 0, there exist c(n,p,r,v), &(n,p,v)
such that if (2r)*k(p,2r) < e, y € M™ and vol B(y, 2r) > v(2r™), then there erists
¢: M™—0,1] such that ¢|B(y,%r) =1, supp¢ C B(y,r), and

|V¢| S C(n7p’ T? v)’

|A¢| S C(n’p7 r? v)'

Proof. Let § = §(n,r) > 0 be such that there exists G : (0,00) — (0,00) (singular
at t = 0) such that

G < 0 on (0,7),

GGr) = 1
G(T) = 07

G”+HT_1-G’ = s

Essentially, G is the same function that appeared in the proof of Theorem 4.2.
If we set t(z) = d(x,y), then
AG(t) > 6+ by G (1),

where ¢, = (At(x) — d"(x—jl)>+ and

”wy”%,B(y,r) < c(n,p)(l%(p, r))2 < C(nvp)rilgi-

Let the function, k: B(y,r) \ B(y, 1 R) — R, satisfy

k = 1 ondB (y, %r) ,
k 0 ondB(y,r),
Ak = 6.

By applying the maximum principle to G — k, we get
k> G(t) = r°K(n,p,v) Yy G (t)ll2p,B(y.r)
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Let K : (0,00) — (0, 00) satisfy

K > 0,
K(©0) = o0,
L R

4
Put s(z) = d(x, z), where z € B(y, R). Then

AK(s) < 1+ K'(s),
and so

Ak —6K(s)) > —0¢,.K'(s),
where ¢, = (As(z) - d?;i)>+ and

_ 1
||w$||2p,B(y,r) S C(n,p)?“ 152 .

By applying the maximum principle to k — 6K (s) on B(y,r) \ B(y, 47), we get

1
k(z) <1-—6K (t(x) - 57«) + 128K (n,p, 0) [0 K' () |l 2p. By.r)-

Choose n = n(n,r) such that

()03

Let ¢ : [0,1] — [0, 1] satisfy

o = 1 on[G(1r),1],

¢ = 0 on [O,l—éK((%—in) r)]
Then ¢ = ¢ o K satisfies

¢ = lonB(y,(3+ 7)) — By, 37),

(b = Oon (y,r) - B(y7( - g)r)v

if
2K (n,p)[$yG' (1) |20, Bs.1) G((5+ ) = G((5+ D),
r2K (n, )1 K'(5)ll2p, By,r) K((z —r) —K((z = )

By the estimates for 1, 1, and the construction of the functions G, K these are
satisfied when ¢ is sufficiently small.

<
<

Note that
Vo = ¢'VK,
Ao = Q"|VE]? + 6.
Thus supp V¢, supp A¢ C W\B(y, (2+2)r). By our gradient estimate
(adjusted to the annulus), the theorem follows. O

Now we are ready to prove the crucial Hessian estimate.

Proposition 6.5.

1 / 2 -1 21
_ |[Hessp|* < ®(L™"|n, p) + c(n,p,v)R2% ~ e2.
vol(B(y;1/4)) Jp(y,1/4)

=
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Proof. Since b is harmonic, Bochner’s formula gives

%A|Vb|2 |Hessp|? + Ric(Vb, Vb)

Y

|Hessy|? — p|Vb|>.

Let ¢ : B(y,1/2) — [0,1] be the function constructed above in Theorem 6.4.
Multiply the left side of the inequality by ¢ and integrate. We get

1 1
/ SEAIVH2 = / L no(va2 - 1).
B(y,1/2) 2 B(y,1/2) 2

Now

[ awmEens [ e+,
B(y,1/2) B(y,1/2)

Using Lemma 6.3 and Theorem 6.4, we then have

1
/ G=A|Vb|> < B(L'|n,p) + ¢(n, p, v)R3 ez,
B(y1/2) 2

By our gradient estimate

sup |Vb| < ¢(n,p,v).
B(y.1/2)

Combining the above gives the Hessian estimate. [l
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