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Abstract. We shall show that for manifolds with Ric > n — 1 the radius
is close to m iff the (n + 1)st eigenvalue is close to n. This extends results
of Cheng and Croke which show that the diameter is close to m iff the first
eigenvalue is close to n. We shall also give a new proof of an important
theorem of Colding to the effect that if the radius is close to 7, then the
volume is close to that of the sphere and the manifold is Gromov-Hausdorff
close to the sphere. From work of Cheeger and Colding these conditions
imply that the manifold is diffeomorphic to a sphere.

1. Introduction

In order to better understand the results presented here we first cover a little
bit of history about eigenvalues in positive Ricci curvature. Throughout the
entire paper let us assume that M is a closed n-dimensional Riemannian
manifold with Ricci curvature Ric > n—1. The first result for such manifolds
is due to Myers. In 1941 he showed that such manifolds have diameter
diamM < m, the diameter of the unit sphere S”. In 1958 Lichnerowicz
showed, using the Bochner formula, that the first eigenvalue A, (M) > n
(see [15] and also [4] for a different proof). Note that # is the first eigenvalue
on the unit sphere and that it has multiplicity n 4 1 since any linear function
on the ambient Euclidean space evidently yields an eigenfunction with
eigenvalue n on the unit sphere. Obata, in 1962, showed that A; (M) can
only be n if M is the unit sphere (see [16]). Jumping ahead to 1975 we get to
aresult of S.Y. Cheng which qualitatively says that if diamM is close to m,
then A, (M) is close to n (see [7]). From this he concluded, in particular,
that if diamM = s, then A (M) = n, and thus Obata’s result shows that M
is the unit sphere. Then in 1982 Croke showed a converse to Cheng’s result,
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namely, that if A, (M) is close to n, then diamM is close to & (see [11] and
also [3] for a sharper result).

Given that the multiplicity of A; is n 4 1 for the unit sphere, it is natural
to suppose that A, is close to n iff in some sense M spreads out in the
same way the sphere does. Volume is a natural way in which to measure the
way in which the sphere spreads out. Another is radius, rad M, which is the
radius of the smallest closed metric ball covering the whole space. In the
two papers [8] and [9], Colding, generalizing work of Otsu, Shiohama, and
Yamaguchi (see [17] and [21]), showed that the following three conditions
are equivalent:

1) volM is close to vol (S"),
2) radM is close to m,
3) M is Gromov-Hausdorff close to S”.

Furthermore, these conditions imply by a theorem of Cheeger-Colding
(see [6]) that M is diffeomorphic to §". Note that condition 3 trivially
implies 2 and that 2 follows from 1 using absolute volume comparison. The
other implications, however, are highly nontrivial. In any case, we have three
natural and equivalent ways in which to measure how a manifold spreads
out like a sphere. The main object of this paper is to show an extension
the results of Croke and Cheng, and also add to the above list of equivalent
conditions a fourth.

Theorem 1.1. If M is a complete Riemannian n-manifold with RicM >
n — 1, then radM is close to 7 if and only if 1,1 (M) is close to n.

In [9, Remark 4.21] Colding points out that his work can be used to
generalize Croke’s result. Although it is unclear what generalization is
meant, Colding had something like the above theorem in mind. Our proof,
however, does not depend on any of the Hessian estimates or new integral
Toponogov-like theorems Colding developed. Rather we are actually able to
use the techniques developed here to prove the above mentioned results of
Colding. It is perhaps also interesting to point out that the Abresch-Gromoll
maximum principle is used in an essential way in this paper, moreover,
possibly for the first time on functions which are not related to excess
functions (see [1]).

Using the results from [5] together with what we have developed here it
is not hard to see that A is close to n iff the space is Gromov-Hausdorff close
to a k-fold sine suspension over some metric space. In fact our work shows
that A is close to n iff M contains a subset which is Gromov-Hausdorff
close to S¥~!, the warped product rigidity then follows from [5].

The techniques developed here can with some extra work also be adapted
to the situations discussed in [10]. Thus we can establish the volume conver-
gence result (see [10, Theorem 0.1]) and the almost maximal volume result
(see [10, Theorem 0.8]) of Colding without the use of his integral integral
Toponogov-like theorems. The proofs will appear in a different paper.
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We should also point out that the above theorem generalizes to the
situation where the amount of curvature which lies below n — 1 is small
in L?. Thatis, k (p, n — 1) is small (see [20]).

The structure of the paper is as follows. We start in section 2 by explain-
ing our conventions and proving the theorems of Lichnerowicz and Obata.
These results are very easy to prove and form the motivation for our later
analysis. In section 3 we explain some basic estimates for eigenfunctions
with close to minimal eigenvalue. We then go on in section 4 to prove how
large radius implies that A, is close to n. Section 5 is devoted to showing
the opposite direction. In section 6 we show how having small A, means
that the manifold is Gromov-Hausdorff close to the sphere and has almost
maximal volume. In the last section we have collected some basic analytical
facts which are important for our proofs. The reader is referred to [18] for
basic material not explained here.

Acknowledgements. 1wouldlike to thank T. Colding and C. Sprouse for their encouragement
and interest in this paper.

2. Some background material

2.1. Some notation. Throughout we shall adopt the notation that
T (¢ln, p, h, ...) is a nonnegative function which depends on ¢, n, p, h, ...
and which converges to zero as ¢ — 0. These functions 7 will always
be explicit, but it eases the exposition to disregard the explicit nature of
these functions. The convenience of this notation is that even though t
might change from line to line in a calculation it still maintains these basic
features.

Another important convention is that L” norms are always normal-

ized, i.e.,
1 1/p
= | —— p .
TR (VolM/Mm)

From Holders inequality it then follows that for p < g we have
1A, < 1f Nl Also limp oo [ fIl, = 1 f lloo -

2.2. Some linear algebra. If we have a linear map L : V — W between
Euclidean spaces, then it has two natural norms. First, the Euclidean norm

IL| = /tr(L*o L).

If we select orthonormal bases for V and W and write L as a matrix (ll-j) ,

then this is simply
PENY
i,J
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Second, the operator norm

LIl = mlglL W] = mleg\/(L* oL (v),v).

v v
If we assume that dim V = n, then these two norms are related as follows
2 2 2
ILI < [LI" <n|L|".

Using that L*o L : V — V is self-adjoint and positive semidefinite we can
find eigenvalues u? < ... < u2. In terms of these eigenvalues the above

norms are
Ll =\ ui+ -+,
LI = pn-
From this we get the following very useful observation. Suppose
n—8<|LP<n|L|><n+3,
then
det(L* o L) — 1] < 7 (8|n).
Another linear algebra fact about the Euclidean norm we shall use is that
if L : V — V and V has dimension 7, then

2

1 , | 2
O0<|L——-trL-1I| =|L|"——|trL|".
n n

2.3. The spectrum of a manifold. For a function f on our closed Rieman-
nian n-manifold M, we have the gradient V f, the Hessian V2 f, which we
think of as a symmetric (1, 1)-tensor, and the trace tr (V2 ) = A f, which
is the Laplacian of f. The identity (1, 1)-tensor is denoted /.

There is a divergent sequence of eigenvalues 0 = Ay < A} < Ay < ...,
counted with multiplicities, for the Laplacian. We can select corresponding
eigenfunctions f;, i.e., Af; = —A;f;. These form an orthogonal basis
for L? (M) . We normalize these functions so that

1 5 1 1
= ——— [ actuall = .
VolM/Mf’ n+1 < vally fo «/n+1>

Since they form an orthogonal basis for L? (M) they satisfy

1
':07 .>17
VolM,/,;fl '=
1

- Fo=0, %]

volM,/;,,f’fJ i#
[ evhv5) =0 P2
M

1 5 Y
IV fil” = -
volM [y n—+1

1
volM
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Note that if we take the Fourier expansion of a function f

f: Zaifiv

n+1
i_volM/f fis

then

1 2 1 2
VOIM/M|f| _n+lzai'

So if

1 5 1
lfI7~ —,
volM [y n+1

Zaf ~ 1.

2.4. The unit sphere. On the unit sphere $" C R"*! the eigenfunctions
look particularly nice. Namely, they are simply the restriction of harmonic
homogeneous polynomials on R"*!, In particular, we have that A; = n and
that it has multiplicity n + 1 as all linear functions on R"*! restricted to S”
become eigenfunctions with eigenvalue n. If we select f; : " — R as the
ith coordinate function, then we have that they conform to our conventions
for eigenfunctions listed above.

then it must follow that

Afi=—-nfi

1 ) 1
fi= ;
volS™ Jgn n+1

1
£ =0
volS” /S" ffj

What is more, they are naturally associated with distance functions on the
sphere. If xg = (xJ, ..., xg7') € " and d (x) = d (x, x) is the spherical
distance between x and Xo, then we have

cosd (x) =x-x9 = Zxéf,- ),

Acosd = —ncosd,

P = ——,
VOlS" s |COS | n—+ 1

1
/ cosd =0,
VO]S” sn

and the xés are the Fourier coefficients for cos d.
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In particular, we see that there are two ways in which to express the
identity map on S”. First, simply by evaluation of the eigenfunctions

D (x0) = (f1 (%0)s oees fa1 (x0)) -

Second, by computing the Fourier coefficients of cos d

1 1
W (xg) = <n + ficosd, ..., nt / Jnt1 cosd) .
Sn

volS” sn volS”

2.5. The results of Lichnerowicz and Obata. We shall now assume that
RicM > n — 1. It will be instructive to see how the Lichnerowicz/Obata
theorems work. The Bochner formula applied to V f; says

1 2 .
A3 VAP = VA = M VAP +Ric (V£ V)
1 2 2
> - [Afil"+(m—1—=x)|Vfi

)\’2
= ;1 lfilF+ 0 —1—=x)Vfil*.

If we integrate this over M we get

0> — (ﬁ|f1|2+<n—1—xl>|Vfl|2)
~ volM n
=’\—% 1 +(n—1—/\1)L.
nn+1 n+1

Thus

1
(1 — —)»1) A <0.
n

Since A; > 0 this must mean that A; > n. In case equality occurs all of the
above inequalities must be equalities. In particular, we have equality in

2
0<

1 2 1
V2 fi - A = V2 A1 —;IAfllz.

Thus
Vfi+ fi-1=0.

From this it follows that f]2 +|V fi |2 is constant. Due to our normalizations,
however, the normalized integral of this is 1, hence

I+ VAR =1

This means that cos™' f; is well-defined and has |V cos™" fi| = 1 away
from the points where f; = £1. Thus cos™! fj is a distance function to the
point where f; = 1. Moreover, the equation V2 f; + f; - I = 0 tells us that
the Hessian of this distance function is precisely the same as it would be on
the unit sphere. Hence M is the unit sphere.
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3. Basic eigenfunction estimates

In Sections 3, 4, 5, and 6 we fix a closed Riemannian manifold (M, g)
with Ric > (n — 1) . Fix some ¢ > 0 and assume that fori = 1, ..., k we
have n < A; < n 4 ¢. We shall prove a couple of lemmas here about the
eigenfunctions corresponding to these eigenvalues.

Lemma 3.1. Fori =1, ...,k and any p > 1 we have

FFHIVAP <1+1(en),

|77 +1VAEP 1], <7 (eln, ).
Proof. First observe that
AfP =20 fF+2|Vfil?
and
AV AP =2 V3£ = 20 IV £ 4 2Ric (V £, V f7)
Thus
A(f2+IVAP) =2|V2 £ = 20 IV AP + 2Ric (V £, V )
20 f + 21V fil?

A2
=2\l -2 2)

+2 (Ric (V £, Vfi) — (1 = DIV i)

Moo —m £

n

—2 (i —n) |VAF+2

2
=2(|V2f,-|2— (Af) )

n

+2(Ric (V£i, V) = (n = DIV £i?)

)V
-2 —n) VAP + 2;’ (hi —n) f7
2

A
=2 szi‘i‘;fi

L2 (Ric (V£ V1) — (n— 1) VAP
205 = m VAP 427 0= ) £

Note that the two first terms are nonnegative and that the last two will — 0
provided f; and V f; are bounded. That V f; is bounded follows from the
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gradient estimate (see Theorem 7.3). Then f; is also bounded since we fixed
its average. Thus

A(fF+IVEP) = =t (eln).

The generalized maximum principle (see Theorem 7.1) then tells us that

1
2 2 2 2
) Vi < ; V,‘
fi IV fil _VoleM(f, + IV fil?) + 7 (eln)
! + A + 7 (¢ln)
= T(EN
n+1 n+1
=14+71(eln).

Since f? + |V fi|* is bounded above by a number which is close to its
average it follows that

| £2+1VAP = 1], = T elm).

Since | fi2 + |V f£i]* - 1| is bounded by 1 for small ¢ it follows that

<=

2 41952 = 1], < |12+ 1952 =1 (12 41V A2 =1l

<2+ VR —1],)
=71 (¢gln, p).
O

Note that examples of Anderson show that the L” bound cannot be
made into an L* bound as the gradient of f; might be zero near the place
where the function itself is zero. The way in which this could happen is
if one has some nontrivial topology near the zero set for f; and examples
from [2] show that could happen. In case one has the stronger condition
sec > 1, however, the results of [17] indicate that one should be able to get
an L* bound. Still, something like a smoothed version of ) S/, a sine
suspension over a sphere of curvature k > 1, might give counter examples
to that as well.

We now generalize the above estimate for eigenfunctions to certain linear
combinations of these eigenfunctions.

Lemma3.2. Letp = Y s, o; fi with |y a? — 1| < t (eln) , then

&+ Vo2 <141 (eln),
[6* + Vol =1, < 7 (eln. p).
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Proof. First we have

volM
1 s 1 o
volM M¢ _n+1‘_ vole fili= ‘
= |2 o n+1‘
— o
N n—l—lZ n—i—l‘
=t (eln),

1 n oo n
Vo> — = an Vi, Vfi)— ——
VOIM/M| 4 n—i—l‘ ZVOIM Mg( S fj) n—i—l‘

2
o; n
=) flVfiF——
volM [y, n+1

N ‘n+1 n+1

= t(eln),
and finally
Ap =) wAf;
=—np— Y a;(hi—n) f;
> —n¢ — 1 (gn).
Moreover

A(¢* +Vo*) =20A¢ +2|Vo|* +2 \v2q>|2 +2g (Vo, VA®)
+2Ric (Vé, V)

=2 (IV2¢|2 . <A¢>>2)
n
+2 (Ric (V, V) — (n — 1) |[Vo|*) — T (¢]n)

> —1(gln).

Thus we have again by the generalized maximum principle (see The-
orem 7.1)

¢+ Vo> < 141 (eln).
And also that
|¢* + 1Vl = 1], < = (eln, p).
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Now define ®; : M — R by ®; (x) = (f; (x), ..., fi (x)). The differ-
ential of this map is denoted d®; : TM — R*. Note that it is the standard
differential, not the derivative D®; : TM — TRX. This map satisfies

Lemma 3.3.
| Dk < 1+ 7 (gln)
dPill < 1+ 7 (eln)

Proof. We just showed that for all choices of «; with |Z al.z — 1‘ < 1 (¢gln)
we must have

5= ‘Zaif,-(x)‘z <1+7(eln).

For a fixed xo € M, where 0 < | Py (xo)l2 => fl.2 (xp) , we can therefore
use

__ Jix)

B V2 fE (x0)

D (x0)* =D f7 (x0) < 147 (eln) .

For the second inequality first note that, if |v| = 1 and |Z ,Biz — 1‘ < 1 (eln)
then have from 3.2 that

> Bdf | =Y Aig (Vi)
l(Savi)
< ‘Zﬂivfi

<l1l+7t(egn).
Thus, if Y |df; (v)|* > 0, we can use
dfi (v)

V2 ldfi P

D ldfi P < 147 (eln).

to see that

pi =

to conclude that

This implies that
[dPill < 1+ 7 (gln).
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4. Large radius

In this section we shall show that “long” distance functions are C° close to
the part of its Fourier expansion Zf: , @; fi where only the eigenfunctions
corresponding to eigenvalues close to n occur. This gives the following
extension of Cheng’s estimate for the first eigenvalue in positive Ricci
curvature.

Theorem 4.1. For every ¢ > 0 there is a § = (g, n) such that any
Riemannian n-manifold with RicM > n — 1 and radM > w — § satis-
fies hny1r (M) < n +e.

Fix ¢ > 0 as in the previous section and let i = 1, ..., k be the indices
corresponding to eigenvalues in the interval [n, n + €] . In [8, Lemma 1.10]
Colding establishes that long distance functions are L? close to the appro-
priate part of their Fourier expansions. This proof is straightforward and
uses only relative volume comparison together with Cheng’s theorem that
there are eigenvalues in the interval [n, n + ¢]. Specifically we have

Lemma 4.2. There is a § = §(e,n) > 0 such that any distance function
d (x) = d (x, xo) with maxd > 7w — § satisfies

1
volM

fcosd‘ <1t (en),

! /lcosdlz—L‘ <1 (¢ln),
volM n+1|~

k

cosd—Zaifi <t (en),
i=1 2

k
Zaf—l =t (¢ln),

i=1

where Y 2 @i f; is the Fourier expansion of cos d.

We can strengthen this lemma as follows (see also [5, Lemma 6.15] for
a similar result).

Lemma 4.3. With notation as in the above lemma we have

k
cosd — E o; fi
i=1

Proof. From the previous section (see Lemma 3.2) we know that f =
Zle «; f; is bounded in L* by 1 4 7 (¢|n). So, of course, is cos d. Thus

< 1 (gln).
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closeness between these two functions in L? implies closeness in L” for
any p > 2 as well. Specifically

lcosd — fll, < T (¢ln, p).
The Laplacian of the difference f — cos d satisfies
A(f —cosd)=Af— Acosd

k
< —Za,-k,-f,- + ncosd

i=1
k
= —n(f —cosd) —Zai()\i_n)fi
i=1

=¢+1(eln),

where ||¢[|, < T (¢|n, p) . Note that this inequality still holds in the barrier
sense at points where cos d is not differentiable. Now use the generalized
maximum principle (see Theorem 7.1) on cos d — f for some fixed p > n/2
to conclude that

f —cosd > (VoiMf(f—cosd))

—C(n, p) | lln(f —cosd)ll, +

k
Zai (A —n) f;
i=1 »
> —t(g|ln) — T (¢ln, p)
=—1(¢ln).

Using this estimate in the above inequality for the Laplacian then yields an
inequality of the form

A(f —cosd) <t (gln).

Since we also know that f — cosd attains values close to zero (from
m f (f —cosd) being small) and also that the gradient of f — cosd

is bounded by 2 + 7 (¢|n) , it follows from the Abresch-Gromoll maximum
principle (see Theorem 7.2) that

f —cosd <t (¢|n).
Thus showing that

| f —cosd| < t(gln).

With this lemma behind us we can now prove the above theorem.



Eigenvalue pinching 13

Proof of Theorem 4.1 and half of Theorem 1.1. Suppose that radM >
1 — § (&, n) so that the above lemma works for all distance functions. Then
consider the map

Wi (x0) = (g, eees Q)

which takes x( to the Fourier coefficients for cos d corresponding to i =
1, ..., k. From the above (see Lemma 4.2) we know that the image of this
map is close to the unit sphere in R¥. More precisely

[[Wel* — 1] < 7 (eln).

Moreover,

k
Wy (x0) — D (x0)* = D loti = f; (xo)

i=1

k k k
= Z il + Z | fi (xo) > — 2Zaifi (x0)
=1 i=1 i=1

<247 (eln) — 2f (x0)
<2+t (gln) —2cos0+ 7 (gn)
<t (gln).

Thus ®; maps not only almost into the unit ball as in Lemma 3.3 but close
to the unit sphere. In other words,

1> — 1| < T (eln).
This, however, implies that

k 1 d
0= — 2
n+1 VOlM/;fl

k 1 5
= - | D
n+1 volM

—1

> — 1 (¢ln).

n+1

Thus, in fact, k = n + 1, provided the radius of the manifold is close to 7.
In other words, we have the maximal number of eigenvalues close to n. O

5. Small eigenvalues

We shall now show that if we have n + 1 eigenvalues which are almost
minimal, then the radius is large. Precisely we claim
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Theorem 5.1. Let M be a closed Riemannian n-manifold with RicM >
n—1.1Ifx,s1 (M) <n-+eg, thentadM > 7w — 7 (¢|n) .

First we show that &, ; maps close to the unit sphere. Throughout we
assume ¢ > 0 is fixed and that A, (M) <n +e¢.

Lemma 5.2.
[ @1 = 1] < T (eln) .
Proof. First observe that

1 1 n+1
&, 7= —— 2=1.
volM /M | P volM /M ; i

Moreover, we know from Lemma 3.3 that

n+1

D> =) fF<1+1(eln).

i=1
Therefore, it follows that
[1®nril? =1, < T Celn, p).

Now compute the Laplacian of |®,,, |

n+l1 n+l

AY 2= (—2m R+ 21V AP
i=1 i=1
n+l1

=Y (20+ D) 2420 1) fF+2(F+IVAP)

i=1
n+1
=) Q-2+ D fF+2m =) f+2(FF + VAP - 1))

i=1

n+1
=2(n+1) (1—2]32)
i=1

n+1 n+1
+Y 2= a) P+ 2(f+IVAP=1).
i=1 i=1
Here each term is small in L? thus we must have from the generalized
maximum principle (see Theorem 7.1) used on both |®,, |> and — | Dyt 1 ?
that

n+1

2 f7 -1

i=1

<7 (eln).
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With this we can now prove the theorem.

Proof of Theorem 5.1 and the other half of Theorem 1.1.Using that

n+1

1= F

i=1

< 7 (eln)

we can for each fixed xo choose

a; = fi (xo),

then f = ) o, f; has almost maximal value at x. By decreasing these
coefficients slightly we can assume that | f ?+ |V f > < 1 and f (x0) >
1 — 7 (e|n). We now claim that f is close to cosd (x, xo) . First observe
that cos™! f is well-defined and has ‘Vcos*] f ‘ < 1. Moreover, 0 <

cos™! f (xo) < 7 (¢|n). Thus it follows that

cos™! f(x) < cos™! £ (xp) +d (x, x0)
<t (eln) +d(x,xp).

Inverting this yields
f (x) > cosd (x, x9) — T (gn).
It then follows as in Lemma 4.3 that
A (f —cosd) < 1 (gn)

The Abresch-Gromoll maximum principle (see Theorem 7.2) can then be
used as in the proof of Theorem 4.1 (here we use that f —cos d is small at x,
not that the average is small as we don’t know that this is true) to conclude
that

| f —cosd| < t(gln).

Given that [ f = 0 it must follow that | = [ cosd| < 7 (¢|n) . However,

relative volume comparison shows that this can only happen if, in fact,
d (-, xp) is close to m somewhere. Since xy was arbitrary this means that the
radius of the manifold is close to 7. |

6. Convergence

In this section we shall reprove Colding’s results from [8] and [9] with dif-
ferent techniques. We shall assume that our Riemannian manifold has radius
close to 7 and that A, is close to n. The idea is to construct a degree %1
map onto the unit sphere which is a Gromov-Hausdorff approximation.
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Using that we know |®,, ;| &~ 1 let us redefine this map so that it actually
goes into the unit sphere

_ (Dn+l (X)
|®py1 (0)]

Our first claim is that this map gives a Gromov-Hausdorff approximation to
a subset of the unit sphere.

d (x)

Lemma 6.1.

[P (x) - @ (x0) —cosd (x, x0)| < T (]n),
[[d® —d®yi || < T (eln),

Ild®[l < 1+ 7 (eln),

Proof. The first condition is obvious from the above since ®,.; (x) -
D, (x9) = Z?:ll fi (x) fi (xo) and |®D,1;] =~ 1. The second condition
comes about as follows. Since ) fi2 = 1 + 7 (eJn) we have from the
inequality (see Lemma 3.2)

> wif, (x)\2 + > vy, <x>\2 <141l

that

Y rwief +[Er@viof < teremn.
Thus

S VA < el
or in other words
D1 - Py |* < 7 (eln) .
The chain rule now tells us that
AP = |yt | APyt — a2 @y (Pt - dPa) -

So using |®,.1] = 1 we get the desired estimate for ||[d® — d®,.| . This
together with the fact that ||d®,,1]| < 1 + t (¢|n) (see Lemma 3.3) then
implies || d®|| < 1+ 7 (eln). |

It now remains to show that M has almost maximal volume and maps
onto the unit sphere. It suffices to show that the image of ® is all of the
sphere as we have already shown that ||d®|| < 1+t (¢|n) . In fact, we shall
show that ® has degree *1, this will certainly show that ® is onto.
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Lemma 6.2. ® : M — S" has degree £1.

Proof. For simplicity let us first assume that M is oriented. Then the degree
can be computed as

1
M

Thus, we need only show that Voﬁ [, detd® is within distance 2/3 of &1.
Observe that the Euclidean norm of d®,, | satisfies

n+1
YOIVAP = 1d®, i P < nld®ul® < n+1(eln).

However, we also have that

n+1 n+1 )\
VOIM/ Zl fll - n+1
n+1
= Z— + 17 (eln)
_n+r(£|n).

Thus it must follow that
l1d®u1* —n||, <7 (eln).
Now divide M into two complimentary parts
As={x e M: ||[d®, > —n| <5}

and its complement M — Ajs. For fixed § we shall assume that ¢ is so small
that all of the above quantities 7 (¢|n) < §. We can now estimate the volume
of Aj; as follows.

I1(M— A 1
u.5< / |1d D, 411> — |
—As

volM ~ volM
< [1d®, 2 =],
=1 (¢ln)
Hence
(M — A
M =T (8|ﬂ, 8) .
volM

Thus the set As has relatively large measure, moreover, on this set we have

n—38<d®,11* <nld®,lI* <n+z(eln).
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From this we conclude that
|det ((dPyr1)* (dPy11)) = 1| < T (8n) on A;.
Since we have
[d®yi1 —dPll < T (gln),
this implies that
||detd®|* — 1| < 7 (8|n) on Aj.

We can suppose that the orientation on M is chosen so that detd® > 0
on As. As we certainly have that |detd ®|? is bounded by 1+ t (¢ln) on M
it follows that

1
/detdcb -1
volM [y,

1
detd®d — 1 —_— detdd — 1
- VOlM As | | * VOl M—As | |
vol (M — Ay)
< detd®d — 1 —— 2+ (e
~ volM A5| I+ volM @+ Eln)

<t(8|n)+1(gln,d).
Thus by first fixing § sothat t (6|n) < 1/3 andthen e sothatt (¢|n, §) < 1/3

as well we must have
1
/ detd® | — 1| < 2/3.
volM Jy

But this implies that ® has degree 1.

In case M isn’t orientable, its orientation covering will obviously still
satisfy the radius and eigenvalue conditions. One can then proceed as above
to establish the result for the orientation cover and then show that this gives
a contradiction for the nonorientable manifold.

Another, more direct, method is to use the above proof to show that some
regular value has only one preimage. Since the map is a Gromov-Hausdorff
approximation points in the preimage are distance t (g|n) apart form each
other. Now suppose that As contains a metric ball B of size 7 (§|n) . Then
® restricted to B has an explicit upper bounds on the order 1 4 7 (§|n)
for both ||d®|| and “ (dd)! “ . The inverse function theorem then tells us
that the preimage of the center of B has only one point in the preimage
contained in a slightly smaller ball with the same center which is also still
of size t (§|n) . On the other hand, for small enough ¢ all preimage points
must be in this ball. Thus we have exhibited a regular point with just one
preimage point. This means, even in the nonorientable case, that the Z,
degree is 1 and hence the map is onto. It still remains to be seen that Aj
contains the desired metric ball. However, ||d®|| <1 —3J§on M — As. Thus
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S" — @ (M — Aj) must contain a metric ball of size 7 (§|n) . Using that &
is a Gromov-Hausdorff approximation then shows that A; contains a ball
of size 7 (§|n) as well (note that we are now using the assertion that ® has
image which is 7 (¢|n) dense in M). O

7. Some important inequalities

For the convenience of the reader and for purposes of generalizing our
results to the setting of integral curvature we list here some analytical facts
in a more general setting. Except for minor modifications these results are
not original to this article. Let M be a Riemannian n-manifold. Functions
on M satisfy a Sobolev inequality of the form

1
= VolefH% <CIv /L.

Gallot has shown that there is a uniform bound for C for manifolds with
Ric > (n — 1)k and diamM < D (see [13] and references therein). More
generally it was shown in [20] that there are unifom bounds for C provided

k (p, k) is small and diamM < D, here k (p, k) measures the amount of
Ricci curvature that lies below (n — 1) k. For the purposes of our applica-
tions a slightly weaker Sobolev constant actually suffices and Gallot in [12]
showed that that Sobolev constant can be bounded provided k (p, k) is small
and diamM < D.

The first maximum principle we need is a standard tool in PDE theory
and is established using Moser iteration (see e.g., [14, Chapter 8].)

Theorem 7.1. Let u be a function on M such that Au > — f, where f is
nonnegative, then

1
< 2. s . _ s
u(x) <C”-K(n,p) ||f||p+VO1M/Mu

where K is a constant that only depends on n and p > n/?2.

The other maximum principle we need is a slight generalization of the
Abresch-Gromoll estimate. In [19, Theorem 4.2] this was established for
excess functions. However, it turns out that we need it here in its most general
form. Let G (r) : [0, R] — [0, oo] be the unique function satisfying

G@r)>0 forO<r<D,
G (r) <0 forO<r <D,
G (R) =0,

n—

1
G"+ G =1.

r
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Therefore, if d is a distance function on R” we have that A (G od) = 1.
Moreover, if d is a distance function on a closed manifold M where k (p) < ¢
is small, then we have that A (God) > 1 — ¢¥G’, where i, <
O (e|n, p) . The result we need is listed below and is proved as in [19,
Theorem 4.2].

Theorem 7.2. Let ¢,a > 0 and p > n/2 be given. There exist b =
b (n, p, e,a) > 0 such that any function u : B (xy, R) — [0, oo] on a com-
plete manifold with k (p, R) < b satisfying u (xo) < bG (R/2), |Vu| < a,
Au < ¢, where ||¢||, < b will have the property that

sup u <e.
B(xo.R)

The last result is a gradient estimate for eigenfunctions. The proof of
this is identical to the proof of the maximum principle in Theorem 7.1 after
an application of the Bochner formula (see e.g., [14, Chapter 8]).

Theorem 7.3. Let f be an eigenfunction with eigenvalue ) on M, then
V@l = K (k). C.2) - £l
where p > n/2 and K is a constant depending on the variables listed.
Proof. The Bochner formula for V f is
A% |V fI> = [Hessf|> — A |VfI*>+Ric(VS, V).

Using the notation p = |min {0, Ric_}|, where Ric_ denotes the lowest
eigenvalue for the Ricci tensor, and Kato’s inequality we get

AV = =0+ IVSI.
Iteration now yields a bound of the form

VF @l = K (k(p). C.2) - [Vl
Since

IV £lly = VAU £l

we obtain the desired estimate. O
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